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Abstract

Processes having the same bridges as a given reference Markov process
constitute its reciprocal class. In this paper we study the reciprocal class
of compound Poisson processes whose jumps belong to a finite set A C RY.
We propose a characterization of the reciprocal class as the unique set of
probability measures on which a family of time and space transformations
induces the same density, expressed in terms of the reciprocal invariants.
The geometry of A plays a crucial role in the design of the transformations,
and we use tools from discrete geometry to obtain an optimal characteri-
zation. We deduce explicit conditions for two Markov jump processes to
belong to the same class. Finally, we provide a natural interpretation of the
invariants as short-time asymptotics for the probability that the reference
process makes a cycle around its current state.
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Introduction

For a given R%valued stochastic process X = (Xt)iejo) and I C [0, 1]
we let Fr be the o-field generated by the random variables (X : s € I).
We say that X is a reciprocal process if for every 0 < s < t < 1 the o-fields
Flo,sjuft,1] and Fs 4 are independent conditionally to Fy, ;3. Comparing this
notion to that of Markov process (-7:[0,t) and F(; 1) independent conditionally
to ]:{t}) it is not hard to show that every Markov process is reciprocal, but
non-Markov reciprocal processes exist (see e.g. [25]).

The notion of reciprocal process is very natural in many respects. On one
hand it emerges when one solves dynamic problem such as stochastic con-
trol problems or stochastic differential equations with boundary constraints,
i.e. constraints on the joint distribution at the boundary times ¢ = 0 and
t = 1; this point of view has actually inspired the whole theory of reciprocal
processes, that originated from ideas in [28] and [I] and led to several devel-
opments (see e.g. [34, B3], 10]). On the other hand it is a special case of the
more general notion of Markov random field ([8]), which provides a Markov
property for families of random variables (X,.) indexed by r € R

The systematic study of reciprocal processes has initiated with the Gaus-
sian case: covariance functions giving rise to reciprocal Gaussian processes
have been thoroughly studied and characterized ([13, 14} 5], [4, 3, 19]). A
more ambitious aim has been that of describing reciprocal processes in terms
of infinitesimal characteristics, playing the role that infinitesimal generators
play for Markov processes; this has led to the introduction of a second order
stochastic calculus ([16], 311 [17]).

In this paper we consider a related problem. Suppose we are given a
reference Markov process, whose law on its path space will be denoted by P.
For simplicity, we assume X to be the canonical process on its path space.
A probability Q is said to belong to the reciprocal class of P if for every
0<s<t<1and A€ F[; we have

Q(A[Fp,sue,1) = P(A[Fpo,suie,1)) = P(AI X, Xi), (0.1)

where the last equality is an immediate consequence of the fact that X, being
Markov, is a reciprocal process under P. In particular, X is a reciprocal
process also under Q. The elements of the reciprocal class of P are easy
to characterize from a measure-theoretic point of view. Denote by P*¥ the
bridge of P from z to y, i.e. the probability obtained by conditioning P on
{(Xo,X1) = (x,y)}; a probability Q is in the reciprocal class of P if and
only if it is a mixture of the bridges of P, i.e.

Q= [ Putds,dy)

for some probability p on R? x R,



Along the lines of what we have discussed above, it is desirable to char-
acterize the probability measures belonging to the reciprocal class of P by
infinitesimal characteristics. One first question in this direction is the follow-
ing. Assume P is the law of a Markov process with infinitesimal generator
L. Given another Markov generator L/, under what conditions the laws
of the Markov processes generated by L’ belong to the reciprocal class of
P? This question is well understood for R%valued diffusion processes with
smooth coefficients, and it has motivated the search for the so-called recip-
rocal invariants: the collection of reciprocal invariants forms a functional
F(L) of the coefficients of the generator, such that the following statement
holds: the laws of the processes generated by L and L’ belong to the same
reciprocal class if and only if F(L) = F(L'). Explicit expressions for the
reciprocal invariants of diffusion processes can be found in [16], 6, 20]. For
pure jump processes with values in a discrete state space, the understand-
ing of reciprocal invariants is very limited, except for some special cases like
counting processes ([7],[25]) or for pure jump processes with independent in-
crements under very restrictive assumption on the geometry of jumps (called
incommensurability), see Chapter 8 in [22].

In this paper we consider possibly time-inhomogeneous compound Pois-
son processes with jumps in a finite set A, considerably weakening the as-
sumptions in [22]. Our analysis reveals how reciprocal invariants are related
to the geometric and graph-theoretic structure induced by the jumps. Close
ideas apply to other context where a similar structure emerges, in particular
to random walks of graphs, which will be treated in a forthcoming paper.
To make clearer the improvement with respect to [22], we note that the
assumption there imply that the corresponding graph structure in acyclic;
In our framework, we will see that cycles are exactly the main parameter in
the collection of reciprocal invariants, see Proposition [3.4

The basic tool for identifying the reciprocal invariants is provided by
functional equations, called duality formulae or integration by parts formu-
lae, which represent a subject of independent interest. They have provided
in particular useful characterizations of Poisson processes ([29, 21]). The
idea of restricting the class of test functions in the duality formula in order
to characterize the whole reciprocal class has appeared for the first time
in [26, 27] in the framework of diffusions. In this paper we make explicit
a functional equation containing a difference operator, which only depend
on reciprocal invariants and characterize the reciprocal class of compound
Poisson processes.

The paper is organized as follows. In Section [I| we set up the necessary
notations and provide the relevant definitions. In Section[2]we define suitable
transformations on the path space, and compute the density of the image of
the law of the process under these transformations. This will allow in Section
to derive the duality formulae and to identify the reciprocal invariant. At
the end of Section [3]we also give an interpretation of the reciprocal invariants



in the time-homogeneous case, in terms on the asymptotic probability the
process follows a given cycle. This could be extended to other contexts, e.g.
to Markov diffusions, providing an alternative to the physical interpretation
given in [6]. These extensions will be the subject of a forthcoming work.

1. Framework. Some definitions and notations

We consider R%valued random processes with finitely many types of
jumps, chosen in a given set

A= {a',..,a*} CR? (1.1)

of cardinality A. We associate to A the matrix A = (a])1<i<d1<j<a € RAxA,
Their paths are elements of D([0, 1], R?), the space of right continuous with
left limits functions on [0, 1] (usually called in french cadlag paths), equipped
with its canonical filtration (.7-}),56[071]. Fls, is defined by o((Xr),e[s,)

In this setting, paths can be described by the counting processes cor-
responding to each type of jumps. It is therefore natural to introduce the
following random variables:

Definition 1.1. Let define N = (Ny)o<i<1, where Ny := (N}, ..., NA) and,
for any j € {1,..., A}, th counts how many times the jump a’ has occurred
up to time t:

N @)= L0 —a)-

s<t

The total amount of jumps up to time t, |N|;, is given by the sum of the
coordinates of Ny, that is [N, := 23'4:1 Nj.
The i-th jump time of type o’ is:

17 ::inf{te 0,1] : N} :z‘}/\l.
Finally, the i jump time of the process is:
T, :=inf{t € [0,1] : |N|; =i} AL

Then, we can express the canonical process as X; = Xo + Zj a’ th ,
which leads to introduce the following set €2 of paths indeed carried by the
processes we consider here:

Q= {w:|Ni(w) < +o0 and X¢(w) = Xo(w) + ANy(w), 0 <t <1}
C D([0, 1], RY).

