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THE FIRST MIXED PROBLEM FOR
THE NONSTATIONARY LAME SYSTEM

0. I. MAKHMUDOV AND N. TARKHANOV

ABSTRACT. We find an adequate interpretation of the Lamé operator within
the framework of elliptic complexes and study the first mixed problem for the
nonstationary Lamé system.
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1. INTRODUCTION

In his work on a systematic dynamical theory of elasticity Gabriel Lamé in mid
1881 derived from Newtonian mechanics his basic equations which are also the
conditions for equilibrium. From those he went on to derive what are now known
as Lamé equations in elastodynamics

puy, = —pAu+ (A + p) Vdivu + f, (1.1)

where u : X x (0, T) — R? is a search-for displacement vector, p is the mass density,

A and p are physical characteristics of the body under consideration called Lamé

"

constants, Au = —ul , —ul, . —uy. . isthe nonnegative Laplace operator in R3,

and f is the density vector of outer forces, see [EST5H|, [KGBBT76], [LL70], [TS82],
and elsewhere.

Here, X stands for a bounded domain in R® whose boundary is assumed to
be smooth enough. Hence, to specify a particular solution of Lamé equations, we
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2 O. I. MAKHMUDOV AND N. TARKHANOV

consider the first mixed problem for (II)) in the cylinder X x (O, T) by posing the
initial conditions

u(z,0) = wp(x), for zeX, (1.2)
up(x,0) = wi(z), for xze X, '
on the lower basis of the cylinder and a Dirichlet condition
u(z,t) = wl(z,t), for (z,t) €0X x(0,T), (1.3)

on the lateral surface.

When working in adequate function spaces surviving under restriction to the
lateral boundary, one can assume without loss of generality that u; = 0, for if not,
one first solves the Dirichlet problem with data on X x [0, T in the class of smooth
functions.

To a certain extent the theory of mixed problems for hyperbolic partial dif-
ferential equations with variable coefficients is a completion of the classical area
studying the Cauchy problem and mixed problem for the wave equation. The fun-
damental idea of J. Leray in the early 1950s is that the energy form corresponding
to a hyperbolic operator with simple real characteristics is an elliptic form with
parameter, which allows one to obtain estimates in the case of variable coefficients.
For a recent account of the theory we refer the reader to Chapter 3 in [GV96]. The
energy method for hyperbolic equations takes a considerable part in [GV96]. This
method automatically extends to 2b-parabolic differential equations with variable
coefficients. Within the framework of energy method the theories of hyperbolic and
parabolic equations can be combined into one theory of operators with dominating
principal quasihomogeneous part.

In this paper we apply the theory to the first mixed problem for a generalised
Lamé system. While the classical Lamé operator of (1) stems from dynamical
theory of elasticity, the generalised Lamé system is well motivated by its origin in
homological algebra.

2. GENERALISED LAME SYSTEM

The Lamé equations are easily specified within the framework of elliptic com-
plexes on the underlying manifold . On introducing the de Rham complex of
X

0— 20x) -5 '(x) - 22(x) -5 (X)) — 0
we can rewrite system (L)) in the invariant form
pupy = —pAu — (N + p)dd* u+ f (2.1)

in the semicylinder X x [0,00), where A = d*d + dd* is the Laplacian of the de
Rham complex.

Example 2.1. When restricted to functions, i.e., differential forms of degree i = 0,
equation (27) reads

pu’gt = _/J/AU + fa
which is precisely the wave equation in the cylinder X x (0,7).

More generally, let X be a C'* compact manifold with boundary of dimension n.
Consider a complex of first order differential operators acting in sections of vector
bundles over X,

05 =X, F) S o=, FH 4 AL oo, FY) 5o, (22)
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where A’ € Diff'(X; F?, Fi=1) satisfy A"*'A* = 0 for all i = 0,1,...,N — 2.
Our basic assumption is that ([22) is elliptic, i.e., the corresponding complex of
principal symbols is exact away from the zero section of the cotangent bundle
T*X, see [Tar95, 1.1.12]. We endow the manifold X and the vector bundles F* by
Riemannian metrics.

Set

N
F= @Fi
=0

and consider two first order differential operators A and A* in C*° (X, F') given by
the (N+1) x (N+1))-matrices

0 0 0 ... 0 0 0 A% 0 .. 00
A9 0 0 ... 0 0 00 A* ... 0 0
1
a— |0 A 0 ... 0 0 A= 00 0 ... 00 ,
0O 0 0 ... 0 0 00 0 0 AN-1x
0 0 0 ... AN-1 9 0 0 0 00

where A’ € Diff' (X; Fi*!, F?) stands for the formal adjoint of A%, Tt is easily
verified that Ao A =0 and A* 0o A* =0 and

A 0 .00
1
AmArArana—|0 4 0 (2.3)
0 0 ... AN

where A" = A A" + AT A" for § = 0,1,..., N are the so-called Laplacians of
complex (Z2). The ellipticity of complex ([22)) just amounts to that of its Laplacians
A AL AN,

Lemma 2.2. Let r, s be real or complex numbers. Then rA + sA* € Diffl(é\f; F)
is elliptic if and only if rs # 0.

