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Abstract

We study travelling chimera states in a ring of nonlocally coupled
heterogeneous (with Lorentzian distribution of natural frequencies) phase
oscillators. These states are coherence-incoherence patterns moving in the
lateral direction because of the broken reflection symmetry of the coupling
topology. To explain the results of direct numerical simulations we consider
the continuum limit of the system. In this case travelling chimera states
correspond to smooth travelling wave solutions of some integro-differential
equation, called the Ott—Antonsen equation, which describes the long time
coarse-grained dynamics of the oscillators. Using the Lyapunov—Schmidt
reduction technique we suggest a numerical approach for the continuation of
these travelling waves. Moreover, we perform their linear stability analysis
and show that travelling chimera states can lose their stability via fold and
Hopf bifurcations. Some of the Hopf bifurcations turn out to be supercritical
resulting in the observation of modulated travelling chimera states.
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1. Introduction and main results

Many living systems, including neurons, cardiac pacemaker cells, and fireflies are capable to
produce rhythmic outputs and thus behave as self-sustained oscillators [1]. If such systems
are coupled together, their rhythms start to interact with each other leading to the appearance
of spatiotemporal patterns with different degree of synchrony between the interacting units.
These patterns of synchrony often are relevant to certain physiological states of an organ-
ism or perform specific functions in the population evolution. For example, it is known that
some neurological diseases (e.g. Parkinson’s disease or epileptic seizures) are characterized
by pathologically strong synchronization of neural activity [2, 3]. On the other hand, it is also
known that the information in the mammalian’s working memory is encoded by spatially
localized patches of neural activity, called bump states [4]. These and many other synchroni-
zation phenomena found in physics, chemistry and biology [1, 5-7] were the motivation for
the development of mathematical theory dealing with synchronization transitions on networks
[8, 9] and pattern formation in oscillatory media [10-13].

One of the most spectacular phenomena studied intensively for oscillatory networks in
recent time, are so-called chimera states, or patterns of coexisting coherence and incoherence
[14, 15]. These patterns are interesting, because they appear as a result of spontaneous sym-
metry breaking in homogeneous and hence highly symmetric networks. On the other hand,
chimera states have many remarkable dynamical features, e.g. random wandering in space or
sudden collapse, analogous to those of more complicated real-world phenomena such as bump
states in networks of spiking neurons [16] or epileptic seizures [17]. For realistic oscillators,
e.g. oscillators with a two- or higher-dimensional individual dynamics, chimera states usually
are investigated by means of direct numerical simulations, see [11, 13] and references therein,
with application of different statistical measures [18, 19]. Much deeper analysis, including
rigorous stability analysis and continuation techniques, is possible if the high-dimensional
oscillator’s dynamics can be reduced to a one-dimensional phase model [6, 20-22]. The
resulting phase model may be a very rough approximation of the original model, but in many
cases it gives a good qualitative insight into the mechanism of the underlying synchronization
phenomenon. In particular, in the continuum limit of infinitely many phase oscillators many
chimera states have a relatively simple mathematical representation allowing their detailed
bifurcation analysis [12, 23].

In this paper we consider the prototype model of chimera states suggested in [24]. This
model describes the dynamics of a heterogeneous network of nonlocally coupled phase oscil-
lators. The state of each oscillator is represented by its phase 6;(¢) € R, which evolves accord-
ing to the equation

do & 2k —j
d7k = wp — ;EG (77(1\,’)) sin(6k (1) — 0(1) + ). (1)

The natural frequencies wy are randomly and independently drawn from the Lorentzian

distribution

|
w)=———=

g’Y( ) T wz + ’)’2

with the width v > 0. The interaction between phases is described by the Kuramoto—Sakaguchi
sinusoidal function with the phase lag parameter « € (—m/2,7/2). The coupling func-
tion G(x) is supposed to be a non-constant piecewise continuous 27-periodic function. This

612



Nonlinearity 33 (2020) 611 O E Omel'chenko

implies that the coupling strength between the kth and the jth oscillators depends nontrivially
on the distance between them and the system is periodic with respect to the oscillator indices.

In [24] it was shown that for a symmetric coupling function G, i.e. for a function G such
that G(—x) = G(x), the model (1) supports stationary chimera states, figure 1(a). The posi-
tion of such a chimera state is pre-determined by initial condition and remains fixed in time.
If the reflection symmetry of the coupling function is broken, then the chimera state starts to
drift with a constant speed [25, 26] and thus becomes a travelling chimera state, figure 1(b).
Importantly, the latter state is the result of forced symmetry breaking and must be distin-
guished from travelling chimera states arising from spontaneous symmetry breaking [27-29].
Apart from the above examples, travelling chimera states were also found in more complicated
models with two- and three-dimensional oscillator dynamics [30, 31]. However, to the best
of our knowledge, the systematic stability analysis of such states has not been carried out yet.

The coupling function G(x) in equation (1) usually is chosen to mimic a specific real-world
oscillatory system. For example, the spiking neurons model of bump states in [16] involves
a symmetric Mexican hat interaction kernel, which also appears in other neural field models
with a nonlocal interaction [32-34]. In contrast, in the neural field models of direction selec-
tivity [35-37] the Mexican hat kernel is usually perturbed by a suitably chosen asymmetric
(non-even) function. In all these cases the corresponding 27-periodic coupling function G can
be written as a Fourier series

G(x) = % + ) (Ag cos(kx) + By sin(kx)) )
k=1

with real coefficients A; and By. Retaining in the sum (2) only the leading order non-constant
terms, we obtain the trigonometric coupling function
1

G(x) = 7 (1 +Acosx+ Bsinx), A,B € R, 3)

which can be used to carry out a qualitative analysis of model (1) for both symmetric (B = 0)
and asymmetric (B # 0) coupling function cases.

In this paper we are going to consider the model (1) with the coupling function (3) and
study the behaviour of travelling chimera states for different values of the asymmetry param-
eter B. It turns out that for varying B the chimera states undergo a variety of qualitative trans-
formations mediated by a non-trivial bifurcation scenario. To explain them let us define a
complex-valued function

Z(X, t) = - Z el k(t)’ @)
#{k @ | — x| <} b <8
where x € [—m, 7] is a parameter, x; = —7 + 27(k — 1)/N denotes the position of the kth

oscillator and #{-} denotes the number of indices satisfying the condition in the curly brack-
ets. By analogy with the Kuramoto order parameter [6] we call the quantity z(x, ) the local
order parameter. Notice that for each time moment ¢ the modulus |z(x, )| characterizes the
coherence of the oscillators with the positions x; /2 x, while arg z(x, r) yields the most prob-
able phase value of these oscillators. In particular, perfect coherence (synchronization) of
oscillators with x; &~ x corresponds to |z(x, 7)| = 1, while perfect incoherence (disorder) of the
oscillators is represented by |z(x, 7)| = 0.

The phenomena found in the numerical simulations of the model (1) and (3) can be sum-
marized as follows.
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Oscillator, x; Oscillator, x; Oscillator, x;

Figure 1. Coherence-incoherence patterns in equation (1) with trigonometric coupling
function (3). (a) Stationary chimera state for B = 0, (b) travelling chimera state for
B =0.09, and (c) Modulated travelling chimera state for B = 0.13. Top panels show
initial snapshots 6;(0) (only every sixteenth oscillator is shown). Bottom panels show
moduli of the local order parameter z(x, ) computed by formula (4). Other parameters:
N=28192, A=09, a =x/2—0.1, w; are randomly chosen from the Lorentzian
distribution g~ (w) with v = 0.01.

