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Abstract

It is "scientific folklore" coming from physical heuristics that solutions to the heat equa-
tion on a Riemannian manifold can be represented by a path integral. However, the
problem with such path integrals is that they are notoriously ill-defined. One way to
make them rigorous (which is often applied in physics) is finite-dimensional approxi-
mation, or time-slicing approximation: Given a fine partition of the time interval into
small subintervals, one restricts the integration domain to paths that are geodesic on
each subinterval of the partition. These finite-dimensional integrals are well-defined, and
the (infinite-dimensional) path integral then is defined as the limit of these (suitably
normalized) integrals, as the mesh of the partition tends to zero.

In this thesis, we show that indeed, solutions to the heat equation on a general compact
Riemannian manifold with boundary are given by such time-slicing path integrals. Here
we consider the heat equation for general Laplace type operators, acting on sections of a
vector bundle. We also obtain similar results for the heat kernel, although in this case,
one has to restrict to metrics satisfying a certain smoothness condition at the boundary.
One of the most important manipulations one would like to do with path integrals is
taking their asymptotic expansions; in the case of the heat kernel, this is the short time
asymptotic expansion. In order to use time-slicing approximation here, one needs the
approximation to be uniform in the time parameter. We show that this is possible by
giving strong error estimates.

Finally, we apply these results to obtain short time asymptotic expansions of the heat
kernel also in degenerate cases (i.e. at the cut locus). Furthermore, our results allow to
relate the asymptotic expansion of the heat kernel to a formal asymptotic expansion of
the infinite-dimensional path integral, which gives relations between geometric quantities
on the manifold and on the loop space. In particular, we show that the lowest order
term in the asymptotic expansion of the heat kernel is essentially given by the Fredholm
determinant of the Hessian of the energy functional. We also investigate how this relates
to the zeta-regularized determinant of the Jacobi operator along minimizing geodesics.

Es ist "wissenschaftliche Folklore", abgeleitet von der physikalischen Anschauung, dass
Losungen der Warmeleitungsgleichung auf einer riemannschen Mannigfaltigkeit als Pfad-
integrale dargestellt werden kénnen. Das Problem mit Pfadintegralen ist allerdings, dass
schon deren Definition Mathematiker vor gewisse Probleme stellt. Eine Moglichkeit, Pfad-
integrale rigoros zu definieren ist endlich-dimensionale Approximation, oder time-slicing-
Approximation: Fiir eine gegebene Unterteilung des Zeitintervals in kleine Teilintervalle
schriankt man den Integrationsbereich auf diejenigen Pfade ein, die auf jedem Teilin-
tervall geodétisch sind. Diese endlichdimensionalen Integrale sind wohldefiniert, und
man definiert das (unendlichdimensionale) Pfadintegral als den Limes dieser (passend
normierten) Integrale, wenn die Feinheit der Unterteilung gegen Null geht.

In dieser Arbeit wird gezeigt, dass Losungen der Wirmeleitungsgleichung auf einer allge-
meinen riemannschen Mannigfaltigkeit tatsédchlich durch eine solche endlichdimensionale
Approximation gegeben sind. Hierbei betrachten wir die Warmeleitungsgleichung fiir all-



gemeine Operatoren von Laplace-Typ, die auf Schnitten in Vektorbiindeln wirken. Wir
zeigen auch dhnliche Resultate fiir den Wéarmekern, wobei wir uns allerdings auf Metriken
einschrénken miissen, die eine gewisse Glattheitsbedingung am Rand erfiillen.

Eine der wichtigsten Manipulationen, die man an Pfadintegralen vornehmen méchte, ist
das Bilden ihrer asymptotischen Entwicklungen; in Falle des Warmekerns ist dies die
Kurzzeitasymptotik. Um die endlich-dimensionale Approximation hier nutzen zu kénnen,
ist es notig, dass die Approximation uniform im Zeitparameter ist. Dies kann in der Tat
erreicht werden; zu diesem Zweck geben wir starke Fehlerabschatzungen an.

Schlieklich wenden wir diese Resultate an, um die Kurzzeitasymptotik des Warmekerns
(auch im degenerierten Fall, d.h. am Schittort) herzuleiten. Unsere Resultate machen es
auferdem moglich, die asymptotische Entwicklung des Warmekerns mit einer formalen
asymptotischen Entwicklung der unendlichdimensionalen Pfadintegrale in Verbindung zu
bringen. Auf diese Weise erhélt man Beziehungen zwischen geometrischen Gréfen der zu-
grundeliegenden Mannigfaltigkeit und solchen des Pfadraumes. Insbesondere zeigen wir,
dass der Term niedrigster Ordnung in der asymptotischen Entwicklung des Warmek-
erns im Wesentlichen durch die Fredholm-Determinante der Hesseschen des Energie-
Funktionals gegeben ist. Weiterhin untersuchen wir die Verbindung zur zeta-regularisierten
Determinante des Jakobi-Operators entlang von minimierenden Geodétischen.
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Introduction

Consider a small particle moving on a manifold M according to Brownian motion. For
example, this could be a pollen grain suspended in water, which undergoes random motion
resulting from collisions with water molecules. Such a particle movement is governed by
the heat equation |[Ein05]: For example, the probability P, 4., that the particle is in
some measurable set A C M after time ¢t if it started at a point x € M is given by
Poay = (e7®xa)(z), where e ' is the heat semigroup on M and y4 is the indicator
function of the set A. On the other hand, physical heuristics state that the probability
should be given by the path integral

Py [ e (-1 [ olas) o )

The domain of integration is here some space of continuous paths that travel from = to A in
time ¢, D7y is a Lebesgue type volume measure on this path space and Z is a normalization
constant (independent of A) that ensures P, 44 = 1 in the case that A = M.

The reasoning behind this formula is that the particle has to take some path in order
to move from x to A, so the probability is obtained by averaging over all such paths,
weighted with their individual probability. To explain the integrand, notice that

B() =3 / 5(s) [ds

is just the energy of the path (or rather classical action), so that the formula states that
the particle is (exponentially) unlikely to take a path with large energy.

Of course, formula does not make sense for a number of reasons: First it is un-
clear which space of paths to take (continuous paths? smooth paths? or something in
between?), as it is well known that sample paths of Brownian paths are nowhere differ-
entiable with probability one so that the energy is not defined. Either way, the space of
paths would be infinite-dimensional and there are several non-existence theorems regard-
ing Lebesgue type volume measures on infinite-dimensional spaces (see e.g. Thm. 17.2 in
[Yam&5]).

Despite these problems, there are several ways to make sense of the path integral : It
is a classical observation that the expression

AW forn:1ally %eE(W)/QD’y

can be rigorously defined as a measure W on path space, the Wiener measure. This
connects path integration to the theory of stochastic processes. It allows to represent the
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solution to the heat equation with potential as a Wiener integral, which is the famous
Feynman-Kac formula [Kac79].

In this thesis, we discuss another approach, the concept of time-slicing approximation,
which was invented by Richard Feynman [Fey48| [FH65]. Here, the idea is to take a
partition 7 = {0 = 79 < 74 < -+ < 7y = t} of the time interval and replace the
infinite-dimensional space of paths by the space of paths which are a geodesic on each
subinterval [7;_1, 7;]. These spaces are finite-dimensional so that evaluating the integrals is
unproblematic, and the value of the path integral is then defined as the limit of the values
of these finite-dimensional integrals (suitably normalized) when the mesh |7| = max A;7
goes to zero (here A;7:=71; — 7;_4).

This approach to define path integrals is often used in physics because of its explicit,
hands down character and because it is easy to (at least formally) extend the formulas
to "imaginary time" (i.e. replacing ¢ by it), which is relevant in quantum mechanics
(imaginary time was also used in Feynman’s original treatment). However, a mathematical
justification of this approach is not an easy matter in general: One first has to prove that
the limit exists and secondly that it coincides with the heat equation result. While
this is more or less trivial in R", these results where only recently rigorously proved for
Riemannian manifolds [AD99] [BPO0S].

In this thesis, we discuss two particular aspects of time-slicing approximation.

(1) We consider the case that the manifold M has a boundary. The observation is that
in the case with boundary, one has to replace the spaces of piece-wise geodesics by
spaces of piece-wise reflected geodesics, i.e. geodesics that reflect with the angle of
reflection equal to the angle of incidence, when hitting the boundary. For the heat
equation, we admit a certain class of boundary conditions (which we call involutive
boundary conditions) that is particularly well-suited for path integration and includes
standard Dirichlet and Neumann boundary conditions.

This is only part of the story, however. While reflecting path spaces are suitable
to approximate the heat operator, it turns out that there is an even better class of
paths: Every Riemannian manifold with boundary has a natural orbifold structure
(as we will explain), and it turns out that the right path spaces to integrate over are
spaces of orbifold maps from intervals to our manifold with boundary, considered as
an orbifold.

(2) Arguably one of the most important formal manipulations one would like to do with
path integrals is forming their asymptotic expansions. This is of particular interest
for the heat kernel: For the heat kernel p2 of the Laplace-Beltrami operator, one has
the path integral formula

pRGag) Y (amt) B,
Hay (M)

where H,,(M) is the Hilbert manifold of finite-energy paths travelling from z to y in
time one, equipped with its natural H' metric. Taking this formula seriously for the
moment, one recognizes that the right hand side has the form of a Laplace integral: If
there exists a unique minimizing geodesic 7,, connecting x to y (i.e. the points are not



in each other’s cut locus), the function £ has the unique non-degenerate minimum ~,,,

with E(v.y) = d(z,y)?/2 and the general theory of such integrals (see Chapter (3.1.1)),

formally applied to this infinite-dimensional situation, tells us that the integral has
an asymptotic expansion of the form

e—d(wyy)Q//M nd y a; :

n/2 1/27

(mt)"2 <= et (V2E,,, )

(4mt) /2 ][ e EO2t gty (II)
Hay (M)

where V?E|,, denotes the Hessian of the energy functional at the minimum, ag = 1
and the coefficients a;, 7 > 1, depend on the jets of £ at 7,, and the geometry of
H,,(M).

Now it is well known that the heat kernel p2(x,y) has an asymptotic expansion for
small t of exactly the same form,

by~ e—d(wy)?/4t itj CIDj(.?c,y)'
’ (dmt)n/2 £ J!

7=0
Furthermore, it turns out that the Hessian of the energy indeed possesses a well-
defined infinite-dimensional determinant on the Hilbert spaces 1), H,, (M ). Therefore,
it is natural to ask whether the coefficients of the two asymptotic expansions in
question — the asymptotic expansion of the heat kernel and the formal asymptotic
expansion of the path integral — coincide, i.e. whether we have

a; _ %(z,y)
det(V2E],,,)"” !

In this thesis, we prove that this is true at least for the lowest order term, using
time-slicing approximation of the heat kernel.

Of course, the theory of Brownian motion on manifolds is well understood and provides
powerful tools for differential geometry and global analysis, so one could ask why one is
interested in time-slicing approximation of path integrals in the first place. One answer
we can give at this point is that while the asymptotic expansion of Wiener integrals is
certainly well known (see e.g. [Aro88| or [Wat87]), it seems that the results obtained this
way are less geometric, due to the fact that the domain of integration is not H,,(M) but
the space of all continuous paths connecting x and y, and that the energy functional is
"hidden inside the measure". Nevertheless, it would be interesting to see if asymptotic
expansions of Wiener functionals can be cast in more geometric terms, involving the
manifold H,, (M) (which is something like the "Cameron-Martin manifold" corresponding
to the Wiener measureﬂ}.

!The Cameron-Martin space of a Gaussian measure on a Banach space E is a certain Hilbert space
H which is continuously embedded into H, see [Gro70] for the notion of an abstract Wiener space. This
notion, however, does not exist to the authors knowledge in the case that E is a manifold modelled on a
Banach space.
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Main Results

The following result was previously proved in [BP0§|. Given a self-adjoint Laplace type
operator L = V*V + V| acting on sections u of a vector bundle V over a closed n-
dimensional Riemannian manifold M (here, V is a metric connection and V' a symmetric
endomorphism field), one has the formula

(e7*u)(x) = lim (4#)_"/2][ e F0)/2 P(v)_lu(v(t))dzﬂlv, (I1IT)
|T|—0 Hair (M)

where H,.,(M) is the space of continuous paths 7 starting at x such that v[i,_, - is a
geodesic for each j, the slash over the integral sign denotes division by (47 )~ dm(Heir (M))/2]
and P(y) € Hom(V,(0), V(1)) is a so-called path-ordered exponential, which is the solution
of an ordinary differential equation along 7 depending on the connection V and the
endomorphism field V. Here, the manifold H,.,(M) carries a certain discretized H'
Sobolev metric and one integrates with respect to the Riemannian volume measure. In
particular, this generalizes formula from above, which is the special case L = A (so
that P(y) = 1), the Laplace-Beltrami operator, and u = x 4.

Formula ([II) can be extended to the case that M is a compact manifold with smooth
boundary, and L is endowed with what we call involutive boundary conditions in this thesis.
Involutive boundary conditions arise as follows: Given a symmetric parallel endomorphism
field B € End(V|sy) with B? = id, this induces a splitting V|gny = WT @ W™ into the
plus and minus one eigenspaces of B. We then require Neumann boundary conditions
on W and Dirichlet boundary conditions on W~. This includes the usual Dirichlet and
Neumann boundary conditions as well as standard boundary conditions on vector fields

and differential forms. One has the following result (see Thm. [1.3.14]).

Theorem. Let L be a self-adjoint Laplace type operator endowed with involutive boundary
conditions B, acting on sections of a metric vector bundle V over a compact Riemannian
manifold with boundary M. Then we have the following path integral formula

(e7*Fu)(x) = lim e E0)/2 PB(W)_lu('y(t))dE'Hlfy
7120 J et (1)
for the solution operator to the corresponding heat equation, where the limit goes over any
sequence of partitions, the mesh of which tends to zero. Here, u is in any of the spaces
COM,V) or LP(M,V), 1 < p < oo (with convergence in the respective space) and the
slash over the integral sign denotes divison by (47T)dim(H$§(M))/2.

In the theorem, H ;ef_l(M ) denotes the space of reflected piecewise geodesics, i.e. the space
of continuous paths that are piecewise geodesics as long as they are in the interior of M
and reflect with the angle of reflection equal to the angle of incidence when hitting the
boundary. Furthermore, the path-ordered exponential P(~) from has to be replaced
by a certain B-path-ordered exponential Pp(7y), which also depends on the boundary
operator B.

Similar to the formulas above, we show (Thm. [2.2.7) that for the heat kernel pl of the
Laplace type operator L, one has

py(z,y) = lim (47rt)”/2][ e EM/2 P () T1gSH
Hyy;r (M)

|T|—0



pointwise for each z,y € M and t > 0, where H,,., (M) is the space of piece-wise geodesics
connecting x to y in time ¢, which again carries a certain discretized version of the H*
volume measure. Similar to the above, the slash over the integral sign in the formula
denotes division by the number (47)dm(Heuir (M))/2,

In this approximation however, one has no control over the uniformity of the approxi-
mation, which is needed to connect the asymptotic expansion of the heat kernel to the
asymptotic expansion of the path integral. Therefore, we also prove the following result,
which involves a precise error estimate (see Thm. [2.2.11]).

Theorem. Let L be a self-adjoint Laplace type operator, acting on sections of a metric
vector bundle V over a closed n-dimensional Riemannian manifold M. Then for any
T >0 and any v € Ny, there exist constants C,6 > 0 such that

pi (@, y) = (47”5)_"/2][ e POV (1) dy| < CEH|r|"p ()
Hayir (M)

for all z,y € M, t < T and partitions T of the interval [0, 1] with |7| < 6. Here the slash
over the integral sign denotes divison by (4mt)imHeyir(M)/2,

In the theorem, the T, , are certain functions which are smooth in v and depend polyno-
mially on ¢. They depend on the geometry of M and the Laplace type operator and should
be viewed to correct the error that one made by replacing H,, (M) by its finite-dimensional
approximations. Notice in particular that the heat kernel of the Laplace-Beltrami operator
p2(z,y) is present on the right hand side. Since pL(x,7) decays exponentially in t away
from the diagonal as ¢t — 0, this is a strong result, which allows to obtain precise state-
ments on heat kernel asymptotics, even for distant points.

This allows to compare asymptotic expansions of the path integral with the asymptotic
expansion of the heat kernel. We already mentioned above, that if z and y are close
enough, then the path integral has a formal Laplace expansion of the form . More
generally, if x and y are in each other’s cut locus and the set Fg;jn C H,,(M) of minimal
geodesics connecting the two is a non-degenerate submanifold of dimension k, a generalized
Laplace method asserts that

—d(z,y)? /4t O (

n _ 1 e - a;(y) i

(4rt) /2][ e PO QI TS E t]/ : d” v,
Hay (M) (Amt)" 282 e o det (V2B |y pain) 2

involving the determinant of the Hessian, restricted to the normal space of I‘Ejn. The
result is now that this indeed describes the asymptotic behavior of the heat kernel (see

Thm. B2.3).

Theorem (H?! picture). Let pF be the heat kernel of a self-adjoint Laplace type oper-
ator L, acting on sections of a metric vector bundle V over a compact n-dimensional
Riemannian manifold M. For x,y € M, suppose that the set Fxm;“ of minimal geodesics
is a k-dimensional non-degenerate submanifold of Hy,(M). Then we have

—d(a)? _
PEy) ~ s . 7y; /::/ i T d"y,
(drt)n/2+k/ rmin det (VQE‘NJ%“) /
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where the determinant is an infinite-dimensional determinant on the Hilbert subspace
N, T C Ty Hyy (M), [v||g] denotes the parallel transport along v and T carries the
H' metric (1.2.5). Here the asymptotic relation means that the quotient of the two terms

tends to one ast — 0.

In physics, one often uses zeta determinants instead of Hilbert space determinants to
formally evaluate path integrals. This makes no reference to the H' regularity of paths,
because the zeta determinant is defined for unbounded operators on L?. It turns out that
there is an L? version of the theorem above, involving the zeta determinant of the Jacobi
operator (see Thm. [3.2.25)).

Theorem (L? picture). Let pF be the heat kernel of a self-adjoint Laplace type operator
L, acting on sections of a metric vector bundle V over a compact n-dimensional Rieman-
nian manifold M. For x,y € M, suppose that the set Fg;jn of minimal geodesics is a
k-dimensional non-degenerate submanifold of H,,(M). Then we have

pE(z,y) ~ _67d(m’y)2/4t / 22 [y|lg) " dr?
e T, "
(4mt)" 22 Jrn detl (=92 +R,) "2

7

mvolving the zeta determinant of the Jacobi operator
—Vi+ Ry = =Vi+ R(¥(s), -)i(s).

min ; 2 ;
Here I';)" carries the L metric|1.2.11)

We see that there is an "H! picture" on such path integrals, where one chooses the path
space such that the relevant determinant exists as an ordinary Hilbert space determinant
(the H' space), and an "L? picture", where one has to regularize.

The proof of the approximation theorem for the heat kernel relies heavily on the near-
diagonal short time asymptotics of the heat kernel. For manifolds with boundary, such
heat-kernel asymptotics are much more complicated (see e.g. [Mel93, Chapter 7]). There-
fore, we restrict to the following smoothness condition: Construct the double M of the
manifold M, by glueing two copies of M together at the common boundary (this is then
a closed manifold). The metric on M induces a natural Zs-invariant Riemannian metric
on M. The condition now is that this metric be smooth also at M. In this case, the
earlier results can be applied to the closed manifold M.

In particular, we have M = M /Z,, which gives M an orbifold structure in a natural
way. We claim that the right thing to do is therefore to consider spaces of orbifold paths.
Particularly interesting here is the approximation result for the heat trace. In the closed
case, the heat trace can be formally expressed as an integral over the loop space of M,
we show that in the boundary case, one has to integrate over the space of orbifold loops,
i.e. the orbifold of maps from S* to the orbifold M = M /Z,. One obtains that the trace
Tre *L can be approximated (up to any fixed order in t) by path integrals over finite
dimensional approximations L™ (M) of the orbifold loop space (see Thm. .

Theorem. Let L be a self-adjoint Laplace type operator with involutive boundary con-
ditions B, acting on sections of a metric vector bundle V over a compact Riemannian



manifold with boundary M. Let e~** be the solution operator to the corresponding heat
equation. Suppose that the smoothness Assumption |2.3.7 is satisfied. Then

Tre = lli‘go - e B2 4r Ppl(v) d¥H .

for anyt > 0, where the limit goes over any sequence of partitions, the mesh of which tends
to zero. In the formula, the slash over the integral sign denotes division by (4m)dm(E-(M))/2,

It turns out that the space of orbifold loops is not only the of loops in the manifold
M modulo the Z, action, but also contains paths that run from a point z € M to the
corresponding point —xz in the other half. Therefore, the space L°™®(M) decomposes
into two components: The orbifold L.(M)/Zy of piecewise geodesic loops in M and the
orbifold of paths in M that travel from points = to points —z. The set of constant loops
['. = E~1(0) therefore also consists of two components: one isomorphic to M and one
isomorphic to M (as for a constant path v with v(0) = = and (1) = —x, one necessarily
has x € OM, the fixed point set of the action). Since M is n-dimensional and OM
is (n — 1)-dimensional, we obtain from the Laplace method that the heat trace has an
asymptotic expansion of the form

Tre v ~ (47rt)_"/2/

aj(z)de + (47rt)_(”_1)/2/ b;(z) dx,
M

oM

so one recovers the heat kernel asymptotics for a manifold with boundary in a natural
way. Moreover, the coefficients a; are given as the coefficients of a Laplace expansion
on the finite-dimensional approximations of the loop space. It is an interesting task to
express these as geometric quantities on the infinite-dimensional loop space.






Chapter 1

The Heat Operator as a Path Integral

In this chapter, we show how to approximate solutions of the heat equation corresponding
to a Laplace type operator L on a compact manifold with boundary by finite-dimensional
path integrals, i.e. we prove the formula

u(t,z) = lim e EO2Py(y)ug (v(1)) d, (1.0.1)
17120 Hzeft (M)

for solutions u(t,z) to a vector-valued heat equation with initial condition ug, where
HM(M) are finite-dimensional path spaces of piece-wise reflecting geodesics (see Sec-
tion and Section and Pp(7) is the so-called path-ordered exponential deter-
mined by L and the boundary condition B (see Def. [1.3.10). Finally, the slash in the
integral sign denotes division by (47r)dim(Hﬂrv’?ﬁ1 (M)/2 " Such a normalization constant will be
present in all path integral formulas and is necessary in order that the mesh-limit is finite.

The chapter is organized as follows. In Section we review the theory of Laplace type
operators acting on sections of vector bundles over manifolds with boundary, and the
corresponding heat equation. In particular, we introduce the class of boundary conditions
we will consider. In Section we first consider the case of a closed manifold, which
gives us the opportunity to review the time-slicing approximation results that have been
obtained so far. In Section we then introduce the relevant path spaces and prove the
formula ((1.0.1)).

1.1 The Heat Equation

In this section, we introduce the class of boundary conditions we will allow in this thesis,
which we call involutive boundary conditions. To fix notation, we repeat standard material
concerning Laplace type operators and the heat equation. More detailed expositions of
these topics can be found in many places, e.g. [Gil95], [Roe98], [BGV04] or [Nik(7].

In the next subsection, we introduce Brownian motion on closed Riemannian manifolds
to discuss first path integral formulas. The material there is also very well known and
may be found in [BP10], [Hsu02], [HT94], [Qks07|, [Dri04], [Tay11] or [Eme89).

9
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1.1.1 Laplace Type Operators

Let M be a Riemannian manifold of dimension n, possibly with boundary, and let V be
a metric vector bundle over M, i.e. each fiber of V carries a positive definite symmetric
bilinear form (or a Hermitean form if V' is a complex bundle) that varies smoothly between
the fibers. Smooth sections of V will be denoted by C°°(M,V), while sections of L2
regularity will be denoted by L?*(M,V). The L? scalar product is defined by

(1,0) 0 1= /M (u(z), v(a)) d,

where (—,—) denotes the fiber metric of V and we integrate with respect to the Riemannian
volume measure.

If W is another metric vector bundle, a (linear) differential operator of order k turning
sections of V into sections of W is a linear operator P from C*°(M,V) to C*°(M, W) that
is given by
olal
Pu(z) =Y Pa(z) ()

lal <k

in local charts, where P,(z) € Hom(V,, W,). Because the manifold is Riemannian and
the bundles carry a fiber metric, one can define the formal adjoint of such an operator P.
This is the differential operator P* that turns sections of W into sections of V such that

(Pu,v) 2 = (u, P*v) 2

forallu € C*(M\OM,V) and v € C(M\OM, W), i.e. all compactly supported sections
with support in the interior of M. One can show that this requirement indeed defines
a unique differential operator P* (compare Def. 2.6 in [BGV04]). We call the operator
P formally self-adjoint if P = P*. In terminology from functional analysis, this means

in particular that P is symmetric as an unbounded operator on L?(M,V) with domain
C°(M \ OM,V) (although on this domain, it will never be self-adjoint).

Definition 1.1.1 (Laplace Type Operators). [BGV04, Def. 2.2] A second-order dif-
ferential operator L acting on sections of V is called Laplace type operator, if its principal
symbol is given by the metric, that is, L has the form

2

L= —g"(x) - + lower order terms

ox'xl
in local coordinates, where g% is the inverse of the metric tensor in the coordinates.

Notice that we use the "geometric" convention for Laplace type operators that differs
from the analytic convention by a sign.

Lemma 1.1.2. [BGV04, Prop. 2.5| Let L be a formally self-adjoint Laplace type operator
acting on sections of a wvector bundle V over M. Then there exists a unique metric
connection V on V and a unique symmetric endomorphism field V' of V such that

L=V'V+V.

We say that V and V' are the connection and endomorphism field determined by L.
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Here, V* is the formal adjoint of the operator V that turns sections of T*M ® V into
sections of the bundle V (where 7*M ® V carries the tensor product metric).

Example 1.1.3. The following are standard examples for Laplace type operators.

(1) On functions (i.e. V = R, the trivial real line bundle), we have the Laplace-Beltrami
operator A = §d = — div grad = —tr(V?), where V is the Levi-Civita connection.

(2) On the bundle of differential forms V = A*T*M, one has the Hodge-Laplacian L =
dd + dé. By the Weizenbock formula [BGV04, (3.16) on p. 130],

dd+dé =V*'V+Z,

where V is the Levi-Civita connection on forms and & is some endomorphism de-
pending linearly on the curvature. On one-forms, #Z = Ric*, the dual of the Ricci
endomorphism on T'M.

(3) If M is spin, one has the spinor bundle $M, on which acts the Dirac operator, a
first-order operator I with the property that lD2 is a Laplace type operator. In this
case,

1
D =V'V + Jscal.

by Lichnerowicz’ formula [BGV04, Thm. 3.52]

1.1.2 Involutive Boundary Conditions and the Heat Equation

Let L be a formally self-adjoint Laplace type operator, acting on sections of a metric
vector bundle V over a compact n-dimensional Riemannian manifold M, possibly with
boundary. In this thesis, we are interested in the heat equation

0, + L) u(t,z) =0 (1.1.1)

for time-dependent sections of V. In case that M has a boundary, one has to require
boundary conditions to make the heat equation well-posed, where well-posed means that
we have to find a subspace dom(L) C L?(M,V) on which L generates a strongly continuous
heat semigroup e~*L. In particular, this will be the case if L is self-adjoint on dom(L) as an
unbounded operator on L?(M,V). From the wide class of possible boundary conditions,
we restrict ourselves to the class of boundary conditions, which behave particularly well
when considering path integrals.

Definition 1.1.4 (Involutive Boundary Conditions). Given a formally self-adjoint
Laplace type operator L, acting on sections of a metric vector bundle V over a Riemannian
manifold with boundary M, a symmetric endomorphism field B € C*(0M,End(V|sxs))
is called an involutive boundary operator for L if B> = id and if B is parallel with respect
to the connection determined by L = V*V + V. To such a boundary operator B, there
corresponds a splitting

Vloy =W oW~ (1.1.2)
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into the eigenspaces of the eigenvalues £1 (notice that only these two eigenvalues are
possible since B? = id). A section u € C*(M,V) satisfies the boundary condition defined
by B if

Vatlor € C(OM, W), ulorr € C®(OM, W), (1.1.3)

where n € C*°(OM, NOM ) denotes the interior normal vector to the boundary.

Notation 1.1.5. For a boundary operator B, let C%¥(M,V) be the space of smooth
sections of V that satisfy the boundary condition and let H3(M,V) = C¥(M,V) C
H?*(M,V) be its closure with respect to the H? norm.

The class of involutive boundary conditions is closely related to the class of mized boundary
conditions, as defined e.g. in [Gil04], Section 1.5.3]. However, mixed boundary conditions
are slightly more general, therefore we stick to the term "involutive boundary condition"
in this thesis (see e.g. Chapter II of [Gre71], Section 1.11.2 in [Gil95] or Sections 1.4-1.6
in [Gil04] for a much more general discussion).

Involutive boundary conditions ensure that the operator L as an unbounded operator on
L*(M,V) is essentially self-adjoint on C¥(M,V) and self-adjoint on H%(M,V). We say
that L is endowed with involutive boundary conditions if L has the latter domain and B
is an involutive boundary operator.

When L is endowed with an involutive boundary condition, it has discrete spectrum
A < Ay < -+ — 00, where the eigenvalues have finite multiplicity, and the correspond-
ing eigenfunctions ¢; are contained in C¥(M,V). In particular, L generates a strongly
continuous semigroup e~ ‘¥, defined by spectral calculus, with integral kernel

pi(2,y) = Z e gi(x) ® 6;(y)" (1.1.4)

which can be shown to be smooth (using that the eigenvalues increase suffiently fast by
Weyl’s law) and which satisfies the boundary condition in each variable. For any initial
condition ug € L*(M, V), the function

u(t, ) := (e Fug) (z)

satisfies the heat equation (|1.1.1)) with initial condition u(0,x) = uy(z).

We now give a couple of examples for involutive boundary conditions.

Example 1.1.6 (Dirichlet and Neumann). For any Laplace type operator, there are
the Dirichlet boundary conditions u|gy, = 0, associated to the boundary operator B =
—id, and the Neumann boundary conditions Vyjulgys = 0 associated to the boundary
operator B = id. Here id denotes the identity endomorphism field of V|sys, which is
parallel with respect to any connection on V (or more precisely: with respect to any
connection on the bundle End(V) induced from a connection on V). Both are therefore
involutive boundary conditions.

Non-Example 1.1.7 (Robin Boundary Conditions). Given a metric connection V,
the generalized Neumann boundary conditions or Robin boundary conditions

Vnu|aM + AulaM =0. (115)
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for an endomorphism field A € C*°(0M, End(V)) are not involutive boundary conditions
for operators of the form L = V*V + V', unless A = 0.

Example 1.1.8 (Boundary Conditions on Differential Forms). Let V = A*T*M
be the bundle of k-forms. Any w € A*T*M can be decomposed at the boundary as

w = wp + dr A wy, wo € A*T*OM, wy € AF1T*OM,

where dr := n’. Hence for the exterior products of the cotangent bundle, we have the

orthogonal splitting
AFT* Moy & A*T*OM @ dr A AT OM.

Defining B to be equal to 1 on one of these factors and equal to —1 on the other will
induce involutive boundary conditions for Laplace type operators L = V*V 4+ V on V,
where V is any metric connection on V. Specifically, setting

Wt = A*T*OM, W~ :=dr NAN*'T*OM (1.1.6)
gives the so-called absolute boundary conditions. Setting

WT i=dr AN OM, W™ = APT*OM (1.1.7)
gives relative boundary conditions.

The examples show that the class of involutive boundary conditions includes most stan-
dard types of boundary conditions. Let us make a warning here that "involutive" is not
standard terminology, but such a class of boundary conditions doesn’t seem to have a
name in the literature yet.

1.1.3 Brownian Motion and the Wiener Measure

Let M be a closed Riemannian manifold or R™.

Definition 1.1.9 (Stochastic Processes). An M-valued stochastic process is a family
X, s € I of random variables with values in M, defined on a probability space (€2, %, u),
where [ is some open or closed, finite or infinite subinterval of R.

Any M-valued stochastic process X, s € I induces a Borel probability measure W* on
MY (carrying the product topology), namely

WY (A e B(M") =pu({ye M| Xu(v) € A}), (1.1.8)

where (M?) denotes the Borel-sigma-algebra of M’. This measure is called the law of
the process X (Here, for a fixed v € €2, one can consider the function s — X(), which
is an element of M!. Hence it makes sense to ask whether it is also in A € M?). The
notion of the law of a process gives rise to a natural equivalence relation on the class of
M-valued stochastic processes:
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Definition 1.1.10 (Versions). Two stochastic processes X, Y; are said to be versions
of each other, if their laws coincide.

Conversely, given a Borel probability measure P on M?, one can define a stochastic process

Xs() :==(s) (1.1.9)
on the probability space (M!, (M), P) (notice that the definition (1.1.9) is independent
of the choice of P). Clearly, the law of such a process X is just P again; furthermore, it
is obvious that if we start with any process Y; and then define X, by (1.1.9), then X is
a version of Y.

On M, there is a canonical stochastic process, called the Brownian motion. The following
construction can be found in Section 11.1 of [Tay11]: Let p2(x,y) be the heat kernel of the
Laplace-Beltrami operator, as in (1.1.4]). Then for any point x € M, there is a stochastic
process (X7) on the interval I = [0,00), the Brownian motion starting at x. It satisfies
(using the convention xy := x)

N
E[f(XE, ..., XE)] :/---/f(xl,...,$N)HpTAj_Tj1(:Bj1,xj)d.ic1---de, (1.1.10)
M M J=1

for any partition 7 = {0 = 7 < 14 < --- < 7y} and any measurable function f on
M x --- x M, the N-fold product of M. In fact, it turns out that the process X7 is
uniquely determined by this property, in the sense that any other process Y, with the
same property is a version of X?. To see that the law of X7 is uniquely determined by
the property , notice that the space M%) is compact by Tychonoff’s theorem,
and by the Stone-Weierstraf theorem, functions of the form

F(7> = f(7<71)7 s 77(TN))

for partitions 7 and functions f € C(M x --- x M) are dense in C'(M>)). Hence the
right-hand side of (T.1.10)) defines a continuous functional on C(M%>)), which is the

same as a measure on M %) by the Markhov-Kakutani-Riesz representation theorem.

Using Kolmogoroff-Chentsov continuity theorem (see e.g. [Kal02, Thm. 3.23] or Thm. 2.17
in [BP11]), one can show that there is a continuous version of Brownian motion, i.e. a
Brownian motion such that for each v € €, the map s — X?(7) is a continuous path in
M (see e.g. [BP11, Thm. 2.5]). Therefore, we will henceforth only consider continuous
versions of Brownian motion. Given a continuous version of Brownian motion defined on
some probability space (€2, %, ), one can form the measure X7u on the space

Co(M) = {v € C([0,00), M) | 7(0) = =}

This turns out to be a Borel measure, when the latter is endowed with the compact-open
topology, and any version produces the same measure.

Definition 1.1.11 (Wiener Measure). The law of Brownian m on C, (M) will be called
the Wiener measure on M, denoted by W*.

Remark 1.1.12. Note that the definition given here differs from the stochastic literature,
because there one usually uses the heat kernel of the operator %A instead of A.
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1.1.4 Path-ordered Exponentials and the Feynman-Kac formula

Using the Wiener measure, it is easy to arrive at our first path integral formula,
e u(r) = E[u(XF)] = / o OO)), (1.1.11)
Co(M

where X7 is the Brownian motion with drift Z starting at x € M. Of course, this formula
is tautological, having defined the Wiener measure the way we did above. If one adds a
potential, however, one obtains a non-trivial result, namely the Feynman-Kac formula.
To formulate this in generality, we need the following definition.

Definition 1.1.13 (Path-ordered Exponential). Let V be a vector bundle with con-
nection V, and let V' € C*°(M, End(V)) be a smooth endomorphism field. For a piecewise
smooth path v : [0,t] — M, let P(s) € Hom(V, (), Vy(s)) be the unique solution to the
ordinary differential equation

V,P(s) =V (y(s)) P(s), P(0) = id. (1.1.12)

The path-ordered exponential P(7) is defined by P(v) := P(t) € Hom(V (), Vy))- If L
is a self-adjoint Laplace type operator having the unique splitting L = V*V + V as in
Lemma [1.1.2) we call P(y) = PV+V(v) the path-ordered exponential determined by L.

For example, if V' = 0 along v, we have P(y) = [v||§], the parallel transport map along
~v with respect to the given connection V. In the scalar case, when V = d + iw for some
one-form w € Q'(M), the differential equation (1.1.12)) can be solved explicitly,

t t
P(v) = exp (—z/ w - (s) ds+/ V(7(s)) ds). (1.1.13)
0 0
In the general vector-valued case, however, there is usually no closed-form solution for
P()-

Remark 1.1.14 (Invertibility). P(v) is always invertible, and P(y)~! = Q(t), where
Q(s) = P(s)™" € Hom(Vy(s), Vy(0)) satisfies the differential equation

V.Q(s) = —Q)V(1(s),  Q(0)=1id, (1.1.14)

as is easy to verify by differentiation the product id = P(s)~!P(s) and using uniqueness
of solutions.

Remark 1.1.15 (Multiplicitivity). P(v) is multiplicative, in the sense that if vy, o
are paths parametrized by [0, ¢;] and [0, t5] respectively, such that ~;(t) = 72(0), then we
have P(72)P(71) = P(11 * 72), where

7($) if s <t
:: 1.1.15
(12 7)(6) {%(s_tl) o (1.1.15)

denotes the concatenation. This follows because both P(v2)P(71) and P (71 * 7o) satisfy
the same ordinary differential equation with the same initial condition.
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In local coordinates, we have

V.P(s) = S P(s) + 3 () [N(1(9), P(s)] £V (1(5)) Pls) (1.1.16)

i=1

where I'; = (Ffj) denotes the Christoffel symbols of the connection, written into a matrix.

If the connection is flat, the Christoffel terms can be chosen to be zero using a suitable
trivialization and the ODE (|1.1.12]) takes the form

CP(s) = V(3(5)) P(s),

which can be solved for any continuous path + in M. If it is not flat, then one needs
to require that v is at least absolutely continuous in order that the differential equation
(1.1.16)) makes sense pointwise. In particular (since the set of absolutely continuous paths
is a zero set with respect to the Wiener measure), the path-ordered exponential cannot be
defined pointwise for the sample paths of Brownian motion. However, it is well known that
P(7) has a stochastic extension to a well-defined L? function on path space — which we
denote by ﬁ(v) — that is the solution of a stochastic differential equation. For example,
it can be defined as the solution to the differential equation (1.1.12]), when the latter
is interpreted as a Stratonovich stochastic differential equation (see e.g. |G10bl 2.17] or
Chapter 8 in [Eme89]). This reduces to the usual parallel transport if the connection is
flat. In the scalar case, where V = d + iw for a one-form w € QY(M) and V € C*(M),
the associated path-ordered integral is given by

P(v) = exp (—i/otw(v(S))dv(S) + /OtV(v(S))dS) :

where the first term in the exponent denotes a Stratonovich integral (see e.g. [Eme89],
Chapter VII for the definition of these).

Theorem 1.1.16 (Feynman-Kac). [BP11| Let L = V*V+V be a Laplace type operator
acting on sections of a vector bundle V over a closed Riemannian manifold M. Then

e Fule) = E | P(X2]p0) "ul(X7)] = /C oy POl 0 ®)aW ()

for allu € L*(M,V).

This result is proved e.g. in [BP11, Thm. 6.2], [Qks07, Thm. 8.2.1] or [Tay11, Chapter 11,
Prop. 2.1] in the scalar case and in |[G10b, Thm. 5.3|, |[G10a] or [Hsu02, Thm. 7.2.1] in
the vector-valued case. See also the original treatment by Kac, [Kac79).

1.2 The Case without Boundary

In this section, we review previous results regarding path integration in the case that M
is closed. First we need to introduce the relevant path spaces.
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1.2.1 Based Path Spaces and their Approximations

During the course of this thesis the energy functional will play an important role. For a
path v : [0,¢] — M (where M is a Riemannian manifold) it is defined by

E(y) = %/0 14 (s)2ds. (12.1)

The paths for which E is finite are those that lie in the space H'([0,t], M), the space of
paths that have Sobolev regularity H' in local coordinates. All elements of H'([0,¢], M)
turn out to be absolutely continuous.

