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1. Introduction and Qutline

Before introducing the notion of Dirac-harmonic maps, we want to give a short overview
of both harmonic maps and harmonic spinors.

Harmonic maps

Among variational problems in Riemannian geometry, harmonic maps are probably the
richest ones. Harmonic maps are critical points of the energy functional

B() =5 [ 1o, (1.1)

where ¢: M — N is a smooth map from a closed Riemannian manifold M to another
Riemannian manifold N. Critical points of E(¢) satisfy

7(¢) = Ve dd(ea) =0, 7(¢) €T(¢7'TN). (1.2)

The operator 7(¢) is called the tension field of the map ¢. Often, one likes to apply
the Nash embedding theorem to isometrically embed the manifold N into some RY of
sufficiently large dimension ¢. Then, the Euler-Lagrange equation for ¢ acquires the
form

A¢ =1(¢)(d¢, d), (1.3)

where II denotes the second fundamental form of the embedding. Harmonic maps play
an important role in

1. Differential geometry
Minimal immersions from surfaces are harmonic maps which are also conformal.
In this context, we have to mention the work of Sacks and Uhlenbeck [SU8I|, who
used harmonic maps to establish the existence of a minimal immersion from S? to
another Riemannian manifold. However, also such ordinary objects like geodesics
are captured by the theory of harmonic maps.

2. Partial differential equations
The Euler-Lagrange equation for harmonic maps (3] is of the form Laplacian of ¢
is equal to the square of the gradient of ¢. Although this equation is non-linear and
hence standard methods for linear partial differential equations cannot be applied,
many results about the existence of solutions of the harmonic map equation and
their properties have been obtained.
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3. Theoretical physics
In theoretical physics harmonic maps appear on several occasions, for example
in the context of o-models in particle physics. In the context of string theory,
harmonic maps arise as the Polyakov action.

In the case that M is two-dimensional, the functional E(¢) is conformally invariant, such
that harmonic maps from Riemann surfaces share special properties. For more details
about harmonic maps, see the classical survey papers [EL95a] and [EL95b].

A natural question arising is the question concerning the existence of harmonic maps.
We will briefly present two different approaches. The first one is due to Sacks-Uhlenbeck
and uses the following regularization of the energy functional

Pa() =5 | (+1doP)

For a = 1, the regularized functional has the same critical points as E(¢). For a > 1,
the functional FE, satisfies the Palais-Smale condition, which guarantees the existence
of critical points. Consequently, one has to carefully study the limit o — 1, which was
done in

Theorem 1.1 (Sacks-Uhlenbeck(1981)). Suppose that M is a compact Riemann surface
without boundary and N a closed Riemannian manifold. Let ¢, € C°°(M,N) be critical
points of E, with Ey(¢a) < K for a > 1 and ¢o — ¢ weakly in HY*(M,N) as a — 1.
Then there exists a subsequence {8} C {a} and a finite number of points {z1,...,x} C
M such that ¢g — ¢ in CE (M \{z1,...,z5}, N). Moreover, ¢ € C*°(M,N) is a smooth
harmonic map.

Closely related to the work of Sacks-Uhlenbeck is the following

Theorem 1.2 (Lemaire(1978), Schoen-Yau(1979)). Assume that M is a closed Riemann
surface and mo(N) = 0. Then any map ¢9 € C*°(M,N) is homotopic to a smooth
harmonic map.

This result was proven independently by Lemaire [Lem78] and Schoen, Yau [SY79).

The second approach due to Eells and Sampson [ES64] uses the L? gradient flow of the
energy F(¢$). More precisely, the gradient flow is given by the following parabolic partial
differential equation

dp

2 =10, 6(,0) = 0. (14)

In the case that the target manifold N has non-positive curvature, Eells and Sampson
proved

Theorem 1.3 (Eells-Sampson(1964)). Suppose M and N are compact Riemannian
manifolds without boundary and the sectional curvature K of N is non-positive. Then
for any ¢9 € C*°(M,N) the evolution problem (I.4) admits a unique smooth solution
¢ € C®(M x [0,00),N), which, as t — oo suitably, converges to a harmonic map
¢ € C°(M,N) in C>(M,N).




Of course one may be tempted to try to relax the curvature condition on N. But
on the other hand, Eells and Wood proved that there does not exist a harmonic map
¢ : T? — S? with deg$ = +1 [EWT76]. Thus, the question comes up what happens if
one tries to deform a given map ¢y by the gradient flow in this case. The first answer
to this question was given by Struwe [Str85], he showed that the flow has to become
singular in this case.

Theorem 1.4 (Struwe(1985)). Suppose M is a compact Riemannian surface without
boundary and N is a compact Riemannian manifold without boundary. Then for any
smooth map ¢o : M — N there exists a global distribution solution ¢ : M x [0,00) = N
with finite energy E(¢r) < E(¢o), which is reqular on M x [0,00) with exception of at
most finitely many singular points (xk,tx),1 < k < K. The solution is unique in this
class.

At each singular point (wy,tx) a non-constant, smooth harmonic map ¢ : S? — N
separates in the sense that for sequences Ry, — 0, t,, = t, Ty, = T as m — 00,

O () = Glexps,,(Rm), tm) = & in H22(R?N).

Finally, ¢(-,t) converges weakly in HY?(M, N) to a smooth harmonic map ¢poo : M — N
as t — oo suitably.

For the current known results about harmonic maps and their heat flows see the book
[LW08].

Harmonic spinors

Spinors and especially harmonic spinors are rather different objects than harmonic maps.
Spinors are sections in the spinor bundle XM, which is a vector bundle over a Riemannian
spin manifold M. In contrast to harmonic maps, we thus require more structure on the
manifold M, but we do not need a target manifold N. The definition of spinors involves
the Riemannian metric of the manifold M and the choice of a spin structure. The
natural operator acting on spinors is the Dirac operator @: T'(XM) — T'(XM). The
Dirac operator is of first order, weakly elliptic, and is self-adjoint with respect to the L?
norm. One calls 1 a harmonic spinor if it satisfies

P = 0. (1.5)
Spinors and especially harmonic spinors appear in

1. Differential geometry
The Atiyah-Singer index theorem links topological data of the manifold M with
the index of elliptic differential operators, like for example the Dirac operator. In
addition, the Dirac operator can be used to study the existence of metrics with
positive scalar curvature.
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2. Theoretical physics
In particle physics fermions, for example electrons, are described by spinors. The
mass of these fermions is given by the eigenvalues of the Dirac operator @#. Conse-
quently, massless fermions are characterized by harmonic spinors.

The methods to study the existence of harmonic spinors are quite different from the
ones used to study the existence of harmonic maps. The results about the existence of
harmonic spinors differ depending on the dimension of the manifold M. We want to give
a brief summary of the known results, for more details see [Bar98|.

Starting in dimension one, we note that the only compact manifold is the unit circle S*.
There exist two spin structures on S', but only one of them admits harmonic spinors.

In the case that M is a closed Riemannian surface, the existence of harmonic spinors
depends on the genus of the surface in the following way

gy = 0: No harmonic spinors exist [Bar92).

gv = 1,2: The existence of harmonic spinors is independent of the metric, but
depends on the spin structure.

gv = 3,4: In general, the existence of harmonic spinors depends on both spin
structure and metric.

gy > 5 The existence of harmonic spinors varies with the choice of metric.

In addition, we would like to point out that on any closed surface of genus gys > 1,
one can always choose the metric and the spin structure such that there exist harmonic
spinors. For a detailed discussion see [Hit74] and [BS92]. For dim M > 3, we have the
following

Theorem 1.5 (Hitchin(1974), Bar(1996)). Let (M,h) be a closed Riemannian spin
manifold of dimension m =0,1,—1 mod 8 or m =3 mod 4 with fixed spin structure.
Then there exists a Riemannian metric h on M such that the Dirac operator @ has a
non-trivial kernel, i.e. there exist non-trivial harmonic spinors.

This theorem was proven by Hitchin for m = 0,1, —1 mod 8 using the Atiyah-Singer
index theorem [Hit74]. For m = 3 mod 4, the theorem was shown by Bér [Bar96] by
considering the Dirac spectrum of the connected sum of two manifolds.

For the current known results about the existence of harmonic spinors, the reader may
take a look at [Gin09], p. 94, section 6.2. The latest developments regarding the existence
of harmonic spinors are covered in [ADHI1].




Dirac-harmonic maps

Dirac-harmonic maps are a combination of harmonic maps and harmonic spinors. They
are critical points of the functional

1
B(6.%) = 3 [ (46 + (o Du)ant
and satisfy the Euler-Lagrange equations

m(¢) = R(,¥), (1.6)
Dy = 0.

Here, v is a spinor along the map ¢ (we will later give a precise definition of the func-
tional) and the curvature term R(¢,v) depends on ®,d¢, and the curvature of the
manifold N. In addition, we assume that M is a compact Riemannian spin mani-
fold without boundary. The study of this functional is motivated by what physicists
call non-linear supersymmetric o-models, see, e.g. [Del99], chapter 3. For the sake of
completeness, we want to mention that when talking about non-linear supersymmetric
o-models, physicists usually refer to the functional

Blovd) =5 [ Mol + (0. D) — g Ran! 07} (0* o),

involving an additional curvature term. This functional has also been investigated
from the perspective of geometric analysis, see [CJWO07]. Both functionals F(¢, ) and
E.(¢,1) are especially interesting if M is a compact Riemann surface, since they are
conformally invariant in that case.

We would also like to point out that harmonic maps and harmonic spinors can be thought
of as limiting cases of Dirac-harmonic maps.

Dirac-harmonic maps were introduced in [CJLWO06] together with a first analysis includ-
ing a removable singularity theorem. Most of the subsequent publications analyzed the
regularity of Dirac-harmonic maps. First of all, it was shown that Dirac-harmonic maps
from S? — S™ are smooth [CJLWO05], which was later extended to Dirac-harmonic maps
from Riemann surfaces to hypersurfaces [ZhuQ9b]. The regularity of Dirac-harmonic
maps in general was studied in [WX09]. All of these results made use of the fact that
the inhomogeneity R (¢, ) has a Jacobian determinant structure, such that the powerful
tools from Helein [Hél02] and Riviere [Riv07] are applicable.

An important tool in the analysis of harmonic maps is the so called energy identity.
The energy identity for Dirac-harmonic maps from S? — S™ was proven in [CILWO05]
and generalized to Dirac-harmonic maps from arbitrary Riemannian spin surfaces in
[ZhaO7b]. In [ZhuO9a], the energy identity was established for a sequence of Dirac-
harmonic maps from Riemann surfaces, where the surface M is allowed to vary as well.
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Concerning the existence of Dirac-harmonic maps much less is known. Some explicit so-
lutions of the Euler-Lagrange equations for Dirac-harmonic maps have been constructed
in [JMZ09]. General existence results could be obtained in the case that M is two-
dimensional Minkowski space, see [Han05] and [ZhaO7al.

Recently, several publications regarding the existence of Dirac-harmonic maps appeared.
In [Tsol12], the author studies the case that M = S! and adds a non-linear interaction
term F'(¢,1) to the functional originally considered, namely

Pr(60) = 5 [ (46 + (6.19%) = Flgr )b (1.7

Using Hilbert space methods, the author could establish existence results for the func-
tional Er(¢,1) under assumptions on the interaction term F'(¢,)).

A different approach was pursued by Ammann et.al. Using index-theoretical methods it
was shown that for a given harmonic map ¢ one can construct a spinor 1 such that one
gets a Dirac-harmonic map [AG11], more precisely:

Theorem 1.6. Assume that M is a closed Riemannian spin manifold and N a closed
Riemannian manifold. Consider the homotopy class (@] of maps ¢: M — N such that
the index (M, [¢]) is non-trivial. Furthermore, assume that ¢g € [¢] is a harmonic
map. Then there is a linear space V' such that all (¢pg,1),1 € V are Dirac-harmonic
maps.

The solutions constructed above are uncoupled in the sense that they satisfy

() =0=R(¢.¢¥), Dy =0.

A criterion for the decoupling of Dirac-harmonic maps between surfaces was given in
[Yan09]. The decoupling of the Euler-Lagrange equations for Dirac-harmonic maps seems
to be a general phenomena. Almost all explicit solutions of the Euler-Lagrange equations
share this property. Nevertheless, a few coupled solutions were constructed in [JMZ09].

Shortly before this thesis was completed, the boundary value problem for Dirac-harmonic
maps was successfully treated in [CTW].

Finally, let us mention that in his survey paper “Perspectives on geometric analysis”,
[Yau06], p. 31, Yau suggests to study supersymmetric o-models from the point of view
of geometric analysis.

This thesis investigates the existence of Dirac-harmonic maps by using a combination
of the heat flow method from Eells-Sampson and a regularization in the spirit of Sacks-
Uhlenbeck. Let us mention the following preprint aiming in a similar direction as this
thesis: In [HYT10], the gradient flow for the Sacks-Uhlenbeck functional E,(¢) was in-
vestigated.
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1.1. QOutline

In Chapter two we introduce the notion of Dirac-harmonic maps and present a regular-
ization prescription for the energy functional F(¢, 1), which will be denoted as E. (¢, ).
We compute the critical points of E.(¢,%). In addition, we derive the second variation
of the energy functional E(¢,1)).

In the third Chapter, we introduce the evolution equations associated to the regularized
functional E.(¢, ). With the help of the evolution equations, we compute the behaviour
of certain “energies” under the evolution of ¢ and . This allows us to compare the
evolution equations for regularized Dirac-harmonic maps with the well-studied evolution
equation for harmonic maps. For the further analysis, we deal with the situation that the
target manifold N is isometrically embedded in some RY of sufficiently large dimension.
Moreover, we derive the evolution equations for N being embedded in some RY. In the
last part of the chapter we prove the existence of a short-time solution.

The fourth Chapter analyzes the evolution equations in the case that M = S'. First of
all, we study some simple examples, for which the evolution equations can be solved ex-
plicitly. As a next step, we use the scalar maximum principle to derive energy estimates.
With the help of these energy estimates we can then establish the long-time existence
of the evolution equations. We finish this chapter by exploring the convergence of the
evolution equations. We also address the question if we can remove the regularization.

Chapter five investigates the evolution equations for M being a closed Riemannian spin
surface. Similar to the previous chapter, we first of all derive energy estimates. However,
we cannot apply the scalar maximum principle any longer due to the presence of multiple
non-linearities. Consequently, we are forced to derive integral estimates. The most
important tool here is a local Sobolev inequality. By application of these estimates we
can guarantee the existence of a long-time solution, but only up to a finite number of
singular points. Afterwards, we sketch how one can perform a blowup analysis of the
singular points. Moreover, we show that the evolution equations weakly converge to a
limiting map.

In addition, we study the structure of Dirac-harmonic maps between some surfaces of
lower genus.

Finally, we discuss the removal of the regularization for the limiting map constructed
before.







2. Dirac-harmonic Maps and Regularization

2.1. Dirac-harmonic Maps

Throughout this thesis, (M, hag) and (IV,g;;) are compact, smooth Riemannian man-
ifolds without boundary. In addition, we assume that the manifold M admits a spin
structure. Coordinates on M are denoted by x, whereas coordinates on the target man-
ifold N are denoted by y. Indices on M are labeled by Greek letters, whereas indices
on NN are labeled by Latin letters. We use the Einstein summation convention, which
means that we will sum over repeated indices.

Given a map ¢ : M — N, we consider the pull-back bundle ¢~'TN of TN. Since M
admits a spin structure by assumption, we can twist the spinor bundle XM with the
pull-back bundle ¢~'TN. On this twisted bundle XM ® ¢~ 'TN there is a metric in-
duced from the metrics on ¥M and ¢ 'T'N. The induced connection on XM @ ¢ ' TN
will be denoted by V. We will always assume that all connections are metric and free
of torsion. Locally, sections of M ® ¢~ TN can be expressed as

. )
vla) = v'(@) © 5 (6()).

We denote the Dirac operator on ¥ M by @ and the Dirac operator on the twisted bundle
by ID. In terms of local coordinates IP1) can be expressed as

6(@) + T4 2 e (@) 0 2

Dy = ' @ D

0
oyt

It is easy to see that I is self-adjoint with respect to the L? norm. After these preliminary
definitions we study the following energy functional:

B(6.4) = 5 [ (1dof? + (b Duant.

Concerning the first term, the scalar product is taken on the bundle T*M ® ¢~ 'TN.
For the second term we use the metric on YM ® ¢~ 'TN. The critical points of E(¢,)
were calculated in [CJLWO06], p. 413, Prop. 2.1:

Proposition 2.1. The Euler-Lagrange equations for the functional E(¢p,v) are given by

T(¢) = R(¢:¥), (2.1)
Dy = 0, 2.2
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where (@) is the tension field of the map ¢ and the right hand side R(p,) is explicitly
given by

R(6,4) = 5 R (e 4, )d(ca).

Written in coordinates, the Euler-Lagrange equations acquire the form

Tm((b)_ 2 lzy(¢)<wl v¢l 1/}]> = 0,
@¢i+r§k(¢)g—iea-wk = 0.

Solutions of the system (2], (2:2]) are called Dirac-harmonic maps from M — N.

Proposition 2.2 (Second Variation of E(¢,)). Assume that (¢,v) is a smooth Dirac-
harmonic map. Then the second variation of the energy functional E(¢p,v) is given

by

2
wsEew) = [ (rvm? (RN (1 dbea))m, do(e0) (23
5 (VRN ea 6, 6)d6(ea), m) + 3 (0, R (60~ 4, 9) V)
+(RN (eq - 1, ' @ V,, 882)d¢(ea) >> dM,
52
sablo) = [ € pgan. (2.4)

Proof. We choose a local orthonormal basis {e,} on M such that [e,,d;] = 0 and also
Va,ea = 0 at a considered point. First, we compute the second variation of E(¢, 1))
with respect to ¢. Therefore, consider a family of smooth variations of ¢ satisfying
8¢t |t = 7, while keeping the ¥ in ¥ (z) = ¢¥'(z) ® a?ﬁ (p(x)) fixed. It is well known
that the second variation of the Dirichlet energy is given by
2
Sl 3 [ asparr = [ 9P - (m¥astea mdsten) + Ty r(@)an

([CWO08], p. 8, Prop.1.6.2). In addition, we find

92| 1 ) O
5a|_3 [ wpvan = o [ (G R

v
- /M<< s RS 0)) + (1, |, RA 1, ) AM.

Differentiating R(¢¢, 1) with respect to ¢ yields
V1

\Y%
S R(@w) = awRN(ea ¥, ¢)dor(ea)

- §(vd¢t(3t)RN)(eOé -1, w)d¢t(ea) + RN(ea -1, %Tﬁ)d@(%)
3¢t

t= 0

3RV (6w 6,0)V

10
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The second term involving the derivative of ¢ with respect to ¢ should be understood as
follows:

v )
HY=V'® Vd@(at)a—yi(@bt(iﬂ))-

Summing up the different contributions, evaluating at ¢ = 0, and using the fact that
¢ solves the Euler-Lagrange equation for Dirac-harmonic maps, the second variation
formula for ¢ follows.

As a second step, we derive the second variation of E(¢, ) with respect to ¢. Therefore,

consider a family of smooth variations of i satisfying Vé’ft o = & and keeping ¢ fixed.
We know that 5

o1 1
ot

| wewviart = [ & puyan,

t=0 2

Differentiating again with respect to ¢ and evaluating at t = 0, we get

| 1 v?
52 5 [ wnpedst = [ (Do, gmu| )+ 6 Do,
t=0 M M t=0
The claim now follows since 1 solves ) = 0 by assumption. U

We denote the curvature operator on XM ® ¢ 'TN by }?(-, -). It can naturally be
decomposed into

R(ea,eg) = R*M(eq,e8) ® Ly-1rn + Ly @ RN (dg(eq), dp(ep)).

Lemma 2.3 (Weitzenbock formula for the twisted Dirac operator ID). Assume that
Y € C?*(M,~M ® ¢~'TN). Then the square of the twisted Dirac operator 1D satisfies

Py =-Ap+ {RY+ e 5 RN (db(ea), d(es)0- (2.5)

Proof. We choose a local orthonormal basis {e,} on M such that V. eg = 0 at a
considered point. We compute

¢2¢ = €q- eﬁ . 66(1@61-}1#
= —Av+ ) earep Rlcaep)v

ea<e/3

= —Ay+ %ea e - R(eq,ep)t
-1 1
= —Ay+geaep R (casep)t) + 5ea - g - RY (dd(ca), dd(eg) ¥

= Aut RO+ e s BY (d(ca), db(es))

This could of course also be deduced from the general Weitzenbock formula for twisted
Dirac operators, see for example [LM89], p. 164, Theorem 8.17. U

11
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We will often encounter the situation that the Euler-Lagrange equations for Dirac-
harmonic maps decouple. Therefore, we make the following

Definition 2.4. A Dirac-harmonic map (¢,) is called uncoupled if ¢ is a harmonic
map, otherwise it is called coupled.

2.2. Regularization of the Energy Functional

In the analysis of the energy functional E(¢,1) one often faces the problem that the
energy is unbounded from below. This problem originates in the fact that the Dirac-
operator is unbounded. To overcome these analytical difficulties, we propose a method
to “improve” the energy functional by adding a small regularizing term. More precisely,
we consider

Be(60) =5 | (6 + (,10) + <lFu)int

with € > 0. Unless stated otherwise, we will always assume that € < 1. Note that
for e — 0 the regularized functional coincides with F(¢, ). Before deriving the Euler-
Lagrange equations for E.(¢, 1), we make the following

Remark 2.5. The functional E.(¢,1) satisfies

m 2
- /M WPdM < E.(6,4) < oo,

where m is the dimension of the manifold M.

Proof. The estimate follows from combining the inequalities

w0, B0) > i~ SBR[V > (B
3 m m

As a next step we derive the Euler-Lagrange equations for E.(¢, ).

Proposition 2.6 (Euler-Lagrange equations of E.(¢,%)). The critical points of the
functional E.(¢,1)) are given by

m(¢) = R($,¥) +eRe(d,9), (2.6)
2.7

eAy = Dy
with the vector fields
1 _
R(¢¢) = FRY(ea ¥, ¥)dd(ea) € T(¢7'TN),
Re(9,9) = RN(Ve,,9)dd(ea) € T(¢7'TN)
and A denoting the connection Laplacian on the bundle SM ® ¢~ TN.

12
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Proof. We choose a local orthonormal basis {e,} on M such that [e,,d:] = 0 and also
Va,ea =0 at a considered point. We start by deriving the Euler-Lagrange equation for

the spinor . Therefore, we consider a variation of ¢ with ¢ fixed and Vé’ft | o = X- We
find
) 1 .
@Ee(qﬁ, b)) = 5 M((X, DY) + (0, Dx) + 2(x, Vi, Ve, ¥0))dM

= / (x, Py — eAy)dM.
M

To derive the Euler-Lagrange equation for ¢, consider a family of smooth variations
of ¢ satisfying %‘tzo = 1, while keeping the ¢’ in ¥ (z) = ¢'(z) ® 8%1(@(36)) fixed.
The variation with respect to ¢ of the following terms has already been computed in
[CILWOG], p. 413, Prop. 2.1.:

51 —_—
=5 [ aparr = — [ (r(@).0am

01 Vi
555 [ wpear = [ (G D)+ R0,
Finally, we compute the variation of the regularizing term, namely

0

ot

5 Vi o~ - 5
o rmeranr = e [ (G ) (RE @ ) Tyt

where RF denotes the curvature tensor on the the bundle E = T*M @XM ®¢, 'TN. The
only curvature contribution arises from the pull-back bundle ¢, TN and we compute

<R¢;1TN(8157 ea)l/J, @ea 1/}> ‘tzo - <RN(d¢t(at)7 d¢(ea))w7 @ea ¢> |t:0

= (RN (Tt )d(ea). T,

= (Re(0,9),m)-
Adding up the different contributions, we get

B0 0) = [ ((27(0) +RD0) + Reln ) + (D4 272, b, ] o) M,

Using the Euler-Lagrange equation for v, which was deduced before, the result follows.
O

13
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Written in local coordinates, the new terms arising from the variation of E.(¢, ) acquire

the following form:

RC(¢7 1/})

zzja—ma—WE&Miﬁ sV ) sm

04!

