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1. Introduction 
Earthquakes as individuals can be destructive and hazardous as painfully reminded by the 
recent catastrophic 2004 M9.3 Sumatra and the 2008 M8.0 Sichuan, China, earthquakes. 
Earthquake  predictions  would  thus  be of  great  societal  relevance,  however,  despite  more 
than a century of research, no methodology can reliably predict the locations, times, and 
magnitudes of potentially destructive fault ruptures on time scales of a decade or less. Many 
scientists question whether such predictions will ever contribute to risk reduction because 
the chaotic nature of brittle deformation may preclude useful predictions (Geller et al. 1997; 
Nature-debate  1999).  This  view   is   in  agreement  with   the  model  of  complete   ignorance 
assuming that the probability for an earthquake occurrence remains always the same, the so
called Poisson model (Epstein & Lomnitz 1966), which is used in standard seismic hazard 
assessment   at   the  moment   (Cornell  1968;  Suckale  &  Grünthal  2009).  The  other   end-
member   model   for   earthquakes   is   the   “predictable”   model   of   periodic   earthquake 
reccurrences  which   is  based  on  Reid's   elastic   rebound   theory  of   tectonic   loading   and 
coseismic unloading (Reid 1910). 

Observations   indicate   that  both  simple  models  are  wrong.  Non-period  and  non-random 
seismicity  patterns  become  obvious   in  particular  on  short   time-scales  where  earthquake 
clusters   consisting   of   mainshock-aftershock   sequences   and   earthquake   swarms   are 
dominant.   In  particular,  aftershock  clustering   (Omori  1894;  Utsu  et  al.  1995)  but  also 
sequences of migrating mainshocks as e.g. observed at the North Anatolian Fault (Stein et 
al. 1997; Lorenzo-Martin et al. 2006) and in the Sumatra subduction zone (McCloskey et al. 
2005; Nalbant et al. 2005) clearly demonstrate the fact that earthquakes interact with each 
other and hence earthquakes cannot be treated as individual independent events.

Earthquake   interactions  are  mainly  based  on  stress  changes  which  are   induced  by  each 
earthquake in the seismogenic crust (Okada 1992; King et al. 1994). Although the general 
mechanism   is   clear,   it   remains   considerable   debate   as   to   the   particular   triggering 
mechanisms.  Static stress  changes  (Stein 1999),  dynamic stress  perturbations (Kilb  et al. 
2002;  Felzer &  Brodsky  2006),  or  stresses  induced  by postseismic deformations  such  as 
afterslip   (Perfettini  &  Avouac  2004),  poroelastic   (Nur  &  Booker  1972)  or  visco-elastic 
effects (Pollitz et al. 1998) are proposed to play a major role. It is likely that all of these 
processes  are  active  on  overlapping   time  scales.  Hence,   for  example,  both  dynamic  and 
static stress changes seem to be very important at short times scales while large scale poro- 
and visco-elastic changes may lead to temporally delayed triggering. Other factors such as 
rupture type and small scale slip heterogeneity may also have a first order effect on resultant 
seismicity patterns (Schorlemmer et al. 2005; Marsan 2006).

Because of this complexity, there is a clear need in earthquake physics for more integrative 
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observations, modelling, and statistical analyses. In terms of the former, significant recent 
advances   in   understanding   earthquake   phenomena   have   resulted   from   laboratory 
experiments (Linker & Dieterich 1992; Scholz 1998) and high-resolution field experiments 
such   as  drilling   into   active   faults   (e.g.    the  San  Andreas  Fault  Observatory   at  Depth 
SAFOD) and the monitoring of fluid-pressure induced micro-seismicity (Zoback & Harjes 
1997;  FISCHER  ET  AL.   2008*).  Furthermore,   natural   seismicity  which  occurs  well-
localized  in  space  and time  are natural  laboratories for  studying  earthquake  interactions. 
Examples   of   those   events   are   repeating   earthquakes,   swarm   activity   and   aftershock 
sequences. On the other hand, by means of physics-based earthquake modeling considering 
spontaneous   earthquake   nucleation,   rupturing   and   interaction,   the   impact   of   different 
triggering   mechanisms   can   be   quantified   and   their   correlation   with   spatiotemporal 
seismicity patterns can be understood (Ben-Zion & Rice 1993; HAINZL ET AL. 1999a, b; 
Ziv & Rubin 2003). 

While  physics-based  models  are  useful   to  understand   the  physical  processes,   statistical 
earthquake  models  can  be very  successful  in  fitting  observed data.  One  example  for  the 
latter model class is the Epidemic Type Aftershock Sequence (ETAS) model (Ogata 1988) 
which is based on some empirical laws such as the Omori-Utsu decay law (Utsu et al. 1995) 
for   the  temporal   aftershock   decay   and   the   magnitude-dependent   productivity   law 
(Helmstetter   et   al.   2005).   These   stochastic   models   account   inherently   for   the 
unpredictability  of  small  scale  processes  and  heterogeneities.  Furthermore  they  are  quite 
flexible   to  adapt   to  different  data  sets,  and  they  are  easy   to  apply  and  not  expensive   in 
computer   time.  Thus   they  can  be  directly  used   for   time-dependent  probabilistic  seismic 
hazard  calculations  (BEAUVAL  ET  AL.  2006b;  FAENZA  ET  AL.  2007).  However,   the 
purely statistical models ignore important physical knowledge and constraints. 

To bridge the gap between purely statistical and deterministic models, new techniques that 
combine physical and statistical models are starting to be developed. In particular, important 
progress   has   been   made   by   combining   space-dependent   stress   calculations   with   the 
statistical   response   of   fault   populations   to   stress   changes,   which   properly   takes   into 
consideration   the   rate-   and   slip-dependence   of   frictional   strength   and   time-dependent 
restrengthening observed in laboratory experiments (Dieterich 1994). This is a promising 
way to account for unobservable small-scale processes  in physics-based stress-interaction 
models.   Furthermore,   new   generations   of   physics-based   earthquake   simulators   are 
developed  which  account  for  the  intrinsic  earthquake  interactions  and  can  be  adapted to 
specific   fault   systems   for   forward   simulations   (ZÖLLER  ET  AL.   2007;  Dieterich  & 
Richards-Dinger in press).

Thus significant progress has been achieved in the recent past and will be probably also 
obtained   in   the   future   in   the   field   of   earthquake   process   understanding   and   the 
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quantification of the spacetime-variability of seismicity by means of integration of new and 
better data from seismology, geodesy, and geology with new knowledge of the physics of 
earthquake   ruptures.   In  order   to  understand   the   earthquake  predictability  of   improved 
earthquake  models,  international  colaborations  have been  recently  established  to  conduct 
comprehensive scientific prediction experiments under rigorous, controlled conditions and 
evaluate   them   using   accepted   criteria   specified   in   advance  (Jordan   2006;   CSEP   - 
Collaboratory   for   the  Study   of  Earthquake  Predictability;   http://www.cseptesting.org/). 
Although  deterministic   earthquake  predictions   are   still  not   foreseeable,   time-dependent 
probabilistic   forecasts   (defining   probability   changes   in   time)   based   on   earthquake 
interaction models are realistic. However, the time-dependence of the earthquake process is 
still largely ignored in practice, in particular for standard seismic hazard assessment. New 
approaches are thus important to be developed to improve seismic hazard estimations in the 
future.

On this track, the present work deals with several aspects in better understanding the physics 
of earthquake nucleation and interactions as well as on its consequences for time-dependent 
hazard.  In particular, section 2 is focused on the analysis and characterization of seismicity 
patterns   on   spatial   scales   ranging   from  microseismicity   induced   in  hydraulic   fracture 
experiments to earthquake patterns in large fault systems. The temporal scales of interest 
vary from the immediate aftershock activity (seconds to years) to seismic cycles (years to 
thousands  of  years).   In   section  3,   stochastic  models   are   introduced  which   can   fit   the 
empirical   data   in   a   first   approximation.  To   incorporate   our   physical   knowledge,   also 
physics-based   models   of   coupled   fault   systems   are   presented   which   help   to   better 
understand the role of structural heterogeneities, stress changes, afterslip and fluid flow, and 
to clarify the potential for earthquake forecasting in practice. Finally,  appropriate strategies 
are introduced in section 4 to incorporate the spatio-temporal variability of seismicity and 
induced ground-motions into practical calculations of hazard maps. 

In  each part,  I  primarily  focus  on a  summary  of  my own  investigations  and results.  For 
interested readers, I refer to the attached specific publications and some general background 
literature.
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2. Earthquake observations
At   present   most   information   about   the   ongoing   earthquake   process   is   gained   from 
measurements  of  past  earthquakes  and  surface  deformations.  The  analysis  of   individual 
earthquakes provides important information about the rupture process, but does not of itself 
allow the calculation of occurrence probabilities for future events. Satellite based geodetic 
observations,   are   increasingly   informative,   but   cover  only   short   time   intervals   so   far. 
Therefore  instrumental,  historical,  and  paleo  earthquake  catalogs  are  the  only  systematic 
records  which   image   the  earthquake  generation  process  at  depth.  A  detailed  analysis  of 
these  data   is  fundamental  for  a  systematic  characterization  and  deeper  understanding  of 
earthquake nucleation and interaction  on different  temporal and  spatial scales. Important 
questions which have to be in general addressed are among others 

i. the scale-dependence of the earthquake process, e.g. do small earthquakes behave 
similar to large ones? 

ii. the applicability of elastic rebound theory which predicts the occurrence of seismic-
cycles 

iii. the formation of earthquake clusters such as foreshocks, aftershocks and earthquake 
swarms

iv. the role of fluids in the earthquake generation process

This   covers   a  wide   research   area.   In   the   following,   I  will  briefly   introduce   the  most 
important fundamental laws and characteristics of observed seismicity and focus on my own 
specific contributions. For a more general overview about recent studies which tackle these 
questions, I would like to refer the interested reader to the two special issues:

 Dynamics  of   seismicity  patterns   and   earthquake   triggering,  Eds.  S.  Hainzl,  G. 
Zöller, I. Main, Tectonophysics, Vol. 424 (34) (2006)

 Spatiotemporal models of seismicity and earthquake occurrence, Eds. P. Burton, S. 
Hainzl, S. Lasocki, Tectonophysics, 423 (12) (2006)

with introductions by HAINZL ET AL. (2006c) and BURTON ET AL. (2006).

Frequencymagnitude distribution

Independent of the spatial scale and the tectonic environment, the distribution of earthquake 
magnitudes  m has been found to have the same shape and follows the Gutenberg-Richter 
law (Gutenberg & Richter 1956),

               log(N) = a – b M                                                                                (1)

where  N  is the  frequency  of  earthquakes  with  magnitude equal  or  larger than  M;  a  is a 

6



measure of the overall seismicity level in the region and the slope b determines the relation 
between large and small earthquakes. 

