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Chapter 1

Introduction

In many statistical applications, the aim is to model the relationship between
covariates and some outcomes. A choice of the appropriate model depends on
the outcome and the research objectives, such as linear model for continuous
outcomes, logistic models for binary outcomes and the Cox model for time-
to-event data.

In epidemiological, medical, biological, societal and economic studies, the
logistic regression is widely used to describe the relationship between a
response variable as binary outcome and explanatory variables as a set of
covariates.

In particular, a binary response variable, such as “disease or non-disease”,
“success or failure”, “enrolled or not enrolled”, “presence or absence”, is mostly
considered. For example, Arnlov et al. (2010) considered modelling the
presence or absence of metabolic syndrome using the impact of body mass
index (BMI) as a explanatory variable.

The effect of the covariate on the occurrence of the event of interest is
described by a model for the conditional probability of the outcome given
the covariates. That is, the response variable, say Y, is the indicator of the
event of interest and the task is to model the function

m(x)=PY =1|X =2) = E(Y|X = z)

where X is a p-dimensional explanatory variable.
A widely used model is the logistic regression. Define the odds on covariates

T PY=1X==2)

PY=0X=2) 1-n(x)

1



In the logistic regression model the logarithm of the odds, so-called logit, is
modeled by a linear relation:

The coeflicients 3; can be interpreted as follows:
The odds ratio of a variable X; adjusted for the other variables X, j, k =

1,...,p, J # k is given by

exp(fo+ briz1 + ...+ Bi(x; + 1)+ ... + Bpxp)
exp(ﬁo + ﬁlilfl + ...+ ﬁj&?]’ +...+ ﬁpxp)

—exp(8). (L)

In other words, exp(f;) characterizes the factor by which the odds of the
event changes for each one unit increase of X; (similar to the simple linear
regression).

The goal of logistic regression is to estimate the parameter 3 (like in ordinary
regression). The estimation in logistic regression makes use of the likelihood
function.

However, epidemiologic cohort studies are quite expensive to manage data
because we have to follow up a large number of individuals for a long time.
The case-cohort design is applied to reduce the cost and time for data
collection. The case-cohort sampling collects a small random sample from
the entire cohort, is called subcohort. The advantage of this design is that
the covariate and follow-up data are recorded only on the subcohort and all
cases.

The aim in the present thesis is to develop an estimation approach in the
logistic model to case-cohort design.

The first part of this thesis is presented as follows:

Chapter 2: Logistic Regression under Case-Cohort Design.

This chapter investigates the estimation in the logistic model for case-cohort
design. First a model with a binary response and a binary covariate X (which
is also called exposure variable) under case-cohort design is considered.

We describe the maximum likelihood estimator (MLE) and establish the
consistency and the asymptotic normality of this estimator.
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An estimator for the asymptotic variance of the estimator based on the
maximum likelihood approach is proposed; this estimator differs slightly from
the estimator introduced by Prentice (1986). Simulation results for several
proportions of the subcohort show that the proposed estimator gives lower
empirical bias and empirical variance than Prentice’s estimator.

The MLE in the logistic regression with discrete covariate under case-cohort
design is studied. Here the approach of the binary covariate model is
extended. Proving asymptotic normality of estimators, standard errors for
the estimators can be derived.

The estimation procedure of the logistic regression model with a one-
dimensional discrete covariate is demonstrated by simulation. The results of
the simulation for several proportions of the subcohort and different choices
of the underlying parameters illustrate that the estimate values are around
the true values.

Moreover, the comparison between theoretical values and simulation results
of the asymptotic variance of estimator is presented in the last part of this
chapter.

Epidemiology and medical studies are often interested in time to occurrence
of an event. Logistic regression is sufficient for the binary outcome refers to
be available for all subjects and for a fixed time interval.

In practice, the observations in clinical trials are frequently collected for
different time periods and subjects may drop out or relapse from other causes
during follow-up. The survival analysis is necessary to solve these problems.
In survival analysis, the subjects are followed over time and the time to
event of interest 7" is focused on these studies as response variable in binary
regression Y .

The characterization of the distribution of T is given by the hazard function,
defined as

1 . .
Mtlz) = lim = P(t < T <1+ AT >, X =),

Cox (1972) proposed the model which is focused on the hazard function. The
Cox model is assumed to be

Atlz) = Ao(t) exp(8" x)



where Ao(t) is an unspecified baseline hazard at time ¢ and X is covariates,
3 is a p-dimensional vector of coefficient.
The hazard ratio for any two sets of covariates & and x* is

Mtle) _ Mo(t) exp(67z)
M)~ Mo(t) exp(872")

which is a constant over time, i.e. the hazards are proportional to each other.
If X; adjusted for the other covariates Xy, 5,k =1,...,p, j # k, the hazard
ratio for each one unit increase of covariate is given by

Mty oo (zp+ 1), xp)
Az, .oy, 1)

it is similar to (1.1). Therefore, the coefficient 5, is the log hazard ratio
between two subject differing by one unit.

While the logistic regression estimates the odds ratio, Cox regression esti-
mates the hazard ratio.

However, the logistic regression is not appropriate for incomplete follow-up
data; for example, an individual drops out of the study before the end of
data collection or an individual has not occurred the event of interest in the
duration of the study. These observations are called censored observations.
The Cox models can effectively handle censored data. Moreover, the Cox
models can be used for discrete or continuous values of covariates. This
leads to the second part where the Cox model is developed as a problem of
experimental design in Chapter 4. The Cox models and their extensions are
first described in Chapter 3. Particularly, the extended Cox model with time-
dependent covariates and time-dependent coefficients are introduced. And
then the statistical inference in Cox model with time-dependent coefficients
are proposed in Chapter 5.

Three chapters in the second part are presented as follows:

=exp(8” (z — x*)), for all t >0

= exp(p;), for all £ > 0.

Chapter 3: Cox Models and their extensions: Survey of approaches and
results.

This chapter gives a review of the literature which includes a description
of survival analysis framework that has been used to provide appropriate
modifications to statistical inference procedure used in Cox model.

We start by describing the basic notion of survival analysis and introducing
the Cox model. The maximum partial likelihood estimator (MPLE) and its
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consistency and asymptotic normality are investigated. Test statistics for
testing hypotheses about the true parameter value of 3, say 3, in the Cox
model are also presented.

Furthermore, we introduce the extension of the Cox model in which the
covariates X are allowed to depend on time, such covariates are called time-
dependent covariates or time-varying covariates. Another popular extension
of the Cox model is so-called time-dependent coefficients Cox model where the
coefficients 3 are extended to vary with time. In general, these coefficients
often depend on time and need to be tested. This leads to Chapter 5 where
the statistical inference in the Cox model is developed in order to account
for time-dependent coefficients.

In this chapter, we also provide the counting process framework to establish
the asymptotic properties of the estimator of two different extensions of Cox
model. The observed information matrix I,(8) and asymptotic variance
matrix 3! are also obtained.

Chapter 4: FEstimability of the parameter in the Cox model and optimal
choice of the covariates.

In this chapter the estimability of the parameter 3, in the Cox model,
where B, denotes the true value of 3, and the choice of optimal covariates
are investigated. We give new representations of the observed information
matrix I,(3) and extend results for the Cox model of Andersen and Gill
(1982). In this way, conditions for the estimability of B, are formulated.
Here the results about the rank of I,(3) are important, that is, if I,,(3)
has the full rank p, then the parameter 3, is estimable. Moreover, we say
that 8, is asymptotically estimable, if the limiting matrix of I,(3), more
exactly ¥ = plim,, .. n"'L,(3,), has the full rank p. With these results on
the estimability of 3, we find the connection to estimation problems in other
classical statistical models.

Under some regularity conditions X is the inverse of the asymptotic variance
matrix of the MPLE of B, in the Cox model. This ¥ is the basis for
other statistical analyses. In Theorem 4.4 a representation of ¥ is found.
The explicit dependence of ¥ on 3, Ao, G and () is visible in which G is
the censoring distribution and @ is the distribution of the covariates. We
describe that for the Cox model the asymptotic estimability depends only
on the support points of the covariates X where &, ..., &, are the different
support points of the covariates. We show in Theorem 4.6 that the matrix



¥ is non-singular if and only if such points &,,...,&,, in the support of Q)
exist that {&, — &,,1 < s < r < m} spans the RP. Some representations
of 3 are proved under the assumption that the support of the covariates is
finite, but we find also the representation of 3 for a general distribution Q).
Moreover, some properties of the asymptotic variance matrix of the MPLE
are highlighted.

The explicit dependence of 3 on the distribution ) derived as above is
necessary for finding optimal covariates. Optimal covariates under a survival
framework were considered in Lopez-Fidalgo et al. (2009), Garcet-Rodr " i
guez et al. (2008), Balakrishnan and Han (2007) and Schmidt and Schwabe
(2015). In these papers the authors used the maximum likelihood estimator
(MLE), but in the Cox model the MPLE should be the basis for statistical
analyses. Our received new representation of the asymptotic variance matrix
>~ or of the ¥ gives the possibility for characterizing optimal covariates.

In our approach for finding optimal covariates for the MPLE, we have similar
problems as in the experimental design for least squares estimate in nonlinear
regression. We see that 3 and consequently the asymptotic variance matrix
depend on the unknown parameters of the model. Hence, local optimal
covariates are investigated and also calculated in examples. We remark that
the optimal covariates depend strongly on the parameter 3, but weakly on
the baseline hazard function Ag.

In a sensitivity analysis the efficiency of given covariates is calculated. We
find for neighborhoods of the exponential models the efficiencies and see that
for fixed parameters 3 the efficiencies do not change very much for different
baseline hazard functions.

In section 4.3 some proposals for applicable optimal covariates are discussed.
We consider two-stage optimal covariates where the sample is divided in
two parts. The second part is taken as optimal covariates if one uses the
estimator calculated with the observations from the first part. Furthermore,
we consider covariates where a grid in the parameter space is fixed and a
weighted sum of a function of the corresponding 3-values is to be maximized.
Finally, a calculation procedure for finding optimal covariates is discussed.
Generally, one obtains suboptimal covariates.

In this chapter, several results about optimal covariates are obtained. In
particular, the results about the I,(3), ¥ and the corresponding proved
properties extend the up to now known results in many ways.
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Chapter 5: Statistical inference in the Cox model with time-dependent
coefficients.
In this chapter we focus on the Cox model with time-dependent coefficients:

At ) = Xo(t) exp(B” (H)),
where 3(-) is a p-dimensional vector of time-dependent coefficients function.
The maximum local partial likelihood estimators for estimating the coeffi-
cients function B(-) are described.
The maximum local likelihood method for the nonparametric estimation in
survival regression was introduced by Tibshirani and Hastie (1987). The
idea is to estimate the coefficient function at a grid point ¢ by maximizing
the log partial likelihood function locally in a window around t. The
local neighborhood is described by a kernel function, and the size of the
neighborhood is controlled by a smoothing parameter h.
First we give two examples for realization of such estimates. The results
show that the both estimates are quite close to the true functions for different
choices of bandwidth and different censoring patterns.
The main topic of this chapter is a new test procedure for testing whether
a one-dimensional coefficient function B(-) has a prespecified parametric
form, say (B(-,9). The test procedure is derived as follows: We consider
the score function derived from the local constant partial likelihood function
at d distinct grid points. It is shown that the distribution of the properly
standardized quadratic form of this d-dimensional vector at the hypothetical
B(+;99) tends in distribution to a Chi-squared distribution.
Moreover, replacing the unknown 9y by the MPLE in the hypothetical model
the limit statement remains true, and an asymptotic a-test is given by the
quantiles or p-values of the limiting Chi-squared distribution.
It is known that the performance of an asymptotic a-test using estimates
based on smoothing depends not only on the sample size n but also on a
suitable choice of the smoothing parameter, here h.
So it seems to be useful to give also a bootstrap version of this test. To derive
such a bootstrap procedure, the resampling method developed by Davison
and Hinkley (1997) for bootstrapping survival data is applied. The bootstrap
test is only defined for the special case of testing whether the coefficient
function is constant.
A simulation study which illustrates the behavior of the bootstrap test under
the null hypothesis and a special alternative gives good results for the chosen
underlying model.






Chapter 2

Logistic Regression under
Case-Cohort Design

2.1 Introduction

Regression models describe the relationship between a response variable and
one or more explanatory variables. If the outcome is a binary variable, logistic
models are often used. These models belong to the generalized linear models
(GLM). By the logit function, the conditional expectation of Y is transformed
to a linear function, in other words we have for the conditional probability

w(x,3)=P(Y =1|X =2) =E(Y|X =x)

m(x,B) - _
IOg T(w,ﬁ) = ﬂo -+ jgﬁj(l?j = .’BTB (21)
or equivalently .
__exp(z’B)
S )
with = (1, 21,...,1,)7.

Often X is a so-called exposure variable, and one defines the odds on
exposure T as
m(z, B)

and

logt(x) =" B

9
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are the log odds. For x; and @y with x9; = xy; for j = 1,...,p, j # k the
odds ratio and the log odds ratio is given by

Zgi:; = exp((z1x — o) Br) log Zg;; = (z1 — Tox) Br,
respectively. Thus, for z1, = 0 and x9, = 1 we get
Y(x1)
=1 .
By = log (@)

We will consider a case-cohort sampling scheme. In a case-cohort study one
selects at the beginning of the study a subcohort which is a simple sample
of the entire cohort. The covariates are measured only for this random
subcohort and for all cases—cases are all members of the cohort developing
the event of interest during the follow-up. This sampling design allows the
estimation of the odds and of the conditional probabilities 7(x).

Notice that this sampling scheme differs from case-control studies. A
case-control study takes sampling separately from cases (individuals who
developed the disease) and controls (individuals without disease). The
previous exposure of both cases and controls are determined. Here odds
ratios can be estimated, however the probability 7(x) cannot be estimated.

2.2 Logistic regression with complete data:
A short summary

2.2.1 Logistic regression model

Suppose that we observe ii.d. random variables (Y;, X;), i = 1,...,n.
Usually in logistic models the distribution of the covariates is not specified.
The likelihood approach is based on the conditional distribution of the
response, given X = @. Since Y| X = x is distributed according to Bernoulli
distribution with parameter 7(x) the likelihood function has the following
form:
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and the log likelihood function by

(B) = Zlog m(xi, )" (1 - (2, 8)) )

n p
= Y Ve - Y lonlt 4 esp(Y )
i=1 j=0

i=1 j=0

The estimator Bn is the solution of the score equations

with
uj(IB) — 65 lej a:zu@)) .
J i=1

Note that in general (2.2) has no explicit solution and a numeric procedure
is necessary to determine the value of Bn

The asymptotic properties of this estimator follow from the general theory
of asymptotic properties of maximum likelihood estimators in GLM. Under
weak regularity conditions 3,, is consistent and asymptotically normal. Based
on this result, the Wald test, the likelihood-ratio test and the score test for
testing hypotheses of the coefficients 3; can be derived. For later reference
we will give here the conditional Fisher information matrix. This matrix can
be used for the iterative computation of the estimator; moreover, replacing
the unknown 3 in Z,,, estimates for the standard errors of the coefficients are
derived by inverting the estimated Fisher information.

The elements of the conditional observed information matrix are equal to the
conditional information matrix; they are given by

20
Inrs(ﬁ) _% T,S:07...,p
- Zﬂ(w“ﬁ)(l _W(wiaﬁ»mirlﬁ's-
1=1

Under the assumption that the matrix n~'Z,(3) converges in probability to
a positive definite matrix, say S(3), we have with ¥ = S1

VB, — B) == N(0,%(8)).
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2.2.2 Logistic regression and 2 x 2 tables

Now, let us consider the following situation. The response Y describes the
occurrence of a disease; we are interested in the dependence of this occurrence
on the presence of a so-called exposure, which is characterized by a variable
X. That is, also the covariate is an indicator. Usually such a problem is
described by a 2 x 2 table:

Y =1
Y=0| Hp Hyo | Hoy

with
Hy = 1(Y;=j,X; =k).

i=1
We introduce the following probabilities
=P =1,X=1), po=PY =1,X=0), pr=PY=0,X=1)
and
poo =P(Y =0,X=0) with pi1 +pio+por +poo = 1.
The odds are
P(Y:HX:O)_@ P(Y:HX:U_IE

Y= By TOX =) e TPV SOX=1)  pu

and the odds ratio and its logarithm are given by

\ = ﬁ _ P11Poo
o P1oPo1

and
p* =log A = log p11 + log poo — log p1o — log po1-

In other words, now also the distribution of the covariate is modeled. We
have a multinomial distribution (with three unknown parameters) and we
can derive the maximum likelihood estimators for the pj;’s. The likelihood
function is given by

Hyy , Hio , Ho1

L(p) o< pp Pio -~ Po1 (1 —=pi —pro— p01)HOO

Y
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the log likelihood is

((p) = Hyilogpii + Higlogpio + Hoilog por + Hoo log(1 — p11 — p1o — Po1)-

It is easy to show that the maximum likelihood estimators (MLE) for the
probabilities are given by
. H;
Pjkn =
n

and consequently, A and * are estimated by

~ Hy1 H,
3 - Moo

- Hy1Hy
n = * = log ———
HyoHpy b &

n - )
HigHp

respectively. R R

The asymptotic properties of A, and 3} can be derived by using the Fisher
information in the multinomial model or directly by the delta method. We
obtain for the Fisher information included in one observation (Y;, X;)

T T ) Poo,
i(p) = p(lol Do T p(lol . p(lol . (2.3)
Doo Doo  DPoi T+ Poo

It follows that b
Vn(p, —p) — Ns3(0, A(p))

with
Pn(l - pn) —P11P10 —DP11Po1
Alp)=i'(p) = —pupio Pio(l — pio) —P1oPo1
—P11Po1 —piopor Po1(1l — po1)

Let us apply the delta method: Set 8* = g(p)

and let Vg be the vector of the partial derivatives of g. By the formula
o%(p) = Vg(p)T A(p)Vg(p), one obtains

a*(p) = pii' +pio + Por + Poo -
And by the central limit theorem it follows

Va(B: — 5% = N(0,0%(p)).
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14 A short summary

It is obvious that the asymptotic variance of B;‘L is estimated by its MLE

o2 n = Hy  + Higt + Hyt + Hyg' (2.4)

Now, let us consider the 2 x 2 table under the viewpoint of the logistic
regression: We have by (2.1)

exp(fo)
m(0.8) = 1+ exp(fo)

The odds ratio has now the form

A\ = 71-(1713) 1_71-(0’13)
1- 7T(17/6) W(O,/B)

 explBo+ B)
"L 8) = T (B + B

= eXP(51)7

i.e. B* = 51.
The score equations for the derivation of the estimators Sy, and (3, have the
form

=1
z;=1 T;=

(1) ) ¥i—=(1,8)+ Z(m —7(0,8))

= Hy — Hyym(1,8) + Hig — Hiom(0,8) =0 (2.5)
) S (V- n(1,8)) = Hy — Hoyn(1,8) = 0.

i=1
z;=1

By straightforward computations, one can show that

~

H ~ H 1 H
Bon =1log =2 and  f, = log ——%
HOO

H10H01

are solutions of (2.5).
Thus, both approaches lead to the same estimator for /* = ;. The
conditional observed information matrix is given by Z,, with the elements

Iou(B) = Hyom(0,8)(1 —7(0,8)) + Hyam(1, B)(1 — =(1,8))
In12(B) = Hun(1,8)(1—=(1,8))
In2(B) = Hun(1,8)(1—7(1,8))
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and n~'Z,(8) converges with probability one to the positive definite matrix
S(8)
511(6) p—l—Oﬂ-(Ov /6)(1 - W(Ov B)) + p+17T(17 16)(1 - 7T<1a ﬁ))
S12(8) = p1m(L, B)(1 — 7(1,8)) (2.6)
S92(B) = pum(1,8)(1 —n(1,8)).

The inverse of S gives the asymptotic variance, and we obtain for the element
of interest

222(5) = ‘72(13)-

2.3  Estimators in case-cohort models with dis-
crete covariates

Now we study the estimation in the case-cohort model. We begin with the
special case of a 2 x 2 table and translate these results into the notation of
the logistic regression. This we take as a starting point for the investigation
of the inference in logistic regression models with discrete covariates.

Let us describe the selection procedure: The subcohort is selected at random
from the entire cohort. Let us introduce the indicator V, i.e., V; = 1 if the
individual 7 is an element of the subcohort, and V; = 0 otherwise. We assume
that P(V; = 1) = a. The random variables V;, ¥; and X; are independent.
As described in the introduction, the covariate X is observed for all
individuals with Y; = 1 and for all individuals in the subcohort.

For example, Cologne et al. (2012) illustrated the initial design of the
immunogenome and cancer case-cohort study using simple random sampling.
Numbers of subjects in the immunogenome study cohort is 4682 and the
subcohort was collected using a sampling fraction of 0.5 to reduce genotyping
effort by about one-half while retaining most of the full-cohort power.

In Table 2.1, the number of lung cancer cases and subcohort sizes are
presented. The proportional of numbers of observations is displayed in Figure
2.1. The case-cohort set is the union of cases set and subcohort set, i.e. the
total number of case-cohort observations is 2187.

In this study, they collected covariates as follows: city of residence, gender,
year of birth, smoking frequency, whole-body radiation dose, an indicator of
EGFR gene CA repeat length < 38 and the product of radiation dose and
EGFR CA repeat length indicator (see Cologne et al. (2012)).
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Table 2.1: Numbers of individuals in the immunogenome study cohort and case-
cohort.

Subcohort Non-subcohort Total

Number of lung cancer cases 62 61 123
Number of non-lung cancer cases 2064 2495 4559
Total 2126 2556 4682

Figure 2.1: Conceptual illustration of the immunogenome and cancer case-cohort
design. The proportional of numbers of observations are represented by areas of
different colors.

Cohort N =4682

subcohort
N=2126

il Cases in subcohort
B N=¢2

2.3.1 The maximum likelihood estimator in 2 x 2-tables
and their properties
For the binary covariate model the case-cohort design leads to the following

frequency table
with

D, =§Yixi Do:;m—xn

n n

Ri=> (1-Y)XVi Ry=)> (1-Y)(l-X))V;

i=1 i=1
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Y =1 Y =0
X=1] X=0 | X=1][X=0
V=1 K, Ky Ry | Ry | K+R=N,
V=0 Dl—Kl DO_KO n—R—-—D n—(K—I—R)
D1 Do n—D n

K= anmxm Ko = im ~ XV,
=1

i=1

D=Dy+Dy, R=Ro+Ri, K=FK+K, No=) V.
=1

Let us derive the MLE for the probabilities p;, and the parameter S: The
contribution to the likelihood of an individual inside the subcohort is given
by

Y, X;V; , Yi(1-X)V:  (1-Y) X, V;
Po1 (

P11 P1o )(1*Yz‘)(1fX¢)Vi

I — p11 — P10 — Pot

and of an individual not in subcohort

Y X;(1-Vi) Yi(1-X;)(1-V;
( )pw( )(1=V3) (

pL )(I_Yi)(l_vi).