Remark 1.2.1. From a physicist’s point of view, the correct terminology would be that
E is not the energy functional but rather the action functional. However, the term "energy
functional" is traditional in differential geometry, in the context of studying geodesics.

Let M be a complete Riemannian manifold of dimension n. The space H'([0,t], M) has
naturally the structure of an infinite-dimensional manifold modelled on Hilbert spaces; a
natural model space is the Sobolev space H' ([0, ], R™). The tangent space to H'([0,t], M)
at a path v can be canonically identified with the space of vector fields along ~, which
have regularity H', that is, one has the natural isomorphism

T, H'([0,t], M) = H'(0,t],y*T M). (1.2.2)
For details, see Section 2.3 in [KI1i95].
Notation 1.2.2 (Based Path Spaces). For a point x € M, we write
Hya(M) = {y € H'([0,6, ) | 4(0) =z}
for the path space based at z. In the case t = 1, we also write H,(M) := H,.,(M).

To see that H,.(M) is a submanifold of H'([0,t], M), we can argue as follows. The
manifold H'([0,¢], M) comes with the endpoint evaluation map

evoy t H'([0,8], M) — M x M, v+ (7(0),~(1)). (1.2.3)

By Prop. 2.4.1 in [KIi95|, this map is a submersion, hence pre-images of submanifolds
are again submanifolds (this is also easy to verify directly). Now we have H, . (M) =
evo:({a} x M), that is, H,,(M) is the pre-image of the submanifold {z} x M € M x M
under the evaluation map, and therefore is a submanifold itself.

Remark 1.2.3. One can show that the evaluation map evy, is in fact the projection
of a (locally trivial) fiber bundle. This can be checked by hand or by using a theorem
of Hermann [Her60|, which states that a Riemannian submersion from a complete total
space is always a fiber bundle (that H'([0,t], M) is complete with a suitable Riemannian
metric is the statement of Thm. 2.4.7 in [KIi95]).
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The spaces H,+(M) have a natural global chart, the anti-development map
t
U o) — Hoa T,y =[5 [ DI 5)ds], (1.2.4)
0

where Hy, (T, M) is the space of H' paths 7 in T, M with (0) = 0. Its inverse, the rolling
map, rolls paths in T, M onto M. The concept apparently goes back to Elie Cartan; A
fun depiction of Cartan applying it to a manifold can be found in [Dri04, Figure 11].

We will not put a Riemannian metric on H'([0, ], M) itself; however, on H,.;(M) we will
always consider the Riemannian metric

(XY ) = /0 (V. X (s), V.Y (s)) ds, (1.2.5)

which turns out to be particularly well-suited for path space analysis. Any vector field X
along v with vanishing derivative must be parallel, hence zero since X (0) = 0. Therefore,
this metric is non-degenerate on H,..(M).

The idea of time-slicing approximation of path integrals is to replace the infinite-dimen-
sional path spaces introduced above by finite-dimensional path spaces, which will be
defined now. These will be certain submanifolds of the infinite-dimensional versions.

Notation 1.2.4 (Partitions). We denote by 7 = {0 = 10 < 7y < --- < 7y =t} a
partition of the interval [0,t]. By

AT i=T; —Tj_q, and || = max AT (1.2.6)

we denote the increment and the mesh, respectively. Throughout this thesis, we will
usually write N for the length of the partition, which may depend on the partition,
N = N(7). We suppress this dependence for the sake of notational simplicity.

Notation 1.2.5 (Finite-dimensional Approximations). For a partition 7 = {0 =
To <1 < -+ <7y =t} of the interval [0, ], we write

Hyr (M) :={~y € Hyy(M) | V|ir,_ .+, is & geodesic for each j =1,...,N}.

This is a finite-dimensional submanifold of H,(M), because anti-development map de-
fined in (|1.2.4]) sends them to the subspace of polygon paths in T, M that start at zero.
To see this, notice that for s € (7;_1, ),

L Ue(s) = Ll 40s) = Vi) = 0.

because 7|
(71,751
The tangent space at v € H,..(M) is the space of piece-wise Jacobi fields along v, i.e. the
space of continuous vector fields X such that

VIX(t) = R(3(5), X (s))4(s) (1.2.7

y is a geodesic. Hence U(7y)(s) is a straight line in 7, M on the interval

15T

holds on the intervals (7,_1, 7;), R being the Riemannian curvature tensor of M (see Prop.
4.4 in [AD99)).
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Remark 1.2.6 (Approximation Property). The finite-dimensional approximations
exhaust H,..(M) in the sense that the union of H,.,(M) over all partitions 7 of [0,¢] is
dense in H,;(M). This can be seen by showing that the spaces H,..(T,M) are dense in
H,, (T, M) just as in Step 1 of the proof of Lemma[3.2.10and then using the development
map UL

For any partition 7, the spaces H,.,(M) carry the induced submanifold metric (|1.2.5]).
However, it seems that the discretized H' metric

(X, Y)em = (VX(rjo14), VY (rj1+)) A7 (1.2.8)

J=1

is more natural to consider on the spaces H,..(M), as it gives cleaner formulas for ap-
proximation. Here VX (7,_1+) denotes the right-sided derivative of X.

1.2.2 Path Integral Formulas for the Heat Operator

In this section, we give an overview over previous results regarding the approximation
of heat operators e~ ' by integrals over the finite-dimensional path spaces H, (M), for
partitions 7 of the interval [0,¢]. Here L is a self-adjoint Laplace type operator, acting
on sections of a metric vector bundle V over M, where we assume M to be a closed
Riemannian manifold of dimension n. The case that M has a boundary will be considered
in the next section.

Such an approximation is usually called time-slicing approximation in the physics lit-
erature, because the time interval is sliced up into small bits by the partition. In the
mathematical literature, the term finite-dimensional approximation seems to be more com-
mon, which refers to the fact that the (non-existent) integral over the infinite-dimensional

Hilbert manifold H,(M) is approximated by an integral over the finite-dimensional mani-
folds H,..(M) (in fact, they have dimension n/V).

The following theorem was proved by [BP10], and previously (in the case that L = A,
the Laplace-Beltrami operator) in [AD99].

Theorem 1.2.7 (The Heat Operator as a Path Integral). Let L be a self-adjoint
Laplace type operator, acting on sections of a metric vector bundle V over a compact
Riemannian manifold. Let P(7) be the path-ordered exponential determined by L as in

Def.|1.1.15. Then for any u € C°(M,V), we have

e_tLu(x) = lim e_E(7)/273(7)_1u(7(t))dE’Hlv,

7120 J i, (M)

uniformly in x, where the limit goes over any sequence of partitions the mesh of which
goes to zero. Here H,..(M) carries the discrete H' metric introduced in (1.2.8) and he
slash over the integral sign denotes divison by (4m)3m(Her(M))/2

We will see later that this result is also true for v € LP(M,V), 1 < p < oo (where the
convergence holds in the respective space).
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One can show (see [AD99, Thm. 4.8|) that the anti-development map U : H,..(M) —
Ho..(T, M) is measure preserving if H,..(M) carries the discrete H' metric. Furthermore,

one has E(vy) = 1||U(7)||% g so that for any integrable function F on H,, (M),

(47r)—nN/2 / e—E('y)/QF(,Y)dZ—Hl,y _ (47T)—nN/2 / e_”XHQ/‘lF(U_l(X))dE'HlX,
Hm;T(M) HO;T(TmM)

is a standard Gaussian integral over the vector space Hy.,(T,M). Note now that the

normalization constant was chosen such that the integral on the right hand side evaluates

to one in the case u = 1.

Example 1.2.8 (Quantizing Hamiltonian Functions). In the classical mechanics of
point particles, one considers Hamiltonian functions on phase space, which are smooth
functions on the cotangent bundle of a Riemannian manifold M (we assume it to be
compact here). A typical electromagnetic Hamiltonian function is of the form

Wa,p) =p—w@)>+V(z), weM, peT;M (1.2.9)

where w € Q'(M) is a given one-form and V' € C*°(M) is a potential. The corresponding
quantum mechanical Hamiltonian is the Laplace type operator

H=V'V+V

where V = d 4 1w is the connection determined by w. The corresponding time evolution
operator is ¥ which we cannot deal with; however, the "Euclidean" solution operator
e " can be represented by a path integral as follows. It involves the Lagrange function /
associated to the Hamiltonian function A in a natural way. In our example, the Lagrangian

is the smooth function
1
E(x,v):Z\’U\Z—l-w(:v)m—V(x), reM, veT,M

on the tangent bundle of M. Because the term P(y)~! can be computed explicitly for

our particular Laplace type operator, the Hamiltonian operator H, we have

Ep) = ( [
0

see (1.1.13) and (1.2.1)). We obtain the path integral formula

t

(36 +iw ()i - v (v(s)))ds) ,

t

e u(r) = lim exp (/ €(’y(s),i"y(s))ds) u(’y(t))dE'Hlfy,
I71=0 J H,.. (M) 0

where we extended ¢ to a fiber-wise polynomial on TM ® C. Notice the imaginary unit

in the Lagrangian; it is due to the fact that we substituted ¢t — —it in order to be able to

use our results.

Thm. is not true as written if one uses the submanifold metric on H,.,(M) instead
of the discrete H' metric. If one uses this metric instead, one needs a certain correction
term in the integrand, which depends on the curvature of the manifold in a complicated
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way, as proved in [Lim07] (curiously, in the reference, the restriction 0 < K < 3/17n on
the sectional curvature K is made).

Also L? metrics have been considered on the spaces H,.,(M). In this case, one obtains
the result

1
€7tL'LL(.I') = lim _/ efE'(’y)/QJrOzf(;f scal('y(s))dsp(,wflu(,y(t))dfy’
Har (M)

where the constant Z, is a different normalization constant (which in this case depends
on the partition itself, not only on the dimension of the path space) and « is a certain
number. We have o = 1/3 in the case that one takes the discrete L? metric

(X, V)2 = (X(1).Y (1)) Aj7 (1.2.10)

j=1

(see [BPOS] or [AD99]) and a = (2+ v/3)/104/3 in the case that one takes the continuous
L? metric

(X,Y)pe = /0 (X(s),Y(s)) ds (1.2.11)

(see |[Laeld|; in the latter reference, it is assumed that the sectional curvature is non-
negative).

Remark 1.2.9 (Discrete Brownian Motion). Consider a particle a starting at « with
a random initial impulse, which travels along a geodesic until it collides with another
particle. Suppose these collisions happen at positions z; € M and times 7;, and suppose
that they inflict a new impulse on a, which is determined by drawing a random vector
in T,,; M according to the n-dimensional normal distribution with variance 2/A;7. This
means that the mean distance travelled by the particle a in the time interval [7;_;, 7]
is proportional to y/A;7, which is plausible from physical arguments (compare [Ein05,
Section 4]). The space of possible paths for a, given fixed collision times 7;, is then
the path space H,..(M). The probability measure induced on H,..(M) by the above
process is then exactly the measure (47)"N/2e=P0)/ 24%-H'~ where dE‘H17 denotes the
Riemannian volume on H,.,(M) induced by the discrete H'-metric. From this point of
view, the discrete H! metric may indeed be the most natural metric to consider on the
finite-dimensional path spaces.

1.3 The Case with Boundary

If the manifold has a boundary, the key question to derive path integral formulas is to ask
what happens to paths when they hit the boundary of the manifold. The answer to this
is that they should reflect with the angle of reflection equal to the angle of incidence. We
will now consider the space of such paths and discuss how the boundary condition enters
the game. In Section [I.3.3] we will then state and prove a time-slicing approximation
result for solutions of the heat equation on manifolds with boundary, which generalizes

Thm. 2.7
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1.3.1 Reflected Geodesics and the Broken Billiard Flow

Let M be a compact n-dimensional Riemannian manifold with boundary. Denote by
n € C*°(0OM,NOM) the interior unit normal field. We say that a vector v € T M|y
points inward if (v,n) > 0 and we say that it points outward if (v,n) < 0. If v points
neither outward nor inward, then clearly v € TOM.

Notation 1.3.1 (Reflection at the Boundary). Set
Rv:=v—2(v,n)n, v € TM|om (1.3.1)
for the reflection at TOM. We have R € C*°(OM, End(T M |anr))-

Definition 1.3.2 (Reflected Geodesics). A reflected geodesic is a continuous map 7 :
la,b] — M such that

(i) v hits the boundary only at finitely many times a < 01 < g9 < -+ < 0}, < b, k € Np;
(ii) on each of the intervals (a,o01), (01,02), ..., (0k_1,0%), (0%, b), v is a geodesic;
)

(iii) A(o;£) ¢ TOM, where 4(0;%) denotes the right-/left-sided derivative, i.e. vy always
hits the boundary transversally;

iv) we have ¥(0;—) = RYy(o;+) for each 7 = 1,... k, that is, v reflects with the angle
J J Y
of reflection equal to the angle of incidence. (If o3 = a or o, = b, this condition is
empty for j = 1 respectively j = k.)

The requirement (iii) excludes geodesics that "scratch along the boundary", the so-called
grazing rays, which can appear e.g. when M is the exterior of a ball in R"™.

Notation 1.3.3. For v € TM, let T'(v) be the supremum over all times ¢ > 0 such that
a reflected geodesic 7, : [0,t] — M exists with 4, (0+) = v or, if v € T M|y is pointing
outward, with 4,(04+) = Rv). Denote

Q= {v| T(v) >t}

for the set of vectors v such that there exists a reflected geodesic with initial condition v
(respectively Rv) up to a time larger than ¢.

Obviously, we have T'(v) = —oo for v € TOM and T(v) > 0 otherwise. Hence £y =
TM \ TOM. Since restrictions of reflected geodesics are reflected geodesics, we have
furthermore Q, D Qy for t < ¢'.

Remark 1.3.4. We generally do not have the equality Q, = TM \ TOM here, as two
things could go wrong:

(a) We may have limg_;, 3, (s) € TOM.

(b) There may be infinitely many reflections in finite time, i.e. reflection times 0y < 09 <
. converging to a time ty < oo as j — oo.
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In both cases, one cannot continue 7, beyond the time t, (at least not as a reflected
geodesic). In case (a), the "physically reasonable" outcome would be that -+, "glides
along the boundary" for ¢t > T', but this would mean that ~, is a geodesic in M, not in
M (V4y(s) would be proportional to —n).

If M is convex (i.e. the second fundamental form of the boundary points outward every-
where), then (a) cannot happen. Also (b) cannot happen in the case that 9M is smooth
(which is always assumed here) and convex, at least if M is a subset of R?, but there is
an example of a convex M C R? with only C? boundary, where (b) can occur [Hal77]|.
However, to the author’s knowledge, there is no (non-convex) example of a manifold M
with smooth boundary in literature, where (b) happens. The author does not know if (b)
can happen at all.

Lemma 1.3.5. For each t > 0, the set £, is an open set of full measure in T M and for
each x € M, the set (4, := Q, NT, M is an open set of of full measure in T, M.

Proof. That the sets €2, , and €, have full measure is a result from the theory of dynamical
systems and ergodic theory, see for example Chapter 6 of [KFS82|. Furthermore, that the
sets (), , and ), are open is due to the fact that solutions of ordinary differential equations
depend continuously on the initial data. More precisely, one can show by induction on
the number of reflections that for each v € €, there exists a small neighborhood of v
such that for each w in that neighborhood, there exists a reflected geodesic v,, up to time
larger than ¢, and the value 4,,(t) depends continuously on w in this neighborhood. [

Definition 1.3.6 (Broken Billiard Flow). The broken billiard flow is the measurable
map © : R x TM — TM defined as follows. Set ©¢(v) :=v. For ¢t > 0 and v € €, we
set

@t(v> = ;Vv (t)

where v, : [0,t] — M is the maximal reflected geodesic with 4,(04) = v, respectively
Ap(04+) = Rv if v € T'M|gps is outward directed. For v ¢ €, set ©;(v) = v. For negative
times, t < 0, set ©4(v) := —O_(—v).

Remark 1.3.7. If OM = (), this is just the usual geodesic flow on the tangent bundle.

Remark 1.3.8. The broken billiard flow is often considered on the unit sphere bundle
SM instead of on T'M. Because we have

O1(v) = 0[Oy (v/|v]), (1.3.2)

both flows can be obtained from one another.

Because TM \ € is a zero set, for each ¢t € R, the broken billiard map ©, is almost
invertible, in the sense that ©; o ©_; = id except for a zero set. Furthermore, it is well
known [KFS82, Lemma 4] that ©, preserves the volume of T'M, just as the geodesic flow
does on a complete Riemannian manifold without boundary.
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1.3.2 Reflected Path Spaces

Notation 1.3.9. For a partition 7 = {0 =79 < 7y < --- < 7y = t} of the interval [0, ¢]
and x € M \ OM, write

HEN (M) = {v € C°([0,t], M | V|(r,_, ;] is a reflected geodesic and (7;) ¢ OM for 1 < j < N — 1},
for the space of piece-wise reflected geodesics. For x € OM, set

H;ef(M) = {7 € C%[0,t], M | ¥]jr,_, -, is a reflected geodesic and y(7;) ¢ OM for 1 <j < N —1}
We always use the multiplicative representation Zy = {+1,—1}.

If o ¢ OM, then HI(M) is just the space of reflected geodesics. If x € OM, the
elements of H ;ef(M ) carry the additional information of an element € € Z,. Heuristically,
this element encodes whether or not the path reflects at time zero, i.e. whether it starts
inward or it start outward and reflects immediately. This number e will be called the sign
of the path.

We will often just write v instead of (7, €) for elements of H!(M), x € OM (especially
when integrating over this space) and consider « as an ordinary path "with decoration".
However, the additional information on the sign has to be kept in mind.

Definition 1.3.10 (B-path-ordered Exponential). If L = V*V 4 V is a self-adjoint
Laplace type operator with involutive boundary condition B, this determines a B-path-
ordered exponential Pg(y) along paths v € H;?E(M ), for any partition 7 of the interval
[0,¢]. Let o1 < --- < oy be the times in (0,¢) such that v(o;) € IM (i.e. y(s) ¢ OM for
s#0,s#0;,j=1,...,k). Set

PB(P}/) = P(V'[U;@E]) BP(W’[ok,l,ak]) B--- BP(’Y’[Ul,Uﬂ) BP(P)/’[O,CH})A? (133)

where A :=id if x ¢ OM or if z € OM and the sign of v is +1, and A := B if x € OM and
the sign of 7 is —1. That is, we take the usual path-ordered exponential (see Def. [1.1.13)),
but whenever the path + hits the boundary, we use the boundary involution B before
continuing to solve the differential equation . In particular, if V' = 0, we obtain
the B-parallel transport [||b] 5.

Remark 1.3.11 (Multiplicativity). For paths v, 72 with 71 (¢1) = 72(0), we have

Pp(v2)Pr(11) = Pp(11 * 12)

if 41(t1) ¢ OM, similar to the multiplicative property for the usual path-ordered expo-
nential, see Remark [1.1.15

The B-path-ordered exponential can be used to obtain a manifold structure on H % (M).
Notice that on the vector bundle V := T'M, there is a natural boundary operator, namely
B := R, the reflection at TOM. We define the reflected anti-development map

Un()(s) = / IR (w)du.
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Then Ur maps H;‘ff(]\/[ ) to Ho..(T, M), the space of piece-wise polygon paths starting at
zero in T, M. To verify this, we need to show that Ug(y) is a straight line on each of the
intervals [7;_1,7;], j = 1,...,N. This is clear for all times s where y(s) ¢ 0M (by the
same argument as for U). If now y(s) € OM, then

S Ua)(5-) = Bl TR(5-) = (RO Rils+) = 5 Un(0)(s+),

because the two reflections cancel each other. Hence v does not have a kink at s and is
therefore a straight line near s. That Ug is injective is clear for z ¢ OM. On the other
hand, if x € M, then each piece-wise reflected geodesic v starting at x appears twice,
once with negative sign and one with positive sign. But by definition of the reflected anti-
development, we have Ug(7v,+1)(s) = RUg(7y,—1)(s). This shows that U is injective.
Because of Lemma , the image Ur(HLH(M)) C Hy,(T,M) is an open and dense
set of full measure, so that one obtains a manifold structure on H;‘ff(M ) by using Ug as
global chart.

Remark 1.3.12. If M = 0, then Q, = TM for all ¢, and we have HI(M) = H,,,(M).

Notice that for two partitions 7 and 7’ of intervals [0,¢] and [0, ], respectively, if v €
HXM(M) and ' € H;‘E?),T,(M), then the concatenation 7 * 7' (as defined in ((1.1.15])) is
contained in H™ ,(M). This fact is used in the following Lemma.

Z; %7/

Lemma 1.3.13 (A Co-Area Formula). Let 7 = {0 =19 <7 < --- < 7y =t} and
T ={0=71, <71 < - <71\ =1t} be partitions of the interval [0,t] and [0,t']. Then for
any integrable functzon F on H*! (M), we have the co-area formula

xT; T*T

/ dE H1 / / ’Y % ,y/) dE_Hl’Y, dE_Hl’)/,
H;?E* /( Hreﬂ Hrefl

OB

where each of the spaces carries the discrete H'-metric.

Proof. Consider the restriction maps

Tx7!

res : H;eﬂ (M) — H;?E(M), v =Yl

We show that res is a Riemannian submersion, i.e. that for any v %' € H (M), the
linear map
dreS|V*y : TV*V’Hreﬂ (M) — T’YH;?E(M)

z;T*kT!

is an isometry when restricted to the orthogonal complement of its kernel. The kernel of
dres| ., is the set of Jacobi fields that are constant up to time ¢. Therefore, looking at
the formula for the metric, the orthogonal complement of the kernel is the set of
Jacobi fields X such that

Vo X((r%7);214) =0, j=N+1,...,N+N".

Therefore, if X is such a vector field in the orthogonal complement, then

N+N’

X1 = D [VaX (75 7)04)] AT—Z\VX 71 H) 857 = [ X o |5

Jj=1 Jj=1
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so that because dres X = X|[gy, dres is indeed an isometry when restricted to this sub-
space. From the co-area formula, we obtain

_H1 7l 77l
/ F(v)d”w:/ / Fln) &=y d=' s,
e () Hyet (M) Jres—1 ()

ﬂ /
so the proof is finished if we show that the map
exty : Hoypyr (M) — res™(7), Yoy

is an isometry. So let X € T H., ), (M). Then

0 0<s<t
dext, | X)(s) = -
(dexty | X) (s) {X(s—t) t<s<t+t
which implies ||dext, | X||s g1 = || X||s.gr. Thus ext, is indeed an isometry for every
and the lemma follows. 0

1.3.3 Reflecting Path Integrals

We can now give a path integral formula for the heat operator in the case that M is a
compact manifold with boundary.

Theorem 1.3.14 (The Heat Operator as a Reflecting Path Integral). Let L be a
self-adjoint Laplace type operator, acting on sections of a metric vector bundle V over a
compact Riemannian manifold M with boundary, endowed with involutive boundary condi-
tions B. Let Pg(y) denote the B-path-ordered exponential, induced by L as in Def. .
For a partition T ={0 =71y <7 < --- <7y = t}, define

Pru(z) = ]{I o e PPy () u(y (1)) ¥y, (1.3.4)

where the slash over the integral sign denotes divison by (4 )3 Her (M)/2 - Then,

e "y = lim Pu, (1.3.5)

|T|—=0

where the limit goes over any sequence of partitions the mesh of which tends to zero and
the section u is in any of the spaces C*(M,V) or LP(M,V), 1 < p < oo (with convergence
in the respective space).

Remark 1.3.15. Of course, the definition ((1.3.4) makes sense pointwise only for u €
C°(M,V). However, we will show that each operator P, is a bounded operator on
LP(M,V), 1 < p < oo, which extends uniquely to a bounded operator on LP(M,V) (also
denoted by P,), because C°(M, V) is dense in LP(M,V). For a general u € LP(M, V), Pu
is defined by formula almost everywhere.
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Example 1.3.16 (The Laplace-Beltrami Operator). If we have L = A, the Laplace-
Beltrami operator with Dirichlet boundary conditions (i.e. B = —1), then we have
Ps(y) = (1)) where refl(y) denotes the number of reflections, i.e. the number of
times 0 < s < ¢ such that v(s) € M. In this case, we therefore have

e u(z) = lim e PON2 4y (4 (t)) (—1)1 A

IT1=0 J Hzefi ()

If we consider, the Neumann boundary conditions, then B = 1 and Pg(y) = 1, so the
factor (—1)™%( has to be replaced by one.

The proof of Thm.|1.3.14]is based on the following result, which is due to Chernoff [Che8&6].
In the following form, the it can be found in [SYWWO7, Prop. 1] and [BP0S, Thm. 2.§],
where it was already used to approximate the heat semigroup on closed manifolds.

Proposition 1.3.17 (Chernoff). Let (P;)i>o be a family of bounded linear operators on
a Banach space E and assume that P; is a proper family, i.e.

(i) |P]| =1+0(t) ast — 0;
(i1) P, is strongly continuous with Py = id;

(i1i) P, has an infinitesimal generator, meaning that there exists a (possibly unbounded)
closed operator L on E with dense domain dom(L) that generates a strongly contin-
uous semigroup e L and such that

%(Ptu - u) — —Lu

ast — 0 for allu € E of the form u = e *Lv with e > 0 and v € dom(L).

Then we have

lim Pa,;- - Pay-ru = ey,

|7|—=0

for any u € E, where the limit goes over any sequence of partitions T of the interval [0, t]
the mesh of which tends to zero.

We will subsequently prove the following result:
Proposition 1.3.18. Set fort > 0 and u € C°(M, V)
P = Prpu,
where {0 < t} is the trivial partition of the interval [0, t] and the right hand side was defined
m . Furthermore, set Pyu := u. Then P; is a proper family on C°(M,V) with

infinitesimal generator L. Furthermore, P, extends uniquely to a proper family LP(M,V),
1 < p < oo with L as infinitesimal generator.

Using this proposition, we can prove the path integral formula above.
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Proof (of Thm.|1.5.14}). By Prop. [1.3.17, we have
tL

lim Pa,; - Pay-u=¢€ "u,
I71=0
where P, is the proper family from Prop.[I.3.18] We now show by induction on the length
N of the partition that
PAlT"'PANTu:PTU (136)

for any partition 7 and any u € L'(M, V), where P, is defined as in (1.3.4]). This is clear
for N = 1. Suppose that the result is also true for some N > 1. If then 7 = {0 = 15 <
T < --- < Ty =t} is some partition of length N and 7" = {0 =7 <7 <--- <7\ } is a
partition of length N' < N (e.g. N’ = 1), then for x € M \ OM,

P, Pou(z) = (4) "N/ 2/ / LR ) Pal) el () 'y

Hy @y

(d) NN /2/ / FOI P (v ) (v + ) (E+ 1)) dy/dy

“/(i)

_ ][ =202y () (1 —|—t’))d7 = Pru(z),
H /(M)

where we always integrate with the respect to the discrete H! volume. Here we used the
multiplicativity of Pp(7y) (see Remark and additivity E(y) + E(y') = E(y*7/) of
the energy, as well as the co-area formula from Lemma [I.3.13] A similar calculation can
be made in the case © € OM.

This shows that if holds for partitions 7 of length N, then it also holds for partitions
7 of length less or equal than 2N. In total, holds for all partitions. O

The remainder of this section is dedicated to giving a proof of Prop. [I.3.18 This is split
up into several lemmas. We generally assume that we are in the setup of Thm.[1.3.14] i.e.
L is a self-adjoint Laplace type operator with involutive boundary conditions B, acting
on sections of a metric vector bundle V over a compact Riemannian manifold M with

boundary. By Lemmal|l.1.2] we have L = V*V + V for a unique metric connection V on
V and a symmetric endomorphism field V' € C*(M, End(V)).

Lemma 1.3.19. Let o be a bound on the pointwise operator norm of V. Then for the
path-ordered integral Pp(y) determined by L, we have

[Pr(y) 7t < e

where 7 : [a,b] —> M is any absolutely continuous path and | — | denotes the pointwise
operator norm.

Proof. Suppose first that v(s) € M \ OM for s € (0,t). Let Q(s) be the solution to the
ordinary differential equation ((1.1.14)). Then

20Q() S1Q(s)] = T IR()P = 2(Q(5), V.QUs) = ~2(Q(s), V (1()) Q(s)
< 20Q(5)[[V (1) Q)] < 201Q(s)
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hence q

C1Q(s)] < alQ(s)]
From Gronwall’s lemma [Die69, 10.5.1.3], we obtain therefore |Pg(v)~ ! = |Q(¢)| < e™™.
Now if o1 < -+ < gy, are the times in (a,b) that v hits the boundary, we have

P < [Ps (Vo) [|1Ps(Mioron) | [Pe(Himnron) [P (Vo)

< 6(0'1—a)oz—i—(ag—01)a—i—-u—ﬁ—(ak—O'k_l)a-i-(b—ak)oz _ e(b—a)a’

|

where we used that B is a self-adjoint involution, hence an isometry. 0

Throughout the proof, we use the following notation.
Notation 1.3.20. Let z € M, ¢t > 0and v € ,, C T, M.

a) If x € M\ OM, denote by v, € H* M) the unique reflected geodesic with
z;{0<t}
3(0) = v of length ¢.

(b) If x € OM, and v € T;°M = {v | (v,n) > 0} is inward directed, denote by =, :=
(Yo, +1) € H;??O <t}(M ) the unique reflected geodesic with 4, (0) = v and positive sign.

(c) f 2 € OM, and v € T:°M = {v | (v,n) < 0} is outward directed, denote by
Yo = (Y, —1) € H;f?OQ}(M) the unique reflected geodesic with 4,(0) = Rv and
negative sign.

We defined the smooth structure on H;‘f?o <1t}(M ) in such a way that the map

D TxM 2 Qt,:c — Hr??0<t}(M)7 v Yo

T

is a diffeomorphism for any x € M. The differential d®|, assigns to a vector w € T, M
the Jacobi field X, along =, with X,,(0) = 0 and VX, (04+) = w. Therefore

(d®|,w1, dP|,w,) = (X, (04), Xy (0)) t =t (wq, wo)

3-H1

so that ® is a conformal mapping with
|det (d®l,)| = ¢ (1.3.7)

Because |,(s)| = |v]| for all s as v, is a piecewise geodesic and R is an isometry, we obtain

1 [t tlv|?
e A

Therefore, the transformation formula on the map ® yields (using that €, has full
measure in 7, M by Lemma [1.3.5) that

Ptu(x):/ Mgpt(v)P(%)_lu('yv(t))dv (1.3.8)

where we set o, (v) := t"/2(4x)""/2e~"*/4 The function ¢, is a simple Gaussian function,

where the pre-factor just ensures that it integrates to one over T, M.
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Lemma 1.3.21. Let o be a bound on the pointwise operator norm of V. Then for all
u € COM,V) and for any 1 < p < oo, t >0, we have

1Peullzr < e[lullze
where P, is the family of Prop|1.5.18.

Because C°(M, V) is dense in LP(M, V) if p < co, Lemma implies that P, extends
uniquely to a family of bounded operators on LP(M,V) satisfying the same norm bound
for such p. In particular, P, satisfies property (i) of Prop. on each of the spaces
LP(M,V), 1 < p < 0.

In the proof and later, we denote by

T:TM — M

the canonical projection.

Proof. From (1.3.8)) follows the estimate

| Patfloo < sup / o0(0) [Po () Ju(1u() | dv < €lulc,
xeM JT..M

x

where we used that [Pg(v,)"!| < €' for all v by Lemma , and the fact that the
function ¢;(v) integrates to one over T,,M. Hence the operator family (P;);>¢ is uniformly
bounded near zero on C°(M, V).

For 1 < p < oo, we can use Jensen’s inequality on the probability measure ¢,(v)dv to
obtain

| P, < /TM et (V)| P(10) TP lu(yw(t)) [Pdo < etpa/T }7? u(0y(v )|pdv

using the definition of the broken billiard flow. Now remember that the broken billiard
flow preserves the measure on T'M, as well as the norm of vectors, |0;(v)| = |v|, which
implies ¢;(v) = ¢¢(O4(v)) for all s. Hence transforming v — ©_;(v) gives

/ ) |7 u(O:(v)) ['do = /TM%(@_t(v))\w*u(v){pdv = /TMgot(v)}W*u(v)‘pdv

(1.3.9)
— [ Ju@l [ piode = ul,
M TeM

This shows the norm bound in the case p < oco. O
Lemma 1.3.22. Ifu € C°(M,V), then also Pu € C°(M,V), for allt > 0.

Proof. Choose a local trivialization ¢ : U x R" — T'M|y over an open set U C M that
is an isometry in each fiber. Then since p(v) = ¢(¥,v) for each v € R™ and each z € U,

Pule) = [ @d@Pali) (0 do.
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If z; is a sequence in U converging to x € U as j — oo, then 1, v converges to 1,v in
the topology of T'M. Therefore, by the Lebesgue’s theorem of dominated convergence, it
suffices to show that the function

f(t,v) = Pr(r0) u((t))

is uniformly bounded and continuous in v at almost all v € T'M. The function u(v,(t))
is continuous, since u is continuous and 7,(t) depends continuously on v € €, , (because
the solutions of ordinary differential equations depend continuously on the initial data).
For the same reason, Pg(7,) is continuous near all v € Q;, such that either 7(v) ¢ OM
orveT;°M = {v]| (v,n) >0} for z € IM.

It remains to check the case that v € T M = {v | (v,n) < 0} for x € OM. To this
end, let v € TM|sp be outward directed and let v; € TM be a sequence of vectors that
converges to v. Let 0 < oy; < .-+ < op; <t be the times when ~,; hits the boundary
(the number k& of hits stabilizes for j large enough). Then

PB(%J'>1_31 =P, |[0»01,j])_1BP(%j‘[01,j702,j])_lB T
e BP(%JJ' |[Uk—1,j,0'k,j])_lBP(7'Uj|[0'k,j7t])_1

and if 0 = 0y < --- < g, < t are the times when 7, hits the boundary, we have

PB(%J)J;I = BP(’VU“ULUQ})_IB T BP(/VU|[UI¢—17UI€])_1BP<’YU|[Ukzat])_l
Because 0, ; — 0; as j — oo (in particular oy ; — 0), P(7y,]j0,0,,) " converges to the
identity in this limit and hence Pg(y,,)”" converges to Py (). O

Lemma [1.3.22 together with Lemma [1.3.21| shows that P, preserves the space C°(M,V)
and that the family (P;)¢>o satisfies property (i) of Prop. [1.3.17| on this space.

From now on, we assume that we have V' = 0, that is L. = V*V in the decomposition
from Lemma[1.1.2] Then Py(7y) = [7]|]s, the B-parallel transport, so that (1.3.8)) reads

Pa) = [ albulils'w u(©dw)d (1.8.10)

—-1/2

using the definition of the broken billiard flow. Now substituting v — vt=/“, we obtain

Pa) = [ o)l 5 u(@0()de,

where we set p(v) := ¢;(v) and used that ©;(sv) = $O(v) (which follows from (|1.3.2]))
and the fact that 7*u(t=1/20,1/2(v)) = m*u(0,1/2(v)). This suggests defining

Quu(z) = Ppu(z) :/ o)l (e o) de (1.3.11)

for u € C°(M,V). Because Q; is just a rescaling of P;, Q;, t > 0 extends to a uniformly
bounded family of operators just as P,. Notice that (), is actually well defined for all
t € R with @y = id
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Lemma 1.3.23. In the case V = 0, the operator family (Qt)ier (and hence also (Py)i>o0),
is strongly continuous on LP(M,V) for any 1 < p < oo.

Proof. We first show that for each u € C°(M, V) and any = € M, the function ¢ — Q,u(x)
is continuous. For u € C°(M,V), consider the function

f(t,v) = [wllo)z' 7 u(©:(v) = [rllo]s w (7 (1))

fort € R, v € T,M. If for a given ¢ty € R, we have ~,(t) ¢ OM (which is the case for
almost all v), then f(t,v) is clearly continuous in ¢. Therefore ¢(v)f(t,v) — ¢(v)f(to, v)
as t — to for almost all v € T,M. Since p(v)f(t,v) < ||ullwp(v), we also found a
dominating integrable function, hence

Quu(r) = / )t — [ o) 0)de = Quuta)

TeM

as t — to, by the dominated convergence theorem. Furthermore, since v € C°(M,V),
Q:u is uniformly bounded for ¢ in compact subsets of R, by Lemma and we have
Qiu — Qy,u pointwise almost everywhere as ¢t — to, hence also Qu — Q,u in LP, again
by the dominated convergence theorem.

For a general u € LP(M,V), choose a family of continuous sections u;, € C°(M,V) such
that v, — v in LP. Then

1Qiu — QuoullLr < || Qe(u — up)|| e + Qs (ur — u)|[r + [|Qeur — Quourl|Lr-

By the uniform boundedness of the family (Q;);er, one can now choose first k large enough
to make the first two terms as small as one likes and then ¢ close enough to t; to make
the third term arbitrarily small. This shows that Qu — Qi u as t — ty in the general
case, hence (Q¢),er is strongly continuous on LP(M,V), for all 1 < p < co. O

Lemma 1.3.24. In the case V =0, the operator family (Q)ier (and hence also (P;)i>o0),
is strongly continuous on C°(M,V).

Proof. Fixt € R. For any x € M, s € R and u € C°(M, V), we have
|Qeu(z) — Quu(x)| < /T M¢(U)H%IIEJEIU(%@)) = [ 8] u(r(s)) | dv.
Let € > 0 and choose R > 0 so large that

2ull [ ofo)de
Br(0)°

Now because v € C°(M,V) and M is compact, u is uniformly continuous. Therefore,
there exists 0 > 0 such that

IA
STRQ

oll6]5" () — [rlls] 5 u (70 (s <: v)dv B
izt (0) = bl u )| < 5 ([ etona)
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for all v € TM with |v| < R and all s with |t — s| < §. Because

|[ollo)z u (7 (1) = [rollslz u(re(s)) | < 2lulls

as [, ||b]5" is a fiberwise isometry, we obtain in total that
}Q{u(ﬂ?) - qu(z)‘
S/B o ()| [llo) 5 u (v () — [%||8]Blu(%(5))\dv+2Hu\|oo/ (v)
R

BRr(0)c
< -+

=

<e.