We also define the set S of possible initial and final values (X, X1) for
paths in Q:

S = {(m,y) eR*xR%3IneN suchthaty:x—l—An}.
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For any measurable space X', we will denote by M(X) the set of all non
negative measures on X and by P(X') the subset of probability measures on
X. B(X) is the set of bounded measurable functions on X

A general element of P(£2) will be denoted by Q. Concerning its time
projections, we use the notations

Q :=QoX; and Qo :=Qo (Xo,X1)"

for the law at time ¢, resp. the joint law at time 0 and 1.

As reference process , we will consider in this paper a time-inhomogeneous
compound Poisson process denoted by PY, where x € R? is a fixed initial
position and v is a regular jump measure belonging to the set

A
J = {u € M(Ax [0,1)), v(de,dt) =3 8, (da) ® v/ (1)dt,

V() € C0.1),Ry), 1S < A} (1.2)

Heuristically, the process with law P? leaves its current state at rate Zle 7
and when it jumps, it chooses the jump a’ with probability 17/ Z?:1 B
More precisely, under P?¥ the canonical process X satisfies Xg = z a.s.
and it has independent increments whose distribution is determined by its
characteristic function

Pﬁ(exp (i)\-(Xt—Xs))> = exp (

A
Jj=

(ei/\'aj -1) /St l/j(T)dT>, A eR? (1.3)

1

where ) -z is the scalar product in R?. Note that here, as well as in the rest
of the paper, for Q € P(Q2) and F : Q — R, we write Q(F) for [ FdQ.

The properties of P¥ are well known, in particular its semimartingale char-
acteristics (0, v,0), see e.g. Chapters II and III of [12].

1.1. Reciprocal classes

We first define a bridge of the compound Poisson process PZ.

Definition 1.2. For (z,y) € S and v € J, P,Y, the bridge of the compound
Poisson process from x to y, is given by the probability measure on €):

P :=PI( . | X1 =y).

Remark 1.3. Note that P;Y is well defined as soon as (z,y) € S, since in
that case P¥(X; =y) > 0.

The reciprocal class associated to the jump measure v € J is now defined
as the set of all possible mixtures of bridges in the family (P2)(; y)cs-



Definition 1.4. Let v € J. Its associated reciprocal class is the following
set of probability measures on €2:

R(v) = {Q e P(Q): Q) = /S BIY() Qo1 (ddy) }.

Let us describe the specific structure of any probability measure in the
reciprocal class R(v).

Proposition 1.5. Let Q € P(Q2). Define then the compound Poisson process
P2 with the same dynamics as P2 but the same initial distribution as Q by
P2 = [L.PZ(.)Qo(dx). Then the following assertions are equivalent:

i) Q € R(v)
ii) Q is absolutely continuous with respect to PY and the density dQ/dPY

is 0(Xo, X1)-measurable.

Proof. i) = i)

We first prove that Qg is absolutely continuous with respect to (P2)o;.
Let us consider a Borel set O C R? x R? such that Qg1 (O) > 0. There exists
n € N4 such that Qg;(O N {N; = n}) > 0. We can rewrite this event in a
convenient way:

{(Xo,Xl) € O} N {Nl = n} = {XO € TEI(O)} N {Nl = 1’1}

where 7, : R? — R? x R? is the map x ~ (2, 2+ An). Since Qg (ON{N; =
n}) > 0, Qo(r,(0)) = (Pv)o(7;,'(0)) > 0.
A simple application of the Markov property of P2 implies that
(P)o1 (0) = P2 (X0, X1) € ON{N; =n})
= (P)o(ry ' (0))PF (N =n) > 0.
Therefore we can conclude that Qy << (P)o; and we denote by h the

density function dQo1/d(PY)o;.
Finally, let us choose any F' € B(£2). By hypothesis:

Q(F) = Q(Q[F|Xo, X1]) = Q(P* (F))
= PY(PYoX (F)h(Xo, X1)) = P2 (PYoX1 (Fh(Xo, X1)))
= P (Fh(Xo,X1)),

which leads to the conclusion that

d d
% = %01 = h(Xo, X1).
dPy  d(Py)or

This proves ).
1) = i) Suppose that there exists a non negative measurable function h



such that dQ/dP2 = h(Xp, X1). It is a general result in the framework of
reciprocal processes that, in that case, Q € R(v), see e.g. Theorem 2.15 in
[18]. For sake of completeness, we recall shortly the arguments. Let us take
three measurable test functions ¢, ), F.

Q(p(Xo)p(X1)F) = P2 ($(Xo)th(X1)h(Xo, X1)F)
= PY (6(Xo)(X1)h(Xo, X1)PI(F|Xo, X))

= Q(A(X0)B(X1)PI(FIXo, X1))

Thus Q(F|Xo, X1) = PY(F| Xy, X1) Q-a.s. for arbitrary functions F which
implies that
Q(|XQ = JI,Xl = y) = ]P)lafy Qm—a.s.

and the decomposition written in Definition follows. O

2. The time and space transformations

In this section we define two families of transformations on the path
space €2, and we analyze their action on the probability measures of the
reciprocal class R(v). This will later provide (in Theorem a character-
ization of () as the set of probability measures under which a functional
equation holds true. As a consequence, we will see that 2R(v) depends on
v only through a family of specific functionals of v, that we call reciprocal
mvariants.

2.1. Time Changes

We consider the set U of all regular diffeomorphisms of the time interval
[0, 1], parametrized by the set A:
U={ueC ({1, A} x [0,1[0,1)),u(-,0) = 0,u(- 1) = 1,

min  u(j,t >0}.
JEAE[0,1] (‘7 )

With the help of each u € U we construct a transformation of the refer-
ence compound Poisson process by time changes acting separately on each
component process N7,j =1,..., A.

Definition 2.1. Let u € U. We define the time-change transformation m,
by:

T — D([0,1],RY)

A
m(W)(t) = w(0)+Y /N, (W), 0<t <1,
j=1



Remark 2.2. We cannot a priori be sure that m, takes values in €2 since it
may happen that jumps sincronize, i.e. u_l(j,Tij) = u_l(j’,ljz?;/) for some
7,5'. However it is easy to see that this happens with zero probability under
PT.

We now define a family of maps called reciprocal time-invariants.

Definition 2.3. The reciprocal time-invariant associated to v is the
function:
v (t)

=1, AV x 0,12 =2 R (4, 8,1) i= ——=.
{7 7}X[7] + (Jasy) V](S)

Remark 2.4. Note that in the time-homogeneous case =¥ = 1.

In the next proposition we shall prove that the image of P¥ under the
above time change T, is absolutely continuous with respect to PY, and that
its density is indeed a function of the reciprocal time-invariant =¥.

