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Abstract
In the context of cosmological structure formation sheets, filaments and eventually halos
form due to gravitational instabilities. It is noteworthy, that at all times, the majority of
the baryons in the universe does not reside in the dense halos but in the filaments and the
sheets of the intergalactic medium. While at higher redshifts of z ≥ 2, these baryons can
be detected via the absorption of light (originating from more distant sources) by neutral
hydrogen at temperatures of T ≈ 104 K (the Lyman-α forest), at lower redshifts only about
20 % can be found in this state. The remain (about 50 to 70 % of the total baryons mass) is
unaccounted for by observational means. Numerical simulations predict that these missing
baryons could reside in the filaments and sheets of the cosmic web at high temperatures of
T = 104.5 − 107 K, but only at low to intermediate densities, and constitutes the warm-hot
intergalactic medium (WHIM). The high temperatures of the WHIM are caused by the
formation of shocks and the subsequent shock-heating of the gas. This results in a high
degree of ionization and renders the reliable detection of the WHIM a challenging task.
Recent high-resolution hydrodynamical simulations indicate that, at redshifts of z ≈ 2,
filaments are able to provide very massive galaxies with a significant amount of cool gas at
temperatures of T ≈ 104 K. This could have an important impact on the star-formation in
those galaxies.
It is therefore of principle importance to investigate the particular hydro- and thermodynamical conditions of these large filament structures. Density and temperature profiles,
and velocity fields, are expected to leave their special imprint on spectroscopic observations.
A potential multiphase structure may act as tracer in observational studies of the WHIM.
In the context of cold streams, it is important to explore the processes, which regulate the
amount of gas transported by the streams. This includes the time evolution of filaments,
as well as possible quenching mechanisms. In this context, the halo mass range in which
cold stream accretion occurs is of particular interest.
In order to address these questions, we perform particular hydrodynamical simulations
of very high resolution, and investigate the formation and evolution of prototype structures
representing the typical filaments and sheets of the WHIM.
We start with a comprehensive study of the one-dimensional collapse of a sinusoidal density perturbation (pancake formation) and examine the influence of radiative cooling, heating due to an UV background, thermal conduction, and the effect of small-scale perturbations given by the cosmological power spectrum. We use a set of simulations, parametrized
by the wave length of the initial perturbation L. For L & 2 Mpc/h the collapse leads to
shock-confined structures. As a result of radiative cooling and of heating due to an UV
background, a relatively cold and dense core forms. With increasing L the core becomes
denser and more concentrated. Thermal conduction enhances this trend and may lead to
an evaporation of the core at very large L ≈ 30 Mpc/h.
When extending our simulations into three dimensions, instead of a pancake structure,
we obtain a configuration consisting of well-defined sheets, filaments, and a gaseous halo.
For L > 4 Mpc/h filaments form, which are fully confined by an accretion shock. As with
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the one-dimensional pancakes, they exhibit an isothermal core. Thus, our results confirm
a multiphase structure, which may generate particular spectral tracers. We find that, after
its formation, the core becomes shielded against further infall of gas onto the filament,
and its mass content decreases with time. In the vicinity of the halo, the filament’s core
can be attributed to the cold streams found in other studies. We show, that the basic
structure of these cold streams exists from the very beginning of the collapse process.
Further on, the cross section of the streams is constricted by the outwards moving accretion
shock of the halo. Thermal conduction leads to a complete evaporation of the cold stream
for L > 6 Mpc/h. This corresponds to halos with a total mass higher than Mhalo =
1013 M⊙ , and predicts that in more massive halos star-formation can not be sustained by
cold streams. Far away from the gaseous halo, the temperature gradients in the filament
are not sufficiently strong for thermal conduction to be effective.
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Zusammenfassung
Im Rahmen der kosmologischen Strukturbildung entstehen durch Gravitationsinstabilitäten
Flächen, Filamente und schließlich Halos. Interessanterweise befinden sich zu jedem Zeitpunkt der kosmologischen Entwicklung der Großteil der Baryonen nicht in den Halos,
sondern in den Filamenten und Ebenen des intergalaktischen Mediums. Während diese
Baryonen bei höheren Rotverschiebungen (z ≥ 2) noch in Form durch die Absorbtion von
Licht (von weit entfernteren Quellen) durch neutralen Wasserstoff bei einer Temperatur von
T ≈ 104 K beobachtbar sind (Lyman-α Wald), gilt dies bei niedrigeren Rotverschiebungen
für nur noch ca. 20 % der Baryonen. Der überwiegende Teil (ca. 50-70 % der gesamten
baryonischen Masse) sind bisher noch nicht direkt beobachtbar. Numerische Simulationen
sagen jedoch voraus, das sich diese Baryonen in den Filamenten und Flächen des kosmischen
Netzes befinden. Die entsprechende Gasverteilung zeichnet sich durch hohe Temperaturen
T = 105 − 107 K und geringe bis mittlere Dichten aus und wird als warm-heißes intergalaktisches Medium (WHIM) bezeichnet. Die hohen Temperaturen entstehen in Folge der
Bildung von Stoßwellen und der darauf folgenden Erhitzung des Gases (shock-heating).
Das WHIM ist daher hochgradig ionisiert und sein verlässlicher Nachweis stellt eine große
Herausforderung für die beobachtende Kosmologie dar. Neuere hydrodynamische Simulationen zeigen, dass sich bei höheren Rotverschiebungen von z ≈ 2 Gasströmungen entlang
der Filamente bilden, die massive Galaxien mit erheblichen Mengen an relativ kaltem Gas
(T ≈ 104 K) versorgen können. Dies hätte einen erheblichen Einfluss auf die Sternentstehung in diesen Galaxien.
Es ist daher von grundsätzlichem Interesse, die spezifischen hydro- und thermodynamischen Bedingungen in den Strukturen des WHIM zu untersuchen. Sowohl Dichte- und Temperaturprofile als auch Geschwindigkeitsfelder prägen spektroskopische Beobachtungen. Eine mögliche Mehrphasenstruktur des WHIM könnte daher als Indikator in beobachtenden
Studien dienen. Im Zusammenhang mit den kalten Strömen ist es besonders interessant,
Prozesse zu untersuchen die den Zufluss von kaltem Gas zu den Galaxien regulieren. Dies
umfasst die Zeitentwicklung des Anteils an kaltem Gas in den Filamenten, sowie mögliche
Mechanismen, die zum Versiegen des Zuflusses von kaltem Gas auf die Galaxienscheibe
führen.
Um diese Zusammenhänge zu erforschen, führen wir spezielle hydrodynamische Simulationen mit sehr hoher Auflösung durch, die zu ausgewählten, wohldefinierten Strukturen
führen, die das WHIM charakterisieren.
Wir beginnen mit einer ausführlichen Untersuchung des eindimensionalen Kollaps einer sinusförmigen Störung (pancake formation). Hierbei untersuchen wir den Einfluss von
Strahlungkühlung, Heizung durch den intergalaktischen UV Hintergrund, Wärmeleitung,
sowie von kleinskaligen Störungen, welche dem kosmologischen Störungsspektrum folgen.
Wir benutzen hierbei eine Reihe von Simulationen, welche die Längenskala der anfänglichen
Störung L als Parameter verwenden. Für L & 2 Mpc/h führt der Kollaps zur Ausbildung
einer Stoßwelle. Zusätzlich entsteht als Folge der Strahlungskühlung und der Heizung durch
den UV Hintergrund ein relativ dichter und kalter isothermer Kern. Mit ansteigendem L
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wird dieser Kern dichter und kompakter. Durch Wärmeleitung reduziert sich die räumliche
Ausdehnung des Kerns. Für L ≈ 30 Mpc/h führt dies zu einem Verschwinden des Kerns.
Mit der Erweiterung unserer Methodik auf dreidimensionale Simulationen, entsteht nun
eine Konfiguration, welche aus wohldefinierten Flächen, Filamenten und einem gasförmigen
Halo besteht. Für L > 4 Mpc/h, erhalten wir Filamente, die vollständig durch Akkretionsschocks begrenzt sind. Wie in unseren eindimensionalen Simulationen weisen auch sie einen
isothermen Kern auf. Dies legt nahe, dass das WHIM eine Mehrphasenstruktur besitzt und
mögliche Spektralsignaturen erzeugen kann. Nach seiner Entstehung ist der Kern gegen
weiteren Zufluss von Gas abgeschirmt und seine Masse reduziert sich mit der Zeit. In der
direkten Umgebung des Halos entspricht der Kern des Filamentes den oben angesprochenen
kalten Strömen. Unsere Untersuchung zeigt, dass diese während der gesamten Entwicklung
des Halos existent sind. In der weiteren Entwicklung werden sie durch den expandierenden
Akkretionsschock des Halos verengt. Ab einer Skala von L > 6 Mpc/h kann Wärmeleitung
zu einem Verschwinden des Zustroms von kaltem Gas führen. Diese Skala entspricht Halos
mit einer Gesamtmasse von Mhalo = 1013 M⊙ . Galaxien, die sich in noch massiveren Halos
bilden, können daher nicht durch kalte Ströme mit Gas für die Sternentstehung versorgt
werden. Im Filament, weit außerhalb des gasförmigen Halos, sind die Temperaturgradienten
zu klein, um effiziente Wärmeleitung zu ermöglichen.
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1. Introduction
1.1. The energy content of the Universe
During the last two decades combined theoretical and observational effort has lead to a
consistent model for the main properties of the Universe. This concordance model combines
our understanding of the fundamental physics of gravitation, given by Einstein’s theory of
General Relativity (Einstein 1916), with the cosmological principle, which states that, when
considering sufficiently large scales, no point and no direction in the Universe is privileged.
The main ingredient in this model is the Friedman-Robertson-Walker-Metric describing the
geometry of spacetime. It is parameterized by the expansion factor given by the Friedmanequations. These equations however, include a set of free parameters, which can not be
derived from more fundamental principles, but are inferred from observations instead. The
way how the total energy content of the universe is divided into contributions from different
components, the energy budget, is a crucial quantity in this context. Despite its lack of a
complete derivation from first principles, the concordance model agrees with an impressive
number of observations on different astronomical scales.
One of the most important observational facilities in this context is the Hubble Space
Telescope (HST). After its launch in 1990 and the necessary first service mission in 1993,
its observations had a significant impact on almost all astronomical fields. Especially
important for cosmology was the HST Key Project to Measure the Hubble Constant. Its
aim was to extend the cosmological distance ladder using extragalactic standard candles
such as cepheids and supernovae Ia (Freedman et al. 2001). The results not only measured
the Hubble constant to an unprecedented precision, but also found an acceleration of the
Universe at a late time of cosmic evolution. The latter observation can only be explained
within the concordance model, if one assumes a large fraction of the energy budged to be
of a non-evolving and of spatial constant nature, nowadays referred to as dark energy.
Equally important for cosmology is the WMAP satellite mission. Launched in 2001, its
purpose was a precise measurement of the fluctuations of the Cosmic Microwave Background (CMB). These fluctuations are the imprint of perturbations of the otherwise homogeneous matter distribution in the early Universe and are an excellent tool to constrain the
parameter-space of the concordance model. After the successful measurement of the fluctuations of the Cosmic Microwave Background (CMB) by the COBE mission (Smoot et al.
1992; Hauser et al. 1998) in the 1990th, the WMAP spacecraft was deliberately designed to
measure the CMB fluctuations with a high angular resolution. The cosmological results of
this mission (Spergel et al. 2003, 2007; Komatsu et al. 2009, 2011) were more than satisfactory. Combined with the HST measurement of the Hubble constant, all main parameters
of the model can be constrained without any additional assumptions1 . The matter content
of the universe is dominated not by regular baryon matter, but by a medium which does
1

The CMB measurements alone are sufficient to constrain the parameters of the concordance model, when
assuming spatial flatness of the Universe.
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Figure 1.1.: Energy budget of the Universe today, as a result of the WMAP observations (credit:
NASA/WMAP Science Team)

not interact directly with matter or light but only by gravitation, the dark matter (DM).
The DM is “cold” in a relativistic sense, i.e. its kinetic energy is negligible compared to its
rest mass, for all times, except the very early Universe, when perturbation on the scales
characteristic for galaxy formation (where dark matter dominates the dynamical evolution)
did not enter the horizon, yet.
A set of different experiments and observations such as ground based distance measurements (Riess et al. 1998; Perlmutter et al. 1999), balloon based CMB observations (Hanany
et al. 2000; Netterfield et al. 2002), galaxy surveys (Tegmark et al. 2004; Cole et al. 2005),
cluster observations (Borgani et al. 2001; Vikhlinin et al. 2009), and statistical analyses
of the Lyman-α forest (Seljak et al. 2005; Viel and Haehnelt 2006) constrain the cosmological parameters further and yield information about possible extensions of the plain
concordance model. These extensions include more exotic physical effects and provide explanations for the more mysterious consequences of the model such as dark energy and
dark matter. Nevertheless, all present observations agree with the most simple flavor of
the concordance model, which can be summarized by the following points:
• The Universe originates in a singularity called the Big Bang and expanded ever since.
• The spatial curvature of spacetime is (within tight constraints) consistent with a flat
universe.
• At current time the energy budget of the Universe is given by approximately 74 %
dark energy, 22 % cold dark matter, and 4 % baryons.
The energy budget of the Universe is illustrated in Fig. 1.1.
Obviously the exotic nature of dark energy and dark matter constitute an important
research subject to cosmology and considerable effort is taken to gain insight into their
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Phase
Diffuse
Condensed
Hot
Warm-hot

Temperature in K
< 105
< 105
> 107
105 − 107

Overdensity
< 1000
> 1000
> 100
10 − 100

Table 1.1.: Phases of the low-redshift intergalactic medium (from Davé et al. 2001)

nature. But even the part of the energy budget which is most familiar to us, the baryons,
hold fascinating puzzles in hand. One of them concerns the evolution of the baryon outside
of the galaxies, the intergalactic medium (IGM). Toward the present time, a considerable
fraction of these baryons elude from our observational capabilities. In this work, we will
investigate the particular structures in which these missing baryons are supposed to reside.

1.2. The warm-hot intergalactic medium
At high redshifts z > 2 most of the baryons in the Universe rest in the IGM and can be
uniquely described as gas at still low-density contrast compared to the mean density of
the Universe. It follows almost the same distribution as the underlying dark matter and
is ionized by the UV background radiation (104 < T < 105 K). The subsequent evolution
changes that picture. At redshift z ≈ 0, only a fraction of ≈ 30% of the IGM is still existing
under conditions comparable with those at z > 2 (Stocke et al. 2004). The rest can not
be accounted for by observational means. The explanation for the absence of the missing
baryons, which is currently favored in the community, is connected to the formation of the
luminous structures in the Universe. During the evolution toward low redshifts and while
streaming into the gravitational potential wells of the forming structures, the velocity of
the gas eventually becomes supersonic. This leads to the formation of shocks, which are
able to convert the kinetic energy of the gas into thermal energy. By this shock heating, the
mean-scale streaming motions produce shock-confined sheets and filaments which contain
gas at much higher temperatures compared to the photoionized high redshift IGM.
Numerical simulations by Cen and Ostriker (1999) suggest that approximately 30 % to
50 % of the cosmic baryons at z = 0 rest in the intergalactic medium at a temperature of
105 K < T < 107 K, which is called warm-hot intergalactic medium (WHIM). Davé et al.
(1999, 2001, 2010) confirmed these results with simulations of increasing resolution and
examined further the interplay between the different phases of the IGM: photoionized,
condensed, warm-hot, and hot. The properties of these phases are summarized in Table 1.1.
Subsequently, more and more simulations were performed, including additional effects like
models for galactic superwinds (Cen and Ostriker 2006) and non-equilibrium effects in the
chemical networks (Cen and Fang 2006). Using zoom-in simulation techniques Dolag et al.
(2006) were able to simulate a whole super-cluster filament scenario with high resolution.
In particular, they found the density inside such a massive filament to be 10-100 the mean
cosmic density. Further numerical simulations (e.g., Kang et al. 2005; Kawahara et al. 2006;
Tornatore et al. 2010) with different numerical schemes and resolutions also consistently
support the described scenario.
Due to the high degree of ionization, the observational signature of the WHIM is very
weak, in particular with respect to absorption of neutral hydrogen (Cen et al. 2001; Richter
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et al. 2006b,a). Therefore, the detection of highly ionized metal lines in the spectra of bright
quasars and blazers is much more promising (Hellsten et al. 1998; Perna and Loeb 1998;
Fang and Canizares 2000; Fang and Bryan 2001). Recently, the Over Whelmingly Large
Simulations project (OWLS) (Schaye et al. 2009), consisting of a set of large hydrodynamical cosmological simulations, reported predictions for the soft X-ray and UV metal line
emission (Bertone et al. 2010b,a) and the absorption by O VI absorbers (Tepper-Garcı́a
et al. 2011).
The discussed predictions have initiated much observational effort in order to reveal the
existence of the WHIM. After the first detection of O vi absorption lines in the spectra
of a bright quasar by Tripp et al. (2000) and Tripp et al. (2001), a number of detections
were reported through absorption features of O vi, O vii, O viii, and Ne ix ions (Nicastro
et al. 2002; Fang et al. 2002; Mathur et al. 2003; Fujimoto et al. 2004; Danforth and Shull
2005; Danforth et al. 2006; Danforth and Shull 2008; Tripp et al. 2008), but they are
considered to be rather tentative. A detection with sufficiently high signal-to-noise ratio
is reported by Nicastro et al. (2005a,b). They found absorption signatures of the WHIM
at two redshifts in the spectra of the blazar Mrk421 during its two outburst phases. With
the new Cosmic Origins Spectrograph (COS), installed on HST during Service Mission 4,
Danforth et al. (2010) were able to obtain a spectra toward the BL Lac object 1ES1553+113
in the ultraviolet spectrum. They find 42 absorbers in low-redshift IGM. In particular, they
discuss a triple absorber complex at z ≈ 0.19, which consist of several Hydrogen and Metal
lines. At least the central system seems to be of multi-phase nature, consisting of warm-hot
and cold (photoionized) components. Combining their analysis with additional SDSS data
(Abazajian et al. 2009), they conclude that this system traces a large-scale filament in the
galaxy distribution. Future proposed missions such as International X-Ray observatory
(IXO) are expected to detect numerous WHIM absorbers. Detection of WHIM absorption
in the spectra of afterglows of gamma-ray bursts (GRBs) were also proposed by Elvis
et al. (2004) using dedicated missions such as Pharos and were considered more recently by
Branchini et al. (2009) for the prospects opened by the recently proposed satellite missions
EDGE and XENIA.
Additionally, several tentative detections of the WHIM through its metal line emission
are claimed with the XMM-Newton satellite (Kaastra et al. 2003; Finoguenov et al. 2003;
Nicastro et al. 2010). Zappacosta et al. (2010) tentatively detected highly ionized metal
absorption systems correlated with large-scale structures in the galaxy distribution. These
detections however, are not significant enough to exclude the possibility that the observed
emission lines are of Galactic origin because of the limited energy resolution (≃ 80 eV) of
the current X-ray detectors. Yoshikawa et al. (2003), Yoshikawa et al. (2004), and Fang
et al. (2005) showed that future X-ray missions equipped with a high-energy resolution
spectrograph such as Diffuse Intergalactic Oxygen Surveyor (DIOS) and Missing Baryon
Explorer (MBE) can convincingly detect the line emission of the WHIM.
It is still an open question how much the WHIM contributes to the anisotropies of
the cosmic microwave background radiation via the Sunyaev-Zel’Dovich effect (SZ-effect).
Although the density contrast of the WHIM is moderate, its temperature is high, and it
is supposed to make a significant contribution to the cosmic baryon budget of ≈ 50%.
Estimates provided by Atrio-Barandela and Mücket (2006), Atrio-Barandela et al. (2008),
and Génova-Santos et al. (2009) indicate on a non-negligible contribution, which under
certain conditions might be even comparable with the overall SZ contribution of clusters of
galaxies. Thus the SZ effect could serve as an additional detection channel for the WHIM.

14

However, the strength of a thermal SZ effect is still a matter of debate because the results
obtained by numerical simulations are much less pronounced.
A comprehensive review is given by Prochaska and Tumlinson (2009).

1.3. Filaments and sheets
The WHIM is supposed to rest in shock-confined filaments and sheets of the IGM. These
structures are the the result of one-and two-dimensional collapse processes. The basic
theory for the formation and evolution of structure is already well understood since the
sixties of the last century (Doroshkevich and Zel’Dovich 1964). According to these theories,
the most probable formation process starts first with the one-dimensional collapse. From
there, and only if the underlying dark matter-distribution enters the first caustic, multistreaming of matter leads to the formation of two-dimensional filaments and eventually
knots, which are characterized by matter collapsing in three dimensions. This evolution is
closely followed by the gas distribution. A basic description of the gas physics including
shock appearance was given in the pioneering work of Sunyaev and Zeldovich (1972) in
the context of galaxy formation. The directions (orientations) for the one-dimensional
collapsed sheets are determined by the highest eigenvalue of the deformation tensor, which
can be attributed to the initial linear density perturbations. According to Doroshkevich
and Shandarin (1978) the probability that two or even three of the initial eigenvalues are
identical or nearly equal is extremely low. Therefore, the one-dimensional collapse, and
at a certain evolutionary stage the two-dimensional collapse, is the dominating structural
evolution process.
The WHIM structures under consideration (sheet or filamentary structure) are supposed
to reach the non-linear stage of evolution not later than at z = 0. If the perturbation scale
is large enough, the initially perturbed spatial region remains Jeans-unstable throughout
the whole cosmological evolution, i.e., when the mean IGM temperature was raised to
about T ≈ 104 K during the cosmic reionization. In order to form shocks, the infall
velocity of the collapsing gas must reach the speed of sound. These conditions lead us to
perturbations on scales initially larger than 1-2 Mpc comoving. The structures arising from
those perturbations are expected to form the large-scale network of the WHIM.
Recent studies on galaxy formation indicate on another very important aspect of these
structures. In the classical picture, galaxies obtain their baryons mainly by smooth accretion of hot gas through their virial shock (White and Rees 1978; Fall and Efstathiou 1980).
Mergers with other halos bring more baryons to the galaxy and influence the its internal
structure. In high resolution hydrodynamical simulations (Kereš et al. 2005; Ocvirk et al.
2008; Kereš et al. 2009b,a; Ceverino et al. 2010), however, another aspect of gas accretion
is evident. For massive galaxies at redshifts of z = 2 − 3 a significant amount of gas streams
along the filament directly onto the galactic disk. This cold stream penetrates the virial
shock and keeps a low temperature of ≈ 104 K. This scenario could have significant impact
on galaxy formation. The massive supply of cold gas at an early point in galaxy formation
will significantly increase the star-formation in the galaxy. For the same reason, a following quenching of the steams would prevent further star-formation. This could explain the
robust bimodality in the observed properties of galaxies (Dekel et al. 2009; Bouché et al.
2010). Also, the additional amount of gas in the disk could lead to hydrodynamical instabilities. This would give an explanation for the unusual morphology of clump-clusters and
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chain-galaxies in Hubble Ultra Deep Field (Elmegreen et al. 2005; Bournaud et al. 2007;
Bournaud and Elmegreen 2009; Agertz et al. 2009). Cold streams are also discussed in the
context of Lyman-α blobs at even higher redshifts (Dijkstra and Loeb 2009; Goerdt et al.
2010; Faucher-Giguère et al. 2010).

1.4. Concept of this study
It is of principal importance to investigate the detailed thermodynamic state and the internal kinematics of the structures which may hide a large fraction of cosmic baryons. The
hydrodynamical properties of filaments and sheets need to be obtained from simulations
in order to derive spectral absorption signatures from theoretical considerations. These
signatures can then be used to compare with present and future observations. To that
purpose, it is also necessary to model the distribution of the different chemical species,
at least for a primordial gas composition. Furthermore, it is important to examine the
different physical processes acting on the IGM. Today, computational cosmology is able to
simulate the large-scale (dark-matter) distribution with great reliability. On smaller scales,
however, the uncertainties, especially in the different baryonic effects, are still very large.
It is therefore necessary to distinguish the impact of the different processes (e.g. cooling,
heating, thermal conduction) on the outcome of simulations.
A detailed modeling of gaseous filaments can also be utilized to obtain deeper understanding in the phenomena of cold stream accretion. An important question in this context
is how the cold streams connect to the galaxies and which processes govern the gas supply
and the thermal state of the inflowing gas. It is of particular interest to find mechanism
which are able quench the supply of cold gas to the galaxy. Although, because of their
high redshift, not part of the low-redshift IGM, cold streams are parts of shock-confined
filaments. They should underly the same physical principles as the low-redshift filaments
and are therefore related to our primary research topic, the WHIM. Furthermore, if the
IGM is located mainly within a network of large shock confined filaments at z ≈ 0 then
even recently a certain gas flow could be expected toward the corresponding knots of the
network. Those knots could be matter concentrations of galactic or even of galaxy cluster
size. As for a certain class of galaxies at higher redshifts, the continuous inflow of gas can
have influence on processes in galaxies and clusters at low redshifts, as well.
The detailed physics of gaseous filaments and sheets, however, is highly demanding for
computational astrophysics. The treatment of low-density regions in great detail is difficult.
Compared with the numerical handling of high-density matter distributions where adaptive techniques can be applied, for low-density regions, higher overall particle and/or grid
number is unavoidable for an appropriate description. In addition, higher resolution calls
for a more detailed consideration of additional physics of local and non-local nature, e.g.,
star formation, feedback, contamination by heavy elements, etc. Altogether the computational effort is immensely more complicated if considered within a cosmological context.
Despite of the currently available highly developed computational techniques, an adequate
treatment of low-density regions is still at the limit or beyond the near future potential.
In this study we choose an complementary approach: Instead of analyzing extensive
simulations of cosmological structure formation, we simulate certain well-defined structures.
Because of that, we can perform a large number of simulations and are able to study the
impact of different physical processes as well as of possible scale dependencies.
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We start our investigation with the consideration of the one-dimensional collapse of one
perturbation with a given length scale. This scenario is commonly referred to as cosmic
pancake formation. In the past, this model was used in the context of cosmological structure formation (Zel’Dovich 1970; Sunyaev and Zeldovich 1972; Bond et al. 1984; Shapiro
and Struck-Marcell 1985). It was later used as an idealized test case for numerical codes
(e.g. Bryan et al. 1995) and to investigate the impact of non-equilibrium thermodynamics
on cosmological structure formation (Teyssier et al. 1998). The particular importance of
studying the one-dimensional planar collapse was stressed by Struck-Marcell (1988).
Of course, since the late 1980s, with the possibility to perform three-dimensional numerical simulations, this approach is outdated in the context of galaxy formation. However, the
main subjects of this study, the WHIM, as well as cold streams, do not rest inside virialized
halos, but in non-virialized one- and two-dimensional structures. Therefore, this rather old
model is well suited in the context of this work. The advantages to restrict ourselves to
the simplest geometrical structures are obvious:
• The one-dimensional pancake formation describes the most common collapse formation process in the universe at large scales (> 1 Mpc).
• It describes the preliminary phase (predecessor) of collapse processes of higher dimensions.
• It allows a spatial resolution far beyond recent capabilities for three-dimensional
simulations.
• The high symmetry of the considered configurations does not influence the physical
state and the principal distributions of temperature and density, but it allows for an
additional check for possible numerical instabilities and deviations of non-physical
origin.
• It allows us to investigate and to control the influence of various, subsequently introduced, energetic processes onto the thermodynamical evolution.
Based on these one-dimensional simulations, we extend our simulation into three dimensions. When considering three perpendicular modes, multi-streaming occurs and leads to
the formation of a well-defined filament and a halo. Though the shape of the gas distribution is extremely idealized, it is expected to exhibit the correct density and temperature
profiles depending on the initial scale length, again. In addition, in three dimensions it
is possible to study the large-scale gas velocities, which themselves are determined by the
gravitational potential. The temperature and density profiles for the three-dimensional
case are expected to be much more complex even for our highly idealized geometry. The
idealized filament-halo scenario is also suited to study the particular hydrodynamical conditions in which accretion via cold streams occurs. As stated, the considered configuration
not targeted toward galaxy formation. Nevertheless, cold streams are present in our simulations, and their hydrodynamic properties are similar to what people find the before
mentioned cosmological simulations.
We include all relevant processes of radiation cooling as well as the heating by photoionization due to the evolving cosmic UV background. To that purpose we self-consistently
compute the abundances of the different ionization levels assuming a primordial medium,
i.e. consisting of hydrogen (H) and helium (He) only. Besides using the common assumption
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of ionization equilibrium (IE), we perform additional one-dimensional simulations where
the chemical composition is directly computed by integration of the corresponding differential equations, and check for differences between the two cases. While in many cases IE is
a valid assumption, deviations from equilibrium may occur, in particular at low densities.
Furthermore, in our one-dimensional simulations, we consider the role of thermal conduction. At certain conditions very high temperature gradients are expected to occur. This
may happen particularly in the vicinity of shock fronts. Then, thermal conduction can lead
to a considerable change of the temperature profiles. In the cases to be considered here,
the gas is almost fully ionized and the expression for the heat conduction coefficient from
Sarazin (1988) can be used.
The distribution of the gas in the structures of the WHIM (sheets and filaments) is
supposed to be very close to that of the dark matter. This is true even at late evolution
stages. In order to simplify the calculations, we consider the baryonic content of the
Universe only and therefore decrease the number of equations to be solved. Because this
would neglect the gravitational mass of the dark matter, we assume that the dark matter
obeys the same spatial distribution as the baryons. Concordantly, we rescale the baryonic
density to the total cosmic matter density when computing the gravitational potential. For
test cases, we checked our results for deviations from the solutions including the full dark
matter dynamics.
Though considering preferentially one-mode perturbations, we also investigate up to
which degree small-scale perturbations may affect the results. To that purpose, we add
Gaussian random perturbations according to the cosmological initial power-spectrum. The
spatial scale sizes of these fluctuations are lower compared to that of the considered largescale single mode, but much higher than the (comoving) initial Jeans length immediately
after reionization. We will compare the various resulting density and temperature profiles.
This thesis is organized as follows: In Chap. 2 we present the theoretical framework on
which this study is based on. Starting with the underlaying cosmology, the ΛCDM Model,
we discuss the Friedman-equations, the linear theory of structure formation, the power
spectrum of matter fluctuations, and the parameters of the model. Then, we describe
the main concepts regarding the dynamics of the intergalactic baryons, their dynamical
equations, the used ionization network, and the models for cooling, heating, and thermal
conduction. Within this study, we employ super-comoving coordinates in order to include
the cosmological expansion into our considerations. We discuss this set of coordinates in
detail. An extensive derivation is given in Appendix A. In order to address the scientific
questions of this study, computer simulations are essential. In Chap. 3 we present the
two simulation codes used in this work: evora, developed by the author of this thesis, and
RAMSES, developed by R. Teyssier (Teyssier 2002). A more detailed description of evora is
presented in Appendix B. In Chap. 4, we start with the comprehensive study of the onedimensional pancake formation. As discussed, we successively include radiative cooling,
heating due to an UV background, thermal conduction, and small-scale perturbations. We
further discuss the dependence of the outcome of these simulations on the length scale of the
considered mode. In Chap. 5, we generalize our simulations to three dimensions. We discuss
simulations with and without the inclusion of radiative cooling and heating by the UV
background and compare the results to those of our one-dimensional study. Again, we derive
analytic scaling relations for the emerging structures. We extensively discuss the formation
process of filaments and their further evolution with time. Furthermore, we analyze the
cold streams, which occur in our idealized scenario, and discuss possible implications on
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their appearance in the Universe. We investigate whether thermal conduction is able to
quench the stream and derive an upper halo mass for cold stream accretion. The simulation
strategy for our one- as well as our three-dimensional simulations is discussed in more detail
in Appendix C. The conclusion is given in Chap. 6.
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2. Theoretical Framework
In this chapter, we discuss the theoretical framework on which this study is based on. We
start with the underlying cosmological model: the ΛCDM Universe. This model combines
our current understanding of gravitation, given by Einstein’s General relativity, with the
assumption that the structures in the universe arise from small perturbations in the early
universe. Our presentation is restricted to the subjects necessary within the context of this
study. Especially the epoch of the early Universe, previous to the matter dominated epoch
is not discussed. For a complete description we refer the reader to the wealth of available
literature (e.g.: Peebles 1993; Peacock 1999; Schneider 2006).
The main focus of this study lies on the baryonic content of the Universe. We will use
a polytropic mono-atomic gas to describe it’s dynamics. We introduce the main concepts
regarding the dynamics of the gas, the used ionization network, and the models for cooling,
heating, and thermal conduction.
In order to include the cosmological expansion into our considerations we use supercomoving coordinates. We present the transformation of the important quantities and the
corresponding dynamical equations into this set of coordinates.

