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Notation

Throughout this document dotted variables like f refer to the deriva-

tive with respect to the arc-length s, e.g. f = g—s :
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1 Introduction

The formation of the first cell was a breaking point in the evolution of
complex organisms like animals, bacteria and plants. A cell is an entity
that is separated from its environment by a lipid membrane. Over
time, the interior of the cell evolved by subdivision and change of its
composition, by fission into separate cells and fusion with other cells.
With rising complexity different functional complexes differentiated
and formed what is today known as prokaryotic and eukaryotic cells.

While natural evolution is increasing the complexity over time, sci-
entists use reductionism as a tool to understand complex systems.
This means, that they strive to identify elementary components with
respect to a specific function or an observed effect.

Taking the human cells as an example, a variety of specialised cells
exists: Oblate shaped red blood cells can transport oxygen from the
lungs to the tissue and carbon-dioxide back; polyhedral shaped brown
fat cells (plurivacuolar adipocytes) have a large amount of mitochon-
dria to produce heat; and the long tube-like axons of nerve cells
transport electrical signals and create concentration gradients via ion-
pumps.

This thesis focuses on the shape of cells. Cells come in different
shapes from discocyte human red blood cells? to prolate E. coli bac-
teria. Furthermore they can change their shape to fit through narrow
capillaries or replicate via cell division. On the other hand malformed
cells can lead to diseases like sphero- or ellipsocytosis?.

Natural cells are very complicated organisms whose membranes can

contain many different components as well as channels or other pro-
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teins as shown in figure 1.1a. Very simple membranes with only a few
components are produced in laboratories. These simple membranes
are called biomimetic membranes. A schematic drawing is shown in
figure 1.1b. They can be used to create ,empty* cells, which are called
vesicles, and they can be produced in a wide range of sizes and, as
visible in chapter 4, come in a number of different shapes. This is very
useful for controlled experiments, since it is easier to isolate functional
behaviour. One such experiment will be analyzed in more detail in

chapter 5.
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(a) Schematic representation of an animal celll®]

6 ,

“Hydrophobic tail

Hydrophilic head

Aqueous
solution

(b) Schematic representation of a vesiclel4
Giant unilamellar vesicles (GUVs) are being studied intensively since
they are large enough to be observed by light microscopy and they

show the remarkable property of being able to change between vari-

Figure 1.1. Comparison of an-
imal cells and vesicles. (a)
The animal cell consist of
three main layers: The nucle-
olus at its core, the nuclear en-
velope and the cell membrane.
The nuclear envelope sepa-
rates the nucleoplasm from
the cytoplasm, whereas the
cell membrane separates the
cytoplasm from the outer so-
lution. In the cytoplasm
many smaller compartments,
such as lyosomes, ribosomes
or mitochondria can be en-
capsulated. In addition larger
structures that have shapes
akin to folded sheets, like the
golgi apparatus and the rough
endoplasmatic reticulum are
present. (b) In contrast to the
complex structure of an ani-
mal the cell, a vesicle has only
two components: The inner
solution and the lipid bilayer,
which may consist of differ-
ent types of lipids, that sep-
arates the inner solution from
the outer solution.



ous shapes. The transition from one shape to another can be induced
by increasing or decreasing the asymmetry between the two leaflets of
the lipid bilayer[S] or by adsorption of proteins to the membranel6:7)
as well as deflation or inflation of the vesicle. By adsorbing photo-
switchable proteins to the membrane photoresponsive membranes can
be obtained[g], which means that a change of the shape of the vesicle
can be induced by light in a reversible manner, e.g. the formation of a
bud by exposition to UV-light and backtransformation to a spherical
vesicle with blue light. In particular, the coexistence of highly curved
tubes and necks with regions of relatively low curvature in the same
vesicle is a central property to being able to undergo fission!.

In addition, GUVs can be used to encapsulate chemical compounds

s[9:10], Depending on the composition

or build multilamellar structure
of the bilayer it is possible to observe phase-separation of liquid-ordered
and liquid-disorderd phases[11’12], which are also called rafts, as well
as phase-separation of different gel—phases[lg}. GUVs are thought to
become a basic building block in the engineering of basic living organ-
isms14:15],

With respect to theoretical modeling of membrane shapes mostly
homogeneously filled vesicles have been considered so far and chapter 4
will recapitulate the findings relevant for this thesis. Beyond that, new
results on multi-spherical vesicles will be reported.

In this thesis also vesicles in non-uniform environments are consid-
ered. This includes shape transformations due to the active process
of membrane adhesion of Min-proteins in chapter 5, which causes pe-
riodic transitions in time between a homogeneous protein distribution
and a distribution that is mainly localized on the membrane.

Furthermore, spatial concentration gradients are considered in chap-
ter 6. These gradients can arise by external forces like electromagnetic
or gravitational fields, by particle sinks or reservoirs like absorbtion
sites or production sites as well as by active processes like the move-

ment of processive molecular motors, which are introduced in sec-
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tion 6.2. Molecular motors are naturally abundant in biological cells
and as such are a promising candidate to be useful in practice. Their
directed motion along the cytoskeleton may well be used to create a
concentration gradient of the cargos that they are able to transport.

To decouple the complex behaviour of lipid membranes from the
effects of concentration gradients rigid conic compartments as further
explained in section 3.2 are used as a surrogate. The theoretical de-
scription of axisymmetric vesicles and conic compartments will be il-
lustrated in chapter 3.

Another abundant force is the gravitational field of the earth, which
causes sedimentation, but its strength is rather weak compared to other
intracellular dynamics such as diffusion. An ideal gas in gravity will
also be used as a surrogate system for the more complex system of the
molecular motors in section 6.1. Both, the ideal gas and the gravita-
tional force, are often used in theoretical physics to get a fundamental
understanding of a more complex system. In this thesis they are used
to get a qualitative picture of the expected effects of gradients, since
many properties are analytically calculable.

In the following chapter 2 the fundamental theoretical preliminaries
are introduced. Finally, the thesis will be concluded with a discussion

in chapter 7 and a summary in chapter 8.



2 Theoretical preliminaries

2.1 Calculus of variation

The calculus of variation investigates conditions to find critical points
¢o of a function f : X — IR where X is an open subset of a k-dimensional
Banach space (like the set of all functions!). A critical point is a point
for which the first variation df of f vanishes, which is either a local
maximum, a local minimum or a saddle-point. In order to distin-
guish between these cases higher order variations have to be consid-
ered. Here, a variation of f(&) means that instead of the functions &
a univariate family of functions ¢ + €7 is considered and the variation

0 can be defined as

.0
5_811—1368_8 (2.1)

and interpreted as the amount the value of f would change at each
point ¢ along the curve that f defines in X if it would be slightly per-
turbed. A typical mathematical formulation for a variational problem

reads
5/5 (e s)ds = /S 58, s)ds = 0. (2.2)

These formulations are very useful in the field of theoretical physics
since it allows to formulate laws of nature independent of any coordi-
nate system (like Fermat’s principle or Hamilton’s principle). Finally,
the solutions to equation (2.2) can be found by solving the Euler-

Lagrange equations!f

d /0 0 .

'In that case f is called a func-
tional and for the rest of this
document X is treated as the set
of all functions.
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which are k second order differential equations, which corresponds to

2k first order differential equations.

2.1.1 Constrained variation

Often not all possible points ¢ are physically possible. Then the set X
is said to be constrained. Constraints can be expressed in differential
or integral form. These are demonstrated in example 2.1. In general,
constraints can be written as g;(f) = 0, where i € [1,m] if m is the

number of constraints. Constraints can be incorporated by introduc-

Dido was the founder and first queen of Carthage. According to a tradition
of the Greek historian Timaeus she got the land from the Numidian King
Hierbas by asking for as much land as can be encompassed by a bull’s hide in
814BC. After he agreed, she cut the hide into thread-like strips and formed a
circle with it, thus gaining the maximum amount of area. The corresponding
variational problem can be stated as follows

51
5/ Fds=0
50

s = [ i+fds=1
f(so) =fo,  f(s1)=h (2.4)

or
51
5/ Fds=0
50

g=1/1+f2
f(so)=fo,  f(s1)=h
g(s0) =0, g(s1)=1L (2.5)

where equation (2.4) is the integral formulation and equation (2.5) is the
differential formulation. The more general problem of determining a plane
figure of the largest possible area whose boundary has a specified length is
called an isoperimetric problem.

ing as many new functions A;(s) as constraints have to be satisfied and

define
F = f + Z /\i(S)gi. (2.6)

Example 2.1. Dido’s problem
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The A;(s) are called Lagrange multipliers. Again, these have to fulfill

the FEuler-Lagrange equations

d/a 3 |
E(a_gf>_a_§f:0’ ie (1K, (2.7)
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2.2 Free enerqy of a canonical ensemble

In classical statistical thermodynamics a canonical ensemble describes
a statistical system with constant temperature T, constant volume V

and constant number of particles N.[7)

2.2.1 Partition sum

A fundamental thermodynamic entity is the partition sum Z, since
every thermodynamic potential can be derived from the partition sum.
With a given partition sum and the inverse thermal energy f = kBLT’

the free energy F can be calculated via

F = —%logZ. (2.8)

Since the particles of an ideal gas do not interact, the N-particle par-
tition sum can be directly computed by the one particle partition sum

Zy
Z =7V, (2.9)

The Hamiltionian H(r, p) is a funciton that describes the total energy
of a conservative physical system in terms of the generalized coordi-
nates r and p, which correspond to the three spatial coordinates and
three mechanical impulses for the ideal gas. For an ideal gas consisting
of particles of mass M that are subject to the gravitational accaleration

g the Hamiltionian reads

N

2
p‘
H(r,p) =) 5 + Mgz, (2.10)
; 2M !

where z; is the z-coordinate of particle i in a cartesian or cylindrical

coordinate system.
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Using the Hamiltonian, the one particle partition sum is defined by

an integral over the enclosing volume V

1 — iy
71 = ﬁ/ d3r/ d’pe pH(xp)

_ (2;24) [ePueav. (2.11)

Examples 2.2 to 2.4 show the one particle partition sum for the cases

of a spheric, a tubular and a conic compartment.

3
2
7, = (ZnM) /e—ﬁMgde
3 2R /RZ_(z—R)?
= (ZHM) ’ 27‘(/ / e PM8Zy drdz
o Jo

B (2nM) 2 (4ne—ﬂMgR(/sMgR cosh(BMgR) — sinh(ﬁMgR)))
-\ 2B (BMg)?

I

2ntM 2
7. — —pMgz
1 < h2,B ) /6’ dv

(3

- (3 B

NI

L
7TR? / e PMszq,
0

NI

Example 2.2. Partition sum
inside a sphere of radius R.

Example 2.3. Partition sum
inside a tube of height L and
radius R.
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(
(2nM) 3 e PMSL 1

— (cos(2a) +1) 4(BMgR)? (1 - eﬁMgL)

+ 4BMgR sin(24) (2 (1 _ eﬂMgL> + BMgL (1 + eﬁMgL)> >

2BMg)? cosZa ( (cos(2a) — 1)
((1—ePMst) (8-+ (BMSL)?) +4pMgL (1+ePMst))

Example 2.4. Partition sum
inside a cone of height L
and mid-height radius R and
opening angle «. r(z) is de-
fined by equation (3.20). (&


https://gitlab.mpikg.mpg.de/christ/phdthesis_code/-/blob/v0.1/PartitionSum_IdeaGas_Cone.wls

3 Flexible and rigid membrane compart-

ments

Biological membranes mainly consist of glycerophospholipids whose
amphipathic! nature drives the formation of a bilayered structure.
These bilayers are very anisotropic: they have a thickness of a few
nanometers, while their lateral size can extend over hundreds of mi-
crometer. The ability of the lipids to laterally diffuse in the bilayer
allows a smooth shape where the individual positions of the lipids are
not very important. It is rather the elastic properties on the larger
scale that define the overall shape. This allows to model it as a contin-
uous yet flexible surface, rather than as an ensemble of many individual
lipids 2.

It is also possible to attach a lipid bilayer to a solid support18:19].
In this case the shape is determined by the shape of the support. Also

[20,21]

the rigid walls of the channels in microfluidic devices or the tip

22-25] force vesicles to take a shape that is conformant

of micropipettes!
with these boundaries.

This chapter explains the mathematical modeling of asymmetric
flexible membranes using the spontaneous curvature model in the first

section and the mathematical description of truncated cones in the

second section.