DN ™
DO ™

for all z € M, whenever |t — s| < §. The lemma follows. O

Lemma 1.3.25. Let u € C%(M,V), meaning that u is a C? section of V satisfying the
involutive boundary condition given by B. Then for each x € M, the function t — Quu(z)
is C% and we have

Quu(z) = / )Rl V() dv

Yu(z) = / 0D bl5 Vb0 [01(0), O] o

Proof. Set as before

f(t,v) = [ylols 7" u (O (v)).
We first show that given v € T, M, f(t,v) is C*! on the interval [0, T'(v)), where T'(v) is the
maximal life-time of the reflected geodesic v, with 4, (0+) = v (respectively 4,(0+) = Rv
if v € TM|gpr and v is outward directed). Let 0 < oy < 09 < --- < T'(v) be the times in
this interval where ~, hits the boundary (these are finitely many if 7'(v) is finite, but may
be infinitely many otherwise). Then clearly, f(¢,v) is C* on [0,T(v)) \ {01, 09, ...} with

0

2 1,0) = bkl Vouu((t),

62

(1.0) = Bl Vo [010), 04(0)]

Here we used that V;0;(v) = 0, which follows from the fact that ©,(v) is the velocity
vector field of a geodesic. We need to check continuity of the derivatives at the times
;. Decompose 4,(0;+) = w' + won with w’ € Ty, y)0M and wy € R, so that ¥,(0;—) =
w'—wpn. Then because u satisfies the boundary condition, we have u|gy € C*°(OM, W)
and Vyuloy € C(0M, W), hence

Bu(v.(05)) = u(n(o3)),  BVnu(y(0y)) = =Vau(r.(05),

and
BV%(UjH”(’Y@(%’)) = va’u(fyv(aj)) + wUanu(Vv(Uj>)
= Vuwt(7:(07)) — woVau(vs(o;)) (1.3.12)

= V%(Uj—)u(%f(aj))-
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For the second equality, notice that if n : (—¢,e) — OM with 7(0) = w’, then

Vou(n(y) = V| _{u(n(s))} e W,

since u(n(s)) € W for each s and the splitting is parallel by assumption. Hence indeed

BVyu(ys(0;)) = Vwu(ys(0;)). Now by (1.3.12) and the definition of Wl 5!, we
have of

—(05+,9) = 1l 15 Vi, u(10(05)

ot
= 11ll6" 15" BV 00,y u(1(07))
= el 15 T (l0)) = S (05-0)
so that the derivative is indeed continuous.
To check that the derivative of f is Lipschitz, notice that
0 f

Sz (V)| < [IVPullfvl” =: £(v)

so that %(t, v) is uniformly Lipschitz with Lipschitz constant ¢(v). Now because the func-
tion p(v) f(t,v) is C! in ¢ for almost all v, with integrable derivative, we may differentiate
under the integral sign to obtain

Que) = [ o) Gitordo= [ pw)bulila Vaeuln(o) do

For the second derivative, note that we have

1[0 0 0?
lii%g (a—{(t—ke,v) — a—{(t,v)) = a—t“j(t,v)

for almost all v (since for fixed ¢, 7,(t) ¢ OM for almost all v) and
1 /of of
= (2L — L </
L (Haren-Fan)| <
by the considerations before. Hence ¢(v)¢(v) is an integrable dominating function for the
difference quotient, and

tu(z) = lim ©o(v) L (g(t +e,0) — g(t,v)) dv

0 Jpay T e \ Ot ot

1 /0 0
= /ZM p(v) llg(l)g (a—{(t +e,0) — a—{(t,v)) dv
82
o G

where the exchange of integration and taking the limit is justified by the dominated
convergence theorem. Continuity of Q}u(x) in ¢ can be shown just as in the proof of

Lemma [1.3.23] O
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Proof (of Prop. . The proof consists of two steps.

Step 1. Assume that V = 0 so that P, = Qu/2, with Q; given by (1.3.11]). In this case
we already know from the Lemmas [I.3.21] and [I.3.23] respectively Lemma [I.3.24] that P,
satisfies properties (i)-(ii) of Prop. [1.3.17on each of the spaces LP(M, V) with 1 < p < oo
and C°(M, V), so it remains to verify property (iii). To this end, for u € C%(M, V), notice
that

Qyulz) = / )V () =0

since the integrand is an odd function. Therefore, pointwise Taylor expansion yields

Quu(z) = u(x) +/O (t — 8)Qu(z)ds = u(z) + t2/0 (1—s)Q}u(x)ds. (1.3.13)

The Taylor expansion is justified since ¢ — Q,u(z) is C? for all x € M, by Lemma |1.3.25|
Formula (|1.3.13)) implies that for each z € M, we have

%(Pt“(:”)_w ) = /(1—3)%/2 u(z)ds, (1.3.14)

0

so that limit evaluates to

lim — ! (Ptu( ) —u(z)) = /0 (1—s)Qpu(x)ds = %qu(x),

t—0 t

as t — Q}u(x) is continuous. Here we have

Quu(z) = / ©(v)V2ul,[v, v]dv = 2tr V?ul|, = —2Lu(x),
WM

where the second equality is an elementary result for Gaussian integrals. Hence for any
x e M.

hm ! (Ptu( ) —u(z)) = —Lu(z).

Furthermore, one shows s1m11arly to the proof of Lemma that the convergence
here is even uniformly in x, so that this convergence is true in the spaces C°(M,V)
and LP(M,V). By parabolic regularity up to the boundary (which follows e.g. from
Thm. (iii) below), we have e *'v € C¥(M,V) for each v € LP(M,V), so it indeed
satisfies to check this limit for u € C%(M, V). This proves property (iii) in the case that
V =0.

Step 2. For the case that V' # 0, we use the Taylor expansion

PO = bl / Po(rios) "V (1)) 15 ds.

Let P; be defined as in the proposition for the operator L = V*V + V' and write P, for
the operator family corresponding to the operator L := V*V. Then by (1.3.8]), we have
for u € C°(M,V)

Pau(z) = Pau(s // 0P (o) "V (1o()) ol (0 (2) do ds.
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Setting o := ||V||«, Jensen’s inequality and Lemma |1.3.19|imply

p

~ 1/t _
PPl = [ 5[] arPaCulon) V) i u o) doas| o

¢
§t”_1/ aeo‘s/ cpt(v)‘ )‘dedS— ]|t (e — 1)

where in the last step, we used the calculation . This shows that P, — ﬁt converges
to zero in norm as t — 0, hence P, is strongly continuous at zero on L (since ﬁt is, by
Lemma . For the C° case, we similarly find || Pu — Paullco < ate®||ul|co, so P, is
also strongly continuous at zero on C° (by virtue of Lemma . Strong continuity
near ty # 0 can be shown similar as before, by using the fact that the integrand

/0 (0P (elios) "V (30(8)) P51 (0 (8))

depends continuously on ¢ near ty # 0 for almost all v € T, M and has a dominating
integrable function.

It remains to check that P, has the correct infinitesimal generator. From the Taylor
expansion above follows that

%(Ptu(:v) —u(z)) = ! (Ptu u(z))

-3 f / ul0)Pa (o) ™V () 5 (0 (8)) dods

The first term converges to —Lu(z) = —V*Vu(z) uniformly by Step 1, while the sec-
ond term converges uniformly to —Vwu(z), which can be shown similar to the proof of
Lemma This finishes the proof in the general case. O



Chapter 2

The Heat Kernel as a Path Integral

This chapter is dedicated to representing the heat kernel of a Laplace type operator as
a path integral. In order to do this, we need to study of the heat kernel and its short
time asymptotics, which will be discussed in the first Section In this section, we also
introduce convolution approximation of the heat kernel, which will be the key to derive
the path integral formulas from Section [2.2]

If M has a boundary, it is essential to find the right path spaces to obtain path integral
formulas. It turns out that the right step is to consider M as an orbifold. This will be
explained in Section [2.3

2.1 The Heat Kernel and its Asymptotic Expansion

This section is the analytical core of the chapter. We first repeat some general facts
regarding the heat kernel and its short time asymptotic expansion (Subsections and
. Related to this, we introduce the Brownian bridge, a stochastic process associated
to the heat kernel just as the Brownian motion is associated to the heat operator. Finally
in Subsection [2.1.4] we show how to approximate the heat kernel by certain convolutions
of other kernels, which will be the main result enabling us to obtain path integral formulas.

2.1.1 The Heat Kernel of a Riemannian Manifold

Let M be a compact n-dimensional Riemannian manifold, possibly with boundary and
let L be a self-adjoint Laplace type operator with involutive boundary conditions, acting
on sections of a metric vector bundle V over M. As noted before, the heat semigroup e~**
is smoothing for ¢ > 0 and therefore given by a smooth integral kernel,

(e~ (x) = /M PE(z, y)u(y)dy.

This follows from a smooth version of the Schwartz kernel theorem (see Prop. 2.14 in
[BGV04]). pE(z,y) is called the heat kernel. It is a time-dependent smooth section
of the bundle V X V* over M x M, the fiber of which at a point (z,y) € M x M is
V. ® Vy = Hom(V,,V,). In terms of the spectral decomposition (A, ¢x) of L, it is given

by the formula (1.1.4)) above.

37
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There are a few cases where pL(x,y) can be given explicitly. For example on R™, the heat
kernel of the Laplace-Beltrami operator is given by

er(z,y) = (4mt) ™ % exp (—%td(m,yy) : (2.1.1)

where d(z,y) = |z — y| is the Euclidean distance. There are also formulas for the heat
kernel on hyperbolic space [GN98| or spheres [FJW85|, albeit the latter formula is already
much less explicit. Notice that the function makes sense on any complete Rieman-
nian manifold M, if one takes for d(x,y) the Riemannian distance in M. e;(x,y) is then
a smooth function on the set

M > M :={(z,y) € M x M | there exists a unique minimizing (2.12)
geodesic connecting x and y} o

of points that do not lie in the mutual cut locus. e (z,y) will be called the Fuclidean
heat kernel and will play an important role when it comes to approximating general heat
kernels.

The heat kernel has the following properties (see e.g. [BGV04, Chapter 2]).

Theorem 2.1.1 (On the Heat Kernel). Let pX(x,y) be the heat kernel of a self-adjoint
Laplace type operator L endowed with involutive boundary conditions, acting on sections
of a vector bundle V of a compact Riemannian manifold with boundary M. Then the
following s true.

(i) 1imt_>0/ pF(x,y)u(y)dy = u(x) uniformly in x for all u € CO(M,V);
M

(ii) pE(z,y) satisfies the heat equation in any of the two variables when the other is fized;

(iii) pF(x,y) satisfies the boundary condition with respect to both variables;

(iv) we have / e (x, 2)p5 (2, y)dz = pi (2, y).
M

Furthermore, if q(z,y) is any time-dependent section of V X V* which is Ct in the t
variable and C? in the x and y wvariables and satisfies (i) — (iii) above, then q;(x,y) =

pi(z,y).

2.1.2 Near-Diagonal Asymptotics of the Heat Kernel

Let M be a closed Riemannian manifold of dimension n and let L be a self-adjoint Laplace-
type operator, acting on sections of a metric vector bundle V over M. Let pf(x,y) be
the corresponding heat kernel. It is a well-known fact that the heat kernel pZ(z,y) has a
short time asymptotic expansion of the form

- D x,y
i (wy) ~ et(x,y)ztf%, (2.1.3)
Jj=0 ’
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where e;(z,y) is the Euclidean heat kernel introduced in . One way to make the
asymptotic relation precise is as follows: There exist smooth sections ®;(z,y) of
the bundle V X V* defined on M < M such that for any v > n/2, T > 0 and for any
compact subset K C M <1 M, there exists C' > 0 such that

pi(zy) — ez, y Zt" < o (2.1.4)

whenever (z,y) € K and 0 < ¢ < T. This result is proved in [BGV04, Thm. 2.30],
[BGMT1l, IIT.E|, [Ros97, Prop. 3.23|, [Roe98, Thm. 7.15] and many more.

The coefficients ®;(x,y) are uniquely determined as solutions to the recursive transport
equations [BGV04, Thm. 2.26]

with respect to the x variable, subject to the initial condition ®¢(x,z) = id. Here V is
the connection determined by L as in Lemma and

Ayd(z,y)?

1
R(I,y) = §gradw d(‘ray>27 G(Q?,y) = = 4

(2.1.6)

One can show that these equations possess unique solutions ®;, given the initial condition.

Remark 2.1.2 (The Jacobian of the Exponential Map). An important object re-
lated to the heat kernel coefficients is the Jacobian of the exponential map

J(xz,y) = |det(dexp, |4,,0)], (2.1.7)

where 7,, is the unique minimizing geodesic travelling from z to y in time one. J is
well-defined and smooth on all of M > M. J(x,y) has the Taylor expansion

L ¢ (g (0), 3y (0)) + O(d(,)?) (2.1.8)

=1—
J(z,y) 5

near the diagonal in M x M, where ,, denotes the shortest geodesic connecting x to y
in time one (see the proof of Lemma 4.7 in [BP0S]). This function will play an important
role in the course of this thesis; in particular, it will turn out that J has a representation in
terms of the energy functional on the space of paths between x and y (see Corollary.
On manifolds of constant sectional curvature x (where ric = k(n — 1)g), one has in the

case that x > 0 o
e - (ML) 219

see [Hsu02, Example 5.1.2]. In the case that x < 0, sin has to be replaced by sinh.

Example 2.1.3 (The first two Coefficients). The first heat kernel coefficient can be
expressed in terms of the function J(z,y) by

®o(,y) = J(2.y) "Iy lo] (2.1.10)
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where [v,,||5] denotes the parallel transport along ~,,. For the second coefficient, there
is no such expression off the diagonal, but it can be explicitly computed on the diagonal,

namely we have
1
Oy (z, 1) = (éscal(x) — V(x)) Nayllo] ™ (2.1.11)

where scal denotes the scalar curvature and V' denotes the potential determined by the

Laplace type operator L in the respresentation L = V*V + V from Lemma m (see
equation (16) in [BP0S]).

Remark 2.1.4. There are several equivalent ways to write down the transport equations
(2.1.5)), which result in slightly different coefficients. The coefficients ¥; from [BGV04,
Thm. 2.26] are related to ours by ®;(z,y) = j!J(z,y)"Y2V;(z,y), where J is the Jacobian
of the exponential map and the ¥; satisfy

(Vg + )V, = —JV2L{T 720, }

with the convention W_; = 0. In [Roe98, (7.17)] and [Cha84, p. 149|, the equations are
(Ve 4+ G —n/2+j)®; = —L&,_4,

and the resulting coefficients ij compare to our coefficients by ®;(x,y) = j!EI;j(m, Y).

The statement is sufficient to show results related to the heat kernel along the
diagonal, such as Weyl asymptotics, the local Atiyah-Singer index theorem and many
more. For our purposes, this is not enough, however, because we need more information
about the off-diagonal behavior of the heat kernel. In fact, the following much stronger
result is true; a proof is given in Appendix [A]

Theorem 2.1.5 (Strong Heat Kernel Asymptotics). Let pX(z,y) by the heat kernel
of a Laplace type operator L, acting on sections of a metric vector bundle V over a closed
Riemannian manifold M. Let K be a compact subset of M <« M and fix T > 0 and
v,m,l € Ny. Then there exists a constant C' > 0 such that

=0

: < ot 2.1.12
Y Ley(z,y) J! - ( )

for all (z,y) € K and 0 <t <T.

This implies that for any v, we have

L v P
R (ﬂc,y)_zﬂ a({v,y) _0
150 elry) = 7!

in the topological vector space C*(M b1 M,V K V*) (with its Fréchet topology). Hence
we have the complete asymptotic expansion

e,y itjm (2.1.13)

e(,y) = 7
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in O (M »a M, VE V).
Thm. directly implies the result (2.1.4)), by setting m = [ = 0 and multiplying by
e.(x,y); in fact, this way one obtains the following much stronger result.

Corollary 2.1.6. Under the assumptions of Thm. for any T >0, any v,m,l € Ny
and any compact subset K of M v M, there exists a constant C > 0 such that

d : I+m
< Cey(z,y) "™ <@> ,

D (x,
Vivﬁ{pf(az y) — ez, y) ZVJ(T?J)}
=0 ‘

whenever 0 <t <T and (z,y) € K.

Proof. This follows directly from Thm. by pulling out the e;(z,y) term and calcu-
lating its derivatives. 0

Remark 2.1.7. The statement of Thm. is indeed much stronger than (2.1.4). Di-
viding (2.1.4) by ei(x,y), one can only conclude that the remainder is of the order
O(tN+1ed@v)™/4t) "which increases exponentially away from the diagonal as t | 0.

The strong heat kernel asymptotics seem to be somewhat folklore; similar results go back
to Molchanov [Mol75|, Azencott [Aze84|, Watanabe [Wat87] and Ben Arous [Aro8§],
all relying on techniques from stochastic analysis. All these references, however, prove
results that are slightly weaker than Thm. 2.1.5] In Appendix [A] we give a complete
proof, following a proof of Kannai [Kan77| for the scalar case, using purely analytical
methods.

We will also need the following Gaussian estimate from below on the heat kernel of the
Laplace-Beltrami operator p2.

Theorem 2.1.8 (Gaussian lower Bound). For any T > 0, there exist a constant

Y1,7v2 > 0 such that
2
ey(z,y) < RV pR (2 y)

for all x,y € M, whenever 0 <t < T. Here p> is the heat kernel of the Laplace-Beltrami
operator.

Proof. For x,y € M with d(z,y) < R (where R > 0 is any number smaller than the
injectivity radius), this follows from the heat kernel asymptotics, Corollary . Namely,
the zeroth heat kernel coefficient is given by ®o(z,y) = J(z,y) /2 (see (2.1.10)), where
J(z,y) is the Jacobian of the exponential map. From its Taylor expansion (2.1.§)), we can
conclude

J(:E,y)_l/Q < 67211(0041)27

so that the result follows for near points x,y. For general points x,y, the result follows if
we can find a constant C' > 0 such that

ez, y) < Cp2(x,y)

for all z,y € M. Such a constant is well known to exist (see e.g. Corollary 5.3.5 in
[Hsu02]). O
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2.1.3 Brownian Bridge

Just as the Brownian motion is naturally associated to the solution operator of the
Laplace-Beltrami operator, the stochastic process that belongs to the heat kernel p2(z, y)
is the Brownian bridge, a process that travels from the point x to the y in a fixed time .
For more details on the Brownian bridge, see e.g. [Hsu90] or [Hsu02, Section 5.4]|.

Again, let M be a closed Riemannian manifold or R™. Given two points x,y € M and a
time ¢ > 0, we can consider the conditioned process X% defined on the interval I = [0, ¢].
It can be defined to be the unique process satisfying

N
Hj:l pfj*Tj—l ('Tj*h xj)

pi(z,y)

dl‘l cee dl’N_l

E[f(Xfly;ta"'vagfl)] = f(xla"me—l)
[

(2.1.14)
for all measurable functions f on M X --- x M (N — 1 factors) and partitions 7 of the
interval [0, ¢] [Hsu02, Section 5.4] (in the above formula, we used the convention xy = =,
xy = y). This implies that it has the inhomogeneous transition density

psAlfso (ZO7 Zl)pﬁsl (Zla y)
ptA—so <207 y)
Indeed, if in formula ((1.1.10)), one replaces the kernels p-. . (z;_1,7;) by ¢r,_, -, (71, 2;),

one obtains ([2.1.14]). Similar to the above, its law then descends to a Borel measure W%+
on the space

QSo,sl(ZOa Zl) = R 0< Sop < 81 < t.

Coya(M) = {v € C([0,4], M) | 4(0) = z,7(t) = y}.

Definition 2.1.9 (Brownian Bridge). The process X% is called Brownian Bridge.
The corresponding law W#¥*, which is a probability measure on Cy,.:(M), is called Brow-
nian bridge measure or conditional Wiener measure.

Remark 2.1.10. In the construction of Brownian motion from Section [1.1.3] one can
replace the heat kernel p of the operator A by the transition density of the operator
A + 0z, where Z is some (possibly time-dependent) vector field on M. Brownian bridge
can be understood in this manner. Namely, one can show (see Thm. 5.4.4 in [Hsu02|)
that the Brownian bridge X% is in fact just a Brownian motion starting at x with
time-dependent drift
Z(s,z) := grad, log p;_s(z,y)

and that the kernel g, s, (20, 21) is exactly the transition density corresponding to this
situation. As can be seen from Thm. 2.1.5] the drift becomes singular as s approaches t,
which explains the finite life-time of the process.

For the Brownian Bridge, the Feynman-Kac formula takes the form
pE(,y) = pi (w0, )E [ P(x2) | (2.1.15)

using the stochastic parallel transport (see Section [1.1.3)). This result can be obtained
from the usual Feynman-Kac formula (Thm. [1.1.16) by the "co-area formula" for the
Wiener measure, see e.g. Lemma 2.24 in [BP11].
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2.1.4 Convolution Approximation of the Heat Kernel

This section is the analytical core of the thesis. We first prove a general result which
allows to compare certain integral kernels. Throughout this section, let M be a closed
Riemannian manifold of dimension n and let V be a metric vector bundle over M. We
define the convolution of integral kernels as follows.

Notation 2.1.11. Let k,¢ € L>®(M x M,V K V*) be two bounded kernels. We define
their convolution by

(o )(w9) = [ Ko, 2)e(z.0)ds
M
Then k* ¢ € L>®(M x M,V X V*) is again a kernel.

Using this, we can formulate the following theorem.

Theorem 2.1.12 (Convolution Approximation). Let k;, ¢, € L>®°(M x M,V K V*)
be two time-dependent kernels. Let T, R > 0 be constants. Suppose that for all0 <t <T
and all x,y € M, we have

(@, )|, K, y)| < et d@0 bR (2 y) (2.1.16)

for constants 1,72 > 0 and suppose furthermore that for all0 <t < T and all z,y € M
with d(x,y) < R, we have

ke (,y) = b, )| < e t9d(w, y) 7 pp(,y) (2.1.17)

J=1

for constants c,v,aq, ..., qm, PB1, ..., Bm = 0 such that o; + 3;/2 > 1+ v for each i. Then
there exist constants C,0 > 0 such that for each partition T ={0 =79 <7 < -+ < Tn =
t} of intervals [0,t] with 0 <t < T and |7| < dt, we have

‘k-AlT X oo *kANT _KAN_ ¥ oo *KANT| < Ctl—B/Q ’T|l/ptA

uniformly on M x M. Here, 8 := maxi<i<, 3 and p® denotes the heat kernel of the
Laplace-Beltrami operator on M.

Remark 2.1.13. In particular, if one of the kernels (say, ¢;) satisfies the Markhov prop-
erty ¢, x {y = U4, then la,; * -+ % ar = £, so that from Thm. 2.1.12| follows

lim kAlr*"'*k'ANT Igt, (2118)

|T|—=0

where the limit goes over any sequence of partitions such that |7| — 0. However, the
statement of the theorem is much stronger in the sense that one simultaneously keeps
track of the error of this approximation.

Remark 2.1.14. Thm.[2.1.12]is related to a result by Bér (Prop. 1 in [Bar12]), where two
kernels k; and ¢, are called heat-related if they satisfy an estimate similar to (2.1.17]). The
condition of Bér is weaker than the condition here (i.e. two kernels satisfying (2.1.17)) are
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automatically heat-related, but not vice versa), and therefore, Bar’s result is applicable
to more general pairs of kernels. However, it turns out that all kernels relevant for our
purposes also satisfy the stronger assumptions of Thm. 2.1.12] above, which makes it
possible to obtain a stronger result as well (the statement of Prop. 1 in [Barl2] is that
the limit holds, but does not contain an error estimate).

For the proof of Thm. [2.1.12] we need the following lemma, or rather a corollary of it,
which roughly says that it is exponentially unlikely for a Brownian Bridge path to move
far in short times.

Lemma 2.1.15. Set for R >0 and 0 < s < s; <t

AL = {y € C([0,1], M) | d(v(s0),7(s1)) > R}. (2.1.19)

Then for any 0 < € < 1 and T > 0, there exist constants C,6 > 0 such that for all
x,y € M, we have

R2
) < Ce 4(51 50)

whenever 0 < 5o < 57 <t < T and s, — sg < t6. Here, W*%t is the Wiener measure
associated to the Brownian bridge on M.

X(T):{O r<R

W:}cyt(AR

80,51;t

Proof. Set

1 »>R

and let p® be the heat kernel of the Laplace-Beltrami operator. By Thm. and
Corollary 15.15 in [Gri09], there exist constants C7,Cy > 0 such that for all 0 <t < T
and all z,y € M, we have

d(z.y)?

Cwﬂ2”4*<m@yqu”—fv: (2.1.20)

Using this, we obtain

. 1
ny’t(Ag,sl;t) = m/ / psAO<x7ZO)psA1—so<207Zl>ptA—51<Zlay)X(d(ZO:Zl))dZOdzl
t

C _ z z)
< Calsi—s0)™" 31 So //6 5058 (, 20)p (21, 9)x (d(20, 21) ) dzodzs.

Now set for any & with 0 < &’ < e

R2

0= am (M

(2.1.21)

Then on the set where x(d(zo,21)) # 0, i.e. d(20,21) > R, we have whenever s; — sy < ¢
the estimate

d(z()’ 21)2 d(x7y)2 R2 d(l‘, y)25 _ R2 ! RQd(ZL‘, y>2

A(s1—s0) At = 4(si—s0)  A(s1—s0)  4(s1—s0) - 4(s1 — so)diam(M)?
> (1- 5f)4(R—.

S1 — So)
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Hence under this restriction on s; — s and using that the function p2(z, —) integrates to
one for each x € M, as well as (2.1.20)), we have for each 0 < ¢ < T that

z Co(s1—50)™" _(1—e
west (Al st) < We 0= - pso , 20)pi s, (21, y)dzod 2y
t TL/2 7‘1(1 y)
< Cy(s1—50)™" o) 50>T”/2—
P (2, y)
’ 2 2
S 03(51 — 80)_n6_(1_8 )4(Sf—50) < 046_(1_6)ﬁ7
if the constants C'3, Cy are chosen appropriately. O

The following result is a consequence of Lemma [2.1.15] and states that it is also expo-
nentially unlikely for a path to travel a large distance on some subinterval of a given
partition.

Corollary 2.1.16. Fiz R > 0. Givent > 0 and a partition T = {0 =179 <13 < -+ <
T~ =t} of the interval [0,1], set

= {7 € Copue(M) |Vj=1,...,N : d(v(15-1),7(73)) < R}.
Then for any T > 0 and any 0 < € < 1, there exist constants C,§ > 0 such that

R2
4

Wt ({y ¢ BE}) < Ce” i

for all z,y € M and all partitions T of intervals [0,t] with 0 <t <T and |7| < td. Here,
W%t denotes any Brownian bridge measure with drift on M.

Proof. From Lemma [2.1.15|above follows that there exist constants C1,d, &’ > 0 such that

R2

Wevt(AR ) < Cre” =g

50,515t

whenever 0 < 55 < s1 <t < T and s; — sp < td. Now notice that the complement of the
set B is exactly the union of the sets AT .m0 because if a path is not in B it must
travel a distance greater than R in at least one of the subintervals [Tj—1,7;]. Hence

N

N 2
W ({y ¢ By, }) = W ( LI ) < zww (45 ) < e A
j=1

j=1
Now choose 0 < ¢ < & and C, so large that Cle_(l_e R /4s (O, ge=(1=e)R*/4s for q]]
0 < s <¢T. Then

N —(1—a)R—'2 N _(1_5/)R72 Rr?
che T <O ZAje BT < C2Te—(1—e)m7

Jj=1 J=1

whenever |7| < 6t < §T', where in the last step, we used Holder’s inequality. O
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For the proof, we also need two other estimates, Lemma and Lemma [B.2.6, which
were divested to the appendix. However, going through the proof of Thm. [2.1.12] shows
that these latter results are not needed in the particular case that v, = g, = --- = 3, = 0.
This "baby version" of Thm. is enough to prove most of the thesis; the full version
of Thm. is needed only for Thm. 2.2.7 In particular, Chapter [3.1] is independent
from the results of Appendix B.

Proof (of Thm. . Throughout the proof, write A; := A;7 for abbreviation.
Step 1. We first show that we may assume without loss of generality that (2.1.17]) holds
everywhere on M and not only on the set of those points =,y € M with d(z,y) < R.

Namely, set
1 ifd(x,y) <R
x,y) = .
x(@y) {O otherwise.

Then the kernels yk; and x/; satisfy (2.1.16]) and (2.1.17)) for all x,y € M and we have

‘kAlr *oeew *kANT _EAN' *oeen *EANT| S‘kA1T *oeen *kANT _XkA1T *oee *XkANT|
+ ‘XkAlT e *XkANT - XgAl’T ook XKAN’T‘
+ ‘XgAlT *oee *XKANT _EAlr* *EANT"

Now for the first term on the right hand side, we have using ([2.1.16|)

|(kagr - % kayr) (2, 9) = (xkayr * - % Xkayr) (2,9)]

/ / <1—Hx Tj_1,T; ) H|kAj(xj,1,xj)‘dx1---de,l
/ / (1 _ HX Ti_1,T; > He’YlAj'f"YQd(ij—l,xj)Qpﬁj (zj_1,25)dry - dzy_g.

7=1

Using the definition of the Brownian bridge, this equals

N N
(1_HX Xfyi,X"”yt > exp (V2Zd X;’J_Cyl‘i’Xxyt) )]
j=1 j=1

eMpp(z,y)E

1/2

N 1/2
E |exp (2’}/2261 ijyi,X’”yt) )] ,
j=1

where we used Holder’s inequality and set Cy := e”7'. The second expectation value can
be estimated by a universal constant using Lemma [B.2.6] Regarding the first expectation
value, notice that the product over the (X7, X7%*) is equal to one if d(X7¥%, X7¥') < R
for all j and zero otherwise. Hence we have

N 2
SCOptA(x>y)E (1_HX X%yi7Xxyt))
j=1

N 2
(1 — [ [t xzvty? ) = W ({y ¢ Bf}) < Cre~/I"|
j=1
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for some O} > 0 independent of z, y and ¢t < T, where BE is defined in Corollary [2.1.16
and the estimate is precisely the statement of that corollary. In total,

|(Fayr* - kayr) (@,y) — (Xkayr * - % Xkayr) (@,y)| < Coe™/7pP (2, y)

for some consant Cy > 0. The difference |xla,r * - * xlayr — la,r * - % {ay-| can be
estimated exactly the same way. Finally, notice that for any v > 1, we have

6—5/\T| S 03’7_‘11—&-1 S Cgt’T‘V S CBTB/2tl—5/2‘T|V

for some constant C3 > 0 whenever |7| < ¢ < T. This shows that the statement of the
theorem holds for k; and ¢; if it holds for yk; and x/;; hence we may assume that
holds for all (z,y) € M x M.

Step 2. Following Step 1, assume without loss of generality that holds for all
(x,y) € M x M. With the telescoping sum identity

CL1"'CLN—b1 bN = Zal e 1 b‘)bj+1"'bN, (2122)

we obtain

N
‘kA1*"'*kAN_€A1*"'*£AN| SZ‘kA1|*'”*|kAj—1‘*}kAj_gAj‘*‘gAjJrl‘*"'*VAN‘
J=1

N
<3 et ) (S agng, )

j=1

. 2
" (671Ag+1+72d pﬁ K.k (€'YIAN+'YNd pﬁN)

1)

using ([2.1.16|) respectively (|2.1.17)) for each factor. The latter term may be expressed in
terms of the Brownian bridge; namely, at (z,y) € M x M, it equals

N m
Ce’Ylt A ZZA%E Xfyi’Xxyt /31 exp (,.)/2 Zd Xj_cky tleacyt) )]
7j=1 i=1 k#£j
N m 1/2
<ortibten 33 o et ] [ (2 vt x|
7j=1 =1
N m A Bi/2
1t a5 J

using first the Cauchy-Schwarz inequality and then Lemma and Lemma [B.2.6] In
total,

kAl*...*kAN_gA *éAN‘<C4p Zt 52/22A01+61/2<CpAZt1 ,81/2’7_|l/
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Here in the last step, we used

N N N
S AT LS AN < i 3

J=1 Jj=1 Jj=1

ai+Bi/2=1y < 06t|7'|V

since v < a; + 3;/2 — 1. The theorem follows. O

If we set £; = pF in Thm. [2.1.12, where pF is the heat kernel of a self-adjoint Laplace type
operator, we can use the Markhov property to obtain

_ L L _ L
EAlT*“'*éAN’T_pAlT*'..*pANT_pt'

This way, one obtains an approximation of the heat kernel pf by a convolution product
kn,r*---*xka,,. For example, one can take for k; the approximate heat kernel e, defined
for v € Ny by

e/ (z,y) = x(d(z,y))ei(z,y) thW' (2.1.23)

Here, x is a smooth cutoff function, satisfying y(r) = 1 for r < R/2 and x(r) = 0 for
r > R, where R satisfies 0 < R < inj(M). Then €} is a smooth time-dependent kernel.
Using Thm. [2.1.12] for this kernel gives the following result.

Corollary 2.1.17 (Heat Kernel as a Convolution I). Let L be a self-adjoint Laplace
type operator, acting on sections of a metric vector bundle V over a closed Riemannian
manifold M and let pL be the associated heat kernel. Then for each v € Ny and each
T > 0, there exist constants C;d > 0 such that

[ = ek ehy| < CHITIPE

uniformly on M x M for each partition T of the interval [0,t] such that || < 0t and each
0 <t <T. Here, p> is the heat kernel of the Laplace-Beltrami operator on M.

Proof. The estimate (2.1.16)) for pl is just the Hess-Schrader-Uhlenbrock estimate

ot (2, 9)| < epi(z,y)

(see [HSURQ]) and for e¥, the estimate |e/| < eM+@2pd is automatic using the Gaus-

sian lower bound in Thm. 2.1.8 To verify (2.1.17), notice that by Corollary and
Thm. 2.1.8, we have

[P ) = e (e, 9)| < et e, y) < ot PP, y), (2.1.24)

uniformly for (z,y) in compact subsets of M 1 M and 0 < ¢t < T. Hence we can apply
Thm. 2.1.12| with m =1, a; = v+ 1 and f; = 0. 0

Remark 2.1.18. In contrast to the near-diagonal short time estimates from Thm. [2.1.5]
Corollary[2.1.17|shows how one can approximate heat kernels pZ arbitrarily well uniformly
on all of M x M, not only on M > M.
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Remark 2.1.19 (The geometric Meaning of d). The proof of Lemma [2.1.15| shows
that in Corollary [2.1.17] one can take any ¢ satisfying

0<d< (%)2

Then if 7 is a partition of [0,¢] satisfying |7| < dt, the approximation result of Corol-
lary applies. In particular, the number N of subintervals that the interval [0, ¢ is
divided into by a sufficiently fine partition 7 needs to satisfy N > 1/§. For example, for
M = S™ where inj(M) = diam(M ), it suffices to choose d < 1, so that one can get away
with N = 2, i.e. it suffices to subdivide the time interval into two pieces.

Corollary above shows how the heat kernel pf can be approximated by the convo-
lution product e} , * ---* ey . of approximate heat kernels ef. The approximate heat
kernels are built of the Euclidean heat kernel e;(z,y) and the heat kernel coefficients
®;(x,y) as correction terms, which are solutions to certain differential equations. While
one can theoretically compute these at the diagonal x = y (which gets immensely compli-
cated for large j), it is usually not possible to give explicit formulas for ®; away from the
diagonal, even for ®;. Therefore, it may be desirable to obtain an approximation result
depending in an explicit way on quantities such as curvature as well as the connection and
the potential determined by the decomposition L = V*V 4+ V from Lemma [[.1.2] This
can be done, but one has to pay the price of loosing higher order uniformity in ¢, which
will be a problem when we are going to take asymptotic expansions in Chapter [3.1

Corollary 2.1.20 (Heat Kernel as a Convolution II). Let M and let L be a self-
adjoint Laplace type operator, acting on sections of a metric vector bundle V over M. Let
pk be the heat kernel of L and define the kernel e by

ek (z,y) == ey(x,y) exp <éseal(:c) + %rie(%y(O), ”'yxy(O))) P (Yayst) "

for (z,y) € M pa M, where vy, is the unique minimizing geodesic connecting x to y
in time t, Yuy = Yay1 and P(7y) is the path-ordered exponential determined by L (see
Def. . Then for each T' > 0, there exist constants C,d > 0 such that

1/2
_
Ipf (2, y) — (eX,, %+ % eX ) (z,y)] < C (|7|> P (x,y)

for all z,y € M, for each partition T of the interval [0,t] such that |T| < 0t and each
0<t<T.

Remark 2.1.21. The formula for ef(x,y) is only defined for (z,y) € M > M. Because
the complement M x M \ M <1 M is a set of measure zero, e” extends to a well-defined
L function on all of M x M, which is not continuous in general.

Proof. Again, this is an application of Thm. [2.1.12] The estimates (2.1.16|) can be shown

as in the proof above, so we only need to verify (2.1.17). By Corollary [2.1.6) for 7" > 0
and 0 < R < inj(M) given, we have

pr(@.y) = eula,y) (ol y) + t1(w,y) + OF))
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for all (z,y) € M x M with d(z,y) < R < inj(M) and t < T, where the remainder
is uniform over this set of points. Here ®; and ®; are the zeroth and first heat kernel

coefficients of the heat kernel pL. Using (2.1.10) and the Taylor expansion (2.1.§)), we
obtain

.. .
o(w, y) = 14 T5ric(Tay(0), 42y (0)) + O(d(x,y)")
while from (2.1.11)), we have

(o) = (gacalle) = Vi) ) b

Put together, we have

M:(

(7, 1) id + Escal(:/E) + iric(f'yxy(()), ’Yzy(o)) — tV(x)) eyl

6 12
+ O(d(z,y)* + td(z, y) + t*),

where the remainder is uniform over the set of points (z,y) € M x M with d(x,y) < R.
Because

P(Yay) ™' = (id - tV(x)) [Nayllo] ™ + O(?),
the function el (z,y)/e:(z, y) has exactly the same expansion for small ¢ and d(z,y). Hence

pr (2, y) — ef (z,y)| < Ceylx, y) (d(z,y)® + td(x, y) + 7).

From Corollary follows that we may replace e;(x,y) by p>(z,y), so (2.1.17) follows.
Setting

=0, =1, =2,
“ 2 s (2.1.25)
51:37 ﬁ2:17 ﬁ3:07
the result follows from Thm. [2.1.12] with m =3, v = 1/2. O

Remark 2.1.22. In a similar fashion, one can show that for any A € R, the same result

holds when the kernel el (x,y) is replaced by the kernel

1—2A
12

e (32 (0), m(o») P(ge) I, y)

where J(x,y) is the Jacobian of the exponential map (2.1.7)). We will later use this result
with A = 1. Compare this to Remark 4.8 and Thm. 5.2 in [BP0S].

t
ef’A(x,y) = ey(x,y) exp <éscal(x) +

The result of Corollary [2.1.20]is nice because it gives a heat kernel approximation involving
only quantities which are explicitly given in terms of curvature of the underlying manifold.
For example, on a manifold of constant sectional curvature «, one has ric = x(n — 1)g
and scal = n(n — 1)k , hence for L = A, the Laplace-Beltrami operator on such a space,
we obtain

e (2, y) = (d4rt) ™ exp (—dﬁty) ML . 1>d(:c,y)2>

so that the heat kernel can be approximated arbitrarily well using repeated convolutions
of this kernel.
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2.2 The Heat Kernel as a Path Integral

In this section, we give path integral formulas for the heat kernel. In Subsection [2.2.1]
we first introduce the relevant path spaces, which will be the path spaces with two fixed
endpoints. Afterwards, in Subsection [2.2.3] we show how to represent the heat kernel of
general self-adjoint Laplace type operators using time-slicing approximation of the heat
kernel. We also give a path integral formula for the trace of the heat operator, which will
be an integral over certain loop spaces.

2.2.1 Pinned Path Spaces and their Approximations

In this section, let M be an n-dimensional complete Riemannian manifold. To approx-
imate the heat kernel of M by a path integral, we need path spaces with two fixed
endpoints.

Notation 2.2.1 (Pinned Path Spaces). We write

Hyy (M) := {7 € H'([0,4], M) | 4(0) = z,7(t) =y}

for the pinned path space with endpoints z and y. In the case t = 1, we also write

Hey (M) := Hyy (M).
Remember from Section that the space H'([0,¢], M) of finite energy paths comes
with an evaluation map

evos: HY([0,8], M) — M x M,  ~v+— (7(0),7(1%)),

which is a submersion. This shows that the spaces H,,,(M) are submanifolds of the
manifold H'([0,t], M), because they can be written as the pre-image of the submanifolds
{(z,y)} € M x M under the evaluation map, Hyy (M) = evy; ({(z,9)}).

H,,.(M) is also a submanifold of H,;(M) and as such inherits a Riemannian metric by
restricting to it the H! metric (1.2.5)).

Finite-dimensional approximation of the spaces H,,.(M) is not quite as straight forward
as in the case of one fixed endpoint. In particular, it is not clear if for a partition 7 and
given points z,y € M, the set of paths v € H,..(M) with v(t) = y is a submanifold
of Hyyt (M), as it is not clear if the endpoint evaluation map is still a submersion when
restricted to the submanifold H,..(M). Therefore, we make the following definition.

Notation 2.2.2 (Finite-dimensional Approximations). For a partition 7 = {0 =
To < T < --- <7y =t} of the interval [0, t], we set

Hepyr (M) = {y € Hyy (M) | V|fr,_, ;) is unique minimizing for each j}

by which we mean that for each v € H,,.-(M) and each j = 1,...,N, 7|,_, - is a
minimizing geodesic between its endpoints with (y(7;-1),v(7;)) € M b M.
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H,,.(M) is a submanifold of H,,.(M), because near points v € H,, (M), it is the
transversal intersection of the submanifolds H,,, (M) and H,..(M) of H,(M): For a
given vector field X € T,H, (M), let Y € T,H,.,(M) be a piece-wise Jacobi field with
Y(t) = X(¢t) (such a vector field Y exists because along unique minimizing geodesics,
boundary value problems for Jacobi fields have a solution). Now X —Y € T, H,, (M)
and X = (X —Y) + Y, hence the intersection is transversal.

