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where Al 2 DICX;F;F' 1) satisfy AI*2AT = 0 for all i = 0;1;:::;N 2.
Our basic assumption is that (2.2) is elliptic, i.e., the corresponding complex of
principal symbols is exact away from the zero section of the cotangent bundle
T X, see [Tar95, 1.1.12]. We endow the manifold X and the vector bundles F! by
Riemannian metrics.

Set

i=0

and consider two first order di[erential operators A and A in C* (X;F) given by

the ((N +1) (N +1))-matrices
(@)

(0] 1
0 0 0 ::: 0 0 0 A 0 200 0
A 0 0 ::: 0 0 00 Al 00
1
A= 0 A+ 0 o 0 0 A = 0 0 0 o 0 0 ;
0 0 0 ::: 0 0 00 0 o0 ANT
0 0 0 ::: AN1T o 00 0 000

where At 2 Di}(X;F*!;F) stands for the formal adjoint of Af. It is easily
verified that A A=0andA A = %and

1
A° 0 00
1
A=A A+AA :(%0 A o 0 §; (2.3)
0 0 ::: AN

where A = AT AT+ AT AT 1 fori =0;1;:::;N are the so-called Laplacians of
complex (2.2). The ellipticity of complex (Z2) just amounts to that of its Laplacians

Lemma 2.2. Let r, s be real or complex numbers. Then rA +sA 2 Dil*(X;F)
is elliptic if and only if rs & 0.

Proof. Necessity. If at least one of the scalars r and s vanishes then the operator
rA +sA reduces to a scalar multiple of A or A , which operators can not be elliptic
because of their nilpotency.
Su [ciehcy. If both r and s are dilerknt from zero then a trivial verification
gives
(s TA+r1r A)IA +sA)
(rA +sA )(s *A+r A)
showing the ellipticity of rA + sA .

AA +A A
AA +A A;

By generalised Lamé operators related to complex (2.2)) are meant the products
of two operators of the form rA +sA , where rs & 0. These are precisely operators
L 2 DIiC2(X;F) of the form L = rA A + sAA , where rs 6 0. They are elliptic
and preserve the grading of complex (2.2) in the sense that if u is a section of F1,
then so is Lu.

Consider the Dirichlet problem for the elliptic operator A% = (A A)? + (AA )?
on X with data

u
(A+A )

0 at @X;

0 at @X: (24)
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lateral boundary of G;. Hence it follows that the function u satis es the integral
identity by means of which one de nes the weak solution of the correponding mixed
problem in Cro.

Note that we introduced the concept of weak solution of the rst mixed problem
as natural generalisation of the concept of classical solution (witlf 2 L2(Gr;F')).
We have actually proved that the classical solution of the rst mixed problem in
Gr with f 2 L?(Gr;F'") is a weak solution of this problem in the smaller cylinder
G - forany" 2 (0;T).

Along with classical and weak solutions of the rst mixed problem one @an in-
troduce the notion of “almost everywhere' solution. A functionu is said to be an
“almost everywhere' solution of the rst mixed problem if u 2 H2(G;;F') satis es
equation (3.1) for almost all (x;t) 2 Cy, initial conditions (3.2) for almost all x in
the interior of X and the trace of u on the lateral surface vanishes almost every-
where. From the de nition it follows immediately that if the classical solution of
the rst mixed problem belongs to H?(Gr; F') then it is also an “almost everywhere'
solution. Moreover, if an “almost everywhere' solutionu of the rst mixed problem
belongs to the classC?(Gr;F')\ CY(X [0;1);F') then u is obviously a classical
solution, too.

Every “almost everywhere' solution of the rst mixed problem in G is a weak
solution of this problem in Gr. The converse assertion is also true.

Lemma 3.1. |If a weak solution of the rst mixed problem belongs to the spmz
H2(Gr;F') then it is an “almost everywhere' solution of this problem. fi a weak
solution of the rst mixed problem belongs toC?(CGr;F')\ C(X [0;1);F') then
it is a classical solution of this problem.

Proof. Thisis a standard fact on functions with generalised derivatives, cf Lemma 1
in [Mik76, p. 287].

We are now in a position to prove a uniqueness theorem for the weako&ition
of the rst mixed problem.

Theorem 3.2. Suppose Oand +2 0. Then the rst mixed problem for
the generalised Lane system has at most one weak solution.