Proposition 2.5. The following functional equation holds under Py: For
allu el,

pe (Fo m) —pe (Fexp(i /01 l0g =7 (j, £, u(j, 1)) a(j, t)ng')), VF € B(Q).
j=1
(2.1)

Proof. We first observe that, for every fixed j € {1, ..., A} the process
. t .
N om,~ [ vituli.s))id, s (2.2)
0

is a Pf-martingale w.r.t. to its natural filtration F. Indeed, for any s < t
and any F' Fs-measurable, by applying the basic properties of processes with
independent increments, we obtain:
. , u(jt)
PI(F (N} — N!)om,) =Pi(F) /(‘ | VI (r)dr
u(g,s

t
=B3(F) [ (i)t
S
Therefore th o m, is an inhomogeneous Poisson process with intensity

Moreover, if j # 7/, N’ om, and N? l om, are independent processes under P,
because the processes N7 and NJ " are independent and , acts separately on
each component. This implies that the image of PZ under 7, PX o, !, is a



compound Poisson process whose jump measure is given by Zle 0gi(dz) ®
v (u(j, t))i(j, t)dt.
We can now apply the Girsanov theorem (see e.g. Theorem 5.35, Chapter

IIT of [12]) to get the density of the push-forward measure P% o ! w.r.t.

W = exp [Z (/01 (7 (ulj, 6))a(js t) — V7 (¢)) dt

+/0110g (Gt ut )i, 1N ).

With the change of variable t = u~!(#') we have for any j

! | . / /!
/0 v (u(g,t))a(y, )dt—/o V](t)dt.

Therefore the first integral disappears and the conclusion follows. O

Remark 2.6. In the recent work [7], the authors establish a differential ver-
sion of the equation (2.1]), in the context of counting processes (i.e. A = {1})
with a possibly space-dependent intensity. Such a formula is inspired by the
Malliavin calculus for jump processes developed in [2] puting in duality a
differential operator and the stochastic integral. We can, without getting
into the details, relate the functional equation with the formula proved
there as follows: First consider a smooth function v satisfying the loop con-
dition fol ve dt = 0 and define the function uf :=t+¢ fot vs ds, € > 0. Note
that, for e sufficiently small, u* € Y. If we then apply to a smooth
functional of the jump times, we obtain after some elementary operations:

Ipe(pome— )= Lpe <F<exp(/ log B(1, 1, uf (£)) @5 dNy) — 1)>
15 15 [071}

If we now let ¢ tend to 0, we obtain the duality formula

P?(D,F) = PL(F /vtht—i—IF’x /vt/ Zdet

where D, F = lim._,o(F o mye — F)/e.
This formula can then be extended to space-dependent intensities.

2.2. Space transformations

The transformations , introduced in the previous section, when acting
on a given path, change the jump times leaving unchanged the total number
of jumps of each type. We now introduce transformations that modify the
total number of jumps; these transformations act on the counting variable
N; taking its values in N4, which we embed into Z* to take advantage of
the lattice structure.



2.2.1. Shifting a Poisson random vector

We first consider a multivariate Poisson distribution py € P(N4) where\ =
A A.
(AL e RE:

A j\nd
Vne N4 py(n)=exp |- N H<A ?‘ . (2.3)

J=1 J=1

We first give a straightforward multidimensional version of Chen’s char-
acterization of a Poisson random variable. He introduced it to estimate the
rate of convergence of sum of dependent trials to the Poisson distribution
(see the original paper [5] and Chapter 9 in [30] for a complete account of
Chen’s method).

Proposition 2.7. Let A € (R.)A. Then p € P(N4) is the multivariate
Poisson distribution py if and only if

vel.j=1,...A, p(f(n+el) =Np(f(m)n?), Vfe BN,
where €7 denote the j-th vector of the canonical basis of Z.

One can interpret this characterization as the computation of the density
of the image measure by any shift along the canonical basis of N4,

Now we consider as more general transformations multiple left- and right-
shifts, acting simultaneously on each coordinate, that is, we shift by vectors
v ezZA

Definition 2.8. Let v € ZA. We define the v-shift by
o, : 724 — 74
z — 6Oy(z)=z+v.

Consider the image of py under . It is a probability measure whose
support is no more included in N4 since there may be z € N4 such that
0y (z) ¢ N4, Therefore we only compute the density of its absolutely con-
tinuous component, appearing in the Radon-Nykodim decomposition:

pa o 0yt = By 4 py . (24)

A version of the density of the absolutely continuous component is given by

A

v,ac A :
d]J)\’ _ n’| o
— :)\V”i. — 1, >pi h )\V::”)\]”.
dpa =) j=1 (n/ — /) (2ol WREHE j:l( :

In view of obtaining a change of measure formula as in Proposition we

define
A

n!

j=1

10



Let us now consider the space B*(Z4) C B(Z*) consisting of test functions
with support in N4:

BYZA) .= {f € B(Z") : f(z) = 0 Vz ¢ N1},
Then, the considerations above can be summarized in the following formula:

pA(foby) =AY pA(f Gv), VfeBYZY). (2.6)

Ezample 2.9. Let A= {—1,1}. We call n~ (rather than n') and n* (rather
than n?) the counting variables for the jumps —1 and 1 respectively. The
same convention is adopted for the intensity vector A = (A=, A"). Then, for
v = (1,1) (resp. v = (1,—1) and for any f € B¥(Z?),

o (Fm 4 10 +1)) = = ma (F0m ),

ST
(o1 0) = o o) 2)

2.2.2. Lattices and conditional distributions
We now consider, associated to a measure u € P(N4), the following set
of probability measures on N4:

Ra(i) == {p € POVA) : p(-) = / u(1o(A)) dpyiay ),

where the o-algebra o(A) is generated by the application z — Az defined
on ZA, and the measure Po(a) is the projection of p on o(A).

The set R a (1) presents strong analogies with a reciprocal class as introduced
in Definition Indeed, one can prove an analogous to Proposition (1.5
that is

d
p € Ra(p) if and only if p << p and ﬁ is o(A)-measurable.

Our first goal is to characterize R a (py) using the formula computed
for a suitably chosen set of shift vectors v. The right set will be the following
sublattice of ZA:

kerz(A) := ker(A) N Z4. (2.7)

Let us observe that if two paths w,& € Q have the same initial and final
values, (Xo, X1)(w) = (Xo, X1)(©), then Nj(w) — N1(©) € kerz(A). The
next statement clarifies the role of kery(A).

Proposition 2.10. Let p € P(N4). Then p € Ra(py) if and only if
1
Ve € kerz(A),  p(fobe) =15 p(f Ge) V[ € Bz, (2.8)
where G is defined in (2.5)).

11



Proof. (=) Let f € B%Z") and ¢ € kerz(A). By definition of kerz(A) and
R (py) we can choose a version of the density h = dff such that hof. = h.
Applying the formula (2.6 we obtain:

p(fobe) = pr((fobc)h)=p((fh)obe)
= A (f Geh ) = A" p(f Ge)

(<) Let n,m € N4 be such that An = Am. Set f := 1, c:=n —m.
Then

p(m) = p(f 0 0c) = A"“Ge(n)p(n).
Since, by (2.6)), the same relation holds under py, we have

@(m) _ dp
dpx dpy

which completes the proof. O

- —(n),

Ezample 2.11. Resuming Example we verify that, in this case, kerz(A) =

< 1 ) 7. Proposition [2.10| tells us that a probability distribution p on N?

satisfies
p(.InT—n"=2)=p\(.InT —n" =2x) V2 Z

if and only if, for all k£ in N* and for all f € B*(Z?),

p(f(n +k,nt —i—k:)) ()\‘"1\) (f(n_,n+)lﬁ(n_—i)(n+—i))
=0
and
k
p(f(n*—k,qﬁ_k)):(ﬁx)k ( 1;[1 ) n++i)).