. a¢s
+R7, lij o, m 8 m rsa

8xa’
)
k
L e, B
P D
” 89@ oy

W'Y )sm

A2M¢Z (Z + 2VZM¢Z
rk 9P Bqﬁ 0
P O Oz OYF
r 097 04" 9
kS 020 O Oy

+'@T + ' ®

i k
+f © T,

Solutions of the system (2.6]), (2.7) will be called regularized Dirac-harmonic maps from

M — N.

14



3. Dirac-harmonic Maps and Gradient
Flows

3.1. Introduction and Overview

In this chapter we want to introduce the L2-gradient flow for regularized Dirac-harmonic
maps. Since (regularized) Dirac-harmonic maps form a pair of a map ¢ and a spinor
1 along that map, the gradient flow is given by a system of two coupled evolution
equations. Ultimately, we want to achieve that we can deform given initial data (¢g, ¢)
into a Dirac-harmonic map. Here, ¢g: M — N and ¢y € T'(E¥M ® qﬁalTN) is defined
along the map ¢¢. More precisely, the evolution equations we want to use are

{% = 7(pr) — R(be, 1) — eRe(dr, W), (3.1)

¢(x,0) = ¢o(x),

{% = Ay — Dy, (3.2)
P(z,0) = YPo(z).

Throughout this thesis, we will refer to the system B.1]), (8.:2)) as evolution equations for
reqularized Dirac-harmonic maps or regularized Dirac-harmonic map heat flow.

The study of the evolution equations involves the following steps:

1. Short-time existence
Roughly speaking, the existence of a short-time solution of the evolution equa-
tions guarantees that we can start deforming. More precisely, we expect that for
M, N, e, g,y arbitrary, there exists a small time 17,4, > 0 such that the evolution
equations admit a solution for 0 <t < T},4z-

2. Long-time existence
We cannot expect that we can solve the evolution equations for 0 < ¢ < oo in the
most general situation. In particular, it could happen that the evolution equations
blow-up after a finite time. Consequently, we have to find conditions on M, N and
the initial data that guarantee the existence of a long-time solution.

3. Convergence
After having established the existence of a long-time solution, we can study the
limit ¢ — oo. The natural question arising is, if the evolution equations converge

to a limiting map (Poeo, Voo )-
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4. Removing the regularization
So far, our analysis is based on the evolution equations for the regularized func-
tional E.(¢,), but we finally want to find critical points of E(¢,v). Hence, we
have to study the limit € — 0 after letting ¢ — oo.

We will see that the more steps we want to establish, the more restrictions we get.

Remark 3.1. Of course, we could also try to apply the L?-gradient flow to the functional
E(¢,v), which would lead to the set of equations

% = 7(¢t) — R(t,¢1), ¢(z,0) = ¢(x),
Vi
- = — Dy, Y(z,0) = Yo(x).

Let us make some comments about this system of evolution equations: The evolution
equation for the map ¢; is non-linear, but parabolic. Hence, for this equation, analytical
tools like the maximum principle are applicable. The evolution equation for the spinor
1y is of a different nature. In contrast to the equation for ¢y, it is a first order evolution
equation. An evolution equation of this type was already considered in [Che73|, p. 403.
It was pointed out that such an equation is a first-order symmetric hyperbolic system.
Consequently, one cannot expect that such an equation tends to an equilibrium state as
t — oo. This behaviour is also reflected in the fact that the energy functional E(¢, ) is
unbounded from below. Since the gradient flow tries to decrease the energy, we cannot
expect that the evolution equation for the spinor v; will converge to a limiting spinor

Voo-

Another approach one could pursue is to try to deform only one of the fields (¢, ) by an
evolution equation and use a different method for the other one, like for example index
theory. On the other hand, we note that our ansatz, the simultaneous deformation of ¢
and 1, seems to be the most general one.

Almost all estimates derived later on depend on the regularization parameter ¢ in a
non-trivial fashion. We will make the dependence on € explicit only when it is necessary.
Moreover, C' will denote a generic constant changing from line to line.

Lemma 3.2. Let (¢4, ;) € C°(M x [0,T),N) x C®°(M x [0,T),SM ® ¢; 'TN) be a
solution of (31) and (32). Then we have for allt € [0,T)

E-(¢0, ) / / (‘%t Wt )det:Es(%,Z/)o)

_g /M [e|?dM < E-(¢, 1) < Ex(cbo, o),

and also

where m is the dimension of M.
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Proof. This is a direct consequence of the gradient flow. O

Remark 3.3. In the last Lemma, we saw that the regularized energy E.(¢, 1) is bounded
from below by the L?-norm of the spinor 1);. Hence, we may expect that this L?-norm
will play an important role whenever we will discuss the convergence of the gradient
flow. Moreover, the inequality tells us that the energy is decreasing, which is of course
a general feature of the gradient flow.

Remark 3.4. For simplicity we will mostly assume that the initial data (¢g,g) is
smooth. Of course, we could also admit initial data of lower regularity. Since the
evolution equations (B.1)) and (B:2]) form a parabolic system, they will have a smoothing
effect on the solution anyway.

3.2. Evolution of Energies
In this section we analyze how the norms of vy, d¢; and V1), behave under the evolution

of ¢y and ;. Later, we will use these equations to derive energy estimates.

Lemma 3.5. Let ¢y € C®(M x [0,T),2M @ ¢; 'TN) be a solution of [(32). Then we
have for all t € [0,T)

O 21l = cAZjl? — el Vunl? — (. i)

Proof. The statement follows directly from the evolution equation (3.2)). O

Lemma 3.6. Let ¢ € C°(M x [0,T),N) be a solution of (31l). Then we have for all

te0,T)

O LB = ASldou? — (Vo + (R (du(ea). dbu(es))don(ea), dbi(cs))
—(d¢i(RicY (eq)), di(ea)) = (Vea R(¢1, ¥1), ddi(ea))

_5<VeaRc(¢t, Tzz)t), d¢t(ea)>- (33)
Proof. We calculate

o1 v
§§|d¢t|2 = <§d¢t(€a),d¢(ea)>
9
= (Ve S don(ea)

= <Vea7(¢t), d¢t(ea)> - <VeaR(¢ta ¢t)a dgbt(ea»
—&(Ve, Re(@t, Y1), doi(ea)),

where we used that V% = %d(bt, which is due to the torsion freeness of the connection.
In order to manipulate the first term, we use the formula for the curvature on the bundle
T*M ® ¢~'TN. Namely,

Ve Veadd(ea) = Ve, Veydd(ea) + RN (dp(ea), dp(es))dd(eq) — dp(Ric™ (ep)).

17
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Since 7(¢) = Ve,dg(ea) and Ve, dd(ea) = Ve, do(eg), we find that

Aldo = Vg + (Adé(ea), dd(en)

= —(RN(dgi(ea), ddr(es))ddr(es), ddy(eq)) + (doy(RicY (ea)), ddr(eq))
+(Ve,7(ér), dor(eq)),

which finally proves the assertion. U

Lemma 3.7. Let ¢y € C®(M x [0,T),2M @ ¢; 'TN) be a solution of [(32). Then we
have for allt € [0,7)
I

STVl = AL [TUL — TP — (T VB + (S RelGr b)) (3.4
—&(Vi, R (ear st Ve i) — e(RP (Cay €) Ve, ¥, Ve thr)

with the bundles By = T*M @ XM @ ¢; 'TN and Ey = T*M ® Ej.

Proof. Using the evolution equation (3.2]), we compute

6t2

\Y
2
8t2’th’ <atvea¢tavea¢t>
= <RE1(3t,€a)¢t,@ea7/)t> < e“@t%’ catt)
(O Rl ) ~ (Ve Ve P} + (Ve Ve B,

where R¥1(-,-) denotes the curvature on the bundle £y = T*M @ XM ® ¢; 'TN. Since
only the bundle ¢, TN is t-dependent, we only get one curvature term. In addition, we
compute

A rw\z V2L + (AVY, Vo).
To proceed, we have to intercliange the connection Laplacian on T"M @ XM ® ¢, TN
with the covariant derivative V. Namely,
AVe r = Vi Ve, Ve,
L R (e e+ V2, Ve Vet
= @ZﬁREQ(ea, eg) Pt + R™ (ea, €3) Ve, + Ve, Aty

with the bundles B = T*"M @XM ® qS;lTN and Fy = T*M ® E7. Combining the three
equations proves the assertion. O

Lemma 3.8. Let ¢ € C°(M x [0,T),N) be a solution of (31]). Then we have for all
te [O,T)

a¢t‘2 — ’a¢t’2 a¢t’2

b
T Ot

3¢t Iy

Siddnlea), o) (35)
a¢t>

L v <RN<d¢t<ea>

(9752

—<aR(¢t,¢t) ) — ( Re(¥r, ¢1),

18



3.2. EVOLUTION OF ENERGIES

Proof. We compute

010 \% 0
533 ¢t!2 (57 (T(01) = R(d0, 1) — eRe(S1,91)) ¢t>
On the other hand, we have
a¢t 2 a¢t 2 a¢t agbt
2|at| Vol T A B
0 0 0 0
= IV 4 (r(gn), 0 + (RY (du(ea), StV ea), o,

where we used the same Bochner technique as in the evolution equation for |d¢;|?.

Combining both equations yields the result. O

Lemma 3.9. Let ¢; € C®(M x [0,T),SM & ¢; 'TN) be a solution of (33). Then we
have for all t € [0,T)

th 1 V¢t V¢t th
M\at! = ebg| [ eV (ea - RN (dh(0). de(ea) e, —5)
<Vg’ft,¢%> - e<RN<d¢t<at) (e et 22
(Voo (RN (d61(80), dby(ca)) i), W'f> (3.6)

Proof. We choose a local orthonormal basis {e,} on M such that [e,,d:] = 0 and also
Vs,ea =0 at a considered point. Moreover, we compute

OL Ve (Y Yy oA, T

szl o = {5 £

To interchange the covariant derivative with respect to ¢ with the spatial derivatives, we
need the following formulas:

DYy = eq- R(Opea)tr + lD%TPt,

Ay = RO N0y ea)Veythe + Vi (R TN (0y, ea)he) + A%%

where we used that only the bundle ¢, TN depends on t. Computing the Laplacian

1,V 2 Ve Vi Vi
—|—= + (A=
ot |V | o ot ot !
and applying the curvature formulas from above, we get the result. O
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Remark 3.10. Some of the non-linear terms in the evolution equations for |d¢;|?> and
]%]2 can be controlled by curvature assumptions on the target manifold N. If we

assume that N has negative sectional curvature, the terms

204
ot

0
(RN (dgu(ea). dbules))db(ea), dinles)), (RN (doulen), ot )dou(ea), T
can be estimated by zero. This is the reason why Eells and Sampson [ES64] succeeded

in their work on the existence of harmonic maps.

Unfortunately, the curvature terms appearing in the evolution equation for %\?%\2, as
for example

<RE1 (ea, 66)@@31&2&, 6eoﬂ;z)t>a

cannot be related to geometric properties of the manifolds M and N. Here, E; denotes
the vector bundle XM ® qS;lTN ®@ T*M. The curvature R*M on the spinor bundle is
related to the curvature tensor on M by the following formula

1 1
REM(ea, eg)y = Zh(RM(ea, €g)ey,€5)€5 - €y - Y = ZRQM(; es - ey .

In the case that M is a Riemannian surface, we find

(R (e, 5) ey, Vet = (| Puf? — [T ?),

Whellre R is the scalar curvature of M. The other two curvature contributions from
R?% TN and RT™M cannot be transformed into a nicer form.

3.3. A first Estimate

In this section we want to analyze the maximal time of existence of the evolution equa-
tions (B.I)), (3:2) by application of the pointwise maximum principle. In other words,
we want to determine how far we can go beyond the short-time solution. From the
abstract theory of semi-linear parabolic partial differential equations one knows that the
lower order terms on the right hand side determine T},,;. In the case of the regularized
Dirac-harmonic map heat flow this means that we have to derive estimates of v, d¢;
and V.

For the rest of this section, we will rescale the variable ¢ in the spinor v, by t — et. Since
the evolution equation for the spinor 4y is linear, we can directly apply the maximum
principle to get a first estimate.

Lemma 3.11. Let ), € C*°(M x[0,T), EM@qﬁt_lTN) be a solution of (3.2) and perform
the rescaling t — €t. Then the norm of the spinor vy satisfies the following estimate:

|| < e2:2 ! |oho 2. (3.7)
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Proof. Taking into account the rescaling of ¢ in the evolution equation for v, we directly

find

1 ~ 1
at 2‘¢t‘2 AgW’tF - ’thP - g<¢t7w¢t>

Applying the Cauchy-Schwarz inequality (|/0|> < m|V|?, where m is the dimension
of the manifold M) and in addition Young’s inequality, we get the estimate

(%2‘%‘2 <Aj Wt’Q"‘ 52‘¢t‘2'

Finally, we apply the maximum principle to the function e_%t\zptﬁ. U

With the help of the estimate on v, we now estimate d¢; and V.

Lemma 3.12. Let (¢,1;) € C®°(M x [0,T), N) x C®(M x [0,T),SM @ ¢; *'TN) be a
solution of (31]) and (33). Assume that we have performed the rescaling t — et in the
evolution equation for 1. Then for all t € [0,T) the quantity

P o= %(|d¢t|2 Fe[Vu?) (3.8)

satisfies the following inequality:

oF,
a_tt < AF, + (Cy + Coe™) (Fy + F2), (3.9)

where the constant C1 depends on M, N and €, the constant Co depends on M, N, and
Yo and the constant Cs depends on M, e. In particular, Co =0 for ¢ = 0.

Proof. Using the evolution equations for |d¢;|? and |V|?, taking into account the
rescaling, we find that the quantity F} defined above, satisfies

B -
—F = AR - |[Vdo,|* — [V

ot
+(RY (ddr(ea), ddr(es))ddy(ea), ddy(ep)) — (dy(Ric™ (ea)), ddi(ea))
—(Ve,R(¢r, ), ddr(ep)) — e(VeyRe(dr, tht), ddr(ep))
—(Vaby, VIDiy) + e(R™ (eq, €5) Ve, U, V 63¢t>+6<veaR (eaaeﬁ)ﬂ)t,@egﬂ)ﬁ
+e(Re(dr, 1), 7(d)) — e(R(de, ), Re( b, ) — €2 Re( by, r)|?

with the vector bundles By =T"M ® ¥M ® ¢, TN and Ey = T*M ® E;. First of all,
we estimate

C|d¢t|4a
Cdey|*.

(RN (ddr(ea), dir(ep))ddr(ea), dir(ep))]
|(dge(Ric™ (ea)), ddr(ea))]
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We choose a local orthonormal basis {e,} on M such that V., eg = 0 at a considered
point and compute

Ve, R(0,9) = %(vdqﬁ(eB)RN)(ea P, p)dd(eq) + RN(eoz Y, @eﬂlb)d(ﬁ(ea)

3RV (o ,) Ve dd(ea).
VesRe(d:8) = (Vag(en) BY)(Vea 0, 9)dd(ea) + RN (Ve, Ve, 1, ¥0)dd(eq)
+RN (Ve 1), Ve, 00)dd(ea) + RN (Ve, 10,9V, do(ea)

and therefore we get the estimates

(Ve R(S,00)s de(ep))] < CUIwnl*[de|® + [hel Ve ldese|* + [ [*| Ve[ depe]),
(Ve R(P,90)s de(ep))] < CUIel Vel lde® + [0V 4] | debe
V2 |d] + (1] [Vabe|[Vdeby || deby ).
The terms involving the curvature of the vector bundles F; and Fs can be estimated by
‘(REl(eOH65)@eawta@elgwt>’ < C(th\Q + th\Q\d@P),
(Vea R (easea)toe, Ve )| < CUIIVU] + [0l [Vibrl [y * + [V
el [Vl [Vdepe||dese| + |dese|*| Vabe ).

A

Again, by Young’s inequality, we find
e(Re(e, 1), (1)) — e(RAe, 1), Re( e, ve)) =2 R(he, )|
1
< §|T(¢t)|2 + Clape e |*.

Estimating very roughly, using Young’s inequality once more to get rid of the second
order derivatives on the right hand side, and applying the estimate on the norm of 1,

we finally get

OF,
UL < AR+ (O + O (R + F)

which proves the assertion. O

The next Lemma is the analogue of [CD90], p. 570, Lemma 2.1 for the regularized Dirac-
harmonic map heat flow. It provides an estimate on the maximal time of existence in

terms of e, M, N, g, dgy and V).
Lemma 3.13. Let (¢, 1) € C°(M x [0,T),N) x C®°(M x [0,T),~M & ¢; 'TN) be a
solution of (31) and (32). As long as
1 1+ Fy
t < 1
= O 4 CheCst og( Fo > 7

the evolution equations (31) and (323) do not blow up. The constant Cy depends on
M, N and e, the constant Co on M, N, e and 1y. The constant C3 depends on M, e and
we abbreviate Fy = F(¢o, o). In particular, Cy =0 for ¢p = 0.

(3.10)

22



3.4. SOME DIFFERENTIAL GEOMETRY

Proof. We use the inequality (3.9]) derived in the last Lemma to obtain a first estimate
for the function F;. Therefore, we drop the term involving the Laplacian and consider
the ordinary differential equation

oF;

325 S (Cl+c2603t)(Ft+Ft2)a FO :F(¢05¢0)5
which can be integrated as

Fy
(1 + Fy)eCit-Cac™t _ |

F < ,

giving the result. O

In principle, we can now estimate the maximal time of existence T4, of the regularized
Dirac-harmonic map heat flow by solving (3.10]).

Remark 3.14. With the help of the last Lemma we can draw a comparison between
the usual harmonic map heat flow and the regularized Dirac-harmonic map heat flow.
Instead of the quantity F}, the behaviour of the harmonic map heat flow is governed by
the evolution of e(¢) = 3|d¢:|?. Namely,

de(9)
ot

< Ae() + Cle(9) + e(9)?).

This corresponds to the inequality ([8.9) for the function F; with Co = 0. Comparing the
inequality for e(¢) with the evolution equation (3.9) for the function F}, we realize that
in the inequality for F} there is an additional exponential factor on the right hand side.
Consequently, we expect that the regularized Dirac-harmonic map heat flow behaves
worse than the usual harmonic map heat flow.

Another difference between the two heat flows, we would like to mention, is that the
non-positive curvature condition on /N controls all non-linear terms in the harmonic map
heat flow. On the contrary the worst non-linearities in the regularized Dirac-harmonic
map heat flow originate in the curvature terms that couple the fields ¢ and 2.

Note, that by the above argument, the evolution equations for (¢, ;) do not necessarily
have to blow-up in finite time. We have only seen that we cannot expect to establish a
global existence result by the pointwise maximum principle.

3.4. Some Differential Geometry

The aim of this section is to develop formulas for composite Dirac-harmonic maps. In
the end, we want to apply the Nash embedding theorem to isometrically embed the
manifold NV in some R? of sufficiently large dimension via the map ¢.

To this end, let N/ be another compact Riemannian manifold. Assume that f: N — N’
such that we can consider the composite function ¢’ = fo¢: M — N'.
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Lemma 3.15 (Composite tension fields). Let M, N, N’ be Riemannian manifolds. As-
sume that ¢: M — N and f : N — N'. Then the tension field T applied to the composite
map f o ¢ satisfies

7(f o ¢) =TrVdf (de,do) + df (7(¢)). (3.11)

Proof. For X, Y € I'(T'M ), we compute

Vd(fod)(X,Y) = Vx(df odd(Y)) —d(f 0 d)(VxY)
(Vag0ydf)(df (V) + df (Vxd(Y)) — df 0 dd(VxY)
= Vdf(d$(X),d6(Y)) + df (Vdp(X,Y)).

Taking the trace, yields the result. O

From the point of view of the manifold N, the spinor v behaves like a tangent vector.
This is the reason why we have to use the differential of the map f if we want to define
a spinor along the composite map ¢’. More precisely, if ¢ is a spinor along ¢, then 1)/ is
a spinor along ¢’. Both are related by

U =df (). (3.12)

We now derive the relations between the Dirac operator and the connection Laplacian
acting on 1 and 7).

Lemma 3.16 (Composite operators on XM ® ¢ T N). Let M, N,N' be Riemannian
manifolds, where N C N' is a Riemannian submanifold. Suppose that ¢: M — N,
f: N —= N and set ¢/ = fod: M — N'. Let 1) be a spinor along ¢ and ' = df (¢) a
spinor along ¢'. Then the followz'ng relations hold

YV w2y, (.13
P = a0 + Adslen) e ), .14
A'W = df(Aw)"i_QA(d(b(ea) veaw)

HVe, A)(d6(ea), ¥) + A(T(9),0), .15

where A denotes the second fundamental form of f in N'.

Proof. We choose a local orthonormal basis {e,} on M such that V., eg = 0 at a
considered point. To prove the first statement, we compute

vy Vi
ot

= (Vagondf)(®) + df(

= A+ ah,
the second one follows similarly (see [CJLWO5], p. 64):
Py = ea- V. (df()
= (Vag(ea)df)(ea - ¥) + df (1))
= A(dg(ea), ea - ¥) + df (V).

)
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Finally, we compute

~/

Va Ve = Vi (Adé(ea), ) + df (Vo))
= df (Vi Ve ) +24(dd(ea), Vea ) + (Vea A)(dd(ea), ¥) + A(T(9), ),
which completes the proof. O

Lemma 3.17 (Composite curvature terms). Let M, N, N’ be Riemannian manifolds,
where N C N’ is a Riemannian submanifold. Suppose that ¢: M — N, f: N — N’ and
set ¢’ = fogp: M — N'. Let ¢ be a spinor along ¢ and o' = df (¢) a spinor along ¢'.
The curvature terms in the Fuler-Lagrange equations for ¢ then satisfy

R(d.y) = P(A(dg(ea),ea - 1), ) + R (), 1), (3.16)
Rc(¢7 ¢) - P(A(d(ﬁ(ea)a @eaw% ¢) - P(A(d(ﬁ(ea% w)a @ea ¢) (3'17)
+Re(¢, 1),

where A denotes the second fundamental form of f in N’ and P the shape operator.

Proof. The first formula was already computed in [CIJLWO05], p. 65. For X € I'(T'N),
we calculate, using the equation of Gauss,

(RO X) = (R (ea,0)db(ea), X)
SR (e, 0)d0(ea), X) + 3(Alea - ¥, dbea)), AL, X))
~ S (AW, dbea)). Alea 6, X))
= SRV (ca - 0, 9)dd(ea). X) + (Aldd(ea) ea - ¥), AL, X)),
We apply the fundamental relation of the shape operator
(P(E,X), Y)rx = (AX,Y), )
with X,Y € T(TN),¢ € T'(T+N) and find
(A(d6(ea) e~ ) AW, X)) rw = (P(A(d(ea), o)), XDz
Since X was arbitrary, we conclude
R(6,9) = P(A(d6(ea), e~ ), ¥) + R/ (6,0).

Regarding the second equation, we again use the equation of Gauss with X € I'(T'N)

(Re(6,9)), X) = (RN (Veuth,,)dd(ea), X) + (A(Veath, dé(ea)), A, X))
—(A(¥, dp(ea)), A(Veat), X)).
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Again, X being arbitrary and utilizing the fundamental relation of the shape operator
once more, we find

Re(¢,1) = P(A(dd(eq); Ve, 1), 1) — P(A(dd(ea), ¥), Vea ) + Re(, 1),
which completes the proof. ]

In the following, we apply the embedding theorem of Nash. We consider the case that
N’ =R? and f =+, where ¢ denotes the isometric embedding. Then, u: M — RY can be
thought of as a vector-valued function. The spinor 1 turns into a vector of usual spinors
v = (Y, ...,¥7) with ¢’ € I'(XM), i = 1,...,q. The condition that 1 is along the map
¢ is encoded by

q
Z vt =0 for a normal vector v; € R? at ¢(x).