1 —pi1 —pio

Thus the likelihood and the log likelihood have the form

Dy Do
1

1 P1o pé%ll(l — P11 —Pm)(n*D*R)(

L(pn,pm,pm) =p 1 —pi1 —pio— p01)R0
0(p11,p10,P01) = Dilogpir + Dologpig + Rilogpm

+ Ry log(1 — p11 — p1o — po1)

+ (TL — D — R) 10g(1 — P11 _pIO)-

The score equalities are

D1 RO n—D—R

et N _ — 0
D11 1—piu—pio—pror  1—pu—Dpo
DO Ro n—D—R B
D10 1—pii—pio—pron  1—pu—Dpo

R, Ry .,

Po1 1 — p11 — P10 — o1
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Notice, for V; = 1 for all ¢, we have Dy = Hy;, Dy = Hyg, R1 = Hyi,
Ry = Hyp and n = D + R, that is, the equations are the same as in the full
cohort model. Solving these equations leads to following MLE

~ D, ~ Dy ~ (n - D)Rl
Piin = —, Pion = —, Poin = ——
n n nR

and
_ (n—D)Ry
Poon =

and therefore
- D1 Ry

" Dy R
Using another approach, this estimator was proposed by Prentice (1986).

and 3; = log Xn

2.3.1.1 Properties of the estimators

Now, let us consider the asymptotic properties of the estimators pjx,: For
this aim we derive the Fisher information matrix for one observation triple
(Y, Xi, V;). Set p=P(Y; =0) = 1 — p11 — p1o, and for simplicity of notation
we write pgo = 1 — p11 — p1o — Po1- Computing

9*((p) n

—E
OpopT

we obtain the Fisher information

i(p, Oz) =
1 -1 -1 -1 1 -1
P11+ 0417001 + (1 - @)p ) O410001 + (1 - a)p Oépoe1
apyy + (1 — Oé)p‘i Pro +apgg + (1 — a)p‘i . P
QPog aPoy  Por + APy

For a = 1 we obtain the matrix in (2.3).
Based on the information matrix we prove the following theorem on the
asymptotic normality of the estimators p,, and [5}:

Theorem 2.1. Under the case-cohort design introduced above the estimators
D, and (3% are consistent and asymptotically normal with

VB, —p) == N3(0, A(p, a))
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with
A(p,a) =i"Y(p,a) =
p11 1 - p11 —P11P10 —P11Po1

—p1ipo Ppro(l — pio) —P1oPo1

—P11Po1 —propor P~ o1 (e poo + por(1 — p))
an ~ D

V(B — B*) — N(0,0%(p, a))

where

9 1 1 1 1 1
c(pa)=—+—+—| —+—.
P11 Pio a \Por  Poo

Proof. Since n='D; and n"'R;, j = 0,1 are sums of i.i.d. random variables
the consistency of the estimators follows from the law of large numbers and
the continuous mapping theorem:.

The limit statement for the vector of the probabilities, i.e., the computation
of the variance of the limiting distribution, follows by computing the inverse
i!(p,a). Finally, the application of the delta method gives the limit
distribution of the log odds ratio. [

An estimator for the variance in the case-cohort design is given by replacing
o%(p, a) the unknown probabilities by their MLE. This leads to the following

estimator
1 1 1 R?

n= + -

( )/ _DO Oé( - D)RlRO

Note that in the case V; = 1 for all 7 and o = 1 this estimator coincides with
estimator (2.4). Furthermore, this estimator is consistent.

Prentice (1986) proposed also an estimator for the asymptotic variance in
the 2 x 2 table model. This estimator has the following form:

(2.7)

Prentice does not give an expression for the asymptotic variance. It is not
difficult to see that the Prentice estimator is also consistent, however it is
not the MLE.
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In Section (2.3.1.2) we compare both estimators by simulations.

We conclude this section with the investigation of the case-cohort design
under the logistic regression aspect. To handle the missing observations of
the covariates outside the subcohort for the response Y; = 0 we will make an
assumption about the distribution of the X;. We assume

PXi=l)=fi=f PX;=0)=fo=1-F

The likelihood function is
LB, f) = [ [ 7(X:. B FX(1 — m(X;, B)) X0V f 71 Vp (B, )10
i=1

with

p(B,f) =P(Y; =0) = f(1 ==(1,8)) + (1 = f)(1 = =(0, 8)).

and the log likelihood function

:E:W&bmﬂﬁﬂﬁm—XM%ﬂQm

;Yngf+Y( X;)log(1— f)
+ Vi(1 =Yy X;log(1 — (1, 8)) + Vi(1 = Yi)(1 — X;) log(1 — (0, B))
(

V(L= Yi) X log f 4 Vi(1 — Yi)(1 — X,)log(1 — f)

+ (1-Y)A=V;)log (f(1 —7(L,8)) + (1= f)(1—=(0,8)))
=D;logn(1,8) + Dylogw(0,3)

+ Dy log f + Dglog(1 — f)

+ Ry log(1 — n(1,8)) + Rolog(1 — (0, 8))

+ Rylog [ + Rolog(1 — f)

+(n—D~-R)log (f(1-n(1,8)) + (1~ f)(1-=(0,8))). (2.8)

The score equations are given by

w(B,f)=0 j=123
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with

ur(B, f) =Dy — (D1 + Ri)w(1,8) + Do — (Do + Ro)7 (0, B)
fr(1,8)(1 —=(1,8)) + (1 = f)=(0,8)(1 — (0, ))

—(n—D-—R)

p(B. f)
o . . _(n— . f(l _7T(17/6))7T(1>/6)
_Di+ R Do+ Ry n_D— 7(0,8) — (1, 8)

Note, for V; = 1 for all ¢, Dy = Hyy D+ Ry = Hyy and n— D — R = 0.
Thus, the first two equations are equations (2.5).
Solving the likelihood equation for 3y, 8* and f leads via the estimators

R DR N DyR
LTty onypy pry sy ML L Rty > oy ey 5y o)
to D\ R DoR
Sk _ 1 14 An _ 0
and

~ DR+ (n—D)R
Jn = nR '

By taking into account the distribution of the covariates in the likelihood,

we obtain the same results as in the binary model.

2.3.1.2 Simulations

We carry out simulation studies to assess the quality of the estimator
depending on the value @ and to compare the proposed variance estimator of
the estimator (3} as (2.7) with the theoretic value and the Prentice estimator.
We fix the parameter p;; = 0.2, p;o = 0.4 and pp; = 0.2, that is we have the
true value

P11Poo

g* =log A = log(
Po1P1o

) = —0.6931472.

For each configuration, we simulated 3000 full cohort samples with sample
size n = 500 objects corresponding to the parameters pi1, p1g and pg1, we have
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a multinomial model with 4 outcomes. It follows that the disease state were
generated corresponding to a binary covariate. Moreover, device whether an
individual is an element of the subcohort, we generate the indicator V' based
on P(V=1)=a.

In this section, we first compare the performance of estimators for several
different values of o with real value g*. Table 2.2 presents the simulated
estimates results of 8* of subcohort for 4 different values of o (v = 0.2,0.5,0.7
and 0.9). Furthermore, Figure 2.2 and 2.3 show the estimate of 5* in full
cohort and subcohort based on a compare with the real parameter 5*(red
line), respectively. As shown in Table 2.2, Figure 2.2 and 2.3, the estimates
spread around the true value for several values of a. These results show that
the estimates of 5* is reliable.

Table 2.2: Simulation summary statistics for estimation under case-cohort design
with different values of a.

a  Mean(5;)  SD(5;)
0.2 -0.6959494  0.3475209
0.5 -0.6974123  0.2362503
0.7 -0.6906599  0.2139101
0.9 -0.6939503  0.1971865

Figure 2.2: Histogram of 8* estimates in full cohort.

Beta estimate in full cohort

500
|

Frequency
300
Il

0 100
|

-1.4 -1.0 -0.6 -0.2 0.0

beta.c
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Figure 2.3: Histogram of 8* estimates under the case-cohort design.

sub-cohort with alpha= 0.2 sub-cohort with alpha= 0.5
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o -~ o -~
T T T 1 T T T 1
-15 -1.0 -0.5 0.0 -1.5 -1.0 -0.5 0.0
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Next, we compare the performance of the proposed estimator and the
Prentice estimator. The performance of both variance estimators are assessed
via the mean square error (MSE),

MSE = Bias? + Variance.

Under the case-cohort design, we have by Theorem 2.1 asymptotic variance

of B as
me =+ Poo

na - po1Poo

The both estimator results are demonstrated in Table 2.3. The empirical bias
and the empirical variance of the variance estimates are shown for different

0'2([), a)/n = (npn)*l + (npw)*l +
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values of a. Table 2.3 shows, as expected, that the proposed estimator for
variance of the estimator based on the maximum likelihood estimator gives
lower empirical bias and empirical variance than the estimator based on the

Prentice’s estimator.

Table 2.3: The variance estimator of case cohort based on o.

a o%(p,a)/n Estimator Bias Variance MSE

0.2 0.115 Prentice  0.0049125590 0.00030782510 0.0003319583
MLE 0.0032557290 0.00005094680 0.0000061547

0.5 0.055 Prentice  0.0008067732 0.00001278035 0.0000134312
MLE 0.0006553818  0.00000380526  0.0000042348

0.7 0.044 Prentice  0.0004971469 0.00000356768 0.0000038148
MLE 0.0004130448 0.00000166494 0.0000018355

0.9 0.037 Prentice  0.0003356457 0.00000122481 0.0000013375
MLE 0.0003012373  0.00000093929 0.0000010300

2.3.2 The maximum likelihood estimator in logistic
regression with discrete covariates

Now we consider the logistic regression model with a one-dimensional discrete
covariate taking m values &, ..., &, with

fi=PXi=¢&) j=1,....m

Since the f;’s are unknown we have a model with 2 +m — 1 parameters.
Generalizing the approach from the previous section, we obtain as likelihood
function

i=1

= (X8 (1 = w5, B) Y T (8, )

@
=1

LB, f) =

with X; taking values in {&,...,&,} and

m

p(B.f)=> (1—n(&.8)f

Jj=1
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The log likelihood function is

m

(B, f) = > _{Djlogn(¢;, B) + R;log(1 — (¢, B))

=1
+(D; + R;)log f; + (n — D — R) log p(3, f)}
with

n

D, Zm =¢) and R; =) (1-Y)Vil(X;=§).

=1

The elements of the score vectors are given by

u(.f) - ZD S0, Ryne. )+ "2 8

s p(B, f)
n—D—-R
(B, f) = ZD &~ D (D, + R)n(E B + —B ) P86
j=1 ’
. Dk,2+Rk,2_ Dm+Rm n—D—R
B ) = fr2 [ S AN ) Pt 5
k=3,....m+1
where
a m
pal8.£) = LD - -5 a(e. )1 - w(6,. ),
pa(0.) = 2O - 3" w0 - e 806,
j=1
0
pra8.8) = BOI a6, 0) - ni6ea ).

The maximum likelihood estimators Bn and ?n are the solution of
us(B,f) =0 s=1,...,m+1.

Example 1. Now, to demonstrate the estimation procedure, let us consider
the logistic regression model with a one-dimensional discrete covariate taking
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3 different values of covariate &1, &, &3. The log likelihood function can be
derived by

3
> _{Djlogr(&;, B) + Rylos(1 - m(¢;, )

+(D; + R;)log f; + (n — D — R) log p(3, f)}

The elements of the score vectors are given by

(B, f) =Di(1 — (€1, 8)) + Da(1 — 762, 8)) + Da(1 — (€5, )
- Fum(61,8) = Rav(62.8) — Rar(6a. 0) + " 5 f)Rpgo 8. f)

uz(B, f) =D1&1(1 = 7(&1, B)) + Daba(1 — 7(§2, B)) + D3&3(1 — W(fSﬁ))

~ Riim(€1, )= Rator (2. B)~Rutam (6. 8)+ "= 205, (8.)
(B f) =P = 2 I n(60,8) — 7(61.8))
(B ) = = Dl D (4. ) = (62, )
giguri 52.4 shows the function 7(z) with several & under fy = —3 and
s
For illustration, we consider 3 different values of covariate (§; = 2,& =

3, = 4) and fix Sy = —3 and B; = 1.5. We generate full cohort samples
with sample size n = 1000 objects corresponding to the parameters fi, fo
and f3, therefore we have a multinomial model with 3 outcomes. We further
generate the indicator V' based on P(V = 1) = « for the individuals of
subcohort.

We calculate the average and standard deviation of estimates based on
500 repeated samples. Then, the maximum likelihood estimates results are
summarized in Table 2.4 under several f; = P(X; =¢&;), j=1,...,3. The
results show that the estimate values are around the true values for several
probabilities f; and different values of a. O]
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Figure 2.4: The plot of function 7(z) under fp = —3 and $; = 1.5 with several z.
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Table 2.4: The estimates results of logistic regression with 3 different values of
covariate.

a f1, fo

Mean(Bo)(SD

Mean(31)(SD)

Mean(f1)(SD

Mean(f2)(SD

0.2 0.3333, 0.3333

0.2, 0.4
0.4, 0.2
0.4, 0.4
0.2,0.3
0.3, 0.2
0.5, 0.3
0.3,0.5
0.2, 0.5
0.5, 0.2

-3.0617(0.6689
-3.0561(0.7058
-3.0876(0.6669
-3.0848(0.6242
-3.0688(0.6949
-3.0781(0.6225
-3.0386(0.6564
-3.0859(0.7289
-3.0403(0.7092
-3.0968(0.6887

1.5298(0.2759
1.5278(0.2693
1.5442(0.2911
1.5414(0.2644
1.5331(0.2643
1.5371(0.2557
1.5255(0.2911
1.5403(0.2957
1.5210(0.2690
1.5523(0.3085

0.3340(0.0216
0.2017(0.0192
0.3993(0.0202
0.4019(0.0220
0.2018(0.0188
0.3011(0.0192
0.5009(0.0218
0.3017(0.0220
0.2015(0.0189
0.5020(0.0203

0.3330(0.0191
0.3994(0.0181
0.2012(0.0144
0.3983(0.0196
0.2987(0.0163
0.1988(0.0142
0.2992(0.0184
0.4983(0.0211
0.4984(0.0190
0.1984(0.0150

0.5 0.3333, 0.3333

0.2, 0.4
0.4, 0.2
0.4, 0.4
0.2,0.3
0.3, 0.2
0.5, 0.3
0.3,0.5
0.2, 0.5
0.5, 0.2

-3.0185(0.4375
-3.0198(0.4616
-3.0433(0.4103
-3.0130(0.4239

-2.9919(0.4189
-3.0414(0.4628
-3.0091(0.4783
-3.0076(0.4095

1.5084(0.1750
1.5102(0.1715
1.5217(0.1699
1.5081(0.1727
1.5113(0.1650

1.5019(0.1795
1.5186(0.1813
1.5059(0.1788
1.5088(0.1755

0.3334(0.0177
0.2008(0.0151
0.4009(0.0170
0.4005(0.0174

0.5007(0.0178
0.3008(0.0172
0.2006(0.0149
0.5011(0.0173

0.3339(0.0173
0.4004(0.0168
0.1995(0.0132
0.3996(0.0167

0.2996(0.0158
0.4994(0.0176
0.4994(0.0170
0.1993(0.0138

0.7 0.3333, 0.3333

0.2, 0.4
0.4, 0.2
0.4, 0.4
0.2,0.3
0.3, 0.2
0.5, 0.3
0.3,0.5
0.2, 0.5
0.5, 0.2

-3.0380(0.3920
-2.9850(0.4024
-3.0118(0.3468
-2.9977(0.3887
-2.9879(0.3815
-3.0216(0.3533
-3.0169(0.3415
-3.0166(0.3937
-3.0068(0.4286

)
)
)
)
)
)
)
)
)
)
)
)
)
;
-3.0228(0.4490)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
.3476)

(
(
(
(
(
(
(
(
(
(
(
(
E
-3.0331(0.4135
(
(
(
(
(
(
(
(
(
(
(
(
(
(0

-3.0049

1.5160(0.1557
1.4961(0.1447
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Jnll = Z fij)(l_ﬂ-(gJ?ﬁ))
7j=1
B ) (p w00 ) =76 7
Jae = Y (D + Ry)w(&, B)(1 - (&5, 8))¢;
j=1
S GO
Jn22 = Z(D]+Rj)7r(§j>/6)(1_ﬂ-(fjaﬁ))€2
j=1
n-D-R 7.8 f))
s TR
— _D - R ) k—2 )
I = =T (o () - OB
j=12k=3...,m+1
J o Dk72+Rk72 Dm+Rm
(,8 f) <pfk 2fr— 2(ﬁ f) p(ﬁ, f) )
k=3,....m+1
Ikt = Dm;%me
n-— D—R

Pfr_s (ﬁ> f)pfzfz (/67 f))

p(ﬁ, f) (pfk2fl2(/87 f) - p(,@, f)

kl=3,...m+1,1%k

The expectation of J,(8, f) is the Fisher information Z,(3, f), the Fisher
information with respect to one observation is
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and has the elements

ill(ﬂyf) = Zﬂ- 5]’ 5]7/6))fj+a7r(§j716)(1_

IM)

—(1—a) (pﬁoﬁo(ﬂ’ f) - (B, f)

(&, 8))° i

i2(8, f) = Zﬂ@-,ﬁ)(l — (&, 8))f; + o (&, B) (1 — (&5, 8))%¢, /i

pﬁo(ﬁa f)pﬁl(ﬁa f)

—(1 - Oé) (pﬁoﬁl(ﬁ’ ‘f) N p(ﬁa f)

)

in(B, f) = ZWQ(ﬁj,ﬂ)(l—ﬂ(£j76))§§fj+a7r(§j,ﬂ)(l—ﬂ(éj,ﬁ))%ffj

~(1-a) (Pmﬂl B, f) - pﬁl (5, 7) )
(B, f) = —(1—a) (pﬁj (B - pﬁj ( ;){)2’9 k)_z(

j=12k=3,....m+1

?)

7(&2,0) + 0l — 16 2.8)) | 76mB)+a(1l = (6, 5)

(B, f) = Fea [;
~(1-a) 5.f)- 0 T)
Pfr_afu—2\P p(,@, f)
k=3,....m+1
(B f) — s +all= w6 0)

fm

_<1 - a) (pfk2f12(187f> -
k=3, ...m+1,1+k

p(B, f)

We assume:

Pfr_s (ﬁ> f)pfzﬁ (167 .f))

A1) The matrices J,(8, f) and i(83, f) are positive definite.

A2) The matrix n=1.J,,(83, f) converges (in probability) to the Fisher infor-

mation matrix i(3, f).
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Theorem 2.2. For the MLFE in the logistic regression under case-cohort
design we have

s [( % ) B ( f;’ >] Dy Npwir (0,C(8, F))

where C(B, f) = [i(B, f)] "

Moreover,

~

VB, — B) == Na(0,%(8, f))
with ij = Cjk for j, k= 1, 2.

Proof. Using E(n — D — R) = nP(Y =0)(1 — «) and
ED; =nn(§;,8)f; and ER; =na(l —7(§;,8))f

straightforward computations give

Eug(8, f) = 0.

The central limit theorem can be applied to sums of the form

m n m

DDi=) Vi) UXi=¢). Y Dig =) Yy 1(Xi=&)g and
J=1 i=1 J=1 J=1 i=1 J=1

n

ZR EESOID PET

=1 7=1

It follows that the score vector is asymptotically normal. The elements of
the variance matrix are given by

%Cov (ur(B, ), u-(8, f)) k,r=1,....m+1.

Since the underlying distribution fulfills the usual regularity conditions, these
elements are the elements of the Fisher matrix i(3, f). Thus, we have

n_l/Qun(ﬁ, f) i> Nm—l—l(oa Z(IB’ f))
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Here u,, denotes the score vector. As in the standard maximum likelihood
theory, the estimators behave asymptotically as Z,,(3, ) 'u.(3, f).

Bn I§] N 1
v [( 2 ) _ ( ’ )] ~ VT (B, ) un(B, ) (2.9)

=0 V2B, £) (B, ) 2 N (0,68, £)7).

To justify (2.9) one has to show that the estimators are consistent. Consis-
tency is a consequence of the following: The assumptions A1l and A2 imply
that the log likelihood function has a unique maximum. The maximizer con-
verges almost surely to the unique maximizer of the limit EL;(5, f; Vi, Xi, V;),
where the expectation is taken under the true parameter. O]

Remark Let us consider the Fisher information matrix i(3, f) for the full
cohort, that is for the case a = 1:

118, F) => 7, B) 1 —7(&.B8)fi, 1208, F) = Y_ (&, B)(1 —7(&,B))é;fi,
Jj=1 j=1

inn(B, £) =Y 7(&, B) (1 — (&, B)E2 f, k(B F) =0 j=1,2k=3,....m+1,
7j=1

k(B f) o k=3 m4l, im— - ki=3....m+114k

kk fk ) fm — Jy ey ) kl_fm y b= 9.+, ) .

We see that this matrix consists of two parts, the upper left 2 x 2 matrix is
the generalization of the matrix (2.6). The lower (m — 1) x (m — 1) matrix
is an information matrix in a multinomial model as in (2.3).

Corollary 2.3. Because of continuity J, (B, f)/n is a consistent estimator of
i(B, f), and its inverse for (8, f). Replacing now the unknown parameters
by the MLE we obtain the following consistent estimator for the standard
errors of the estimator 3,,:

s’ (Bon) = 10 (B F) - 5¢*(Bun) = T2 (B, £)-
Here Ji% denotes the Element (j,k) of the inverse of the matriz J,,.
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Example 2. In this example, we further investigate the comparison between
theoretical values and simulation results for the asymptotic variance of
parameter estimates in the model with a one-dimensional discrete covariate
taking the same values as in Example 1.

By the underlying values, we first compute the Fisher information matrix
i(B3, f) and the values of X(3, f) can be calculated simply by taking the
inverse of this matrix. Thus, we divide the matrix (3, f) by n and take
square root of them.

Table 2.5 illustrates the theoretical values and the simulation values for 3
different values of o with several probabilities f; and f;. The simulation
values of the variance obtained by Example 1 are in good agreement with
the theoretical values. There are a slightly difference between the theoretical
values and simulation values in every cases.

Moreover, we can see that the variance will be smaller, for the larger a.
In other words, as the number of individual in subcohort grows larger, the
variance becomes smaller. O]

Table 2.5: The theoretical values and the simulation values of the asymptotic
variance with different values of «, f; and fs.

a=0.2 a=0.5 a=0.7
fi=04, /=04 f1 =0.3333, fo =0.3333 fi=04, f5=0.2
Theoretical | Simulation | Theoretical | Simulation | Theoretical | Simulation

Bo 0.6017 0.6242 0.4092 0.4375 0.3379 0.3468
581 0.2525 0.2644 0.1620 0.1750 0.1361 0.1383
fi 0.0202 0.0220 0.0162 0.0177 0.0161 0.0156

fa 0.0178 0.0196 0.0152 0.0173 0.0128 0.0130




Chapter 3

Cox Models and their extensions:
Survey of approaches and results

In survival analysis, we consider the time from an initiating event to an event
of interest. We denote this time by 7. Usually, it is called “survival time” or
“lifetime”. The big difference compared to other statistical investigations is
that one has to wait for the occurrence of events — so when the study ends
the event of interest has occurred for some individuals but possible not for
all. This situation is described by censoring.

As written in the introduction, we will investigate the effect of covariates X
on the survival time. One of the most popular model is the Cox model. The
first section of this chapter will summarize the notations and concepts of this
model.

3.1 Introduction

We deno’ge the conditional survival function of the continuous random
variable T" given the covariate X takes the values @ by

S(tle) = P(T > t|X = x).

The hazard rate is defined by

1 . .
Mtlw) = lim =Pt < T <t+ 20T 21, X =a). (3.1)

33
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As mentioned above, right-censoring is inevitable in most survival studies.
In general, we observe instead of copies of the time 7" i.i.d. T; = min(7;, C)
and

s-adise)={ FE

where C; are i.i.d. so-called censoring variables. We assume non-informative
censoring, i.e. the probability of individuals who drop out of the study should
be unrelated to the probability of having the event (conditional on values of
the covariates X ). In other words, time to event and time to censoring are
statistically independent on the level of covariates.