! This means that glycerophos-
pholipids have a hydrophobic
part, which is the tail, as well as
a hydrophilic part, which is the
polar head group

2 Which is what is done in molec-
ular dynamics simulations
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3.1 Spontaneous curvature model

Vesicle sizes vary from 15nm-30nm in diameter (small unilamellar vesi-
cles (SUVs)) to 100nm-200nm in diameter (large unilamellar vesicles
(LUVs)) to 5 m-200 m (GUVs)[?0l. These sizes have to be compared to
the thickness of the lipid bilayer which is typically 4nm-5nm?7. Thus,
for large scale shape transformations the membrane of a vesicle can be
modelled as a continuous surface in space. The bending energy of such
a vesicle with mean curvature M, spontaneous curvature m, bending

rigidity x and surface area A is given by[2830 3

Epe = 2k / (M —m)? dA. (3.1)

Vesicles that stay isolated in constant osmotic conditions also have
approximately constant area and volume. This is accounted for by
adding two Lagrange multipliers as mentioned in section 2.1.1: the
surface tension X that ensures constant area A and the difference in

osmotic pressure AP that ensures constant volume V.
E=Epe+2XA—-APV. (3.2)

3.1.1 Scales of a sphere

Even if osmotic conditions vary, the surface area of vesicles does not

30l Treating it as conserved is a

change much for isothermal processes!
very good approximation in these cases and therefore the surface area
is a good candidate for defining the basic length-scale of the system.
Furthermore, a sphere is the form with the minimal surface area for
a given volume and is hence chosen as the reference shape. Thus, the

vesicle radius Rye is defined by the radius of a sphere with the same

surface area as the vesicle

Rye = \/ A/ (470). (3.3)

3The bending energy actually
contains an additional term de-
pending on the gaussian curva-
ture, which depends on the topo-
logical genus of the surface. But
since in this thesis only surfaces
with one connected component
are considered, this term is con-
stant and can be neglected.



3.1. spontaneous curvature model

Consequently all curvatures will be scaled with Rye:

m = mRy,, (3.4)
M = MRy, . (3.5)

Volume and area are scaled by their spheric equivalent:

- A
A=—-5=1 .
47TR 2 ! (3.6)
% \%
U= =6VT—=. 3.7
F Ry A D

The normalized volume v is also known as reduced volume or area-to-
volume ratio in the literature. The bending energy of a sphere with
zero spontaneous curvature is 87tk. This is a common choice for the

basic energy scale

- . >A APV
&= E/(87r) = Eve + 8tk 87k (38)
Finally, by introducing the dimensionless surface tension %
I
> = .
) (3.9)
and osmotic pressure difference AP
~ APR,?®
AP = v (3.10)
K
equation (3.2) reads
; - - 1 (. AP
5:/(/\/1—;1‘1)2 dA+§(Z—7z)) : (3.11)

An additional parameter that is important in the next section is the
arc-length S, which gets scaled by the arc-length of a semi-circle be-
cause that is the minimal integration length

S
TR e

S = (3.12)

13
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3.1.2  Axisymmetric vesicles 2

In particular, axisymmetric vesicles can be described solely by a one s = 1
dimensional curve 7(s), where s € [0,1] is the position along the arc-
length S. The bending energy can then be expressed in terms of 7(s)

and its derivatives. However, it is far more convenient to use a param-

eterization in terms of 7(s) as well as the bending angle (s) and the

bending curvature i(s) = tSP(s). s =0

..

>

The bending angle ¢(s) and 7(s) are related via (cf. figure 3.1)

T

Figure 3.1. Illustration of the

7_’(8) — 75 cos l[J(S) (3.13) coordinate system of a vesicle
that is parameterized along its

This non-trivial dependency makes it necessary to add an additional

arc-length s. The axis of rota-

tion is z, the radial distance

term to (3.11) containing a Lagrange parameter function ’?y(s)[w]

E=Epe+ % (i - %pv) - 7'(5_/%(5) (7(s) — tScos(s)) ds.
(3.14)

Parameterizing the remaining terms yields

/a4 - 2
&= 71’5_/ (g (ds;fé_s) +°2 ?(l/;)(s) —2n‘1> + %T’(s) - %172(5) siny(s)+

dz
Yr <d‘°’—(s_s) — oS ¢(s)> > ds. (3.15)

7T

Demanding the first variation of this functional to vanish yields the cor-

responding Euler-Lagrange-equations also known as the shape equa-

denoted by .

tions

#(s) = Si(s)

ii(s) = 8 (7(s) (87,(s) siny(s) — cosyp(s) (APF?(s) +2ii(s))) + sin (2¢(s)))
27(s)?

in(s) = 22 ((a(s) om) - 2APr(s) singp(s) - SEE) | 22) .

7(s)?

Z (3.16)

is r and the bending angle is


https://gitlab.mpikg.mpg.de/paper/min_GUV_oscillations_Code/-/blob/master/Deriving_Shape_Equations.wl

3.1. spontaneous curvature model

These have to satisfy the boundary conditions

$(0) =0

p(1) =n

i1(0) = il

(1) =i

7(0) =7(1) =0
7:(0) = 7,(1) = 0. (3.17)

Special care has to be taken in the limit 7(s) — 0, since the terms
% can’t be evaluated naively. From the Taylor expansions in ap-

pendix B follows that

sin(s)
7_’(S) s={0,1}

= M{O,l} . (318)

Thus, the shape equations at the endpoints read

= 7§ (% (m2 — n‘m(s)> + 312) . (3.19)

In total this model has seven parameters: AP,Y, iy, 1, S, m and v.

15
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3.2 Cones with constant area and volume

As mentioned in the beginning of chapter 3 besides flexible compart-
ments also rigid compartments are part of this study. Particularly,
the focus is on circular cones, which includes truncated cones and the
special case of a tube. From a theoretical point of view rigid shapes
can also act as a surrogate shape that facilitate analytic calculations
to gain insight in the qualitative behaviour of vesicles.

An open cone is represented by its radial profile r(z) (cf. figure 3.2),

which gives the three dimensional body by revolution around the z-axis

r(z) =R — (z — é) tanw. (3.20)

Alternatively, it is also possible to parameterize the radial coordinate

along the arc-length s

(

Vittan2a) LvV1ttanZa

s <

S 0<s< —2—
— 7 — 2R+LV1+tan?«

R+1Ltana 1 R+iLtana
R — S<1 ZR ) 2 — 5| Ltanae ———2—— s A
+ 2 R LViTtanla

T’(S) — R+3Ltana+Lv1+tan? a

R+%Ltan¢x

2R + LvV1 + tan? a(1 — s)

2R+LvV1+tan? «

s<1

(3.21)

which describes a closed cone. However, it is also possible to use
equation (3.20) for closed cones, when the two circular disks at the
ends are treated separately in the calculation of derived quantities like
the area. Figure 3.2 illustrates the geometry of a closed cone; its two
kinks are marked as point A and point B .

When points A and B are represented as position vectors in the

z-r-plane, they read as follows

0 L
B

R—l—%tantx R—%tantx

R—i—%L tana+Lv 1+tan? o <
2R+Lv1+tan2 w

SIVA



3.2. cones with constant area and volume

(e

The values of the opening angle « lie in the closed interval & € [—a, a]

&, = arctan 2R
c — L .

If « = —a, point A lies on the z-axis (red line in figure 3.2) and

with the critical value

(3.22)

respectively point B lies on the z-axis for &« = a.

3.2.1 Volume and Area

Volume V' and surface area A of these cones are given by standard

calculus

L
271/
0

r(z)dz + 7t (r(0)2 + r(L)2>

1
=7 (—L3 tan?

- () + LR2) :

However, inverting those equations to get radius and length of cones
with constant area and volume for a given opening angle cannot be
done analytically, because the following equation (3.23) for determin-
ing the height L is a sixth order polynomial and it is proven that there

is no general analytical solution for polynomials with higher order than

17

Figure 3.2. Cross section of
a truncated cone as consid-
ered in this thesis. Halfway
between point A and point
B the radius R is kept con-
stant. The length of the cone
is the distance between the
z-coordinates of point A and
point B . Finally, the opening
angle a is measured between
the z-axis and the connecting

line of A and B .
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fourlll. These equations read
2L tan® (’cam2 x + 3) — 6mAL* tan® o
+127VL? (tan?a = 3) + (3LA —6V)* = 0 (3.23)
1 4V 1
Ri(a) = =4[ ——F— — zL?(a) tan?(a) . 3.24
i=1,2
DOl e 0.90} ‘ '.‘..._..-‘....-.l ...... . ‘.'
L 1.8 R 085+ '.'.'
Rve I.(»—_. .-— Rve ().8()—'.
L o 0.75¢ *., .
..................... ()7()7 ‘ ""..---.‘......T----..‘.-..--0"' ‘ ]
-03 -02 -0.1 00 0.1 0.2 0.3 -03 -02 -0.1 00 0. 02 03
(0% (0}
(a) (b)
30
2.5F
20F
DSl
1.0}
0.5F
0.0Fk== I I i I I —
-03 -02 -0.1 0.0 0.1 0.2 0.3
(0}
(o)

A numerical solution of equations (3.23) and (3.24) can be seen in
figure 3.3 and part of the parameter space provided by surface area A,
volume V and opening angle « is shown in figure 3.5. The region of the
parameter space where two solutions exists is smaller than the region
for the case of only one solution and has complex-shaped boundaries
(cf. figures 3.5 and 3.6). When two solutions exist one has a larger
height than the other but a smaller radius, e.g. the solution corre-

sponding to the blue shape in figure 3.4 respectively the blue curves

Figure 3.3. The two solu-
tions to equation (3.24) (a)
and equation (3.23) (b) as
function of the opening an-
gle « for V = 1pl, v = 0.8
and m = 0. The orange solu-
tion is stretching the length of
the cone and shrinking the ra-
dius to obtain a cylinder and
the other solution is behav-
ing the other way around. (c)
The aspect ratio @ as given by
equation (3.25). Shapes cor-
responding to the orange data
points have a smaller aspect
ratio than the solutions shown
in blue, except for two criti-
cal angles +a, where both are
equal to 1.5.

Figure 3.4. Illustration of
the two solutions of equa-
tion (3.23) for « = 0. The or-
ange cylinder has a smaller
height L and a larger radius
R and vice versa for the blue

cylinder.
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in figure 3.3. In terms of the aspect ratio

L

= 3.25
R+ Ltan |a| (3.25)

the blue shapes have a larger aspect ratio than the orange shapes as

shown in figure 3.3c.

Figure 3.5. Parameter space
of equation (3.23). In the
transparent region exist two
solutions for the height L and
the radius R, whereas in the
solid colored region only one
solution exists. These regions
are obtained by solving equa-
tion (3.23) symbolicly using
Mathematical32! up to radi-
cals and then plotting the con-
ditions where those solutions
exist(&'.


https://gitlab.mpikg.mpg.de/christ/phdthesis_code/-/blob/v0.1/BendConeGas.wls
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Figure 3.6. Parameter space
where two solutions exist
(the transparent region of fig-
ure 3.5). The boundaries of
the region are not smooth but
ragged. (&'


https://gitlab.mpikg.mpg.de/christ/phdthesis_code/-/blob/v0.1/cone_parameter_region.wls
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3.2.2 Bending energy

The bending energy & of a cone has two contributions, the bending

energy of the shell surface &y, ¢ and the energy of the kinks &y k.

3.2.83 Shell surface

The bending energy of the shell surface can be calculated from the
radial profile. The planar caps of the cones are not curved and thus
have zero mean curvature, so they only contribute to the bending

energy, if the spontaneous curvature is non-zero

= 47K /OL (21%2) — Zm)zr(Z)dz + 27K <r2(0) + rZ(L)> ">

B 2R + Ltan(a) 2 Lz ., 2
= 711K (cot(oc) log (ZR — Ltan(oc)) —8Lm + (16LR + 2R —2RLtanwa + o tanta ) m® )

(3.26)

3.2.4 Kinks

The bending energy of a kink is undefined by the traditional definition
of curvature, which requires a twice differentiable curve. However, it is
obvious that some kinks are more acute than others. Thus, it should
be possible to differentiate between differently kinked edges in terms
of bending energy. The extreme case of a cone with & = +a, will be

considered first.

3.2.5 Spherical cap

In the case of a cone with & = =4« the kink will be replaced with
a spherical cap to get an estimate for the curvature of the kink[33!,
Without loss of generality it is sufficient to calculate it for the case of
& = —a., where point A becomes the tip of the cone. The solutions

at point B can be retrieved by the substitution &« — —a. The area
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differential for a spherical cap reads

dAgphere = 27TR% sin0d6. (3.27)

The mean curvature on any point of the sphere is

1

Mphere = o
sphere Ry

(3.28)

and thus the bending energy (neglecting spontaneous curvature) is

7T
770(

Epex = 2K / M2 dAghere = 271 / sin0do = 47k(1 —sina).
0
(3.29)

3.2.6 Toroidal ring

To generalize the ansatz to the case of a truncated cone, the tip of
the sphere gets punctuated and stretched to a toroidal segment with
a plane disk in between. A torus is characterised by two radii. The
radius of the tube will be Ra, while the distance of the center from the
tube to the z-axis is denoted by Riorus, which has to be calculated.