0.08 | ‘ ’_«L

0 B 0.12
Figure 2. Lateral speed of travelling chimera states in system (1) versus the asymmetry

parameter B of the coupling function (3). Circles and squares denote the values from the
forward and backward scans, respectively. All parameters as in figure 1.

(i) For small values of B we observe a pinning of the chimera’s position, figure 2. More
precisely, there exists a critical value B, > 0 such that system (1) supports a stationary
chimera state for B < B, while travelling chimera states are observed for B > B, only.

(ii) The spatial profile of a travelling chimera state resembles the profile of the corresponding
(B = 0) stationary chimera state for relatively small B only. For larger B the incoherent
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Figure 3. Solutions of equation (5) with trigonometric coupling function (3)
for (a) B=0, (b) B=0.09 and (c) B=0.13. Top panels show initial snapshots
|z(x, 0)|. Bottom panels show dynamics of |z(x, 7)|. Other parameters: A = 0.9, v = 0.01
and o« = 7/2 —0.1.

region of the chimera state breaks into a bunch of tilted more synchronized filaments
separated by a less coherent background, figure 1(b).

(iii) In some cases, forward-backward scans with respect to B reveal a hysteretic behaviour
indicating the coexistence of several travelling chimera states for the same asymmetry
value, see figure 2.

(iv) When the asymmetry B grows further, a travelling chimera state becomes modulated such
that its lateral speed and spatial profile begin to oscillate in time, figure 1(c).

(v) Moreover, for relatively large asymmetries B the coherent region of a travelling chimera
state becomes ‘twisted’, see the snapshot in figure 1(c), and shows a similarity with the
partially coherent twisted states described in [38].

Remarkably, most of the above numerical observations can be explained using the con-
tinuum limit analysis of model (1). Suppose that for N — oo the parameter J in (4) tends to
zero in such a way that the number of oscillators satisfying the inequality |x; — x| < § tends
to infinity. Then, as shown in [24], the dynamics of the local order parameter z(x, t) obeys the
nonlinear integro-differential equation

dz

1, 1.,
= P e Ll —’ 3
” 'yz+2e gz 26 7707 5)

where

G = [ " Gl — yuly)dy ©)

—T
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Figure 4. (a) Collective frequency (2 and (b) lateral speed s of the travelling wave
solutions to equation (5) with coupling function (3). For B < 0.03 the solutions were
obtained via direct numerical simulations of equation (5), see section 2.2. For B > 0.03
the continuation algorithm from section 3 was employed. The stability analysis from
section 4 reveals stable (black), one-real-eigenvalue unstable (blue) and Hopf unstable
(red) solutions. Insert panels show the spectra of the travelling wave solutions obtained
for B = 0.097. For Im A\ — %00 each spectrum condensates around the corresponding
thin solid line. Parameters: A = 0.9, & = /2 — 0.1 and v = 0.01.

is an integral operator of convolution type, the parameters c, -y as well as the function G(x) in
formula (6) are the same as in equation (1), and 7 denotes the complex conjugate of z. We call
equation (5) the Ott—Antonsen equation, because its derivation relies on the invariant manifold
reduction technique suggested in [39, 40].

Equation (5) can be discretized and solved numerically. For example, using the parameters
from figure 1 we obtain solutions shown in figure 3. The solutions in columns (a) and (b),
obviously, have the form

2(x,1) = a(x — st)e'™, @)

where 2 € R, s € R and a(§) is a smooth 27-periodic complex-valued function. The former
solution is a stationary wave with s = 0, while the latter is a travelling wave with s # 0.
Notice that the modulated travelling wave in figure 3(c) has a more complicated dynamics and
therefore is not described by the ansatz (7).

The main part of this paper is devoted to the analysis of travelling wave solutions (7)
in equation (5). Recall that in the author’s previous work [26] it was shown that for small
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Figure 5. Snapshots of travelling wave solutions to equation (5) with coupling function
(3) for different asymmetry parameters B. Black, blue and red colours denote stable,
one-real-eigenvalue unstable and Hopf unstable solutions, respectively. Arrows show the
direction of the wave’s lateral motion for B # 0. Parameters: A = 0.9, « = 7/2 — 0.1
and v = 0.01.

asymmetries B, i.e. |B] << min(1,|A]), the profile of travelling waves is almost identical to
the profile of the corresponding stationary wave (B = 0), and the lateral speed s grows pro-
portionally to B. In this paper we go beyond this asymptotic analysis scheme. In sections 3
and 4 we describe a continuation and stability analysis algorithm allowing us to compute the
bifurcation diagram shown in figure 4.

According to this diagram the lateral speed s and the collective frequency €2 turn out to be
non-monotone functions of the asymmetry parameter B. The diagram also indicates that the
pinning of the chimera’s position is a finite size effect that disappears in the continuum limit
N — oo. The bistability of travelling waves is naturally expected along the folded parts of
the graph in figure 4(b). However, this diagram does not contain any information about the
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modulated travelling waves, which apparently are born at the Hopf bifurcation points separat-
ing the black and the red parts of the solution curve in figure 4(b).

Figure 5 shows the spatial profiles z(x, 7) of the travelling waves obtained for several points
in figure 4. The travelling wave for B = 0.01 looks very similar to the stationary wave for
B = 0. In contrast, for larger B the profiles of moduli |z(x, 7)| become spatially modulated.
When the asymmetry B grows the amplitude of this modulation first increases, while its
wavelength decreases. But for B > 0.06 the modulation amplitude almost stabilizes and one
observes a gradual increase of the modulation wavelength. For B = 0.085 and B = 0.097 fig-
ure 5 shows three coexisting travelling waves. In the former case two waves are stable and one
unstable, while in the latter case only one wave is stable and two other unstable. The spectra
of the travelling waves for B = 0.097 are shown in the insert panels.

Another remarkable transformation scenario occurs for B > 0.11, see figure 6. Notice that
in all panels of figure 4 the total variation of the argument of z(x, ¢) for x varying from — to
7 equals zero. Following the solution curve in the top right corner of figure 4 we find several
points where the modulus |z(x, #)| touches zero. After each of these points the argument of
z(x, 1) becomes more twisted than it was before. Respectively, its total variation first jumps
from zero to —2m, figure 6(a), then to —4m, figure 6(b), and finally to —67, figure 6(c). This
observation agrees with the appearance of the ‘twisted’ travelling chimera state shown in
figure 1(c).

The paper is organized as follows. In section 2 we describe numerical simulations of the
discrete oscillator system (1) and of the corresponding Ott—Antonsen equation (5). In both
cases we explain how to extract the collective frequency (2 and the lateral speed s from the
observed travelling chimera trajectory. In section 3 we consider a nonlinear equation express-
ing the dependence between the amplitude a(x), the frequency 2 and the speed s of a travelling
wave (7) and the system parameters, i.e. the coupling function G(x), the phase lag o and the
distribution width ~. This equation cannot be solved via the implicit function theorem because
of two continuous symmetries, therefore we apply the Lyapunov—Schmidt reduction tech-
nique and derive a new system of equations suitable for the continuation of travelling wave
solutions to equation (5). The section 4 deals with the stability of the obtained travelling wave
solutions. There we derive the characteristic equation for the spectrum of the corresponding
linearized operator and analyze it. In section 5 we summarize obtained results and outline
some remaining open problems. Several auxiliary mathematical results are collected in the
appendix.

2. Numerical results

2.1. Numerical simulation of system (1)

A primary chimera state was obtained in the system (1) with parameters N = 8192 and
a = 7/2 — 0.1. We used the symmetric trigonometric coupling function (3) with A = 0.9 and
B = 0. The natural frequencies w; were generated according to the formula w; = v tan (g,
where v = 0.01 and ¢, were random numbers from the interval (— /2, /2). The initial phases
6 with k < N/2 were chosen randomly and independently from the interval [, 7] while all
other initial phases were set to zero.

