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0Abstract

Lie group method in combination with Magnus expansion is utilized to develop

a universal method applicable to solving a Sturm–Liouville Problem (SLP) of

any order with arbitrary boundary conditions. It is shown that the method has

ability to solve direct regular and some singular SLPs of even orders (tested up

to order eight), with a mix of boundary conditions (including non-separable and

�nite singular endpoints), accurately and e�ciently.

The present technique is successfully applied to overcome the di�culties

in �nding suitable sets of eigenvalues so that the inverse SLP problem can be

e�ectively solved.

Next, a concrete implementation to the inverse Sturm–Liouville problem

algorithm proposed by Barcilon (1974) is provided. Furthermore, computational

feasibility and applicability of this algorithm to solve inverse Sturm–Liouville

problems of order= = 2, 4 is veri�ed successfully. It is observed that the method is

successful even in the presence of signi�cant noise, provided that the assumptions

of the algorithm are satis�ed.

In conclusion, this work provides methods that can be adapted successfully

for solving a direct (regular/singular) or inverse SLP of an arbitrary order with

arbitrary boundary conditions.
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0Zusammenfassung

Die Lie-Gruppen-Methode in Kombination mit der Magnus-Expansion wird

verwendet, um eine universelle Methode zu entwickeln, die zur Lösung eines

Sturm-Liouville-Problems (SLP) beliebiger Ordnung mit beliebigen Randbedin-

gungen anwendbar ist. Es wird gezeigt, dass die Methode in der Lage ist, direkte

reguläre und einige singuläre SLPs gerader Ordnung (getestet bis zur 8. Ordnung)

mit einer Mischung von Randbedingungen (einschließlich nicht trennbarer und

endlicher singulärer Endpunkte) genau und e�zient zu lösen.

Die vorliegende Technik wird erfolgreich angewendet, um die Schwierigkeiten

beim Finden geeigneter Sätze von Eigenwerten zu überwinden, so dass das

inverse SLP-Problem e�ektiv gelöst werden kann.

Als nächstes wird eine konkrete Implementierung des von Barcilon (1974)

vorgeschlagenen inversen Sturm-Liouville-Problemalgorithmus bereitgestellt.

Weiterhin wird die rechnerische Durchführbarkeit und Anwendbarkeit dieses

Algorithmus zur Lösung inverser Sturm-Liouville-Probleme der Ordnung = =

2, 4 erfolgreich veri�ziert. Es wird beobachtet, dass das Verfahren selbst bei

Vorhandensein von signi�kantem Rauschen erfolgreich ist, vorausgesetzt, dass

die Annahmen des Algorithmus erfüllt sind.

Zusammenfassend stellt diese Arbeit Methoden zur Verfügung, die erfolgreich

zur Lösung eines direkten (regulär/singulären) oder inversen SLP beliebiger

Ordnung mit beliebigen Randbedingungen angepasst werden können.
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1 Introduction

In this thesis, Lie group method in combination with Magnus expansion is

utilized to develop a universal method applicable to solving a Sturm–Liouville

Problem (SLP) of any order with arbitrary boundary conditions. Furthermore, a

concrete implementation to the inverse Sturm–Liouville algorithm proposed by

Barcilon [16] is provided.

To begin with, the current chapter states some basic de�nitions, theorems and

proofs.

The rest of the thesis is organized as follows: Chapter 2 based on [18] elaborates

the proof of the uniqueness theorem for inverse eigenvalue problems. Chapters

3 and 4 which are based on two own publications [92] and [93], discuss direct

and inverse Sturm–Liouville problems, respectively, and the methods of solution.

Chapter 5 concludes the thesis by discussing the pros and cons of the methods

and providing useful insights to future developments.

1.1 Definitions and Theorems

I De�nition 1.1. Linear Di�erential Equations of Order =.

Let 00, 01, . . . , 0= are = + 1 continuous (complex) functions de�ned on a real G

interval � , and let L= denote the di�erential operator

L= = 00
3=

3G=
+ 01

3=−1

3G=−1
+ . . . + 0= . (1.1)

That is, if D is any function possessing = derivatives on � ,

L=D = 00D
(=) + 01D (=−1) + . . . + 0=D .

If 00(G) ≠ 0, for any G ∈ � , then

L=D = 0 =⇒ D (=) + ?1D (=−1) + . . . + ?=D = 0 . (1.2)

This is a linear homogeneous di�erential equation of order =.

1



Chapter 1 Introduction

Linear in the sense that ?8 ’s are functions of G only, and no product terms involv-

ing dependent variable D, and homogeneous as there are no terms independent

of D. And the order is de�ned to be the highest derivative in the di�erential

equation. J

I De�nition 1.2. Inner Product.
If 5 , 6 ∈ L2(0, 1) (the set of all complex-valued functions 5 on 0 ≤ G ≤ 1 which

are Lebesgue-measurable),

〈5 , 6〉 =
∫ 1

0

5 6∗3G,

is called the inner product of 5 with 6. Here 6∗ denotes the complex conjugate

of 6. J

I De�nition 1.3. Adjoint Equations.
Consider the di�erential operator L= de�ned in Equation (1.1):

L= = 00
3=

3G=
+ 01

3=−1

3G=−1
+ . . . + 0=

The adjoint of L= is given by

L∗= = (−1)= 3
=

3G=
(0∗

0
·) + (−1)=−1 3

=−1

3G=−1
(0∗

1
·) + . . . + 0∗= · (1.3)

The equation

L∗=D = 0 (G ∈ � )

is called the adjoint equation to L=D = 0 on � , is de�ned to be the problem of

�nding a function k (a solution) on � such that 0∗
:
k (: = 0, 1, . . . , =) has = − :

derivatives on � and satisfying

(−1)= (0∗
0
k ) (=) + (−1)=−1(0∗

1
k ) (=−1) + . . . + 0∗=k = 0

on � . J

Proof.

L[~] =00(G)~ (=) + 01(G)~ (=−1) + . . . + 0= (G)~

2



Definitions and Theorems Section 1.1

=⇒ L ≡00(G)
3=

3G=
+ 01(G)

3=−1

3G=−1
+ . . . + 0=−1(G)

3

3G
+ 0= (G)

〈{,L~〉 =
∫

{∗
(
00(G)~ (=) + 01(G)~ (=−1) + . . . + 0= (G)~

)
3G

=

∫
{∗00(G)~ (=)3G +

∫
{∗01(G)~ (=−1)3G + . . . +

∫
{∗0=−1(G)~ ′3G

+
∫

{∗0= (G)~3G

We have:∫
{∗0=−1(G)~ ′3G = {∗0=−1(G)~ |10 −

∫
~ ({∗0=−1(G)) ′3G = ��B −

∫
~ ({0=−1(G)∗) ′∗3G∫

{∗0=−2(G)~ ′3G = ��B +
∫

~ ({∗0=−2(G)) ′′3G = ��B +
∫

~ ({0=−2(G)∗) ′′∗3G

...∫
{∗01(G)~ (=−1)3G = ��B + (−1)=−1

∫
~ (({01(G)∗) (=−1) )∗3G∫

{∗00(G)~ (=)3G = ��B + (−1)=
∫

~ (({00(G)∗) (=) )∗3G

Adding up we have:

〈{,L~〉 =��B + (−1)=
∫

~ (({00(G)∗) (=) )∗3G + (−1)=−1
∫

~ (({01(G)∗) (=−1) )∗3G + . . .

−
∫

~ ({0=−1(G)∗) ′∗3G +
∫
({0= (G)∗)∗~3G

=⇒ L∗ [~] = 3=

3G=
(00(G)∗~) −

3=−1

3G=−1
(01(G)∗~) + . . . + (−1)=−1

3

3G
(0=−1(G)∗~) + (−1)=0= (G)∗~

=

=∑
:=0

(−1):D: [0=−: (G)∗~]

So adjoint operator ofL[~] = ∑=
:=0

0=−: (G)D: [~] isL∗ [~] = ∑=
:=0
(−1):D: [0=−: (G)∗~].

�

I De�nition 1.4. Eigenvalue Problems.

3



Chapter 1 Introduction

Let L= be the =th-order operator given by

L= = 00
3=

3G=
+ 01

3=−1

3G=−1
+ . . . + 0=

where the 08 are complex-valued functions on the closed interval 0 ≤ G ≤ 1. Let

* 9D =

=∑
:=1

(" 9:D
(:−1) (0) + # 9:D (:−1) (1)), 9 = 1, . . . , =

where " 9: , # 9: are constants. Denote the relationships* 9D = 0, 9 = 1, . . . , =, by

*D = 0. The problem,

N : L=D = _D, *D = 0 (1.4)

is called an eigenvalue problem.

The element D ≠ 0 is called the eigenvector and the number _ is called an

eigenvalue.

The set of all eigenvalues satisfying the equation (1.4) is called the spectrum and

denoted by d (L=). J

I De�nition 1.5. Green’s Formula.

If D, { are any two functions on � possessing = derivatives, then for any 0, 1 ∈ � ,

〈{,L=D〉 − 〈D,L∗={〉 = [D{] (0) − [D{] (1) (1.5)

where

[D{] (G) =
=∑

<=1

∑
9+:=<−1

(−1) 9D (:) (G) (0=−<{∗) ( 9) (G) (1.6)

or

[D{] (G) =
=∑

9,:=1

� 9: (G)D (:−1) (G){∗( 9−1) (G) (1.7)

4



Definitions and Theorems Section 1.1

with

B(G) =

©­­­­­­«

�11 �12 · · 00(G)
· · −00(G)
· ·
· · 0

(−1)=−100(G)

ª®®®®®®¬
(1.8)

Note that detB(G) = (00(G))= ≠ 0. J

I De�nition 1.6. Self-adjoint Eigenvalue Problems.
An eigenvalue problem de�ned as in (1.4) is said to be self-adjoint if

〈L=D, {〉 = 〈D,L={〉 (1.9)

for all D, { ∈ �= [0, 1] which satisfy the boundary conditions:

*D = *{ = 0 (1.10)

J

I Theorem 1.7. ([34], pp. 291, Theorem 3.2)

The homogeneous boundary conditions (1.10) can be written as:

=∑
8=1

<:8D
(8−1) (0) = 0,

=∑
8=1

=:8D
(8−1) (1) = 0, : = 1, 2 (1.11)

or

m)8 u(0) = n)8 u(1) = 0 (1.12)

where u) = [D,D ′, D ′′, D ′′′, . . . , D (=−1) ] and m)8 = [<81,<82, . . . ,<8=]. The bound-

ary conditions*G = 0 is adjoint to itself if and only if

MB−1(0)M∗ = NB−1(1)N∗ (1.13)

Here, M = [m)
1
, . . . ,m)= ] and M∗ is the complex conjugate of M. J

I Theorem 1.8. ([34], pp. 189, Theorem 2.1).

Let N given by (1.4) be a self-adjoint eigenvalue problem. Then the eigenvalues

are real and constitute an at most enumerable set with no �nite cluster point. J

5



Chapter 1 Introduction

Proof. Let _ = _0 be an eigenvalue with j and eigenfunction of N given by (1.4).

Then because Lj = _0j , the relation (1.9) gives (_0 − _0)〈j, j〉 = 0. Because

〈j, j〉 > 0, it follows that _0 = _0 and thus an eigenvalue must be real. �

I De�nition 1.9. Inverse Eigenvalue Problems.
The inverse eigenvalue consisting of the di�erential equation

L=D = 00
3=D

3G=
+ 01

3=−1D

3G=−1
+ . . . + 0=D = _D

together with suitable boundary conditions, is determining the unknown func-

tions 00, 01, · · · , 0= , given spectral information {_: }. J

I De�nition 1.10. Kronecker delta.

X8 9 =

{
1 8 = 9

0 8 ≠ 9
(1.14)

J

I De�nition 1.11. Entire function [21].

An entire function, also called an integral function, is a complex-valued function

that is holomorphic at all �nite points over the whole complex plane. Every

entire function 5 (I) can be represented as a power series 5 (I) =
∞∑
==0

0=I
=

that

converges everywhere in the complex plane, hence uniformly on compact sets.

Entire functions of �nite order have Hadamard’s canonical representation:

5 (I) = I<4% (I)
∞∏
==1

(
1 − I

I=

)
exp

(
I

I=
+ · · · + 1

?

(
I

I=

)? )
(1.15)

where I: are those roots of 5 that are not zero (I: ≠ 0), % a polynomial (whose

degree we shall call @). The order (at in�nity) of an entire function 5 (I) is de�ned

using the limit superior as:

d = lim sup

A→∞

ln(ln ‖ 5 ‖∞,�A )
ln A

(1.16)

6



Definitions and Theorems Section 1.1

where �A is the disk of radius A and ‖ 5 ‖∞, �A denotes the supremum norm of

5 (I) on �A . J

Interest reader is referred to [86] and [87] for a comprehensive discussion on

linear di�erential operators.

7





2 Uniqueness of Inverse
Eigenvalue Problems

The main reference for this chapter is [18].

2.1 The Main Theorem

I Theorem 2.1. Uniqueness of Inverse Eigenvalue Problem of order 2=.

Given the self-adjoint eigenvalue problem for a di�erential equation of order 2=:

D (2=) − (?1D (=−1) ) (=−1) + . . . + (−1)=?=D = _D, (2.1)

=+1 spectra are needed to determine the functions ?1(G), . . . , ?= (G) uniquely. J

I Proposition 2.2. L[~] = [00(G)~ (=) ] (=) + . . . + (0=−1(G)~ ′) ′ + 0= (G)~ is a

self-adjoint operator. J

Proof.

L[~] =[00 (G)~ (=) ] (=) + . . . + (0=−1 (G)~ ′) ′ + 0= (G)~

=

=∑
:=0

=�:0
(=−:)
0

~ (=+:) +
=−1∑
:=0

=−1�:0
(=−1−:)
1

~ (=−1+:) +
=−2∑
:=0

=−2�:0
(=−2−:)
2

~ (=−2+:) + . . .

+
3∑
:=0

3�:0
(3−:)
=−3 ~ (3+:) +

2∑
:=0

2�:0
(2−:)
=−2 ~ (2+:) +

1∑
:=0

1�:0
(1−:)
=−1 ~ (1+:) + 0=~

=~ (2=)00 + ~ (2=−1) [=0′0 + 01] + ~ (2=−2)
[
=(= − 1)

2

0′′
0
+ (= − 1)0′

1
+ 02

]
+ . . .

+ ~ ′′[0=−1 + 20′′=−2] + ~ ′0′=−1 + 0=~

L∗ [~] =(−1)2=�2= [00~] + (−1)2=−1�2=−1 [(=0′
0
+ 01)~] + . . .

+ (−1)2�2 [(20′′=−2 + 0=−1)~] + (−1)1� [0′=−1~] + 0=~

=

2=∑
:=0

2=�:0
(:)
0
~ (2=−:) −

2=−1∑
:=0

2=−1�: (=0′0 + 01) (:)~ (2=−1−:) + . . .

9



Chapter 2 Uniqueness of Inverse Eigenvalue Problems

+
2∑
:=0

2�: (0=−1 + 20′′=−2) (:)~ (2−:) −
1∑
:=0

1�: (0′=−1) (:)~ (1−:) + 0=~

=~ [0= − 0′′=−1 + (0=−1 + 20′′=−2) ′′ − . . . − (=0′0 + 01) (2=−1) + 0
(2=)
0
] + . . . − [=0′

0
+ 01]~ (2=−1)

+ 00~ (2=)

=L[~]

So L[~] = [00 (G)~ (=) ] (=) + . . . + (0=−1 (G)~ ′) ′ + 0= (G)~ is a self-adjoint operator. �

2.2 Fourth order Sturm Liouville Problem (FSLP)

Consider the fourth order, self-adjoint di�erential operator

LD ≡ D (4) − (?D ′) ′ + @D = _D, G ∈ (0, 1) (2.2)

where ? (G) and @(G) are real functions of G , ? (G) being di�erentiable. Consider

the eigenvalue problem

LD = _D (2.3)

together with the homogeneous boundary conditions:

4∑
8=1

<:8D
(8−1) (0) = 0,

4∑
8=1

=:8D
(8−1) (1) = 0, : = 1, 2

or

m)8 u(0) = n)8 u(1) = 0 (2.4)

where u) = [D,D ′, D ′′, D ′′′] and m)8 = [<81,<82,<83,<84]. From Theorem 1.7 for

self-adjointness claim

m)
1
B−1(0)m2 = 0, n)

1
B−1(1)n2 = 0. (2.5)

10



Fourth order Sturm Liouville Problem (FSLP) Section 2.2

where,

B(G) =
©­­­«

0 −? (G) 0 1

? (G) 0 −1 0

0 1 0 0

−1 0 0 0

ª®®®¬ (2.6)

Proof.

LD ≡ D (4) − (?D ′) ′ + @D

〈LD, {〉 =
∫

1

0

[D (4) − (?D ′) ′ + @D]{∗ 3G

= [ (+)
°
�14

D ′′′{∗ + (−)
°
�23

D ′′({∗) ′ + (+)
°
�32

D ′({∗) ′′ + (−)
°
�41

D ({∗) ′′′ + (−?)
±
�12

D ′{∗ + (?)
°
�21

D ({∗) ′]1
0

+
∫

1

0

D [({∗) (4) − (? ({∗) ′) ′ + @{∗] 3G

And all the other �8 9 = 0, hence the Equation (2.6). �

Also, since we have B(G) is regular (it is an upper-triangular matrix), it has

the inverse

B−1(G) =
©­­­«
0 0 0 −1
0 0 1 0

0 −1 0 −? (G)
1 0 ? (G) 0

ª®®®¬ (2.7)

Let m3 be a third boundary operator which is linearly independent from m1

and m2.

Let ( (m8 ,m9 ), 8 ≠ 9 be the spectrum associated with the boundary operators m8 ,

m9 at G = 0 for the operator L and the boundary conditions n)
:
u(1) = 0, : = 1, 2.

2.2.1 Wronskian of FSLP

Let m4, n3 and n4 are any vectors such that m8 and n8 , (8 = 1, 2, 3, 4) form two

bases. Introduce four fundamental solutions of (2.2), q (G, _), k (G, _), [ (G, _),

11



Chapter 2 Uniqueness of Inverse Eigenvalue Problems

and Z (G, _) which are de�ned as:

m)8 5 (0, _) = X83 (2.8a)

m)8 7 (0, _) = X84 (2.8b)

n)8 ((1, _) = X83 (2.8c)

n)8 ' (1, _) = X84 (2.8d)

where X8 9 is the Kronecker delta.

I Proposition 2.3. [101], Lemma 5.4.1

|5 (G, _) | ≤ 24 |_
1/4 |G , 5 ∈ {q,k, [, Z }

J

From the above proposition, the functions q ,k , [, and Z are entire functions

of _ of order
1

4
.

For large values of |_ |, the asymptotic behavior of these functions is obtained

by setting ? (G) and @(G) equal to zero in (2.2). In other words,

q (G, _) ∼ q (0) (G, _)
k (G, _) ∼ k (0) (G, _)
[ (G, _) ∼ [ (0) (G, _)
Z (G, _) ∼ Z (0) (G, _)

 as |_ | → ∞ (2.9)

where q (0) ,k (0) , [ (0) and Z (0) are the solutions of

D (4) = _D

subject to the boundary conditions (2.8).

The fundamental matrix of (2.2) is

W(b, _) = [((b, _), ' (b, _), 5 (b, _), 7 (b, _)] (2.10)

The Wronskian of the fundamental solutions q ,k , [, Z is, (_).

I Theorem 2.4. , (_) is independent of the variable b . J

12



Fourth order Sturm Liouville Problem (FSLP) Section 2.2

Proof.

, (b, _) =

��������
[ Z q k

[ ′ Z ′ q ′ k ′

[ ′′ Z ′′ q ′′ k ′′

[ ′′′ Z ′′′ q ′′′ k ′′′

��������
=⇒ 3,

3b
=

��������
[ Z q k

[ ′ Z ′ q ′ k ′

[ ′′ Z ′′ q ′′ k ′′

[ ′′′′ Z ′′′′ q ′′′′ k ′′′′

��������
From equation (2.2), we see that D (4) = (_ − @)D + ? ′D ′ + ?D ′′, hence last row is a linear

combination of other three rows. So the derivative is zero, which implies that, is

independent of b . �

I Lemma 2.5. Given the boundary conditions m8 , n8 , (8 = 1, 2) and the spec-

trum ( (m1,m2),, (_) is completely determined. J

Proof. As, (_) is independent of the variable b , we can set b equal to 0 or 1 in (2.10)

to evaluate, (_).
Assume without loss of generality

det(M) = det(N) = 1.