The mean curvature on any point of the torus is given by[34]

Riorus + 2Ra sin &
2RA (Rtorus + RA sin 9)

Mtorus — (330)

Figure 3.7. The tip of the
cone with opening angle a and
the circle of radius Ra, whose
cap replaces the conic cap to
calculate the mean curvature.
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and the area differential is

dAtorus = Ra (Riorus + Rasin®) de dé. (3.31)
The bending energy differential is

2
dgbe,k = Morus” dAsorus

2
Rtorus

=sinf + .
4RyorusRa + 4R% sin 0

In order for the bending energy to be independent of Ra
Rtorus = CRa (3.32)

must hold for a constant c that is yet to be determined. Furthermore,
in the extreme cases of a cylinder (&« = 0) and a proper cone (& = —a,)

the radius needs to satisfy

Rtorus(lx - 0) =R— RA;
Rtorus(“ - _“C) =0. (333)

Figure 3.8. The tip of the
truncated cone with opening
angle a and the circle of curva-
ture with radius Ra. The dis-
tance of the center of the cir-
cle and the symmetry axis of
the cone is Riorus. It is shown
in this section that it is not
consinstently possible to have

Rtorus 7é O
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The only way to satisfy these conditions is with ¢ = 0, which means
that the kink still gets approximated by a sphere, whose bending en-
ergy is given by equation (3.29)(&".

The energy of both kinks is then given by

Ebek = Epe k(@) + Epex(—a) = 87k (3.34)

3.2.7 Total energy

Combining these results, the total bending energy reads

gbe = Sbe,s + Sbe,k

2

B 2R + Ltan(w) 2 L » 5
= mc(cot(zx) log (ZR — Ltan(zx)) —8Lm + (16LR +2R* —2RLtana + Ttan a|m

+ 87k .
(3.35)

Figure 3.9 shows that the cones with lower aspect ratio are energet-

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 3.9. Bending energy
as given by equation (3.35) of

130F . cones with V = 1pl, v = 0.8
o | 25t : and m = 0. Curves of differ-
gbe - .. K ent color correspond to differ-

ent solutions for the height L

and the radius R as shown in
figure 3.4.

TIOE e
-03 -02 -0.1 00 0.1 02 03

(87

ically favored with the tube having the lowest energy. For the cones
with the larger aspect ratio it is the other way around. Decreasing the
volume-to-area ratio v the difference in the bending energy between
the cones with larger aspect ration and those with lower aspect ratio
is becoming larger and larger while the parameter space for cones with
larger aspect ratio is increasing and the parameter space for cones with

larger aspect ratio is decreasing as shown in figure 3.10.


https://gitlab.mpikg.mpg.de/christ/phdthesis_code/-/blob/v0.1/KinkRadius.wls
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Figure 3.10. Parameter scan
of bending energy of cones
with V = 1pl, v €]0,0.8] and
m = 0. Surfaces of different
color correspond to the two
different solutions for L and R.







4 Morphologies of uniform vesicles in

equilibrium

The equilibrium shapes of uniform vesicles have been studied for a
long period of time. Even the simplified models show a rich variety of
vesicle shapes and new shapes can still be discovered.

The spontaneous curvature model as explained in section 3.1 is no
exception and a large portion of morphologies where explored by Seifert
et al.?% and Deuling & Helfrich®) by analytic and numeric investiga-
tion of the shape equations.

In the following their findings of morphologies for non-negative spon-
taneous curvature are reviewed. Special focus lies on the formation of
necks, since necks lead to compartmentalization of vesicles. Compart-
mentalization is widely observed in cells of living organisms and plays
a crucial role in cell division, endo- and exocytosis.

Finally, additional findings about multi-spherical vesicles that were

discovered as part of this thesis are presented in section 4.2.1.

4.1 Zero spontaneous curvature

If the spontaneous curvature is zero (1 = 0) four thermodynamically
stable morphologies were found: spheres, prolates, oblates and stom-
atocytes. These shapes can be characterized by their reduced volume
v.

By definition single spheres are only stable for v = 1. Whereas

prolates were found to be stable in the region v € [0.652...,1] and
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oblates in v € [0.592...,0.651...]. Finally stomatocytes are stable
for v €]0,0.591...] (cf. figure 4.1). The limit shape L5*° at v = 0 cor-
responds to an inverted sphere !, that is connected to a normal sphere
by an ideal neck. This shape has a bending energy of &, = 167k.
The transition between the shapes takes place via discontinuous bifur-

cations as shown in figure 4.1.

25 ~-
\\
Fb AN "
e - N sto
Bk groP %€
sto R
29 N M StO
stomatocytes psto
] D
15 1 oblates
prolates
0 0.2 04 0.6 0.8 1

(a) Bending energies for the three branches. Reading from v =1 to v =0
prolates are the stable shapes until the discontinuous bifurcation at D.
Between D and DS oblates are the shapes with the minimal bending
energy. Finally, stomatocytes are locally stable between MS*® and Lst©,
reach its maximum volume at M5'® & 0.66 and are globally stable between
DSt and LSt°. LS denotes the limit shape of a membrane with an
inbud that is the same size as the containing sphere and an ideal neck.
Solutions of the oblate branch beyond SI°P begin to self-intersect and are
not physically meaningful.

D sto D

000)====|||(JC

005 03 0591 0.592 0.651 0.652 08 095

(b) Examples of the thermodynamic stable stomatocytes, oblates and pro-
lates. All shapes have the same area.

1 that is a sphere whose surface
normals point inwards

Figure 4.1. Energy diagram
for vesicles with zero sponta-
neous curvature and the cor-
responding shapes as shown
by Seifert et al.[29],

Note, that the symbol used
by Seifert et al.29 for the
bending energy is F, while in
this thesis &, is used.
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4.2 Positive spontaneous curvature

Increasing the spontaneous curvature generally leads to shapes with re-
gions that are more narrow and eventually to the formation of necks.
Such necks are effectively dividing the vesicle into different compart-
ments. The upcoming section is about vesicles that are a conjunction
of spheres. These limit shapes play a special role, since they are con-
nected by a perfect neck, which means that the radius of the neck
goes to zero. But having a point where the radius is zero inside of
the integration interval when integrating the shape equations (equa-
tion (3.16)) is causing numerical instability as well as a discontinuity
in the bending angle . Therefore these shapes are limiting to the
exploration of the morphology diagram (cf. figures 4.4 and 4.6) via

numerical methods.

4.2.1 Regions of spheres

Fortunately, the case of n spheres connected by a point-like neck can
be studied analytically. A neck that connects a sphere of radius R; to
a sphere of radius Ry has to fulfill the neck closure condition®%, which

connects the radii of the spheres to the spontaneous curvature m

we(h k). wn
Using the Euler-Lagrange equation it can be shown[3Y that each of the
n spheres can only have one of two possible radii, either a small radius
R or a large radius R;.

In the following, each configuration of the n connected spheres is
denoted by a specific sequence composed of the letters s and [: For
example, a large sphere connected to small sphere that is connected to
another small sphere is denoted by Iss (cf. figure 4.2). A sphere can
be connected to more than two other spheres simultaneously, which is
expressed by a prefixed number: As an example, [3s refers to a large

sphere connected to three small spheres.
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Note that the shapes that contain a number don’t have rotational
symmetry in general and thus cannot be described by the shape equa-
tions. The only exceptions are [2s and s2[, which are equivalent to sls
(cf. figure 4.3) and Isl respectively.

In order for the whole conformation to be stable all necks have to
be stable. As a consequence of equation (4.1) the neck with the most
spheres of radius R will determine the lower bound of possible 1
values.

The boundary of a region where n spheres are connected of which ng

spheres have the radius Rs and 7; have the radius R; can be calculated

via
(
% if at least one ss-neck exists
Rs = 9 \/Lﬁ if RS = Rl
R
{ m else,
1=mR?+ nsRS?,
_ p 3 p 3
v =mR;” + nsRs”. (4.2)
Solving these equations will give unique solutions for n = n; + ng

spheres. The large radius can have values in R; € [\/Lﬁ, 1] and the
small radius in Ry € [0, \/Lﬁ] The lowest possible value of the reduced
volume v is reached when R; = Rs which leads to vmin(n) = \/Lﬁ The
maximal value of the reduced volume, vpax(n;) = \/L;T,’ is reached in
the limit Ry — 0. Note, that the shape only varies with the volume-

to-area ratio v and not with the spontaneous curvature 7, while the

bending energy is minimal for

1/1 1
n_/l i V) = < = = 43
e =3 (£ + %) (4.3
and increases with larger m. Thus, shapes observed in experiments
most likely have a spontaneous curvature close to iy (v). The bound-
ary line (1) depends on the type of necks present for a given config-

uration.

Figure 4.2. A multisphere
Iss solution consisting of one

large and two small spheres at

7 — _ 101042 .
m=2v3and v = YW
0.809....

Figure 4.3. A multisphere
[12s solution consisting of one
large and two small spheres at

m=2v3and v=0.925....
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Figure 4.4 shows the resulting boundaries for n = 2 (black), n = 3
(blue) and n = 4 (red). Each color has different branches for those
configurations that have the same neck constraint corresponding to
the cases in equation (4.2) and the same number of small spheres
ns. For example the two configurations Isl and Ils both contain a Is-
neck and have ng = 1 and thus approach the limit shape II, while the
configuration sls also contains a [s-neck, but since n; = 2 it approaches

the limit shape [ in the limit m — oo.

1.0

o 0.8

S

+~

<

Fan

< 06

o}

el

T

o

+—

b 04}

=

=

o

> 02 - Isls slls 125
---=- s, lIsl,s31
=2 13s
- - - Isss,slss
------ Issl,ss21

| | | | J
0'00 2 4 6 8 10
Spontaneous curvature 11
Figure 4.4: Regions of existence for multi-sphere solutions for 2 (——), 3 (——) and
4 (——) spheres in the plane spanned by the reduced volume v and the dimensionless

spontaneous curvature #1. Labels that are mirror images of each other are omitted. So
labels like Is include its mirror image sl. In the case where all spheres are of the same
size the label with all I’s is used, while using s would be equally valid. The gray region
starting at m = v/5 indicates the region where more than 4 spheres are connected. These
additional lines are omitted for the sake of readability but still cover a large enough
interval such that the asymptotics of the boundaries are clear.

In the interval m € [0,10] 100 families of curves would have to be displayed otherwise.
Note that the I3s line corresponds to non-axisymmetric solutions that can not be discribed
by the shape equations.
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4.2.2  Breaking of symmetry

Prolates and oblates with zero spontaneous curvature are in addition
to their rotational symmetry symmetric with respect to a plane that
crosses the axis of rotation in its center (see figure 4.5).

However, in experiments, deflation of vesicles typically leads to the

formation of buds/3

, which were discussed in section 4.2.1(cf. fig-
ures 4.2 and 4.3). These multi-sphere vesicles do not have this ad-
ditional symmetry and might not even be axisymmetric. As shown
in figure 4.4 multi-sphere vesicles exist for larger values of the spon-
taneous curvature in the morphology diagram. The fact, that they
do occur for the same value of the reduced volume as the symmetric
prolates, indicates that there has to be a transition region.

Indeed, Seifert et al.2?) reported such a transition region for the
case of two connected spheres. Figure 4.6 shows this region between
the lines DP®*" and Li4q1. The line DP®* describes a discontinuous
transition between prolates with two symmetry axes and prolates with
one symmetry axis. The line L1 is identic to the line labeled as Is in
figure 4.4. The asymptotic behaviour when the spontaneous curvature

goes to infinity (1 — o0) can be calculated by solving the equation(2?

B =

where Rg and R; are given by equation (4.2) for n; = ng = 1. The
lower solid part of the line DP®* was obtained by numerically tracking
the point where the shapes of the symmetric and asymmetric branch
have equal energy. The dotted lines correspond to cubic splines that
connect the numeric and analytic solutions.