To produce figure 2 we used the dynamical continuation approach where the asymmetry
parameter B first varied with the step AB = 0.001 from zero to 0.13 and then in the backward
direction. For each value B we analyzed a chimera trajectory of the length 7= 10* discarding
the preceding transient of the same length.

618



Nonlinearity 33 (2020) 611 O E Omel'chenko

B=0.130 B=0.120 B=0.130
1 ;
2
. —_— —_— —_—
0
T
=
w0
on
s
-TC
- 0 T - 0 T - 0 B
X X X

Figure 6. Development of phase twists in travelling wave solutions to equation (5). The
snapshots correspond to three crosses in figure 4.

To determine the collective frequency € and the lateral speed s of an observed travelling

chimera state we used the following approach. For each time moment ¢ we calculated the local
effective forces

2 2 —7 )
m@=§? G<“§”>%W k=1,...,N,
=1

and the global order parameter

1 N
_ 10k (1)
z@fﬁgkk.

Taking into account that the points (x,
calculated Fourier coefficients

Wi ()]) tend to align along a sinusoidal-like curve we

2 & 2 &
a(t) = N Z | Wi ()| cos xg, by (1) = Z | Wi ()] sin xg

N
k=1 k=1

and used them to extract the leading order non-constant spatial Fourier mode
|Wi(2)| ~ a1 (t) cosxg + by (1) sinxg = (/a3 (t) + b3(1) cos(xx — y(1)).

Then the value y(¢) was identified with the instantaneous position of the chimera state and the
lateral speed s was calculated by the formula

1 T
s = T/o y(t)ds. ®)
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‘We used the other formula

-1 [ (20

to calculate the collective frequency 2.

2.2. Numerical simulation of equation (5)

To integrate numerically equation (5) we discretized it on a uniform spatial grid consisting of
8192 points. All relevant parameters were chosen as in section 2.1. A stationary wave for the
symmetric (B = 0) trigonometric coupling function (3) was obtained using the initial condition

z2(x,0) = cos?(x/2).

Then, stable travelling wave solutions to equation (5) were obtained via dynamical continua-
tion for B # 0. For every such solution z(x, ¢) the lateral speed s and the collective frequency
) were calculated using formulas (8) and (9). However, in (8) instead of y(z) we used the
position of the maximum of the modulus profile |z(x, 7)|, while in (9) we used the different
definition of the global order parameter

Z(t) = % /Tr z(x, 1)dx.

—T

3. Continuation of travelling waves
Inserting ansatz (7) into equation (5) we obtain the self-consistency equation
da . I 1 iy 24
F(a,Q,s,B) =53 —(7+1Q)a—|—5e *Ga — Eeo‘a Gga=0 (10)

connecting the travelling wave parameters a(x), {2 and s and the system (1) parameters +,
a and G(x). In the following we suppose that the parameters v and « are fixed and the cou-
pling function G(x) is chosen in the form (3) where the parameter A is fixed too. Thus, the
asymmetry parameter B remains the only varying system parameter. Notice that if a trip-
let (ap(x), 0, s0) solves equation (10) for some By, then the triplet (ao(—x), o, —so) solves
equation (10) for B = By, therefore without loss of generality we may consider non-negative
values of B only.

In this section we are going to outline the continuation algorithm allowing one to reveal the
dependence of the wave parameters a(x), 2 and s on the parameter B. The difficulty of this
task originates from the fact that equation (10) has two continuous symmetries. Namely, it is
invariant with respect to the phase-shift a(x) — e'®a(x) with arbitrary ¢ € R as well as with
respect to the lateral shift a(x) — a(x — x¢) with arbitrary xy € R. Therefore equation (10)
cannot be solved by means of the classical implicit function theorem. However, the solution
can be found using the Lyapunov—Schmidt reduction technique described in section 3.2.

3.1. Preliminaries
Throughout the paper we use the following convention:

(1) normal letters (€2, s, B etc) denote scalars,
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(2) bold letters (L, M, v etc) denote vectors and matrices, in particular, for any positive
integer n, the symbol I, denotes the n-dimensional square unit matrix,
(3) calligraphic letters (G, H, K etc) denote operators in vector spaces.

The symbol ©(x) is used to denote the Heaviside step function such that ©(x) = 0 for x < 0
and O(x) = 1 for x > 0.

The space of all 2m-periodic continuous functions is denoted with the symbol
Cyer([—, 7]; C), while the space of all 27-periodic C'-smooth functions is denoted with the
symbol C}..([—m, 7]; C).

For every pair wi, wy € Cper([—, 7]; C) the inner product is defined by the formula

(wi,wp) = Re /7T wi(xX)wy (x)dx.

—T

This definition, obviously, implies that for every constant ¢ € C we have

(w1, cwp) = (Ewi, w2), (11)

<W1,CW2> = <CW1,W2>. (12)

Given a bounded linear operator A acting on Cpe,([—, 7]; C) we call its adjoint operator the
operator A" satisfying the identity

(wi, Awa) = (ATw,wy)  forall wy,wy € Cper([—7,7]; C).

According to this definition, for every pair of bounded linear operators .4; and .4, we have
(ArAy)T = ALAL

Moreover, if IC is an integral operator of the form

(Ku)(x) = /ﬂ K(x, y)u(y)dy (13)

with the piecewise-continuous kernel K (x, y), then the adjoint operator KT is also an integral
operator of the form (13) but with the adjoint kernel K (y, x) . Notice that this rule yields

@@ = [ G-ty (14)

-7

Let us define the vector

(1 (x), ..., s(x))T = (1,i, cosx, icosx,sinx, isinx, u (x), u(x))", (15)

consisting of eight functions v (x) (the terms u; (x) and u, (x) will be defined later by formulas
(23)) . Then in the case of the trigonometric coupling function (3) forevery v € Cper([—, 7]; C)
we have

6
Gv = %W’lavﬁ/’l + %Wz, vy + — kz:: U, v)

+ % (<¢3,v>¢5 + (Y, 0)1h6 — (s, 0)9P3 — <¢6,v>¢4) , (16)
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6

G5 = 5 (1,0 — (4, 0a e S (1) (0o

=3
+ % ((%JJWS — (Y4, 0)6 — (Y5, 0)03 + (1/)6,v>¢4) . a7

These formulas will be useful in the following analysis.

3.2. The Lyapunov—Schmidt reduction

Suppose that a triplet (ag, o, so) satisfies equation (10) for some asymmetry parameter By and
we want to carry out the continuation of this solution for B az By. Let £ denote the derivative
of the nonlinear operator F with respect to its first argument

da 1 —ia 1 i —
La = 9,F (ao, o, s0, Bo)a = S0, ~ + Ee Ga — Ee aéga,

where

(%) = 7 + Q0 + €'“ag(x)Gay.
It is easy to verify that the homogeneous equation La = 0 has two non-trivial solutions a = iag
and a = Jyao. The former solution corresponds to the phase-shift symmetry of equation (10),
while the latter solution corresponds to the translation symmetry of equation (10). Because of
these solutions the operator L is not invertible and equation (10) cannot be solved using the
classical implicit function theorem, therefore we need to use the Lyapunov—Schmidt reduction
technique. To describe it let us make two assumptions:

(A)) Suppose that the functions iag and Oyag are linearly independent and
ker £ = span (iap, dxap),
i.e. the equation La = 0 has no other linearly independent solutions except of iay and

8xa0 .
(Ay) Suppose

1 X
Oy(m) #£1, where ®,(x) =exp (So/ no(y)dy> . (18)

Remark 1. According to the geometric interpretation of the inner product (-, -) the functions
iag and O;ay are linearly independent if and only if

|(iao, Bxao)|*

<i(10, ia0> <8xa0, 8xa()>

<1

Assumption (A;) and proposition 1 ensure the existence of the inverse operator
Ko = (=500x +10) ™" ¢ Cper([=7.7]: C) = Cpee([—.7]: C)
given by the formula

o= [ S

622
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Obviously, the product operator
1 _ .
KoLa = —a+ EICQ (e7'*Ga — e""a(z)gﬁ)

is a Fredholm operator on Cper([—m,7];C) and ker IC,£ = ker L. Therefore, because of
assumption (A;), there exists a pair of linearly independent functions u; and u, such that
ker K, £ = span (uy, up).