Also notice that the T-evaluation map

vyt Hyyr(M) — M x -+ x M, v (y(11),...,7(Tn-1)) (2.2.1)
————
N—1 times
is a smooth embedding with image M > --- < M, i.e. the set of tuples (z1,...,xn_1)

such that (z;_1,2;) € M pa M for each j = 1,..., N (where we set 2 := z,zy = y).
Therefore we have the diffeomorphism

Hoyor (M) A M b1+ - 5 M.

Remark 2.2.3 (Approximation Property). It seems likely that if one takes the union
of the spaces Hy,..(M) over all partitions 7 of [0, ¢], the result will be dense in H,,.(M),
but apparently, there is no easy argument for this (notice that the argument given in
Remark for the spaces with one fixed endpoint does not work in this case). We will
not need such a result. However, later we will prove an "infinitesimal version" of this

statement, Lemma [3.2.10| below.

The tangent space of H,,..(M) at a path 7 is the space of piece-wise Jacobi fields X
with X (0) = X(¢t) = 0. Of course, H,,.-(M) inherits a Riemannian metric, namely the
submanifold metric, from H,,(M). In the case of the spaces H, (M), it turned out
that the discretized metric yielded the simplest path integral formulas and in that
sense that metric was more suitable for the finite-dimensional path spaces. The situation
is similar for the spaces Hyy (M), but it is not completely straight forward what the
discrete analog of the metric should be. Of course, one could just restrict the
discrete metric to the subspace H,,,-(M), but this will not give good path integral
formulas formulas; also the metric obtained this way does not seem natural since it does
not respect the inherent symmetry (i.e. the flip map H,,.,(M) — H,, (M) sending vy
to the path s — (¢ — s) is not an isometry).

In fact, we will not define a discretized metric on H,,..(M), but a good discretized volume
measure. To this end, consider the endpoint evaluation map

evy: Hyy(M) — M, v — (t).

The fibers of this map are exactly the spaces H,,..(M), while at a path v € H, (M) with
v(t) = y the normal space to H,,;(M) is the space of affine-linear vector fields,

Ny Hyyy (M) = {X € T, Hyy (M) | X(s) = s[5 X0, Xo € T, M},
as is easy to verify. For X,Y € N,H,,+(M), we therefore have

(deve|, X, devi], Y) = (X (£), Y (1)) = t(X,Y ), (2.2.2)
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so that ev, is a Riemannian submersion up to a conformal factor. Formally using the
co-area formula, this would mean that integrals over H,..(M) can be written as a double
integral over M and H,,(M) in a particularly simple form (which doesn’t make sense
because the integrands are infinite-dimensional). For the finite-dimensional path spaces
however, this can be turned into a sensible condition for a measure on H,,..(M), namely
we require that

/HI;T(M)f(W( 1), y(Tn)) dy =t ”/2/ /H ), (n)) dydy  (2.2.3)

zyT

for all f € CO(MNT1) such that f(x1,...,zy5) = 0 whenever (z;_1,z;) ¢ M 1 M for some
j (where zy = ). Here the additional factor of #~/2 is motivated by the co-area formula:
It is the determinant of dev,|,, restricted to the orthonal complement of its kernel, the
normal space.

To make explicit what means, we use the following Lemma.

Lemma 2.2.4. Denote by H,.(M) C H,.(M) the open subset of paths v where each

segment |, - s minimizing with (y(7;_1),7(7;)) € M > M. Then for all integrable
functions f € CO(MNTL), we have (setting o := x) that

/V ; (M)Jf(w(ﬁ%mﬁ(ﬁ\[))dv N MN [, ) (H J(Ij—1,:ﬁj)(Aﬂ)”/2> dz,

where J is the Jacobian of the exponential map, see Remark[2.1.9

Proof. We calculate the Jacobian determinant of the evaluation map

ev, : Hyr (M) — MY, v +— (Y1) v(7w))-

For any v € H,..(M), we have an isomorphism

Oy Ty Hair (M @ Y(r5-1) X — (VX (104), ., VX (y_1+)).
If €1(s),...,e,(s) is a parallel orthonormal basis along 7, then the vectors e;(7;_1), ¢ =
1,...,n,7=1,..., N form an orthonormal basis of the latter space, while the piecewise

Jacobi fields E;; := ¢(0,...,0,¢;(7;-1),0,...,0) satisfy

0 otherwise.

(7 T Ny
VEij(Th—1+) = {6 (75-1) J

Hence, with a view on the definition of the discrete H! metric, we find

(EZJ)E]CZ S-H! — Z<V E’L] Tm— 1+) \Y% Ekl 7—m 1+ >Am7— 5ik5lej7—

m=1
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so that these vectors form an orthogonal basis (not normalized) of T ,yflx;T(M ) and
—1/2 N 2
| det(,)] = det((Eij, Ekl>2_H1) S | N (2.2.4)

1<GISN-1 =1

We obtain a linear map

N N
deV7.|,y o (b;l : @TW(T]._I)M — @TW(T].)M,
J=1 J=1

which is given with respect to these direct sum decompositions by the lower triangular
matrix

Ayrdexpyly, 0 - 0
deVT|WO¢;1: >X< 0 )
k o e * A]\frde)(l)m]\],l|'UN—1

where we set z; = ¥(7;), v; = §(7;4). Therefore
N
det(dev,|,) = det(dev,|, o ¢ ') det(¢,) = H J(wj_1, ;) (A1)
7j=1

The result follows from the transformation formula. O

This lemma motivates to define the discretized volume d>'~ on H,,.-(M) by setting

/ f(’)/(Tl)v‘"77(TN—1))d2_H17
Hayir (M)

N -1 (2.2.5)
= tn/Z/ f(.%l,...,l'N,1) (H J(:le,:cj)(AjT)"/2) d:lj‘l-..dl'Nfl
MNfl N
j=1
for measurable functions f on MY~! (where as usual we set zy := x, xy = y). By

Lemma [2.2.4] this measure satisfies the co-area formula (2.2.3). We do not know if this
measure is the Riemannian volume measure to some natural Riemannian metric, nor if
one should expect it to be.

2.2.2 The Loop Space and its Approximations

As before, let M be an n-dimensional complete Riemannian manifold. The trace of the
heat operator can be represented by a path integral over the loop space.

Notation 2.2.5 (Loop Space). The infinite-dimensional H' loop space of M is the
Hilbert manifold
Ly(M) == H'(S;, M),

where S} := R/tZ is the circle of length t. We will write L(M) := L(M).
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We will not put a Riemannian metric on L;(M) as it is not clear which one could be the
most natural one; we just remark that the usual H' metric (1.2.5)) may be degenerate,
depending on the Riemannian metric on M.

Notation 2.2.6 (Finite-Dimensional Approximation). For a partition 7 = {0 =
To <1 < -+ <7y =t} of the interval [0, ], we write

L.(M):={y € L(M) | V|jr,_, +,) is a unique minimizing geodesic}
for the finite-dimensional approximation of the loop space.

Similar to before, one can show that this is a submanifold of L;(M). On L.(M), we define
the discretized volume d=*"~ by

/L (M) f(fy(Tl), C.. ”Y(TN))dE'Hlfy
| (2.2.6)

MNf

N -1
(xlr'-;xN) (HJ(a:jl,a:j)(Ajr)”/2> dz; - -dzy
=1

using the convention x( := zp. Using this volume, we have the co-area formula

/ F(y)d= Ty = /2 / / F(y) &> ydz (2.2.7)
LT(M) M Hl‘ac;T(M)

for measurable functions F' on L,(M).

2.2.3 Path Integral Formulas for the Heat Kernel

We are ready to formulate the following result.

Theorem 2.2.7 (Heat Kernel as a Path Integral I). Let pZ be the heat kernel of a
self-adjoint Laplace type operator L, acting on sections of a metric vector bundle YV over a

compact n-dimensional Riemannian manifold M. Let P(vy) be the path-ordered exponential
determined by L as in Def.[1.1.13. Then for each x,y € M and any t > 0, we have

py(z,y) = lim (47rt)_"/2][ e B2 ()1 g5y,
Haysr (M)

|T|—0

where the limit goes over any sequence of partitions T of the interval [0, t] the mesh of which
tend to zero. Here the slash in the integral sign denotes division by (4m)3mHeyir(M))/2,

Remark 2.2.8. One can also show that

1 1 [

pE(z,y) = lim —/ e FO/2 exp <—/ scal(v(s))ds) P(v)_ldE'LQ%
I71—0 ZT Heyir (M) 3 0

where the normalization constant is Z, := (47)"N/2(Ay7) /2 H;V:l(AjT)n and H,,..(M)

carries the discrete L? metric (1.2.10]). This latter result is contained in [B&r12], Thm. 1.

Compare also [BP0S, Thm. 6.1].
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Lemma 2.2.9. For any v € Hyy.r (M), we have

(2.2.8)

N
d(V(Tj—l)ﬁ(Tj))

E(~y) —

() Z AT :
7=1
where E(vy) denotes the energy functional defined in (1.2.1)).
Proof. By definition, each segment 7|i,_, -, is the unique shortest geodesic connecting
v(7j-1) and 7(7;) in time A;7. Therefore, its speed is equal to x=d(y(7;-1),7(7;)). Hence

J

2

2 7'317 '2 Nd Tj—l; Tj
Z/ ds_Z/ N 2( 7)) 4=y (v Ai:( ) o

J=1

Proof (of Thm. . The proof will consist of two steps. In the first step, we write the
path integral over H,,..(M) as an integral over M~ ! to connect it to the results from
Section 2.1.4 This is very elementary. The second step then relies on additional tools
from stochastic analysis that are contained in Appendix [B.I}

Step 1. By Lemma 2.2.9 and by definition of the discrete volume on H,y,.-(M) (see (2.2.5)),

we have

/ e—E('y)/Q Pw)—l dz-Hl7
Hay;r (M)

N d(z;_1,7;)* N o
= tn/Q/ exp (‘Z iziTj > P) (H J(xj—1,xj)(AjT)n/2> dx,
MN-1 jil ¥l j:1
where we set xy := z, xx = y and for x = (21,...,2y_1) € MN=! we wrote 7y for the

path in Hyy.,(M) with v«(7;) = x;. This is well-defined for all xM pa --- pa M, which
is a set of full measure. If 7; : [0,¢;] — M, i = 1,2 are paths with 72(0) = 71(¢1), then
path ordered exponential satisfies P(y; * 72) = P(72)P(71), where v; * 72 denotes the
concatenation of the paths (see Remark [1.1.15]). Therefore

N
,P(PVX)_I = HP(Vl'jflxjiAjT)_l = P(%mm;Arr)_l o ',P(VIN—MN;ANT)_l?
=1

where 7, ,z.:a,7 denotes the unique geodesic connecting z; 1 to x; in time A We
hence find

N M CIR e §  Tar(armadn
YT j=1

where ¢, is the kernel
&, y) = e, y) (2, 9) 7 P (Yay) ™!
Comparing with the kernel e ’A(x, y) from Remark [2.1.22/ for A = 1 | we have

ez, y) = etL’l(:v, y) exp (112rlc(%y(0), %y(O)) - éscal(:z:))
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so that

(47Tt)—n/2 ][ e~ EM/2 7;(7)—1 dz-Hl7
Hay;r (M)

N

1. 1
= /MN_1 exp <Z (EHC(Aﬂx,Aﬂx) 6scal Ti 1) )) HeA L (21, 2;) dx,

j=1

where we set Ajyx = Yx(Tj-1+) AT = Yo, ,4,(0). By Thm. [2.1.20] (or rather by Re-
mark [2.1.22)), the convolution product 62’117 * ook ep, o converges to pF uniformly on M
as |T| — 0. Therefore, it is left to show that we may replace the term

N
L. 1
exp (Z <Er1c(Aﬂx,Aﬂx) — éscal(xj_l)Ajr)> : (2.2.9)

J=1

by one in this limit. This is the content of the next step.

Step 2. For a partition 7 of the interval [0,¢] and v € Cyyi(M), let v7 € Hyyr (M)
be the best piecewise geodesic approrimation of 7, i.e. the piecewise geodesic path with
7" (7j) = 7(7;). This is well defined for W*¥*-almost all paths ~, since the set of paths
such that (vy(7j_1),7(7;)) ¢ M pa M for some j is a zero set. Now for v € Cyyt (M), we
have

5.() —exp( - sanofry 1) ﬂ> L exp (é /O tscal(v(s))ds) — S(7)

in LP(W*t) for any 1 < p < oo as |7| — 0, by Lemma [B.1.4, Now readers familiar
with stochastic analysis will notice that the function S is exactly the exponential of the
quadratic variation of the Brownian motion (see Def. [B.1.1)) and the Brownian bridge,

while the functions N
1 : T T
R.(7) :=exp (E Zrlc(Aﬂ Ay ))

j=1
are exponentials of the approzrimations of the quadratic variation, which converge to the
quadratic variation in probability (see Prop. 3.23 and Prop. 5.18 in [Eme89|). This is the
short explanation why we indeed may replace the term R, S = (2.2.9) by 1. To make
this argument rigorous is a technical matter, which is the content of the remainder of the

proof.
By (2.1.15)), we have the Feynman-Kac formula for the heat kernel

pr(z,y) ZP?(w,y)/ P(y) " AW () (2.2.10)
Czy;t(M)

where P(7) is the stochastic parallel transport. The stochastic parallel transport P()
can be approximated by the path-ordered exponentials P(~7),

lim P(y")' = P(y)~". (2.2.11)

|T|—0
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This result is the content of Prop. 8.15 in [Eme89], and the precise statement is that the
convergence is in measure, with respect to the Brownian bridge measure W,
(This may also serve as a definition of P(7)~! as a measurable function on Coyt(M).)
However, in our case, the convergence is even better: Because the connection
V determined by the self-adjoint operator L is metric, the family P(77)~! is pointwise
uniformly bounded, by Lemma This implies that the limit even holds in
LP(W=¥t) for any 1 < p < oo. In particular, the stochastic parallel transport is a well-
defined LP-function. The convergence can also be seen using the approximation
result Thm. 4.14 in [AD99] on ((1.1.16]) in local charts.

By Step 1, we want to estimate the difference

pr(2,y) = (47rt)‘”/2][ e~ EO)2P() 1 g
H

wysr (M)
N
(H erlT (-1, x])) Ry (%) Sr(7x) ~Hdx
j=1

~ | [Pocy ] - [

MN-1

<1+

where

(1) = (e, ) [E [POX) 1 = PIX]) R (X758, (X7) 7|

and with a constant Cy > 0 such that P(v) < C) for all v € H,,,(M) (which exists by

Lemma [1.3.19)),

R (%) S~ (’YX>71dX

N N
_ L1
IR, 2) = [ [ e (o1, 7))
o o

N
/N X HpATx] 1 %5) He AjT (71, 75)
MN-1 |5 ey

In this estimate, e, (z,y) = e/ (2, )P (Yays) is the kernel from Corollary [2.1.20] for the
Laplace-Beltrami operator A on M and we inserted the term

RT ('YX)ST ('YX)_lan

N
/MN1 P(’yx)_lRT<fYX)ST(7X>_1 Hpﬁﬂ(xj_l, gjj)dx

j=1

- ptA(x, y)E [7)([X.xy;t]r>*IRT(X.xy;t)ST(X.xy;t)—ld}
to use the triangle inequality. For the term (1), we have
(1) < pf(e.y) [ [POX7) 1 = P (X))

sy [E[POX) 7 (1= RS (x|

The first summand converges to zero as |7| — 0 because of (2.2.11)) and the second
summand converges to zero by Lemma and Lemma [B.1.4] so it remains to show
that the term (2) converges to zero as well.
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After choosing some R > 0 with R < inj(M), a similar calculation as in the proof of
Thm. 2.1.12 shows that there exists a constant C; > 0 independent of 7 such that

N 3 N
<y (ZZ (A7) d(xj—1,25) 1) Hpﬁﬂ(:uj_l,xj)

]:1 =1 ]:1

N
Al
Op 7 (Tj-1,75) = pA]r Tj-1, ;)
=1

7j=1

for all (z1,...,2x_1) € MY~! such that d(x;_1,2;) < Rforall j =1,..., N, and where
a;, Bi, i =1,2,3 are as in (2.1.25)) (i.e. oy + 3;/2 > 3/2). On the complement, i.e. on the
set of those tuples (x1,...,2y-1) € MN~! where d(z;_1,%;) > R for some j, we have

N
1 tay azd(xj_1,%; ) A
('Ij—].?x] HpA]T x] 17xj) < 26 He ” ’ ijT(gjj_]-?xj)’

7j=1

employing Thm. Let x, be the indicator function of the set BE c C,, (M) ap-
pearing in Corollary [2.1.16} i.e. x,(v) = L if d(y(7j-1),7(7j)) < Rforall j=1,..., N and
X-(7) = 0 otherwise. Furthermore, we have

N

R (7)S:(7) ! < exp (agt + ay Z d(y(h-1), ’Y(Tk))2> )

k=1

where a3 is a bound on the scalar curvature and a4 a bound on the Ricci curvature.
Putting all these estimates together, we obtain (2) < (2a) + (2b), where

N 3
(2a) = Copi(2,y) > > (Ar)™E

7j=11i=1

XT(X_”Ey?t)d(ijy'i,th exp <a4Zd Xflftl,Xf,f/t >] )

and

(2b) = CBP?(‘%‘7 y)]E

(1= X (X)) exp <<a2 +an) S d(x, X>>] -

J=1

All constants are independent of the partition 7. Using Lemma and Lemma
together with the Holder inequality, we obtain

N 3
(2a) < Cup(w,y ZZt Bl (A r) i tPi2 < CopP(x, 1) (| |)

k=1 i=1

Similarly, Corollary [2.1.16] combined with Lemma [B.2.6] and the Holder inequality gives
(20) < Copy (ar, y)e =V (2.2.12)

for some € > 0. This shows that (2) — 0 as |7| — 0 and finishes the proof. O

Already from Step 1 of the above proof, we obtain the following corollary.
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Corollary 2.2.10 (A uniform Approximation). Let pL be the heat kernel of a self-
adjoint Laplace type operator L, acting on sections of a metric vector bundle V over a
compact n-dimensional Riemannian manifold M. Let P() be the path-ordered exponential
determined by L as in Def.[1.1.18 For a partition T ={0 =17 <7 < -+ < 7y =t} of
some interval [0,t], define the kernel EX(z,y) equal to

N
n _ 1 1 . 1 vt
(4mt) /2]{{ s FO/2 exp (E (680‘&1(7(%))Aﬂ— (45, Aﬂ))) Ply)~ld= ",

) j=1

where Ajy = Y(1j_1+)A;7 and the slash over the integral sign denotes division by
(47 )dimHeyir (M))/2 - Then for any T > 0 there exist constants §,C > 0 such that

1/2
_
oy (2, y) — Ef (z,y)| < C <¥> pi(z,y)

for all x,y € M and all partitions T of intervals [0,t] with t < T such that |T| < dt.

This result is stronger than Thm. in the sense that one has a precise error estimate,
but weaker in the sense that the integrand is more complicated.

While the formula in Thm. is quite simple and explicit, the drawback is that we
have no control over the uniformity of the approximation in ¢. This is problematic when
calculating asymptotic expansions of the path integrals in Chapter Using the kernel
from Corollary we will now derive time-slicing approximations of the heat kernel
which are uniformly in ¢, at the price of a more complicated integrand.

Since we will be taking asymptotic expansions, it will be convenient to have an integration
domain independent of ¢. Therefore, we will formulate the result involving only the path
spaces Hy,.-(M) associated to partitions 7 of the interval [0,1]. This can be arranged
by substitution: Let 7 be a partition of the interval [0,¢] and let 7 be the corresponding
partition of the interval [0,1] (meaning that 7; = ¢7; for every j). Similarly, if v €
H,,.- (M), denote by ¥ € Hy,,.7(M) the path defined by 7(s) := y(st). Then we have

EF) = % /0 i(st) s = ¢ /0 4(s)#2ds = tE(y), (2.2.13)

so e F/2 becomes e~ F()/2t in the path integral formulas. Similarly, the integrals now
have to be normalized through dividing by (47t)d™(Hewir(M))/2 instead of (4 )dim(Heyir (M))/2

Theorem 2.2.11 (Heat Kernel as a Path Integral IT). Let pL be the heat kernel of
a self-adjoint Laplace type operator L, acting on sections of a metric vector bundle V
over a compact n-dimensional Riemannian manifold M. Then for each T > 0 and each
v € Ny, there exist constants C,6 > 0 such that

< Ct 7] pp ()

phley) = (r) " f BT () dy
Hay;r (M)

forallz,y € M, 0 <t <T and all partitions T of the interval [0, 1] with || <. Here the
slash over the integral sign denotes divison by (4mt) 8 HewrMD)/2 and Y (¢, ) are certain
Hom(V,, V,)-valued functions on Hyy.. (M) which are smooth and compactly supported in
v and depend polynomially on t.
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More specifically, the functions Y., from Thm. [2.2.11] are given by the complicated ex-
pression

N .
Yru(t,7) = |det(devy|y)] Hx(d( Y(1j=1),v(75) Zt (A7) n2 2100 O ;) (7)) (2.2.14)
7j=1

involving the heat kernel coefficients ®; of pf and a cutoff function x with x(r) = 1 if
r < R/2 and x(r) =0if r > R, where 0 < R < inj(M). Furthermore, |det(dev,|,)| is the
Jacobian determinant of T-evaluation map

evy t Hyyr (M) — MYy — (y(71), .., y(Tho1)). (2.2.15)

The determinant depends on the chosen metric (or volume measure) on H,,..(M), and
in fact, Thm. [2.2.11] holds for any volume on H,,,(M); the difference then lies in this
determinant, which is explicitly computable only in special cases.

Example 2.2.12 (Jacobian of T-evaluation Map). For some metrics or volumes on
H,,.-(M) (7 being a partition of the interval [0, 1]), the Jacobian determinant | det(dev.|,)|
is computable explicitly. For a curve v € H,,..(M), let e1(s),...,en(s), s € [0,1], be a
parallel orthonormal frame along . Then the vectors

(0,...,ei(r),....0) e PTyryM, 1<i<n, 1<j<N-1

form an orthonormal basis of Tpy (MY ~t. Let E;; € T, H,,.;(M) be the pre-images of
these vectors under the differential of the evaluation map.

1. With respect to the discrete L? metric (1.2.10)), we have

(Eij7 Ekl)Z—LQ = 5ik5lej7—- (2216)
Hence if H,,.,(M) carries the discrete L? metric, the Jacobian determinant is con-
stant,
—1/2 N-1
|det (dev,|,)| = det((E;m-, Elj)E—L2) I<ki<n = szl (A7), (2.2.17)
1<ij<N-1

Note the slight asymmetry here with respect to time inversion, which comes from
the same asymmetry of the discrete L? metric.

2. Directly from the definition of the discrete H' volume measure (2.2.5) on H,,.. (M),
one obtains that in this case,

}det (deVT| Y(7j-1) ))(A T)”/2

||Z2

where J(z,y) is the Jacobian of the exponential map, see ([2.1.7)).
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In Lemma [3.2.9, we calculate |det(dev.|,)| with respect to the continuous H' metric
; however, we only consider the case that v is a minimal geodesic connecting = to
y, and furthermore calculate only the limit of the determinants as |7| — 0. This already
turns out to be quite involved.

Proof (of Thm.|2.2.11)). Let T'> 0 and v € Ny. For a partition 7 of the interval [0, ], let
T=71/t={0=7) <7 <--- <7y = 1} be the associated partition of the interval [0, 1],
i.e. 7; = 7;/t. By Corollary [2.1.17, we have

pe(,y) — EX(z,y)| < Ctlr"pp (x,y) = CEH 7" (2, y),
where EY(z,y) is the convolution product
E:<w7y) = (ez1fr ook eVANT) (l’,y) = (etyAl? oee ok etVANT') (':Ev y)

involving the approximate heat kernel

v

& (2,9) = el (A1) 302 ey )@t ).

7!
i=0

The convolution can be written as an integral over MY~ Theset M > --->a M C MN1
of points (z1,...,2n_1) such that (z;_;,x;) € M > M for each j = 1,..., N (where
Ty = x, Ty = y) is an open set of full measure in MN~1. Hence we may restrict the
integration to this subset. Furthermore, the T-evaluation map ev, is a diffeomorphism
between H,,..(M) and M > --- >x M. Using the transformation formula on this diffeo-
morphism yields

BX(wy) = (m) " [ s (H 2(As71(51). 7(75) ) [det (dev- ).

Hacy;-r(M) =1 (A]T)H/Q

Now consider the rescaling map
St Hyyr( (M) — Hyyz(M), Yy = [s — ’y(st)]
We have ev; = evzo Sy, Aj7 =tA;7 and

O(A75 (1), 7(7) = @(EA;T:7(F5-1),7(7))) (2.2.18)

for each 7 =1,..., N so that, again with the transformation formula,

E:(ilﬁ', y) _ (47Tt)an/2 / efE'(ﬁ)/Zt (ﬂ (I)<tAj7A:7 ;};(%\:j*l)? :Y/(%:J)) ) |det (dev;h) ’d%,

Hyy7 (M) j=1 (Aj7~—)n/2

where we used ([2.2.13) above. This finishes the proof. O
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2.2.4 Path Integral Formulas for the Heat Trace

For the heat trace, Thm. yields the following result.

Theorem 2.2.13 (Heat Trace as a Path Integral I). Let L be a self-adjoint Laplace
type operator, acting on sections of a metric vector bundle V over a closed Riemannian
manifold M. Let P(v) be the path ordered exponential determined by L as in Def.[1.1.15
Then for each t > 0, we have

Tre t = ‘liglo e B2 4r ()71 dE'HI%
T L. (M)

where the limit goes over any sequence of partitions T of the interval [0,t] the mesh of
which tend to zero and the slash in the integral sign denotes division by (47r)dim(LT(M))/2.

Remark 2.2.14. In the case that L = V*V for a metric connection V, i.e. V = 0, we
have tr P(v)~! = tr[y[|{] ' = trhol(y), the trace of the holonomy of the loop 7.

Proof. Tt is well known that the trace of a trace-class operator is given by integrating its
kernel over the diagonal in M x M,

Tre_tL:/ tr pF(z, r)dz. (2.2.19)
M

Let n be the dimension of M. Then the dimension of H,,,(M) is n(N — 1). From
Thm. and the co-area formula (2.2.7) for the discrete H' volume, we therefore
obtain

Tre tF = / lim (47rt)_”/2][ e FO/2 ¢y P(y) tdy A= g
M Hawr (M)

|T]—0

|T|—0

= lim (4m) Y2 [ EOR G p() Tag
L.(M)

|T|—0

This finishes the proof (because dim(L,(M)) = nN/2), if we justify the exchange of
integration and taking the limit |7| — 0. This follows if we show that the integrand

tr Bz, z) = / ¢ B2 1y P ()15 H
zT T(M)

is uniformly bounded. By the calculations from the proof of Thm. [2.2.7] we have

El(x,x) / HeA (51, 2P (Vg yagt) I (@m0, 2) T - day
MN-1

j=1

/ HpA g, @y e dmredem)®
MN-1

=1
N

exp <a22d Xffﬁ,X”t) )
=1

a1t A

= (a2 < Cemityn?
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for some constants ai, as, where we set zy := xy := x and again used several estimates
that we applied earlier in this thesis already, namely Thm. [2.1.8 and the Taylor expansion
in the first step, as well as the estimate on P(7y) (Lemma [1.3.19), Lemma. [B.2.6]
and Thm. in the third step. This provides a uniform bound and the compactness of
the integration domain implies that we may exchange integration and taking the limit.[]

Again, we cannot replace the limit ¢ — 0 with the limit |7| — 0, which is a consider-
able limitation when taking asymptotic expansions. The following result is the analog
of Thm. 2.2.T1} again, we obtain a precise remainder estimate at the cost of a more
complicated integrand.

Theorem 2.2.15 (Heat Trace as a Path Integral II). Let L be a self-adjoint Laplace
type operator, acting on sections of a metric vector bundle V over a closed Riemannian
manifold M of dimension n. Then for each T > 0, v € Ny, there exist constants C,0 > 0
such that

Tre & —][ ( ;eE(V)/Qt tr Yy, (¢, y)dy| < Ctitv=n/2| v
Lo(M

for all0 <t < T and all partitions T of the interval [0, 1] with |T| < &. Here the slash over
the integral sign denotes divison by (47rt)dim(LT(M))/2 and T3, is given by the same formula
as Y, in Thm.[2.2.11 above, but taking the Jacobian determinant of the T-evaluation map

eve : L.(M) — MY, v — (v(10) (1), - -, Y(Tn 1)) (2.2.20)
instead of | det d(ev,|,)]|.
Proof. Let n be the dimension of M so that dim(H,,..(M)) =n(N —1) for all z,y € M.

)
Let T'> 0, v € Ny and let 7 be a partition of the interval [0, 1]. Using (2.2.19) above, we
obtain from Thm. 2.2.11] that

Tre ** — (47t) "N/Q// B2 (¢ ) dyda

The estimate p2(z,z) < Oyt _"/ 2, which follows from Thm. 2.1.5, then implies that the
right hand side can be estimated from above by Cyt!**~"/2|7| for some constant Cj.
Now by the co-area formula,

/ / e E2 ey (¢, y) dyde
M oo (M)

:/( )e—E(V)/QttrTT,V(taf}/)‘det(deV0|NwH7(O)W(O);T(M)>|d"y’
(M

< Cot1+”|7'|”/ pf(m,x)da:,
M

where evg : L, (M) — M, v — ~v(0) = (1) is the evaluation map. Hence it remains
to show that for cach v € Hypir (M), we have T2, (v) = Y1, (7)| det(devo| . u,,., )|, or
equivalently

|det (devsl|,)| = |det(devi|n, m,,. ) ||det(dev-|,)],
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where ev, : Hy.,(M) — MY~ is the evaluation map defined in (2.2.175). However,
with respect to the orthogonal splittings 7L, (M) = T H,p.r (M) & NyHyy,r (M) and
Tevg(v)MN = 7(0)M D TevT(w) MN_l, we have

or _ (devol|n, ... (v 0
devT|A,—< 0 devy), )

whence the result follows. O

2.3 The Case of a Manifold with Boundary

When trying to define the infinite-dimensional versions of the spaces of reflected geodesics,
i.e. spaces of "reflecting paths of finite energy", one encounters considerable problems. To
illustrate these, consider the half space M := {(z,y) € R? | z > 0} and let v = (71,72) €
H1(]0,t],R?). Setting

W(S) — {(71(S>>’Y2(5)) if 71(5) >0
(=71(9),72(s)) if 7 (s) <0,

we associate a path 7 in M to each path v in R?. However, this mapping is not injective:

For example, the path
- (1-15,0) ifs<1
- 2.3.1
e = {(3—10) ifs> 1, (23.1)

defined on [0, 2] has the pre-images 7 and ~(s) := (1 —s,0). Heuristically, if one notices a
particle in M that moving along the trajactory 7 as in (2.3.1]), one might ask whether the
particle reflects at the boundary at time 1, or if it changes direction for some other reason
(e.g. due to collisions with other molecules). Put differently: If the boundary wasn’t there,
would the particle have continued as a straight line or would it have taken the reverse
gear anyway”?

This issue is not relevant for the path integrals over the finite-dimensional spaces H ;?E(M )
because they can only change directions at the times 7;, and the set of paths v with
v(7;) form a zero set. In the infinite-dimensional setup, however, there are no nodes,
so every instance that an absolutely continuous path v hits the boundary is potentially
problematic. Of course, an "integral" over such a set of paths is not defined anyway, but
one also runs into trouble even defining a good manifold structure on this set of paths.

A solution to these problems is to consider the Riemannian manifold with boundary M
as an orbifold. Remember, one class of orbifolds M arises as the quotient of a manifold
M by the action of a finite group (called good orbifolds), and it is exactly this kind of
orbifolds that we need. Namely, given a Riemannian manifold M with boundary, we can
define the double of M as the topological space

M = MH@M M,

that is, two copies of M glued together at the boundary. M comes with a natural Z,-action
that exchanges the two halves, with the quotient M /Zy homeomorphic to M, so that this
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construction gives M the structure of an orbifold in a natural way. This construction is
also intimately related to involutive boundary conditions, as we will explain in the next
section.

Now taking the view that a manifold with boundary is nothing but a certain kind of
orbifold, it seems natural that the appropriate path spaces should be spaces of orbifold
maps from the orbifold [0,¢] (which is a manifold with boundary, hence an orbifold as
argued above — see also Example into the orbifold M. Essentially, what orbifold
paths do is remembering the additional information discussed earlier, namely whether a
path hitting the boundary reflects there or not. The spaces of such maps carry again the
structure of an orbifold. These spaces indeed turn out to be a good notion of path spaces
for path integrals on manifolds with boundary.

To obtain path integral formulas for the heat kernel, we need a certain restriction on the
metric of the manifold M, namely that the Zs,-invariant extension to the double M is
smooth (similar assumptions need to be made on the scalar product of the vector bundle

and the Laplacian L, for details see Assumption below). In particular, this is fulfilled
if M has a metric collar decomposition near the boundary.

This section is organized as follows. First, in Subsection[2.3.1] we give a more detailed con-
struction of the orbifold structure on a Riemannian manifold with boundary and explain
the relation between equivariant vector bundles on the double and involutive boundary
conditions. Then, in Subsection we introduce the relevant path spaces as well as
their finite-dimensional approximations. Finally, in Subsection [2.3.3] we give path inte-
gral formulas for the heat kernel and the heat trace on manifolds with boundary, using
the orbifold path spaces introduced before.

2.3.1 The Double of a Manifold with Boundary

We now give a more detailed construction of the double of a manifold with boundary.
During the course of this thesis, we always take the multiplicative representation Zy :=
{+1, —1}. Elements of Z, will usually be denoted by e.

Construction 2.3.1 (The Double of a Manifold with Boundary). For a compact
M Riemannian manifold with boundary M, set

M= (M x Z)/ ~,

where (z,¢) ~ (2,€) if either (z,¢) = (2/,¢) or if x = 2’ and both lie in M. The
equivalence classes of (z, €) will be denoted by square brackets, [z, €]. We identify M with
the points [z,1] € M. A Zs-action on M is defined by € - [x,¢] := [z, €¢]. This action
fixes exactly the boundary OM C M and we have

MU(-M)=M and MN(-M)=0M.

At first, M is only a topological space with a continuous Zs-action. However, there
is a natural smooth structure on M such that the Zs-action is smooth and isometric
(with respect to the — possibly non-smooth — induced Riemannian metric on M). It is
defined as follows: Near points * = [z,¢] € M with x ¢ OM, the map [r,¢] — z is a
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homeomorphism, so near z, a smooth structure on M is induced by the one of M, by
requiring that this projection map be smooth. To define a smooth structure near points
[z, €] with x € OM, define the map

¢Oup  OM x [0, R) — M, (x,r) — exp,(rn),

where n is the unit normal to M pointing into M C M. ¢ is an open embedding for
R > 0 small enough. Now define

Gy i OM x (=R, R) — M, (x, 1) — [¢M(SB, ]r|),sign(r)}.

Then ¢,, is a homeomorphism onto its image, which contains all points € OM C M.
This defines a smooth structure on a neighborhood of M C M, by requiring that ¢,, be
a diffeomorphism. Hence M is a closed manifold.

Because the quotient M /Z, is homeomorphic to M via the projection map, this induces
an orbifold structure on M.

Remark 2.3.2 (Functoriality). If f : M — N is a local isometry of compact mani-
folds with boundary (which by definition sends OM to ON), then

f:M — N, [z, €] — [f(x), €]

is clearly an equivariant map from A to N. It is smooth because for r small enough,
(@x o T o bu)(w,r) = b ([f(expy’(Irin)),sign(r)]) = & ([expf (dfe(|r|m)), sign(r))
=G ([expfio (Irim). sign(r)]) = (f(2).7).

where in the second step, we used that f is a local isometry. One can easily check that we
obtain a functor from the category of compact Riemannian manifolds with boundary (with
local isometries as morphisms) to the category of (closed) Zs-manifolds with equivariant
maps. From the latter category, there is a faithful (but not full) functor to the category
of orbifolds, so in total, one obtains a functor from the category of Riemannian manifolds
with boundary to the category of orbifolds.

Notice however the following subtlety in this construction: The above construction does
not give a functor from the category of manifolds with boundary (without Riemannian
metric, where the morphisms are local diffeomorphisms preserving the boundary) to the
category of Zs-manifolds, because there are issues with a smooth structure. For example,
the homeomorphism of M := [0,00) x R sending (z,y) to (z,y + ax), a € R is an
automorphism of manifolds with boundary, but for a # 0, there is no smooth extension

of it as an equivariant smooth automorphism of M, no matter how the smooth structure
is chosen on M.

Remark 2.3.3 (The Metric on the Double). A compact Riemannian manifold with
boundary M induces an equivariant metric § on the double M. However, this metric
need not be smooth: With respect to the chart ¢,, described above, it has the Taylor
expansion near the boundary

g(z,r) = dr? + go(z) + |r|g1(x) + O(TQ), x€dM,r € (—R,R),

where gy and g; are smooth metrics on M. Hence g will generally be only Lipschitz
continuous.
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Example 2.3.4 (The Interval). The double of an interval [a, b] is equivariantly diffeo-
morphic to S C C, with the Zy-action coming from complex conjugation. In particular,
[a, b] carries the structure of an orbifold in a natural way.

Construction 2.3.5 (Equivariant Bundles on the Double). Let V be a vector bun-
dle over M, and let B € C*(0M,End(V|snr)) be a symmetric endomorphism field with
B? = id. The pair (V, B) gives rise to an equivariant bundle V on the double M. It is
defined by setting

Vi=V X Zy/ ~

for the total space, where (v, €) ~ (Bv, —¢) if v lies over a point in the boundary. That is,
one takes two copies of the total space V and glue them together at the boundary using
the involution B. The fibers of V at points ex € M with x € M are

Vey = {[v,€e] | v eV} =EV,.

The bundle V has a Zs-equivariant structure, i.e. a group homomorphism

P ZQ — Aut(V)
that projects down to the Zs-action on M. Namely, we can set for x € M
p(€) : Vo — Ve, [v, €] — [v, €€'].

Note that if x € OM, then p(—1)[v, €] = [v,—€¢] = [Bv, €|, so p(—1)|sppsr = B under the
identification V| & V.

Orbifold vector bundles over M are precisely given by equivariant vector bundles over M
[Rua00]. Hence a vector bundle V over M together with an endomorphism field B as
above defines an orbifold vector bundle over M considered as an orbifold.

If furthermore V is a metric vector bundle and L is a formally self-adjoint Laplace type
operator such that B is an involutive boundary condition for L, then by equivariant
extension, we obtain an equivariant Laplace type operator L acting on sections of V.

Conversely, if V is a Zy-equivariant metric vector bundle over M (i.e. an orbifold vector
bundle over the orbifold M), and L is a formally self-adjoint, equivariant Laplace type
operator acting on sections of V, then V := V|j; is a metric vector bundle over M and
the operator L := L|); is a formally self-adjoint Laplace type operator. with involutive

boundary condition B := p(—1)|snr € C(OM, Vo).
Example 2.3.6. We review the examples given in Section in this setup.

(a) If ¥V = R or C a trivial line bundle, there are basically two reasonable ways to turn
V into an equivariant bundle: We can set p(—1) = —1 or p(—1) = 1. The first
case induces Dirichlet boundary conditions, while the other choice induces Neumann
boundary conditions on functions on M.

(b) The bundle V = A*T*M can be turned into an equivariant bundle by setting p(—1) =
o*, the pullback along the "flip map" a : M — M, x — —z. Because this sends dr
to —dr, this induces absolute boundary conditions on sections of A*T*OM over M.
Taking p(—1) = —a* instead induces relative boundary conditions.
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From now on, we make the following assumption, which allows us to obtain path integral
formulas for the heat kernel on compact manifolds with boundary.