Then,

det(W) = det(MW) (2.11a)

det(W) = det(NW). (2.11b)

MW =

©­­­«
m)

1

m)
2

m)
3

m)
4

ª®®®¬
(
( ' 5 7

)

det(MW) =

��������
m)

1
( m)

1
' m)

1
5 m)

1
7

m)
2
( m)

2
' m)

2
5 m)

2
7

m)
3
( m)

3
' m)

3
5 m)

3
7

m)
4
( m)

4
' m)

4
5 m)

4
7

��������

13



Chapter 2 Uniqueness of Inverse Eigenvalue Problems

Using (2.8)

b = 0 =⇒ det(MW) =

��������
m)

1
((0, _) m)

1
' (0, _) 0 0

m)
2
((0, _) m)

2
' (0, _) 0 0

m)
3
((0, _) m)

3
' (0, _) 1 0

m)
4
((0, _) m)

4
' (0, _) 0 1

��������
=

����m)1((0, _) m)
1
' (0, _)

m)
2
((0, _) m)

2
' (0, _)

����
, (_) =

{
m)

1
((0, _)

}{
m)

2
' (0, _)

}
−

{
m)

2
((0, _)

}{
m)

1
' (0, _)

}
(2.12)

Similarly,

NW =

©­­­«
n)
1

n)
2

n)
3

n)
4

ª®®®¬
(
( ' 5 7

)

det(NW) =

��������
n)
1
( n)

1
' n)

1
5 n)

1
7

n)
2
( n)

2
' n)

2
5 n)

2
7

n)
3
( n)

3
' n)

3
5 n)

3
7

n)
4
( n)

4
' n)

4
5 n)

4
7

��������
Using (2.8)

b = 1 =⇒ det(NW) =

��������
0 0 n)

1
5 (1, _) n)

1
7 (1, _)

0 0 n)
2
5 (1, _) n)

2
7 (1, _)

1 0 n)
3
5 (1, _) n)

3
7 (1, _)

0 1 n)
4
5 (1, _) n)

4
7 (1, _)

��������
=

����n)1 5 (1, _) n)
1
7 (1, _)

n)
2
5 (1, _) n)

2
7 (1, _)

����
, (_) =

{
n)
1
5 (1, _)

}{
n)
2
7 (1, _)

}
−

{
n)
2
5 (1, _)

}{
n)
1
7 (1, _)

}
(2.13)

Since (2.2) is self-adjoint, according to Theorem 1.8, the zeros {_=}∞1 of, (_) are real

and simple, and they coincide with the eigenvalues of (2.2), (2.4), i.e.

( (m1,m2) = {_=}∞1

Also, (_) is an entire function of order
1

2
, except for a constant multiplicative factor, it

14



Fourth order Sturm Liouville Problem (FSLP) Section 2.2

is completely determined by its distribution of zeros, namely

, (_) = :
∞∏
8=1

(
1 − _

_8

)
The constant : can be obtained by examining the asymptotic behavior of , (_) for

|_ | → ∞.

Also from (2.12) (or (2.13)) and (2.9),

lim

|_ |→∞
, (_) = lim

|_ |→∞

{
m)

1
((0, _)

}{
m)

2
' (0, _)

}
−

{
m)

2
((0, _)

}{
m)

1
' (0, _)

}
=

{
m)

1
( (0) (0, _)

}{
m)

2
' (0) (0, _)

}
−

{
m)

2
( (0) (0, _)

}{
m)

1
' (0) (0, _)

}
Since ( (0) (0, _) and ' (0) (0, _), are independent of ? (G) and @(G), so does : . Thus,

given the boundary conditions m8 , n8 , (8 = 1, 2) and the spectrum ( (m1,m2),, (_) is

completely determined. �

2.2.2 Green’s Function of FSLP

Consider the Green’s function 6(G, [; _) which is de�ned as:

L6 − _6 = X (G − b),
m)8 g(0, b ; _) = n)8 g(1, b ; _) = 0,

where X is the Dirac delta-function.

6(G, b ; _) = 1

, (_)

{
0(b, _)[ (G, _) + 1 (b, _)Z (G, _), G > b

−2 (b, _)q (G, _) − 3 (b, _)k (G, _), G < b .
(2.14)

The functions 0, 1, 2 and 3 are found by solving the matrix equation

W(Z , _)


0

1

2

3

 =


0

0

0

, (_)

 (2.15)

I Lemma 2.6.

a(0, _) =
{
m)

1
' (0, _)

}
B−1(0)m2 −

{
m)

2
' (0, _)

}
B−1(0)m1. (2.16)

15



Chapter 2 Uniqueness of Inverse Eigenvalue Problems

J

Proof. From (2.15), using Cramer’s rule,

0(G, _) = J1

J
,

where

J = |W(_) | =

��������
[ Z q k

[ ′ Z ′ q ′ k ′

[ ′′ Z ′′ q ′′ k ′′

[ ′′′ Z ′′′ q ′′′ k ′′′

�������� =, (_)
and

J1 =

��������
0 Z q k

0 Z ′ q ′ k ′

0 Z ′′ q ′′ k ′′

, (_) Z ′′′ q ′′′ k ′′′

�������� = −, (_)
������ Z q k

Z ′ q ′ k ′

Z ′′ q ′′ k ′′

������
We can obtain an explicit formula for 0(G, _), as:

0(G, _) = −

������ Z (G, _) q (G, _) k (G, _)
Z ′(G, _) q ′(G, _) k ′(G, _)
Z ′′(G, _) q ′′(G, _) k ′′(G, _)

������. (2.17)

Di�erentiating 0(G, _) once,

0′(G, _) = −

������ Z q k

Z ′ q ′ k ′

Z ′′′ q ′′′ k ′′′

������. (2.18)

Di�erentiating 0′(G, _) again,

0′′(G, _) = −

������ Z q k

Z ′′ q ′′ k ′′

Z ′′′ q ′′′ k ′′′

������ −
������ Z q k

Z ′ q ′ k ′

Z ′′′′ q ′′′′ k ′′′′

������ = −
������ Z q k

Z ′′ q ′′ k ′′

Z ′′′ q ′′′ k ′′′

������ −
������ Z q k

Z ′ q ′ k ′

?Z ′′ ?q ′′ ?k ′′

������.
(2.19)
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Di�erentiating 0′′(G, _) again,

0′′′(G, _) = −

������ Z
′ q ′ k ′

Z ′′ q ′′ k ′′

Z ′′′ q ′′′ k ′′′

������ −
������ Z q k

Z ′′ q ′′ k ′′

Z ′′′′ q ′′′′ k ′′′′

������ −
������ Z q k

Z ′′ q ′′ k ′′

?Z ′′ ?q ′′ ?k ′′

������
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

−

������ Z q k

Z ′ q ′ k ′

?Z ′′′ + ? ′Z ′′ ?q ′′′ + ? ′q ′′ ?k ′′′ + ? ′k ′′

������
(we have used in last row of last determinant D (5) = ? ′D ′′ + ?D ′′′ − @D ′)

= −

������ Z
′ q ′ k ′

Z ′′ q ′′ k ′′

Z ′′′ q ′′′ k ′′′

������ −
������ Z q k

Z ′′ q ′′ k ′′

? ′Z ′ ? ′q ′ ? ′k ′

������ −
������ Z q k

Z ′ q ′ k ′

? ′Z ′′ ? ′q ′′ ? ′k ′′

������ −
������ Z q k

Z ′ q ′ k ′

?Z ′′′ ?q ′′′ ?k ′′′

������
= −

������ Z
′ q ′ k ′

Z ′′ q ′′ k ′′

Z ′′′ q ′′′ k ′′′

������+? ′
������ Z q k

Z ′ q ′ k ′

Z ′′ q ′′ k ′′

������ − ? ′
������ Z q k

Z ′ q ′ k ′

Z ′′ q ′′ k ′′

������
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

−?

������ Z q k

Z ′ q ′ k ′

Z ′′′ q ′′′ k ′′′

������
= −

������ Z
′ q ′ k ′

Z ′′ q ′′ k ′′

Z ′′′ q ′′′ k ′′′

������ − ?
������ Z q k

Z ′ q ′ k ′

Z ′′′ q ′′′ k ′′′

������. (2.20)

Let

U8 (G, _) = det( [%1, ' (G, _), 5 (G, _), 7 (G, _)]) (2.21)

and %8 = (X8 9 ). That is,

U1 (G, _) = det( [%1, ' (G, _), 5 (G, _), 7 (G, _)]) =

��������
1 Z q k

0 Z ′ q ′ k ′

0 Z ′′ q ′′ k ′′

0 Z ′′′ q ′′′ k ′′′

�������� =
������ Z
′ q ′ k ′

Z ′′ q ′′ k ′′

Z ′′′ q ′′′ k ′′′

������

U2 (G, _) = det( [%2, ' (G, _), 5 (G, _), 7 (G, _)]) =

��������
0 Z q k

1 Z ′ q ′ k ′

0 Z ′′ q ′′ k ′′

0 Z ′′′ q ′′′ k ′′′

�������� = −
������ Z q k

Z ′′ q ′′ k ′′

Z ′′′ q ′′′ k ′′′

������

17



Chapter 2 Uniqueness of Inverse Eigenvalue Problems

U3 (G, _) = det( [%3, ' (G, _), 5 (G, _), 7 (G, _)]) =

��������
0 Z q k

0 Z ′ q ′ k ′

1 Z ′′ q ′′ k ′′

0 Z ′′′ q ′′′ k ′′′

�������� =
������ Z q k

Z ′ q ′ k ′

Z ′′′ q ′′′ k ′′′

������

U4 (G, _) = det( [%4, ' (G, _), 5 (G, _), 7 (G, _)]) =

��������
0 Z q k

0 Z ′ q ′ k ′

0 Z ′′ q ′′ k ′′

1 Z ′′′ q ′′′ k ′′′

�������� = −
������ Z q k

Z ′ q ′ k ′

Z ′′ q ′′ k ′′

������
Hence equations (2.17)-(2.20) reduce to

0 = U4, 0′ = −U3, 0′′ = U2 + ?U4, 0′′′ = −U1 − ?U3

so that,

a =

©­­­«
0

0′

0′′

0′′′

ª®®®¬ =

©­­­«
U4
−U3

U2 + ?U4
−U1 − ?U3

ª®®®¬ = −
©­­­«
0 0 0 −1
0 0 1 0

0 −1 0 −? (G)
1 0 ? (G) 0

ª®®®¬
©­­­«
U1
U2
U3
U4

ª®®®¬ (2.22)

From (2.7), we recognize that

a(G, _) = −B−1 (G)" (G, _) (2.23)

Since det(M) is equal to unity, we can rewrite (2.21) as

U8 (G, _) = det(M · [%8 , ' , 5, 7]) (2.24)

Consider,

M · [%8 , ' (0, _), 5 (0, _), 7 (0, _)] =
©­­­«
m)

1

m)
2

m)
3

m)
4

ª®®®¬
(
%8 '0 50 70

)

=

©­­­«
m)

1
%8 m)

1
'0 m)

1
50 m)

1
70

m)
2
%8 m)

2
'0 m)

2
50 m)

2
70

m)
3
%8 m)

3
'0 m)

3
50 m)

3
70

m)
4
%8 m)

4
'0 m)

4
50 m)

4
70

ª®®®¬

18
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where '0 denotes ' (0, _), and so on. From (2.8), we have

M · [%8 , ' (0, _), 5 (0, _), 7 (0, _)] =
©­­­«
m)

1
%8 m)

1
'0 0 0

m)
2
%8 m)

2
'0 0 0

m)
3
%8 m)

3
'0 1 0

m)
4
%8 m)

4
'0 0 1

ª®®®¬
det(M · [%8 , '0, 50, 70]) =

����m)1 %8 m)
1
'0

m)
2
%8 m)

2
'0

���� = {
m)

1
%8

}{
m)

2
'0

}
−

{
m)

2
%8

}{
m)

1
'0

}
Also, m)

1
%8 =<18 and m)

2
%8 =<28 . For G = 0, equation (2.24) can be written as,

U8 (0, _) = det(M · [%8 , ' (0, _), 5 (0, _), 7 (0, _)])

So that,

U1 (0, _) =<11

{
m)

2
' (0, _)

}
−<21

{
m)

1
' (0, _)

}
U2 (0, _) =<12

{
m)

2
' (0, _)

}
−<22

{
m)

1
' (0, _)

}
U3 (0, _) =<13

{
m)

2
' (0, _)

}
−<23

{
m)

1
' (0, _)

}
U4 (0, _) =<14

{
m)

2
' (0, _)

}
−<24

{
m)

1
' (0, _)

}
.


or:

U8 (0, _) =<18 {m)2 ' (0, _)} −<28 {m)1 ' (0, _)}. (2.25)

By substituting (2.25) in (2.23) we obtain

a(0, _) = −B−1 (0)
©­­­«
<11

{
m)

2
'0

}
−<21

{
m)

1
'0

}
<12

{
m)

2
'0

}
−<22

{
m)

1
'0

}
<13

{
m)

2
'0

}
−<23

{
m)

1
'0

}
<14

{
m)

2
'0

}
−<24

{
m)

1
'0

} ª®®®¬
=

{
m)

1
' (0, _)

}
B−1 (0)m2 −

{
m)

2
' (0, _)

}
B−1 (0)m1.

�

Similarly,

I Lemma 2.7.

b(0, _) = −{m)
1
((0, _)}B−1(0)m2 + {m)2((0, _)}B−1(0)m1. (2.26)

J
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Chapter 2 Uniqueness of Inverse Eigenvalue Problems

Proof. From (2.15), using Cramer’s rule,

1 (G, _) = J2

J
,

where

J2 =

��������
[ 0 q k

[ ′ 0 q ′ k ′

[ ′′ 0 q ′′ k ′′

[ ′′′ , (_) q ′′′ k ′′′

�������� =, (_)
������ [ q k

[ ′ q ′ k ′

[ ′′ q ′′ k ′′

������
We can obtain an explicit formula for 1 (G, _), as:

1 (G, _) =

������ [ q k

[ ′ q ′ k ′

[ ′′ q ′′ k ′′

������. (2.27)

Di�erentiating 1 (G, _) once,

1 ′(G, _) =

������ [ q k

[ ′ q ′ k ′

[ ′′′ q ′′′ k ′′′

������. (2.28)

Di�erentiating 1 ′(G, _) again,

1 ′′(G, _) =

������ [ q k

[ ′′ q ′′ k ′′

[ ′′′ q ′′′ k ′′′

������ +
������ [ q k

[ ′ q ′ k ′

[ ′′′′ q ′′′′ k ′′′′

������ =
������ [ q k

[ ′′ q ′′ k ′′

[ ′′′ q ′′′ k ′′′

������ +
������ [ q k

[ ′ q ′ k ′

?[ ′′ ?q ′′ ?k ′′

������.
(2.29)

Di�erentiating 1 ′′(G, _) again,

1 ′′′(G, _) =

������ [
′ q ′ k ′

[ ′′ q ′′ k ′′

[ ′′′ q ′′′ k ′′′

������ −
������ [ q k

[ ′′ q ′′ k ′′

[ ′′′′ q ′′′′ k ′′′′

������ +
������ [ q k

[ ′′ q ′′ k ′′

?[ ′′ ?q ′′ ?k ′′

������
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

+

������ [ q k

[ ′ q ′ k ′

?[ ′′′ + ? ′[ ′′ ?q ′′′ + ? ′q ′′ ?k ′′′ + ? ′k ′′

������
(we have used in last row of last determinant D (5) = ? ′D ′′ + ?D ′′′ − @D ′)
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=

������ [
′ q ′ k ′

[ ′′ q ′′ k ′′

[ ′′′ q ′′′ k ′′′

������ +
������ [ q k

[ ′′ q ′′ k ′′

? ′[ ′ ? ′q ′ ? ′k ′

������ +
������ [ q k

[ ′ q ′ k ′

? ′[ ′′ ? ′q ′′ ? ′k ′′

������ +
������ [ q k

[ ′ q ′ k ′

?[ ′′′ ?q ′′′ ?k ′′′

������
=

������ [
′ q ′ k ′

[ ′′ q ′′ k ′′

[ ′′′ q ′′′ k ′′′

������−? ′
������ [ q k

[ ′ q ′ k ′

[ ′′ q ′′ k ′′

������ + ? ′
������ [ q k

[ ′ q ′ k ′

[ ′′ q ′′ k ′′

������
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

+?

������ [ q k

[ ′ q ′ k ′

[ ′′′ q ′′′ k ′′′

������
=

������ [
′ q ′ k ′

[ ′′ q ′′ k ′′

[ ′′′ q ′′′ k ′′′

������ + ?
������ [ q k

[ ′ q ′ k ′

[ ′′′ q ′′′ k ′′′

������. (2.30)

Let

V8 (G, _) = det( [%1,((G, _), 5 (G, _), 7 (G, _)]) (2.31)

That is,

V1 (G, _) = det( [%1,((G, _), 5 (G, _), 7 (G, _)]) =

��������
1 [ q k

0 [ ′ q ′ k ′

0 [ ′′ q ′′ k ′′

0 [ ′′′ q ′′′ k ′′′

�������� =
������ [
′ q ′ k ′

[ ′′ q ′′ k ′′

[ ′′′ q ′′′ k ′′′

������

V2 (G, _) = det( [%2,((G, _), 5 (G, _), 7 (G, _)]) =

��������
0 [ q k

1 [ ′ q ′ k ′

0 [ ′′ q ′′ k ′′

0 [ ′′′ q ′′′ k ′′′

�������� = −
������ [ q k

[ ′′ q ′′ k ′′

[ ′′′ q ′′′ k ′′′

������

V3 (G, _) = det( [%3,((G, _), 5 (G, _), 7 (G, _)]) =

��������
0 [ q k

0 [ ′ q ′ k ′

1 [ ′′ q ′′ k ′′

0 [ ′′′ q ′′′ k ′′′

�������� =
������ [ q k

[ ′ q ′ k ′

[ ′′′ q ′′′ k ′′′

������

V4 (G, _) = det( [%4,((G, _), 5 (G, _), 7 (G, _)]) =

��������
0 [ q k

0 [ ′ q ′ k ′

0 [ ′′ q ′′ k ′′

1 [ ′′′ q ′′′ k ′′′

�������� = −
������ [ q k

[ ′ q ′ k ′

[ ′′ q ′′ k ′′

������
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Chapter 2 Uniqueness of Inverse Eigenvalue Problems

Hence equations (2.27)-(2.30) reduce to

1 = −V4, 1 ′ = V3, 1 ′′ = −V2 − ?V4, 1 ′′′ = V1 + ?V3

so that,

b =

©­­­«
1

1 ′

1 ′′

1 ′′′

ª®®®¬ =

©­­­«
−V4
V3

−V2 − ?V4
V1 + ?V3

ª®®®¬ =

©­­­«
0 0 0 −1
0 0 1 0

0 −1 0 −? (G)
1 0 ? (G) 0

ª®®®¬
©­­­«
V1
V2
V3
V4

ª®®®¬ (2.32)

From (2.7), we recognize that

b(G, _) = B−1 (G)# (G, _) (2.33)

Since det(M) is equal to unity, we can rewrite (2.31) as

V8 (G, _) = det(M · [%8 ,(, 5, 7]) (2.34)

Consider,

M · [%8 ,((0, _), 5 (0, _), 7 (0, _)] =
©­­­«
m)

1

m)
2

m)
3

m)
4

ª®®®¬
(
%8 (0 50 70

)

=

©­­­«
m)

1
%8 m)

1
(0 m)

1
50 m)

1
70

m)
2
%8 m)

2
(0 m)

2
50 m)

2
70

m)
3
%8 m)

3
(0 m)

3
50 m)

3
70

m)
4
%8 m)

4
(0 m)

4
50 m)

4
70

ª®®®¬
where (0 denotes ((0, _), and so on. From (2.8), we have

M · [%8 ,((0, _), 5 (0, _), 7 (0, _)] =
©­­­«
m)

1
%8 m)

1
(0 0 0

m)
2
%8 m)

2
(0 0 0

m)
3
%8 m)

3
(0 1 0

m)
4
%8 m)

4
(0 0 1

ª®®®¬
det(M · [%8 ,(0, 50, 70]) =

����m)1 %8 m)
1
(0

m)
2
%8 m)

2
(0

���� = {
m)

1
%8

}{
m)

2
(0

}
−

{
m)

2
%8

}{
m)

1
(0

}
Also, m)

1
%8 =<18 and m)

2
%8 =<28 . For G = 0, equation (2.34) can be written as,

V8 (0, _) = det(M · [%8 ,((0, _), 5 (0, _), 7 (0, _)])
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Fourth order Sturm Liouville Problem (FSLP) Section 2.2

So that,

V1 (0, _) =<11

{
m)

2
((0, _)

}
−<21

{
m)

1
((0, _)

}
V2 (0, _) =<12

{
m)

2
((0, _)

}
−<22

{
m)

1
((0, _)

}
V3 (0, _) =<13

{
m)

2
((0, _)

}
−<23

{
m)

1
((0, _)

}
V4 (0, _) =<14

{
m)

2
((0, _)

}
−<24

{
m)

1
((0, _)

}
.


or:

V8 (0, _) =<18

{
m)

2
((0, _)

}
−<28

{
m)

1
((0, _)

}
. (2.35)

By substituting (2.35) in (2.32) we obtain

b(0, _) = B−1 (0)
©­­­«
<11

{
m)

2
(0

}
−<21

{
m)

1
(0

}
<12

{
m)

2
(0

}
−<22

{
m)

1
(0

}
<13

{
m)

2
(0

}
−<23

{
m)

1
(0

}
<14

{
m)

2
(0

}
−<24

{
m)

1
(0

} ª®®®¬
b(0, _) = −

{
m)

1
((0, _)

}
B−1 (0)m2 +

{
m)

2
((0, _)

}
B−1 (0)m1.

�

From (2.5) on m8 and n8 , (8 = 1, 2), the problem is self-adjoint. So 6(G, b ; _)
is a symmetric function of its arguments G and b ([65], Lemma. 4.2, pp. 446).