Proof. Letu 2 H1(Gr;F') be a weak solution of the rst mixed problem with f =0
in G and ug = u; =0 in the interior of X.
Pick an arbitrary s 2 (O;Tg agd consider the function
S

< .
ulx; )d; if 0<t<s;
gty = o)
: 0, if s<t<T;
de ned in C;. Itis immediately veri ed that the function g has generalised deriva-
tives 8 Z,
<

o (xt) = ug;(x; ¥d; if O<t<s;
: 0; if s<t<T;

and ety if
Oty — u(x;t); if 0<t<s;
G0t = 0, if s<t<T;
in Gr. Therefore, we getg 2 H1(Gr). Moreover, g vanishes at the lateral boundary
and the head of the cylinderG;.
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Substituting the function g into identity (3.4) yields
Z Z. Z.
Uiw+ (Au;  Au(;)d)+( +2 )A U Au(;)d) dxdt=0
Cs t t
for all s2 (0;T). It is obvious that
YA Z

< (U u)dxdt =
C

s

N =

ju(x; s)j2dx:
X

Since
Z Z

(Au(x;t); Au(x; )d )dxdt
Cs t

s

Z Zg Zg

(Au(x;t);  Au(x; )d )dxdt

X _0 t
77,7

= ( Au(xt)dtAu(x; ))dxd

which transforms to
Z 7, Z, Z 72,2,
( Au(x;t)dt Au(x; )d )dx (  Au(x;t)dt;Au(x; ))dxd
X 0 7 07 . X570
= Au (x; t)dtj? dx ( Au(x;t)dt;Au(x; ))dxd;
X 0 Cs
we get
z Z Zz Z
< (Au(x;t);  Au(x; )d)dxdt =
c t

s

1 S
= Au(x;t)dtj?dx:
2 x o
Similarly we obtain
z Z
< (A uxt); A u(x; )d)dxdt =
C t

s

Z Z

l S
= A u(xt)dtj?dx
2 x o
whence
z z z. z z.
ju(x; s)j2dx + i Au(ct)dtidx+( +2 ) j A u(xt)dti?dx =0
X X 0 X 0

(3.6)
for all s2 (0;T).
Since Oand +2 0, we conclude from (3.8) that
VA

ju(x;s)j2dx =0
X
forall s2 (0;T), and so u =0 in Cr, as desired.

As mentioned, a classical solution of the first mixed problem is also a weak
solution of this problem in Gy - for each " 2 (0; T). Hence, Theorem implies
the uniqueness of classical solution as well. Furthermore, since almost everywhere
solutions are weak solutions, we also deduce that, if 0and +2 0, then
the first mixed problem for the generalised Lamé system has at most one almost
everywhere solution.
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4, EXISTENCE OF A WEAK SOLUTION

We now turn to showing the existence of solutions of the first mixed problem
for the generalised Lamé system. To this end we use the Fourier method which
consists in looking the solution of the mixed problem in the form of series over
eigenfunctions of the corresponding elliptic boundary value problem.

Let v be a weak eigenfunction of the first boundary value problem for the gen-
eralised Lamé system

Av (+)AA Vv = v in X, (4.1)
v = 0 at @X;
where s is a corresponding eigenvalue. This just amounts to saying that
z z
( (AviAg)x  ( +2 )A v;A gh)dx 3 (V;g)xdx =0 (4.2)
X X

forall g2 HY(X;F1).

eigenvalues. As usual we think of this sequence as nonincreasing sequence with
1 < 0 and each eigenvalue repeats himself in accord with his multiplicity. The
when k11 . Moreover, the first eigenvalue s is strongly negative, if > 0 and
+2 > 0.
Suppose that the initial data up and u; in (3.2) belong to_LZ(X;Fi), and f
belongs to L2(Cr; F'). By the Fubini theorem, f (;t) 2 L?(X;F") holds for almost
all t 2 (0;T). We represent the functions up and u; and the function f (;t) for

of problem (4.1). To wit,

> X
Uo(x) = Uo:kVk(X); ui(x) = U1:-kVk(X);
k=1 k=1
where Ug;k = (Uo; Vik)L2¢x ;riy and Ug;k = (U1; Vi)z(x :riy for k = 1;2;:::. By the
Parseval equality, we get
> i2
juoiki® = Kkuokf ik giyi
k):<1 4.3)
jupki? = Kuikz oy oy:
k=1