Assumption 2.3.7 (Smoothness). The induced invariant metrics on M and V are
smooth, as well as the coefficients of the operator L.

Of course Assumption is very strong. In particular, it implies that OM is a totally
geodesic submanifold of M, i.e. the second fundamental form of the boundary vanishes
identically. This follows from the fact that OM is the fixed point set of the flip map
a: M — M,z + —z, which is an isometry (and smooth by our assumption). Assump-
tion is satisfied for example if M is a metric collar near the boundary.

In particular, Assumption implies that M is a closed Riemannian manifold with a
smooth Riemannian metric, so that all results from the closed case apply.

Example 2.3.8 (Hemisphere). An example for a manifold satisfying Assumption [2.3.7]
is
M={v=(v1,...,0p41) € S" CR"™ | v, >0},

the northern hemisphere of S™, so that OM ~ S™~! is the equator and M = S™. Here the
Zs action on M is given by € - (v1, ..., U, Ups1) = (V1,. .., Uy, €0,11) for € = £1 € Zo.

2.3.2 Orbifold Path Spaces

Having noticed above that a Riemannian manifold M with boundary naturally carries an
orbifold structure, induced by the Zy-manifold M, the natural consequence is that the
space of paths in M should have the structure of an (infinite-dimensional) orbifold as well.
However, maps between orbifolds are a complicated matter and it took mathematicians
quite a while to realize what the correct notion of maps should be. Namely, it turns out
that given two orbifolds N = N/H and M = M /G, the set of (let’s say continuous)
orbifold maps should in general not be equal to the set of equivariant maps (f, ) from
N to M, i.e. smooth maps f : N — M with f(h-z) = p(h) - f(z). Although each
equivariant map induces an orbifold map, there may be more orbifold maps than those
that come from equivariant maps (see [Che06, p. 5f]). This effect does not occur when we
consider the maps from an interval [0, ¢] into an orbifold M (this is related to the fact that
[0, ] is contractible), but it will occur when we consider maps from S! into an orbifold,
i.e. when we consider the loop space of an orbifold (see Remarks (1) and (2) on p. 9 in
[Che06] and our definition of the space of orbifold loops below).

We will not further elaborate on the theory of orbifolds and their maps here, instead
we will make ad hoc definitions, which is enough for our purposes. For details, we refer
to the literature: A good introduction to orbifolds and maps between them is given in
IMPI7] and [ALRO7]. In [Che06], mapping spaces of orbifolds are constructed as infinite-
dimensional orbifolds. See also [CR02|, [Rua00] or [Pohl10].

Remark 2.3.9. As discussed in Example[2.3.4] closed intervals are manifolds with bound-
ary and therefore can be considered as orbifolds as in Section [2.3.1] Therefore, maps from
an interval into an orbifold can be treated without needing the concept of an orbifold with
boundary.
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To start with, let us define the orbifold path space H1°™®([0,], M), which is the orbifold
quotient of the (infinite-dimensional) manifold

HTom ([0, 4], M) := H([0,1], M),

by its Zs-action, which is given by post-composition. That is, we set

HY™([0,t], M) := HYr([0,t], M)/Zs

which then naturally carries the structure of an (infinite-dimensional) orbifold.
To find the appropriate notion of orbifold path spaces with one fixed endpoint, notice
that in the case that M is closed, the space H,.(M) can be defined as the pullback

sz,t<M) """""" > H1<[07t]7M) ) (232)
leVO’t
7
° M x M
(z,y)

where ev, is the evaluation sending v to (7(0),7(t)), ® denotes the one-point manifold
and (z,y) denotes the map that sends the one point to (z,y) € M x M. Mirroring this
construction, we define the space Ho™,(M) as the pullback

zy;t
HE (M) oo HE((0, 2], M) (2.3.3)
levo,t
L M x M
(z,y)

in the category of orbifolds.

To explicitly calculate pullbacks of orbifolds, the easiest way it is probably to associate to
each orbifold a representing Lie groupoid (see Def. 1.47 in [ALROT7|) and then calculate
the pullback of Lie groupoids (see e.g. Def. 1.41 in [ALRO7]). This must be done as a
homotopy-pullback, i.e. a pullback in a 2-category (since Lie groupoids form a 2-category).
However, we do not need that the orbifold path spaces defined are actually given as
certain pullbacks, so we will not further delve into these details; instead we will present
the outcome and use the following ad hoc definition for the space Hg;'?t(M ) in this thesis.
We just claim that this is indeed a representative of the pullback in .

Notation 2.3.10 (Pinned Orbifold Paths). The pullback H', (M) can be explicitly
described as the quotient of the manifold

HE@Tt(M) = H qumy;t(M) x {(e1,€2)}

€1,62€22

by the diagonal Zs-action, i.e.

Horb (M) — Horb (M)/ZQ

xy;t xy;t

with the induced orbifold structure.
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Notice that this action is free so that H2b (M) is actually a manifold.
The elements of H™ (M) are equivalence classes |7, €1, €3] containing the to representa-

zy;t
tives (7, €1, €9) and (—7, —e1, —€3). We will often abuse notation and write just v instead
of [, €1, €] for elements of HY" (M) (in particular when integrating over these spaces,

where ~ is used as an integration variable). Of course, when doing so, one has to keep this
inaccuracy in mind and remember that such an element v also contains information on
the signs €; and e, (which can be recovered from the path though, if x respectively y is in
M\OM), and that the path « can also be replaced by —v. However since the map x — —x
is an isometry, the energy of such an element is well defined (because E(v) = E(—7)).

Moreover, we define the orbifold loop space L{™®(M) as the pullback

L?rb.( M) o HS™([0, 4], M)

levo’t

Y
M M x M,

where A : M — M x M, x + (z,z) is the inclusion as the diagonal (induced by the
diagonal map A : M — M x M). In this case, the pullback is not a manifold, but a
proper orbifold.

Notation 2.3.11 (The Orbifold Loop Space). The orbifold loop space L™ (M) con-
sists of two components,

Lyt (M) = L™ (M) [T L7 (M),

which we call positive and negative component. The positive component is given as the
orbifold quotient of the manifold

L™ (M) = Ly(M) x {+1} = H'(S}, M) x {+1}

by the Zy-action given by €- (v,1) = (€0 ,1) (where S} = R/tZ is the circle of length
t). This is nothing but the Zy-manifold of equivariant maps from S} to M. The negative
component is the orbifold quotient of the manifold

orb U Hz zt { 1}
r€M

by the Zy-action given by €- (v, —1) = (€0, —1). Hence orbifold loops in M are not only
loops in M (i.e. paths with v(¢) = (0)), but also paths that return to minus the starting

point (i.e. v(t) = —v(0)).

Put together, L™ (M) is the orbifold quotient of the manifold

Lorb H U Hzext { }

€€EZg xeM

by the Zs-action given by € - (v, €) = (€7, €) (note that this is not the diagonal Zs-action).
Here the information about the € € Z, indicates whether the path v lies in the positive or
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negative component of M. This is clear for the path v with v(0) ¢ 0M, but paths v with
7(0) € OM appear twice in L™ (M), because then both v(0) = ~(¢) and 7(0) = —v(t).
These paths can only be distinguished by the element € € Z,.

L™ (M) is not a manifold (unless OM = (), since any v € L™ (M) that lies completely
in OM is a fixed point of the Z, action.

To define the finite-dimensional approximations of the spaces defined above in (2) and (3),
we suppose that the smoothness Assumption is satisfied. In this case, the definition
is straight forward:

Notation 2.3.12 (Finite-dimensional Approximations). For a partition 7 = {0 =
7o <7 < --- <7y = t} of an interval [0, ], we define H2> (M) by the orbifold quotient
of

H:Cn)gr;br H Hew €2y7' ) {(61762)}

€1,62€ 72

by the diagonal Zy-action. We write Lo™"(M) be the orbifold quotient of

LgP(M) == [ U Hecorr (M) x {€}

€€Z2 xc M

by the post-composition Zs-action (which is not the diagonal Zs-action). Here the spaces
HzO,Zl;T(M ) are defined using the definition from Section 1| for the closed Riemannian
manifold M.

The orbifold path spaces H;’;bT(M ) can be endowed with the same Riemannian metrics
as before, in the obvious way, which turns them into Riemannian manifolds. The corre-

sponding integral is then defined by

/ Z / ([, ers e]) dv, (2.3.4)
Horb (M) H

TY;T 61 €9EZ0 €1T,69T; T

compare Remark [2.3.13| below. On L™ (M), one defines measures by defining invariant
measures on Lgrb(M ) and pushing them down with the reflection map. For example the
discrete H' volume will be defined analogously to (2.2.6) by the formula

/LOrb(M)f<7(T1)7 ce ’V(TN), €>dE-H1’y

N -1 (2.3.5)
:_Z/ f L1y.--,TN,€ (HJ(le,xj)(AjT)”/2> dxl...de
€E€Zo =1
for integrable functions f on MY x Z,, where we set xy := exy in the summand with

index e.

Remark 2.3.13 (Integration over Orbifolds). In general, the integral over a Rie-
mannian orbifold ¥ of the form ¥ := /G is defined as

/f(x)dxzé/f(a:)dx

In the case that ¥ is a manifold (as above, when ¥ = H%® (M) and G = Z,, |G| = 2),

TY;T
this reduces to the usual integral over the Riemannian volume density.
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Notice that there is a well-defined map

o HoP (M) — Lﬁrb(M), [, €1, €2] — [, €1€3]. (2.3.6)

TXT

This allows us to formulate a co-area formula. Namely, similar to before (see (2.2.7)), the
discrete H!' volume measures are manufactured in such a way that we have

/ F(y)d™Hy = ”/2// 7)) d¥ 'y e (2.3.7)
L?rb(M) Horb

for integrable functions F' on Lo™(M). To verify (2.3.7), write F(y) = F([y,€]) =
V
f(y(11),...,7(7n), €) for an integrable function f on M x Z, and calculate

/ /H . dEHlfydm

Z / / (v erea]) 4>y dee

61 €2E€EL2 51I €2%; T

D) Z/ /H (M 7,e]) &5y da
N 1
t"/QZ/ flai,.. . one )(H J(xj—lamj)(AjT)nﬂ) dzy---dry

€EZa j=1

—en[ s
Lgro (M)

using Remark m 3, the definition of the discrete H! volume on H,,..(M) as well
as ([2.3.5)).

2.3.3 Orbifold Path Integrals

Again, we are in the setting that L is a self-adjoint Laplace type operator with involutive
boundary condition B, that acts on sections of a metric vector bundle V over an n-
dimensional Riemannian manifold M. From the constructions in Section [2.3.1] we obtain
an equivariant metric vector bundle V on the double M, and an equivariant self-adjoint
Laplace type operator L. We always assume that Assumption is satisfied, hence this
is a Laplace type operator with smooth coefficients on the compact manifold M.

For the spaces Hoi> (M) and L™ (M), there are B-path ordered exponentials as well.
Definition 2.3.14 (B-path-ordered exponential). On the orbifold path spaces, we
define the B-path-ordered exponential as follows.

(1) For v = [y, €1, €2] € HZD, (M), define

zy;t

Ps(7) :== Pa([7, 1. €2]) = ple2)P(7)p(er) € Hom(Vz, V).
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(2) For y = [y, € L& (M), set

PB(’}/) = ,PB([P)/a 6]) = p(€/€>f(7)p(€/) € End(V’Y(O))a
where € = 1if y(0) € M and ¢ = —1 otherwise.

In the above formulas, P(7) is the path-ordered exponential along paths in M associated
to L and p: Zs — Aut(V) is the representation that makes V an equivariant bundle.

Remark 2.3.15 (Well-Definedness). Let us make some explanations regarding the
definition of the B-path-ordered exponential above. We need to check that for v € H ;);bt,
Px(7) is independent of the choice of representative (v, €1, €) or (=7, —€1, —€2). Because
L and hence the connection V and the potential V determined by L are equivariant, so

is the path-ordered exponential, i.e.

P(=7) = p(=1)P(y)p(-1).

Hence

p(—e2)P(=7)p(—€1) = p(—e2)p(—1)P(7)p(—1)p(—€1) = p(e2) P(7)p(er).

Therefore, Pg(y) does not depend on the representative and descends to a well-defined
function on HP (M).

TY,T

Similarly, one shows that for v € L™ (M), Py(v) as defined in formula (2) is independent
of the representative.

Remark 2.3.16 (Compatibility). Notice that the definitions (1) and (2) behave well
together in the sense that for any element [y, €1, €] € HOP, (M), we have

xx;t

,PHmt M)<[%€17€2]) - Pét(M)([fy, €169]) = (* ét(M))([% €1, €2)),

where « is the map from H® (M) to L™ (M) defined above in (2.3.6). Therefore, no

TXT
confusion can arise from denotlng these different maps with the same letter.

With this definition, we have the following result.

Theorem 2.3.17 (The Heat Kernel as an Orbifold Path Integral I). Let L be a
self-adjoint Laplace type operator with involutive boundary condition B, acting on sections
of a metric vector bundle V over a compact n-dimensional Riemannian manifold with
boundary M. Suppose that the smoothness Assumption is satisfied and let Pp(y) be
the B-path-ordered exponential determined by L as in Def. (1). Then

PtL(Q% y) = lim (47rt)_”/2][ e~ EM/2 PB(’Y)_l dz-Hl7
Horb (M)

|T|—0

TY;T

for any z,y € M and t > 0. Here the slash in the integral sign denotes division by
(477)d1m(H°f,bT(M))/2

We need the following Lemma.
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Lemma 2.3.18. Under Assumption the heat kernel p& of L is given by
pi(2,y) = py(2,y) +pp (2, —y)p(=1) = pf (2,y) + p(=1)p; (—2,y), (2.3.8)
where ptf is the heat kernel of L.

Remark 2.3.19. Note that because L is equivariant, its heat kernel pf satisfies the
equivariance condition

Pt () = p(=pf (—. —y)p(=1). (23.9)
This shows that indeed the two terms on the right hand side of (2.3.8) agree.

Proof. For u € L*(M,V), set
Pute) = [ (F(.0) + p-DpF )iy, o€ M.
M
Clearly, P; is a bounded operator on L?(M,V). For u € L*(M,V), denote by

{u(:z:) ifeeM
p(—Du(—z) ifz ¢ M.

Pou(z) = /M (P (2, ) + p(—D)pE(~2, y))u(y)dy
_ /M PE(z, y)u(y)dy + / o= UpF (= =)y
= [ st [ Mg(—l)ptf(—@%—y)p(—l)ﬂ(y)dy

so that Pau = (e 'F)|y. Hence for any u € L2(M,V), Pu is smooth for ¢t > 0 and
satisfies the heat equation,

(9, + L)Pau = ((8 + L)e™w) s = 0. (2.3.10)

(Notice here that L and L are local operators, which agree on smooth functions on M.)
Furthermore, this shows that

. IRT —{tL— - -
151(1) Pu = 11_1)%(6 W)y =Ty =u (2.3.11)

for all u € L*(M, V).
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We show that Pu also satisfies the boundary condition defined by B (see Def. |1.1.4) for
every u € L*(M,V) and t > 0: For x € M, i.e. x = —x, we have

Pa(r) = (1+ p(~1)) /M PE(x,y)u(y)dy = (1 + B) / PE (e y)u(y)dy,

M

which is in W, the +1-eigenspace of B,. Furthermore, if 7(s) = exp,(sn) is the geodesic
starting at = normal to the boundary, we have —7(s) = v(—s), hence

VaPiale) = Vileaf [ (v (6),0) + o= ((=)9) Julo)d}
=/M(Vs!s:opf(7(8),y)+p(—l)Vsls:opf(v(—S%y))U(y)dy}
~ (id— B) /M VupE (2, y)u(y)dy,

which is an element of W, , the —1-eigenspace of B,. Hence P,u satisfies the boundary
condition for any u € L?(M, V).
Now for any u € L*(M,V) and t > 0, we obtain

d

I e’(t’s)LPSu} = Le 9 py — e pay = e’(t’s)L(LPSu — LPu) = 0.

s

Here in the first step, we used ([2.3.10)) and the second step is justified because Psu is
in the domain of the operator L, since we verified above that P,u satisfies the boundary
condition (this uses the fact that Le™'‘v = e~*L'Lv for sections v, provided that v is in
the domain of L). Hence the function e~*=*)% P,y is constant in s on the interval (0,¢).
Thus for any ¢ > 0 and u € L*(M, V),

Pou=lime Py = lime 9Py = ey,

st EAN)
where we used (2.3.11). This shows that the operator families P, and e~** coincide.
Therefore, their kernels do as well. O

Proof (of Thm.[2.3.17). Let P(v) is the path ordered exponential associated to the oper-
ator L on M. By Lemma [2.3. 18 and Thm. . we have

pr(x.y) = pl(z.ey)p ZZ e1)pf (12, erey)ple)pler)

EGZQ €1 EEZQ
1 _
=5 2 Alepi(ar ey)p(es)
€1, €2E€72
hmo (4rt) "/2 Z ][ B (7)/2/)(61)7_;(7>71p<62)d2_1{17
|T‘4> 61 €€ Lo H€193 €2Y; 7' M

= lim (47rt)_”/2][ e EO/2p () LqEH
Horb (M)

|T|—=0

TY;T

where we used the equivariance of pt and the definition of the measure on
Horb ( M), ]

TY;T
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The heat trace can be approximated by finite-dimensional integrals over the orbifold loop
spaces Lo™P(M).

Theorem 2.3.20 (The Heat Trace as an Orbifold Path Integral I). Let M be a
compact Riemannian manifold with boundary and let L be a self-adjoint Laplace type
operator with involutive boundary condition B, acting on sections of a metric vector bundle
V over M. Suppose that the smoothness Assumption is satisfied and let Pp(y) be
the B-path-ordered integral determined by L as in Def. (2). Then

Tre % = lim e FO2 4 Py(y) "t dH .
|T‘—>0 L(‘?_rb(M)
for any t > 0, where the limit goes over any sequence of partitions T the mesh of which
tends to zero, and the slash over the integral sign denotes division by (47r)dim(L$rb(M))/2.

Proof. If 1 ={0 =1 <7 < --- < 7y =t} is a partition of the interval [0, ], notice
that the dimension of LY"™(M) is n.N, while the dimension of H2> (M) is n(N — 1). By
Lemma and Thm. [2.3.17, we have

TretL:/ tr pF(z, r)dz
M

- / lim <47Tt)_n/2(4ﬂ)_n(]v_l)/2/ e P2 Py(y) 7 A da
M HEtb (M)

|7|—=0

|T|—0

= lim (47)"N/2 /2 /M /H o e PO Pp(y) 7 AP yda

where the exchange of integration and the limit |7| — 0 is justified by showing that the
integrand is uniformly bounded, just as in the proof of Thm. [2.2.13 The result now
follows from the co-area formula (2.3.7)), using Remark [2.3.16] O

Just as before, the heat kernel can be approximated by finite-dimensional integrals over
orbifold path spaces uniformly in ¢, by taking a more complicated integrand.

Theorem 2.3.21 (Heat Kernel as an Orbifold Path Integral II). Let L be a self-
adjoint Laplace type operator with involutive boundary condition B, acting on sections
of a metric vector bundle V over a compact n-dimensional Riemannian manifold with
boundary M. Suppose that the smoothness Assumption [2.3.7 is satisfied. Then for any
veNyand T > 0, there exist constants C,6 > 0 such that

(e, y) — <4m>-"/2f e B2 YD (¢ ) dy
Horb (M) ’

TY;T

< CtH 1 pp (@, y)

forallx,y € M, all0 < t < T and partitions T of an interval [0, 1] with |7| < 6. Here, p
denotes the heat kernel of the Laplace-Beltrami operator on M with Neumann boundary
conditions and

Tg,%)(ta 7) = Tg,%)(ta [’77 €1, 62]) = p(61>TT,V(t7 7)/0(62)7 (2312>

mvolves the integrand TT,,,(t,'y) from Thm. |2.2.11| for the operator L on M. The slash
over the integral sign denotes division by (4mt)3m(Heyir (M))/2
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Remark 2.3.22 (Y2 is well defined). We need to check that the value of T,,(t,7) €
Hom(V,,V,) does not depend on the choice of a representatlve of the element vy €
H;;bT(M ). Because L is equivariant, so are the heat kernel pL' and its coefficients ®;,
meaning that

Pj(z,y) = p(=1)®;(—z, —y)p(-1). (2.3.13)
Because Y., is built out of the heat kernel coefficients (see (2.2.14))), we similarly obtain
Tru(t, =) = p(—1)Tru(t,7)p(~1). (2.3.14)

Hence if (—7, —€1, —€2) is the other representative of v, we get

p(=e)Tru(t, =7)p(=€2) = p(=e1)p(=1)Tru(t, ¥)p(=1)p(—€2) = ple) Tru(t, V)p(e2).
This shows that T2 is a well-defined Hom(V,, V,)-valued function on R x HZP (M).

TY;T

Proof. By Thm. [2.2.11] the heat kernel pZ(z,y) of the L on M can be approximated by
the finite-dimensional path integrals

Tro(,y;t) == (4mt) "2 ][ e FOVAT (¢, ) dy (2.3.15)
H,

aysr (M)
in the sense that for all 7 > 0 and all z,y € M,
pr (2, y) — Jro(@,yst)| < CEHHr | i (2, y)

whenever |7| is small enough and 0 <t <T'. Set

JT,I/(xa ya t) = Z p(6)7T7V(6x7 y? t)

€EZ2
Then by Lemma [2.3.18], we have
o (2, y) = Tew (2, ys )] <) Jple) (f (e, y) — Tru(ex, y; )| < CEF T > pilen,y) .
€€Za €€Zo
—_———
=pi(z.y)
Now
> o) (ex,yit) = > (dmt)™ 2][ e PO (T, (1) dy
€EZa EGZQ Heg RS T(M)
Sy 3 f PR pler b7 ) )
€1, €9E€Z0n Helz €2Y; T

— Gty f o Tifl’(t, 1) d,
wor (M)

which finishes the proof. Here we used the equivariance (2.3.14) of T, and the definition
(2.3.4) of the measure on HZ:" (M). O
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Similarly, the heat trace can by approximated by finite-dimensional orbifold path integrals
uniformly in ¢.

Theorem 2.3.23 (The Heat Trace as an orbifold Path Integral II). Let L be a
self-adjoint Laplace type operator with involutive boundary condition B, acting on sections
of a metric vector bundle V over a compact manifold with boundary M. Suppose that the
smoothness Assumption [2.5.7 is satisfied. Then for each v € Ny and T > 0, there exist
constants C,0 > 0 such that

Tr eftL . ][ efE('y)/Zt tr T::lolrb(t’ ,y) d’}/’ < Ctu+1fn/2|7_‘u
g (M)

for each 0 <t < T and each partition T of the interval [0, 1] with |t| < 6. Here we have

T2 () = TPt [y el) = T2, (8 7)0(e),

0

1mwvolving the integrand Tw which comes from applying Thm. to M. The slash
over the integral sign denotes division by (4mt)3mLr (M),

Remark 2.3.24. Because the flip is an isometry and by the equivariance (2.3.13)) of the
heat kernel coefficients, we have T:}V(t,y) = Tijy(t, —7). Therefore, T2™(t,~) is well-
defined.

Remark 2.3.25. The precise form of the integrand is irrelevant for our purposes; we
only take from it that it is a smooth, compactly supported function on L™ (M), which
depends polynomially on ¢.

Proof. From Lemma [2.3.18 and ([2.2.19) follows (with a view on Remark [2.3.13)) that

1 T 1 T
tret = [t g [ o {oF—op-n)as
M M

The first term is just one half of the trace of e~ 'L, which by Thm. [2.2.15| can be approxi-
mated by the finite-dimensional path integral

I,.,(t) ::]£ ( e_E(V)/QttrT;l,(t,v)dv

2

that is, B
e —T1..,(t)| < et 2 r) (2.3.16)

for all partitions 7 of [0, 1] fine enough and all 0 <t < T. Write

1
I (1) = f e~ P2t yoorb(t yYdy = T, (1)
’ L.,O-rb’+(M) ’ 2

By Thm. [2.2.11] the second part may be approximated by

1 — 1
Iffyb’_(t) =3 /Mtr{JT,l,(x, —x; t)p(—l)} dr = 5 ][Lom(M)e_E(V)/Qt tr T:f;‘"b(ﬂy)d%
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with J.,(x,y;t) as in (2.3.15) and where the second equality is justified by a similar
calculation as in the proof of Thm. [2.2.15] Now

ERO+IETO = f R T dy = )
’ ’ L™ (M) ’ ’

so that
[ Tre " — I20(t)] < %‘etL — I, ()| + ‘% /tr {ptf(x, —z)p(—1) }dz — Iw(t)‘ :
M

The first term is estimated by (12.3.16|) while for the second, we have

3 [ bl —nnt-Dae - 1,0

-

< CQtV+1|T|V/ ptx(x, —z)dz < Cyt" 12| |¥
M

tr {ptf(x, —2)p(—=1) = Tz, —a; t)p(—l)}’ dz

by Thm. [2.2.11) and Thm. [2.1.5] The result follows. U



Chapter 3

Asymptotic Expansions of Path
Integrals

This section is dedicated to investigating short time asymptotic expansions of the path
integral formulas for the heat kernel.

In Section we learned that the heat kernel can be approximated by the integrals

Jrw(2,y;t) = (4mt) N2 / e EO2 Y () dy

Hypyir (M)

appearing in Thm. 2.2.11] These integrals have the form of a Laplace integral, and
Laplace’s method assigns to these integrals an asymptotic expansion (see Thm. m
below). Using that the finite-dimensional path integrals from Thm. approximate
the heat kernel pF(z,y) up to any desired order in ¢ (if v is chosen large enough), we
can use Laplace’s method to obtain short time asymptotic expansions of the heat kernel
(Thm. BL.I2).

Of course, if (z,y) € M 1 M, then this just gives the result of Thm. But we can
also obtain short time asymptotics in cases where x and y lie in each others cut locus.
This is the point of Section [3.1]

In Section [3.2] we give an explicit formula for the lowest order term of the heat kernel
expansion in terms of infinite-dimensional quantities on the H' path spaces.

3.1 Laplace’s Method and Heat Asymptotics

We first give a review of Laplace’s method (Section . In Section , this will
be used to derive asymptotic expansions for the heat kernel pZ(z,y) that also work in
cases where x and y lie in each others cut locus. Finally (in Section , we will derive
asymptotic expansions of the heat trace.

Of course, we also discuss the situation that M is a manifold with boundary (under the
Assumption ([2.3.7)), in which case we are dealing with orbifold path integrals.

81
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3.1.1 Laplace’s method

Laplace’s method is a way to calculate asymptotic expansions as t — 0 from above for
integrals of the form

I(t,a) = (47Tt)dim(m/2/ e 0@/ 2t 1) da. (3.1.1)
Q

Here, t > 0,  is a Riemannian manifold, ¢ € C*°(Q2) and a(¢, z) is smooth and compactly
supported with respect to the x variable and depends smoothly on t.

Definition 3.1.1 (Non-degenerate Submanifolds). Suppose that ¢(z) > A and that
the subset T' := ¢~1()\) is a submanifold of Q. We say that ' is a non-degenerate sub-
manifold (with respect to @), if for each z € T', we have V2¢|n,r > 0, i.e. the restriction
of the Hessian of ¢ to the normal bundle of I" is positive definite.

Later, we will have Q = H,,..(M) for a partition 7 fine enough and ¢(vy) = E(vy) —
d(z,y)?/2 so that we have I' = ¢~'(0) = I'li", the set of minimal geodesics connecting x
and .

Theorem 3.1.2 (Laplace Expansion). Assume that ¢ is non-negative and that I' :=
»~1(0) is a k-dimensional non-degenerate submanifold of 0. Then I(t,a) has a complete
asymptotic expansion ast goes to zero from above. More explicitly, there exists a second
order differential operator P such that we have

o> 1 Pi=igi)(0,
I(t,a) ~ (47t) k/?Zt] Z G =) /F det(VZqﬂ](V FQ)CB/Q dz (3.1.2)

where (0, z) denotes the i-th derivative of a with respect to t att = 0. In particular, if
a does not depend on t, this simplifies to

00 ' j
I(t,a) ~ (drt) #7238 / Pla(z) L da. (3.1.3)
=0 r j' det (v2¢|]\/xl")

Remark 3.1.3. The asymptotic relation in (3.1.3) means that for all v € Ny and all
T > 0, there exists a constant C' > 0 such that

I(t,a) — (4nt) 25" ¢ / Pla(z) L de
o Jrjldet(V2¢|n,r)

< Ctu+1—k/2

Jj=
whenever 0 < ¢ < T, and analogous for ((3.1.2)).

Remark 3.1.4. The Laplace expansion of an integral of the form I(¢, a) is closely related
to the method of stationary phase, which calculates asymptotic expansions of the integral
t — I(it,a). Laplace’s method is easier in the sense that here, only critical points which
are minima contribute to the asymptotic expansion, while for integrals with imaginary
exponent, all critical points contribute. Compare e.g. [Arn73| or [Dui96l Section 1.2].
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In the remainder of this section, we give a proof of this result. While the method of
stationary phase is treated in various places in the literature, there seems to be no good
reference for the result of Thm. [3.1.2] available in quite the generality that we need.

Lemma 3.1.5. Under the assumptions of Thm. suppose that a(t,x) = 0 for all x
i a neighborhood of I' and all 0 < t < ¢, for some 6 > 0. Then there exist constants
T,C,e > 0 such that for all t < T, we have I1(t,a) < Ce¢/*,

Proof. Let N := dim(Q2). Set

A := closure of U supp a(t, —) (3.1.4)

0<t<6

(which is compact) and set

g := min ¢(x).

€A
Notice that € > 0 because ANT = (). Therefore,

I(t,a) < (47Tt)N/2e€//2t/a(t,:c)dx < (dmt) N 2e= 2 a(t, =)|| 1 < Ce™ot,
0

if we choose 0 < e < &’ and C' > 0 appropriately. 0

Proof (of Thm.[3.1.9). Let N := dim(Q2) and let A as in (3.1.4). Since A is compact, we

may without loss of generality assume that also {2 and hence I' is compact. Otherwise
embed some open neighborhood of A isometrically into a compact manifold €', transplant
¢ and a there and replace Q2 by € in the definition of I(¢,a). This does not alter the
value of I(t,a).

Let NT' C TQ) be the normal bundle of I'. Then there is an open neighborhood V' of the
zero section in NT' and an open neighborhood U of I" in 2 together with a diffeomorphism
k : V —= U such that

(pok)(x,0) = V23|.[v,0],  (z,0) €V

This can be proved using the implicit function theorem, compare e.g. Lemma 1.2.2 in
[Dui96]. Clearly, we have dk|(; ) = id,.

W.lo.g., we assume that A C U. Namely otherwise, we can choose a cutoff function
X € C*(U) that is equal to one on a neighborhood of I' and split I(t,a) = I(t, xa) +
I(t,(1—x)a), where the second summand does not contribute to the asymptotic expansion
because of Lemma [3.1.5]

We now may use the transformation formula to obtain

I(t a) = (4mt)~N/2 / e~ 201 1)
i (3.1.5)
= (47t) "N/ e~ wR@WW/AL, (1 k(x v))|det (dk 4 ) |dvde,
(4mt) (z.0)
r x

where we wrote Q(z) := V2¢|y,r and V, := V N N,[. Tt is well known that for any
(N — k)-dimensional Euclidean vector space W, any positive definite endomorphism @) of
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W and any continuous function f = f(¢,2) on R x W which is bounded in the z variable
and depends smoothly on ¢, one has

lim(47rt)(Nk)/2/ e~ QUM £(¢ p)dv = det(Q) "2 £(0,0).
w

t—0

Furthermore, for all ¢, we have

‘(47rt)(Nk)/2/ e~ QA £(¢ v)du
w

< [LF (=) lloo-

Therefore since I' is compact, we may exchange integration over I' and the limit ¢ — 0 in

(3.1.5) to conclude
lim (47t)*21(t, a) = M‘det(d/ﬂ +0))|dz = a(0,) dz (3.1.6)
1/2 (2,0) 1/2
=0 r det(Q(x) r det(V2¢l.r)

Now on the vector spaces N,I', define the ()-Laplacian Ay by the formula

AQf(U) = <Q(l’)7l, D2f|v> .
This patches together to a smooth differential operator on NT' satisfying

9
(5, + B ) {(drt) (VW12 w@@ iy g

Therefore, integrating by parts, we obtain
O {nt) 1 (1,a)} — (4r)21 (1, La)
ot ’ "ot
= —(4art)"V=R)/2 // e’<”’Q(”‘")”>/4tAQ{a(t,fi(m, v))|det (d/§|($,v))|}dvdx
rJv,

= (47Tt)_(N_k)/2/ e @2 Pyt x)dx = (4nt)¥/2I(t, Pa),
U

where for f € C*(U), we set
(PF)(y) = =D f(0)|det () |} 0 —p-1(y |det (A6 |

so that P is some second-order differential operator. Let J(t,a) := (47t)*/?I(t,a). Then
by Taylor’s formula and the Leibnitz rule, for all e > 0 and v € N,

J(t,a) :Z%ﬁ{J(e,a)}(t—a)j+/ (t_S)VSSV:I{J(s,a)}ds

vl
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where

R"(e,t) = i (V N 1) /: (t= S)VJ(S, prit=igds. (3.1.7)

— i V!
Because of (3.1.6)), we may take the limit ¢ — 0 to obtain
Pi=ia®(0, z)
; zde.
det(V QS’NZF)

lim J(g, PP~a®) = /
r

e—0

Therefore,

v j o
} 1 Pi—igq ()
Jta)= 1Y —— H/ - (O’x)l/de+R”(e,t),
= = U-aklr det (V24| n,r)

J

for any v € Ny, where the remainder term is of order t**!. Multiplying with (4rt)=%/2,

we obtain (3.1.3)). O

Remark 3.1.6. Of course, if the zero set of ¢ is the disjoint union

60 = JT -+ T Tm

of non-degenerate submanifolds I'; of €2, possibly of different dimensions, then (¢, a) has
an asymptotic expansion consisting of the sum of individual asymptotic expansions, which
can be calculated just as in Thm. |3.1.2]

3.1.2 Heat Kernel Asymptotics

Let L be a self-adjoint Laplace type operator, acting on sections of a metric vector bun-
dle V over an n-dimensional compact Riemannian manifold M. In this section, we use
Laplace’s method on the path integral approximations of the heat kernel. As seen in
Thm. 2.2.T1] we can approximate the heat kernel by the integrals

T,y ) = (dt) "2 / EO2Y ¢ 4) dy, (3.1.8)

Hay;r (M)

where 7 = {0 =71y <7y <--- < 7y = 1} is a partition of the interval [0, 1] and Y, ,(¢,7)
is given by the complicated expression ([2.2.14). For the purposes of this section, the
particular formula for T, is not relevant; we only need to know that Y., is a compactly
supported smooth function on H,,..(M) which depends polynomially on the t variable
(that Y., is compactly supported comes from the cutoff function in the approximate heat
kernel).

The integral is not yet in the form that we can deal with using Thm. [3.1.2}
The pre-factor does not fit (since H,,..(M) has dimension n(N — 1)) and the minimum of
the energy on H,,..(M) is not zero in general, so that the zero set would be empty. This
will be fixed now.

Notation 3.1.7. For z,y € M, denote by Fg;“ C H,, (M) the set of minimal geodesics
connecting x and y in time one.
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Remark 3.1.8. The set F;“Zjn is always compact, by Prop. 2.4.11 in [KIi95].

Lemma 3.1.9 (The Hessian of the Energy). On every space Hyy.(M) with T fine
enough as well as on H,, (M), we have E(y) > d(z,y)*/2 and

I = {v | E(y) = d(z,y)*/2}. (3.1.9)

For any ~v € ™1 we have

xy 7

V2E|7[X,Y]:/O <VSX(5),VSY(3)>ds+/O (R(3(s), X (5))3(s), Y (s)) ds, (3.1.10)
for all X,Y € T, H,,(M).

Remark 3.1.10. The result does not depend on the metric and connection used on
H,y.r (M) or Hy,y (M), because if v € Fg;n, it is necessarily a critical point, and at critical
points, the Hessian is independent of the metric used.

Proof. For any v € H,, (M), we have by the Cauchy-Schwarz-Inequality

length(y) = / Jilds <1 ( / 1 w<s>\2ds) " eEm,

with equality if and only if the function 1 and |¥(s)| are linearly dependent, i.e. |¥(s)| is
constant. Because d(x,y) is by definition the infimum of the length, we obtain E(v) >
d(z,y)?/2, and if  is minimizing geodesic, then |¥(s)| is constant, hence E(v) = d(z,y)?/2.
Conversely, it is well-known that minimizer of the energy are exactly minimizing geodesics.

The statement about the Hessian is a standard result in Riemannian geometry, see e.g.
[Mil63), Section 13]. O

Therefore, we set for v € H,, (M)

d(z,y)?
8(7) 1= B(y) - “
This is then a non-negative function, which takes the value zero exactly on the set Fglyi“

of minimal geodesics connecting = to y. Now

e L [ e e
et(% y) Hey;r (M) 7

has the form of a Laplace integral, as considered in Subsection [3.1.1t The dimension of
H,yr (M) is exactly n(N —1).

Suppose that Fg;jn is a k-dimensional non-degenerate submanifold of H,,(M). Clearly,
Fglym is then also a non-degenerate submanifold of H,,.. (M), provided the partition 7 is so
fine that (y(7;-1),7(7;)) € M >a M for each j and each y € '™ (this is clearly satisfied
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if |7| < inj(M)/diam(M)). Then from Thm. 3.1.2) we obtain that for such partitions, we
have a complete asymptotic expansion

‘]T,V(tax7y) —k/2 - j(I)T7V7j(:E7y)
7=0

where @, ;(z,y) is given by the integral

J : j—in(2)
P7‘_7 TT’V(O7 7)
D, i(x,y) E < )/me o dy (3.1.12)

=0 T (VQE‘NPYF;}};") V2

over the set of minimal geodesics me (where we integrate with respect to the Riemannian
volume induced to it from Hx%T(M )). Here P, is a certain second order differential

operator defined on a neighborhood of T™ in Hyy.r (M), T% denotes the i-th time
derivative of T, and det.(VE|y, rmn) denotes the determinant of the Hessian of the
energy at vy restricted to the normal space N, me of T, me in T, Hyyr (M).

Remark 3.1.11. Notice that for each v € Hy,.. (M), T, -(t,7) is an element of the fixed
finite-dimensional vector space Hom(V,, V,). Therefore Laplace’s method applies without
changes to this case (let’s say, by choosing a basis and applying Thm. entrywise).

With these observations, we prove the following result.

Theorem 3.1.12 (The Heat Kernel Expansion). Let L be a self-adjoint Laplace type
operator, acting on sections of a metric vector bundle V over a closed Riemannian mani-
fold M of dimensionn. Forx,y € M, suppose that Fg;n 1s a non-degenerate k-dimensional
submanifold of Hy, (M) (with respect to the energy functional on H,,(M). Then the heat
kernel has a complete asymptotic expansion of the form

¢ (@,y) N (47Tt)—k/2itjml’y) (3.1.13)

for homomorphisms ®;(z,y) € Hom(V,, V,).

Remark 3.1.13. If Fglyi“ is the disjoint union of submanifolds I';, 2 = 1,..., m of dimen-
sions k;, then of course the theorem generalizes in the obvious way; one obtains in this
case, that the heat kernel has a complete asymptotic expansion of the form

7

" = Pi(x, y
v Syt S e
=1
where each ®’(z,y) is given by an integral over the set T';.