Interchanging G and b in (2.14),

6(b, G ; _) = 1

, (_)

{
0(G, _)[ (b, _) + 1 (G, _)Z (b, _), G < b

−2 (G, _)q (b, _) − 3 (G, _)k (b, _), G > b
(2.36)

we see that 0(G, _) and 1 (G, _), must satisfy the same boundary conditions as

6(G, b ; _) at G = 0. It is because of (2.5) and

m)8 B
−1(0)m8 = 0.

Therefore,

0(G, _) = 01(_)q (G, _) + 02(_)k (G, _),
1 (G, _) = 11(_)q (G, _) + 12(_)k (G, _) .

}
(2.37)

Di�erentiating this thrice w.r.t. G , we get a set of equations

0′(G, _) = 01(_)q ′(G, _) + 02(_)k ′(G, _),
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Chapter 2 Uniqueness of Inverse Eigenvalue Problems

1 ′(G, _) = 11(_)q ′(G, _) + 12(_)k ′(G, _),
0′′(G, _) = 01(_)q ′′(G, _) + 02(_)k ′′(G, _),
1 ′′(G, _) = 11(_)q ′′(G, _) + 12(_)k ′′(G, _),
0′′′(G, _) = 01(_)q ′′′(G, _) + 02(_)k ′′′(G, _),
1 ′′′(G, _) = 11(_)q ′′′(G, _) + 12(_)k ′′′(G, _)

or

a(G, _) = 01(_)5 (G, _) + 02(_)7 (G, _), (2.38)

b(G, _) = 11(_)5 (G, _) + 12(_)7 (G, _) (2.39)

Setting G = 0,

a(0, _) = 01(_)5 (0, _) + 02(_)7 (0, _), (2.40)

b(0, _) = 11(_)5 (0, _) + 12(_)7 (0, _). (2.41)

Using (2.16) and (2.26), we can evaluate 01, 02, 11 and 12 in (2.40) and (2.41).

Multiplying (2.40) by m)
3

, we get

m)
3
a(0, _) = 01(_)

{
m)

3
5 (0, _)

}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

1

+02(_)
{
m)

3
7 (0, _)

}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

using boundary conditions (2.8a) and (2.8b). Then we have,

01(_) = m)
3
a(0, _) (2.42)

Similarly, multiplying (2.40) by m)
4

, we get

m)
4
a(0, _) = 01(_)

{
m)

4
5 (0, _)

}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

+02(_)
{
m)

4
7 (0, _)

}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

1

using boundary conditions (2.8a) and (2.8b). Then we have,

02(_) = m)
4
a(0, _) (2.43)
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Substituting (2.42) and (2.43) for 01 and 02 in (2.38)

a(G, _) =
{
m)

3
a(0, _)

}
5 (G, _) +

{
m)

4
a(0, _)

}
7 (G, _) .

Using (2.16) we get

a(G, _) =
[
m)

3

{
m)

1
'0

}
B−1(0)m2 −m)3

{
m)

2
'0

}
B−1(0)m1

]
5 (G, _)

+
[
m)

4

{
m)

1
'0

}
B−1(0)m2 −m)4

{
m)

2
'0

}
B−1(0)m1

]
7 (G, _)

or

a(G, _) =
[
V32

{
m)

1
'0

}
− V31

{
m)

2
'0

}]
5 (G, _) +

[
V42

{
m)

1
'0

}
− V41

{
m)

2
'0

}]
7 (G, _)

where

V8 9 = m)8 B
−1(0)m9 .

Now we have

0(G, _) =
[
V32

{
m)

1
'0

}
− V31

{
m)

2
'0

}]
q (G, _) +

[
V42

{
m)

1
'0

}
− V41

{
m)

2
'0

}]
k (G, _)
(2.44)

Similarly, multiplying (2.41) by m)
3

, we get

m)
3
b(0, _) = 11(_)

{
m)

3
5 (0, _)

}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

1

+12(_)
{
m)

3
7 (0, _)

}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

using boundary conditions (2.8a) and (2.8b). Then we have,

11(_) = m)
3
b(0, _) (2.45)

Similarly, multiplying (2.41) by m)
4

, we get

m)
4
b(0, _) = 11(_)

{
m)

4
5 (0, _)

}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

+12(_)
{
m)

4
7 (0, _)

}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

1

using boundary conditions (2.8a) and (2.8b). Then we have,

12(_) = m)
4
b(0, _) (2.46)
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Chapter 2 Uniqueness of Inverse Eigenvalue Problems

Substituting (2.45) and (2.46) for 11 and 12 in (2.39)

b(G, _) =
{
m)

3
b(0, _)

}
5 (G, _) +

{
m)

4
b(0, _)

}
7 (G, _)

Using (2.26) we get

b(G, _) =
[
m)

3

{
−
{
m)

1
(0

}
B−1(0)m2 +

{
m)

2
(0

}
B−1(0)m1

}]
5 (G, _)

+
[
m)

4

{
−
{
m)

1
(0

}
B−1(0)m2 +

{
m)

2
(0

}
B−1(0)m1

}]
7 (G, _)

or

b(G, _) =
[
−V32

{
m)

1
(0

}
+ V31

{
m)

2
(0

}]
5 (G, _) +

[
−V42

{
m)

1
(0

}
+ V41

{
m)

2
(0

}]
7 (G, _) .

Now we have

1 (G, _) =
[
−V32

{
m)

1
(0

}
+ V31

{
m)

2
(0

}]
q (G, _) +

[
−V42

{
m)

1
(0

}
+ V41

{
m)

2
(0

}]
k (G, _) .

(2.47)

Knowing 0(G, _) and 1 (G, _), we can �nd an expression for 6(G, b ; _) in terms

of the fundamental solution, the boundary operators m8 and the matrix B(0),
substituting for G < b in (2.36),

, (_)6(b, G ; _) = 0(G, _)[ (b, _) + 1 (G, _)Z (b, _), G < b

and using (2.44) and (2.47).

Because of the symmetry of 6(G, b ; _) with respect to its arguments, (2.36) can

be written as,

6(b, G ; _) = 1

, (_)

{
−2 (b, _)q (G, _) − 3 (b, _)k (G, _), G < b

−2 (G, _)q (b, _) − 3 (G, _)k (b, _), G > b .
(2.48)

or

6(b, G ; _) = 1

, (_)

{
0(G, _)[ (b, _) + 1 (G, _)Z (b, _), G < b

0(b, _)[ (G, _) + 1 (b, _)Z (G, _), G > b .

so that

, (_)6(b, G ; _) = 0(b, _)[ (G, _) + 1 (b, _)Z (G, _), G > b (2.49)
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Now setting G → b , in (2.44),

0(b, _) =
[
V32

{
m)

1
'0

}
− V31

{
m)

2
'0

}]
q (b, _) +

[
V42

{
m)

1
'0

}
− V41

{
m)

2
'0

}]
k (b, _)

and setting G → b , in (2.47),

1 (b, _) =
[
−V32

{
m)

1
(0

}
+ V31

{
m)

2
(0

}]
q (b, _) +

[
−V42

{
m)

1
(0

}
+ V41

{
m)

2
(0

}]
k (b, _) .

Equation (2.49) reads as,

, (_)6(b, G ; _)
=
[
V32

{
m)

1
'0

}
− V31

{
m)

2
'0

}]
q (b, _)[ (G, _)

+
[
V42

{
m)

1
'0

}
− V41

{
m)

2
'0

}]
k (b, _)[ (G, _)

+
[
−V32

{
m)

1
(0

}
+ V31

{
m)

2
(0

}]
q (b, _)Z (G, _)

+
[
−V42

{
m)

1
(0

}
+ V41

{
m)

2
(0

}]
k (b, _)Z (G, _), G > b

=
{[
V32

{
m)

1
'0

}
− V31

{
m)

2
'0

}]
[ (G, _) +

[
−V32

{
m)

1
(0

}
+ V31

{
m)

2
(0

}]
Z (G, _)

}
q (b, _)

+
{[
V42

{
m)

1
'0

}
− V41{m)2 '0}

]
[ (G, _) +

[
−V42

{
m)

1
(0

}
+ V41

{
m)

2
(0

}]
Z (G, _)

}
k (b, _)

=
{
V31

[{
m)

2
(0

}
Z (G, _) −

{
m)

2
'0

}
[ (G, _)

]
− V32

[{
m)

1
(0

}
Z (G, _) −

{
m)

1
'0

}
[ (G, _)

]}
q (b, _)

+
{
V41

[{
m)

2
(0

}
Z (G, _) −

{
m)

2
'0

}
[ (G, _)

]
− V42

[{
m)

1
(0

}
Z (G, _) −

{
m)

1
'0

}
[ (G, _)

]}
k (b, _)

From (2.36)

6(b, G ; _), (_) =
{

0(G, _)[ (b, _) + 1 (G, _)Z (b, _), G < b

−2 (G, _)q (b, _) − 3 (G, _)k (b, _), G > b
(2.50)

we see that for G > b ,

2 (G, _) =V31
[{
m)

2
' (0, _)

}
[ (G, _) −

{
m)

2
((0, _)

}
Z (G, _)

]
− V32

[{
m)

1
' (0, _)

}
[ (G, _) −

{
m)

1
((0, _)

}
Z (G, _)

]
3 (G, _) =V41

[{
m)

2
' (0, _)

}
[ (G, _) −

{
m)

2
((0, _)

}
Z (G, _)

]
− V42

[{
m)

1
' (0, _)

}
[ (G, _) −

{
m)

1
((0, _)

}
Z (G, _)

]
From the above expressions for 2 (G, _) and 3 (G, _), it is clear that as _ → _= , an

eigenvalue of (2.2)-(2.4), both 2 (G, _) and 3 (G, _) tend toward an eigenfunction
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Chapter 2 Uniqueness of Inverse Eigenvalue Problems

(since Z (G, _) and [ (G, _) tend towards eigenfunctions), namely

2 (G, _=) = �=D= (G), (2.51)

3 (G, _=) = �=D= (G) . (2.52)

I Lemma 2.8. {�=}∞1 and {�=}∞1 are completely determined by ( (m1,m2),
( (m8 ,m3), (8 = 1, 2), the boundary operators m1, m2, n1, n2 and ? (0). J

Proof. Let us normalize the eigenfunctions {D= (G)}∞
1

by means of the condition

m)
3
u= (0) = 1. (2.53)

Then

2 (G, _) =V31
[{
m)
2
'0

}{
m)
3
(0

}
[ (G, _) −

{
m)
2
(0

}{
m)
3
'0

}
Z (G, _)

]
− V32

[{
m)
1
'0

}{
m)
3
(0

}
[ (G, _) −

{
m)
1
(0

}{
m)
3
'0

}
Z (G, _)

]
(2.54)

3 (G, _) =V41
[{
m)
2
'0

}{
m)
3
(0

}
[ (G, _) −

{
m)
2
(0

}{
m)
3
'0

}
Z (G, _)

]
− V42

[{
m)
1
'0

}{
m)
3
(0

}
[ (G, _) −

{
m)
1
(0

}{
m)
3
'0

}
Z (G, _)

]
(2.55)

then

2 (G, _=) =


V31

[{
m)
2
'0

}{
m)
3
(0

}
−

{
m)
2
(0

}{
m)
3
'0

}]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

,2 (_=)

−V32
[{
m)
1
'0

}{
m)
3
(0

}
−

{
m)
1
(0

}{
m)
3
'0

}]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

,1 (_=)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
�=

D= (G)

3 (G, _=) =


V41

[{
m)
2
'0

}{
m)
3
(0

}
−

{
m)
2
(0

}{
m)
3
'0

}]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

,2 (_=)

−V42
[{
m)
1
'0

}{
m)
3
(0

}
−

{
m)
1
(0

}{
m)
3
'0

}]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

,1 (_=)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
�=

D= (G)

so that

�= = V31,2 (_=) − V32,1 (_=) (2.56)

and

�= = V41,2 (_=) − V42,1 (_=) (2.57)
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Fourth order Sturm Liouville Problem (FSLP) Section 2.2

where

,1 (_) =
{
m)
1
' (0, _)

}{
m)
3
((0, _)

}
−

{
m)
1
((0, _)

}
{m)

3
' (0, _)},

,2 (_) =
{
m)
2
' (0, _)

}{
m)
3
((0, _)

}
−

{
m)
2
((0, _)

}{
m)
3
' (0, _)

}
.

From (2.12)

, (_) =
{
m)
1
((0, _)

}{
m)
2
' (0, _)

}
−

{
m)
2
((0, _)

}{
m)
1
' (0, _)

}
which is the Wronskian of the solutions associated with the di�erential operator L − _ and the

boundary conditions

m)
1
u(0) = m)

2
u(0) = n)

1
u(1) = n)

2
u(1) = 0.

We can see that,,1 (_) is the Wronskian of the solutions associated with the di�erential operator

L − _ and the boundary conditions

m)
1
u(0) = m)

3
u(0) = n)

1
u(1) = n)

2
u(1) = 0.

and,2 (_) is the Wronskian of the solutions associated with the di�erential operator L − _ and

the boundary conditions

m)
2
u(0) = m)

3
u(0) = n)

1
u(1) = n)

2
u(1) = 0.

By Lemma 2.5, it follows that,1 (_) is completely determined by the spectra ( (m1,m3), and

,2 (_) is completely determined by the spectra ( (m2,m3).
Hence, from (2.56) and (2.57), {�=}∞

1
and {�=}∞

1
are completely determined by ( (m1,m2),

( (m8 ,m3), (8 = 1, 2), the boundary operators m1, m2, n1, n2 and ? (0). It should be empha-

sized that the evaluation of {�=}∞
1

and {�=}∞
1

can be carried out without a knowledge of ? (G)
and @(G). �

I Lemma 2.9.

−�=q (b, _=) − �=k (b, _=) = −�=D= (b) . (2.58)

J

Proof. From the properties of the Green’s function, we know that

lim

_→_=
, (_)6(G, b ; _) = ^=D= (G)D= (b), (2.59)

From (2.50)

6(b, G ; _), (_) =
{

0(G, _)[ (b, _) + 1 (G, _)Z (b, _), G < b

−2 (G, _)q (b, _) − 3 (G, _)k (b, _), G > b
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Chapter 2 Uniqueness of Inverse Eigenvalue Problems

we see that

lim

_→_=
, (_)6(G, b ; _) = lim

_→_=
{−2 (G, _)q (b, _) − 3 (G, _)k (b, _)}

and from (2.51) and (2.52)

lim

_→_=
, (_)6(G, b ; _) = −�=D= (G)q (b, _=) − �=D= (G)k (b, _=)

^=D= (G)D= (b) = −�=D= (G)q (b, _=) − �=D= (G)k (b, _=), ∵ (2.59) (2.60)

=⇒ ^=D= (b) = −�=q (b, _=) − �=k (b, _=) (2.61)

The constant ^= can be determined by operating on the above equation with m)
3

and

setting b = 0; this yields

^= m)3D= (0)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
1

= −�= m)3q (0, _=)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
1

−�= m)3k (0, _=)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
0

∵ (2.53), (2.8a), (2.8b)

^= = −�=

Hence (2.61) reads as

−�=D= (b) = −�=q (b, _=) − �=k (b, _=)

�

2.3 Uniqueness of Inverse FSLP

I Theorem 2.10. Uniqueness of Inverse FSLP
Given

1. the di�erential operator L de�ned in Equation (2.2):

LD ≡ D (4) − (?D ′) ′ + @D = _D, G ∈ (0, 1)
LD = _D

2. the three spectra ( (m1,m2), ( (m1,m3), ( (m2,m3) satisfying Equation

(2.5):

m)8 u(0) = n)8 u(1) = 0, 8 = 1, 2, 3

3. the value of ? (0),
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Uniqueness of Inverse FSLP Section 2.3

then ? (G) and @(G) are uniquely determined. J

Proof. Consider the three pairs of eigenvalue problems:

LD= = _=D=, m)
1
u= (0) = m)

2
u= (0) = 0,

ˆLD̂= = _=D̂=, m)
1
û= (0) = m)

2
û= (0) = 0,

}
(2.62)

L{= = `={=, m)
1
v= (0) = m)

3
v= (0) = 0,

ˆL{̂= = `={̂=, m)
1
v̂= (0) = m)

3
v̂= (0) = 0,

}
(2.63)

L|= = a=|=, m)
2
w= (0) = m)

3
w= (0) = 0,

ˆL|̂= = a=|̂=, m)
2
ŵ= (0) = m)

3
ŵ= (0) = 0,

}
(2.64)

and n)
1
· (1) = n)

2
· (1) = 0.

The operators L and
ˆL are de�ned as:

LD ≡ D (4) − (?D ′) ′ + @D
ˆLD̂ ≡ D̂ (4) − (?̂D̂ ′) ′ + @̂D̂ .

Assume that each of the two eigenvalue problems constituting a pair have the same

spectrum, i.e.

( (m1,m2) = (̂ (m1,m2),
( (m2,m3) = (̂ (m2,m3),
( (m1,m3) = (̂ (m1,m3)


To prove the theorem, we need to show that,

% (G) ≡ ? (G) − ?̂ (G) = 0, (2.65)

& (G) ≡ @(G) − @̂(G) = 0. (2.66)

Also, assume that

?̂ (0) = ? (0)
=⇒ % (0) = 0 (2.67)

Let us introduce two contour integrals:

�= (b) =
1

2c8

∮
�=

3_

∫
1

0

5 (G)6(G, b ; _)3G
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Chapter 2 Uniqueness of Inverse Eigenvalue Problems

and

�= (b) =
1

2c8

∮
�=

3_

∫
1

0

5 (G)W (G, b ; _)3G .

Here, 5 (G) is an arbitrary, real, di�erentiable function, and �= is a circle of radius A=
where

_= < A= < _=+1, = = 1, 2, . . . .

_= is the =th eigenvalue of Equation (2.62). The function W (G, b ; _) which is the green’s

function associated with the operator
ˆL is de�ned as follows (similar to (2.48)):

, (_)W (G, b ; _) =
{
−2̂ (G, _)q (b, _) − ˆ3 (G, _)k (b, _), G > b

−2 (b, _) ˆq (G, _) − 3 (b, _) ˆk (G, _), G < b

where (similar to (2.54) and (2.55)),

2̂ (G, _) =V31
[{
m)

2
'̂ (0, _)

}
[̂ (G, _) −

{
m)

2
(̂(0, _)

}
ˆZ (G, _)

]
− V32

[{
m)

1
'̂ (0, _)

}
[̂ (G, _) −

{
m)

1
(̂(0, _)

}
ˆZ (G, _)

]
ˆ3 (G, _) =V41

[{
m)

2
'̂ (0, _)

}
[̂ (G, _) −

{
m)

2
(̂(0, _)

}
ˆZ (G, _)

]
− V42

[{
m)

1
'̂ (0, _)

}
[̂ (G, _) −

{
m)

1
(̂(0, _)

}
ˆZ (G, _)

]
Here, [̂, ˆZ , ˆq and

ˆk are the solutions of ( ˆL − _)D = 0, which satisfy the boundary

conditions (similar to (2.8)):

m)8 5̂ (0, _) = X83,
m)8 7̂ (0, _) = X84,
m)8 (̂(1, _) = X83,
m)8 '̂ (1, _) = X84

From Theorem 1.8 the zeros of, (_) are simple (since the problem is self-adjoint). Using

the calculus of residues,

�= (b) =
=∑
:=1

1

, ′(_: )

∫ b

0

{
−2 (b, _: ) ˆq (G, _: ) − 3 (b, _: ) ˆk (G, _: )

}
5 (G)3G

+
=∑
:=1

1

, ′(_: )

∫
1

b

{
−2̂ (G, _: )q (b, _: ) − ˆ3 (G, _: )k (b, _: )

}
5 (G)3G
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Uniqueness of Inverse FSLP Section 2.3

But, from equation (2.51), 2 (b, _: ) = �:D: (b) and 2̂ (G, _: ) = �:D̂: (G), since the two

constants of proportionality are identical as they depend solely on the spectra {_=}∞1 ,

{`=}∞1 , {a=}∞1 ,<8 9 , and ? (0) (by Lemma 2.8). Similarly, from equation (2.52), 3 (b, _: ) =
�:D: (b) and

ˆ3 (G, _: ) = �:D̂: (G). So,

�= (b) =
=∑
:=1

D: (b)
, ′(_: )

∫ b

0

{
−�: ˆq (G, _: ) − �: ˆk (G, _: )

}
5 (G)3G

+
=∑
:=1

1

, ′(_: )
{−�:q (b, _: ) − �:k (b, _: )}

∫
1

b

D̂: (G) 5 (G)3G, (2.68)

or from Equation (2.58) (Lemma 2.9),

−�: ˆq (G, _: ) − �: ˆk (G, _: ) = −�:D̂: (G)

and

−�:q (b, _: ) − �:k (b, _: ) = −�:D: (b)

so that (2.68) reduces to

�= (b) =
=∑
:=1

D: (b)
, ′(_: )

∫ b

0

{−�:D̂: (G)}5 (G)3G +
=∑
:=1

1

, ′(_: )
{−�:D: (b)}

∫
1

b

D̂: (G) 5 (G)3G

�= (b) = −
=∑
:=1

�:D: (b)
, ′(_: )

∫
1

0

D̂: (G) 5 (G)3G (2.69)

Similarly,

�= (b) =
=∑
:=1

1

, ′(_: )

∫ b

0

{−2 (b, _: )q (G, _: ) − 3 (b, _: )k (G, _: )}5 (G)3G

+
=∑
:=1

1

, ′(_: )

∫
1

b

{−2 (G, _: )q (b, _: ) − 3 (G, _: )k (b, _: )}5 (G)3G

But, from equation (2.51), 2 (b, _: ) = �:D: (b) and 2 (G, _: ) = �:D: (G), since the two

constants of proportionality are identical as they depend solely on the spectra {_=}∞1 ,

{`=}∞1 , {a=}∞1 ,<8 9 , and ? (0) (by Lemma 2.8). Similarly, from equation (2.52), 3 (b, _: ) =
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Chapter 2 Uniqueness of Inverse Eigenvalue Problems

�:D: (b) and 3 (G, _: ) = �:D: (G). So,

�= =

=∑
:=1

D: (b)
, ′(_: )

∫ b

0

{−�:q (G, _: ) − �:k (G, _: )}5 (G)3G

+
=∑
:=1

1

, ′(_: )
{−�:q (b, _: ) − �:k (b, _: )}

∫
1

b

D: (G) 5 (G)3G, (2.70)

or from Equation (2.58) (Lemma 2.9),

−�:q (G, _: ) − �:k (G, _: ) = −�:D: (G)

and

−�:q (b, _: ) − �:k (b, _: ) = −�:D: (b)

so that (2.70) reduces to

�= (b) =
=∑
:=1

D: (b)
, ′(_: )

∫ b

0

{−�:D̂: (G)}5 (G)3G +
=∑
:=1

1

, ′(_: )
{−�:D: (b)}

∫
1

b

D̂: (G) 5 (G)3G

�= (b) = −
=∑
:=1

�:D: (b)
, ′(_: )

∫
1

0

D: (G) 5 (G)3G (2.71)

As = →∞, it is possible to evaluate the limit of �= (b) and �= (b) by replacing q ,k , [, Z

and
ˆq ,

ˆk , [̂,
ˆZ by the �rst term of their respective asymptotic expansions for |_ | → ∞.