2.1. Cosmological model
2.1.1. Expansion of the Universe
In general relativity the gravitational field is described by the metric of a four-dimensional
manifold called spacetime. The metric itself is a solution of Einstein’s field equations: a
system of ten coupled non-linear second-order differential equations, which relate the geometry of spacetime with matter and other non-gravitational forms of energy in the Universe.
Analytic solutions for the metric have only been found for systems with high degree of
symmetry. In cosmology a strong symmetry is imposed by a fundamental assumption, the
cosmological principle:
On sufficiently large scales, no point and no direction in the Universe is privileged. The Universe appears the same for all observers.
Then, the matter in the Universe can be described as an homogeneous and isotropic fluid.
Current observations, in particular galaxy surveys, support this assumption for scales above
≈ 70 Mpc (Hogg et al. 2005; Sarkar et al. 2009)1 .
The application of the cosmological assumption on the metric yields the FriedmannLemaı̂tre-Robertson-Walker metric. The field equations are then reduced to a system for
only one independent quantity, the expansion factor a(t). Spacetime can now be interpreted as the time evolution of a fully symmetric three dimensional manifold with constant
1

Perturbations on larger scales are present in the Universe, but have very small amplitudes. A prominent
example are the baryonic acoustic oscillations (BAO), which originate in the sound waves in the prerecombination plasma, at the scale of the sound horizon at the time of recombination.
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curvature. The expansion factor describes the time dependence of the spatial extension
of this manifold, i.e. the spatial distance between two given points. A value of a = 0
corresponds to the moment of the singularity while a = 1 stands for today. The equations
for the time evolution of a(t) derived from the field equations are the Friedman equations
ȧ2
8πG
kc2 Λc2
=
ρ− 2 +
2
a
3
a
3
4πG
ä
3p
Λc2
=−
,
ρ+ 2 +
a
3
c
3

(2.1)
(2.2)

where ρ denotes the uniform energy-density (including all non-gravitative contributions)
and p the isotropic pressure of the fluid2 . The spatial curvature is given by k = (−1, 0, 1)
(for a closed, flat, or open Universe) and Λ stands for the cosmological constant. The
physical constants G = 6.67×10−8 cm3 g s−2 and c = 2.99×108 cm s−1 are the gravitational
constant and the vacuum speed of light (Lide 1995). The root of the right hand side of Eq.
(2.1) corresponds to the time dependent Hubble parameter
ȧ
a

H=

(2.3)

introduced by Hubble (1929) as the ratio of the recession velocity vr of nearby galaxies
measured through their redshift z and their distance d
vr = c z = H 0 d .

(2.4)

Since this linear relationship holds only for nearby galaxies the factor is today’s value of
the Hubble parameter H0 . Earlier, before to the measurements discussed in Chap. 1 took
place, the value of H0 was subject to intense discussions. In order to exclude the actual
value of H0 from further considerations the dimensionless Hubble parameter
h=

H0
100 km s−1 Mpc−1

(2.5)

was introduced. The redshift z and a are linked by the relation z + 1 = 1/a, in particular
z = 0 corresponds to a = 1 today.
A critical density ρc (a) for a given expansion, required for a flat Universe with k = 0 can
be derived directly from Eq. (2.1). For k = 0 and solving for the density, one obtains
ρc =

3H 2
.
8πG

(2.6)

Using the critical density today ρc,0 , the time independent density parameter Ω0 is defined
as
Ω0 =

8πG
ρ
=
ρ.
ρc,0
3H0

(2.7)

The critical density today can now be expressed as
ρc,0 = 1.88 × 10−29 Ω0 h2 g cm−3 .
2

(2.8)

these are the relativistic quantities, not to be confused with the density and the pressure of the ideal gas,
which are discussed later
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Further, the energy density is divided into its contributions from relativistic and nonrelativistic particles. The evolution of these contributions show a different dependence on
the expansion factor. Concordantly their importance changes with time: For relativistic
particles one finds ρr ∝ a−4 and for non-relativistic particles ρr ∝ a−3 . In this study we
concentrate on the matter-dominated phase of the evolution of the Universe. Then the
contribution of relativistic particles and radiation on the expansion of the Universe can be
neglected. Therefore, we will use Ωm instead of Ω0 . The matter content is further divided
into the contributions from cold dark matter Ωcdm and baryons Ωb . Analog parameters are
introduced for the cosmological constant and the the curvature
ΩΛ =

Λc2
3H02

and

Ωk =

kc2
.
H02

(2.9)

Using these dimensionless parameters and taking into account the evolution of the density
in the matter-dominated epoch ρ ∝ a−3 , one can reformulate the first Friedmann equation
(Eq. 2.1)
 2

ȧ
2
(2.10)
H =
= H02 Ωm a−3 + Ωk a−2 + ΩΛ .
a
Since H = H0 at a = 1, the term in parentheses has to become unity, then. This implies
Ωk + Ωm + ΩΛ = 1. Substituting into the equation gives
 2

ȧ
2
= H02 Ωm a−3 + (1 − Ωm − ΩΛ ) a−2 + ΩΛ .
(2.11)
H =
a
Thus, the time evolution of the expansion factor is given by
p
ȧ = H0 1 + (a−1 − 1) Ωm + (a2 + 1) ΩΛ .

(2.12)

2.1.2. Linear perturbation theory

In the matter dominated epoch, the dynamics of small perturbations is sufficiently described
by a Newtonian description3 . The cosmic fluid is described by spatial dependent fields of
density ρ and velocity u. It is necessary to introduce a frame of reference which compensates
the cosmological expansion determined by the Friedmann equations. This is done using a
transformation of the physical coordinates r into comoving coordinates x = a r. Likewise,
peculiar velocities, which subtract the Hubble flow from the velocities: u = v − Hr, and
a corresponding peculiar gravitational potential: Φ = 2/3 πGρ̄ |r|2 + φ, where φ denotes
the Newtonian gravitational potential, is introduced. The governing equations for ρ, u,
and Φ are the equation of continuity, Euler’s equation, and Poisson’s equation. For a
non-relativistic pressureless fluid and in comoving coordinates they write:
∂ρ 1
3 ȧ
+ ∇ · (ρu) +
ρ=0
∂t
a
a
∂u 1
ȧ
1
+ (u · ∇) u + u = − ∇Φ
∂t
a
a
a
∆Φ = 4πGa2 (ρ − ρ̄) ,
3

(2.13)
(2.14)
(2.15)

We want to emphasize, that all relations can be derived as limits of general relativistic considerations
(Peebles 1980) and are therefore in agreement with GR
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where ρ̄ denotes the background density of the Universe. To describe density perturbations
of an almost homogeneous medium the density contrast is introduced
δ=

ρ − ρ̄
.
ρ̄

(2.16)

For small density perturbations |δ| ≪ 1 the system of equations (2.13 - 2.15) can be
linearized. Using the evolution of the background density ρ̄ ∝ a−3 and neglecting all nonlinear terms one obtains the main equations of cosmological linear perturbation theory:
∂δ 1
+ ∇·u=0
∂t a
∂u ȧ
1
+ u = − ∇Φ
∂t
a
a
∆Φ = 4πG a2 ρ̄ δ .

(2.17)
(2.18)
(2.19)

Combining these equations, one obtains one second-order ordinary differential equation for
the time evolution of the density contrast
∂2δ
ȧ ∂δ
+2
− 4πGρ̄ δ = 0 .
∂t2
a ∂t

(2.20)

This equation does not contain any spatial derivatives. It is therefore evident to separate
the density contrast into a spatial part corresponding to a reference expansion aref at a
time tref , and a time dependent growth factor D(t):
δ(x, t) = D(t) δ(x, tref ) .

(2.21)

From Eq. (2.20) one obtains a differential equation for the growth factor
ȧ
D̈ + 2 Ḋ − 4πGρ̄ D = 0 .
a

(2.22)

This equation has a decaying and a growing solution. The latter will dominate with time.
A general solution for the growing mode in the matter-dominated regime is given by
Z
5 Ωm ȧ a 1
D+ (a) =
da′ .
(2.23)
2 a 0 ȧ′3
The growth factor in respect to the density field at a given expansion aref is obtained by
normalization using the condition D(aref ) = 1
Daref (a) =

D+ (a)
.
D+ (aref )

(2.24)

In order to obtain information on the velocity field u associated to an overdensity δref at
aref , Eq. (2.17) is reshaped to
aref ȧref

dDref
δref + ∇ · u = 0 .
da

(2.25)

With f = (a/D)(dD/da), and using Poisson’s Equation (2.19) the first term gives
aref ȧref
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f ȧref
dDref
δref = f ȧref Dref δref =
(∇ · ∇) Φ .
da
4πGρ̄ a2ref

(2.26)

Substituting in Eq. (2.25) yields


Hf 1
∇· u+
∇Φ
4πGρ̄ aref



=0.

(2.27)

From the assumption, that all velocities originate in perturbations of the gravitational
potential (∇Φ = 0 ⇔ u = 0), follows a vanishing integration constant and one obtains
u=−

Hf 1
∇Φ .
4πGρ̄ aref

(2.28)

2.1.3. Power spectrum
The density perturbations considered are assumed to be of Gaussian nature and therefore
uniquely described by a power spectrum P (k). It is defined as the mean square of the
Fourier transformation of the density δ̂(k)
P (k, a) = |δ̂(k, a)|2 ,

(2.29)

where k is the wave number. In order to allow a normalized description, the cosmological
power spectrum is usually given as linearly extrapolated to today
P (k, a) = Da=1 (a)2 P (k, a = 1) = Da=1 (a)2 P (k) .

(2.30)

Initially, these fluctuations arise from primordial fluctuations characterized by the HarrisonZel’Dovich-Spectrum (Harrison 1970), which is a single power-law
P0 (k) = A k n ,

(2.31)

where the exponent n is called spectral index and A is the amplitude. Due to the evolution
during the radiation-dominated epoch this power spectrum undergoes a damping on small
scales. This is described by a transfer function T (k), which can be computed within the
cosmological model. Thus, the linear power spectrum for the following matter-dominated
epoch writes
P (k) = A T (k)2 k n .

(2.32)

This power spectrum (including the transfer function) can be computed numerically using
publicly available codes such as CMBFAST (Seljak and Zaldarriaga 1996) or CAMP (Lewis
et al. 2000). Instead of using the constant A, the power spectrum often normalized by the
variance of mass fluctuations σ8 inside a sphere a radius of R = 8 Mpc. For a given spatial
scale R, this quantity is computed from the power spectrum by (Eisenstein and Hu 1998)
2

(σ(R)) =

Z

0

∞

P (k)2 k 2 dk
2π



3j1 (k R)
kR



,

(2.33)

where j1 (x) = (x cos x − sin x)/x2 is a spherical Bessel-function.
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Figure 2.1.: Power spectra for the cosmological parameters used in this study (solid line), and
presented in Komatsu et al. (2011) (dashed line). See Table 2.1 for the corresponding
values. The power spectra were produced using the publicly available code CAMP (Lewis
et al. 2000).

2.1.4. Cosmological Parameters
The presented cosmological parameters (H0 , ΩΛ , Ωcdm , Ωb , n, σ8 ) fully describe the cosmological model used in this study. In general, one more parameter, the reionization optical
depth τ is needed to derive the cosmological parameters from CMB observations. We are
not using this parameter in the context of this study, and will therefore exclude it from
further discussion. The currently favored values of these parameters are displayed in the
left column of Table 2.1. They are a result of the combined analysis of the different cosmological observations discussed in the introduction (Komatsu et al. 2011, Table 1). In this
study we use a slightly simplified set of parameters, which are displayed in the right column of Table 2.1. We also show the used values of the total matter parameter Ωm and the
baryon fraction fb = Ωb /Ωm for our set of parameters. The power spectra corresponding
to these parameters are displayed in Fig. 2.1.

2.2. Baryonic physics
2.2.1. Hydrodynamics
In this work, we take the standard approach for describing the baryonic component of the
universe and assume an ideal polytropic fluid. It can, be described using different sets of
variables. In Sect. 2.1.2 we already used the density ρ and the velocity u.4 Together with
4

We will use u, v, w for the velocity components in x, y, z direction, respectively.
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Parameter
Hubble constant
Dark energy parameter
Dark matter parameter
Baryon parameter
Baryon fraction Spectral Index
Variance of mass fluctuations
Reionization optical depth
Matter parameter
Baryon fraction

Symbol
H0
ΩΛ
Ωcdm
Ωb
n
σ8
τ
Ωm
fb

Komatsu et al. (2011)
71.4+1.3
−1.4 km/s/Mpc
0.728+0.015
−0.016
0.227 ± 0.014
0.0446 ± 0.0016
0.969 ± 0.012
0.803 ± 0.024
0.086 ± 0.014
not explicitly given
not explicitly given

This study
71 km/s/Mpc
0.73
0.2268
0.0432
1.0
0.8
not used
0.27
0.16

Table 2.1.: Cosmological parameters

the pressure p they constitute the primitive variables While in terms of observations and
thermodynamics, the primitive variables seem to be the natural choice, for numerical reasons it has advantages to use conserved quantities. Using these, the dynamical equations
of the gas take the shape of conservation laws, thus allowing numerical schemes implementing these equations to preserving the conservation laws of the system up to numerical
precision. It has been shown, that numerical schemes based on this set are able to treat
discontinuities more accurate (Toro 1999, Chap. 3.3). The conserved quantities are the
density ρ, the momentum densities ρu, the energy density E (being the sum of the kinetic
energy density Ekin = 1/2 ρ|u|2 and the internal energy density Eth ). The internal energy
density is related to the pressure p by the polytropic equation of state
p = (γ − 1) Eth ,

(2.34)

where γ denotes the adiabatic index of the gas. Throughout this study, we use the adiabatic
coefficient for a mono-atomic gas, i.e., γ = 5/3.
The dynamical equations of the ideal gas, in differential form and in physical coordinates,
write:
∂ρ
+ ∇ · (ρu) = 0
∂t
∂ (ρu)
+ ∇ · (ρu ⊗ u) 5 + ∇p = −ρ∇φ
∂t
∂E
+ ∇ · (u (E + p)) = ρu · ∇φ + (Γ − Λ) − ∇ · j .
∂t

(2.35)
(2.36)
(2.37)

These equations already include the influence of physical processes other than hydrodynamics, in particular the influence of the gravitational potential φ, and the change in energy
due to the heating function Γ, the cooling function Λ and the heat flux j caused by thermal
conduction.
In cosmological simulations, one often encounters flows of high velocity and low pressure.
In these situations, the numerical computation of the difference E − Ekin , needed for the
computation of the pressure, might not yield reasonable results. This is known as the high
Mach-number problem. One mechanism to overcome this problem was suggested by Ryu
5

Here a ⊗ b denotes the dyadic product, which can be written in P
index-notation as (a ⊗ b)ij = ai bj . The
divergence of the dyadic product is defined by (∇ · (a ⊗ b))j ≡ i ∂i ai bj .

27

et al. (1993) (see also Feng et al. 2004). Complementary to the conservative quantities one
also follows the evolution of a modified entropy density
S = p/ργ−1 .

(2.38)

In high Mach-number flows S is then used to compute the pressure. A dynamical equation
for S can be obtained from Eqn. (2.35) - (2.37):
∂S
γ −1
+ ∇ · (Su) = γ−1 (Γ − Λ − ∇ · j) .
∂t
ρ

(2.39)

2.2.2. Ionization network
A special focus of this study lies on the non-gravitative processes acting on the baryons.
However, these processes depend not only on the hydrodynamic state of the fluid, but
also on how the atoms of the fluid are distributed over possible ionization levels. We
consider a fluid of primordial decomposition, i.e. consisting of hydrogen (H) and helium
(He) only. We follow five ionization species H i, H ii, He i, He ii, and He iii. In order to
follow this chemical network, we employ number densities ni , where the index i indicates
these ionization species. If one assumes that the flow of all species is described by the fluid
velocity, ni is governed by an equation of continuity:
∂ni
+ ∇ · (ni u) = Ξi ,
∂t

(2.40)

where Ξi denotes the source/sink term due to chemical processes. If further local charge
conservation is assumed, the electron number density can be computed by
ne = nH ii + nHe ii + 2 nHe iii .

(2.41)

The total number densities of hydrogen nH and helium nHe, can be computed from the
density using
nH =

χH
ρ
mH

and nHe =

χHe
ρ,
mHe

(2.42)

where χH = 0.76 and χHe = 0.24 denote the primordial mass fraction of hydrogen or
helium, respectively, and mH/He is the corresponding atomic mass (see Olive et al. 2000).
The temperature, necessary for computing the different rates of the chemical network as
well as the thermal flux, is computed using the sum of the different number densities:
T =

p
.
kB (nH i + nH ii + nHe i + nHe ii + nHe iii + ne )

(2.43)

The coefficients used to compute the source term Ξi as well as the heating function Γ and
the cooling function Λ are shown in Table 2.2. We include all important processes of radiative cooling (three-body processes are neglected) as well as the heating by photoionization
due to the evolving cosmic UV background. The values of the rates of the collisional processes are taken from Katz et al. (1996), while the photoionization and photoheating rates
are taken from Black (1981). In terms of these rates, the chemical source term computed
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from photoionization, collisional ionization and recombination, and dielectric recombination of He ii, writes:
ΞH i = αH II nH II ne − (βH I ne + γH I ) nH I

ΞH ii = (βH I ne + γH I ) nH I − αH II nH II ne

ΞHe i = (αHe II + ξHe II ) nHe II ne − (βHe I ne − γHe I ) nHe I

(2.44)
(2.45)
(2.46)

ΞHe ii = αHe III nHe III ne (βHe I ne − γHe I ) nHe I
− (αHe II + ξHe II ) nHe II ne

− (βHe II ne + γHe II ) nHe II

ΞHe iii = (βHe II ne + γHe II ) nHe II − αHe III nHe III ne .

(2.47)
(2.48)

The cooling function Λ is the sum of contributions from the collisional processes discussed
above as well as collisional excitation of H I and He II and bremsstrahlung, while the heating
function Γ is the sum of the heating rates corresponding to the photoionization:
Λ = ζH i nH i ne + ζHe i nHe i ne + ζHe ii nHe ii ne
+ ηH ii nH ii ne + ηHe ii nHe ii ne + ηHe iii nHe iii ne
+ ωH ii nH ii ne + ψH i nH i ne + ψHe ii nHe ii ne
+ θ (nH ii + nHe ii + 4 nHe iii ) ne
Γ = εH i nH i + εHe i nHe i + εHe ii nHe ii .

(2.49)
(2.50)

For the computation of photoionization as well as photoheating, the flux of the UV background is needed. Following Black (1981) we assume a spectrum inversely proportional
to the frequency. The normalisation of this spectrum is given by the mean intensity J0
at the Lyman limit of hydrogen. For its redshift dependence we use a simplified model
which resembles the current view in the literature (Gnedin 2000; Haardt and Madau 2001;
Bianchi et al. 2001):
 −5
10
if z > 8




 0.5 × 100.35(6−z) if 8 ≤ z < 6
J0 = 10−21 erg s−1 cm−2 ×
(2.51)
100.1(3−z)
if 6 ≤ z < 3



1
if 3 ≤ z < 1


0.1 × 10z
if z ≤ 1 .

In cosmological simulations, it is usually assumed that the time scales of the chemical
processes are much shorter than the dynamical times. The system is therefore assumed
to be in ionization equilibrium (IE). In this case, the left-hand side of Eq. (2.40) vanishes
and the number densities can be computed locally using Ξi = 0. Using the conservation of
charge Eq. (2.41) and the conservation of the total number density of both hydrogen and
helium, one obtains an equation for the electron number densities:

−1
αHII ne
0 = ne − 1 +
nH
βHI ne + γHI
"

(αHeII + ξHeII ) ne βHeII ne + γHeII −1
−
1+
+
βHeI ne + γHeI
αHeIII ne


−1 #
αHeIII ne
(αHeII + ξHeII ) ne
+2 1+
1+
nHe .
(2.52)
βHeII ne + γHeII
βHeI ne + γHeI
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Figure 2.2.: Simplified model for the extragalactic UV background. Displayed is the UV flux at the
Lyman limit of hydrogen J0 as a function of the redshift z.

For given number densities of hydrogen and helium and a temperature, this equations can be
solved iteratively. The solution ne and the conservation laws for ne , nH and nHe can then be
used to obtain the number densities for the other ionization levels. These number densities
determine the different contributions to the heating and cooling functions. Without UV
background the coefficients γi in Eq. (2.52) vanish and the electron abundance ne /nnH is
independent of the density.
The upper panel of Fig. 2.3 shows the resulting chemical composition as a function of
temperature without UV background (independent on density) and with UV background
(J0 = 10−22 erg s−1 cm−2 corresponding to z = 0 in our model) for a hydrogen number
density of nH ≈ 5.6 × 10−5 and nH ≈ 9.4 × 10−4 . These values correspond to overdensities
δ + 1 = 300 and δ + 1 = 5000. Without UV background, the medium is ionized only for
temperatures larger than about 104 K due to to collision processed in the gas. The inclusion
of the UV background, however results in a almost complete ionization below ≈ 104 K.
For higher densities collisional processes (∝ n2 ) become stronger and stronger compared
to photoionization (∝ n) and produce a lower degree of ionization at lower temperatures.
In the lower plot of Fig. 2.3 we show the different cooling and heating rates for the
same parameters. Again, when including the UV background, collisional processes become
stronger for higher densities. Apparently, for a given temperature the contributions of the
cooling processes and the UV background heating are canceling each other. The resulting
equilibrium temperature Te separates temperature regimes of cooling and heating. Gas
with a higher temperature cools down toward Te , while colder gas gets heated. In the case
of ionizational equilibrium, on which we focus in Fig. 2.3, this temperature is a function of
the density only. For higher densities we obtain a lower equilibrium temperature Te .
Within this study we also examine the case of non-ionization equilibrium. In this case,
the full set of Eq.(2.40) has to be implemented self-consistently. In particular, the hydrodynamical advection of the different number densities given by the second term needs to
be included in the hydrodynamical solver.
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Figure 2.3.: Chemical network in ionization equilibrium at z = 0 without UV background (independent on density) (left column), and with
UV background for a density ρ/ρ̄b = 100 (middle column) and ρ/ρ̄b = 10000 (right column). Top row: Number densities of the
different ionization species as a function of temperature. Displayed are: nH I (green); nH II (blue); nHe I (magenta); nHe II (cyan);
nHe III (orange); ne (red ). Bottom row: Different absolute contributions to the cooling and heating function |Γ − Λ| as a function
of temperature. Displayed are: collisional recombination (blue; ηH II - solid ; ηHe II - dashed ; ηHe III - dotted ; ωHe II - dashed-dotted ),
collisional ionization (cyan; ζH I - solid ; ζHe I - dashed ; ζHe II - dotted ), collisional excitation (green; ψH I - solid ; ψHe II - dashed ),
bremsstrahlung θ (black ); photoheating (magenta; εH I - solid ; εHe I - dashed ; εHe I - dotted ), and the resulting absolute cooling and
heating function |Γ − Λ| (red ). The equilibrium temperature is marked by a vertical dashed black line.

log(|Γ - Λ| / nH2) [erg cm3 s-1]

Process
standard recombination

dielectric recombination
collisional ionization

Type
chemical

cooling

chemical
cooling
chemical

cooling

chemical

cooling

photoionization

collisional excitation

cooling

heating

bremsstrahlung

Species
H ii
He ii
He iii
H ii
He i
He ii
He ii
He ii
Hi
He i
He ii
Hi
He ii
He iii
Hi
He i
He ii
Hi
He i
He ii
Hi
He ii
all ions

Coefficient
αH ii
αHe ii
αHe iii
ηH ii
ηHe i
ηHe ii
ξHe ii
ωHe ii
βH ii
βHe ii
βHe iii
ζH i
ζHe ii
ζHe iii
γH ii
γHe ii
γHe iii
εH i
εHe i
εHe ii
ψH i
ψHe ii
θ

Value
8.40 × 10−11 T −0.5 T3−0.2 (1 + T60.7 )−1
1.50 × 10−10 T −0.6353
3.36 × 10−10 T −0.5 T3−0.2 (1 + T60.7 )−1
8.70 × 10−27 T 0.5 T3−0.2 (1 + T60.7 )−1
1.55 × 10−26 T 0.3647
3.48 × 10−26 T 0.5 T3−0.2 (1 + T60.7 )−1
1.90 × 10−3 T −1.5 exp(−470000/T ) (1 + 0.3 exp(−94000/T ))
1.24 × 10−13 T −1.5 exp(−470000/T ) (1 + 0.3 exp(−94000/T ))
5.85 × 10−11 T 0.5 (1 + T50.5 )−1 exp(−157809.1/T )
2.38 × 10−11 T 0.5 (1 + T50.5 )−1 exp(−286335.4/T )
5.68 × 10−12 T 0.5 (1 + T50.5 )−1 exp(−631515.0/T )
1.27 × 10−21 T 0.5 (1 + T50.5 )−1 exp(−157809.1/T )
1.27 × 10−21 T 0.5 (1 + T50.5 )−1 exp(−157809.1/T )
4.95 × 10−22 T 0.5 (1 + T50.5 )−1 exp(−631515.0/T )
2.54 × 108 J0
2.49 × 108 J0
1.60 × 107 J0
7.75 × 10−12 γH i
2.19 × 10−11 γHe i
3.10 × 10−11 γHe ii
7.50 × 10−19 (1 + T50.5 )−1 exp(−118348.0/T )
5.54 × 10−17 T −0.397 (1 + T50.5 )−1 exp(−473638.0/T )
1.42 × 10−27 gf f T 0.5 with the gaunt-factor gf f = 1.5

Table 2.2.: Used rates for chemical evolution, cooling and heating. Rates of collisional processes are taken from Katz et al. (1996, Table 1 and 2);
Photoionization and photoheating rates are taken from Black (1981, Sect. 2.1). Tα denotes T /10α K.
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Figure 2.4.: Absolute cooling function |Λ| as a function of temperature (from Sutherland and Dopita
1993). Displayed are the cooling functions for a primordial decomposition (red ), and
for a metallicity of Z = -3 (blue), Z = -2 (green), and Z = -1 (orange).