According to the Fredholm alternative, the cokernel of the operator X, £ coincides with
the kernel of the adjoint operator (K,£)f. Moreover, the dimension of ker (K,£) is equal
to the dimension of ker KC, L. Along with the assumption (A;) this implies that there exists a
pair of linearly independent functions v; and v, such that ker (K,£)! = span (v,v,). Now
the Lyapunov—Schmidt method tells that in contrast to the non-invertible operator KL the
modified operator

KoL 4 (ur, )1 + (U2, )02

is invertible and hence it is an isomorphism from Cpe,([—, 7]; C) onto itself.
Using this observation we define the new operator

H(a,Q,s,B) = F(a,,s,B) + (ul,aﬂCz_lv] + <u2,a>lC2_102 (20)
and consider the system

{H(a, Q,5,B) = 0,

(a) = 0, k=12 @D

Obviously, every solution to system (21) yields a solution to equation (10). Moreover, because
of the identities (iag, ap) = (Oyao, ap) = 0 the triplet (ag, 2o, So) is the solution to the system
(21) with B = By. The system (21) has a big advantage compared to equation (10) because the
derivative operator

M = 9, H(ag, Qo, 50, Bo) = L+ (uy, '>’C2_101 + (ua, '>’C2_1?72 (22)

is an isomorphism from Cper([—7, 7]; C) onto C..([—, 7]; C). This fact will help us to form-
ulate the continuation algorithm for travelling waves of the form (7) in section 3.5.

The next two sections play an auxiliary role. There we explain how in the case of the trigo-
nometric coupling function (3) one can choose the functions u;, u,, v; and v, (in section 3.3)
and compute the value of the inverse operator M ™! (in section 3.4).

3.8. Construction of the basis functions uy, us, vi and vo

Assumption (A;) allows us to write the orthonormal basis of ker K; £ = ker £ explicitly. Since
ker £ = span (iay, Oyap ), following the Gram—Schmidt algorithm we obtain

u; = Ciiag and up = Cy(0rag — (u1, Orao)uy ), (23)

where the real constants C; and C, are chosen according to the normalization conditions
<u1,u1> = <u2,u2> =1.

In order to construct the orthonormal basis of the cokernel of the operator X, £ we need
to consider the adjoint equation (K,£)Tv = 0 and find its two linearly independent solutions.
This problem is solved in propositions 1 and 2
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Proposition 1. The adjoint of the operator K, L reads
1. .
(KaL)'o=—v+ Ee‘“gT (Ko — aglClv) , (24)

where GT is given by formula (14),

_ 7 2u(m) + (1= 24(7))O(x —y)
R e )

D)0 Mu)dy  (25)

and

Py (x) = exp (—Slo /_: no(y)dy> :

Proof. Obviously, we have IC; = K (the adjoint of an integral operator). Moreover, for
every u, v € Cper([—m,7]; C) it holds

1

2
1 .

= (—v,u) + §<IC10, e '“Gu)

(0, K Lu)y = (v, —u) + = (0,K; (e7'“Gu — e*agGu) )

1 o
- §<IC10, ealGu).

Then, using the formulas (11), (12) and (14) we arrive at the identity that justifies the formula
(24). |
Remark 2. Comparing the definitions of the functions ®; and ®, we obtain

@1 (x) = ;' (x),

therefore the inequalities ®(7) # 1 and ®,(7) # 1 are equivalent. Moreover, proposi-
tion 1 implies that formula (25) yields the integral representation of the inverse operator
K= (S()ax + ﬁo)_l.

Proposition 2. Let

Ly Ly -+ Ly

Ly, Ly -+ Ly
L =

Lot Le2 -+ Les

be a square matrix of the form

Lii = (¢, P1), Lp = (i, Pa),
Lz = A(Yy, P3) — B(¢, Ps), Ljs = A(, Py) — B{¢;, Pg),
Lis = A(yy, Ps) + B(, P3),  Ljs = Ay, Ps) + B(1);, Pa),

where 1;(x) are defined by formula (15),

1 . . _
Pj(x) = g (K19 — e ag (x)K14) (26)
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and Ky denotes the integral operator (25).
Then there exist two linearly independent vectors (w’f, wlﬁ, e, w’g)T €Cl k=12 span-
ning the null space of the matrix L — 1. Moreover, ker (K, £)T = span (vy,v,), where

vi1(x) = C101(x),  02(x) = Co(02(x) — (v1,02)v1(x)),
i . . 6 .
Bi(x) = ZTT witr +wir + A wiy
k=3

- B(ngﬁs + withs — W§¢3 - Wé¢4) ,

and the constants C; and C, are chosen according to the normalization conditions
<Ul,01> = <02,'02> =1.

Proof. Suppose that v is a solution to the homogeneous equation (K,£)Tv = 0. Because of
the definition (3) for any u € Cper([—, 7]; C) we have

6

G = o . + o () + A >

~ % (Gabso s + (uon, whats — (s, s — (o, s )

and hence
eia 6
V=g Wiy + warhs +A;Wk1/)k
— B(w31)s5 + wathg — wstpz — W6¢4)] , 27
where
wp = (U, Ko —adKi0),  k=1,...,6. (28)

Inserting expression (27) into each of the equation (28) we obtain a linear six-dimensional
system of the form

w = Lw, (29)

where w = (wy,wy,...,ws)T € C°. Thus, there exists a one-to-one correspondence between
the non-trivial solutions to equation (K,£)o = 0 and the non-trivial solutions to system (29).

Since ker (K,L£)T is two-dimensional, the null space of the matrix L — I¢ is two-dimen-
sional too, hence the homogeneous equation (L. — Is)w = 0 must have two linearly independ-
ent solutions wy and w;. Inserting them into formula (27) we obtain two linearly independent
functions ¥y (x) which can be used to construct the orthonormal basis of ker (K,£)* following
the Gram—Schmidt orthogonalization process. [ |
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Remark 3. If the entries of the matrix L are known only approximately, then one has to ap-
ply a special approximate procedure to identify the null space of the matrix L. — I. For this,
one uses the singular value decomposition

L—1Is=USV',
where U and V are real unitary matrices and S is a diagonal matrix with real non-negative

elements. Then one chooses the two smallest diagonal elements of the matrix S and uses the
corresponding columns of the matrix V as the approximate values of the vectors wy and wy.