With the help of these preparations, we now have the following

Corollary 3.18 (Applying the embedding theorem of Nash). Assume that the manifold
N’ is isometrically embedded in some R? via the map v. For u = 1o ¢: M — RY and
' =du(): M — XMQTRY, the terms appearing in the evolution equation for ¢ acquire
the form

du(T(9)) Au — I(du, du), (3.18)
duR(¢,1) = P(I(du(ea),eq - ¥'), 1), (3.19)
du(Re(9,9) = P(du(eq), Vecﬂb) W) — P(I(du(ea), ¥'), Ve, o) (3.20)

+ By (du, V', du, ).

with
m ou’ au "0
Bu(du,¢,du,1/)) = (P(]Iu(ayi,ayM),ayj) Kkl — P(I[u(ayi,ayj),aym) k‘l) ax rl,Z) rl,Z) .
Similarly, we have for the terms in the evolution equation of ¥
V¢ Y 8u
du(Py) = Py — (du(ea),ea W), (3.22)

du(AY) = AY —20(du(ey), Ve, ¥') — (Ve I)(du(eq), v’ — T((u), ') (3.23)

Here, 1T denotes the second fundamental form of N in RY. In addition, we identified ¢
with u.

Proof. The first two formulas for ¢ follow directly from the formulas for composite maps
applied to u = ¢ 0 ¢. Concerning the third formula, we use

(%

Vet = VMY @ 0,0 + 9F ® 5— ;kayi
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and the formula for composite maps.
The statements regarding the spinor 1 follow directly from the formulas for spinors along
composite maps. ]

To simplify the notation, we will drop the superscript at the spinors from now on.
With the help of the last corollary, we can write down the evolution equations for the
case that the target manifold NV is embedded in some R?. Then, u: M x[0,T) — R? and
1 is a spinor along u. More precisely, 1 € T' (XM ® TR?). Now, the function u satisfies
the following equation:

<% o A) U= — Hu(du7 du) - P(H(du(ea)7 €a - 1/})7 w) + gp(l[(du(ea)’ w)’ VEQw)

—eP(Il(du(eq), Ve, 00), %) — eB(du, 1, du, 1) (3.24)

with the initial condition ug = ¢(¢g). For the spinor ¢ € I'(XM ® TRY), we get

<% — 6A>7,Z) = — a¢ + ]I(du(ea), €a - TIZ)) + H(%’ TIZ)) - 2€]I(du(€a), @eaﬂ))
— (Ve )(du(ea), ¥)) — ell(7(u), 1) (3.25)
with the initial condition 1, = d(vp).

Remark 3.19. It is not hard to establish the equivalence of the initial value problems
BJ), (32) and [B.24)), (3:25). This can be achieved by the methods presented in [Nis02],
Prop. 4.6, p. 133. The first part of the equivalence follows directly by considering the
formulas for composite maps and spinors along them. The other part of the equivalence
uses the canonical projection into a tubular neighbourhood.

In the following, we will address the problem how to compare spinors in a reasonable
way. More precisely, we want to get an estimate on expressions like ¢ — x, where ¥ and
x are sections in different vector bundles. The classical references dealing with this issue
are [BG92] and [BGMO5], but we will resolve the problem by introducing a suitable
notion of parallel transport. For two points yi,y2 € N with dV (y1,y2) < in, where
dV (y1,y2) denotes the Riemannian distance between y; and y2 and iy the injectivity
radius of IV, there exists a unique length minimizing geodesic, which depends smoothly
on y; and y9. By
Py y: Ty N — Ty, N

we denote the parallel transport along this geodesic. The map P, ,, also depends
smoothly on y; and yy. For ¢1, ¢ € C°(M, N), we define the operator

Tpy:(2): E® ;' TN — E® ¢ 'TN

Tp1,05(®) =15 ® Py, (2),¢5(a)- (3.26)
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Here, E is a vector bundle over the manifold M. Later, £ will mostly be XM or T*M.
The map Ty, 4,(x) acts trivially on E and by parallel transport on the tangent bundle
in N. The next Lemma contains some important properties of the map Tj, 4,(x). Some
of these were already proven in [Isol2], Lemma 7.4.

Lemma 3.20 (Properties of the parallel transporter). Assume that M and N are com-
pact Riemannian manifolds, ¢1,p2 € C°(M,N), and let E be a vector bundle over M.
Furthermore, let 11 € T'(XM ® gbflTN) and Y9 € T(XM ® gb;lTN). Then the operator
Ty, .6.(x) defined in (320) has the following properties:

1. Ty, 4,(x) is an isometry.

2. Interchanging covariant derivatives and the parallel transporter gives

@ea (T¢17¢2¢2)(x) - (T¢17¢266a¢2)(x) (3'27)
=15 ® (Vag, (ea) Lor (2),62()) V1 (@) + LE @ (Vags(ea) Pion (2),6(2)) 1 (2)-

3. We have the following estimate

Veatbr = Ty 6 Veatin| SIVeo (1 = Ty go102)] (3.28)
+ Clei(x) = ga()[(Idpr(ea)| + [do2(ea) [ (2)]
+ Cldpr(ea) = Tpy,,dd2(ea)|[t(2)]

Proof. Parallel translation defines an isometry. Hence, the operator Tj, 4, also does.
The second statement follows by a direct computation. Namely,

VEa(Tdnﬂbzwl)(x) = (veaT¢>17¢2)¢1(x)+(T¢1,¢2@€aw1)(x)'

Concerning the third claim, we use the second statement and rewrite

Vg (ea) P (@),02(x) T Vo (ea) P (@),02(2)
= Vs (ea) Po1(2).02(2)~01(x) T Vs (ea) Por (2).61 (2)
+ Vga(ea) L1 (2),61(@)—p2(2) T Vi (ea) P (2),61(2)-

Estimating the right hand side and using Vd¢2(ea)P¢1(m),¢1(m) = _vd¢1(ea)P¢1(m),¢1(m)a
the result follows. O
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3.5. Short-time Existence

In this section we will set up the short-time existence for the regularized Dirac-harmonic
map heat flow. We start by analyzing the general structure of the evolution equations

Do) = (6)(w.t) ~ R(6 ). 1) — Re(6,8) (. 1), (3.29)
g—;ﬁ(x,t) = Az, t) — Dip(x,t) (3.30)

with (x,t) € M x [0,T) and initial data (¢g,0). To get a better understanding of the
equations above, we compute the principal symbols of the differential operators involved

oo(T,€) = —€]*,  o2(eA, ) = —€l¢?, (€)= £

We conclude that the operators 7 and A are uniformly elliptic, whereas the twisted Dirac
operator ) is weakly elliptic. The connection Laplacian on the bundle M ® ¢~ 'T'N is
a linear operator, whereas the tension field 7 is a non-linear operator. In addition, we
note that the principal symbols do not depend on ¢. Hence, the evolution equations do
not change the defining structure of the operators 7, A and Ip.

As soon as we start evolving, the connections on the bundles *M ® ¢ TN and ¢~ 'TN
become ¢-dependent. Thus, the operators 7, A and ) also become t-dependent. But
since the principal symbols do not depend on t, the t-dependence of, for example the
Dirac-operator Ip, can be extracted in an endomorphism V (¢), such that we have the
following splitting

D = (Do + V(1))

Unfortunately, we cannot formulate any statement about the endomorphism V' (t), apart
from the fact that V'(¢) is small for ¢ sufficiently small due to continuity.
The twisted spinors v take their values in the vector bundle XM ® ¢~ 'TN. As long as
we have enough control over ¢;, we can always use parallel transport in /N defined before
to identify

YM @ ¢, 'TN = XM @ ¢y 'TN.

Remark 3.21. When considering the operator P; := EAt — ID,, we remember that we
can always choose the connection on XM ® ¢, TN in such a way that the differential
operator P is of the form

P =A + K,

with an endomorphism K3, see [BGV92], p. 64, Prop. 2.5. But on the other hand, the
connection varies as t varies. Thus, we cannot guarantee the splitting from above for all ¢
without further assumptions. In addition, this splitting is not useful to derive estimates.

We want to establish the short-time existence of the coupled system (B3.29), (B:30) via
the Banach fixed-point theorem. Since the evolution equation for ¢ depends on ), and
the evolution equation for ¢ depends on ¢, we have to solve the coupled system (¢, )
simultaneously.
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Theorem 3.22 (Short-time existence). Suppose that both (M, h) and (N, g) are compact
Riemannian manifolds without boundary. Furthermore, assume that M is a Riemannian
spin manifold with fived spin structure. Then, for any

(¢0,100) € C*T*(M,N) x C***(M, XM ® ¢; ' TN)
there exists a maximal time
0 < Trmaz = Timaz (M, N, ¢o, %0, €, o) < 00,
such that the system (329), (3.30) admits a unique solution
(61, r) € CZFOITO2(M 5 [0, Tinax), N) x CZFOF2(M % [0, Trnax ), M @ ¢, ' TN).

Proof. First of all, we rescale the time parameter t in the evolution equation for the
spinor ¥ to get rid of the € in front of the Laplacian. More precisely, we rescale t — &t
such that v solves

\V. - 1
Eq}[)(x,et) = Ay(x,et) — g$¢($,5t)-

For the further analysis, we write the tension field 7(¢) in the following form (see for
example [Str88al, p. 294):

(@) = A+ I'(¢)(do, dg).
We set Q =M x [0,T), E=YXM ® ¢ TN and define the spaces
X = {(6,%) € CT"Q,N) x C*(Q, E) | ¢(x,0) = ¢o(x), ¥(,0) = tho()},
Y = {(¢,¢) € CUQ,N) x CYQ, E) | ¢(,0) = do(z),¥(z,0) = vo(z)}

with 0 < a < 1. With these preparations, the combined system (B.29), (3.30) can be
written as

%(Gﬁta%) = A(¢¢, ¥r) + P(dr, 1) (3.31)
with the map P(¢,v): X — Y defined by

P(6,6) = (T(6)(d, dd) — R(6,) — Re(6, ), ~= ).
Moreover, for § > 0 we define the space
Xs = {(¢0,¢) € CO(M x [0,6),N) x CO(M x [0,6), E;)
| (68, 9(.0)) € CHM x [0,6),N) x C'(M x [0.9). Ey)
(6(,0),9(,0)) = (o, o), 0 <t < 5.

We equip the space X5 with the following norm

(0, Ye)lxs == sup [@(t)|coarxo,),n) + sup [do(-,t)[coarx(o.s),n)
t€[0,6) t€[0,9)

+ sup [P( )loorxosym) T Sup [V 1)|coarxo.s),m)
te[0,6) t€[0,9)
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with the vector bundle E} := XM ® ¢, TN, In addition, we define the integral operator
W:Xs— Xs by

(6, 9)(x,t) = e (¢o,0)(z) + /0 e"IRP(p, ) (w, 5)ds == W (e, ) (z,t)  (3.32)

with the operator P(¢,1) from above. If one wants to be more precise, one would have
to use an appropriate heat kernel in the integral operator above. Since we are only
interested in the short-time asymptotic, the above definition suffices for our needs.
Consequently, finding a fixed-point for the operator W (¢, 1) is equivalent to establishing
a short-time solution to the system ([B.29), (8:30). For v > 0 fixed, we set

By ={(¢,%) € X5 | [(¢,¥)(x,1) — (Do, tho)(2)|x; <7},

where we use the isometric embedding ¢ and the parallel transporter Ty, 4, to compare
(¢, ) (x,t) with (¢g,%0)(x). The operator norm of the Laplacian can be estimated as,
(see [Tayll], p. 274)

fetA’L(Ca,CaJrs) < Cit73, 0<t<1

for s > 0. In the following, we want to show that for any v > 0, there exists a § > 0
such that

L. W((ﬁtawt): B’Y - B’Y?

2. W(¢y,1¢) is a contraction, i.e. there exists a 5 € (0, 1) such that

W (p1,101) — W (g2, 02)| x5 < Bl(P1,01) — (¥2,92)| x5,

where we again use the parallel transporter Ty, 4, and the isometric embedding ¢.

To prove the first assertion, we choose the time 77 such that
‘etA(¢07¢0) - (¢07w0)’X§ < %7 te [O,Tl)
For (¢o,0) € B, we find that |P(¢,v)(s)|x; < C for s € [0,7). Hence, we deduce that

t
‘/0 =IAP(p, ) (x,5)ds| < Ctle™] < Ct' 3.
Xs

We choose Tp < T small enough, such that the above expression is bounded by 4 for
t € [0,T1). But then for T' < T5, we have W(¢,v): B, — B,.

Proving the second statement is more involved. We assume both (¢1, 1), (¢2,v2) € B,,
where 17 is a spinor along ¢ and 9 is a spinor along ¢o. To show that the operator
W (¢,1) defines a contraction, we calculate

(W, ¢1) = Wiz, 2))(2,t) = /Ot IR (P(g1,41) — P2, 12))(x, 5)ds

31



CHAPTER 3. DIRAC-HARMONIC MAPS AND GRADIENT FLOWS

and, therefore, we can estimate

(W (d1,91) — W (g2, ¥2)|x, < te"|p(ca,cats) | P(d1,91) — Ty g0 (P(B2,%2))|x,-

To estimate |P(¢p1, Y1) — Ty, 6o (P(d2,12))| x5, We have to deal with the following expres-
sions:

I = T(¢1)(ddr,ddr) — Ty, 4, (L(d2)(do2, dg2)),
I R(d1,91) — Ty 95 (R(P2,102)),

I3 Re(P1,¥1) = Ty, 05 (Re(d2,¥2)),

Iy = D1 — Ty, 6, (Diha).

We start by rewriting the I; term

L(¢1)(dor1,dor) — Ty, 9,1 (62)(d2, dgo)
= (T(¢1) — Ty, T (02))(d1, dp1) + T(p1) (T, podb2 — dbp1, dpr)
+ P(¢1)(d¢1 - T¢>1,¢2d¢27 T¢1,¢>2d¢2)-

Applying the mean value theorem to the first contribution, we find

D (¢1)(dg, dp) — T, 4,7 ($2)(dpa, deb2)| x;
< C(|dg1|?¢1 — da| + (|den| + |da])|dpr — Ty, g,dp2])
< Cl¢1 — d2|x;5-

To estimate Is, we rewrite

R(d1,91) — Ty, R(2,102)

= % (RN (eq - t1,91)do1(ea) — Tpy 00 (RN (€ - 12,12)dd2(ea)))

1

= 5 (RN(ea : (1/}1 - T¢>1,¢21/12), 1/11)d¢1 (ea)
+ RN(eOé ’ T¢>17¢21/}27 T¢1,¢>2¢2)(d¢1 (604) - T¢1,¢>2d¢2(ea))
+ RN(eoz : T¢>1,¢21/127 ¢1 - T¢1,¢2¢2)d¢1(€a))7

and hence we may estimate

IR(¢1,91) — Ty, R(P2,92)| x5
< C(lder [y — T¢1,¢21/)2||¢1| + |do1(ea) — T¢1,¢2d¢2(6a)||¢2|2
+ [th2|ldd1|[th1 — Ty, g t2])
< Cl(d1,%1) — Ty 00 (P2, ¥2)] x5 -
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To estimate I3, we rewrite

Re(1,91) — Ty 4o Re(P2,92)
= RN (1, Ve, 1)déi(ea) — Ty g, (RN (02, Ve, 1) depa(ea))
= RN (Y1 — Ty, 412, Vea U1)do1 (€4)
+ RN (T, py102, Ve, 1) (dd1 (ea) — Ty pyddra(ea)
+ RN (T, 4,02, (Ve — Tpy 6, Ve t02))d2(€a),

and again we estimate

[Re(p1,¥1) — Toy,60Re(2,¥2)| x5
< C(ldgu[vhr — T, 9002l [V1| + |dd1 (ea) — Ty podda(ea) ||V
+ [alldga|[ Vb1 — Ty, 6, (Viba))
< Cl1,¥1) = Ty 0 (P2, V2) | x5,

where we interchanged the covariant derivative with the parallel transporter in the last
step, applying Lemma [3.20]
To estimate the I, term, we note that

wwl - T¢1,¢>2 (Ipr) = €q - (@eawl - T¢1,¢>2@eaw2)-

Using Lemma [3.20] again, we find

[ Dip1 — Ty g0 (D) x5 < |(D1,901) = Ty 0 (D2, ¥2) | x5

Adding up I, I», I3, 14, we obtain

|P(d1,91) = Ty 00 (P(b2,%2)) x5 < Cl(D1,91) — Tipy 65 (D2, 92) | x,-

Applying the bound on the operator norm of the Laplacian from above, we find

W (1, 01) — Ty 60 (W (2, 002))|xs < CET2[(1,01) — Ty 5 (2, 002) | x5

Choosing t sufficiently small, we realize that the map W (¢, ) is a contraction mapping
and thus has a unique fixed-point. The regularity of the solution is determined by

B.11)). O

Remark 3.23. Now, that the existence of a short-time solution is guaranteed, we can
scale back the time parameter in the evolution equation for 1), such that the ¢ is in front
of the connection Laplacian A. This of course also changes the value of T},q:.

33



CHAPTER 3. DIRAC-HARMONIC MAPS AND GRADIENT FLOWS

Theorem 3.24 (Regularity of short-time solution). Let (M, h) and (N,g) be compact,
oriented Riemannian manifolds. Moreover, we assume that M is a spin manifold with
fized spin structure. For (¢g,v0) € C?*T(M, N) x C?>TY(M, XM ® gbalTN) there exists
a positive number Tyar = Timaz (M, N, €, do, 0, ) > 0 such that the system

Dlt) = @t ROV RGO, (33

T )
ot (.%' t) = €A¢($at) - 1?1/1(907’5)

admits a solution, which is

¢ € CHOIFZ(N [0, T),N)nC>®(M x (0,T),N),
Y € CHOWAZ(ZN 5 [0,T),SM ® ¢ 'TN) N C®(M x (0,T),SM ® ¢; ' TN).

Proof. We choose local coordinates to analyze the regularity of the solution (¢, ),
leading to the following system:

a _ APl OpF It ;
<at—A>¢ = g oot Ry, W eq - P )snr (3.34)
0 ¢’ 0¢°
+e Rnllz] a¢ <V2M ' ¢j>2M +eR™ lij rsa¢ <71Z)Z ¢r> a(j ’
Z m mx7SM zaqb] a¢p agbj m 182¢j
< 5 —6A>1/) = 2TGVENYIS = el iy — o — el 5z (3.35)
097 0¢° d¢’ d¢’
T G o~ V" Tk ca ¥~ Tkt

To establish the regularity statement, we apply estimates concerning the differentiability
for solutions of parabolic partial differential equations (B.7)). By assumption, we have
that ¢ € C2+t1+e/2(M % [0,T), N) and also 9™ € C*+®1+2/2(M x [0,T), = M). Hence,
the right hand side of (334) is in C'T*%/2, and by B, we get that ¢ € C3+elte/2,
Using this estimate on ¢, we can improve the regularity of ¢"™. Since the right hand
side of B35) is in C1T*%/2 we get, again by B2 that ¢™ € C3t1+e/2 Then, this
estimate can be used to improve the regularity of ¢. By iteration of this procedure, we
find that the pair (¢, ;) is smooth. O

Remark 3.25. Looking back at the the proof leading to the short-time existence, we
clearly see that the existence interval [0,T},q,) depends crucially on the regularizing
parameter €. Consequently, in general we have

lim gz = O. (3.36)
e—0

In addition, it is not hard to see that we can only apply the estimates ensuring the
regularity of ¢™ in (B.35]) as long as & # 0.
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4. Dirac-harmonic Maps from Curves

4.1. Introduction and Results

Throughout this chapter, we assume that the manifold M is one-dimensional. The
only compact one-dimensional manifold is the circle S'. It is well known that Clifford
multiplication on S! is given by multiplication with the imaginary unit .

On S! there are two spin structures, which will be abbreviated by o and ¢5. In the case
of o1, spinors can be identified as periodic complex-valued functions on S! satisfying
Y(x + 2m) = ¢(z). Regarding the other spin structure oy, spinors can be identified as

antiperiodic complex-valued functions on S! satisfying 1 (z + 27) = —(x).

We will study the following set of equations
00, R R 4.1
ot T(Pr) — R(r, th) — eRe(e, Y1), (4.1)
\V, -
VU = cBy— P (4:2)

together with the initial data ¢(z,0) = ¢o(z) and ¢ (x,0) = ().
The final purpose of this chapter is to prove the following

Theorem 4.1. Assume that M = S' with fized spin structure and N is a compact
Riemannian manifold without boundary. Then for any smooth initial data (¢o,v0) and
e small, there exists a unique smooth solution of (4.1) and ({{.2) for all t € [0,00).

If € > 1, the evolution equations converge in C?(S',N) x C%(S*, 28" @ ¢, 'TN) to a
reqularized Dirac-harmonic map from S' — N.

Finally, the limit € — 0 exists and we obtain a smooth Dirac-harmonic map.

Before addressing the general case, let us discuss some illuminating examples.

Example 4.2. Assume that M = N = S!. Then the evolution equations for (¢, 1)
are given by

D (x,t) = 2(, 1), Qb t) = 020 (x, 1) — i) (x, 1),
$(2,0) = o(x), (@, 0) = Yo(z),
#(0,t) = ¢(2m, 1), ¥(0,t) = (2w, ).

The sign in the boundary condition for the spinor depends on the chosen spin structure.
The fundamental solution for the heat equation on S' can be obtained by a Fourier
decomposition and is given by

[o.¢]
£(x,t): Z ake—lﬂteilm’

k=—00

35



CHAPTER 4. DIRAC-HARMONIC MAPS FROM CURVES

with coefficients a. To incorporate the initial condition ¢y(x), we have to calculate the
convolution of &(x,t) with ¢o(z).

To derive the fundamental solution for the evolution equation for ¢ (x,t), we make a
separation ansatz of the form y(x,t) = A(z)B(t) leading to

. —iA(z) +eA ()
B(t) ¢= A(z)

with a constant C. By ), we denote the k-th eigenvalue of the Dirac operator on S*,
such that we get

o
(@) = Y et (et =g

k=—o00

with coefficients bg. It is known, that for the spin structure oy, the eigenvalues of the
Dirac operator are all integer numbers A\, = k whereas for the second spin structure
09 the eigenvalues are given by A\ = k + % with k£ € Z. Consequently, only o; admits
harmonic spinors. To incorporate the initial condition at ¢ = 0, we again consider the

convolution
27

1
Y(z,t) = o /. Yo(Y)Xo; (v —y, t)dy,  i=1,2.

We will analyze the evolution equation for different spin structures and different choices
of Yp(z). To this end, we first fix o;.

o If yy(z) = ZZOZO bpe @ then
Y(z,t) = Z bkeilme(k—k?s)t.
k=0

Without any further restriction on by, € or k, we cannot make any statement about
Y(x,t) as t — oo.

e Since —4—15 < Mg +6)\z < o0, there exists a kg such that for all & > kg the expression
A +eAZ > 0. If we now choose 9g(z) = > hko bre~* then

7/)(5'3, t) _ Z bkeikxef(kkaQe)t‘
k>ko

In this case the limit ¢ — oo exists and we find

As a second step we fix the other spin structure os.
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o If o(z) = > 10y bee'®+2)T  then again we cannot make a general statement as
t — oo.

o If tho(x) = D705, bke_i(k+%)x with kg as before, then

Y, t) =Y bpe it )eem (k)b
k>ko

Again, for this special initial data, the limit ¢ — oo exists, but the limiting spinor
Yoo Will vanish.