2.2.3. Metals
The amount of metals which are contained in the IGM as well as their origin (stars in
the early universe or outflows from galaxies at later time) is still a matter of extensive
research. Current high-resolution SPH simulations estimate the metalicity Z of the low
redshift IGM from Z = −3 in the diffuse medium to Z = −1 in high density regions near
galaxies (Shen et al. 2010; Wiersma et al. 2010; Tornatore et al. 2010). However, these
simulations use rather strong feedback mechanisms, which are under discussion themselves
(Agertz et al. 2011). In this study, we do not include metals in our chemical model. By
that, we do not only simplify the calculations of the chemical network, but also avoid the
modeling of the IGM-enrichment with all its uncertainties. In Figure 2.4 we show cooling
functions for different metalicities taken from Sutherland and Dopita (1993). The cooling
function for Z = −3 differs only marginally from the primordial cooling function, therefore
the contribution of the metal to the gas dynamics is negligible in this case (see Wiersma
et al. 2011). We conclude, that a primordial chemical network is a sufficient description for
WHIM far from galaxies. However, for high-metalicities as found in the close vicinities of
galaxies, a significant enhancement in the cooling is apparent.

2.2.4. Thermal conduction
Thermal conduction is implemented as presented in Jubelgas et al. (2004). The heat flux
is computed by
j = −κ(T ) ∇T ,

(2.53)
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where κ is the heat conduction coefficient. We use the coefficient given in Sarazin (1988)
derived from the classical thermal conductivity due to electrons from Spitzer (1962):

2.5 

T
ln Λ −1
13
κ = 4.6 × 10
(2.54)
erg s−1 cm−1 K−1 ,
108 K
40
where ln Λ is the Coulomb logarithm. We adopt ln Λ = 37.8, which is used by Jubelgas
et al. (2004) in the context of galaxy clusters. At low densities the mean free path of the
electrons λe given by

2 
−1
T
ne
λe = 0.023
Mpc
(2.55)
108 K
10−3 cm−3
can approach the scale length of the temperature gradient λT = T /|∇T |. Then the heat
flux becomes saturated. To take this effect into account, we use an effective coefficient of
(Sarazin 1988)
κeff =

κ
κ
=
.
1 + 4.2 λe /λT
1 + 4.2 (λe /T )∇T

(2.56)

This approach neglects the influence of magnetic fields. Those mainly affect dense objects
like clusters of galaxies (Gazzola et al. 2007; Doumler and Knebe 2010). We focus on
regions of low to intermediate density. Therefore this approximation is sufficient for our
study.

2.2.5. Jeans length
In their seminal paper, Truelove et al. (1997) demonstrated, that in grid based simulation
codes, which include hydrodynamics and self-gravitation, perturbations of purely numerical origin can cause artificial fragmentation. This process can be avoided, if the spatial
resolution of the code is sufficient to resolve the local Jeans length of the gas (Jeans 1902,
1928)
s
s
π c2s
πγp
λJ =
=
,
(2.57)
G ρtotal
G ρtotal ρgas
where cs denotes the speed of sound of the gas. The fraction of the local jeans length and
the size of a spatial resolution element, the Jeans number J = λJ /∆x, has to be larger than
one. Truelove et al. (1997) suggest a minimal Jeans number of Jmin = 4. In a cosmological
setting, Ceverino et al. (2010) find that Jmin = 7 is needed.
The fulfillment of this criterion can be archived in several ways. The simplest possibility
is to use a fixed resolution which is just fine enough. This is, especially when dissipative
processes are included, not possible in cosmological simulations. In AMR codes, the jeans
length can be used as refinement criteria, increasing the resolution in cold and dense regions
if necessary. This can be done, however, only to a certain level of refinement. To nevertheless prevent artificial fragmentation on the finest resolution level, the standard approach is
to introduce an artificial pressure floor (Machacek et al. 2001; Agertz et al. 2009; Ceverino
et al. 2010). Solving Eq. (2.57) for the pressure, leads to an equation for a pressure floor:
pfloor =
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G
∆x2 ρtotal ρgas .
2
πγJmin

(2.58)

If, during the simulation, the pressure in a cell becomes lower, the code forces the pressure
to this value. A related, but more physically motivated approach is to introduce, under
certain conditions, a polytropic equation-of-state for the gas, which again acts as a minimal
value for the pressure. In this case the pressure floor is given by
 P γpoly −1 . 

npoly 4
i ni
pfloor = kB Tpoly
,
(2.59)
1+ P
npoly
i ni
where normalization ppoly , the number density threshold npoly , and the adiabatic index
γpoly are parameters, and the rightmost term acts as a cut-off at a number density of npoly .
This method, however, has a important drawback. Contrary to the jeans length based
pressure floor it does not fulfill the Truelove criterion automatically.

2.3. Gravitation
The gravitational potential φ is computed using Poisson’s equation. In physical coordinates
it writes
∆φ = 4πG ρtot ,

(2.60)

where ρtot denotes the total density. It is the sum of the densities of the gas and the dark
matter.

2.4. Dark Matter
From an astrophysical point of view, the most important property of dark matter is its
lack of non-gravitational interaction with itself or other particles. Because of this, it is
theoretically described by the collissionless Boltzmann-equation for the one-particle phasespace density f (x, v, t):
X ∂φ ∂f
∂f X ∂f
+
vi
+
=0,
(2.61)
∂t
∂ri
∂ri ∂vi
i

i

where ri denote the coordinates in real-space, vi the same in velocity-space, and φ the
gravitational potential given by Poisson’s equation (Eq. 2.60).
Commonly, cosmological simulations of large scale-structure formation solve this set of
equations by the method of characteristics (see, e.g. Hockney and Eastwood 1988). Then,
the seven-dimensional system of differential equation of Eq. (2.61) is substituted by a
set of tracers or particles, which obey the Newtonian equations of motion. In physical
coordinates, they write:
drdm
= vdm
(2.62)
dt
dvdm
= −∇φ ,
(2.63)
dt
where rdm denotes the position of a particle and vdm its velocity. Current state-of-the-art
dark-matter-only simulations use ≈ 1010 particles (Springel et al. 2005; Klypin et al. 2010).
As discussed in the introduction, we do not follow the dark matter self-consistently using
the prescription above. Instead we assume similar spatial distributions for the dark matter
and the baryons. Then, the total matter density can be computed by ρtot = ρ/fb , where
fb is the cosmic baryon fraction fb = Ωb /Ωm = 0.16.
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2.5. Supercomoving coordinates
2.5.1. Coordinates and time
In order to include the cosmological expansion into our considerations, we employ Supercomoving coordinates as in a formulation similar to Martel and Shapiro (1998). This set of
coordinates is obtained by the transformation of the physical coordinate r and the time t
into comoving coordinates x and a conformal time τ . Along with the coordinates and the
time all other quantities are transformed into their supercomoving counterparts. Besides
the inclusion of the cosmological expansion all quantities are scaled to a chosen reference
system. To that purpose one defines a reference length x0 , a reference time t0 , and a
reference density ρ0 . All other quantities can be related to the former. In cosmological
simulations it is reasonable to choose the background density of the Universe ρ0 = ρ̄ as
the reference density, the Hubble-time t0 = H0−1 as the reference time, and the length
scale of computational domain (the boxsize) x0 = L as the reference length. In principle,
however, arbitrary reference systems are possible. Therefore we will use x0 , t0 , and ρ0 in
the derivations presented in this section. The transformed quantities, except x and τ , are
denoted by the subscript x (e.g. ρx ). In the following, we present the transformation of the
important quantities and dynamical equations. The extensive calculations can be found in
Appendix A. A different derivation is presented in Doumler and Knebe (2010).
Using the conventions described above, one obtains expressions for the comoving coordinates:
x=

1
r
a x0

(2.64)

and for the conformal time:
dτ =

1
a2 t

dt .

(2.65)

0

The transformation of the time implies the introduction of a super-comoving Hubble constant H, which is defined analog to the normal Hubble constant, but with the time derivative replaced by the conformal time derivative:
H=

1 da
.
a dτ

(2.66)

The Hubble constant and the super-comoving Hubble constant are related by
H=

ȧ
1 1 da
H0
= 2
= 2 H.
a
a t0 a dτ
a

(2.67)

From Eq. (2.1) one obtains a Friedmann-equation for the supercomoving Hubble constant:

H2 = a2 Ωm a−3 + (1 − Ωm − ΩΛ ) a−2 + ΩΛ .
(2.68)

2.5.2. Baryonic quantities

The transformation of the Volume element, implied by the introduction of the comoving
coordinates, leads to the definition of the comoving density
ρx =
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a3
ρ.
ρ0

(2.69)

Other quantities appearing in the dynamical equations are transformed according to their
dependence on length, time, and density in order to keep the form of the equations. In
order to obtain number densities are dimensionless, they are transformed analog to the
mass density, but with the proton mass mp as an additional factor
ni,x =

a3 m p
ni .
ρ0

(2.70)

The temperature, used for the computation of the different cooling and heating rates as
well as the thermal flux is not transformed. It can be computed from the super-comoving
quantities by
T =

x20 mp px
P
.
a2 t20 kB i ni,x

(2.71)

The introduction of a new coordinate system which includes the cosmological expansion
into the coordinate frame implies peculiar velocities u, which represent the motions in
respect to the comoving frame. In super-comoving coordinates, the deduction of the Hubble
flow from the velocities yields
ux = vx − H x .

(2.72)

Similar considerations lead to the peculiar gravitational potential, which, in super-comoving
coordinates, is given by
Φx = φx +

1 ∂2a 2
|x| − H|x|2 .
2a ∂τ 2

(2.73)

The conversion of all baryonic quantities into super-comoving coordinates is summarized
in Table 2.3.

2.5.3. Hydrodynamic equations
Using the peculiar velocities, the peculiar gravitational potential, and the other supercomoving quantities introduced above the system of hydrodynamical equations (2.35 2.37) can be transformed into super-comoving coordinates:
∂ρx
+ ∇x · (ρx ux ) = 0
∂τ
∂ (ρx ux )
+ ∇x · (ρx ux ⊗ ux ) + ∇x px = −ρx ∇x Φx
∂τ
∂Ex
3γ − 5
+ ∇x · (ux (Ex + px )) + Hpx
= −ρx ux · ∇x Φx + Γx − Λx − ∇x · jx
∂τ
γ−1
∂Sx
γ−1
+ ∇x · (Sx ux ) + HSx (3γ − 5) = γ−1 (Γx − Λx − ∇x · jx ) .
∂τ
ρx

(2.74)
(2.75)
(2.76)
(2.77)

The equation of continuity as well as the equation for the momenta have the same form
as in physical coordinates. The energy density equation and the entropy density equation
contain a drag term, which vanishes for an mono-atomic gas with an adiabatic constant of
γ = 5/3 (which is the case in our study). In this case the two equations take the same form
as in physical coordinates. Then, similar techniques for the solution of these equations as
in physical coordinates can be applied.
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Quantity
Comoving coordinate
Conformal time

x
dτ

=
=

Density
Velocity

ρx
vx

=
=

Gravitational potential

φx

=

Pressure

px

=

Energy density

Ex

=

Peculiar velocity
Peculiar potential

ux
Φx

Number densities

ni,x

= vx − H x
1 ∂2a
= φx + 2a
|x|2 − H|x|2
∂τ 2

Heating and cooling

Γx − Λx

=

Thermal flux

jx

=

=

1
ax0 r
1
dt
a2 t0
3
a
ρ0 ρ
at0
x0 v
a2 t20
φ
x20
5
2
a t0
p
ρ0 x20
5
2
a t0
E−
ρ0 x20

Hρx (ux · x) − 12 H2 ρx |x|2

a3 mp
ρ0 ni
a7 t30
(Γ − Λ)
ρ0 x20
a6 t30
a5 t30
j
=
3
ρ0 x0
ρ0 x40

κ(T )∇x T

Table 2.3.: Conversion into super-comoving coordinates.

2.5.4. Chemical evolution and thermal conduction
Using the transformed number densities ni,x a similar transformation on the equations
for the number densities as on the equation for the mass density can be applied. The
transformed equation for the number densities reads then
∂ni,x
+ ∇x · (ni,x ux ) = Ξx .
∂τ

(2.78)

As stated above, the temperature is not transformed. The thermal conduction coefficient
and the mean free path of the electrons, are computed by
κx =

a2 m p
a5 t30
κ(T
)
and
λ
=
λe (T, ne,x ) .
e,x
ρ0 x 0
ρ0 x40

(2.79)

With these transformations, the super-comoving thermal flux writes
jx = κeff,x (T )∇x T .

(2.80)

2.5.5. Poisson’s equation
The transformation of Poisson’s Equation (2.60) to supercomoving coordinates yields
∆x Φ x =

t20 ρ0 H02 3
Ωm a (ρtot,x − ρ̄x ) ,
ρ̄
2

(2.81)

where ρ̄x denotes the transformed background density. If one choses, as already discussed,
the density scale to be the background density of the Universe ρ0 = ρ̄ and the time scale
to be the Hubble time t0 = 1/H0 , this equation simplifies to
∆x Φ x =
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3
Ωm a (ρtot,x − 1) .
2

(2.82)

2.5.6. Dark matter
Although we do not follow the dynamic of the dark matter using the standard N-body
prescription, we give, for completeness, their equations of motion in super-comoving coordinates. First, super-comoving positions and particle velocities are defined analog to the
corresponding gas properties:
1
rdm
a x0
a t0
=
vdm − Hxdm .
x0

xdm =
ux,dm

(2.83)
(2.84)

Using these quantities, and after some algebra, the equations of motion (Eq. 2.62 and 2.63)
write
dxdm
= ux,dm
dτ
dux,dm
= −∇x Φx .
dτ

(2.85)
(2.86)

They have the same functional form as in physical coordinates.
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3. Numerical Implementation
The scientific questions of this study can only be addressed by numerical simulations. To
this purpose, a special computer program (usually referred as code) which solves the differential equations discussed in Chapter 2 is needed. Currently, a large variety of cosmological
codes exist in the community. They differ in the implemented physics and in the algorithms
which implement these processes. Some of these codes are publicly available and can be
downloaded via the Internet. In this study we use two different codes. We discuss their
main features.
The first code, named evora, was especially developed in the context of this study. The
code belongs to the family of Eulerian codes and discretizes the computational domain
on a fixed grid. It is able to compute the evolution of the cosmic fluid including all
processes discussed in Chapter 2. In the progress of this study it became obvious, that
a code using a fixed grid was not sufficient to archive the spatial resolution necessary to
resolve the arising structures. Therefore, further simulations were carried out using the
publicly available RAMSES code developed by Romain Teyssier (Teyssier 2002). RAMSES
uses comparable algorithms as evora. It is, however, based on a adaptive grid and is able
to increase the resolution in certain domains. In the second section of this chapter we
introduce the RAMSES code and present our changes to the public version.

3.1. The evora code
Starting from given initial conditions, the evora code follows the time evolution of the
vector of supercomoving conservative quantities [ρ, ρu, E, S, ni ] introduced in chapter 2.
By averaging these values over discrete cells on a regular grid, discretized versions of the
dynamical equations are obtained. The code integrates these equations over discrete time
steps ∆t. Since the code uses the supercomoving formulation of all quantities and equations,
the cosmological expansion is intrinsically included in the computations. The expansion
factor a is obtained at each time-step by a Runge-Kutta integration of the Friedmanequation (2.12)1 .
The length of the time step ∆t is given by the minimum of three different constraints:
• the change in the cosmological expansion factor during one single time step
• the Courant-Friedrich-Levy condition implied by the the hydrodynamics
• the fraction between the thermal energy and and its change due to the thermal
conduction
1

Note that for the cosmological parameters used throughout this thesis, an analytic solution to the
Friedman-equation exists. The code, however, is able to use more general cosmologies and therefore
uses a numerical approach.
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These constraints are adjusted by heuristic factors 0 < C < 1 (for details see B.1). We use
Ccfl = 0.5 for the CFL-constaint, Ca = 0.01 for the cosmological constraint, and Ctc = 0.9
for the thermal conduction constraint. The time step is computed in every cell, and the
minimal value is used as global time step.
The set of equations is split into four subproblems:
• Hydrodynamic advection
• Gravitational acceleration
• Integration of the chemical network
• Thermal conduction
These problems are solved successively at every time step, and every solver uses the quantities updated by its predecessor as its input. Here we give a brief overview of the four solvers.
All variables are given in the dimensionless super-comoving formulation, we therefore drop
the subscripts.
1. The hydrodynamic problem is given by the homogeneous Euler-equations:
∂ρ
+ ∇ · (ρu) = 0
(3.1)
∂τ
∂ (ρu)
+ ∇ · (ρu ⊗ u) + ∇p = 0
(3.2)
∂τ
∂E
+ ∇ · (u (E + p)) = 0
(3.3)
∂τ
∂S
+ ∇ · (ρu) = 0
(3.4)
∂τ
∂ni
+ ∇ · (ni u) = 0 ,
(3.5)
∂τ
where the last equation, the advection of the number densities, only applies in non-IE
calculations. This system is solved using the MUSCL scheme, which is well-known in
computational hydrodynamics for decades (van Leer 1979). In our case we combine
it with the MINMOD slope limiter and the approximate HLLC Riemann solver (see
Toro 1999). In high Mach flows, where E ≈ Ekin , we use S to compute the pressure,
while elsewhere E isused. After the pressure is computed the quantity not used for
the computation is recomputed using p, thus keeping both quantities synchronized.
2. The gravitational potential is computed from Poisson’s equation:
3
Ωm a (ρtot − 1)
(3.6)
2
In evora we use the method used in classical particle mesh codes using Fourier transformations and Green’s function to compute the potential numerically (see Hockney
and Eastwood 1988). Subsequent, the gradient of the potential is computed, and is
then used compute the gravitational contribution to the evolution of ρu and E:
∆Φ =

∂ (ρu)
= −u · ∇Φ
∂τ
∂E
= −ρu · ∇Φ
∂τ
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(3.7)
(3.8)

3. The chemical evolution can be divided into two parts: The hydrodynamic advection
of the different number densities, which is handled by the hydrodynamic solver, and
the local evolution given by the chemical source term:
∂ni
= Ξi
∂τ

(3.9)

In the non-IE case this equation is integrated self-consistently using the modified
Patankar scheme (Burchard et al. 2003). However, under the assumption of IE, the
equation simplifies to Ξi = 0. This equation is then solved by iteration (Secant
method). In both cases the cooling and heating functions are then applied to the
pressure:
∂p
= (γ − 1) (Γ − Λ)
∂τ

(3.10)

This integration is done using the regular Patankar scheme (Patankar 1980). The
cooling timescale tcool = p/ (Γ − Λ) (which is also the chemical timescale) can be
much shorter than the global time scale given above. Therefore, it is not used as
a constraint on the global time step. Instead subcycling is used: several cooling
time steps are performed in each cell during one global time step, keeping the other
quantities constant (see also Kay et al. 2000). These chemical steps use tcool as time
step, multiplied by a heuristic factor of Ccool = 0.1. After these steps, a potential
pressure floor as discussed in Sect. 2.2.5 is applied. Finally, E and S are updated
using the change in pressure computed by the chemical solver.
4. Thermal conduction enters the equations by divergence of the thermal flux in the
equations for the evolution of E and S:
∂E
= −∇ · j
∂τ
∂S
γ−1
= − γ−1 (∇ · j)
∂τ
ρ

(3.11)
(3.12)

In order to compute the thermal flux itself, the thermal conduction coefficient κ and
the mean free path λe of the electrons are computed. The spatial derivatives, needed
for these computations as well as the divergence of the thermal flux, are derived using
a central difference scheme. The reason why, unlike to the hydrodynamic solver, this
rather simple scheme can be applied, lies in the diffusive nature of thermal conduction
(a second-order differential equation in space) and the corresponding dampening of
numerical errors.
The code is written in the programming language Fortran90 and can be run on parallel
supercomputers using the MPI framework. The Fourier-transformation is computed using
the fftw library (Frigo and Johnson 2005). The code is available on request from the
author of this thesis.

3.2. The RAMSES code
The publicly available simulation code RAMSES, first presented by Teyssier (2002), is one of
the most popular codes in numerical cosmology. It combines an Adaptive Mesh Refinement
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structure with an N-Body solver for the dark matter and a hydrodynamic solver for the
baryons. In addition several sub-grid models for heating, cooling, star-formation, and
feedback processes are implemented. The main application of RAMSES lies in the simulation
of large-scale stuctures and galaxy formation (Ocvirk et al. 2008; Agertz et al. 2009, 2011;
Goerdt et al. 2010; Teyssier et al. 2010; Hahn et al. 2010). It is, however, also applied
in simulations of star-formation and inter-stellar medium physics (Fromang et al. 2006;
Hennebelle and Fromang 2008; Hennebelle and Teyssier 2008).
RAMSES is an extensive code, which can be run in many different configurations. We use
the code in way that resembles evora as close as possible. In the following we discuss our
particular choices and discuss differences to the algorithms of evora:
1. Similar to evora we use the MUSCL scheme together with the MINMOD slope-limiter
and the HLLC-Riemann solver. To overcome the high-Mach-number problem, RAMSES
does not use the mechanism described in Sect 2.2.1. Instead it uses a hybrid conservative/primitive scheme called pressure fix. In highly divergent fluxes it computes
the internal energy form the primitive variables.
2. The main advantage of RAMSES (in the context of our study) is it’s abbility to adaptively refine the resolution in certain regions. We use two complementary refinement
strategies. The first criteria is the mass inside a cell. A cell is refined, if the mass
inside this cell exceeds eight times the mass contained in one cell on the coarsest grid
at background density. This criteria ensures a higher resolution in denser regions.
However, it is not able to ensure a adequate resolution in regions of intermediate
density and lower temperature. Therefore, as a second criteria, a cell is refined if the
local Jeans length becomes smaller than ten times the size of the cell.
3. Due to it’s adaptive nature, RAMSES uses a Multigrid Poisson solver to compute the
gravitational potential. It uses a Gauss-Seidel smoother with Red-Black ordering
(Press et al. 1992; Kravtsov et al. 1997). The stopping criteria parameter of the
Poisson solver is set to ε = 10−6 .
4. As mentioned, RAMSES offers some very sophisticated models of cooling and heating,
star-formation, and feedback processes, which are to specific and have to many open
parameters to be used in this study. Therefore, and to ensure comparability to the
evora simulations, the cooling-module of RAMSES was replaced by the same cooling
model we use in evora. This includes the prescriptions for an artificial pressure floor
described in Sect. 2.2.5 to overcome artificial fragmentation. Of course, combined
with the Jeans-length based refinement strategy lower pressures/higher densities can
be reached.
5. The public version of RAMSES does not include thermal conduction, nor did we implement it.
6. We use the same heuristical constraints on the time step as in evora: Ccfl = 0.5
for the CFL-condition and Ca = 0.01 for the cosmological constraint. Since thermal
conduction is not included, no constraint is applied. The chemical subcycling uses
also Ccool = 0.1.
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7. In addition to the described changes, a number of smaller adjustments have been
made in order to use the code with the particular physics and initial conditions of
this study.
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4. Pancake formation
In this chapter, we start our investigation of the WHIM structures with a comprehensive
study of the one-dimensional collapse of one sinusoidal perturbation and examine the influence of radiative cooling, heating due to an UV background, and thermal conduction.
We investigate the effect of small-scale perturbations given by the cosmological power spectrum. The outcome of our simulations show a well-defined dependence on the perturbation
length scale, which we discuss in detail. The content of this chapter was published in Klar
and Mücket (2010).

4.1. One-dimensional collapse
4.1.1. Gravitohydrodynamics
First, we consider the formation of a pancake without the inclusion of any cooling and
heating or of thermal conduction. This serves as a basic configuration to be compared
with the results after successively taking into account relevant physical processes. The
configuration is initialized at z = 99 by imposing a single sinusoidal perturbation with an
initial amplitude A and a wavenumber k = 2π/L (where L denotes the length scale of
the perturbation) with respect to the background density of the Universe. This density
distribution is then scaled to the baryonic density using fB :
ρ=

1
(A cos (k x) + ρ̄) .
fB

(4.1)

According to linear perturbation theory (Eq. 2.28) we obtain the corresponding peculiar
velocity field
u=−

f ȧ A sin(k x)
a
k

(4.2)

The initial temperature is set to 100 K. We always choose the size of our computational
domain to be equal to the perturbation scale L. For any of our simulations, periodic
boundary conditions are imposed.
Without heating and cooling, the physical dimensions can be eliminated from the hydrodynamic equations, and therefore the qualitative outcome of these simulations does not
depend on the given length scale L. From the used system of super-comoving coordinates
and the imposed reference system given by L, the background density of the Universe ρ̄,
and the Hubble time 1/H0 , we are able to obtain scaling relations for all quantities. For
the temperature scale this yields
Tscale = H02 L2 ∝ L2 .

(4.3)

Thus, the temperature scales as the square of the length scale of the initial perturbation.
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Figure 4.1.: Pancake formation without cooling, heating and thermal conduction: Profiles for different redshifts. Panel A: Density; Panel B: Velocity; Panel C: Pressure; Panel D:
Temperature. This simulation uses an initial amplitude of Ai = 0.02 at z = 99, a
perturbation scale of L = 8 Mpc, and 16000 grid points.

Before z ∼ 1 the medium undergoes adiabatic contraction, resulting in a sharp density
peak in the center of the box. When the local speed of sound matches the infall velocity,
two shocks form and confine a region of high temperature. In Fig. 4.1 we show density,
velocity, pressure, and temperature profiles at different redshifts after the moment of shock
formation. While moving outward, infalling cold gas passes these shocks and its kinetic
energy is transformed into heat. The associated strong decline in velocity is visible in the
corresponding profile. As a result, the temperature inside the shocked region is several
orders of magnitude higher then outside. This process is commonly called shock heating.
While passing the shock, the gas looses most of its velocity and does not move further
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Figure 4.2.: Power of one sinusoidal perturbation as a function of the initial perturbation length
L for an amplitude of A = 0.02 (red line, points for L = (2, 8, 12, 16, 32) Mpc). For
comparison, the full power-spectrum for the used cosmological model (blue line) and
the computed power-spectrum from the initial conditions of a cosmological simulation
(purple points, parameters: 2563 cells, 64 Mpc/h boxsize, credit: T. Doumler) are also
shown.

inward, but is accumulated at the outer wings of the profile, leaving the inner part unchanged. With time, a continuously decreasing fraction of matter remains outside of the
shocked region. The accretion onto the pancake declines over time. This results in a slower
shock speed and in a declining density profile. The final density profile bound by the
shocks covers about 2.5 orders of magnitude, and is proportional to r −2/3 (Shandarin and
Zel’dovich 1989). The pressure profile remains almost constant. This is an expected behavior since pressure gradients would be quickly erased by hydrodynamic advection. The small
deviation from uniformity as well as the weak redshift dependence are the imprint of the
gravitational potential and the cosmological expansion. This almost isobaric behavior can
be used to explain the shape of the temperature profiles. Given a constant pressure, Eq.
(2.43) implies an inverted behavior between temperature and density. The temperature is
given in physical units implying a cosmic evolution ∝ a−2 .
Besides the length scale of the perturbation, the initial amplitude is set as a parameter.
Its value determines the time of caustic formation, as shown in Bryan et al. (1995). The
chosen value of A = 0.02 corresponds to a shock formation at redshift z ∼ 1, which could
be a reasonable value for the WHIM. Consisting of only one mode, the power-spectrum
of the initial density distribution can be derived analytically. For the Fourier-transformed
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density contrast one obtains:
δ̂(k) = A

Z

+∞

cos (kx x) exp (−ikx) dx
−∞
Z +∞

1
A
(exp (ikx x) + exp (−ikx x)) exp (−ikx) dx
2
−∞
1
= A (δD (kx − k) + δD (−kx − k)) ,
2

=

(4.4)

where δD denotes the Dirac delta function. From this, one computes the power-spectrum1
as:
(
1
A2 L−3 if k = kx ,
2
P (k) = k < δ̂ >k k = 12
(4.5)
0
otherwise.
Concordantly, the power of the considered perturbations (with the identical amplitudes
A = 0.02) is determined by their length-scale L. In Fig. 4.2, we display this power as a
function of L for A = 0.02. Also displayed are the full cosmological power-spectrum for
the used cosmological model (cp. Fig. 2.1) and the power-spectrum computed from the
initial conditions of a cosmological simulation employing this full power-spectrum, both at
z = 99. Since a relation proportional to k −3 is the asymptotic behavior of the cosmological
power spectrum for large k, the cosmological power spectrum is always shallower than the
corresponding relation for the considered singular modes, and, at a value of k ≈ 10 Mpc−1
h, the two relations intersect. Therefore, the probability of the considered perturbations
to occur in the real Universe is smaller for larger L. This is in concordance with the
hierarchical structure formation paradigm in the ΛCDM Universe, which states that, in
mean, smaller modes reach the non-linear stage of gravitational collapse earlier. Choosing
identical amplitudes for the perturbations, as we do, is identical to force this time scale to
be the same for each mode, therefore larger modes become more unlikely in comparison to
the real Universe.
Owing to the cosmological expansion, the temperature declines very fast from its initial value. Therefore, the initial temperature has a negligible influence on the dynamical
evolution and on the resulting profiles.