Remark 3.1.14 (Degenerate Cases). In the case that me is a degenerate submani-
fold, one can also obtain an asymptotic expansion in good cases, which depends on the
type of degeneracy of the energy functional (the corresponding Laplace’s method is dis-
cussed in [Arn73|). This is discussed in Molchanov [Mol75]. See also [BBN12].
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Proof (of Thm. . By Thm. [2.2.11} for each 7" > 0 and each v € Ny, there exist
constants C7,0 > 0 such that

pi(z,y)
et('Ia y) ’

L .
pt (Z‘,y) o J.,.7,,<£L',y,t)‘ S Clt1+y|7_|y

er(z,y) ei(w,y)

(3.1.14)

for any partition 7 of the interval [0, 1] with |7] < §. From the Gaussian estimate from

above (see ([2.1.20) follows p2(x,y) < Cyt~"2e,(x,7). Therefore (3.1.14) yields

ei(z,9) ei(w,y)

Using (3.1.15) for the Laplace-Beltrami operator on M and some v > n/2 — k/2 — 1 and
|7] <0, we get

L y -t
pi(r.y) el y; )‘ <yttt (3.1.15)

JE (z,y;t)
et(ma y)

P (x,y)  JA(z,y5t)

ei(z,y) ez, y)

A
pe(@y)

< S C4t1+1/—n/2|7_|1/ + O5t—k/2
et(xa y)

< (Cy8” + C)t™+2 = Cyt /2
using (3.1.11)). Therefore, (3.1.14]) improves to

L . A
Py (xvy) JT,V<x7y7t>‘ § CltH_V’T‘th (Ji,y) S Olc6t1+u—k’/2'

et(xay) N et<xay) et(*%@/)

From this follows that the heat kernel has an asymptotic expansion up to the order t, the
coefficients of which must coincide with the asymptotic expansion of J;,(z,y;t)
up to that order. Because asymptotic expansions are unique, this also shows that the
coeflicients @, ;(z,y) from (3.1.11)) must stabilize for v large enough and 7 fine enough.
More precisely, if j < v, " and |7|,|7'| < 6, we have ©,, ;(z,y) = @ j(x,y). Therefore

Dj(z,y) = Prpj(2,y) (3.1.16)

for any choice of v > j and |7] < ¢ is well defined.
Because v was arbitrary, we obtain that pX(z,y)/e:(z,y) has a complete asymptotic ex-

pansion of the form (2.1.3), with the coefficients ®;(x,y) given by the formula (3.1.16])
for v large enough and |7| small enough. O

From the proof, we obtain the following corollary.

Corollary 3.1.15. Under the assumptions of Thm. for v large enough and |T|
small enough, the coefficients @, ; ;(z,y) in stabilize. More precisely, there exists
0 > 0 such that

O i(x,y) = j(z,y)
whenever |T| < 6 and j < wv. If (x,y) € M v M, the ®;(x,y) are exactly the coefficients
appearing in Thm. [2.1.5,

Remark 3.1.16. Of course, if (z,y) € M < M, uniqueness of asymptotic expansions im-
plies that the ®;(z,y) given in the above theorem are precisely the heat kernel coefficients
from Thm. 2.1.5
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3.1.3 Heat Kernel Asymptotics on a Manifold with Boundary

In the case that the smoothness Assumption [2.3.7] is satisfied, similar results hold if M
is a compact Riemannian manifold with boundary and the Laplace type operator L is
endowed with involutive boundary conditions. As before, let M be the double of M, and
we denote by overlines all objects associated to the manifold M.

Remember that by Thm. , the heat kernel pZ(z,y) can be approximated by the
finite-dimensional path integrals

JO0 (@, y;t) = (dmt) N2 / e PO (1 ) dy.
(M)

Let Fglyin’orb C H ;’;b(]\/[ ) denote the space of paths of minimal energy connecting x to y.
Assume again that an,orb is a k-dimensional non-degenerate submanifold of the manifold
HP(M). From Laplace’s method (Thm. [3.1.2) follows then that J.,(z,y;t) has an

asymptotic expansion of the form

Jorb(g; Y; )

ey~ ) WZtﬂ ”] (z,9) (3.1.17)

where

J . Pj—i’rorb(i) 0,
®rp (@, y) ‘:Z(]-)/. » oy 0) 7 (3.1.18)
i=0 ? thngjn’orb det-,— (VQE‘N-Y Fggn,orb)

with some second-order operator P, defined in the vicinity of I’f™™ inside HgIP (M).

The following result on the asymptotic expansion of the heat kernel is proved just as

Thm. 3.1.12

Theorem 3.1.17 (The Heat Kernel Expansion, Boundary Case). Let L be a self-
adjoint Laplace type operator with involutive boundary condition B, acting on sections
of a metric vector bundle V over a compact n-dimensional Riemannian manifold with
boundary M. Suppose that the smoothness Assumption is satisfied. For x,y € M,
suppose furthermore that the set me °orb s a non-degenerate k-dimensional submanifold
of Horb( ) (with respect to the energy functional). Then the heat kernel p* of L has a
complete asymptotic expansion of the form

I oo
Py (:U,y) ~ (47Tt)—k/2zt]q) (1‘ y>7
€t<$,y) =0 ]'

for homomorphisms ®;(z,y) € Hom(V,, V,).

Remark 3.1.18. Similar to before, the coefficients ®,, ;(x,y) from (3.1.17) stabilize
for v large enough and |7| small enough and are equal to the coefficients ®,(z,y) from
Thm. |3.1.17; more precisely, there exists 0 > 0 such that

(I)j (Q?, y) = (I)T,u,j ($, y)

for any |7| < ¢ and v > j.
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The goal of the rest of this subsection is to compare the coeflicients ®;(x,y) associated
to the heat kernel of the operator L on the manifold with boundary M by Thm. [3.1.17
with the coefficients ®;(x,y) obtained by applying Thm. to the heat kernel of the
operator L on the closed manifold M.

We need the following preliminary observations.

Lemma 3.1.19. Any element v = [y, €1, €] € I‘?yin’orb has a representative (7, €1, €2) such
that v runs completely inside M, i.e. shortest geodesics do not cross the boundary.

Proof. Let [v, €1, €] € T™ino® by represented by the geodesic v in M. Let 5 be the path

Ty
in M running from z to y obtained from ~ by post-composing with the projection map

from M to M, i.e.
~ . )(s) if v(s) e M

Then 7 € H,,(M) has the same energy as 7. Because by assumption, 7 is energy-
minimizing among all paths in Hg"(M) (i.e. among all finite-energy paths in M that run
between €,z and eyy, €1,€s € Zs), so is 7. In particular, ¥ is a minimum of the energy
functional on H,, (M) and therefore a geodesic between z and .

We now show that 7 does not hit the boundary at any s € (0,t) unless both x,y € OM.
To this end, suppose that 7(s) € dM (hence also v(s) € OM). Then because 7 is the
reflection of the geodesic 7, we necessarily have ¥(s) € Ty OM, because otherwise 7
would have a kink at the time s, contradicting the fact that 7 is a geodesic.

Because dM is the fixed point set of the isometry z — —x of M, it is a totally geodesic
submanifold. Hence because ¥(s) € T5(0M, 7 runs inside OM for all times. This implies
x,y € OM.

We have shown that either at most one of x, y is in M, in which case y(s) € M \ OM
for all s € (0,1); or both z,y € M, in which case v runs completely in OM. U

Lemma 3.1.20. For xz,y € M, suppose that an’orb 1s a k-dimensional submanifold of

H;);b(M) and let leyin the set of minimizing geodesics in M between x and y. If at least
one of x,y is contained in OM, set G := Zy. Otherwise, set G = {1}. Then the map

w - F;nyin’orb — F?yln X G? [’77 €1, 62] — (577 6162)

is an isometry of Riemannian maﬁz'folds, if both are endowed with the H' metric induced
from Hy,,(M). Here for v € Hy, (M), 7 is defined as in (3.1.19)

Proof. We first check that ¢ is well defined. Any element in H%™P(M) has exactly two
representatives, (7, €1, €2) and (—7, —€1, —€3). Because of Lemma|3.1.19] v must run either
completely in M or completely in — M, so either v is a geodesic from x to y or from —x to

—1y. Therefore, v € leyin. Furthermore, if neither z nor y lies in M, then €1, €5 must have
the same sign because of Lemma [3.1.19] so that in this case indeed ¢,¢5 = 1. Furthermore,

(:/% (—e1)(—€)) = (7, c162),

which shows independence of the choice of representative.
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To see that ¢ is injective, suppose that ¢([v, €1, €]) = @([V/, €], €']). Then ¥ = 7" and
€163 = €,€,. By Lemma , we may assume that the representatives are chosen in such
a way that v and 4/ run completely in M, so that ¥ = 7' implies v = +'. If z ¢ OM,
then ¢, = €] = 1, so €162 = €€, implies eo = €,. Similarly, if y ¢ OM, then e = €, =1
and therefore ¢ = €]. Finally, if both z,y € OM, then v runs completely in OM (because
the boundary is totally geodesic), hence v = —v. Thus, € - (7,€1,€) = (7,1, €1€62) is a
representative of [y, €1, €2] and €] - (7, €], €0') = (7', 1, €)€}) is a representative of [/, €], €'].
On the other hand, we have (7/,1,€je}) = (7,1, €162). We obtain [y, €1, €] = [V, €], €5],
hence ¢ is injective. .

To see that ¢ is surjective, let (v,€) € F;n;n x G. If x € OM, then [y,e,1] € Ipno™® is a
pre-image of (v, €) under . If y € OM, then [y, 1,¢€ is a pre-image of (v, ¢) under . If
neither x nor y is in M, then necessarily € = 1 and [v, 1, 1] is a pre-image of (v, €) under
Q.

That ¢ is an isometry follows directly from the way the metrics are defined. OJ

This allows us to conclude the following result.

Proposition 3.1.21 (Heat Kernel Coeflicients near the Boundary). For the coef-
ficients from Thm. we have

[y ( ,Y) x,y € M\ OM
(id + B)®,(z,y) = € OM
Ej(x,y)(ldeB) y € OM.

®j(z,y) =

Here the ®; (x y) are the heat kernel coefficients associated to the heat kernel of the op-
erator L on M by Thm . In particular, for x,y in the interior, ®;(x,y) does not
depend on the boundary condztzon

Remark 3.1.22 (Principle of not feeling the Boundary). In particular, in the in-
terior of M, the heat kernel coefficients of L are the same as the heat kernel coefficients
of L. This is related to the "principle of not feeling the boundary", compare [Hsu95].

Proof (of Prop.|3.1.21). Using Lemma [3.1.20, we may write ®;(z,y) from (3.1.18) as an
integral over fzmym, respectively leym X Zo. If x,y € M\ OM, we obtain using (3.1.18)), the
definition of Y'Y (2.3.12)

j . j**i7if(i) 0
3 j P ,(0,7) —
J ($, y) po <Z) /;n;n det (V2E| mm) 1/2 Y ](x7 y)a

If x € OM and y ¢ OM, we get
' : ;i—(i)
- ZJ J PP, 0,7)
6622 1=0 xy det (V E|N 7m1n)

—Z (€)®;(x,y) = (id + B)®;(x, y)

€ELo
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and similarly, if y € M but x ¢ OM, we obtain ®;(z,y) = ®;(x,y)(id + B). Finally, if
both z,y € OM, we obtain

j . i—inn(d)
1 ~ (] ple) P21, (0,7)p(e2)
<I>j(9€,?/):§ Z Z()/ ~ ’ 7z 4y
Y

€1,62€2Z2 1=0 ny
1 = . = = .
=5 D rle)®i(z.y)pler) = (id+ B)®;(z,y) = $;(z,y)(id + B),
€1,62€ 72
using the equivariance of ®;(z,y), see (2.3.13)). O

Example 3.1.23 (The Laplace-Beltrami Operator). In particular, for the Laplace-
Beltrami operator, one has

q)j($ay) x,yEM\@M
P;(z,y) = ¢ 20,(z,y) x ory € M, Neumann boundary conditions
0 x or y € OM, Dirichlet boundary conditions,

because we have B = £1. Here ®;(z,y) are the heat kernel coefficients to the Laplace-
Beltrami operator of M.

Remember that we had to restrict to metrics on M such that the induced metric on the
double M is smooth. If one drops this assumption, matters get more complicated. Hsu
[Hsu89| proves that in the special case where M is the exterior of a convex body in R"
and z,y € OM are such that there is a unique shortest path v,, € H,,(M) along which =
and y are non-conjugate, the Neumann heat kernel of M satisfies the asymptotic relation

N(O)N

1/6
pte0) ~ (amt) e (SO ) o)

1 d(z,y)¥?* 1
exp <—Ed($7y)2 - ,ul(tTg)/ N(s)*?ds | ,
0

where N(s) := II(§4y(s), Y2y(s)) is the normal curvature along ~,, (involving the second
fundamental form IT of the boundary) and (¢, i11) is the first normalized eigenpair of the
eigenvalue problem

(3.1.20)

¢"(x) — |zlo(x) + po(x) = 0.
in L*(R). The asymptotic relation (3.1.20)) is meant in the sense that the quotient of the
two sides tends to one as t — 0. It is not clear to the author how the t~'/3 term in the
exponent could be derived as a Laplace expansion on a path space.

3.1.4 Asymptotics of the Heat Trace

Let M be a closed Riemannian manifold of dimension n and let L be a self-adjoint
Laplace type operator, acting on sections of a metric vector bundle V over M. Consider
for partitions 7 = {79 < 7 < --- < 7y = 1} of the interval [0, 1] the integral

L, (t) := (4mt) N2 / e PO (8, 7) dy
L-(M) ’
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discussed in Thm. 2.2.15 Remember from the mentioned theorem that I, ,(t) approx-
imates the heat trace Tre *'. Again, for a qualitative investigation of the asymptotic
properties of the integral I ,(t), the specific formula for Y7 , is not important; we only

need that it is a compactly supported smooth function on L, (M) which depends polyno-
mially on .

Lemma 3.1.24. The set
[.:=E0)" C L(M)

of constant loops is a non-degenerate submanifold of the loop space L(M) and as well of
L.(M) for any partition T of the interval [0,1]. It is diffeomorphic to M.

Proof. Clearly, a loop v with zero energy must have vanishing derivative and hence be
constant. Therefore, the evaluation map is a diffeomorphism from I'. to M. By Lemma
3.1.9, the Hessian of the energy at a constant loop v is given by

VZEL[X, Y] = | (V,X(s),V,Y(s))ds.

The tangent space T,I; is the space of parallel vector fields along . Now if for some
X € T,L(M), we have V2E|,[X,Y] = 0 for each Y € T, L(M), then X is a weak solution
of =V2X = 0, hence smooth and (because of the boundary conditions) parallel. This
implies X € T.T.. Because V2E|, is positive definite, the same result is true for the
subspace L,(M). O

Therefore, we can apply Thm. on the integral I,,(t) which gives that it has an
asymptotic expansion

L,(t) ~ (4xt) > ta,,,, (3.1.21)
j=0
where
J i—ivo ()
1 Py (0,7)
(rpj ::Zi'('—i)'/ ; 47, (3.1.22)
i=0 J s JT detT(V E|N,YFC)

with a certain second-order differential operator P defined on a neighborhood of T'c in
L.(M), ij(’) denotes the i-th derivative of 17, with respect to ¢ and det, denotes the
determinant on the normal space of I'. in L,(M).

Theorem 3.1.25 (Asymptotics of the Heat Trace). Let L be a self-adjoint Laplace
type operator, acting on sections of a metric vector bundle over a closed n-dimensional
Riemannian manifold M. Then the heat trace has a complete asymptotic expansion,

Tre 't ~ (4mt)™/? Z taj;,
=0

for certain coefficients a;. Furthermore, there exists a constant 6 > 0 such that these
coefficients a; are given by
aj = Gryj (3.1.23)

with a;,; as in (3.1.22)), whenever v and T satisfy v > j and |1| < 6.
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Corollary 3.1.26. By uniqueness of asymptotic expansions, the coefficients a; ., stabi-
lize, i.e. we have aj ., = a;,, whenever j < v,V and |7|,|7'| < 9.

Proof. As seen before, the integrals I, ,(t) have a complete asymptotic expansion, given
in (3.1.21). By Thm. , for any v € Ny and T" > 0, there exists constants C,9 > 0
such that

|Tr et — Im,(t)‘ < G ),

whenever 0 < ¢t < T and |7] < 4. If we apply this |7| < § and v € Ny fixed, this implies
that Tr e~** must have an asymptotic expansion up to the order v —n /2, the coefficients of
which coincide with those of the asymptotic expansion of I, ,(t) up to this order. Because
v is arbitrary, Tre~** must have a complete asymptotic expansion. By uniqueness of
asymptotic expansions, the coefficients coincide with a; ., as long as j < v and |7| < §.00

Of course, it is a well-known result that the heat trace has an asymptotic expansion of the
form given above (see [BGMTI], [Gil95], [BGV04], |[Gre71] and many more). However, the
theorem above tells us more, namely that these coefficients are given as certain expressions
on the finite-dimensional approximations of the loop space.

Example 3.1.27. It is well known [Gil04, Thm. 3.41] that the first two terms in the
asymptotic expansion of Tre~** are

1
ag = mvol(M), a; = 6/ (6trV + mscal), (3.1.24)
M

where m is the fiber-dimension of the bundle ¥V and V' is the potential determined by the
decomposition L = V*V + V as in Lemma [1.1.2]

A particular case is when L = D? for a Dirac operator D on a graded Clifford bundle.
In this case, it is well known that the supertrace Str etP? is in fact independent of ¢ and
equal to the index of D (with respect to the grading). Therefore (if one replaces the trace
by a supertrace in the above arguments), the above considerations yield that the index
of D is zero in the case that n = dim(M) is odd and ind(D) = a,/2, in the case that n is
even. Therefore we obtain the following corollary.

Corollary 3.1.28. Let D be a self-adjoint Dirac type operator on a graded Clifford bundle
VY over a closed Riemannian manifold M. Suppose that the dimension n of M is even.
Then the graded index of D is given by

ik tr P, 9(0.)

1
d(D) —
nd(D) Z if(n/2 —1)! /F detT(VQE’NWFC)l/2 “

1=0

for any v > n/2 and any partition T of the interval [0, 1] with |T| small enough, where
Y°  is the loop space integrand associated to the associated Laplace type operator D?* by

T,V

Thm. 2.3.25.

It seems intriguing to compare this with results such as [BE15|, where in a setting of super
geometry, the index is represented as an integral over a (super) space of constant loops.
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3.1.5 The Heat Trace on a Manifold with Boundary

Let now L be a self-adjoint Laplace type operator endowed with involutive boundary
conditions, acting on sections of a metric vector bundle V over a compact n-dimensional
Riemannian manifold with boundary M. Suppose that the smoothness Assumption [2.3.7]
is satisfied. Then the trace of its solution operator e~** can be approximated by the
integrals

I = (amt) N2 [ O g ) dy
Lorb(M) ’

over the finite-dimensional orbifold loop spaces L™ (M), see Thm. [2.3.23| Evaluating the
integral I2)(t) with Laplace’s method is not completely straight forward as L™ (M) is
a proper orbifold. However, by definition of the integral over Riemannian orbifolds (see
Remark , we may replace the integral over L™ (M) by an integral over Lo (M),
which is a manifold. Remember furthermore that Lo (M) separates into two components:
A positive and a negative component, so that the path integral splits as

1 (t) = (4mt) N2 > / e PO {XT (¢, y)p(e) } dy,
’ GGZQ Lorb € ’
using the definition of Y29 (¢, ) on L™ (M).

Of course, the energy is again non-negative. We need to understand the structure of the
set T'ob := F~1(0) C Lob(M). Similar to the proof of Lemma|[3.1.24] one shows that this
is a non-degenerate submanifold of Lo (M) and of Lo (M), for every partition 7 of [0, 1].
Set

reP* = E7H(0) N LY (M)
for the critical sets contained in the positive, respectively negative component of Lob(M).
The orbifold quotients T'9™™* are then suborbifolds of Lo™™*(M). Clearly, we just have
o™+ =T, the set of constant loops in M (which is diffeomorphic to M), while F_Corb’_ is

diffeomorphic to OM: For a constant loop, v € F_Corb’_ means that v = —~, which means
that v must lie in the boundary.

Remark 3.1.29. Of course, loops that lie in I'.°™>~ also have a copy lying in ., but
they differ by a sign, so I';”™~ is not a subset of ;"""

By the above considerations, the Laplace expansion of I ;’Yf(t) is the sum of two asymptotic
expansions; one over the positive part and one over the negative part. Because the positive
part of the critical set has dimension n, we obtain from Thm. [3.1.2]

(47Tt)_”N/2/ . —EM/2 gpyro, Orb( t,y)dy ~ (47Tt)_”/22tja]
L +(M)

Jj=0

with

e ©
tr P12, (0
i § - 0y, 1o (3.1.25)
l — 1/2 9
(7 = DL JR, det, (V2E]NF)
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where @; is the j-th coefficient in the asymptotic expansion of Tr e~tL. For the negative
part, notice that T2~ a2 M has dimension (n — 1) so that

(47rt)"N/2/ e E/2t Yoo (¢, ) dy ~ (47?25)*(”*1)/2215]'1)]4
L

2T M) j=0

with

~ . p—C
J y tr{ P27 0, -1
(_UJ_Z(J)/ r{ P/, ( v)p(m)}m (3.1.26)
i=0 v Jrebm det, (V2E] )

orb,—
N,T?

We obtain the following result.

Theorem 3.1.30 (Asymptotics of the Heat Trace, Boundary Case). Let L be a
self-adjoint Laplace type operator endowed with involutive boundary conditions B, acting
on sections of a metric vector bundle V over a compact n-dimensional Riemannian mani-
fold with boundary. Suppose that the smoothness Assumption |2.5.7 is satisfied. Then
the trace of the solution operator e~'F to the heat equation has a complete asymptotic
expansion as t \, 0, of the form

Tre 't ~ (4rt)"/? Z tla; + (4mt)~=D/2 Z tb;,
=0 =0

where the coefficients a; and b; are giwven above. Moreover, if we change the boundary
operator from B to —B, this amounts to replacing b; by —b;, while the coefficients a;
remain the same.

Proof. The proof that Tre~** has this asymptotic expansion is analogous to the proof of
Thm. [3.1.25] The addendum is proved by noticing that under the change of B into —B,
the equivariant structure p of the bundle V over M is changed, namely, p(—1) is replaced
by —p(—1). Therefore, the b; change into —b;, as seen from formula (3.1.26)).

To see that the coefficients a; do not depend on B, notice that the map

©: Vg — V_g, [v, €] — [ev, €]

is a well-defined isometry of vector bundles, where Vg denotes the vector bundle con-
structed with the help of the boundary condition B as in Construction and V_p
denotes the bundle constructed this way using — B instead (don’t get confused, however:
the map ¢ above is just an isometry of vector bundles, not of equivariant vector bun-
dles). This induces an isometry of the spaces L?(M,Vp) and L*(M,V_p) that takes the
respective heat operators to each other. Hence they have the same trace and the same
coefficients @; as in Thm. . The result follows now because by , the a; are

just one half of the coefficients @;. 0

Remark 3.1.31. As seen by Example [I.1.6 respectively Example the change of
B into — B could be the swap from Dirichlet to Neumann boundary conditions, or from
absolute to relative boundary conditions on forms.
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Of course, again, it is well known that the heat trace has an asymptotic expansion involv-
ing half integer powers of ¢, but the theorem above illustrates where these terms come
from: They are the contributions from the suborbifold '™~ ~ M of the energy, when
employing the Laplace method on the loop space.

Example 3.1.32. In the case of Neumann boundary conditions, i.e. B = id, the first two
boundary coefficients in the asymptotic expansion of e~Z are given by [Gil04, Thm. 3.5.1]

1
by = Nk vol(OM), by (96 trV 4+ m(16scal — 8 tr (R(—,n)n, —))),

384 o

where m is the fiber-dimension of V and V' is the potential determined by the decomposi-
tion L = V*V + V from Lemma The coefficients b, , b; corresponding to Dirichlet
boundary conditions are given by b, = —bf, by = —b], according to Thm.

The term (R(—,n)n, —) is zero in the case that M has a metric collar decomposition at the
boundary, but not for general metrics satisfying the Smoothness Assumption [2.3.7} For
example, if M is a hemisphere of 5™ as in Example[2.3.8, we have tr (R(—, n)n, —) = n—1.

If one drops the smoothness Assumption [2.3.7, then the heat trace asymptotics become
more complicated, and the symmetry of the boundary coefficients with respect to the
change of B into —B disappears. Let us write a; = a; + a? and b; = b; + b?, where a;

and Zj are given by the same expressions as before (see Examples |3.1.27| and |3.1.32[). One

always has all = 0, b = 0. In the Neumann case, we furthermore have

I+ _ m
a;n = — tr IT
! 3

oM

bmzﬂ/ 13(tr I1)% + 2|11J),
=g (IR o)

where m is the fiber dimension of V and II is the second fundamental form of the boundary
(see Thm. 3.5.1 in [Gil04]). In the Dirichlet case, one has a}"~ = a}"" and

11,— m 2 2
== 7(tr II)* — 10|11

which illustrates that there is no symmetry in these contributions from the second fun-
damental form [Gil04, Thm. 3.4.1].

3.2 The lowest Order Term

This section is dedicated to giving a formula for the first order term in the asymptotic
heat kernel expansion Thm. in terms of geometric quantities on the path spaces
To motivate this, let L be a self-adjoint Laplace type operator, acting on sections of a
metric vector bundle V over a closed Riemannian manifold M. For simplicity, assume for
the moment that L = V*V for a metric connection V, i.e. the potential term from the
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decomposition of Lemma [1.1.2|is zero. Then for the heat kernel of L, we have the formal
path integral formula

formall n _
pE(x,y) " (drt) /2][ ¢~ BO)/21 [y |11 gy (3.2.1)
sz(M)

where the slash over the integral sign denotes the (formal) division by (47t)dm(Heu(M))/2,
This "formula" can be justified by looking at Thm. [2.2.7] or the Feynman-Kac formula
Thm. (in either case, we rescaled the paths to be defined on the interval [0, 1]).

Pretending for the moment that the formal expression on the right hand side of
makes sense, we see that after dividing by the Euclidean heat kernel e;(z,y), it has the
form of a Laplace integral, as discussed in Section . The function ¢(v) = E(v) —
d(x,y)*/2 is non-negative on H,, (M) and takes the Value zero exactly on the set TJ"
of minimal geodesics connecting x and y (see Lemma . In the case that Frx“yin is
a non-degenerate k-dimensional submanifold of H,, (M), we can apply Thm. (only
formally, of course, since the "integration domain" is infinite-dimensional) to obtain a
formal Laplace expansion of the path integral . The lowest order term of this

expansion is
11—1
Y 1
ontz) = | D e,

and it turns out that this is a well-defined quantity: The Hessian of the energy, as
given in Lemma is determinant-class on each of the Hilbert spaces 1., H,, (M) when
these carry the H' metric (1.2.5)), and therefore has a well-defined (non-zero) Fredholm-
determinant when restricted to the orthogonal complement of its kernel. We will discuss
this in Subsection [3.2.1]

The question now is whether the coefficient ¢g(z,y) coming from the formal asymptotic
expansion of the right hand side of coincides with the lowest order term ®q(x,y)
coming from the honest asymptotic expansion of the heat kernel in Thm. |3.1.12 The
answer turns out to be "yes", and we will prove it in Subsection |[3.2.2

There is also another way to assign a determinant to an operator on an infinite-dimensional
space than the Fredholm determinant, namely the zeta determinant. In Subsection [3.2.3
below, we will connect the heat kernel asymptotics of pL(z,y) with the zeta determinant
of the Jacobi operator along geodesics connecting z and y. This "L? version" makes no
reference to the H' metric. Alongside this, we will prove an interesting result regarding
zeta determinants, the Gelfand-Yaglom theorem.

3.2.1 Sobolev Spaces along Paths and the Hessian of the Energy

For a,b € R, a < b, consider the closed interval I := [a,b]. Let M be a Riemannian mani-
fold of dimension n. For a smooth path v in M parametrized by I, consider the operator
P := —V?% on L*(I,v*TM) with Dirichlet boundary conditions. By the considerations
from Section [1.1.2} it is essentially self-adjoint on the domain C§°(I,v*T'M) (the space of
smooth sections u of v*T'M with u(a) = u(b) = 0) and self-adjoint on the Sobolev space
HZ(I,~*TM). Tts eigenvalues can be explicitly computed: For a parallel orthonormal
frame e1(s),...,e,(s) of TM along =, the sections Ey, i = 1,...,n, k = 1,2,..., given
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2 k
Ei(a+s) = ”b — sin (;_2) eila+s), 0<s<b—a (3.2.2)

form an orthonormal basis of L?(I,y*T M) (the completeness can be easily checked us-
ing the Stone-Weierstrafs theorem for locally compact spaces [dB59]). Obviously, the
corresponding eigenvalues to Ej; are the numbers

k2
T (b—a)?

by

(3.2.3)

each eigenvalue having multiplicity n.
Since the operator P is positive and self-adjoint, we can form the powers P™ for m € R
and define the Sobolev spaces

HMI,v*TM) := P~™2[*(I,~*TM) c H™(I,v*TM)

with the Sobolev norm

1 X || g = || P™2X || 2, (3.2.4)
which is non-degenerate because P has a trivial kernel. By definition, this norm turns
the map P™/? : H\(I,v*TM) — H,"™(I,v*TM) into an isometry, for any m, [ € R.
Notice that for smooth X € H}(I,v*TM), we have

(PV2X, PV2X) 2 = (PX,X) 2 = —(V§X,X)L2 = (V,X, V. X)2 = | X%

SO that for m = 1, the norm defined in 4)) coincides with the H! norm defined before in
and there is no ambiguity in the notatlon. In particular, in the case that I = [0, ],

we have
HY(I, " TM) = T, Hyo (M),

similar to (1.2.2)), where z := 7(0), y := v(y). Of course, orthonormal bases on the spaces
HI(I,~*T' M) can be obtained by rescaling the L? orthonormal basis (3.2.2)) appropriately.
In particular, the basis

2(b — k
Fy(a+s) := %sin (;_2) ei(a+s), 0<s<b—a, (3.2.5)

i=1,...,n, k=1,2,..., is an orthonormal basis of HJ(I,y*TM).
For later use, we need the following two lemmas.

Lemma 3.2.1. For any m € R, the inclusion of Hy""™(I,v*TM) into HJ'(I,v*TM) is a
Hilbert-Schmidt operator. Furthermore, the inclusion operator from H{]””(], YT M) into
HI(I,v*TM) is nuclear, and P~' is trace-class when considered as a bounded operator
on H*(I,v*TM).

Proof. Denote the inclusion operator from HJ"™ into HJ* by J,,. In the case m = 1, we
have using the orthonormal basis ([3.2.5)) of HE(I,v*T M) that

n [e'e) [e%e) b—
1oll3 =D > Il JoFulze = ZZnﬂkan_nz W%“Z (b—a)’%.

i=1 k=1 i=1 k=1
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where we used that Y ro, 1/k? = 72/6 [Eul40]. For m # 1, we have J,, = P~™/2J,P™/2,
so that J,, is also Hilbert-Schmidt by the ideal property of Hilbert-Schmidt operators.
The inclusion of HJ""?(I,v*T'M) into HJ(I,v*TM) is equal to J,,.J,,11 and the compo-
sition of two Hilbert-Schmidt operators is trace-class, so the second statement follows.
Finally, we can write

[P~V HE = HY'| = Jin I [P HY — HE 2,
which finishes the proof, because nuclear operators form an ideal. 0

Lemma 3.2.2. For any l,m € R with | < m, we have

. b—a m—l1
P X = X0 < (P22)

Hm™m.

Proof. Using the basis Ey, from ({3.2.2]) to the eigenvalues \i, decompose a given vector
field X € Hi"([a,b],v*TM) as X = > | > 77, Xy Ei. Then for any | < m, we have

n oo - . n oo 2 m—l
X0 = 3 S NP 2 A S Y Xl = (D) I

i=1 k=1 i=1 k=1

using the explicit value for A; as in (3.2.3). This is the statement. O

Let us now discuss the determinant of the Hessian of the energy. If T is a bounded
linear operator on a separable Hilbert space H, then its determinant can be defined if
it has the form T = id + W with a trace-class operator W. We will call such operators
determinant-class and their (Fredholm) determinant can be defined by

[e.9]

det(T) == JJ(1+ ;). (3.2.6)

Jj=1

where ); are the eigenvalues of W, repeated with algebraic multiplicity. Because as a
trace-class operator, W is compact, its non-zero spectrum consists only of eigenvalues of
finite algebraic multiplicity (see e.g. Thm. 7.1 in [Con94|) and the trace-class condition
means just that Y 7%, [A\;| < oo, which by definition means that the product converges
absolutely [EB0S, Def. IV.1.4]. In particular, det(T") = 0 if and only if A; = —1 for some
j. There are many other ways to define the determinant of T, see [Sim77|. For us, the
following equivalent way to calculate a determinant will be useful.

Proposition 3.2.3. Let H be a separable Hilbert space and let T :=id + W be a bounded
operator on T with W trace-class. Let Viy C Vo C ... be a nested sequence of finite-
dimensional subspaces such that their union is dense in H. Then we have

det(T) = klim det(Ts,).-
— 00
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Remark 3.2.4. In particular, if ey, es, ... is an orthonormal basis of H, then setting Vj
to be the span of eq, ..., e, yields that

det(T) = lim det({e;, Te;))

fs00 1<i,j<k?
where the latter is an ordinary determinant of matrices.

Proof. Let 7, be the orthogonal projection on Vj. Because id + m, W, has the block

diagonal form
. T 0
id + m W = ( (|)Vk id)

with respect to the orthogonal splitting H = Vj, & V,-, we have
det (T|Vk) = det (id + 7TkW7Tk),

where the right hand side denotes the Fredholm determinant on H. Let ng be the di-

mension of Vi and let eq, e, ... be an orthonormal basis of H such that ey,...,e,, is an
orthonormal basis of V. Using this orthonormal basis, we have
00 ng o)
tr Wy, = Z (ej, meWme;) = Z e;, We;) — Z e;, We;) =tr W. (3.2.7)
j=1 j=1 j=1

For the Hilbert-Schmidt norm, we find

Wi = WIE =) (ea(mWm—W)e) = > (e Wey)’,
ij=1 {i,j|i>ng or j>ng}

which converges to zero since W is Hilbert-Schmidt (this follows e.g. from the dominated
convergence theorem). Thus Wj, — W in the Hilbert-Schmidt norm.
The 2-regularized determinant of a determinant-class operator id 4+ V' is defined by

dety(id + V) = det(id + V)e "V,

see Section 6 in [Sim77]. Because dety is continuous in the topology induced by Hilbert-
Schmidt norm (Thm. 6.5 in [Sim77]) and because of (3.2.7), we have

lim det(id + W) = lim dety(id + Wi)e W = dety(id + W)e™ W = det(id + W).

k—o0

This finishes the proof. U

For s € I, define
R, (s)v = R(5(s),v)7(s), v € TyoM, (3.2.8)

where R is the Riemann curvature tensor of M. Because of the symmetries of R, R, is
a symmetric endomorphism field of the bundle v*T'M over I. Since R, is smooth and
uniformly bounded on I, we can form the operator P + R, which is then self-adjoint on
the same domain as P, and possesses the same mapping properties as P.
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From now on, suppose that 7 is a geodesic. Then by Lemma [3.1.9] the Hessian V2E]|, is
given by

VQEH[X, Y} = (vsXv VSY)L2 + (R'va Y)L2 = ((P + R’y)X> Y)Lz (3-2-9)

for X,Y € H}(I,v*TM). Hence on H}(I,v*TM) C L*(I,v*TM), the Hessian is given
by the operator P + R.,. Of course, this is far from being determinant-class, since it is
even unbounded. But by (3.2.9)), we also have

VELIX,Y]=(X,Y)m + (PT'RX,Y)m = (X, P (P+R,)Y) (3.2.10)

Hl?

so on the space H (I, y*T M), the bilinear form V?E|, is given by the operator id+P~'R,.
Now, indeed, PR, is trace-class on Hj(I,v*T' M), by Lemma|3.2.1} In fact, we can even
calculate its value in terms of a curvature integral, as the following proposition shows.

Proposition 3.2.5 (The Hessian of the Energy). Let v be a geodesic between points
x,y € M, parametrized [0,t] and consider V*E|, as an operator on T, H,(M), by dual-
izing with the H' metric. Then V?E|, —id is trace-class with

Tr(V?E|, —id) = —%/0 ric(¥(s),¥(s)) s(t — s) ds,

where ric denotes the Ricci tensor of M.

Remark 3.2.6. This implies that V2E|, is determinant-class as a bilinear form on the
Hilbert space H}([0,t],7*TM). Furthermore, it is easy to see from the above considera-
tions, that V2E|, is determinant-class on HJ"([0,t],7*TM) if and only if m = 1.

Proof. By (83.2.10)), we have using the orthonormal basis Fj;, from ([3.2.5) that

Tr(V’E|, —id) = ii TR Fy, Fy) ZZ (R+Fik, Fir)

i=1 k=1 1=1 k=1

-[ (Z (RO (s). ei<sm<s>,e@-<s>>> (Oo i (?)) ds.

——ric(4(s),4(5))

Now because of 2sin(z)? = 1 — cos(2z), we have

— 2t (wsk — 1 = 1 2rsk 1
> S () = 53 g2 e () e
k=1 -1 k=1
where we used the Fourier transform identity of the second Bernoulli polynomial [Sch13],
= 1 ) 1
Zw%? cos (2mkz) = z _’Z+6' O

k=1
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Example 3.2.7 (Constant Curvature Manifolds). Set [a,b] = [0,1]. We calculate
det(V2E|,) in the case that 7 is a unique minimizing geodesic between points z, y on a
Riemannian manifold M of constant sectional curvature . In this special case, the Jacobi
eigenvalue equation along a geodesic 7 is (see e.g. [Cha84, p. 63|)

(P +Ry(5))X(s) = =ViX(s) — s[3(s) P X (s) + 1 (X(5),9(5)) ¥(5) = AX(5).

Because v is a geodesic, the eigenspaces separate into spaces of vector fields that are
either parallel to 4 or orthogonal to 4. Write r := |§(s)| = d(x,y) (which is independent
of s because 7 is a geodesic). Set ei(s) := 4(s)/r and let ex(s),...,e,(s) be a parallel
orthonormal basis of the orthogonal complement of 4 along ~.

If we use the frame e;(s),...,e,(s) to define the orthonormal basis Fy; as in (3.2.5)), then
this is an orthonormal basis of eigenvectors of P+ R, on the space HJ([0,1],7*TM): The
Fy;, are eigenvectors to the eigenvalues A\, = m2k? (so these have multiplicity one each),
while the Fjy,, i = 2,...,n, are eigenvectors to the eigenvalues j, = m2k* — kr? (each of
these has multiplicity n — 1). The eigenvalues for the operator id + P~'R., are then

~ Ak - 7 kr?

M=m=l  =5=1-—n (3.2.11)

(If k > 0, this reflects that in order to have no zero eigenvalues, we need to have r?x < 72.)

We obtain by ((3.2.6) and ((3.2.10)

et (9E1) = det(id + PR,) [ (1) = (Sl
) 7o ! —k:1 w2k N VEr

by the product formula for the sine [FB05, p. 220| (if x is negative, then sin becomes
sinh). Note that these results coincide with the explicit formulas for the Jacobian of the
exponential map J(z,y) on manifolds with constant curvature, compare Remark .
This is no coincidence, as we will see in Corollary below.

3.2.2 The lowest Order Term as a Fredholm Determinant
We start with the main result of this section.

Theorem 3.2.8 (Lowest Order Term, H' picture). Let L be a self-adjoint Laplace
type operator, acting on sections of a metric vector bundle V over a compact Riemannian
manifold M of dimension n. For x,y € M, suppose that the set Finyin of minimal geodesics

connecting x and y is a k-dimensional non-degenerate submanifold of Hy,(M). Then for
the lowest order coefficient ®o(x,y) from Thm. we have

L 11-1
Cbo(%y) — lim (47Tt>k/2 Y2 (x7y) _ / [’7”0] 7 dHl/y,
t—0 et(x7 y) Frln;n det (V2E‘N»YF?;“)

where [y||3] denotes the parallel transport along v with respect to the connection determined
by the decomposition L = V*V +V as in Lemma and the determinant is the Fred-
holm determinant of the bilinear form V*E on the Hilbert subspace N,I'm™ C T Hy, (M).

Here the Hilbert manifold Hy, (M) is endowed with the H" metric (L.2.5) and I carries
the induced submanifold metric.
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For the proof, we need the following two lemmas, the (somewhat involved) proof of which
will be given at the end of this section.