The line of limit shapes that have two spheres with different radii

L1,1 is described by the functional relationshippg]
N 1 1 1 _
'U:'Ul+1(m): _W—i_(l_ﬁ) 1+W for mZ\/E

(4.5)

Figure 4.5. Symmetry axes
of a prolate with m = 0 and

v=0.7.
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The line of limit shapes that have two spheres of equal radius Ly+ is

located at!30]

1
v=0,=——~0707 and m>m, =2~ 1414. (4.6)

V2

The two boundary lines meet in a corner point with m = 1, = /2
and v = v, = 1/4/2. At this corner point of the morphology dia-
gram, the dumbbell shape consists of two equally sized spheres with

radius Ry = R; = 1/+/2 and vanishing bending energy.  Transitions

1.0
_—

)
S 09t
+2
<
o
[a]
e
g 081 (1+41) - spheres
- with closed necks
D]
z
— 0.7F
O LQ*
=

0.6 1.0 1.5 2.0 2.5

Spontaneous curvature m

Figure 4.6: Morphology diagram of prolates and dumbbells for positive spontaneous
curvature m with 0.7 < m < 2.8 and volume-to-area ratio v > 0.6. The horizontal line
with v = 1 corresponds to a single sphere. Along the solid line L1, the vesicles form
limit shapes consisting of two different spheres connected by a closed membrane neck.
The location of this line is given by the algebraic expression in equation (4.5). Along the
solid line Ly- with v = 1/v/2 ~ 0.707 and 1 > /2, the vesicles consist of two equally sized
spheres connected by a closed neck. The parameter region between the two lines L1
and Lp+ defines the yellow stability regime for (14 1)-spheres, in which the vesicle shape
depends only on v but is independent of #. The black dotted line DP®" separates up-
down symmetric from asymmetric dumbbells with open necks. The latter line is obtained
using cubic splines to connect numerical and analytical solutions. The solid blue and
red circles correspond to shapes with v = 0.768 as displayed in figure 4.7a, the solid red
and blue squares to shapes with v =1/ \/§ as in figure 4.7b. Red markers corrspond to
asymmetric shapes and blue markers to symmetric shapes.

from fully symmetric prolates to prolates that are only axisymmetric

were found to happen discontinuously whereas the transition of these

20]

prolates into two connected spheres is continuous! Solutions with
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(a)

(b)

Figure 4.7: Examples for dumbbell shapes with open and closed necks: (a) Dumbbells
with v = 0.768, corresponding to the three solid circles in figure 4.6. From left to right,
these shapes have the rescaled spontaneous curvatures m = 1.2,1.3 and > 1.56, where
the rightmost shape corresponds to the limit shape L4 with v = 0.768; (b) Dumbbells
with v = v, = 1/v/2 = 0.707 corresponding to the three solid squares in figure 4.6.
From left to right, these shapes have the spontaneous curvature m = 1.167,1.352, and
M > 1Me = V2 = 1.414. The two shapes with m = 1.352 and # = 1, are undoloids as
explained in section 4.3, while the other shapes are solutions of the shape equations.

broken symmetry have a significantly lower minimum of the radial
coordinate than their symmetric counterpart (cf. figure 4.7a). This
means that for fixed volume-to-area ratio v narrow necks can occur for
lower values of the spontaneous curvature m if the symmetry perpen-

dicular the the axis of rotation is broken 2.

4.3 Bridging the gap - parameterization for narrow necks

As the neck closes, solving the shape equations becomes more and more
difficult because of numerical instabilities when the neck radius goes to
zero. For narrow necks a prolate can be approximated by two spherical

37, This approximation has the

caps joined by two unduloid segments
advantage that it can be treated analytically.

The parameterization consists of four regions. The first region is
a spherical cap with radius R¢® and curvature ¢(s) = RLS between

sop = 0 and s; = gl_{s. The second region connects the spherical cap

with radius Rs with the neck of radius Ry with an unduloid segment,

2 See also figures 5.4 and 5.5

3 without loss of generality, it
can be assumed that the first
spherical segment is smaller than
the second
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while the third region connects the neck to the second spherical cap of

radius R;.
R / R,
Region: I I I v

The parameterization of the unduloid segments as shown by Four-

[37]

cade et al. reads

siny(s) = ﬁ <?(s) + ilgz;e) i€ s}, (4.7)

where i = s in the second region and i = [ in the third. By taking the
derivative with respect to the arc-length s the curvature 1(s) can be

calculated:

. S RiR e .
be) = ke (1 - rz(s)) i {1},
-

7(s) = S cos(yP(s)). (4.8)

The fourth region is a spherical cap of radius R; and curvature $(s) =
1 —1_R& _
3 froms=1 25 tos=1.

The total area A, and volume V,, of shapes consisting of all four

regions are given byl37)

Ay =470 (R + R2) +27Rye (R + Ry) + O(Rue? 10g(Roc)),
B 47 (R13 + RS3)
e 3

+ 7TRpe (RZZ + R52> + O(Rye?) .

(4.9)

Figure 4.8. Ilustration of the
four regions of the approxima-
tion for dumbbell shaped vesi-
cles with narrow necks. Re-
gion I is a spherical cap with
radius R; and region IV a
spherical cap with radius Rs.
Region II and III are undu-
loids whose parameterization
is given by equation (4.7).[37]
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4.3.1 Matching to shape equations

When starting with a shape that has a reduced volume v = 1/v/2
and a spontaneous curvature m = 0 and approaching the limit shape
Ly at v = 1/ V2 and m = ﬁ4, the numerical instability of the
closing neck eventually causes the algorithm to fail. The last available
shape obtained by solving the shape equations is at 1 = 1.306. Using
the values of the area and the volume of this solution, R; and R are
calculated via (4.9) using a root finding algorithm. Here, the trust-
region algorithm provided by NLsolve.j 138! was used. The neck radius
was computed by finding the minimum between the two maxima of
the radial component of the solution. The values are R, ~ 0.023,
R; =~ 0.723 and Rs =~ 0.679. These values are then used to obtain
an unduloid shape via equation (4.8). The resulting relative error is

below 2% for area and volume with respect to the solutions of the

shape equations (cf. figure 4.9).

m = 1.306
=== Shape equations
al ! —— Undoloid (shifted)
\8)
< 2
~—
N
1k
0k !
1.0 0.0 1.0

7/ Rye

4.3.2  Closing neck interpolation

As shown in figure 4.6, an ideal neck with R, = 0 connecting two

% forms at m = v/2. The neck

radius can now be linearly interpolated between R,. ~ 0.023 and 0,

spheres of equal radius R; = Rs =

4this is the egde of the yellow
region in figure 4.6

Figure 4.9. Fitting of param-
eterization at m = 1.306 and
v = 1/4/2 . The solution of
the shape equations is shown
in red and the unduloid pa-
rameterization with the same
neck radius Rne =~ 0.023 is
shown in black. The undu-
loid shape was slightly shifted
in z direction to be symmetric
relative to the solution of the
shape equations.
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which yields
Rye (1) = 0.3005 — 0.212577. (4.10)

For any 1, the values of Rg and R; can be calculated from equa-

tion (4.9) as in section 4.3.1.

Figure 4.10. Contours cor-

(a) m = 1.306 (b) m =1.354 (c) m=1.414 responding to the linear in-
5L i 3 i 3k i terpolation in equation (4.10).
(a) The same contour as in fig-
9l ure 4.9 with Ry,e =~ 0.023.
£ 20 . $ (b) Intermediate shape with
S S S Rpe = 0.013. (c) Limit shape
®1r 1 R with a closed neck Rpe = 0.
0F - 0 - 0f N
1.0 0.0 1.0 1.0 0.0 1.0 0.0

T/RUB T/Rve T/Rve






5 Non-equilibrium shape transformations

5.1 Shape oscillations in GUVs filled with min-proteins

The previous section dealed with the different shapes of axisymmetric
vesicles as they can be computed using the spontaneous curvature
model. In this section this model is used to analyse the shapes of GUVs
in vitro and thus provide a way to estimate spontaneous curvature and

neck radii below the optical limit.

5.1.1 The experiment

In the experiment by Litschel et al.l) fluorescently labeled GUVs where
produced via continuous droplet interface crossing encapsulation (cDICE) [39]
and observed simultaneously by differential interference contrast mi-
croscopy (DIC) and confocal fluorescence microscopy. The aqueous
buffer enclosed by the GUVs contained two Min proteins, MinD and
MinE, as well as adenosine triphosphate (ATP) and enhanced green
fluorescent proteins (eGFPs). The corresponding solution concentra-
tions were 1.5 pM MinD, 1.4 pM eGFP-MinD, 3 pM MinE, and 5 mM
ATP.[6] Thus, about half of the MinD proteins were fluorescently la-
beled and the overall MinD concentration was roughly equal to the
MinE concentration. The lipid bilayer of the GUVs was composed
of zwitterionic 1,2-Dioleoyl-sn-glycero-3-phosphocholine (DOPC) and
anionic 1,2-Dioleoyl-sn-glycero-3-phosphoglycerol (DOPG) in a ratio
of 4:1.

MinD adsorbs onto lipid membranes when loaded with ATP.[40]
MinE binds to membrane-bound MinD-ATP and the resulting MinD-ATP-



40 chapter 5. non-equilibrium shape transformations

MinE complex stimulates ATP hydrolysis by MinD, causing both pro-
teins to desorb again from the membrane. In the presence of a sufficient
amount of ATP, this MinD-MinE system undergoes many repetitive
cycles of adsorption and desorption. For osmotically deflated vesicles,
this periodic molecular process leads to shape oscillations of the vesicles
which can be directly observed in the optical microscope.[G] Different
types of shape oscillations have been detected; the two most frequent
types of oscillations were denoted by ‘periodic dumbbell splitting” and
‘periodic budding’ in Ref. 6.

The analysis in this section focuses on the dumbbell case as displayed
in figures 5.1 and 5.2. In this case, the fluorescence of the eGFP-labeled
MinD adjacent to the inner leaflet of the GUV membrane was observed
to be laterally uniform. Therefore, membrane segments with a lateral

extension of about 300 nm 1

can be considered to have, on average, a
laterally uniform molecular composition which implies that they have
uniform elastic properties as well. As shown in chapter 4, the shape of
uniform GUV membranes strongly depends on spontaneous curvature

of these membranes.41]

5.1.2 Analysis

The theoretical analysis is based on the time-lapse Moviel@ which
consists of 200 snapshots or frames, each of which displays a different
image of the same GUV as obtained by differential interference contrast
microscopy. The movie was taken with the predefined time interval
At = 7.61 s between successive frames and displays the whole series of
200 frames within 20 s, corresponding to about 1500s or 25 min real
time. Apart from a few frames at the beginning and at the end, the
movie consists of 26 complete shape oscillations with an average time
period of 55.9s as described in more detail further below.

All individual snapshots of Moviel@ are consistent with the view
that the observed shapes represent essentially axisymmetric shapes

that are tilted with respect to the focal plane and are deformed by

1 this corresponds to the limit of
optical resolution
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relative displacements of the two subcompartments with respect to
the closed membrane neck, which acts as a flexible hinge. The two
shape sequences in figure 5.1a-c and figure 5.2a-c have been selected as
good canditates to be analyzed because they can be well approximated
by axisymmetric shapes without additional deformations arising from

relative displacements around the hinge-like membrane neck.
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Figure 5.1. Symmetry-
breaking transformation
during one shape oscillation:
Comparison of experimen-
tally observed vesicle shapes
in (a-c) with theoretically
calculated shapes in (d-f)
that match the neck radius
measured from the cor-
responding experimentatl

images. The neck radius
Rpe attains its largest value
' ' ' of 1.17 ym in (a,d) and its
smallest value of 0.12 pm in
(c,f). The up-down symmetry
of the symmetric dumbbells
(blue shape contours) in (a,d)
and (b,e) is broken for the
asymmetric dumbbell (red
shape contour) in (c,f). The
three images in panels a-c

were obtained by differen-

(d) Symmetric (e) Symmetric (f) Asymmetric tial  interference contrast
dumbbell: dumbbell: dumbbell:

i 6] d t
Rpe = 1.17 um Rpe = 0.78 um Rpe = 012pm | ICTOSCOPYTT and represent

three  subsequent  frames
of the time-lapse Moviel.
The dashed vertical lines in
panels d-f represent axes of
rotational symmetry. (41]

Figure 5.2. Symmetry-
restoring transformation
during one shape oscillation:
Comparison of experimen-
tally observed vesicle shapes
in (a-c) with theoretically
calculated shapes in (d-f).
The neck radius Ry attains

' ' . its smallest value of 0.12 pym
in (a,d) and its largest value
of 095 ym in (c,f). The
up-down symmetry is broken
for the red shapes of (a,d) but
restored for the blue shape of
(c,f). The asymmetric shape
in (a,d) is the same shape as
in figure 5.1c,f but flipped

' ' ' upside-down. The three
(d) Asymmetric (e) Asymmetric (f) Symmetric images in panels a-c represent
dumbbell: dumbbell: dumbbell: three subsequent frames of

Rpe = 0.12 pm Rpe = 0.52 pm Rpe = 095 pm the time—lapse MOViel.[41]
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During the observed shape changes, both the membrane area and
the volume of the GUVs were essentially conserved. These properties
were explicitly demonstrated for the six snapshots in figure 5.1a-c and
figure 5.2a-c by manually fitting splines to the shape contours of these
images, assuming rotational symmetry of the shapes, and then mea-

suring the membrane area A and the vesicle volume V as well as the

1,42

neck radius Rye. A The numerical estimates for these geometric

quantities are given in table 5.1.