From physical point of view, this distribution must have an upper and lower bound (doubly 
truncated) due to finite fault length and grain size, respectively. While the physical lower 
bound is usually not observable because of the limited detection capability of the seismic 
networks,   the  upper  bound  Mmax  can  be   in  principle  deduced   from  observations.  We 
performed  a  comprehensive  analysis  of   frequency-magnitude  distribution   for  one  of   the 
seismically most active regions in Germany, the Lower Rhine Embayment (SCHMEDES 
ET AL. 2006). We showed that the upper bound of the frequency-magnitude distribution 
Mmax  cannot be constrained by instrumental and historic earthquake catalogs alone. To get a 
reasonable  estimate  of   the   frequency-magnitude  distribution   in   this   region  of  moderate 
seismic activity, we were forced to use all available information, in particular  paleoseismic 
and geodetic data.

Seismic cycles

Based on Reid's elastic bound theory (Reid 1910), earthquakes should be characteristic on 
single   and   isolated   fault   segments,   i.e.,   repeating   earthquakes   should   have   similar 
magnitudes   and   recur   almost   periodically.   However,   due   to   heterogeneities   and   fault 
interactions, the earthquake cycles cannot be expected to be strictly periodic or might not 
exist at all.

In many case studies, at least two different characteristics during the seismic cycles have 
been identified: localized seismic quiescence and regional acceleration of seismic moment 
release   preceding   the   mainshock   on   time-scales   of   months   to   years.   We   performed 
systematic investigations  of  these patterns  on a regional scale.  By means of  significance 
tests   based   on   surrogate   data,  we   showed   that   the   occurrence   of   periods   of   seismic 
quiescence is statistically significantly correlated to the mainshock occurrence in Armenia 
(ZÖLLER ET AL. 2002) and that, in addition to the seismic moment release, the correlation 
length  of   the  spatiotemporal  earthquake  occurrence   is  growing  before  mainshocks  on  a 
regional scale in California (ZÖLLER ET AL. 2001; ZÖLLER & HAINZL, 2001, 2002). 
The observed acceleration of seismic moment release and correlation length is in agreement 
with predictions of the critical point concept known from statistical physics (see Sec. 3.2).

Aftershocks

Almost  all   larger  earthquakes  are  found   to  trigger  aftershocks  with  a  temporal  decaying 
probability. In particular, the occurrence rate of aftershocks R can be well described by the 
modified OmoriUtsu law 
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                      R(t) = K ( c + t )p                                                                                 (2)

where t indicates the elapsed time since the mainshock (Utsu et al. 1995). The c-value is a 
constant typically much less than 1 day. In most cases, the c-value is non-physical and only 
related to a reduced detection capability of the operating seismic network in the first hours 
after a mainshock.

The Omori-Utsu law is not only a good approximation for small magnitude activity after 
large mainshocks but can also describe the clustering properties of larger magnitude events 
on   short   to   intermediate   time   scale.  This  has  been  demonstrated  by  our   recent  non-
parametric analysis of M4+ seismicity in Central Europe (FAENZA ET AL. 2009).

In  a   further  study,  we  examined   the  dependence  of   the  Omori  p-  and  K-values  on   the 
mainshock magnitude m (HAINZL & MARSAN 2008). Our analysis of global earthquake 
data indicates a significant increase of  p with  m, along with a scaling relationship of the 
form  K~10m  which  can  be  explained  within   the   framework  of   rate-and-state   frictional 
earthquake  nucleation,  when  accounting  for   realistic   levels  of  slip  variability  within   the 
mainshock rupture area.

The aftershock productivity parameter,  , is found to depend not only on the mainshock 
characteristics  themselves  but  also   the  environmental  conditions.  In  particular,  we  found 
that the spatial distribution of the  -values in California correlates with the surface heat 
flow   in  agreement  with  predictions  of   the  damage   rheology  models  (ENESCU  ET  AL. 
2009).

Although it is obvious that aftershocks are casually related to the mainshock, the underlying 
triggering   mechanisms   are   still   debated.   Various   researchers   have   proposed   that   the 
aftershocks  are  induced  by  the  coseismic  static/dynamic  stress  changes  (see  also  section 
3.2). Alternative explanations are postseismic processes such as  poroelastic effects, visco-
elastic   relaxation   and   aseismic   afterslip.   In  particular,   the   time   evolution  of  observed 
afterslip is found to follow a similar decay law as aftershocks. For example, we found that 
the early afterslip inverted from the GPS measurements following the 1999 İzmit earthquake 
in Turkey can be well modeled by the Omori-Utsu law which suggests a close relationship 
between aftershock sequences and postseismic deformation (WANG ET AL. 2009).

One possible evidence for the underlying mechanism can arise from the spatial aftershock 
distribution. However, in contrast to the temporal decay, the spatial aftershock patterns are 
less understood. Recent studies  of  stacked aftershock  activity from  small to intermediate 
sized events suggest a power-law decay ~d of the aftershock density with distance d from 
the mainshock rupture. Felzer & Brodsky (2006) found an exponent of   = 1.3-1.5 for the 
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decay over distances from the near to the far field which would indicate dynamic rather than 
static stress triggering. However, this observation has been recently questioned by Richards-
Dinger   &   Stein   (in   submission)   because   of   the   inappropriate   consideration   of   the 
background   activity.  Furthermore,  we   showed   for   the  high   resolution   data   set  of   the 
aftershocks   following   the  1992  M7.3  Landers,  California,  mainshock,   that   the  apparent 
decay ~d1.3  can be well fitted by the static stress-triggering model, if uncertainties of stress 
computations are taken into account (HAINZL ET AL. 2009). Whether static or dynamic 
stress changes (or a combination of both), or even other processes (such as afterslip) drive 
the aftershock generation remains therefore still an open scientific issue.

Intereventtime distribution

The   time   delays   between   successive   earthquakes   have   a   characteristic   distribution. 
Previously, it was claimed that this interevent-time distribution is universal (after accounting 
for the the overall activity level) and that it shows the existence of clustering beyond the 
duration of aftershock bursts (Corral 2004). We demonstrated, however, that these claims 
were  unjustified  because  stochastic  simulations  with  Poissonian  background  activity  and 
triggered Omori-type aftershock sequences can reproduce the interevent-time distributions 
observed on different spatial and magnitude scales in California (HAINZL ET AL. 2006b). 
Furthermore, we found that the shape of the interevent-time distribution can be fitted by the 
gamma distribution in a first approximation where the parameters depend on the percentage 
of   mainshocks   in   the   catalog.   Our   investigation   indicated   that   the   interevent-time 
distribution can be used for a non-parametric reconstruction of the mainshock magnitude-
frequency distribution. Thus it can be an alternative to the standard declustering algorithms. 
However, because the true distribution function of interevent-times is more complex, this 
simplified method has to be taken with care (Saichev & Sornette 2007; Sornette et al. 2008).

Swarm earthquakes

In   contrast   to   aftershocks,   earthquake   swarms   are   not   characterized   by   a   dominant 
earthquake (mainshock) and their temporal evolution cannot be described by any simple law 
comparable to the Omori-Utsu law.   Earthquake swarms are often believed to result from 
fluid intrusion which becomes evident if clear migration patterns occurs. 

We analyzed data from the densely monitored earthquake swarm region Vogtland-Western 
Bohemia which is famous for episodic bursts of large numbers of spatially localized, small 
to   intermediate   sized   earthquakes.   We   find   that   these   swarms   show   several   clear 
characteristics: (i)  an accelerated seismic moment release related to a decrease  of  the  b-
value  and  an   increase  of   the  maximum  magnitude  Mmax;   (ii)  a  power-law  decay  of   the 
interevent-time distribution; and (iii) embedded Omori-type aftershock sequences (HAINZL 
& FISCHER 2002). Furthermore, by means of statistical modeling of the observed data, we 
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could detect that the swarm was likely forced by a fluid or magma intrusion (HAINZL & 
OGATA 2005; DAHM ET AL. 2008). The comparison with model simulations show that 
the observed spatial and temporal swarm characteristics can be understood by an interplay 
of   fluid   intrusion  and  self-induced  co-  and  post-seismic  stress  changes   (HAINZL  2003; 
2004; see also Sec. 3.2).

Furthermore, we showed that the crust can be locally so close-to-failure that even very tiny 
pressure variations associated with precipitation can trigger earthquakes in a few kilometer 
depth. Based on the observations of the isolated swarm-type seismicity below the densely 
monitored Mt. Hochstaufen, SE Germany, we demonstrated that the recorded seismicity is 
highly correlated with the spatiotemporal pore pressure changes due to diffusing rain water 
and in good agreement with the response of faults described by the rate-state friction law 
(HAINZL ET AL. 2006a).

Induced seismicity

The   above   examples   show   the   important   effect  of   fluids   in   the   earthquake  generation 
process. However, in natural systems, it remains difficult to study the role of fluids in more 
detail because of our limited knowledge about rheological structures, the fluid parameters 
and tectonic stresses at depth.  Therefore, fluid-pressure experiments performed under well-
controlled conditions offer a unique opportunity to study the fluid-rock interactions. 

We  analyzed  microseismic  datasets of  hydraulic  fracture stimulations of  the  Canyonsand 
Formation   gas   field   in   west   Texas   and   obtained   high-density   images   of   induced 
microseismic events accompanying the hydraulic fracture growth. We find that the hydraulic 
fracture  characterized  by   the  microseismicity  growed,   for  different  depth   intervals,  both 
linear and nonlinear in time. By application of hydraulic fracture models, we could explain 
the nonlinear spreading of the microseismic front by a two-dimensional growth of hydraulic 
fracture and could invert for fracture characteristics such as the width of 7-10 mm and a 
negligible infiltration of the injecting fluid into the reservoir rock (FISCHER ET AL. 2008).

In further studies, we showed that the observed characteristics can be well-understood by a 
new  hydraulic  fracture  model  (DAHM  ET  AL.  submitted)  and   that   the  horizontal  stress 
gradient can be estimated from the observed asymmetric growth of the seismicity cloud. 
Such  horizontal gradients of the stress field are of interest because they might be related to 
inhomogeneous extraction of gas (FISCHER ET AL. 2009).
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3. Earthquake models

Besides data analysis, the modeling of the earthquake process is essential for a deepened 
understanding  and  potential   forecasts  of   the  earthquake  process.  Progress   in  earthquake 
modeling can be assessed by examining different model classes. The two main classes are 
statistical  models  and  physics-based  models.  However,  a  sharp  distinction  among   them 
based on their nature is not always possible because several earthquake models use mixtures 
of physics, stochasticity, and empirical evidence. Below several  applications of both model 
classes are described and their main conclusions are summarized. 

3.1 Stochastic modeling

Based on empirical earthquake observations such as the Gutenberg-Richter and the Omori-
Utsu  law, stochastic  space-time  models can  be fitted to the data in order  to estimate the 
corresponding parameters which are useful for physical interpretation and seismic hazard 
estimations. 