Taking Proposition as a characterization of R (p)) is rather unsat-
isfactory, since we do not exploit the lattice structure of kerz(A). It is then
natural to look for improvements, by imposing to be satisfied only for
shifts in a smaller subset of kerz(A), but still characterizing Ra (py). In
particular, since kerz(A) is a sublattice of Z4, one wants to understand if
restricting to a basis suffices. We answer affirmatively if kerz(A) satisfy a
simple geometrical condition, see Proposition However, in general this
is false, and we construct the Counterexample
Before doing so, let us recall that £ C R4 is a lattice if there is a set of
linearly independent vectors {b1,..,b;} such that:

!
L= {szbk, w€Z k=1, z} (2.9)

k=1

12



Any set {z1, ..., 2} satisfying is a basis for L. Since any discrete sub-
group of R is a lattice (see e.g. Proposition 4.2 in [23]) then kerz(A) is a
lattice.

The equations essentially tell us that, if n € N4 is such that m := 6_¢n
is also an element of N4, then p(m) = p(n)py(m)/px(n). If we let ¢ vary
in a lattice basis it may happen that the "network” of relations constructed
in this way is not enough to capture the structure of conditional probabili-
ties. In the next paragraph, we will indeed reformulate this problem as a
connectivity problem for a certain family of graphs, and propose a solution
in this framework using generating sets of lattices.

Counterezample 2.12. Let A = {3,4,5}. Then
kerz(A) = {c €73 :3c1 +4cy + ey = 0} .

We define three vectors

f=(3,1,1), g¢g=(1,-2,1), h=(2,1,-2).
Note that {f,g,h} C kerz(A). We also define

n; = (3,0,0), n,:=(0,2,0), mny:=(0,0,2).
Moreover, we observe that

if, for some c € kerz(A), Oeny € N3 then ¢ = f. (2.10)

This can be checked with a direct computation. The analogous statement
also holds for g and h, i.e.

chgeN‘géc:g, GcnhEN?’éc:h.

Let us now consider any basis kery(A) of kerz(A). Since kerz(A) is two
dimensional, at least one vector, f or g or h, does not belong to ker;(A).
We assume w.l.o.g that f ¢ kerj(A). For any 0 <& < 1, A € R}, we define
the probability measure p € P(N?) as a mixture between the degenerate
measure on, and py as follows:

p=bn, + (1 —¢)px. (2.11)

Note that p ¢ Ra(py). Indeed any version of the density must be such that:

dp € dp
—(ny)=——+(1—-¢), —(Oc,nf)=1—¢.

But, on the other hand, identity (2.8) is satisfied for any c € ker;(A). Let
us pick any test function f = 1y,_gy, where n € N3 and ¢ € ker}(A). There
are two possibilities:
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- Either #_cn € Z3 \ N3. In this case is satisfied by p because both
sides of the equality are zero, the left side because §_cn ¢ N4, p(N4) = 1
and the right side because G¢(n) = 0.

- Or §_cn € N4, In this case, thanks to and f ¢ kery(A) we have

n # ny and 0_cn # ny. Therefore, by (2.11)),

p(0_cn)
p(n)
= )\_cp(]l{ZZI_I}GC(Z))

which is equivalent to .

We thus obtain an example of a set A such that, for any \ € Ri and any
basis ker;(A) of kerz(A) we can construct a probability measure p which
satisfies for ¢ € kerj(A) and f € B(ZA) but does not belong to

Ra(px)-

p(lip=n}) = Mp(ﬂ{z:ﬁ})

Plgeany) = pa()

2.2.3. Generating sets of lattices and conditional distributions
We first define the foliation that the lattice kerz(A) induces on N4: given
n € N4, let define the leaf containing n by

Fan = {n+kerz(A)} NN, (2.12)
Fix now I' C kerz(A). T induces a graph structure on each leaf (see e.g.
[23]):
Definition 2.13. ForI' C kerz(A) and n € N4 we define G(Fan,T) as the
graph whose vertex set is §a n and whose edge set is given by
{(mm’) € FanxTFan:Icel with m=0.(m’)}.
We are now ready to introduce the notion of generating set for kerz(A).

Definition 2.14. The set I' is a generating set for kerz(A) if, for alln €
N4, G(Fan,I) is a connected graph for the graph structure we have just
defined.

We now recall, following Chapters 10 and 11 of the recent book [I1] - in
which an extensive study of generating sets for lattices is done - that there
exists a finite generating set for any given lattice. Finding a generating set
for a lattice kerz(A) is indeed closely related to the algebraic problem of
finding a set of generators for the lattice ideal associated to kerz(A) C Z4,
see Lemma 11.3.3 in [11].

Any generating set contains a lattice basis, but in general it might be
much larger. Figure 1 illustrates a case where {(2,—4,2),(0,—5,4)}, basis

14



of kerz(A), is not a generating set since the graph G(Fan,I') is not con-
nected for n = (6,1,2).

Computing explicitly generating sets is a hard task. We give here two
simple conditions on kerz(A) under which a lattice basis is also a generating
set. The proof is given in the Appendix.

Figure 1: A = {3,4,5} and kerz(A) = {(2,—4,2),(0,—5,4)}. Left: Projection on the
z12z2 plane of G := G(Fa,n,ker;(A)) for n = (6,1,2). The red lines are the edges of
G, while the dashed lines represent edges that are not in G because one endpoints does
not belong to N*. The graph G(Fa n, kers(A)) has three connected components. Right:
Adding the vector (4,—3,0) to kerz(A) turns G into a connected graph.

Proposition 2.15. Let ker;(A) be a basis of kerz(A). Suppose that one of
the following conditions holds:

i) The basis kers,(A) contains an element € such that each coordinate &, j =
1,..., A is positive.

ii) Bach vector of the basis kery(A) is an element of N4,

Then, the basis ker;(A) is a generating set.

In the next theorem we show how one can use generating sets to charac-
terize the set of probability measures R (1t). Even though we are interested
here in the case yu = p, the statement is proven in a slightly more general
context. In the same spirit as in ([2.4)), we consider the Radon-Nykodim
decomposition of the image of y by f¢, ot = u+ pe™, and the density
of p2¢ with respect to p:

d'uac
Gl = —=.
(& du

Theorem 2.16. Let A € R4 be any matriz and the lattice kerz(A) be
defined as before by kery(A) := ker(A)NZA . Assume that T is a generating

(2.13)
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set of kerz(A) and let p,p be two probability measures on N4. Suppose
moreover that pu(n) > 0 for all n € N4,
Then p € Ra(p) if and only if

VeeT, p(fobe)=p(f Gt VfeB(ZY), (2.14)

where G% is defined by (2.13)).
Proof. (=) goes along the same lines of Proposition since I' C kerz(A).