A [pm?] | V [um?] v Rpe [pm]
Fig. 5.1a | 390+30 | 490+60 | 0.68 £0.01 | 1.1£0.2
Fig. 5.1b | 380+ 30 | 470+60 | 0.68 £0.01 | 0.8 £0.2
Fig. 5.1c | 380+30 | 460+50 | 0.66 £0.02 | < 0.3

Fig. 5.2a | 3804+30 | 470453 | 0.67 £0.01 | < 0.3

Fig. 5.2b | 380430 | 463 +52 | 0.68 +0.01 | 0.6 +0.2
Fig. 5.2¢ | 3804+30 | 483+55 | 0.68 £0.01 | 0.9 +0.2

Table 5.1: Membrane area A, vesicle volume V, dimensionless volume-to-area ratio v
defined in equation (3.7), and neck radius Rpe, as estimated from the optical images
in figure 5.1a-c and figure 5.2a-c via fitting with splines. In the third and fourth row,
the upper bound for Ry corresponds to the optical resolution of differential interference
contrast microscopy. The error of the spline fitting was estimated with £2 pixels which
corresponds to +132nm and the uncertainties of the displayed values is obtained by linear
error propagation using Measurements.jl[43744].[41]

v m | Rye | mpm™1] | Rye [pm]
Fig. 5.1d | 0.670 | 1.18 | 0.21 0.21 1.17
Fig. 5.1e | 0.670 | 1.63 | 0.14 0.29 0.78
Fig. 5.1f | 0.670 | 1.89 | 0.021 0.34 0.12
Fig. 5.2d | 0.670 | 1.89 | 0.021 0.34 0.12
Fig. 5.2e | 0.670 | 1.93 | 0.094 0.35 0.52
Fig. 5.2f | 0.670 | 1.40 | 0.17 0.25 0.95

Table 5.2: Dimensionless shape parameters v and 7 that were used to compute the dumb-
bell shapes in figure 5.1d-f and figure 5.2d-f, see also figure 5.4. The third column contains
the rescaled neck radius Rye = Rpe/Rvye of the computed shapes. The spontaneous cur-
vature m = M/ Rye and the neck radius Rpe = Rpe Rye in the fourth and fifth column
were computed using the vesicle size Rye = \/A/(471) = 5.57 pm as obtained from the
membrane area A = 390 pm? for the image in figure 5.1a.141]

The theoretical shapes in figure 5.1d-f and figure 5.2d-f were then
calculated using the volume-to-area ratio v = 0.670 and several values
of the rescaled spontaneous curvature m as given in table 5.2 and
displayed in the morphology diagram of figure 5.4. These values of

the spontaneous curvature were chosen by measuring the neck radius
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of the experimental shapes and comparing them to the radii of the
computed shapes as shown in figure 5.7. Furthermore, to obtain the
dimensionful quantities from the dimensionless ones, the vesicle size

Rye = /A/(47) = 5.57 um as obtained from the area A = 390 pm?

of the image in figure 5.1a was used, see first row in table 5.1.

5.1.83 Finding shapes assuming v = 0.670

The symmetric and asymmetric dumbbells as displayed in figure 5.5
were obtained by numerical solution of the shape equations as ex-
plained in more detail in appendix B. The region of the morphology
diagram that was traversed is displayed in figure 5.3. These shapes
belong to two different branches of the bending energy & as shown
in figure 5.6. The branch of the asymmetric shapes is connected to
the branch of the symmetric shapes by a continuous bifurcation Bgp.
From this point on the neck radius decreases until it reaches the limit
shape of a sphere connected to a prolate. This limit shape is labeled
by the symbol Lys. As visible in figures 5.6 and 5.7, the two branches
of shapes coexist in a rather narrow interval of values for the sponta-
neous curvature with 1(Lps) < 1 < 111(Bgp). From extrapolation of
the neck radii of the computed shapes 71(Lps) =~ 1.84 is estimated as
indicated by the red star in figure 5.7. The bifurcation value of the
spontaneous curvature for the continuous bifurcation m = m(Bgp) is
given by the point where the energy of both shapes is equal. From the
shapes shown in figure 5.5 it is concluded that the value of 71(Boyp) is
in the interval |1.933,1.94]. The continuous bifurcation at the point
Bopis confirmed by the functional form of the bending energy, see inset
in figure 5.6.
The latter inset displays the rescaled bending energy difference

ABye = (£ — £3™) / (87ex) 6.1)

between the bending energy gg:ym of the asymmetric branch and the

bending energy gls)};m of the symmetric branch. Inspection of this inset
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Figure 5.4: Symmetric dumbbell shapes (blue) for constant volume-to-area ratio v = 0.670
and rescaled spontaneous curvature m as given by the numerals below the shapes. The
first three shapes correspond to the blue diamonds in figure 5.3. This sequence of shapes

illustrates the closure of the membrane neck along the symmetric branch the value of the

spontaneous curvature 1 is increased from 1.18 to 2.27. [41]

reveals that the two energy branches merge with a common tangent
for a critical m-value close to 1.94. The latter behavior agrees with
the shape evolution in figure 5.5, which directly demonstrates that the
up-down asymmetric shapes become more and more symmetric as the
bifurcation value 1 (Bop) of the spontancous curvature is approached.

The bending energy difference A&}, displayed in the inset of fig-
ure 5.6 is always positive, i.e., the asymmetric branch has an increased
bending energy compared to the symmetric one. However, this energy
increase is rather small for the whole range of m-values covered by the

shape oscillations. For m = 1.89, for example, the bending energy of

Figure 5.3. Close up of
figure 4.6. The gray line
at v = 0.670 indicates the

direction in which solutions
where obtained. Starting at
0 the spontaneous

m =
curvature has been stepwise
increased to find new solu-
The blue and red
squares correspond to the so-

tions.

lutions shown in figure 4.7.
The blue and red diamonds
correspond to the solutions
Red

markers indicate solutions on

shown in figure 5.3.

asymmetric branches and blue
markers solutions on symmet-
ric branches.
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1889
8888 "

1.89 1.92 1.93 1.933

Figure 5.5: Up-down symmetric (blue) and asymmetric (red) dumbbells for v = 0.670 and
five values of the rescaled spontaneous curvature 7 as indicated by the numerals below
the shapes. The asymmetric dumbbells with m = 1.89 and 1.93 correspond to the red
diamonds in figure 5.3. The two types of shapes coexist between m = 1.89 and m = 1.933.
For m = 1.94, only the symmetric shape is found which implies that the asymmetric
branch merges with the symmetric one at a critical value of the spontaneous curvature
slightly above m = 1.933. Comparison of the asymmetric and symmetric shapes reveals
that the asymmetric shapes approach the symmetric ones in a continuous manner as we
increase the spontaneous curvature towards its critical value. This conclusion is further
corroborated by the corresponding energy branches in figure 5.6. Note that the neck
radius of the asymmetric (red) dumbbells increases with increasing 7, in contrast to the
behavior of the symmetric (blue) dumbbells.[4!]

the asymmetric dumbbell is only 0.002 x 87tk larger than the bending
energy of the symmetric dumbbell. For the typical bending rigidity
Kk = 20kgT at room temperature, the energy scale 87k is 503 kgT
and the bending energy difference A&, is of the order of one kgT for
m = 1.89.

For each dumbbell shape, the two subcompartments are connected
by a membrane neck with a circular waistline. The radius of this
waistline defines the neck radius Ry, see figures 5.1 and 5.2, which
changes during the shape oscillations.

In figure 5.7a, the rescaled neck radius Ry, is displayed as a function
of the spontaneous curvature m = mRye, along the symmetric (blue)

and asymmetric (red) branch of dumbbells. In addition to the two

branches of the neck radius as a function of spontaneous curvature,
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Figure 5.6: Rescaled bending energy &h. = Epe/(87x) as a function of rescaled spon-
taneous curvature m for volume-to-area ratio v = 0.670. x is the bending rigidity. The
Epe-values are displayed in blue for the symmetric dumbbells and in red for the asym-
metric ones. The inset shows the energy difference A€}, between the asymmetric and
the symmetric branch as defined in equation (5.1). The asymmetric branch (red) has a
slightly larger bending energy than the symmetric branch (blue). In addition, the two
branches merge with a common tangent at a critical m-value slightly above m = 1.933, see
figure 5.5. The symmetric branch exhibits a pronounced minimum at /m = 1.373 which
reflects the vicinity of the corner point with v = 1/+/2 and @ = /2, see the morphology
diagram in figure 5.3, at which the bending energy vanishes.[41]

the two panels b and ¢ of figure 5.7 contain the numerical values of
the neck radius R,e and the spontaneous curvature 7 for the three
dumbbell shapes in figures 5.1 and 5.2. The latter plots show once more
that the neck radius decreases and increases monotonically along the
symmetric and asymmetric branches, respectively, as the spontaneous
curvature of the GUV membrane is increased. They also show how the
uncertainties in the neck radius lead to different uncertainties in the
spontaneous curvature, depending on the value of the radius as well
as the branch to which the shape belongs. The steeper the curve of
the neck radius is, the more accurate can the spontaneous curvature

be estimated. Additionally the bifurcation point B, and the optical

limit are natural boundaries at which the error bars can be truncated.
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Figure 5.7. Rescaled radius
Rpe = Rupe/Rye of mem-
brane neck as a function of
spontaneous curvature mm for
v = 0.670: (a) Computed
variation of the neck radius
along the symmetric (blue)
and asymmetric (red) dumb-
bell branches. As the spon-
taneous curvature m is in-
creased, the neck radius de-
creases along the symmet-
ric but increases along the
asymmetric branch. The
red star indicates the esti-
mate m o~ 1.84 for the
spontaneous curvature of the
prolate-sphere limit shape Lpg
with Rpe = 0; (b) Evo-
lution of neck radius and
spontaneous curvature for the
three shapes in figure 5.1
that describe the symmetry-
breaking transformation; and
(¢) Evolution of neck radius
and spontaneous curvature for
the three shapes in figure 5.2
that describe the symmetry-
restoring transformation. The
error bars of the neck radius
correspond to the uncertainty
of the neck radius as obtained
by approximating the experi-
mental shape contours in fig-
ure 5.la-c and figure 5.2a-
¢ with splines, truncated at
the bifurcation point and the
threshold of the optical reso-
lution. The error bars of the
spontaneous curvature corre-
spond to the resulting un-
certainty of the spontaneous
curvature given the non-linear
shape of the curve. The hori-
zontal dotted lines correspond
to the optical resolution limit
of 300 nm.[41]
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5.1.4 Finding shapes assuming v = 0.685

Table 5.1 shows that there is an interval of values for the reduced vol-
ume v that are compatible with the measurements. Choosingv = 0.685
the shapes in figures 5.1a to 5.1c, 5.2a and 5.2c¢ could also be matched
as shown in figures 5.8 to 5.10, while there are no asymmetric solutions
available for the range of values of the neck radius R,e measured for
figure 5.2b as indicated by the orange bar in figure 5.10c. Hence, the
assumption of v = 0.685 is not in agreement with the experimental
data. Finding rigorous bounds on the values of the volume-to-area

ratio that are in agreement with the experiment remains an open task.
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Figure 5.8. Same comparison
as in figure 5.1 but the the-
oretical shapes (d), (e) and
(f) are calculated assuming
v = 0.685. These theoretical
shapes are slightly less elon-
gated and a bit wider as those
in figure 5.1.

(d) Symmetric (e) Symmetric (f) Asymmetric
dumbbell: dumbbell: dumbbell:
Rpe = 1.17 pm Rpe = 0.78 pm Rpe = 0.12 pm

Figure 5.9. Same compari-
son as in figure 5.2 but the
theoretical shapes (d) and
(f) are calculated assuming
v = 0.685. (e) For v = 0.685
there is no asymmetric shape
available that matches the
measured neck of the shape
in panel (c) as shown in fig-
ure 5.10.