Hence,

lim

=→∞
�= (b) = lim

=→∞
�= (b). (2.72)

That is

−
∞∑
:=1

�:D: (b)
, ′(_: )

∫
1

0

D: (G) 5 (G)3G = −
∞∑
:=1

�:D: (b)
, ′(_: )

∫
1

0

D̂: (G) 5 (G)3G

=⇒ −
∞∑
:=1

�:D: (b)
, ′(_: )

∫
1

0

(D: (G) − D̂: (G)) 5 (G)3G = 0.
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By orthogonality of the eigenfunctions {D: (G)}∞1 ,∫
1

0

5 (G) (D: (G) − D̂: (G))3G = 0

Since 5 (G) arbitrary, (for example, 5 (G) ≠ 0)

=⇒ D: (G) = D̂: (G), : = 1, 2, . . .

From the pair of eigenvalue problems (2.62), we see that,

_=D̂= = _=D=

=⇒ ˆLD̂= = LD=

=⇒ �
�>

0

D̂
(4)
= − (?̂D̂ ′=) ′ + @̂D̂= =�

�>
0

D
(4)
= − (?D ′=) ′ + @D= .

=⇒ −(?̂D̂ ′=) ′ + (?D ′=) ′ = @D= − @̂D̂=
=⇒ ((? − ?̂)D ′=) ′ = (@ − @̂)D=, ∵ D= (G) = D̂= (G)

From equations (2.65) and (2.66),

(%D ′=) ′ = &D= . (2.73)

Let 5 (G) be an arbitrary di�erentiable function such that

5 (1) = 5 ′(1) = 0 (2.74)

Multiplying (2.73) by 5 and integrating over (0, 1), we get:∫
1

0

(%D ′=) ′5 3G =

∫
1

0

&5D=3G[
%D ′= 5

]
1

0
−

∫
1

0

(%D ′=) 5 ′3G =

∫
1

0

&5D=3G

% (1)D ′= (1)���*
0

5 (1) −���*
0

% (0)D ′= (0) 5 (0) −
∫

1

0

(%D ′=) 5 ′3G =

∫
1

0

&5D=3G, ∵ (2.74), (2.67)

−
∫

1

0

(% 5 ′)D ′=3G =

∫
1

0

&5D=3G .

35



Chapter 2 Uniqueness of Inverse Eigenvalue Problems

Integrating once more,

−
[
(% 5 ′)D ′=

]
1

0
+

∫
1

0

(% 5 ′) ′D=3G =

∫
1

0

&5D=3G

−% (1)��
�*0

5 ′(1)D ′= (1) +���*
0

% (0) 5 ′(0)D ′= (0) +
∫

1

0

(% 5 ′) ′D=3G =

∫
1

0

&5D=3G, ∵ (2.74), (2.67)

=⇒
∫

1

0

((% 5 ′) ′ −&5 )D=3G = 0,

and due to the completeness of {D= (G)}∞1

(% 5 ′) ′ = &5 . (2.75)

Integrating again, ∫
1

0

3 (% 5 ′) ′ =
∫

1

0

&5 3G

[% 5 ′]1
0
=

∫
1

0

&5 3G

% (1)��
�*0

5 ′(1) −���*
0

% (0) 5 ′(0) =
∫

1

0

&5 3G

=⇒
∫

1

0

&5 3G = 0. (2.76)

Since 5 is arbitrary,

& (G) ≡ 0.

Integrating, equation (2.75),∫
1

0

3 (% 5 ′) =
∫

1

0

&5 3G = 0, ∵ (2.76)

=⇒ % 5 ′ = 0

which means, since 5 is arbitrary,

% (G) ≡ 0.
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This completes the proof. �

2.4 Uniqueness of Inverse SLP of even order

The above proof can be generalized to 2=th order di�erential operator as follows.

The Green’s function expression (2.14) must be replaced by

, (_)6(G, b ; _) = −
=∑
:=1

2 (:) (G, _)q: (b, _), G > b,

where q: (G, _), : = 1, 2, . . . , = are the = linearly independent solutions which

satisfy the boundary conditions at G = 0. As _ tends toward an eigenvalue of the

basic eigenfunction problem, each of the functions 2 (:) (G, _) tends to a multiple

of the corresponding eigenfunction. In other words, (2.51)-(2.52) generalize to

2 (:) (G, _; ) = � (:);
D; (G) .

The = sequences of constants {� (:) }∞
;=1

are determined by means of = di�erent

spectra. The knowledge of these spectra together with the spectrum of the

basic eigenvalue problem (which is needed to compute, (_)) are su�cient to

guarantee that if W (G, b ; _) is de�ned thus:

, (_)W (G, b ; _) =
{
−∑=

:=1
2̂ (:) (G, _)q: (b, _), G > b,

−∑=
:=1

2 (:) (G, _)q: (b, _), G < b

where a caret has the same meaning as before, then �; and �; de�ned earlier have

the same limit as ; →∞. Consequently,

D; (G) = D̂; (G) .

The fact that

%: (G) ≡ ?: (G) − ?̂: (G), : = 1, 2, . . . , =

are all zero can then be deduced by means of a reasoning similar to one previously

used.
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3 Solutions of Direct
Sturm-Liouville Problems

This chapter is based on two of own publications [92] and [93].

3.1 Introduction

Direct and inverse eigenvalue problems (EVP) of linear di�erential operators

play an important role in all vibration problems in engineering and physics [59].

The theory of direct Sturm-Liouville problems (SLP) started around 1830’s in

the independent works of Sturm and Liouville.

Consider the 2<th order, nonsingular, self-adjoint eigenvalue problem:

(−1)< (?< (G)~ (<) ) (<) + (−1)<−1(?<−1(G)~ (<−1) ) (<−1)

+ . . . + (?2(G)~ ′′) ′′ − (?1(G)~ ′) ′ + ?0(G)~ = _| (G)~, 0 < G < 1 (3.1)

with appropriate boundary conditions (such as Equation (3.2)). For the Equation

(3.1), the direct Sturm–Liouville problem is concerned with determining the _

given the coe�cient information ?: , (0 ≤ : ≤ <).
There is a variety of numerical methods for the solutions of the simplest

case of Equation (3.1) known as the direct Sturm-Liouville problem with< = 1,

most notable ones being SLEIGN [15], �ve-diagonal fourth order method (FD-

FOM) [32], Finite di�erence method (FDM) [91], Numerov’s method (NM) [11],

higher order �nite di�erence methods (HOFDM) [108], Finite element method

(FEM) [10], Modi�ed Numerov’s method (MNM) [110], SLEIGN2 [14], Pruess

method [74], SLEGDGE [94], FEM with trigonometric hat functions using Simp-

son’s rule (FEMS) and using trapezoidal rule (FEMT) [19], Lie-Group methods

(LGM) [84], MATSLISE [61], Chebyshev collocation method [25], di�erential

quadrature (DQ) method [111], functional-discrete (FD-) method [72], sampling

theory [29], Legendre–Galerkin– Chebyshev collocation method (LGCC) [33],

Boundary Value Method (BVM) [2, 4], Magnus integrators (MI) [60], Dirich-

let spectra method [37, 38, 39], mapped barycentric Chebyshev di�erentiation

matrix (MBCDM) [113], and Homotopy Perturbation Method (HPM) [12].

39



Chapter 3 Solutions of Direct Sturm-Liouville Problems

Slightly fewer techniques are available for the direct eigenvalue problem of

case< = 2 known as fourth order Sturm Liouville problem (FSLP). For example,

symmetric �ve-diagonal �nite di�erence method (FDFDM) [31], seven-diagonal

fourth order method (SDFOM) [30], Sturm–Liouville Eigenvalues using Theta

matrices (SLEUTH) [49], �nite di�erence method of order two (FDM2) [109],

Fliess series [27, 28], Adomian decomposition method (ADM) [13], Chebyshev

spectral collocation method (CSCM) [70], Variational Iteration Methods (VIM)

[103], Extended Sampling Method (ESM) [26], Homotopy Perturbation Method

(HPM) [12], homotopy analysis method (HAM) [1], Di�erential quadrature

method (DQM) and Boubaker polynomials expansion scheme (BPES) [112],

Chebychev method (CM) [44], Spectral parameter power series (SPPS) [56],

Chebyshev di�erentiation matrices (CDM) [105], variational iteration method

(VIM) [104], Matrix methods (MM) [97], Chebyshev Collocation Method (CCM)

[35], Legendre-Galerkin method (LGM) [43], and Lie Group method [83] and

functional-discrete (FD-) method [71] are the prominent techniques available.

Handful of methods are available for< = 3, or Sixth-order SLP (SSLP). They

are shooting method [50], Chebyshev spectral collocation method (CSCM) [70],

Adomian decomposition method (ADM) [62], variational iteration methods

(VIM) [102], Chebyshev collocation method (CCM) [82], and Chebyshev polyno-

mials (CP) [5].

However, as the order of the direct problem increases, it becomes much harder

to solve and also the accuracy of the eigenvalues decreases with the index since

only a small portion of numerical eigenvalues are reliable [114].

All of the above mentioned methods are applicable only to a particular order

of the SLP and speci�c set(s) of boundary conditions. In contrast, we propose Lie

group method in combination with Magnus expansion to construct a method

applicable to solving any order of SLP with arbitrary boundary conditions, which

was initially applied for solving SLP by [84] and [60] and FSLP by [83]. The

proposed method is universal in the sense that it can be applied to solve a

SLP of any (even) order with di�erent types of boundary conditions (including

some singular) subject to computational feasibility inherent to large matrix

computations.

Section 3.2 will describe the method constructed using Lie group method in

combination with Magnus expansion and Section 3.3 provides some numerical

examples of direct Sturm–Liouville problems of di�erent orders < = 1, 2, 3, 4

with a variety of (including one singular) boundary conditions. Furthermore, the
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Materials and Methods Section 3.2

e�ciency and accuracy of the proposed technique is illustrated, using Example

3.1.

3.2 Materials and Methods

3.2.1 Notations

Consider Equation (3.1) under the assumptions:

A1: all coe�cient functions are real valued

A2: interval (0, 1) is �nite

A3: the coe�cient functions ?: , (0 ≤ : ≤ < − 1), | and 1/?< are in L1(0, 1)

A4: in�ma of ?< and | are both positive.

(The last two assumptions A3, and A4 will be relaxed in Example 3.3). By Green-

berg and Marletta [50], (provided the above assumptions are true) one gets:

R1: the eigenvalues are bounded below,

R2: the eigenvalues can be ordered: _0 ≤ _1 ≤ _2 ≤ . . ., and

R3: lim

:→∞
_: = +∞.

De�ning quasi-derivatives:

D: = ~ (:−1) , 1 ≤ : ≤ <,
{1 = (−1)<?<~ (<) ,
{2 = (−1)< (?<~ (<) ) ′ + (−1)<−1(?<−1~ (<−1) ),
...

{: = (−1)< (?<~ (<) ) (:−1) + (−1)<−1(?<−1~ (<−1) ) (:−2) + . . . + (−1)<−:+1(?<−1~ (<−:+1) ),
...

{2 = ?2~
′′ − (?3~ ′′′) ′ + (?4~ (4) ) ′′ + . . . + (−1)<−2(?<~ (<) ) (<−2) ,

...
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Chapter 3 Solutions of Direct Sturm-Liouville Problems

{< = (−1)<−1(?<~ (<) ) (<−1) + . . . − (?3~ ′′′) ′′ + (?2~ ′′) ′ − ?1~ ′,

the general, separated, self-adjoint boundary conditions can be written in the

form [50]:

�1D (0) +�2{ (0) = 0, �1D (1) + �2{ (1) = 0, (3.2)

with

1. �1, �2, �1, �2 are< ×< real matrices

2. �1�
)
2
= �2�

)
1

, �1�
)
2
= �2�

)
1

3. < × 2< matrices (�1 : �2) and (�1 : �2) have rank<.

Equation (3.1) in the matrix form is:

* ′ = � (G)* (3.3)

�* (0) + �* (1) = 0 (3.4)

with

� (G) =

©­­­­­­­­­­­­­­­­­­­«

0 1 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0

0 0 0

. . . 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1/?< (G) 0 0 0 0

0 0 0 0 ?<−1(G) 0 1 0 0 0

0 0 0 . .
.

0 0 0 1 0 0

0 0 ?2(G) 0 0 0 0 0

. . . 0

0 ?1(G) 0 0 0 0 0 0 0 1

_| (G) − ?0(G) 0 0 0 0 0 0 0 0 0

ª®®®®®®®®®®®®®®®®®®®¬2<×2<
(3.5)

* = [D1, D2, . . . , D<, {1, {2, . . . , {<],

� =

(
�1 �2

0< 0<

)
, � =

(
0< 0<

�1 �2

)
.
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3.2.2 Lie Algebra

The Lie group (�, ·) was introduced by Lie [66] as a di�erentiable manifold with

the algebraic structure of a group. The tangent space at identity is called the Lie

algebra of � and denoted by g. A binary operation [·, ·] : g × g→ g is called a

Lie bracket. Let G,~ ∈ g, then the Lie bracket [G,~] is de�ned as:

[G,~] = G~ − ~G.

Special Lie group is de�ned as

(!(�, =) = {~ ∈ �=×=, det(~) = 1}.

A system of linear ordinary di�erential equations on (!(�, =) has the form [54]:

~ ′ = � (G)~, tr(� (G)) = 0 ⇐⇒ det(~) = 1. (3.6)

Letting * (G) = . (G)* (0), where * (0) is the initial data, . (G) satis�es the

di�erential equation

. ′(G) = � (G). (G), . (0) = � (3.7)

where � stands for the =−dimensional identity matrix [20]. Since tr(� (G)) = 0

we have det. (G) = 1, so that (3.6) is on the Lie Group (!(ℝ4, 4), hence can

be solved by Magnus expansion. Let . (G) be a solution of (3.7) for G ≥ 0, the

solution of the system (3.3) with initial condition* (0) is

* (G) = . (G)* (0) .

Thus,* (1) = . (1)* (0) and using boundary conditions (3.4):

�* (0) + �. (1)* (0) = 0 =⇒ [� + �. (1)]* (0) = 0.

Here, * (0) ≠ 0. Hence, the eigenvalues _ of the SLP (3.1) are the roots of the

characteristic equation:

� (_) = det(� + �. (1)) = 0. (3.8)
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Chapter 3 Solutions of Direct Sturm-Liouville Problems

As the problem (3.1) is self-adjoint, the roots of Equation (3.8) are simple [16],

hence can be calculated using Bisection method or any other root �nding method.

Although an explicit expression for � (_) cannot be found, we can �nd the roots

by computing � (_) for a real number _. Besides, one can plot the function � (_)
to get an idea of the locations of the roots, and to specify a smaller bracket for

the bisection method, thus increasing the e�ciency of the method. However, the

slow convergence and high computational time requirements make it impossible

to use bisection method especially when it comes to higher-order SLPs. As the

explicit form of � (and it’s derivatives) is unknown a Newton-like method cannot

apply. To overcome these di�culties we propose a new root �nding method to

our best knowledge in the following paragraph.

3.2.3 Multisection method

A new root �nding method, named: ‘Multisection method’ – a variant of Bisection

method is proposed which will converge to the desired root faster. The idea is

to divide the root interval into< subsections (< = 2 being bisection method)

and locate the sign changing interval. Then, this interval is again re�ned into<

subsections and the sign changing interval is located. This will continue until

desired accuracy or the maximum number of iterations reached (See Example A.1

in Appendix A which illustrates the usage and the performance of multisection

method).

This method overcomes drawbacks in bisection method, yet provides a simple

and faster, derivative-free solution to the root-�nding problem. This method

is able to �nd even multiple roots in an interval, and given a su�ciently small

subsection-length it is able to �nd roots which are cluster closer to each other

(see Example 3.4). Unlike Bisection method, this method does not require the

bracketing interval to have di�erent signs at the endpoints. In the present paper,

input to this method is a set of function values, as it does not require to specify

the explicit functional form of � , which is another advantage of this method.

Due to the faster convergence of the multisection method (even at the risk of

more computational cost), it will be used to �nd the eigenvalues (or roots) of the

characteristic function.

44



Materials and Methods Section 3.2

3.2.4 Magnus expansion

Magnus [69] proposes a solution to (3.6) as

~ (G) = expS (G) ~ (0),

and a series expansion for the exponent

S (G) =
∞∑
:=1

S: (G)

which is called the Magnus expansion, the �rst few terms of which can be written

as

S1(G) =
∫ G

0

� (C1) 3C1

S2(G) =
1

2

∫ G

0

3C1

∫ C2

0

3C2 [� (C1),� (C2)]

S3(G) =
1

6

∫ G

0

3C1

∫ C1

0

3C2

∫ C2

0

3C3 [� (C1), [� (C2),� (C3)]] + [� (C3), [� (C2),� (C1)]]

... =
...

where [�, �] ≡ �� − �� is the matrix commutator of � and �.

3.2.5 Numerical Procedure

The Magnus series only converges locally, hence to calculate S , the interval

[0, 1] should be divided into # steps such that the Magnus series converges in

each subinterval [G=−1, G=], = = 1, . . . , # , with G# = 1.

Then the solution at G# is represented by

. (G# ) =
#∏
==1

exp(S (G=−1, G=)) .0,

and the series S (G=−1, G=) has to be appropriately truncated.

The three steps in the procedure are:

E1: S series is truncated at an appropriate order: For achieving an integration
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Chapter 3 Solutions of Direct Sturm-Liouville Problems

method of order 2B (B > 1) only terms up to S2B−2 in the S series are

required [20].

E2: The multivariate integrals in the truncated seriesS [? ] =

?∑
8=1

S? are replaced

by conveniently chosen approximations: if their exact evaluation is not

possible or is computationally expensive, a numerical quadrature may be

used instead. Suppose that 18 , 28 , (8 = 1, . . . , :), are the weights and nodes

of a particular quadrature rule, say - of order ? , respectively. Then,

� (0) =
∫ C=+ℎ

C=

� (C) 3C = ℎ
:∑
8=1

18�8 + O(ℎ?+1),

with �8 ≡ � (C= + 28ℎ). By [55], systems with matrices of general size

require a _−dependent step size restriction of the form ℎ ≤ O
(
|_ |−1/4

)
in

order to be de�ned.

E3: The exponential of the matrix S [? ] has to be computed. This will be the

most expensive step of the method. For this, Matlab function expm() will

be used which provides the value for machine accuracy.

The algorithm then provides an approximation for . (G=+1) starting from .= ≈
. (G=), with G=+1 = G= + ℎ.

In the present paper, S is truncated using a sixth-order Magnus series and the

integrals are approximated using three point Gaussian integration method [53].

S [6] is obtained in the following equations. Let,

%1 = ℎ� (21ℎ), %2 = ℎ� (22ℎ), %3 = ℎ� (23ℎ),

&1 = %2, &2 =

√
15

3

(%3 − %1), &3 =
10

3

(%3 − 2%2 + %1),

'1 = [&1, &2], '2 = [&1, 2&3 + '1], '3 = [−20&1 −&3 + '1, &2 −
1

60

'2] .

Then,

S [6] (ℎ) = &1 +
1

12

&3 +
1

240

'3,
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Solutions of direct Sturm–Liouville problems Section 3.3

where 21 =
1

2

−
√
15

10

, 22 =
1

2

and 23 =
1

2

+
√
15

10

are the nodes of Gaussian quadra-

ture.

3.3 Solutions of direct Sturm–Liouville problems

In this Section, some numerical examples of Sturm–Liouville problems of dif-

ferent orders are presented. Furthermore, the e�ciency and accuracy of the

proposed technique outlined in the previous section is investigated, numerically.