(<) Let n,m € N4 be such that An = Am and assume that p(n) > 0.
Then m € Fan (see (2.12)). Since I' is a generating set for kerz(A) there
exists a path from m to n included in G(FA n, ') i.e. there exists c1,...,cx €
I" such that, if we define recursively:

wo = 1M, Wg = eckwk—lu
then w;, € N4 for all k and wxg = n. We can choose f*F = L{z=w,) and
apply (2.14) for ¢ = c:

p(wg—1)

11(wy) p(wy)

plwg—1) =

which, since p is a positive probability on N4, offers an inductive proof that
p(wy) > 0. Therefore one obtains

O]

As consequence of Theorem [2.16] we obtain the following statement,
which improves Proposition

Corollary 2.17. Let p € P(N4) and T be a generating set of kery(A)
defined by (2.7)). Then p € Ra(py) if and only if
1
Yeel, p(fole)=15p(f Go), VfEBZY),  (215)

where G is defined in (2.5)).

Ezample 2.18. We continue Examples (2.9) and (2.11]), illustrating Corollary
For given A™, AT the probability measure p belongs to Ra (p,) if and
only if

p(fin~+1,nt+1)) = )\fl)ﬁ p(f(n=,nH)ntn™) Vfe B4(72).

This improves Example where we obtained a redundant characteriza-
tion.
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3. Characterization of the reciprocal class

3.1. Main result

We present here our main result: the reciprocal class 3(v) associated to
a compound Poisson process with jump measure v is characterized as the set
of all probabilities for which a family of transformations induces the same
density, expressed in terms of the reciprocal invariants. We have already
introduced in the previous section the family of reciprocal time-invariants.
Let us now introduce the family of reciprocal space-invariants.

Definition 3.1. Let v be a jump measure in J as defined in (1.2). For any
c € kerz(A) we call reciprocal space-invariant O the positive number

A

¢ =] </01 yj(t)dt> - .

j=1
Remark 3.2. In the time homogeneous case, 1 = v, ®¢ =1/ H?Zl(yj)cj.

We can now use these invariants to characterize the reciprocal class.

Theorem 3.3. Let v € J and Q € P(Q2). Then Q belongs to the reciprocal
class R(v) if and only if

i) For allu € U and all F € B(Q),
Q(Fowu> - @(F exp(i /OllogE”(j,t,u(j,t)) u(j,t)ng>). (3.1)
j=1

ii) There exists a generating set I' C kerz(A) such that for every c € T’
and every f € BYZA), the following identity holds:

p<f09C> — ¢° p(f GC>, (3.2)

where p:= Qo N1_1 € P(N4) is the law of N under Q.

Remark 3.4. Note that identities similar to (3.2)) hold for any t €]0, 1], i.e.
any Q € R(v) satisfies (we assume a time homogeneous v, for simplicity):

Q(f08e(N)) =d5 (1—-6)" Q((fGe)(NY)), VfeBHZ),0<t <1,
(3.3)
where |c| := Z;‘:l ¢/. However, the identities (3.3) do not contain enough
information to characterize the reciprocal class as the time-invariants do not

appear.
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Proof. (=) Let Q € R(v) and P2 be constructed as in Proposition
Since there is no ambiguity, we write P, rather than PY. An application
of the same proposition gives that Q << P,, and h := % is 0(Xo, X1)-
measurable. Consider now u € U. By definition of u, for any j, Nf Oy = Nf )
so that (Xo, X1) o my, = (X0, X1), Po-ass..

We then consider F' € B(Q2) and apply Propositionunder the measure
P, which leads to

@(F o wu) — P, ((F o 7 )h(Xo, X1)> —Pp, ((Fh(XO, X1)) o 7ru>

A
_ @(Fexp(Z/ log =(j,t,u(j 1)) (j, N7 ) ).
j=1"0

In a similar way, if ¢ € T', since I" C kerz(A) we have that A(6.N;1) = ANj.
We observe that P, (N € .| Xy = x) = p), where

N o= /1 VI (t)dt. (3.4)
0

For f € B*(Z4) and c € T we use Proposition observing that N; has
law py and is independent of Xy, to obtain

p(fobe) = QfobN)
- IP’V<h(X0,X1)fot9¢oN1>
- P, (h(Xo,Xg + AN f 08 o N1>
- P, (P,ifo (h(XO, Xo + A(6Ny))f 08 0 Nl))
= 05 P, (h(Xo, X1)(fGe) o N1 ) = @F p(f Gc)

and i7) is now proven.

(<) We will show that Q satisfies ii) of Proposition which is equiv-
alent to Q € M(v). We divide the proof in three steps. In a first step, we
refer to the Appendix for the proof of the absolute continuity of Q w.r.t. to
Pg, since it is quite technical. In a second step we prove that the density is
0(Xo, Nj)-measurable and in a third one we prove that this density is indeed
o(Xp, X1)-measurable. For sake of clarity, since there is no ambiguity, we
denote by P, the probability PY.

Step 1: Absolute continuity.
See the Appendix.
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Step 2: The density H := % 1s tnwariant under time change.

We show that, for any u € U, H is my-invariant, i.e. H omw, = H P,-a.s..
Since P, (2) = 1 we have that 7, is P,-a.s. invertible. Applying the identity
(2.1) under P, we obtain, for any F' € B(Q):

P,(FHom,) =P, ((For,'H)om,)

A 1 ‘
=P, (For, Hexp(> /0 log =7 (j, £, u(j, 1)) @(j, )N ) )
j=1

A 1 .
—Q(Fom, exp<2/o log = (71, u(s 1) () O)NY ) )
j=1

:Q(F):PV(FH)

which gives us the desired invariance, since F' is arbitrary.
We claim that this implies that H is o(Xo, N1)-measurable, i.e. that there
exists a function h : R x N4 — R+ such that

o dQ o dQO<X07N1)71
" dP,  dP, o (Xo,Np)-!

= h(X(], Nl) IP’,,—a.s..

This is true since, given any two w,w’ € Q with the same initial state and
the same number of jumps of each type, one can construct © € U such that
W = my(w).
Step 3: The density H is invariant under shifts in T'.
Let us recall that P, (N € .|Xo = x) = py, where A is given by . Under
our assumption we might apply Corollary to px = P,(N; € .| Xy = 2)
and p* = Q(N; € .|Xo = x). We obtain that the conditional density %
is ANj-measurable Qg -a.s. and, by mixing over the initial condition, that
% = %% is 0(Xp, AN1) = 0(Xp, X1)-measurable. O
3.2. Comparing reciprocal classes through invariants

In what follows and in the next subsections, we consider jump measures
v € J which are time-homogeneous. In that case we identify v with the
vector (v1(0),...,v4(0)) € R4,
We present in Proposition 3.5 a set of explicit necessary and sufficient con-
ditions for two compound Poisson processes P, and P7 to have the same
bridges, or equivalently, to belong to the same reciprocal class. A more im-
plicit condition has been presented by R. Murr in his PhD thesis, see [22],
Proposition 7.50. Our result is in the spirit of [7], where two counting pro-
cesses where shown to have the same bridges if and only if their reciprocal
(time-)invariants coincide.