Models of shortterm clustering

Most  stochastic  models of  short-term  clustering  are  based  on the  Gutenberg-Richter  law 
(Eq. 1), the Omori-Utsu law  (Eq. 2), and the scaling of the aftershock  productivity with 
mainshock   magnitude.   Examples   of   those   models   are   the   Reasenberg-Jones   model 
(Reasenberg  &  Jones  1989)  and   the  Short-Term  Earthquake  Probabilities  (STEP)  model 
(Gerstenberger et al. 2005). The Epidemic Type Aftershock Sequence (ETAS) model (Ogata 
1988) has been found to be particularly successful in describing clustering phenomena. It 
assumes that all earthquakes are in general able to trigger subsequent aftershocks which can 
have   even   larger  magnitudes   than   the   “mother”   earthquake.   In   this  way,   it   does   not 
differentiate between fore, after and mainhocks beforehand. 

In the ETAS model, the earthquake rateat a location x and time t is the sum of a constant 
background rate  and the superposition of aftershock activity from preceding earthquakes, 
that is,

(x,t) =  + ti<t K 10 Mi ( c + t – ti )p  f(|xxi|)                                          (3)

with  parameters  explained   in  Sec.  2.  The  spatial  probability  density   function  f(|xxi|)  is 
typically assumed to be an isotropic power law decay which depends only on the distance to 
the mainshock hypocenter. The general procedure is to estimate the model parameters by 
maximizing the log-likelihood value of the model fit to the empirical data. Because of the 
lack  of   information,   this  fitting   is  usually  based  on   the  point   information  of  earthquake 
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catalogs   (earthquake   time,  hypocenter   and  magnitude).  Fitting  of   the   space-dependent 
ETAS model to empirical data yields  -values, which describes the scaling of the aftershockα  
productivity with magnitude, that are typically much smaller than the scaling inverted from 
more simple stacking of aftershock sequences. In a recent study (HAINZL ET AL. 2008), 
we  showed  by  means  of  synthetic  simulations  and  an  application   to   the  1992  Landers 
aftershock   sequence   that   this   is   a   result   from   assuming   spatial   isotropy  of   aftershock 
occurrence relative to the mainshock epicenter. In reality, aftershocks are, however, mostly 
aligned along the mainshock rupture. Therefore, it is important that for earthquake forecasts, 
which are based on the ETAS model, this problem is taken explicitely into account when 
inverting for the parameters.

The ETAS model is found to be very helpful to reveal underlying rate changes which can be 
used as stress sensors. We applied the model to extract the non-stationary forcing signal in 
the case of the large earthquake swarm observed during several month in the year 2000 in 
Vogtland/Western Bohemia (HAINZL  & OGATA 2005).  We showed that the earthquake 
swarm   pattern   are  mainly   dominated   by   embedded   aftershock   activity.  However,   the 
underlying   forcing  signal   is  shown   to  be   in  good  agreement  with  an   intrusion  of  high-
pressurized fluids into the seismogenic crust. 

Models for seismic cycles

Well-known stochastic models to describe the occurrence of seismic cycles are the Stress-
Release model (Vere-Jones 1978) and the Brownian Passage Time (BPT) model (Matthews 
et al. 2002). Both models assume that stress slowly builts up by tectonic stress loading and 
is   released   by   earthquakes   in   accordance  with  Reid's   rebound   theory.  The   difference 
between  both  stochastic  versions  of   the  elastic  rebound  hypothesis   lies  especially   in   the 
treatment of the stressing history. 

The BPT-model is a renewal model where it is assumed that a mainshock resets the stress-
state always completely. The impact of smaller earthquakes and all kinds of heterogeneities 
are modeled by adding random walk realizations. Imposing Brownian motion, an analytic 
expression for the recurrence-time distribution of mainshocks can be found, the so-called 
Brownian Passage Time distribution (Matthews et al. 2002). In this model framework, we 
studied   the   effect   of   fault   interactions   on   the   recurrence   time   distribution   of   large 
earthquakes on the same fault.  The results indicate the existence of two regimes: for weakly 
coupled faults, the recurrence time distribution of earthquakes on one fault follows mostly 
the Brownian passage-time distribution. As an effect of stronger coupling, the faults become 
synchronized   and   the   effect   of   instantaneous   triggering   becomes   dominant.  Then   the 
recurrence   time  distribution   follows   a  Gamma  or   a  Weibull  distribution   (ZÖLLER  & 
HAINZL 2007).  
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In further study (ZÖLLER ET AL. 2008), we considered the effect of Gutenberg-Richter 
distributed smaller magnitude events in the surrounding of the fault on the recurrence-time 
distribution of mainshocks in the Brownian Passage-Time (BPT) model. The central limit 
theorem  implies that  the  recurrence  times  follow  again  a  BPT-distribution  but  now  with 
parameters depending on the b-value of the frequency-magnitude distribution. This has the 
important consequence for seismic hazard estimations that the individual recurrence-time 
distribution for a specific fault zone can be calculated without tuning free parameters: the 
mean recurrence time  Tr  can be estimated from geological or paleoseismic data, and the 
standard   deviation    is  determined   from   the   frequency-size   distribution,  namely,   the 
Richter b-value, of an earthquake catalog,  = Tr [ b / (3b) ]0.5 .

In  contrast   to   the  BPT-model,   the  stress-release  model   is  not  a   renewal  model  and   the 
earthquake   probability   depends   on   the   full   earthquake   history   (Vere-Jones   1978). 
Earthquakes  lead  to a stress  release in its own  fault  zone where the  stress  drop (average 
value  on  a   regional  scale)   is  assumed   to  be  an  exponential   function  of   the  earthquake 
magnitude. The interplay of tectonic stress loading and earthquake-induced unloading leads 
to an irregular occurrence of seismic cycles.  We analyzed in this model type the effect of 
interactions   between   different   fault   zones.   In   our   work   (KÜHN   ET   AL.   2008),   we 
considered loading effects of earthquakes occurring on neighboring faults. Our results show 
that, although  possible stress-interaction between adjacent fault zones does not affect the 
quasi-periodic recurrence of large earthquake in each zone significantly, it leads to a short-
time clustering of mainshocks on larger regional scales. 

3.2 Physicsbased modeling

In contrast to purely statistical earthquake modeling, which are solely based on information 
extracted from earthquake catalogs, physicsbased earthquake models use additional process 
understanding of earthquake nucleation, rupture propagation and stress interaction.

Earthquake models based on calculated stressmaps

Considering   the   rate-   and   slip-dependence   of   frictional   strength   and   re-strengthening 
observed in laboratory experiments (Linker & Dieterich 1992), the seismicity rate R of a 
population of faults becomes inversely proportional to the state variable   describing the 
creep velocities on the faults, namely 

               R(t) = r /r (t)                                                                              (4)

and          d   = ( dt –  dCFS ) / A
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where  r  is   the  background  seismicity   rate,  r the   tectonic   loading   rate,  and  A  being  a 
dimensionless fault constitutive parameter (Dieterich 1994; Dieterich et al. 2000). Thus the 
seismicity  rate depends on the  evolution of  the Coulomb  failure  stress,  CFS  =    +    , 
where    is   the  shear  stress  on   the  assumed  fault  plane,   is   the  effective  normal  stress 
(positive for extension), and  is the friction coefficient (see e.g. Harris 1998). This model 
is able to explain an induced Omori-type occurrence of aftershocks in response to a single 
coseismic stress step (Dieterich 1994). 

In a series of papers, we have explored the applicability of this model framework:

 We   analyzed   the   dependence   of   triggered   seismicity   on   the   small-scale   slip 
variability within the mainshock rupture zone (HAINZL & MARSAN 2008). As a 
consequence  of   fractal   slip  patterns,  we   show   that   the  Omori-Utsu  parameters 
should be magnitude-dependent in agreement with observations. 

 We   showed   that   the   receiver   fault  distribution  has   a   significant   impact  on   the 
aftershock productivity as well as on their spatial distribution (HAINZL ET AL., in 
revision).

 We explored the sensitivity of the aftershock forecasts on the assumed parameters 
for the rate-and-state frictional response (COCCO ET AL., in press). In particular, 
we demonstrated the impact of the correlations between different model parameters 
on probabilistic earthquake forecasts.

 We  analyzed   the  1992  Landers  earthquake  sequence  under  consideration  of   the 
involved   epistemic   and   aleatoric   uncertainties   (HAINZL   ET   AL.   2009).   We 
presented   and   applied   a   new   methodology   for   aftershock   forecasts   based   on 
uncertain   stress   calculations.   The   consideration   of   the   involved   uncertainties 
improves the forecast ability significantly. 

 
Earthquake simulators

In order to investigate the potential occurrence of precursors and seismic cycles, the self-
organization of the stress field due to earthquake ruptures and interactions has to be taken 
into account. In particular, it is important to understand in more detail the role of structural 
complexity  of   fault   systems   (in  different   tectonic   regimes),   friction   laws   and   aseismic 
processes  (creep,  visco-elasticity,  fluid  flows)  for  fault  communication  and   the  resulting 
seismicity patterns. For this purpose, we applied a hierarchy of model classes ranging from 
cellular automaton models to models including quasi-dynamic rupture propagation.

In a number of papers, we analyzed the seismicity patterns resulting from self-organization 
of the stress field in cellular automaton versions of slider-block models. In this case, the 
stress interactions are reduced to nearest-neighbor interactions. We showed that the stress 
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evolution can be explained by the concepts of self-organized criticality (SOC) and critical 
point behavior (HAINZL & ZÖLLER 2001). Despite the SOC-behavior, which includes the 
occurrence  of  Gutenberg-Richter distributed earthquake magnitudes, our  analysis  showed 
that   large   earthquakes   occur   quasi-periodically   (weak  seismic   cycles)   in   the   model 
simulations  with  some  degree  of  predictability   (HAINZL  ET  AL.  2000b).  Furthermore, 
realistic earthquake clustering with Omori-type aftershocks and foreshocks is explained by 
the model simulations if a simple postseismic relaxation process is introduced   (HAINZL 
ET AL. 1999a, 1999b, 2000a; HAINZL ET AL. 2003; NARTEAU ET AL. 2003). Besides 
typical  mainshock-aftershock  sequences,  earthquake  swarms  occur  spontaneously   in   the 
model simulations. A comparison with earthquake swarms observed in Vogtland/Western 
Bohemia  shows   that   the  clustering  properties  of   the  simulated  swarms  are  very  similar 
(HAINZL 2003).