Here, we made use of the MATLAB 2014 package to code the algorithms:

multi-section method (Listing B.1) and Magnus method (Listing B.2) for solving

SLP. The codes executed on an Intel
®

Core ™ i3 CPU with power 2.40 GHz,

equipped with 8 GB RAM.

For the numerical results (unless otherwise speci�ed), the parameter values

are:< = 100, = = 500, ! = 5 where = is the number of subdivisions in the interval

[0, 1] and< is the number of subdivisions in the interval [_0, _∗], _∗ being the

maximum eigenvalue searching, and ! is the number of multisection steps used

to calculate each eigenvalue in the characteristic function.

The performance of the Magnus method is measured by the absolute error �:
which is de�ned as

�: =

���_ (�G02C )
:

− _ ("06=DB)
:

���, : = 1, 2, . . . (3.9)

where _
("06=DB)
:

indicates the :th eigenvalue obtained by Magnus method and

_
(�G02C )
:

is the :th exact eigenvalue and the relative error n: which is de�ned as

n: =

�����_ (�G02C ):
− _ ("06=DB)

:

_
(�G02C )
:

�����, : = 1, 2, . . . . (3.10)

There are several parameters in the Magnus method, which a�ect the perfor-

mance and the accuracy of the method, namely:

1. eigenvalue index: : or eigenvalue: _:

2. number of subdivisions in _: <

3. number of subdivisions in G : =
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4. number of multisection iterations: !

The performance is measured by the computation time used, here the Matlab

function timeit() will be used. timeit measures time required to run a

function by calling the speci�ed function multiple times, and computing the

median of the measurements. It provides a robust measurement of the time

required for function execution and the function provides a more vigorous

estimate [77]. The accuracy is measured using the absolute and relative errors

as de�ned in Equations (3.9) and (3.10), respectively. The Example 3.1 illustrates

the a�ect of these variables on a SLP.

I Example 3.1. This eigenvalue problem is due to Chawla and Katti [32],

−~ ′′ = _~, 0 < G < 1, ~ (0) = ~ (1) = 0, (3.11)

having the exact eigenvalues _: = (:c)2, : = 1, 2, . . . . From Figure 3.1(a), the

(a) (b)

Figure 3.1: (a) Log absolute error (red) and log relative error (magenta) and (b) com-

puting time (in seconds) (blue circles) and linear trend line (orange dashed line) for the

�rst 100 eigenvalues using Magnus method for the problem (3.11).

absolute error is increasing (as the eigenvalues are increasing quadratically),

however, the relative error is (independent of _) gradually decreasing as _ →∞.

This shows the Magnus method’s capability to �nd higher index eigenvalues

with less relative error. (See Table A.1 in Appendix A for a detailed analysis of
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the code). Also the computation time is very slowly increasing linearly with the

index of the eigenvalue (Figure 3.1(b)). As expected accuracy and computation

time increase with<− the number of subdivisions of _ and !− the number of

multisection iteration steps (Figure 3.2). After around ! = 15, the error doesn’t

improve, so it is su�cient to stop at 15 iterations. As Figure 3.2(b) shows the

(a) (b)

Figure 3.2: (a) Relative error and (b) computation time (in seconds) for the �rst two

eigenvalues _1 (◦) and _2 (
∗
) of the problem (3.11) using Magnus method: for< = 10,

! = 5, and = = 1, . . . , 50 (magenta); for = = 10, < = 10, and ! = 1, . . . , 50 (blue); for

= = 10, ! = 1, and< = 1, . . . , 50 (green).

computation time increases with the number of subdivisions of G : =−, but there is

no change in the error (Figure 3.2(a)). This is obvious, since in Equation (3.11) all

coe�cient functions are constant, hence � is independent of G and the number

of subdivisions =. J

I Example 3.2 (SL Regular problem). This is an almost singular eigenvalue

problem due to Paine et al. [91].

−~ ′′ + (G + 0.1)−2~ = _~, 0 < G < c, ~ (0) = ~ (c) = 0. (3.12)

Tables 3.1 and 3.2 list the �rst four eigenvalues of this problem and compare

the relative errors with FDM [91, Table 4], NM [11, Table 3], FEM [10, Table
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Table 3.1: First four eigenvalues of (3.12).

:
Eigenvalue

Exact [110, Table 4] Magnus

1 1.5198658 1.519865820634

2 4.9433098 4.943309819778

3 10.2846630 10.284662639575

4 17.5599580 17.559957737891

(a) (b)

Figure 3.3: (a) Characteristic function of (3.12). (b) Parts of the characteristic equation

(blue) and �rst 12 eigenvalues (red) for the version of Mathieu equation (3.13).
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3], MNM [110, Table 5], FEMT and FEMS [19, Table 2], and LGM [84, Table 4]

methods. Magnus method exhibits good relative errors compared with the other

methods.

Figure 3.3(a) shows the characteristic function for this problem. It can be seen

that the roots (eigenvalues) are simple and also the eigenvalues are further apart

as the index increases. J

I Example 3.3 (Singular SLP). Magnus method is robust that it can han-

dle even singular Sturm-Liouville Problems. For example, consider the Bessel

equation of order
1

2
[95, Test problem 19]:

G~ ′′ + 1

4G
~ = _G~, 0 < G < 1, ~ (1) = 0.

Here ? (0) = 0 and the exact eigenvalues are _: = (:c)2. The endpoint 0 = 0 is

singular and a limit-circle non-oscillatory (LCN) point (Note that the assumptions

A3 and A4 mentioned in section 3.2.1 no longer holds). Taking Friedrich’s BCs:

5 = 1, 6 = lnG , writing the boundary condition coe�cients as:(
1 log(0)
1 log(1)

) (
~ (0) ~ (1)
~ ′(0) ~ ′(1)

)
=

(
0

0

)
the eigenvalues can be easily obtained as: _1 = 9.864557319999999, _2 =

39.458190680000001, _3 = 88.780786309999996, and so on. J

I Example 3.4. This example – a version of Mathieu equation is also due to [95,

Test problem 5].

~ ′′ + (cosG)~ = _~, 0 < G < 40, ~ (0) = ~ (40) = 0. (3.13)

Here the lower eigenvalues form clusters of 6 (see Figure 3.3(b)). Using a su�-

ciently small step size (< 0.004: the minimum di�erence between two consecutive

eigenvalues) for the subdivision in _−dimension, Magnus method is able to �nd

even the lower eigenvalues with an accuracy comparable to Matslise’s (see Table

3.3). J

I Example 3.5 (FSLP: Simple BCs). This example is due to [97, Example 1] :

~ (4) + ~ = _~, ~ (0) = ~ ′′(0) = ~ (1) = ~ ′′(1) = 0. (3.14)
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Table 3.3: First 17 eigenvalues and errors for the version of Mathieu equation (3.13)

using Matslise and Magnus method.

: Matslise [61] Magnus Absolute di�erence

1 −0.376845881566946 −0.37684593940 5.78330540124128� − 08
2 −0.372222021386702 −0.37222207135 4.99632979988895� − 08
3 −0.365517698755253 −0.36551773700 3.82447470359537� − 08
4 −0.358145409533808 −0.35814543445 2.49161919985141� − 08
5 −0.351818307563677 −0.35181832065 1.30863230252132� − 08
6 −0.348153086495489 −0.34815309260 6.10451100779841� − 09
7 0.606260772683456 0.60626073600 3.66834560505680� − 08
8 0.639995069435221 0.63999503360 3.58352210128032� − 08
9 0.694009291118601 0.69400929280 1.68139902001485� − 09

10 0.764487943746816 0.76448803840 9.46531840684273� − 08
11 0.843278584575029 0.84327879680 2.12224970930208� − 07
12 0.907400354525007 0.90740065280 2.98274993038028� − 07
13 1.272925107989470 1.27292467200 4.35989469860232� − 07
14 1.381819492267290 1.38181949440 2.13271000859550� − 09
15 1.525973491208340 1.52597360640 1.15191659988412� − 07
16 1.695868669968620 1.69586882560 1.55631380005516� − 07
17 1.884251375610910 1.88425164800 2.72389089950309� − 07
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By Schueller [101], exact eigenvalues are: _: = (:c)4 + 1, : = 1, 2, . . ..

Table 3.4: The �rst �ve eigenvalues for (3.14).

:
Eigenvalue

Exact Magnus

1 9.84090910340024� + 01 9.84090910340024� + 01
2 1.55954545654404� + 03 1.55954545654403� + 03
3 7.89113637375420� + 03 7.89113637375442� + 03
4 2.49377273047046� + 04 2.49377273046367� + 04
5 6.08816818962515� + 04 6.08816818943245� + 04

Table 3.5: The relative errors of the �rst �ve eigenvalues for (3.14). Relative errors for

all the methods except Magnus method are calculated from the eigenvalues reported

in [97, Table 5]. * denotes the methods with correction terms. [Minimum relative error

for each eigenvalue is in bold]

:
Relative error

Magnus FDM* MNM* BVM6* BVM8* BVM10*

1 1.44E − 16 2.38� − 09 5.11� − 09 9.73� − 08 4.71� − 09 4.14� − 08
2 5.54E − 15 1.88� − 10 1.49� − 09 1.04� − 08 2.57� − 11 1.52� − 09
3 2.84E − 14 1.22� − 10 4.43� − 10 1.40� − 09 1.10� − 11 2.47� − 10
4 2.72E − 12 2.31� − 11 5.16� − 11 7.11� − 10 2.60� − 11 6.07� − 11
5 3.17� − 11 3.44� − 11 2.45� − 11 1.96� − 10 4.73E − 12 3.15� − 11

From Tables 3.4, 3.5 and Figure 3.4 it is clear that Magnus method is more

accurate. However, unlike the other methods, the accuracy decreases with the

index of the eigenvalue due to the increasing magnitude of the eigenvalue. In

contrast, for the second-order SLP using Magnus method the relative error

decreased with the index (Figure 3.1 (a)).
J

I Example 3.6 (FSLP: General BCs). This example involving more general

boundary conditions was taken from [97, Example 4] to illustrate the Magnus

method’s versatility.

~ (4) + (sin(G) + 2)~ = _~, (3.15)
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Figure 3.4: Log relative error of the �rst �ve eigenvalues of problem (3.14)

~ (0) − ~ ′(0) = 0, ~ (0) − ~ ′′(0) = 0,

~ (1) − ~ ′(1) = 0, ~ (1) − ~ ′′(1) = 0.

According to [97, pp.153], the exact eigenvalues of this problem could not be

computed and there is no other method except matrix methods (MM) proposed

by them to approximate the eigenvalues. Table 3.6 lists the �rst �ve eigenvalues

Table 3.6: First �ve eigenvalues of FSLP (3.15). * Eigenvalues (except for the Magnus

method) were computed using the codes provided by F. Fischer, PhD student at the

Potsdam University, Germany. For each eigenvalue computed using Magnus method,

the closest ones by other methods are in bold.

k Magnus FDM* MNM* BVM6* BVM8* BVM10*

1 3.52240175682026 3.44479 2.60411 3.52238 3.52238 3.52238
2 503.00125581467400 502.56365 501.77704 502.96155 502.96324 502.96270

3 3805.98521478000000 3804.50674 3804.41400 3805.47622 3805.49752 3805.49069

4 14620.08332703000000 14614.34574 14619.49377 14617.34897 14617.46132 14617.42540

5 39946.25457020200000 39923.30006 39950.76042 39936.65422 39937.04152 39936.91814

of the problem and it can be seen the values by Magnus method are comparable
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with values computed by matrix methods. From Figure 3.4, we see that the

BVM8 method with correction terms performs better than the other methods

considered (except Magnus) in that example. And from Table 3.6, it is clear that

Magnus method’s values are closer to the BVM8’s values for this example. J

I Example 3.7. This example illustrates Magnus method’s superiority over

some of the other existing methods. This problem describes the free lateral

vibration of a uniform clamped-hinged beam (CH) [70]:

~ (4) = _~, ~ (0) = ~ ′(0) = ~ (1) = ~ ′′(1) = 0. (3.16)

From [70, Equation 45], the eigenvalues are the solutions of the equation:

tanh

4

√
_ = tan

4

√
_. (3.17)

Table 3.7: The �rst �ve eigenvalues of the problem (3.16)

:
Eigenvalue

Exact Magnus

1 237.72106753 237.72106753

2 2496.48743786 2496.48743786

3 10867.58221698 10867.58221697

4 31780.09645408 31780.09645380

5 74000.84934916 74000.84934040

As Tables 3.7 and 3.8 point out, Magnus method has a comparable relative

error to the other methods considered (CSCM [70, Table 4], ADM [13], HAM [1],

PDQ and FDQ [112, Table 1], CM [44, Tables 1, 2], CDM [105, Table 2], VIM [104,

Table 2], and SPSS [56]) with respect to the �rst �ve eigenvalues. J

More examples on Magnus methods for FSLP can be found in Mirzaei [83].

I Example 3.8 (SSLP).

−~ (6) = _~, 0 < G < c, ~ (0) = ~ ′′(0) = ~ (4) (0) = ~ (c) = ~ ′′(c) = ~ (4) (c) = 0.

(3.18)
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This example is due to [50, Problem 1], having exact eigenvalues: _: = :6,

: = 1, 2, . . .. Again from Table 3.9, Magnus method shows excellent accuracy with

regard to this sixth-order SLP compared to other methods: Shooting method [50,

Table 1], ADM [62, Table 2], CP [5, Table 2], VIM [104, Table 3]. J

As far as the authors concern there exists no algorithms for solving eighth-

order SLP in the literature. However, proposed Magnus method can be success-

fully applied with literally no modi�cation to the algorithm. Only the matrix �

has to be modi�ed using Equation (3.18).

I Example 3.9 (Eighth-order SturmLiouville problem). Squaring the fourth-

order SLP:

~ (4) = _~, ~ (0) = ~ ′′(0) = ~ (1) = ~ ′′(1) = 0,

with exact eigenvalues _: = (:c)4, : = 1, 2, . . ., the following eighth-order SLP

is obtained:

~ (8) = _2~, ~ (0) = ~ ′′(0) = ~ (4) (0) = ~ (6) (0) = ~ (1) = ~ ′′(1) = ~ (4) (1) = ~ (6) (1) = 0,

(3.19)

with exact eigenvalues _2
:

= (:c)8, : = 1, 2, . . .. The �rst �ve eigenvalues

have good accuracy although the error is steadily increasing with the index

of the eigenvalue (see Table 3.10). This is because the error also depends on

the magnitude of the eigenvalue. Speci�cally, the error in a ?th-order method

grows as O(ℎ?+1_?/2−1), and thus one expects poor approximations for large

eigenvalues [20]. J

I Example 3.10 (Singular SLP: in�nite domain). This example extends the

Magnus method, as described in [92] to in�nite domain. Consider the harmonic

oscillator problem

D ′′ + (_ − G2)D = 0, G ∈ (−∞,∞) (3.20)

together with Dirichlet and Neumann BCs, having exact eigenvalues _: = 2: + 1,

= = 0, 1, . . . [106].

The domain is truncted to [−;, ;], and using the parameters< = 10, = = 100,

! = 10 the �rst three eigenvalues are computed (see Table 3.11). It can be
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Table 3.10: Eigenvalues and relative errors for the problem (3.19) using< = 100, = = 100,

! = 10

:
Eigenvalue

Relative error

Exact Magnus

1 9.48853101607057� + 03 9.48853101607059� + 03 1.91704005653253� − 15
2 2.42906394011407� + 06 2.42906394011394� + 06 5.21434895376847� − 14
3 6.22542519964390� + 07 6.22542519964604� + 07 3.43361538321867� − 13
4 6.21840368669201� + 08 6.21840368667400� + 08 2.89626411740934� − 12
5 3.70645742815257� + 09 3.70645742800000� + 09 4.11625897732872� − 11

deduced that the Magnus method has comparable performance to other method.

Moreover, �xed parameters can be changed to get better accuracy. J

Table 3.11: Absolute errors for the �rst three eigenvalues of Equation (3.20) from [106,

Table 1] and using Magnus method (Minimum absolute error for each eigenvalue is

shows in bold.)

, l
Dirichlet error Neumann error

[106] Magnus method [106] Magnus method

1

4.5 1.70� − 08 1.58E − 08 1.50E − 08 1.68� − 08
6.0 2.60E − 11 5.80� − 10 2.00E − 12 5.80� − 10
7.5 2.00E − 14 2.20� − 09 0.00E + 00 2.20� − 09

5

4.5 1.88E − 06 1.10� − 05 1.10E − 05 1.19� − 05
6.0 3.30� − 08 8.02E − 09 2.73E − 09 8.00� − 09
7.5 5.50E − 11 3.07� − 08 6.00E − 12 3.07� − 08

9

4.5 9.99� − 01 9.85E − 04 9.85E − 04 1.12� − 03
6.0 6.01� − 06 3.06E − 08 6.11� − 07 2.54E − 08
7.5 1.70E − 08 1.08� − 07 2.00E − 09 1.08� − 07

I Example 3.11 (Singular SLP with asymmetric potential). Consider the

Morse potential problem

−D ′′ − (4−UG − 1)2D = _D, G ∈ (−∞,∞) (3.21)
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together with Dirichlet and Neumann BCs. When _ ∈ (0, 1) this has a �nite

number of EV: _: = V: (2 − V: ), with V: = 1

2
U (2: + 1), : = 0, 1, . . . ,  , where

 =
⌊
1

U
− 1

2

⌋
[106].

The domain is truncated to [−;, ;], and using the parameters< = 10, = = 100,

! = 10 and U = 0.02 the �rst three eigenvalues are computed (see Table 3.12).

Magnus method is more accurate when the truncated interval is small. Also it

can be observed that initial eigenvalues are more accurate than the later ones.

Table 3.12: Absolute errors for the �rst three eigenvalues of Equation (3.21) from [106,

Table 2] and using Magnus method (Minimum absolute error for each eigenvalue is

shows in bold.)

, l
Dirichlet error Neumann error

[106] Magnus method [106] Magnus method

0.0199

40 1.10� − 08 5.60E − 12 1.90� − 09 1.12E − 11
50 6.07� − 10 3.17E − 11 6.00� − 11 3.17E − 11
60 1.15E − 13 9.39� − 11 2.48E − 14 9.39� − 11

0.0591

40 3.56� − 07 3.78E − 10 3.90� − 08 3.34E − 10
50 2.20� − 08 1.12E − 10 5.97� − 09 1.12E − 10
60 5.00E − 12 3.37� − 10 6.75E − 13 3.37� − 10

0.0975

40 7.69� − 07 1.85E − 08 1.13� − 07 1.93E − 08
50 6.65� − 07 3.83E − 10 1.29� − 07 3.82E − 10
60 2.50E − 11 1.15� − 09 3.18E − 12 1.15� − 09

J

I Example 3.12 (Singular SLP in half axis). Consider the hydrogen atom

equation

−D ′′ −
(
2

G2
− 1

G

)
D = _D, G ∈ (0,∞) (3.22)

together with Dirichlet and Neumann BCs. This has �nite number of eigenvalues

lying between −1 < _ < 0, given by _: = − 1

4(: + 2)2 , with : = 0, 1, . . ., [74].

The domain is truncated to [0, 100], and using the parameters< = 100,= = 200,

! = 10 the �rst few eigenvalues are computed (see Table 3.13).

61



Chapter 3 Solutions of Direct Sturm-Liouville Problems

Table 3.13: Eigenvalues and absolute errors for the �rst �ve eigenvalues of Equation

(3.22) using Magnus method.

k Magnus value Magnus error

1 −6.2323550470257� − 02 1.76� − 04
2 −2.7717584125111� − 02 6.02� − 05
3 −1.5581393052633� − 02 4.36� − 05
4 −9.0660619438460� − 03 9.34� − 04
5 −1.6285043066920� − 03 5.32� − 03

J

3.4 Discussion

It is clear that Magnus method has the potential to �nd the �rst few eigenvalues

of a SLP of arbitrary (even) order with good accuracy.

Also, it is observed for the EVPs with constant coe�cients (hence constant

and mostly sparse � matrix) the errors are smaller (= = 2: Example 3.1, = = 4:

Examples 3.5, 3.7, = = 6: Example 3.8 and = = 8: Example 3.9) irrespective of the

order. However, when � is no longer a constant, the error is not as good even

for the SLP of order 2 (see Example 3.2). This can be attributed to the matrix

exponent calculation step and can be improved by using a more accurate method

in place of expm() function.

Furthermore, it is capable of solving some singular SLPs on in�nite domain,

half–axis and for an asymmetric potential. In addition, the present method

doesn’t require transforming the singular SLP to a regular one or re-scaling the

eigenvalues. It e�ectively �nds the required eigenvalues, just by truncating the

interval to a �nite one.
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4 Solutions of Inverse
Sturm–Liouville Problems

This chapter is based on two of own publications [92] and [93].

4.1 Introduction

The inverse Sturm–Liouville theory was originated in 1929 by [6] and further

developed in [57, 63, 64, 73, 107].

The 2<th order, nonsingular, self-adjoint eigenvalue problem (EVP) is given

by:

(−1)< (?0(G)~ (<) ) (<) + (−1)<−1(?1(G)~ (<−1) ) (<−1)
+ . . . + (?<−2(G)~ ′′) ′′ − (?<−1(G)~ ′) ′ + ?< (G)~ = _| (G)~, 0 < G < 1

together with some boundary conditions at 0 and 1, the functions ?: , (0 ≤ : ≤
<), and| (G) being continuous on the �nite closed interval [0, 1], and ?0 having

a continuous derivative. In the inverse Sturm–Liouville problem (SLP), the

coe�cient functions ?: , (0 ≤ : ≤ <) need to be reconstructed, given suitable

valid spectral data.