(d) Asymmetric (e) (f) Symmetric
dumbbell: dumbbell:
Rpe = 0.12 pm Rne = 0.95pm
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Figure 5.10. Rescaled ra-
dius Rpe = Rne/Rye of mem-
brane neck as a function of
spontaneous curvature 1 for
v = 0.685: (a) Computed
variation of the neck radius
along the symmetric (blue)
and asymmetric (red) dumb-
bell branches. The qualita-
tive behaviour of the neck
radius as a function of the
the spontaneous curvature m
is the same as in figure 5.7,
but the region where both
branches coexist is larger. (b)
Evolution of neck radius and
spontaneous curvature for the
three shapes in figure 5.8
that describe the symmetry-
breaking transformation; and
(¢) Evolution of neck radius
and spontaneous curvature for
the three shapes in figure 5.9
that describe the symmetry-
restoring transformation. The
orange band referring to fig-
ure 5.9e shows that there are
no asymmetric solutions cor-
responding to the radii mea-
sured for figure 5.9b. This
means that these data are not
compatible with the choice of
v = 0.685. It can be matched
with lower v as shown in fig-
ure 5.7. The error bars of the
spontaneous curvature corre-
spond to the resulting un-
certainty of the spontaneous
curvature given the non-linear
shape of the curve. The hori-
zontal dotted lines correspond
to the optical resolution limit
of 300 nm.
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5.1.5 Time evolution

The time-lapse Moviel@ consists of 200 individual snapshots or frames
which were taken with the predefined time interval At = 7.61s be-
tween successive frames. The frame number is identified by the index
i from i = 1 to i = 200 and each frame is labeld as ‘open’ if it dis-
plays an open neck and as ‘closed’ if the neck appears to be closed
on the optical image. In this way, the sequence of 200 vesicle images
is mapped onto a sequence of open and closed states. Both types of
states are persistent and form short subseries of successive open states
that alternate with short subseries of successive closed states.

Neck closure events are provided by those frames that display a
closed neck and are directly preceded by a frame with an open neck.
Furthermore, a complete shape oscillation is defined by the sequence
of Ai frames between two successive closure events. Such a sequence
consists of a subseries of three to four successive images with closed
necks, followed by a subseries of three to four successive images with
open necks. Moviel© displays 191 frames between the first and the
last closure event, which form 26 complete shape oscillations. Thus,
the average number of frames, (Ai), per complete shape oscillation
is equal to 191/26 = 7.35 frames and the average time period for
one complete oscillation is given by (Ai)At = 7.35 x 7.61s = 55.9s,
which is similar to the cycle time observed for Min oscillations in other
compartments[45746} .

Most of the 26 complete shape oscillations consist of 7 or 8 successive
images or frames. The 7-frame oscillations are observed 15 times, the 8-
frame oscillations 10 times. In addition, one complete oscillation with
only 6 successive frames is present. Thus, including these statistical
fluctuations, the estimate Ai = (Ai) £1 = 7.35 £ 1 is obtained for
the individual shape oscillations which shows that these oscillations
are quite regular and almost clock-like. The small deviations from a

perfect clock reflect the stochastic adsorption-desorption kinetics of
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[1047] Furthermore, when these molecular oscillations

the Min proteins.
drive the shape transformations of the GUVs, small differences in the
initial shapes tend to become amplified during the shape evolution
and to generate relative displacements of the two subcompartments
around the membrane neck. To obtain a quantitative description of
the experimentally observed shapes in terms of axisymmetric shapes,
the images i = 1,2, and 3 were selected for the symmetry-breaking

transformation in figure 5.1 and the images i = 68,69, and 70 for the

symmetry-restoring transformation in figure 5.2.
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Figure 5.11: Rescaled spontaneous curvature 1 versus frame index i. The frame i was
taken at time f = (i — 1) x 7.61s after the initial frame with index i = 1. The blue data
points correspond to up-down symmetric dumbbell shapes, the red data points to asym-
metric ones. The symmetry-breaking transformation in figure 5.1 corresponds toi =1, 2,
and 3, the symmetry-restoring transformation in figure 5.2 to i = 68,69, and 70. The
image i = 4 displays a slightly distorted version of i = 3 and is thus taken to have the
same m-value as i = 3. The image i = 71 displays a symmetric dumbbell with an in-
creased neck radius compared to i = 70. This increased radius implies the spontaneous
curvature m = 1.32. The combined sequence of all eight images represents one complete
shape oscillation with an average time period of 55.9s. The error bars are obtained as in
figure 5.7.[41]

The theoretical shapes in figures 5.1 and 5.2 were obtained for the
parameter values in table 5.2. The resulting time-dependence of the
spontaneous curvature 77 is shown in figure 5.11 where the spontaneous

curvature m is plotted versus the frame index i which corresponds to

the time

t=(i—1)At=(i—1) x7.61s (5.2)

53



54 chapter 5. non-equilibrium shape transformations

after the initial image i = 1. For each spontaneous curvature i = (i)
in figure 5.11, the GUV shape has a certain neck radius Rye = Rpe(172)
as plotted in figure 5.7b and c. When these two relationships are
combined, the time dependence of the neck radius Rpe = Rpe(i) as
shown in figure 5.12 is obtained.

Because of the relatively large error bars for the data in figure 5.12,
depicting the time-dependence of the neck radius Ry, it is difficult to

fit these data in a quantitative manner. The presumably simplest fit

is provided by a single Fourier mode of the form

Rpe =a+bcos2m(i—1)/7], (5.3)

where the frame indices i = 68,...,71 2 in figure 5.12 are identified
with the indices i = 5,...,8 as well as the frame indices i = 8 and
i = 1, thereby taking the oscillation period to be Ai = 7. Using
the method of least squares provided by LsqFit.jl) [48], the parameter
values a = 0.10 2 0.02 and b = 0.09 £+ 0.03 are retrieved as used in

figure 5.12.[41
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2 As a reminder: these frames
where taken instead of the suc-
ceeding frames i = 5,...,8 be-
cause the vesicle is less tilted
around its neck in those frames.
They correspond to the same
phase of the oscillation, just
shifted by 9 periods.

Figure 5.12. Rescaled neck
radius Rye versus frame in-
dex i corresponding to time
t=(i—1) x 7.61s. Direct in-
spection of the frame with in-
dex i =71 leads to the neck
radius Rpe = 0.189 for this
image.  The combined se-
quence of all eight images rep-
resents one complete shape os-
cillation which takes, on aver-
age, 55.9s. The color code of
the data points is the same as
in figure 5.11. The trigono-
metric curve (dashed black
line) through the data pro-
vides the best fit to a single
Fourier mode as parametrized
by equation (5.3). The error
bars are obtained as in fig-

ure 5.7.141]


https://gitlab.mpikg.mpg.de/paper/min_GUV_oscillations_Code/-/blob/v0.1/plots/r(t)_v0_670.jl#L46

6 Concentration gradients in rigid com-

partments

The previous chapters mostly showed possible shape transformations
in the case of homogeneously filled vesicles. By itself homogeneous
vesicles are quite a complex system and thus when adding another
complexity in form of concentration gradients, it is instructive to re-
duce the complexity of the compartment by substitution of the flexible
vesicle with a rigid compartment. In particular rigid cone-like compart-
ments and their interaction with an ideal gas in a gravitational field
or a solution of processive molecular motors are studied. An outlook

of how to deal with gradients in vesicles can be seen in appendix A.

6.1 Ideal gas in cones

The simplest case is a conic compartment as introduced in section 3.2
filled with an ideal gas in a gravitational field as depicted in figure 6.1.

How to calculate the free energy F for this system was covered in
section 3.2 when combining equation (2.8) with example 2.4. For the
sake of comparability the same energy scale as for the bending energy

in chapters 4 and 5 is chosen
F=_—. (6.1)

The gas will have a different free energy depending on the opening
angle a of the cone, given that the rotation axis of the cone is aligned

with the vector of the gravitational field. The free energy of the gas

Figure 6.1. Schematic of ideal
gas particles confined in a
conic department in the grav-

itational field of the earth.
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has been calculated in section 2.2.1 and reads

F= log (Z1(L,R,a)) , (6.2)

~ 87Kp

where Z1(L, R, &) is the same as in example 2.4. Figure 6.2 shows that
the free energy of the gas is lower the wider the base of the cone is and
a small influence when forming sharp kinks as the minimal/maximal
opening angle a. is approached. This leads to an optimal opening

angle that is below the maximum opening angle.
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The total energy Eiot = Epe + F can have a different minimum of

energy when the particle density is low enough to not compensate the
cost of increasing the bending energy as shown in figure 6.3. The
bending energy of this system was derived in equation (3.35) and the
free energy is given by equation (6.2).
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Figure 6.2. Free energy of an
ideal gas subject to gravity as
given by equation (6.2)
with p=025-10211,
M =5-10"2kg and N = 600
in conic compartment
with V. = 1pl, v = 08,
k = 8:1072J and m = 0.
Curves of different color cor-
respond to the two different
solutions of equations (3.23)
and (3.24).

Figure 6.3. Total energy of
an ideal gas subject to grav-
ity with g = 0.25-10%],
M =5-10"20kg and N = 600
in conic compartment with
V =1pl, v =0.8, and m = 0.
Curves of different color cor-
respond to the two different
solutions of equations (3.23)
and (3.24). In contrast to fig-
ure 6.2 the tube is now the
preferred shape. If the num-
ber of particles would be in-
creased, the graph will grad-
ually start to look more like
figure 6.2.
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Conclusions

This short detour illustrates the counter play between the strive of the
ideal gas to maximize the volume in the direction of the gradient and
the bending energy which penalizes highly curved regions. This can
lead to the counter-intuitive result of an optimal opening angle below
the critical angle a, if only the free energy of the gas is considered. If
the bending energy is included and the magnitude of the energies is

comparable, the tube remarkably robust.

6.2 Cytoskeletal molecular motors

The rest of this chapter is about molecular motors in rigid compart-
ments. Therefore a short introduction about the biological function of
the type of molecular motors that are considered in this thesis follows.

The cytoskeleton has a major influence on the shape of the cell. It
can have three types of filaments: microtubuli, actin filaments and
intermediate filaments. Besides being a main component for the me-
chanical properties of the cell they also serve as tracks or anchors for
molecular motors and play a role in the inner dynamics of the cell.

Molecular motors have at least two parts: one part which can bind
to and unbind from cytoskeletal filaments and another part which can
bind to cargo or loads. Furthermore, the amount of steps that motors
typically perform before detaching does vary and motors that perform
many steps are called processive molecular motors (e.g. kinesin and
dynein), while those that detach after only a few conformation changes
are non-processive motors (e.g. myosin II).

Cargo

Light
chains

Stem

Globular

Microtubule

Figure 6.4. Structure of a pro-
cessive molecular motor. The
motor is attached to the mi-
crotubulus via its two head
proteins. The heads are then
connected via two different
chains to the cargo. Typically
multiple motors are attached
to one cargo.[49]
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Processive motors walk along polar filaments usually in a preferred \‘ Kinesin

direction but in a stochastic fashion, that is they occasionally step

[50]

backwards or sideways They use energy gained by hydrolysis of -

adenosine triphosphate (ATP) to perform various kinds of motion. Ki-

nesin for example walks in a hand-over-hand fashion (cf. figure 6.5)P1,

521 filament precursors, nRNA

[55]

They can transport organelles, vesicles

4[53] [54]

granules”? | lipid droplets!®*, viral capsids!®”!, lysosomes, or even ob-

jects as large as mitochondrial®®l. Thus they play an important role in .,,—w;;...fp
v

intracellular transport.

Figure 6.5. The two heads of

kinesin move in a coordinated
hand-over-hand fashion. By
binding ATP to the leading
head the conformation change
of the linker protein (red/ or-
ange) is induced, which flips
the rear head over the front
head. Then hydrolization of
the ATP produces ADP and
inorganic phosphate. Mean-
while the new leading head
binds tightly to the filament
site. From this configuration
the process can be repeated as
long as ATP supply is suffi-

cient.[51]



6.3. molecular motors in tubes 59

6.3 Molecular motors in tubes

Creating gradients in vesicles by gravitation might be difficult because
the effect of gravitation is relatively small compared to hydrodynamic
forces and diffusion effects. Nonetheless it was instructive to inspect
this system since the qualitative effects should be the same as in other
systems with gradients.

Another way to create gradients in vesicles is via an active process
like processive molecular motors (cf. figure 6.4). This has the drawback
that the free energy F of the system can’t be calculated by equilibrium
thermodynamics. Instead the density of the particles themselves have

to be considered.

As mentioned in section 6.2 motors can bind to microtubuli and
perform stochastic directed motion by hydrolization of ATP.