From the simple example above, we learned that the convergence of the evolution equa-
tion for the spinor v (z,t) will depend both on the initial spinor ¥y(z) and the spin
structure o;. Note that the above example could also be studied for ¢ = 0. The condi-
tion on the initial data can be thought of as an APS type condition, as it appears in the
context of boundary value problem for Dirac operators.

If we drop the compactness assumption on M, we can find another example in which
the evolution equations for ¢ and ¢ can be solved explicitly.

Example 4.3. Assume that M = N = R. In this case the evolution equations acquire
the form

{at(b(xat) = 8§¢($,t), {&ﬂb(%t) = 86:%1/}('7;70 - i8$¢($,t),
(b(m,O) = (bo(x)v Ib(m',O) = Ibo(.%')

These equations can be integrated directly. For ¢(x,t), we get the solution to the one-

dimensional heat equation
2

1 @
¢(x7t) = _eiﬂa

Vit

whereas for ¢(z,t), we find the formal solution

W(a,t) = %e

. 2
JECEpN S
t+ 2533 4et

Concerning the solution ¥ (x,t), we realize that both limits ¢ — oo and £ — 0 are not
well defined. This is not surprising since M is non-compact.

Following the ideas from [CJLWOG], p. 415, Prop. 2.2, we can give a construction for
Dirac-harmonic maps from a closed curve to a Riemannian manifold N.

Proposition 4.4. Assume that M = S and N a compact Riemannian manifold. If ¢
1s a harmonic map and the spinor 1 is of the form

Y =¢en X Qdo(eq) (4.3)

with x being a harmonic spinor, then the pair (¢,v) is a Dirac-harmonic map.
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Proof. By assumption ¢ is harmonic. Hence, we have 7(¢) = 0. By a direct computation,
we find that R(¢,) is real. Inserting ¢ as defined above into R(¢, ) and using that
the expression

(ea X X) = (Xs€a - X) = —(ea - X:X)

is purely imaginary, we conclude that R (¢, 1) vanishes.
On the other hand, applying the twisted Dirac operator I) to the spinor v yields

DY = ea-Ve,(ea x @ do(eq))
= €q- @X ® d¢(ea) - X Y T(¢)
= 0

by assumption, which concludes the proof. ]

Let us make two comments about the solution constructed above. First of all, it is
uncoupled. Secondly, a harmonic spinor on S! only exists for the trivial spin structure
o1 and is given by a constant.

Lemma 4.5. The Dirac-harmonic maps constructed above are not stable.

Proof. To check if the Dirac-harmonic maps constructed above are stable, we have to
insert the solution into the second variation of the energy functional ([23]), (2.4) and
check if it is positive. It is known that for harmonic maps the second variation of the
energy functional is positive if the target manifold N has non-positive curvature. In that
case, the second term in (Z3]) is positive. Let us evaluate the other terms in (Z3]). We
have seen that the expression (e, - X, X) is purely imaginary. On the other hand, it is
easy to check that

l

o o
(1 RN (ea - 0. 0)Ven) = Boiin™ 5~ (ea -4, 07),

It o
<"7’ (VnRN)(ea : ¢a ¢)d¢(ea)>’ = leij;knmnk87<ea : T;Z)Za ¢]>
(o3
are both real. Consequently, both terms vanish when inserting the spinor 1 from above.
Unfortunately, the term
l

; 0 , 0 ,
(0 B (e ' V520 1) = Rt D™ 5 e 7.7

does not vanish on the solution (¢,) from above. The contribution from the second
variation of E(¢, 1)) with respect to v, ([24]), does not have a definite sign either. O

One should expect that the second variation of the Dirac-energy [, (v, Pv)dM is in-
definite since the Dirac-energy itself is unbounded from below.
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4.2. Energy Estimates by the Maximum Principle

From now on, we study the evolution equations in general. Therefore, we fix one of
the two spin structures. Since for M = S' we have lﬁz = —V*V, we do not need
to distinguish between the connection Laplacian and the square of the twisted Dirac
operator D.

It turns out to be useful to rescale the t-parameter in the spinor ¢ (z,t) in the following
way

U(z,t) = Y(z, et),
such that the pair (¢, 1) solves the following set of equations

{% = 7(¢t) — R(dt, ) — eRe(Pr, Pt), (4.4)

¢(x,0) = go(z).

{% = Dy - LDy, (4.5)
¢( ) )_¢0( ),

We will now use the maximum principle (B.I2]) to establish pointwise energy estimates.
Lemma 4.6. Assume that M = S and let 1y € C®°(M x [0,T),2M ® ¢; 'TN) be a
solution of [4-9). Then the norm of the spinor 1y satisfies the following estimate:
1
|2 < 37 a2, (4.6)

Proof. Due to the rescaling of ¢t in (£5]), the norm of v, satisfies the following evolution
equation

O Ml = Ak — (i, B) — [Vl

For M = S we have | P> = |[Vi)|2. By Young’s inequality we get the estimate

2 AL 12 (2
8t2|1’bt| 2|¢t| +4€2|7;Z)t|-

1
Now, apply the maximum principle to the function e_?t|¢t|2. O

As a next step, we want to derive pointwise estimates on the norms of d¢; and ;.

Theorem 4.7. Suppose that M = S with fized spin structure. Moreover, let the pair
(¢1,9¢) € C®(M x [0,T),N) x C®°(M x [0,T), EM @ ¢; 'TN) be a solution of [F-4) and
(#-3). The function Fy defined by

1
= 22 + el Do) (47)
satisfies the following evolution equation:
F;
% < AF; + 9652 2% (4.8)

The constant C' depends on N and 1.
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Proof. We use the equations derived in ([B.3]) and (3.4]), remembering the rescaling of ¢
in the equation for ;. Since M = S' most of the curvature terms drop out and we find

% = AF, — |Vdi|* = Ve, R(bs,90), ddu(e)) — e(VeyRe( e, v, di(ep))
+5<%’Rc(¢ta¢t)> — (D%, D) — e[V Dy

A direct computation yields
1
(R(¢,%), dleg))g-1rx = S{ea RY (dd(ea), dd(es))ih, )17
By assumption, M is a curve. Therefore, we have
—(VesR(dr,v1), ddi(e)) = (R(ée, ¥e), T(r))

and similarly for R.(¢¢, ). Applying this identity we find

OF,

i AF, — |Vdgi|? — 2[Re(pr, Y1) |* — e(Re(r, ¥r), R(dt, 1))

F(26Re(r, 1) + R(Se,00), 7(80)) — (D70, Piby) — e[V Dby,

As a next step, we use the estimate

—|Vdei|* — 2R (pr, 11)|* — e(Re(br, ¥r), R(br, 1))
+ (2eRe(bt, Pt) + R(pe, r), T(d1))

< ilR(qbt,wt) + 2eRe (60, 90)[* = *[Re(r, 0)|* — €(Re( 1, %), R(S4,90)

= LRG0

and apply Young’s inequality again

~ 1
(e, D) — e[ VDl < D],
Finally, we calculate
OF;

of 1 2, 1y
o = AFt+4‘R(¢tawt)‘ +4€‘w¢t‘

IN

AF, +C <\wt\4!d¢t\2 + é!%ﬁ)

IN

1 1
AF; +C <€El2t|d¢t|2 + g|ﬂ)¢t|2>

IN

1 1
AF, 4+ Ce=2! (\d@ﬁ + guDW)
1,1
S AR+ Ce' 5 (|déuf” + el Pyl
< AR+ SedtE,
g

where we used the fact that € < 1. O
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Corollary 4.8. Suppose that M = S with fized spin structure. Moreover, let the pair
(¢1,9¢) € C®(M x [0,T), N) x C°(M x [0,T), EM ® ¢y 'TN) be a solution of [F-4) and
{#-3). Then we have for all t € [0,T)

= (o + el ) < O (19)

The constant C' depends on N, €, g, dég and Pi)y.
Proof. The evolution equation for F; (48] can be rewritten as

0

. t
5(e—C P F) <Al F).

Applying the maximum principle, we find

1
F < e~ Celes Fy.
Rearranging the constants yields the result. O

Having obtained pointwise estimates for |d¢;|? and |IPv|?, we can now derive estimates
on the t-derivatives of ¢, and ;.

Theorem 4.9. Suppose that M = S' with fized spin structure. Moreover, let the pair
(¢1,9¢) € C®(M x [0,T), N) x C°(M x [0,T), EM ® ¢y 'TN) be a solution of [#-4) and
(4-3). The quantity defined by

0 \Y
(r iy gf;w?) (4.10)

satisfies

% < AG; + Z(t)Gy (4.11)

with the function Z(t) depending on ||, |dé:|, and |Diby].

Proof. Using the equations derived in (3.3]), (B.6]), taking into account the rescaling of ¢
in the evolution equation for vy and the fact that M = S, we find

Oy O
(RY(dei(ea), 5 )der(ea) )

(olon
; W> - 5<§Rc(¢ta¢t)a W>

V¢t> 1<V1/1t wv¢t>

— (ea - RV (A1 (), dor(ea)) P, W)t> (D(ea - R (der(8r), der(ea))tir)

AN L R A

ot
Vv 0
- (aR(gbtﬂ/)t) i

VT)Z)t |2

_ é(ea - RN (der(0y), dr(ea)) ¥,
T,
ot
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CHAPTER 4. DIRAC-HARMONIC MAPS FROM CURVES

Again, we have to estimate all terms on the right hand side. First of all, we estimate
the term containing the curvature of ¢~ !TN as

3¢t Oy

> 8¢t
ot

(RN (déy (eq), )d¢t( a)s Cldgy|? | | =1I.

For the next term we calculate

th

YRG0 = 3 (Vaoon B (e ¢t,¢t>d¢t<ea>+RN<ea Y1 g ()

+= RN(ea T,Z)t,%) d¢t(€a)

and make the following estimate

8¢t aQSt v¢t

0
Y R ), 2] < (r 00 2 l? + ol S

=1y + I3 + 1.

| a1 | )

To take care of the next term, we first compute

v gvea¢t7¢t)d¢t(ea)

5 Jdoi(ea) + R (4, veawt) dqzst(ea)

Re(de:%) = (Vagy00RY)(Veathr, ¥e)dey(ea) + RN (

+RN(vearlzz)ta ¢

and then estimate

[olol Vﬂ)t

Y R, 2] < (wtn%|d¢t||zz>wt|+|mt||d¢t||
964

‘Hth lDiﬁtHd@H
= I5+I6+I7—|—Ig.

0
) il | 22 ‘” )

Having estimated the terms from the evolution equation for ¢;, we now deal with the
contributions originating from the evolution equation for

‘ th ﬁth { < |th|2 |vat| = Ig + Ip,
0
[(ea - RN (d60(81), dbe (o)), Ww < ¢ ‘“uwuwtudm — Iy,
\V4 19) \V4
e BN (d6u(01), dbu(ea)) P, 5] < 1% X0y ) = T

To estimate the last term, we first of all note that since M = S', we have

Dleq - RN (dy(0r), ddr(ea))tr) = —Ve, (RN (dd(0y), debe(ea)) )
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4.2. ENERGY ESTIMATES BY THE MAXIMUM PRINCIPLE

such that we can differentiate

Veo (RN (dgy(9r), ddr(ea))tr) = ((Vag,(ea) RV )(dr(01), dy(eq))tbr
+RN (Ve dgy(8y), ddr(ea))ibr + RN (ddr(0r), 7(¢1) )b
+RN(dr(8y), dpr(ea))Ven i

The first, second and fourth term can easily be estimated as

\V4 0 \V4
(aonten V) A6(00), dbea) o, o] < Ol T | 2|,
\V4 0 \V4
R (V.. d61(00), dbn(ea))in, )] < €19 22 ol S22,
0
(RN (dy(d,), d¢t<ea>>vea¢t,m>| < |¢t||d<z>t||wt||w’f.

ot

To take care of the third term, we use the evolution equation for ¢; and obtain

RN (d(0r), 7(d¢))00r = RN (A (0r), R (¢, ve))ibe + RN (depe (8r), Ree (e, 0¢) ).

This allows us to derive the following estimate

th

[(RY (d64(01), 7(#1))r, =)
S|<RN<d¢t<at> Rt 1)) 23]+ | (R (01 0), Rl ),
<|d¢t||wt| 2011994 gy |Wt||8¢t||zzwt|>
and, finally, we have
Do R (d61(0), ), )
< (Jda? 22 1 2 1922 gl S 122 S

19) 19)
+ 2122 g o ? uzwtnwﬂﬂ ‘f’t||d¢t||zzwt||w’*)

= I3+ T+ Iis + Lie + 117

Collecting all the estimates, the function G; satisfies

oG
ot

¢ <AGt+ZI — |Va¢t|2— |vw’t| :
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CHAPTER 4. DIRAC-HARMONIC MAPS FROM CURVES

We want to use —]V%\Q — \?%\2 in order to control Iy, I, Ig, I1g, I[14. Namely,
0 v
-V ¢t|2—|v ¢t|2+l4+17+18+110+114
14,09 2,001 2 2, Vi 0Pt o
<C<W’t’ | t\Z e?| t\ | Do el + |depe [ 40e | t!2+ ! t\ 1?1 dee]* ).

To estimate the I7 contribution we interchanged covariant derivatives and estimated the
resulting terms. Hence, we can write

17

v Vi o 9¢ Vi o 9¢ vw
DL IV~ (Vg < AT Kl P Wl
j=1

with the terms

Ay = C (Wt’2‘d¢t‘2 + el Dby |de ||| + 1 ]* + | De P[0 |* + ||t + |debe
K = 0 (WfasP+ ).

Wy = C(WtHd(Zﬁt’ + | Py de| + é’d@’wt’ + [depe| [ IDbe| + |depe| 1]

2)7

]l + ayd@\wty?\wwt\).

By the bounds on v, d¢;, and Vi all terms appearing in Ay, K; and W; can be con-
trolled. We combine them into one function Z(t), which completes the proof. U

Corollary 4.10. Suppose that M = S with fized spin structure. Moreover, let the pair
(¢1,9¢) € C®(M x [0,T),N) x C®°(M x [0,T), SM ® ¢; 'TN) be a solution of [#-4) and
{#-3). For all (z,t) € S* x [0,T), we have the following estimate

<|3¢t|2 n |Wt| ) < Cf ), (4.12)

where f(t) only depends on t and is finite for finite values of t. The constant C depends
on N, e, g, ddg and V).

Proof. We use the inequality for G; and apply the maximum principle to e~ Io 2 (Mdrq,.
The function Z(t) can be explicitly expressed in terms of exponentials and double ex-
ponentials. These are bounded for finite ¢ and, consequently, the integral fOT Z(7)dr is
also finite. O
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4.3. Long-time Existence

The goal of this section is to establish the existence of a long-time solution to the
evolution equations (AH), (£4) for all ¢ € [0,00). We will use a standard technique for
parabolic equations to show this result. Since this involves choosing a subsequence, we
begin by proving a uniqueness statement.

Theorem 4.11 (Stability and uniqueness). Assume that M = S' and N compact.
Furthermore, let (¢, ) and (&, xt) be smooth solutions of (4.4) and ({4-9). The spinor
Yy € T(EM @ ¢; 'TN) is defined along the map ¢; and the spinor x; € I(SM @& TN)
along the map &. If the initial data coincide, i.e. (po,%0) = (0, X0), then we have
(01, 91) = (&> xt) throughout M x [0,T).

Proof. We use the Nash embedding theorem to isometrically embed the manifold N
into some RY via the map . We set u := 1o ¢,v := 10& and ¢’ = du(¢),& = du(§).
To simplify the notation, we omit the superscript at the spinors. We regard u,v as
vector valued functions in R?, i.e. u,v: S' x [0,T) — «(N) C R, and the spinors as
P, x: S x [0,T) = £S' ® TRY. First of all, we define functions hy, ho

hi: M x[0,T) — RY, ho: M x [0,T) - XM @ TR?
by
hy=(u—v),  hy=()—x).
Using the evolution equation for u derived in (3.:24]), we calculate
1 1
%§|h1|2 = A§|h1|2 — |dhy|? + (L, (du, du) — I,(dv, dv), hy)
+ <h17 P(Hu(du(ea)7 €a - 1/})7 ¢) - P(Hv(dv(ea)7 €a - X)7 X)>
+ e(h1, P(Ily(du(eq), €q - 31/)),1#) — P(Ily(dv(eq), €q - aX)a X))
+ e(h1, P(Ily(du(eq), €q - ¢),a¢) — P(Il,(dv(eq); €q - X),aX»
+ €<h1, Bu(dU, 1, du, ¢) - Bv(dv, X dv, X)>
We want to estimate the right hand side in terms of the functions h; and he. To this

end, we use the bounds on dg¢;, Dy, and 1); derived before. Rearranging the second
fundamental forms,

I, (du, du) — I, (dv, dv) = (I, — IL,)(du, du) + L, (du — dv, du) + I, (dv, du — dv),
and applying the mean value theorem, we find
(I, (du, du) — T,(dv, dv),u — v)| < C(lu — v|* + |du — dv|ju — v]).
We rewrite

P(I,(du(ea), ea - 1), %) — P(Ily(dv(ea), €a - X), X)
= P(Iy—v(du(eq), €a - V), ¥) + P(Iy(du(eq) — dv(ea), eq - ), )
+ P(IL,(dv(ea), €a - (¥ — X)), %) + P(Ly(dv(ea), ea - ¥), ¥ — X)

45
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and estimate again

[(u = v, P(Iu(du(eq), ea - 1), ) = P(ILy(dv(ea), €a - X), X))
< C(ldullu = o[ + |du — dvl[¢*lu — o] + |dv]|9][ — x[lu - v])
< C(llu = v + |du — dvlju — v| + ¢ — x|lu — v]).

Again, we rewrite

P(Iy(du(eq), ea - ¢),a¢) — P(I,(dv(eq), €q - X),aX)
= P(I,—v(du(eq), €q - ¢),a7/)) + P(IL,(du(eq) — dv(eq), €q - ¢),a7/))
+ P(I,(dv(ea), ea - (¥ = X)), @) + P(I,(dv(eq), ea - ¥), d(¢ — x))

and estimate

[(u — v, P(Lu(du(ea), ea - ©), §¢) — P(Ly(dv(eq), ea - X), #X))]
< O(|dullu — v P[] |39] + |du — do||||@|u — o] + |dol|F¢][1 — x|Ju — o]
+ |do[[¢]|de — Px|lu — v])
< O(|lu—vf* + [du — dvlju — v| + ¢ = x[Ju = v + |P — Px||u — v]).
The term

(u— v, P(Iy(du(ea), ea - §1), ) — P(Ly(dv(ea), ea - #X), X))
can be treated by the same methods and estimated like the previous one. Finally, we
rewrite
Bu(du, v, du, ) — B, (dv, x, dv, x)
= By—y(du, 9, du, ) + By(du — dv,, du, ) + By(dv, 1 — x, du, )
+ By(dv, x, du — dv,¥) + By (dv, x, dv, ¥ — x)

such that we can estimate

|(u — v, By(du, v, du, ) — By (dv, x, dv, x))|
< O(Ju — v |dul* + [u — vl|du — dv|[y[*|du| + |dul|s[|dv]j — x]ju — v|
+ [u — vl [dv|x|[¢|ldu — dv| + [u—]|dv|*|x||¢ — x])
< O(Ju—vf* + [u — vl|du — dv| + ¢ — xJu — v]).

Collecting all the terms and applying Young’s inequality, we find that the norm of hy
satisfies

01 1 1 1
— [ [* < Az |h|? = S|dhi > + < |Vho|? hi|? + [hal?).
573 1l" = Aglhl” = Sldh|” + S[Vha|" + C(lha]” + [hel")
Now, we turn to the function hg. Using the evolution equation ([B.25)) a direct computa-
tion yields
01 1 1
——|ha? =AZ|ha|? — |Vha|* — = - -
g5 Mel” =A5lhal® = [Vha|* = —(@(¥ = x),¥ = x)

+ <¢ - X (veaﬂu)(du(ea)’ Tzz)) - (veaﬂv)(dv(ea)a X)>
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The other terms involving the second fundamental form II vanish since II L 1. The last
term in the equation for hs can be rewritten as

(veanu)(du(ea)7 1/}) - (VGQHU)(dU(eQ’)7 X)
= (Ve llu—v)(du(ea), V) + (Ve, Iy (du(ea) — dv(ea), ) + (Ve, L) (dv(ea ), ¥ — )

and we may estimate

(¥ = Xs (Ve L) (du(ea), ¥) — (Ve, Iy) (dv(ea), X))
< C(|¢ — xlldu — dv||dul[¢] + |dv||du — dv||¢][¢ — x| + |dv[* | — x[*)
< C(Ju —v? + |du — dv| |y — x| + [¢ — x[?)-

Hence, after applying Young’s inequality we find for the norm of hs

o1

1 1 1
5 2|h2|2 < A§|h2|2 - §|Vh2|2 + §|dh1|2 + C(|m]? + |he?).

Finally, we define the function h: M x [0,7) — R as h := 3(|h1|? + |h2|?). One can
think of h as the norm of (u —v,¢ — x). Clearly, h satisfies the following inequality

Oh
— <A .
5 = h+Ch

By the maximum principle we get

max_ h(z,t) < max h(z,0)e,
Mx[0,T) M

but by assumption h(z,0) = 0. Thus, we have u = v and also » = x throughout
M x [0,T). O

In the next Proposition, we improve the regularity of the pair (¢, ;) by application of
the classical Schauder estimates.

Proposition 4.12 (Applying Schauder theory). Assume that M = S*, N compact and
let (¢,9;) € C°(M x [0,T), N) x C®°(M x [0,T), M @ ¢; ' TN) be a solution of [F-4)
and ({4.5). Then for any 0 < o < 1, there exists a positive number C' such that

9¢

|¢('at)|CQ+Q(M,N) + ‘E("t)‘Ca(M,N) <C, (4'13)
Vi
V(D) c2vo v smssr Ty T \E(.,tﬂcawvw@@_lm) <C (4.14)

hold for all t € [0,T), where both constants depend on M, N, e, a, T, vy, doy and D).

Proof. Again, we assume that N is isometrically embedded in a g-dimensional Euclidean
vector space R? and that the vector valued function v is a solution of ([3.:24) and the

spinor v a solution of (3.25]).
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Depending on the point of view, the function u and the spinor 1 both satisfy an ellip-
tic and a parabolic partial differential equation. This allows us to apply the classical
Schauder estimate for both elliptic and parabolic equations. First of all, u satisfies the
elliptic system

Au = ]Iu(dua du) + P(Hu(du(ea)a €a - ¢)’ Tzz)) + €P(]Iu(du(6a), €a * 31#), Tzz))

~eP(Lu(dulea), a - ), 3) + eBu(du, b, du, ) + S

with the Laplacian A on M. Let us estimate the right hand side

[Au| < CO(lduf* + [y IdUI+|¢|I<?¢|IdUI+| |+|z!)| |dul?)
< C,

where we used the estimates derived before. Using Schauder estimates for solutions to
an elliptic partial differential equation, we find

[u(- t)|cr+a(strey < C( sup |Au(:,t)|poc (51 ra) + SUP ‘u(vt)’Loo(Squ))
te[0,T) tel0,T)

< C,

since u takes values in a compact region of R%. Here, in the one-dimensional case elliptic
Schauder theory is of course not more than just integrating the right hand side. We can
improve the regularity of the spinor 1 by the same method. Remember that the spinor
Y € T'(XM ® TR?) solves the elliptic equation

Ay = 109 — T (dulea),ca ) + TG ) + 50+ 2y (du(ea), Ve, )

+ (Ve Ilu)(du(ea), ¥) + Lu(7(u), ).
Again, we estimate the right hand side with the help of the previous estimates

Ayl < C(|dY] + |dul ] + \—Hl/}\ + \ ( + [du| [V | + |dul* 9] + [Vul[])
< C
and apply Schauder estimates for elliptic equations

[(- )| crve(st osteTRY)

< C( sup [AY(,1)[peo (51, £510TRY) T SUP ‘w('7t)’L°°(Sl,Zsl®TRQ)> <C.
te[0,T) t€[0,T)

After exploiting the elliptic nature of the evolution equations for (¢¢, 1), we now take
the parabolic point of view. Note that u is also a solution of the parabolic system

Lu = T,(du,du) + P(Il,(du(ey), eq - V), ¥) + eP(IL,(du(eq), e - 3), )
_5P(Hu(du(ea)a €a - ¢)’ 37/)) + €Bu(du, P, du, ¢)
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with L = A — % denoting the heat operator on S'. Utilizing the previous estimate, we
can bound the right hand side by

I, (du, du) + P(IL,(du(eq), eq - 1), 1) + e Py (du(ey), eq - dib), 1)
— eP(IL,(du(ea), e - 1), #) + eBuy(du, ¥, du, )| ca (51 gay < C.