For a discussion on numerical methods for inverse SLP refer [42]. [80] provides

an overview of analytical methods for second and fourth-order inverse problems.

Iterative methods [16, 100], Rayleigh–Ritz method [51], �nite di�erence ap-

proximation [90], Quasi-Newton method [99], shooting method [68], interval

Newton’s method [89], �nite-di�erence method [41], boundary value meth-

ods [3, 4, 47, 48], Numerov’s method [7, 8, 9], least-squares functional [98],

generalized Rundell—Sacks algorithm [40, 96], spectral mappings [52], Lie-group

estimation method [67], Broyden method [22, 23], decent �ow methods [45],

modi�ed Numerov’s method [46], Newton-type method [36], Fourier–Legendre

series [58], and Chebyshev polynomials [88] are of particular importance among

the existing methods to solve inverse SLP.

Numerical algorithms to solve the inverse fourth–order Sturm–Liouville prob-

lem (FSLP) are proposed in [17], and [78, 79].
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Chapter 4 Solutions of Inverse Sturm–Liouville Problems

The inverse problem is much harder as the restrictions on the spectral data

should be placed to ensure the uniqueness. Barcilon [18] proved that in general,

< + 1 spectra associated with< + 1 distinct ‘admissible’ boundary conditions

are required to determine ?<’s uniquely (with ?< = | = 1). Later McLaugh-

lin and Rundell [81] proved that the measurement of a particular eigenvalue

for an in�nite set of di�erent boundary conditions is su�cient to determine

the unknown potential. Both these theorems require an in�nite number of ac-

curate eigenvalue measurements, which are hard to obtain in practice as the

higher eigenvalues are usually more expensive to compute than lower ones [15].

However, the present technique can be applied to address some of the above

di�culties in �nding suitable set(s) of eigenvalues so that the inverse problem

can be e�ectively solved.

Section 4.2 explains the inverse SLP algorithm and Section 4.3 presents some

solutions of inverse SLPs.

4.2 Inverse SLP Algorithm for the general order

The Magnus method’s ability to handle various types of boundary conditions,

adaptability to extend to higher order problems, and accuracy with regard to

higher index eigenvalues naturally allows it to be useful in generating suitable

spectra for constructing and testing di�erent inverse SLPs.

The Iterative Solution presented by Barcilon [16] was selected as the inverse

SLP algorithm due to two reasons: �rst, there was no evidence of actual imple-

mentation of Barcilon’s algorithm in the literature. Second, other numerical

methods available for the inverse problem are not amenable to generalization for

higher order equations or systems. Setting ?0(G), | (G) ≡ 1 in (3.1) and taking

the domain [0, 1] the EVP reads as:

(~ (<) ) (<) − (?1~ (<−1) ) (<−1) + . . . + ?< (G)~ = _~, 0 < G < 1 . (4.1)

According to [18], < + 1 distinct spectra are required in order to determine

?1(G), ?2(G), . . . , ?< (G). In other words,<+1 di�erent EVPs with distinct bound-

ary conditions (BC) are needed. In addition, the spectra need to be interlaced,

i.e.,

. . . < _
(<+1)
=−1 < _

(1)
= < _

(2)
= < _

(3)
= < . . . < _

(<+1)
= < _

(1)
=+1 < . . .
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Inverse SLP Algorithm for the general order Section 4.2

Assume that< boundary conditions are common to all the given<+1 eigenvalue

problems, say, conditions at the right end point G = 1.

1. Combine the< + 1 eigenvalue problems into an equivalent linear di�eren-

tial equation:

a) De�ne a vector function 5 (G, _):

5) (G, _) = [sj,s′j ′, . . . , s (<−1) j (<−1) ]
= [q (1) , q (2) , . . . , q (<) ]

where s(G, _) and j (G, _) are two solutions of equation (4.1).

b) Di�erentiate each q (:) , 2< times.

c) Obtain<(2<+1) linear equations fors (8) j ( 9) +s ( 9) j (8) , where 8 ≤ 9 ,
9 = 0, 1, . . . , 2< − 1.

d) Express s (8) j ( 9) + s ( 9) j (8) , 8 ≤ 9 , 9 = 0, 1, . . . , 2< − 1, in terms of

q (1) , q (2) , . . . , q (<) and their �rst 2< derivatives.

e) Di�erentiate q
(2<)
(8) , 8 = 1, 2, . . . ,< again, to obtain< linear coupled

di�erential equations of order 2< + 1, i.e.,

M5 = _N5 (4.2)

2. Obtain the corresponding boundary conditions for the linear di�erential

equation using the boundary conditions of the< + 1 eigenvalue problems:

a) Assume that s(G, _) and j (G, _) satisfy the< boundary conditions

common to all the given< + 1 eigenvalue problems.

b) Then from 1.3, �nd the<(3< + 1)/2 boundary conditions at G = 1,

and the<(< + 1)/2 boundary conditions at G = 0 for 5 (G, _).

3. Solve equation (4.2) using above boundary conditions, to obtain the solu-

tions 5= .

4. Solve the adjoint system of equations to the above system, and denote the

solutions by (= .

5. Find the bi-orthogonal set of functions {~=}∞1 to {5=}∞1 , using the relation

~= (G) = N)(= (G).
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Chapter 4 Solutions of Inverse Sturm–Liouville Problems

With these pre-calculated values, Algorithm 1 can be used to solve the inverse SLP.

Algorithm 1: Solving inverse SLP.

Data:< + 1 distinct spectra

{
_
(8)
=

}∞
==1

, 8 = 1, 2, . . . ,< + 1 corresponding to

< + 1 di�erent EVPs.

Result: the unknown potential functions

p) (G) = [?< (G), ?<−1(G), . . . , ?1(G)]
1 Coalesce the< + 1 sequences of eigenvalues into a single sequence {f̂=}∞1

using

f̂ (8−1) (<+1)+9 = _
( 9)
8
, 9 = 1, 2, . . . ,< + 1, 8 = 1, 2, . . . (4.3)

Set: initial guess p(0) , : = 1;

2 Solve: EVPs using p(0) and combine the solutions to

{
f
(0)
=

}
;

3 while
∑
=

���f̂= − f (:−1)=

��� ≠ 0 do

4 Set

ŷ= (G) =
〈
e)5=

〉〈
y)=5=

〉 y= (4.4)

and

p(:) (G) = p(:−1) (G) +
∞∑
==1

(
f̂= − f (:−1)=

)
ŷ= (G) (4.5)

Solve the EVPs using p(:) and set the solutions to

{
f
(:)
=

}
;

5 : = : + 1;

Some remarks on Algorithm 1 follows:

Line (Data:) In�nite eigenvalue (EV) sequence is replaced with the �rst # EVs.

The truncated EV sequences

{
_
(8)
=

}#
==1

, 8 = 1, 2, . . . ,< + 1 are obtained,

using the Magnus method [92] to solve Equation (4.1).

Line (Result:) Output p: < × = matrix of function values, =: the number of

subdivisions in the G−axis and<: the number of potentials.
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Line (1) We take initial guess p(0) as 0<×= .

Line (3) while loop exit condition is replaced with a maximum number of it-

erations: :"�- and in each iteration the condition

(<+1)#∑
==1

���f̂= − f (:−1)=

��� < C>;
(C>; : a �xed tolerance) is checked to exit the loop.

Line (4) 〈·〉 denotes the integration w.r.t. G from 0 to 1 and e) = [1, 0]. y= and

5= are kept �xed at y0 and 50, which are the solutions by setting ?8 = 0, ∀8 .
Solutions y0 and 50 are calculated using Mathematica [75]. Matlab [76]

built-in functions: trapz() and griddedInterpolant() with pchip
(piecewise cubic Hermite interpolating polynomial) option are used to

approximate integrals and to have ? as a function, respectively. Latter is

required since, ? as a function is input to the Magnus method. Again, the

eigenvalue sequence f (:) is calculated using p(:) and the iteration repeats.

4.2.1 Inverse SLP Algorithm of order 2

Consider the Sturm-Liouville problem

~ ′′ + (f − @(G))~ = 0, G ∈ (−1, 1) ~ (−1) = ~ (1) = 0, (4.6)

for a symmetric and normalized potential @(G), i.e.

@(−G) = @(G) and

∫
1

−1
@(G)3G = 0.

Then the spectrum {f=}∞1 uniquely determines the symmetric potential @(G)
[24]. The eigenvalue problem (4.6) is equivalent to the following pair of Sturm-

Liouville problems:

D ′′ + (_ − @(G))D = 0, G ∈ (0, 1) D (0) = D (1) = 0, (4.7)

{ ′′ + (` − @(G)){ = 0, G ∈ (0, 1) { ′(0) = { (1) = 0. (4.8)

Also the two spectra {_=}∞1 , {`=}∞1 , are interlaced, i.e.,

0 < `1 < _1 < `2 < _2 < `3 < . . . . (4.9)
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Letting,

|2= (G) = D2= (G), a2= = 4_=

|2=−1(G) = {2= (G), a2=−1 = 4`= (4.10)

the equations (4.7) and (4.8) are combined into:

| ′′′ − 4@| ′ − 2@′| = −a| ′, | ′(0) = | (1) = | ′(1) = 0. (4.11)

Equation (4.11) is not self-adjoint and its adjoint is given by:

l ′′′ − 4@l ′ − 2@′l = −al ′, l (0) = l ′′(0) = l (1) = 0. (4.12)

Then the inverse SLP procedure presented in Algorithm 2 (which is a simpli�ed

version of Algorithm 1) can be used to recover the unknown potential @.

For a symmetric potential a �xed set of eigenfunctions can be used in the

updating formula (4.13) for |̂= (G), for example, eigenfunctions for the case

@ ≡ 0 [16]. This is possible because,

“...if @ ∈ !2( [0, 1]), the :th eigenvalue _: (@, 0, 1) behaves asymptot-

ically as

_: (@, 0, 1) = _: (0, 0, 1) + @ + X: (@, 0, 1), (4.15)

where _: (0, 0, 1) is the :th eigenvalue of the SLP with the same BCs

and zero potential, @ is the mean value of @ and X: (@, 0, 1) is the

remainder for smooth potential. Moreover, the information that

the given spectrum provides about the variation of the unknown

potential are contained in the terms X: (@, 0, 1) and, in view of their

behaviour, the �rst eigenvalues are the most important for the re-

construction of @....” [3, p. 2]

This implies that the required set can be restricted to the �rst few eigenval-

ues. In fact, when the number of input eigenvalues increases, the error also

increases, which can be attributed to the approximation errors in the higher

index eigenvalues (see Figure 4.3).

Implementation details of the steps of Algorithm 2 are as follows:
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Algorithm 2: Solving inverse SLP

Data: Sequence {â=}∞1 , the combined eigenvalues of the two equations

(4.7) and (4.8) using equation (4.10)

Result: the unknown potential function @(G)
1 Set an initial guess @ (0) , : = 1;

2 Solve EVPs (4.11), (4.12), and get the eigensolutions:{
a
(0)
= , |

(0)
= (G), l (0)= (G)

}∞
1

;

3 while â= ≠ a
(:−1)
= , = = 1, 2, . . . do

4 Set

|̂= (G) =

∫
1

0

|
(:−1)
= (b)3b∫

1

0

|
(:−1)
= (b)

(
3l
(:−1)
=

3b

)
3b

3l
(:−1)
=

3G
(4.13)

and

@ (:) (G) = @ (:−1) (G) + 1

4

∞∑
==1

(
â= − a (:−1)=

)
|̂= (G) (4.14)

Solve EVPs (4.11), (4.12), and get the eigensolutions:{
a
(:)
= , |

(:)
= (G), l (:)= (G)

}∞
1

;

5 : = : + 1;

Line (Data:) Input eigenvalue sequence is limited to # = 10 to get a �nite

sequence. Using Magnus method on the two equations (4.7) and (4.8) the

truncated eigenvalue sequences {_=}#1 , {`=}#1 are obtained, then using

(4.10) are combined to obtain the interlaced set of eigenvalues {â=}2#1 .

Line (Result:) The output is a �nite vector of function values: @0, @1, . . . , @= ,

where = is the number of subdivisions in the G−axis.

Line (1) Initial guess @ (0) will be set to @ ≡ 0.
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Line (2) By setting @ = 0 in the equations (4.7) and (4.8), the following expres-

sions are easily obtained:

•

{
_
(0)
=

}∞
1

=
{
(=c)2

}∞
1

,

•

{
`
(0)
=

}∞
1

=

{( (
= − 1

2

)
c
)
2

}∞
1

,

•

{
a
(0)
=

}∞
1

=

{
_
(0)
=

}∞
1

⋃{
`
(0)
=

}∞
1

,

•

{
D
(0)
=

}∞
1

= {sin(=cG)}∞
1

,

•

{
{
(0)
=

}∞
1

=
{
cos

(
= − 1

2

)
cG

}∞
1

,

•

{
|
(0)
=

}∞
1

=

{
cos

(√
a
(0)
= cG

)}∞
1

,

•

{
l
(0)
=

}∞
1

=

{
sin

(√
a
(0)
= cG

)}∞
1

.

For the rest of the algorithm, the eigenfunctions

{
|
(:)
= (G), l (:)= (G)

}
2#

1

are

kept �xed at

{
|
(0)
= (G), l (0)= (G)

}
2#

1

.

Line (3) The optimal while loop condition: â= ≠ a
(:−1)
= , = = 1, 2, . . . may never

reach due to various errors in the numerical procedure, and is relaxed

to

2#∑
==1

���â= − a (:−1)=

��� < C>; , and/or : < :"�- where C>; is a �xed tolerance

and :"�- is a maximum number of iterations.

Line (4) The required derivatives and integrals in equation (4.13) are approxi-

mated using the Matlab built-in functions gradient() and trapz(), re-

spectively. Furthermore, the Matlab built-in function griddedInterpolant()
with linear interpolation method is used to obtain an explicit functional

form of @ from the set of points @0, @1, . . . , @= . This is necessary because

in the next step, the explicit form of @ should be the input to the Magnus

method (which allows evaluating @(G) at an arbitrary point). Just one of

the EVPs (4.11) or (4.12), is need to be solved using Magnus method since

only the eigenvalue sequence

{
a
(:)
=

}
2#

1

is needed (as the eigenfunctions

are kept �xed) in the subsequent iterations.

70



Inverse SLP Algorithm for the general order Section 4.2

4.2.2 Inverse FSLP algorithm

Setting< = 2 in equation (4.1) we get FSLP:

LD ≡ D (4) − (?D ′) ′ + @D = _D. (4.16)

Three spectra {_=}, {`=} and {a=} required to reconstruct the unknown coe�-

cients: ? and @ will be obtained from the following EVPs:

LD= = _=D=, D= (0) = D ′′= (0) = D= (1) = D ′′= (1) = 0, (4.17)

L{= = `={=, {= (0) = { ′= (0) = {= (1) = { ′′= (1) = 0, (4.18)

L|= = a=|=, | ′= (0) = | ′′= (0) = |= (1) = | ′′= (1) = 0. (4.19)

Although, equations (4.17) and (4.18) are self-adjoint, equation (4.19) is not. It’s

adjoint equation is:

Ll= = a=l=, l ′= (0) = l ′′′= (0) − ? (0)l ′= (0) = l= (1) = l ′′= (1) = 0. (4.20)

The eigenvalues (for ? = @ = 0) _= , `= and a= are given by the solutions of the

following equations:

sin(B) = 0, B4 = _

tan(A ) − tanh(A ) = 0, A 4 = `

tan(C) + tanh(C) = 0, C4 = a

Furthermore,

C ≈
(
= − 1

4

)
c, B = =c, A ≈

(
= + 1

4

)
c, = ∈ ℕ

so that the spectra {_=}, {`=} and {a=} are interlaced, i.e.,

0 < a1 < _1 < `1 < a2 < _2 < `2 < . . .
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Since the eigenvalues are interlaced, they can be coalesced into a single one by

de�ning

{
f: ,

[
q:
k:

]}∞
1

=



{
a=,

[
|=l=

| ′=l
′
=

]}∞
1

for : = 3= − 2,{
_=,

[
D2=

D
′
2

=

]}∞
1

for : = 3= − 1,{
`=,

[
{2=

{
′
2

=

]}∞
1

for : = 3=,

= = 1, 2, . . . .

(4.21)

Denote:

q =

[
@

?

]
, 5= =

[
q=
k=

]
.

Let j (G, _) and s(G, _) be two solutions of (4.16) satisfying the common bound-

ary conditions of equations (4.17)-(4.20), namely, (D (1) = D ′′(1) = 0, etc.)

j (1, _) = s(1, _) = j ′′(1, _) = s′′(1, _) = 0 . (4.22)

Guided by (4.21), de�ne{
q (G, _) = s(G, _) j (G, _)
k (G, _) = s′(G, _) j ′(G, _) .

By di�erentiating q andk �ve times each, and eliminating s, and j , 9th order

linear di�erential equation for q (or a coupled system of linear di�erential

equations of order 5 for q andk ) can be obtained. When ? = @ = 0, this reduces

to

q (9) (G) − 12_q (5) (G) = 64_2q (1) (G) (4.23)

or (
3�5 −10�3

0 �5

) (
q

k

)
= _

(
8� 0

10�3 −24�

) (
q

k

)
(4.24)
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in the form of the equation (4.2), and the boundary conditions reads as:

q = q ′′′ = k ′ = 0 at G = 0, (4.25)

q = q ′ = q ′′ − 2k = q ′′′ = q ′′′′ − 4k ′′ = k ′ = k ′′′ = 0 at G = 1 . (4.26)

The solution of the system of equations (4.24)-(4.26) using Mathematica is:

q (G)

=
csc(`)

8(2 cosh(`) + cosh(2`) (−3 cos(`) + cos(3`) − cos( (2 + 8)`) + cos( (1 + 28)`) + cosh( (2 + 8)`) − cosh( (1 + 28)`)))
× (8 cos( (1 + 8) ( (1 + 8)G + 1)`) − 8 cos( (1 + 8) ( (1 + 8)G` + `)) + 16 sin(2`) − 4 sin(4`) − (10 + 108) sin( (1 + 8)`)
+ (2 − 28) sin( (3 + 8)`) − (4 + 48) sin( (2 + 28)`) − (2 − 28) sin( (1 + 38)`) + (2 + 28) sin( (3 + 38)`)
− 28 sin( (1 + 8) ( (3 + 8) − G)`) − (6 + 68) sin( (1 + 8) (G − 2)`) + (2 + 28) sin( (1 + 8) (G + 2)`)
+ 68 sin( (1 + 8) ( (−1 − 8) + G)`) + 2 sin( (1 + 8) ( (−3 + 8) + G)`) + 4 sin( (1 + 8) (−28 + G)`) + 48 sin( (1 + 8) (28 + G)`)
− (2 + 48) sin( (1 + 8) ( (1 + 8) + G)`) − 28 sin( (1 + 8) ( (−1 + 38) + G)`) + (2 − 28) sin( (1 + 8) ( (−2 − 28) + G)`)
− 2 sin( (1 + 8) ( (−1 − 38) + G)`) + 28 sin( ( (1 + 8) + 2G)`) − 28 sin( ( (1 + 38) + 2G)`) − 68 sin( (28 + (1 − 8)G)`)
+ (2 + 28) sin( (48 + (1 − 8)G)`) − 2 sin( ( (2 + 48) + (1 − 8)G)`) + 2 sin(2(8G + 1)`) + 48 sin( (1 + 8) (8G + 2)`)
+ 8 sin( ( (1 − 8) + 28G)`) − 2 sin( ( (3 + 8) + 28G)`) + 2 sin( ( (1 − 38) + 28G)`) − 2 sin( ( (3 − 38) + 28G)`)
+ sin( (1 + 8) ( (1 + 8)G + 1)`) − (4 + 28) sin( ( (1 + 8)G + 2)`) + 88 sin( ( (1 + 8) − 2G)`) + 28 sin( ( (3 + 8) − 2G)`)
− 28 sin( ( (3 + 38) − 2G)`) − 6 sin( (2 − (1 − 8)G)`) + (2 + 28) sin( (4 − (1 − 8)G)`) + 2 sin(2(1 − 8G)`)
+ 4 sin( (1 + 8) (2 − 8G)`) − 8 sin(2( (1 + 8) − 8G)`) + 2 sin(2( (2 + 8) − 8G)`) + 2 sin(2( (1 + 28) − 8G)`)
+ 2 sin( ( (1 − 8) − 28G)`) − 2 sin( ( (3 − 8) − 28G)`) + 8 sin( ( (1 + 8) − 28G)`) + 2 sin( ( (1 + 38) − 28G)`)
− 2 sin( ( (3 + 38) − 28G)`) − 6 sin( (2 − (1 + 8)G)`) + (2 − 28) sin( (4 − (1 + 8)G)`) − (4 − 28) sin( (1 − 8)G`
+ 2`) + sin( (1 + 8) ( (1 + 8)G` + `)) − 88 sin( (2 + 28)` − 2G`) + 28 sin( (4 + 28)` − 2G`)
+ 28 sin( (2 + 48)` − 2G`) − 16 sinh(2`) + 4 sinh(4`) + (10 + 108) sinh( (1 + 8)`)
− (2 − 28) sinh( (3 + 8)`) + (4 + 48) sinh( (2 + 28)`) + (2 − 28) sinh( (1 + 38)`) − (2 + 28) sinh( (3 + 38)`)
+ (6 + 68) sinh( (1 + 8) (G − 2)`) − (2 + 28) sinh( (1 + 8) (G + 2)`) − 28 sinh( (1 + 8) ( (−3 − 8) + G)`) + 28 sinh(2( (−2 − 8) + G)`)
− 88 sinh(2( (−1 − 8) + G)`) − 2 sinh( (1 + 8) ( (−3 + 8) + G)`) + 28 sinh(2( (−1 − 28) + G)`) + 2 sinh( (1 + 8) ( (−1 − 38) + G)`)
− 2 sinh(2(8G + 1)`) + 2 sinh( ( (3 + 8) + 28G)`) − 2 sinh( (1 + 8) ( (1 + 8)G + 1)`) + (4 + 28) sinh( ( (1 + 8)G + 2)`)
− 2 sinh(2(1 − 8G)`) + 8 sinh(2( (1 + 8) − 8G)`) − 2 sinh(2( (2 + 8) − 8G)`) − 2 sinh(2( (1 + 28) − 8G)`)
− 8 sinh( ( (1 + 8) − 28G)`) − 2 sinh( ( (1 + 38) − 28G)`) + 2 sinh( ( (3 + 38) − 28G)`))

k (G)