A model system studied by Miiller et al. 57] is a half-open tube of
length L, radius R and cross-section 0y with one microtubulus along
the axis of rotation (cf. figure 6.6). Such a half-open compartment
can be viewed as a part of a larger compartment, such as the end of
an axon. Molecular motors travel along the tubulus in their preferred
direction with the effective velocity vy, detach, diffuse undirected in the
cytosol with the diffusion rate Dy, and reattach. This leads eventually
to a higher concentration of molecular motors in the region towards

which the motors are preferably moving. If the motor density py, of

Figure 6.6. Model system of
molecular motors in a half-
open tube with a microtubule
along the axis of rotation.
Motors diffuse in the bulk and
perform a biased random walk

along the microtubule.[57]



60 chapter 6. concentration gradients in rigid compartments

pb,in A
0 1 1 1
oin Poin
05— i 05
P, * P,
0 ol
. L 05 X L
1 1
P ! P
b Py ° L,
0s| os 05
Poin Pyin
' p
“\ , bin)
X X X L
0 W

the motors that are bound to the microtubulus is considered, three
different states can be observed: When the motors are moving towards
the closed end of the tube (positive v},) the density increases towards
the closed end and the microtubulus gets crowded. While when the
net velocity is zero the bound motor density will be match the initial
density in equilibrium. Finally, if the motors effectively move towards
the open end, the motor density will only reach a finite amount that is
less than the tube length into the tube (cf. figure 6.7). In both cases of
velocities different from zero the distance until which the bound motor

(571 which is a

density reaches 0.5 is referred to as the jam length L.,

measure of the location of the concentration gradient.
It was shown that the jam length depends on two relative charac-

teristics connected to the two possible kinds of motion, the desorption

constant K is the ratio of the unbinding rate 7, to the binding rate

Tb

K — Jub

- (6.3)

whereas the ratio of the times that are needed to travel the distance

L in the bounded or unbounded state respectively is denoted by u

va
= — 6.4
# Ucleub ( )

Figure 6.7. Possible density
profiles along the axis of ro-
tation for a half-open tube.
Depending on the direction
of movement along the mi-
crotubuli (positive or nega-
tive velocity of bound mo-
tors vy,) and initial concentra-
tion of bound motors py, in
the tube gets either crowded
If the motor
don’t have undirected motion

or drained.

on the filament the density is
homogenous. L, is called the
jam length.[57]
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Furthermore, with these the jam length was found to be determined

by 571

—1 1 1—K? 1
Sl ) =+ Kin(e) — (1 —p) + in| 2 o)
(6.5)
Lo 1] (1.\
b e (5K) ~snm0] (66)

Which simplifies in the special case of K =1 to

L, 1 1—pp m)
S P e L 6.7
L u ( Pb, in (6.7)

61
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6.4 Density of molecular motors in conic compartments

In this section the result of section 6.3 is generalized to geometries of
cones and numerical particle simulations are used to verify the results.
In the two-state approximation[57] the unbound motor density is in-
tegrated over the dimensions perpendicular to the filament. Motors
bind to the filament with binding rate 7}, and unbind with rate vy,
resp. with binding probability py, and unbinding probability p,p. On
the filament they perform a biased random walk with forward rate
7+ (p+) and backward rate . (p-) and in the bulk they perform an
undirected random walk. The mean diffusion time of the un-/bound
motors is denoted by T/ 7.

Using mean-field theory, the equations for the stationary density
profiles of bound motors py, and unbound motors py}, are given by the

equation for zero net current

d
0 = vpon(1 —pp) — ‘T(Z)Dubgpub (6.8)
L — .
oy = (p+rb P-)

where vy, is the effective velocity of the bound motors and the balance

of currents at any filament site

0 d

5710006 (1 = )] = o5(1 = 205) 5205 = Topun(1 = pb) = YubPb (L — Pub)
(6.9)

If the probability of an unbinding event at any filament site is equal
to an binding event it is called adsorption equilibrium. In terms of the

motor densities it reads

YoPub(1 = pb) = Yunen(1 — pup) - (6.10)
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Using this assumption, the mean-field equation for the bound and

unbound motor density becomes

_ k)2 2
%Pb(z) = V(Z)%Pb(l —pb) (ﬁ — Pb) (6.11)
i — (2 Kpub(1 — pub) . 6.12
oz = H )(pub +K(1— pub))’ 012

Since the radius r(z) is now a function of z, so is the cross-section o(z)

and the relative motility u(z)

o(z) = mr(z)? (6.13)
H(z) = %. (6.14)

Equation (6.9) leads to the conclusion that adsorption equilibrium
strictly holds in regions where p}, = % and where the spatial derivative
of the bound motors vanishes and in the trivial case where the effective
movement along the microtubulus is zero.

In a closed cone the particle conservation requires
L
N = /0 ob(z) + 0 (z)pun(z) dz. (6.15)

6.4.1 Motor densities for K=1

If the desorption constant is K = 1 both equations (6.11) and (6.12)

become

2 plz) = u(=)p(1 - p). (6.16)

Equation (6.16) can be solved by integration by parts

9% _
50— ) 0z yu(z) (6.17)
(log () ~log (1—=p))) = [ n(z)dz' +c  (6.18)
P el (6.19)

I-p
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Finally, with p(0) = po

1
- 1-po ,— 1 [Zu(z/)dz'"
14+ o e Lfo

o(2) (6.20)

The only thing that is left, is the calculation of the integral in the

exponent of equation (6.20)

1 z / ,_(p+—p_)L/Z 1 r_
L/o u(z)dz = T, T Dy, Jo rz(z’)dz -
L= 1 ., L 2

L qy=t . (621

CJo r2(2) C(R+ 5tana) (R+ (5 —z) tana) (6:21)
where C = B/ Pub
(p+—p-)

For open compartments pg is a given parameter, whereas for closed

compartments pg has to be calculated from equation (6.15).

6.4.2 Jam length in open conic compartments

Analytic results for K = 1:

Using the definition of the jam-length p(L«) = 1/2 in equation (6.20)

yields
L (L« 1 00 1
= — dz = — 22
C/o rz(z)dz log(l_p()), (6.22)
where C = %7 Pub
(P+—p-)

6.4.3 Variation of opening angle with constant length and radius

This kind of transformation is aimed to mimic the behaviour when
part of a tubular cell gets squeezed at the closed end. R refers to the
radius at the open left end of the compartment in this section. Also
there is no conservation of either volume or area, instead the radius R

and length L are kept constant. Two cases are considered:

Global deformation: Squeezing at the tip in a manner that the shape

of the whole compartment is affected is the first case. The opening

! Another measure that can be
interesting is the decay length
L, defined by p(L.) = . This

would yield log (%)
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angle varies from zero to the critical angle & € [0, a.] (cf. figure 6.8).

In this setup the critical angle is given by

x, = arctan R
c — L .

(6.23)

(6.24)

Local deformation: The other case is when the compartment only lo-

cally deforms. Thereby opening angles a € [a., 71/2] can be achieved

(cf. figure 6.9).

R z < L—R/tan(n)
r(z) =
(L—z)tan(a) z > L — R/ tan(w)

At & = a, both methods coincide.

(6.25)

Figure 6.8. Cross section of
parametric variation of the
boundaries. Solid black lines
are hard walls and dotted
lines are open boundaries.
The red line represents the
microtubulus.

Figure 6.9. Cross section of
parametric variation of the
boundaries. Solid black lines
are hard walls and dotted
lines are open boundaries.
The red line represents the
microtubulus.
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There are three regions at which equation (6.22) has to be evaluated:
1. a €[0,ac],
2. o € [oe, w3,
3. w € [ap3, T/2).

To this point a3 is unknown, since it depends on the location of the
gradient measured by L,. The integral on the left hand side of equa-

tion (6.22) is calculated for the three cases in the upcoming paragraphs.

1. r(z) = R — ztan(a)

L 1 L, 1
/0 Wdz:/o (R —ztan(a) )2

1 Ly

~ tan(a) (R — ztan(a)) |,
L,

— 6.26
R% — RL, tan(a) (6.26)
Inserting equation (6.26) into equation (6.22) results in
L R?
f* = - (6.27)

RLtan(a) + L2 [C log (%)] 7

2. r(z) given by equation (6.25) and L, > L — R/ tan(«)

L 1 L—-R/tan(a) 1 Ly 1
e [T L ;
/0 r?(z) = s RZ% L-R/tan(x) ((L —z) tan(a))? :

cot?(a) L  2cot(a)
_ L 2
L-L, R? R (6.28)
Inserting equation (6.28) into equation (6.22) results in
2 2
Le 1 R~ cot*(a) (6.20)

L CR2log (%) — L2+ 2RL cot()
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3. r given by equation (6.25) and L, < L — R/ tan(x)

L1 L,
T dz=
/0 r2(z) ‘TR

L. CR? 00

Now ap3 can be calculated by the point where equations (6.29)

and (6.30) coincide.

2 2 ni2
CLIE log<1f0 ) 1 R~ cot*(a)
o CR?log (%) — L2 4+ 2RL cot(«)
L? — CR?log (%)
=  ap3 =cot ! =7 (6.31)
From equation (6.31) follows also that
2
0<R< T\ (6.32)
to ensure a physically meaningful solution.
The relative reduction of L, is given by
ALy,=1— ——-—=-
* L.(a =0)
1
= . (6.33)

L2
CR2 log(lf—%())

Verification:

Numerical solution of equation (6.11) is used to compare it to the
analytical curves of equation (6.27)-equation (6.30) ((£'). Figure 6.10

shows the corresponding curves. It is visible that the curves match the

simulation all regions.
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https://gitlab.mpikg.mpg.de/christ/phdthesis_code/-/blob/v0.1/JamLengthVSOpeningAngle.wls
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&=

1.0

L

0.8

0.2+

Results for K # 1:

Integration of equation (6.11) yields a cumbersome transcendental
equation for p(z), which will not be displayed here. However, this
equation has not to be resolved for calculation of the jam length. All
calculations are analogue to the case of K =1 and the general results
can be obtained by the following substitutions:

_ _w\2
Clog(1 Po) —>CK<(1 K) 200

00 K 1+K—(1—K2)p0+

00 (1-K

Figure 6.10.
numeric (solid black line) and

Comparison of

analytic (dashed blue line)
results for the jam length
The
agreement is very good in

vs. the opening angle.

all three regions. Parameters
are: R=230, L = 100, p1 =
01, p.=08, pp = 0.8 and
Pub = 0.01.

Z (6.34)

resp. if L,is considered

1—p (1_K)2P
Clog (2 _pg) _>CK<K(1 — (1-K)po)(2 - (T~ K)po) "

log 1—(1-K)po <(1 —p0)(2 — (1 = K)po)
2—(1=K)po \(2—p0)(1—(1-K)po)

@ (6.35)

)


https://gitlab.mpikg.mpg.de/christ/phdthesis_code/-/blob/v0.1/JamLengthGenK.wls
https://gitlab.mpikg.mpg.de/christ/phdthesis_code/-/blob/v0.1/JamLengthGenK.wls
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6.4.4 Simulation

Finally the results can be compared to the average particle densities ob-
tained from a stochastic particle simulation (cf. appendix C). This sim-
ulation is performed by discretizing the space in a three-dimensional
regular lattice with lattice constant 4 = 8nm, which corresponds to
the step-length of kinesin motors. The molecular motors are modeled
by hard core particles diffusing on a 3D-grid, with one central fila-
ment along the z-axis, which is identical to the axis of rotation of the
cone. Measuring the jam-length after an initial equilibration time of
4000 time-steps the qualitative behaviour of the jam-length as shown
in figure 6.11 matches results of the mean-field theory in figure 6.10
quite good. But there are also quantitative deviations due to large
volume available for the unbound motors, which violates the two-state
approximation.
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Figure 6.11. Jam length vs
angle. Significant drop at a.
Parameters are: 7 =1, =1,
p+ = 01, p. = 08, p, =
0.8, pup = 0.05, L = 25 and
R =10.






7 Discussion

This chapter serves the purpose of discussion about the chosen strate-

gies in this thesis and possible alternatives.

Solution of the shape equations

One characteristic of the approach of using the Euler-Lagrange-equations
is that its solutions are local extrema, given that the second variation
does not vanish. This is useful, because you can track meta-stable solu-
tions over a wider parameter regime as used in chapter 5. On the other
hand, because the number of possible solutions is unbounded, it is hard
to guarantee that a particular solution is the global minimum. A pos-
sible solution to this would be to replace ¢ and 7 in equation (3.1)
with a finite parameter representation (e.g. by Chebyshev-series®8!
splines or a neural network) and fit the resulting parameters via a
guaranteed global optimization procedure[59}. This way it should be
possible to reliably find the thermodynamic stable shape. In addition,
the explorable parameter regime is limited by the spherical regions
discussed in section 4.2.1, since a closed neck will have a discontin-
uous bending angle at the neck. This could in principle be handled
by a sophisticated event detection in the differential equation solver,
but it gets complicated by the numerical instability once the radial
coordinate gets sufficiently close to zero.

To get a complete picture of the morphology diagram of the spon-
taneous curvature model further analysis is necessary to either find
analytically the feasible parameter regions or to reliably detect bifur-

cation points and systematically track the different branches.