Similarly we get

>
fct) = fFr@®vi(x);
7 k=1
where f(t) = (f (;t); vik)xdx for k =1;2;:::. Since
X z z z
ifk®i? FGOPA jud?dx = f (G H)jPdx;
X X X
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it follows that fy 2 L?(0; T) for all k = 1;2;:::. Moreover,
YA
if®i> = jf (;0jPdx
k=1 X
holds for almost all t 2 (0; T), which is due to the Parseval equality. This yields
readily <Z+ 7
if@j?dt = jf (x;t)j%dxdt: (4.4)
k=1 O Cr
Take first the kth harmonics ug.kVk and uikVvk as initial data in (3.2), and
the function f(t)vk(x) as function in the right-hand of (3.1), where k = 1;2;:::.
Consider the function
Uk (X; 1) = wic (1) v (X); (4.5)
where

f (to)sm ot to)dto:

p—
Tt
Wi (t) = Uo:k cosp et + Uy k—rai + —97

Note that this formula still makes sense if s = 0, for the limit of the right-hand
side exists as » ! 0. The function wy belongs obviously to H2(0; T), satisfies the
initial conditions wy(0) = up:x and wﬁ(O) = uz.x and is a solution of the ordinary
di Cerkntial equation
Wgo kWi = fk (46)

for almost all t 2 (0;T).

Our next objective is to show that if vi is an eigenfunction of problem (£I)
corresponding to the eigenvalue »q then uk(x;t) is a weak solution of the first
mixed problem for the equation

uxt) = Aulgt) (+ AA uxt) + fr(t)ve(x)
in Gr with initial data

u(x; 0)
ud(x; 0)
Indeed, the function uy given by @35) belongs to H (G ; F1), satisfies the initial

conditions and vanishes at the lateral boundary of the cylinder. It remains to show
that Z

( () + (AukAg) +( +2 )(A u A g))dxdt
Cr Z Z
= upk(vk; g)dx + f () (vi; g) dxdt
X Cr

Uo.kVk(X); for x 2 X;

ur.kVk(x); for x2 X:

forallg2 HY(Gr;F) satisfying (3.5). It is su [cieht to establish the above identity
only for functions g 2 C(Cr;F') satisfying (3.5).
By (4.5) and integration by parts,
Z z Z+
(UL g dxdt = Vo wp(tgldt  dx
Cr X 0 X
z Z

= Vik; Uzkg(x; 0) wlt)gdt  dx
X 0 X
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with C a constant independent of up, u; and f .

Proof. From the formula for wy it follows that
Zr
. o . 1 . , 1 ) 0
Wic()j U + P— juid + P— (9] dt
k k] o0

forallt2 [0;T]and k = 1;2;:::. Hence,

: > ..23__232T_ o 2
Wi (t)j 3juoi?® + —— jugKj® + — jf k(% dt
) K ]« 0
Zy
o(T) juoi® +j «i Hjurwi®+j Wi ' jf(%i?dtO
0
(4.10)
Furthermore, since
P Zr
jwp ()i j kijuokj +junki+  jfk(9jdt®
0
forall t 2 [0;T], we get
Zy
WR()i®  o(T) | «ijuoi? + jurkj? + jfk@9i?dt® (4.11)
0

Since the function ug belongs to H (X ;F '), its Fourier series over the orthonor-

seit

orem 3 in [Mik76, p. 181] and elsewhere. Moreover, there is a constant ¢ > 0 with
the property that

X . .. .2 2
J Kijuokj®  ckuokiyix ko (4.12)
k=1

for all up 2 H1(X;F1.

Consider the partial sum sy (x;t) of Fourier series @8). Since both wy and wg
are continuous on [0; T], for each fixed t 2 [0; T], the function sy and its derivative
in t belong to

HIX;FY:

To study the values of t 7! sy (;t) in HY(X;F1), it is convenient to endow this
space with the so-called Dirichlet scalar product
z

D(v;g) = § (AV;Ag)x +( +2 )(A ViA g)x dx

and the Dirichlet norm D (v) := pD(v;v). The system

Vk
Kk k=1;2;:::
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for all t 2 [0; T].

Proof. The proof of this theorem runs similarly to the proof of Theorem 3 of [Mik76),
p. 305], if one exploits the techniques developed earlier in Sections [Bland 4.