In the next proposition we denote by kerz(A)* the orthogonal comple-

ment of the affine hull of kerz(A), and the logarithm of the vector v € R4,
denoted by log(v), has to be understood componentwise.
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Proposition 3.5. Let x € R, v, € RY and ker},(A) be a lattice basis of
kerz(A). The following assertions are equivalent:

i) PL € R(v).
ii) For every c € kerz(A)* the equality ®5 = ®S holds.
iii) There exists v € kerz(A)L such that log(?) = log(v) + v.

Proof. i) = ii) By applying (3.2) and the trivial fact that P € R(7), we
have
PEP;(f) =P5(f 0 bc o Ny) = @S PY(f), VfeB(ZY),  (35)

and i7) follows.

1) = 1) Observe that since kerz(A)* is a lattice basis, any ¢ € kerz(A)
can be written as an integer combination of the elements of ker;(A), i.e.
c= Zc*ekerz( A) zexC*, zex € 7. Therefore all the reciprocal space-invariants
coincide since

o= J[ @)= [ (@) =2 Vecekerz(A). (3.6)
c*cker; (A) c*eker; (A)

With a similar argument as above one proves that the identity is sat-
isfied under PZ. The functional equation is trivially satisfied by P%
because =¥ = =¥ = 1. The conclusion follows by applying Theorem

i1) < 1ii) We just observe that the equality ®F = ®¢ is equivalent to

D “log(ri)ed =) "log(i)cl.
j=1 i=1

Since a lattice basis kery(A) of kerz(A) is a linear basis of the affine hull of
kerz(A) ii) is equivalent to the fact that log(r) and log(7) have the same
projection onto kerz(A), which is equivalent to 7). O

Ezxample 3.6. Continuing on Example two time-homogeneous com-
pound Poisson processes with jumps in A = {—1,1} and rate v = (v, v™)
resp. 7 = (77, 7") have the same bridges if and only if

_+ —

v v +

=v v .

Ezample 3.7. Let A = {—1, 3} and define two time-homogeneous compound
Poisson processes with jumps in A and rate v = (v, v ") resp. v = (v, 0T).
They have the same bridges if and only if
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Ezample 3.8. Let A = {a',...,a®} be the vertices of an hexagon, see the
Figure 2:

, 2 2
al = (cos(%(i - 1)),sin(%(i —1)) €R? i=1,..6. (3.7)
Then a basis of kerz(A) is:

kery(A) = {e1 + e4,e2 + €5,€1 + €3+ e5,e2+es+eg}. (3.8)

By Proposition P2 with jump rates v = (¢!, ...,v%) belongs to R(7) if
and only if

I/ll/4 — 51547
210 = 52557
1/11/31/5 — 5153557
V2V4V6 — 52541‘)6
a a3 a
a a
< 3 A a
@ @ i
5 5 as

Figure 2: A representation of the vectors of A and of the incidence vectors of ker;(A)

3.3. An interpretation of the reciprocal space-invariants

We aim at an interpretation of the space-invariants for a time-homogeneous
jump measure v € J under the geometrical assumption ii) of Proposition
2. 1)

kerz(A) admits a lattice basis kery(A) included in N4, (3.9)

A lattice basis satisfying is a generating set for kery(A). Therefore it
is sufficient to interpret the invariants ®¢ for ¢ € ker;(A).

Assumption is not only natural in view of the interpretation we will
give in Proposition but it is satisfied in many interesting situations.
One can prove that this is the case when A C Z and A contains at least
one negative and one positive jump. Assumption also holds in several
situations when d > 1, e.g. in the setting of Example

In the context of diffusions, various physical interpretation of the recipro-
cal invariants have been given, mainly based on analogies with Stochastic
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Mechanics, see [9], [20], [31] and [32]. Regarding jump processes, the only
interpretation known to the authors was given by R. Murr [22]. Inspired by
[24] he related the reciprocal time-invariant associated to a counting process
(the space-invariants trivialize) with a stochastic control problem, whose
cost function is expressed in terms of the invariant.

We propose here a different interpretation of the invariants as infinites-
imal characteristics, based on the short-time expansions for the probability
that the process makes a cycle around its current state. We believe this
interpretation to be quite general, and we are currently working on various
extensions.

To be precise, let us define the concept of cycle we use here. In the rest
of this section, a basis ker;(A) satisfying is fixed.
Definition 3.9. A cycle is a finite sequence v := (zk)o<k<i such that
i) zp—axp1 €A, 1<k<I,
i1) x; =z = 0.

To each cycle v we can associate an element N(7) € kerz(A) N N4 by
counting how many times each jump occurred in the cycle, thus neglecting
the order at which they occurs:

N =t{k oy — 21 =al}, 1<j<A,

where fF denotes the number of elements of a finite set £. Note that, for
a given c € kerz(A), we can construct a cycle v such that N(vy) = c if and
only if ¢ € N4. Therefore, under assumption , N~!(c) is non empty for
any c € kery(A).

+1 -1

\/

0 Tl T2 t

Figure 3: Here A = {—1,1} and kerz(A) = (1,1) Z. Left: A representation of the cycle
~v = {0, 1,0} satisfying N(v) = (1,1). Right: A typical path in LY. The probability of L7
is equivalent to (v 7)e? over the whole reciprocal class, as € — 0.

Definition 3.10. We define the trace v (w) of a path w € ) as the ordered
sequence formed by the displacements from the initial position up to time &:

Tg(w) == (O,XTl - Xo, ""XT\NIs - Xo)
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The subset of paths whose trace coincides with a given cycle v over a small
time interval [0, €] is denoted by

LY :={w: T.(w) =~}

Finally, we introduce the usual time-shift operator on the canonical
space:

7t : (0, 1], RY) — D([0,1 — ], RY), 7 (w)s = w5, V0 <5 <1t

The following short-time expansion holds under the compound Poisson
process.

Proposition 3.11. Letv € J be a time-homogeneous jump measure, x,xg €
RY. Then for any time t > 0, ¢ € kery(A) and any cycle v with N(v) =
we have:

P2 (14(X) € LY X; = ) = ———¢l°l + o(e®l)  as e —0

where |c| = Zj‘:l .

Proof. First observe that w.l.o.g. ¢t = 0, the general result following from
the Markov property of PTo. For simplicity, we denote by v the total jump
rate ZA , V7. Moreover, we denote by j(k) the unique element of {1,..., A}
such that X7, — X7, | =/ (k) With an elementary computation based on
the explicit distribution of PZo:

||

PLY) = B({IN]: = [e} 0 () (X5, ~ Xn, = /¥)})
k=1
sylel el k) A
= exp(—gﬂ) (SV)' H v — = exp(_glj)g‘c‘ H(Vj)ﬂ{k:](k):]}
lc|! Pl e
|c| 1
E C
S | (U=
from which the conclusion follows. O

Even more interesting, the same time-asymptotics holds under any Q €
R(v) and in particular under any bridge P,Y.