We further observe the covariates X as random variables. Methods for
estimation and testing in models with fixed covariates are the same, however
for the study of their properties one has to take into account the difference
between fixed and random X.

In the Cox model, the data consists of independent and identically distributed
copies (T3, A, X;), 1 =1,...,nof (T,A, X).

3.2 The Cox model (Proportional hazards
model)

The Cox proportional hazards model or Cox model was introduced by Cox
(1972), it is the most popular model for analyzing survival data. This model
relates an individual subject’s hazard function where the effect of covariates
are modeled on multiplicative scale and the ratio of the hazards for different
individuals is constant over the time.

The Cox model assumes the following form (Cox 1972):

At|z) = Mo(t) exp(Blx) (3.2)

where exp(8” ) = exp(Bi21 +. ..+ B,1,) is a hazard ratio, \g is an unknown
baseline hazard function (the hazard function for an individual with = 0)
and B € R? is an unknown parameter to be estimated.

The Cox model (3.2) is often called a proportional hazards model (PH model)
because the ratio of hazard rate for any two sets of covariates  and x* is

Atz) _ dolt) exp(B' )
At2") ~ Mo(t) exp(87a)

= exp(B8” (x — x*)), for all t >0
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which is a constant over time (so the name of proportional hazards model)
and we call this ratio the risk ratio or relative risk.

In particular, if X is a treatment indicator (X; = 1 if treatment and X; = 0
if placebo) and all other covariates have to be fixed the same value, then
the relative risk (hazard ratio) is the ratio A(t|x)/A(t|x*) = exp(B1) which
is the risk of getting the event for the individual have received the treatment
relative to the risk of getting the event for the individual who have received
the placebo.

With the hazard rate (3.1), we obtain the survival function S
t
S(tlx) = exp (- / Alule)du)
0

=exp (— /0 Xo(u) exp (8" z)du)

=exp (— Ao(t)exp (B"x)) (3.3)
= So(t)=P (BT )

where S is the survival function corresponding to the baseline distribution
and Ay(t) = fot Ao(s)ds is a cumulative hazard function.

If one chooses a parametric baseline distribution the model (3.2) is a
parametric model; the parameter can be estimated in the usual way by
the maximum likelihood (ML) method. If we do not specify the baseline
distribution, (3.2) describes a semiparametric model. For this situation, Cox
proposed the so-called partial likelihood. The term partial likelihood is used
because the likelihood formula considers probabilities only for those subjects
who fail and does not explicitly consider probabilities for those subjects
who are censored. Thus, the likelihood for Cox model does not consider
probability for all subjects, and so it is called a “partial likelihood”. This will
be introduced in Section 3.2.1, where we also outline the estimator and its
properties.

3.2.1 Partial likelihood estimator and its properties

Let us present the partial likelihood approach. The observed ordered
lifetimes are denoted by T(;),j = 1,...,d where d is the number of observed
(uncensored) lifetimes. We start with the presentation of the partial
likelihood method as it was introduced by D. R. Cox and we assume that
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all lifetimes are distinct, in other words there are no ties, and we have
T(l) < T(z) <. < T(d).

Remark 3.1. Many authors provided an alternate partial likelihoods for ties
between event times; see Breslow (1974), Efron (1977) and Cox (1972).

Define the risk set R(t) at time ¢ as the set of subjects alive and under
observation at time ¢, immediately prior to ¢:

R(t) = {i: T, > 1}.

For the definition of the estimator we need only the risk set at the lifetimes
T(j), however it is defined for all ¢.

The partial likelihood, based on the hazard function (3.2) as defined by Cox,
is given by

d T
(B X))
Lo(8) = [] ——= (3.4)
3'1;[1 Z eXp(BTX,)
iER(T(j))

where X ;) denotes the covariate associated with the individual whose
lifetime is T;).

Cox suggested treating the partial likelihood as a regular likelihood function
and making inference on 3, accordingly. The notation 3, denotes the true
value of 3. We subsequently obtain the estimate of 3, often called maximum
partial likelihood estimate (MPLE) by maximizing the partial likelihood.
Let ¢,,(8) = log L, (B). We obtain

d

(B) =) [ﬁTXm - log{ > eXp(ﬁTXi)}]-

7=1 ZER(T(J))

The MPLE Bn is the solution of the system of score equations
Uw(B)=0, k=1,...p (3.5)
where
> X eXp(ﬁTXi)

ov,, d i€R(T(y))
)= %55 =3, [X(”’“_ RS S ]

ZER(T(J))




Chapter 3. Cox Models and their extensions:
Survey of approaches and results 37

1.e.

S X exp(BTX))

j=1 ' Z eXp(lBTXi)

’LER(T(]>)

Although the estimator Bn is not a maximum likelihood estimator methods
from the MLE-theory, can be used to show that Bn is a consistent and
asymptotically normal estimator. Since these properties are a special case
of a more general statement proved by Andersen et al. (1993) the exact
formulation of the assumptions will be postponed to the next section where
the extension of the classical Cox model is considered.

To present the limit theorem, let us derive the observed Fisher information
as the negative of the second derivative of the log partial likelihood function.

: 0*,(B)
It is denoted by I,(8) and has the elements I, (3) = — 95,00 :
kU g

d T R% )X?z exp(B' X) } R(ZT )Xi exp(8" X)) | @2
_ rertG) ) ERUG)
L.(8) —Z[ > exp(8' X)) { > exp(B' X)) } ]

Jj=1 ) )
’LER(T(J')) ZER(T(j))

with X®? := X X7 The regularly conditions include the assumption that
n~'1,(8) is non-singular and converges (in probability) to a positive definite
matrix 3. The limit statements have then the following form: The estimator
is consistent

Bn N By, as n— o0
and score vector is asymptotically normal
n~2U,(8,) = N(0,%).
From Taylor expansion of the score function around 3, we get
0="U,(B,) = Ua(By) ~ L.(B) (B, — Bo)
where 8" is on the line segment between ,@n and 3,. Then, we obtain

n2(B, — By) = (nT'L(B")'nT?UL(B) 27 PUL(B,)  (3.7)
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and it follows that
n2(B, — By) — N(0, =) (3.8)

where ¥ = plim,,_, . n"'L,(3,)-
Since 3, is the consistent estimator and I, is continuous, n~'I,(3,) is a
consistent estimator of 3.

There are three main procedures for testing hypotheses about the regression
parameter B,. The first test is the usual test based on the asymptotic
normality of MPLE, referred to as Wald’s test.

A test statistic of the hypothesis H : B, = B4 is

X3 = (B, — Bx) L.(B,)(B,, — Ba)

which has a Chi-squared distribution with p degrees of freedom for large
samples sizes if H is true .
The [likelihood ratio test uses

X%R = Q[K(Bn) - f(ﬁ?—t)]

which has a large-sample Chi-squared distribution with p degrees of freedom
under H.
The score test is based on the scores, U, (8) = (U1(8), ..., U,(8))7,

Xso = UL (By)L, (B)Un(By)

which is asymptotically Chi-squared distributed with p degrees of freedom
for large n under the null hypothesis.

3.3 The Cox model with time-dependent co-
variates

In the Cox model (3.2), the covariates are recorded at the beginning of a
study, i.e. values will be fixed throughout the course of the study. In many
survival studies, perhaps there are other important covariates whose values
change during the period of the study. The covariates which change over time
are called time-dependent covariates, e.g, smoking status, blood pressure,
cholesterol, size of the tumor.
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We denote a vector of such covariates, which for the ith individual in the
sample by X;(t) = (X;1(t), ..., X;(1))T, corresponding to the value of these
covariates at time t. For time-dependent covariates, we assume that their
value is predictable in the sense that the value of the covariate is known at
an instant just prior to time ¢.

The Cox model can be extended to include time-dependent covariates

At @) = hot) exp(8 (1)), (3.9)

Two types of time-dependent covariates are distinguished by Kalbfleisch and
Prentice (2002).

The first are “external” or “ancillary” time-dependent covariates whose change
in a known way. Non-time dependent covariates considered in the previous
section are also external; X (¢) is generated externally if it is given at the
begin of the study, for example if it is of the form X (¢) = X - g(¢), where
g is a given function. Another type of external covariates are those which
are not influenced by the occurrence of the event under study, examples are
levels of air pollution, daily temperature as a predictor of survival from a
heart attack, etc.

The second type of time-dependent covariates are internal covariates. An
“internal” time-dependent covariate is that the change of the covariate over
time relates to the characteristics or the behavior of the individual. For
example, blood pressure, white blood cell count, cigarette smoking status,
disease complications, etc.

The most simple time-dependent covariate is a binary variable that is allowed
to change once during follow-up. For example, Andersen and Gill (1982)
studied the Cox model with the time-dependent covariate:

1 if women 7 has been resident in a psychiatric hospital
X(t) = during the month [t — 30 days, ?),
0 otherwise.

As another example, Kleinbaum and Klein (2005) considered heart transplant
status Xy at time ¢ for an individual identified to have a critical heart
condition.

Xpn(t) = 1 if received transplant at some time ¢ty < ¢,
AT 0 if did not receive transplant by time ¢.
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For an individual receiving a transplant at some time ¢y, prior to time t,
the covariate Xgyr is 0 up to tg9, and then remains at 1 thereafter. If the
individual has not yet received a transplant by time ¢, the value of Xy is
0 at time t. That is, the individual who never receives transplant has the
covariate Xy = 0 for all times during the period of the study.

In the model with time-dependent covariates we observe
(T3, 60:,{X;(t),t €[0,T3]}) i=1,...,n.
{X(t),t € [0,T;]} is the covariate path of individual ¢ while it is in the study.

If we consider the ratio

A(t; ) _ Ao(t) exp(BT (1)) = exp(B7 (z1(t) — 22(t))), for all t >0

At m2)  Xo(t) exp(B  xo(t))

which is certainly not constant, so that the proportional hazard assumption
is not satisfied for this model.
The survival function is given by

S(tx) = exp ( /O No(u) exp (872 (w))du).

The partial likelihood function (3.4) has in the extended Cox model the form

d T
L(8) - exp(B° X (j(T17)) 510
2 J[[l Y ew(BTX(Ty)) 10
iGR(T(j))

As before the MPLE Bn can be derived by maximizing the log partial
likelihood. However, the computations are more complicated than in the
classical model because at each death time we need to know the exact value of
the covariate at that death time for all individuals at risk. The management
collection and storage of such data are quite difficult to create.

Moreover, the problem of missing observations arise. That means the
knowledge of

Xi(T(l)), - ,Xi(T(j)) forall 7€ R(T(j)),
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i.e. of all X;(T(;)) with T; > T};, is required.

Note that the interpretation of the results has to be done carefully. We have
no longer a conditional survival function.
The conditional probability

P(T > t|X (1) = 1,

if X (¢) is known, the individual must be alive and at risk of failure.

For the application, the results and discussions of extended model and

computational issues are given by example in T. M. Therneau and P. M.
Grambsch (2000).

The key reference to investigate the asymptotic properties of the maximum
partial likelihood estimator in this extended Cox model is the paper of
Andersen and Gill (1982) who used the counting process framework and
the martingale approach. This approach will be introduced in the following
section.

Notice that the classical Cox model with covariates which do not depend on
time can be considered as a special case. The properties given in the Section
3.2.1 are a consequence of the results of Andersen and Gill (1982).

3.3.1 Counting process approach to the Cox model

The counting process approach is of great importance in developing the
theory of the extended Cox model. Andersen and Gill (1982) extended the
Cox model to the counting process framework and the asymptotic properties
of the associated estimators for the Cox model have been justified elegantly
via martingale theory.

Let us introduce the following counting process notations. The n-dimensional
counting process is defined by

N(t) = (Ny(t),..., N, ()"
with

Ni(t) = LT, < t,A, = 1)
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which is a counting process of the observed failures for the :th individual,
that is N;(¢) jumps only if the lifetime is observed.
Furthermore, we introduce the so-called risk indicator

Yi(t) = I(Ti = 1),

Yi(t) indicates whether the subject is at risk (for observing the event of
interest). The processes N; and Y; are observed in some time interval [0, 7],
T < 00.

The intensity process of N(t) is given by
alt) = (e (0),. .., an(t)”
with
ai(t) = Yi(t)A(t) = YD) Ao(t) exp(B X ().

The accumulated knowledge about what has happened to individuals up to
t is denoted by a history process F; = o(N;(s),Yi(ss), Xi(t),i = 1,....,n,
0<s<t).

We assume that the covariates are predictable. We denote the history at an
instant just prior to time ¢ by J;- and have

E(dN;(t)|Fi-) = Yi(t)\(t)dt
= Y;(t)\o(t) exp(BT X ;(t))dt
In the case of right-censored data, the history at time ¢, F;, consists of
knowledge of pairs (7}, 4;) provided T; < t and the knowledge T; > ¢ for
those individuals still under study at time . We know (T, A;) for those with

T; <t and T; > t for those still under study.
We see that the intensity process « is predictable. The process

At) = (Au(t), ..., Au())",

with
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where \;i(s) = Ao(s)exp(B7X,(t)), is the compensator of the counting
process IN.

The covariate values at any time different from a death time are not used
in the partial likelihood function. Estimation and testing may proceed as
in the Cox model (3.2) with appropriate modifications of X to X (¢). This
notation allows us to use time-independent covariates as well, for example,
if the jth covariate is time-independent, then X ;(¢) is constant over time.

Using the counting process approach, the extending partial likelihood func-
tion (3.10) can be rewritten as

The log partial likelihood function based on observation over [0, 7] is now
given by

wm=> [ [ﬁTxm e { Yo ¥w eXp(BTXj(U)>}] aNi(w)

and the score function is

n

> Yi(u) X () exp(B" X j(u))

U, (B) = Z/DT [Xz(u) - = ]sz‘<U)~

Y (1) exp (87X (1)

>~<

<

J

For covariates which are not time-dependent this is just the score function
defined in (3.6).

Andersen and Gill (1982) proved the consistency and asymptotic normality
of the MPLE f3,..

To present their conditions the following functions are defined.
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Son(t, B) = ZY exp(B7 X (1)), (3.11)
Sin(t,B) = ZY exp(B" X (1)) X (1), (3.12)
Son(t, B) = ZY exp(BY X (1) X (1) X ;)7 (3.13)

Andersen and Gill (1982) assumed:

A 3.1. There exists a neighborhood B of B, and scalar, p-vector and p X p
matrix functions sg,s1 and So, respectively, such that

a) S, converge in probability (uniformly in B € B andt) tos;, j=0,1,2;
b) s; is a continuous function of B € B uniformly in t and bounded;

c) so is bounded away from zero;

d) si(t.8) = —8508(2,8)

e) Sj(t7/60) = ESJTL(tHBO)? j = 07 ]-a 2
If A 3.1 holds then we define

Y= /OTV(u,,BO) so(u, By)Ao(u)du (3.14)

8s1 (t, ,3)

and s5(t, B) = 8

;B eB;

with

_sa(t,Bo)  silt, Bo)si(t By)”
VB =8 T R

A 3.2. The matrix 3 is positive definite.

The next assumption is a Lindeberg-type condition about the covariates.
A 3.3. There exists a 0 > 0 such that
2 sup | Xi(4)|Yi(t) 1(8g Xi(t) > —0| X,(t)]) — 0
it

in probability for n — oo.



Chapter 3. Cox Models and their extensions:
Survey of approaches and results 45

A 3.4. For 7 < o0,

/T Ao(t)dt < 0.

0

The observed information matrix has the form

SOn u ﬁ Sgn(uuﬁ)

and can be written as
-y / V.. (u, B)dN; () (3.16)
i=1 V0

with the p X p matrix

S2n(t /3) Sln(tug)sln(taﬁ)T

With assumptions A 3.1 and A 3.2 the consistency of Bn was proved by
Andersen and Gill (1982), i.e. for n — oo

Vau(t, B) =

~ P
/877, — 180'

Moreover, under assumptions above, they showed that the score vector is

asymptotically normal

n_1/2Un(/30) i> N(Ou 2)7
and they also proved the asymptotic normality of Bn
n'*(B, — By) = N(0, =)

where 3 = plim,,_,._n"'L,(8,).
It follows that n~'I, (,Bn) is a consistent estimator of 3 because B is the
consistent estimator.

For later reference it seem to be useful to formulate the basic steps of the
verification of the asymptotic normality of U, (8,) and then the asymptotic
normality of 3,,.
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The martingale theory implies the decomposition of the counting process into
Ni(t) = M;(t) + Ai(t)

where M(t) = (My(t), ..., M,,(t))" is a n-dimensional martingale.
The martingale decomposition of dN;(t) then reads

dN;(t) = dM;(t) + Yi(t) Ao (t) exp(BL X i(t))dt
= dM;(t) + o;(t)dt.

We obtain for the score function

n T Sln( / Sln<u, ,8)
= X; dM;(u —|— —— | o;(u)du.
It is immediately seen that
Z / _ Sun(u, By)
SOn(u Bo)
It follows that the score function evaluated at the true point 3, is a (local
square integrable) martingale

U =3 / ' [xxu) - %] AM;(u)

where M, is a zero-mean martingale.
The predictable variation process is denoted (-) and the predictable variation
process of n='/2U,(B,) is given by

Va(By) = <n_1/2Un(,30)>

Y;(u) exp(BL X i(u))No(u)du = 0.

=n! 5” ’ (u ——Sln(u’BO) . (u) exp(B X, (u w)du
B / [X’( P Sy | XLl
7 " _ S1n(u, Bo)Sn(u, By)” Wdu
—A [SZTL( 7/80) Son(u,ﬁo) ])\0< )d

- / V(11 Bo) St (1, By) Aol s



Chapter 3. Cox Models and their extensions:
Survey of approaches and results 47

The assumption formulated by Andersen and Gill (1982) and given above
ensure that the Lindeberg-type condition of the martingale central limit
theorem is fulfilled so that the distribution of U, (3,) converges to a normal
distribution with expectation zero and variance matrix 3.

Furthermore we have

R A~ R o LT
- % | - SRR A
o3 St - s A o

- o [ [l - S 2 o

that means V,(3,) is the compensator of n~'I,(3,). It follows from
the martingale theory that the difference between V,(8,) and n'I,(3,)
converges to zero in probability.

The asymptotic normally of Bn follows as indicated in (3.7).

3.4 The Cox model with time-dependent coef-
ficients

In the Cox model (3.2) the coefficients 3, are characterized as the risk
parameters. Sometimes it seem to be useful that these risk parameters are
allowed to change over time. For example, it can happen that the effect of a
treatment (not the treatment) vary with time.

This time-dependence is modelled by a further extension of the model.
We introduce time-dependent or time-varying coefficients and define the
following hazard rate as

Alt, @) = holt) exp(B” ()e(t)). (3.17)
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More general, one can consider the model
At ) = Ao(t) exp(B" ()21 (t) + " @a(t))

where (z1(t), z2(t))" is a (p + ¢)-vector of the time-dependent covariate,
B(-) is a p-dimensional time-dependent coefficients function and = is a
g-dimensional constant coefficients. This model has been studied by Marti-
nussen and Scheike (2000), Scheike and Martinussen (2004) and Martinussen
and Scheike (2006).

In this thesis, we focus only on the model (3.17) and assume throughout the
thesis that the covariates X is time-independent covariates.

The function f;(-) is, as the baseline function \g, not specified. Thus, for
the estimation of /3;(-), nonparametric estimation methods are applied. Let
us describe some of them.

Murphy and Sen (1991) proposed the histogram sieve method to estimate
the coefficient function (3;(-) by assuming that [;(-) is piecewise constant
and then obtained an estimator of the cumulative time dependent effects,
B;(t) = fg B(s)ds. The goodness-of-fit tests based on the sieve estimator
was proposed by Murphy (1993) and Marzec and Marzec (1997).

Zucker and Karr (1990) considered the model (3.17) in the case p = 1 and
assumed that the covariate X does not depend on time. They introduced a
penalty functional

18,6] = / ()8 (5)ds, m > s

which is the scalar product in the Sobolov space H™[0,1] of the piecewise
m-~times differentiable functions 5.

As estimator [3,(-), referred as penalized partial likelihood estimator (MP-
PLE), they defined the maximizer of

ta ()
A lmu)xi ~loa { %50 expww)Xj)}] I{4) = gonl

Jj=1

Here {a,} is a sequence of positive numbers, the smoothing parameter, which
has to be chosen by the statistician.
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The authors showed that under appropriate conditions on [, ie. [ €
H™[0,1], on the convergence of o, and on the underlying distribution, the
MPPLE Bn(t) is uniformly consistent with a certain rate of convergence and
that is asymptotically normal at an arbitrary fixed point t.

Hastie and Tibshirani (1993) established an algorithm using an iterative
strategy to solve the penalized partial likelihood problem.

The smoothing spline estimation in such models were considered by Gray
(1992).

Martinussen and Scheike (2000) proposed the cumulative regression coeffi-
cients B\jn(t) for estimating B;(t) = fot Bj(s)ds. Smoothing Ejn(t) by a kernel
K and a suitable bandwidth they obtained the desired estimates for 3;. On
the basis of these estimators they derived tests for testing the coefficients,
these test are of Kolmogorov-Smirnov, Cramer-von Mises type.

Several authors have studied estimators based on local constant or local linear
partial likelihood estimators. We will discuss this type of estimators later in
Chapter 5.

Let us mention here the following: Local constant or local linear means that
locally a constant or a linear function for components §;(-) is fitted.

The parameters are estimated by partial likelihood, and "locally” is expressed
by a kernel function and a bandwidth which controls the size of the local
neighborhood.

By Taylor’s expansion of §;(s) j = 1,...,p in a neighbourhood of ¢ is given
by

Bj(s) = B;(t) + B;(t)(s — 1) = b1j(t) + bo; (t)(s — 1)

where 3! denotes the first derivative of j3;.
For fixed grid point ¢, let

b= (bia(t),...,bi,(1),bar(t), ..., bap(t))”

and set

X;(u,u—1) = X;(u) ® (1,u—t)".
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Then the log local linear partial likelihood function is given by

l(b) = i /DT Ky, (u—1t) [bTXi(u,u — 1)
~log { DY) exp(b” X . - t))}] dN; (1) (3.18)

and the local linear partial likelihood estimator of B(-) at ¢ is the first p-
dimensional component of

b(t) = arg max l(b).

Here Kj(-) = K(:/h)/h and K is a kernel function, roughly speaking a
density function, h = h, is the smoothing parameter tending to zero at
appropriate rate.

In Chapter 5 we will explain this approach in more detail. Cai and Sun
(2003) showed how this estimator can be computed and they established large
sample properties as weak pointwise consistency and asymptotic normality at
a fixed point . In the limit theorem the trade-off between bias and variance
a common property in nonparametric curve estimation was taken into
account. Furthermore the authors proposed a consistent estimator for the
asymptotic variance and the cumulative hazard function.

Tests are also considered by Kauermann and Berger (2003). They considered
local constant estimators for 3; and as test statistic the partial likelihood ratio
is chosen.



Chapter 4

Estimability of the parameter in
the Cox model and optimal choice
of the covariates

In this chapter the problem of the existence and the uniqueness of the
maximum partial likelihood estimator (MPLE) are investigated in more
detail. That is, we derive conditions on the covariates which ensure that
the score equations (3.5) have a unique solution. As usual, in ML-theory the
non-singularity of the Hessian matrix of the partial likelihood function, or in
other words of the observed information matrix I,,(3), is essential. Therefore,
the non-singularity of the observed information matrix will be the basis of
the notation of estimability.

Furthermore, we will define the asymptotic estimability. Here we consider
sufficient conditions for the non-singularity of the limit of I,(3), i.e. 3. Note
that the inverse 31 is the variance matrix in the limit distribution of the
estimator 3,,.