By @©3),if1 M <N, then

X @ 2
sup Wy () vk ‘ !
R[0Tl M1 Hs 3(X;F?)

as M !'1 . Hence, the partial sums of series @38) converge in HS(Gr;F) and
from E3) it follows that

Kukpecpiriy € KUoKpex p iy + KUikps 10 :p o) + Kf Kie 1cp0p i) (6.4)

Corollary 6.2. Under the above hypotheses, the weak solution of the first mixed
problem for the generalised Lamé system belongs to H*(Gr;F'). Moreover, series
(4.8) converges to the weak solution in the HS(Gr; F') -norm and inequality (6-4)
holds true.

From Corollary with s = 2 it follows that the weak solution of the first
mixed problem belongs to H2(Gr;F'), and so it is a solution almost everywhere. If
moreover s > n=2 + 2, then the weak solution u belongs to the space C?(Cr;F1),
which is due to the Sobolev embedding theorem, and so u is a classical solution of
the problem.

Note that along with the smoothness of up, u; and f Theorem 6.1 assumes
that ug satisfies (6.1), u; satisfies (6.1) with s replaced by s 1, and f satisfies
(6.2). The conditions are actually necessary. To show this, suppose s 2. Since
uo(x) = u(x; 0) is represented by series @38) which converges in HS(X;F1), and
uz(x) = u(x; 0) is represented by series (8) which is di[erentiated termwise in t
and converges in HS (X ;F"), we conclude readily that ug satisfies (6.1) and u;
satisfies (&1I) with s replaced by s 1. Furthermore, since series (4.8) converges to u
in HS(Cr; F 1), the series obtained from (@3) by termwise applying the operators L
and the second derivative in t converge in HS 2(Cr;F') to Lu and u, respectively.
Hence, ifs 3, thenf =ud® Lu satisfies equalities (62) with s replaced by s 1.
In case s is even, the last condition of (6.2) is superfluous indeed, see Corollary 2
in [Mik76, p. 311].

However, if one wants to prove the smoothness of the weak solution of the first
mixed problem rather than the convergence of the Fourier series in the correspond-
ing spaces, then conditions (6.1) and (6.2) can be essentially relaxed, see Theorem
3’ in [Mik76, p. 323].

7. REDUCTION TO SCHRODINGER EQUATION

There is a Lie algebraic connection between the wave equation and the Schrodin-
ger equation. This allows us to construct solutions of hyperbolic equations from
solutions of Schrodinger equation.

By the above, the unbounded operator L in L2(X;F1), whose domain is the
set of all sections v 2 H2(X ; F) vanishing at @X , is closed, selfadj%'nt and positive,
i.e. we have L cl where cis a positive constant. Denote by = L the square
root of L and impose upon the domain DP —- of this operator a Hilbert space
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structure by identifying it with the range of IO_L, i.e. the norm in DP — just
amounts to p__
D(V)= k LVkLZ(x;Fi):

We now split the solution of the rst mixed problem (3.1) and (82}, (3.3) (with
u; = 0) into two parts. To wit, we are looking for two di erentiable funct ions
F;U:[0;T]! L2(X;F") with values in DP—; (i.e. curves in L2(X;F')), which
satisfy D

FO = { LF+f for t2(0;T);
FO) = {b_LUo? o
and p_—_
Ul = { LU+F;, for t2(0;T); 7.2)
u@©) = up: (.

If U:[0;T]! L2(X;F')is twice dierentiable in t 2 (0;1), then combining (7.1)

and (Z.2) yields
p

U® = { LU+ F
= {p_L {p—LU+F {p_LF+f
= LU+f

in (0;T) and

U = uyg

U%) = { Lug+F(@O) = ug:
It follows that u = U is a solution of the rst mixed problem for the generalised
Lane system in G;. p___ _

It is worth pointing out that  { L are skew-symmetric operators irL?(X;F').

For direct constructions along more classical lines we refer the reker to [Fri54],
[Fri58], [FL65], [Agr69].
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[Agr69]
[ES75]
[Fri54]
[Fri5g]
[FL65]
[GV96]
[Joh74]
[Joeb1]
[KGBBT76]
[LL70]
[Mik76]
[Seg63]
[STO3]

[Tar95]

[Ts82]
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