Lemma 3.2.9. Let M be a compact Riemannian manifold and x,y € M. Then for every
C > 0, there exist constants a > 0 and Ny € N such that the following holds: For any
geodesic vy € me i M, we have

N
6—o¢|7\*3 < |det(devT|W)| H(AjT)—n/Q < eaIT\*s

Jj=1

for any partition T = {0 =71y <1 < --- <75 = 1} of the interval [0, 1] with N > Ny and
|7| < C/N.

Lemma 3.2.10. Let S be a set of partitions of the interval [0,1] such that for any e >
0, there exists T € S with |t| < e. Then for any v € F;n;“, the union of the spaces

T Hyyr (M), 7 € S is dense in T, H,, (M) = Hy([0,1],v*TM).
Proof (of Thm.[3.2.§). By Thm. [3.1.12] we have

lim (4t)+/2 P r(z,y)
t=0 ei(z,y)

= Po(z,y)
for the coefficient ®¢(z,y), which is given for arbitrary v > 0 and partitions 7 fine enough

by the integral
TTV Oa
Po(7,y) = A%7) dy, (3.2.12)
A 1/2

compare (3.1.12)). The result now follows by taking the limit over a suitable sequence of
partitions. By formula (2.2.14) for T, ,, we have

T,.,(0,7v) = <|det(deVT|y)|H(Aﬂ')_"/g) (H (I)o Y(7j-1) )))

i=1

independent of v, provided the partition 7 is so fine that x(v(7;_1),7(7;)) = 1 for each
4, where y is the cutoff function appearing in the formula. Remember from that
for (z9,21) € M 1 M, the coefficient ® is given by ®o(20, 21) = J(20, 21) %[ Vapz [I6]
where J(z, z1) is the Jacobian of the exponential map (see Remark [2.1.2) and 7,,., is the
shortest geodesic connecting zy to z; in time one. From the Taylor expansion of
the function J, we obtain that there exists a constant a > 0 such that

= < T (3(s),7() T < et

for all 0 < s, < 1 and all y € I’y and consequently

N
e—ell <e —ax 7) H TJ 1 J))_1/2 < eazév:l(AjT)z < el (3-2-13)
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Hence by Lemma |3.2.9, we have for any 7 that
lim TT,V(O77> = [7”(1)]_17

where for a fixed C' > 0, the limit goes over any sequence of partitions 7 = {0 = 75 <
T < .-+ <7y = 1} with |7| = 0, where each such 7 additionally satisfies || < C'/N.

By Lemma [3.2.10} if (7%), k € N is any sequence of partitions the mesh of which tends to
zero, then the union of the spaces T, H,,.»(M), k € N, is dense in T',H,, (M) for every
v E Pg“ym Furthermore, also the union of the spaces N, I O Ty H,y (M) is dense in
N, It For let X € NI, Then there exists a sequence Xy € T, Hy,. (M) with
|X — Xi|lgr — 0 by Lemma|3.2.10, But if Y3 € T,I"" is the part of X} tangent to T,
we have

2
1X — XellTn = || X — (X = Y| 50 + [1Yall e,
so that X — Yj is an approximating sequence of X in N, N T, H,, . .«(M). By

zy
Prop. [3.2.3] we therefore have

lim detT (VZE’N»YFzmyin) = lim det(V2E’N7FzmyinﬂT.szy;7—(M)) = det(sz’N’szmyin>

|T|—=0 |T|—0

if the limit goes over any nested sequence of partitions 7 the mesh of which tends to zero
(since then the corresponding sequence of spaces NWF;“yin NT,H,,..(M) is nested, too).
We obtain that if for a fixed C' > 0, we take the limit over some nested sequence of
partitions 7 with |7| — 0 that additionally satisfies |7| < C/N, then the integrand in
(13.2.12)) converges to the integrand from the theorem pointwise.

To justify the exchange of integration and taking the limit, we give a uniform bound. The

term Y-, (0,7) is uniformly bounded by (3.2.13) and Lemma [3.2.9] Because of (3.2.10),

we have
detT (VZE’N»YFZI“?}H) = det (VQE’N'yra;m;anxy;T(M)) = det ((ld + 7TTP71R,Y7TT) ’N’ermyin) s

where 7 is the orthogonal projection of H,,(M) onto H,,..(M). Because of the standard
determinant estimate for Fredholm determinants (see [Sim77, Thm. 3.2|)

e 1T < det(id 4 T) < el (3.2.14)
which holds for all trace-class operators T', we have
det.. (V2E|vag);n)_1/2 < pllme P Rme |1 /2

But
17 P Ry [y < (7|1 PRy [l | < (IPTHIL RS I

which is finite by Lemma, and bounded uniformly over y € I since '™ is compact.
The proof now follows from Lebesgue’s theorem of dominated convergence. OJ

Restricting to the case (z,y) € M <1 M gives the following corollary.
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Corollary 3.2.11 (The Jacobian of the Exponential Map). Let M be a complete
Riemannian manifold. Let (x,y) € M va M and let ~,, be the unique minimizing geodesic
connecting x to y in time one. Then we have

det (V2E|'Yacy) = J(l‘7 y)’

where J(x,y) is the Jacobian determinant of the exponential map, as in Remark .
Here, H,, (M) carries the H' metric (1.2.5).

Proof. Of course, this is a local result, so in the case that M is non-compact, we can take
some patch of M containing v,, and embed it isometrically into some compact Riemannian
manifold M’ in such a way that ~,, is still a minimizing geodesic, without changing J(x,y)
or the determinant of the Hessian of the energy. This shows that we may assume that M
is compact so that the above results apply.

Taking the heat kernel of the Laplace-Beltrami operator in Thm. [3.2.§ and restricting to
the case (z,y) € M >a M (which implies I'n* = {72y} and k = dim(I"jy") = 0), we have

A
i P2 _ eiwrp )V
Oo(z,y) = 11_{% ery) det(V*El,,,) "

By (2.1.10), we have ®q(z,y) = J(x,y)~/? so the result follows. O

Another way to formulate Thm. is that if I'" is a non-degenerate submanifold of
dimension k, we have

171-1
/2 _ 2
pr(x,y) ~ (dmt) 2k / i) 7 d", (3.2.15)

where the asymptotic relation means that the quotient of the two sides converges to one
as t — 0. This involves the space of minimal geodesics parametrized by the interval [0, 1].
One can also formulate this result using the space F;“y”; of minimal geodesics between x
and y parametrized by [0, t].

Corollary 3.2.12. Under the assumptions of Thm. we have

P M g
ptL(x’y) -~ (47Tt) /2/ ' e E(v)/2 5 0 1/2 dH -
rmin det (V E |wag2f})

Here, Fg;‘; denotes the space of minimizing geodesics parametrized by [0,t] connecting x

to y, carrying the rescaled H' metric

1 t

:EO

(X, Y) g (Vs X(s),VsY(s))ds. (3.2.16)

The asymptotic relation above means that the quotient of the two sides converges to one
ast — 0.
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Remark 3.2.13. Notice that the formula of Corollary is independent of the di-
mension k. Therefore, the above formula is also true if Fg;‘; is a disjoint union of non-
degenerate submanifolds of various dimensions. However, only the component of I';)" of
the highest dimension will contribute in the limit, because the integrals over the other
components are of lower order in ¢.

Proof. Consider the rescaling map
Syt Hyyo(M) —> Hyy(M), 7+ 7 = [s o v(st)]. (3.2.17)
For X € T, H,,. (M), we have dSy|, X = X, where X (s) = X(st). Therefore,
(ASi, X, dSi|,Y) 0 = /O 1 <vs)~<(s),v517(s)>ds — 2 /0 1 (VX (st), V.Y (st)) ds
—y /O (VX (s), VY (s)) ds = drt(X, V) 5,

so that S; is a conformal mapping with conformal factor 4znt. S; restricts to a map

Sy : It — I'm® and by the above calculation, we find in the case that T is a

k-dimensional submanifold of H,,(M) that
det(dS;) = det((dS,)*dS;)""* = (4xt)*,

Hence

_ (sl ~_ k/2 [yll6)
Oo(x,y) = 747 = (4rt) A 7z d7- (3.2.18)
rein det (V2E| N;Yrggn) o det (V2E) Nﬁ%n)

To see that the determinant is independent of ¢, i.e.
det(v2E|Nar‘gnyin) - det(v2E|N7F;n;1t)

for any t > 0, note that if Ey, F»,... is an orthonormal basis of erg;jg, then the vector

fields Ej(s) := \/tE;(s/t) form an orthonormal basis of NI Now

V2E|,|B:, ] = / ((VLE(5), Vs (5)) + (R(3(5). Ei(s))3(s), B (5)) ) ds

= /0 ((VLEi(s/0), VEs(s/)) + (R(3(s/8), Ei(s/0)A(s/1). Ey(s/1) ) ) ds

t
— V2 (B ).
From this follows using Prop. [3.2.3| (or rather Remark [3.2.4) that
det (V2E|N%F‘£“yi“) - ]\}gr(l)o det (VZEH [Ei’ E]} > 1<i,j<N

= lim det (V2E|v (B, EJD

N—oo

== det (VQElN’YF;nylf]t)

1<ij<N

whence the result. O
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Example 3.2.14 (The first Coefficient on Spheres). On an n-dimensional sphere of
radius R = 1/+/k, the determinant of the Hessian of the energy, respectively the Jacobian
of the exponential map, is given by in the case that x and y are not antipodal
points, which gives an explicit formula for ®(z,y) because of ([2.1.10). We now use Thm.
to calculate ®y(x,y) for the Laplace-Beltrami operator on S} in the case that x and
y are antipodal points.

Without loss of generality, we assume that z = (R,0,...,0) and y = (—R,0,...,0) are
the north and south pole. In this case, the set Fg;;n is diffeomorphic to S;L{l, the n — 1-
dimensional sphere of radius R, via the diffeomorphism

n— min RCOS(’]TS)
p:SR1—>ny 0!—>[5|—>(€Sin(ﬂs)>]

For v € TgSﬁ_l, we have

= 5= o0 ()}

Since v € TyS% ™!, we have (v, ) = 0, hence <Xv(s),p(9)(s)> = 0 so that

vsin(ms)

V.5,(6) = Xulo) = (Xl 0)00)) 009 = =7 )

by the explicit formula for the Levi-Civita connection on the round sphere. Therefore, if
€1,...,6en_1 is an orthonormal basis of TgS}%’l, the Jacobian determinant of p is given by

1/2

1/2 1
’det (dp\g)’ = det((Xei,Xej)Hl) = det (WQ (€i,€5) / COS(?TS)QdS)
0

Isijsn—1 1<ij<n—1

— 7rn—12(1—n)/2’

which is constant. To calculate the determinant of the Hessian of the energy, remember
that the eigenvalues are given by (3.2.11). In our case, r = Rr and xk = 1/R? so ji; = 0,
which has to be left out to calculate the Hessian on the normal space to Fglyin. We obtain

[e'e) o0 2 n—1 o8] 1 n—1
(@ Br) =1 =11 (- ) =I(1 ) =2
k=2

k=2 k=2

because the product "telescopes", that is

00 N N
1 , E—1 kE+1 . I N+1 1
H(“ﬁ)—]&iﬁo(ﬂ—k )(H—k )—]&ﬂfm—z =y

k=2 k=2

Therefore, by Thm. [3.2.8] we have

Do(x,y) :/ ‘ 2("_1)/2dH17:2("_1)/2/ det(dplg)dé
min S

n—1
R

7].371/2—1Rn—1

I'(n/2)
This result can also be found in [Hsu02, Example 5.3.3].

= 7" 'R ol (8" = 2
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Remark 3.2.15. Using Prop. [3.1.21] these results can be extended to the case that M
has a boundary, in the case that the smoothness Assumption [2.3.7] is satisfied.

To finish the section, it is left to prove the Lemmas [3.2.9] and [3.2.10}

Proof (of Lemma . Identify the tangent spaces T'y(s)M with T, )M using parallel
transport along v. Let 7 ={0 =7y <7 < --- <7y = 1}, N > 2, be a partition of the
interval [0, 1] and write for abbreviation A; := A7 =7, — 75_1.

Step 1. Define the subspace W, C T. ny(M) Hl([O 1] v*T'M) by

W, :={X € T, H,,(M) | X smooth on (7;_1,7;) with V2X(s) = 0}. (3.2.19)
This means that elements X € W, are piecewise linear, i.e. they have the form
X(rj_1+5) = (1 = i) Vi1 + v, vi=X(r;), 0<s<A;. (3.2.20)
A A;
Define

~(75) M—>WT7 (Ulw"a/UNfl) '—>XU7

u@z

where X, is the unique element in W, with X, (7;) = v; (where we set vg = vy = 0).

Then by the explicit form (3.2.20]) of X, = U, (vy,...,on_1), Xo = Vr(wy, ..., wn_1), We
have (using the convention vy = vy = wy = wy = 0)

(xv,Xw)Hl—f; [ (a0 g - as

J

1
= ((vg, wj) + (vj_1,w5-1) = (v, w51) = (vj_1,w05))
j=1 A
(%1 w1
UN-1 WN-1
where D, is the n(N — 1) x n(/N — 1) matrix
1 1) 1
1 1

Per induction, one shows that det(D,) = [T i1 A" As a subspace of Hy([0, 1],7*T'M),
W, carries the induced H! scalar product. With respect to this scalar product, we obtain
that

| det(W,)| = det(U* W, )2 = det(D,)"/? = HA n/2 (3.2.21)
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Step 2. Define the operator
K, W, — T,H,,(M), X — K. X, (3.2.22)
where Y := K, X is the unique solution of

{ —V2Y () + R, (s)Y (5) = =R, (s) X (s) for s#7
Y(r;) =0 for j5=1,...,N,

with R, the curvature endomorphism along + considered in Section [3.2.1] This problem
indeed has a unique solution, because Y = K, X is just patched together from the unique
solutions of Dirichlet problems on each subinterval [7;_;,7;]. Namely, the self-adjoint
operator —V2+ R, with Dirichlet boundary conditions is invertible on each of the subin-
tervals [7;_1, 7], because it has trivial kernel: Elements in the kernel are Jacobi fields with
vanishing endpoints. A non-zero element in the kernel would therefore imply that v(7;_1)
and 7(7;) are conjugate, which cannot happen for N > 2 as 7 is a minimizing geodesic.
Because the right hand side is smooth on these subintervals, Y is as well. For X € W,
set X =X+ K, X :=X+Y. Then X € T, H,,.. (M), because for s # 7;, we have

V2X = V2X(5) +V2Y (s) = R ()Y (5) + R (s) X () = R (s) X (s).
\_26_./

Thus X is a piecewise Jacobi field, i.e. an element of 1), H,,..(M). Notice that
id+ K, : W, — T,Hyy. (M)

is an isomorphism of vector spaces, because the dimensions coincide and it is injective: If
X = —K, X, for X € W,, then in particular X (7;) = —(K,X)(7;) = 0 for all j, hence
X = 0. Furthermore, for vectors v; € Ty;;)M, X = (id + K;)V,(vy,...,vy_1) is the
piece-wise Jacobi field with X (7;) = v;. Therefore,

(dev,|,) ™" = (id + K,)¥,. (3.2.23)

Extend K, to a bounded linear operator on 7', H,, (M) through extension by zero on the
orthogonal complement W:=. Denote by i,,p, and ¢,, 7, the inclusions and orthogonal
projections corresponding to the subspaces W, respectively T, H,,..(M) of T, H,,(M).

Using (3.2.23]) and (3.2.21]), we obtain

N -—n/2
) Al

e |det (- (id + K, )ir)|

N
|det(dev.|,) | T A; " = |det(r.(id + K )i,)|
j=1
Furthermore,
|det (7 (id + K,)ir)| = det (p,(id + K,)* o7, (id + K,)i,) ">

1/2

= det(p,(id + K,)*(id + K, )i;) ",
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where in the last step we used that the image of id + K is contained in 7., H,,..(M) so
that the projection and inclusion in the middle can be left out. For X, Xy € W,, let
Y = K. X4, Yy := K, X5 and calculate

N
(X0 Ko Xa)ip = (0, Yah = Y [ (9.30(9), V.Yas)) ds =0,
j=1 77

which follows from integration by parts since V2X; = 0 for s € [r;_1,7;] and Ya(7;) =
Ya(7j—1) = 0 for all j = 1,..., N. This shows K, X C W*. Put together, we get for
X1, Xy € W, that
(X1, (d+K7) (id + K7) Xa) s
= (X1, Xo)m +SX1, K’TXQ)H11+£KTX1’ XZ)H1/+(KTX17 K Xo)m
=0 =0

— (X1, (id + KT ) X5) 0,

ie. pr(id + K,)*(id + K. )i, = p,(id + K* K, )i,, and

1/2

det (p, (id+ K, )*(id+ K, )i, ) "> = det (p, (id+ K2 K, )i,)'* = det (id+ K7 K,)'/?, (3.2.24)

where the last determinant is a Fredholm determinant and the last step uses that id+K* K,
has block diagonal form with respect to the decomposition 1%, H,, (M) = W, & W+.
Therefore, with a view on the standard determinant estimate (3.2.14), we are led to
estimate | K*K,||; = tr(KK,) = || K,||3, the Hilbert-Schmidt norm of K.

Step 3. We need some preliminary considerations. Let [a,b] be any subinterval of [0, 1]
and write P for the operator —V2 on L?([a, b],v*T'M) with Dirichlet boundary conditions,
as in Section . Suppose that [a,b] C [0,1]. Then P + R, is an isomorphism from
H([a,b], v*TM) to H" *([a, b],v*T M) for each m € R (remember that « is a minimizing
geodesic, hence 7|, is unique minimizing, so there are no non-trivial Jacobi fields with
vanishing endpoints along 7|a4, i.e. the kernel of P + R, is trivial). We now show that

-1 (b—a)?
PR X = =

for each X € H'([a,b],v*TM) and any v € ™" where ||R,|| is the operator norm of the

1X L1, (3.2.25)

xy
operator X — R, X on Hy([0,1],7*TM). First we have using Lemma above that
- (b—a)* (b—a)?
1P R X < CE R < SR X,

since the operator norm of R., on [a, b] is less or equal to the operator norm of R on the
interval [0,1]. We find for all X € H}([a,b],v*T M) that

(b—a)®

T2

[Gd + PT'R)X ]|y 2 Xl = I1PT'R X [ > (1 = IR, ) X1

Because id + PR, is self-adjoint on Hj([a,b],7* T M) as is easy to verify, we obtain for
its smallest eigenvalue

o lGd + PR X | (b—a)?
. — inf > (1—- .
/*’Lmln )1(1,71&0 HXHHI - ||R’YH 7_‘_2
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The spectral radius of the inverse (id + P~'R,)~! is equal to 1/pmin. Since id + P~'R,
is self-adjoint on Hj([a,b],v*T M) and so is its inverse, the spectral radius equals the
operator norm, whence

71.2

72 —[[R,|[(b - a)

1
|(id+ P~'R,) X[ 1 < mHXHL2 < AR

Finally, using Lemma |3.2.2| again, we get

|(P+R)'X|, = ||P A+ PT'R) X,
(b—a)

<
2

|Gd+P'R,) X[

(b a)?
= TR e—a)

2 [ XN

which is the claim.

Step 4. We finally derive a bound on ||K.,||3. For any vector X € T, H,,..(M) and any
j=1,...,N, wehave K, X|j,_, ) = —(P+Ry) "R\ X|,_, r,], Wwhere (P +R,)"" is the
operator discussed in Step 3 on the interval [a, b] := [1;_1, 7;].

Let Ey, Es, ..., Eyn-1) be an orthonormal basis of W;. Using the estimate from
Step 3 on the operator norm of (P + R.,)~* on H'([rj_1,7;],7*T M), we obtain

n(N-1) n(N-1) N )
IKAZ= >0 KBl = D Y KBl
i=1 i=1 j=1
n(N-1) N )
- Z Z”_(P+R7)71R7Ei|[Tj—1vTﬂHH1
=1 j=1
n(N-1) N 2 2
AZ 2
< 2o 2 (W> IR Eilirysml
n(N-1)

< ) IRl <oy - (A Y
— K3 1 =
w2 — || R, [l 72 B w2 — R, [l 72

1=1

We now suppose that |7| < C/N for some C' > 0. Suppose additionally the partition 7 be
so fine that |7| < m/+/2||R,||, or equivalently 7 — ||R,|||7|> > 7%/2. By the assumption
|7| < C/N, this is the case in particular if N > Ny := [C\/2||R,|/7]. For such 7, we

have

IR M7 _ 2R NIP _ 2R IC? NG
e N [ R ) CRN &

and

N2 O N3’

With a view on (3.2.24)), this concludes the proof using (3.2.14]), because the operator
norm ||R,|| is uniformly bounded for y € I’ O

N2\ 2 1
1K |2 < n(N = 1) (—) < nNZ-L
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Remark 3.2.16. Notice that if M is flat, we have W, = H,,.,(M) and the operator K,
of the above proof is zero. Hence in the flat case, we have

N
|det (dev.|, )| l_I(AjT)’"/2 =1,

=1
for each partition 7 = {0 =7 < 7 < --- < 7nx = 1} of the interval [0, 1].

Proof (of Lemma . The proof is divided into two steps.

Step 1. We first show that the union of the spaces W, for 7 € S is dense in the space
H{([0,1],v*T M), where W, is the space defined in (3.2.19). Namely, we claim that given
a partition 7 = {0 =19 < 7, < -+ < Tn}, a vector field X € HJ([0,1],7*TM) is in the
orthogonal complement of W, if only if X(7;) =0 for all j =1,..., N — 1. Indeed, for a
given v € Ty M, define Y € W, by

Y(s) = s(l—m1j)v s<mj
(1—-9s)Tv s>y,

where we identified the spaces T's)M by parallel transport along . Then integrating by
parts and using that V2X =0 on (7;_1, 7;) yields

Y =3 [ (9. 0¥ (6)) ds = 3 (X5, ¥ (5-) = Vi) = (X (),

This proves the claim, since this scalar product is zero for all v chosen this way if and
only if X (7;) = 0 for all j.

Now suppose that X € H,,..(M) is in the orthogonal complement of W, for all 7 € S.
Then by the observation before, we obtain that necessarily X (s) = 0 for all s € [0,1] for
which there exists a partition 7 € S with s € 7. Because of the condition on the set S,
the set of such s in dense in [0, 1], so from continuity follows X = 0. Therefore the union
of all W,, 7 € S must be a dense subset.

Step 2. Suppose that W, # H,,..(M), ie. R, # 0 (otherwise, we are already done
with the proof). Let Y € W.. Then if K, is the operator defined in , then
Y + K.Y € T,H,,.(M), as seen in Step 2 of the proof of Lemma above. By
(13.2.25)), we have

2

1KY 13 = |-(P+R) ' RY sy, [ > (W) IRY |7y i
j=1 j=1 Y=

4 4
< SIRY Il < I = IR PIY 1170
whenever 72 — [|R,|||7]* < 72/2, or equivalently |7| < 7/4/2||R,| (here ||R,| is the
operator norm of the operator X — R,X on Hj([0,1],v*T'M). We conclude that the

operator norm of the operators K, for |r| small enough satisfies the bound || K| < C|r|?
with a constant C' > 0 independent of 7. Hence

X = (V + K-V SIX =Yl + 1KY [ < X =Y + 1KY ]
<X =Yllm + ClrP(IX =Yg + 11X )

M
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Now given £ > 0, choose ¢ > 0 such that

6% < min ° ™
Ce+2(X||g) 2lIRA

and let S” C S be the set containing all partitions 7 € S with |7| < 0. Then S’ still has
the property from the lemma, so by Step 1, for some 7 € S’, we find Y € W, such that
| X — Y| < /2. Then by the choice of 4, if |7] < 4, we have | X — (V + K, Y)||,, <e.
Because ¢ was arbitrary and Y + K;Y € H,,.,(M), 7 € S, this shows that the union of
all H,,. (M), 7 € S is dense in Hj([0,1],v*T'M). O

3.2.3 Zeta Determinants and the Gelfand-Yaglom Theorem

In the section above, we saw that in the case that the set Fglyin of minimizing geodesics
between the points z, y is a non-degenerate submanifold of H,, (M) (with respect to the
energy functional), we have

—E(y)/2t[A||11—1
(47rt)—n/2 e~ E()/2t [,Y“l]—ldHl,y formally (47Tt)—n/2—k/2 e PO/ [’YHO] dHl%
0 : 9 1/2
Hay (M) rmin det (V E|prg,;n)

which is exactly the result expected when taking a formal Laplace expansion of the Laplace
integral, as in Thm. [3.1.2) (more precisely: we saw that the heat kernel, which is formally
represented by the path integral on the left hand side, actually behaves asymptotically as
shown on the right hand side).

The expression on the right hand side above depends on the choice of a Riemannian metric
on the manifold H,,(M) in two ways: First, because we integrate over the submanifold
Fg‘yin using the Riemannian volume density of the induced metric. Secondly, because we
take the determinant of the bilinear form V2 E)| N, pyn Using the metric on N, T (because
to calculate the determinant of a bilinear form, we need a metric). In both cases, the H*

metric (1.2.5) turned out to be the correct choice.

However, there is yet another possible choice for the determinant of an operator on an
infinite-dimensional space: the zeta determinant, which is defined for a certain class of
unbounded operators on a Hilbert space. This approach is often used in physics to assign
finite values to otherwise ill-defined path integrals, see e.g. [Haw77| or [Wit99]. Because we
have V2E|,[X,Y] = ((-V2+ R,)X,Y )2 (see (3.2.9)), one could get the idea to replace
the determinant of V?E|, by the zeta determinant of the Jacobi-operator —VZ + R.,.
This determinant does not depend on the choice of a Sobolev metric on the path spaces.
Instead, it only depends on the eigenvalues of —V2 + R, considered as an unbounded
operator on the Hilbert space L?([0, 1], v*T'M). Since the H' metric on H,, (M) does no
longer play a role then, it seems that one should also equip Fglyin with another metric when
performing the integral. Here the L? metric comes into play.

It is a "well-known fact" in physics that zeta determinants only give the value of path
integrals "up to an arbitrary multiplicative constant", by which is usually meant that
one can only calculate the quotient of two path integrals, which is then given by the
quotient of the respective zeta determinants. In this section, we will indeed see that in
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some sense, the quotient of the zeta-regularization of the path integral for the heat kernel
on a Riemannian manifold by the same path integral for flat space is indeed given by the
quotient of the respective zeta determinants.

For an elliptic positive self-adjoint pseudo-differential operator P of order d > 0, acting
on an m-dimensional compact manifold ¥, the zeta function (p is defined by

=> A7 (3.2.26)

A0

where the sum runs over all non-zero eigenvalues A of P. Here, ¥ may have a boundary,
in which case we assume that P is endowed with appropriate boundary conditions. This
sum converges for Re(z) > m/d; however, one can check that (p possesses a meromorphic
extension to all of C and that zero is not a pole [Gil95 Section 1.12]. Therefore, one can
define the zeta-reqularized determinant

dete(P) = e=P©),

If P actually has zero modes that were left of in the sum (3.2.26)), it is conventional to
write detg(P) instead. The definition is motivated by the fact that if one (formally!) plugs
the series (3.2.26)) into the right hand side of this definition (which is not possible since

one cannot evaluate it at zero), one obtains

e_qj(o) forrgally H )\,

A#£0

the product of the non-zero eigenvalues, which of course diverges; the zeta determinant
"magically" assigns a finite value to this product.

Example 3.2.17 (Dirichlet-Laplacian along a Geodesic). Let v be a smooth path
in an n-dimensional Riemannian manifold M parametrized by [0,¢]. Already in Sec-
tion , we found the eigenvalues of the operator P = —V? with Dirichlet boundary
conditions on the space L?([0,t],v*T'M) to be the numbers \;, = 72k?/t?, each of multi-
plicity n. Hence for Rez > 1/2, we have

o0 2z

& 2k2 2z
) =n 3 () =i =)
k=1

where ¢ without subscript denotes the usual Riemann zeta function. Therefore,
¢ (0) = 2n(log(t) — log(x))C(0) + 2n¢'(0) = —n log(2¢)
as it is well known that ¢(0) = —1/2 and ('(0) = — log(27)/2 [Son94]. We obtain
dete(=V?) = 2O = (2t)" (3.2.27)

for the zeta determinant.
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More generally, the zeta determinant can be defined for a wide class of (necessarily un-
bounded) closed operators with discrete spectrum on an abstract Hilbert space H, called
zeta-admissible (for the definition, see [Sco02, Section 2]). That an operator is zeta-
admissible essentially means that it has a well-defined zeta function which does not have
a pole at zero. We will not need the exact definition here (which is somewhat involved);
we will only need that Laplace type operators P on intervals with Dirichlet boundary
conditions are zeta-admissible, as well as their positive powers. Such operators P are
well-known to be zeta-admissible; this can be shown e.g. using the heat trace expansion
Thm. as in [Gil95], Section 10]. For the operators P™, m > 0, one immediately sees
that (ps(2) = (p(mz), hence det (P™) = det(P)™.

The following result then generates many more examples.

Proposition 3.2.18 (Multiplicativity). [Sco02, Thm. 2.18| Let H be a Hilbert space,
let P be a closed and invertible operator on H with positive spectrum and let T :=id + W
with W trace-class on H. If P is zeta-admissible, then so are PT and TP and we have

det¢(PT) = det((T'P) = det¢(P) det(T),
where det(T) denotes the usual Fredholm determinant.

Remark 3.2.19. We generally have det;(AB) # det¢(A)det:(B). Instead, the above
product rule holds.

Corollary 3.2.20 (Zeta Relativity). Let Py, P, be positive self-adjoint Laplace type op-
erators with Dirichlet boundary conditions on the interval [0,t], acting on the bundle
Y*I'M, where v is a smooth path in some Riemannian manifold M. Suppose that the
difference Py — Py is of order zero and that P, and P, have trivial kernels. Then Pfng
is well defined and determinant-class on L*([0,t],v*T M) and we have

detc(Pg)

det(Pl_IPQ) = m,

where the left hand side is the usual Fredholm determinant.

Proof. Because P, has trivial kernel, its inverse P; ' is well defined by spectral cal-
culus, and P! : L%([0,t],v*TM) — HZ([0,t],v*TM) is a bounded operator. By
Lemma [3.2.1] the inclusion HZ([0,t],v*TM) — L*([0,t],7*TM) is nuclear; hence the
operator P, : L2([0,t],v*TM) — L2([0,t],7*TM) is trace-class, because it can be
written as the composition of a bounded operator and a nuclear operator.

Write P, = P, + V for an endomorphism field V' € C*°([0,¢],7*T'M). Then

Pi'Py=P Y P +V)=id+ P['V

is determinant-class, because P, 'V is trace-class. We can now apply Prop. [3.2.18| on
the Hilbert space L2([0,t],R") with P = P, and T = P, 'P, to obtain the required
determinant identity. O

Similarly, the following is true.



3.2. THE LOWEST ORDER TERM 117

Proposition 3.2.21. Let M be a Riemannian manifold and let (x,y) € M >1 M. Then

we have )
dete(=V2+R.,,.)
d t V2E — ¢ S Yxy;t
€ ( ”Yﬂw;t) detc<_vg) )

where Yz, 18 the unique minimizing geodesic travelling from x to y in time t and —V?* +
R, is the Jacobi operator as in Section [3.2.1 Both operators on the right hand side
carry Dirichlet boundary conditions.

Combining this with Corollary [3.2.11] and Example [3.2.17] we may express the Jacobian
of the exponential map as the zeta determinant of the Jacobi operator.

Corollary 3.2.22. Let M be a Riemannian manifold and (x,y) € M <1 M. Then for
any t > 0,

J(z,y) = (2t)™" detc(—Vg + Ry )s

where 7y, 18 the shortest geodesic connecting x to y in time t and —V2+TR., is the Jacobi
operator with Dirichlet boundary conditions on L*([0,t],v*TM). Here J(z,y) denotes the
Jacobian of the exponential map, as in Remark[2.1.2

Proof (of Prop.[3.2.21). Write P := —V?2 and 7 := 7, for abbreviation. By ({3.2.10),

we have

V2E|’Y[X7 V)= (X’ P_l(P“‘Rv)Y)Hl'
Set T := PP + R,). Because P~V/2 : L%([0,t],v*TM) — H([0,t],7*TM) is an

isometry, we have
det(V2E|,) = det™ (T) = det™ (PV2TP~2) = det’” (P~V*(P + R,)P~1/?).
The operator P~Y/2(P +R,)P~%? is indeed determinant-class, since
PP+ RY)PVE=id+ PTVPRPTV2 = id+ W,

where W is the composition of two Hilbert-Schmidt operators and a bounded operator,

hence trace-class. Set W := P~'R,. Then by Prop. [3.2.18

det™ (id + W) detc (PY?) = detc((id + W) PY?) = detc(PY?(id + W)
= detc (PY?) det®” (id + W),
since P2 is zeta-admissible. This shows that the L?-determinant of id + W is equal

to the L*-determinant of id + W = P~'(P + R,) (the latter now being an operator on
L%([0,t],v*TM)!). The result now follows from Corollary [3.2.20] O

The quotient of two zeta determinants of one-dimensional operators can be calculated
using the Gel’fand-Yaglom theorem below.
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Theorem 3.2.23 (Gel’fand-Yaglom). Let V; € C*([0,t],R"*"), i = 1,2 be functions
with values in symmetric matrices and consider the differential operators

Pi=—-——4+V.
ds? +

Assume that all eigenvalues of Py and Py are positive. Then we have

dete(P) det (Ja(t))
dete(P1) — det(Jy(t))’

where the J;(s) are the unique matriz-valued solutions of
Ji'(s) = Vi(s)Ji(s), Ji(0) =0, J/(0)=id.

It seems that the name of the theorem stems from an older result by Gel’fand and Yaglom
[GY60], who express the expectation value of certain Wiener functionals as the solution to
an ordinary differential equation, but without mentioning zeta determinants. A rigorous
proof of Thm. can be found in [Kirl0] or [KMO3| for the scalar case (i.e. m = 1),
using contour integrals. As demonstrated below, Thm. combined with Prop.[3.2.21
enables a different proof of the identity

det(V*El,,,) = J(z,y)

that gets away without having to calculate the messy term Y, ,(0,~). However, this works
only in the non-degenerate case. Furthermore, it turns out that the results obtained with

our methods (Corollary |3.2.11| and |3.2.21]) suffice to prove Thm. [3.2.23|

Proof (of Corollary|3.2.11), using Thm. . The vector bundle ~;, T'M over [0, 1] has
a canonical trivialization using parallel transport along 7,,, so that Thm. [3.2.23]is appli-

cable. In this local trivialization, set Vi(s) = 0 and V3(s) = R,,,(s), the Jacobi endomor-
phism (3.2.8) along v,,. Then use Thm. With P =—-VZand P, =—-V2+R,,, the
Jacobi operator. Clearly, P, has only positive eigenvalues, and since (z,y) € M < M, Py
has only positive eigenvalues as well (compare Thm. 15.1 in [Mil63]).

Now Ji(s) = sid so that det(J;(1)) = 1. On the other hand, in the trivialization, the
columns v;(s) of Jy(s) are Jacobi fields along ., with initial conditions v;(0) = 0, v;(0) =
e; (with ey, ..., e, the standard basis in R™). It is a well-known fact from Riemannian
geometry that

vi(s) = sdexp, |s,, (08> i=1,...,n,
see Corollary 1.12.5 in [KIi95] or Thm. I1.7.1 in [Cha06]. We obtain det(J5(1)) = J(z, ),

the Jacobian determinant of the exponential map. Therefore,

) o dete(-V24R,,,)  det(L(1)  J(x,y)
det(V E|%cu) - detg(—Vg) — det(Jl(l)) - 1 )

where we first used Prop. 3.2.21] and then Thm. [3.2.23] O



3.2. THE LOWEST ORDER TERM 119

Proof (of Thm. . Since we only calculate the ratio, we may assume V; = 0. Now
given a smooth function V' := V5 with values in symmetric (n X n)-matrices, define on
M = R x R" (equipped with coordinates s,z!,...,2") a Riemannian metric as follows.
Choose neighborhoods U and V of [0,¢] x {0} in M such that U C V. On U set

gss(s, ) = 1+ Vig(s)a'a?,  gg(s,2) =0, 9ij(s, ) = dij,

where 1 <14,j < nand Vj;(s) are the entries of V'(s); on the complement on V, set g5 = 1,
gs; = 0, g;j = 0;5; on V' \ U, choose a smooth interpolation between the two metrics. One
can choose the open sets and the interpolation in such a way that the resulting metric is
non-degenerate; then M becomes a complete Riemannian manifold.

The curve y(s) := (s,0,...,0) is a geodesic from z := (0,...,0) to y := (¢,0,...,0),
because all Christoffel symbols vanish at points in [0, ] x {0}, as is easy to calculate. It is
the unique shortest geodesic between x and y if and only if the Jacobi operator —V2+7R,
on [0, ¢] has only positive eigenvalues (see [Mil63, Thm 15.1]), which we assume from now
on. On the other hand, one can easily compute that the Jacobi endomorphism ([3.2.8)) is

explicitly given by
1 0
Ry (s) = (0 V(S)> : (3.2.28)

so that the differential of the exponential map is given by

1/1 0
depr |s"y(0) = g 0 JQ(S) 5

where Js(s) is the unique matrix solution of
JQ//(S) = V(S)JQ(S), JQ(O) = 0, Jé(()) =id.

The shortest geodesic travelling from z to y in time one, on the other hand, is given by

det(Jo(t det(J(t
J(2,y) = det(dexp, |5,,0)) = det(dexp, [, 0) = t(nfl( ) - detEJiEg;’

where J; = tid is the matrix solution of the equation Jy'(t) = 0 with initial conditions

J1(0) =0, J{(0) = id. By Prop. [3.2.21] and Corollary [3.2.11], we therefore have

dete(=Vi+Ryy) _ 2 B ) B  det(J(t))
Aot (=) = det(V?El,,,.) = det(V?E|,,,) = J(z,y) = det(Tt))’

where we also used that det(VZE|,) does not depend on ¢, as seen in the proof of Corol-

lary (3.2.12] Finally, because of (3.2.28)), the bundle separates into the direction tangent
to Yzy: and the orthogonal directions, so we obtain

det(Jo(t))  det(—V24+R,,,,)  dete(Py)dete(—02)  dete(Py)
det(Ji(t))  det(=V2)  dete(P)dete(—02)  det(Pr)’

This finishes the proof of Thm. [3.2.23 O
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Remark 3.2.24. Of course, in the formulation of Thm. [3.2.23] one could use the Fred-
holm determinant of P, ' P, instead of the quotient of the zeta determinants. This way,
one would get away without having to use Prop. [3.2.21] That is, Thm. [3.2.23] can also be
written as a theorem about usual Fredholm determinants.

Finally, we formulate the lowest order asymptotics of the heat kernel of a Laplace type
operator L using the zeta determinant of the Jacobi operator.

Theorem 3.2.25 (Lowest Order Term, L? picture). Let L be a self-adjoint Laplace
type operator, acting on sections of a metric vector bundle V over a closed n-dimensional
Riemannian manifold M. For x,y € M, suppose the set F;n;n 1s a k-dimensional non-
degenerate submanifold of H,, (M) (with respect to the energy functional). Then the lowest
order term of the heat kernel expansion of Thm. is given by
: ko Pt (2, y) n/2 llol ™! L?
Po(z,y) = }tl_r}é(%t) / ooy on/ /me del (v +R7)1/2d Vs

where [y||§] denotes the parallel transport along v with respect to the connection V deter-
mined by L as in Lemma |1.1.2 and we integrate with respect to the Riemannian volume
measure corresponding to the L* metric (1.2.11]) on I'™in,

Ty

Remark 3.2.26. Put into the form analogous to (3.2.15[), Thm. [3.2.25| gives that

pL(x y) ~ (47Tt)_n/2_k/2/ e—E(’}/)/Qt 2”/2[»)/H(1)]—1 dL2,_Y (3229)

meaning that the quotient of the two sides converges to one as ¢t — 0.