4.1.2. Cooling and heating
If cooling and heating are included into the consideration, an intrinsic physical scale is
introduced. Unlike before, the physical dimension cannot be eliminated from the dynamical
equations. Simulations using different perturbation scales L differ not only quantitatively
but also qualitatively. As a consequence, the constraint on the ratio between the spatial
resolution ∆x and the local Jeans length λJ discussed in Sect. 2.2.5 has to be fulfilled. In
one-dimensional simulation a violation of this criterion bcomes visible in a broken spatial
symmetry of the configuration. Without the inclusion of either a (formal) heating source or
an artificial pressure floor, catastrophic cooling in the center will appear, i.e., the density
1

Note that this is the three-dimensional power spectrum. Although we perform one-dimensional simulations, we consider sheets in three-dimensional space, therefore we compare to the full tree-dimensional
power spectrum.
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increases while the pressure decreases. For the one-dimensional collapse, the heating due
to the UV background is sufficient to prevent such a cooling catastrophe.
In Fig. 4.3 we present the outcome of our simulations including radiative cooling and
heating for different length scales L of the initial perturbation. For the computation of the
chemical network, we assume IE, as described in Sect. 4.1.4. The influence of non-IE will
be discussed in Sect. 4.1.4. Like before, the initial amplitude is A = 0.02. With increasing
L the number of grid points increases from 2000 to 64000, thus keeping a constant spatial
resolution of 0.5 kpc. Displayed are the density, the density flux (instead of the velocity,
because it emphasizes the high-density region in the center), and the related temperature
profiles. We choose a logarithmic x-axis, thus focusing on the center of the simulation box.
As an immediate effect of the heating due to the photoionizing UV background, the
configuration is heated up to temperatures of T ≈ 2 × 104 K during the reionization at
redshift z ≈ 6. This results in a pressure several orders of magnitudes higher than in the
non-radiative simulations. Therefore, the adiabatic collapse before redshift (z ≈ 1) does
not produce one single peak, but an isothermal core supported by pressure. The further
evolution now depends on the size of the perturbation length scale L.
For the smallest perturbation scale L = 2 Mpc the speed of sound inside this core remains
always higher than the infall velocity, and therefore the shock cannot form anymore. The
whole profile, now sustained by the pressure of the gas only, is more extended than in
the non-radiative case. For L > 2 Mpc the infall velocity becomes higher than the sound
velocity at some moment (this can be obtained from the scaling considerations discussed
above). Thus, a shock is able to form. This shock is not generated in the center, but forms
at the edges of the pre-shock core. From there, it moves outward, like in the non-radiative
case. Additionally, a fan-like wave penetrates into the core, effectively shrinking its size.
The whole configuration can be separated into an inner isothermal core, a shocked region of
higher temperatures, and an outer region at low density and low temperature. The size of
the core is decreasing with increasing length scale L. Outside of the core region, the results
of the simulations differ only slightly from the non-radiative case. Especially the position
of the outer shock appears to be unaffected. A special situation occurs in the L = 4 Mpc
simulation, where an effective outflow can be noticed, which appears as a positive density
flux outside the core. This is caused by the lower density inside the core compared to the
runs with higher L, resulting in longer cooling times, and thus a less effective dissipation
of the energy input by the further infall.
The influence of the perturbation scale on the properties of the core will be further
examined in Sect. 4.2.

4.1.3. Thermal conduction
The inclusion of thermal conduction leaves an impact on the evolution of the pancake only
for perturbation scales of L ≥ 30 Mpc. The used thermal conduction coefficient κ shows a
steep temperature dependence of κ ∝ T 2.5 . Moreover the temperature scales approximately
like T ∝ L2 . This implies a relatively sharp transition between perturbation scales where
thermal conduction is effective or not. Furthermore, thermal conduction is only important
if steep temperature gradients occur. This is particularly expected within the immediate
neighborhood of the shock fronts or/and for the temperature step at the core edges. Then
it might occur that the thermal heat conduction exceeds the cooling and the formed core
is heated up (evaporation). For this case, a rough order-of-magnitude estimate gives the
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Figure 4.4.: Influence of thermal conduction is shown at regions with suficciently steep temperature
gradients (L = 32 Mpc). The gray lines show the results of the corresponding simulations without thermal conduction. Panel A and B: The density and temperature
profiles at the outer shock fronts are shifted with respect to the case without heat conduction. The high-temperature region is extended outwards. The density is increased
but over a lower volume (the density shock is shifted inwards). Panel C and D: Heat
conduction leads to a smaller core.

condition under which thermal conduction may overcome the cooling, i.e. −∇ · j > Λ.
For an estimate, we assume an average cooling comparable with that by recombination or
collisional excitation. Then we get the relation
19

ne λT < 10



T
106 K

7/4

cm−2 ,

(4.6)

where ne , λT are the electron number density and the characteristic scale for the temperature gradient, respectively. Owing to the considerable temperature difference throughout
the transition zone, one should take T at the at the core edge, whereas for ne one should
take the value inside the core. At temperature differences of about 106 K and ne ≈ 10−4
cm−3 we get a few kpc for the transition scale λT .
In Fig. 4.4 we show the details of the density and temperature profiles for one perturbation scale L = 32 Mpc. The influence of L will be further discussed in Sect. 4.2. The
top panels show the region of the confining shock. In the simulations including thermal
conduction, the shocks in density and temperature do not coincide anymore. Thermal energy from the shocked region has been transported outward, heating the domain in front
of the shock to temperatures comparable to the shocked region. This energy is lost by the
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Figure 4.5.: Top panel: Chemical composition of a simulated pancake (L = 32 Mpc) including cooling and heating without thermal conduction (solid lines) and with thermal conduction
(dashed lines). The colors indicate different species (lines from top to bottom): red:
H II, cyan: He III, magenta: He II, green: H I, blue: He I; Bottom Panel: Chemical
composition in the region of the shock (indicated by the box in the top panel) using
non-IE chemistry for H I (left) and He II (right). The corresponding profiles from the
top panel are shown in gray for comparison. [See the electronic edition of the Journal
for a color version of this figure.]

shocked region, resulting in a lower pressure and causing a more confined density profile.
The now higher temperature in front of the shock results in a higher pressure there, slowing
down the infalling gas. This deceleration causes the small increase in density adjacent to
the shock.
Thermal conduction also affects the resulting core profile in the simulations including
heating and cooling (see Sect. 4.1.2). The inner part of the pancake profile is shown in
the bottom panels of Fig. 4.4. Now, the core is distinguished by a steep increase of the
temperature at the core border of approximately one order in magnitude. There, thermal
conduction transports energy toward the center of the profile. This additional energy raises
the pressure in the center, causing an outflow. This results in a smaller core size with respect
to the simulations without heat conduction. Contrary to the outer shock front, there is
no displacement between the density and the temperature profiles. The core shrinks as a
whole.

54

4.1.4. Chemical composition
Under quite general conditions, the characteristic time scales for chemical processes, e.g.,
such as ionization and recombination, are much shorter than the dynamical ones. Then, it
is entirely justified to assume IE. The chemical composition is entirely determined by the
temperature and the number densities of species engaged within the processes. In the top
panel of Fig. 4.5 we show the number density profiles assuming IE for a perturbation scale
of L = 32 Mpc (this corresponds to the results shown in the fourth column in Fig. 4.3).
The gas is almost completely ionized, which leads to very low abundances of H i, He i, and
He ii. The shapes of the profiles resemble the density profile, except for a noticeable step
at the position of the shock caused by the steep decrease in temperature at this position.
In the simulations including thermal conduction, the behavior at the position of the shock
is even more complex: The number densities of the H i, He i, and He ii show a gap in the
region adjacent to the shock. Because of the offset between the temperature shock and the
density shock caused by thermal conduction (cp. with the preceding section), this region
combines a low density with a high temperature, which causes a higher degree of ionization.
Under certain conditions the characteristic time scales become comparable and the assumption of ionization equilibrium may become inappropriate. This might happen at very
small number densities. In this case, we have to follow the detailed evolution of the chemical
network using the full set of non-IE equations (2.40).
In those simulations, omitting the assumption of IE, the results differ only marginally
from that ones of the IE-simulations. Effects on the hydrodynamic evolution, coupled by
the cooling/heating function to the chemical network, cannot be detected at all. However,
the chemical composition shows a slight deviation with respect to the IE simulations, and
this occurs only in the direct vicinity of the shock. In the bottom panels of Fig. 4.5 we
show the number density of H i and He ii around the shock using IE and non-IE. In the
non-IE simulation a very small region adjacent to the shock exists where for He ii the
degree of ionization is lower than in the IE case. The corresponding chemical timescale
becomes comparable with the hydrodynamical timescale. In combination with the motion
of the shock, this produces the observed behavior. Since, at the temperatures present in
that region, the chemical rates for the H i are higher, the chemical time-scales are short,
and a similar feature is not observed. Owing to the discussed offset between temperature
shock and density shock, the chemical time scales at the shock region are even larger, which
results in a more extended region of delayed ionization. The same behavior can be observed
for He i, only at much lower number densities.
Though the effects of non-IE for the primordial composition are only marginal, the
influence of the particular conditions at the shock position has been demonstrated. Thus
for a medium containing some fraction of heavy elements which have very low densities for
usual abundances, the non-IE must be taken into consideration. If omitting the assumption
of uniform temperature for all fluid components (electrons, ions) the effects of non-IE maybe
much larger (Teyssier et al. 1998).

4.1.5. Small-scale perturbations
The initial conditions for cosmological simulations of large-scale structure formation are
given by a spectrum of perturbations. To take this into account, we add Gaussian random
perturbations according to the cosmological power spectrum to the particular perturbation
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Figure 4.6.: Pancake formation if Gaussian random perturbations are taken into account for the
initial density field according to the cosmological perturbation power spectrum. The
resulting density (left ) and temperature (right ) profiles are shown at z = 0 for an initial
perturbation at L = 8 Mpc. The included upper scale length for the Gaussian random
perturbations as fraction of L decreases from top to bottom: First row: 1/8 L; Second
row: 1/4 L; Third row: 1/2 L . The obtained profiles are compared with the singlemode consideration given in Fig. 4.3. The latter is shown in gray.

given by Eq. (4.1). Then, in a given spatial region of size L, a pronounced pancake
structure will only form if the considered initial perturbation amplitude dominates over
the neighboring perturbation amplitudes at comparable scale size. Thus, we subsequently
include all perturbation modes up to a scale size of (1/8, 1/4, 1/2) × L.
In Fig. 4.6 we show the density and temperature profiles of simulations including the
small scale perturbations and cooling and heating at z = 0. Clearly, the perturbation
modes at scales comparable with L have the most impact on the final profiles at z = 0. In
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this case most of the power from perturbation modes at neighboring scales will be added.
In particular, this leads to an enhancement of the core density. The modes smaller than
the actual Jeans length are erased by the heating due to the UV background. However,
the magnitudes of the temperatures and their coarse profiles in the post-shock region are
on the same order and the density profiles are nearly preserved.
We conclude that it is sufficient to consider only the collapse of a single (large enough)
mode in order to gain coarse information on the thermal and chemical state of the structures
of interest. In addition, the conservation of the system’s symmetry serves as a probe for the
quality of the numerical treatment. The non-radiative simulations reproduce the earlier
found analytic results with high accuracy (Shandarin and Zel’dovich 1989).

4.1.6. Dark matter
In order to investigate the quality of our assumption, that the dark matter obeys the same
distribution as the baryons, we perform comparison runs using our version of the RAMSES
code. We use the same initial condition as before. Instead of simulating the baryonic
component and multiply its density with fB to obtain the total density, we use both the
particle and the hydrodynamics solver of RAMSES and compute the total density using the
cloud-in-cell mass assigning scheme provided by code.
In Figure 4.7 we show the outcome of these simulations. Displayed are the baryon density
and the temperature for three different initial perturbation lengths. The simulation includes
cooling and heating. Compared to the simulations, which use our simplified description
for the dark matter, only small deviations are present. The baryon density distribution
is the same, with the exception of the isothermal core, where our dark matter model
underpredicts the density by ∼ 10%. The temperature inside the core has the same value,
only the temperature transition at its edge is less steep. Overall the difference are small
and we conclude that our assumption regarding the dark matter dynamics is valid.

4.2. Scaling relations
In the preceding section it was shown that the length scale of the perturbation L is the
determining parameter for the evolution of the pancake characteristics (temperature and
density profiles). In Fig. 4.8 we present the L-dependence of the final values of the central
temperature Tc , the central hydrogen number density nHc , the radius of the isothermal core
λ◦ , and the temperature at its edge T◦ .
For the non-radiative simulations, Tc shows the expected behavior: The temperature
scales ∝ L2 , and thus Tc , as well. The density does not depend on L, its profile is uniquely
∝ r −2/3 (see Shandarin and Zel’dovich 1989). However, because we increase the number
of grid points in order to keep the spatial resolution fixed, larger simulations resolve the
central peak better. In the result, we get an apparent dependence of the central density,
i.e., of the density at the innermost grid point, ∝ L2/3 . However, the latter reflects only
the degree of resolution.
If including cooling and heating processes, the above relations are no longer valid. The
central temperature stays roughly constant at about 2 × 104 K, weakly decreasing at higher
L proportional to L−0.38 . The central hydrogen number density shows a strong dependence
on L approaching the asymptote nHc ∝ L2.38 . At the edge of the isothermal core, the
temperature strongly increases outwards, but then flattens again. We identify the core
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Figure 4.7.: Pancake formation including cooling and heating with full dark matter dynamics (using N-body solver). The resulting baryon density (top row ) and temperature (bottom
row ) profiles are shown at z = 0 for different initial perturbation length L = (4, 8, 16)
Mpc. The profiles obtained with our dark matter approximation are shown in gray for
comparison.

radius λ◦ as the distance from the center to the inflexion point of the temperature profile.
Then the core radius shows a dependence on the scale length proportional to L−1.38 .
The above mentioned scaling relations for Tc , nHc , and λ◦ can be explained using simple
thermodynamical arguments. Actually, the size of the core and its density is fully determined by conditions of hydrostatic equilibrium. In this case Euler’s equations yield for the
central pressure pc ∼ nHc φ and Poisson’s equation yields φ ∼ nHc λ2◦ . Combining those two
estimates we obtain
pc ∼ λ2◦ n2Hc

(4.7)

Without heating the actual pressure of the cooling gas is not able to withstand the gravity
forces, and no distinguishable core is forming in these simulations. Including heating, the
pressure is raised by several orders of magnitude during reionization at z ∼ 6.
In Fig. 4.9 we show the path with respect to the central point of the configuration in
a phase space diagram, where the temperature Tc is plotted against the hydrogen number
density nHc (these are physical, not super-comoving quantities). The curve enters the shown
domain at the center of the bottom of the plot, when reionization heats the gas to ≈ 2× 104
K. From there, the density decreases at an almost constant temperature according to the
linear perturbation growth and cosmological expansion. Then the gas dynamics decouples
from the Hubble flow and follows the adiabatic pressure-density relation pc ∝ nγHc . The
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Figure 4.8.: One-dimensional collapse: Dependence of various quantities on the perturbation length
scale L for simulations without (•), with (×) cooling and heating, and with cooling and
heating and thermal conduction (+). Panel A: Central temperature (the dotted line
represents Tc ∝ L−0.38 ; Panel B : Central hydrogen number density (the dotted line
represents nH ∝ L2.38 ); Panel C : Core size (the dotted line represents λ◦ ∝ L−1.38 );
Panel D: Temperature at the core boundary (the dotted line represents T◦ ∝ L3 ). In
the upper panels the data points with thermal conduction are identical to those without
and are therefore omitted.

shock forms at the maximum of pc and Tc . During the collapse, the energy budget of
the central region is dominated by the infalling matter and not by cooling and heating.
Therefore, the scaling relation for the pressure derived for the non-radiative simulations
p ∝ L2 also holds here. Using this relation (and γ = 5/3) we obtain scaling relations for
the central density and the central temperature at the time of shock formation (denoted
by the index s):
nHs ∝ p1/γ
∝ L2/γ = L1.2
s

Ts ∝ ps /nHs ∝ L2−2/γ = L

(4.8)
2(1−/γ)
γ

= L0.8 .

(4.9)

The formation of the two shocks moving outwards changes the situation significantly. The
energy supply through infall vanishes, and the subsequent evolution is dominated by cooling and heating. Nevertheless the pressure inside the shocked region, determined by the
potential, stays roughly constant, like in the case without cooling and heating. Therefore
the relation pc ∝ L2 and Eq. (4.7) remains valid. The efficient radiative cooling decreases
the temperature toward the equilibrium temperature Te of the cooling/heating function,
which is the temperature where the contributions of the cooling processes and the UV
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Figure 4.9.: Phase space diagram, i.e., the dependence temperature versus density, is shown for
the quantities at the center of the pancake. Shown are curves for L = (16, 24, 32) Mpc
using solid, dashed, and dotted lines, respectively. The upper gray line shows equilibrium
temperature at redshift of z = 0.7 (time of shock formation) and the lower gray line at
z = 0. After a period of linear growth (a), the perturbation decouples from the cosmic
expansion and contracts adiabatically (b) until shock formation (at the maximum of
the temperature). Then, after nearly isochoric (c) and isobaric (d) evolution stages the
central gas arrives at thermal equilibrium (e).

background heating are canceling each other. The gas with a higher temperature cools
down toward Te , while colder gas gets heated. In case of ionizational equilibrium this
temperature is a function of the density only. In the top panel of Fig. 4.10 we show the
absolute value of the normalized cooling/heating function |Γ − Λ|/n2H for number densities
corresponding to overdensities of 1000 and 5000 at redshift z = 0.7, which is the approximate time of shock formation. The equilibrium temperature is given by the zero value of
|Γ − Λ|/n2H (the values in Fig. 4.10 are absolute values). A higher density shifts Te toward
lower temperatures. Computing |Γ − Λ|/n2H for several densities and tracking the minimum
we obtain a relation between nH and Te . This is shown in the bottom panel of Fig. 4.10.
This relation is also shown in Fig. 4.9 (solid gray lines), for both z = 0.7 and z = 0.
Evidently, when reaching Te , the central state remains there, evolving further only due to
the cosmological expansion. In the interval of overdensities of 1000-5000 (at z = 0.7), the
relation can be approximated by a power law Te ∝ n−0.16
(indicated in Fig. 4.10). At lower
H
densities the behavior deviates only weakly from that relation. Using this approximation
and pc ∝ nHc Tc ∝ n2Hc λ2◦ ∝ L2 we obtain
nHc ∝ pc /Tc ∝ pc /n−0.16
⇒ nHc ∝ L2.38
Hc
Tc ∝

n−0.16
Hc

∝L

−0.38

λ◦ ∝ L/nHc ∝ L

−1.38

.

(4.10)
(4.11)
(4.12)

Although we have only used the approximated relation for the equilibrium temperature,
the above consideration leads us to expressions that fully agree with the results shown in

60

|Γ - Λ| / nH2

-22

-23

log(nH) [cm-3]

-24

-2
-3
-4
-5
-6
3

4

5

6

log(T) [K]

Figure 4.10.: Top panel: Absolute value of the cooling/heating function |Γ − Λ| for a hydrogen
number density of nH = 4.6 × 10−3 cm−3 corresponding to an overdensity of ρ/ρ̄b =
5000 at z = 0.7 (solid line) and for a density of nH = 9.2 × 10−4 cm−3 corresponding
to an overdensity of ρ/ρ̄b = 1000 (dashed line). The cooling function without heating
is given in gray for comparison. Bottom panel: Equilibrium temperature vs. density.
In the range delimited by the two densities used in the top panel (emphasized by the
−0.16
the dashed lines) the relation can be approximated by a power law Te ∝ nH
.

Fig. 4.8. This means that the system eventually approaches a quasi-equilibrium state for
sufficiently large scales, at least.
The core size decreases with increasing scale length L according to λ◦ ∝ L−1.38 . As can be
seen in Figs. 4.4 and 4.8 the heat conduction even amplifies this tendency. Thus it might be
expected that for some scale length L an evaporation of the core will happen. Obviously,
that will be the case if the core according to the cooling/heating processes becomes of
comparable size as the above introduced heat transition scale λT , i.e. λT ≥ λ◦ . Using the
expression (4.6) and the derived scaling relations normalized to the corresponding numerical
values at L = 16 Mpc we obtain for the scale length at which the core is significantly affected
by thermal conduction

L ≈ 30 Mpc .

(4.13)

At larger scales even evaporation of the core becomes possible. This also principally agrees
with the results obtained by Bond et al. (1984).
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4.3. Summary
In this chapter, we concentrate on the description of the one-dimensional collapse toward
a gaseous sheet at extremely high resolution. Although neglecting any interaction between
the perturbations on various scales we start with perturbation parameters consistent with
the cosmological density field. Above an initial perturbation scale of ≈ 2 Mpc/h the
collapsing gas shocks and further thermodynamics are mainly determined by the cooling
and heating processes.
The density and temperature profiles are characterized by the existence of a cold and
dense core region. It is in equilibrium with the energy loss due to radiative cooling and the
energy input by the UV background, and has a temperature of Tc ≈ 2 × 104 K. This core
forms even before shock formation, and its properties are given by the interplay between
radiative cooling and the energetic input from the UV background. The final density and
temperature distribution depends on the initial perturbation length scale L only, i.e. all
quantities characterizing the quasi-equilibrium state may be roughly described as function
of that length scale L. By analytical means, we are able to obtain scaling relations for the
core of the pancake. In particular, we find that larger collapsing scales lead to a spatially
narrower cold region.
The size of the core region decreases even more if thermal conductivity becomes efficient.
For large enough scales L the temperature gradients at the transition from the cold core
toward the shock heated gas are large. In the result, thermal conductivity leads to a
partial evaporation of the core. Using the derived scaling relations with respect to the
parameter L, we can estimate the approximate collapse scale for the complete evaporated
of the core. In the result, we get a range of scales L between 2 and 30 Mpc/h, for which a
cold and shock-confined core can exist.
The assumption of ionization equilibrium has proven to be valid for the simulations performed by us. When including perturbations of smaller scale, which follow the cosmological
power spectrum, we observe a significant impact on the results of our simulations only from
modes at scales comparable to the scale of the primary mode. Additional testing with simulations which compute the DM dynamics self-consistently, demonstrate the validity of our
DM approximation.
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5. Filaments and cold streams
We generalize our above consideration to three dimensions. The consideration and analysis follows a similar schedule as in Chap. 4. We start with a discussion of the main
properties of our results using simulations with and without the inclusion of cooling and
heating. Then, we investigate the particular physical conditions in the forming filaments,
the formation process and the further time evolution. We investigate the dependence of
the thermodynamic quantities characterizing the filament core on the perturbation length
scale L. Finally, we focus on the cold streams forming along the filaments. We discuss
their formation as well as a quenching by thermal conduction. The content of this chapter
is submitted as a paper to A&A (Klar and Mücket 2011).

5.1. Three-dimensional collapse
5.1.1. Gravitohydrodynamics
Similar to Chap. 4, we begin our considerations with simulations without the inclusion of
cooling and heating. We start to run the simulation at redshift of z = 99. The perturbation
on the density field is now decomposed into three sinusoidal perturbations each along the
coordinate axes:
ρ=





1
Ax cos kx x + Ay cos ky y + Az cos kz z + ρ̄
fb

The corresponding velocity field is obtained using linear perturbation theory:


f ȧ Ax sin(kx x) Ay sin(ky y) Az sin(kz z)
u=−
,
,
.
a
kx
ky
kz

(5.1)

(5.2)

We choose the perturbation scale L to be the same for each wave, and, again as in our
one-dimensional consideration, identical to the size of the computational domain in each
direction realizing periodic boundary conditions, at once. The choice of that highly symmetrical situation is on purpose by reasons initially discussed. In order to compare with
our one-dimensional simulations we choose identical amplitudes along each direction of
Ax = Ay = Az = 0.02, which corresponds to the choice of identical eigenvalues for the
initial deformation tensor. The set of initial conditions in the case considered here is unlike
the situation as for cosmological simulations. The cosmological simulations generate for
each perturbation scale ∝ 1/k a set of perturbations at random amplitudes distributed
in space realizing a given power spectrum of initial density perturbations P (k). Here we
consider the evolution of one particular realization for a single density perturbation on
given scale L, only. Therefore, this perturbation must be given a well-defined amplitude A.
This is comparable to the perturbation modes with largest length scales in the cosmological
simulations since these modes are also sparsely sampled. However, the value of A affects
solely the moment of time of the shock formation. The time of shock formation is closely
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Figure 5.1.: Power of three perpendicular sinusoidal perturbations as a function of the initial
perturbation length L for an amplitude of A = 0.02 (red solid line), points for
L = (1, 2, 3, 4, 5, 6) Mpc/h). For comparison, the corresponding values for our onedimensional simulations (gray line/points, cp. Fig. 4.2), the full power-spectrum for
the used cosmological model (blue line) and the computed power-spectrum from the
initial conditions of a cosmological simulation (purple points, parameters: 2563 cells, 64
Mpc/h boxsize, credit: T. Doumler) are also shown.

related to the moment of time when a caustic appears for a one-dimensional collapse of
collisionless particles provided the length scale and perturbation amplitude are the same as
for the here considered collapse of gas. The relation between the perturbation amplitude
and the moment of caustic formation can be obtained from the Zeldovich approximation.
At first, we set the amplitude equal to A = 0.02 in order to obtain a configuration which
produces a shock right after the moment z = 1 (compatible with the WHIM). In order
to investigate the possible influence of the value of A, we also perform several simulations
using A = 0.03. These configurations produce shocks earlier in cosmic time, and show a
more evolved structure at z = 0. Roughly speaking, the output of these two sets of simulations is nearly identical but delayed by a redshift interval of ∆z = 1. A comparison of the
power of the three-dimensional initial conditions to the one-dimensional initial conditions
of Chap. 4 is given in Fig. 5.1. The simulations are performed using a coarse grid of 2563
cells and up to 4 levels of refinement. A cell is refined, if the mass inside this cell exceeds
eight times the mass contained in one cell on the coarsest grid at background density. No
Jeans based refinement criteria is applied. We include, however, a pressure floor ensuring
the Jeans criteria (for Jmin = 10) on the finest grid.
As in the one-dimensional case, the collapse starts with an adiabatic contraction of each
density perturbation along its initial direction producing a two-dimensional sheet. Along
the line of intersection of the sheets the densities get superimposed, thus producing an
elongated filament. The three filaments intersect in one point, leading to a further increase
of density resulting in a halo. The formation of all these structures is accompanied by shocks
if the initial perturbation scales are large enough. Since inside the filaments the density

64

Figure 5.2.: Rendering of the density field at z = 0 for a three-dimensional simulation using L = 4
Mpc. Overdensities in red, underdensities in blue.

increases faster than in the sheet (also with respect to the one-dimensional collapse), shocks
are able to develop much faster there. For the same reason, in the sheet far away from
the filament, the collapse is delayed. The density in the halo increases even faster than in
the filament, thus the first shock emerges here. Outside these structures (halo, filament,
sheet), the space becomes successively devoid of gas and the gas density is lower than the
cosmic mean. Thus we will call that region void.1
For illustration, we show a three-dimensional rendering of the density field for a perturbation length of L = 4 Mpc in Fig. 5.2. All the described features, the halo, the filaments,
and the sheets can be noticed. In Fig. 5.3 A - D, we show the density and temperature
distribution of the gas in sectional drawings through the simulation box. (Note: the pre1

Throughout the further discussion, we will use the nomenclature (void, sheet, filament, halo) for the
above described structures arising in our simulations. We want to emphasize that due to the idealized
nature of our simulations, these names should not be directly attributed to the objects, which are usually
labeled by these terms in the literature.
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sented sectional drawings are projections with depth of one simulation cell, i.e. we show
slices of one cell thickness). The top panels show sections perpendicular to the filament’s
axis (in xy-direction), at the position most distant from the halo, while the lower panels
show sectional drawings along the filament (in xz-direction) through the halo. The gas
distribution can be distinguished by different phases associated with the above described
structures:
• Halo: hot and dense gas confined by strong shocks separating the halo gas from
the void region. In addition, some gas at lower temperature is inflowing along the
attached filaments.
• Filament: warm-hot gas at 104 − 105 K with over-densities of about 10-100
• Sheet: cold gas < 104 K and low over-densities δ < 10
• Void: under-dense gas at even lower temperatures
Although only gravitohydrodynamics with a polytropic equation-of-state have been assumed so far, streaming features form similar to those which can be noticed in much more
elaborated simulations of galaxy formation. In our case, these cold streams are however
very narrow and, near the center of the halo, unphysically extended. This happens by the
finite resolution and the introduced pressure floor.

5.1.2. Cooling and heating
Following the same schedule as in Chap. 4, we expand our simulations by the inclusion of
cooling and heating. Radiative cooling is able to produce cool and dense regions. Therefore,
in addition to the mass based refinement we also apply the discussed refinement based on
the Jeans-length. Otherwise we use the same parameters as in the previous section.
In Fig. 5.3 E - H, we present section slices with respect to the outcome of such a
simulation for L = 4 Mpc/h similar to the non-radiative case discussed above. Several
differences are evident. The heating by the UV background leads to more extended sheets.
The filament, forming at their intersection, shows now an extended isothermal core in the
center. The filament core has a temperature of ∼ 3 × 104 K and it exhibits very similar
properties compared with the core region forming in the result of the one-dimensional
collapse. The gas belonging to the cold core streams coherently toward the halo center.
During the motion toward the halo, the cross section of the stream, i.e. of the core, gets
narrower and narrower. This cold stream is more extended than in the non-radiative case,
and penetrates the halo more effectively.