=
`2 csc(`)

8(2 cosh(`) + cosh(2`) (−3 cos(`) + cos(3`) − cos( (2 + 8)`) + cos( (1 + 28)`) + cosh( (2 + 8)`) − cosh( (1 + 28)`)))
× (8 cos( (1 + 8) ( (1 + 8)G + 1)`) − 8 cos( (1 + 8) ( (1 + 8)G` + `)) − 16 sin(2`) + 4 sin(4`) + (10 − 108) sin( (1 + 8)`)
− (2 + 28) sin( (3 + 8)`) + (4 − 48) sin( (2 + 28)`) + (2 + 28) sin( (1 + 38)`) − (2 − 28) sin( (3 + 38)`)
− 2 sin( (1 + 8) ( (3 + 8) − G)`) − (6 − 68) sin( (1 + 8) (G − 2)`) + (2 − 28) sin( (1 + 8) (G + 2)`) + 6 sin( (1 + 8) ( (−1 − 8) + G)`)
− 28 sin( (1 + 8) ( (−3 + 8) + G)`) − 48 sin( (1 + 8) (−28 + G)`) + 4 sin( (1 + 8) (28 + G)`) − (4 − 28) sin( (1 + 8) ( (1 + 8) + G)`)
− 2 sin( (1 + 8) ( (−1 + 38) + G)`) − (2 + 28) sin( (1 + 8) ( (−2 − 28) + G)`) + 28 sin( (1 + 8) ( (−1 − 38) + G)`) − 28 sin( ( (1 + 8) + 2G)`)
+ 28 sin( ( (1 + 38) + 2G)`) + 6 sin( (28 + (1 − 8)G)`) − (2 − 28) sin( (48 + (1 − 8)G)`) − 28 sin( ( (2 + 48) + (1 − 8)G)`)
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+ 2 sin(2(8G + 1)`) − 4 sin( (1 + 8) (8G + 2)`) + 8 sin( ( (1 − 8) + 28G)`) − 2 sin( ( (3 + 8) + 28G)`) + 2 sin( ( (1 − 38) + 28G)`)
− 2 sin( ( (3 − 38) + 28G)`) + sin( (1 + 8) ( (1 + 8)G + 1)`) − (2 − 48) sin( ( (1 + 8)G + 2)`) − 88 sin( ( (1 + 8) − 2G)`)
− 28 sin( ( (3 + 8) − 2G)`) + 28 sin( ( (3 + 38) − 2G)`) − 68 sin( (2 − (1 − 8)G)`) − (2 − 28) sin( (4 − (1 − 8)G)`) + 2 sin(2(1 − 8G)`)
+ 48 sin( (1 + 8) (2 − 8G)`) − 8 sin(2( (1 + 8) − 8G)`) + 2 sin(2( (2 + 8) − 8G)`) + 2 sin(2( (1 + 28) − 8G)`) + 2 sin( ( (1 − 8) − 28G)`)
− 2 sin( ( (3 − 8) − 28G)`) + 8 sin( ( (1 + 8) − 28G)`) + 2 sin( ( (1 + 38) − 28G)`) − 2 sin( ( (3 + 38) − 28G)`) + 68 sin( (2 − (1 + 8)G)`)
− (2 + 28) sin( (4 − (1 + 8)G)`) − (2 + 48) sin( (1 − 8)G` + 2`) + sin( (1 + 8) ( (1 + 8)G` + `)) + 88 sin( (2 + 28)` − 2G`)
− 28 sin( (4 + 28)` − 2G`) − 28 sin( (2 + 48)` − 2G`) − 16 sinh(2`) + 4 sinh(4`) + (10 − 108) sinh( (1 + 8)`)
− (2 + 28) sinh( (3 + 8)`) + (4 − 48) sinh( (2 + 28)`) + (2 + 28) sinh( (1 + 38)`) − (2 − 28) sinh( (3 + 38)`) − (6 − 68) sinh( (1 + 8) (G − 2)`)
+ (2 − 28) sinh( (1 + 8) (G + 2)`) + 2 sinh( (1 + 8) ( (−3 − 8) + G)`) + 28 sinh(2( (−2 − 8) + G)`) − 88 sinh(2( (−1 − 8) + G)`)
− 28 sinh( (1 + 8) ( (−3 + 8) + G)`) + 28 sinh(2( (−1 − 28) + G)`) + 28 sinh( (1 + 8) ( (−1 − 38) + G)`) + 2 sinh(2(8G + 1)`)
− 2 sinh( ( (3 + 8) + 28G)`) + 2 sinh( (1 + 8) ( (1 + 8)G + 1)`) − (2 − 48) sinh( ( (1 + 8)G + 2)`) + 2 sinh(2(1 − 8G)`)
− 8 sinh(2( (1 + 8) − 8G)`) + 2 sinh(2( (2 + 8) − 8G)`) + 2 sinh(2( (1 + 28) − 8G)`) + 8 sinh( ( (1 + 8) − 28G)`) + 2 sinh( ( (1 + 38) − 28G)`)
− 2 sinh( ( (3 + 38) − 28G)`))

with `4 = _. The adjoint of system of equations (4.24)-(4.26) is(
3�5

0

−10�3 �5

) (
[

Z

)
= _

(
8� 10�3

0 −24�

) (
[

Z

)
(4.27)

with

[ = [ ′′ = [ ′′′ = Z = Z ′ = Z ′′ = Z ′′′′ = 0 at G = 0, (4.28)

Z = Z ′′ + 2[ = Z ′′′′ − 4[ ′′ = 0 at G = 1 . (4.29)

The solutions are

[ (G)
= cos(2`G) + 2 cos((1 + 8)`G) + cosh(2`G) + 2 cosh((1 + 8)`G)

+ (2 − 28) (sin(`) − sinh(`)) (sin(`) sinh(2`) − sin(2`) sinh(`))(sin(2`) + sinh(2`)) (sin(`) cosh(`) − cos(`) sinh(`)) (sin((1 + 8)`G) + sinh((1 + 8)`G))

− (cos(2`) + cosh(2`) − 2)
sin(2`) + sinh(2`) (sin(2`G) + sinh(2`G)) − 6

Z (G)

=
1

`2

(
− cos(2`G) − 28 cos((1 + 8)`G) + cosh(2`G) + 28 cosh((1 + 8)`G)

+ (2 + 28) (sin(`) − sinh(`)) (sin(`) sinh(2`) − sin(2`) sinh(`))(sin(2`) + sinh(2`)) (sin(`) cosh(`) − cos(`) sinh(`)) (sinh((1 + 8)`G) − sin((1 + 8)`G))

+ (cos(2`) + cosh(2`) − 2)
sin(2`) + sinh(2`) (sin(2`G) − sinh(2`G))

)
.
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The bi-orthogonal set for {5} given by y = N)( is:

~ (G) = 24(1 + 8)`
(sin(2`) + sinh(2`)) (sin(`) cosh(`) − cos(`) sinh(`))

×
(
−(2 − 28) sin2 (`) sinh(2`) cos(`G) cosh(`G)

+ cos(`) sinh(`) (− sin(2`) (sin((1 + 8)`G) − (2 − 28) sin(2`G)) + (2 − 28) (cos(2`) − 2) cos(2`G)
+ sin(2`) (sinh((1 + 8)`G) − (2 − 28) sinh(2`G)) + sinh(2`) ((2 − 28) sin(2`G) − sin((1 + 8)`G)
−(2 − 28) sinh(2`G) + sinh((1 + 8)`G)) + (2 − 28) sin2 (`) cos((1 + 8)`G)
+(2 − 28) (cos(2`) − 2) cosh(2`G) + (2 − 28) cosh(2`) (cos(2`G)
+ cosh(2`G)) + (2 − 28) sin2 (`) cosh((1 + 8)`G)

)
+ sin(`) cosh(`) (sin(2`) (sin((1 + 8)`G) − (2 − 28) sin(2`G)) + (−2 + 28) (cos(2`) − 2) cos(2`G)
+ sinh(2`) (−(2 − 28) sin(2`G) + sin((1 + 8)`G) + (2 − 28) sinh(2`G) − sinh((1 + 8)`G))
− sin(2`) (sinh((1 + 8)`G) − (2 − 28) sinh(2`G)) − (2 − 28) (cos(2`) − 2) cosh(2`G)
−(2 − 28) cosh(2`) (cos(2`G) + cosh(2`G)) + (4 − 48) sinh2 (`) cos(`G) cosh(`G)

)
+(−2 + 28) sin(2`) sinh2 (`) cos(`G) cosh(`G)

)
I (G) = − 48

`

(
sin(2`G) + (−1 + 8) sin((1 + 8)`G) + sinh(2`G) − (1 − 8) sinh((1 + 8)`G)

+ (cos(2`) + cosh(2`) − 2)
sin(2`) + sinh(2`) (cos(2`G) − cosh(2`G))

+28 (sin(`) − sinh(`)) (sin(`) sinh(2`) − sin(2`) sinh(`))(sin(2`) + sinh(2`)) (sin(`) cosh(`) − cos(`) sinh(`)) (cosh((1 + 8)`G) − cos((1 + 8)`G))
)
.

4.3 Results of Inverse Sturm–Liouville problems

Here we present some numerical examples of direct and inverse SLPs of orders

2 and 4.

Algorithm 2 was implemented using MATLAB (2014) [76]. The reference

solutions of the EVPs are computed using Wolfram Mathematica 11 [75].

For the numerical calculations, = is the number of subdivisions in the interval

[0, 1], < is the number of subdivisions in the interval [_0, _∗]; _∗ being the

maximum eigenvalue searching, ! is the number of multisection steps used to

calculate each eigenvalue in the characteristic function and " is the number of

inverse algorithm steps.

Error values are stated using max-norm which is de�ned as | |x| |∞ := max= ( |G= |).
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4.3.1 Inverse SLP of order 2

I Example 4.1 (Symmetric potential). Consider the EVP

D ′′ + (_ − @(G))D = 0, G ∈ (0, 1)

Suppose @(G) = cos(cG), which is symmetric and normalized. The truncated

eigenvalue sequences at # = 10, for Dirichlet boundary conditions (DDBCs):

D (0) = D (1) = 0 and Dirichlet- Neumann boundary conditions (DNBCs): { ′(0) =
{ (1) = 0 are calculated using Magnus method (using a tolerance 14 − 13), and

combined into {â=}2#1 . This will be the input to the algorithm. Now using an

intial guess, say @ = 0, the eigenvalue sequences for DDBCs and DNBCs are

calculated again using Magnus method and the sequence

{
a
(0)
=

}
2#

1

is constructed.

Then @ is updated using the equations, (4.5) and (4.4). Again this cycle repeats.

Iteration stops when the desired accuracy is reached. Figures 4.1 and 4.2

Figure 4.1: Exact and reconstructed potentials @(G) = cos(cG) and @(G) = G − 0.5.

show the exact, and reconstructed potential @ and the log absolute errors in

the reconstructed potential and the eigenvalue sequences, respectively. The

supremum norm di�erence between the reconstructed @ and the actual @ is

8.2294540255212214 − 05. It is clear that the error is larger at the end-points than

in the middle. In the mid-point @(G) is 0 and from equation (4.15), this implies

a minimum error, see Figure 4.2(a). The supremum norm di�erence between

the reconstructed eigenvalues and the actual ones is 1.3026010492467324 − 07.

Also after about 15 iterations the di�erences in the two sets of eigenvalues are
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(a) (b)

Figure 4.2: (a) Log absolute error in the reconstructed @, and (b) log absolute error sum

of the di�erence of the eigenvalue sequences {â=} and {a (:−1)= } for reconstructing the

potentials @(G) = cos(cG) (blue) and @(G) = G − 0.5 (red).

not improving, just oscillating, implying that more iterations may try to over�t

(Figure 4.2(b)).

When the number of eigenvalues increase the error also increases, due to

the errors in approximating higher index eigenvalues (see Figure 4.3). This

veri�es Aceto et al. [3]’s claim that the �rst eigenvalues are the most important

for the reconstruction of @, so the required set should be restricted to the �rst few

eigenvalues. Also, after about 6 iterations, the error does not improves, and even

increases for some values of # . So it’s advisable to stop the iteration procedure

by checking the error. J

I Example 4.2 (Non-symmetric potential). For a second example, consider

@(G) = G − 0.5, which is non-symmetric but normalized. Figures 4.1 and 4.2

show the exact, and reconstructed potential @ and the log absolute errors in the

reconstructed potential and the reconstructed eigenvalue sequence, respectively.

The supremum norm di�erence between the reconstructed @ and the actual @ is

0.016647548176497. Although not as good as for the symmetric potential this

can be improved if the exact eigenvalues for the exact potential (here we are

calculating them using the Magnus method) are known. The supremum norm

di�erence between the reconstructed eigenvalues sequence and the actual ones
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Figure 4.3: Sum of the absolute errors in the reconstructed eigenvalues:

∑ |a�G02C −
a�0;2D;0C43 | using Magnus method vs. the iteration number, using eigenvalue sets of

sizes # = 1, . . . , 10, 20, 50, 100 for reconstructing the potential @(G) = cos(cG).

is 0.004796140075996. Similar to previous example, the error is larger at the

end-points than in the middle (Figure 4.2(a)). J

I Example 4.3 (Inverse SLP in a di�erent domain). This example extends

Barcilon’s algorithm in [17] by changing the domain [0, 1] to [0, c]:

D ′′ + (_ − cos(G))D = 0, G ∈ (0, c)

Here ? (G) is symmetric and normalized. In Algorithm 2, |
(0)
= (G) and l

(0)
= (G)

need to be changed into

{
|
(0)
=

}∞
1

= {cos(=G) − cos(=c)}∞
1

,

{
l
(0)
=

}∞
1

= {sin(=G)}∞
1

which are the basic solutions in the new domain. The truncated eigenvalue se-

quences at # = 6, for Dirichlet boundary conditions (DDBCs) and Dirichlet–

Neumann boundary conditions (DNBCs) are calculated using the Magnus method

(with< = 20, = = 20, ! = 15) and " = 10 inverse algorithm steps are used.

Figure 4.4 shows the reconstructed and exact potential, and the log absolute

errors in the reconstructed potential, respectively. From Figure 4.4(a), it is

obvious that the potential is converging towards the exact one. The max-norm
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(a) (b)

Figure 4.4: (a) Iteratively reconstructed potential (green dashed line) and exact potential

(blue solid line) ? (G) = cos(G) (b) Log absolute error in the reconstructed ? .

of di�erence between the reconstructed ? and the actual ? is ≈ 3.35 × 10
−3

and the max-norm of di�erence between the reconstructed eigenvalues and the

actual ones is ≈ 1.62 × 10−3.
Figure 4.5 shows reconstructed ? starting with perturbed eigenvalues

fX
:
= f: + X · f: · rand(size(f: )), : = 1, . . . , 2#

where X is the noise level and # = 5,< = 20, = = 100, ! = 5, " = 6.

(a) (b)

Figure 4.5: Reconstructed potential (blue) and exact potential (red) ? (G) = cos(G) (a)

X = 0.1 (b) X = 0.05.
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It is obvious that reconstruction is possible even in the presence of a signi�cant

noise. J

I Example 4.4 (Inverse SLP with a non-smooth potential). This example

extends Barcilon’s algorithm [17] by reconstructing a non-smooth potential:

D ′′ + (_ − ? (G))D = 0, G ∈ (0, 2)

with ? (G) = |1 − G | − 0.5: symmetric and normalized, but non-smooth. The

truncated eigenvalue sequences at # = 4, for DDBCs and DNBCs are calculated

using the Magnus method (with < = 10, = = 100, ! = 5), and used in the

reconstruction of the potential.

(a) (b)

Figure 4.6: (a) Reconstructed potential (blue) and exact potential (red) ? (G) = |1−G |−0.5
(b) Log absolute error in the reconstructed ? .

Figure 4.6 shows the reconstructed and exact potential, and the log absolute

errors in the reconstructed potential, respectively, using one inverse algorithm

step. From Figure 4.6(a), it is obvious that the potential is converging towards

the exact one. The max-norm of di�erence between the reconstructed ? and

the actual ? is ≈ 1.13 × 10
−1

and the max-norm of di�erence between the

reconstructed eigenvalues and the actual ones is ≈ 3.15× 101. As anticipated, the

error is maximum at the point of non-di�erentiability and at the boundaries. J
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4.3.2 Inverse FSLP

I Example 4.5 (FSLP). Consider

~ (4) − (?1~ ′) ′ + ?2~ = _~, 0 < G < c

with ?1 ≡ 0 and ?2(G) = c/2−G . Using the three spectra corresponding to the sets

of BCs: {~ (0) = ~ ′′(0) = ~ (1) = ~ ′′(1) = 0}, {~ (0) = ~ ′(0) = ~ (1) = ~ ′′(1) = 0}
and {~ ′(0) = ~ ′′(0) = ~ (1) = ~ ′′(1) = 0} two potential functions ?1, ?2 are

reconstructed starting with zero initial guesses and # = 4,< = 20, = = 100, ! = 5,

" = 6 (Figure 4.7). The max-norm of di�erence between the reconstructed ?2
and actual ?2 is ≈ 3.5 × 10

−1
and the max-norm of di�erence between the

reconstructed eigenvalues and the actual ones is ≈ 2.1 × 10−1.

(a) (b)

Figure 4.7: (a) Reconstructed potential (blue) and exact potential (red) ?2 (G) = c/2 − G
(b) Log absolute error in the reconstructed ?2.

J

I Example 4.6 (FSLP). Consider

~ (4) − (?1~ ′) ′ + ?2~ = _~, 0 < G < c

with ?1(G) = |G − c/2| − c/4 and ?2 ≡ 0. Using the three spectra corresponding

to the sets of BCs: ~ (0) = ~ ′′(0) = ~ (1) = ~ ′′(1) = 0, ~ (0) = ~ ′(0) = ~ (1) =
~ ′′(1) = 0 and ~ ′(0) = ~ ′′(0) = ~ (1) = ~ ′′(1) = 0 two potential functions ?1,

?2 are reconstructed starting with zero initial guesses and # = 4,< = 20, = =

100, ! = 15, " = 6 (Figure 4.8). The max-norm of di�erence between the
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reconstructed ?1 and the actual ?1 is ≈ 1.4×10−1 and the max-norm of di�erence

between the reconstructed eigenvalues and the actual ones is ≈ 7.5 × 10−1. J

(a) (b)

Figure 4.8: (a) Reconstructed potential (blue) and exact potential (red) ?1 (G) = |G −
c/2| − c/4 (b) Log absolute error in the reconstructed ?1.

4.4 Discussion

Here, the inverse SLP is solved with smooth and non-smooth potential, even in

the presence of noise. It is observed that the method is successful even in the

presence of signi�cant noise, provided that the assumptions of the algorithm is

satis�ed.

Last few examples solve the inverse FSLP using the Barcilon’s algorithm with

the initial knowledge of three spectra. A simpli�ed FSLP is solved keeping one

of the unknown potential functions zero.

According to Andrew [9] there are three major sources of error with the

inverse problem:

E4: attempting to compute @ using only a �nite (and often quite small) num-

ber of eigenvalues although the complete in�nite set is required for the

determination of @,

E5: only approximations of the eigenvalues are available and errors in the given

eigenvalues may be especially serious for higher eigenvalues,
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E6: all errors in the numerical solution of the direct problem cause errors in the

solution of the inverse problem.

The last one is the only error source which is a�ected by the choice of numerical

method and which can be reduced by using a high accuracy method such as

Magnus.
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There are several places where approximation errors occur in the Magnus method.

For the direct problem, they are (see Section 3.2.5 also):

E1: truncation of the Magnus series

E2: calculation of multivariate integrals

E3: computing the matrix exponent

and in the case of the inverse problem (see also section 4.4):

E4: using a �nite number of eigenvalues

E5: using approximate eigenvalues

E6: errors in the direct problem

E7: computing the explicit form of @ by an interpolation method

E8: approximating derivatives and integrals using numerical methods

so that the accumulated error would be high for the direct and inverse SLPs. For

the direct SLP, we can address the error E1, by using a higher order Magnus

method, error E2, by using higher order quadrature methods, and E3 by using a

more accurate method from the methods proposed by Moler and Van Loan [85].