Finally, we employ Schauder estimates for linear parabolic partial differential equations

ou
[ul, )l ezra(stray + 155 (5 O)loa (s re)

<C < sup [Lu(:,t)|ca(g1,rey + SUD ‘u('7t)’Loo(Sl7Rq)> <C,
te[0,t) te€[0,t)

which proves the statement concerning the regularity of w.
Again, taking the parabolic point of view, 1) satisfies

1 1 0
Ly :gaw - gﬂu(du(ea)a €a - ¢) + ]Iu(a_z:a ¢) + Hu(du(ea), Veaw) + 2Hu(du(ea)a Ve(ﬂ/))
+ (Ve L) (dulen), ¥) + Lu(7(u), 9).
with the heat operator L = A — %. The right hand side is bounded in C'* such that
Vi
V(- )l ozta(st osrerRre) + |E(',t)|ca(51,zsl®mq)
<C ( sup |L(,t)|ce(s1 ns10TRI) + SUD W('J)\Loo(sl,zy@mq)) <C,
te[0,t) te[0,t)

which establishes the regularity of the spinor . U

Based on the estimates deduced so far, the uniqueness and stability result and the
Schauder theory, we can establish the long-time existence of the evolution equations.

Theorem 4.13 (Long-time Existence). Assume that M = S, N compact and let
(¢1,91) € C®(M x [0,T),N) x C®°(M x [0,T), 2M ® ¢y 'TN) be a solution of [#-4) and
Then for any (¢o, 1) € C*T(M,N) x C*T¥(M, XM ® qﬁo_lTN), there exists a unique
¢ € CHHOIH2(M x [0,00), N) UC™®(M x (0,00), N),
Py € CPFOIFAZ(N % [0,00), BM @ ¢y "TN) U C®(M % (0,00), SM @ ¢ 'TN),
such that

{% = 7(¢1) = R(Dt, 1) — €Re(br,¢1),  (2,t) € ST x (0,00), (4.15)

gb(:ﬂ, 0) = @0(55),

{%’ft = Aoy — LDy, (a,t) € ' x (0,00), (4.16)
P(x,0) = ¢o(x)

holds.
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Proof. The short-time existence of the evolution equations is guaranteed by Theorem
for a time interval 0 < t < Tj,4.- We now demonstrate that, for N being compact,
the regularized Dirac-harmonic map heat flow cannot blow up and will exist for all
t € [0,00). We set

Ty = sup{t € [0,00) | (@4]), (@3] have a solution in M x [0,t)}

and show that Ty = oo. Let us assume the opposite case. We choose a sequence
of numbers {t;} C [0,7p) such that ¢; — Tp as i — oo and set 0 < a < o < 1.
Since S' is compact, the embeddings C*t® (S, N) — C*+*(S1 N) and in addition
Okt (81,28 @ p~'TN) — CFre(S1 88! @ ¢~'TN) are compact. By Proposition
[4.12] the sequences

{6(ti), (- ti)} and {9p(-, 1), V(- 1)}
are in C2+o' (1, N)x C?+o' (81, 28 @ ¢ TN) and C¥ (S', N)x C* (5!, 25 '@¢~'TN).

Hence, there exists a subsequence {¢;, } of {t;} with

(6(-,T0), ¥(-, Tp)) € C* (ST, N) x €+ (S', 25" @ ¢~ 'TN),
(G-, To), Vith (-, Tp)) € C¥(S*, N) x C*(S", 25" ® ¢~ 'TN)

such that .
{¢(7 tlk)a 1/}(7 tlk)} and {at¢(7 tlk)a vtw(a tlk)}
converge uniformly to (¢(-, Tp), (-, To)) and (8;6(-, To), Vb (-, Tp)), as t;, — Tp. This is
true for each ¢;,
0¢

E('? tik) = (T((ﬁ) - R(¢7 1/}) - 5Rc(¢a 1/}))(7 tik)7

VY
ot

and, consequently, also at Ty. Hence, ([@I5), (@I6) have a solution in S x [0, Tp].
We can now again apply the short-time existence Theorem [3.22] with initial values
(o(-,T0),¥(-,Tp)). For 6 > 0 we then get a solution

(i) = (Av— DU )

¢(z,To) = ¢o(z),

{%m) — Agy(a) = 1Duu(x),  (a,t) € S x (T, To +0),
Y(x, Tpy) = o(x)

{% = 7(¢1) — R(de, ) — eRe(dr, ), (w,t) € ST x (Ty, Tp + 6),

n

¢ € CHNIT (S (1, Ty + 6), N),
) € CFrIT2(GL [Ty, Ty +6), 58" ® ¢ 7'TN).
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4.4. CONVERGENCE

We realize that both solutions coincide on S' x {Tj} and for this reason, we can glue
them to a solution with existence interval [0, Ty + d). Moreover, applying the regularity
Theorem [3.24] we find that this solution is smooth. As a matter of fact, the system
(415), (4I16) has a smooth solution in [0, Ty + &) contradicting the definition of Ty. The
uniqueness of (¢, 1) follows from Theorem 1Tl O

4.4. Convergence

In this section, we want to discuss under which assumptions and in which sense the evo-
lution equations for regularized Dirac-harmonic maps converge as t — oo. To this end, it
is necessary to improve the estimates derived in the previous sections. In particular, we
need uniform estimates that do not depend on ¢t. We have already seen in the previous
analysis that restrictions on the manifolds M and N do not improve the behaviour of
the evolution equations. First of all, we will see that the issue of convergence depends
crucially on the norm of the spinor .

Proposition 4.14. Assume that M = S with fized spin structure, N compact and let
(¢1,9¢) € C®(M x [0,00), N) x C®(M x [0,00),EM @ ¢; 'TN) be a solution of [F-4)
and ({£.0). If we find a uniform bound on the spinor 1, namely

lel* < C,
then we get a uniform bound on
|dr|* + | Dyr* < C (4.17)
for all t € [0,00). The constant C depends on M, N, e, dpg and Di.

Proof. By assumption, we have a uniform bound on [t/;|?. To derive the uniform bound

on |dgs|? and ||, we go back into the proof of Theorem 7l By the bound on |;|?,
we find that the quantity Fy := 1(|d¢¢|* + €| Py |?) satisfies

OF; C
— < AF, + =F,.
o = t+€2 t

From the inequality E.-(¢¢,¢:) < Ec(¢o, o), the bound on 1y and Young’s inequality,
we deduce

[ a6+ clpufran < c.
M
Applying (B.I3)), the estimates on |d¢;|? and |[IDy;|? follow. O

By the estimate just derived, we are now able to bound the t derivatives of ¢; and )y
uniformly.
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CHAPTER 4. DIRAC-HARMONIC MAPS FROM CURVES

Lemma 4.15. Assume that M = S' with fized spin structure, N compact and let
(¢1,90¢) € C®(M x [0,00), N) x C®°(M x [0,00),XM @ ¢; 'TN) be a solution of (F-4)
and ({{.0). If we can control the norm of v uniformly, then we find

{a¢t ?+ \ th (4.18)

for all t € [0,00). The constant C depends on M, N, e,g,ddo and Pipg.
Proof. By Theorem 9] the quantity Gy := <‘ a¢t| + th| > satisfies the inequality

%<AGH—Z( ten

Applying the bounds on [14|?, |d¢:|? and |D1)y|?, we find that Z(t) is uniformly bounded

such that G; satisfies

0Gy
— <A
5 G+ CG;.

Integrating over M and with respect to ¢ yields

/M <|8¢t W’t\ )dM c/ / <|8¢t W’t\ )det
(s G an

S E€(¢07 ¢0) + C
< C.
The assertion follows from applying (B.13) again. O

We realize that the convergence of the evolution equations depends crucially on the
norm of ;. One way of controlling the norm of ¢y is to choose the parameter ¢ large
enough such that the parabolic nature of the evolution equation for 1 dominates, which
basically means that the second order term is sufficiently large to control the first order
one.

Proposition 4.16. Assume that M = S with fized spin structure, N compact and let
(¢1,9¢) € C®(M x [0,00), N) x C®°(M x [0,00),XM @ ¢; 'TN) be a solution of (§-4)
and ([{-3]). For e > 1 we get a uniform bound of |1|* for all t € [0, 00).

Proof. Using the evolution equation (4.5]), we calculate

01 B 21
8752/ [P dM = —/MUDTZJH dM + E/M<¢t,¢¢t>dM

IN

—/ W?/)t|2dM+1/ |¢t||67pt|dM
M €JMm

1 = 12

=1 [ 19w

IN
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4.4. CONVERGENCE

where we used the Cauchy-Schwarz inequality and the Poincaré inequality on S'. After
integration with respect to ¢ we find for ¢ > 1

/M [P dM < /M [ol*dM.

We have already seen that 1| satisfies the pointwise equation

1 1
2 o AL e
8752‘%‘ 2’1/%’ + 462\%‘ ’

and by ([B.I3) we get a uniform bound on |¢4]?. O

Remark 4.17. Of course, it would be much nicer if one could bound the norm of ¥,
while keeping the regularizing parameter € small. Unfortunately, this does not seem to
be possible.

After having derived pointwise uniform bounds, the regularity of (¢, 1;) can be improved
by applying Schauder estimates again. The convergence of the evolution equations can
now be derived by standard methods.

Lemma 4.18 (Convergence). Assume that M = S, N compact and suppose that
(¢1,%¢) € C(M x[0,00), N)x C=(M x [0,00), EM @ ¢; 'TN) is a solution of [#-4) and
(4-3). If e > 1 then (¢4, 1) converges to a reqularized Dirac-harmonic map (¢oo, Vo) in
C%(M,N) x C*(M, M ® ¢; 'TN).

Proof. First of all, we improve the regularity of our estimates with the help of Schauder
theory, as in Proposition [4.12] and find

1J0) )
sup | |o(-,t)|c2+e + =, 1) 0 <,
s <|< Newa i + 12 D gogarm
v,

<C,

v
sup | |[¥(, t)|p2+a (M, SM®¢; 'TN) + ‘ t){ca(M,EMleTN)

te(0,00)

but now the constants C' do not depend on t. In addition, we have the estimate from
the inequality for the energy E.(¢, )

[ L (e 5y v <

Hence, there exists a subsequence ¢ such that as k — oo we have

VT/)(, tk) 2

ot ‘LQ(MXm,OO))

|a¢(’ tk) ‘2

ot L2(M x[0,00)) — 0.

-0, \
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CHAPTER 4. DIRAC-HARMONIC MAPS FROM CURVES

Using Schauder estimates again,

9
oo (160tlcareianm + 50l guguy ) < C

t€[0,00)
vy
o V(s k)l core arsmeer Ty + ‘W(Vtk)‘Ca(M,zM@WlTN) <G

it follows from the Theorem of Arzela Ascoli that there exists a convergent subse-
quence, which is also denoted by ¢, such that the pair (¢, , 1, ) converges in the space
C?(M,N)x C?*(M, 2M®¢;1TN) to a limiting map (Poo, oo ). Since (¢y, ¥) is smooth
in ¢, we find that (¢, o) is homotopic to (¢g, ¥o). O

The smoothness of the limiting map (@0, Vo) follows from elliptic estimates, see Theo-
rem lo.24

Remark 4.19. In the case of the harmonic map heat flow and the assumption K~ < 0,
it is known that the limit £ — oo is independent of the chosen subsequence. This result
is known as Hartmann’s theorem [Har67] and makes use of the fact that the second
variation of the energy functional is positive. In the case of regularized Dirac-harmonic
maps, the second variation of the energy functional E.(¢,v) is not positive and we
cannot derive an analogue of Hartmann’s theorem.

The next Lemma shows that the critical points of E(¢,v) and E.(¢,1) are related to
each other.

Lemma 4.20 (Critical points of E.(¢,v) and E(¢,v)). For e # —%, where X 1s an
eigenvalue of the twisted Dirac-operator ID, the regularized functional E-(¢,1) has the
same critical points as E(¢,1).

Proof. The critical points of the functional E(¢, ) are given by
7(¢) = R(¢: ), D=0

whereas the critical points of the regularized functional F.(¢, ) are given by

7(9) = R($,¥) + eRe(d,0), P+ e’y = 0.

It is clear, that if (¢,%) is a Dirac-harmonic map, then it is also a regularized Dirac-
harmonic map.

The other direction is slightly more subtle. Assume that (¢,) is a regularized Dirac-
harmonic map. Using the equation for v and integrating over S', we obtain

/MW,IMMM + E/M || 2dM = 0.

For this equation to hold, either 1) must be trivial or ¢)+cIP1y = 0. But we have chosen &
in such a way that the second possibility is excluded. We conclude that 1) = 0. Hence,
Re(p,1) = 0 and therefore the pair (¢,1)) is a Dirac-harmonic map. O
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4.5. Removing the Regularization

By the considerations we did so far, we have obtained a reqularized Dirac-harmonic map.
Namely, we constructed a smooth solution to the problem

é‘lsoo = T(¢oo)(dboo, ddoo) + R(Poos Voo) + ERe(Poos Yoo )

To obtain a Dirac-harmonic map, we have to remove the regularization and let ¢ — 0. It
is easy to see that all estimates that were derived when studying the evolution equations
for (¢,1) do not survive the limit ¢ — 0. But since we are dealing with a variational
problem, we still have an inequality for the energy F.(¢, ) and together with the Euler-
Lagrange equations for Dirac-harmonic maps we can infer estimates.

After taking the limit € — 0, the pair (¢oo, 1o0) solves

Apo = (dpoo(ea), ddoo(€a)) + P(Il(eq - Yoo, ddoo(€a))s Yoo ) (4.19)
@woo = H(ea . 'L/}oo’ d(boo(eoz))a (420)

where we again embedded the target manifold N in some RY.
An important tool for our analysis will now be Morrey’s inequality in one dimension,
which states

9l 0.4 < Clélia.

Plugging the equation for P9, into the inequality for the energy functional E(¢,), we
acquire the uniform bound

/ |doo|*dM < E(6o,10) < C,
M
which enables us to deduce

/ AdwldM < C / (dgool® + oo Pldeboc ) AM.
M M

Since 15 takes its values on S, its L> norm can be bounded by a constant. Hence, we
get that oo € H>'(S', N). Applying the Sobolev embedding theorem in one dimension,
we find ¢o, € H'P(S, N) for some p < oco. Utilizing the equation for ¢, again, we
conclude that ¢o € H?9(S', N) for some ¢ > 2. By the Sobolev embedding theorem
we get that dpo, € L®(S!, N), and by the Schauder estimates, we may conclude that
boo € C1H2(S1. N). From the equation for 1, we deduce

/ |Poo|*dM < C/ |dpoo|?dM < C.
M M

Using Morrey’s inequality, we find ¢, € C03 (81,25 ®¢ T N). Using the equation for
b0 again, we find ¢oo € C?T*(S1, N). This can then be used to improve the regularity
of 1. Iterating this procedure, we conclude that the pair (¢oo,9s0) is smooth.

This completes the proof of Theorem [4.1]
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CHAPTER 4. DIRAC-HARMONIC MAPS FROM CURVES

Remark 4.21. Unfortunately, it is not possible to decide if the limiting map (¢oo, ¥oo)
is a coupled or an uncoupled Dirac-harmonic map. Moreover, it could also happen that
the spinor ¥ becomes trivial as € — 0.
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5. Dirac-harmonic Maps from Riemann
Surfaces

5.1. Introduction and Results

Throughout this chapter we assume that (M, h) is a closed, oriented Riemannian surface
with fixed spin structure. It is known that every orientable Riemannian surface admits
a spin structure, the number of different spin structures can be counted by the genus of
the surface, see for example [LM89], p. 88. Thus, it is a topological information.
Again, we study the evolution equations (with (¢o(z),vo(z)) = (¢(z,0),9(x,0)))

% = 7(¢s) — R, V) — eRe(br, Ur), (5.1)
% = Ay — Dy (5:2)

The aim of this chapter is to prove a result similar to Struwe’s result [Str85] for the
harmonic map heat flow from surfaces. Due to the coupling between the fields ¢ and ¢
new analytical difficulties arise. Our final result is given by the following

Theorem 5.1. Suppose (M, h) is a closed Riemannian surface with fixed spin structure
and (N, g) is a closed Riemannian manifold. Then for any smooth initial data (¢, o)
and € sufficiently large, there exists a global distribution solution

¢: M x [0,00) = N, Y: M x [0,00) = XM ® ¢ ‘TN

of (1) and (52) on M x [0,00), which is smooth away from at most finitely many
singular points (xg,tx),1 < k < K with K = K(g). The solution is unique in this class.
The pair (¢(-,t),1(-,t)) converges weakly in H“?(M,N) x HY?(M, XM ® (bt_lTN) to a
reqularized Dirac-harmonic map (¢oo,Voo) as t — o0 suitably and smoothly away from
finitely many points (xg,txy = 00). The pair (poo, Yoo) is smooth on M\ {x1,...,xx}.

In addition, we sketch how to perform a blowup analysis of the singular points. Namely,
at each singular point (zy,?;) a non-constant, smooth harmonic map ¢ : S? — N
separates such that for sequences R,, — 0,t,, — t,x,, — = as m — oo, we have

Om(z) = dlexpy, (Rma),tm) — ¢ in H22(R% N).

loc

The spinor ¥ becomes trivial during the blowup process.
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CHAPTER 5. DIRAC-HARMONIC MAPS FROM RIEMANN SURFACES

Remark 5.2. By studying the classical results for the harmonic map heat flow in dimen-
sion two we can get an idea what to expect when analyzing the evolution equations for
regularized Dirac-harmonic maps. It would be quite a surprise if the more complicated
regularized Dirac-harmonic map heat flow would behave better analytically than the
harmonic map heat flow. We cannot hope to find a global smooth solution, as already
the harmonic map heat flow develops singularities in finite time [CD90]. In addition,
we cannot expect to find a unique solution in general since in [BDPvdH02] and [Top02],
solutions that are different from Struwe’s solution, were constructed.

Remark 5.3. Assume that M is a compact Riemann surface. Then the following terms
are invariant under conformal transformations:

|de|*dM, (b, Py)dM, [ dM.
/. /. /.

A proof can for example be found in [CJLWO06], p. 416, Lemma 3.1. In particular,
this means that the Dirac-harmonic map functional E(¢, ) is conformally invariant in
dimension two. We will see later that the L* norm of the spinor 1 plays an important
role in the context of a removable singularity theorem. On the other hand, we note that
through the regularization the conformal invariance is broken.

5.2. Energy Estimates and Monotonicity Formulas

In the case that M = S' we could derive pointwise energy estimates by the maximum
principle. These estimates cannot be carried over for M being a closed Riemannian
surface due to several non-linearities. Consequently, we are forced to establish integral
estimates, both locally on balls and globally on the whole surface M. Before we do so,
we will shortly present the tools that we are using in the following.

The first one is a covering argument due to Struwe [Str85], p. 563, Lemma 3.3.

Lemma 5.4. There exist constants K, Ry > 0 depending only on the manifold M such
that for any R € (0, Ry, there exists a cover on M by balls Br(x;) with the property
2

that at any point x € M at most K of the balls Br(x;) meet.
We will often make use of the following Sobolev type inequality:
Lemma 5.5. Assume that v € HY2(M). Then the following inequality holds:

/ lv|*dM < c/ |v|2dM/ |Vo2dM. (5.3)
M M M

Proof. The statement follows directly from the two-dimensional Sobolev embedding
|v|r2 < C|Vo|r1 and the Cauchy-Schwarz inequality. O

In addition, we need a local version of the Sobolev inequality from above. Therefore, we
set @ = M x[0,T). By Bgr(z) we denote the geodesic ball of radius R around x € M and
iy denotes the injectivity radius of M. In terms of these quantities we can formulate
the following:
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Lemma 5.6 (Local Sobolev inequality). Assume that v € H“2(M). Then there exists
a constant C such that for any R € (0,ipr) the following inequality holds:

1
/|Vv|4det§Csup/ |Vol2dM (/ |v%|2det+—2/ |Vv|2det>. (5.4)
Q (x.t) ) Bra) Q R Jq

Proof. A proof can for example be found in [Str0§|, p. 225, Lemma 6.7. O
Lemma 5.7. If dim(M) = 2 the space C>°(M, N) is dense in HY2(M, N).

Due to this Lemma sequences in HY2(M, N) can be approximated by smooth ones.
As a first step, we want to obtain a pointwise bound for the norm of the spinor ;.

Lemma 5.8. Let 1y € C*(M x [0,T),XM ® ¢; 'TN)) be a solution of [5.2). We get a
uniform bound on iy

1
|¢t|%oo(Mx[o,T)) < Ces, (5.5)
if € is large enough. The constant C' depends on M and the L? norm of 1.

Proof. First of all, we derive a pointwise estimate using (5.2])

o1

Sl = SARP = (b D) — eV

€ N _

< §A|¢t|2+\/§|¢t||v¢t|—€|V¢t|2
€ 2 1 2

< = — .

< ZAl? + ol

If in addition we can also bound the L? norm of the spinor v, we get a uniform pointwise
bound on ¢ by (B.13). Therefore, we compute

01 9 o _ oy, |2

(/ |wt|2dM)2(/ ﬂmtﬁdM)Q—s / S 201
M M M

(21C5+/vol(M) — ¢) /M \V|2dM,

IN

IN

where we used the Sobolev embedding theorem in dimension two. Thus, if the regular-
izing parameter ¢ is large enough, we have obtained a uniform bound on the L? norm of

Wy O

Since our evolution equations are originating from a variational problem, we get bounds
in terms of the initial data (¢, 10).
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Lemma 5.9. Let (¢s, 1) € C*(M x [0,T),N) x C>(M x [0,T),XM ® ¢; 'TN) be a
solution of (5.1) and (53). If [, [¥[*dM < C we have for all t € [0,T)

2 = 2 8¢t
| ot ci9urant + | ('E

The constant C depends on M, e, E.(¢o,10) and 1.

ot

2
) dMdt < C.

Proof. A direct consequence of the gradient flow is the following equality

Ec(¢r,v1) + /Q (‘%

Subtracting %(wt, D) on both sides and using

|V
ot

2
) dMdt = E-(¢o,v0).

__ < Z _
2<wt7lpwt> — 8’th’ + 2€‘¢t’ ?
we get the desired result. O

In the following we will often need the following combination of quantities

oo b Br) = — /B (Idenl? + (e, Do) + e[ 2)dM,

2
1 -
FuinBr) = 5 [ (dof +elFv )i,
Br
1 -
Flont) = 5 [ (o +e[Fna
For the further analysis it turns out to be useful to introduce the following function
space:
2402 122 06" |Vt |’
V=19 sup F(ér,9) + [ (V2] + [VY[7)dQ + - | T3] 4@ -
0<t<T Q o \| ot ot

The next Lemma is the analogue of Lemma 3.6 from [Str85]. We want to get local
bounds of the L? norms of d¢; and V1.