5.1.3. Pressure floor
As discussed in Sect. 2.2.5, a pressure floor has been introduced to fulfill the Truelove
criterion if necessary. This affects only a small region in the very center of the halo and leads
to an unphysical high temperature, there. This concerns also the shape and behavior of the
cold streams in the vicinity of the halo center. With increasing resolution, the necessary
pressure floor is lower. As a consequence in higher resolved simulations, the streams get
even narrower toward the halo center. In any case, at these densities our assumption of an
optical thin gas will break down eventually, and radiation transport effects would become
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Figure 5.3.: Outcome at redshift z = 0 for a simulation without cooling and heating (Panels A-D)
and with cooling and heating (Panels E-H). The simulation uses an initial perturbation
length of L = 4 Mpc. Top Panels: A slice through the filament of 1 Mpc/h × 1 Mpc/h
the xy-plane at the position most distant to the halo; Bottom panels: A slice through
the halo of 1 Mpc/h × 2.5 Mpc/h the xz-plane; Panels A,B,E,F: Density; Panels
C,D,G,H: Temperature. The color coding of the temperature plot is chosen in way to
distinguish photoionized (blue), warm-hot (purple and red ) and hot gas (yellow ). The
lines in panel E correspond to the cuts of Fig. 5.4. The rectangles in panel E and F
denote the cuboid volume discussed in Sect. 5.2.4.
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Figure 5.4.: Profiles through the filament for an initial perturbation amplitude of A = 0.02 and for a series of perturbation scales of L = (3, 4, 4.5, 5)
Mpc/h and for an amplitude of A = 0.03 for a perturbation scale of L = 4 Mpc/h. Shown are profiles at z = 0 including cooling
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comparison the corresponding one-dimensional pancake profiles from Chap. 4 are also shown (gray lines). The profiles are displayed
using logarithmic coordinate axes. Upper row: Density profiles; Lower row: Temperature profiles.
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important. Those could work in both directions, expanding the stream by an additional
pressure support since energy can not longer escape from the cold stream gas, or they cold
constrict it even more since UV background radiation gets shielded.
A turbulent motion in the shocked region which is visible in all halo plots is a numerical
issue. Though in principle, curved shocks can lead to the occurrence of turbulence (Paul
et al. 2011), our highly symmetric initial conditions are not expected to lead to a final configuration which exhibits this kind of motions. Despite the obtained high refinement level
the finite numerical resolution on a rectangular grid together with high density gradients
in the vicinity of the halo center seem to excite these non-physical motions. By varying
the resolution and the pressure floor, we have proven that neither a significant influence
onto the dynamics nor onto the thermal state does exist within the region beyond the innermost cells. Nevertheless, these numerical shortcomings have to be taken into account if
considering any results concerning the very central part of the halo. The filament regions
distant from the halo are not affected, at all.

5.2. Filament physics
5.2.1. Filament profiles
In this section we will discuss the properties of the filament distant from the halo. In Fig. 5.4
we show profiles of density and temperature along lines perpendicular to the filament and
intersecting the filament at the point most distant to the halo position. The profiles given by
the solid lines are obtained by following a line in x-direction embedded entirely within the
central sheet region, while the profiles given by dashed lines are obtained along the diagonal
line in xy-direction, coming from the void region. These lines are located in the projected
slice displayed in the upper panels of Fig. 5.3 E, and are indicated by the horizontal
line for the x-direction, and the diagonal line for the xy-direction, respectively. Since
cooling and heating introduces an intrinsic physical scale, we display a set of simulations
with different initial perturbation lengths L = (3, 4, 4.5, 5) Mpc/h. The initial perturbation
amplitude controls the onset of non-linear evolution and subsequent shock-formation in the
simulations. Therefore, we have also included a simulation with a higher initial amplitude
of A = 0.03 into our considerations. Thus we obtain a more evolved structure at z = 0.
The profiles show similar properties as the one-dimensional pancakes of Chap. 4. They
are, however, more complex and the reached densities are by an order of magnitude higher.
Provided an initial perturbation length of ≈ 4 Mpc/h a shock is able to form. Then, the
obtained profile can be separated into an isothermal core of 10-100 kpc/h and a surrounding
shock-heated region. The spatial extension of the core is again determined by the perturbation scale L. Larger initial scales L lead to smaller cores. The relation, however, appears to
be much steeper compared to the one-dimensional case. This results in a smaller possible
scale range for L where a core can exist.
The profiles across the filament obtained for the different directions (one along the sheet
and the other starting from the void region), show no differences for the inner (isothermal)
part. For the boundary region of the core however, the density profile along the sheet
shows an almost smooth transition from the sheet to the filament region, while for the
profile following the direction from the void, a step-like increase can be noticed. In the first
case, the corresponding temperature profile exhibits a rather continuous increase toward
the filament region, but for the second case, a clear shock is noticeable.
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Figure 5.5.: Central temperature Tc and the central hydrogen number density nHc of the filament
for an initial amplitude of A = 0.02 shown at z = 0 (black squares) and for an initial
amplitude of A = 0.03 shown at z = 1 (open triangles). Top Panels: Dependence on the
perturbation length scale L (Panel A: Central temperature; Panel B: Central hydrogen number density; Panel C : Central pressure). The corresponding one-dimensional
results from Fig. 4.8 along with the derived one-dimensional scaling relations are given
for comparison (grey points/line). The three-dimensional scaling relations for the filament are indicated by black lines. Panel D: Phase space diagram, i.e., the dependence
of central temperature versus central number density (black points) for different perturbation length scale L. The solid black line denotes the equilibrium temperature
Teq at redshift z = 0. Again, the corresponding one-dimensional results are given for
comparison (grey points).

5.2.2. Scaling relations
In Fig. 5.5 we show the dependencies on the initial perturbation scale L for the temperature
Tc and for the number density of hydrogen nHc in the center of the filament. Shown
are results for two sets of simulations: our reference model with an initial amplitude of
A = 0.02, and, for comparison, a simulation with a higher initial amplitude of A = 0.03.
The latter shows faster evolution with time. We therefore compare the output of the
simulation employing A = 0.02 at z = 0 to the A = 0.03 simulations at z = 1. We
compare the obtained relations for the three-dimensional case with those obtained for the
one-dimensional case as discussed in Sect. 4.2. Filaments on scales L < 4 Mpc/h do
not exhibit any shock and their general behavior is similar to what we found for the onedimensional pancakes on scales less than 2 Mpc/h. For perturbations evolving over larger
scales, shocks appear and significant differences between the three-dimensional and one-
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dimensional cases can be noticed. In both cases, an increasing scale length L leads to larger
central densities, but with a much stronger dependence for the three-dimensional case. The
stronger increase in density is accompanied by a stronger decline in temperature. This can
be noticed in panel A and B of Fig. 5.5. In the three-dimensional case the Tc (L) and
nHc (L) relations are to some extent compressed with respect to the one-dimensional case.
Roughly speaking, the one-dimensional scaling relation in the interval 2 Mpc/h < L < 24
Mpc/h corresponds in the three-dimensional case to a much narrower interval 4 Mpc/h
< L < 5.5 Mpc/h. A corresponding behavior can be found in the phase-space diagram
given in panel D of Fig. 5.5. There, we plot the central temperature versus the central
hydrogen number density. The behavior of the Tc (nHc ) relations differs only marginally
for the one- and the three-dimensional cases. Therefore, we can apply the same arguments
for the explanation of the observed scale dependencies as given in Sect. 4.2. In particular,
the temperature of the core is determined by the balance of radiative cooling and heating
by the UV background. We call this equilibrium temperature Teq . For the simulations
employing A = 0.03 we observe the same behavior at z = 1. At this point in cosmic
time, however, our model for the UV background produces a flux which is by an order
of magnitude stronger, resulting in a different equilibrium temperature. Nevertheless, the
dependence on the perturbation length remains unchanged. Since the physical densities
are plotted the higher values for density at z = 1 (A = 0.03) is due to accounting for the
different scale factor at higher redshift.
As already discussed in Chap. 4, for an one-dimensional collapse the temperature of
the shocked gas scales always as T ∝ L2 (see also Sunyaev and Zeldovich 1972). In the
result, the pressure of the infalling gas, surrounding the filament, scales also ∝ L2 . This is
also true for the pressure inside the sheets, since these are the result of a one-dimensional
collapse process. However, for the core of the filament the dynamic pressure
pdyn,sheet ∝ nHc,sheet u2c,sheet

(5.3)

of the gas compressed into the sheet and streaming onto the filament’s core, needs to be
taken into account. For the velocity component toward the filament uc,sheet , one obtains
a scaling behavior of uc,sheet ∝ L from basic hydrodynamical considerations. As shown
in 4.2, the scaling behavior of nHc,sheet can be derived from the density dependence of
Teq . For densities of ρ/ρ̄ = 5 − 15, appropriate for what we find in the sheets, we obtain
Teq ∝ n−0.2
Hc . As already discussed, the gas pressure outside the sheet scales according to
pc,sheet ∝ Teq nHc,sheet ∝ L2 . This leads to nHc,sheet ∝ L2.5 . The dynamical pressure of the
sheet, acting on the core of the filament, scales therefore like
pdyn,sheet ∝ L4.5 .

(5.4)

This relation determines the pressure inside the core of the filament, which therefore shows
a much stronger scale dependence as for the core of the one-dimensional pancake. This can
be noticed in panel C of Fig. 5.5. Since the temperature inside the core is determined by
the equilibrium temperature, the density is the only variable to adjust a nearly hydrostatic
equilibrium. Hence, the relation between nHc (L) for the core of the filament is much
steeper than for the one-dimensional pancake. In order to obtain scaling relations for the
filament, we can apply the same consideration as before. Since the cores of the filaments
are denser than the sheets (ρ/ρ̄ = 100 − 500), we have to use a slightly different slope
for the equilibrium temperature Teq ∝ n−0.21
. Using Euler’s equation for the estimate of
Hc
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the central pressure pc ≈ nHc λ2◦ , where λ◦ is the spatial extend of the core, and Poisson’s
equation φ ≈ nHc λ2◦ , we obtain the relation pc ≈ λ2◦ n2Hc . Using the scaling relation for the
pressure inside the filament’s core pc ∝ L4.5 derived above, we obtain
nHc ∝ L5.7
Tc ∝ L

λ◦ ∝ L

(5.5)

−1.2

−3.57

(5.6)
.

(5.7)

These analytically derived dependencies approve the outcome of our simulations shown in
Fig. 5.5. This justifies our assumption about a thermo-dynamical equilibrium state of
the filament’s core. The relations obtained for the three-dimensional filament completely
differs from the results obtained for the one-dimensional pancake. Though the n(T ) relation
still holds for the equilibrium state of the core, where cooling and heating due to the UVbackground flux balance each other, we get much stronger dependencies on the initial
perturbations length scale. This is a direct consequence of the three-dimensional gas flow
structure. In addition, the analytical findings allow for the extrapolation to values at larger
L where the necessary numerical resolution cannot be reached anymore.
As direct consequence of the much stronger dependence λ◦ (L), a core of reasonable
spatial size can only exist for a significant smaller range of perturbation scales. If we use
the L = 4 Mpc/h case with λ◦ = 60 kpc/h as a reference, we obtain a scale of
L = 14 Mpc/h

(5.8)

where the core of the filament becomes smaller than 1 kpc/h.

5.2.3. Formation process
In order to discuss the detailed formation process of the filament we use the simulation
employing a higher amplitude of A = 0.03. For this initial amplitude, the filament reaches
the stage of non-linear evolution and shock-formation before z = 1. Thus we are able to
follow the formation of the filament for a longer time and up to a later stage of evolution.
In Fig. 5.6, we show the temperature distribution in slices analogously to the upper right
panel of Fig. 5.3 at different moments in time. The left-hand panel shows the evolutionary
stage at the redshift z = 1 right after the shock has formed. The subsequent evolution is
shown on the middle panel at z = 0.667, and the right-hand panel at z = 0.
Before shock formation, matter accretes onto the filament almost equal concentrically
but slightly enhanced along the planes given by the sheets where the density is higher.
Density and temperature in the filament increase adiabatically, until a shock begins to
form. Because of the much lower sound speed in the void region, a shock is forming first
at the interface between the forming filament and the void. Further accretion can be
distinguished by two phases:
• Material accreting from the void, which is shock-heated to warm-hot temperatures
(T > 105 ).
• Material accreting along the sheet, which is heated by the transformation of its gravitational energy if the gas is moving toward the center, only.
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Figure 5.6.: Time evolution of the temperature distribution of the forming filament. Shown are snapshots at expansion factors of a = (0.6,0.8,1.0)
corresponding to redshifts of z = (1.0,0.6667,0). The range of the plot is similar to Fig. 5.3 E. It uses, however, a linear scale. The
vectors visualize the gas velocity in the plane of the slice. The white line denotes an over-density of 101.5 . [See the electronic edition
of the Journal for a color version of this figure.]
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Figure 5.7.: Time evolution of the mass fraction of the gas which resides in the isothermal core and
has an over-density of ρ/ρ̄ > 101.5 for the cuboid volume around the filament described
in the text. Shown are the curves for the simulations using L = 4 Mpc (dashed line),
L = 4.5 Mpc (dotted line), L = 5 Mpc (dashed-dotted line), and L = 4 Mpc, but with
an initial amplitude of A = 0.03, thus forming shock earlier (solid line).

This corresponds to our findings in Sect. 5.2.1, where the profile exhibits a shock at the
interface to the void region but not in direction to the attached sheet. Noticeable, the
velocity field is a good tracer for the shock, declining rapidly behind the discontinuity.
The isothermal-core of the filament is not influenced by this further accretion. The material accreted from the sheet is diverted toward the void resulting in an effective outflow from
the filament. This leads to a cold diffuse clover-leaf-shaped region around the filament. A
similar behavior is found in the one-dimensional pancakes, where the subsequent accretion
also does not influence the central distribution, but rather accumulates gas around the core.
The observed outflow however is only possible in two or more dimensions. Summarizing,
the gas inside the filament can be distinguished into three-phases: a warm-hot shocked gas
layer, an isothermal core, and a cold diffuse region in between. After some moment in time,
the core gets “shielded” against further infall of gas and remains thus a limited reservoir of
cold gas streaming towards the halo. Besides the described reflection of infalling gas, and
due to the large cooling time, the hot gas in the immediate vicinity of the cold core is not
able to cool any further.

5.2.4. Time evolution of the core
Next, we are considering the time evolution of the amount of gas which resides in the core
of the filament. To that purpose, we extract a cubical volume of size 0.6 Mpc/h × 0.6
Mpc/h × 1.0 Mpc/h embedding a representative part of the filament region. This cuboid
is centered in x- and y-direction. In z-direction it covers the range from the edge of the box
up to half of the distance to the halo center. The rectangular projections of the cuboid are
shown in Fig. 5.3 E and F (dashed lines). For the chosen volume we compute the fractions
of the gas at different states. We first construct a phase-space diagram (T versus ρ/ρ̄, cp.
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Valageas et al. 2002), weighted by the mass of the individual cells. Then, we separate the
gas contributions according to the different phase states. We use a density of ρ/ρ̄ = 101.5
as the threshold marker in order to distinguish between the true core gas and the cold
and diffuse outflow region. In Fig. 5.7 we display the time evolution given by subsequent
simulation snapshots for the dense gas forming the isothermal core. The evolution curves
are displayed for simulations with L = (4, 5) Mpc/h for an initial amplitude of A = 0.02,
as well as for the simulation with L = 4 Mpc/h at the higher initial amplitude A = 0.03.
For the simulations employing the lower initial amplitude, the fraction of cold dense
gas rises monotonically but with decreasing slope till a = 1. For larger L more cold gas
accumulates in the core, which is in agreement to our findings in Sect. 5.2.2. The higher
initial amplitude of A = 0.03 allows to follow up the evolution up to later stages. From
Fig. 5.7 one can read, that the use of a higher initial amplitude is shifting the plot for
L = 4 Mpc/h to the left along the time axis. The plot shows that the fraction of the cold
and dense gas decreases at later moments of time. Hence, from a given point in time, the
filament evolution leads to a continuous decrease of the mass fraction of isothermal core.
This can be explained by the process described in Sect. 5.2.3. Starting from the denser
regions next to the halo, the shock encloses more and more of the filament, until no cold
gas can accrete on it from the void. The remaining reservoirs of cold gas are the sheets.
However, this gas does not reach the core any more, but it is redistributed around it. Since,
with time, the cold gas in the core is drained toward the halo, the amount of cold dense
gas in the filament is decreasing.

5.3. Accretion onto the halo
5.3.1. Formation process
In this section, we consider the formation and the evolution of the collapsed structure
forming in the center of our simulation box which can be assigned to a gaseous halo. This
halo forms at the intersection of the three filaments. Concerning the halo, our assumption
about the identical distributions of gas and DM must be considered with caution. During
its evolution, the gas halo could undergo a significant concentration in comparison to the
DM distribution. In particular, this may happen due to the cooling processes. Shock
heating, the introduction of an artificial pressure floor, and heating by the UV background
acts against that concentration, however. On average, the halo gas enclosed by the shocks
follows a nearly isothermal distribution. Thus, the two distributions (DM and gas) should
not differ significantly from each other. Concordantly, the potential in our simulations
corrected for the gravitational action of the DM is still a sufficient good approximation and
there is no necessity to fully include the DM into our simulations.
With these preconditions in mind, the halo region of our simulation box offers nevertheless an excellent testing ground to study the hydrodynamical effects influencing the
accretion over time (exclusive of more complicated baryon physics, like star formation,
fragmentation, turbulent motions etc.). In particular, the supply of the inner halo regions
with cold gas can be studied in this way. The formation processes for the halo exhibits
some differences to the formation process for a filament being described in Sect. 5.2.3. The
density of the forming halo is much higher than inside the filament, and as a result, much
higher temperatures are reached. This is caused the by strong heating due to adiabatic
compression and by stronger shocks, caused by the deeper potential.
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Figure 5.8.: Time evolution of the temperature distribution of the halo. Shown are snapshots at expansion factors of a = (0.4,0.5,0.6) corresponding
to redshifts of z = (1.5,1.0,0.6667). Again, the figure uses a linear scale. The vectors visualize the gas velocity in the plane of the slice.
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Fig. 5.8 shows the time evolution of the temperature distribution in the halo region.
Initially, a hot and dense clump forms by adiabatic compression at the intersection of the
filaments. When the potential well of this clump is deep enough, a shock forms at the
interface toward the void region. This shock is moving outwards with time and affects also
the adjacent filament regions. The high pressure of the surrounding halo medium leads to
a constriction of the inflowing filament gas. Therefore, the accretion onto the halo can be
distinguished by two modes:
• The gas continuously infalling from the void region onto the halo is shock-heated to
high temperatures T & 106 K.
• The colder gas, forming the isothermal core of the filament, can propagate deep into
the halo supplying the halo with cold gas.
The shock around the halo forms earlier than the shock confining the filaments. Only at
later times, the subsequent gas accreting onto the latter produces shocks. Those shocks
confine the cold isothermal cores of the filaments.
As already mentioned, the described mechanism shows strong similarities to the cold
stream scenario. We can now identify the cold streams with the isothermal cores in our
simulated pancakes and filaments. The formation and evolution history obtained by our
simulations leads immediately to an important conclusion: The cold streams have not to
penetrate the shock around the halo, but are forming and existing at the very beginning
of the evolution. They are attached to the halo even before any shock fronts around the
halo have formed. The later forming shocks are influencing only the shape of the already
existing streams, i.e. the cross section of the attached filaments and of their cold cores.

5.3.2. Quenching by thermal conduction
According to the above findings, the cross sections of the filament cores consisting of cold
and dense gas are decreasing with increasing initial perturbation scale L. The core size
undergoes contraction along the filament axis toward the gaseous halo and its gas content
is time-dependent. In Figure 5.9 we show density and temperature profiles across the
filament core (in x-direction, similar to the solid lines in Fig. 5.4) for L = 4 Mpc/h.
The profiles are given at different locations near to the halo, where the shocked halo gas
starts to influence the shape of the cold streams along the filament cores. It can be clearly
noticed that with decreasing distance to the halo center the temperature gradient at the
boundary of the isothermal core is significantly increasing and the cross section of the core
is decreasing. High temperature gradients, however, might be accompanied by efficient
thermal conduction. As discussed in Chap. 4, under certain conditions this may lead to
a partial or entire evaporation of an initially cold region. An order-of-magnitude estimate
gives for the case that thermal conduction may overcome the cooling, i.e. −∇ · j > Λ:
19

ne λT < 0.74 × 10



Tc
104 K

−0.15 

Tshock
106 K

7
4

cm−2 ,

(5.9)

where ne is the electron number density, λT is the characteristic scale for the temperature
gradient, Tc is a temperature of the core of the stream, and Tshock is the temperature of
the halo confining the stream. Under the prevailing thermal conditions and due to the UV
background, the gas is almost fully ionized ne ≈ nH . Thus Spitzer’s relation for thermal
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Figure 5.9.: Temperature profiles through the cold stream in close vicinity to the halo for an initial
perturbation amplitude of A = 0.02 and a perturbation scale of L = 4 Mpc/h. Shown
are profiles at z = 0 including cooling and heating. Like in Fig. 5.4 (solid lines), we
follow a line located entirely within the central sheet region. The profiles are displayed
using logarithmic coordinate axes. Displayed are profiles with decreasing distance to
the center of the halo: 340 kpc/h (solid line). 240 kpc/h (dashed line), 200 kpc/h
(dottet line), and 180 kpc/h (dashed-dotted line).
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conductivity can provide a good approximation. In addition, we use quantities in order to
estimate the lower limit of a possible effect.
The contraction of the cold stream inside the halo is caused by the increased pressure,
which is a result of the collapse process. At the outer boundary of the halo (given by the
outwards moving shock) the spatial extend of the cold stream is still determined by the
scaling relations obtained in Sect. 5.2.2. The temperature of the shock of the halo, however,
is caused by shock-heating alone. It can be therefore estimated from the transformation of
the kinetic energy of the gas into thermal energy, when infalling onto the halo. This leads
us to
kB Tshock
≈ G ρ̄ L2 ⇒
mH



Tshock
106 K



≈ 0.62



L
4Mpc/h

2

,

(5.10)

where mH denotes the mass of the hydrogen atom, kB the Boltzmann constant, and ρ̄ the
background density. Thermal conduction becomes effective if the transition length λT will
be of comparable size as the cold stream’s cross section λ◦ or larger, i.e. λ◦ < λT . From
Eq. (5.9) (transformed into dimensionless units) we obtain
7 
−1
−1  T −0.15  T
 n
λ◦
c
Hc
shock 4
< 2.3 × 10−6
1cm−3
104 K
106 K
1Mpc/h

(5.11)

In Sect. 5.2.2 we obtained nHc ∝ L5.7 , Tc ∝ L−1.2 , and λ◦ ∝ L−3.57 . From Fig. 5.9 we
obtain λ◦ ≈ 0.025 Mpc/h, Tc ≈ 2.5 × 104 , and (ρ/ρ̄)c ≈ 200 (corresponding to nHc =
4.93 × 10−5 cm−3 ) at L = 4 Mpc/h. With these values, as well as Eq. (5.10), above
inequality becomes:


L
4Mpc/h

−1.56

. 0.52

(5.12)

When solving for L, we obtain a critical scale of
Lcrit ≈ 6 Mpc/h

(5.13)

from which on thermal conduction leads to an evaporation of the cold stream. This corresponds to a halo mass or MHalo ≈ 1013 M⊙ .
Inside the halo, where the temperature gradients are even higher, thermal conduction
becomes effective at L < Lcrit , depending on the distance to the center of the halo. This
should lead to a decrease of the penetration depth of the cold streams. Because of the
drastic increase of computational complexity, we did not include thermal conduction into
our simulations self-consistently. However, the above considerations together with the computational results in Chap. 4 show, that under the existing conditions thermal conduction
leads to an evaporation of the cold filament core. Concordantly, at initial perturbation
lengths L > Lcrit , the formed cold streams are not longer able to penetrate deep into the
halo, but evaporate if the halo forms a shock and starts to constrict the attached filament. Though the analytical considerations lead to a quite robust estimate for Lcrit , the
time-dependent evolution can only be obtained by future simulations.
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Figure 5.10.: Total halo mass as a function of the initial perturbation length. For the computation of
the mass, a sphere around the halo having a mean density of ρ/ρ̄ = 100 is considered.

5.4. Summary
In this chapter, we continue the investigation of the detailed physics and thermodynamics
of gaseous filaments and sheets and extend our considerations to three dimensions. Now,
multi-streaming occurs and leads to the formation of well-defined sheets, filaments and
a halo. The distributions of density and temperature become much more complex and
three-dimensional gas streams must be taken into account. These streaming motions are
directed preferentially toward the direction of the maximum gravitational potential depth,
i.e. onto the forming gas halo. Therefore, the collapse of the also forming sheets is less
pronounced than in the one-dimensional simulations. In addition, the sheets are not longer
shock-confined.
The situation is different for the forming filaments located at the intersection of the
sheets. The gas streaming onto the filaments forms a shock if the initial perturbation length
exceeds about L = 4 Mpc/h. As in the pancakes of our one-dimensional simulations, an
isothermal core forms in the center of the filament. This core consists of cold and dense gas
and, different to the pancake, is confined by the dynamic pressure of the gas which flows in
along the sheets. This leads to a much higher density of the gas in the core of the filament.
As in Chap. 4, we obtain scaling relations, i.e. the dependence of the thermodynamic
quantities on the length scale L. Compared to the innermost region of the pancakes in our
one-dimensional simulations, the dependence of the pressure, density and spatial extension
of the gas in the filament cores on the scale L is much stronger. In the result, a noticeable
core of cold and dense gas within shock-confined filaments exists only for a much narrower
range of initial perturbation lengths L < 14 Mpc/h.
The mass fraction of the cold and dense gas in the filament cores is decreasing with
time. The gas infalling from the void region onto the filament is shocked and can therefore
not reach the core region, anymore. At some stage of evolution, also the gas streaming
along the sheets does not reach the filament’s core region. This happens when the dynamic
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pressure of the gas flow along the sheets becomes equal or less than the pressure of the
cold and dense gas of the filament’s core. Therefore, the core is no longer supplied with
accreting gas. The core gas is draining off toward the gaseous halo. In the result, the mass
content of the dense and cold filament cores is expected to decrease continuously.
The gaseous halo, forming in the center of our simulation box, is confined by an accretion
shock if the initial perturbation length is larger than L ≈ 2 Mpc/h. This corresponds to
3 × 1011 M⊙ . For L < 2 Mpc/h solely cold gas accretes onto the forming halo. For larger
L the gas infall onto the halo leads to an accretion shock moving outwards with time. The
temperature of the shock is determined by the depth of the gravitational potential, which
is on its part determined by the scale of the initial perturbation L. The general structure
of filaments attached to the gaseous halo, however, is always present and exists from the
very beginning of the collapse process. In particular, the cores of the attached filaments
constitute streams which are able to transport cold gas into the gaseous halo. In any case,
the halo is fed by spherically accreting warm (or even hot) gas and colder gas streaming
along the attached filaments. These cold streams do not penetrate into the halo but they
are existing from the very beginning of collapse processes.
The enhanced pressure of the shocked gas, i.e. inside the halo, leads to a subsequent
constriction of the cold filament streams inside the halo. This effect increases with decreasing distance to the hot and dense center of the halo. However, it needs the additional
influence of thermal conduction to prevent the cold filament gas from streaming till almost
the center of the gas halo. At the halo boundary, large temperature gradients occur. The
resulting heating by the thermal flux toward the cold stream region is able to exceed the
radiative cooling. Using the scaling relations for the core of the filament, we obtain that
for initial perturbation lengths above L = 6 Mpc/h, which correspond to a halo mass of
about Mhalo ≈ 1013 M⊙ , the cold stream evaporates at the boundary of the accretion shock
and is therefore not able to exist inside the halo, anymore. For intermediate perturbation
length 2 Mpc/h < L < 6 Mpc/h a partly evaporation of the streams, due to the stream
constriction inside the halo, may happen. This process should start near the central region,
first.
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6. Conclusion
In this work, we investigate the properties of gaseous filaments and sheets arising in the
Universe as the result of cosmological structure formation. At any time during the cosmic
history, these structures are supposed to host the majority of the cosmic baryons. At
low redshifts, a large fraction of this gas can reach high temperatures by shock-heating
and constitute the bulk of the WHIM. Because of these high temperatures, the gas is in
a highly ionized state, which renders the reliable detection of the WHIM a difficult task.
At higher redshifts, cold gas streams may transport a significant amount of gas along the
filaments directly onto the disks of the forming galaxies. This would influence the starformation history of these galaxies significantly. In order to obtain detailed information on
the specific hydro- and thermodynamical properties of the filaments and sheets, we perform
numerical simulations at very high resolution.
Most studies in this field employ computational expensive simulations of cosmological
structure formation. These simulations start from initial conditions, which consist of a
discrete Gaussian random field obeying the cosmological power spectrum. Using highly
sophisticated adaptive techniques, they are able to reach spatial resolutions of 10-100 pc,
but only in very dense environments. Outside of the DM halos, within the low to intermediate density structures of the WHIM, the reached resolution is significantly lower.
Therefore, we choose a complementary approach. Instead of simulations of the whole spectrum of cosmological perturbations, we follow only individual modes. Although neglecting
any interaction between modes on different scales, we initialize our simulations with parameters consistent with the cosmological density field. Compared to cosmological hydrosimulations, our setup, in particular the smaller simulation box and the Jeans-length based
refinement strategy, results in a significantly higher resolution in regions of intermediate
overdensity, and the computational expense is drastically reduced1 . We are able perform
many different simulations and study the impact of different physical processes as well as
of possible dependencies on the scale length of the considered mode. Our highly symmetric
configuration enables us to avoid features of non-physical origin, which may arise from
finite numerical precision and other artificial influences.
In one dimension, the collapse of one sinusoidal perturbation results in a shock-confined
sheet-like pancake structure. We perform a number of simulations, which are parametrized
by the length of the initial perturbation L. Without the inclusion of any additional physics
besides hydrodynamics and gravitation, the outcome of the simulation shows a self similar behavior. Therefore, the scaling relations, i.e. the dependence of different quantities
(density, temperature, ...) on L, are given by the transformation from the employed super1