Because 22 = det(—V?) by Example [3.2.17, we obtain in the particular case (z,y) €
M >a M and L = A that

Py | deti(—V2+ R,
ez, y) det(—V2)~-1/2

Replacing the expressions on the left hand side formally by the corresponding path in-
tegrals, we obtain that in the small-time limit, the quotient of the curved path integral
and the "Euclidean" path integral is equal to the quotients of the corresponding zeta
determinants.

Proof. By Thm. 7?7, we have

L 11—-1
lim (47Tt)k/2 2 (x7y> _ / [7”0] 1/2dH1’Y,

when F;nym is endowed with the H' metric (1.2.5). By the transformation formula, we
have

L 11—-1
lim (4rt)/2 PEEY) / allld — s, (3.2.30)
10 e(®,y)  Jrmn det(V2E |y, pyn) '~ det (did|,)
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where det(did|,) denotes the determinant of the identity map from I'i* with the H'
metric to the same space with the L? metric. Fix v € I‘g;“ and let f1,...,fr be an
H'-orthonormal basis of T,I"i" = ker(P + R,). Then

1/2

det (did|,) = det((fi, fj)Lz) (3.2.31)

1<ij<k’
Notice that fi,..., fr are smooth by elliptic regularity. Let fii1, fxi2,... be a smooth
H'-orthonormal basis of N,I'm*. By Thm. ?? (respectively Remark [3.2.4) and (3.2.9),

we have

det (V?E|x,rpgn) = lim_ det((fi, (P+R7)fj)L2> (3.2.32)

k+1<ij<N
Let IT be the H'-orthogonal projection in H; ([0, 1], v*T'M) onto ker(P +R.,). Because II
has finite rank, it is bounded with respect to the L? norm and therefore extends uniquely to
a bounded operator on L*([0, 1], v*T'M ), which is still a projection onto ker(P+7R.) (since
it is idempotent), but not necessary an orthogonal projection. Set ) := P+R.+II. Then
() is zeta-admissible by Prop. because it can be written in the form @ = P(id+ W)
with W = P~!(R, +1I), which is trace-class by Lemma m Hence @) is zeta-admissible.
With respect to the orthogonal basis fi, fo, ... of the space H}([0,1],7*TM) used above,
we have

(fi @) = (fis (P+ R f5) . ifi,j >k
0 ifl<i:<kandj>Ek.

To see that third case, if 1 <7 < k and j > k, calculate

(fiQfj)i2 = (fi: (P+ R ) 1o + (Fi. 11f5) 2 = (P +Ry) fis f5) . = 0.

Hence the infinite matrix with entries (f;, @ f;)r2 is block triangular with respect to the
orthogonal splitting of H}([0, 1], v*T'M) into ker(P+R.) and its orthogonal complement,
and we have

det (£, Q)12

_ det((fi, fj)L2> det((fm (P + Rw)fj)B)

1<i,j<N 1<i,j<k k+1<i j<N
for all N > k. Plugging in (3.2.31]) and (3.2.32)), we then obtain
det (V2E Y2 det(did],) = lim d 2
et (V2E|w, ryge) " det (did],) = lim_ et<(fi,ij)L2>1<i7j<N
1/2
— lim d t< PO )
Jim det( (fi, P7Qf3)m ) iien

= det™ (P7'Q)"/2.
Because P~/2: L2([0,1],v*TM) — H}([0,1],7*TM) is an isometry, we obtain

det'" (P7'Q) = det”" (P~2QP1/?).
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Again, we have by Prop. [3.2.18
det”” (P~2QP~1/2) det (P"/?) = dete(P~/2Q) = det (P"/?) det™ (P7'Q)
so that det™ (P~12QP~1/2) = det’* (P1Q).

Let now II be the L%-orthogonal projection in L2([0, ], 7*T'M) onto ker(P + R.) and set
Q) := P+ R, +II. We claim that det(Q) = det(Q). To see this, notice first that

P+R,+=(P+R,+M)id+ W),

where W = (P + R, + I)~Y(II — II), which is trace-class. Now with respect to the
orthogonal splitting of L*([0, 1],7*T M) into ker(P 4+ R.,) and its orthogonal complement,
the operators in question are given by

~ (id ~__(id 0 ~ (id *
= (O 0) = (O 0) PR, 4TI= (O PWV) .
Therefore W is upper triangular with respect to the splitting, hence quasi-nilpotent so
that det(id + W) = 1. Thus by Prop. [3.2.18] we have

det (Q) = det(Q) det(id + W) = det(Q).

Clearly, the spectrum of @ is the same as the spectrum of P + R, except that the k-fold
eigenvalue zero is replaced by k times the eigenvalue one. Hence C@(z) = (pyr, (2) + K

and det¢(Q) = det)-(P + R.). By Prop. [3.2.18 and Example [3.2.17, we therefore have
¢ ¢ Y

12 det(Q)M? deti(—V3+R,)Y
det(P)1/2 dety (—V2)1/2

Plugging this into (3.2.30)) gives the result. O

det(V2E| y,rpin)/* det(did) = det™ (P7'Q)



Appendix A

A Proof of the Strong Heat Kernel
Asymptotics

In this section, we give a proof of Thm. following the method of Kannai [Kan77].
The proof is based on the fact that the solution operator e ** of the heat equation is
related to the solution operator W; := Cos(t\/z) of the wave equation by the so-called
transmutation formula

e Hu(z) = (47rt)_1/2/ e~ M Wou(x) ds (A.0.1)

—00

so that the short time asymptotics of the heat kernel follow from the asymptotic expan-
sion of the wave kernel. A particularly interesting feature of this approach is that the
asymptotics
d(z,y)?

4t
for x,y close follow from (A.0.1)) using the fact that the wave equation (as opposed to the
heat equation) has finite propagation speed.

logp(z,y) ~ —

A.1 The Wave Equation

Let M be a closed Riemannian manifold of dimension n and let L be a Laplace type
operator, acting on sections of a metric vector bundle V (here we do not need L to be self-
adjoint). For the proof of Thm. [2.1.5, we need some facts concerning the wave equation

(8tt + L)ut = 0, (All)

which we collect now. It has the two independent solution operators W; and G, which map
sections u € C*°(M, V) to solutions u; of the wave equation, with the initial conditions

Uy = U, Oyug = 0 and ug = 0, Oyug = u,

respectively. If L is self-adjoint, it is possible to define W, := cos(t\/f) and G; =
sin(tv/L) /v/L by usual functional calculus, but the above definition works in any case (for

123
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the solution theory to the Cauchy problem of the wave equation, see e.g. Section 3.2 of
[IBGPOT]). Gy is related to Wy by Wy = G and is given as the difference

G, =G — Gy,

where G and G} are the advanced and retarded Green’s operators for the wave operator
O := 0y + L, (see Section 3.4 in [BGPOT]).

To describe the asymptotic expansion of G(t,z,y), we introduce the Riesz distributions
R(a;t,z,y). For Re(a) > n+ 1, set

R(a;t,z,y) == C(a)sign(t) (t* — d(m,y)Q):igil, Cla) := T (j)??@y

2

where (t* — d(z,y)?), denotes the positive part, i.e. it is zero whenever |t| < d(x,y) (The
constant C'(«) here equals the constant C'(ca,n + 1) in Def. 1.2.1 of [BGPOT| because our
spacetime R x M is n + 1-dimensional. The distributions R(«) discussed here are related
to the distributions Ry («) in Section 1.4 of [BGPO7| by R(a) = Ri(a) — R_(«)). For
Rea > n + 1, the R(«;t, x,y) are then continuous functions on R x M x M and one
can show that they define a holomorphic family of distributions on {Re(a) > n + 1}
that has a holomorphic extension to all of C [BGP07, Lemma 1.2.2 (4)]. This defines
R(ast,z,y) € Z'(R x M a M) for all a € C.

Now on M > M, the distribution G(t, x,y) has the asymptotic expansion [BGP07, Ch. 2|

G(t,z,y) ZCD x,y)R(2+ 2j;t, x,y), (A.1.2)

where the ©;(x,y) € C®(M > M, VRV*) are exactly the same coefficients that appear in
the asymptotic heat kernel expansion (It is easy to work out that in the present setting, the
coefficients ®; must be ¢-independent and that the transport equation (2.3) in [BGP07|
reduces to our equation (2.1.5))). The asymptotic expansion is meant in the sense
that the difference

8 (t,x,y) := G(t,x,y) ZCI) x,y)R(2+2j;t,x,y) (A.1.3)

can be made arbitrarily smooth by increasing the number v of correction terms; in fact,
8 € C*R x M >4 M,V X V*) whenever v > (n + 1)/2 + k [BGP07, Prop. 2.5.1].
Furthermore, the fact that the wave equation has finite propagation speed (i.e. G(t, x,y) =
0 on the region where [t| < d(x,y)) implies that when v is so large that 6” is C*, one has

the estimate

k—l—m)/2

VLVt y)| < C(F - d(z,)?) (A.1.4)

uniformly over compact subsets of M <1 M and ¢ < T, whenever k > | + m (compare
[BGPOT7, Thm. 2.5.2|).
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A.2 The Proof

We first show that the transmutation formula given above is indeed valid.

Lemma A.2.1. Let L be a Laplace type operator, acting on sections of a vector bundle V
over a compact Riemannian manifold M. Then the solution operator to the heat equation
is related to the solution operator of the wave equation by formula (A.0.1)).

Proof. By the energy estimate for the wave equation [BTWI15, Thm. 8|, for all m € N,
there exists a constant o € R such that

Weullzm < Jullgme™™,  (IGullzm < Jlullme™ (A.2.1)

for all s € R and u € C*°(M,V). Therefore, for any v € L?*(M,V) and t > 0, the
Hilbert-space-valued integral

Pu = (47Tt)_1/2/ e Woauds (A.2.2)

—0o0

is absolutely convergent and defines a bounded operator P, on L?(M,V) with

Pl < (amt) 2 [ e Wl ds < fulfa(am) 2 [ et g

using Jensen’s inequality and . Hence P, is uniformly bounded for ¢ near zero. Set
furthermore Pyu := u. We show that P, is a strongly continuous semigroup of operators
on L?(M,V): The semigroup property PP, = P, follows from the standard convolution
identity for the one-dimensional Gauss kernel.
To show strong continuity at zero, suppose first that u € C*°(M,V). It is well known
[BGPQT, Prop. 3.2.5] that in this case, for any x € M, the map s — W,u(x) is a smooth V,-
valued map. Using the Sobolev embedding theorem [Ada03, Thm. 4.12.1.A|, one obtains
from that there exist constants C4, Cs, @ > 0 such that

(Wou(z)| < Cyl|Wullpgm < Cy ||| grm e (A.2.3)

whenever m > n/2. Therefore the integral (A.2.2)) is pointwise absolutely convergent,
and one has pointwise Pu(z) — Wou(x) = u(z) as t — 0, because the Gaussian
(4mt)~1/2e=5*/% converges to the delta distribution in this limit. We also obtain

|Pau(z)| < Cyljul| gm (4t) 72 / = Atralsl g,

which shows that for 7" > 0, there exists a constant C3 > 0 such that ||Pu|l. < Cj for
all 0 <t < T. From the dominated convergence theorem, we obtain Pu — u in L? as
t — 0, for all w € C*°(M,V). By the uniform boundedness of the operator family P, near
zero, this implies that also Pu — w in L? as t — 0 for arbitrary u € L*(M,V) (by the
same argument as in the proof of Lemma .

It remains to show that the infinitesimal generator of P, is the Laplace type operator L;
then P, = e **, because any two operator families with the same infinitesimal generator
coincide.
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Because the Gaussian function appearing in (|A.0.1|) solves the one-dimensional heat equa-
tion,
9 1/2 ,—s2/4t 127524t
5 (4mt) "2 /}—82{47# / /}

one has in the case that u is smooth

o] 2 ] 2
%Ptu( )= (47rt)_1/2/ %6_52/4'5 Wu(z)ds = (47Tt)_1/2/ 6_52/“%WSU(£) ds

—00 —00

—(47rt)_1/2/ e LWu(z) ds = —LPu(x).

Here the integration by parts is justified by the pointwise energy estimate . This
shows that the infinitesimal generator of P, is some closure of the operator L with domain
C>(M,V). However, it is well known that L has a unique closure on this domain (see
e.g. Section 1.3 in [Gil95] or Section 10.4.1 in [Nik07]), namely the infinitesimal generator

of the semigroup e~*. This shows P, = e~*L. O
From (|A.0.1]) follows the identity
Py = (rty 2 [ e B s ) ds
e 0s
(A.2.4)

= (47rt)_1/2/ e G(s, x,y) 2% ds

of kernels where G(t,z,y) € Z'(R x M x M,V X V*) denotes the Schwartz kernel of G,
and the identity is to be interpreted in the distributional sense (for the second equality,
we integrated by parts, which is again justified by the energy estimate (A.2.1))).

Lemma A.2.2. For all j € No, t > 0 and all (z,y) € M > M, we have

H

1 & 2
/ e ? /4tR(2 + 2458, x,y) sds = ez, y)f', (A.2.5)
—00 J7¢

2t(4mt)1/2

where e, (x,y) is the Euclidean heat kernel, defined in (2.1.1)). In particular, the distribu-
tional integral on the left hand side actually yields a smooth function.

Proof. For Re(«) > n + 1, consider the absolutely convergent integral

1 * _s2/4 O(a) - —s2/4
(A2 /_Ooe MM R(; s, 7,y) sds = S1(dnt) 12 /_Ooe /t(s —d(z,y) )
) [* .
:W/o e /4t(32—d(x,y)2)+2 sds

C(a) T e 2\ 5
= ) P (2 g =54
H(dmt)1? /d@,y)e (5 = dla)) 2 ads
2 _ 2

Performing the substitution u? = s? — d(z, y)? which transforms the interval (d(x,y), 0o)
into the interval (0, 00), we have sds = udu. Therefore, we obtain

> 732/4t 2 2 Q_Tn_l _dz.y)? > 7u2/4t a—n
e (s — d(z,y)?) sds=e"  a e u* " du.
d 0

(z,y)
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Now, substituting u?/4t = r, the integral can be brought into the form of a gamma-
integral, giving

> a—n oo a—n— a—n — 1
/ e~ /Aty o oy = tY2(4)" 5 / e dr = t2(4t)=T (—Oé Z + ) .
0 0

Put together, we arrive at

1 e ey C(a) an_ f(a—n+1
S =R ds = e~ a  ——L2upnw1 | —=
2t (4mt)1/? /_Ooe (05,2, y) sds = e /4t (4%) 2

a—2

t 2

== et(x’y>r<a/2)'

(A.2.6)
Until now, we have restricted ourselves to the case Rea > n+ 1. However, for both sides
of the last equation, if we pair them with a test function ¢ € Z(M < M), the result will
be an entire holomorphic function in a. Because they coincide for Reaw > n + 1, they
must therefore coincide everywhere, by the identity theorem for holomorphic functions.
The statement of the Lemma is the particular result for a =2 + 25, j € N,. O

Proof (of Thm.[2.1.5). By (A.2.4) and (A.1.3), we have for any v € N that

4t5 (s,z,y) sds,

2t/ 4t

L D,(x,y) /°° i ,
L i\
T,y) = E e ®R(2+2j;s,x,y)sds+
P (%, y) < oAt ) ( J Y)

where 6¥(t,z,y) is in C* whenever v > (n + 1)/2 + k. The first term evaluates using
Lemma [A.2.2] to

" 9, (w,) I @(z,)
e4tR2+2,5:U sds = e (x tj—
JZO 26/t ) & +2m9) Ly JZO J!

It remains to estimate the error term. Because G; = —G_; and the Riesz distributions are
odd in ¢, the remainder term 0”(t, z,y) is an odd function in the ¢ variable. We conclude

4t5” (s,z,y)sds =

r’(t,x,y) == e 4t5” (s,z,y) sds,

2tv4rt VATt Ja(zy)

as 0”(s,z,y) = 0 if s < d(z,y), because of (A.1.4). Substituting s = \/u? + d(z,y)?
before, one obtains

d(z,y)?

e e
- 41/2/ e 46" (\/u + d(z,y)% v, y) udu.

Vt -
r ( 7x7y) t(4ﬂ-t) B

Set g”(u,x, y) = 0,(y/u?+d(x,y)?, x,y). Then for any I, m € Ny, we obtain

v 1 oo
ViV?{M} = (47rt)(”_1)/2—/ e 4 Vl Vm5”(u x,y)udu.
et(xv y) t 0
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If v is so large that 6” is C**™ for k 1, m € Ny, then from (A.1.4)) follows the estimate
‘V;V;’Lg”(u,x,y)’ < Clulf~t=m, (A.2.7)
which is uniform over (z,y) in compact subsets of M >t M and u < T In this case,

‘v;vg{w}‘ < C(47rt)("1)/21/ o duy < Ot/ /21
et('r? y) t 0

We obtain that for any v € Ny, one can find v large enough so that

V! Vm{pt Ztﬂ }

where the estimate is uniform for (z,y) in a compact subset of M <t M and t < T.
However, the calculation

Vivg{pf(:v,y) B z”:tﬂ%({ﬂ,y)}

elz,y) = 7!

< |orop Py E”:tj@j@,y)}‘ .

elry) = 7

S OStVJrla

VLV (2, y)
!

i S O4t1/+1

Jj=v+1

shows that in fact 7 = v suffices. O



Appendix B

Some Results from Stochastic Analysis

In this section, we prove some measure-theoretic preliminaries needed for the proof of

Thm. [2.1.12)and Thm. 2.2.7] which are related to the quadratic variation of the Brownian
bridge and the moments of the functions d(XZ¥*, X7%"), where X7¥* is the Brownian
bridge.

B.1 Approximation of the Quadratic Variation

Throughout, let M be a compact Riemannian manifold or R"™.

Definition B.1.1 (Quadratic Variation). If § is a symmetric section of the bundle
T*M ®T*M, i.e. we are given a symmetric bilinear form on each fiber, we can define the
B-quadratic variation of a continuous path ~ : [a,b] — M as the limit

N
Vg = lim > B(A;7, A7),
j=1

|T|—=0

if it exists, where the limit goes over any sequence of partitions 7 = {a = 79 < 73 <

.-+ < 7y = b} of [a,b] the mesh of which tends to zero (we require that the limit exists

for any such sequence and all limits coincide). Here we wrote Ay := exp;(lijl)('y(Tj)) for

the shortest tangent vector in T, )M that gets mapped to 7(7;) under the exponential
map (this is well defined for a generic partition).

Remark B.1.2. If y € H,,, (M), we have
Ajy = eXP;(lijl)(W(Tj)) = A(1j_1+) Ay, (B.1.1)
which is the definition of A,y from Corollary [2.2.10]

Notice that this limit is zero if the path ~ is absolutely continuous. The paths of the
Brownian motion and the Brownian bridge, however, are very irregular: We have

N t
lim >~ B(A;X, A X) = 2/ tr B(X,) ds, (B.1.2)
j=1 0

|T]—0

129
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where the limit is taken in probability, see Prop. 3.23 and Prop. 5.18 in [Eme89| (the dif-
ference of a factor 2 in comparison to the literature comes from our "analytic" convention
of Brownian motion, i.e. that we constructed it using the heat kernel of A instead of $A).
Here, X, is either a Brownian motion or Brownian bridge; the quadratic variation is the
same because drift terms do not alter the quadratic variation (compare Remark .
In measure-theoretic terms, this means that we have

lim ZB i Ay —2/ trﬁ(’y(s)) ds, (B.1.3)

where the limit is taken in measure on C, (M) or Cyy¢ (M) (with respect to the measure
W* respectively W=¥it),

Lemma B.1.3. Let f € C*(M,T*M © T*M). Then we have

lim exp (ﬁ: B(A, Aﬂ)) ~ exp (2 /O " B(3(s)) ds)

in the weak topology of LP(Clyt(M); W™ | for any 1 < p < co. Here the limit runs over
any sequence of partitions of the interval [0,t], the mesh of which tends to zero.

Proof. Set for v € Cpyt(M)

t
RO =Y 6(Am80),  FO)i=2 [ wps)ds
j=1 0
Step 1. By (B.1.3), we have
\h|m0 F.=F

in measure with respect to W*%!. Remember that convergence in measure means that for
each £ > 0, we have
lim W2¥it {7“]’ F(vy)| > 8}) =0

|T|—0

so that be continuity of the exponential function, we directly obtain that also

lim ef™ = e
|T|—=0

in measure with respect to W%,
Step 2. Let a by a global bound on S so that

2

B(Ay, A7) < alAjy)? = ad(y(1j-1),7(13))"

By Lemma [B.2.6] for any 1 < p < oo, there exists a constant C' > 0 such that

1/p
S </O o exp <apZd Y(7j-1) ))2) szy;t(7)> <(C (B.1.4)

Fr

le
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for all partitions 7 = {0 = 70 < 7 < --- < 7y = t} of the interval [0,¢]. In other
words, the family (ef7) is uniformly bounded in LP. If 1 < p < oo, since L? is the dual
space of L%, where ¢ = p/(p — 1), we obtain from the Banach-Alaoglu theorem [Con94,
Thm. 3.1] that the family (ef) is pre-compact with respect to the weak topology, i.e.
any subsequence of ef™ has a weakly convergent subsequence. Suppose that we know that
the only accumulation point of (ef7) is e (this will be shown in Step 3), then we can
conclude that (ef>*) converges to ef” for any sequence of partitions (7%)ey, the mesh of
which goes to zero. Namely, suppose the converse, i.e. there exists a function G € L? and

an € > 0 such that
/ G(eFr’“ — eF)
Cwy;t(M)

for infinitely many indices k1, ks, ... This leads to a contradiction: The sequence (eFr’“j )jen
must have a weakly convergent subsequence (by pre-compactness), the limit of which must
be ef’, because ef’ was assumed to be the only accumulation point; hence we can have

(B.1.5) for only finitely many j.

Step 3. It remains to show that the family (ef7) has the unique accumulation point e, i.e.
that whenever a subsequence (ef+*) converges weakly to some G € LP, then G = e¥. So
suppose that (ef+#) converges to G in the weak topology for some sequence of partitions
(7%)ren with |7%] — 0 as k — oo. On the other hand, we know that e/~ — " in measure,
and it is well known [Els11l VI 4.9 b)| that this implies the existence of a subsequence
(again denoted by (ef+*)) converging to e almost everywhere. We now conclude e/ = G
as follows.

Set 2 := Cyyt(M). By Egoroft’s Theorem [Els11l VI 3.5|, for any 6 > 0, there exists a
set S C Q with W*%!(S) < 6 such that ef>* converges to e/ uniformly on Q\ S. Now for

any H € L4, we have

> (B.1.5)

—67’ —67’

and

< H(e!" — el
o\s

< [ H|paf[(e" = e+ |Q\S||oo +le" — e+ [ 1o | H]sll s

F_eFTk) —eT

For a given ¢ > 0, using the uniform boundedness of the family (e+*) in L?, we can
choose ¢ (hence S) so small that

le” — e[| Hls|| ., < C|Hls

< 19
HLq HLq = g’

and then n so large that

HHHL1||(€ — el |Q\SH G — efr

C»DI(‘O

OO_3



132 APPENDIX B. SOME RESULTS FROM STOCHASTIC ANALYSIS

where in the last step, we used that ef~* — G weakly. We have shown that for an H € L9
and any € > 0, we have

‘/ H ‘ < HHHLlH _eFTk)|Q\SHoo+ ||6 —e Tk||LP||H|SHLq + '/ H G — efrk )
<gHgHgs
Therefore G = ef’. This finishes the proof. U

Lemma B.1.4. Let f € C>°(M). Define

t t
Fr(v) = exp (/ f(vT(S))dS) ,  F(y):=exp (/ f(v(S))dS> : (B.1.6)

0 0
Then we have F, — F in LP(Cly (M); W2 for any 1 < p < co. Here for a partition
7 of the interval [0,t] and v € Cyyt(M), v7 € Hyyr (M) denotes the "best polygon approx-
imation” of v, i.e. the piecewise geodesic path with ~7(1;) = ~(1;). This is well defined
for W=¥t-almost all paths -y, since the set of paths such that (y(tj-1),v(7;)) ¢ M > M

for some j is a zero set.

Proof. Clearly, the functions F, are uniformly bounded. To see that F, — F pointwise
W*¥_almost everywhere, notice that by the mean value theorem for integrals,

/0 F(v(s))ds = Z / Fy(s))ds =D f(v(s)) Ay

for numbers s7, ..., s}. Similarly,

for numbers r],...,r%. Hence for all paths v that are a-Hélder continuous for some
a > 0, we have

[ saeNas= [ r6re)as < 16 - 16r )] s

< S (17665) = FOED] + 1767 6) — 7)) Arr

< €0 Y (d(r(5) A7) + (77 (7). 77 (5) ) A
< oY (Is] =7l + (A;7)%) ZATH%cma
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since f is Lipschitz continuous, |s7 — 75| < A7 and

d(Y(13),77(r])) = d(v"(1j-1),77(13)) = d(v(7j-1), 7(73)) < Ca(Aj7)",

where ()} is the Holder constant of 7. Because the set of a-Holder continuous paths with
0 < a<1/2is a set of full W% measure in C,(M) [BP11], Corollary 3.7], we indeed
obtain F, — F' pointwise almost-everywhere and then also in LP for 1 < p < co. The
result now follows from Lebesgue’s theorem of dominated convergence. O

B.2 Moments of the Distance Function

Throughout, let M be a compact Riemannian manifold. This section is dedicated to the
proof of the following estimate on the expectation value of the moments of the Riemannian
distance travelled by the Brownian bridge in M, which will be needed in Section [2.1.4]
Another related result, Lemma below, will also be proved in a similar fashion.

Lemma B.2.1 (Moment Estimate). Let M be a compact Riemannian manifold. For
each T > 0, there exists a constant C > 0 such that for each k € N, we have

n k _ k/2
E[a(xmv, xevt)] < okl (G+3) (s (B.2.1)
S r'(3) t

forallx,ye M x M and 0 < sg <s1 <t <T.

Similar results can be found in Hsu’s book [Hsu02, Section 5.4]. However, we need the
slightly stronger results above, which are not proved in the reference. We do not know
other references having the estimates needed for this presentation.

The proof of the results of this section relies on some techniques from the theory of
stochastic processes. For points z,y € M and t > 0, set p(z) := d(z, z) and let

ry = rt = p( XU, s<t (B.2.2)

be the radial process of the Brownian bridge, which measures the distance from the
starting point. Let

Z(s,z) :=grad, log p;_s(z,y)
be the time-dependent drift term of the Brownian bridge (see Remark[2.1.10)). The process
rs then satisfies the equation

rs = Bs + / (Ap(Xfy;t) +dp - Z(u, X{fy;t))du — L, (B.2.3)
0

where Bj is a Brownian motion in R (with By = 0) and L, is a non-decreasing process
which increases only when X% is in the cut locus of z. For times s before X*¥* hits
the cut-locus, this follows directly from the Ito formula, using that Brownian bridge is a
Brownian motion with drift Z(s,z) (Remark [2.1.10). The general proof of can
be found in [Hsu02|, Thm. 3.5.1 or in [HT94], Satz 7.247 and 7.254 (the proof in the
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literature is for the Brownian motion only, but the Brownian bridge case can be proved
similarly. The difference of the factor 1/2 compared to formula (3.5.1) in [Hsu02| is due
to the different convention for Brownian motion).

Using comparison theorems for the Laplacian of the distance function (see e.g. Thm. 3.4.2
in [Hsu02| or Thm. 1 in [MMUI4]), we can compare this to the similar result on a hyper-
bolic space, which can be explicitly computed. More precisely, fix a number £ > 0 until
the end of this section such that the Ricci curvature of M is bounded below by —k times
the metric. Then we have

Ap(y) < V/k(n — 1) coth(Vk p(y))

for any point y # x which is not in the cut locus of x. Hence by definition of r, we have

Ap(XP') < Vk(n — 1) coth(VETs). (B.2.4)

Plugging this into (B.2.3) and then estimating the drift term with the Cauchy-Schwarz
inequality yields

re < B+ V(0 — 1) /0 coth (v/ary) du + /O 12(u, )| wdu, (B.2.5)

where || Z(u, —)||« denotes the sup norm of the vector field Z(u, —). Here we used that
L is non-decreasing and |dp| = 1. Using the elementary inequality

1
th(r) =142 <1+-
coth(r) + S +r7

valid for r > 0, we furthermore obtain from (B.2.5) that
re < Bot(n—1) —du+/ 120, =) aedut + V(R — 1)s. (B.2.6)
0 Tu

Remark B.2.2. The radial process 77 corresponding to Brownian motion in the n-
dimensional hyperbolic space of curvature —x satisfies

r" = By + Vk(n — 1)/ coth(yv/k ) du.
0

Hence estimates the radial process in M from above by the radial process in a
hyperbolic space with a certain drift. Letting s tend to zero, the above equation becomes
the first part of inequality . Hence the latter inequality is related to the radial
process in R™, which we will use below.

The well-known gradient estimate on the heat kernel (see [Hsu99|, [ST97| or Thm. 5.5.3

in [Hsu02|)
d(z,y)? 1
|grad, log pr—s(2,9)| < C) ( i_s) Ly s)

valid for all z,y € M and all 0 < s <t < T shows that

/ 1Z (u, =)||sodu < Cidiam(M)?(log(t) — log(t — s)) + 201 (VE — V't — s).
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This explodes for s — t, but is bounded on the interval [0,¢/2]: Looking at the Taylor
expansion of each individual term, we obtain that for any 7" > 0, there exists a constant
¢ =((T) > 0 such that whenever t < T,

/ 1Z (u, =) ||oodu + vE(n — 1)s < % for all s <t/2.
0

Let us emphasize that this constant depends on the manifold and the time bound 7', but
neither on the times s and ¢ nor the end points z and y in M of the Brownian bridge.
This implies that

(s

oy; ©1
Tsyvt < Bs + (’I’I, — 1)/0 mdu —+ 7 (BZ?)

Ty

for all s with s <t, if ¢t <T. Namely, for s € [0,¢/2], we can plug the above estimate into
(B.2.6), while for s € [t/2,1], we can use that we always have r, < diam(M) (so that we
possibly increase ¢ to 2diam(M)). The following lemma relates the radial processes r*¥*
in M to the radial process in R".

Lemma B.2.3. For any T > 0, there exists a constant ¢ € R such that

(s

rivt < |BP| + -

for all x,y € M, whenever 0 < s <t < T. Here r*¥' is the radial process defined by
(B.2.3) and BY is a standard Brownian motion in R™.

Remark B.2.4. Notice that throughout this thesis, standard Brownian motions have
variance 2 instead of one, because we use A instead of %A for their infinitesimal generator.

The proof of Lemma will use the following comparison result from stochastic anal-
ysis, which can be found e.g. in [DW98, Thm. 3.1] in a much more general form than
stated below.

Lemma B.2.5. Suppose that the real-valued stochastic processes ry and {, satisfy
TS S BS +/ f(u7 ru)dU7
0
l{, > B, +/ f(u, 0,)du
0

for all s < t, where By is a one-dimensional Brownian motion f is a function on Rt x R,
measurable with respect to the second variable. Then we have rs < {4 almost surely for all
0<s<t.

Proof (of Lemma[B.2.3). Consider the stochastic differential equation
1
BszBs+(n—1)/ — du.
0 ﬁu

This equation is well known (see e.g. Ex. 8.4.1 of [Qks07|). It has a unique positive
solution, the so-called Bessel process, which is exactly the radial process to Brownian
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motion starting at zero in R™. If now U, is a Brownian motion on S"~! C R" with U,
being the uniform distribution on S"~!, then one can check that B” := 3,Uj is a Brownian
motion in R" with 5, = |BY|.

Now the process (; := s + (s/t satisfies

s 1
ES:BS—i—(n—l)/ —i—CS n—l/—du+

ly— Cuft i
where the estimate is justified since ¢, — (s/t = B; > 0. This proves the lemma with a
view on (B.2.7) by setting ry = r*%* in Lemma [B.2.5] O

We are now in the position to prove Lemma [B.2.1]

Proof (of Lemmam We may assume sy < t/2 since otherwise, we can reverse the
time: The process X/™" coincides in law with X?%*, so that

Ea(xz, X0 | = Ela(xp, xe)"].

E t—s19 t—so

compare [Hsu02, Prop. 5.4.3|. Now after reversing time the new sy equals t — sq, which is
smaller than ¢/2 if the previous sy, was larger than ¢/2.

We therefore assume that sy < ¢/2. By definition of the Brownian bridge (2.1.14]), we
have

x & z S k
P, )E [ d(x2, x| = / P (@ 2P (2 p)E|d(2, X3 0) e (B2:9)
M
Because of Lemma [B.2.3] we find

<(51 - 50)

(s, X3y = v < (B |+ S0 < ;

S1—S0 S1—S80 t_ 80 — 81—S80

| + 2

whenever s1 — 5o <t — sy <T. Set @ = 2(/t and s := s; — s9. We compute

() sy Blmzr

]p?) (aws)’ / es(0, 2)|z|* da
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Hence
zy;t—so k F(%"‘%) 31—50) g
E|d(z, X% saﬂé T Var (s — s) + 22—
2

Finally,

VA (s1 — so) +2§ %0) <\/ +2C\/ >\/81;SO,
so we can set C := (\/ AT + 2C). As this estimate does not depend on z, this shows the
proposition together with (B.2.§)). O

The final result of this appendix will be the following estimate, which says that the approx-
imate quadratic variations of the Brownian Bridge are uniformly bounded in expectation
value.

Lemma B.2.6 (Exponential Estimate). Let T' > 0 and v > 0. Then there exists a
constant C' > 0 such that

<C

N
E |exp (VZd Xpot, Xt )
j=1

for all x,y € M and for all partitions T ={0 =71y <1 < --- < 75 =t} of intervals [0, 1]
witht <T.

Proof. The proof consists of three steps.
Step 1. We first show that there exist constants A\, > 0 (depending only on ~, T" and the
manifold) such that

E [exp ('y d(z,ij?t)zﬂ < e/t (B.2.9)

z,y € M,all s <eands<t<T. To this end, let again ¥ := d(z, X?'). By Lemma
B.2.3, we have r?¥* < |B"| 4 (s/t for an n-dimensional Brownian motion starting at zero
in R", where ( is independent of ¢, z and y. Abbreviate « := (/t. By the standard
inequality 2|B?| < 1+ |B”|?, we have

(r2? < (IB2] + as)” = |BI? + 20s| B2 | + os® < (1+ as)| B + as + o?s?.
Therefore

E [exp <7 d(ZaXfy;t)z)] <E [exp (7 (|1B7] + 043)2)} < eMlosta?sh)p [eV(HGS)IB?P} ’

where the second factor evaluates explicitly to

n/2
E |:€7(1+0c5)|B?|2] _ (4#3)_”/2/ o101 /4s y(tas)vl? g, — 1
. 1 —4sy(1+ as)

whenever s < 1/(47(1 4+ as)) (otherwise, the integral diverges). Remembering that a =
¢/t, calculate

1 t t 1
>

= = =: 2¢. B.2.10
dv(1+as) 4Ayt+ (s — dyt+(t 4v+C ( )
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Hence if s < ¢, we have

n/2
2.2 ]_
E [exp (v d(z x7)*)] < ertesres) .
exp (7d(z X)) < e 1 —4sv(1 + as)

Furthermore, if s < &, then 4sy(1+as) < 1/2 by (B.2.10)), so that we can use the estimate
ﬁ < 1+ 2¢ valid for all ¢ € [0,1/2] to obtain

1
1 —4sy(1+as) —

<1+8sy(1+as) <1+8sy(1+¢) <1+8Ty(1+ Q; ST/t

if also ¢ < T (which is always assumed). Therefore

< €4nT'y(1+C)s/t.
1 —4sy(1+ as) -
Furthermore
2.2
as + a?s? = % + Ct_j < (C+ CQ)% hence  ev(estae®s®) < ev(CJrCQ)s/t,

so that follows from the calculations above by setting A := v(¢+¢?)+4nTy(1+().
Step 2. Next we show that the lemma is true for all partitions |7| such that |7| < e, where
e > 0 is the constant given in . Namely, setting xy := x, xy = y, we have for
any 1 < k<N

k
exp (72d Xf]yi,Xxyt) )]
A
/ / (HPA T x] 171"] exp(vd(xj 1717]) )) pt_Tk(fEk,y) dxl"'dxk—l

/ / (HPAT Tj_1,T; exp(yd(m] 1,T;) ))

'pt—Tk—l(xk_l’ y)E [exp (7 d(zp-1, XZ’Z‘TIy;t_T’“_l)Zﬂ dzy - - dayy,

P (7, y)E

that is

k
NE—
=1
k-1
XV yt—Ti—1\ 2
p(fyZd Xfytl,Xxyt) >E[exp (vd(Xf,ftl,XAk g ) >H
=1

Assume that k is so small that ¢ — 7, > ¢/3. Then if we assume that Agr < ¢, the last
expectation value can be estimated by (B.2.9). Namely

E [exp (7 d(z,XZii_T’“*f)] < BRT/(=Thon) < BAART/L
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for any z € M. Therefore, under the assumption |7| < e, we have inductively

k k-1
E [exp <7Zd ijytl,X‘Cyt) )] < AT/ exp (7265 X%yi7met) )]
j=1

Jj=1
k
S . S 63)\Zj:1 AjT/t — 63)\Tk/t.

Now choose 1 < k < N such that both 7, > t/3 and t — 7, > /3, i.e. 7, € [t/3,2t/3].
Then by the Cauchy-Schwarz inequality,

N
E |exp <WZd Xf]yi,X‘”yt) )]
j=1
k
<E |exp (Q’YZCZ Xfyi,X’”y’) )
j=1

< €3>\Tk/2t63/\(t—7'k)/2t — 63)\/2,

1/2

N 1/2
E |exp (27 Z d Xfy’l,X%?’ﬁ)z)]

j=hk+1

where to estimate the second factor, we reversed time and used the assumption 75, > ¢/3
(note that also, we used the constant A from corresponding to the exponent 2~
instead of ). This proves the lemma for all partitions 7 of intervals [0, ¢] with ¢ < T" such
that |7| < e with € given by (B.2.10).

Step 3. We now generalize to arbitrary partitions. For a given partition 7, let m(7)
denote the number of indices j such that A;7 > . We now use induction on m(7). For
m(7) = 0, the estimate was shown above with the constant Cj := €32 Suppose that
the estimate is true with a constant C; for all partitions 7 with m(7) <, i > 0. We now
show that in this case, the estimate is also true for all partitions 7 with m(7) < i + 1,
with a constant C;1 > C.

To this end, let 7 be a partition with m(7) = ¢ + 1 and let k be the first index with
Agr >e. Write 7:={0 =7y <7 <--- <71} and define the partition o of the interval
[0,t — 7] by

o0:={00=0<0; :=Tpy1 — T < <ON_g:=TN — Tk}

Then 7 is a partition of the interval [0, 7,_1], o is a partition of the interval [0, — 7] and
we have m(7) = 0, m(o) = i. Therefore, if the estimate is true with a constant C; > 0
for all partitions 7/ with m(7’) <4, then it is in particular true for 7 and 0. We get

N

4\ 2

P (2, y)E exp | ) (X, X700
j=1

B e e

.e’Yd(zo,n) ka 1( )pAkT(Z07Z1)pt Tk(zl, )dzgdz1

2
SC'OCz'/ / ¥ pS (2, 20)pA, (20, 21)PE 1, (21, ) dzodzy
M

3 2
< COC’L evdlam(M) / / pfk—l (xa ZO)pﬁkT('ZO? 21 )ptA—Tk (Zb y) dZ(]le
M JM

= CC; N M pi (7. y)
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so that the lemma also holds for all partitions 7 such that m(7) < i+ 1, with the constant
Ciy1 := CoCieM@mD? Gince for all partitions 7 of intervals [0,¢] with ¢ < T, we have
m(7) < |T/e], the constant C|r/.| gives a bound for all such partitions, with no further
restrictions. O

Remark B.2.7. It is a fun fact, related to the above proof, that for a standard Brownian
motion B” in R”, the random variable /P is in L' (or equivalently, has a finite expec-
tation value) if and only if s < 1/4. In particular, the lemma is true in R™ only if one
restricts to partitions 7 with |7] < 1/4. On a compact interval however, this expectation
value is always finite.
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