Lemma 5.10. Let (¢4,1:) € V be a solution of (51) and [5.2). There exists a constant
C' such that for R € (0,ip) and any (x,t) € Q there holds the estimate

Ex(6u, 1, Br) < o /Q (dée? + ol + 2 P)dMdt + E-(do, Yo, Bor),  (5.6)

where the constant C only depends on M.
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Proof. First of all, we choose a smooth cut-off function n with the following properties
neC*®M), n>0, n=1on Bg(xg),
n=0on M\ Baplwo), |Vl < 5,

where again Br(zg) denotes the geodesic ball of radius R around zy € M. In addition,

we choose an orthonormal basis {e,,« = 1,2} on M such that V., eg = Vg,e, = 0 at
the considered point. By a direct calculation we find

0 0
O = B deea)) — (oL 7(60),
1 \Y \Y 0
O L) = 0t o+ (2 )+ (C R ),
0 Vi = Vi = =
SUTHP = (Relgur ), o) + e gft Feut) = (9, Tt

Multiplying each of the terms with the cut-off function n?, adding up the three terms
and using the evolution equations (5.1]) and (5.2]), we find
) an

- [ . << O dbnea)) = (0 ) — (T, mm)

01

ot 2 /M 772(‘d¢t‘2 + <¢t,lﬂ¢t> +€‘ﬁwt‘2)dM I /M 772 (

I
ot

Vi |
ot

o

Using integration by parts we derive

0 0
/MnZae PO dpy(eayaM < C© / IVl (bt!\d@!dM

\Y%
| it <gft o)AM= C [ Il

A\
[ 0 Fewoart < 0 [ vnl S
M

Applying Young’s inequality and by the properties of the cut-off function 7, we find

0 C ~

~—E-(¢t,¢t, Br) < —2/ (Idee|? + [we* + €[V |*)dM

ot R? [y

Integration with respect to ¢ yields the result. U

We can use the previous Lemma to formulate monotonicity formulas for F'(¢y, v, Br),
namely by Young’s inequality and the “monotonicity formula” for the local energy

E€(¢ta ¢ta BR)a we get

(gbt’wta BR) <2E; (¢05¢0,B2R) + CR2 16 /BR |71Z)t|2dM (57)
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Roughly speaking, we want to make the left hand side of this inequality as small as we
have to. This can be achieved by choosing the initial data (¢g, ), the radius R of the
ball Br and the time T appropriately. More precisely, we get the following

Corollary 5.11. Let (¢r,91) € V be a solution of (&1) and (22). Assume that
[Vt Leo(mxjor)) < C. Then there exists a constant 61 such that for R € (0,iy) and
any (x,t) € Q there holds the estimate

sup F(¢, ¢, Br) < 41. (5.8)
(z,1)eQ

Proof. From Lemma [5.10] and the bound on the norm of 1), it follows that for any d;
and (¢o, 1) suitably, there exists a number R > 0 for which

1 1)
sup <2Es(¢o,¢o,321~2) + —/ |¢t|2dM> <2 (5.9)
xeM 2e Br 2
For T1 = 5522 we then get
sup F(¢¢, V¢, Br(x)) < 61,
e
such that the desired estimate holds. O

In order to turn the Laplace type terms into full second derivatives, we will make use of
the following Bochner type formulas:

Lemma 5.12 (Bochner type formulas). For a map ¢ : M — N and a spinor along the
map ) € T(XM ® ¢~'TN) the following Bochner type formulas hold:

/ r(¢)PdM = / Vdo[2dM — / (RN (d(ca), dd(cs))dd(ea), db(es))dM
M M M
+ / (dp(RicM (ep)), de(eg))dM. (5.10)
M

/ [Ay?dM = / [V22dM + (R™ (eq, €5) Ve, Ve, ) by dM
M M
+(R™2 (eq, e8)1h, Ve, Ve, V) g, dM (5.11)
with the vector bundles By = T*M @ YM ® ¢ 'TN and Ey = T*M ® E;.
Proof. The first statement follows from
vegvead¢(ea) = Ve, Vegd¢(ea) + RN(d(ﬁ(eg), do(eq))do(eq) — d(b(RicM(eg))

and integration by parts. For the second statement we compute

/Mmﬁ;aveawemdM

/ 9 o 20
M

= /MW:ﬁeB@eaw, Ve, 0)dM + (RP (eq,e5) Ve, 10, Ve, 0)dM.
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Using integration by parts again and interchanging second derivatives the curvature term
on the bundle F5 pops up. ]

We are now able to bound the L2 norm of the second derivatives of (¢, ;) on M x [0, T).

Theorem 5.13. Let (¢¢,9) € V be a solution of (5.1) and [{523) and moreover, as-
sume that || perxpry)y < C. For R € (0,in) there exists 01 > 0 such that if
SUP (3. t)eMx[0,7) £ (D1, Yr, Br(z)) < 61, we have for all t € [0,T)

~ T
/Q <|Vd<;5t|2 + 52|v2¢t|2) dMdt < C <1 + ﬁ> : (5.12)

where the constant C' depends on M, N, e,q, dpy and @1#0.

Proof. Using the evolution equations (0.I]) and (5.2]), we compute

01

573 [ (aonf +el PPt + [ (r@l + e Buf)am

:/M(5<R(¢t7wt)yRc(¢t7¢t)> + (A, D) — €2 Re( by, )P )dM
+ / ((7(¢¢), R(b1, %) + 2eRe(r, 1)) )dM.
M

Applying Young’s inequality and estimating the terms on the right hand side, we get
91
ot 2

1 1
< /M (5R (1, 00 + (R, vr), Re(dr, 1)) + *[Re(r, )| + 5 Dnl*) dM

[ P+ efuyant + 5 [ jr(@nl? + 2avPan
M M

< C [ (Pl + 2o TPl + [Tyt

<c / (1denl? + 21dee 2[Sn® + [abe[2)dM.
M

As a next step we transform the Laplace type terms into second derivatives, therefore
we apply the Bochner type formulas (0.10), (5.11)), from which we get

91
ot 2

<C (/ (|deil? + [V [*)dM +/ (|de|* + 2|V [*)dM + c> ,
M M

/(|d¢t|2+s|wt|2)dM+c/ (IVden|? + 2|92, [2)dM
M M

where we estimated all curvature contributions. Finally, we apply the local Sobolev
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inequality (5.4) to [y, |d¢¢|*dM and [, |V [*d M, which leads to
o1
ot 2

<o [ Qaon + 1FuP1ant + 35 [ (aon? + 9uPrane

/(|d¢t|2+s|wt|2)dM+c/ (IVden|? + 2V [2)dM
M M

61 [ (Vanf? + AT + c>.
M

Choosing d; small enough, the terms containing the second derivatives on the right hand
side can be absorbed into the left hand side. Integrating with respect to ¢ yields the
result. O

Using the bounds on the second derivatives, we can apply the Sobolev embedding theo-

rem to bound [, |dg;|*dMdt and [, [Vix|*dMdt.

Corollary 5.14. Let (¢¢,70:) € V be a solution of (51l) and (22). In addition, as-
sume that [t rxjory) < C. Then for R € (0,in) there exists 61 > 0 such that if
SUP(z.t)eMxfo,7) F' (Pt Yr, Br(z)) < 61, we have for all t € [0,T)

IN

[ lasitantar < cne. (5.13)
Q

IN

/ |Vap|*dM dt Cfalt), (5.14)
Q

with f;(t) satisfying fi(t) — 0 ast — 0 fori=1,2. In particular, we also get the bounds
/ du|*dMdt < Cfi(t), (5.15)
Q
/(|V¢|4 + [0, duleq))[")dMdt < Cfaft) (5.16)
Q

using the isometric embedding v. Here, u =10¢: M — R? and ¢ € XM ®TR?). The
constant C depends on M, N, e, 1y, ddy and V.

Proof. The bounds follow from the Sobolev embedding in two dimensions and the pre-
vious estimates, namely

/yd@\“det < C/ ]d(ﬁt]Qdet/ |Vdy|?dM dt
Q Q Q

< ChHlt).

The estimate on |, 0 |Vaps|*dMdt can be derived by the same method. O
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Corollary 5.15. Choosing 01 small enough and integrating over a small time interval
|t — s| < d2, we can achieve

t t
/ / de|*dMdt < C, / / |V |2dMdt < C (5.17)
s J M s JM

and the right hand side can be made as small as needed. The constant C depends on

M7 N7 R7 51752757¢07d¢0 and @T/JO

So far, we have derived integral estimates of the second derivatives on Q = M x [0,T).
In order to turn these estimates into estimates on M, we have to gain control over the
derivatives with respect to ¢ of the pair (¢¢, ). For this purpose we make use of the
following

Lemma 5.16. Let (¢y,1;) € V be a solution of (51l) and (52). Then we have for all
te [0 T)

Ot |2 Oy &m Dy
%2 / |57 [ = /M( V=2 + (RY (doy(ea), -5 )ddi(ea), —5)  (5.18)

< R(t, ¢t), 8(it> ( Re(r, d1), a¢t>> dM
8t2/ |v¢t\ = / ( ‘Nv%! - v—% —Wt> (5.19)
+e <V(;é)t REl (825, ea)vea¢t> - 5( v V8¢t REl (at, ea)wt>>

with the vector bundle B =T"M ® XM ® qﬁ;lTN.

Proof. The first equation directly follows from integrating the pointwise equation (B.8)])
and the divergence theorem. For the second one consider

01 Vo _ th
——|— A
Commuting space and time derivatives, we find
Ve - - B v
av* Veath = REY9y, e0)Ve, 0 + Ve, REY Dy, e0)h + v:aveaa—f
with the vector bundle F; = T"M ® XM ® gb;lTN. Combining both equations and
integrating by parts yields the result. O

Theorem 5.17. Let (¢1, Y1) € V be a solution of (51)) and (2.2). Furthermore, assume

that [Yt|pec (vrxjo,ry)y < €. For 7 > 0, provided supy yyenxjo,r) F(Pt: Ve, Br(x))) < 01 is
small enough, we get that

sup / <’6¢(-,t) % 4 ]ﬁqb("t) ]2> dM < C(1+ 7171, (5.20)
M

2r<t<T ot ot

where the constant C' depends on M, N, R, 61,02,¢€,T,1,d¢o and @1#0.
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Proof. First of all, we choose an orthonormal basis {e,,a = 1,2} on M such that
V,eq = 0 at a considered point. Combining both equations from Lemma [5.16] we get

S (S Yo (a5 o

0¢t

- /M <<RN<d¢t<ea> Ot in(ea), 220 - <v R, 60), ) — (> Rl ), ot

ot
v \Y -V
Y )+ (T R0 c0) ) — (T S

:A1+A2+A3—|—A4+A5+A6.

REI(at,eawn)

We have to estimate all terms on the right hand side, starting with the A; term

/ (RN (e (eq), 8¢t)d¢t(ea) 85” dM <c/ |deby| \‘%t\ dM = I.
M
Using the pointwise estimate
o o Oy, V
(R ), 2] < (| OOt Rl + 1 gul| S|
o
o) S nl?)

and the fact that ¢, is bounded uniformly, we estimate the Ay term as

\Y 0 0 ¢y, V
[ g Shane < o [ (5 Piean + [ laod ST v
/ |5 d¢t‘a¢t’dM> =D+ I3+ 1.

To proceed we again consider the pointwise estimate

V 5¢t (| Ot o

(2 Rel, ), Of

||Wt

5@%

| |d¢t||V7/)t||¢t|+|V¢t||d¢t|| [t ]

Oy

>|§

+o thud@r\ el + Vol d@H vl [(21)

and together with the bound on v, we estimate the A3 term as

Vv O
/M |<aRc(¢tawt)’ ot >|dM

0 by |V
<o( [, 15 s iunant + [ 1owias GG

[y ¥ Sl | 22 ans + [ iy d@ua@rdM)

=I5+ Ig + I7 + Is.
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As a next step, we want to control the terms arising from interchanging covariant spino-
rial derivatives, namely A4, A5 and Ag. Starting with A4, we first of all calculate

Vs .
aveoﬂbt = RN(d¢t(at)’ dor(eq)) s + Vea#’

and by Young’s inequality we get the following estimate

V?/)t
[ 15 S puyians

0
(/ | ¢t||d¢t||¢t||w'f|dM+/ |Wt||vw|dM)

<c</ \‘%t\ |ddpy | dM+/ | ydM> / \vat\dM

where we again used the bound on ;. We continue with the As and Ag term
v 0 V
As < / K % , RPY(8y, e0) Ve the)|dM < c/ denl | ¢t % ||V1,Z)t|dM = I,

\Y o \%
Aﬁé/ (Ve aft RPY(Oy, ea)ty)|dM < 0/ |dey| ‘Wv wt]dM .= Io,
M

and move on by rearranging the terms I; up to I;g. The I; term is already in the shape
that we need it. Concerning the other contributions, we apply Young’s inequality several

times:
o = [ (G < 5 [ 1St Pant 5 [ (5P
o = [ 1l G Vtjan < /|d¢||3¢t|dM+ /|W’t|dM
I —c/ |8td¢t||8¢t|dM_4/ |54 dM+02/ |8¢t|dM,
L= [ (S Plaed Gl <5 [ (5 PaaPast+ 5 [ |5 ERwPa,
O¢r Vi

15) \V4
/rwt\d@u 1N < /\dw 0t an + /\wu ALY

We note that the Iy contribution can be absorbed into the I; term, which may be
estimated as

=0 [ ol g eudan < [ o %pa 1 : [ 1950 pau

We interchanged covariant derivatives and estimated the curvature contributions. To
estimate the Ig term, we apply Young’s inequality once more

Oy 2 3¢t 5 2
= [ OuligdslSar < 5 [ iGdspai+c? [ (SETuta.
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Finally, the Iy term can be absorbed into the Ig term. Note that V% = %dqﬁ, which
is due to the torsion freeness of the connection. We sum up the different contributions
and find the following inequality

B ) ()

<c( [ 1 \a¢t\dM+/ R R

0
/ |V¢t| o dM+/ <| ¢t|2 |Va1tﬁt|2> dM>.

We used part of the second order terms on the left hand side to absorb the second order
terms from the right hand side.
Integrating with respect to ¢ over the domain 7 < s <t < T we get

/dt%%/ Qa@‘ ‘qug) M // <‘Va¢t| L. \vw’t! )det
(/ / |depy |2 | | det+/ / |22 12 |V | Pd M dt
// |W’t| |Vl det+// <|8¢t W’t| )det).

The last term can be bounded in terms of the initial data and the L?-norm of 1; by
Lemma [5.91 We use another type of SoboleY inequality (similar to (5.4) for |t — s| < 1)
to bound the mixed terms like f I \a‘bt 2|Vep¢|2dM dt, more precisely

/ / |depy|? |a¢t 2dMdt
< (/ /M\d¢ty4det> (si%gt/ |= \dM+// \v‘%t\ det)

and similarly for both of the other two terms.
Choosing t — s < 5 sufficiently small, applying the Sobolev inequality and the estimates
from Corollary B.15], we can absorb part of the right hand side in the left and obtain

a¢t('7t) 2 @wt(ﬁt) 2
[ (122 4 1T vt
< inf c/ (agbt |2+|Wt("8)|2>dM+c.

t—60<5<t ot
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Finally, we estimate the infimum by the mean value, more precisely

0P(,1) 1o VW t) 2)
QTSSL?:S)T/M <| ot I+ ")

<Cl+7"! // (\‘%t th\2>det+C

<C(l+71" )

Hence, we get the desired bound. O

Theorem 5.18 (Bounding second derivatives). Let (¢y,¢) € V' be a solution of (5.1])
and ([5:2). Assume that [{¢|ponrxjo,ry) < C and sup(, yerixjo,ry F (Pt ¥, Br(z))) < 61,

then we have

/ (V260 D2 + 2F26( H2)dM < C, (5.21)
M

where the constant C' depends on M, N, R, 81,02,¢, 7,10, ddo and V.

Proof. With the help of the previous estimates we can now bound the full second deriva-
tives of (¢, 1) in L?. By the evolution equations (5.1, (5.2) and Young’s inequality,
we find

agbt 2dM

5@%

/ r(@)PdM < C / (1RG0, 80 + < Reln, vl + 102
M

IN

C [ (1l + 2P Pl + | )M,
.- v
[ ST < 0 [ (w41 P
M
Applying the pointwise bound on v, the Bochner formulas (5.10), (5.11) and using

Vde = V2 +T(¢)(d¢, dg),
we turn the Laplace type terms into full second derivatives and obtain
/M\v%t!?dM < c(/ (|doe|* + V| dM+/ |depy| 2dM+/ \8¢t| dM),
& /M V242 dM < C(/ V| 2dM + /M(]d@]A‘ + etV Y)dM
s Ve 2ang c)

69



CHAPTER 5. DIRAC-HARMONIC MAPS FROM RIEMANN SURFACES

Applying the previous estimates and Young’s inequality, we get
| (PP 9P up)an
M

<c / (Idde? + £[Fee?)dM + C / (Idge]* + 25| )dM + C
M M

bt (2 ?% 2
+C/ — | || | aM
(%1 5er)
§c+c/ (!d¢t!4+82!wt!4) dM
M
§C+051/ (IV2e|* + 2| V20| *)d M,
M

where we again applied the local Sobolev inequality (5.4]) in the last step. Choosing d&;
small enough, such that the right hand side can be absorbed into the left hand side, the
result follows.

O

Corollary 5.19 (Higher regularity). Suppose that M is a closed Riemann surface and
assume that the pair (¢p,:): (M x [0,T) — N) x (M x [0,T) = XM ® ¢;'TN) is a
regular solution of (51]) and [22). The pair (¢¢, ) is smooth as long as 01,02 are small
enough.

Proof. Since we have a bound on the L? norm of the second derivatives of ¢; and ; by
(5210), we can apply the Sobolev embedding theorem and get that both |d¢;| € LP and
|@¢t| € LP for p < co. From the evolution equations (5.1I]) and (5.2]) we may conclude
that ‘%L |V2¢:| € LP and also ‘%‘, |V2yy| € LP. By the embedding H*? < C¢ for
some a < 1 we get that |d¢;| and |Ve);| are Holder continuous. At this point the same
reasoning as in Theorem yields that the pair (¢, ;) is smooth. O

5.3. Long-time Existence and Singularities

As in the one-dimensional case, we first of all derive a uniqueness statement before
turning to the proof of the long-time existence of the evolution equations, see Theorem
MI1l To avoid the problem of identifying sections in different vector bundles, we will
make use of the Nash embedding theorem.

Proposition 5.20 (Stability and uniqueness). Assume that M is a closed Riemann
surface with fized spin structure, N compact and let (¢p,7) € V and (&, x) € V be
solutions of (Z1) and (53). The spinor i € T(EM ® ¢~ 'TN) is defined along the map
¢ and the spinor x € T(SM®EITN) along the map €. Suppose that XL (o)) < C
and |x|pec(arxjo,ry) < €. If the initial data coincide, (¢o,%0) = (€0, X0), then we have
(¢,0) = (&, x) throughout M x [0,T).
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Proof. We follow [Str08], p. 235. We apply the embedding theorem of Nash and regard
u, v as vector valued functions in RY, more precisely w,v: M x [0,T) — ¢«(N) C R? with
u=10¢,v=10&. The spinors ¢ and x are defined along the maps u and v. We set

h1 :’U,(.%',t) —’U(.%',t)7 ho :1/1(9”7t) —X(.%',t)
with x, ¢ € T'(XM ® TR?) and combine hy and hy into a function h(z,t) by
h = (h1,hs) = (u(z,t) —v(z,t),Y(x,t) — x(z,1)).

First, we study the evolution of hy and hsy separately and add up both contributions in
the end. We compute using the evolution equation for u (3.24])

%% /M |h1|2dM = — /M |dhy|?dM + /M<1Iu(du,du) — I, (dv, dv), hy)dM
n / (ha, Py (dulen) ea - ), ) — P(L(do(ea), ea - X), X))AM
M
e /M<h1, P(IL(du(ea), Veutt), 1) — P(Ly(du(en), Voo x), X))dM
e /M““’ P(IL(du(ea), ), Voo ) — P(L(d0(ea), 1), Veux))AM

+ 6/ (h1, By(du, v, du,v¥) — By(dv, x, dv, x))dM.
M

After integrating with respect to ¢, we estimate the right hand side in terms of h; and hs,
where we apply the estimates derived previously. We set Q = M x[0,T) and dQ = dMdt.
Applying the mean value theorem, we find

/Q](Hu(du,du)—llv(dv,dv),hlﬂdQ

< C/ |h1|?(|dul® + \dv[Q)dQ—i—C/ |h1||dhy |(|du| + |dv]|)dQ.
Q Q

Both of these terms can be further manipulated, the first one as

[ Pl + Py < c( / |h1|4dcz>§< / <|du|4+|dv|4>dcz>§
Q Q Q

< ovAm ( | |h1|4dQ>;

and the second one as

/ (|| (|du] + |do])dQ
Q

gc( /Q \hlr‘*dcz)‘l‘ ( /Q \dhﬂ?d@f ( /Q <rdur4+\cw>dcz)i

<cVi® (/thlride +Cf1(t)/Q]dh1\2dQ.
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As in the one-dimensional case, we rewrite and estimate

‘(hlap(ﬂu(du(ea)7ea : w)ﬂb) - P(Hv(dv(ea)7ea : X)7X)>‘
< C(|dullha [P[9* + |dha [ [ha] + |do[¢]|hy[[hal)-

Integrating over the manifold M and with respect to ¢t for 0 <t <T', we estimate

([’ ([ )
Gﬁ(ﬂ;mm@>%

The next term can easily be estimated as

1
C/vm%Q+—/ummw
Q 8 Jq

1
2 1
ovi( [ imltaQ) + 5 [ amPae,
Q 8 Jq
where we used Young’s and Holder’s inequality. Applying Young’s inequality to
|dvl[3[|h1[[h2| < C(ldv||ha|* + |dv][h2|?),

IN

/ | 2[4 2Q
Q

IN

IN

c /Q 62| dRa [P |dQ

IN

we realize that the first term has already been estimated, whereas the second one can
be rearranged as

2 2 % 4 % 4 %
/Q|dv||h2| aQ < (/Q|dv| d@) (/Q|h2| d@) gcﬂ(/Qw d@) .

Again, as in the one-dimensional case we rewrite
[(h1, P(Iu(du(eq), 1), Ve, ¥0) = P(Ily(dv(ea); X); Veo X))
< C(|dullha P[]V Y] + [dha [l ]| + |dol [Vl [[he| + |dvl [V he|[h]),

such that we can estimate again

o( / IdUI“dQ)% ( / |vw|4dcz>% ( / |h1|4dQ>%

1

COVAW® + V(@) (/Q |h1|4dQ>2 .

For the next term we perform the following manipulation

N o\ O\
c /Q A [V ]dQ < c( /Q | d@) ( /Q dha| d@) ( /Q V) d@)

1

< oVaD ([ imita@)" + ¢ [ janFao

IN

/Q (dulhn P46/ V461dQ

IN

A

A
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Again, by Young’s inequality we have
|dv|[Vllha|[ha| < VPP [Ra]? + |dvf*|ha?).

We already took care of the first term, the second term can be estimated by the same
method. Finally, we manipulate

. i A i ) 3
/Q\dvuzpuhlumydq; < C</Q]dv\ dQ) </Q\h1] dQ> </Qyw2\ dQ>

1

CV/ () < /Q |h1|4dQ>2+§ /Q Vhs|2dQ.

IN

Note that the contribution

e(hy, P(Iu(du(eq), Ve, 1), ¥) — P(Ily(dv(ea), Ve, X), X))

can be estimated by the same methods. As in the one-dimensional case we have

’<h17Bu(du7,l/}7 duﬂb) - BU(dU7X7 d’U,X)>’
< C(|ha P[P |dul® + |ha||dha [0 |du| + |dul[|dv]|hg b1 |
+ [ l|dv[x[[l|dh1] + [ha||dv]?[x||ha])-

By application of Young’s inequality we find
1
|71, Bu(du, v, du, ) = By(dv, x, dv, x))| < C(1h [*(Idul* + |dvl®) + [ha[*|dv]*) + 2 |dha |,

The first terms on the right hand side have already been estimated, the last one can
later be absorbed into the left hand side.
As a second step, we turn to the function hy. With the the help of ([B.25]) we find

01
55/ |ho?dM = —/ <@h27h2>dM—€/ Vho|*dM
M M M

e / (ha, (Ve ) (du(ea), ) — (VeuIL)(dv(ea), X))dM.
M

The other terms involving the second fundamental form vanish since I L v. Again, we
first of all integrate with respect to ¢ and estimate

1

/Q<ah2,h2> <CVi (/Q|h2|4dQ>2 +§/Q|Vh2|2dQ.