Although cellular automaton versions are able to explain the first-order characteristics of the 
observed seismicity patterns, they cannot be used to study the earthquake process in more 
detail   because   of   their   lack   of   realistic   dynamics.   In   general,   earthquake   simulations 
including  dynamic   rupture  propagation  would  be  desirable,  but   such   computations   are 
limited   due   to   the   enormous   computational   effort.   Best   candidates   are   models   of 
intermediate   complexity   which   include   realistic   physical   mechanisms   with   a   limited 
computational effort that allows to simulate several seismic cycles and a good resemblance 
of the relevant statistical properties of observed seismicity. The model class of spontaneous 
quasi-static  or  quasi-dynamic   rupture  propagation  on  discretized   faults  embedded   in   the 
elastic crust meets these conditions (BenZion & Rice 1993). 

In particular, we analyzed computer simulations of this model class which consider long-
range   elastic  half-space   stress   interactions   (using   the   analytic   solution   for   static   stress 
changes   by   Okada   1992),   creep   characteristics,   and   fluid   flow.   In   case   studies,   we 
investigated the earthquake patterns resultant on a “Parkfield”-type strike slip fault focusing 
on the occurrence of short-term clusters (ZÖLLER ET AL. 2005) as well as seismic cycles 
(ZÖLLER ET AL. 2006). The results were found to be in general agreement with the results 
of the cellular automaton versions, however, the more sophisticated computer simulations 
allow to quantify the correlation of seismicity patterns to underlying physical parameters. 
Another application of the same model class is the study of fluid-induced seismicity where 
additionally fluid-intrusion is taken into account. The simulations show an almost perfect 
agreement  with  observed  swarm  patterns   in  Vogtland/Western  Bohemia  concerning   the 
temporal clustering, spatial migration and   accelerated seismic moment release (HAINZL 
2004).  

Besides numerical earthquake models, we also derived an analytical model of hydrofracture 
growth   to  understand   the  occurrence  of   induced  seismicity   in   fluid-pressure   treatments 
performed   in  geothermal   applications   as  well   as   in  gas   and  oil   fields   to   increase   the 
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permeability.   By means of our model, we can explain the migration patterns which were 
observed during hydrofracture in tight-sandstone-shale formation (Texas, USA) and deduce 
parameters of the underlying stress field and rock (DAHM ET AL., submitted).

4. Timedependent seismic hazard
Seismic hazard is defined by the exceedance probabilities of certain ground motions at the 
site of interest (see e.g. Abrahamson et al. 2002). The standard procedure of probabilistic 
seismic hazard assessment (PSHA) assumes a stationary Poisson model for the earthquake 
occurrence as source model (Epstein & Lomnitz 1966). In this simple model, earthquakes 
occur  randomly  in time, independent  of  the  history. Furthermore,  the size  of  an event is 
independent of time with a probability specified by an invariant (usually Gutenberg-Richter) 
frequency-magnitude distribution (Gutenberg & Richter 1956). Based on this assumption, 
the PSHA becomes timeindependent and the hazard can be calculated by integration. 

Assumption about the spatial distribution

The standard procedure relies on crude simplifications which might introduce significant 
systematic  errors  in  the  result.  One  problem  is  related  to  how  the  spatial  distribution  of 
seismicity is treated. Most commonly used is a zonation of the whole territory based on 
seismotectonics where a spatially uniform activity level is assumed in each of the zones. We 
analyzed the impact of this assumption by performing synthetic hazard studies where we 
assumed that the true underlying spatial seismicity distribution is fractal in agreement with 
general observations and theoretical expectations (BEAUVAL ET AL. 2006a). We find that 
the calculated hazard values significantly overestimate the true hazard on average, while it 
might be locally underestimated.

Assumption about the frequencymagnitude distribution

Besides the spatial distribution, also the frequency-magnitude distribution has to be fixed 
for   seismic   hazard   estimations.   While   the   Gutenberg-Richter   distribution   is   well-
established, the corresponding parameters (a, b, Mmin and Mmax) have to be set in each zone. 
Thereby, in particular the value of Mmax is uncertain on a local scale. For the case study of 
the Lower Rhine Embayment, Germany, we showed that for each parameter a probability 
distribution  has   to  be   taken   into  account.  The  Mmax-distribution  was   found   to  be  only 
constrained if paleoseismic and geodetic data are considered in addition to the historic and 
instrumental seismicity data (SCHMEDES ET AL. 2005).
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Impact of declustering

To justify the basic assumption of time-independent earthquake probabilities, the recorded 
earthquake   catalogs   are   at   first  declustered   in   the   standard  procedures  of  probabilistic 
seismic hazard analysis. That means, it is attempted to remove the dependent earthquakes 
(foreshocks,   aftershocks,   and   swarm   events)   from   the   catalog   by   means   of   specific 
algorithms. Applied approaches consist of, on the one hand, window-based procedures (e.g. 
Gardner & Knopoff 1974) and on the other hand on deterministic (e.g. Reasenberg 1985) or 
stochastic (e.g. Zhuang et al. 2002; Marsan & Lengline 2008) techniques based on linking 
earthquakes together. All these methods rely on rather arbitrary parameter definitions and 
lead   to  different   results.  Based  on   the   interevent-time  distribution,  we  developed  a  new 
simple  procedure   for   a  non-parametric   estimation  of   the   “declustered”   seismicity   rate 
(HAINZL ET AL., 2006b, see also discussion in section “Interevent-time distribution”). 

Timedependent PSHA based on synthetic catalogs

In   standard   PSHA-procedures,   a   time-independent   seismicity   level   is   assumed   and 
earthquake  data   are   forced   to   fulfill   this  Poissonian  hypothesis  by  declustering  of   the 
earthquake catalogs. However, changes of the seismicity patterns due to seismic cycles as 
well  as  short-term  clustering  are   ignored   in   this  way.  We   introduced  a  methodology   to 
incorporate  time-dependent  seismicity  patterns  into hazard  calculations  based  on Monte-
Carlo simulations. We demonstrated the equivalence of both methods in the case of time-
independent source models (BEAUVAL ET AL. 2006b). 

Consideration of shortterm clustering

Based on this methodology, we showed that the inclusion of the aftershock hazard increases 
the   the   hazard   level   in   a   systematic  way   by   approximately   5%   in   the  Lower  Rhine 
Embayment (BEAUVAL ET AL. 2006b). However, the ongoing aftershock activity of past 
large earthquakes can locally increase the hazard (calculated on a time-scale of  decades) 
even centuries later (FAENZA ET AL. 2007).  

On short time-scales of days to month, aftershock activity is completely dominating hazard 
calculations.  Although   such   estimations   cannot  be  used   for  building   codes,   short-term 
forecasts  can  provide   important   information   for   the  public,  security   teams  and  decision 
makers. We perform a retrospective forecast experiment on the 1992 Landers, California, 
sequence to evaluate the forecast ability of different earthquake models by applying rigorous 
statistical tests (WOESSNER ET AL., in revision). In particular, we analyzed the predictive 
power  of  a  variety  of  stochastic  and  physics-based  models   including   realizations  of   the 
Epidemic Type Aftershock Sequence (ETAS) model (Ogata 1988; HAINZL ET AL. 2008) 
and static stress-triggering models based on rate-and-state dependent frictional earthquake 
nucleation (Dieterich 1994; HAINZL ET AL. 2009). Our tests showed that, although some 
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details are missed, we are able to forecast the activity in space and time in general very well 
and that the new models perform superior compared to reference aftershock models.

Consideration of seismic cycles

On longer time-scales, a quasi-periodic recurrence of earthquakes can be expected based on 
the Reid's elastic rebound theory (Reid 1910). Stochastic versions of this theory can be quite 
easily  implemented  in seismic  hazard  studies.  In  particular,    renewal models to describe 
potential  seismic  cycles  of  mainshock  occurrences,  such  as   the  Brownian  Passage  Time 
(BPT) model (see also section “Statistical modeling”), are easy to adopt. 

In   recent   seismic   hazard   studies,   a   quasi-periodic   (mostly   BPT-type)   recurrence   of 
characteristic earthquakes on specific faults has been already considered in some regions of 
moderate   to   high   seismic   activity   (e.g.   Working   Group   on   California   Earthquake 
Probabilities  2003).  However,   the   correct   assumptions   concerning   the   recurrence   time 
distribution are still an open question because of the effect of fault interactions. Considering 
the effect of Gutenberg-Richter distributed smaller magnitude events in a stochastic version 
of the elastic rebound theory, we showed recently that the resultant BPT-type recurrence-
time distributions for a specific fault zone can be determined by the Richter b-value and the 
value of the mean recurrence time (ZÖLLER ET AL. 2008, 2009; see also section 3.1).

For the low seismicity region Lower Rhine Embayment, we analyzed the impact of long-
term seismicity changes (seismic cycles), assuming a BPT-type reccurrence of main events 
on  one  major   fault.  We   found   that  a   significant   impact  on  hazard  estimations   is  only 
expected for the special case of a very regular recurrence of the mainshock on this fault 
(FAENZA ET AL. 2006). This can be explained by the fact that the seismic hazard relevant 
for   building   codes   (ground  motion  with   10%   exceedance   probability   in   50   years)   is 
generally driven by the moderate to intermediate sized events in regions of rather low levels 
of  seismic  activity.   It   should  be  noted   that   in   this  study,   it   is  assumed   that   the   time-
dependence   (quasi-periodicity)  applies  only   for   the   largest  mainshock  but   that  all  other 
mainshocks occur with a time-independent rate. This is surely an oversimplification because 
the  regional  activity   level   is   likely   to  change  with   time  (e.g.  due   to  accelerated  seismic 
moment release, see ZÖLLER & HAINZL 2002) and thus the true impact of seismic cycles 
is probably underestimated. 

Therefore,   for  modeling  more   realistic  seismic  cycles,  physics-based  model  simulations 
should be taken into account.  For that purpose, we developed a strategy for estimating the 
recurrence times between large earthquakes and associated seismic hazard on a given fault 
section.   By   means   of   the   Bayesian   approach,   physics-based   model   simulations   (e.g. 
ZÖLLER ET AL. 2006, see section 3.2) can be constrained by the available small number 
of observations and the uncertainties in the model parameters can be taken appropriately 
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into  account.  We  demonstrated   the  good  performance  of  our  new  methodology   for   the 
Parkfield section of the San Andreas fault in California (ZÖLLER ET AL. 2007).

Groundmotions

The  understanding  and  modeling  of  ground  motions related to earthquake  ruptures is  of 
major importance for seismic hazard analysis. In particular, in regions of low to moderate 
seismicity, the uncertainty of seismic hazard estimates may be driven almost completely by 
the uncertainties related to the ground motion variability close to the source. Therefore, an 
important aim is to better constrain the ground motion models (GMMs) which describe the 
expected   amplitudes   (e.g.   peak   ground   acceleration   (PGA)   values)   as   a   function   of 
earthquake magnitude and distance. In particular, the extremes as well as the variability of 
the expectable ground motions are crucial ingredients of hazard estimations. 