The conditions for the asymptotic estimability include assumptions on the
underlying distribution of the 7T}’s and C;’s and on the distribution of the
covariates. Also here, our main interest is to investigate the conditions on
the covariates.

The study of the influence of the covariates on the estimate can be considered
as a problem of experimental design. Experimental design is connected by
the derivation of criteria for the optimal choice of the covariates.

Optimal designs under a survival framework were considered in Balakrishnan
and Han (2007), Garcet-Rodr”i guez et al. (2008), Lopez-Fidalgo et al.

ol
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(2009), Schmidt and Schwabe (2015). In these papers the authors studied
the maximum likelihood estimate (MLE). In this thesis we make use of the
maximum partial likelihood estimate (MPLE). Consequently, the estimator
has different properties and for the experimental design one has to minimize
a different criterion. This will be represented in the next sections.

4.1 Estimability of the parameter 3,

We consider the classical Cox model, which was introduced in Section 3.2.
The observations are realizations of i.i.d. (T, A;, X;), i =1,...,n. The true
parameter is denoted by 3,. The parameter 3 is estimated by the maximum
partial likelihood estimates. Let us recall the partial log likelihood function
given at the observed (t;,d;,x;), ¢ = 1,...,n which is denoted by

(Bt 6,@) =Y 6;(8 ;i — lognSon(t;, B))
i=1
and the observed information matrix

L,(8:t,8,x) = Zav (t:, B)

where

SQn(t /3) Sln(tuB)Sln(t;/B)T
SOn(t ﬁ) S(Q)n(t716> .

By applying the Cauchy-Schwarz inequality, we obtain that L,(83;t, 4, x) is
non-negative definite for each parameter 3 and all observation t, § and «.
Therefore, ¢ is concave. It is strictly concave and has a unique maximum if
I, is positive definite. Sometimes we use the shorter notation I,(3) instead
of L,(8;t,d8,x). This leads to the following definition:

Vau(t,8) =

Definition 4.1. The parameter B, is called estimable by the mazimum
partial likelihood estimator at the observed (t,8,x), if the matriz 1,(8) is
non-singular for all B € RP.

Now, let us derive the sufficient conditions for the non-singularity of I,(3).
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Lemma 4.1. We observe (t;,0;,x;), i=1,....,n. Let &,,...,&,, be different
support points of the covariates. Then, the observed information matriz can
be written as

In(ﬁ) = % Z Z linm(/@)wrswz; (4'1)
r=1 s=1
with
Wrs = €r - fsv
’fnrs Z 5 eXp(/gT(ér + Es)) (42)

i1 Zz 1Rl( )eXp(ﬁsz))Q

n

Ri(t) =) 1(t; > t,@; = §&).

i=1

Proof. Consider (3.16), for observations (¢, d, x), we have

L,(3;t,0,x) = Zav (t:, B).

The sums S, introduced in (3.11), (3.12) and (3.13) can be written as

n

Son(t, B) = %Z 1(t; > t) exp(ﬁ x;) ZRZ exp ﬂ &),
i=1
Sln(taﬁ) = %Z IL(t > t) eXp(/B wz ) ZRZ exXp ﬁ gl)gla
i=1
Soalt,8) = D 1(t > 1) expl(8 i )ia! ZRZ xp(57 66,8

i=1
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Obviously, by a simple calculation we have

SQn(ta ﬁ) _ Sln(tv ﬂ)sln(t7 /B)T
Son(t, B) 58, (t, B)
55 50 Re(t)R(1)E5 exp(BTE, + BE,)

r=1s=1

(Zﬁl Ry(t) eXP(ﬁTﬁz))Q
> L R(R(1)8,E] exp(B7E, +B7,)

() Rit) exp(B7€)))?
> Y RA(BR(DE(E, — &)  exp(BT (&, + &)

_ r=1 s=1
(3o Ri(t) exp(B7€)))?
ZZR —&)(&, — &)  exp(BT (€, +€,))
r= 1 —1

(ZZ:I Ry(t )eXP(BT&))Q

Thus, I,(8) can be represented as

L(B) =) ) (& —&)E —&)"

r=1 s=1
s<r

N s B R() exp(BT (€, + &)
25 zl Rt (BT

= Z Z WrsW s (B (4.3)

rlS—l

where w,; = &, — &, are p-dimensional vectors characterizing the support
points of X and the coefficients

ti) exp(8” (£, +&,))
;5 Zl 1 Rl( )eXP(BT&))Q

/inrs

depend on the observations and on the support points of X. O
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Using relative frequencies instead of R;(t;) we obtain

Ryt
fa = SR ) (4.4)
and
an Z fzrfzsexp (E +€ )) (45)

i=1 = 1leeXp(/B £l))

Moreover, the coefficients k,.s(3) are symmetric, i.e., Kns(3) = Kns(3) for
s,r = 1,...,m. We remark that r,.s(3) depends on the &,,...,&,,, too.
Therefore, if necessary, we denote these k,5(8) by Knrs(8, €1, -, &n)-
Notice that for the coefficient (4.2) the following holds

m m n Rr eXp(,BT(£ +£ ))
nrs 0;
;;H 22; Zz 1Rz( ti) exp(B7)))?
- 5;
J— 1 R T T—’_
zz: (o Ru(ti) exp(B87E))) ;; ti)exp(B” (&, +&5))
(X7, Rt fle p(3 ZR Jexp(B'E, >Z R.(t;) exp(8"€,)
=1 =1 i) €X port

Z (4.6)

=1

This means that > > kp.s(B8) = d with censoring, and > > kps(8) = n

r=1s=1 r=1s=1
without censoring.

Example 3. Consider p = 1 and m = 2. For two points &;,& € R in the
support of X € R, we get

Z(s

M“ iM“

Rilt,) exp(B6)2 {i ()eXp(ﬁfl)ﬁ}]
>

Ry(t;) exp(8&) Ry(t:) exp(8&)

X
I
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- Ry ( tz eXP (BE)E2 + Ry(t;) exp(BEr)E2
)= 2 T R @ exp(36) + Ralh) exp(5Ea)
)
y

[ Rult) exp(B6)¢ + Balt) exp(5&)6 |
Ry (t:) exp(B€1) + Ra(t:) exp(B2)
)
3

- fir exp(B&)E7 + fio exp(B€2)E3
AN
ZZ:; firexp(B&1) + fiz exp(BE,

) faexp(B&)& + fizexp(BE)&2
fiexp(B&1) + fiz exp(BS2)

n

= Z 0; [{lefz2 exp(B& + B&)E — 2fi [ exp(B& + BE)&&
i=1

+ finfie eXp(ﬁfl + @f2)f§}/{fi1 exp(B&1) + fiz eXp(@@)}Q]

firfiz exp (BE1L + BE2) 2
= §1— &)
Z [{fn exp (8&1) + fiz exp (552)} ] ( g

We see that I,(8) depends on wis = & — & and the relative frequencies
fi. For positive f11, fio and 6; = 1, we have L,(8) > 0 if and only if
&1 # &. In other words, if we observe lifetimes for two different values of the
covariates the observed information matrix is positive (in this case p = 1,
m = 2). Otherwise, if we observe only in one point of the support of X then

I.(8) = 0. ]

It turns out that we need conditions on the vectors w,., and on the coefficients
in order to ensure that the observed information matrix is positive definite.
The condition concerning the support points of X is that the vectors w,
span the space RP. However, this is not sufficient, only necessary.

Let £(S) be the linear space spanned by the elements of the set .S. From the
representation (4.1) follows that I,,(3) is non-singular, if

L{Enrs(B)Wrs, T7=1,....m;s=1,... m;s<r})=RP (4.7)

We give now some sufficient conditions for (4.7).
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Theorem 4.2. Under the assumption of Lemma 4.1 we suppose that for

some i € {1,....,n}, 6; = 1 and [[ fi; > 0. Let wy = &, — &, and
j=1
m=dimL{wg|l < s <t <m}.

Then

rank(I,(8)) = min(p, m).

Proof. Recall the form of observed information matrix I,(3):

In(ﬁ) = % Z Z K;nrs(ﬁ)wrswg;a

where w,; = &, — &, are a p x 1 vectors, 1 <7 < s < m and K,s(8) as in
(4.5).

The rank of I,(83) is the number of linearly independent vectors in
{knrs(B)Wyrs, 1 <1 < s < m}.

Because of f; > 0 for all 7 and §; = 1 we have k,,s(8) > 0 for all r, s, the
rank of I,(83) is

rank(I,(3)) = min(p, m).
[

The assumptions of Theorem 4.2 mean that we have at least in one time point
uncensored observations for all values &;,...,§,,. Under those assumptions,
B, is estimable for m > p. The next theorem gives a slightly more general
result.

Theorem 4.3. If assumption of Lemma 4.1 is fulfilled and if for any r,s
with 1 < r < s < m there exists some i with d; fi. fis > 0, then

rank(I,(8)) = min(p, m)
with w,.s and m as in Theorem 4.2.

Proof. Using the representation (4.5) for fixed r and s with the condition
di firfis > 0 for some ¢ € {1,....,n}, we get Kp,s(B3) > 0. With this condition
and (4.1), the desired statement follows. O

A consequence of the Theorem 4.3 is that m > p + 1 is necessary for the
estimability. For m < p, the parameter 3, is not estimable.
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4.1.1 Examples

Case 1 : Assume p = 1, the hazard function is
A(t|x) = Ao(t) exp(Boz).

If all n observations are taken at one covariate point &1, i.e. m = 1, we obtain
the log partial likelihood function

25 [ﬁfl log{ZY exp(B&1) H

_ g~ o loe {exp(86) Rat) }
i=1
where )" | §; = d is the number of uncensored lifetimes. Then, the observed
information I, (5) is
82

_8_62 [dﬁ& — Z 0; log { exp(B61) (tl)}]

B P §1exp(BE1) Ra(t:)
- Bld& ; 1{ exp(B&1) R (t;) }]
=0.

In(ﬁ) =

Here, fj is not estimable.

Case 2 : Consider p = 2 and the hazard function
A(t|z) = Xo(t) exp(By ).

Let m = 2, i.e. we choose two distinct points

51:(2;)7 52:<Z;)

Then, the log partial likelihood function is given by

Z 0;(Brz11 + Bazi2) + Z 0i (L1291 + Paza2)

i'zzzél =&y

- Z d; log {Rl )exp(Biz11 + Pazi2) + Ra(t;) exp(Siz01 + 52222)}
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and we can write the observed information matrix I,(8) with relative
frequencies as

X

L.(B) = i o [ fi1 fioexp (1211 + Boz12 + 1221 + P2z22) 2
i=1 {fu exp (51211 + ﬁ2212) + finexp (51221 + 522'22)}

- - ®2
11 — 221
X

212 — 222

where f;; and fi2 as in (4.4) with m = 2. Here, the rank I,,(8) = 1 if at least
for one index ¢ we have §; f;1 fio > 0. Otherwise, we have rankI,(8) = 0. In
any case, (3, is not estimable because rank L, (8) < 2 = p.

Case 3 : We consider the same model as in Case 2, but we choose now three
distinct points m = 3:

a-(2) e-(2) e (2)
With the hazard function
Atlz) = Ao(t) exp(B; ).
the log partial likelihood function is given by

ln(B) = Zéi(ﬁlzn + Ba212) +Z5z’(ﬁ1221 + Ba222) +25¢(ﬁ1231 + Ba232)

i:a:i:gl i:mizgg i:mizgg

— Z d; log {Rl (t;) exp(B1z11 + Paz12) + Ro(t;) exp(Pizo1 + P2z22)
i=1

+ Rs(t;) exp(Brzs1 + 52232)}

and the observed information matrix L,(3) with relative frequencies can be
written as
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=34

3
n [Z a2, 22)7 (211, 212) exp (Brzin + Boz12)

lz?):lfu exp (B12n + P2212)

23: fulzn, ZlQ)T exp (Brzin + Boziz) ®2]
I=1
o 3
l_Zl fuexp (Brzn + Pazi2)

3

:zn: [Zi: Jir fis eXp (ﬁl(zrl _'_281) +52(Z7"2+252))x
i=1 r=1 =1 {Z fuexp (Brzn + Baziz) }

®2
x Zr1 — Rsl
Zr2 — Zs2

where f;; as in (4.4) with m = 3.

From Lemma 4.1 follows rank I,,(3) = 2, if €, &,, &5 are linearly independent
and 6; fir fis > 0 for all r, s and at least one ¢. Thus, 3, is estimable.

Case 4 : Consider p = 2 and the hazard function
A(tlz) = Ao (t) exp(Borx + Boaa?).

With m = 2 we measure at two distinct points and denote
_ [~
51_(2%>a EZ <22)'
So we have a polynomial covariate model.

The log partial likelihood function is given by
Z 6;i(Brz1 + Boz) + Z 8i(Brzg + Ba223)

i‘Xzzél 1 X;=€,

- Z d; log {Rl ) exp(frz1 + 5221) + Ra(t:) exp(Bize + 5223)}
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and we get the observed information matrix I,(3) with relative frequencies
as

n [fa Zi Zi exp(f121 + Bazi)+fio Zg 2331 exp(Br22 + [273)
1.(8) :Z 5 21 A Ry 2
" — ‘ firexp(Biz1 + ﬁ22%)+fi2 exp(fr22 + 52222)

fiexp(Biz1 + BaziHfiz exp(Br22 + B223)

_i 5,[ farfizexp (Brz1 + Bo2] + Br2a+5223) ]( 21 — 29 )®2

= i 2 _ .2
{firexp (Biz1 + Bazd)tfinexp (Brze + f223) ) |\ 21 — 2

where f;; and fi» as in (4.4). Here, the rank I,(8) = 1, if not all §; fi1 fio = 0

for & # &,. Otherwise, we have I,,(3) = 0. In this polynomial covariate
model 3, is not estimable.

_ { fir(z1, 20)T exp(Brz1 + Bo2i H-fia(22, 23)T exp(Brzs + Po23) }®2]

=1

In the last case, we formulated conditions for the coefficients k,,s((3) in such
a way that we were able to calculate the rank of I,,(3). For full rank of the
observed information matrix parameter 3, is estimable.

4.1.2 Asymptotic estimability

In this section the non-singularity of the limiting matrix of I,(3), i.e.
> = plim,_, n'L,(83,) is considered. We will characterize this by the
notation of asymptotic estimability.

Definition 4.2. The parameter B, is called asymptotically estimable by the
maximum partial likelthood estimator if the matriz X is non-singular for all

Bo-

To compute the limit 3, let us introduce the following (conditional) dis-
tribution functions: The conditional distribution function of lifetimes 77" is
denoted by

F(tle) =P(T <t|X = x)

the corresponding survival function is, as given in (3.3), S(tjlx) = 1 —
F(t|x). The conditional distribution function of the censoring random
variable C; is denoted by G and we assume that G does not depend on
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the covariates. Because of the independence assumption, we obtain the
conditional distribution of the observations 7', which we denote by H:

1—H(tlxe) = (1 — F(t|lx))(1 — G(1)).

As usual, we write H = 1 — H. By the survival function (3.3) in Cox model,
we have

H(tz) = exp(—Ao(t) exp(BL2)) (1 — G(1)). (4.8)
Let us assume that

A41.P(X =¢)=gqj forj=1,...,m;q; >0, Z}L%’Zl-

Theorem 4.4. Suppose that A 3.1 and A 4.1 are satisfied. Then the matrix
3, defined in (3.14) has the following form

1 m m
Y= §ZZVTS(ﬁO7AO7G7 q, £17- .. 7€m)wrswz; (49)

r=1 s=1

with

Vrs(/@(b >\07 G7 q, 617 s 7£m)
Z/M%Wew%&+%§mwhw%%+%gm%u—Gmyw>>
0

- aTe — du.
Zj:1 exp(—ue’0% + By €;)q;

(4.10)
Proof. We have

Y= /OTV(u,,BO) So(u, By) Ao (u)du

with
_ S2(t) /80) _ Sl(t7 /Bo)sl(ta ﬁO)T

VB = By T St By)

and
sj<t7130> = ESjn(thO)? ] = 07 ]-7 2

where the expectation is taken with respect to the true underlying distribu-
tion.
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Let us consider these expectations in more detail. We compute an iterated
expectation, first the expectation given the covariates, then we take the
expectation with respect to the covariates. We obtain for the conditional
expectation

E(Y:(1)[Xy) = (1 - H(t"[ X))

and for the expectation

m

EYi(t) = > (1— H(t"|€,)gr

r=1
This implies for the functions sy and s;:

so(t, Bo) = > (1= H(t™[&)q exp(BLE)),

m

=1
1(t,By) = Z (1= H(t1&)a exp(B €&,
=1

3

sa(t, Bo) = (1 — H(t"|&))a exp(B]€)€.8]

=1

~

and consequently

EZ H(t|g,) H(t|E,)

r=1 s=1

v(t,By) = args exp(By (€, +€,) (€, — €)(&, — €))7
(X H(t|€;)a; exp(Bo€;))?

m

with
H(t7|¢;) #0 for tel0,7]. (4.11)
Thus, ¥ can be represented as
> =ZZ<£T —€)(€, — ) qrasexp(BY (€, + €,))
r=1 s=1

QAWE)
/ z |s o e (AE) "
:Zzwrsw VTS(BO’)‘O’q7€1""’£>

r=1 s=
s<r
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where the (symmetric) coefficients

Vrs(/607 /\07 G7 q, 517 LRI £m)
H(z"|€,)H(|€,)

_ T i

=(qrgs eXp(ﬁO <€r+€s)) /O Z;n:1 F(zflgj)q] exp(ﬁgéj)

_ / olrbxp(—uePoér + BTE,) exp(—ue &+ BT ) q,q.(1-G(Ay ' (1))
0 Sy exp(—ueoti + B )g;

Xo(2)dz

du

depend on the underlying baseline distribution, the censoring distribution G,
B, and the distribution of covariates. O

There is a connection between the coefficients v,.5(3,, Ao, G, q, &1, - - ., &,,) and
the Kns(3) in (4.5).

Lemma 4.5. Let the assumptions of Theorem 4.4 be fulfilled. We have

3 B Gt = [ so(By Nl

r=1 s=1 0

Proof.

m

D va(Bo X G, &y €)=

r=1 s=1

. H(u™[€)H (u™|€,)q-q5 exp(B (&, + €,))
:/ r=1s=1 — 7 Ao (u)du
0 Zj:l H(u_|£j)Qj eXp(ﬂO 5])
Al )0 exp(85€,) 3 H(u7l€,)as p(BTE,)
- /0 Z;n:1 H(u_|£j)Qj eXP(Bgéj)

= /OT 50(Bo, u) Ao (u)du.

NE
NE

q
e

Ao(u)du

We have the limit

Y= phmn%oo n_lIn (130)
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and with the representations (4.9) and (4.1) the limit

1
ﬁ"imﬂs(ﬁm 517 e 7€m) i) VTS(/B[)v /\07 G7 q7 517 . e 7€m)

follows. Moreover, we have

1 ~
E"inrs(ﬁna 517 e 7€m) i> Vrs(ﬁ(]y )‘07 G7 q7 617 .. 7€m)

and

l Z Zﬁnrs(/g()aéla e 7€m> i> ZZVTS(IB(]?)\O?G) qa Sl? e aém)
n

r=1 s=1 r=1 s=1

This means with (4.6) that EA; is equal to > > v5(8g, Ao, G, q, &1, -+, &,)-
r=1s=1

There are some remarks on the conditions and assumptions:
In any case we have

0<H(t|§)<1 forall 7.
Therefore, we have with (4.10) that
V’I‘S(ﬁﬂ? )‘07 Ga q, 517 . 7€m) > 0.

In the proof, we assumed the condition (4.11), which is a condition on the
distributions F' and G and exclude trivial cases, and this condition is fulfilled
in general.
Because of

0< / Xo(u)du < oo
0

and (4.8), we obtain (4.11). Hence, (4.11) is a condition on the choice of 7
and the parameter space.

Furthermore, we will exclude that censoring arises only in intervals where no
observation is possible. Therefore, we assume

/T(1 Gl ) ho(u)du > 0. (4.12)

This condition ensures that v,.5(8,, Ao, G, q, &4, ---,&,,) > 0.
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Theorem 4.6. We consider the Cox model and suppose that the assumptions
of Theorem 4.4 are fulfilled. Then, 3 is positive definite if and only if

dimL({&, — &, 1 <s<r<m})=np. (4.13)

Proof. We have

- Flg) = e (- [ dtwiuen(sle)

and together with (4.12) v,4(8g, Mo, G, q,&;,...,&,,) >0forall 1 <s<r <
m follows. Then, it is clear that rank 3 = dim L({w,s, 1 < s <r < m}).
Thus, B, is asymptotically estimable if and only if (4.13) is fulfilled. O

The importance of this result is that the asymptotic estimability depends
only on the support points of X. Here, we remark that (4.12) is a condition,
which is fulfilled in general, only in unimportant trivial cases (4.12) does not
hold.

4.1.3 Asymptotic variance for general covariates

In Theorem 4.4, a representation of the inverse of the asymptotic variance
is given under the assumption that the support of X is finite. Now we will
find a representation of X for a general distribution of the covariates X.
Under A 4.1, the support points are &;,...,&,, and we have

PX=¢)=¢q for j=1,...,m
in which ¢; > 0, >7"", ¢; = 1 and the corresponding induced measure () in
R? is defined by
_ | @ if ¢ =¢;
QC) = { 0, otherwise .

The matrix 3 in 4.9 depends on B, Ao, G, ) and therefore we use the notation
Y= 2(/607 )\07 Ga Q)

We have the representations

/ H(t™[¢) exp(BL¢)dQ(¢ :Z (t71¢; q]eXp(IBOS)
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and

By, 0. G, Q) = / / (C.1.B0s 20, G- Q)(C — p)(C — p)TdQ(C)dQ(p)

(4.14)

with
_ [T H@ Q) exp(BeQH(u|p)exp(Bop) y oo
h(c’p’ﬂ(”%’G’Q)_/o [ H(u~|n) exp(BT0)dQ(n) . )(d'>
4.15

and

[ [ 146.0.80:30.6.QQ(OMQ(P) = 373" a:tsh(€, . B 2. G. Q)

r=1 s=1

= Z ZVTS(IBO’ )\0,G, q, 517 e 7€m)

r=1 s=1

Up to now () is a measure with a finite support. For fixed B, Ao, @, the
matrix 3 is a continuous functional on Q). Therefore, 3(3,, Ao, G, Q) from
(4.14) is defined by continuous continuation for all probability measures,
which are limits of measures with a finite support.

Definition 4.3. Let X C R? and let B(X) be the Barel o-algebra of X.
Assume that the assumptions A 3.1, A 8.2 and A 3.3 are satisfied. For a
probability measure Q over (X,B(X)) and with the representations (4.15)
and

(B, Mo, G, Q) = / / (€. By 20, G, Q)(C — P)(C — p)TAQ(C)dQ(p),

the matriz X8y, X, G, Q) is called the asymptotic variance matriz of the
MPLE of B, in the model (3.2) where the covariates X have the distribution

Q.