To estimate the last term, we rearrange

(¢ =X (Ve L) (dulen), ) = (Ve Il ) (dv(ea), X))
< C(|hu|halldul|dv] + |dvl|dhy |[¢|lh2] + [dv]*|ha[?).
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Again, by Young’s inequality we may estimate

(@ =X, (VeaIlu)(du(ea), ¥) = (Ve ) (dv(ea), X))| < C(lhaldul® + |dof? |he[?) + ildhﬂ2

and all of the terms on the right hand side have already been considered. Adding up the
inequalities for |h1|? and |hs|? and applying the Sobolev embedding theorem, we find

1

1 T
—/ (|h1|2+|h2|2)dM+—/ / (Idh1|* + €|V he|?)dQ
2 M 2 0 M

0,7

T
< Cf(t) <sup /M(]h1]2+\h2]2)dM+/o /M(\dhl\z—i—s\th]Q)dQ)

1

+3 | (MOF + PaOP)an.

where f(t) denotes the supremum of \/f1(t), /f2(t) and v/t. We know that f(¢) — 0 as
t — 0 and by assumption h1(0) = ho(0) = 0. Choosing t small enough, we have u = v

and 1 = y throughout Q. O

Proposition 5.21 (Long-time existence). Let (¢r,1:) € V be a solution of (51l) and
(22). Assume that [yi|re(arxjor)) < C. Then the evolution equations admit a solution
for 0 <t < oo.

Proof. The first singular time Ty is characterized by the condition

lim sup F'(¢, 1, Br(x)) > 1.
t—To

Since we have 9;¢, Vi) € L2(M x [0,T)) and also F(¢y, ;) < CF(¢g, o) + C for
0 <t < T, there exists (¢(-,T),%(-,T)) € H">(M,N) x H"?(M,XM ® ¢; 'TN) such
that ((b(at)aw(at)) — (¢(7T)7¢(7T)) Weakly in H172(M7 N) X H172(M7 EM@ét_lTN)

as t approaches T'. In particular, we have

F(¢r,vr) < liminf CF(g,, 1) + C < CF(gr,n) + €, 0<t<T.

Now let (¢, 10): (M x [T, T +T1) = N) x (M x [T,T +T1) = XM ® ¢; 'TN) be a
solution of (51)) and (52). Assume that (¢, v)(z,t) = (¢,9)(z,t). We define

o f@nd),  0<t<T
(¢t7¢t) - {(Qgt;&t)’ T S t S T"‘TI

One can now verify that (¢y,;): (M x [0,T1) = N) x (M x [0,T1) — XM x ¢; 'TN) is
a weak solution of (LI and (5:2)). By iteration, we obtain a weak solution (¢, 1) on a
maximal time interval T' 4 § for some § > 0. If T'4 § < oo then by the above argument
the solution (¢, ;) may be extended to infinity, hence 7' = co. The uniqueness follows

from Proposition ([5.20)). O
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Theorem 5.22 (Finitely many singularities). Assume that M is a closed Riemann
surface and suppose the pair (¢, ) is a solution of (Gd) and {L2). Assume that
[Vt| oo (Mrx[0,00)) < €. There are only finitely many singular points (vg,t),1 <k < K.
The number K depends on M, e,vq,dpy and @1/10.

Proof. We follow the presentation in [LWO0S8], p. 138, for the harmonic map heat flow.
To prove that there exist only finitely many singular points for the regularized Dirac-
harmonic map heat flow, we assume that Ty > 0 is the first singular time and define the
singular set as

S(p, 0, Tp) = ﬂ {x € M | limsup F (¢4, Yy, Br(x)) > 51} .

R>0 t—To

Now, let {x;}% | be any finite subset of S(¢,1,Tp). Then we have for R > 0
JJS5=1

imsup [ (o +e[ VUM 251, 1<j <K
BR Z 5

t—To
By (B1) we have the following local inequality for the quantity F(¢y, 1, Br)

F(¢¢, 14, Br(z)) < 2E.(¢0, %0, Bar(x)) + 53% + é/B e |*d M (5.22)

with 85 = C [, (|dpe|? + 2[Vepe|? + |1p|2)dM. Moreover, we have the global estimate

F(gbt’wt) < 64F(¢0’71Z)0) + 55

with §4 = 2 and d5 = %fM 10|?. We choose R > 0 such that all Byg(x;),1 < j < K are
mutually disjoint and small enough to have

1 )
—/ e 2ant < 2.
e Bgr 4

Then, we have by (5.22))

Ko <

M=

lim sup F (¢, ¢¢, Br(xj))
1 t—To

<.
Il

M=

<lim sup 2E.(¢7, Y7, Bar(xj)) + %)

t—TpH

<.
Il
—_

Ko
2E€(¢T7¢’T> + Tl
Ko

2E.(¢o,%0) + 5

IN

IN
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for any 7 € [Ty — %, To]. We conclude that

K< 4Es(¢0,7/)0)7
T
which implies the finiteness of the singular set S(¢, 1, Ty). Our next aim is to show that
there are only finitely many singular spatial points. Therefore we set

M:M\ U BQR(I'j)

1<j<K
and in addition, we calculate
F((bToawTo) = lim F(¢T071/}T0=M) (5'23)
< 111’11 lim sup F(th, Tzz)t, )
R—0 t—1To
K
< F(de, ) — }1%1310lelg%{)lfF(¢ta¢t,B2R(xj))
j:
K
< 04F (b0, %0) + 05 — lim thbTup F(¢r, v, Br(;))
j=1 t—To
< 04F(¢o,v0) + 05 — K1,

Now suppose Tp < ... < T} are j singular times and by Ky, ..., K; we denote the number
of singular points at each singular time. Set

((blawl) - tli{%i((bt’wt)’ 0 S ] S ]

By iterating (5.23) we get

F(¢j,¢5) < 0aF(dj-1,¥j-1) + 5 — 61K;
< F(¢j—27¢j—2)+55(1+54) 51( j—1+ 04K 9)
<
j—1 j—1
< §F(do,v0) +55254—5IZK54,
= =0

which can be rearranged as

5J F( 0
ZK64 ¢05¢0)+ 52 (524)
o1
We conclude that there are only finitely many singularities. O

Remark 5.23. If we compare the bound on the number of singularities for the regu-
larized Dirac-harmonic map heat flow with the bound on the number of singularities in
the harmonic map heat flow, then we realize that the former one will encounter more
singularities. In the case of the harmonic map heat flow we would have d4, = 1, 5 = 1
and F(¢o,v%0) = 5 [4; |ddo|?, which lowers the upper bound in (5.24)).
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5.4. Convergence and Blowup Analysis

In this section we discuss the convergence of the evolution equations (5.I)) and (5.2]). In
addition, we sketch how to perform a blowup analysis of the singular points.

Theorem 5.24. Let (¢4,1:) € V be a solution of (21) and (22). Moreover, assume
that ] Lee (Mx[0,00)) < C- Then the pair (¢r, 1) converges strongly in L? to a reqularized
Dirac-harmonic map on the set M\ {z1,...,zr}. The limiting map (¢oo, Voo) 18 sSMOOLH
on M\{I‘l, ,xk}.

Proof. Since we have a uniform bound on the L? norm of the ¢ derivatives of (¢¢, ;) by
Lemma [5.9] we can achieve for t,, — oo suitably

by 2 Vbt 2
(15 e a0

and in addition, we suppose that T' = oo is non-singular

limsup(sup F(¢¢, ¥r, Br())) < 1
t—oco xeM

for some R > 0. By (5.2I)) we have a bound on the second derivatives

[ (I9%0P Gt + 29202 1)) ab < C.
M
such that due to the Rellich-Kondrachov embedding theorem we may assume that

G- tm) = Poo strongly in H'?(M, N),
V(- tm) = oo strongly in H""(M,XM ® ¢, 'TN)

for any p < co. But then by (B.1]) and (5.2)) we get convergence of the evolution equations

T(gboo) = R(Qbooa ¢oo) + 5Rc(¢oo, 1/)00), (5.25)
Ay = Do (5.26)
in L? and hence the pair (¢oo, %oo) is a regularized Dirac-harmonic map, which satisfies
(oo, Voo) € H?2(M, N) x H>?(M, XM ® ¢} TN).
If T = oo is singular, meaning that at the points {z1,...,zx}

lim sup F'(¢¢, ¢, Br(x;)) > 61, 1<5<k

t—o00

for all R > 0, then for suitable numbers ¢,, — oo the family (¢, , 1, ) will be bounded
in H>2(M,N) x H>?(M,XM ® gb;mlTN) on the set M\ {x1,...,z;}. Consequently, the
family (¢x,,,¢r,,) will accumulate as follows

Goo: M\ {z1,..., 2} = N,
VYoo: M\ {z1,..., 21} = (M \ {z1,...,21}) ® ¢ TN.
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We set M := M \ {z1,...,2,}. Concerning the regularity of (¢oo,ss) on M, we have
Do € Hlﬁp(M, N) for any 0 < p < o0, since ¢ € H2’2(M, N). In addition, we have
Voo € H>2(M, XM ® ¢ LTN) and consequently also s, € HYW (M, XM ® ¢ LTN) for
any 0 < p < oco. Hence, the right hand sides of both (5.25) and (5.26]) are in L for
2 < p < oo. Writing 7(¢) = A¢+T'(¢)(do, dp) and by elliptic estimates for second order
operators we then get ¢o, € H*P for any 0 < p < oo and by the Sobolev embedding
theorem it follows that ¢, € C 170‘(]\;1 ,N). By the same argumentation we find that
also Yo € CI’Q(M, M ® #-ITN). The smoothness of (¢, o) then follows from a
standard bootstrap argument. O

Of course, one would like to apply a removable singularity theorem to get a smooth
solution not only on M, but on the whole manifold M. This issue will be addressed in
the next section.

This completes the proof of Theorem [5.11

Our next aim is to get a better understanding of the singular points (z, tx). In the case
of the harmonic map heat flow one can perform a blowup analysis, which finally leads to
the “bubbling off of harmonic spheres”, see for example [Str85]. An important ingredient
in that calculation is the scaling behaviour of the evolution equation for harmonic maps.
Therefore, let us analyze the scaling of the regularized Dirac-harmonic heat flow.

Remark 5.25 (Scaling of the evolution equations). By regularizing the functional
E(¢,1), we haven broken the conformal invariance and consequently the evolution equa-
tions for (¢, 1) do not scale in a “nice” way. Nevertheless, it is possible to do a rescaling
if one allows to rescale ¢ as well. It is easy to see that the evolution equations

% = 7(¢r) — %R%a e, )y (ea) — eRY (Ve the, 1) ddr(ea),
va—ft = Ay — Doy

are invariant under the following rescaling

(z,t) — o¢(xo+ Rz, to+ R?t), (5.27)
TIZ)(CC,t) — \/ET,Z)(CCQ—FR,I,to—{—Rt),
e = %

for R > 0. We would like to mention that also a dimensional analysis of the evolution
equation for 1) motivates to also rescale . Unfortunately, the two evolution equations
scale differently. The evolution equation for ¢ scales like a heat type equation, whereas
the evolution equation for v scales like a first order evolution equation. We should also
mention that it may be problematic to rescale the regularizing parameter . First of
all, all the estimates we derived so far depend on € in a non-trivial way. Even worse,
remember that the maximal existence interval T4, of the short-time solution ([3.22]) in
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general also depends on . Another problem we would like to address, is that up to
now we have deformed the pair (¢, ) simultaneously. But the rescaling presented above
requires to deform ¢ and 1 independently of each other.

If we ignore the problems just mentioned, we can analyze the singular points as in
the harmonic map heat flow. To perform a blowup analysis of the singular points, we
recall Moser’s Harnack inequality for subsolutions of the heat equation [Mos64]. To
this end, we define the parabolic cylinder Pgr(zg) for zg = (zg,t9) € M x (0,00) and
O0<R< min{iM, \/%} by

Pr(z0) = {z = (z,t) € M x [0,t)||z — 20| < R, to — R* <t <to}. (5.28)
With these preparations we can state

Lemma 5.26 (Moser’s parabolic Harnack inequality). Suppose v € C*°(Pr(z9)) is non-

negative and satisfies
(% - A> v < Cv

with C > 0. Then there exists a constant Cy1 > 0 such that

Cy
v(zg) < T/ vdxdt, (5.29)
R™2 [P (0)

where m is the dimension of the manifold M.

With the help of Moser’s Harnack inequality we can sketch how to perform a blowup
analysis.

Theorem 5.27 (Blowup analysis). Suppose that M is a closed Riemann surface and
assume that the pair (¢, ) is a solution of (2.1) and (22) and || pec(mrx[o,00)) < C-
At the singular points (Z,t) harmonic spheres ¢ : S*> — N separate and the spinor 1
becomes trivial during the blowup process.

Proof. We follow the presentation in [StrO8], p. 233, for the blowup analysis of the
harmonic map heat flow. Suppose (Z,t) is a singular point in the sense that for any
R € (0,1ip) we have
limsup F(¢¢, ¢, Br(T)) > 61.
t—1

By finiteness of the singular set we know that z is isolated among concentration points.
Consequently, for R,, — 0 we may choose Z,, — Z and t,, — t such that for Ry > 0 we
have

)
F(5, 05, By @) = sup F(6p v, B, (@) = .
€B3Rq (2)

2?'m*7"m§1f§1?'m

79



CHAPTER 5. DIRAC-HARMONIC MAPS FROM RIEMANN SURFACES

where 7, = 518R’” We assume that z,, € Br,(Z) and perform the rescaling
() = (T + Ry, tm + Ro,1),
T,Z)m(CC, t) =V me(jm + Rz, tm + Rmt),
€
Em = R—m

We have to assume that the rescaling of € does not get in conflict with the existence of
the short-time solution (B.22]). Since the norm of the rescaled spinor vy, (z,t) satisfies

[V (T, t)|2 = R |(Trm, + R, T + Rmt)|2,
we get a first hint that ¢ will become trivial as R,, — 0. Note that

¢m : BﬁX[fo,O]—)N

Rm
Ym : Brg X [to,0] = XM @ ¢,,' TN
Rm
solve (B.1)) and (£.2) classically with tg = —g. Moreover, we have
01
m|T|<Rg

to<t<0
In addition, we find
i —R,Qnto, 7'ffI = —R,to,

m

which reflects the first and second order character of the evolution equations. We deduce

/to/ 8¢m{ddt /t / \3¢t{det—>o

/ / \Wt|det—>o

Rm
0 v
/ / |ﬂ dxdt
to JB g, ot
Rm
as m — o0o. To get a better understanding how the spinor v; behaves during the blowup
process, we apply Moser’s Harnack inequality to

IN

IN

0 2
EW# < eAlgy|* + g’¢t‘4
and find

A

’7/1‘4($0,t0) < Ro / / ]wtl4dxdt

B o
Rm
< —RC / / Wb |*d M dt
(ﬁ)zl to JM
4
< _Ct0R4m
Ry
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with the parabolic cylinder Pr, around (zg,?y) defined by

Rm

Ry
Pry ={z=(z,t) € M x [to, )Hx—x0]<R ,to <t <0}
Rm

Note that Pr, — R? x R_ as m — oco. Consequently, 1) — 0 in the limit R, — 0.

Rm
Of course, one would like to localize the bound on the second derivative of ¢; (5.21)) to

B r, . Therefore, we need to analyze the behaviour of the curvature terms during the
2Rm

blowup process

t
2
/t/ R, o) [2dadt < /O/M R(n, ) |2dM dt
m t
< [ [ aonPalartat < Crinli ey
t
/to/ €2 |R(¢m, ¥m)|Pdxdt < /0/M52|Rc(¢t,1/)t)|2det
bron t N
< 052|7;Z)t|2/0 /M|d¢t|2|V¢t|2det
< O oy (F1 (D) 2 (f2(1))2

By application of Moser’s Harnack inequality to the norm of ; both of these integrals
tend to zero as m — oo. Consequently, we can apply the estimates for the harmonic
heat map flow from the original proof of Struwe, see for example [Str08], p. 234, and

find .
/ / |V2¢|*dadt < C.
to /B ro
2Rm

Hence, ¢, converges strongly locally in H*2(R?, N) against a limiting map ¢. Since

1

3 ]| 1d9m P < oG,

we can apply a classical theorem from Sacks-Uhlenbeck ([SU8I], Theorem 3.6) and ex-
tend ¢ to a non-constant harmonic map from ¢ : S 2 R? — N. U

When analyzing the bubbling phenomena of Dirac-harmonic maps, it is important to
have control over the energy of the bubbles, such that now concentration phenomena
can happen. This control is usually given by what is called energy identity. For Dirac-
harmonic maps the energy identity was first proven for the case M = §2, N = 8" C R**!
in [CJLWO05], which was later generalized to the case of M being an arbitrary Riemannian
spin surface and N a compact Riemannian manifold in [ZhaO7b], p. 131.
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Definition 5.28 (Blowup Set). Let (¢, %) : M — N be a sequence of smooth Dirac-
harmonic maps with uniformly bounded energy

/ (]2 + [ *)aM < C
M

and furthermore assume that (¢, 1) converges weakly to a Dirac-harmonic map (¢, )
in HY2(M, N) x L*(XM ® TRY), then we call

S:=(V{zeM| liminf/ (Idepr|* + [1h|*)dM > 6}
k—oco Jp

R>0 R(@)
the blow-up set of {¢, 1}

Theorem 5.29 (Energy identity for Dirac-harmonic maps). Consider a sequence of
smooth Dirac-harmonic maps (¢g, Yr) with uniformly bounded energy

/ (dnl? + [u|*)dM < C
M

and assume that (¢x, Yr) weakly converges to a Dirac-harmonic map ($,v) in the space
HY2(M,N) x L*(XM @ RY) with a finite set of blow-up points denoted by {p1,--- ,pm}
Then after passing to a subsequence, still denoted by (pi,Vr), we can find a finite set of
Dirac-harmonic spheres

(ol &) 8% 5 N, i=1,---,I, 1=1,---, L,

such that the following energy identities hold

I L

lim E(gr) = E(@)+) > E(o}), (5.:30)
=1 [=1
I L

Jim E(yr) = BE@W)+) > E(&). (5:31)
i=1 =1

Note that the quantity we need to control to apply the energy identity is different from
what we needed to control the evolution equations. In addition, the energy identity deals
with a sequence of Dirac-harmonic maps, whereas we have a sequence of regularized
Dirac-harmonic maps.

Remark 5.30. In the context of the regularity of harmonic maps, one important in-
gredient is the so called e-regularity theorem. This was first proven in the stationary
case by Schoen [Sch84] and then extended to the parabolic case by Struwe [Str88b]
and Chen-Struwe [CS89]. Once again the important point is the scaling behaviour of
the corresponding equations. To establish the regularity for Dirac-harmonic maps an
e-reqularity theorem was established in [WXO09]. It was used that

| (a6 + fuityant
M
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is scale invariant in dimension two. If one tries to extend these ideas to the evolution
equations for regularized Dirac-harmonic maps, one encounters a scaling problem. The
scaling

é(z,t) = ¢(Rx, R%t),  ¥(z,t) = VRY(Rz, Rt), & — %

leaves the evolution equations (B.]) and (5.2) invariant. On the other hand, the linear
combination

1 ~
F(a,t,¢) = 5 (|dof + <[ Vo)

satisfies -
F(Raz,t, E) = R*F(x,t,¢),

but to set up a parabolic e-regularity theorem, we would also need a nice scaling be-
haviour in the ¢ variable.

Before discussing the limiting process € — 0, we analyze the structure of Dirac-harmonic
maps for the case that M and N are surfaces of lower genus.

5.5. Dirac-harmonic Maps between Surfaces

In this section we discuss Dirac-harmonic maps between surfaces. We will assume that M
is compact and oriented. A criterion if the Euler-Lagrange equations for Dirac-harmonic
maps decouple, is given by the following theorem from [Yan09], p. 410:

Theorem 5.31. Let M and N both be compact oriented Riemann surfaces and suppose
that (¢,v) is a Dirac-harmonic map from M to N. If

gy =0 or  [gy — 1] < |deg(9)[|29n — 2, (5.32)
then ¢ has to be a harmonic map.

We now analyze Dirac-harmonic maps between some explicit surfaces. To this end, we
make the following definition

Definition 5.32 (Twistor spinor). A spinor x € I'(XM) is called twistor spinor if it
satisfies 1
Py = VEQMX + S¢a dx = 0. (5.33)

Note that this equation is conformally invariant in dimension two. Dirac-harmonic maps
from S? — S? are characterized by the following theorem, also from [Yan09], p. 410:

Theorem 5.33. Let M = N = S? with arbitrary metric and suppose that (¢,%)) is
a non-trivial Dirac-harmonic map from M to N. Then ¢ has to be holomorphic or
antiholomorphic and the spinor v can be written in the form

Y =eq X ®do(eq), (5.34)

where x s a twistor spinor.
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For the sake of completeness we want to mention that several generalizations of The-
orem [5.33] are given in [MoI0]. Twistor spinors on S? can be further characterized by
[BFGK91]:

Lemma 5.34. Suppose that x € I'(XM). If M is closed, then ker(P) is finite dimen-
sional. In the case x # 0 and if furthermore R is constant, then either R = 0 and x
is parallel or R > 0 and x is the sum of two real non-parallel Killing spinors. Here, R
denotes the scalar curvature on M.

Hence, the spinor y in (.34]) is actually the sum of two Killing spinors.

Furthermore, it is known that the the only compact orientable surfaces admitting twistor-
spinors are S? and T? carrying any conformal class, the latter one being endowed with
its trivial spin structure. The space of twistor spinors on S? is four-dimensional, whereas
on T2 it has only dimension two [Gin09], p. 126.

Consequently, one has to be careful when generalizing the construction (5.34]) to arbitrary
surfaces and arbitrary target manifolds N as was done in [JMZ09|, since as we have just
seen the only compact, orientable surfaces admitting twistor spinors are S? and 72. This
fact has already been noted in [Ginl1].

Corollary 5.35. There is no Dirac-harmonic map from T? — S? with deg ¢ = £1.

Proof. The proof is by contradiction. Assume that (¢,) is a Dirac-harmonic map from
T? — S? with deg(¢) £ 1. By Theorem [5.31] the map ¢ has to be harmonic in this case.
But on the other hand, Eells and Wood showed in [EW76] that there is no harmonic
map from 72 — S? of degree +1 independently of the metrics chosen on M and N. O

Remark 5.36. Since the degree of a map is homotopy-invariant, we cannot find a Dirac-
harmonic map from 72 — S2 in the homotopy class of ¢ with deg ¢ = +1. This example
motivates the occurrence of singularities in the heat flow for Dirac-harmonic maps.

Since the twisted Dirac operator I is elliptic and self-adjoint, one can analyze its spec-
trum. A fundamental inequality regarding the spectrum of the usual Dirac operator ¢
is Friedrich’s inequality [Fri80]. This inequality can easily be generalized to the Dirac-
harmonic map case.

Lemma 5.37 (Friedrich inequality for Dirac-harmonic maps). All Eigenvalues of the
Dirac operator ID on XM ® ¢~ TN satisfy the inequality

1 m 1 m
2> _infR-
Nz i e [ [02dM m—1

/M Riju(Vel -0, Vb - i)dM,  (5.35)

where m is the dimension of the manifold M.