§ Summary

Understanding the rich variety of shapes that liquid lipid membranes
can have is a challenging task. Even restricting the possible shapes to
be axisymmetric as in the Helfrich model introduced in section 3.1 still
exposes a complex system that is not completely understood. When
going even further and reducing the compartment to simple geometric
forms like truncated cones shows that the volume and area conserva-
tion constraints result in a non-trivial parameter space as seen in sec-
tion 3.2. This can be seen as an indication that the area and volume
constraints are a main contributor to the complex shaped parameter
spaces.

In chapter 4 solutions of equilibrium shapes of the parameter space
of the spontaneous curvature model were calculated to get an overview
of the morphologies of GUVs. Thereby the boundaries of the already
known regions of the morphology diagram were extended. Unfortu-
nately, the picture is still incomplete. But even incomplete knowledge
can be useful, as shown in chapter 5, where the experimental obser-
vation of symmetry breaking shape oscillations of GUVs filled with
Min-proteins could be successfully explained by a periodic but homo-
geneous change of the spontaneous curvature caused by the binding
and unbinding of the proteins to the inner membrane surface.

A step beyond the system of isolated vesicles has been done by the
investigation of concentration gradients within conic compartments.
Two model systems were chosen in the case of conic compartments.
Probably the simplest system available is an ideal gas in a constant

external field like gravity, it has the advantage that many properties
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like the free energy can be calculated analytically (cf. sections 2.2.1
and 6.1). A remaining task is the investigation of the effects when
the spontaneous curvature model is considered. The corresponding
equations are derived in appendix A.

The other system that is inspired by actual biological processes,
are processive molecular motors. But since this is an active non-
equilibrium system, analysis is much harder and numeric simulation
becomes more important as used in sections 6.3 and 6.4 to get a quali-
tative insight in the distribution of the motors when the compartment
changes. This could be extended to the case where the compartment
reacts to the distribution of the motors, either due to the inhomoge-
neous pressure or an interaction of the motors with the compartment
akin to the interaction of the Min proteins with the membrane that

was observed in chapter 5.



A Concentration gradients in flexible com-

partments

A.1  Shape equations for an ideal gas in a vesicle

In this section a vesicle that is filled with an ideal gas within the
earth’s gravitational field is considered. The corresponding equations
of evolution can be calculated by combining the energy functional of a
vesicle as given by equation (3.2) plus the free energy of an ideal gas

in gravity F as calculated in section 2.2.1.

E=Ep+TA— APV +F

: 2
= /mcr <1}7+¥—2m> + 2%y — TAPr? sing + v, (i — cos ) + 7, (2 —sin) ds

3
N 2tM 2
_ v st —BMgz,2
ﬁlog<<h2‘3) 7'[/6 rsmtﬁds)

: 2
o€ :(S/mcr (ip—i—ﬂ—Zm) + 27t%r — TAPr? sin + 7, (7 — cos ) + 7, (£ —sing) ds

—BMgz,2 o3
_ﬁ5/e rsmt/;d&
p G

(A1)

With surface tension X, pressure difference AP and Lagrange multiplier

functions 7, and 7. As well as the shape dependent partition volume

‘ Z
[=—=1 = /e_ﬁMngZ siny ds’.
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From equation (A.1) the shape equations can be calculated by standard

calculus of variation as explained in section 2.1.

sin cos ¢

$=u
1 N e PMsz sin ¢ cos
1= — _AP - — —
=5 (ﬂrcosw( B ¢ )+ o ” ’yz>+ )
= cosy
zZ =siny
a2 —BMgz
Yy = K ((u —2m)* — sn;;/]) + 2L + 2nrsing (—AP - %e 7 )
e~ BMgz

Yz = NMgi’ZSinl/J r

(A.2)

with additional boundary conditions

This shows that the difference to the shape equations shown by Seifert

et al.
Agudo-Canalejo & Lipowsky29:69 apart from the two extra equations,
is an effective Pog(z) = AP+ nﬂﬁﬁ# plus an extra term containing

Vz-

The shape dependence introduced by ¢ complicates the numerical
solution of equation (A.2), since it requires now a self-consistent iter-
ation on top of the shooting procedure. That is, starting with a trial
shape an initial (g is calculated and with which the shape equations
can be solved to obtain a new shape with which a new {; can be calcu-
lated and so on and so forth. This has to be done until the difference

Al = {y — ;1 becomes zero.

u
— Cos l[J?



B VesicleForms.jl

The implementation of the shape equation solver is a julia reimplemen-
tation of the matlab algorithm used by Agudo-Canalejo & Lipowsky[6?)
which both base on the algorithm sketched by Seifert et al.2%. This

code is packaged as VesicleForms.jl and publicly available.

B.1  Solving the shape equations

B.1.1 Conservation of area and volume

In order to ensure the conservation of area and volume it is useful to

augment the shape equations (3.16) with the volume, area and energy

differentials
A(s) = %S_T_’(S),
o(s) = "2 5(s)sin(s),
5 7S _ siny(s) \?
Ebe(s) = ?r(s) (u(s) + s Zrn) : (B.1)

B.1.2  Taylor expansion near the boundary points

Due to the 1/7%(s) terms in (3.16) numerical evaluation of the equa-
tions near ¥ = 0 is likely to be unstable. A way to alleviate this
problem near the boundaries s = 0 and s = 1 ist to expand (3.16)

and (B.1) near those points and calculate the approximate solutions


https://gitlab.gwdg.de/PhD/VesicleForms.jl
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analytically. At s = 0 this yields

q 3
$°(ds) = mSdsig — (ﬂigs) (AP — 2 (i — il + 2m2>> + O(ds®),
q 2
a%(ds) = iig — % (AP — 2l (2 — 21milg + 2m2>> + O(ds*),
q 3
#(ds) = nSds — ("56ds> a3 + O(ds°),

7,9(ds) = ”‘1 ds (2 — 2mity + 2m2) (7 S ds <m <3AP 65ty — 4u0)
— 1213 o + 161> uO + 1o (2%19 — 9AP) )
0/, (mSds)* (7§ ds)
A(ds) = 1 13 + O(ds®),
G 4
O (ds) = @ao +O(ds®),
G 2
,:2(ds) = T2 (7 2
(nSds) _ _ 2 o = 3 5 6
S (i1 — 1) <1Omu0 — 12m2iy — 6540 + 2013 + 3AP> + O(ds®).

Z (B.2)

While for s = 1 the equations can be inferred by symmetry

q 3
1 (ds) = 7+ 7S dsity — @ (AP — 2, (£ - 2, + 272) ) + O(ds?),

S 102
il (ds) = iy — @ (AP —2m (£ —2ma +20) ) + O(ds*),
S 1c)3
7 (ds) = —nSds + (NS:S) 17+ O(ds°),
1, 7Sds o o\ (mSds) [ 5 e a3
¥y (ds) = 1 (Z 2mily + 21 ) 9 m (3AP — 62114 4u1> ,

o _
Al(ds) =1- (705 ds) + (S ds)* i + O(ds°),
4 48
G 4
vl(ds) = v — ?’(”15—6‘15)121 +0(ds®),
i} . 7S ds)?
5be1(ds) = 8be(1) - ( 4 ) (L_l o m)z
5 4
+ (nsgzs) (i1 — 1) <10ma% — 12y — 65 + 245 + 3AP> +0(ds®).

(B.3)


https://gitlab.mpikg.mpg.de/paper/min_GUV_oscillations_Code/-/blob/v0.1/Boundary_Conditions+expansion.wl
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Ebe(1) is unknown, but that is not important for the algorithm, since

Epel(ds) as well as ds will be known after integration.

B.1.8 Parameter estimation

This implementation is finding solutions to the shape equations by
fixing m as well as the area A and the volume V and therefore the

1

reduced volume v'. The other five parameters AP, %, i, 117 and S

are determined by using an initial guess ( e.g. via a nearby known

solution ) to solve (3.16) and (B.1) using DifferentialEquations.jll®!) in

an interval s € [ds,1 — ds], the solutions at s = 1 — ds are used to

compute

Au=|
(1 ds) — ¢’ (—ds),
7(1 —ds) — 7l (—ds),
Yr(1 —ds) — 4,1 (—ds),
A(1—ds) — Al(—ds),
o(1 —ds) — v (—ds)

Which the trust-region root-finding algorithm provided by NLsolve. ;I3

can use to adjust the five parameters such that Au < €.

B.1.4 Testing

A good way to test the correctness of obtained solutions for m = 0 is

to check whether the global shape equation[SO] holds

3APV —2X.A=0.

' While the description is writ-
ten with scaled variables, ver-
sion 0.1 only displays the re-
sults scaled and works internally
dimensionful. The version 0.2
branch which has the ability to
work in scaled variables exists
but is not fully functional

2 ysually with € = 10712






C  Molemoto

Molemotol#) is a stochastic particle simulator for confined geometries
written in C+4. The aim is to simulate particles that diffuse homo-
geneously in the bulk and perform a biased 1D random walk along
the microtubulus while taking steric interaction into account. It has
a modular structure (cf. figure C.2) and is easily extendable. In its
present state it supports closed and half-open tubes and cones as ex-
plained in chapter 3, bound and unbound diffusion as well as adherence
to the compartment walls.

The usage of a KD-Tree for the storage of the particles changes
the complexity for all operations that iterate over the particles from
O(NxNyN) , where Nj is the numer of grid points in the i-th di-
mension to O(Nylog Ny) on average, where Nj is the number of par-
ticles. This enhances the runtime of the simulations in most cases
significantly, especially in 3D. This has the positive side effect, that
automatically enforces the steric interaction, since each node of the

tree can only store one particle.

KD-Tree: A KD-Tree constructs a tree of points in a k-dimensional
space by assigning k-dimensional points to its nodes and from each
node branch to branches resulting from dividing the space by hyper-
planes and sorting the following nodes with respect to the half-space
lives in relative to the hyperplane. At each level one hyperplane per-

pendicular to the former is chosen (see figure C.3).


https://gitlab.gwdg.de/PhD/molemoto

82 appendix c. molemoto

Time = 4000 Number of agents = 188

Figure C.1. Snapshot of a
Molemoto simulation. Blue
spheres represent molecular
motors and the microtubulus
is shown in red. The yel-
low end is a closed bound-
ary whereas the black ring
at the other end indicates an
open boundary. The shell has
also reflective boundary con-
ditions.



|CIcu:k||Cron||RNG|

FilePlotter

| HarryPlotter

VoidPlotter

| AliStateFileMeasure |

AgentMap
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(a) 2D KD-tree corresponding to the division
of space as shown in figure C.3b.!

KD-tree shown in figure C.3a.>

(b) Division of the plane corresponding to the
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Figure C.2.
of Molemoto. Every class is a

Class hierarchy

possible point of entry to ex-
tend the program.

Agents are stored in the
AgentMap and associated with
a Point in space and move
according to their Movement
(figure C.2a). A few utility
classes allow controlling the
scheduling of events (Clock,
RNG),
servables (Measure and sub-

Cron, measuring ob-
classes) and visualizing re-
sults (HarryPlotter and sub-
classes) (figure C.2b). Differ-
ent geometries are implement
by instances of sub-classes of
the World class. Coordination
of the dynamics are handled
by different Simulation classes
(figure C.2c).

Figure C.3. Construction of a
KD-tree.

1. Tree 0001“ by MYguel
- Own work. Licensed under
Public Domain via Wikimedia
Commons - https://commons.w
ikimedia.org/wiki/File:Tree
~0001.svg#/media/File:Tree 0
001.svg

2. Kdtree 2d“ by Origi-
nal uploader was KiwiSunset
at en.wikipedia - Transferred
from en.wikipedia; transfer
was stated to be made by
User:KindDragon33.. Li-
censed under CC BY-SA 3.0
via Wikimedia Commons - ht
tps://commons .wikimedia.org
/wiki/File:Kdtree 2d.svg#/me
dia/File:Kdtree_2d.svg
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A First kink of the contour of a truncated cone 16,
17, 21
A Scaled area 13,
7779
Bop Bifurcation point of prolates and 44,
prolate-sphere shapes 45, 47
B Second kink of the contour of a truncated 16,
cone 17, 21
D Discontinuous transition between prolates 28

and oblates
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List
Drear Discontinuous transition between symmetric 32, 33
and asymmetric prolates
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stomatocytes
Dy, Diffusion constant of unbound molecular 59, 60,
motors 62-64
Ebe Bending energy (functional) 12, 21,
24, 28,
44,
47,75
Ebe x Bending energy contribution of the kinks 21-24
Ebes Bending energy contribution of the shell 21, 24
surface
£ Scaled energy functional 13, 14
Ebe Scaled bending energy (functional) 13, 14,
4447,
56,
78,79
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