Proof. Necessity. If at least one of the scalars » and s vanishes then the operator
rA+sA* reduces to a scalar multiple of A or A*, which operators can not be elliptic
because of their nilpotency.

Sufficiency. If both r and s are different from zero then a trivial verification
gives

(sTA+r71A")(rA 4+ s4%) = AA* + A*A,
(rA+sA*)(sTTA+r71AY) = AA* 4+ A*A,
showing the ellipticity of rA + sA*. O

By generalised Lamé operators related to complex (2:2) are meant the products
of two operators of the form rA+ sA*, where rs # 0. These are precisely operators
L € Diff>(X; F) of the form L = rA*A + sAA*, where s # 0. They are elliptic
and preserve the grading of complex ([22) in the sense that if u is a section of F,
then so is Lu.

Consider the Dirichlet problem for the elliptic operator A? = (A*A)? + (AA*)?
on X with data

v = 0 at 0X,

(A+ A = 0 at OX. (2.4)
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This boundary value problem is elliptic and formally selfadjoint. As usual, it can
be treated within the framework of densely defined unbounded operators in the
Hilbert space L?(X,F), cf. [ST03]. In particular, there is a bounded operator
G : L*(X,F) — H*X,F) called the Green operator, such that u = Gf satisfies

24) and
f=Hf+ A%(Gf) (2.5)

for all f € L?(X,F), where H is the orthogonal projection of L?(X, F) onto the
finite-dimensional subspace of L(X, F') consisting of all h € C°° (X, F') which sat-
isfy (A4+A*)h =0in X and h = 0 at X. The Green operator G is actually known
to be a pseudodifferential operator of order —4 in Boutet de Monvel’s algebra on
X.

If A+ A* has the uniqueness property for the global Cauchy problem on X then
H=0.

Lemma 2.3. Suppose that L = rA*A + sAA* is a Lamé operator on X', where
rs #0. Then P = (A?/L)G, with A?/L = r~tA*A+ s~ AA*, is a parametriz of
L.

Proof. By the above, we get

LP = L(A?/L)G
= A%G
I—-H
where H € W~°°(X; F'). Hence, P is a left parametrix of L. Since L is elliptic, P
is also a right parametrix of L in the interior of X. O
Write
L = rA+(s—r)AA"

= —pA—(A+p)AAT,

where r = —p and s = —\ — 2u. Then for the ellipticity of L it is necessary and
sufficient that p # 0 and A+ 2u # 0.

3. WAVE EQUATION

In the open cylinder Cpr = )o( x (0,T) for some T' > 0 we consider the hyperbolic
system

pupy = —plAu — (AN + p)AA*u+ f (3.1)

for a section u of the bundle (z,t) — F! over X x [0,7], which we write F* for

short, cf. Fig.[[l Assume p =1 and p > 0.
t

n—1

Fia. 1. A cylinder Cp
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A function u € C?(Cr, F*) N CH(X x [0,1), F?) satisfying equation 1) in Cr,
the initial conditions
u(z,0) = wup(x), for zeX, (3.2)
up(x,0) = wui(z), for xze€lX,

on the lower basis of the cylinder and a Dirichlet condition
u(z,t) = wlx,t), for (x,t) € 90X x(0,T), (3.3)

on the lateral surface is said to be a classical solution of the first mixed problem
for the generalised Lamé equation. Since the case of inhomogeneous boundary
conditions reduces easily to the case of homogeneous ones, we will assume u; = 0
in the sequel.

Let u be a classical solution of the first mixed problem for the generalised Lamé
equation with f € L?(Cr, F*). Given any € > 0, we multiply both sides of (B
with ¢g*, where ¢ is an arbitrary smooth function in the closure of Cr_. vanishing at
the lateral surface and the head of this cylinder, and integrate the resulting equality
over Cp_.. We will write the inner product of the values of f and g at any point
(z,t) € Cp_c simply (f,g) when no confusion can arise. Using the Stokes theorem,
we get

/ (f,g)dxdt = / (ufy + pAu+ (N4p)AA u, g) dadt
CT—E

CT—E

= —/ (u1, g)dz +/ (—(uy, g;) + p(Au, Ag) + (A\+2u) (A u, A*g)) dzdt.
X Cr—c
We exploit this identity to introduce the concept of weak solution of the first
mixed problem for the generalised Lamé system. We assume that f € L?(Cr, F*)
and u; € L*(X, FY).
A function u € H'(Cr, F?) is called a weak solution of the first mixed problem
for @) in Cp, if u satisfies

u(z,0) = wp(x), for z¢€ /'OV,
u(z,t) = 0, for (z,t) € 0X x (0,7,
and
[ (iagh) + nlu Ag) + Ot 20 (A" A°9)) dadt = [ (un,g)do + [ (7, dds
CT X CT
(3.4)
for all g € HY(Cr, F*), such that
g, T) = 0, for z¢€ /%, (3.5)
glz,t) = 0, for (z,t) €9X x(0,T).