A modern simulation, i.e. from the OWLS project (Schaye et al. 2009) which is especially dedicated to
the description of the IGM, uses 5123 particles in a box of 25 Mpc/h. This results, at an overdensity
of ρ/ρ̄ = 100, in an effective resolution of ≈ 106 particles per (Mpc/h)3 . Our simulations use, e.g. 12
refinement levels in a box of 4 Mpc/h. This results, at the same overdensity, in an effective resolution
of ≈ 109 cells per (Mpc/h)3 , which exceeds the resolution realized by the OWLS simulation by 3 orders
of magnitude.
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comoving coordinate system (summarized in Table 2.3). In particular, the temperature of
the shocked structure scales ∝ L2 . The situation changes if radiative cooling and heating
by the extragalactic UV background is included. Even before shock formation, the heating
by the UV background drastically increases the temperature of the gas. Therefore, for
perturbations with L < 2 Mpc/h, the infall velocity of the gas onto the structure remains
sub-sonic at all times and a shock is not able to form. For L > 2 Mpc/h, a shock forms and
the temperature of the shocked gas scales again ∝ L2 . As a consequence of the preheating,
an isothermal core forms in the center of the configuration. The temperature of the core
is given by the equilibrium temperature Teq of the cooling/heating function, which is the
temperature where the contributions of the radiative cooling processes and the heating by
the UV background balance each other. Using an approximated relation for Te , we are able
to derive scaling relations for the important quantities of the core. We obtain nHc ∝ L2.38
for the central number density of hydrogen, Tc ∝ L−0.38 for the central temperature, and
λ◦ ∝ L−1.38 for the spatial extension of the core. Hence, with increasing L the core becomes
denser and more concentrated. Furthermore, we successively include thermal conduction
and a non-IE chemical network into our simulations. While the non-IE chemistry shows
no significant impact on our configuration, thermal conduction becomes effective for the
largest perturbations considered by us. In concordance with the derived analytic scaling
relations, we find that for perturbation length L > 30 Mpc/h thermal conduction can lead
to an evaporation of the core. We also perform simulations, which take into account small
scale perturbations according to the cosmological power spectrum in addition to the considered mode. We find that, if the primary mode dominates over the smaller perturbations,
the resulting profiles are consistent with the outcome of our previous simulations. In order
to check if our approximation of the dark matter dynamics is sufficient, we perform simulations, where the DM dynamics is computed self-consistently. They show only negligible
derivations from our results.
When generalizing our methodology to three dimensions, we obtain a well-defined structure, consisting of sheets, filaments, and a gaseous halo. The streaming motions of the
gas are much more complex. Preferentially, they are directed toward the direction of the
minimum of the gravitational potential, i.e. the forming gas halo. Therefore, the collapse
of the forming sheets is delayed in respect to the pancakes in our one-dimensional simulations, and they reach only densities of ρ/ρ̄ = 5 − 15. The filaments are forming at the
intersections of the sheets. As for the one-dimensional pancakes, a shock forms from a
certain perturbation scale on. We find, that only for perturbation scales of L > 4 Mpc/h
the filaments are fully shock-confined. Again, an isothermal core forms, and its evolution
is determined by the equilibrium temperature Teq . The scaling relations, however, show a
much steeper behavior than in the one-dimensional case, since the dynamic pressure of the
gas falling in along the sheets onto the filament has to be taken into account. We obtain
nHc ∝ L5.7 , Tc ∝ L−1.2 , and λ◦ ∝ L−3.57 . As a result of the much stronger dependence,
a core of reasonable size can only exist for scales of L < 14 Mpc/h. After its formation,
the core becomes shielded against further infall of gas. The gas accreting onto the filament
through the shock is heated to higher temperatures and is not able to cool down anymore,
and the gas which flows along the sheet is diverted from the core. The latter circumstance
produces an effective outflow at low densities. The lack of further inflow onto the core
of the filament, combined with the gas flow along the filament onto the halo, results in a
decreasing mass remaining in the core.
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In the vicinity of the gaseous halo, the core of the filament becomes a narrow stream, and
penetrates deep into the shock-heated gas distribution of the halo. The overall properties
of these streams correspond to the cold streams observed in hydrodynamical simulations
of galaxy formation. We find these streams to be an essential characteristic of our configuration, and they exist from the very beginning of the collapse process. Being a part of the
core of the filament, the stream follows the same scaling relations. Therefore, the stream
becomes narrower and denser with increasing L. The influence of the outward moving accretion shock of the halo results in a further constriction of the stream. This effect becomes
stronger with decreasing distance to the halo center. Between the shocked halo gas and the
cold stream, large temperature gradients develop. As a result, thermal conduction becomes
effective and leads to an evaporation of the stream. Using the derived scaling relations, we
obtain a critical perturbation scale of L ≈ 6 Mph/h, from which on the stream vanishes
and no cold gas can reach the inner parts of the halo.
Based on these results, we are able to address a number of questions regarding the WHIM
as well as the cold streams:
• What are the characteristic features in the density and temperature profiles of filaments and sheets?
Gaseous filaments exhibit a shock, if the velocity of the gas infalling onto the filament becomes supersonic. This is the case for filaments which originate from an
initial perturbation over scales larger than L = 4 Mpc/h. The shock does not form
everywhere at once, but develops first toward underdense regions, and successively
covers the whole filament. For sheets, the streaming motions toward massive objects cause a delayed collapse behavior and suppress shock-formation. Very far from
galaxies, large modes may produce shock-confined sheets as well. In any case, the
shock confined structure exhibits an isothermal core in the center at temperatures of
T ≈ 2 × 104 K. The properties of the core are strongly correlated with the length
scale of the perturbation which causes the formation of the structure in the first place.
For the core of a filament, we obtain densities in the range of ρ/ρ̄ = 50 − 300 and
a spatial extend in the range of λ◦ = 10 − 100 kpc/h. Filaments, originating from
large perturbations L > 6 Mpc/h, may have cores that are even more concentrated,
and their spatial extend reduces to a few kpc/h. In this respect the question about
a possible shielding of the UV flux is essential. However, the estimates of the optical
depth τph with respect to photoionization by the UV flux show for all possible cases
τph ≪ 1. Between the shock layer and the core, subsequent infall of gas onto the
filament produces an outflow region at low densities of ρ/ρ̄ ≈ 10 surrounding the
core.
• What are the observational consequences in respect to a possible detection
of the WHIM?
The coexistence of hot and cold phases in the filament gas allows for different ionization states and therefore for the occurrence of various characteristic combinations
of spectral lines within one system. This opens the opportunity for the detection of
these structures. The cold gas in the core region of the filament must contain a relatively large fraction of neutral hydrogen and should be detectable as Lyα absorption
lines in the light of more distant sources. With the spatial sizes and densities given
above, Lyα absorption lines could reach column densities of about NH I ≈ 1013.5 to
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1015.5 cm−2 . The warm-hot shocked envelope of the filament should exhibit higher
ionized metal species, which may be detected in combination with the hydrogen lines
discussed above. The temperature gradient between the two phases can produce additional absorbing metal species, i.e. O VI (see Fox 2011). A likely detection of such a
multiphase absorber was reported recently by Nicastro et al. (2010), using combined
X-ray and optical observations toward the Seyfert 1 Galaxy PKS 0558-504. Of course,
the particular observation depends on the actual geometry and orientation of the filament. For more massive filaments, the spatial extent of the core shrinks considerably.
Hence, although the core is still present, the decreasing probability of intersecting
the core with the line of sight renders it essentially unobservable. Concordantly, an
observable multiphase structure is only expected for the low temperature WHIM.
• What does regulate the amount of gas, which is contained in the cold
streams?
The total amount of gas which can be accreted via cold streams, is determined by
the same processes which control the core of the filaments. The main constituent
in this context, is the interplay between radiative cooling and heating by the UV
background. The combination of these processes with the particular hydrodynamic
conditions, given by the characteristic scales of the system, result in the scaling relations discussed above. Besides the radiative cooling and the heating by the UV
background, additional processes acting on the energetic budget of the gas, e.g. radiative feedback from the forming galaxy, may have an impact on the spatial extend
of the stream as well as on the amount of transported gas. After the core has formed
inside the filament, it is essentially shielded against further infall of gas. Therefore,
the gas which flows along the filament’s core onto the forming galaxy is not replenished by further accretion from regions of lower density. This is a consequence of
structure formation only and limits the total amount of cold gas which is available
for cold stream accretion.
• Do all galaxies show accretion by cold streams?
In our considerations, we find cold streams on perturbation scales in the range of
2 Mpc/h < L < 6 Mpc/h. The corresponding range for the (total) halo mass is
3 × 1011 M⊙ < Mhalo < 1013 M⊙ . Halos less massive are not able to develop a shock.
Therefore all accretion onto these objects is cold. This is in agreement with other
studies (Birnboim and Dekel 2003; Dekel and Birnboim 2006). For Halos which are
more massive than Mhalo > 1013 M⊙ thermal conductions becomes important, and
leads to an evaporation of the cold streams. This mechanism is complementary to
the process by gravitational quenching given by Dekel and Birnboim (2008).
• What are the implications on galaxy formation?
If we translate our findings into conditions for star formation in galaxies, they exhibit a substantial constraint with respect to the star formation rate of very massive
galaxies. After the accretion shock has formed, and after the first reservoir of cold
gas is depleted, still a certain fraction of cold and dense gas is able to reach the inner
region of the halo via cold streams. However, for halo masses Mhalo > 1013 M⊙ this
supply is shut down due to thermal conduction. Without further accretion of cold
gas, these galaxies are not able to sustain further star formation. The quenching of
the cold stream by thermal conduction once a galaxy’s halo has reached a certain
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mass, together with the earlier vast supply of cold gas, can have an impact on the observed properties of galaxy populations. It may be one of the causes of the bimodality
between star-forming disk galaxies and “red and dead” ellipticals. In the literature,
galactic feedback processes are often considered to be responsible for this bimodality. The derived mass range for cold stream accretion should also be considered in
semianalytic models of galaxy formation.
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A. Transformation to super-comoving
coordinates
In this appendix, we present the derivation of the dynamical equations in super-comoving
coordinates, as used in Martel and Shapiro (1998). We present the different super-comoving
quantities and their relation to their physical counterparts. Then, we transform the dynamical equations. In order to obtain a straight-forward derivation, we transform every
equation by a direct substitution of the physical by super-comoving quantities. We expand
all expressions and identify canceling terms. A related derivation can be found in Doumler
and Knebe (2010). However, they use a different way to obtain the super-comoving energy
density equation. Also, they do not discuss cooling, heating and thermal conduction.

A.1. Supercomoving quantities
If one employs a reference system given by a reference length x0 , a reference time t0 , and
a reference density ρ0 , super-comoving coordinates and conformal time are defined by:
x=

1
r
a x0

(A.1)

and
dτ =

1
a2 t

dt

(A.2)

0

The super-comoving density, velocity, gravitational potential and pressure are given by:
a3
ρ
ρ0
x0
vx =
v
a t0
a2 t 2
φx = 20 φ
x0
a5 t20
px =
p
ρ0 x20
ρx =

⇔
⇔
⇔
⇔

ρ0
ρx
a3
x0
v=
vx
a t0
x2
φ = 2 02 φx
a t0
ρ0 x 2
p = 5 20 px
a t0
ρ=

(A.3)
(A.4)
(A.5)
(A.6)

In physical coordinates the peculiar velocities write:
u = v − Hr ,

(A.7)

where H is the time dependent Hubble parameter. This transforms to:
ux =

a t0
a t0
u=
(v − Hr) = vx − a2 t0 Hx = vx − Hx ,
x0
x0

(A.8)
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where H is the super-comoving Hubble parameter. Hence, the physical velocities transform
according to:
x0
v=
(ux + Hx)
(A.9)
a t0
The peculiar gravitational potential is defined by:
1 ∂2a 2
|r|
2a ∂t2
This transforms to:


1 ∂2a 2
a4 t20 ∂ 2 a 2
a2 t20
|r|
|x|
=
φ
+
Φx = 2 φ +
x
2a ∂t2
2a ∂t2
x0


 
a4 t20 1 ∂
1 ∂a 2 2
1 ∂a
1 ∂2a 2
2
= φx +
|x| − 2
|x| = φx +
|x|
2a a2 t0 ∂τ a2 t0 ∂τ
2a ∂τ 2
a
∂τ
1 ∂2a 2
|x| − H2 |x|2
= φx +
2a ∂τ 2
Therefore the physical potential transforms to:


x20
1 ∂2a 2
2
2
φ = 2 2 Φx −
|x| + H |x|
2a ∂τ 2
a t0
Φ=φ+

(A.10)

(A.11)

(A.12)

The kinetic part of the energy density depends on the velocities. It is therefore necessary
to transform it according to:
1
p
E = Ekin + Eth = ρv +
2
γ−1
1
p
x
= ρx |ux + Hx|2 +
2
γ−1
1
1
px
= ρx |ux |2 + Hρx (ux · x) + H2 ρx |x|2 +
2
2
γ−1
1 2
= Ex + Hρx (ux · x) + H ρx |x|2
2
Concordantly, the energy density transforms according to:

(A.13)

1
Ex = E − Hρx (ux · x) − H2 ρx |x|2
(A.14)
2
In super-comoving coordinates the entropy density is defined similar as in physical coordinates:
px
Sx = γ−1
(A.15)
ρx
The modified entropy density is transformed by:
S=

p
ργ−1

=

ρ0 x20 a3(γ−1) px
a3γ−8 x20 px
=
a5 t20 ργ−1
ργ−1
ργ−2
t20 ργ−1
x
x
0
0

(A.16)

The temperature is computed from the supercomoving quantities by:
T =
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1
p
ρ0 x 2 a3 m p 1
p
x2 m
p
P
P x = 2 02 p P x
= 5 20
kB i ni
a t0 ρ0 kB i ni,x
a t0 kB i ni,x

(A.17)

A.2. Derivatives
Using index notation, we obtain for the nabla operator:
X dxj ∂
∂
1 ∂
(∇)i =
=
=
∂ri
dri ∂xj
a x0 ∂xi

(A.18)

j

In vector notation this writes:
∇=

1
∇x .
a x0

(A.19)

For the derivative with respect to time we obtain:
!
X dxi ∂τ ∂
dτ ∂
∂τ X ∂τ dxi ∂
1 ∂
∂
=
=
+
= 2
+
∂t
dt ∂τ
∂t
∂xi dt ∂τ
a t0 ∂τ
dt ∂xi ∂τ
i
i
!
X
1 ∂
∂
1
∂
ȧ X
∂
= 2
xi
= 2
−
−H
xi
a t0 ∂τ
a
∂xi
a t0 ∂τ
∂xi
i

(A.20)

i

Or, in vector notation:


1
∂
∂
= 2
− H (x · ∇x )
∂t
a t0 ∂τ

(A.21)

The time derivative of the super-comoving Hubble constant is computed according to:


 
∂H
∂ 1 ∂a
1 ∂2a
1 ∂a 2
1 ∂2a
=
=
−
=
− H2
(A.22)
∂τ
∂τ a ∂τ
a ∂τ 2 a2 ∂τ
a ∂τ 2

A.3. Hydrodynamic equations
A.3.1. Equation of continuity
The equation of continuity (2.35) writes in physical coordinates:
∂ρ
+ ∇ · (ρv) = 0
∂t

(A.23)

Replacing the time derivative according to Eq. (A.20) and the density by the comoving
density the first term transforms to:


∂ρ
1
∂
ρ0 ρx
= 2
− H (x · ∇x )
∂t
a t0 ∂τ
a3


ρ0
∂ ρx
= 5
−
H
(x
·
∇
)
ρ
a3
x
x
a t0
∂τ a3


ρ0
∂ρx
∂ 1
3
= 5
+ a ρx
− H (∇x · (ρx x) − ρx (∇x · x))
a t0 ∂τ
∂τ a3


ρ0
∂ρx
= 5
− 3Hρx − H ∇x · (ρx x) + 3Hρx
a t0 ∂τ


ρ0
∂ρx
= 5
− H ∇x · (ρx x)
(A.24)
a t0 ∂τ
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For the second term we obtain:


1
ρ0 ρx x 0
ρ0
∇ · (ρv) =
∇x ·
(ux + Hx) = 5 (∇x · (ρx ux ) + H∇x · (ρx x))
3
ax0
a a t0
a t0
(A.25)
When substituting terms (A.24) and (A.25) into Eq. (A.23) some of the terms cancel out,
and we obtain:
∂ρx
+ ∇x · (ρx ux ) = 0
∂τ

(A.26)

A.3.2. Equation for the momenta densities
In physical coordinates, the equation for the momenta densities (2.36) writes:
∂ρv
+ ∇ · (ρv ⊗ v) + ∇p = −ρ∇φ
∂t

(A.27)

The transformation of the first term yields:



∂ρv
1
ρ0 ρx x 0
∂
= 2
− H (x · ∇x )
(ux + Hx)
∂t
a t0 ∂τ
a3 at0


ρ

ρ0 x 0
x
4 ∂
(ux + Hx) − H (x · ∇x ) (ρx (ux + Hx))
= 6 2 a
∂τ a4
a t0

ρ0 x 0
∂ 1
∂ρx ux
∂ρx
∂H
= 6 2 a4 ρx (ux + Hx)
+
+ Hx
+ ρx x
∂τ a4
∂τ
∂τ
∂τ
a t0

− H (x · ∇x ) (ρx (ux + Hx))

∂ρx ux
ρ0 x 0
1 ∂2a
= 6 2 − 4Hρx (ux + Hx) +
− Hx (∇x · (ρx ux )) +
ρx x − H 2 ρx x
∂τ
a ∂τ 2
a t0

− H (x · ∇x ) (ρx (ux + Hx))
(A.28)
For the second term we obtain:


1
ρ0 ρx x20
∇ · (ρv ⊗ v) =
∇x ·
(ux + Hx) ⊗ (ux + Hx)
a x0
a3 a2 t20


ρ0 x 0
= 6 2 ∇x · (ρx (ux + Hx) ⊗ (ux + Hx))
a t0

ρ0 x 0
= 6 2 ∇x · (ρx ux ⊗ ux ) + H∇x · (ρx ux ⊗ x)
a t0

+ H∇x · (ρx x ⊗ (ux + Hx))

(A.29)

Using the product rule one can perform the divergence of the tensor product to:
∇ · (a ⊗ b) = b (∇ · a) + (a · ∇) b
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(A.30)

This is used to express the second tensor product in Eq. (A.29) as
H∇ · (ρx ux ⊗ x) = Hx (∇x · (ρx ux )) + H (ρx ux · ∇x ) x
= Hx (∇x · (ρx ux )) + Hρx ux

(A.31)

Analog the third tensor product gives:
H∇ · (ρx x ⊗ (ux + Hx)) = H∇x · (x ⊗ ρx (ux + Hx))

= Hρx (ux + Hx) (∇x · x) + H (x · ∇x ) (ρx (ux + Hx))
= 3Hρx (ux + Hx) + H (x · ∇x ) (ρx (ux + Hx))

(A.32)

The gradient of the pressure transforms to:
∇p =

1
∇x
a x0



ρ0 x20
px
a5 t20



=

ρ0 x 0
∇x px
a6 t20

(A.33)

For the gradient of the potential we obtain:
 2 

x0
1
1 ∂2a 2
2
2
∇x
|x| + H |x|
∇φ =
Φx −
ax0
2a ∂τ 2
a2 t20


x0
1 ∂2a
2
2
2
= 3 2 ∇x Φ x −
∇x |x| + H ∇x |x|
2a ∂τ 2
a t0


1 ∂2a
x0
2
= 3 2 ∇x Φ x −
x + 2H x
a ∂τ 2
a t0

(A.34)

Concordantly, the gravitational term in Eq. (A.27) transforms to:


1 ∂2a
ρ0 ρx x 0
2
−ρ∇φ = − 3 3 2 ∇x Φx −
x + 2H x
a a t0
a ∂τ 2


1 ∂2a
ρ0 x 0
2
= − 6 2 ρx ∇ x Φ x −
ρ
x
+
2H
ρ
x
x
x
a ∂τ 2
a t0

(A.35)

Like before, when substituting all these terms into Eq. (A.27) most terms cancel out,
leaving:
∂ρx ux
+ ∇x · (ρx ux ⊗ ux ) + ∇x px = −ρx ∇x Φx
∂τ

(A.36)

A.3.3. Equation for the energy density
The equation for the energy density (2.37) writes in physical coordinates:
∂E
+ ∇ · (v (E + p)) = −ρv · ∇φ + Γ − Λ − ∇ · j
∂t

(A.37)
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Using Eq. A.13, the first term of this equation transforms to:




∂E
1
∂
1 2
ρ0 x20
2
= 2
− H (x · ∇x )
Ex + Hρx (ux · x) + H ρx |x|
∂t
a t0 ∂τ
2
a5 t20




∂
1
ρ0 x 2
1
= 7 30 a5 Ex + Hρx (ux · x) + H2 ρx |x|2
5
2
∂τ
a
a t0

∂Ex
∂
1 ∂
+
+
(Hρx (ux · x)) +
H2 ρx |x|2
∂τ
∂τ
2 ∂τ

!
1 2
2
− H (x · ∇x ) Ex + Hρx (ux · x) + H ρx |x|
2
The first term in the parentheses simplifies to:
 

1
5
2
2 ∂
a Ex + Hρx ux · x + H ρx |x|
= −5HEx − 5H2 ρx (ux · x)
∂τ a5
5
− H3 ρx |x|2
2
For the third and fourth term we obtain:
∂
∂ρx u
∂H
(Hρx (ux · x)) = ρx (u · x)
+ Hx ·
∂τ
∂τ
∂τ
2
1∂ a
∂ρx u
=
ρx (ux · x) − H2 ρx (ux · x) + Hx ·
a ∂τ 2
∂τ
2

1 ∂
1
∂ρx 1
∂H
H2 ρx |x|2 = H2 |x|2
+ ρx |x|2
2 ∂τ
2
∂τ
2
∂τ
1
1 ∂2a
= − H2 |x|2 (∇x · (ρx ux )) +
Hρx |x|2 − H3 ρx |x|2
2
a ∂τ 2
The last term expands to:


1 2
2
−H (x · ∇x ) Ex + Hρx ux · x + H ρx |x| = −H (x · ∇x ) Ex
2
− H2 (x · ∇x ) ρx (ux · x)
1
− H3 (x · ∇x ) ρx |x|2
2

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

For the divergence term in Eq. (A.37) we obtain:


1
x0 ρ0 x20
∇ · (v (E + p)) =
∇x ·
(ux + Hx) Ex + Hρx (ux · x)
a x0
at0 a5 t20

1
+ H2 ρx |x|2 + px
2



2
1 2
ρ0 x 0
2
= 7 3 ∇x · (ux + Hx) Ex + Hρx (ux · x) + H ρx |x| + px
2
a t0

2
ρ0 x
= 7 30 ∇x · (ux (Ex + px )) + H∇x · (x (Ex + px ))
a t0
+ H ∇x · (ρx ux (ux · x)) + H2 ∇x · (ρx x (ux · x))

 1 3

1 2
2
2
+ H ∇x · ρx ux |x| + H ∇x · ρx x |x|
2
2
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(A.43)

The second term in the parentheses expands to:
H∇x · (x (Ex + px )) = H (x · ∇x ) (Ex + px ) + H (Ex + px ) (∇x · x)

= H (x · ∇x ) Ex + H (x · ∇x ) px + 3HEx + 3Hpx

= H (x · ∇x ) Ex + H (x · ∇x ) px
3γ − 5
+ 5HEx − Hρx |ux |2 + Hpx
,
γ−1

(A.44)

where, in the last step, we use:
3
3px
3 (γ − 1) px 5
5px
3Ex + 3px − 5Ex = ρx |ux |2 +
+
− ρx |ux |2 −
2
γ−1
γ−1
2
γ−1
3γ
−
5
= −ρx |ux |2 + px
γ−1

(A.45)

The third term in Eq. (A.43) yields:
H ∇x · (ρx ux (ux · x)) = H (ux · x) (∇x · (ρx ux )) + H (ρx ux · ∇x ) (ux · x)
= H (ux · x) (∇x · (ρx ux )) + Hx · (ρx ux · ∇x ) ux
+ Hux · (ρx ux · ∇x ) x

= Hx · (∇x · (ρx ux ⊗ ux )) + Hρx |ux |2

(A.46)

where one uses (cp. Eq. (A.30)):
Hx · (∇x · (ρx ux ⊗ ux )) = H (u · x) (∇x · (ρx ux )) + Hx · (ρx ux · ∇x ) ux

(A.47)

For the remaining terms in Eq. (A.43) we obtain:
H2 ∇x · (ρx x (ux · x)) = H2 ρx (ux · x) (∇x · x) + H2 (x · ∇x ) ρx (ux · x)
= 3H2 ρx (ux · x) + H2 (x · ∇x ) ρx (ux · x)
 1

1 2
1
H ∇x · ρx ux |x|2 = H2 |x|2 (∇x · ρx ux ) + H2 ρx ux · ∇x |x|2
2
2
2
1 2 2
= H |x| (∇x · ρx ux ) + H2 ρx (ux · x)
2
 1 3
1 3
1
2
H ∇x · ρx x |x| = H ρx |x|2 (∇x · x) + H3 (x · ∇x ) ρx |x|2
2
2
2
3 3
1
= H ρx |x|2 + H3 (x · ∇x ) ρx |x|2
2
2

(A.48)

(A.49)

(A.50)

Using Eq. (A.34) the third term of Eq. (A.37) (the gravitational term) transforms to:



ρ0 ρx 1 x 0
1 ∂2a
2
−ρu · ∇φ = − 3
ux + H x · ∇ x Φ x −
x + 2Hx
a a x0 at0
a ∂τ 2

ρ0 x 2
1 ∂2a
1 ∂2a
= − 7 30 ρx ux · ∇x Φx + Hx · ρx ∇x Φx −
ρx (ux · x) −
Hρx |x|2
2
a ∂τ
a ∂τ 2
a t0

2
3
2
+ 2H ρx (ux · x) + 2H ρx |x|
(A.51)
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The super-comoving counterparts of the cooling and heating terms as well the divergence
of the thermal flux are defined in a way to incorporate the prefactor which apperears in all
the previously transformed terms of Eq. (A.37):
Γ−Λ−∇·j=

a7 t30
(Γx − Λx − ∇x · jx )
ρ0 x20

(A.52)

As before, we rewrite Eq. (A.37) using all the terms previously derived. Most terms cancel
out and the remaining equation is:
∂Ex
3γ − 5
+ ∇x · (ux (Ex + px )) + Hpx
= −ρx ux · ∇x φx + Γx − Λx − ∇x · jx (A.53)
∂τ
γ−1

A.3.4. Equation for the entropy density
In physical coordinates, the equation for the entropy density (2.39) writes:
∂S
+ ∇ · (Sv) = ργ−1 (γ − 1) (Γ − Λ − ∇ · j)
∂t
The first term transforms to:

 3γ−8 2
∂S
1
∂
a
x0
= 2
− H (x · ∇x )
Sx
γ−2
∂t
a t0 ∂τ
ρ0 t20



a3γ−10 x2 ∂Sx
1
∂
= γ−2 0
+ 2 Sx
a3γ−8 − H (x · ∇x ) Sx
∂τ
a
∂τ
ρ0 t30


a3γ−10 x20 ∂Sx
= γ−2
+ HSx (3γ − 8) − H (x · ∇x ) Sx
∂τ
ρ0 t30

(A.54)

(A.55)

For the second term one obtains:
1
∇ · (Sv) =
∇x ·
a x0
=
=

a3γ−10 x20
ργ−2
t30
0
a3γ−10 x20
ργ−2
t30
0

!
x0
Sx
(ux + Hx)
at0
ργ−2
t20
0

a3γ−8 x20

(∇x · (Sx ux ) + HSx (∇x · x) + H (x · ∇x ) Sx )
(∇x · (Sx ux ) + 3HSx + H (x · ∇x ) Sx )

(A.56)

The term of the left-hand side of Eq. (A.54), including the contribution of heating, cooling
and thermal conduction, transforms to:
a3(γ−1) γ − 1 ρ0 x20
γ−1
(Γ
−
Λ
−
∇
·
j)
=
(Γx − Λx − ∇x · jx )
ργ−1
a7 t30
ργ−1
ργ−1
x
0
a3γ−10 x2 γ − 1
= γ−2 0 γ−1 (Γx − Λx − ∇x · jx )
ρ0 t30 ρx

(A.57)

Substituting all transformed terms back into Eq. (A.54) yields:
∂Sx
γ −1
+ ∇x · (Sx ux ) + HSx (3γ − 5) = γ−1 (Γx − Λx − ∇x · jx )
∂τ
ρx
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(A.58)

A.4. Chemical network
The equations for the number densities transforms analog to the equation of continuity:
∂ni,x
+ ∇x · (ni,x ux ) = Ξx ,
∂τ

(A.59)

where the chemical source term is transformed by:
a5 t 0 m p
Ξ
ρ0

Ξx =

(A.60)

A.5. Thermal conduction
As a result of the transformation of the hydrodynamic equations, the thermal flux has to
be transformed to (cp. Eq. 2.53):
jx =

a6 t30
a6 t30
j
=
κeff ∇T
ρ0 x30
ρ0 x30

(A.61)

The temperature gradient is transformed according to:
∇T =

1
∇x T
ax0

(A.62)

If one transforms the thermal conduction coefficient (and concordantly κeff ) by:
κx =

a5 t30
κ(T ),
ρ0 x40

(A.63)

Eq. (A.61) has the same form as in physical coordinates:
jx = κeff,x ∇T

(A.64)

The mean free path of the electrons λe (Eq. 2.55), needed to compute κeff , is transformed
according to:
λe = λe,0

T2
ρ0 m H
ρ0 x 0
T2
a2 n e
= a x0 λe,0 T 2 3
= 2 λe,0
=
λe (T, ne,x ),
ne
a ne
a ne
ne,x
ρ0 x 0

(A.65)

where λe,0 stands for the constant factors in Eq. (2.55), which have the dimensions of a
length and are transformed accordingly.