We mention some properties of 3. At first the influence of the baseline
hazard rate is discussed and then we state the continuity of X.
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Theorem 4.7. Let ) be the induced measure of the covariates X. The
matriz X(By, Ao, G, Q) depends on the baseline hazard rate only via the
cumulative baseline hazard rate Ag. Then we have the representation (4.14)
with

h(C7 prOa >\07 G7 Q)

/Ao(T) exp ( — uePoS — yefor 4 BL(¢ + p)) (1 — G(Aal(u)_)>
= du.
0 Jexp ( — uePin + ﬁgn) dQ(n)
(4.16)
Proof. We substitute (4.8) in (4.15) and obtain
h(C7 P, 1607 AO: Gu Q)
/Texp (= Ao(27)eP0¢)ePi¢ exp (— Ag(27)ePiP)ePiA(1 — G(z_))Q)\ (2)d
- T T zZ)az.
0 [exp (= Ao(z7)ePom)efon(1 — G(27))dQ(n) ’
Hence we have
h(C7 P, /607 )\07 G7 Q)
_/Texp - Ao(z7)ePo¢ + Bo¢)exp (- Ao(z7)ePoP + Bip)(1- G(z*))dA )
o Jexp (= Ao(=)etn + B ) dQ(n)
and with an integral transformation we get
h(C7 P, 1807 )‘07 G7 Q)
— yeBi¢ T _ ...B8%p T - 1N
/Ao(‘r) exp ( ueo s 4 B, C) exp ( ueoP 4+ 3, p) (1 G(Ag (u) )d
_ - u.
0 J exp(—uefsn + Bin)dQ ()
This is the desired representation. O

With the asymptotic variance matrix 371 (3,, Ao, G, Q) we are able to charac-
terize the influence of a covariate X with the induced measure (). Moreover,
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we can compare two measures 1 and Q, by comparing X71(8,, Ao, G, Q1)
with 71(8y, Ao, G, Q2). This is the basis for finding optimal covariates. An
important property is the continuity of X7'(8,, Ao, G, Q) or of their inverse
3(By, Ao, G, Q). For the parameters in Euclidean spaces the usual Euclidean
norms are taken. By assumption g is continuous, i.e. Ay € C([0,7]) for the
space C([0,7]) of continuous functions over the interval [0,7] and the sup
norm

[Aoll = sup [Ao(2)]

tel0,7]

will be used. In the space of measures over (X,B(X)) we use as the distance
the total variation distance

Q1 — Qofl = sup |Q1(B) — Qa(B)|

BeB(X)

for two measures (01, Q)s.

Lemma 4.8. Assume that B, € R? and Ao € C([0,7]). Let G be a censoring
distribution and let QQ be a measure over B(X). Then, 3(B,, Ao, G, Q) is a
continuous function in their arquments.

Proof. We start with the representation of & from (4.16), so we can see that
this h is a continuous function in all arguments. Using the representations
(4.14), it can be show that 3 is continuous in 3, Ao, G, Q. ]

4.2 Optimal covariates

Now, let us assume that the limit 3 of the observation matrix is non-singular.
As already shown, ¥ depends on the underlying conditional distribution
F via the baseline hazard rate Ao and the parameter 3,, on the censoring
distribution G and on the distribution of the covariates. In this section,
we suppose that the underlying distribution F' and the distribution G are
determined by the process under the study. However, we assume that we
have some freedom for choosing the covariates.

The aim is to choose the covariates in such a way that the asymptotic variance
of the MPLE f3,, is in some sense “small”. To do this, we consider the covariate
values x as before as the realizations of a random variable with a distribution
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. Choosing the covariates in an optimal way means to determine an optimal
distribution or optimal probability measure QQ*. Roughly speaking, this task
is a problem of experimental design. Classical experimental design is based on
the information matrix or variance matrix; one minimizes some functional
of these matrices to find an optimal design. These functionals are convex
functionals of Q.

For such situations, the optimal designs can be characterized by general
expressions. Results of Whittle (1973) solve the optimization problem.
Equivalence theorems and iteration procedures due to Kiefer (1961), Fe-
dorov (1972), Wynn (1972), Léauter and Léuter (1984) and Lopez-Fidalgo
et al. (2009). Here we use similar principles. We know ¥ and its depen-
dence on (). Unfortunately, we could not prove the convexity of functionals.
However, based on the results of asymptotic estimability the calculation of
suboptimal covariates is considered. For special cases suboptimal covariates
are to be found.

4.2.1 Local optimal covariates

We will see that the optimal measure Q* depends on the underlying F', i.e.
on B, and )¢, and on G. Therefore, we define the notation of local D-
optimality. To emphasize the dependence of X on B, Ao and @), let us write

2(/807 )\07 Ga Q)

Definition 4.4. Let D be a set of probability measures on RP. The measure
Q" € D is called D-optimal in D at fized By, \o and G if

det B(By, Ao, G, Q") = maxx det (8o, Xo. G. Q).

The random wvariable X*, which has the induced measure Q*, is called a
locally D-optimal covariate. We suppress in Q* the dependence on G.

The set D of measures includes the choice of the support of the covariates.
This choice depends strongly on the practical background of the model. We
will choose as a standard set for the possible support points the p-dimensional
unit cube [0, 1]P. The probability measure can be a discrete measure or any
other measure on [0, 1]? with the corresponding Borel-o-algebra.

In the next example, the explicit representation of 3(3,, Ao, G, Q) for two-
points covariates is calculated and the local optimal two-points covariates are
given.
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Example 4. Consider model (3.2) with p = 1 and z € [0,1]. It is known
that at least m = 2 different values of covariates are necessary to estimate (3.
Let us determine a local D-optimal two-points covariate X. As a submodel
we choose an exponential model, i.e. the baseline hazard is constant,

At|lz) = Ao exp(foz), (4.17)
Bo, x € R! and let be no censoring up to 7 > 0. We put
G(t) =1- (5[077-) (t) for t>0,

where 0o -(t) is the indicator function of [0, 7), i.e.

1 iftel0,7),
5[0,7)(?5):{ 0,7)

0 otherwise.

Let X be the two-points covariate with

P(X = g]) =dqj for j = 1a27 SlaSQ € [07 1]

and g1 +q2 = 1.
The measure () is defined by
Qn) = { 0, otherwise.

From (4.14), we get

(6o, Mo, G, Q) = / / (€. 9. Bo 20 Gy Q)(C — p)2dQ(C)dQ(p)
with

C eXp(ﬂoC) (u™|p) exp(Bop)
u~|n) exp(Bon)dQ(n)

Under the above mentioned censoring distribution, we have

(C Ps 607)‘0>G Q / H | )\O(u)du

1 — H(t|€) = exp(—Xgexp(5o&)t) for te[0,7) (4.18)

and 1 — H(t|§) =0 for t > 7.
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Hence, we obtain with (4.18)

/ TI(t ) explGom)dQ(n)
= q1 exp(—Ao exp(Bo&1)t + Bo&1) + g2 exp(—Ao exp(Bo&2)t + Bo&2)-

For the calculation of X(fy, Ao, G,Q), we need moreover the following
representations, so we put

9;(t, Bo, Ao) = q; exp(—=Ao exp(Bo&;)t + Bo&;), J=1,2.

To formulate 3, we have
[T 10w e (- pdQ(0dQ0)
:// (=20 exp(BoQ)t+50C) (= Ao e"p(ﬁop)tJrﬁop)(C—p)de(C)dQ(p)

:/ {qle(—/\o eXP(ﬁo&)t—&-Bo&)(gl — p)Q + q2€(—>\0 eXp(ﬁo&)t-&-ﬂo&z)(& _ p)Q} ™
x H(t™|p)e™dQ(p)
:/ {91 (t, Bos Xo) (&1 — p) + g2(t, Bo, Xo) (&2 — P)Z}ﬁ(tjp)e(ﬁop)dQ(ﬂ)

=0a(t, Bo, Ao) (&2 — €1)*01(L, Bo, o) + g1 (t, Bo, M) (&1 — €2)%g2(t, Bo, Ao)
=2g1(t, Bo. Xo)g2(t, Bos M) (&2 — &1)°

The representation of X is given by

3(Bo, Mo, G, Q)
= qig2(& — &) exp(Boé + Poa) Ao x
% /T exp(—Ao exp(Bo&1)u — Ao exp(Boéa)u)
o @1 exp(—Xoexp(Bo&1)u + Bo&1) + g2 exp(—Ag exp(Boa)u + Boé2)

= q1q2(&1 — &) exp(Bo(&1 + &) Ao X
1

. /o q1 exp (Ao exp(Bola)u + Bor) + g2 exp(Ao exp(Boér)u + Boé2)

For obtaining local optimal two-points covariate we have to maximize
3(Bo, N0, G, Q) with respect to qi,&1, g2, &2 under the restrictions

G,2>0, q+¢=1%6,&€]0,1].

du

du.
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This can be done numerically. Results of a computation for several values of
B, and )\ are given in Table 4.1.

Using equation (4.9) and (4.10) with m = 2, the scalar 3 is maximized w.r.t.
Q. Denote

mgx E(ﬁo, )\0, G, Q) = 2*(ﬁ0, )\0, G)

One sees that the local optimal covariates depend on the chosen parameters.
Especially, for A\g = 1, one sees that for 5y, = 1.0 the largest value of
3(1,1,G, Q) is reached for & = 0,& = 1. For Sy = 6.0 we see that
3(6,1,G, Q) is maximal for £ = 0.4, & = 1. We find out that the end
points of the interval [0, 1] are not included necessarily in the local optimal
covariate. This depends on the value of 5y. As visible in Figure A.1, for
small By we expect that the end points are local optimal covariate points, for
larger values (e.g. fp = 6) this will not be the case.

Table 4.1: Local optimal two-points covariates of the exponential model (4.17) as
a submodel of (3.2).

A =1 Ao =3

Bo & & G 2B, M,G) | & & 4 X" (Bo, o, G)
1 0 1 0.52431 0.20525 0 1 0.52430 0.20525
15 0 1 0.55200 0.16915 0 1 0.55195 0.16915
2 0 1 0.58355 0.13400 0 1 0.58365 0.13400
25 0 1 0.61605 0.10285 0 1 0.61490 0.10280
3 0 1 0.64760 0.07680 0 1 0.65595 0.07700
4 0.1 09 0.65730 0.04350 0 0.8 0.66135 0.04415
5 0.2 0.9 0.66075 0.02825 03 1 0.6406 0.03675
6 04 1 0.67585 0.02500 0.3 0.8 0.63630 0.02435
7 04 09 0.57845 0.01840 0.2 0.7 0.66580 0.01845
8§ 0.3 0.8 0.539780 0.01355 0.2 0.6 0.65710 0.01390

In Figure A.2 the similar plots are represented with \g = 3 and the
dependence of 3(5y, Ao, G, Q) and the &, & is visible. Qualitatively, there is
no difference to the behavior under Ay = 1. In Figure A.3 the dependence
between X (5o, Ao, G, Q) and the weight ¢; is plotted. These plots give some
hints for the fact that local optimal covariates can correspond to a weight
¢ # 0.5. In addition, we see that 3(/y, Ao, G, @) is a concave function of ¢;.
This appears in special cases the concavity of 3 as function of ¢;. In general

we cannot prove this concavity.
[
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For finding local optimal covariates in classes of m-point measures () with
the support points &, ..., &, and

P(ngj):qj’ g >0, for j=1,...,m (4.19)

Y g=1 (4.20)
j=1

one needs the form of 3(3,, Ao, G, Q) too. In Lemma 4.9 the (3, Ao, G, Q)
is calculated for the special G(t) = 1 — dp.)(t).

Lemma 4.9. Consider the Cox model

A(t1x) = Xo(t) exp (87 x)

without censoring up to 7. We assume G as in Example /. Let the support
of X be finite with (4.19) and (4.20). We use Ay as the cumulative hazard
rate,

nate) = | M(O)dc.

Then we have

(B, Mo, G, Q) = % Z Z 4qi4; eXp(IBOT&) eXp(Bgsj)(fi - 53)(51 - Ej)T

j=1 i=1

™ exp(—Ao(u) exp(BLE,) — Ao(u) exp(BhE;))

— - T o(u)du.
0 iy qrexp(By &) exp(—Ao(u) exp(By &)
(4.21)
Proof. To formulate representation 32, we substitute
9i(t, Bo, Mo) := qiexp(—Ao(t) exp(By &) + By &) (4.22)

Then we have

H(t™|z) exp(Bx) = exp(—Ao(t) exp(Bg x) + Bj ).

With similar calculations as in Example 4 we obtain
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/Ht |Tl eXp(/@O dQ Zgz t /807)\0

//ﬁwmmm%OFwwwmm&»wv

X(¢—p)(¢—p)"dQ(C)dQ(P) = >~ i(t, By, Xo)gi(t, By, No) (€, —€;) (& —¢,)"
j=11=1
Hence, the desired representation for 3(8,, Ao, G, @) follows. ]

The result of this Lemma 4.9 can be extended for general covariates with any
measure ). It is easy to calculate with (4.14), that is

(6o, Ao, G, Q) = //1thMGQM (¢ — p)TdQ(C)AQ(p)
with

h(C, p, Bo, Mo, G, Q)
_ / exp(—Ao(u) exp(By ) + By ) exp(—Ro(u) xp(Bop) + Bop) 4
0 [ exp(—=Ao(u) exp(Bgn) + By 1)dQ(n)
/ 2 exp(—uexp(B5¢) + B4 ¢) exp(—uexp(8] p) + By p) .
0 [ exp(—uexp(Bgn) + By n)dQ(n)

In this representation, it is obvious that the baseline hazard rate has an
influence to X only via the fixed Ag(7) in the upper boundary in the integral of
h(¢, p, Bo, Ao, G, Q). That is, the reason why the value of 3 will not strongly
change for different ).

Numerically, it is not a problem to calculate local optimal covariates for other
submodels. The next example considers a Weibull model.

Example 5. Consider model (3.2) with p = 1 and assume the baseline is a
Weibull distribution with parameters 8 > 0 and p > 0

Ao(tlr) = Opt"™" exp(Boz), (4.23)

Bo, x € RL. The censoring distribution G is the same as in Example 4.
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Then we have the cumulative hazard rate of a Weibull distribution as
t
Aalt) = [ ocrtag —orn
0

and

1= H(t[§) = 1 - F(t[¢)
= exp(—0ot" exp(Bo€)) for t€[0,7) (4.24)

and 1 — H(t|§) = 0 for t > 7. We define X again to be the two-points
covariate with

P(X = 5]) =4q; for j = 1a27 51752 € [07 1]

where ¢; + g2 = 1 and assume that the measure () is

Qn) = { 0, otherwise.

Hence, we obtain with (4.24) and Lemma 4.9

(8o, 0o, 11, G, Q) = q1¢2(&1 — &) exp(Bo&a + Boka)bopx
» /T exp(—bou exp(Bo&1) — Gou” exp(Bo&a))ur !
o q1exp(—bout exp(Boé1) + Bo&1) + g2 exp(—bour exp(Boéz) + Lob2)
= (& — &) exp(Bo(&1 + &))bopx

-1

du

T u’u,
8 /o q1 exp(Gour exp(Boa) + Boér) + g exp(Bour exp(Lo&r) + Loé2)

The value of 3(f, 0, u, G, Q) is computed for several [y, 6, 1 and the values
3*(Bo, 0, 1, G) are given in the Table 4.2.

du.

In the Table 4.2, we find that the local optimal two-points covariates depend
on the parameters [y, 0y and p. The Figure A.4 a),b) and c¢) illustrate the
dependence between ([, 0o, i1, G, Q) and the &,& for 5y = 1.0,3.0,6.0,
for fixed ¢ = 0.5, 6y = 1 and pu = 2. The perfectly symmetric plots are
shown in Figure A.4 a),b). For both plots, we also see that curves for {; = 0
are strongly increased. In contrast, there are strongly decreasing curves for
& = 1. And we also find that X(1,1,2,G, Q) is maximal for & = 1,& =0
or & =0, =1.
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Table 4.2: Local optimal two-points covariates of the Weibull model (4.23) as a
submodel of (3.2).

w=2 nw=>5

0 B & & 4 S0oowd & & & S (500

1 1 0 1 0.52430 0.20527 0 1 0.52410 0.20521
2 0 1 0.58355 0.13400 0 1 0.58280 0.13321
3 0 1 0.64685 0.07686 0 1 0.61970 0.07774
4 01 0.9 0.66075 0.04357 0.2 1 0.64905 0.04640
5 03 09 0.64770 0.02801 0.1 0.8 0.67345 0.02946
6 04 1 0.64145 0.02080 0.4 0.9 0.64570 0.02135
7 0.3 0.8 0.70555 0.01450 0 1 0.64900 0.01614
8 05 1 0.62655 0.01398 0 1 0.67025 0.01314

31 0 1 0.52430 0.20527 0 1 0.52550 0.20464
2 0 1 0.58350 0.13400 0 1 0.57990 0.13204
3 0 1 0.65170 0.07629 0 1 0.61810 0.08168
4 01 0.9 0.64425 0.04425 0 0.8 0.6051 0.04497
5 03 1 0.61235 0.02951 0.2 0.9 0.64930 0.03162
6 0.2 08 0.66370 0.02081 0.5 1 0.66945 0.02248
7 0.5 1 0.54085 0.01763 0 1 0.65655 0.01777
8 04 0.8 0.67440 0.01388 0 1 0.60365 0.01357

On the other hand, we do not find the symmetric plots in Figure A.4 ¢) as
Bo = 6. The largest value of 3(6,1,2, G, Q) is reached for £&§ = 1,& = 0.5 or
& =058 =1

In Figure A.5, A.6 and A.7 the similar plots are represented with other
unknown parameters and the dependence of 3(5y, 6y, i1, G, Q) and the &, &
is obvious. Qualitatively, we have the same behavior as in the exponential
models. ]

It should be remarked that the values ¥* do not depend very strongly from
Ao, i.e. here by 6, . This property is connected with the special choice of
the censoring distribution G.

4.2.2 Sensitivity analysis

The optimality criterion det X(3,, Ao, G, Q) depends on the unknown pa-
rameters B, € RP, Ao € C([0,7]). The sensitivity analysis will express
the relative distinction between the values det (8, Ao, G, Q*(By, Ao)) and
det 3(Bg, Mo, G, Q*(By, Mo)) for (By, \o) in a neighborhood of (8, Ag). In this
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way the loss of optimality will be measured, if one works with a covariate
Q*(By, \o) instead of the optimal Q*(3,, A\o). The value

det (By, ho, G, Q" (Bo; M)
det (B, Ao, G, Q*(By; Xo))
is called the efficiency of the local optimal covariate Q*(3,, o) under the

parameters (BO, 5\0) in the Cox model, i.e. under the distribution with the
hazard rate

5 )\O(Q (Bo, X)) =

(4.25)

A(tx) = Ao (t) exp(By x).

This efficiency has to be calculated. Here the special case p = 1 and the
exponential model is considered. The neighborhood of the exponential model
is described by baseline hazard rates in the form

Ao(t) = a + beos(wt)

for constants a,b,w. In the Tables A.1-A.6 the local optimal covariates
Q*(Bo, Ao) are given by the support points & and the corresponding weights
q;. Moreover, the values

2*(50, /N\o, G) = 2(507 5\07 G, Q*(Bm 5\0))

and the efficiencies eff; 5 (@*(1,1)) are calculated. In Tables A.1-A.4 we

have chosen Bo =1, in Table A.5 we put Bo =2 and BO = 3 is used in Table
A.6-A.9. In the Tables the values of efficiencies are given for (8, A\o) = (1, 1)
and Ao with a = = 1,2,5 and b = 0,0.3,0.6,0.9 and w = 1. Moreover, the
efficiencies are calculated for \g with w =15, b = 0.75 and w = 30, b = 0.9.

Remarkable is the fact that for fixed Bo the efficiencies do not vary very
much for different values of .

The efficiencies are defined for a given censoring distribution. We are
interested in the influence of G for these efficiencies. The important
consideration is generating censoring time with some specific distribution.
Now, we choose four different censoring distributions. The first censoring
distribution is a censoring where one censors at a fixed time 7. The second
distribution describes a G where one censors in an exponential way and
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here mainly at the beginning. The third distribution demonstrate that
censored observations occur most often at nearly time 7 and the last censoring
distribution describes a constant censoring.

More precisely, we compare the values of E(BO,S\O,G,Q*(BO,S\O)) for the
following censoring distributions,

L G(t) =1—0pq(t)

2. G(t) = 1 — exp(—1)

3. G(t) = (exp(ct) — 1)) (£) + 0o (1) for ¢ = Llog2
4. G(t) = (ct)jo.r) (£) + 0oy (t) for ¢ = L.

From Tables A.1, A.5 and A.6, we note that for each fixed )y and
censoring distribution G(f) = 1 — dp(t), the asymptotic variances
2By, Ao, G, Q*(By, Ao)) will increase with increasing 3,.

For each fixed Ay and B3,, the asymptotic variances £ 71(8, Ao, G, Q*(By; Xo))
dictates that there is a big difference between the results under second
and third censoring distribution. The second censoring distribution G(t) =
1 — exp(—t) will lead to much censoring observations in the data set at
the beginning of the study, which will increase the loss of information
in the data. On the other hand, the third censoring pattern G(t) =

1
(exp(ct) — 1)djo,r)(t) 4 00y (t) for ¢ = —log?2 indicates that there is not
T

much censoring in the beginning of the study, so that we have more enough
uncensored lifetimes to assess in this case.

Thus, from Table A.2 and A.3 we can see clearly that the values of
E_I(BO, X, G, Q*(BO, 5\0)) under second censoring distribution is higher than
under third censoring distribution.

Moreover, for cases with the fourth censoring distribution G(t) =

1
(ct)dp,r)(t) + Ojro0y(t) for ¢ = =, the difference of the values of
T

E_l(BO, o, G, Q*(BO, 5\0)) corresponding to fixed ,@0 and g are almost
the same as under the third censoring distribution. These results are shown
in Table A.4.
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4.3 Proposals for applicable optimal covariates

In the previous section, local D-optimal covariates were defined and they were
calculated in examples. Some procedures exist for getting optimal covariates
which do not depend explicitly on unknown parameters. In this section, we
consider two-stage optimal covariates, which are also called estimated optimal
covariates. Here the sample is divided into two parts. With the observations
from the first part the unknown parameters are estimated, these estimations
are substituted for the unknown parameter functional det 3(3,, Ao, G, Q),
getting det E(BO,/):O, G, Q) and this estimated function will be maximized
with respect to Q.

A second kind of applicable D-optimal covariates bases on the continuity of
det (8, Ao, G, Q). We calculate optimal covariates (measure Q*) for a fixed
(Bo, Ao(+)) and then we know that Q* is nearly optimal for all (3, \o), which
are in a small neighborhood around (B,, Ag). A third kind of applicable D-
optimal covariates is connected with a grid {(By;, Aoi),? = 1,...,7} in the
parameter space and a mixture of the det 3(8;, \oi, G, Q) is to be maximized.

4.3.1 Two-stage choice of optimal covariates

We defined D-optimal covariates and we have realized that these local
optimal covariates depend on the 3, and on the baseline hazard rate and
on (G. For getting realistic nearly optimal covariates we propose a two-stage
design to solve the estimation problem. We divide the observations in two
parts. The first part of observations, which is n; = vn,0 < v < 1, are taken
from the model with covariates described by a measure () is not optimal, so
that @ will be chosen as a reasonable measure, possibly practical experiences
are to be used With these observations we estimate B,, A\g and Ag. The
estimator ﬁo will be the maximum partial likelihood estimate, AO will be the
Breslow estimate.

Then the second part of observations, namely ns = (1 — v)n observations are
observed according to a local optimal covariate, namely locally to (ﬁo, )\0)

Definition 4.5. We call a measure Q estimated D-optimal in D if
det Z(BO,XO, G, @) = Iéla%( det E(BO,XO, G, Q).
€

The covariate X with the induced measure @ 15 called estimated D-optimal
covariate.
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The resulting measure

Q=vQ+(1-v)Q

is called a two-stage D-optimal measure for choosing covariates or we say
that the variable X with the induced measure Q is two-stage D-optimal. By
changing the rate v, we can change the relations of the sample sizes in the
two stages.