3.4. Computation of the inverse operator M~

Recall that M denotes the derivative operator 9,H (ag, Qo, so, Bo) relevant to the system (21).
In the following proposition we show how one computes the value of the inverse operator

ML

Proposition 3. Ler

My Mp - Mg

My My --- My
M=

Mg, Mg -+  Msgg

be a square matrix of the form

Mj = (Y, K2(Q—21)) Mj = (¢;, K2(Q+12)) ,

Mjz = A (Y, Ka(Q-13)) + B (1), K2(Q—1)s))
Mjs = A (¢}, K2 (Q+14)) + B (1, Ka(Q116))
Mjs = A (4, K2(Q-s5)) — B (¢, Ko (Q-3))
Mjo = A (1, K2(Q+106)) — B (1, K2 (Q4-44))
Mj = (¢, Kaon), Mg = (1, Kyva) ,
where 1;(x) are defined by formula (15),
1
Qi(x) _ 471— ( —ia +e i 2( )) ,

and K, denotes the integral operator (19).
Suppose that the matrix M — g is nonsingular, then for every f € Cper([—m,7];C) the
equation Mu = f has a unique solution given by the formula

u(x) = wika(Q-11) + waka(Q492) + (Aws — Bws)Ka(Q-13)
+ (Awy — Bwe) K2 (Q1¢4) + (Aws + Bw3) Ko (Q-1)s)
+ (Awe + Bw4)ICo(Q106) + wilCov1 + weKovs — ICof,

where
(w1waeows) T = (M= T8) ™" (01, Kof ) (2. Kaf) - (s, Kaf))
Thus, the operator M is an isomorphism from Cy,,([—m, 7]; C) onto Cper([—7, 7]; C).
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Proof. The equation Mu = f can be written as follows
1 —ia 1 i 20— -1 —1
—800u + mou = Ee Gu — Ee agGu + (ur, u) K5 vy + (uo, u)IC; "0y — f.

Then using formulas (16) and (17) we obtain
—s00xtt + mou = (Y1, u) Qb1 + (Y2, u) Q11h»
+ (A3, u) — B(s,u)) Qb3 + (A4, u) — B(pe, u)) Q14
+ (A(¥s, u) + B{s, u)) Qs + (A(s, u) + B(1a, u)) Q416
+ <1/J7»”>’C;101 + <1/)8’u>’C;102 _f

—~

(30)

Acting on both sides of equation (30) with the inverse operator Ky = (—so0; + 70) ! and then
using the inner product operation (v, -) with different j = 1,...,8 we obtain

8
wi = Mywe — (. Kof ), j=1,....8,
k=1

where w; = <wj, u). The latter is a system of linear equations, which can be solved because of
the nonsingularity assumption about the matrix M — I. Inserting the found w; instead of the
inner products (1, u) into equation (30) and acting with the operator /C, we obtain an explicit
formula for the solution to the equation Mu = f. The uniqueness of the solution follows from
the linear nature of this equation. [ |

Remark 4. Suppose that the homogeneous equation Lu = 0 has a non-trivial solution
linearly independent of iay and Oyao, then @y = up — (uy, uo)u; — (U2, up)uy is a non-zero
function such that Muy = Ly = 0. The latter identity coincides with the equation (30) where
f =0, therefore the vector wg = ({1, lio), {(¢2, Uo), - - - , {1g, lip)) yields a non-zero solution to
the equation wy = Mw and the matrix M — Ig is singular.

Repeating the same arguments in the opposite order we can show that in the case of the
singular matrix M — Ig the homogeneous equation Lu = 0 has a non-trivial solution linearly
independent of the functions iag and J.ap.

3.5. Continuation algorithm

Let us show that system (21) does help to solve equation (10) in the vicinity of the refer-
ence point (ag, {2, 50, Bo). Recall that H(ao, 2, 50,Bp) =0 and the derivative operator
M = 9, H(ao, o, s0, By) is invertible (provided the assumptions (A;) and (A,) are satisfied).
Applying the implicit function theorem to the equation H(a, 2, s, B) = 0 we determine the
function a = a(€, s, B) such that a(, so, Bo) = ao. Moreover, using the formulas (10) and
(20) we compute
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0o M (ao, o, 50, Bo) = —iao,
OsH (ao, o, 50, Bo) = Oap,

| P 1. -
OsH (a0, Qo, 50, Bo) = Ee_lagao — Eelaa%gﬁo

where

(Gan)(w) = 5= [ sinte = aoly)ay

—T

sinx 7 cosx [T .
=5 / ao(y) cosydy — —— / ao(y) siny dy. (31
Therefore the partial derivatives of the function a are given by the formulas
9aa(Qo, s0, Boy) = folagH(ao,Qo,So,Bo) = *Mfl(*iao), (32)
05a(0, 50, Bo) = —M ' 0H (ao, Q0 50, Bo) = —M ' 0,ap, (33)

dpa(Q. s0. Bo) = —M ™" 9pH (a0, Q. s0. Bo)
1 L . - (34)
= —EM*I (ef‘o‘gao — e‘o‘a%gﬁo) .
Inserting the above function a(f2, s, B) into the second and the third equations of the system
(21) we obtain

(u,a(Q,5,B)) = 0, .
(up,a(,s,B)) = 0. (35)
This system can be solved with respect to the variables ) and B if its Jacobian matrix
D— ((m ,00a(Q0,50.B0))  (u1,9pa(, s0,30)>) 6
<M2,8Qﬁ(90,$0, BO)> <M2, aBZl(QO,S(),B())>

is non-singular, then it delivers two functions Q = Q(s) and B = B(s) such that Q(so) = Qo
and B(sg) = By. Along with the superposition formula a = a(€(s), s, B(s)) this yields the
s-parameterized solution to equation (10).

The above consideration proves the existence of the solution to equation (10) for s ~ sy,
but it does not tell how to find this solution. In practice, this can be done using Newton’s
iterations. Recall that system (21) can be abbreviated as an operator equation of the form
&s(a,Q,B) = 0 in the vector space (a,$,B) € Cper([—7,7];C) x R? with s € R being the
parameter. Then Newton’s iteration formula reads

(anJrlv Qn+1»Bn+l)T = (anv Qn»Bn)T - 5;0 (aOs QO»BO)_lgs(ans Qna B}’l)y (37)

where & (ao, Qo, By)~!is the inverse of the derivative operator &;,(ao, Qo, Bo). To define this
inverse operator explicitly we need to solve the system
May + 9qH (ao, Q. 0, Bo)2 + 9pH (ao, Q0. 50, Bo)B1 = fo.
(w1, a1) fi» (38)
(ua,ar) p)

corresponding to the derivative £; (ao, Qo, Bo).
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Proposition 4. Suppose that the operator M is invertible and the matrix D is non-
singular, then for every (fo.f1,f2) € Coer([—T,7]; C) x R? there exists a unique solution

(a1,94,B)) € Crl,er([—ﬂ', 71]; C) x R2 to the system (38), which can be computed by the form-
ulas
Ql) _1 (;1 - <M1,M1f0>>
=D 39
<B1 — (w2, M~f) (39
and
ay = M_lﬁ) + aQZl(QQ,So,Bo)Ql + 83&(90,5‘(),30)31. (40)

Proof. If the operator M is invertible then the first equation of the system (38) can be writ-
ten as follows

ay = M7y — M0 H (ao, Qo, 50, Bo) 2 — M~ dgH (ag, Qo, 50, Bo)B1

= M~y + 9qa(Q0, 50, Bo)2 + 9pa(Q, 50, Bo)B1, @

see formulas (32)—(34). Inserting this expression into the second and the third equations of the
system (38) we obtain a two-dimensional system of the form

(ug, 90a(Q, 50, Bo)) U + (u, Ipa(Q, 50, Bo))B1 = fi — (ue, M™'fo), k=12

For non-singular matrix D this system is solved by the formula (39). Inserting the found values
of €2y and B into (41) we obtain (40). [ ]

Remark 5. The expression E;U(ao,Qo,Bo)_lé’s(an,Qn,Bn) in the formula (37) can be
computed using the formulas (39) and (40) with fo = H(an, Q. s, By), fi = (u1,a,) and
fr = (uz, ay).