Proposition 3.12. Let v € J be a time-homogeneous jump measure and
Q € R(v). Then for any time t > 0, ¢ € kerz(A) and any cycle v with
N(v) = ¢, we have:

1
) = el fo(elel)y ase—0

Qs Q(n00 € 12]%) = 5l
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Proof. Assume that Q € R(v). Observe that w.l.o.g we can assume that

Qo = 94, for some z¢ € R?, the general result following by mixing over the
initial condition. Then by Proposition [1.5] dQ/dP%° = h(X;). We first show
the identity:

Py (]l{n(X)eL;’}h(Xl)’Xt> = Q(]l{-rt(X)eL;’}’Xt>]P)z)/Q (h(Xl—t)>- (3.10)
Indeed, let us take any test function of the form 1 x,c4). We have:
Py <]1{n(X)eL;’} h(Xl)]l{XteA}) = Q@{Tt(){)eLg} 11{XteA}>
= Q( QL (x)err3 1 Xe) Lix,eay)
= Pgﬁo( QL7 (x)erry | Xe) h(Xl)]l{XteA})
= P2 ( QUL x)ernyX0) B (AXDIXD) Tixeny)

from which (3.10) follows. Consider now the left hand side of (3.10). We
have, by applying the Markov property and the fact that - is a cycle:

P2 (A(X1) Tinern X)) = P (PE (X)) 1 F ) x)ery 1 X0)
= P (B (h(X1 1) L rerny Xe)
= P2 (PX(A(X1 1) Lnrerny 1X0)
= P (1{Tt(X)eLg}|Xt) Pyt (h(Xl_(t+e)))-
Applying and Proposition and the continuity of
(w,t,.) = P (h(X1-))

we obtain:

1 o |
Be [ Pt (h(X1-¢)) = ig%e | ‘Q(]l{neL;’ﬂXt) PXt(h(X1—))  (3.11)

We observe that PXt(h(X1_¢)) = dQ;/d(P%0); and therefore it is strictly
positive Q-a.s. . This allows us to divide on both sides by P:Xt(h(X;_4)) and
the conclusion follows. O

We have thus shown that each element of the reciprocal class has the
same probability to spin around its current state in a very short time interval.

Remark 3.13. In the statement of Proposition [3.12] we could have replaced
X with F, i.e. the following asymptotics holds true:

Q(r(X) € LY|F) = el 4 o(elely as e — 0.

1
o [cl!
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4. Appendix

Proof. (Step 1 in Theorem[3.5)
We first observe that it is sufficient to prove that

Q(.IN; =n) << P,(.|N; =n) for all n such that Q(N; =n) > 0.

To this aim, we use an approximation argument.

Let us fix n and construct a discrete (dyadic) approximation of the jump
times. For m > max;—1 . 4log, (nj)—H :=m , D™ is composed by A ordered
sequences of dyadic numbers, the j-th sequence having length n/:

D" = {k = () jeaien + K € 27" N0 <Ky <k <1,Vj < AVi <nd )

For k € D™ we define the subset of trajectories whose jump times are
localized around k:

O =Ny =npn () {o<k -1/ <27} (4.1)

J<A
i<nJ

Moreover, as a final preparatory step, we observe for every m > m, k,k’ €
D™ one can easily construct u € U such that:

u(g,t) :t—i—k‘;j —kg, Vi< A,i<n’ andt s.t. ()Sk:g—t< 27 (4.2)

We can observe that (4.2) ensures (7, Tij ) = 1 over O, and that O =
7, H(O). We choose F' = ]loﬁl]l{len}/Q(Nl =mn) and v as in (4.2]) and
apply (3.1)) to obtain :

@(o;;@le - n) - Q({w (W) € O} Ny = n)
= Q(ﬂo{: exp(i /1 log E¥(j,t,u(j,t)) u(j,t)dth> ‘Nl = n>
j=1"0

> C Q(OFINy =n),

where =
in;
C::( inf  =V(j, ,t) S0 4.3
el jca™ o) (4.3)

since v € J. With a simple covering argument we obtain, for all m > m
and k € D™,

D" min{1, £ }Q (OF|N; = n)
<QOFIN1=n)+ > Q(Of|N;=n)<1.

k/epm
k/#k
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It can be shown with a direct computation that ﬁ < C'P,(O}'|N1 = n)

for some C’ > 0 uniformly in m,k € D™ (the proof is given in Lemma [4.1)).
Therefore there exists a constant ¢ > 0 such that:

QO'IN; =n) < C" P,(OJ'|N; =n), Vm>m,keD"

With a standard approximation argument, using the fact that Q(2) = 1, we
can extend the last bound to any measurable set. This completes the proof
of the absolute continuity.

O

Lemma 4.1. Let D™ and P, as before. Then there exists a constant C'
such that for m large enough,

/ 1
€' PLOINy =) > 5
Proof. We want to prove that,for n € N4 :

1 .
< ! m — > 7 m .
D < C'P,(OF'|N1 = n), Vm_r}lﬁ&g{log(n )+1,keD (4.4)

We can first compute explicitly D™ with a simple combinatorial argument:
each k € D™ is constructed by choosing n/ dyadic intervals, j < A, and
ordering them. Therefore

4pm :jﬁl (3;) (4.5)

On the other hand, we observe that defining o(dzdt) = Y24, 6, (dz) @ dt,

j=1
P; is equivalent to P,, and therefore, we can prove (4.4]) replacing P, with
P;. To do this, for each k € D™ we define the function:

{1, ., 2™} x {1,..., A} — {0,1}

506.4) 1, ifie {27k, ...2"k/}
1,7) =
J 0, otherwise .

Then, using the explicit distribution of Py,
P5(O'|N1 = n)

=Py N ¥, - N, =6(0,)HN: =n)
(i.5)€{l,...2m}x{1,..,A} 2

A
= exp(A4) exp(—27")2"A(27m) (257 H nil = H 27 |
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It is now easy to see that there exists a constant Cy > 0 such that:

om anj ]
. 7 m
<nj)200 T V]ﬁA,ij:nll%%Alog(n)le,keD

from which the conclusion follows. O
Proof. ( of Proposition |2.15))

i) Let n € N4, m ¢ SAn. Since ker;(A) is a lattice basis there exists
C1, ..., i C (kerk,(A)U—kerk(A))X such that, if we define recursively

wo =mn, wk =0, wk_1
then we have that wx = m. Let us consider [ large enough such that

| min @ >| min wi| (4.6)
j:l,...,A Jj=1...,A
k=1, K

We then consider the sequence wy, k = 0, ..., K 4 2l defined as follows:

Oewy,_q, fl1<k<li
w;,c lewk 1> HI+1<EkE<K+]1
O_cw_4 HTK+I+1<k<K-+2.

It is now easy to check, thanks to condition (4.6) that

wh € Fan Vk<K+2L

Since all the shifts involved in the definition of wj, are associated to
vectors in ker7(A) U —kery(A) we also have that w); € Fan and
(wy,_q, wy) is an edge of G(Fa n, kerz(A)),k < K +21.