Proof. By the Weitzenboeck formula (2.5) we have

2 = V1|2 B 1e ceq- RN e e
[ ipokast = [ [9upart+ [ (G0 + e -es - R @olea) does)) ) aM
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and by the Cauchy Schwarz inequality on the other hand
|Py? < m| V.
Combining both equations yields the result. U

Corollary 5.38. In particular, this means that there are no non-trivial Dirac-harmonic
maps from S? to N with N = R™,T™.

Proof. For M = S?, the first term on the right hand side in (5.35)) is always positive.
On the other hand, for N =T"™ or R", the second term on the right hand side in (5.35])
vanishes. O

We want to summarize our considerations in the following tabular:

M ‘ N ‘ Existence of Dirac-harmonic maps?
S? | §? ¢ conformal, v is of the form (5.34])
S2 | T2 no non-trivial Dirac-harmonic map
T? | $? | no Dirac-harmonic maps if deg(¢) = +1
T2 | T? ¢ harmonic map, ¥ harmonic spinor

If we further increase the genus of the surface M, for example gp; = 2, it is not that easy
to state some general results. The existence of harmonic spinors on surfaces of genus
gy > 2 and their dependence on the spin structure and the Riemannian metric was
investigated in [BS92].

5.6. Removing the Regularization

In this section we analyze the limit ¢ — 0. We saw in Theorem [5.24] that the regularized
Dirac-harmonic map heat flow converges to a smooth regularized Dirac-harmonic map
(oo, Vo) o0 M away from finitely many singular points. The smoothness of the limiting
map depends on the estimates that were derived before. Therefore the question is, which
of these estimates we still need to control after taking the limit € — 0.

In particular, we would like to

1. Keep the number of singularities bounded,
2. Remove the singularities of the solution (¢so, ¥oo),
3. Control the regularity of the solution (¢oo, ¥ )-

In general, we cannot expect that the limit ¢ — 0 will exist. First of all, we study two
simple examples.

Example 5.39. 1. Assume that M = S? and N = T2. We have seen that in this
case there exist no non-trivial Dirac-harmonic maps. Consequently, the limit e — 0
cannot exist and this fact should be reflected by the calculation.
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2. If both M = N = T?, we have seen that the system decouples and we have to look
for harmonic spinors ¥ on T2. The two-dimensional torus has four spin structures
and not all of them admit harmonic spinors. Hence, the limit ¢ — 0 cannot be
trivial in this case, too.

Number of singularities after ¢ — 0

To study the dependence of the bound on the number of singularities on &, we perform
the following analysis. First of all, we supposed that ¢ = oo is non-singular, in particular

limsup(sup F(@t,wt,BR(ﬂf))) < d1.
t—oo zxzeM

In addition, we have to ensure that there are only finitely many spatial singularities at
t = co. Therefore, let us analyze how the bound (5.24]) depends on . Rearranging (5.24))
yields

i1
ZZOKZ' < CF(%M?%((&;)) +95(e) (5.36)

It is easy to see that
lim F'(¢o,v%0) = E(¢o) < C,
e—0

but on the other hand the limits

lim 61 (6), lim 55(6)

e—0 e—0

do not exist in general as can easily be seen from the definitions of §; and d5. Moreover,
there is no cancellation of the different €’s on the right hand side of (5.30)).

Removal of singularities after ¢ — 0

To remove the singularities of the solution (¢, o) we would like to apply the following
(Theorem 4.6 in [CILWO06], p. 426):

Theorem 5.40 (Removable singularity theorem). For U C M let (¢,v) be a Dirac-
harmonic map which is C*° on U \ {p} for some p € U. If

/U (Ido|* + [|") dM < C

then (¢,v) extends to a C*° solution on U.

In our case, the L? norm of d¢o can be controlled, but in general we cannot bound the
L* norm of 1, after € — 0. By the Sobolev embedding theorem it would be enough to
control the L? norm of V. If ¢!, € T'(XM) would be a Killing spinor, then v, € L*.
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Regularity of (¢, %) after ¢ — 0
The question of the regularity of Dirac-harmonic maps has been studied in ([WX09]).

Definition 5.41 (Weakly Dirac-harmonic map). A weakly Dirac-harmonic map is a
pair (¢,) € HY2(M,N) x Sl’%(M, XM ® ¢~'TN), which is a critical point of E(¢,))
over the Sobolev space HV2(M,N) x Sl’g(M, YM ® ¢~'TN). The spinor 9 is in the
space SV3 (M, M ® ¢~1TN) if o' € L*(SM) and V=M € Ls (SM).

The relation between weak and smooth Dirac-harmonic maps in dimension two is given
by the following ([WX09], Theorem 1.5, p. 3764)

Theorem 5.42. Assume that Ai\/_f is a compact Riemannian spin surface and that the
pair (¢,10) € HY?(M,N) x S¥3(M,SM ® ¢~ 'TN) is a weakly Dirac-harmonic map.
Then (¢,9) € C®(M,N) x C®(M,~M ® ¢~ 'TN).

Hence, we have to ensure that the estimates necessary for the existence of a weakly
Dirac-harmonic map can be carried over to the limit € — 0. By the Sobolev embedding
theorem in two dimensions ¢ € L*(XM) if VEMq)i ¢ L%(EM ). The regularity of the
map ¢ can easily be assured by plugging the spinor ¥, into the inequality for the energy
functional E.(¢,)

/ |dpoo|2dM < E. (0, o).
M

The difficult question is, if we can also achieve that 1) € Sl’%(M , M ® ¢~'TN) after
taking the limit € — 0. When analyzing the regularity of solutions of

eAp = Dy

as a function of e, we first of all note that the operator L := eA — Jp is uniformly elliptic
as long as € # 0. In the limit ¢ — 0 the operator L becomes weakly elliptic and we
cannot apply estimates for uniformly elliptic operators any longer. Hence, we should
think of

Dy = eAyp (5.37)
as a Dirac equation with right hand side. It is well known that the right hand side de-
termines the regularity of the solution. Consequently, we should utilize elliptic estimates
for first order operators in combination with the regularity theory for Dirac-harmonic
maps developed so far. \
A rough attempt to ensure V' € L3 (X M) is to try to bound the H' norm. To control

the H' norm of the spinor v we make use of elliptic estimates for first order equations.
Expanding (5.37)) we find

W' < C(W\B + WW’L?)
< C(W'p2 + \WHdGﬁHL? | | |
+e2 (VM ||| 12 + [0 ]|dol |2 + |[W | AG] |12 + ||AZM 4[] 2)).

We would get a smooth Dirac-harmonic map from M — N if the right hand side survives
the limit € — 0.
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1. Decoupling
If the limiting map (¢eo, Yoo ) decouples, then ¢, becomes a smooth harmonic map
from M — N. Nevertheless, we still have to ensure the regularity of the spinors
Yt € T(XM) after ¢ — 0.

2. Killing spinor
If the limiting spinor 1, € T'(XM) would be a Killing spinor, then we would have
|l |* < O, independently of e. Unfortunately, the existence of Killing spinors is
heavily restricted.

We may summarize that in general we cannot expect that the limit € — 0 exists in a
reasonable sense.

We want to finish this section by stating some general properties of the spinor ¥.

We can analyze the local behaviour of the spinor 1 by

Remark 5.43 (Morrey type estimate). If we have a smooth spinor v satisfying
e = Iy,
then we find the following Bochner-type formula
Al = 2[Vy? + 2(s, Ay)
= 2ATuP + 2w, DY)
Sl

Applying a Morrey type estimate [Mor08|, Theorem 5.3.1, we find for any xy € M and
p > 0, that

v

C
up [0 < o [ uPan (5.38)
Bzo (p) € Bzo (R+p)
If the manifold M would be non-compact and we would have a bound on the L? norm
of ¢, then we can conclude that v is trivial by letting p — oo.

Lemma 5.44 (Rayleigh quotient). Assume that 1) is a smooth solution of eAy = Py
Then the Rayleigh quotient of lD2 evaluated at ¢ satisfies the inequality
9 < fM |¢¢|2dM C

= Julorar <= )

W and cg = 4. A consequence of this inequality is that

in the limit € — 0 the spectrum of the operator I becomes unbounded again.

with the constants ¢; =

Proof. We compute

- - N
gAﬂv¢|mw = /;@mw¢mm[§/;hm¢ﬂvme

1 € ~
g/\w%M+§/ﬂvw%M
M M

IN
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and hence we find 5
e/ |V|2dM < —/ [[2dM.
M €JM
Together with
/ | DM < 2/ IV [PdM
M M

the first inequality follows. For the other direction we calculate

(/ 191 dM>1<CS/ |vw|dM<csW(/ Ty dM) |

where we used the Sobolev embedding theorem. Of course, one could also apply the
Poincaré inequality here. With the help of the equation for ¢ again, we find

/\zpy?dMgcgvouM)/ IVy[PdM = C3 /(w,zp@dM
M M
< caYolr [ okt [ wpan

and hence the result follows. The constants ¢; and co may not be optimal. The statement

concerning the spectrum of I relies on the min-max principle for self-adjoint elliptic
operators, see [Cha84], pp. 16-17. O

Vol(M)

Remark 5.45. If we assume that the spinor ¢y € I'(XM ® ¢ 'TN) is of the form
=€y X ®@do(es), then a direct calculation yields (JAGII], p. 4)

Db = —2P. x @ dd(ea) + ——eq - Bx @ dd(ea) — X ® T(4), (5.40)

where P denotes the twistor operator and m denotes the dimension of M. In addition,
one can check that R(¢, ) = 0, when inserting 1) from above. We realize that for m = 2,
¢ harmonic and P, x = 0 we get a Dirac-harmonic map (¢,). The last condition
P, x = 0 is satisfied if the spinor x € I'(X M) is a twistor spinor, or a constant. It may
be possible that our solution (¢eo, ) is of the form ¢, harmonic, x is constant and

Y=eq - X® d(b(eoz)-
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A. Spin Geometry

We briefly recall the basic notions of spin geometry, see for example [HijO1].

Definition A.1 (Spin structure). Let (M, h) be an m-dimensional oriented Riemannian
manifold. A spin structure on M is a pair (Spin(M),n), where Spin(M) is a Spin,,-
principal fibre bundle over M and 7 a 2-fold covering such that the following diagram
commutes:

Spin(M) x Spin,, — Spin(M)

nxAd n M

SO(M) x SO, SO(M)

The maps in the rows are the actions of Spin,,, and SO,, on the principal fibre bundles

Spin(M) and SO(M).

The existence of a spin structure on M is equivalent to the second Stiefel-Whitney class
wa (M) being zero, which is a topological restriction.

Definition A.2 (Spinor bundle). The (complex) spinor bundle associated to a spin
structure Spin(M) of M is the (complex) vector bundle

XM = Spin(M) x, X,
where p: Spin,, — Aut(X%,,) is the (complex) Spin,, representation.
On the spinor bundle XM we have the Clifford relations
XY ¢Yv+Y X -¢p==2nXY)

forall X, Y € I'(TM),y € I'(¥M) and the metric h on M. We choose a hermitian metric
on the spinor bundle ¥ M. The Clifford multiplication is skew-symmetric, namely

<X : ¢5X>EM = _<71Z)’X : X>2M

for all X € I'(T'M) and ¢, x € I'(XM). On the spinor bundle ¥M we have a connection,
denoted by V*M which is induced from the connection on the manifold M.
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Proposition A.3 (Local description of V=™ and R*M). The covariant derivative on
M is locally given by

1
VEMy, = Zh(Vea, egleq - €eg - Y.

If RM(X,Y) denotes the curvature tensor on the tangent bundle of M, then it can be
related to the curvature on XM by

REV(X,Y ) = (h(RY (XY Jew, eg)ea - ¢34

for all XY € T'(TM) and {e,} denoting a local orthonormal basis of TM.

Proposition A.4. The connection on the spinor bundle V*M

Clifford multiplication and the bundle metric, namely

18 compatible with both

Ox (W, X)sm = (VEM, X)sar + (0, VIM X)sr,
VMY -¢) = (VxY)-9+Y . ViMy

for all X, Y € T(TM) and ¢, x € T(XM).

Definition A.5 (Dirac operator). The Dirac operator @ is the composition of the co-
variant derivative acting on sections of XM with Clifford multiplication, which is locally
given by

P = eo - VI,

where {e,} is a local orthonormal basis of TM.

Lemma A.6 (Properties of the Dirac operator). The Dirac operator is a first order
partial differential operator, which is

1. (weakly) elliptic,

2. self-adjoint in L? for compact M

3. and the square of the Dirac operator satisfies the Schrodinger-Lichnerowicz formula
P =vv+ iR,

where R denotes the scalar curvature of the manifold M.
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B. Analytic Aspects

B.1. Differential Operators on Manifolds

Most of the definitions made here follow [Aub98|. Assume that (M,h) is a compact
Riemannian manifold and let £ — M be a Riemannian or hermitian vector bundle over

M.

Definition B.1 (Principal symbol). Let P : I'(E) — I'(E) be a differential operator of
order k. For a point x € M and a covector £ € T*M we want to define the principal
symbol oy (P,&): E, — E,. Assume that the operator P can be expressed as

Hlal
P=) Aa(z)o—, &= Eljfszdxl.

o <k
Then the principal symbol is given by
or(P &) = Y Aa™. (B.1)
|a|=k

Roughly spoken, the principal symbol picks the coefficient of the highest order term of
a given differential operator P. The principal symbol encodes most of the important
properties of a differential operator.

Definition B.2. A linear differential operator P of order k is (weakly) elliptic if the
principal symbol oy (P, §) is an isomorphism for every £ # 0.

Definition B.3. A linear differential operator P is uniformly elliptic if the principal
symbol oy (P, §) satisfies the following inequality
(ok(P,E)n,m) = Clnf? (B-2)

for all n € I'(F). The scalar product is taken with respect to the bundle metric on E.
Definition B.4. A differential operator P: I'(E) — I'(E)

Pn=F(z,n,Vn,...,Vkn),
where F' is assumed to be a differentiable map of its arguments, will be elliptic (uniformly
elliptic) with respect to 7 if the linearized operator is elliptic (uniformly elliptic).
Definition B.5. A strictly parabolic equation is an equation of the type

Oy

— =P, B.3

ot Tt ( )
where 7, is a t-dependent section of E and P;: I'(F) — I'(E) is a smooth family of

uniformly elliptic operators.

95



APPENDIX B. ANALYTIC ASPECTS

B.2. Holder Spaces

We define Holder spaces adapted to second order parabolic equations, see [LSUGT| and
[Kry96]. For T" > 0 we set @ = M x [0,7) and 0 < a < 1. We first of all define
Holder spaces for functions taking values in R? and then generalize them to functions
on Riemannian manifolds and sections in vector bundles. For a function u: M — R? we

define
lulg = sup |u(z,1)],

(z,t)eQ
lu(x,t) —u(2',t)] lu(,t) — u(z,t')]
(W = sup e = sup B
(w,t)(;’d)EQ dM(x,z') (x,t)(it’)eQ it =t
z#z! t£t!

and the norms ‘u’(gfﬂﬂ)’ ‘u’8+a71+a/2) by

[l = Julg + (W) + (w)i*?,

lulg + 10eulq + | Daulq + | Dulq
+ (@)™ + (Do) 7T (DR

+Ow) (™ + (D7)

‘u’(QQ-f—a’ 1+Oé/2)

Here dM (z,2") denotes the Riemannian distance between = and 2’ on M. With the help
of these norms we can define the following function spaces

C(QRY) = {ue Q)] uly"? < oo},
C2+oz,1+a/2(Q’Rq) = {ue 02,1( Q) | |u | (2+a,1+0a/2) < oo}

We want to sketch how these definitions can be extended to functions taking values in
Riemannian manifolds and sections in vector bundles. Differences of vectors are replaced
by differences of parallel transports of vectors along the shortest geodesic. This involves
the Riemannian distance function on M.

B.3. Differentiability of Solutions and Schauder Estimates

The estimates presented in this section can for example be found in [WYWO0G6], chapters
6 and 7. Let U C R™ be a bounded, connected and open set and let P be a second order
linear elliptic differential operator of the form

H? ; 0
Ozrtoxi + b )6332

Theorem B.6. For 0 < a < 1, assume that a,b',d, f € CYU). If u € C*(U)
satisfies the linear parabolic equation Pu(z) = f(x), then u € C***(U). Additionally, if
a bl d, f € C*T(U) for a given k > 1, then a solution of Pu(x) = f(x) is C*2T(U).
In particular, if a”,b%,d, f € C®(U), then u € C®(U).

P =d"(x)

+d(z). (B.4)
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A similar result holds for parabolic differential operators. Set Q@ = U x [0,T).
Theorem B.7. 1. For0 < a < 1, assume that ¥, b*,d € C*(U) and f € C%(Q).
If u € C*1(Q) satisfies the following linear parabolic equation

(P - %) w(z,t) = f(z,t), (B.5)

then u € C?rel+e/2(Q).

2. Let p,q be nonnegative integers. For given 3,0 with |G| < p,|B] +2§ < p,d < g,
assume that DSa’, DEv, DEd € C*(U) and DED? f € C*/2(Q). Then a solution
w of (B.A) satisfies DgD?f € C4/2(Q) for any 8,6 with |B|+26 < p+2,6 < q+1.
In particular, a”,b",d, f € C>°(U) and f € C*>(Q) imply that u € C>(Q).

In the following, we state the classical Schauder estimates for elliptic and parabolic
partial differential equations. For 0 < oo < 1, assume that

a’ b',d € C*(B,(0), 1<4,j<n
and additionally that the operator P is uniformly elliptic
Al < a¥(2)€'e < g

for some constants 0 < A < A < oo, for any x € B,(0) and £ € R™. For the linear elliptic
differential operator P defined above and the linear parabolic differential operator

0

L=P-—
ot’

we then have the following

Theorem B.8 (Schauder estimates). 1. If f € C%(B,(0)) and u € C?*(B,(0)) satisfy

Pu(z) = f(x),
then u € C?**%(B,(0)) and the following inequalities hold
ulorras ) = ClflLe. ) + [ulre. o)) (B.6)
ulozvas o) = Cllfleacs o) + [ul=(s. ) (B.7)

The constant C depends on n, a, A\, A, ’aij’Ca(B(OJ’))? \bi]CQ(B(Ow)), |dlce(B(0,)) -

2. Let 0 <t <T. If f(-,t) € C*(B,(0)) and u(-,t) € C*(B,(0) satisfy

Lu(z,t) = f(x,t),
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then u(-,t) € C***(B,(0)) and we have the estimates
[u(-,t)|co (B, (0)) < C( sup [f(,t)|re(B,(0)) + Sup |u('at)|L°°(Br(0))> (B.8)
2 te[0,T) t€[0,7)
and
au("t)
’“("t)‘C”“(Bg(O)) + ‘ ot |CQ(Br(O))
< C( sup [f(,t)|ce(B,(0)) + sup |u(',t)|L°°(Br(0))> . (B9)
te[0,T) tel0,T)
The constant C' depends on n, o, \, A, |a/ij|ca(B(07r)), |bi|Ca(B(07r)), || e (B(0,r)) -

All of these estimates can be carried over to the case that instead of u, we consider
sections in a vector bundle over M.

B.4. Embedding Theorems

Theorem B.9 (Sobolev embedding theorem). Let (M, h) be a compact Riemannian
manifold of dimension m. Let k,l € N, p,q,€ [1,00) and « € (0,1). Then the following
statements hold:

< % + %, then WHP(M) embeds continuously into Wh4(M) by inclusion.

— 5 =1+, then WHFP(M) embeds continuously into C*(M) by inclusion.

For M = R™ a proof can be found in [GT01], Thm. 7.10. In the case of M being a
compact Riemannian manifold, see [Aub98], Thm. 2.20.

Theorem B.10 (Rellich-Kondrachov embedding theorem). Let (M,h) be a compact
Riemannian manifold. Let k,l € N, p,q € [1,00) and « € (0,1). Then the following
statements hold:

1. If% < % + %, then the inclusion of WP into WH4(M) is compact.

2. If k — 2 > 1+ «, then the inclusion of WHP(M) into CH*(M) is compact.

For M = R™ a proof can be found in [GT01], Thm. 7.22. In the case of M being a
compact Riemannian manifold, see [Aub98], Thm. 2.34.

B.5. Linear parabolic Equations

Theorem B.11. Let (M,h) be a compact Riemannian manifold without boundary. For
a vector valued function u: Q — R? we consider the linear parabolic differential operator
ou

Lu= i Au + b (2, t) D'+ c(x, t)u (B.10)
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and the initial value problem

{Lu(m,t) = F(z,1), (x,t) € Q, (B.11)
u(z,0) = f(z).
If b, c € C¥2(Q,RY) for 0 < o < 1, then for any
FeC*(QRY),  feC™ (MR,
there exists a unique solution u € C*t®1+e/2(Q RY) of (B11) satisfying
[ul T < C(FIG T 4 1715, (B.12)

The constant C' depends on M, L,q,T, a.

A proof can be found in [WYWO06], p. 251. The above theorem can be generalized for
functions between Riemannian manifolds and sections in vector bundles.

B.6. Classical Tools

The most prominent tool to obtain pointwise estimates is the maximum principle. We
state the following simple version:

Lemma B.12 (Maximum principle). Let (M,h) be a compact Riemannian manifold
and let L = A — % be the heat operator on M. If u € CO(M x [0,T))NC*Y(M x [0,T))
satisfies Lu > 0 in M x (0,T) then the following estimate holds

max u = max u. (B.13)
Mx[0,T) Mx{0}

A proof can for example be found in [Lie96], p. 7. The following extension combines the
pointwise maximum principle with an integral norm.

Lemma B.13. Assume that (M,h) is a compact Riemannian manifold. If a function

u(z,t) > 0 satisfies

ou
— <
5 = Au + Cu,

and if in addition we have the bound

U(t) :/ u(z, t)dM < Uy,
M
then there exists a uniform bound on
u(z,t) < e“KUy

with the constant K depending on M.
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Proof. A proof can for example be found in [Tay11], p. 284. U
It is also possible to express the constant K in terms of geometric quantities, therefore
see [Jos88], p. 86, Lemma 2.3.1.

Lemma B.14 (Mean Value Theorem). Let (M, h) be a Riemannian manifold and fur-
thermore u € CY(M). By dM(z,y) we denote the Riemannian distance function on M.
Then for any compact convex subset K C M the following inequality holds

u(z) — u(y)| < sup|duld" (z,y)
K

forall x,y € K.

B.7. Elliptic Operators and Spectral Theory

Assume that (M, h) is a compact Riemannian manifold and £ — M is a Riemannian or
hermitian vector bundle over M. All of the following statements can be found in [LMS&9],
p. 192 ff., for more details the reader may take a look a the survey article [AB02]. Note
that all of the statements here are true for weakly elliptic operators.

Theorem B.15 (Elliptic estimates). Let P: I'(E) — T'(E) be an elliptic operator of
order m. Then the following assertions hold:

1. For any open set U C M and u € H*(E) we have
Pu{U € C¥ = u{U e C™.
2. For each s there is a constant C such that the following inequalities hold:
|u| s < C(|u|gs—m + |Pu|gs—m) (B.14)
and
|ulgms < C(|ulp2 + |Pu|r2). (B.15)

Theorem B.16. Let P: I'(E) — T'(E) be a self-adjoint elliptic differential operator of
order m > 0 over a compact Riemannian manifold. Then each eigenspace of P is finite-
dimensional and consists of smooth sections. The eigenvalues of P are real, discrete and
tend rapidly to infinity. Furthermore, the eigenspaces of P furnish complete orthonormal
systems for L*(E).

As a direct consequence we get

Corollary B.17. Let P: T'(E) — T'(E) be a self-adjoint elliptic differential operator of
order m > 0 over a compact Riemannian manifold. Then there exists a Hilbert space
orthonormal basis 11,vs, ... of L*(E) and real numbers A1, \a, ... such that

Py, = Ay

with Ay < Ay < Ag,...,00. Fach of the A\ is repeated only finitely many times and all
Yy are smooth, 1 € C°(E).
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