Just as classical solution, if u is a weak solution of the first mixed problem for
the generalised Lamé system in Cp, then w is a weak solution of the corresponding
problem also in the cylinder C7v with any T’ < T'. Indeed, u belongs to H'(C7+, F"*)
for all 77 < T and it vanishes on the lateral boundary of Cz+. Moreover, the identity
B4 is fulfilled for all g € H'(Cr, F*) with property @.3). It is immediately verified
that if a function g belongs to H!(Cr/, F?), the trace of g at the cross-section
{t = T'} is zero and g = 0 in Cr \ Cr, then g € H*(Cr) and g(z,T) = 0 for all
2 in the interior of X'. If moreover g = 0 at 9X x (0,7”), then g vanishes at the
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lateral boundary of Cr. Hence it follows that the function u satisfies the integral
identity by means of which one defines the weak solution of the corresponding mixed
problem in Crpr.

Note that we introduced the concept of weak solution of the first mixed problem
as natural generalisation of the concept of classical solution (with f € L?(Cr, F?)).
We have actually proved that the classical solution of the first mixed problem in
Cr with f € L?(Cr, F?) is a weak solution of this problem in the smaller cylinder
Cr_ for any € € (0,T).

Along with classical and weak solutions of the first mixed problem one can in-
troduce the notion of ‘almost everywhere’ solution. A function u is said to be an
‘almost everywhere’ solution of the first mixed problem if u € H?(Cr, F?) satisfies
equation B for almost all (z,t) € Cr, initial conditions (B2) for almost all x in
the interior of & and the trace of u on the lateral surface vanishes almost every-
where. From the definition it follows immediately that if the classical solution of
the first mixed problem belongs to H?(Cr, F*) then it is also an ‘almost everywhere’
solution. Moreover, if an ‘almost everywhere’ solution u of the first mixed problem
belongs to the class C?(Cr, F*) N C1(X x [0,1), F*) then u is obviously a classical
solution, too.

Every ‘almost everywhere’ solution of the first mixed problem in Cp is a weak
solution of this problem in Cp. The converse assertion is also true.

Lemma 3.1. If a weak solution of the first mized problem belongs to the space
H?(Cr, F") then it is an ‘almost everywhere’ solution of this problem. If a weak
solution of the first mized problem belongs to C*(Cr, F*) N CH(X x [0,1), F?) then
it is a classical solution of this problem.

Proof. This is a standard fact on functions with generalised derivatives, cf. Lemma 1

n [MiK76, p. 287]. O

We are now in a position to prove a uniqueness theorem for the weak solution
of the first mixed problem.

Theorem 3.2. Suppose p > 0 and A+ 2u > 0. Then the first mized problem for
the generalised Lamé system has at most one weak solution.

Proof. Let u € HY(Cr, F*) be a weak solution of the first mixed problem with f = 0
in Cpr and ug = w1 = 0 in the interior of X.
Pick an arbitrary s € (0,7") and consider the function

u(z,0)dl, if 0<t<s,

g(z,t)
0, if s<t<T,
defined in Cp. It is immediately verified that the function g has generalised deriva-
tives
/ if 0<t<s,
99@1 x,t)
if s<t<T,
and
1) = if 0<t<s,
91 o s<t<T,

in Cy. Therefore, we get g € H'(Cr). Moreover g vanishes at the lateral boundary
and the head of the cylinder Cr.
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Substituting the function g into identity ([B4) yields

/cs ((u;’u) A, / Au(-,0)d0) + (A+2p) (A", / A*u(-,H)dH)) dedt = 0

t t

for all s € (0,T). It is obvious that

1
%/ (uy, w) dzdt = —/ lu(z, s)|*dz.
c. 2 Jx
Since

| Gttt [ uwoanyasie = [ [ auten. [ ute. o)) dod

/ / / Au(z, t)dt, Au(x, 0)) dedd
which transforms to

/X(/O Au(z, t)dt/ Au(x,0)db) dmf// / Au(x,t)dt, Au(z, 0)) dxdb
/ / Au(z, t)dt|? d:cf/ (/ Au(z, t)dt, Au(x, 0)) dxdb,

8?/ (Au(x,t),/ Au(x,0)dl) dedt = / / Au(z,t)dt|* dz.
Cs

Similarly we obtain

8?/ (A*u(x,t),/ u(z, 0)dl) dedt = / / A*u(x,t)dt|* dx
Cs

we get

whence
S S
/ |u(ac,s)|2dac+u/ |/ Au(x,t)dt|2dx+()\+2,u)/ |/ A*u(z, t)dt]* de = 0
X x Jo x Jo
(3.6)
for all s € (0,7).
Since p > 0 and g+ 2X > 0, we conclude from (30 that
/ lu(z, s)[*dx =0
X
for all s € (0,7), and so u =0 in Cr, as desired. O