We  analyzed   the  general  possibility   to  use  directly  strong  motion   recordings   for   testing 
seismic hazard estimates, i.e. testing whether or not the observations are in agreement with 
the   assumed   exceedance   probabilities   for   certain   ground   motions.   Seismic   hazard 
estimations  are usually not directly deduced  from the  observed  rates  of  ground  motions. 
They are typically calculated by two separate steps; firstly, defining an earthquake source 
model (earthquake rates) and, secondly, the use of an appropriate GMM which describes the 
expected ground motion as a function of distance and earthquake magnitude. Based on the 
properties of Poisson processes, we showed that, e.g., for ground motions with a 475-year 
return  period  at  a  site,  a  minimal  12,000-year  observation   time  window   is   required   for 
estimating the rate with a 20% uncertainty directly from the ground motion observations. 
Applications to recorded ground motions at stations in Europe and California showed that 
PGA rates can be estimated with an accuracy of 30% only for low acceleration levels up to 
0.1g. Therefore, we concluded that the test of seismic hazard estimates in this way needs the 
assumption that the ground-motion prediction equations are uniformly valid from small to 
large accelerations (BEAUVAL ET AL. 2008).

In low seismicity regions, however, the direct test of seismic hazard estimations cannot be 
done even for low acceleration levels because of the lack of observed ground motions. For 
the  same   reason,   regional  ground  motion  models  cannot  be  constructed   from  pure  data 
fitting.   Therefore,   appropriate   ground-motion   models   from   other   regions   have   to   be 
selected.   This is, however, also a process, which often depends strongly on the subjective 
choices of the hazard analyst. The judgment of the appropriateness of a specific GMM for a 
particular   target   region   is  a  source  of  ambiguity  and   the   final  selection  of  GMMs  and 
associated weighting factors for logic tree branches are seldom reproducible. For western 
central Europe, we applied a recently introduced likelihood-based methodology (Scherbaum 
et al. 2004) to increase the reproducibility of GMM selection and ranking for seismic hazard 
assessment (HINTERSBERGER ET AL. 2007). 
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5. Summary and conclusions 
Earthquakes interact with each other in many different ways and hence earthquakes cannot 
be treated as individual independent events. Recently it has become clear that the 
earthquake interactions lead, on a regional scale, to a self-organization of the stress field 
which can be described in terms of the concepts of self-organized criticality (SOC) and 
critical point behavior known from statistical physics (see review article by ZÖLLER ET 
AL. 2009). The self-organization does not mean – as frequently misunderstood – that the 
earthquake occurrence becomes random and completely unpredictable, rather it can explain 
the occurrence of periods of accelerated as well as depressed seismicity (seismic 
quiescence) and localized clustered activity (swarms and aftershock sequences). Ignoring 
the time-dependence of the process by looking at time-averaged values – as largely done in 
standard procedures of seismic hazard assessment – can thus lead to erroneous estimations 
not only of the activity level of future earthquakes but also of their spatial distribution. 
Therefore, it exists an urgent need for applicable time-dependent models. 
 
In particular, the time-variability becomes obvious on short-time scales. Triggered 
seismicity dominates most earthquake catalogs in which typically more than 50% of the 
events can be easily identified as correlated earthquakes. In retrospective, the largest 
earthquake of such clusters are defined as the mainshock, the precursory events as 
foreshocks and the subsequent events as aftershocks. While these are only retrospective 
definitions, the underlying earthquake process of the whole sequence can be understood in 
terms of stress-triggering where the aftershock triggering potential scales with the 
earthquake magnitude and the final size of the aftershocks is not defined in the nucleation 
phase and might exceed the magnitude of the mother event. Furthermore, we have 
developed a quite good understanding of the fluid-stress interactions leading to swarm type 
earthquake clusters and recent advances in remote geodetic measurements have allowed a 
quantitative characterization of the postseismic processes following mainshocks. 
 
However, even on the short time scales, deterministic approaches are not able to describe 
the earthquake dynamics appropriately. One reason for this is the limited access to 
important state variables of the underlying processes (e.g. subsurface stresses and material 
properties), which is different to the related field of weather forecasting. Direct observations 
are only possible in a few specific locations where expensive deep holes have been drilled 
into the crust. Besides our epistemic uncertainties due to unconstrained stress states and 
crust models, aleatoric variability plays an important role. The existence of small scale 
stress and material heterogeneities, which will be in general not accessible to direct 
measurements, will preclude the possibility of purely deterministic earthquake predictions. 
However, although pure deterministic approaches are not applicable, our physical 
knowledge should not be ignored because it gives important constraints.  



In order to advance in the field of earthquake forecasting, deterministic and probabilistic 
approaches have to be combined to end up with physics-based probabilistic models. Some 
promising steps are already done in short-term cluster modeling. We showed, e.g., that it is 
possible   to   take   the  uncertainties  of   the  static   stress  calculations   in  aftershock  models 
explicitely into account (HAINZL ET AL. 2009) and that fluid-triggered seismicity can be 
fitted  by  combining  physical  modeling  of   the   fluid  migration  and  stochastic  earthquake 
nucleation (HAINZL ET AL. 2006; FISCHER ET AL. 2009; DAHM ET AL., submitted). 
Also  in  the  case of  longer  time-scales,  new  approaches  have been  recently  developed to 
constrain earthquake recurrence distributions by results from physical earthquake simulators 
(ZÖLLER ET AL. 2007, 2008).

Such   combinations   of   deterministic   and   probabilistic   approaches   should   be   further 
developed in the future to allow an adequate modeling of the time- and space-dependence of 
the  earthquake  process  with   its   intrinsic  variability.  Thereby,   it   is   important   that   these 
physics-based  probabilistic  models  are   formulated   in  a  way   that   they  can  be   rigorously 
tested   in   retrospective   as  well   as   prospective  manner   (Jordan   2006;  Schorlemmer  & 
Gerstenberger 2007; WOESSNER ET AL. 2009). A new international Collaboratory for the 
Study of Earthquake Predictability CSEP has been recently formed to perform such rigorous 
testing (see http://www.cseptesting.org/). Models which pass such tests are likely to improve 
seismic  hazard  assessments  significantly.  An   improved  characterization  of   the  expected 
space- and time-dependent ground-motions will help to increase the  prepareness and thus 
reduce the consequences of future large earthquakes. 
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Beauval, C., Hainzl, S. & Scherbaum, F., The impact of the spatial uniform distribution of 
seismicity on probabilistic seismic hazard estimation, Bull. Seis. Soc. Am., 96 (6), 2465-2471, 
doi: 10.1785/0120060073 (2006) 
 
The postprint publication of this article is inhibited due to copyright restrictions. 
 
Abstract: 
The first step in the estimation of probabilistic seismic hazard in a region commonly consists 
of the definition and characterization of the relevant seismic sources. Because in low-
seismicity regions seismicity is often rather diffuse and faults are difficult to identify, large 
areal source zones are mostly used. The corresponding hypothesis is that seismicity is 
uniformly distributed inside each areal seismic source zone. In this study, the impact of this 
hypothesis on the probabilistic hazard estimation is quantified through the generation of 
synthetic spatial seismicity distributions. Fractal seismicity distributions are generated inside 
a given source zone and probabilistic hazard is computed for a set of sites located inside this 
zone. In our study, the impact of the spatial seismicity distribution is defined as the deviation 
from the hazard value obtained for a spatially uniform seismicity distribution. From the 
generation of a large number of synthetic distributions, the correlation between the fractal 
dimension D and the impact is derived. The results show that the assumption of spatially 
uniform seismicity tends to bias the hazard to higher values. The correlation can be used to 
determine the systematic biases and uncertainties for hazard estimations in real cases, where 
the fractal dimension has been determined. We apply the technique in Germany (Cologne 
area) and in France (Alps). 
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S U M M A R Y

The time-dependence of earthquake occurrence is mostly ignored in standard seismic hazard
assessment even though earthquake clustering is well known. In this work, we attempt to
quantify the impact of more realistic dynamics on the seismic hazard estimations. We include
the time and space dependences between earthquakes into the hazard analysis via Monte
Carlo simulations. Our target region is the Lower Rhine Embayment, a low seismicity area
in Germany. Including aftershock sequences by using the epidemic type aftershock-sequence
(ETAS) model, we find that on average the hypothesis of uncorrelated random earthquake
activity underestimates the hazard by 5–10 per cent. Furthermore, we show that aftershock
activity of past large earthquakes can locally increase the hazard even centuries later. We also
analyse the impact of the so-called long-term behaviour, assuming a quasi-periodic occurrence
of main events on a major fault in that region. We found that a significant impact on hazard is
only expected for the special case of a very regular recurrence of the main shocks.

Key words: long- and short-time earthquake behaviour, low seismicity regions, Monte Carlo
simulations, probabilistic hazard analysis, statistical analysis.

1 I N T RO D U C T I O N

Seismic risk assessment of urbanized areas is a major challenge
to societies exposed to earthquakes. In a general framework, the
seismic risk is usually defined as the product of three factors:
the ‘hazard’, the ‘vulnerability’ and the ‘element at risk’. The ‘haz-
ard’ is the probability of any particular area to be shaken by an
earthquake during the exposure time; the ‘element at risk’ consists
of the social and economical quantification of the objects exposed
to risk. It can be expressed in terms of density of inhabitants, as
capital value (land, buildings, etc.), or as productive capability (fac-
tories, power plants, highways, etc.). The ‘vulnerability’ quantifies
the predisposition of an object to undergo any damage.

For the seismic hazard assessment, the quantification of the hazard
can be related to a variety of parameters indicating the intensity of
shaking. Therefore, the expected outcome of a hazard assessment
is the evaluation of the probability of exceeding a selected set of
ground motion intensity values during an assumed exposure time
(SSHAC 1997).

Often the first step of a hazard analysis is the statistical modelling
of the past earthquakes that have occurred in the region under study.
This requires the evaluation of the seismicity rates, the identification
of the seismo-tectonic sources, the quantification of ground motion
relations and the study of earthquake spatio-temporal distribution

(Reiter 1990). In this paper, we will focus on the latter as a crucial
aspect.

In the most common approach to hazard assessment, the tempo-
ral occurrence of earthquake is assumed to be Poissonian (Cornell
1968; McGuire 1976), hence imposing a random temporal behaviour
of the seismicity. Recent studies on the other hand (e.g. Kagan &
Jackson 2000; Kagan et al. 2003; Cinti et al. 2004) show clear de-
viations from a Poissonian behaviour in seismic catalogues. While
the presence of cluster activity after a main shock is worldwide
accepted (Ogata 1988), the so-called ‘long-term’ behaviour is still
a question of debate, and there are different methodologies to ap-
proach it (an overview of the problem can be found on Working
Group On California Earthquake Probabilities 2003).

Moreover, in low seismicity areas the scarce information on active
faults and the poverty of the data available make in general the
analysis and the discrimination between competitive models more
complicated.