4.3.2 Nearly D-optimal covariates

Lemma 4.8 states the continuity of the matrix 3. If 3(8,, Ao, G, Q) is
continuous in all arguments and if for fixed (B, Ao, G, Q) the maximizer
Q* with

Q" = arg mgx det (8, Ao, G, Q) = Q" (8o, Mo)

is unique, then the continuity of 3 implies that for any € > 0 there exists a
0 > 0 with

||Q*(/807 )\0) - Q*(BO’ 5‘0)” <§€

|m3‘XdetE<1607 >‘07 G7Q) - mSXdet E(Boy :\O,G, Q>| < €,
if
1By — Bol <8, N(-) = A(-)]| <.

This means for B, in a neighborhood of B, and Ao(-) in a tube around Ao(+)
the calculated Q*(B,, A\o) is nearly D-optimal. The tube around )\q is a
nonparametric set, the d-neighborhood around 3, is a parametric set. The
MPLE ,8 which is a estimator of 3, can be used for all (ﬁo, )\0) in the given
neighborhood. The covariates X ™ with the induced measure Q*(3,, \g) are
called nearly D-optimal covariates.
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4.3.3 Mixed optimal covariates

To propose a further methods for choosing covariates in a nearly optimal
way, let us introduce a grid in the set F C RP x C([0, 7]). F denotes a set of
models, describes by (8, \o) € R? x C([0,7]). The grid is denoted by

(/607;7)\01'('))7 L= 1,...,T

and we define as optimality criterion the mixed functional of the form

M(Q) = pidet B(By;, \oi, G Q) (4.26)
i=1
for positive constants pi,...,p, which express the importance of the grid

points
('801’ >‘01)7 SRR (IBOra )\Or)-

The maximizer of the functional M, say @Q*, is called “mixed optimal
covariates”. This @* is not local optimal for any point in F but quite well
for the most of the points.

4.4 Suboptimal covariates

In general, one is looking for optimal covariates but the determination or
calculation is impossible in many problems. Therefore, a weaker optimality
is discussed in classical experimental design problems . One determines such
designs, which are not improvable by changes in a given class. This restricted
optimality is called "suboptimality” and will be discussed here in the context
of the covariates.

In the former subsections several optimality criteria were introduced. For
the local optimal covariates the criterion

det (B4, Mo, G, Q) (4.27)

was the basis for finding an optimal design. The two-stage optimality
criterion was principally the same, here the B, Ao were substituted by
estimates. For the nearly optimal covariates this functional (4.27) was used
and for the mixed strategy we worked with (4.26). Now all these criteria are
denoted by M = M(Q). Let Q, be the one-point measure with
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1, ifn ==,
Qa() = { 0, otherwise.

We are looking for D-optimal covariates X ™, i.e. we look for a measure Q*
with

det (B, Ao, G, Q") = mgxdet (B Mo, G, Q) (4.28)

and @ is any measure over X = [0, 1]*. For the described variations of criteria
we are looking for a QQ* with

M(Q) = max M(Q).

This is the same as
M(Q*) > M((1—a)Q* + aQ) (4.29)

for all measures @ and for all @ € [0,1]. Whittle (1973) proved for concave
functionals M, i.e. for M with

M((1—a)Q1 +aQs) > (1 — a)M(Q1) + aM(Qs)

for any measures @;,Q2 and for all « € [0,1], the condition (4.29) is
equivalent to

M(Q7) = M((1 - a)Q" + Q) (4.30)

for any one-point measure Q, * € X, a € [0,1]. Moreover, for concave
functionals M this relation (4.30) is equivalent to

d -

o M((1 = a)Q" + aQz)lao < 0 (4.31)
for all & € X. Hence, one has for concave functionals M, the property that
Q* from (4.29) is determined by the condition (4.31). The importance of
condition (4.31) consists in a good possibility for numerical checking. In this
way we will define suboptimal covariates.



84 4.4. Suboptimal covariates

Definition 4.6. Suppose that B3, is asymptotically estimable. The measure
Q" s called D-suboptimal if

%M(u — a)Q* 4 aQz)|amo < 0 (4.32)

for all x € X. M stands here for any criterion mentioned above. The
corresponding covariate X with the induced measure Q* is called D-
suboptimal covariate.

Hence, any D-optimal covariate is a D-suboptimal covariate. In classical
experimental design problems the suboptimal designs are optimal designs,
at least for concave criteria. Suboptimal covariates have the advantage
that there exist iterative procedures to calculate these covariates. Moreover,
suboptimality can be checked.

4.4.1 TIterative calculation of suboptimal covariates

The inequality (4.32) gives the idea for an iteration process. In experimental
design iteration processes for calculating D-optimal designs were proposed
by Kiefer (1961), Wynn (1972); therefore, we can use a similar procedure
here. The essential difference to the classical design problems consists in
the property of the asymptotic variance matrix. We cannot prove that
det (8, Ao, G, Q) is concave with respect to Q.

We denote with

Q=(1-a)Qu+aQs, ac]i01] (4.33)

where a starting measure (o) is chosen in such a way that 3 is asymptoti-
cally estimable.
From the function

0

S M(Q) om0 = H(Qu). )

the dependence on 3, Ay will be suppressed in ¢. X € R? denotes the set of
possible values of the covariates. Let us formulate the iteration procedure.

Step 1 Choose a measure () in such a way that B, is asymptotically
estimable.
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Step 2 Choose such a point g € X that
P(Q), o) = max ¢(Qo), ).

Step 3 Choose an ag with 0 < ag < 1 in such a way that
M((1 = a0)Q0) + a0Qa,) = max M((1 = a)Q) + 0Qa,).

We put Q) = (1 — o) Q) + ¥ Qap-
These steps will be repeated, now starting with @y, finding x; with

P(Quy, 1) = max P(Qu), ).

As in step 3 we determine an oy € (0,1) in such a way that

M((1 = @)Qqu) + aQa,)

is maximal. In this way we get a sequence of measures @)y, Qq),@(2),- -
with

M(Q(m) < M(Q(l)) < M(Q(z)) <....

Then the measures ();) are improved stepwise. The criterion M and the

functional ¢ can be calculated very easily. The iteration stops if M (Qu)
is not improvable in this way or if the improvement is smaller than a given

bound.

In the criteria M the term det (8o, Mo, G, Q) is contained, either as a single
part or in a weighted sum. We recall the representation of ¥ as in Theorem
4.7. For measures Qg, @1, @ and pu € R

A(Q, ) = / exp ( — e 4 ﬁgn) dQ(m)
Az(Qo, Q1, 1) := //exp ( — ,u_eﬁgc + BE‘,FC) exp ( — ,u_eﬁgp + ,ng> X
% (¢ = )¢ =) (1= GIAT (1) )dQo(C)dQu o).

Then we have for @ = (1 — a)Q + aQ

Z)(/607 )\07 G7 Q)
:/AO(T>(1—04)2A2(Q(0>,Q(o>>U)+204(1—04)A2(Q<0):Q’“)+0‘2A2(Q’Q’“)
0

(1= ) A (Qoyru) - aAy Q1) o
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Therefore, we get

Ao(T) Ao(T)
A2(Q0), @, 1) du—/Al(Q’ u)A2(Q0), Q(0); u)
A1(Q(0), u) [A1(Q(0), w)]?

du.

In the Example 6 these representations are calculated for an m-point measure
(o) and one-point measure () = ()5

Example 6. We consider the Cox model with p = 1. Let Q) be defined
as an m-point measure as in Theorem 4.4. Let the censoring G' be as in
Example 4. Then we have

Ao(7) ) )
1 v o~ u(ePosi+e0%)
580, . G Q) =5 > D aiaye™ @9 (& — &) / - du.
j=1 i=1 0 Z qleﬂogle(—ueﬁoél)
=1

(4.34)

With an additional one-point measure (), the convex linear combination

Q = (1 - a)Q(O) + an~

will be considered. With

gi(u, Bo, M) = q; exp(—ue™ + 5y&)
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and with (4.10) we have

2By M. G, Q) = 1—a D 0N gyt (g — &) x

7j=1 =1
Ao(T)
m U
(1= a) 3205 9i(u, Bo, Ao) + avexp(—ueo” + [Fyx)

a(l— )Y g (e, — a)x
j=1

Ao(T)
" / exp(—u(efti + efr)) \du
(1—a) S, gi(u, Bo, No) + avexp(—uefor + Box)”

Now we put p = 1 and because of ¥ = detX the function ¢(Q (o), ) has the
following form:

0 ~
¢<Q(0)7 .27) :%E(ﬁm )\07 G> Q)‘O&ZO
= E(B()v )\07 G7 Q(O))
Ao(T)

exp(—ue®® + Box) ST gi(u, Bo, Ao) (& — x)?
-/ ST g o o) !

U

0
Ao(T)

D im1 gy 9w, Bo, M) g (u, Bo, Ao)(§i — 5j)2d
2
0 (Z;Zl gi(u, Bo, )\o))

These explicit representations of 3(8,, Ao, G, Q) and ?(Q0), ) are used for
the iterative calculation of suboptimal covariates. For calculating local D-
suboptimal covariates for exponential models as submodels of (3.2), we start
the iterative procedures with the optimal two-points covariates given in Table
4.1 or some other appropriate designs. We demonstrate this for \y = 1 and
choose the parameters fy = 1,1.5,2,...,6 step by step. For 5y = 1, we start
with Q(O) and

1
2

Q)(0) = 0.52431,  Q(o)(1) = 0.47569.
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Then we calculate ¢(Q), ) and find that ¢(Q,z) < 0 for z € [0,1].
Consequently Q) is suboptimal if 3y = 1.
For 8y = 6 we start with () and

Q0)(0.4) = 0.67585,  Q(o)(1) = 0.32415.

Then we calculate ¢(Q (o), ) and find that m[zouﬁ #(Q0), ) is reached in x = 0,
x€|0,

the corresponding oy from step 3 in the iteration procedure is oy = 0.359.
We have Q1) with

Quy(0.4) = 0.4332, Q) (0) = 0.359, Qqy(1) = 0.2078.

After getting three values of Q1), #(Q), z) is calculated and the maximum
of ¢(Q(1), x) is reached for x = 0.621. The value a; equals to 0.09033. Thus,
we obtain the measure ()(2) with

Q@)(0) = 0.32657,  Q(2)(0.400) = 0.39407,
Q2)(0.621) = 0.09033,  Q2(1) = 0.18903.

This measure ()(2) is considered as the suboptimal covariates.

We notice that some rounding errors occurred in the numerical calculations
and for the most of the values z, the values ¢(Q(2), x) are negative. Ounly for
some 7 it can be happened that ¢(Q(2), Z) =~ 0, but positive. Then one checks
that 3(8g, Ao, G, (1 — a)Q2) + aQz) < X(By, Mo, G, Q) and it is justified to
consider ()(2) as suboptimal. Here we described the iteration for gy = 1,
Bo = 6 as example.

Table 4.3: Local suboptimal covariates for the exponential model as a submodel of
(3.2)

o & & & & it % a5 4 X (Bo, M, G, Q)
1 0 1 0.52431 0.47569 0.20525
15 0 1 0.55200 0.44800 0.16915
2 0 1 0.58355 0.41645 0.13400
3 0 0525 1 0.54485 0.15867 0.29648 0.08075
4 01 0535 0900 1 048093 0.17499 0.25075 0.09333 0.04845
5 0 0200 0.565 0.900 0.28000 0.36616 0.16584 0.18300 0.03665
6 0 0400 0621 1  0.32657 0.39407 0.09033 0.18903 0.03205

In Table 4.3 local suboptimal covariates are given. It can be clearly seen that
the suboptimal covariates for 8, = 1,1.5,2 coincide with the local optimal
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two-points covariates in Table 4.1. For larger 3,, we see by comparing the
Tables 4.1 and 4.3 that three- or four-point covariates lead to higher values
of 3(By, \o, G, Q), i.e. if Qp,1 describes the measures from Table 4.1, and
()p,,2 describes the measures from Table 4.3, then we have

2<i717G7 Qi,l) < E(ivlaGa Qi,Z) 1= 3747576'

This means that for 5y = 1, 1.5, 2 two-points covariates are local suboptimal.
For By = 3,4,5,6 the local optimal two-points covariates are not local
suboptimal in the set of all covariates because we found three- or four-point
covariates with a smaller asymptotic variance.
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4.4. Suboptimal covariates




Chapter 5

Statistical inference 1n the Cox
model with time-dependent
coefficient

In this chapter we consider the extension of the Cox model where the
coefficients are allowed to depend on time. Such models are useful to describe
situation where the effect of the covariate—not the covariate itself—varies with
the time.

As already mentioned in (3.17), the model is given by

At ) = Ao(t) exp(B ()(t)),

where 3(+) is a p-dimensional vector of time-dependent coefficients function.

Here we will concentrate on estimating and testing the coefficient function
3, so that for simplicity of presentation we suppose that the covariate does
not depend on time, i.e. x(t) = x.

In the first section of this chapter the local partial partial likelihood
estimation method is described, here we follow namely the approach of Cai
and Sun (2003). The main topic of this chapter is a test for checking the
parametric form of the coefficient function 3. The test procedure of this
chapter, which is presented in Section 5.2 is based on the score function.

91
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5.1 The maximum local partial likelihood esti-
mation

The idea of the local partial likelihood estimation in the Cox model goes back
to the general method of smoothing by local polynomials. Using a Taylor
expansion the function of interest is approximated locally. The simplest
special case is a local approximation by a constant, the mostly applied
method is the local linear approximation. The local approximation is coupled
with the log partial likelihood function, the local neighborhood is described
by a kernel function and a bandwidth sequence.

The local partial likelihood method for the estimation in hazard regression
was considered by Hastie and Tibshirani (1993). They considered the
estimation of the function ¢(x) in the model A(t|x) = Ao(t) exp (¢(z)) and
proposed a nearest neighbor type estimator with uniform windows.

Fan et al. (1997) investigated a more general approach and compared local
likelihood and local partial likelihood estimators. Cai and Sun (2003) used
this local linear partial likelihood approach to estimate the time-dependent
coefficient function 3 in model (3.17) and also established the asymptotic
consistency and normality of the estimators ,@n(t) at a fixed point .

In this section we will explain this method and illustrate this by an example.
Further, since for the testing procedure proposed in the next section, we
need the method based on the local constant method, we will also present
this method.

We suppose the extended Cox model with the hazard rate

At ) = No(t) exp(8 (t)x). (5.1)

The logarithm of the partial likelihood function depending on the function
B(-) is given by

n

Lo = [ [ﬁwxi ~log { %, eXp(ﬂT(U)Xj)}] ANi(w). (52

J=1

Of course, this can not be the basis to determine an estimator of the function
3. The idea for the maximum local linear partial likelihood estimation is to
replace the function B in (5.2) locally by the first two terms of its Taylor
expansion.
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For s in a neighborhood of ¢ we have for the component f;

Bi(s) ~ B;(t) + Bj(t)(s — 1).

where 3! is the first derivative of ;.
Set b1;(t) = B;(t) and by;(t) = B}(t), then a linear approximation at s is given
by

Bi(s) m by;(t) + ba;(t)(s — ).

The local neighborhood of s is characterized by the kernel function K :
R — R and a bandwidth sequence h = h,,, which controls the size of the
neighborhood.

Let X (s, s —t) be a 2p-dimensional vector with

Xi(u,u—t)=X;® (Lu—1t),

where ® denotes the Kronecker product.
The log local linear partial likelihood function for estimating the true
parameter function B, at the grid point ¢ is given by

(b)) = Zn:/OTKh(u—t) [bTXi(u,u—t)

where b = (bll(t), e ,blp(t>, bgl(t)7 ey bgp(t))T, Kh(S - t) == %K (ST_t) and
K is a kernel function satisfying some regularity conditions specified later.
In other words, for each ¢ one has to compute an estimate similarly as defined
in the model with time-dependent coefficients; of course in addition we have
to take into account the kernel weights.

Let b = (/l;n(t), . ,le(t),/b\gl(t), . ,/b\gp(t))T be the maximizer of local linear
partial likelihood function (5.3). Then, B,(t) = (Bll(t), . ,Blp(t))T is a
maximum local linear partial likelihood estimator for the coefficients function
Bo(+) at point ¢.

For the derivation of the maximum we compute as usual the score function
and the Hessian matrix. Let us now describe the way of computing.



94 5.1. The maximum local partial likelihood estimation

We use a similar notation as in Chapter 3

Son(u, b, t) ZY u) exp(b” X ;(u,u — t)),

Sin(u, b, t) ZY u,u —t) exp(b” X;(u, u — t)),

Son(u, b, t) ZY (u,u —t) X (u,u — )7 exp(b” X;(u, u — t)).
Then ¢;(b) can be written in the form

0,(b) = i /0 K —1) [bTXi(u, w—1) —log {nSOn(u, b, t)}] AN, (u)

and immediately we obtain the score function which is a 2p-dimensional
vector

_ 21/0 Kn(u—1) [Xi(u,u _y— %] AN(w).  (5.4)
The Hessian matrix is given by
— Son(u, b, t) Sin(u, b, t) ) ©2
B ;/0 Kon(u =) [SOn(u, bt) {S(m(u, b, t)} ]dNi(u)'

Let us consider this in a more detail because the Hessian matrix yields also
the method for the computation of 3,,(t).

Sion(u, b,t) =exp(b” X;(u, u —t)).

Thus, the Hessian matrix has the form

ZY ) S;on (, b, ) Skon (u, b, 1)

i<k

E:S/(b> = Z 0 S2
On

i=1

x(Xj—Xk)®2®( Lo t€2)]dm(u). (5.5)

u—t (u—
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We can see that the right-hand side of this equation is negative definite as
n — oo. This implies that log local linear partial likelihood ¢,(b) is a strictly
concave function of b and has a unique maximum.

The computation of the value of the estimator can be obtained by using the
Newton-Raphson algorithm in practice.

The (j + 1)th Newton-Raphson iteration equation is

b, =5~ {r®)} 1) (5.6

where /5,(1]) is jth iteration.

To derive the local constant estimator we include only the first term of the
Taylor expansion, i.e. [;(s) & by;(t) in the neighborhood of s consequently
the log local constant partial likelihood function to be maximized is

B i /OT Ko(u— 1) [bTXi ~log { i Y;(u) exp(bTXj)}] dN;(u).
(5.7)

The functions introduced for the computation of the estimator become
simpler

Son(u,b) = ZY u) exp(b? X;),

Sin(u,b) = ZY( )X exp(bT X)),

Son(u,b) = ZY;(u)XiXiT exp(b’ X ;).
with b = (b1 (t), . .., bi, ().

5.1.1 Simulation Study

According to Cai and Sun (2003), their numerical studies were carried out
using Fortran77 and the exact details of the algorithm were not given. Thus
an own procedure for the realization of the maximum local partial likelihood
estimates were developed. The R-codes used to carry out the simulation
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and the basic idea is as follows: We start by generating data and write the
log local constant and local linear partial likelihood functions. The estimator
based on both functions were obtained using the default setting of the maxLik
function in the R software.

In this section we illustrate the estimates for two scenarios. The first
corresponds to the maximum local linear partial likelihood approach with
two covariates. The second considers especially the maximum local constant
partial likelihood approach with one covariate. The Epanechnikov kernel
K(u) = 0.75(1 — u?) is used for both examples.

5.1.1.1 Model I
We suppose

A(t, 71, 2) = exp(Bi(t)z1 + Ba(t)72)

where A\g(t) = 1 and B1(t) = t and Po(f) = 1/2. The covariates are
uniformly and normally distributed, respectively, i.e. X; ~ U(—1,1) and
Xy ~ N(0,1) with sample size n = 600. We consider the bandwidth
h = 0.6,0.8 and censoring rate 30%. Plots of the estimation at 200 grid
points with ¢ = 0.005k, k = 1, ..., 200 are shown in Figure 5.1 and 5.2.

The estimates of $i(t) = t and [a(t) = 1/2 are plotted in (a) and (b),
respectively. The red line is the true function. As can be seen in Figure 5.1
and 5.2, the estimates are close to the true functions and do not change very
much if we take different bandwidth.

The estimated coefficient functions The estimated coefficient functions
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0.6
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0.4
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0.0
|

(a) By (b) Ba

Figure 5.1: Estimation of Bi(t) = t and B2(t) = % for Model I with n = 600,
h = 0.6 and 30% censoring. The red lines are the true functions.
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The estimated coefficient functions The estimated coefficient functions
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Figure 5.2: Estimation of fi(t) = t and Pa2(t) = % for Model T with n = 600,
h = 0.8 and 30% censoring. The red lines are the true functions.

5.1.1.2 Model II

We consider

Atlz) = Ao(t) exp(B(t)z).

where A\o(t) = 1/2, 5(t) = log(t) and covariate X is generated from uniform
distribution U(—1,1).

For this simulation, we select sample sizes n = 800, band widths A = 0.75
and the two different censoring patterns 0% and 30%. The simulation of 10
estimates based on 80 grid points are displayed by Figure 5.3. The blue line
is the true function. The results show that the estimates are quite good and
they are quite close to the true function of the parameter except for ¢ > 3
because there are less observations—marked at the bottom of the graph. These
results on 0% censoring data are generally more reliable and stable than the
results on 30% censoring data.

5.2 Score test based on the local partial likeli-
hood approach

In this section the problem of testing whether the components of the
coefficient function 3,(-) have a prespecified parametric form is considered.
Test procedures for such goodness-of-fit problem were studied by several
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Simulation of 10 estimates Simulation of 10 estimates

B
B

(a) 0% censoring (b) 30% censoring

Figure 5.3: Estimation of §(t) = log(t) for Model II with n = 800, h = 0.75 and
30% censoring. The blue lines are the true functions.

authors. Since these procedures are proposed for single component and not
for the p-dimensional vector 3, without loss of generality let us consider the
case p = 1. In Section (3.4) the results of Martinussen and Scheike (2000)
were already mentioned. They proposed Cramer-von Mises and Kolmogorov
type tests based on the nonparametric estimator for the cumulative coefficient
By(t) = fot Bo(s)ds for testing whether Sy = 0 or fy(t) = [y for a constant
Bo.

Kauermann and Berger (2003) considered local constant estimators for fy(-)
and proposed the log partial likelihood ratio statistic to test whether [y(-)
is constant. They did not derive the (limit) distribution of the test statistic
under the null hypothesis but applied a bootstrap techniques in order to
obtain the reference distribution.

In the paper of Tian et al. (2005) confidence bands for 5y based on the so-
called strong approximation method along with a resampling procedure over
a properly chosen time interval are derived. This interval can use to check

Bo(-)-

5.2.1 Distribution of the quadratic form of the score
vector

We consider the test problem

H: Bo(+) € Bpar = {B(,9), 1€ O CRF}  K: Bo(-) ¢ Bpar-
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The most important special case of this null hypothesis is that [y(-) is
constant, that is, that the classical Cox proportional hazard model is true.
The test procedure will be based on the the local partial score function.
Considering this score function at a finite number of different points we will
show that the corresponding quadratic form converges in distribution to a
x2-distribution. The advantage of this test procedure is that the computation
of estimator is not required.

We will use the counting process approach introduced in Section 3.3.1 to
show the results concerning inference procedures.

In Section 5.1 the log local constant partial likelihood function was defined
as in (5.7).

The nonparametric local constant estimator of 5y(+) at the grid point ¢ is the
maximum of (5.7), for p = 1 the formula simplifies.