For the inverse SLP, the error E4 is no longer a problem as Aceto et al. [3] argues,

that the �rst eigenvalues are the most important for the reconstruction of the

unknown potential. And the errors E5, and E6 can be also reduced by reducing

the errors in the direct problem (E1, E2, and E3). E8 can be eliminated by using

exact derivatives and integrals when possible. So it turn outs that the error in

the inverse problem solely depends on the errors in the direct problem and the

error E7 (interpolating @ from a set of points).

By construction, Magnus method leads to a global error of order O(ℎ?) if a

?th-order Magnus method is applied, yet it turns out that the error also depends
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on the magnitude of the eigenvalue. Speci�cally, the error in a ?th-order method

grows as O(ℎ?+1_?/2−1), and thus one expects poor approximations for larger

eigenvalues [20]. This method has the disadvantage that the cost of integration,

while increasing very slowly as a function of _, will be O
((

2=

=

)
2

)
for a problem

arising from a 2=th order Sturm–Liouville problem [55].

It is clear, the Magnus method is able to deal with general kind of boundary

conditions, since the boundary conditions are presented in a matrix form. Here,

it is shown that the proposed technique has the ability to solve regular and some

singular Sturm–Liouville problems of any even order, e�ciently. By Ledoux

et al. [60] a modi�ed Magnus method can be used with Lobatto points to improve

the error. Although in theory, this method can be used for solving higher order

SLPs, for it to be e�ective in practise, the various errors in the approximation

steps, should be addressed adequately.

More than 40 years after Barcilon’s paper [17], this work gives a concrete

implementation of the inverse SLP algorithm proposed therein, to our knowledge

for the �rst time. Furthermore, computational feasibility and applicability of this

algorithm for solving inverse SLPs of higher order is veri�ed successfully in this

paper (for = = 2 and = = 4).

The Magnus method was tested with �nite interval SLPs of even orders (upto

8) along with regular and a �nite singular endpoint BC, and in�nite intervals.

Good accuracy with regard to �rst few eigenvalues is obtained. It is an open

problem whether this method can be extend to solve other types of EVPs such as:

di�erent �nite singular endpoints, and multiple eigenvalues. In a future work, it

is possible to extend the results to solve even higher order SLPs.

In a future work, the algorithm for inverse SLP may be modi�ed to include

general �nite interval problems (i.e. problems in the domain (0, 1)): for di�erent

sets of BCs (provided the spectra are interlaced), in�nite BCs, and di�erent

classes of potential functions, such as: non-smooth, discontinuous, oscillating,

etc. Also a more suitable interpolation method for reconstructing @ may be

examine.

In conclusion, this work provides a method that can be adapted successfully

for solving a direct (regular/singular) or inverse SLP of an arbitrary order with

arbitrary BCs.
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I Example A.1 (Multi-section method). Figure A.1 compares the log errors

for the bisection and multisection methods for approximating the root of 5 (G) =
G3 −G − 2 in the interval [1, 2] using< = 3, 10, 100 subdivisions. Even after more

than 20 iterations, bisection method reports an error of 1.5� − 08 where as after

only 7 iterations multisection method with< = 100 reached an error 4.5� − 14.

Even< = 3 multisection method converged within 19 iterations to the same

accuracy. Obviously, the computation time increases and error decreases with

the number of steps< and tolerance (Figure A.2). J

Figure A.1: Log errors for the bisection (< = 2) and multisection method for approxi-

mating the root of 5 (G) = G3−G−2 in the interval [1, 2] using< = 3, 10, 100 subdivisions.

Table A.1, shows the Pro�le summary of the Matlab implementation of Magnus

method. It can be seen that the most time spent on calculating S , and most

function calls are for the functions �, ?,|, and @ (which are the coe�cients

matrix and the coe�cients of the equation, respectively). The most self time

is utilized by the function � . Also, problem (B) requires more computational

87



Chapter A Appendix

time than for problem (A) with other factors remaining �xed, as the latter have

a constant � matrix.

(a) (b)

Figure A.2: (a) Time and (b) log absolute error for the multisection method for ap-

proximating the root of 5 (G) = G3 − G − 2 in the interval [1, 2] using < = 2, . . . , 200

subdivisions with tolerance in {14 − 4, . . . , 14 − 8}.
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Table A.1: Pro�le summary of the slp function generated by Matlab with< = 10,= = 10,

! = 5 for �nding the eigenvalue in the (A) interval [0, 10] for~ ′′+_~ = 0, ~ (0) = ~ (1) = 0

and (B) interval [0, 2] for ~ ′′ + (G + 0.1)−2~ = _~,~ (0) = ~ (c) = 0. *Self time is the time

spent in a function excluding the time spent in its child functions. Self time also includes

overhead resulting from the process of pro�ling. All time values are in seconds.

Function Name Calls

Total Time Self Time*

A B A B

slp 1 2.442 s 2.461 s 0.028 s 0.031 s

Omega 660 2.323 s 2.292 s 0.024 s 0.030 s

R3 660 2.163 s 2.200 s 0.056 s 0.032 s

G 44880 1.454 s 1.480 s 0.948 s 1.014 s

R2 1320 1.336 s 1.404 s 0.040 s 0.063 s

R1 3960 1.114 s 1.307 s 0.096 s 0.095 s

Q2 9240 0.843 s 0.900 s 0.140 s 0.124 s

Q3 4620 0.736 s 0.548 s 0.096 s 0.078 s

G2 17160 0.711 s 0.653 s 0.140 s 0.110 s

G1 13860 0.602 s 0.516 s 0.104 s 0.078 s

Q1 12540 0.527 s 0.623 s 0.076 s 0.048 s

G3 13860 0.481 s 0.654 s 0.096 s 0.156 s

p 44880 0.216 s 0.171 s 0.216 s 0.171 s

w 44880 0.180 s 0.141 s 0.180 s 0.141 s

q 44880 0.110 s 0.155 s 0.110 s 0.155 s

expm 660 0.091 s 0.139 s 0.008 s 0.031 s

expm>PadeApproximantOfDegree 660 0.067 s 0.108 s 0.067 s 0.092 s

expm>expmchk 660 0.016 s 0.000 s 0.016 s 0.000 s

expm>getPadeCoefficients 660 0.000 s 0.016 s 0.000 s 0.016 s
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B Appendix: Important Coding

Listing B.1: Multisection method

1 function y=multisection(f,a,b,tol,m)
2 %% Multisection method for finding a root in an interval
3 % Input:
4 %_f_ (function handle)
5 %_a_ (double) left end point of the interval
6 %_b_ (double) right end point of the interval
7 %_tol_ (double) tolerance
8 %_m_ (integer) # maximum iterations
9 % Output:

10 %_y_ (double) approximate root of $f$ in the interval [a, b] with a
tolerance of 'tol'

11 % and maximum number of iterations m
12 % Author: Upeksha Perera (April 2019)
13 % Supplementary Material for the article titled
14 % Solutions of Direct and Inverse Even-order Sturm-Liouville problems using

Magnus expansion
15 % by Upeksha Perera and Christine Bockmann
16 % Correspondence: upeksha@kln.ac.lk; Department of Mathematics, University

of Kelaniya, 11600 Kelaniya, Sri Lanka;
17 % Current address: Institut fur Mathematik, Universitat Potsdam, 14476

Potsdam, Germany; bodhiyabadug@uni−potsdam.de
18 %%%%%%%%%%%%%%%%%%%%%%%%%%%%
19 % % USAGE:
20 % % Example: Finding the root in the interval [1,2] for the function $

f=x^3−x−2$
21 % % with a tolerance 1e−7 and maximum of 10 iterations
22 % % a=1;b=2;
23 % % f=@(x) x.^3−x−2;
24 % % tol=1e−7;
25 % % m=10;
26 % % y=multisection(f,a,b,tol,m)
27 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
28

29 h=(b−a)/m; % step −size
30 x=a:h:b; % sequence of numbers: x1=a , x2=a+h , ... , xm=b
31
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32 values=zeros(1,m); % store function values at each subdivision point
33

34 err = 1;
35 while err > tol
36 for k=1:m+1
37 values(k)=f(x(k)); % calculate function value at each point k
38 end
39

40 scinter = find(diff(sign(values))); % find the sign changing position of
f

41

42 % reset the right and left end points to bracket the sign changing
position

43 b=x(scinter(1)+1);
44 a=x(scinter(1));
45

46 % redefine the step size
47 h=(b−a)/m;
48

49 % refine the root interval
50 x=a:h:b;
51

52 err=abs(f(x));
53 end % end of while loop (multisection)
54 y=(a+b)/2; % approximate root

Listing B.2: Magnus method

1 function ev=magnus_slp(a,b,lambda0,lambdaS,p,q,w,m,n,LM,A1,A2,B1,B2)
2

3 %% Magnus method for Sturm−Liouville problems of the form
4 % $$ (p(x)y')'+q(x)y=\lambda w(x) y $$
5 % Input:
6 %_a_ (double) left end point of the x−domain
7 %_b_ (double) right end point of the x−domain
8 %_lambdaS_ (double) right end of eigenvalue interval
9 %_lambda0_ (double) left end of eigenvalue interval

10 %_q_ (function) coefficient of y
11 %_p_ (function) coefficient of y''
12 %_w_ (function) coefficient of lambda y term
13 %_m_ (integer) # divisions for the eigenvalue interval
14 %_n_ (integer) # divisions for the [a,b]
15 %_LM_ (integer) # multisection iteration steps
16 %_A1_ (0 or 1) coefficient of boundary condition y(a)
17 %_A2_ (0 or 1) coefficient of boundary condition y'(a)
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18 %_B1_ (0 or 1) coefficient of boundary condition y(b)
19 %_B2_ (0 or 1) coefficient of boundary condition y'(b)
20 %% note that A1,A2,B1,B2 selected such that
21 % A1*A2'=A2*A1', B1*B2'=B2*B1' and (A1,A2) and (B1,B2) have rank 1
22 % Output:
23 %_ev_ (double) approximate eigenvalue in the interval [lambda0, lambdaS]
24 % Author: Upeksha Perera (April 2019)
25 % Supplementary Material for the article titled
26 % Solutions of Direct and Inverse Even-order Sturm-Liouville problems using

Magnus expansion
27 % by Upeksha Perera and Christine Bockmann
28 % Correspondence: upeksha@kln.ac.lk; Department of Mathematics, University

of Kelaniya, 11600 Kelaniya, Sri Lanka;
29 % Current address: Institut fur Mathematik, Universitat Potsdam, 14476

Potsdam, Germany; bodhiyabadug@uni−potsdam.de
30 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
31 % % USAGE:
32 % % Example 1: Finding the eigenvalue in the interval [0, 10] for the

problem
33 % % y''+lambda y=0, y(0)=y(1)=0
34 %
35 % % a=0; b=1;
36 % % lambda0=0; lambdaS=10;
37 % % q=@(x) 0;
38 % % p=@(x) 1;
39 % % w=@(x) 1;
40 % % m=100; n=100;
41 % % LM=5;
42 % % A1=1; A2=0;
43 % % B1=1; B2=0;
44 % % ev=magnus_slp(a,b,lambda0,lambdaS,p,q,w,m,n,LM,A1,A2,B1,B2);
45

46 % % Example 2: Paine problem 2 in Pryce [1993] from Paine et al. [1981].
47 % % y''+1/(x+0.1)^2 y=lambda y, y(0)=y(pi)=0
48 % a=0; b=pi;
49 % lambda0=0; lambdaS=2;
50 % q=@(x) 1./(x+0.1).^2;
51 % p=@(x) −1;
52 % w=@(x) 1;
53 % m=10; n=10; L=5;
54 % A1=1; A2=0;
55 % B1=1; B2=0;
56 % ev=magnus_slp(a,b,lambda0,lambdaS,p,q,w,m,n,L,A1,A2,B1,B2)
57 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
58
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59 h1=(lambdaS−lambda0)/m; % step−size of eigenvalue interval
60 lambda=lambda0:h1:lambdaS; % sequence of numbers: lambda0, lambda1, ... ,

lambdaS
61 h=(b−a)/n; % step−size for the domain
62 x=a:h:b; % sequence of numbers a=x0, x1, ..., xn=b
63

64 Y=eye(2); % initial value of Y(0)
65

66 A=[A1,A2; 0 0];
67 B=[0 0;B1,B2];
68

69 G=@(x,lambda)[0 1./p(x) ; lambda.*w(x)−q(x) 0]; % matrix G
70

71 c1=1/2−sqrt(15)/10; % Gaussian point c1
72 c3=1/2+sqrt(15)/10; % Gaussian point c3
73

74 G1=@(x,lambda) G(x+c1.*h,lambda); % G(c1*h)
75 G2=@(x,lambda) G(x+h/2,lambda); % G(c2*h), c2=1/2
76 G3=@(x,lambda) G(x+c3.*h,lambda); % G(c3*h)
77

78 Q1=@(x,lambda) h.*G2(x,lambda); % Q1=h*G(c1*h)
79 Q2=@(x,lambda) (sqrt(15)*h/3).*(G3(x,lambda)−G1(x,lambda));
80 Q3=@(x,lambda) (10*h/3).*(G3(x,lambda)−2*G2(x,lambda)+G1(x,lambda));
81

82 R1=@(x,lambda)Q1(x,lambda)*Q2(x,lambda)−Q2(x,lambda)*Q1(x,lambda);
83 % R1=[Q1,Q2]=Q1*Q2−Q2*Q1
84

85 R2=@(x,lambda) Q1(x,lambda)*(2.*Q3(x,lambda)+R1(x,lambda)) ...
86 −(2.*Q3(x,lambda)+R1(x,lambda))*Q1(x,lambda); % R2=[Q1,2Q3+R1]
87

88 R3=@(x,lambda)(−20*Q1(x,lambda)−Q3(x,lambda)+R1(x,lambda))*(Q2(x,lambda) ...
89 −R2(x,lambda)./60)−(Q2(x,lambda)−R2(x,lambda)./60)*(−20*Q1(x,lambda) ...
90 −Q3(x,lambda)+R1(x,lambda));
91

92 sigma=@(x,lambda) Q1(x,lambda)+Q3(x,lambda)./12+R3(x,lambda)./240;
93

94 %%%%%%%%%%%% the multisection method starts %%%%%%%%%
95 L=0;
96 while L<LM % # multisection steps
97 for k=1:m+1
98 Y=eye(2);
99 for j=1:n

100 Y=expm(sigma(x(j),lambda(k)))*Y; % Calculate Y(b) iteratively
101 end
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102 F(k)=det(A+B*Y); % calculate characteristic function at each point
k

103 end
104 plot(F)
105

106 scinter = find(diff(sign(F))); % find the sign changing position of F
107

108 % reset the right and left end points to bracket the sign changing
position

109 lambdaS=lambda(scinter(1)+1);
110 lambda0=lambda(scinter(1));
111

112 % redefine the step size
113 h1=(lambdaS−lambda0)/m;
114

115 % refine the possible lambda values
116 lambda=lambda0:h1:lambdaS;
117

118 L=L+1; % increase the multisection counter
119 end % end of while loop (multisection)
120 %%%%%%%%%%%%%%%%% end of multisection method %%%%%%%%%%
121

122 ev=(lambda0+lambdaS)/2; % approximate eigenvalue

Listing B.3: Inverse SLP algorithm

1 function [q0,nu0]=inverse_slp(a,b,m,n,L,LL,nue,lambda0,lambdaS,M1,A11, A21,
B11,B21,A12 ,A22, B12, B22)

2 %% Barcilon's inverse SLP method using Magnus method for Sturm−Liouville
problems of the form

3 % as described in the paper:
4 % Iterative solution of the inverse Sturm−−Liouville problem
5 % Journal of Mathematical Physics 15, 429 (1974); https://doi.org

/10.1063/1.1666664
6 % Victor Barcilon
7 % $$ (p(x)y')'+q(x)y=\lambda w(x) y $$
8 % p=w=1 and sets of BCs: y(0)=y(1)=0 and y'(0)=y(1)=0
9 %% Input:

10 %_a_ (double) left end point of the x−domain
11 %_b_ (double) right end point of the x−domain
12 %_lambdaS_ (double) right end of eigenvalue interval
13 %_lambda0_ (double) left end of eigenvalue interval
14 %_m_ (integer) # divisions for the eigenvalue interval
15 %_n_ (integer) # divisions for the [a,b]
16 %_L_ (integer) # multisection iteration steps
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17 %_LL_ (integer) # length of exact eigenvalue sequence
18 %_M1_ (integer) # inverses iteration steps
19 %_nue_ (array) # exact eigenvalue sequence
20 %% Output:
21 %_q0_ (function) reconstructed potential
22 %_nu0_ (array) reconstructed eigenvalue sequence
23 % Author: Upeksha Perera (April 2019)
24 % Supplementary Material for the article titled
25 % Solutions of Direct and Inverse Even-order Sturm-Liouville problems using

Magnus expansion
26 % by Upeksha Perera and Christine Bockmann
27 % Correspondence: upeksha@kln.ac.lk; Department of Mathematics, University

of Kelaniya, 11600 Kelaniya, Sri Lanka;
28 % Current address: Institut fur Mathematik, Universitat Potsdam, 14476

Potsdam, Germany; bodhiyabadug@uni−potsdam.de
29 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
30 %% USAGE:
31 % % Example: Reconstructing the potential for the problem
32 % % −y''+cos(t)*y=lambda y,
33 % % given the corresponding eigenvalue sequences for y(0)=y(1)=0 and y'(0)=y

(1)=0
34 % %
35 % a=0; b=pi; % end points
36 % lambda0=0; lambdaS=20; % eigenvalue search interval
37 % m=10;n=10; L=2; % parameters for magnus method
38 % A11=1; A21= 0; B11=1 ; B21=0 ; % first set of BCs
39 % A12=0 ; A22= 1; B12= 1 ; B22=0; % second set of BCs
40 % q0e=@(t) cos(t); % exact potential
41 % p=@(t) −ones(size(t)); w0=@(t) ones(size(t)); % these two coefficients are

fixed
42 % M1=2; % number of inverse algorithm steps
43

44 % lambdae=magnus_slp(a,b,lambda0,lambdaS,p,q0e,w0,m,n,L,A11,A21,B11,B21);
45 % mue=magnus_slp(a,b,lambda0,lambdaS,p,q0e,w0,m,n,L,A12,A22,B12,B22);
46 % LL=min([length(lambdae),length(mue)]);
47 % for k=1:LL % interlacing
48 % nue(2*k−1,:)=4*mue(k);
49 % nue(2*k,:)=4*lambdae(k);
50 % end
51 % % nue: exact eigenvalues
52 %
53 % [q0,nu0]=inverse_slp(a,b,m,n,L,LL,nue,lambda0,lambdaS,M1,A11, A21, B11,B21

,A12 ,A22, B12, B22);
54 %% %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
55 A11=1; A21= 0; B11=1 ; B21=0 ; % first set of BCs
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56 A12=0 ; A22= 1; B12= 1 ; B22=0; % second set of BCs
57

58 x=linspace(a,b,n); % partitioning x−domain
59 sum1=zeros(M1,length(x)); % store the error terms
60

61 %% constructing w and omega for q=0
62 for k=1:2*lambdaS
63 cc1=sqrt(2/(3*b));
64 w(k,:)=(cos(k.*x*pi/b)−cos(k*pi))*cc1;
65 dw(k,:)=−(k*pi/b)*sin(k.*x*pi/b)*cc1;
66

67 cc2=sqrt(2/b);
68 omega(k,:)=sin(k.*x*pi/b)*cc2;
69 domega(k,:)=(k*pi/b)*cos(k.*x*pi/b)*cc2;
70

71 int1(k)=−sqrt(2*b/3)*cos(k*pi);
72 int2(k)=k*pi/(b*sqrt(3));
73 c(k)=int1(k)./int2(k);
74 dw1(k,:)=c(k)*domega(k,:);
75 end
76

77 p=@(t) −ones(size(t)); w0=@(t) ones(size(t)); % these two coefficients are
fixed

78 q0=@(t) zeros(size(t));% initial guess
79

80 lambda=magnus_slp(a,b,lambda0,lambdaS,p,q0,w0,m,n,L,A11,A21,B11,B21);
81 mu=magnus_slp(a,b,lambda0,lambdaS,p,q0,w0,m,n,L,A12,A22,B12,B22);
82

83 for k=1:LL % interlacing
84 nu0(2*k−1,:)=4*mu(k);
85 nu0(2*k,:)=4*lambda(k);
86 end
87 % nu0: approximate eigenvalues
88 %%
89 for M=1:M1 % iteration loop
90

91 for kk=1:LL
92 sum1(M,:)=sum1(M,:)+dw1(kk,:).*(nue(kk)−nu0(kk));
93 end
94 sum1(M,:)=0.25*sum1(M,:);
95

96 Q0=q0(x)+sum1(M,:); % updating q
97 pp=griddedInterpolant(x',Q0','pchip'); % getting the functional form of

q
98 q0=@(t) pp(t);

97



99

100 % calculating new eigenvalues using updated q
101 lambda=[]; mu=[]; nu0=[];
102 lambda=magnus_slp(a,b,lambda0,lambdaS,p,q0,w0,m,n,L,A11,A21,B11,B21);
103 mu=magnus_slp(a,b,lambda0,lambdaS,p,q0,w0,m,n,L,A12,A22,B12,B22);
104 for k=1:LL % interlacing
105 nu0(2*k−1,:)=4*mu(k);
106 nu0(2*k,:)=4*lambda(k);
107 end
108 end
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