In a recent paper (Beauval et al. 2006), the impact of non-
Poissonian occurrence on hazard has been studied for the seismic
region of southwest France. While Beauval et al. (2006) studied the
inclusion of aftershock sequence into seismic hazard, in this paper
we further generalize this approach to include also the long-term be-
haviour of cyclic occurrence of main events and we provide a study
of the role of real past historical events in nowadays hazard. The
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Figure 1. Target area: Lower Rhine Embayment, Germany. The two sites Cologne and Aachen. Seismicity data come from the Leydecker (2005) catalogue,
complete for M L ≥ 2.0 since 1974, for this region. The box indicates the study area. The line represents the location of the synthetic fault used for the simulation.
The diamonds indicate the location of the Düren earthquake of 1756 and the Roermond earthquake of 1992.

new target region is the Lower Rhine Embayment (LRE) (Fig. 1),
one of the regions of highest seismic risk in Germany (Hinzen &
Oemisch 2001; Tyagunov et al. 2006). The short-term clustering is
modelled through the epidemic type aftershocks-sequence model
(ETAS, Ogata 1988) which has become a popular technique to
model earthquake interaction in a statistical sense. Via a Monte
Carlo technique, the ETAS model is applied on timescales often
used in seismic hazard studies with 50 yr of exposure time (Swiss
Earthquake Hazard, Giardini et al. 2004; The Seismic Hazard Map
for Italy, MPS Working Group 2004). The 50 yr exposure time is
used in earthquake engineering because it is supposed to represent
the mean lifetime of conventional buildings. Using the same model,
we also estimate the potential contribution of aftershocks from the
Düren earthquake of 1756 February and the Roermond earthquake
of 1992 April for the hazard in the following 50 yr. For the long-
term behaviour, we perform a synthetic test on the impact of possi-
bly cyclic activity on a single major fault. In this case, we quantify
the impact for varying degrees of knowledge about the past fault
activity.

2 T H E M E T H O D O L O G Y

Following Beauval et al. (2006), the evaluation of the probability
of non-exceedance of a particular ground motion value during the
exposure time is evaluated using a Monte Carlo technique. The use
of synthetic catalogues analysis is one way to calculate the prob-
abilistic seismic hazard (Rosenblueth 1964; Musson 1999; Smith
2003; Giardini et al. 2004).

In the conventional approach, the hazard at a site is evaluated by
considering the ground motion from all possible damaging earth-
quakes that can occur in a region. If a Poissonian model is assumed,
it is easy to express the exceedance probability in term of the re-
turn periods (Cornell 1968; Ang & Tang 1975). In fact, in a time-
independent study, the annual rate is sufficient to express earthquake
occurrence. In this case, the seismic hazard can be computed in terms
of annual rates of exceedance of selected acceleration levels (A�) at
the site of interest, using the relation (Ang & Tang 1975): P(A ≥
A�) = 1 − exp(−λt), where λ is the annual rate of the target event
and t is the time of interest. Using a Taylor series expansion for λt
small, and truncated at the first term, the exceedance probability be-
comes approximated equal to the annual rate λ times t. Considering
a time-dependent earthquake occurrence, the seismic hazard cannot
be expressed in term of annual rate of earthquake occurrence any
longer. In Beauval et al. (2006), the Monte Carlo techniques are
applied in the study of the temporal behaviour of earthquakes, in
particular to estimate the impact of the Poisson hypothesis on seis-
mic hazard, versus a time-dependent behaviour of seismicity, either
in the short- or long-term. This approach is further utilized in the
present study.

For the evaluation of the hazard, a sufficient large number of
synthetic catalogues (N) of time duration t is generated. The time
duration t is set to 50 yr, a commonly used value for the exposure time
(e.g. The Seismic Hazard Map for Italy, MPS Working group 2004).
Each catalogue can be considered as a representation of seismicity
in the time period of interest. For each catalogue, a set of ground
motions is evaluated. The probability of non-exceedance of a level
A� of ground motion at a specific site in the time t is computed by
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counting the intervals in which A� did not occur

P(A�; t) = lim
N→∞

1

N

N∑

i=1

H (A� − Amax,i ), (1)

where N is the number of catalogues of time duration t; H is the
Heaviside function and Amax,i is the maximum ground motion value
occurred at a site of interest during the ith catalogue of time du-
ration t. The complement of P(A�; t) is the probability that A� is
exceeded at least once in the time period t. An alternative way to
estimate the probability of non-exceedance is to consider directly
the empirical density function of the maximum acceleration values
Amax,i. Each probability of non-exceedance is identical to the corre-
sponding percentile of this distribution (further details in Beauval
et al. 2006).

2 S H O RT - T E R M C L U S T E R I N G

We focus on the LRE in Germany using the so-called Leydecker
catalogue (2005), maintained by the BGR, Federal Institute for Geo-
sciences and Natural Resources.We have chosen this catalogue be-
cause it is the most updated and with the lowest threshold magnitude
for our target areas. We found that the catalogue is complete for this
study area after 1974 for M L ≥ 2.0 by using the cumulative number
of events as a function of time and the Gutenberg–Richter rela-
tion; our results are in agreement also with the finding of Schmedes
et al. (2005). In Fig. 1, the distribution of the instrumental seismic-
ity, the box defined for the analysis and the locations of the two
target sites (Aachen & Cologne) are shown; 191 events have been
analysed. We are conscious that this time interval is dominated by
the 1992 Roermond earthquake, but this time window is the best
data available we have at the moment for this regions. In the first
step in our analysis, we study the statistical patterns that represent
the recorded seismicity, applying three different techniques.

3.1 Coefficient of variation

The coefficient of variation (CV) is a non-parametric test of the mea-
sure of the dispersion. The random variables considered are the in-
terevent times, which are the time intervals between two subsequent
events. The CV is expressed as the ratio of the standard deviation to
the mean. If the CV is less then 1, the distribution corresponds to a
quasi periodic behaviour in the temporal domain; if the CV is equal
to 1 the distribution is random in the temporal domain, since the
standard deviation and the mean have the same value; and, finally, if
the CV is larger than 1 the distribution has a cluster behaviour (Cox
& Lewis 1966). Our results suggest that the events occur in clusters,
since the CV is equal to 1.5.

3.2 Study of the hazard-rate function

The second technique we apply is a non-parametric estimation of the
so-called hazard-rate function which represents the instantaneous
conditional probability of occurrence of an event at time t upon
survival (non-occurrence of an event) until time t. The hazard-rate
function unambiguously describes the statistical distribution of the
earthquake point process (e.g. Kalbfleisch 1985; Faenza 2005). In
some aspects it is preferable to other statistical functions, such as
the cumulative or the density function, since a simple analysis of its
trend versus time can provide useful insights on the physics of the
process.

The Tanner & Wong (1984) technique, which we apply in our
study, approaches the problem of estimating the hazard-rate func-
tion directly by smoothing the empirical rate. The random variables
considered are the interevent time and the censoring time. The con-
sideration of the censoring time, which represents the time elapsed
between the most recent event and the end of the catalogue, becomes
very important in time-dependent analysis. The Kernel estimator of
the hazard-rate function λ(t) is

λ(t) =
n∑

i=1

δi

n − i + 1
K�(t − yi ), (2)

where yi is the ith ordered random variable of the system, δ i is an
indicator associated to yi, that is δ i = 1 in case of interevent data,
δ i = 0 in case of censoring; K� is the kernel function depending
on a positive smoothing vector �; and n is the total number of
data points. The smoothing vector � is evaluated using a modified-
likelihood criterion. The details of the algorithm can be found in
Tanner & Wong (1984). Numerical checks have been done to ver-
ify the consistency of the results and to evaluate the performance
of the non-parametric estimators in comparison to the one of the
parametric estimators at different setting.

In Fig. 2, the shape of the hazard-rate function versus time for
our data set (events with M L ≥ 2.0 since 1974) is shown. The de-
creasing trend of the function stands for a clustered behaviour of the
seismicity (Kalbfleisch 1985; Faenza 2005) for a time duration of
a few years. These results of a non-parametric analysis of the data
motivated the application of the ETAS model in the following.

3.3 Epidemic type aftershock-sequence

The inclusion of the aftershock activity into the analysis is done
through the ETAS model. The ETAS model is a stochastic marked
point process for the representation of the occurrence of earthquakes
of size larger than or equal to a threshold magnitude, in a region
and in a period of time (Ogata 1988). The advantage of this trig-
gering model is that its application on real data does not require
the discrimination of events; it works by considering the seismic-
ity as the superposition of seismicity induced by previous events
on the background. The background events represent the tectonic
loading and are modelled as a Poisson process with a constant rate
μ while the cascade of aftershocks is described by the empirical
Omori–Utsu law (Utsu et al. 1995), in which the number of events
is proportional to (t + c)−p , with t being the time from the occur-
rence of the main shock. The magnitude is randomly selected from
a Gutenberg–Richter relation, for both the tectonic and triggered
events; the productivity of the sequence is proportional to K10αM ,
with M being the magnitude and α and K two constants. We do not
describe the characteristics of this parametric model in detail: its
complete description can be found in Ogata (1988, 1998). For the
joint inversion of the five parameters for our catalogue (M L ≥ 2.0
since 1974), the maximum-likelihood method (Ogata et al. 1993)
is used; we obtain: μ = 1.35 yr−1, K = 0.0083, α = 0.70, p = 0.98
and c = 0.5310−5 yr. The parameter b of the Gutenberg–Richter
relation is taken from Schmedes et al. (2005) and it is equal to
0.96 ± 0.03.

Application of the Akaike’s Information Criterion (AIC Akaike
1974) to compare the goodness-of-fit between the Poisson model
and the ETAS one for this catalogue yields that the ETAS model
gives a significantly better description of the instrumental seismicity
(AICETAS−AICPoisson = −574).
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Figure 2. Hazard-rate function as a function of time using the algorithm of Tanner & Wong (1984). The decreasing trend stands for a cluster behaviour of the
seismicity in the temporal domain, for a time duration of a few years (Kalbfleisch 1985; Cinti et al. 2004; Faenza 2005).

3.4 Generation of the synthetic catalogues

Following the previous analysis, we conclude that the ETAS
model is a good way to represent the seismicity. We will refer
to the catalogues generated by using the ETAS model as the
ETAS-catalogues.

For the generation of these catalogues, an ‘inverse’ method is
used according to Felzer et al. (2002). In each realization, events
are simulated sequentially: first the time, then the magnitude and
the epicentral coordinates. The maximum magnitude is set to M w

7.0 following Schmedes et al. (2005), in which is given the prob-
ability density function of the maximum events in the LRE. The
conversion from M w and M L is taken from Grünthal & Wahlström
(2003). The inclusion of earthquakes with long periods is, therefore,
controlled by a Gutenberg–Richter relation calibrated on the seis-
micity of this area. For the spatial distribution of the tectonic events,
a Gaussian filter with correlation distance equal to 20 km is applied
(Frankel 1995). For the selection of the independent events, we used
the declustering procedure proposed by Zhuang et al. (2002) and
we find that 40 per cent of the events are identified as indepen-
dent. Remarkably, by using the technique of Hainzl et al. (2006) to
estimate the aftershock fraction, we get the same result. The filter
is applied in a grid with cells of 10 × 10 km. For the location of
the clustered events we follow an isotropic power-law distribution
ρ(r ) = cr−n with n = 1.36, in agreement with Helmstetter et al.
(2003) and Felzer & Brodsky (2006). The depth of the events is set
to 10 km for simplicity. The threshold magnitude for the cascade
process is set equal to 2.0.