As mentioned, a classical solution of the first mixed problem is also a weak
solution of this problem in Cp_. for each £ € (0,T). Hence, Theorem implies
the uniqueness of classical solution as well. Furthermore, since almost everywhere
solutions are weak solutions, we also deduce that, if 4 > 0 and g + 2A > 0, then
the first mixed problem for the generalised Lamé system has at most one almost
everywhere solution.
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4. EXISTENCE OF A WEAK SOLUTION

We now turn to showing the existence of solutions of the first mixed problem
for the generalised Lamé system. To this end we use the Fourier method which
consists in looking the solution of the mixed problem in the form of series over
eigenfunctions of the corresponding elliptic boundary value problem.

Let v be a weak eigenfunction of the first boundary value problem for the gen-
eralised Lamé system

—pnAv — (A+p)AA*v = v in X, (4.1)
v = 0 at 0X,

where s is a corresponding eigenvalue. This just amounts to saying that

/ (—u(Av, Ag)e — (A+2u)(A%v, A% g),) dx — %/ (v,9)zdx =0 (4.2)
X X

for all g € HY(X, F").

Consider the orthonormal system (vk),_; 5 in L?(X, F') consisting of all weak
eigenfunction of problem (@II). Let (5¢) k=12, be the sequence of corresponding
eigenvalues. As usual we think of this sequence as nonincreasing sequence with
1 < 0 and each eigenvalue repeats himself in accord with his multiplicity. The
system (vg),_, o is known to be an orthonormal basis in L*(X, F*) and ¢}, — —oc
when k£ — oo. 7More0ver, the first eigenvalue s is strongly negative, if © > 0 and
A+ 21> 0.

Suppose that the initial data ug and u; in B2) belong to L?(X, F?), and f
belongs to L?(Cr, F*). By the Fubini theorem, f(-,t) € L?(X, F*) holds for almost
all t € (0,T). We represent the functions uy and u; and the function f(-,¢) for
almost all ¢ € (0,7) as Fourier series over the system (vy);_, ,  of eigenfunction
of problem ([@T]). To wit,

uo(z) =Y uokvi(x), wi(@) = uipvn(),
k=1 k=1

where ugr = (uo,Vx)r2(x,Fi) and uy = (u1, V%) 2(x,Fi) for k =1,2,.... By the
Parseval equality, we get

NE

luo k| = HUOH%%X,F?')’

bl
Il
—
—
i
w
~

WK

|Ul,k|2 = HulH%ﬁ(X,F")'

=~
Il
_

Similarly we get

Flz,) = feltyon(@),
k=1

where fi.(t) = / (f(-,t),vg)zdx for k=1,2,.... Since
x

P < /X (1) da /X o Pd = /X (1),
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it follows that f, € L?(0,T) for all k =1,2,.... Moreover,

S oI = /X (1) 2de

holds for almost all ¢ € (0,7), which is due to the Parseval equality. This yields

readily
0 LT
2dt = 2dadt. ,
S [ ora= [ 156w 0Paa (4.0

Take first the kth harmonics ugxvr and uq ,vg as initial data in (32)), and
the function fi(t)vg(x) as function in the right-hand of (BI), where k£ = 1,2,.. ..
Consider the function

ug(x,t) = wy (t)vi (), (4.5)
where

sin /=t /t S sin /= (t —t')
wi () = wo kg cos V=3t +up f—F——— + )y ———————2d
k() = uok & Y ; Ju(t) N

Note that this formula still makes sense if s, = 0, for the limit of the right-hand
side exists as », — 0. The function wy, belongs obviously to H2(0,T'), satisfies the
initial conditions wy(0) = wo,r and w},(0) = w1, and is a solution of the ordinary
differential equation

t.

wy, — spwy = fr (4.6)
for almost all ¢ € (0,T).
Our next objective is to show that if vy is an eigenfunction of problem (@I
corresponding to the eigenvalue s, then wy(x,t) is a weak solution of the first
mixed problem for the equation

up(z,t) = —pAu(z,t) — (A + p)AA u(z, t) + fe(t)ve(z)
in Cp with initial data
u(z,0) = wogvk(x), for zelX,
u(x,0) = wypvp(z), for xeX.