Now, we can summarize the developed continuation algorithm for travelling waves. If the
triplet (ao, 2o, Bo) solves equation (10) for s = s, then the triplet (a(s), Q(s), B(s)) satisfying
equation (10) for some other s = sy can be found using the following steps.

Step 1. Using remark 1 we check that the functions iay and Oyag are linearly independent.
Then we compute the basis functions u; and u, from the formulas (23).

Step 2. 'We check that the inequality (18) is satisfied. Then we use proposition 2 and remark
3 to find the basis functions v, and v5.

Step 3. We check that the matrix M — Ig from the proposition 3 is nonsingular and hence
proposition 3 allows one to compute the inverse operator M~ Then using form-
ulas (31)—(34) we find the partial derivatives dqa (o, so, Bo), 9sa( 0, s0,Bo) and
8321((20, 50, B()).

Step 4. 'We check that the Jacobian matrix D determined by the formula (36) is nonsingular.

Step 5. Using the triplet (ag, {20, Bo) as an initial condition we start Newton’s iterations
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Qn—H o Qn _ D_1 <u17 a, — bn>
Bn+1 N Bn <MZs ap, — bn> ’

8Qa(QQ,S0,Bo) )T ( <u1, ay — bn> )
a, = ap,—by,— ~ D! ’
+1 ( 8BG(QQ,SQ,B0) <M2, ap — bn>

where b, = M~'H(a,, Q. s, B,). If the new value s lies close enough to sg, then the
Banach fixed point theorem guarantees that these iterations are convergent. In practice,
we stop them when the desired computational accuracy ¢ is achieved (in our simulations
e =107°),i.e. when ||a,11 — @nlloo < & |Qs1 — Q| <cand|B,.; — B,| <e.

Remark 6. If the matrix D in Step 4 is singular, this can be the indication of a fold bifurca-
tion. Then the above algorithm does not work, but there may be other ways to find the solution
to equation (10). For example, if the matrix

B ((Ml, 9aa(, 50, Bo)) (u1, 8sa(Qo,So,Bo)>>
(u2, Oa (o, 50, Bo)) (u2, 05a(0, 50, Bo))

is non-singular, then the system (35) can be solved with respect to the variables 2 and s. In
this case we can seek the solution to equation (10) in the form (a(B), 2(B), s(B)) where B is

the new independent variable. Respectively, the Newton’s iteration formula from Step 5 must
be replaced with

) = () -om(esa))

aQZl(Q(),S(),B()) ! ~ <u1’an - bn>
n = n— Yn ~ D~ ’
Gnt1 “ b ( 8sa(Qo, So,Bo) <MZs a, — bn>

where b, = M~"H(a,, Q, 51, B).
Remark 7. 1In our numerical simulations, every function f € Cper([—7, 7]; C) was replaced

with its discretization on the uniform grid with N = 8192 points. Respectively, we replaced all
integrals over the interval [—, 7] according to the rule

_:f(x)dx - Zf( w+,-1))

4. Stability of travelling waves

Suppose that we know a travelling wave solution to equation (5), which can be written in the
form (7). To analyze its stability we insert the ansatz

2x 1) = (a(x —st) +v(x — st, t)) el
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into equation (5). Linearizing the resulting equation with respect to the small perturbation v
we obtain

—50¢0 + 0 = —n(E)v + %e_io‘gv - %eiaaz(g)ga (42)

where ¢ = x — st is the wave variable and 7(¢) = v +iQ + e®a(¢)Ga. Notice that the func-
tion v is smooth with respect to its both arguments and 27-periodic with respect to the variable
£

Below we analyze the stability of the zero solution to equation (42). For this we consider
perturbations of the form

o(E1) = 04 ()N + T (€)™,
Inserting this ansatz into equation (42) and equating the terms proportional to ¢ and eN
separately, we obtain

N 500y — oy + 367 Gu, — 1ei®a*Gu_ "
v_)  \sdev_ —qu_ + iel*Gu_ — le7o@Gu, )’ 43)

Using the notation v = (v, v_)T system (43) can be written in the operator form
(D~ AT +N)v =0, (44)

where

Dy — (S8§U+ — 770+>
$Ocv_ —Tu_

is a two-component differential operator in Cll)er([—ﬂ', 7]; C2),

NV 1 (e 9Gu, —eatGu_
Nv= (N_v> 2 (—e‘io‘azgv+ + e‘“Qv)

is a two-component integral operator in Cpe,([—, 7]; C?), and Z is the identity-operator.
We are going to prove the following statements regarding equation (43).

(i) In proposition 5 we will show that for every A € C the operator D — \Z + N is a
Fredholm operator of index zero from C},([—, @]; C?) into Cper([—, 7]; C?), therefore
all nontrivial solutions of the spectral problem (43) correspond to isolated eigenvalues A
of finite multiplicity.
(i1) In proposition 6 we will show that all eigenvalues of the problem (43) lie in a specific
region of the complex plane.
(iii) Finally, in proposition 7 we will show that in the case of the trigonometric coupling
function (3) all eigenvalues of the problem (43) can be found solving an explicitly known

characteristic equation.

Proposition 5. Suppose that G is a bounded linear operator in Cpe([—m,7];C) and
a,n € Cper([—7,7]; C), then for every X € C the operator D — NI + N is Fredholm of index
zero from CL, ([—m, ]; C?) into Coer([—m, 75 C?).

per
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Proof. Because of remark 2, there exists A\g € C such that D — A\yZ is an isomorphism from
Cl..([=m,7); C*) onto Cper([—, 7]; C*). Choosing this Ao we obtain

per
D—-MN+N=D-X NI+ (X—NI+N.

The both operators (A9 — A)Z and N are compact because of the compact imbedding of
the space of smooth functions C}.([—m,7];C?) into the space of continuous functions

Cper([—m, 7]; C*). Hence, the operator D — AZ + N can be decomposed into the sum of an
invertible operator and a compact operator. This ends the proof. [ ]

In order to prove the next proposition we need to require that the functions a and » are not
only continuous but also smooth. An additional smoothening requirement is also imposed on
the operator G.

Proposition 6. Suppose that G is a bounded linear operator from Cpe([—,7]; C) into
Coo([—m,7];C) and a,n € Cp ([—m,7]; C), then there exist constants c.,c, > 0 such that
all eigenvalues of the problem (43) lie in the region

{A €C : [Re(A +1m)| < min(c*,c**/|)\|)},

where
1 v

:E_ﬂ_

Tm n(§)dE. (45)

Proof. Remark 2 implies that the operators d¢ —n — A and O — 77 — A are isomorphisms
from Cp,([—m, 7]; C*) onto Cper([—7, 7]; C*) for all A € C such that Re(A + 1) # 0. Moreo-
ver,

100 =n =N+ 1100 =7 =X <

where ¢; > 0 is independent of A, since in the formula (A.8) the constant ¢y depends on the
difference v — 14 only.