4 C O N S I D E R AT I O N O F M A I N S H O C K

C YC L E S

One of the goals of this paper is to study the impact of a possible
quasi-periodic recurrence of characteristic events on major faults.
For this purpose, we perform a synthetic test for a generic fault which

is in its position, length and strike in agreement with observed sur-
face signatures (Hinzen 2004), see Fig. 1. The magnitude of the
characteristic earthquake on that fault is assumed to be M w7.0 (see
Schmedes et al. 2005) with a recurrence time distribution according
to the Brownian Passage Time (BPT) distribution (Matthews et al.
2002). Palaeoseismologic studies indicate that similar large events
occurred in the past (Camelbeech & Meghraoui 1998; Camelbeech
et al. 2000). We choose the BPT distribution since it is the statisti-
cal representation of Reid’s elastic rebound theory, but we are aware
that our choice is subjective. In this model, the occurrence of major
earthquakes is controlled by a steady tectonic loading perturbed by a
Brownian motion representing stochastic stress fluctuations, for ex-
ample, due to earthquake interactions. Events happen in this model
when the critical failure threshold is reached. From a statistical point
of view, the distribution has two parameters: the mean and the ape-
riodicity. In this study, the mean recurrence time is deduced from
the Gutenberg–Richter relation obtained in the work of Schmedes
et al. (2005); it is 9500 ± 3900 yr for the assumed magnitude
M w7.0 event. The aperiodicity is the shape parameter of the dis-
tribution because its value changes the width of the distribution.
Smaller values of the aperiodicity represent more regular temporal
behaviour of the sequence, with a nearly symmetric density func-
tion where the central value is close to the mean; while larger values
produce more random sequences, with a density function skewed to
the right and sharply peaked at a value left of the mean (Matthews
et al. 2002). One of the problems of a low seismicity area, as for-
merly mentioned, is the scarce knowledge of the activity on individ-
ual faults, therefore, it is not possible to estimate the aperiodicity
for such regions, and we decide to work with three distinct values:
0.3, 0.5 and 0.7; in order to range different possibilities in cycling
earthquake occurrence and to agree with the Working Group On
California Earthquake Probabilities (2003).

We called these catalogues BPT+ETAS-catalogues; for their gen-
eration, we follow the same procedure as before for the ETAS-
catalogues. However, now the characteristic on-fault earthquakes
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Figure 3. The empirical density function of the Amax,i in 50 yr based in 20 000 catalogues, for the ETAS-catalogues in the two sites of Cologne and Aachen.
The solid line represents the 50 per cent percentile; the dashed line the 90 per cent percentile at Cologne: maximum acceleration value of 0.036 and 0.09 g,
respectively. For Aachen, the corresponding values are 0.049 and 0.12 g.

are added to the Poissonian background activity before aftershock
sequences are calculated.

5 A P P L I C AT I O N A N D R E S U LT S

As target locations we choose the cities of Cologne and Aachen,
two highly urbanized areas in Germany. For the calculation of the
hazard, a sufficient large number of catalogues (20 000) of 50 yr
duration was generated. For each M s ≥ 4.0 earthquake, the peak
ground acceleration value at the site of interest was calculated
by using the Berge-Thierry et al. (2003) ground motion relation.
M s = 4.0 is the threshold magnitude for this ground motion re-
lation. The conversion from M L to M s follows Ambraseys (1990).
The log (PGA)-value was chosen randomly from a Gaussian density
function with a standard deviation of 0.2923 and truncation at three
standard deviations.

In Fig. 3, the density function of maximum acceleration in 50 yr
for the two sites is shown for the ETAS catalogues. The probability of
non-exceedance can be deduced directly from this figure and it cor-
responds to the percentile of the distribution (Beauval et al. 2006).
For instance, 90 per cent of probability of non-exceedance corre-
sponds to 0.09 g at Cologne and 0.12 g at Aachen which is in gen-
eral agreement with previous estimations (Grünthal & Wahlström
2006).

5.1 Impact of the short-term clustering

Under the Poissonian hypothesis, only independent events are con-
sidered for analysis. In our study, we have used two different ap-
proaches for declustering: in the first case, following the ETAS
model philosophy, the main shock is defined as the first event in the
cluster, independently of its magnitude value (case 1); in the second
case, the main shock is chosen as the largest event in the cluster and

we will refer to this latter case as the ‘perfect declustering’ (case 2).
The declustered catalogues are called Poissonian-catalogues.

Once the ETAS-catalogues and their corresponding Poissonian-
catalogues have been generated, the impact of the time-independent
hypothesis can be evaluated for the two sites (Fig. 4). Its quan-
tification is done by computing for every percentile the difference
between the PGA-values calculated for the Poissonian-catalogue
and the ETAS-catalogue, normalized over the value for the ETAS-
catalogue.

As shown in Fig. 4, the results are similar for the two locations.
We refer to case 1 and case 2 as the lower and upper bound of
the impact of the Poissonian hypothesis. Here we remark that the
difference between case 1 and case 2 is in the declustering algorithm.
Case 2 yields a systematic but not very high impact equal to 8 at
90 per cent probability of non-exceedance in 50 yr. This implies
that perfect declustering yields a systematic underestimation of the
hazard of 8 per cent which is in agreement with the result Beauval
et al. (2006) for the seismicity in southwest France.

5.2 Impact of historic events

In a previous study, Ebel et al. (2000) showed that aftershock se-
quences of historic main events can locally dominate the present
seismicity. To quantify the impact of ongoing aftershock activity
of larger historic events, we selected two prominent earthquakes:
the Düren earthquake of February, 1756 with M L = 6.4 and the
Roermond earthquake of 1992 April with M L = 5.9 (Leydecker
2005), see Fig. 1. The quantification of their aftershock hazard was
done by using Monte Carlo simulations. For this purpose, we gener-
ated random ETAS-type aftershock sequences triggered by a main
shock with the same characteristics as the observed historic earth-
quakes in magnitude and location. We assume that the ETAS param-
eters for these sequences are the same we derived for the seismic
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Figure 4. The impact of the Poisson hypothesis at the two locations. In case 1, the main shock is defined as the first event in the sequence; in case 2, the main
shock is defined as the largest event in the cluster.

catalogue. The hazard was then calculated on basis of 20 000 cata-
logues of 50 yr. Each catalogue begins at an elapsed time matching
the occurrence of the event, namely 250 yr in the first and 15 yr
in the second case. The contribution of the specific aftershock
sequence was calculated as the ratio of the hazard estimated from
the aftershock sequence alone to the one estimated from the ETAS-
catalogue.

The results are shown in Fig. 5. To consider the uncertainty linked
to the magnitude for the Düren event, we consider as lower and up-

per estimates the values M L = 5.9 and M L = 6.9. In Fig. 5 the
results are reported as dash and doted lines, respectively. Remark-
ably, the contribution to the hazard driven by the 1756 event is still
large for high probabilities of non-exceedance, where it reaches the
maximum value of 20 per cent for the location of Aachen, while for
Cologne the contribution if significantly less. The difference for the
two sites results from the location of the event, which is close to
the city of Aachen; the location errors in Leydecker (2005) ranges
between ±5 km for this events, see Fig. 1. Furthermore, it is found
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Figure 5. Top panel: the contribution of ongoing aftershock sequences triggered by the 1992 Roermond event, for the location of Aachen and Cologne. Lower
panels: the contribution of ongoing aftershock sequences triggered by the 1756 Düren event. To consider the uncertainties linked to its magnitude, the values
M L = 5.9 and 6.9 are considered as lower and upper estimations. They are shown in figure as dash and dotted lines.
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Figure 6. Plot of the hazard-rate function for the BPT distribution for three values of the aperiodicity (a = 0.3, 0.5 and 0.7). The vertical lines represent the
cases we study: elapsed time equal to 10 per cent of the mean (black); elapsed time equal to the mean recurrence time (light grey) and elapsed time equal to
10 yr (dark grey).

that the aftershocks of the Roermond earthquake, occurred in 1992,
will contribute more than 10 per cent to the hazard at 90 per cent
probability of non-exceedance in the next 50 yr.

5.3 Impact of the quasi-periodic on-fault main shocks

In a time-dependent perspective, as for example, a quasi-periodic
recurrence of a characteristic event on a fault, the time elapsed since
the most recent event plays a crucial role for the hazard function.
For the BPT distribution, three different periods can be identified.
The probability of the occurrence of the next characteristic event
is almost zero immediately after the last event, representing, from
a physical point of view, the unloading of the fault after the shock
and its inability to generate another one. With increasing elapsing
time, the conditional probability raises till it reaches its maximum
approximately at the mean recurrence time. This is illustrated in
Fig. 6 for the three values of aperiodicity. In this study, to quantify the
impact on hazard of the cycling of main events at different elapsed
times, the impact was computed for four distinct cases. In particular,
we take into consideration: (i) the elapsed time equals to the mean
of the distribution (i.e. 9500 yr); (ii) the elapsed time is 10 per cent
of the mean recurrence time (i.e. 950 yr); (iii) without knowledge
of the elapsed time and (iv) for sensitivity purpose only, the elapsed
time is equal to 10 yr. In Fig. 6, the shape on the hazard-rate function
for the three values of aperiodicity is plotted.

Once again, the impact is computed as the normalized difference
between PGA-value of the BPT+ETAS-catalogues and the ones of
the ETAS-catalogue. The estimation are done for 50 yr of expo-
sure time. Here we note that the ETAS-catalogues are composed by
background tectonic events plus triggered seismicity (aftershocks).
The results for Cologne and Aachen are similar, hence only the one
for Cologne are shown. Fig. 7 displays the impact of each of the
four-cases described in the previous paragraph. In case i), the im-

pact on hazard is different for the three values of the aperiodicity;
in particular, only the function with a very regular behaviour (ape-
riodicity equal to 0.3, see above and Fig. 6) gives a high impact,
while the impact is negligible for the other two cases. The impact is
driven by the increase of the probability of occurrence for the next
BPT event in the next 50 yr (Fig. 6). In case that the elapsed time is
950 yr (case ii) or in the case that we have no knowledge of the
elapsed time (case iii), the impact is almost null. The results for
case iv) indicates that the impact at 90 per cent probability of non-
exceedance is 10 per cent regardless of the aperiodicity. This kind of
behaviour can be attributed to the aftershock activity of a large event,
since from Fig. 6 it can be seen that the probability for a characteris-
tic event is almost negligible for an elapsed time of 10–60 yr. Thus
even in the time span 10–60 yr after a strong earthquake, the seis-
mic hazard is significantly enlarged due to the ongoing aftershock
sequence of the past main shock.