Indeed, the function uy, given by (@3] belongs to H!(Cr, F'), satisfies the initial
conditions and vanishes at the lateral boundary of the cylinder. It remains to show
that

/ (—((ur)y, 95) + p(Aug, Ag) + (A+2p) (A*uk, A*g)) dzdt
Cr
= / urk(vg, g)de + [ fi(t)(vk, g) dedt
X Cr
for all g € H'(Cr, F?) satisfying .5). It is sufficient to establish the above identity

only for functions g € C'(Cr, F?) satisfying (3.5)).
By (@3 and integration by parts,

T
| twgyanar = [ (w. [ witgiar) as
Cr X 0 z
T
= /(’Uk,*m,kg(ﬂ?,o)—/ wg(t)gdt) dx
X 0 T
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which reduces, by [l to
—/ w1, (vk, g(x,0)), dx — %k/ (ug,g) dxdt — Ji(t)(vk, g) dadt.
X Cr Cr
Hence, the desired identity follows from (2], for

[ Ag) + O 2) (A, %)) dt

= / : wi(t)( /X (i(Avy, Ag), + (A+242) (A" v, A*g),.) da ) dt

T
= [ w0 [ 0 ghude)ar
0 X
as desired.

If one takes the partial sums

N N
Z o, vk (), Z u1 k()
k=1 k=1

of the Fourier series for the functions ug and wuq, respectively, as initial data and
the partial sum

N
> fu(yo(x)
k=1

of the Fourier series for f as the right-hand side of the equation, then the weak
solution of the first mixed problem is

N N
sn(@,t) = Zuk(ﬂ%t) = Zwk(t)vk(ﬂf)-
k=1 k=1
In particular, the function sy satisfies the identity

/C (—((sm)} 00) + i(Asn Ag) + (A\+2u)(A" s, A ) dadt

N N
= /X ( ;ul,kvk,g) dx + /CT ( kz_:lfk(t)vk,g) dadt

(4.7)

for all g € H(Cr, F?) satisfying (3.5).

Thus it is to be expected that under certain assumptions on ug, u; and f the
solution of the first mixed problem for the generalised Lamé system can be repre-
sented as series

o0
U(:L', t) - Z Wk (t)vk (’JJ), (48)
k=0
where (vy);—, , . are weak eigenfunctions of problem (@LI]).

Theorem 4.1. Let ug € HY(X,F*), uy € L*(X,F%) and f € L*(Cy, F"). Then the
first mized problem possesses a weak solution given by series ([f.8) which converges
in HY(Cr, ). Moreover,

lullmser.ry < € (I laer.r + luollm o + luallzzers) — (49)
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with C a constant independent of ug, uy and f.

Proof. From the formula for wy, it follows that

|wi (£)

1 1 T
Iﬂmﬂ+——ﬂmﬂ+———/lhwwﬁ
V Ak VIRl Jo

for allt € [0,7] and k = 1,2,.... Hence,

2 2 3 2 3 ’ / / 2
w®F < Shoaf + ol 4 oo ([ 15@)]a)
[ Ak IAel N Jo
T
< el) (Juol? + Il ol I [ LA ar).
0
(4.10)
Furthermore, since
T
(O] < VIl + sl + [ 1] de
0
for all t € [0, 7], we get
T
[ ®F <o) (Ml luos? + sl + [ 1R@EPa). (@)
0

Since the function ug belongs to IO{ L(x, F), its Fourier series over the orthonor-
mal system (vg),_, ,  converges to ug actually in the H'(X, F*)-norm, see The-
orem 3 in [Mik76l p. 181] and elsewhere. Moreover, there is a constant ¢ > 0 with
the property that

oo

> el fuol® < e lluoll v ey (4.12)
k=1

for all uy € H'(X, FY).

Consider the partial sum sy (z,t) of Fourier series (8. Since both wy and wy,
are continuous on [0, T'], for each fixed ¢ € [0, T'], the function sy and its derivative
in t belong to

(o)

HY (X, F").

° .
To study the values of ¢ — sy(-,t) in H (X, F?), it is convenient to endow this
space with the so-called Dirichlet scalar product

D(v,g)Z/X(u(Av,Ag)x+(>\+2u)(A*v,A*g)x)dw

and the Dirichlet norm D(v) := /D(v,v). The system

(=)
— /) k=1,2,...
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is obviously orthonormal with respect to the Dirichlet scalar product. By (@I0), if
1< M < N, then

N 2
D(sn(t) =m0 = D( Y wiltyux)

k=M+1
N
= P
k=M+1
N T
< om) S (elluoa + sl + [ 1RP ar)
k=M+1 0

for all t € [0,T]. Similarly, using [@IT), we get

1Gs )i () = ()i ()T )
N

| Z Wi (Oorl|7 22, iy

k=M+1

IN

T
or) 32 (Wellwosl + sl + [ 1Al )

k=M+1

for t € [0,T]. Here, ¢(T) stands for a constant which depends on 7' but not on M
and N, and which can be different in diverse applications.

On integrating these two inequalities in ¢ € [0,7] and summing up them we
obtain immediately

N

T
lsn = sarls ey <o) - (el luosl? + fu el + / et dt') (4.13)
k=M+1 0

for all 1 < M < N. Combining (II3) with (@3], (£4) and [@I2]) we conclude that
(M) =12, isa Cauchy sequence in HY(Cr, F"). Therefore, series (LJ) converges
in this space and to a function u(wz,t) in H'(Cr, F'). Obviously, u satisfies the
initial conditions (8:2)) and vanishes at the lateral boundary of Cr. Letting N — oo
in (1) we deduce that u is a weak solution of the first mixed problem for the
generalised Lamé system.