Skn(b,u) = —ZY eXpr)X k=0,1,2
and with Suu(b.12)
E, (bt 1"—“

we can write the log local constant partial hkehhood function (5.7)

L) = i/OTKh(u—t)[in—log{nSOn(b,u)}]dNi(u),

and the score function (5.4) as

U, (b,t) = i /O K(u—t) [Xi — B, (b, u)}dNZ-(u).

In the short survey in Chapter 3 it is mentioned that Cai and Sun (2003)
proved the consistency of the local linear partial likelihood estimator Bn and
its asymptotic normality at a fixed point. The proof of this limit statement
is based on the asymptotic normality of the score function. Here we consider
the vector of the score function at distinct grid point tq, ..., 4.

For t = (t1,...,tq), we define

Un(B,t) = (Un(B(t1), 1), Un(B(t2), t2), - .., Un(B(ta), ta))"-
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As an extension of the limit theorem for U, (/3,t) at a fixed point ¢, we show
that the distribution of U, (5, t) tends to a multivariate normal distribution
with zero expectation and a covariance matrix S(fo, t).

Then, using standard methods it follows that the corresponding quadratic
form U,TS U, converges to a y2-distribution. This limit statement is the
basis of the test procedure.

To formulate the multivariate limit theorem and the consequences for the test
procedure we make use of the following assumptions. These assumptions
include the assumptions formulated in the previous chapters, in addition
conditions on the smoothness of the coefficient function, conditions on the
kernel and the bandwidth and on the convergence rate are supposed.

A1 The coefficient function [y is twice continuously differentiable on [0, 7].
A2 The baseline function \g is twice continuously differentiable on [0, 7].

B1 There exists a compact set B in R that includes a neighborhood of 5y(t)
for t € [0, 7]. Further, s;(5,t) = ES;,(8,t) exist for j =0,1,2 and

1Syu(5.1) = 5,(8.1)] = Op (w7 uniformly in (5,1) € B x [0,7]
B2 The functions s;, 7 = 0,1, 2, and their partial derivatives with respect

to [ are continuous in B x [0, 7].

B3 The functions s;(fy(-), ) and s;(5, -) for j = 0,1 are twice differentiable
with respect to t € [0, 7].

B4 The function sy is bounded and sqg is bounded away from zero.

C1 The function K is a symmetric density with bounded support, say
[—1,1].

C2 The bandwidth sequence satisfies h = h,,

hp =0 and nhY> -0 and nh— oco.

The asymptotic variance of the vector is characterized by the function

s9(83,t) s1(B,t)
So(ﬁat) 30(ﬁ7t)'

Now, let us formulate the theorem stating the asymptotic normality.

v(B,t) = —e(B,1)? with e(f,t) =
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Theorem 5.1. Suppose that the assumptions Al,A2,B1 — B4,C1,C2 are
satisfied. If v(Bo(tj),t;) >0 forall j=1,...,d. Then

PR Un (B, 8) = Na(0, 8 (8o, 1)),
where

S(fo, t) = diag(a®(Bo, t1), - - -, 0 (Bo, ta))
and

o*(Bo, t;) = K% v(Bo(t;), t5)s0(Bo(ts), ti)Mo(t))

with £* = [ K*(u)du.
Proof. The proof consists of three steps. In the first step we apply the
martingale decomposition; roughly speaking it is shown that under the
formulated smoothness conditions on 3 and under C2 it is enough to prove
the asymptotic normality for the stochastic part of the score function. Then
we follow the usual line—deriving the predictable variation process of the

approximation process we obtain as limit the variance of the limiting process.
Finally, the proof is completed by verifying the Lindeberg condition.

Each component of the standardized score vector n=*/2hY/?U,, (B, t) can be
decomposed as follows

n V22U, (Bo(t), 1)

=0y [ = 0 - B G, 9]
2 Z | Bls = X = Buu(0) )] Y\ s, X
—nV2p Z | s =0 [X = BuGaute) ) aris) (58)
Mmhmi /0 " Ku(s — 1) (X~ B.(80(9).9) [ Yi()A(s. X)ds (5.9)

IS VEISYE Z /OT Kn(s—1) |:En(/80<5)7 s) — E.(Bo(t), S)}E(S)/\(S,Xi)ds.

(5.10)
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The term (5.9) is equal to zero. We will show that the third term (5.10) can
be neglected, so that it is enough to prove the asymptotic normality of the
vector with components (5.8).

Consider

Ry (t)

= pl/2p1/2 Z /OT Kp(s —1) [En(50(3)7 s) = En(Bo(?), 5)}Y;(3)/\<37Xi)d3

= ) [ Ki(s =0 BuBo(s).5) = Bu(B(0,9)] S Bo(s). Da(s) s,

By the consistency of the functions Sj, (uniformly with respect to S and
t) we can replace the term [E,(5o(s),s) — En(Bo(t), s)]Son(Bo(s), s) by their
limits [e(Bo(s), s) — e(Bo(t), s)]so(Bo(s), s). Furthermore, for

RO = () [ Kils = 0)[e(6u().5) = e(Bult) ) s(n(s): D)
we have
sup [ R (t) — RO ()] = Op (n/2).

Moreover, since the function  is twice continuously differentiable and K is
a symmetric kernel it follows by Taylor expansion

/OT Kn(s —1) [e(ﬁo(s), s) — e(Bo(t), s)} s0(Bo(s), ) Ao(s)ds = Op <h2>,

therefore

n

RO(t) = Op (Wﬁ).
Thus, with

UL (B0, =Y /0 Kn(s — 1) [Xi — E.(Bolt), s)] dM;(s)

we have by the condition on the bandwidth

R V2R (Bo(1), £) = n~V2RY2UW (B (1), £) + op(1). (5.11)
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By (5.11) it is enough to prove that the vector

n Y21, W (B, t)
= n PRPUN (Bo(th), 1), UV (Bo(ta), ta), - .., U (Bo(t), t)) "

is asymptotically normal. For this purpose we apply Rebolledo’s Central
Limit Theorem for local square integrable martingales in the form given in
the Appendix of Andersen and Gill (1982):

For arbitrary j,m and s we consider the predictable variation process, which
is denoted by (-),

(= 2RIPUN (Bo(ty), £5), n 7 PRYPURD (Bo(tm) tn)) ()
= lh/ ZKhu—t)Kh(u—t ) x
X [Xi — B (Bolt;), u)} [XZ- — En(Boltm), u)] o (u)du.
Set Wii(t,u) = X; — En(Bo(t), u). Then we have for t; # t,,
(n= 2RI 2URD (6o (t j),tj) n 2RO (Bo(tm), ) (5)
= —12/ K(u ( +u) Wii(t;, t; + hu) Wi (tm, t; + hu) x

XY;(t; + hu) exp(X;Bo(t; + hu))o(t; + hu)du

i> 0 ash — 0.

For t; = t,,, we obtain

(nPRPUD (Bo(t), 1), n” ERYVPUD (Bo(ty) ) (s)

_ nlz/ K2(u) W2,(t5, £ + hu)Yi(t; + hu) x

x exp(X;fBo(t; + hu))o(t; + hu)du
o /£2 SQn(BO( ])7t]) ) ) ] ) ) 0
= (G ~ B 6)) S, t)ult) + on(1)

K2V (Bo(t): t5)Son(Bo(t), 1) Ao(t;) + 0p(1)
K20 (Bo(t),)50(Bo(t;), t5)Mo(t;) + op(1)
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where

Son(Bolty), 1) (Smwo(t-) H)\
Vo(Bolti), t;) = IO Il EARES I

(Bolts). 1) Son(Bo(t;),t5)  \Son(Po(t)), ;)
Now, it remains to check the Lindeberg condition: From the smoothness
conditions formulated above it follows that for all ¢; and all ¢ > 0

n_th/ K2 (u —t))W2(t5,u)L(\/h/nEKy(u — t5)|[Whi(u)| > &) a;(u)du
i=1 70
tends in probability to zero. The proof of the theorem is complete. O

This is the illustration of the asymptotic normality of the score function.
Figure 5.4 shows the simulated realization of the score function at two
grid points together with the contour lines of the approximating normal
distribution.

Score function at two grid points
200 Simulations

Ultz)
0.0

T T T
-04 -0.2 0.0 0.2 0.4
U(t)

Figure 5.4: The score function at 2 grid points, 200 simulations .

Consider the weighted quadratic form

Ta(Bo) = Un(Bo, )" S (B, t) Un(Bo, t) ZW Bo(t;),t5)o > (Bos ty)-
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From the asymptotic normality of the vector U, (fy, t) we obtain the following
corollary:

Corollary 5.2. Under the assumptions of Theorem 5.1
n" T (Bo) — 2

Proof. The proof is straightforward. Since the vector n~2h'/?U,, is asymp-
totically normal, and the limiting variance matrix S is positive definite
the quadratic form n~'h u,"'s‘u, converges in distribution to a Y-
distribution with d degrees of freedom. [

The variance matrix S is unknown. It depends on the unknown limits of the
sums Skn, on [y and on A\g. A consistent estimator of S(f,t) is given by

S (B, t) = diag(@2(Bn, 1), - . -, 52(Buy ta))
with .
—~ 1
B0, 1) = i ; / Kt — )V (B, w)dN; (u)

where

W00 = 525 ~ (si5)

and B\n(t) is the estimator of fy(t).
In the following corollary we show that the limit statement remain true if S
is replaced be the estimates S, (5,,1).

Corollary 5.3. Under the assumptions of Theorem 5.1
0T (Bo) = X

where

Ta(Bo) = Un (B0, )T Sy (Bs t) Un (B0 t).

Proof. To prove Corollary 5.3 it is enough to verify the consistency of the
variance estimator S,,. For this purpose consider for an arbitrary component
of the diagonal matrix the term

v(Bo(t),t)s0(Bo(t), 1)) No(t)
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and its estimator
/Kh w—t)Vo(Bu(t),u)dN,(u)  with N,(u) = %ZNi(u).
We have
| [ Kl = OVa(Balt), )V 0) = o(Bult) 30 Bu(t): ) ()|

< | [ Kalw = 0(Batt).0) = oFalt), )N, ) (5.12)
+] [ Katu = 0(000).0) = o(Bo(t), )N w) (5.13)
+ /Kh(u — ) (Bo(t), u) (AN n(u) — Son(Bo(t), u))\o(u)du)‘ (5.14)

+] [ Kt = 00(50(0).0) Son 50(0). 1) = s Bo(t) ) D))
(5.15)

4 / (= £)0(Bo(#), 1) s0(Bo(t), ) Ao (w)du
—v(Bo(t),t)s0(Bo(t), 1)) Ao (t)]- (5.16)

The uniform consistency of the functions S;, and the boundedness of sy imply

that the terms (5.12) and (5.15) tend to zero (in probability). For term (5.13)
the same statement follows from the consistency of 3,, and (5.16) tends to
zero because of the smoothness of the functions s;. From the inequality of
Lenglart for local martingales it follows that the term (5.14) converges also
to zero. [

5.2.2 Formulation of the test procedure

Consider now the hypothesis that the coefficient function [y(-) has a
parametric form, say £o(-) = S(+; Jp) for some unknown parameter y. Thus,
the test problem is

H: Bo(-) € Bpar = {B(-,0), 9 €O CR*}Y  K:B(-) ¢ Bpar-

To estimate the parameter ¥ under H we use the partial likelihood method
in the hypothetical model B,

Ai(t) = Ao(t) exp(B(t, 9);).
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The partial likelihood function of ¥ is denoted by ¢
i) =3 [ [8s 016~ 108 { 3 ¥5(s) exp(3(s. 9)X,) } i)
i=1 70 j=1

Let C, be the corresponding score vector, i.e., its component Cy,,, r = 1,... k
is

0

Cor) = 57 = 3 [ X~ Eu(s,0),9)] (s, 00 o)

where BT(t,ﬁ) is the partial derivative of §(t,9) with respect to 9,. The
estimator 1, is the solution of the system of equations

C(@) =0 r=1,....k (5.17)

Suppose that the hypothesis H is true, i.e. there exist a vy such that
Bo() = B(:, Vo).

If the estimator 5,1 is \/n-consistent, we can apply 1% in the test procedure.
To verify /n-consistency we will show that J is asymptotically normal. The
proof is based on the following steps: If the partial likelihood function ¢
is strictly concave, then the solution to (5.17) is unique. The consistency
follows by showing, that the partial likelihood function converges to a concave
function with a unique maximum at the underlying ¥y. To obtain the rate
of convergence we consider the score function C), as a local martingale and
prove that the matrix of the minus second derivatives converges to a positive
definite matrix.

Theorem 5.4. Suppose that the hypothetical functions in By, have contin-
uous partial derivatives of second order with respect to 9. Further assume
that the partial likelithood function is strictly concave. Let the assumptions
A2 and B1-Bj4 be satisfied. Then

V(U — ) = Oy(1). (5.18)
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Proof. Define

Qu = (U9) ~ U(00)
:nlz/oT {ﬁ(u,ﬂ)—ﬁ(u,ﬁo)}X lo {;ZI U190 } dN; (w)

:n—li[ _{ﬁ(u,ﬁ)—ﬁ(u,ﬁo)}Xi log {50? oo 190 } dM;(u)

=Qn1 + Qna.

dA;(u)

The second summand is equal to

% = | [{mw)—ﬁ(u,ﬁ@}slnw(u,ﬂo),u)

Son(B(u, ), u)
~log { Son(B(1t, Do) 1)

}SOn(ﬁ(u, 90), u)] No(w)du.

@1 is a local square integrable martingale with the predictable variation
process

(Qn1(9), Qua (1))
S [ [fs - Sty
:n_l/ [{ﬁ(u,ﬁ) - B(u,ﬁo)}252n(5(uﬂ90)au)

o [ {2t g} S
Son(B(u, V), u)

—2 [ﬂ(u’ 19) - B<u’ 190)} [log { S(Jn<ﬁ<u’ 790)’ u)

By the conditions of the theorem it follows that (Q,1(9), Q1 (9)) = Op(n™1),
thus @),, converges to the same limit as (). The smoothness conditions on

}] Sinl(B(u, 9), u)] o(u)du.
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the sums Sy, imply

Q) L [ [{5(%19)—5(Uﬂ90)}81(5(uﬂ90)»u)

— 1o, —< (U,?S‘),'LL) so(B(u, ¥g), u olu du
1 g{S(D(ﬁ(U,’ﬁ(l)au)} O( ( ’ 0)7 ) A ( )

Let us compute the derivatives of the limit (5. (Here we can change
integration and differentiation because of the boundedness of the integrand.)

0Q2(v) (7 so(B(u, o), u) |
o —/0 [Sl(ﬁ(U, 190),’&) - 81(ﬁ<u,19), U)m] B(U, ﬁ)Ao(U)du

_ / " (e(Blu o). w) — e(Bu,9).w))so(Blo o). ) A ) Aol

The second derivative is

_ /0 " o(Blu, 9), ) B, )50 (B, By), 1) o (1) ds

+/ (e(ﬁ(u, D), 1) — e(ﬁ(u,19),u)>30(6(u,19),u)5(u, 9) Ao (u)du.
0
The first derivative is zero at ¢ = vy, the second is minus a positive definite

matrix at J = vg. Thus, the limiting function of /, has a unique maximum
at ¥ = vy. It follows that ¥, the unique maximizer of /,, converges to vy. [

Based on Theorem 5.4, it follows that under H

n KT, 2 X3 (5.19)
where L R R
T =Un(B5,,1)" S, (85, t) Un(B5,, 1) (5.20)
with

U, (B5,t) = (Ua(B(tr, 0),11), Un(B(t2, 00), 1), -, Un(Blta, D), 1))
Limit statement (5.19) implies the following asymptotic test procedure.
Reject H, iff R

n AT > X o (5.21)
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5.3 Bootstrap version of the score test

In this section we consider the problem of testing whether the coefficient
function is constant. As test statistic the score statistic is applied, however
to determine the critical value or the p-value, respectively, we make use of
bootstrapping.

The null hypothesis has the form

H:Po(-) =10 for some constant ¥. (5.22)

The test statistic is given by

~ ~ o~ ~ ~ ~ o~

T =Up(0,, )" S, (U, t) U, (U, t)

n

where

~

U (0, 1) = (Up (0, 1), Up (O 1), .. Un (O )T
with

Un(Dn, t;) = n~ /2112 Z/Kh(s —t,) [XZ» — B,(0,, s)] dNy(s); j=1,....d
i=1 70

where ﬁn is the maximum partial likelihood estimator in the hypothetical
model.

The bootstrap algorithm which is used based on the procedure censboot
function in the R software package suggested by Davison and Hinkley (1997).
Let us describe this idea of this resampling procedure.

The aim is to generate data (77", A}) with
T = min(77,C;)

and the censoring indicator A* = 1(T* < C¥) where C* is the censoring time
and T describes the lifetime with the distribution under A, i.e. 1 — H(:|X;)
with 1~ H(-[X;) = (1 = F([X))(1 - G(-)) and F(H[X;) = 1 — Sp(t)» X
where S; is the baseline survival function.

To do this we estimate the conditional distribution of TZ under Z—[
Estimating ¥ in the classical Cox model by MPLE we obtain ¢,,; applying
the Breslow estimator the cumulative hazard function Aj is estimated by

~ R 1
Ao (1) = = /—AdNiu.
on(t) n;os%(u,m) (u)
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Then the baseline survival function is estimated by

Son(t) = exp(—Ao(t))

and an estimator of F'(-|x) is given by
FL(t|x) = 1 = Sy, ()72 02,

Figure 5.5 shows examples of these estimates.

of the C i ine Hazard i Estimate of the Baseline Survival function

Figure 5.5: The estimated cumulative baseline hazard function and the estimated
baseline survival function under H.

The T are generated according to EL(t1X5).

An estimator for the distribution function of the censoring variables can
be constructed by the Kaplan-Meier method, where instead of A;’s the
observations 1 — A; are taken, then one defines

~ n—1i \1-Ai

1= Galt) _ileL <n—z'+ 1) '
We will not generate C; according to @n, but we will apply the so-called
conditional resampling to generate C.
The idea of this method can be explained as follows. Consider the distribu-
tion of C; given T; and A;: The conditional distribution of C; given T; and
A; = 0 is the one-point distribution at 7;. The conditional distribution of C;
given T; and A; = 1 is given by

6l —6I)
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Davison and Hinkley (1997) proposed to set C = T; for A; = 0 and C} is

Now let us formulate the bootstrap version of the score test for (5.22):

for A, = 1.

generated according to the distribution

1. Construct the estimates @L, KOn; CAJn and ﬁn(ﬂXz) fori=1,... n;
2. Generate T7, ..., T according to the distribution F,(¢|X;);

3. For A; = 0, set Cf = T; and for A; = 1, generate C; from the
1—Go(T)

distribution

4. Define TF by T = min(T7, C;) and set AF = 1(T < CY);

5. Calculate

o~

(O, ) U (0, 1);

o~ —

Tr =U D, t)" S,

n

~

6. Repeat the steps 2 to 5 R times to obtain 72*(1), . ,T*(R).
The bootstrap p-value is given by

S (T > Tae) + 1

r=1 n(r

R+1

Pbvoot =

where ﬁ(o) is the value of test statistic with the original data.

5.3.1 Simulation Study

In this section, we investigate the behavior of the bootstrap score test under
the null hypothesis and a special alternative hypothesis.

In each simulation M = 250 times the bootstrap test was carried out,
R = 99 bootstrap replicates were computed. The sample size was n =
400. The bandwidth was taken to be 0.2 and the six grid points ¢ =
0.3,0.4,0.6,0.8,1, 1.2 were used throughout.

In the first simulation study data according to [o(t) = 2, Ao(t) = 1/2,
X; ~ U(0,1) and C; ~ Exp(a), where a was selected in such a way that
it occurs 30% censoring, were generated and the p-values were determined.
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Figure 5.6(a) shows the p-values distribution. This figure shows that the
empirical distribution of the 250 p-values is similar to a uniform distribution.
This result corresponds to the fact that the p-values are uniformly distributed
under the null hypothesis. Taking the significance level a = 0.05 we see that
4% of the simulations would reject the null hypothesis.

In the next example data according to an alternative model were generated.
The coefficient function is taken by [y(t) = log(t), the underlying baseline
distribution, the censoring distribution and the covariate distribution is taken
as before, i.e. A\o(t) = 1/2, X ~ U(0,1) and C; ~ Exp(a), with 99 bootstrap
replicates. The empirical distribution of the 250 p-values is given in Figure
5.6(b). Here we see that taking o = 0.05 we have the estimated power (w.r.t.
this alternative) is 55.6%.

The simulation study is only a first step. To compare the power, several
different alternative setting should be considered, such as y(t) = t2, By(t) =
1 —1t/50 etc.

Moreover, topics for further investigations is to study the influence of choice
of the bandwidth and the influence of the censoring on the performance on
the test.
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Empirical distribution of p-values with M=250
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Figure 5.6: Empirical distribution of p-value for the score test in the first simulation,
ie. Bop =2 (left plot) and the second simulation, i.e. (y(t) = log(t) (right plot)
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Table A.1: Local optimal covariates for B() = 1 and efficiencies for different :\0 with
censoring distribution G(t) = 1 — g ,(t) for t > 0.

(a,bw) & & i a5 2P0, A0, G) E(Bo, Ao, G5 Q" (Bos M) effz 5 (Q"(Bos M)
(1,0,1) 0 1 0.52431 0.47569  0.2052671 0.2052671 1
(1,0.3,1) 0 1 0.52431 0.47569  0.2052664 0.2052664 1
(1,0.6,1) 0 1 0.52431 0.47569  0.2052649 0.2052649 1
(1,0.9,1) 0 1 0.52431 0.47569  0.2052615 0.2052615 1
(1,0.75,15) 0 1 0.52431 0.47569  0.2048897 0.2048897 1
(1,0.9,30) 0 1 0.52431 0.47569  0.2081576 0.2081576 1
(2,0,1) 0 1 0.52431 0.47569  0.2052677 0.2052677 1
(2,0.3,1) 0 1 0.52431 0.47569  0.2052677 0.2052677 1
(2,0.6,1) 0 1 0.52431 0.47569  0.2052677 0.2052677 1
(2,09,1) 0 1 0.52431 0.47569  0.2052677 0.2052677 1
(2,0.75,15) 0 1 0.52431 0.47569  0.2052430 0.2052430 1
(2,0.9,30) 0 1 0.52431 0.47569  0.2052620 0.2052620 1
(5,0,1) 0 1 0.52431 0.47569  0.2052689 0.2052689 1
(5,0.3,1) 0 1 0.52431 0.47569  0.2052682 0.2052682 1
(5,0.6,1) 0 1 0.52431 0.47569  0.2052677 0.2052677 1
(5,0.9,1) 0 1 0.52431 0.47569  0.2052677 0.2052677 1
(5,0.75,15) 0 1 0.52431 0.47569  0.2052641 0.2052641 1
(5,0.9,30) 0 1 0.52431 0.47569  0.2056058 0.2056058 1
(10,0,1) 0 1 0.52431 0.47569  0.2052689 0.2052689 1
(10,0.3,1) 0 1 0.52431 0.47569  0.2052687 0.2052687 1
(10,0.6,1) 0 1 0.52431 0.47569  0.2052682 0.2052682 1
(10,0.9,1) 0 1 0.52431 0.47569  0.2052675 0.2052675 1
(10,0.75,15) 0 1 0.52431 0.47569  0.2052650 0.2052650 1
(10,0.9,30) 0 1 0.52431 0.47569  0.2052765 0.2052765 1

Table A.2: Local optimal covariates for Bo = 1 and efficiencies for different 5\0 with
censoring distribution G(t) = 1 — exp(—t).