A.6. Poisson’s equation
The Laplacian of the gravitational potential transforms according to:
 2 

1
x0
a4 t20 ∂ 2 a 2
∆φ = 2 2 ∆x
Φx −
|x|
2a ∂t2
a x0
a2 t20
=

1
1 ∂2a
∆
Φ
−
∆x |x|2
x
x
2a ∂t2
a4 t20

(A.66)
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The last term can be rewritten using ∆x |x|2 = 6. Applying the second Friedman equation
(2.2) (omitting the the terms containing pressure and cosmological constant) we obtain:
∆φ =

1
ρ0 ρ̄x
∆x Φx − 4πG 3 ,
a
t20 a4

(A.67)

where ρ̄x denotes the background density of the Universe in the super-comoving system.
In physical coordinates Poisson’s equation (2.60) reads:
∆φ = 4πGρtot

(A.68)

Using Eq. (A.67) Poisson’s equation (Eq. A.68) is transformed according to:
1

∆x Φ x
t20 a4

− 4πG

ρ0 ρtot,x
ρ0 ρ̄x
= 4πG
3
a
a3

(A.69)

Thus:
∆x Φx = t20 ρ0 4πG a (ρtot,x − ρ̄x )

(A.70)

Using the definition of the critical density (2.6) one obtains 4πG = 3H02 Ωm /(2ρ̄). This
leads to:
∆x Φ x =

t20 ρ0 H02 3
Ωm a (ρtot,x − ρ̄x )
ρ̄
2

(A.71)

A.7. Dark matter
The equations of motion for the dark matter write in physical coordinates (Eq. 2.62 and
2.63):
drdm
= vdm
dt
dvdm
= −∇φ.
dt

(A.72)
(A.73)

When defining super-comoving particle position and velocities analogue to the corresponding gas quantities:
1
rdm
a x0
a t0
=
vdm − Hxdm ,
x0

xdm =
ux,dm

(A.74)
(A.75)

the terms in Eqn. (A.72) and (A.73) can be transformed in the new reference frame. The
time derivative of the particle positions transform according to:


drdm
1 d
x0 dxdm
1 da
= 2
(a x0 xdm ) =
+
xdm
dt
a t0 dτ
a t0
dτ
a dτ


x0 dxdm
=
+ Hxdm .
(A.76)
a t0
dτ
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For the particle velocities one obtains:
vdm =

x0
(ux,dm + Hxdm ) .
a t0

(A.77)

The time derivative of these velocities transforms to:


1 d
dvdm
x0
= 2
(ux,dm + Hxx,dm )
dt
a t0 dτ a t0
 


dux,dm
dxx,dm dH
x0
d 1
= 3 2 a
+H
+
xx,dm
(ux,dm + Hxx,dm ) +
dτ a
dτ
dτ
dτ
a t0


dux,dm
1 ∂2a
x0
2
2
xdm − H xdm
= 3 2 −Hux,dm − H xx,dm +
+ Hux,dm +
dτ
a ∂τ 2
a t0


dux,dm
1 ∂2a
x0
2
= 3 2
+
xdm − 2H xdm
(A.78)
dτ
a ∂τ 2
a t0
The gradient of the gravitational potential was was already discussed in context of the
momenta equation of the gas (A.34):


1 ∂2a
x0
2
∇φ = 3 2 ∇x Φx −
x
+
2H
x
.
(A.79)
a ∂τ 2
a t0
Substitution in Eq. (A.72) and (A.73) and elimination of all vanishing terms yields the
dark-matter equations of motion:
dxdm
= ux,dm
dτ
dux,dm
= −∇x Φx .
dτ

(A.80)
(A.81)

Like the hydrodynamical equations, these equations take the same form as in physical
coordinates.
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B. The evora code
In the context of this study, we developed a new simulation code capable of computing
the dynamical evolution of a polytropic fluid within a cosmological framework. It includes
the influence of gravity, chemical processes including cooling and heating (assuming a
primordial composition) and thermal conduction. The code is named after the town of
Evora, Portugal, were the author of this thesis attended a workshop on “Supercomputing
and Numerical Techniques in Science Fluid Flow Modelling”. In this appendix we discuss
the main design of the code and present the different numerical solvers in detail. We also
present a set of test cases to prove the reliability of the code.

B.1. Concept and Variables
As an Eulerian finite-volume code, evora discretizes the computational domain into a grid
of spatial cells. The grid remains fixed during the simulation (no refinement). We will
denote the cells in (x, y, z) direction using grid indices (k, l, m). All cells have the same
dimension (∆x, ∆y, ∆z) and volume V . The dynamical evolution of the system is computed
using finite time steps. We will refer to a given discrete time by the superscript n and to
the time step by ∆t = tn+1 − tn . The physical state of the gas is described by the vector
of conservative variables in the supercomoving frame, which we discussed in Chap. 2):


Q = ρ, ρu, ρv, ρw, E, S, ni ,

(B.1)

where the last component ni denotes the number densities of the different chemical species.
A key feature of all Eulerian codes is the discretization of these variables by averaging over
the cell volume:
Z

1
Qk,l,m =
Q x′ , t dx′ .
(B.2)
V k,l,m
This grid of cell-averaged quantities is the main data structure of the code. All routines
and solvers of the code are involved in the computation of their dynamical evolution.
As highlighted in Sect. 3.1, the code performs an operator splitting in order to solve the
different physical problems. These problems are:
• Hydrodynamic Advection: The homogeneous Euler-equations are solved by the
computation of hydrodynamic fluxes and their application to the conservative quantities.
• Gravitation: The gravitational potential is computed from the density using Poisson’s equation. Then, the momenta and the energy density are updated using the
gradient of the potential.
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• Chemistry: The chemical network is evolved by the computation of the chemical
source term and it’s application on the number densities (non-IE), or the iterative
computation of the chemical composition (IE). Simultaneous, the heating and cooling
are applied to the pressure. This is done locally in a series of time steps which are
smaller than the global time step (subsampling). Finally, the energy density and the
entropy density are updated.
• Thermal conduction: The thermal flux is computed and energy density and entropy density are updated.
• Expansion: If the ratio of specific heats is γ 6= 5/3 the drag term in the equations
for the energy density and the entropy density is evaluated.
These problems are solved in that order every time step, and every solver uses the quantities
updated by its predecessor as its input. The different solver are discussed in detail the next
sections.
The length of the time step ∆t is given by the minimum of three different constraints.
The first is the Courant-Friedrich-Levy condition (Courant et al. 1928) implied by the the
hydrodynamic solver:
∆tcfl =

∆x
,
|u| + cs

(B.3)

p
where cs = γ p/ρ is the speed of sound of the gas. Moreover, the cosmological expansion
during one single time step is limited by
∆ta =

a
.
ȧ

(B.4)

The last constraint on the time step is associated with thermal conduction. Here, the
maximal length of the time step can be computed by estimating the fraction between the
thermal energy and and its change due to the thermal conduction:
∆ttc =

Eth
ρT
ρ∆x2
≈
=
.
κT /∆x2
κ
Ėth

(B.5)

Each of these time steps is further restricted by a heuristic factor 0 < C < 1. In this study,
we use Ccf l = 0.5 for the CFL-constaint, Ca = 0.01 for the cosmological constraint, and
Ctc = 0.9 for the thermal conduction constraint. The time steps are computed in every
cell, and the minimal value is used as global time step ∆t.

B.2. Hydrodynamic Advection
The purpose of the hydrodynamic solver is to solve the homogeneous Euler-equations (Eq.
3.1), which, in vector notation, write:
∂Q ∂F ∂G ∂H
+
+
+
=0,
∂t
∂x
∂y
∂z
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(B.6)

where the fluxes F, G, and H are given by






F=





ρu
ρ u2 + p
uv
uw
u (E + p)
Sv
ni u







 ,











G=





ρv
uv
ρ v2 + p
vw
v (E + p)
Su
ni v







 ,











H=





ρw
uw
vw
ρ w2 + p
w (E + p)
Sw
ni w







 .





(B.7)

In order to solve this set of equations, evora uses the MUSCL-Hancock scheme (van Leer
1979). This scheme belongs to the class of second-order piecewise-linear finite-volume
schemes. While having a higher order of accuracy and being much better in resolving shocks
than the classic first-order Godunov-scheme (Godunov 1959), these schemes are simpler to
implement and more robust compared higher-order schemes like the piecewise-parabolic
method (Colella and Woodward 1984) or ENO/WENO (Harten et al. 1987; Jiang 1996).
The MUSCL-Hancock scheme is an unsplit scheme, meaning that the time integration is
performed using the flux contributions of all directions in a single step instead of splitting
the integration dimension by dimension into one-dimensional problems.
By integration of Eq. (B.6) over one cell with volume V and over one time step ∆t one
obtains:

Z Z 
∂Q ∂F ∂G ∂H
+
+
+
dV dt = 0 .
(B.8)
∂t
∂x
∂y
∂z
Introducing cell-averaged quantities (Eq. B.2) and area-averaged and time-integrated fluxes
on the interfaces of the cells (denoted by k+ and k−), e.g for the flux in x direction:
Z Z

1
Fk+,l,m =
F x + ∆x
, y, z, t dy dz dt ,
(B.9)
2
∆y∆z

Eq. (B.8) can be written as:
n
Qn+1
k,l,m − Qk,l,m

∆t

+

Fk+,l,m − Fk−,l,m Gk,l+,m − Gk,l−,m Hk,l,m+ − Hk,l,m−
+
+
= 0 . (B.10)
∆x
∆y
∆z

Thus, the cell-averaged conservative quantities at the next time step can be computed
using:
∆t
∆t
(Fk−,l,m − Fk+,l,m) +
(Gk,l−,m − Gk,l+,m)
∆x
∆y
∆t
+
(Hk,l,m− − Hk,l,m+ ) .
∆z

n
Qn+1
k,l,m = Qk,l,m +

(B.11)

The main task of the hydrodynamic solver is to compute the inter-cell fluxes and to apply
to them to the conservative quantities according to Eq. (B.11). This is done in several
steps, which are presented below. The main algorithms are taken from Toro (1999) with
some modifications regarding evolution of the entropy density and the number densities by
us.
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Primitive variables
Unlike the time integration Eq. B.11, most of the computations of the hydrodynamic solver
are performed using the primitive variables:


Wk,l,m = ρ, u, v, w, p, ni /ρ ,
(B.12)

where, the last component ni /ρ represents the different abundances of the included chemical
species. The use of primitive variables results in a more robust scheme. Also, the procedure
used for the computation of the pressure (see below) has to be run only once per hydro-step.
Starting from the conservative formulation of the Euler-equation one obtains dynamical
equations for W. They can be written in quasi-linear form:
∂W
∂W
∂W
∂W
+ A(W)
+ B(W)
+ C(W)
=0,
∂t
∂x
∂y
∂z
where the coefficient matrices A, B, and C are given by:



u ρ 0 0 0 0
v 0 ρ
 0 u 0 0 1/ρ 0 
 0 v 0



 0 0 u 0 0 0 
 0 0 v


A=
, B=

 0 0 0
 0 0 0 u 0 0 

 0 0 γp
 0 γp 0 0 u 0 
0 0 0
0 0 0 0 0 u


w 0 0 ρ
0
0
 0 w 0 0

0
0



 0 0 w 0
0
0

C=
 0 0 0 w 1/ρ 0  .


 0 0 0 γp w 0 
0 0 0 0
0 w

(B.13)


0 0 0
0 0 0 

0 1/ρ 0 

v 0 0 

0 v 0 
0 0 v

(B.14)

Again, the last column/row stands for several columns/rows, one for each included chemical
species.
At the beginning of each hydro step the vector of cell-averaged primitive variables Wk,l,m
is computed in every cell. As discussed in Sect. 2.2.1, in order to prevent negative pressures
in high-mach flows a dual-energy formalism is used. Before the pressure is computed, the
kinetic energy is computed from momenta and density:

1 
Ekin =
(ρu)2 + (ρv)2 + (ρw)2 .
(B.15)
2ρ
If the ratio between the kinetic energy density and the total energy is below a parameter
1 − η 1 , the pressure is computed using the energy density:
p = E − Ekin .

(B.16)

If this is not the case (e.g. in fast moving low density regions) the pressure is computed
using the entropy density
p = S ργ−1 .
1

Throughout this study we adopt η = 10−3 .
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(B.17)

After the computation of the pressure the quantity not used for the calculation is synchronized:
S=

p
ργ−1

or E = Ekin +

p
.
γ−1

(B.18)

Boundary conditions
Boundary conditions are implemented using ghost cells in which primitive variables are
assigned. Those cells are then used like regular cells to compute the inter-cell fluxes along
the boundaries. Since the code uses a second-order scheme, at each boundary two cells are
needed. In evora there are three kind of boundary conditions available2 :
• Periodic: The ghost cells are defined by the cells on the other side of the computational
domain:
W−1,l,m = Wnx −1,l,m
W0,l,m = Wnx ,l,m
Wnx +1,l,m = W1,l,m
Wnx +2,l,m = W2,l,m .

(B.19)

• Zero-gradient: The ghost cells are defined by the cells on the same side of the computational domain:
W−1,l,m = W1,l,m
W0,l,m = W0,l,m
Wnx +1,l,m = Wnx ,l,m
Wnx +2,l,m = Wnx −1,l,m .

(B.20)

• Reflecting: The ghost cells are defined by the cells on the same side of the computational domain (like zero-gradient), but opposite velocities perpendicular to the
boundary (they change sign).
Reconstruction and Evolution
Essential to all second-order Godunov-schemes is a linear reconstruction of the cell-avaraged
quantities both in time and space. The spatial part of this reconstruction is accomplished
through the computation of slopes (Sxk,l,m , Syk,l,m, Szk,l,m ) in (x, y, z) direction. In order to
compute those slopes, first the differences to the quantities in the neighboring cells in the
specific direction are computed, e. g. in x direction:
Sx+
k,l,m = Wk,l,m − Wk−1,l,m

Sx−
k,l,m
2

= Wk+1,l,m − Wk,l,m .

(B.21)
(B.22)

Here we use the FORTRAN index convention. The indices (in x direction) of the computational domain
run from 1 to nx , the boundary cells have the indices −1, 0, nx + 1, and nx + 2.
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Then, in order to prevent spurious oscillations and to obtain a total variation diminishing
(TVD) scheme, a slope-limiter is applied. In evora the MINMOD, MONCEN, and vanLeer slope limiters are available. The components Sα of the slope vectors are then computed
by:

MINMOD :

MONCEN :

van-Leer :



if Sα− · Sα+
0
Sα = min (Sα− , Sα+ ) if Sα+ > 0


max (Sα− , Sα+ ) if Sα+ < 0


0 


+
−
− , Sα −Sα , 2 S +
min
2
S
Sα =
α
2
 α



max 2 S − , Sα+ −Sα− , 2 S +
α
α
2

0
if Sα− · Sα+ < 0
− M
Sα =
2 S−α ·SαM else
S +S
α

<0
(B.23)
if Sα− · Sα+ < 0
if Sα+ > 0
if

Sα+

(B.24)

<0

.

(B.25)

α

The spatial reconstructed variables are computed by:
x − xk,l,m x
Sk,l,m
∆x
y − yk,l,m y
y
Sk,l,m
Wk,l,m
(y) = Wk,l,m +
∆y
z − zk,l,m z
z
Wk,l,m
(z) = Wk,l,m +
Sk,l,m .
∆z

x
Wk,l,m
(x) = Wk,l,m +

(B.26)
(B.27)
(B.28)

Using these relations, it is possible, to extrapolate the cell-averaged quantities (located
in the cell center) to the cell interfaces in every direction. Fluxes, computed from these
interface values, can now be used to evolve the quantities for half the time step. Starting
from the quasilinear-primitive representation of the Euler-Equations (B.13), one obtains a
finite volume-scheme similar to (B.11):
n+1/2


∆t
x−
x+
A(Wk,l,m) · Wk,l,m
− Wk,l,m
2∆x
∆t
y−
y+ 
+
B(Wk,l,m ) · Wk,l,m
− Wk,l,m
2∆y

∆t
z−
z+
+
C(Wk,l,m) · Wk,l,m
− Wk,l,m
.
2∆z

n
+
Wk,l,m = Wk,l,m

(B.29)

n+1/2

n
This can be rewritten as: Wk,l,m = Wk,l,m
+ Ek,l,m, where Ek,l,m denotes an evolution
term, which, using Eq. (B.26), writes:

Ek,l,m =

∆t
∆t
A(Wk,l,m) · Sxk,l,m +
B(Wk,l,m ) · Syk,l,m
2∆x
2∆y
∆t
+
C(Wk,l,m) · Szk,l,m .
2∆z

(B.30)

The slopes and the evolution term can then be used to obtain extrapolated values at the
cell interface evolved for half a time step. For the interface between two cells in x direction
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one obtains:
1 x
S
+ Ek,l,m
2 k,l,m
1
= Wk+1,l,m − Sxk+1,l,m + Ek+1,l,m .
2

x+
Wk,l,m
= Wk,l,m +
x−
Wk+1,l,m

(B.31)
(B.32)

These values constitute a Riemann-problem at the position of the interface, thus a Riemannsolver is used to compute the the inter-cell flux Fk+,l,m.
Flux computation
In evora the inter-cell fluxes are computed using a HLLC Riemann solver first introduced
by Toro et al. (1994). For comparison the less complicated, but more diffusive HLL solver
(Harten et al. 1983) is also available. For a detailed description of the analytic Riemannproblem and the exact Riemann-solver see also Klar (2007).
The HLLC solver approximates the analytic solution of the Riemann-problem by three
waves (with velocities SL , S⋆ , SR ) separating four different states: the left (L) and the
right (R) initial state
x+
WL = Wk,l,m

(B.33)

x−
WR = Wk+1,l,m
,

(B.34)

and regions left (⋆L) and right (⋆R) of the contact discontinuity. We follow the algorithm
given in Toro (1999, chap. 10.4 and 10.5) and add a prescription for the computation of the
modified entropy density and the number densities. Including these terms, the conservative
state vector in the central regions writes (for a Riemann-problem in x direction):


1


S⋆




vK





S K − uK 
w
K
 ,


Q⋆K = ρK
(B.35)

SK − S⋆ 
 Eρ K + (S⋆ − uK ) S⋆ + ρ (SpK−u ) 
K
K
K
 K

pK


γ


ρK
ni,⋆K
ρK

where K = L or K = R for the left or right states. The wave speeds are computed by
SL = min [uL − cs,L , uR − cs,R ]

SR = max [uL + cs,L , uR + cs,R ]
pR − pL + ρL uL (SL − uL ) − ρR uR (SR − uR )
S⋆ =
.
ρL (SL − uL ) − ρR (SR − uR )

The inter-cell flux is then computed according to:


if 0 ≤ SL
F(WL )


F(W ) + S (Q − Q ) if S ≤ 0 ≤ S
L
L
⋆L
L
L
⋆
FHLLC =
.

F(W
)
+
S
(Q
−
Q
)
if
S
≤
0
≤
S
R
R
⋆R
R
⋆
R



F(W )
if 0 ≥ SR
R

(B.36)
(B.37)
(B.38)

(B.39)
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Time integration
Once the fluxes are obtained, the conservative quantities can be updated according to
(B.11). For practical reasons, flux computation and integration are performed for one direction after another. Note that the input values for the flux computation are the primitive
variables (which remain constant over one hydro-step) while the conservative variables are
updated, thus keeping it an unsplit scheme.

B.3. Gravitation
The gravity solver is responsible for the computation of the gravitational potential, the
evaluation of the gravitational acceleration and its application to momentum densities and
energy density. The potential is computed using the classic particle-mesh algorithm as
described in Hockney and Eastwood (1988). In a first step, the source term of Poisson’s
equation (Eq. 3.6) is computed in every cell:
Sk,l,m =

3
Ωm a (ρk,l,m − 1) .
2

(B.40)

In order to obtain Fourier-transformed source term Ŝk,l,m, a Fourier transformation is
performed using the fftw-library (Frigo and Johnson 2005). In Fourier space the solution
of Eq. (3.6) simplifies to the product of the source term and Green’s function. Analytically,
Green’s function writes Ĝ = −|k|−2 , but since discretized quantities are used, one has to
use the function obtained from the transformation of the discretized Laplacian. It writes:
Ĝk,l,m = −

sin2

kx
2



+

∆x
4
 
2 ky
sin
+
2

sin2

kz
2

,

(B.41)

where kx , ky , and kz are the components of the wave vector k. They are obtained from the
grid index by (e.g. in x direction)3 :
(
2π
(k − 1)
if ix ≤ nx /2
,
(B.42)
kx = nx2π
− nx (nx − k + 1) otherwise
where the n2πx is the fundamental mode. After the computation of the Green’s-function the
Fourier-transform of the potential is computed in every cell by:
Φ̂ =

Ĝk,l,m Ŝk,l,m
.
nx ny nz

(B.43)

Then, Φ̂ is transformed back to real space to obtain the potential Φ. The gravitational
acceleration is computed by a simple six-point central difference scheme. It writes:
 Φ

−Φ
k+1,l,m

gk,l,m

3


=

k−1,l,m

2 ∆x
Φk,l+1,m −Φk,l−1,m
2 ∆y
Φk,l,m+1 −Φk,l,m−1
2 ∆z




Note that k denotes the grid index, not the absolute value of the wave vector
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(B.44)

Finally, the momentum densities ρu and the energy density E is updated according to:
n
n
(ρu)n+1
k,l,m = (ρu)k,l,m + ∆t ρk,l,m gk,l,m


n+1
n
Ek,l,m
= Ek,l,m
+ ∆t (ρu)nk,l,m · gk,l,m .

(B.45)
(B.46)

The presented algorithm intrinsically implies periodic boundary conditions.

B.4. Chemical network, cooling and heating
The chemical evolution of the system can be separated into the hydrodynamic advection of
the number densities, which is computed by the hydrodynamic solver previously discussed,
and the local evolution due to production and destruction of the different species (Eq.
3.9). The chemical network is coupled to the hydrodynamical evolution by the cooling and
heating function, acting on the energy density and entropy density. Since the chemical
evolution and the cooling and heating processes originate in the same physical processes,
it is therefore necessary to threat them simultaneously within one solver. For the same
reason they also share a similar timescale. This timescale can be much lower than the
other timescales present in the system. Using it as a constraint on the global time step
is therefore not suitable. Instead subcycling is used: During one global (hydrodynamic)
time step ∆t, the evolution of the number densities and the pressure is computed in several
shorter cooling steps. This loop, which uses the net cooling time as the time step (which
we will denote by the superscript ν), runs untill the global timestep ∆t is reached. This
is done locally in each cell while keeping the other quantities constant (see also Kay et al.
2000).
As discussed in Sect. 2.2.2, a common simplification in cosmological simulations is the
assumption of ionization equilibrium. In this case, the time derivative in Eq. (3.9) vanishes
and one obtains Ξi = 0. In evora it is possible to perform simulations employing this
assumption or using the more general non-IE chemical network. Because all routines of
the chemical solver are local (no partial derivatives in the underlying equations) we omit
the grid index k, l, m. In the following, we present the workflow of the chemical solver in
detail.
Pressure computation
Initially, before the start of the subcycling loop, the pressure is computed, using the prescription given in the hydrodynamic solver. It is then stored as pold .
Computation of temperature, rates, and time step
The subcycling loop itself starts with the computation of the temperature from the pressure
and the density by:
T =

x20 mp p
P
.
a2 t20 kB i ni

(B.47)

Next, the temperature is used to obtain different chemical, cooling, and heating rates given
in Table 2.2 (already scaled to the supercomoving units of the code). The heating function Λ
and the cooling function Γ are computed as the sum of the heating and cooling rates (Eq.
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2.49 and 2.50), respectively. The net cooling time is computed and acts further as the time
step for the chemical solver:
p
∆tcool =
.
(B.48)
Γ−Λ
Case I: Number densities (IE)
If IE is assumed, the chemical composition is computed from Ξi = 0. First, the electron
number density is computed by iteration from (cp. Eq. 2.52):

−1
αHII ne
0 = ne − 1 +
nH
βHI ne + γHI
"

(αHeII + ξHeII ) ne βHeII ne + γHeII −1
+
−
1+
βHeI ne + γHeI
αHeIII ne


−1 #
αHeIII ne
(αHeII + ξHeII ) ne
+2 1+
1+
nHe .
(B.49)
βHeII ne + γHeII
βHeI ne + γHeI
The solution ne of this equation is calculated using the secant method. Once it is obtained,
the complete chemical composition in this cell nν+1
can be computed using:
i
−1

αHII ne
nH
(B.50)
nH II = 1 +
βHI ne + γHI
nH I = nH − nH II


−1
αHeIII ne
(αHeII + ξHeII ) ne
nHe III = 1 +
1+
nHe
βHeII ne + γHeII
βHeI ne + γHeI


(αHeII + ξHeII ) ne βHeII ne + γHeII −1
+
nHe
nHe II = 1 +
βHeI ne + γHeI
αHeIII ne
nHe I = nHe − nHe II − nHe III .

(B.51)
(B.52)
(B.53)
(B.54)

Case II: Number densities (non-IE)
In the non-IE case, in order to compute the number densities at the next time step nν+1
,
i
a full integration of the system of ordinary differential equations Eq. (3.9) is performed.
These are stiff ordinary differential equations, therefore most available codes use implicit
methods for their integration. In our code, we choose a different approach and adopt the
modified Patankar scheme developed in biochemical oceanography (Burchard et al. 2003).
Although it is explicit it ensures the positivity of temperature and number densities and
conserves total amount of hydrogen and helium. Using the same finite-volume discretization
as in the other solvers, the modified Euler-Patankar scheme reads:


ν+1
ν+1
X
X
n
n
j
nν+1 = nνi + ∆tcool 
pij (T ν , nνi ) ν −
dij (T ν , nνi ) i ν  .
(B.55)
nj
nj
j

j

where pij is the production matrix containing the rates producing species i from species
j, while dij is the destruction matrix containing the rates that transform species i into
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species j. That implies pij = dji and all diagonal coefficients are zero. One obtains for the
non-zero coefficients:
p12 = αH ii nH ii ne = d21

(B.56)

p21 = (βH i ne + γH i ) nH i = d12

(B.57)

p34 = (αHe ii + ξHe ii ) nHe ii ne = d43

(B.58)

p43 = (βHe i ne + γHe i ) nHe i = d34

(B.59)

p45 = αHe iii nHe iii ne = d54

(B.60)

p54 = (βHe ii ne + γHe ii ) nHe ii = d45 ,

(B.61)

where the temperature dependent
chemical rates are given in Table 2.2. If one defines
P
ν
Pij = ∆tcool pij /nj and Di = j ∆tcool dij nνi Eq. (B.55) writes:
X
ν
nν+1
=
n
+
Pij xj − Di nν+1
.
(B.62)
i
i
j
j

This can be rearranged to:
X Pij
nνi
nν+1
=
+
nν+1 .
i
1 + Di
1 + Di j

(B.63)

j

This system of linear equations is solved by elimination of variables. Since the 2 × 2 block
matrix for hydrogen and 3 × 3 matrix for helium are not coupled, the system can be solved
for them independently.
Cooling and heating
The cooling and heating functions are used to evolve the pressure. Again, the underlying
differential equations are stiff, therefore a simple Euler-scheme would not suffice. In evora
we use the Patankar-Trick (Patankar 1980) which writes in our case:


pν+1
ν+1
ν
p
= p + ∆tcool Γ − Λ ν
(B.64)
n
This is rearranged to obtain an equation which can be used for the evolution of the pressure:
pν+1 =

pν + ∆tcool Γ
1 − Λ/pν

(B.65)

This ends the subcycling loop. The loop is repeated until the global time step is reached.
Pressure floor
After the subcyling, the minimal pressure is computed according to the pressure floor model
(described in Sect. 2.2.5):
• For the Jeans-length based pressure floor:
pfloor =

2
ρ0 x20 Jmin
ρtot ρ ∆x2 ,
2
2
πγ
a t0

(B.66)

where Jmin is the desired minimal Jeans number.
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• For the polytropic equation of state:

 P γpoly . 
npoly 4
ρ0 x20
i ni
P
pfloor = 2 2 ppoly
,
1+
npoly
a t0
i ni

(B.67)

where ppoly , npoly , and γpoly are parameters.

If the pressure is below this floor it is raised accordingly:
(
pfloor if p < pfloor
pnew =
p
otherwise .