In much the same way we derive inequalities

D ( é wk(t)vk>2

N
= D lwe®) [l
k=1

D(sn(-,1))?

IN

N T
2 2 N2 34/
7)Y (el sl + s + [ 1A )

k=1
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and
N
[n DBy = I wh @l m
k=1
N
= Y fuh(o)P
k=1
N T
< )Y (el boal? + funsl + [ 1) ar)
k=1 0

forallt € [0,7] and N > 1. Integrating these inequalities in ¢ € [0, T, summing up
them and using ([@3)), [@4) and [£I2)) we establish estimate ([J]), thus completing
the proof. O

5. GALERKIN METHOD

There are also other proofs of the existence of weak solutions to mixed prob-
lems which do not exploit eigenfunctions. In this section we present the so-called
Galerkin method which allows one to also construct an approximate solution of the
mixed problem. In contrast to the Fourier method, the Galerkin method applies
also in the case where the coefficients of A depend not only on the space variables
but also on the time t. 3

As before, we assume ug € HY(X, F?), uy € L*(X,F?) and f € L*(Cr). Pick
an arbitrary system (vg),_, ,  in C*(&X, F’) which satisfies vy = 0 at 0X" and is

complete in
[e]

HY (X, F").
Given any integer N > 1, we solve problem B1)), 32) and (B3]) with w; = 0 in
the finite-dimensional subspace Vy of L?(X, F?) spanned by functions v1,...,vy.

More precisely, we look for a function uy in H?(Cr, F*), such that uy (-, t) belongs
to the subspace Vy for any fixed ¢ € [0, T], un satisfies conditions (32) with initial
data

N
uoN(z) = Z o KUk (),
k=1

N
ui (@) = Y uipve(e)
k=1

being orthogonal projections of ug and u; onto Vv, respectively, and the orthogonal
projections of (un)y, + pAuy + (A+p)AA*uy and f onto Vi coincide for almost
all t € [0,7]. (Note that the orthogonality refers here to the inner product of
L3(X, FY).)

We thus search for functions wi (¢), ..., wy(t) in H2(0,T) satisfying wg (0) = ug
and wy, (0) = uyy, for all k =1,..., N, and such that

N
un(z,t) = Zwk(t)vk(fﬂ)
k=1
fulfills

/ ((un)ls + phuy + () AA"ux, o), do = / (foon),de  (5.1)
X X
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for almost all ¢ € [0,T] (for which f(-,t) € L*(X, F*)), where k = 1,...,N. The
Galerkin method consists in approximating the solution u of mixed problem (BI),
B2) and @E3) with u; = 0 by solutions uy of the projected problems. To sub-
stantiate this method one ought to show that each projected problem has a unique
solution uy and the sequence (uy) N=1,2,. converges in some sense (weakly in
HY(Cr, F%)) to u.

For simplicity, we restrict ourselves to the case of homogeneous initial conditions
up = 0 and u; = 0. Then the coeflicients up , and w; ; vanish and we are lead to
the system

Wy (0) = 0)
wi(0) = 0 (52)
forallk=1,...,N.

Equations (5) constitute a system of second order linear ordinary differential
equations with constant coefficients for unknown functions wi(t),...,wy(t). To
wit,

Z (w}'(t) (vj, V%) L2, Fiy + w5 (1) D(vj,vk)) = fr(t) (5.3)

J
for k=1,..., N, where
- : »d
£y = [ (0. 00)ud

belongs to L2(X, F?).
Our task is to prove that system (B.3) has a unique solution wy, . . ., wy with com-
ponents in H'(0,T) satisfying initial conditions (52]). Since the system vy, ..., vy
is linearly independent for all integer N > 1, the (Gram-Schmidt) determinant of
the (N x N)-matrix with entries (v;,vy)p2(x,pi is different from zero. Hence, sys-
tem (B3) can be resolved with respect to the higher order derivatives. It follows
that problem (B3), (B2) reduces to the initial problem of canonical form on [0, 77,
namely
W'(t) = AW(t)+F(t), if te(0,T),
W) = 0,

where W = (v, w)T and

A _( EON ((Ujavk)Lz(X,Fi()))_l(D('Ujvvk)) )

(5.4)

The components of the 2N -column F(t) belong to L?(0,T'). We look for a solution
W of problem (&4 in H((0,T),C?V). As usual, we replace this problem by the
equivalent system of integral equations