Let us assume that the norm of v = (v, 0_)T € Cper([—, 7]; C?) is defined by the expres-
sion

IVlloo = (2% +02)'? o0

Then for Re(\ + 7,) # 0 the operator D — A7 is invertible, and
2

D-A) 7| < i,
I =207 < oy

where the constant ¢, > 0 may differ from the constant ¢, but still it does not depend on A.
Because of the assumptions made about a, 7 and G the operator NV is a bounded linear opera-
tor on Cper([—, 7]; C?), therefore there exists a constant c3 > 0 such that

IVIIID = AD) 7| < 1
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for all A € C satisfying | Re(A + 7,)| > c¢3. In this case, due to [41, theorem IV.1.16], the
operator D — \Z + N is invertible and hence the equation (44) has no non-trivial solutions.
Let us consider the first equation of the two-component system (44) written in the form

n+ A
S

1
85'04_ — Oy = —;N_;.V. (46)

Because of the smoothness assumptions imposed on the functions a and 7 as well as on the
operator G there exists a constant ¢4 > 0 such that

V¥l + 106N+ ¥lloo < callV][co-
Suppose that A € C satisfies two inequalities |A| > 29|/ and Re(A + 1) # 0, then we can
apply remark 3 to equation (46) and obtain

cs
|Re(A + 1)

1+s|\(n+x>-'uoo)) ¥l

o lleo < 17+ 2) oo (||N+v\|oo n (I8N vloo + sl + A>*1||oo\w+v|\oo))

_ cs
<cll(n+A) lHoo (1 + m (

where ¢ > 0 is the constant from the formula (A.10), which in our case is independent of \.
For every |A| > 2||n]|s we have [|[(A + 1) oo < 2/]A] < 1/]|n]]cos therefore

2¢4 ( es(1 +S/||77||oo))
(Y [e’e) < VR 1 + TIRAY L N\ v oo
lo:lle0 < 7 e A

Similarly, we consider the second equation of the system (44) and obtain an analogous in-
equality for ||v_ || - Altogether this implies that there exist two constants cs, ¢g > 0 independ-
ent of A\ such that every solution v to equation (44) satisfies the inequality

1 C
Voo < - ( n ) ¥l
|A] Re(A + 7y)

provided |A| is large enough and Re(\ + 7,,,) # 0. This means that equation (44) does not have
non-trivial solutions if

Co

1 Ce .
— — | <1, lentl Re(A > —.
i <cs ) or equivalently |Re(A + 7,,)] N —cs

4
| Re()‘ + nm)‘

Thus, all eigenvalues of the problem (44) lie in the region | Re(A + 7,,)| < ¢7/|A| with some
¢7 > 0. Assuming ¢, = c3 and c.. = ¢7 we obtain the above formulated spectral region esti-
mate. [ |

Next, we consider the case of the trigonometric coupling function (3) and derive the char-
acteristic equation for eigenvalues A determined by equation (43). For this we rewrite equa-
tion (43) in the form

s650+ — N0y — )\U+ 1 C_ia —eio‘az gU+
7 =75 —ioz2 o : 47)
$0:U_ —Tu_ — Av_ 2 \—ea e Gu_
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If (v4,v-)T is a solution to equation (47), then there exist numbers 7% , 0% € C, k = 1,2,3,
such that

3
(Goy)(€ Z Phn(€) and (Guo)(€) =) (8, (48)

where (¢1(€), 2(€), 03(€))T = (1,cos €, sin &)T are functions spanning the range of the oper-
ator G with the trigonometric coupling function (3). Inserting ansatz (48) into equation (47)

we obtain
s0cv4 — oy — Aoy 1 —e‘o‘azgok ok
(sagv —fo_—Xo_) 2 ; —e w‘azgok ey ) “49)

Let us define two functions

—T

3
@4 (6.3) = exp (1 | )+ A)dy) (50)
and

3
D (6.3) = exp (1 | o+ A)dy> , 51

and two integral operators

1 ré
(Ke©) = 1 [ @ale VB2 Gy

Considering equation (49) as a two-dimensional ODE system with the initial condition
vy (—7) = 09 we write its general solution in the form

()= (70" ) (&)
(S ) @) e

This formula yields a 27-periodic function if and only if

0 > o
(6(,*) => Jo(N) @) : (53)
0) T = d

where
Joo(A) = <(I)+((7)T’ g <I>,(?r, A))
and
1 e N —e Ky (M) (dPer)
w0 =3 (Lot o) e o) .
fork=1,2,3.
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Along with equation (53) the coefficients z}’; in formulas (48) should also satisfy some
self-consistency relations following from the definition of the operator G. Indeed, for every
0 € Cper([—m, 7]; C) the coupling function formula (3) yields

GO =5 [

+ B3 (§)p2(y) — Bea(€) s (y)) o(y)dy.
Comparing this identity with ansatz (48) we find

LT

T

(#1©010) +402(E)e200) + A23(©)e3()

e p1(y)o+(y)dy,
o= 5 [ (4pa0) - Bex0))os ()
0y = % " (4pa0) + Bra)os (0)dy.

—T

Inserting here v and v_ from formula (52) we obtain

(5) = (%), 54

- k=0
92 > ok
(@;) = (AJa(\) = BJa(N)) (J) : (55)
ol —~ o
%3 > ok
(@;) =) (AJa(A) + BJak(N)) (J) : (56)
> —~ o
where for every j,k = 1,2,3 we denote
T () 217T/_,T ;P4 A) dg 0
jo - T
0 2;[ﬂ¢]®-<,x>d§
and
B e A O AR

TR T
g _ezﬂ/ oK _(N)(@ex) dg %/ﬂ@j’c—(ﬂtpkdﬁ

—T —

Four equations (53) and (54)—(56) correspond to the eight-dimensional system

T T

= JO) (@, 9°, 08 0,82, 0%, 63,00 )T,
(57)

20 20 Al Al 22 22 53 43
(03,02,0,,0.,07,02,0,,07)
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where

Joo Jo1 Joz Jo3

J1o Ju Jiz Ji3
Alao — BJ3o AlJa1 — Bl Ala — BJ32 Alaz — BJ3s
AJzo + Bl AlJz1 + Bl AlJszz + Bla Alsz + Blas

JON) =

Obviously, this system has non-trivial solutions if and only if A € C satisfies the characteristic
equation

det (I — J(\)) = 0. (58)

Taking into account the constructive way of the derivation of equation (58), we obtain the
following proposition.

Proposition 7. In the case of the trigonometric coupling function (3) every eigenvalue of
the spectral problem (43) corresponds to a zero of equation (58) and vice versa.

Remark 8. Because of the phase-shift and translation symmetries of the Ott—Antonsen
equation (5), the characteristic equation (58) has a double zero at A = 0. If equation (58) has
no other solutions A # 0 in the right half-plane Re A > 0, then the corresponding travelling
wave (7) is stable. In contrast, if equation (58) has at least one solution A with Re A > 0, then
the corresponding travelling wave (7) is unstable.

Notice that proposition 6 indicates that the operator D + AN is of hyperbolic type and the
linear stability principle may fail for such operators [42]. However, the spectral problem (43)
is one dimensional in space (¢ € R), therefore the relation between the stability of travelling
wave (7) and the position of the rightmost roots of equation (58) follows from [43].

According to the definitions (50) and (51) the functions ® (£, A) and ®_ (&, ) are analytic
with respect to A in the whole complex plane, therefore the determinant det (Is — J(\)) is
also analytic for all A € C. This implies that the characteristic equation (58) has only isolated
zeros of finite multiplicity. Moreover, the zeros have no accumulation points except of the
point at infinity. Notice that proposition 6 tells that for sufficiently large | A| the eigenvalues (if
they exist) tend to the line Re A\ = — Re ny,, where 7, is given by formula (45). Therefore if
Reny, > 0, then the stability of a travelling wave is determined by finitely many eigenvalues
lying in a bounded region around zero.