(B.68)

Time evolution of the energy density and the entropy density
Finally, the difference of the pressure before and after the subsampling ∆p = pnew − pold is
computed and used to update the energy density and the entropy density:
∆p
γ−1
∆p
= S n + γ−1 .
ρ

E n+1 = E n +

(B.69)

S n+1

(B.70)

B.5. Thermal conduction
The time integration of the cell averaged quantities due to thermal conduction is done
analog to the hydrodynamic problem:
∆t
(jk+,l,m − jk−,l,m )
∆x
∆t
∆t
+
(jk,l+,m − jk,l−,m ) +
(jk,l,m+ − jk,l,m− )
∆y
∆y
γ − 1  ∆t
n
(jk+,l,m − jk−,l,m)
= Sk,l,m
+ n
(ρk,l,m)γ−1 ∆x

n+1
n
Ek,l,m
= Ek,l,m
+

n+1
Sk,l,m

+


∆t
∆t
(jk,l+,m − jk,l−,m ) +
(jk,l,m+ − jk,l,m− ) ,
∆y
∆y

(B.71)

(B.72)

where j is the thermal flux on the interfaces of the cell. Like in the hydrodynamic solver,
the main task of this solver is to compute these fluxes and apply it to the energy density
and the entropy density.
To that purpose, first the primitive variables Wk,l,m are computed and ghost cells are
assigned in the same way as in the hydrodynamic solver. Then, the temperature Tk,l,m
is computed (like in the chemical solver) and is used to compute the thermal conduction
coefficient and the mean free path of the electrons (already divided by the temperature)
according to Eq. (2.79). The quantities are computed on the interface between the cells
by averaging over two cells, e.g. in x direction:
κk+,l,m
(λe /T )k+,l,m
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2.5
2.5
a5 t30 4.6 × 1013 × 37.8 Tk,l,m + Tk+1,l,m
(B.73)
=
40 × 1020
2
ρ0 x40
a2 mH 0.023 × 3.08 × 1024 Tk,l,m/ne;k,l,m + Tk+1,l,m/ne;k+1,l,m
=
ρ0 x 0
1016 × 103
2
(B.74)

The temperature gradient, located on the interface, is computed by a two-point central
difference scheme:
∇Tk+,l,m =

Tk+1,l,m − Tk,l,m
∆x

(B.75)

In the next step, the effective thermal conduction coefficient is computed:
κeff;k+,l,m =

κk+,l,m
1 + 4.2 (λe /T )k+,l,m∇Tk+,l,m

(B.76)

Finally, the thermal flux on the interface is computed according to
jk+,l,m = κeff;k+,l,m∇Tk+,l,m

(B.77)

The energy density and entropy density is then updated according to Eq. (B.71) and Eq.
(B.72).

B.6. Cosmological drag term
If an adiabatic index which is different from the one for a mono-atomic gas is used, i.e.
γ 6= 5/3, the drag term in Eq. (2.76) and (2.77) does not vanish and must be taken into
account. Since this term does not involve spatial derivatives, it can be computed locally
(we therefore omit spatial indexes). In a first step, the pressure p is computed using the
prescription described in the discussion of the hydrodynamic solver. Then, the drag terms
are computed in each cell and applied to the energy density and the entropy density.
3γ − 5
γ−1
n
n
= S + ∆t H S (3γ − 5)

E n+1 = E n + ∆t H pn

(B.78)

S n+1

(B.79)

As mentioned before, we employ γ = 5/3 throughout this work. Therefore this feature of
evora is not used in this work.

B.7. Parallelization
In order to perform simulations with high requirements in both computational speed and
memory, evora is designed to run on several processors in parallel. To that purpose,
the code employs the Message Passing Interface (MPI) specification. The computational
domain is split into a number of sub-domains, each processed by one process (and usually
one CPU). An important question in this context is the way in which the data is distributed
between the different processes. In our case, however, the domain decomposition is provided
by the parallel version of the fftw-library, which we are using to compute the gravitational
potential. fftw uses a slab decomposition, which divides the domain into equally sized slabs
in z direction.
During the computation, it is necessary to compute fluxes across the boundaries of each
domain. To that purpose, each process holds a layer of two buffer cells around its computational domain. Each time step, before the hydrodynamic step (and if necessary before
the thermal conduction step), these cells are updated with the values of the corresponding
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cells of the neighboring processes or the corresponding boundary cells (see Sect. B.2). The
treatment of these cells occurs similar to the boundary ghost cells. Similar, buffer cells for
the gravitational potential are communicated before the gravitational force is computed.
All global quantities, like the time step or the expansion factor, which are needed in
every process are computed by the first process and the distributed along the others using
MPI’s broadcast functions. If necessary, the quantities needed for their computation are
collected from the different processed using reduce functions.

B.8. Testing the code
In order to verify that the code is working correctly, we performed a series of tests. These
test cases consist of particular scenarios for which the resulting configuration can be compared to either an analytical solution, or a reference solution computed with other simulation codes. Unless other specifications are given, we employ the same parameters used in
the simulations of Chap. 4 and 5. Thus we employ an adiabatic index of γ = 5/3 and a
CFL number of Ccfl = 0.5. We use the MUSCL scheme, the MINMOD slope-limiter, and
the HLLC Riemann-solver. The computational domain covers the interval [0, 1] in each
dimension.
The shock-tube test
The shock-tube test introduced by Sod (1978) is the classical test to verify the shock
capturing capabilities of a hydrodynamical simulation code. The test is highly sensitive
of the used hydrodynamical scheme, the Riemann-solver, and the slope-limiter. In order
to evaluate the quality of these algorithms a one-dimensional test is sufficient. The initial
conditions of the shock-tube constitute a Riemann-problem at the position x0 = 0.5. The
states of the Riemann-problem are given by ρL = 1 and pL = 1 for the left state and
ρR = 0.125 and pR = 0.1 for the right state. Initially, the velocity vanishes everywhere.
The simulation is evolved until t = 0.2. In Fig. B.1 we show the final profiles of density,
velocity, pressure and internal energy for simulation using a resolution of n = 64 and
n = 256 cells. For comparison we also show an analytic solution computed using an exact
Riemann-solver. The solution consists of a rarefaction wave to the left, a central contact
discontinuity (continuous in pressure, but with a step in density), and a strong shock to
the right. All these features are captured very well by our code. Comparisons with other
Eulerian codes (Teyssier 2002; Tasker et al. 2008; Doumler and Knebe 2010) show similar
results.
The blast-wave test
Both evora and RAMSES use a Cartesian grid. It is therefore important to check whether
the code is able to capture features of the flow, which deviate from this rectangular geometry. This is accomplished by the blast-wave test: An high portion of energy is injected in a small region in an otherwise uniform medium initially at rest. From these
initial conditions a strong explosion will propagate through the medium. The spherical
symmetry of the resulting numerical solution can be used to assess the quality in which
the code handles dynamics which are not aligned to the grid. We use an initial density
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Figure B.1.: Outcome of the one-dimensional shock-tube test at t = 0.2. Displayed are profiles for
resolutions of n = 256 cells (solid lines) and n = 64 cells (dashed lines). The panels
show density ρ (Panel A), velocity v (Panel B), pressure p (Panel C ), and internal
energy Eth (Panel D ).

of ρ = 1 and a pressure of p = 10−5 . A thermal energy of Eth = 1 is uniformly distributed in a region of radius r = 3.5∆x around the center of the computational domain,
where ∆x is the size of one cell. In this test we use an adiabatic index of γ = 1.4 and
a CFL-number of Ccfl = 0.25. The analytic solution to this problem is given in Sedov
(1959) (see also Korobeinikov 1991). We used a publicly available code by Aamer Haque
(http://flash.uchicago.edu/~ahaque/sedov.html) to compute this reference solution.
In Fig. B.2, we display two-dimensional histograms of the distance to the center of the
simulation box vs. density, velocity, pressure, and internal energy. The distributions follow the analytic reference well, also when compared to similar tests with other codes (see:
Tasker et al. 2008; Doumler and Knebe 2010).
The shock-cloud-interaction test
An additional test to evaluate the numerical capabilities of hydrodynamical codes is the
shock-cloud-interaction test (see Ziegler 2004, and references therein). This test simulates
a high velocity interaction of a dense gas cloud with a strong shock front. Initially the
computational domain is divided into two regions separated by a discontinuity at x = 0.6.
The left region has a high density of ρL = 3.86859, a high pressure of pL = 167.345, and
a low velocity toward the discontinuity of uL = 1. The right region has a lower density of
ρR = 1, a lower pressure of pR = 1, and a velocity of uR = −11.2536, which results in a
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Figure B.2.: Results of the three-dimensional blast-wave test at t = 0.0508 using evora and a
resolution of n = 256 cells. Displayed are two-dimensional histograms of the distance
to the center of the simulation box r vs. the density ρ (Panel A), velocity in r-direction
vr (Panel B), pressure p (Panel C ), and internal energy Eth (Panel D ). The histograms
are shown using contours enclosing bins containing (1, 102 , 104 ) cells.

strong flow toward the shock. Embedded in this region is a dense spherical gas cloud with
a density of ρcloud = 10. The cloud has a radius of r = 0.15 and is centered on the point
x, y, z = (0.8, 0, 0). It is in pressure equilibrium with the surrounding region and has the
same velocity. With time, the cloud propagates into the direction of the shock, resulting
in a violent collision. In the left panel of Fig. B.3 we present the outcome of this test. The
simulation employs a resolution of n = 1283 . An indicator of the quality of the numerical
treatment is the maximum value of the density distribution. A wrong propagation speed of
the remainder of the cloud, after passing the shock, will result in an unphysical high value
for the density. This feature is better visible in the density profile along the x coordinate
axis, shown in the right panel of Fig. B.3. When comparing to the corresponding figures
of Ziegler (2004), we conclude that the code handles this problem very well.
The cosmological pancake test
After the extensive evaluation of the hydrodynamical capabilities, we now extend out test
to verify the quality of the gravitational solver and the computation of the cosmological
evolution. Almost all cosmological codes use the cosmological pancake test to access the
performance of these features in combination with the hydrodynamical solver, i.e. Ryu et al.
(1993); Bryan et al. (1995); Ricker et al. (2000); Teyssier (2002); Feng et al. (2004); Doumler
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Figure B.3.: Results of the shock-cloud-interaction test at t = 0.06. Left panel : Density in the
xz coordinate plane. Right panel : Density profiles along the x-axis. The simulation
employs a resolution of n = 1283 cells.

and Knebe (2010). The test follows the dynamics of a periodic one-dimensional sinusoidal
density perturbation from the linear growth to the formation of a caustic and the further
evolution dominated by strong shocks. As discussed in the introduction, the simulations
in the present work are derived from this scenario. We will therefore restrain ourselves
the a brief presentation. Unlike the simulations throughout this work this test is usually
performed employing an Einstein-de-Sitter cosmology (H0 = 100 Mpc km−1 s−1 , ΩΛ = 0,
Ωm = 1). This corresponds to a growth-factor of D = ȧ and f = (a/D)/(dD/da) = 1.
We initialize the simulation at z = 99 corresponding to a = 0.01 with an amplitude of
A = 0.02. The boxsize is 64 Mpc/h. From Eq. (4.1) one obtains an initial density of
ρ = 1 + A cos (k x)

(B.80)

and from (4.1) an initial velocity of
√
A sin(k x)
u = − a H0
.
k

(B.81)

The initial pressure is set according to a temperature of T = 100 K. In Fig. B.4, we show
the outcome of this test for simulations with evora. The result shows a converging behavior
toward the reference solution. Even for the lowest resolution, evora resolves the important
features.
A different version of this test was introduced in Bryan et al. (1995): The double pancake
test. The initial conditions are the same as for the single pancake test described above,
but with the addition of a second mode. The different modes are characterized by their
amplitude and wavelength: A1 = 0.02 and k1 = 1.0 for the first mode, and A2 = −0.0245
and k2 = 4.0 for the second. Again the computational domain extends over 64 Mpc/h and
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Figure B.4.: Results of the single pancake test at z = 0.0 for a boxsize of 64 Mpc/h for simulations
with evora. Displayed are profiles of density ρ/ρ̄, velocity v, pressure p, and temperature T for resolutions of n = 1024 (solid lines), n = 256 (dashed lines), and n = 64
(dotted lines). A corresponding reference solution with a much higher resolution of
n = 8192 is given for comparison (black line). The boxsize is 64 Mph/h.

the simulation is initialized at a = 0.01. For the initial density and velocity one obtains:
ρ = 1 + A cos (k x) + B cos (4 k x)


√
A1 sin(k1 x) A2 sin(k2 x)
u = − a H0
+
.
k2
k2

(B.82)
(B.83)

The second mode results in additional peaks left and right of the primary peak. These
finer features are moving toward the center and contain a considerable kinetic energy.
This corresponds to a high-mach number flow as described in Sect. 2.2.1, and constitutes
high demands to the dual-energy formalism. In Fig. B.5 we show the results of this test
performed with evora. As before, the code performs reasonably well. The secondary peaks
are resolved for all resolutions, but the lowest.
Tests of the chemical integrator and of the cooling and heating routines
We tested the solver for the chemical integrator and of cooling and heating by using the same
routine as in the code to compute the number densities and the cooling and heating rates
as functions of temperature. These were then compared to the corresponding functions in
the literature, i.e. Katz et al. (1996). For the corresponding graphs we refer the reader to
Fig. 2.3 in Chap. 2.
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Figure B.5.: Same as Fig. B.4, but for the double pancake test.

Tests of the thermal conduction solver
In order to test the routines concerning thermal conduction in our code, we use a simplified
formulation with a non temperature dependent thermal conduction coefficient. By this, we
can compare our results against an analytic solution. The simplified test is nevertheless
sufficient to access the capabilities of the solver since the important task in this context is
the computation of the thermal flux, not the relative simple interpolation of the coefficient.
We disable the hydrodynamical, the gravitational, and the chemical solver for this test and
follow the flux of the thermal energy in a static gas in one dimension, only. Initially the
computational domain is divided into two regions with constant but different temperature
TR on the right and TL on the left. The regions are separated by a discontinuity at x = 0.
With these preconditions, the problem reduces to one partial differential equation for the
temperature:
∂ 2 T (x, t)
∂T (x, t)
=α
.
∂t
∂x2

(B.84)

Using a separation of variables for the temperature T (x, t) = X(x)Y (t) yields
1 ∂Y
1 ∂2X
=
= −λ2 ,
α T ∂t
X ∂x2

(B.85)


where λ > 0 is a constant. One now uses the ansatz Y = c1 exp −αλ2 t for the time
part, and X = c2 sin (λx) + c3 cos (λx) for the spatial part, where c1 , c2 , c3 are constants.
Shifting the temperature by (TR +TL )/2 keeps Eq. (B.84) invariant and gives the constraint
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Figure B.6.: Temperature profile for the conduction test (using evora). Displayed are snapshots at
different points in time: t = 5 (red points), t = 10 (green points), t = 50 (blue points),
and t = 100 (magenta points). For comparison, we show the initial state (black line)
as well as the analytic solution calculated using the formula derived in the text (grey
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X(0) = 0. This leads to

Tλ = c(λ) exp −αλ2 t sin (λx) ,

(B.86)

where c(λ) is a function of λ only. The solution T (x, t) can be obtained by integration:
Z ∞

T (x, t) =
c(λ) exp −αλ2 t sin (λx) dλ .
(B.87)
0

The discontinuous initial conditions T (x, 0) can be expressed using the Heaviside-function
H(x):
Z ∞
T (x, 0) =
c(λ) sin (λx) dλ = 2H(x) − 1
(B.88)
0

The second term is equivalent to a Fourier sine transformation Fs , which can be replaced
by a regular continuous Fourier transformation F according to
Fs {2H(x) − 1} = −

1
F {2H(x) − 1}
2i

(B.89)

Thus, we obtain
c(λ) = 2 i F −1 {2H(x) − 1} ,
This can be further evaluated to
 


1
1
2
c(λ) =
2
+ πδ (λ) − 2πδ (λ) = −
,
2π
iλ
πλ
124

(B.90)

(B.91)

where δ (λ) denotes the Dirac delta function. Equation (B.87) can now be simplified to


Z ∞

2
x
√
T (x, t) = −
exp −αλ2 t sin (λx) dλ = erf
,
(B.92)
πλ 0
2 αt

where erf(s) is the error function. Taking the spatial and temperature offset into account,
one obtains the final analytic reference solution:


TL + TR
x − x0
√
T (x, t) =
+ erf
(TL + TR ) .
(B.93)
2
2 αt

In Fig. B.6 we show the results of this test performed using evora. The parameters of this
particular simulation are: α = 1, TL = 400, and TR = 800. The computational domain
covers the intervall x ∈ [0, 100]. The data points trace the analytical reference solution
with excellent accuracy. Thus, the used algorithm is more than capable to compute the
influence of thermal conduction in our simulations.
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C. Simulation strategy
Both simulation codes, which we are using in this study, have a large set of parameters, some
of them influencing the output of the simulation significantly. An extensive evaluation of the
different options is therefore necessary. Because of their significantly higher computational
expense, this is of particular importance for our three-dimensional simulations. In this
Appendix, we discuss a series of test simulations which lead us to the set of parameters we
employed in the main part of this work. We start with a brief discussion of the parameters
used in our one-dimensional simulations. Then, we present a series of three-dimensional test
simulations, and investigate the influence of the different prescriptions to prevent artificial
fragmentation by a pressure floor.

C.1. One dimensional simulations
In principle, one-dimensional hydrodynamic simulations do not suffer from resolution issues. Even for more than 105 cells, todays computer systems are able to perform these
simulations in a matter of minutes. This is even true, when including cooling and heating.
The introduction of thermal conduction changes this somewhat, since its associated time
step scales quadratically with the size of a resolution element. Hence, a balance between
resolution and computational expense is needed. The implications, however, are not as
severe as in the three-dimensional case.
The employed resolution for our one-dimensional pancake simulations, is based on the
necessity to resolve the isothermal core, forming in the center of the pancake structure,
with a reasonable number of resolution elements. This number is connected to the local
jeans length in the forming isothermal core, since an insufficient resolution of the former
would produce either a violation of the jeans criterion, or a manipulation of the dynamics
by the introduction of an artificial pressure floor. For the minimal Jeans number Truelove
et al. (1997) give Jmin = 4, while Ceverino et al. (2010), in a cosmological context, suggest
Jmin = 7. Regarding our particular setup, we perform several one-dimensional tests. We
carry out similar simulations as the one in Chap. 4, including radiative cooling, but with
the heating by the UV background disabled. We also include the artificial pressure floor
based on the local Jeans length (cp. Sect. 2.2.5). In Fig C.1, we show the very central part
of the resulting density profiles. The persistent cooling causes a collapse process, which is
only stopped by the artificial pressure floor. The spatial extend of the emerging core is
given by the enforced Jeans number. For Jmin = 4 and Jmin = 7 the core is only resolved
by very few resolution elements. Therefore we conclude, that Jmin = 10 is the preferable
choice for our particular setup.
We keep the size of the resolution element ∆x constant throughout simulations with
different initial perturbation length L. Therefore, the simulation with the largest perturbation length L = 32 Mpc/h and, because of the scaling behavior discussed in Sect. 4.2,
the smallest core, determines the resolution. We find that a resolution element of ∆x = 0.5
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Figure C.1.: One-dimensional pancake test with the inclusion a jeans length based pressure floor
and radiative cooling, but no heating. We the central part of the density profile for
different minimal jeans numbers at z = 0: Jmin = 4 (solid line), Jmin = 7 (dashed
line), Jmin = 10 (dotted line), Jmin = 20 (dashed line). The simulations use an initial
perturbation length of L = 8 Mpc/h, a number of n = 4096 cells, and are performed
with the evora code.

kpc/h comoving, is sufficient to fulfill all the requirements discussed above. This correspond to a number of grid points ranging from n = 2000 for L = 1 Mpc/h to n = 64000
for L = 32 Mpc/h.
Although the process of shock-heating is an important part of this study, it became evident, that the exact spatial position of the shock front is not the most important component
of our findings. In addition, the key features are mostly determined not by hydrodynamics,
but by cooling and heating. It is therefore sufficient to use the relatively diffusive MINMOD
slope-limiter. With a CFL number of Ccfl = 0.5 we follow most works in the literature.
The other parameters have been determined by the test cases presented in Appendix B.
In particular, the single and double pancake tests show, that a start of the simulation at
z = 99, a cosmological time step constraint of Ca = 0.01, and a dual energy parameter of
η = 10−6 yield the best results in respect to convergence and accuracy. Extensive testing
of the chemical solver shows that a relatively low cooling time constraint of Ccool = 0.1 is
needed. For the thermal conduction we find that a constraint on the time step is necessary,
but it can be as high as Ctc = 0.9.

C.2. Three-dimensional simulations
Three-dimensional simulations require a more thorough simulation strategy. Because of the
much higher number of resolution elements, the simulations are computationally much more
expensive. Like in our one-dimensional simulations, the resolution requirements are given
by the spatial extension of the isothermal core forming in the center of the filaments. This
corresponds to cells sizes of ≈ 1 kpc/h. With a fixed grid and a boxsize of 4 Mpc/h, this
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Figure C.2.: Test simulations employing a pressure floor via an effective equation-of-state, with
different adiabatic indexes of γpoly = 1.4 (first row ), γpoly = 5/3 (second row ), γpoly = 2
(third row ), γpoly = 3 (fourth row ). The other parameters of the equation-of-state are
Tpoly = 106 K and npoly = 0.1 cm−3 . Displayed are density (left column), velocity
perpendicular to the plane (middle column), local jeans number (right column), and
AMR levels (red contours in right column plots) in a xy-plane though the center of the
halo at z = 1.
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Figure C.3.: As Fig. C.2, but with a higher number density threshold npoly = 1 cm−3 . The other
parameters of the equation-of-state are γpoly = 2 and Tpoly = 106 .
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Figure C.4.: As Fig. C.2, but with a lower temperature normalization Tpoly = 105 . The other
parameters of the equation-of-state are γpoly = 2 and npoly = 0.1 cm−3 .
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corresponds to 40963 cells. This number of resolution elements exceeds even the largest
cosmological simulations and would foil our approach to perform relatively inexpensive
simulations. It is therefore required to use adaptive methods to increase the resolution
when needed and keeping otherwise the computational expanse in line with the concept
of this study. Since our code, evora, is not able to refine its resolution adaptively, we
choose the RAMSES code to perform our three-dimensional simulations (see Chap. 3). In
the previous section, we explain that the required resolution inside the core is connected
to the local Jeans length. We therefore use the latter as the criterion for the refinement
of a cell. As we have shown above, for our particular setup a minimal Jeans number of
Jmin = 10 is the appropriate choice. We therefore use this value as the refinement criterion.
Regions with low local jeans lengths are caused by the radiative cooling included in our
simulations, and the effect of the latter depends strongly on density. In order reach densities
where cooling is effective, one also has to refine by mass. Otherwise, important features
are smoothed out by an insufficient resolution. We refine a cell when its mass exceeds eight
times the mass of a cell on the coarse grid at background density.
In Sect. 2.2.5 we discuss the necessity of an artificial pressure floor and describe two
possibilities to implement the same. In order to study which prescription is the appropriate
choice in the context of this work, we perform a series of three-dimensional simulations,
with the same initial conditions and already including cooling and heating. For these
tests, we use an initial perturbation length of L = 4 Mpc/h. In the following, we present
figures displaying different quantities in a plane through the halo. We show the density,
the velocity perpendicular to this plane, the local jeans number, and the different AMR
levels at a given point in time. We choose these quantities, because of their ability to trace
non-symmetric features in the system. Especially the perpendicular velocity is a good
indicator of turbulent motions, which are not visible in the corresponding plots of density
or temperature. Deviations from the, in principle, conserved symmetry of the system are
caused by either numerical fragmentation or other artificial influences. This affects the
dynamics of the system and should be avoided as much as possible. Therefore, we try to
find a particular formulation of the pressure floor, in which these artifacts are as small as
possible.
In a first step, we examine the effective polytropic equation-of-state as given in Eq. (2.59).
This prescription is physically motivated, but the has the drawback, that it does not fulfill the Truelove criterion automatically. The parameters of this model are the adiabatic
index of the effective equation-of-state γpoly 1 , a number density cutoff npoly , and a temperature normalization Tpoly . In Fig. C.2 we present the outcome of simulations using
different adiabatic indexes of γpoly = (1.4, 5/3, 2, 3), but keeping the other parameters
constant (npoly = 0.1 cm−3 ; Tpoly = 106 K). Apparently, non-symmetric motions decrease
with increasing γpoly . This can be explained by the stiffer reaction of the gas to small scale
perturbations for a higher adiabatic index. Also, the formation of small clumps and, in the
γpoly = 1.4 case, the displacement of the main density peak from the center indicate on a
violation of Truelove criterion and a subsequent amplification of numerical perturbations.
For the γpoly = 3 case, however, the halo is more compact than in the other cases. Here,
the very steep relation between the density and the pressure floor influences dynamical
behavior of the system. The γpoly = 2 case seems to be the best compromise between the
suppression of artificial fragmentation and a dynamical influence on the system. It has
1

not to be confused with adiabatic index of the gas γ
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Figure C.5.: As before, but at a later stage of evolution (z = 0). We show our best model, with the
parameters γpoly = 2, Tpoly = 106 K, and npoly = 0.1 cm−3 (first row ). In addition,
we show the outcome of a simulation using the primitive variables (instead of the
conservative) to interpolate when refining or derefining, and using three cells (instead
of one) for the mesh regularization algorithm (second row ).

the same exponent in the density – pressure floor relation as the Jeans length based prescription for the pressure floor. In Fig. C.4, we show the outcome of a similar simulation,
but a lower temperature normalization Tpoly = 105 . Strong fragmentation is apparent and
can clearly be accounted to a pressure floor which is to low to prevent artificial fragmentation. The same is the case, if the number density cutoff is to high, as in the simulation
shown in Fig. C.3, where we employed npoly = 1 cm−3 . Summarizing, we find that the
parameters γpoly = 2, npoly = 0.1 cm−3 , and Tpoly = 106 K are the best choice for our configuration. Note, that in simulations of galaxy formation, where this particular prescription
for the pressure floor is preferentially employed, the temperature threshold is much lower
(Tpoly ≈ 104 K).

So far, we only performed simulations until z = 1. In addition, we found that, besides the
physical parameters discussed above, two rather technical choices have significant impact
on the outcome of the simulation. These options are the question whether RAMSES uses
the conservative quantities or the primitive variables for the interpolations involved in the
refining and derefining of cells (parameter interpol var), and the number of cells used in
the mesh smoothing algorithm, used to prevent the individual AMR levels to fragment to
much (parameter nexpand). In Fig. C.5, we show the outcome of simulations at z = 0
employing the effective polytropic equation-of-state with the parameters derived above.
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Figure C.6.: As before, but for the Jeans lenght based pressure floor. We show a simulation using
Jmin = 10 (first row ), and one using Jmin = 20 (second row ) for both refinement and
pressure floor.

We present a simulation using the conservative variables for the AMR-interpolations and
one which uses the primitive variables and employing three instead of one cell for the
mesh smoothing algorithm. While the outcome of the previous tests at z = 1 showed only
slight deviations from symmetry, at this later epoch much stronger features are visible.
In particular, a disk like feature is forming at the position of highest density. Again, this
can be accounted to a violation of the Truelove-criterion. As for the technical parameters,
although the differences are small, the interpolation by primitive variables and the stronger
mesh expansion produce a more symmetric distribution. We conclude, that because of
the evident and uncontrollable violations of the Truelove-criterion at a later stage, the
effective polytropic equation-of-state is not suitable for our simulation setup. The different
interpolation and mesh expansion, however, are suitable choices for our simulations.
Next, we focus on the other algorithm described in 2.2.5, the jeans length based pressure
floor. The only free parameter is the minimal Jeans number Jmin , which is enforced by
the algorithm. It is reasonable, to use the same Jeans number for the refinement of the
cells as for the pressure floor. As already shown, our one-dimensional tests suggest a
minimal jeans number of Jmin = 10, i.e. the local jeans length is resolved by at least
ten resolution elements. In Fig. C.6, we show the outcome of two three-dimensional
test simulations employing Jmin = (10, 20) for both refinement and pressure floor. First
of all, both simulations show a much stronger symmetry as the simulations which use the
effective equation-of-state. A higher Jeans number, however, does not reduce the numerical
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Parameter
Minimum AMR level
Maximum AMR level
Mesh expansion
Adiabatic exponent
CFL number
Pressure fix
Hydrodynamic scheme
Riemann-solver
Slope-limiter
Threshold for the gravitational solver
Mass refinement criterion
Jeans length refinement criterion
Variables for interpolation
Cosmic baryon density
Baryon fraction
Jeans number for pressure floor

Value
levelmin = 8
levelmax = 12
nexpand = 3
gamma = 1.6666667
courant factor = 0.5
pressure fix = .true.
scheme = ’muscl’
riemann = ’hllc’
slope type = 1
epsilon = 10−6
m refine = 8, 8, 8, 8,
jeans refine = 10,10,10,10,
interpol var = 1
omega b0 = 0.0432
fb = 0.16
pfloor jeanslength = 10

Table C.1.: Parameters for the three-dimensional simulations with the RAMSES code. The last three
parameters are not available in the public version of RAMSES, but only in our modified
version. Other parameters are of technical nature and have no impact on the output of
the simulations.

fluctuations considerably. It only produces a more extended density peak in the center.
This indicates on a higher impact on the dynamics on the system and is not desirable.
Concordantly, we choose the Jeans length based prescription over the effective polytropic
equation-of-state, and use a Jeans number of Jmin = 10 for both refinement and pressure
floor in our simulations.
A summary of the parameters employed in our three-dimensional RAMSES simulations
can be found in Table C.1.
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Davé, R., Cen, R., Ostriker, J. P., Bryan, G. L., Hernquist, L., Katz, N., Weinberg, D. H.,
Norman, M. L., and O’Shea, B. (2001). Baryons in the Warm-Hot Intergalactic Medium.
ApJ, 552:473–483.
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