W(t) = /0 AW+ /O "R, (5.5)

the free term on the right-hand side belonging to H'((0,T),C?") and so being
continuous on [0,7]. If W € H((0,T),C?Y) is a solution of (5], then it is
continuous on [0, 7] and satisfies equation (£3). Conversely, if W : [0,T] — C2V is
a continuous solution of equation (5.5, then it is actually of class H((0,T),C3Y)
and satisfies (5.4). And the existence and uniqueness of a continuous solution to
equation (4 is a direct consequence of the Banach fixed point theorem. We
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have thus proved that system (53) has a unique solution wy,...,wy in H'(0,T)

satisfying (5.2).
Multiply equality (51]) by wy, (¢), integrate over ¢ € (0,t’), where ¢’ is an arbitrary
number of [0, 7], and sum up for k =1,..., N. Then we get

L (Comtet wtun + Ot A8, un ), dadt = [ (£ ani), o (5.0

Using the Stokes formula one transforms the real part of the left-hand side of this
equality to

1

5/ (1) (@, ) + p|Auy (2,87 + (A+20) [A"uy (2,t)]?) do
X

for all ¢ € [0,7]. On the subspace H}(Cr, F") of H'(Cr, F") consisting of those
functions which vanish on the laternal boundary of Cr and its base, the norm can
be equivalently given by

T
HuHi;(CT’Fi) = /CT |u}|*dadt +/O D(u(-,t))%dt,
where D(v) is the Dirichlet norm of v € 1%1()(', F%). Hence,

T
1
§R/ dt// ((un)fy + pAuy + (A+p)AA N, (un)y), drdt = 3 lunllZ ez
0 Cu

and equality (5.0) yields

T
luxlBigicrry = 28 [ d [ (. (), doa

2R . (T = t) (f, (un)t), dadt

< 2T\ fll2er,riyllunllmg e ri)
whence
lunllmgcr,riy < 2T | fllL2cr,Fiy-
We have thus proved that the set of functions wy, where N = 1,2,..., is

bounded in the Hilbert space H! (Cr, F'*). Therefore, this set is weakly compact in
H}(Cr, F?), ie., it has a subsequence which converges weakly in H}!(Cr, F") to a
function u € H} (Cy, F*). By abuse of notation, we continue to write uy for this
subsequence.

We claim that wu is the desired weak solution of the first mixed problem for the
generalised Lamé system. To show this it is sufficient to verify that the integral
identity

/C (= (o g2 + (A, Ag) + (\+20) (A*u, A*g)) derdt = /C (f.g)dudt  (5.7)

holds for all g € H'(Cr, F*) which vanish at the laternal boundary of Cr and the
cylinder head, cf. (B4]) with u; = 0. Let us introduce the temporary notation
H(Cr, F?) for the (obviously, closed) subspace of H!(Cr, F*) consisting of all such
g. Tt is actually sufficient to establish (B7) for all g in a complete subset X of
HY(Cr, FY).
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As ¥ we take the set of all functions of the form z(t)vy(x), where k > 1 is an
integer and z(t) a smooth function on [0, T'] satisfying z(T") = 0. We first show that
equality (7)) is true for each function g(z,t) = z(t)vk(x) and then that the linear
combinations of such functions are dense in H}(Cr, F*). To this end, we multiply
equality (&) by z(t), integrate it over ¢t € (0,7) and apply the Stokes formula,
obtaining

/C(((uN)Q,g,é)Jru(AuN,Ag)Jr()\+2u)(A*uN,A*g))xd:cdt/C (f,9), dzdt

for all N > k, where g = zvg. This implies readily (1), for uy — u weakly in
HY(Cr, FY).

Our next goal is to show that the linear hull of X is dense in H!(Cr, F?). To
do this it is sufficient to prove that each function g € C?(Cr, F?) vanishing at the
laternal boundary of the cylinder and its head (the set of such functions is dense in
HY(Cr, F%)) can be approximated in the H!(Cr, F*)-norm by linear combinations
of functions in Y. This last assertion is actually well known within the framework
of theory of Sobolev spaces. For a proof, we refer the reader to [Mik76} p. 302] and
elsewhere.

Remark 5.1. Since the weak solution of the first mixed problem exists and is unique,
not only a subsequence but also the sequence (uy) N=12.. itself converges weakly

in HY(Cr, F*) to u.
6. REGULARITY OF WEAK SOLUTIONS

Assume that the boundary 0X of X is of class C* for some integer s > 1. Then
the eigenfunctions (vy),_, ,  of problem (&I) belong to H*(X, F?) and satisfy the
boundary conditions

Livy, = 0 at 0X (6.1)
fori=0,1,..., [S 21

Let H3 (X, F*) stand for the subspace of H*(X, F*) consisting of all functions
v satisfying (GI). We put additional restrictions on the data of the problem to
attain to a classical solution. More precisely, we require that uy € H3 (X, F?),
up € H (X, F?) and f belongs to the subspace of H*~(Cr, F?) consisting of all
functions satisfying

L'f = 0 at 90X x(0,7) (6.2)
fori=0,1,..., E} 1.
For s = 1, the latter equations are empty and we arrive at f € L*(X, F?), as

above.