(abw) & & @ @ 3(50,00,G) BBy, 20,6, Q" By, M) efiz 5 (Q°(Bg, M)
(1,0,1) 0 1 0.55290 0.44710 0.1372814 0.1372814 1
(1,0.3,1) 0 1 0.54850 0.45150 0.1481580 0.1481472 0.9999268
(1,0.6,1) 0 1 0.54500 0.45500 0.1567798 0.1562432 0.9997655
(1,0.9,1) 0 1 0.54225 0.45775 0.1624898 0.1624205 0.9995766
(1,0.75,15) 0 1 0.55345 0.44655 0.1382116 0.1382115 0.9999999
(1,0.9,30) 0 1 0.52431 0.47569 0.1375145 0.1375144 0.9999993

(2,0,1) 0 1 0.54080 0.45920 0.1648448 0.1647552 0.9994568
(2,0.3,1) 0 1 0.53905 0.46095 0.1691325 0.1690123 0.9992890
(2,0.6,1) 0 1 0.53760 0.46240 0.1726286 0.1724791 0.9991340
(2,0.9,1) 0 1 0.53640 0.46360 0.1755247 0.1753481 0.9989939

(2,0.75,15) 0 1 0.54125 0.45875 0.1659352 0.1658515 0.9994959
(2,0.9,30) 0 1 0.52431 0.47569 0.1656600 0.1655924 0.9995919

(5,0,1) 0 1 0.53155 0.46845 0.1870518 0.1867395 0.9983304
(5,0.3,1) 0 1 0.53120 0.46880 0.1879953 0.1876707 0.9982734
(5,0.6,1) 0 1 0.53085 0.46915 0.1888470 0.1885108 0.9982195
(5,0.9,1) 0 1 0.53055 0.46945 0.1896194 0.1892723 0.9981695

(5,0.75,15) 0 1 0.53165 0.46835 0.1879462 0.1876353 0.9983455
(5,0.9,30) 0 1 0.53180 0.46820 0.1876720 0.1873641 0.9983650

(10,0,1) 0 1 0.52805 0.47195 0.1957616 0.1953210 0.9977493
(10,0.3,1) 0 1 0.52795 0.47205 0.1960260 0.1955810 0.9977299
(10,0.6,1) 0 1 0.52785 0.47215 0.1962759 0.1958268 0.9977119
(10,0.9,1) 0 1 0.52775 0.47225 0.1965124 0.1960594 0.9976948

(10,0.75,15) 0 1 0.52795 0.47205 0.1962247 0.1957796 0.9977314
(10,0.9,30) 0 1 0.52810 0.47190 0.1960443 0.1956044 0.9977559
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Table A.3: Local optimal covariates for BO = 1 and efficiencies for different 5\0 with

censoring distribution G(t) = (exp(ct) — 1)d[p )(t) + [r.00)(t) for c = 1log2.

(a,bw) & &  df a3 Z"(Bo, 20, G) B(Bo; Ao, G, Q" (B, X)) effg AO(Q (Bo, o))
(1,0,1) 0 1 0.53075 0.46925 0.1906158 0.1906158
(1,0.3,1) 0 1 0.52940 0.47060  0.1937973 0.1937961 0.9999935
(1,0.6,1) 0 1 0.52845 0.47155  0.1959693 0.1959655 0.9999806
(1,09,1) 0 1 0.52770 0.47230  0.1974966 0.1974900 0.9999668
(1,0.75,15) 0 1 0.53075 0.46925  0.1904166 0.1904166 1
(1,0.9,30) 0 1 0.52700 0.47300 0.1924993 0.1924897 0.9999501
(2,0,1) 0 1 0.52725 0.47275 0.1981654 0.1981566 0.9999556
(2,0.3,1) 0 1 0.52685 0.47315  0.1990860 0.1990751 0.9999455
(2,0.6,1) 0 1 0.52655 0.47345  0.1998051 0.1997924 0.9999364
(2,09,1) 0 1 0.52630 0.47370  0.2003791 0.2003649 0.9999289
(2,0.75,15) 0 1 0.52735 0.47265  0.1982990 0.1982906 0.9999579
(2,0.9,30) 0 1 0.52940 0.47060 0.1983117 0.1983104 0.9999934
(5,0,1) 0 1 0.52540 0.47460  0.2024793 0.2024584 0.9998970
(5,0.3,1) 0 1 0.52535 0.47465  0.2026372 0.2026158 0.9998944
(5,0.6,1) 0 1 0.52530 0.47470  0.2027787 0.2027570 0.9998930
(5,0.9,1) 0 1 0.52525 0.47475  0.2029061 0.2028840 0.9998911
(5,0.75,15) 0 1 0.52545 0.47455  0.2026084 0.2025879 0.9998988
(5,0.9,30) 0 1 0.52555 0.47445  0.2028546 0.2028347 0.9999021
(10,0,1) 0 1 0.51535 0.48465  0.2039253 0.2038568 0.9996643
(10,0.3,1) 0 1 0.52480 0.47520  0.2039228 0.2038970 0.9998735
(10,0.6,1) 0 1 0.52480 0.47520  0.2039606 0.2039346 0.9998728
(10,0.9,1) 0 1 0.52480 0.47520  0.2039960 0.2039699 0.9998721
(10,0.75,15) 0 1 0.52485 0.47515  0.2039483 0.2039225 0.9998735
(10,0.9,30) 0 1 0.52485 0.47515  0.2039294 0.2039037 0.9998737

Table A.4: Local optimal covariates for /3’0 = 1 and efficiencies for different :\0 with
censoring distribution G(t) = (ct)d[ 1) (t) + djr,00)(t) for c = 1

(a,bw) & & df a3 (o, A0, G) E(By; Ao, G5 Q" (By, Mo)) effg 5 (Q"(Bo; Mo))
(1,0,1) 0 1 0.53280 0.46720  0.1854358 0.1854358 1

(1,0.3,1) 0 1 0.53115 0.46885  0.1895744 0.1895726 0.9999902
(1,0.6,1) 0 1 0.52990 0.47010  0.1924365 0.1924306 0.9999693
(1,09,1) 0 1 0.52895 0.47105  0.1944748 0.1944644 0.9999465
(1,0.75,15) 0 1 0.53290 0.46710  0.1853178 0.1853178 0.9999997
(1,0.9,30) 0 1 0.52950 0.47050 0.1870388 0.1870315 0.9999607
(2,0,1) 0 1 0.52835 0.47165 0.1953390 0.1953251 0.9999288
(2,0.3,1) 0 1 0.52785 0.47215  0.1965930 0.1965756 0.9999117
(2,06,1) 0 1 0.52745 0.47255  0.1975783 0.1975578 0.9998962
(2,09,1) 0 1 0.52710 0.47290 0.1983689 0.1983458 0.9998833
(2,0.75,15) 0 1 0.52850 0.47150  0.1955420 0.1955289 0.9999328
(2,0.9,30) 0 1 0.53050 0.46950  0.1955446 0.1955408 0.9999806
(5,0,1) 0 1 0.52590 0.47410 0.2012943 0.2012595 0.9998271
(5,0.3,1) 0 1 0.52580 0.47420 0.2015171 0.2014812 0.9998221
(5,06,1) 0 1 0.52570 0.47430 0.2017168 0.2016803 0.9998191
(5,0.9,1) 0 1 0.52565 0.47435 0.2018967 0.2018594 0.9998153
(5,0.75,15) 0 1 0.52595 0.47405  0.2014811 0.2014468 0.9998295
(5,0.9,30) 0 1 0.52600 0.47400 0.2016868 0.2016533 0.9998339
(10,0,1) 0 1 0.52510 0.47490  0.2032811 0.2032374 0.9997850
(10,0.3,1) 0 1 0.52505 0.47495  0.2033387 0.2032947 0.9997836
(10,0.6,1) 0 1 0.52505 0.47495  0.2033928 0.2033485 0.9997822
(10,0.9,1) 0 1 0.52500 0.47500  0.2034436 0.2033990 0.9997808
(10,0.75,15) 0 1 0.52505 0.47495  0.2033769 0.2033330 0.9997839
(10,0.9,30) 0 1 0.52505 0.47495  0.2033453 0.2033015 0.9997844
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Table A.5: Local optimal covariates for B() = 2 and efficiencies for different :\0 with
censoring distribution G(t) = 1 — g ,(t) for t > 0.

(a,bw) & & i a5 2P0, A0, G) E(Bo, Ao, G5 Q" (Bos M) effz 5 (Q"(Bos M)
(1,0,1) 0 1 0.52431 0.47569  0.1325058 0.1325058 1
(1,0.3,1) 0 1 0.52431 0.47569  0.1325034 0.1325034 1
(1,0.6,1) 0 1 0.52431 0.47569  0.1325054 0.1325054 1
(1,0.9,1) 0 1 0.52431 0.47569  0.1325056 0.1325056 1
(1,0.75,15) 0 1 0.52431 0.47569  0.1325819 0.1325819 1
(1,0.9,30) 0 1 0.52431 0.47569  0.1352414 0.1352414 1
(2,0,1) 0 1 0.52431 0.47569  0.1325058 0.1325058 1
(2,0.3,1) 0 1 0.52431 0.47569  0.1325059 0.1325059 1
(2,0.6,1) 0 1 0.52431 0.47569  0.1325034 0.1325034 1
(2,09,1) 0 1 0.52431 0.47569  0.1325008 0.1325008 1
(2,0.75,15) 0 1 0.52431 0.47569  0.1324563 0.1324563 1
(2,0.9,30) 0 1 0.52431 0.47569  0.1339720 0.1339720 1
(5,0,1) 0 1 0.52431 0.47569  0.1324532 0.1324532 1
(5,0.3,1) 0 1 0.52431 0.47569  0.1323959 0.1323959 1
(5,0.6,1) 0 1 0.52431 0.47569  0.1334675 0.1334675 1
(5,0.9,1) 0 1 0.52431 0.47569  0.1323023 0.1323023 1
(5,0.75,15) 0 1 0.52431 0.47569  0.1323630 0.1323630 1
(5,0.9,30) 0 1 0.52431 0.47569  0.1324197 0.1324197 1
(10,0,1) 0 1 0.52431 0.47569  0.1337034 0.1337034 1
(10,0.3,1) 0 1 0.52431 0.47569  0.1337085 0.1337085 1
(10,0.6,1) 0 1 0.52431 0.47569  0.1336715 0.1336715 1
(10,0.9,1) 0 1 0.52431 0.47569  0.1335915 0.1335915 1
(10,0.75,15) 0 1 0.52431 0.47569  0.1335659 0.1335659 1
(10,0.9,30) 0 1 0.52431 0.47569  0.1332663 0.1332663 1

Table A.6: Local optimal covariates for Bo = 3 and efficiencies for different \g with
censoring distribution G(t) = 1 — djg ) (t) for t > 0.

(a,bw) &7 & & q4f a5 a3 Z"(Bo, ho, G) Z(By, Mo, G, Q" (Bo, X)) effg 5 (@ (B, Ao))
(1,0,1) 0 0.45 1 0.4178751 0.203 0.3791249 0.0795086 0.0734898 0.924299965
(1,0.3,1) 0 0.4 1 0.4183994 0.202 0.3796006 0.0794548 0.0734520 0.924450709
(1,0.6,1) 0 0.448 1 0.4178751 0.203 0.3791249 0.0795382 0.0735482 0.924690227
(1,0.9,1) 0 0.447 1 0.4299342 0.180 0.3900658 0.0794255 0.0736130 0.926818797
(1,0.75,15) 0 0.447 1 0.4173508 0.204 0.3786492 0.0794601 0.0734349 0.924172635
(1,0.9,30) 0 0.403 1 0.4220696 0.195 0.3829304 0.0837052 0.0782324 0.934618121
(2,0,1) 0 0.47 1 0.4199723 0.199 0.3810277 0.0792923 0.0735694 0.927825229
(2,0.3,1) 0 0.44 1 0.4241668 0.191 0.3848332 0.0794301 0.0732608 0.922330452
(2,0.6,1) 0 0.461 1 0.4163021 0.206 0.3776979 0.0793825 0.0729614 0.919111895

(2,0.9,1) 0 0.458 1 0.4168265 0.205 0.3781736 0.0795624 0.0729680 0.917116

(2,0.75,15) 0 0.456 1 0.4168265 0.205 0.3781736 0.0795447 0.0731696 0.919855075
(2,0.9,30) 0 0.463 1 0.4189237 0.201 0.3800763 0.0797236 0.0735094 0.922053772
(5,0,1) 0 0.423 1 0.4267883 0.186 0.3872117 0.0792677 0.0752376 0.949158326
(5,0.3,1) 0 0.439 1 0.4252154 0.189 0.3857846 0.0787294 0.0796202 0.947805996
(5,0.6,1) 0 0.463 1 0.4225939 0.194 0.3834061 0.0781631 0.0787703 0.943799568
(5,0.9,1) 0 0.49 1 0.4204966 0.198 0.3815034 0.0775997 0.0727626 0.937665996
(5,0.75,15) 0 0.475 1 0.4210209 0.197 0.3819791 0.0778905 0.0732300 0.94016536
(5,0.9,30) 0 0.482 1 0.4183994 0.202 0.3796006 0.0777377 0.0776719 0.934191476
(10,0,1) 0 0.482 1 0.3942811 0.248 0.3577189  0.0802415 0.0682332 0.850347919
(10,0.3,1) 0 0.473 1 0.3942811 0.248 0.3577189 0.0809344 0.0689444 0.85185533
(10,0.6,1) 0 0.465 1 0.3948054 0.247 0.3581946 0.0816313 0.0697399 0.854327846
(10,0.9,1) 0 0.456 1 0.3953297 0.246 0.3586703 0.0823594 0.0706053 0.857282229
(10,0.75,15) 0 0.460 1 0.3948054 0.247 0.3581946 0.0820100 0.0701889 0.855857213
(10,0.9,30) 0 0.456 1 0.3953297 0.246 0.3586703 0.0823888 0.0707084 0.858228217
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Table A.7: Local optimal covariates for BO = 3 and efficiencies for different 5\0 with
censoring distribution G(t) = 1 — exp(—t).

@be) & & & 4 % 45 5 (0.50.0) 3(Bo. 30, C.Q (Bo. ) ol 3 (Q (Bo: M)
(1,0,1) 0 0.545 1 0.5964651 0.094 0.3095349 0.0717005 0.0705166 0.983488
(1,0.3,1) 0 0.542 1 0.5855980 0.108 0.3064020 0.0734779 0.0718965 0.978478
(1,0.6,1) 0 0.538 1 0.5777824 0.116 0.3062176 0.0746761 0.0728204 0.975151
(1,0.9,1) 0 0.564 1 0.5731880 0.120 0.3068120 0.0754256 0.0733336 0.972265
(1,0.75,15) 0 0.535 1 0.5999136 0.088 0.3120864 0.0731693 0.0721655 0.986280
(1,0.9,30) 0 0.498 1 0.6196014 0.059 0.3213986 0.0759979 0.0755740 0.994423
(2,0,1) 0 0.545 1 0.5433093 0.166 0.2906907 0.0754934 0.0734375 0.972768
(2,0.3,1) 0 0.553 1 0.5792150 0.129 0.2917850 0.0762074 0.0736908 0.966977
(2,0.6,1) 0 0.519 1 0.5692997 0.135 0.2957002 0.0768280 0.0740581 0.963947
(2,0.9,1) 0 0.520 1 0.5710837 0.134 0.2949163 0.0773388 0.0746159 0.964793
(2,0.75,15) 0 0.538 1 0.5767152 0.123 0.3002848 0.0766177 0.0743539 0.970453
(2,0.9,30) 0 0.683 1 0.5882798 0.102 0.3097202 0.0757854 0.0742788 0.980120
(5,0,1) 0 0.532 1 0.5347417 0.138 0.3272583 0.0780655 0.0753487 0.965198
(5,0.3,1) 0 0.557 1 0.5293076 0.144 0.3266924 0.0777050 0.0746038 0.960133
(5,0.6,1) 0 0.581 1 0.5270668 0.149 0.3239332 0.0773470 0.0737927 0.954048
(5,0.9,1) 0 0.588 1 0.5163796 0.157 0.3266204 0.0770111 0.0729853 0.947724
(5,0.75,15) 0 0.584 1 0.5210744 0.153 0.3259256 0.0771411 0.0733879 0.951346
(5,0.9,30) 0 0.590 1 0.5296522 0.156 0.3143478 0.0771083 0.0730618 0.947522
(10,0,1) 0 0.506 1 0.5944365 0.165 0.2405635 0.0810039 0.0753487 0.927722
(10,0.3,1) 0 0.496 1 0.5975760 0.160 0.2424240 0.0815929 0.0761100 0.932801
(10,0.6,1) 0 0.487 1 0.6003302 0.155 0.2446697 0.0822088 0.0771105 0.937983
(10,0.9,1) 0 0.477 1 0.6034866 0.149 0.2475133  0.0828482 0.0781392 0.943162
(10,0.75,15) 0 0.482 1 0.6018680 0.152 0.2461320 0.0825270 0.0776339 0.940709
(10,0.9,30) 0 0.478 1 0.6031037 0.149 0.2478963 0.0828508 0.0781870 0.943709

Table A.8: Local optimal covariates for B() = 3 and efficiencies for different 5\0 with

censoring distribution G(t) =

(exp(ct) — 1)8j0.) () 4 7,00 (t) for ¢ = L1og 2.

(abw) &7 & & 4 qa a3 2" (Bo,ho, @) B(Bo, X0, G, Q" (Bo, Mo)) effy 5, (Q7(Bo, X))
(1,0,1) 0 0.531 1 0.5537676 0.147 0.2992324 0.0791761 0.0758667 0.958202
(1,0.3,1) 0 0.527 1 0.5520325 0.150 0.2979675 0.0795445 0.0760935 0.956615
(1,0.6,1) 0 0.529 1 0.5500247 0.151 0.2989754 0.0797670 0.0762904 0.956416
(1,0.9,1) 0 0.517 1 0.5460390 0.155 0.2989610 0.0799154 0.0762917 0.954656
(1,0.75,15) 0 0.526 1 0.5538102 0.147 0.2991897 0.0793458 0.0760875 0.958936
(1,0.9,30) 0 0.494 1 0.5751173 0.115 0.3098828 0.0830659 0.0811518 0.976957
(2,0,1) 0 0.520 1 0.5455616 0.156 0.2984384  0.0802953 0.0762491 0.949609
(2,0.3,1) 0 0.561 1 0.5801950 0.153 0.2668050 0.0795960 0.0761200 0.956329
(2,0.6,1) 0 0.516 1 0.5517435 0.157 0.2912565 0.0801589 0.0761822 0.950390
(2,0.9,1) 0 0.517 1 0.5554413 0.154 0.2905587 0.0803399 0.0765158 0.952401
(2,0.75,15) 0 0.526 1 0.5532840 0.154 0.2927160 0.0801600 0.0764552 0.953782
(2,0.9,30) 0 0.534 1 0.5510158 0.153 0.2959842 0.0803716 0.0766009 0.953085
(5,0,1) 0 0.522 1 0.5247245 0.151 0.3242756 0.0798937 0.0767113 0.960167
(5,0.3,1) 0 0.545 1 0.5197352 0.156 0.3242648 0.0794380 0.0758870 0.955298
(5,0.6,1) 0 0.570 1 0.5179440 0.160 0.3220560 0.0789839 0.0749855 0.949377
(5,0.9,1) 0 0.580 1 0.5085882 0.167 0.3244119 0.0785614 0.0740799 0.942955
(5,0.75,15) 0 0.573 1 0.5125934 0.164 0.3234066 0.0787765 0.0745313 0.946111
(5,0.9,30) 0 0.569 1 0.5093295 0.170 0.3206705 0.0787150 0.0741557 0.942121
(10,0,1) 0 0.506 1 0.5891220 0.172 0.2388780 0.0869054 0.0752968 0.919314
(10,0.3,1) 0 0.497 1 0.5930574 0.166 0.2409426 0.0824615 0.0762405 0.924563
(10,0.6,1) 0 0.487 1 0.5958578 0.161 0.2431422 0.0830485 0.0772295 0.929932
(10,0.9,1) 0 0.478 1 0.5990205 0.155 0.2459795 0.0836597 0.0782512 0.935351
(10,0.75,15) 0 0.482 1 0.5973990 0.158 0.2446010 0.0833573 0.0777503 0.932735
(10,0.9,30) 0 0.478 1 0.5986402 0.155 0.2463597 0.0836794 0.0783055 0.935779
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Table A.9: Local optimal covariates for Bo = 3 and efficiencies for different Ao with

censoring distribution G(t) =

(ct)j0,7)(t) + Ojr,00) (t) for ¢ = 1

(abw) &7 &5 &5 af 9 a3 2" (o, Ao, G) B(Bo, Ao, G5 Q" (Bo, M) effz 5 (Q"(Bos o))
(1,0,1) 0 0.532 1 0.5569643 0.143 0.3000357 0.0765489 0.0754605 0.960682
(1,0.3,1) 0 0.529 1 0.5544073 0.147 0.2985926 0.0790483 0.0757796 0.958649
(1,0.6,1) 0 0.529 1 0.5516608 0.149 0.2993393 0.0793630 0.0760332 0.958044
(1,0.9,1) 0 0.518 1 0.5482744 0.152 0.2997256 0.0795682 0.0760738 0.956083
(1,0.75,15) 0 0.527 1 0.5569643 0.143 0.3000357 0.0788102 0.0757899 0.961676
(1,0.9,30) 0 0.495 1 0.5789005 0.110 0.3110995 0.0824698 0.0764303 0.926767
(2,0,1) 0 0.521 1 0.5478396 0.153 0.2991604 0.0799733 0.0760423 0.950847
(2,0.3,1) 0 0.560 1 0.5804188 0.151 0.2685811 0.0793411 0.0759421 0.957159
(2,0.6,1) 0 0.517 1 0.5526090 0.156 0.2913910 0.0799028 0.0760276 0.951500
(2,0.9,1) 0 0.517 1 0.5562672 0.153 0.2907327 0.0801120 0.0763783 0.953393
(2,0.75,15) 0 0.527 1 0.5555007 0.151 0.2934993 0.0798799 0.0763021 0.955210
(2,0.9,30) 0 0.535 1 0.5532225 0.150 0.2967775 0.0800695 0.0764303 0.954550
(5,0,1) 0 0.522 1 0.5254700 0.150 0.3245300 0.0797600 0.0766129 0.960543
(5,0.3,1) 0 0.546 1 0.5205200 0.155 0.3244800 0.0793089 0.0757941 0.955682
(5,0.6,1) 0 0.571 1 0.5187288 0.159 0.3222712 0.0788618 0.0748994 0.949755
(5,0.9,1) 0 0.581 1 0.5093238 0.166 0.3246762 0.0784442 0.0740009 0.943357
(5,0.75,15) 0 0.574 1 0.5133321 0.163 0.3236679 0.0786542 0.0744487 0.946532
(5,0.9,30) 0 0.570 1 0.5100678 0.169 0.3209322 0.0785855 0.0740768 0.942627
(10,0,1) 0 0.506 1 0.5898750 0.171 0.2391250 0.0818393 0.0752890 0.919961
(10,0.3,1) 0 0.497 1 0.5930574 0.166 0.2409426 0.0823986 0.0762342 0.925188
(10,0.6,1) 0 0.487 1 0.5965680 0.160 0.2434320 0.0829878 0.0772239 0.930546
(10,0.9,1) 0 0.478 1 0.5990205 0.155 0.2459795 0.0836011 0.0782463 0.935948
(10,0.75,15) 0 0.482 1 0.5973990 0.158 0.2446010 0.0832973 0.0777450 0.933344
(10,0.9,30) 0 0.478 1 0.5986402 0.155 0.2463597 0.0836195 0.0783000 0.936384
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