Moreover we can check that

Wy yo =M+ 1+ g ck —Ilc=m
k<K

Therefore n and m are connected in G(Fa n,kerz(A)) and the con-
clusion follows since the choice of m is arbitrarily in §a n and n any
point in N4,

ii) Let n € N4 m ¢ FAan. Since kery(A) is a lattice basis there exists
K < ooandcy,...,cx C (kery(A)U—kerd(A))X such that if we define
recursively :

wo =1n, Wk =0, w1 (4.7)

then we have that wxg = m
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Observe that w.l.o.g there exists Kt s.t. ¢ € kerj,(A) for all k¥ < K+
and ¢ € —kery(A) ,k € {KT +1,...,A}. Applying the hypothesis one
can check directly that {wg}o<k<kx is a path which connects n to m in
G(SA n kery(A)). O

References

1]

2]

[10]

[11]

[12]

S. Bernstein. Sur les liaisons entre les grandeurs aléatoires. In Vehr.
des intern. Mathematikerkongress Zurich, volume 1. 1932.

E.A. Carlen and E. Pardoux. Differential calculus and integration by
parts on Poisson space. In S. Albeverio, Ph. Blanchard, and D. Testard,
editors, Stochastics, Algebra and Analysis in Classical and Quantum
Dynamics, volume 59 of Mathematics and Its Applications, pages 63—
73. Springer, 1990.

J.P. Carmichael, J.C. Masse, and R. Theodorescu. Processus gaussiens
stationnaires réciproques sur un intervalle. C. R. Acad. Sci., Paris,
Sér. I, 295:291-293, 1982.

S.C. Chay. On quasi-Markov random fields. Journal of Multivariate
Analysis, 2(1):14-76, 1972.

L.H.Y. Chen. Poisson approximation for dependent trials. The Annals
of Probability, 3(3):534-545, 1975.

J.M.C. Clark. A local characterization of reciprocal diffusions. Applied
Stochastic Analysis, 5:45-59, 1991.

G. Conforti, R. Murr, C. Léonard, and S. Reelly. Bridges of Markov
counting processes. Reciprocal classes and duality formulae. Preprint,
available at http://users.math.uni-potsdam.de/~roelly/, 2014.

N.A.C. Cressie. Statistics for Spatial Data. Wiley, 1993.

A.B. Cruzeiro and J.C. Zambrini. Malliavin calculus and Euclidean
quantum mechanics. I. Functional calculus. Journal of Functional Anal-
ysis, 96(1):62-95, 1991.

P. Dai Pra. A stochastic control approach to reciprocal diffusion pro-
cesses. Applied Mathematics and Optimization, 23(1):313-329, 1991.

J.A. De Loera, R. Hemmecke, and M. Képpe. Algebraic and Geometric
Ideas in the Theory of Discrete Optimization. MOS-SIAM Series on
Optimization. STAM, 2013.

J. Jacod and A.N. Shiryaev. Limit theorems for stochastic processes.
Grundlehren der mathematischen Wissenschaften. Springer, 2003.

28



[13]

[14]

[15]

[16]

[17]

[19]

[20]

[21]

22]

[24]

[25]

B. Jamison. Reciprocal processes: The stationary Gaussian case. The
Annals of Mathematical Statistics, 41(5):1624-1630, 1970.

B. Jamison. Reciprocal processes. Zeitschrift fiir Wahrscheinlichkeits-
theorie und Verwandte Gebiete, 30(1):65-86, 1974.

B. Jamison. The Markov processes of Schrodinger.  Zeitschrift
fiir Wahrscheinlichkeitstheorie und Verwandte Gebiete, 32(4):323-331,
1975.

A. J. Krener. Reciprocal diffusions and stochastic differential equations
of second order. Stochastics, 107(4):393-422, 1988.

A.J. Krener. Reciprocal diffusions in flat space. Probability Theory and
Related Fields, 107(2):243-281, 1997.

C. Léonard, S. Reelly, and J.C. Zambrini. Temporal symmetry of
some classes of stochastic processes. 2013. Preprint, available at
http://users.math.uni-potsdam.de/~roelly/.

B.C. Levy. Characterization of multivariate stationary Gaussian recip-
rocal diffusions. Journal of Multivariate Analysis, 62(1):74 — 99, 1997.

B.C. Levy and A.J. Krener. Dynamics and kinematics of reciprocal
diffusions. Journal of Mathematical Physics, 34(5), 1993.

J. Mecke. Stationare zufillige Mafle auf lokalkompakten Abelschen
Gruppen. Zeitschrift fir Wahrscheinlichkeitstheorie und Verwandte Ge-
biete, 9(1):36-58, 1967.

R. Murr. Reciprocal classes of Markov processes. An approach with
duality formulae. PhD thesis, Universitat Potsdam, 2012. Available at
opus.kobv.de/ubp/volltexte/2012/6301 /pdf/premath26.pdf.

J. Neukirch. Algebraic Number Theory. Grundlehren der mathematis-
chen Wissenschaften : a series of comprehensive studies in mathematics.
Springer, 1999.

J.C. Privault, N. Zambrini. Markovian bridges and reversible diffu-
sion processes with jumps. Annales de ’Institut Henri Poincaré (B),
Probababilités et Statistiques, 40(5):599-633, 2004.

S. Reelly. Reciprocal processes. A stochastic analysis approach. In
V. Korolyuk, N. Limnios, Y. Mishura, L. Sakhno, and G. Shevchenko,
editors, Modern Stochastics and Applications, volume 90 of Optimiza-
tion and Its Applications, pages 53—67. Springer, 2014.

29



[26]

[27]

28]

[29]

[30]

31]

S. Reelly and M. Thieullen. A characterization of reciprocal processes
via an integration by parts formula on the path space. Probability
Theory and Related Fields, 123(1):97-120, 2002.

S. Reelly and M. Thieullen. Duality formula for the bridges of a brow-
nian diffusion: Application to gradient drifts. Stochastic Processes and
their Applications, 115(10):1677-1700, 2005.

E. Schrédinger. Uber die Umkehrung der naturgesetze. Sitzungsberichte
Preuss. Akad. Wiss. Berlin. Phys. Math., 144, 1931.

I. M. Slivnjak. Some properties of stationary streams of homogeneous
random events. Teor. Verojatnost. © Primenen., 7:347-352, 1962. In
Russian.

C. Stein. Approzimate Computation of Expectations. IMS Lecture
Notes. Institute of Mathematical Statistics, 1986.

M. Thieullen. Second order stochastic differential equations and non-
Gaussian reciprocal diffusions. Probability Theory and Related Fields,
97(1-2):231-257, 1993.

M. Thieullen and J. C. Zambrini. Symmetries in the stochastic calculus
of variations. Probability Theory and Related Fields, 107(3):401-427,
1997.

A. Wakolbinger. A simplified variational characterization of
Schrodinger processes. Journal of Mathematical Physics, 30(12):2943—
2946, 1989.

J.C. Zambrini. Variational processes and stochastic versions of mechan-
ics. Journal of Mathematical Physics, 27(9):2307-2330, 1986.

30



	Title
	Imprint

	Abstract
	Contents
	Introduction
	Framework. Some definitions and notations
	The time and space transformations 
	Characterization of the reciprocal class
	Appendix
	References