Theorem 6.1. Under the above hypotheses, series ({.8) converges to the weak so-
lution u(x,t) in H*(X, F?) uniformly in t € [0,T]. Given any j = 1,...,s, the
series obtained from (.8) by the j -fold termwise differentiation in t converges in
Hs=3(X, F*) uniformly in t € [0,T]. Moreover, there is a constant ¢ > 0 indepen-
dent of t, such that

S o0
SIS 0 Ol ey < (lole e oy + lia s iy + 1 W e )

j=0 k=1
(6.3)
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for allt €10,T7.
Proof. The proof of this theorem runs similarly to the proof of Theorem 3 of [Mik76],
p. 305], if one exploits the techniques developed earlier in Sections Bl and [l O

By [@3), if 1 < M < N, then

N : 2
sup H Z wl(j)(t)ka

te[0,T k=M1 Hs=(X,F?)

as M — oo. Hence, the partial sums of series (LJ) converge in H*(Cr, F*) and
from (@3)) it follows that

lull = cp,piy < € ([uoll e e, piy + lwrll e e piy + 1 | e o F)) - (6.4)

Corollary 6.2. Under the above hypotheses, the weak solution of the first mized
problem for the generalised Lamé system belongs to H*(Cr, F*'). Moreover, series
[#-8) converges to the weak solution in the H*(Cr, F*') -norm and inequality (6-4)
holds true.

From Corollary with s = 2 it follows that the weak solution of the first
mixed problem belongs to H?(Cr, F'*), and so it is a solution almost everywhere. If
moreover s > n/2 + 2, then the weak solution u belongs to the space C2(Cr, F?),
which is due to the Sobolev embedding theorem, and so w is a classical solution of
the problem.

Note that along with the smoothness of ug, u; and f Theorem assumes
that ug satisfies (6], u; satisfies (GI)) with s replaced by s — 1, and f satisfies
[62). The conditions are actually necessary. To show this, suppose s > 2. Since
up(x) = u(x,0) is represented by series {@8) which converges in H*(X, F?), and
uy(x) = uy(x,0) is represented by series (L8] which is differentiated termwise in ¢
and converges in H* (X, F'), we conclude readily that ug satisfies (6I) and u;
satisfies (G.I]) with s replaced by s—1. Furthermore, since series (8] converges to u
in H*(Cr, F'), the series obtained from (8] by termwise applying the operators L
and the second derivative in ¢ converge in H*~2(Cr, F'*) to Lu and u},, respectively.
Hence, if s > 3, then f = u}, — Lu satisfies equalities ([G:2]) with s replaced by s — 1.
In case s is even, the last condition of (G2]) is superfluous indeed, see Corollary 2
in [Mik76] p. 311].

However, if one wants to prove the smoothness of the weak solution of the first
mixed problem rather than the convergence of the Fourier series in the correspond-
ing spaces, then conditions (6] and (62) can be essentially relaxed, see Theorem

3’ in [Mik76l p. 323].

7. REDUCTION TO SCHRODINGER EQUATION

There is a Lie algebraic connection between the wave equation and the Schrodin-
ger equation. This allows us to construct solutions of hyperbolic equations from
solutions of Schrodinger equation.

By the above, the unbounded operator —L in L?(X, F*), whose domain is the
set of all sections v € H?(X, F') vanishing at OX, is closed, selfadjoint and positive,
i.e. we have —L > ¢l where c is a positive constant. Denote by v/—L the square
root of —L and impose upon the domain D —z of this operator a Hilbert space
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structure by identifying it with the range of v/—L, i.e. the norm in D /T Just
amounts to
D(v) = ”\/EUHLQ(X,F")-
We now split the solution of the first mixed problem 1)) and (2)), B3) (with
u; = 0) into two parts. To wit, we are looking for two differentiable functions
F, U :[0,T] - L*(X,F") with values in D, (i.e. curves in L*(X, F")), which
satisty

F/ = —uw/=LF+f, for te(0,7T), (7.1)
F(0) = wu; —1/—Luo, .

and
U = /-LU+F, for te(0,7T), (7.2)

IfU :[0,7T] — L*(X, F?) is twice differentiable in ¢ € (0, 1), then combining (Z.))
and (T2) yields
U, = «/—-LU +F,
wW—L (Z\/*L U+ F) —wWLF+f

= LU+
in (0,7") and
U(O) = U,
U'(0) = «w/—Lup+F(0) = wuy.

It follows that u = U is a solution of the first mixed problem for the generalised
Lamé system in Cr.

It is worth pointing out that +1v/—L are skew-symmetric operators in L?(X, F?).
For direct constructions along more classical lines we refer the reader to [Fribd],
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[Agr69]
[EST5]
[Fri54]
[Fri5g]
[FL65)
[GV96]
[Joh74)
[Joe61]
[KGBBT6]
[LL70]
[Mik76]
[Seg63]
[STO3]
[Tar95)

[TS82]
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