Remark 9. The definition of the entries of the matrix J(\) involves Volterra integrals,
where the integration is carried out over the subinterval [—, £] with £ € [—, 7] instead of the
whole interval [—m, 7]. In our numerical simulations, we computed such integrals according
to the following rule

0 for k=1,
A k-1
f(x)dx — 27TZ 2T .
o — fl-m+—0(-1 for k>2,
N = N

where x, = -7+ 2m(k—1)/N,k=1,...,N+ 1L
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5. Conclusion

We considered a prototype model of nonlocally coupled heterogeneous phase oscillators and
showed that in the case of a coupling topology with broken reflection symmetry this model
can support travelling chimera states. As the coupling asymmetry grows these chimera states
undergo a sequence of transformations, which can be adequately explained using the con-
tinuum limit Ott—Antonsen equation (5). For this equation we carried out a detailed analysis
of travelling wave solutions of the form (7), including their numerical continuation and stabil-
ity analysis. The continuation algorithm is based on the Lyapunov—Schmidt method and, in
general, involves the same steps as similar continuation algorithms developed for the neural
field models described by integro-differential equations [33, 34]. The stability analysis of
travelling waves uses standard PDE techniques [44, 45], which allow us to prove the following
assertions: (i) The spectrum of a travelling wave is purely discrete and is localized in a specific
region of the complex plane, see propositions 5 and 6. (ii) Fold and Hopf bifurcations are the
main destabilization mechanisms of these travelling waves.

We expect that the bifurcation diagram in figure 4 shows typical features of the relation
between the nonlocal coupling asymmetry and the corresponding travelling chimera state. In
particular, it indicates the limitation of the chimera’s position control suggested in [25, 46].
Indeed, usually this control technique relies on a one-to-one correspondence between the chi-
mera’s lateral speed and the coupling function asymmetry. On the other hand, figure 4 shows
that this requirement is satisfied for a relatively small range of parameter B only.

Notice that many formulas in sections 3 and 4 are written explicitly for the case of the
trigonometric coupling function (3). However, both the continuation algorithm and the stabil-
ity analysis scheme can be generalized for more complicated coupling functions G, e.g. for
any truncation of the sum (2). Moreover, the numerical algorithm from section 3 can be also
modified to carry out the continuation of travelling waves with respect to other parameters in
equation (5), e.g. o and A. In a broader context, the approach developed in this paper allows
one to study other non-stationary coherence-incoherence patterns, for example, travelling chi-
mera states appearing due to drift instabilities [27-29] or travelling bumps in coupled theta-
neuron models [47].

We want to emphasize that our work does not answer all possible questions related to
travelling chimera states. For example, we did not explore the scaling behaviour of the pin-
ning phenomenon in figure 2. We also did not carry out any theoretical analysis of modulated
travelling waves, figure 1(c). Finally, we did not address a challenging mathematical problem
concerning the continuum limit description of travelling chimera states in the case of identical
oscillators [26]. All these questions remind us again how complicated can be the dynamics of
such seemingly simple models as the oscillator system (1) or the Ott—Antonsen equation (5).
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Appendix
Let us consider the linear differential equation
— —v(xu(x) =f(x), x€[-mmn], (A.1)
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with a continuous 27-periodic coefficient v and a continuous 27-periodic inhomogeneity f.
Below we formulate sufficient conditions for the solvability of equation (A.1) in the space of
smooth 27-periodic functions and provide an explicit solution formula.

Proposition A.1.  Suppose that v € Cper([—, 7]; C) and

X

O(m)#1 where ®(x):=exp (/

—T

V(y)dy) : (A.2)

Then for every f € Cper([—m,7];C) there exists a unique solution u € C)..([—m,];C) 1o

equation (A.1) given by the formula

u(x) = / K (x,9)f(y)dy, (A.3)

—T

where

®(m) 4+ (1 — @(m))O(x — y)
1—®(m)

K(x,y) = ()27 (y).

Proof. The general solution to equation (A.1) is given by the formula

u(x) = u, exp (/: V(y)dy> + xﬂf(y) exp ([ V(£)d£> dy

= u, ®(x) + / ' D(x)2 " (v) £ (y)dy (A4)

—T

where u, € C denotes the initial condition u(—7) = u,. This solution is 27-periodic if and
only if u(m) = u(—mn), e.g.

™

u. (1— ®(m)) = / (m)3~ ()£ (y)dy.

—T

Because of (A.2) the latter equation can be solved with respect to u.. Inserting the result into
formula (A.4) and performing straightforward transformations we obtain (A.3). [ |

Remark A.1. Let K : Cpe([—7,7]; C) = Cl..([—7,7]; C) be the solution operator to

per

equation (A.1) defined by formula (A.3). If min |;(x)| > 0 where v;(x) = Re v(x), then
x€[—m,7]

I1Kf Nl < ‘ 5 (A.5)
Proof. Formula (A.3) implies
(KN < ] L[ ikeiivia A6
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Then, using the inequality | sinh A| > | sinh A,| where A; = Re A, we obtain
1 * .
[K(x,y)| < 2[sinh Ay &P ([ 1(§)d€ + Arsign(x — Y)> :

According to proposition A.1, the formula

™ 1 X
w0) = [ sy ([ w0 + Asiente—) ) oy

gives the 2m-periodic solution to the equation

du
& Uwu() =~ ()

hence uy(x) = 1. Taking into account that the integral in the right-hand side of the inequality
(A.6) is bounded by u(x), we obtain (A.5). [ ]

Remark A.2. Suppose that Re vy # 0 where
1 s

:E -

Vo v(§)dE, (A7)
then there exists a constant ¢y > 0 depending on the difference v(x) — 14 only such that

C
1K oo <

1fll o5 (A.8)

| Re ]
where K is the solution operator to equation (A.1) defined by formula (A.3).

Proof. Because of the definition (A.7), the function
X
) =esp ([ 1) - )

—T

is 2m-periodic function, therefore via the transformation u(x) = i(x)u; (x) every 2m-periodic
solution to equation (A.1) corresponds to a 27-periodic solution of the equation

du f)

RAE— I/()I/t(X) = u](x),

dx
and vice versa. Applying formula (A.5) we find that every solution # to equation (A.9) satisfies
the inequality

x € [-7, 7, (A.9)

1
|RCZ/Q|

f

uj

il <

o

Therefore because of the relation u = uu; connecting the solution u of equation (A.1) with the
solution & of equation (A.9) we obtain
1

TReay o o

1K lloo < Nlatlloc [leerfloo <
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Recall that the function u; is expressed via the difference v — 14 only, thus formula (A.8) is
completely justified. [ |

Remark A.3. Let K : Cper([—7,7]; C) — Clo([—m, 7]; C) be the solution operator to

per

equation (A.1) defined by formula (A.3) and let the following assumptions are satisfied:

(D) v € Cpe([-m. 7]; C),
(2) |v(x)| # 0 forall x € [—m, 7],
(3) Re vy # 0, where 1y is defined by formula (A.7).

Then there exists a constant ¢ > 0 depending on the difference v(x) — 1 only such that for
every f € Cpe ([—,7]; C) we have

Cc

(10f1loe + ||u1||oo|V|oo)) (A10)

|Re1/0|

1Kflloe < Il oo (wnw +

Proof. Integrating by parts the right-hand side of formula (A.3) and using the periodicity of
functions v and f we obtain

L0 [ e d (10
o =55+ [ ko (555) o

Now, the triangle inequality for the norm || - ||o and the remark A.2 yield

< vt ol ol
1K  Nloo < 17 Mool oo + de (I/)HOO

| Re ]

where ¢y > 0 depends on the difference v — 14 only. On the other hand, because of the quo-
tient rule we get

d /f Of faxV —1 —1
2 (L = |& LAY <
5 O =12 -2 <1 0t + 1ol i)
therefore
< vt €0 -1 )

IF e < o (171 + e (10 + 10l e 1)
Taking into account that || x| co = ||0x(V — 10)]|co We justify the formula (A.10). [ |
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