Numerical checks have been done with aperiodicity equal to 0.1,
0.4 and for the elapsed time equal to the mode of the distribution,
showing the consistency of our results. In fact, the inclusion of the
temporal cycling of main events is significant for hazard study only
for very regular behaviour of the occurrence (e.g. small aperiod-
icity) at an elapsed time equal to the main recurrence time of the
distribution.

5.3.1 Implications for present hazard estimates

As a final application, we calculate the impact of the hypothesis of
quasi-periodic recurrence of a M w7 event on the given fault for the
present hazard estimation for Cologne and Aachen. On the basis of
the historic records available so far for this area, we have to assume
that the elapsed time for an event of M w ≥ 7.0 is at least 1200 yr.
The impact is evaluated considering BPT-ETAS catalogues with the
elapsed time larger than 1200 yr, and leaving the aperiodicity as a
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Figure 7. The impact of the cycling main shock recurrence on hazard for different elapsed times and for three different values of the aperiodicity. Solid lines:
BPT with aperiodicity 0.3; dashed lines: BPT with aperiodicity 0.5; dotted lines: BPT with aperiodicity 0.7. Colour code: light grey for the elapsed time equal
to the mean recurrence time; black for no-knowledge of the elapsed time and dark grey for the elapsed time equal to 10 yr. The results for elapsed time equal
to 10 per cent of the mean are not shown since they are similar to the one without knowledge on the elapsed time.
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Figure 8. The impact on present day hazard in LRE where we only know that the elapsed time is ≥1200. The aperiodicity is a free parameter: a = 0.3 (solid
lines); a = 0.5 (dashed lines) and a = 0.7 (dotted lines).

free parameter. The result, shown in Fig. 8, indicates that the impact
of such an assumption is almost negligible. We point out that this
is a first and simple model to represents the LRE seismicity. We
think that future works need to be address in this direction in order
to better represents this tectonic structure.

6 S U M M A RY A N D C O N C L U S I O N S

Our study aims at quantifying the impact of the time-variability of
seismicity on seismic hazard in low seismicity regions. Our specific
target region is an area in Germany, the LRE.
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At first we focus on the short-term behaviour by including after-
shock activity into the hazard study via the ETAS model. To test the
applicability of this model, we have performed three statistical tests:
the analysis of the CV, the non-parametric study of the hazard-rate
function and the comparison of the AIC for the ETAS model and
the Poisson one, Sections 3.1, 3.2 and 3.3. Our analysis shows that
neglecting aftershocks leads to an underestimation of the hazard of
8 per cent at 90 per cent probability of non-exceedance in 50 yr. Here
we point out that, although the impact is not very high and taking
into account that each other ingredient within the chain of the hazard
computation has further uncertainties, this result is important since
the time-dependent behaviour leads to a systematic underestimation
of the estimated values. Moreover, the ongoing aftershock sequence
of the Roermond event occurred in 1992 still contributes 10–15 per
cent to the hazard at the level of 90 per cent of probability of non-
exceedance. Even the Düren earthquake which occurred 250 yr ago
still contributes about 20 per cent to the present hazard for the city
of Aachen at the level of 95 per cent probability of non-exceedance.

The second test was done with the purpose to examine the effect
of the repeating occurrence of main shocks. We study the behaviour
of a generic fault that follows the BPT distribution. Especially, the
influence of the aperiodicity and the elapsed time on the hazard
estimation has been evaluated. Knowing the fault and the statistic of
the earthquake time recurrence times (i.e. the elapsed time and the
BPT distribution) the impact on hazard ranges from 5 to 10 per cent
for the 90 per cent probability of non-exceedance in 50 yr. For the
two special cases of an ongoing aftershock sequence on the one hand
and an elapsed time equal to the mean recurrence time on the other
hand, the increase of the hazard value is more than 10 per cent at the
level of 90 per cent probability of non-exceedance. However, after
the complete decay of the aftershock activity and for aperiodicity
values larger then 0.3, the impact on hazard is negligible for any
elapsed time.

It is important to note that, given our limited knowledge of the
seismicity of this area, the assumption of a quasi-periodic main
shock occurrence on a fault does not change the present hazard
significantly. Thus on the basis of this study, we can deduce that
the implementation of a ‘long-term’ dependence of the seismicity
via the BPT distribution does not substantially affect the hazard
estimation for the LRE region.
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quakes, PhD thesis, Università degli Studi di Bologna, Alma Mater Stu-
diorum, Bologna, Italy.

Felzer, K.R. & Brodsky, E.E., 2006. Decay of aftershock density
with distance indicates triggering by dynamic stress, Nature, 441,
doi:10.1038/nature04799.

Felzer, K.R., Becker, T.W., Abercrombie, R.E., Ekström, G. & Rice, J., 2002.
Triggering of the 1999 Mw 7.1 Hector Mine earthquake by aftershocks
of the 1992 Mw 7.2 Landers earthquake, J. geophys. Res., 107, B9, 2190,
doi:10.1029/2001JB000911.

Frankel, A., 1995. Mapping Seismic Hazard in the Central and Easter United
States, Seism. Res. Lett., 66, 8–21.
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[1] We analyzed a microseismic data set from hydraulic fracture stimulation of the gas
field in west Texas. We used an automated wave-picking algorithm and obtained a
high-density image of induced microseismic events accompanying the hydraulic fracture
growth. The microseismic locations delineated a planar fracture growing predominantly in
the horizontal direction; the vertical growth was limited by shale layers. A strongly
asymmetric fracture with a twice longer eastern wing containing 80% of the located events
was observed. Owing to the planarity of the microseismic cloud, it was possible to reduce
the location problem to two dimensions and to use only S waves for event localization.
Thus, because of the larger amplitudes of S waves, a fourfold increase in the number of
located events was achieved. We find that the length of the hydraulic fracture increased, for
different depth intervals, both linear and nonlinear in time. We use hydraulic fracture
models to explain the spreading of the microseismic front, whose nonlinear time
dependence could indicate either a diffusive fluid flow or a two-dimensional growth of the
hydraulic fracture. By the maximum-likelihood fitting of the observed fracture growth and
by inverting for its parameters, we find that the fracture was 7–10 mm wide and that nearly
the whole injected volume was used for creating the new fracture, that is a negligible
diffusive infiltration of the injected fluid into the reservoir rock occurred.

Citation: Fischer, T., S. Hainzl, L. Eisner, S. A. Shapiro, and J. Le Calvez (2008), Microseismic signatures of hydraulic fracture

growth in sediment formations: Observations and modeling, J. Geophys. Res., 113, B02307, doi:10.1029/2007JB005070.

1. Introduction

[2] Injection of various fluids into rock mass is widely
used to increase permeability in hydrocarbon and geothermal
reservoirs. Depending on the injection pressure, two different
physical processes take place. If the injection pressure is
lower than the minimum compressive stress, the fluid pene-
trates into the rock mostly along existing fractures and pores.
If the injection pressure exceeds the minimum compressive
stress, a tensile fracture propagates from the injection point.
Both processes are accompanied by brittle fracturing, which
radiates acoustic energy. Location of the associated micro-
seismic events enables spatial mapping of the stimulated rock
volume, particularly its orientation and growth characteristics
[House, 1987; Phillips et al., 1998; Baisch and Harjes, 2003;
Evans et al., 2005].
[3] The fluid infiltration into the rock at lower pressures

is usually modeled by a pore pressure diffusion process
[Pearson, 1981; Shapiro et al., 1997], which is, in the case
of a point source injection and constant and isotropic
hydraulic diffusivity, characterized by a square-root growth

of the distance of the propagating pressure front with time.
The growth of the hydraulic fracture, the so-called hydro-
fracture, on the other hand, is a strongly anisotropic
phenomenon dependent on the stress orientation in the rock
mass, the rock stiffness, the injection rate, and the leak off,
(i.e., loss of the injected fluid to the fracture walls)
[Economides and Nolte, 2003, p. 5–2]. Most of the
parameters of the hydraulic fracture, such as its length
and its time dependence, the fracturing fluid loss and its
infiltration into reservoir rocks, may be estimated by
hydraulic fracture modeling using the physical parameters
of the injected fluid and rock. An alternative approach uses
the spatiotemporal distributions of the induced microseis-
micity as a direct measurement. On the basis of the Perkins-
Kern-Nordgren (PKN) model known from the theory of
hydraulic fracturing [Economides and Nolte, 2003, p. 6–3],
Shapiro et al. [2006] have shown that some of these
processes could be seen directly from the microseismic
data of sufficient quality. However, so far, the lack of high-
resolution data did not allow study of these effects in more
detail.
[4] In this paper, we analyze several thousand microearth-

quakes induced during the hydraulic fracture treatment of a
tight gas reservoir in the Canyonsand Formation in West
Texas [Eisner et al., 2006]. We show that the hydraulic
fracture has approximately two-dimensional geometry deter-
mined by the direction of minimum principal stress. In the
presence of sufficiently tough confining shale layers, the
hydrofracture geometry reduces to one-dimensional. For
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different injection stages and depth intervals we observe a
different type (linear and nonlinear) of increase of the fracture
length with time during the injection period. We numerically
model the observed fracture growth using theCarter’s [1957]
model of hydraulic fracture, andwe invert for the geometry of
the fracture and for the proportion between the fluid
employed for fracture build and that lost due to infiltration
into the reservoir formation. To our best knowledge, these are
the first similar results based on a complete image of
microseismic activity.

2. Data

[5] The Canyon sandstone occurs in the western margin of
the Eastern Shelf in west Texas (see Figure 1). The sand-
stones were deposited from the Eastern Shelf into the Val
Verde Basin. The oil-prone section is adjacent to the Midland
Basin, and the gas-prone section is adjacent to the Val Verde
Basin [Shaw and Lufholm, 2003]. The vast majority of the
sandstones are fine- to medium-grained, quartz lithic-
arenites. The Canyon sands in Sawyer field are Lower
Wolfcampian in age. The sands were deposited as a series
of deep water, slope-fan deposits in a wedge-shaped inter-
val. These slope-fan deposits are highly variable in thick-
ness and lie along and basinward of the southwest margin of
the Eastern Shelf of the Permian Basin. Several depositional
facies (e.g., conglomeratic sandstones, turbidites, hemipela-
gic mudstones) are combined to form the basic depositional
elements of submarine fans. These elements display com-
plex interbedding both laterally and vertically, thus leading
to a very compartmentalized reservoir related to lateral
porosity and permeability changes [Hamlin, 2003].
[6] Low permeability of these reservoirs requires hydrau-

lic fracture stimulation to increase productivity of the
producing sands. We have analyzed one hydraulic fracture
treatment that was carried out in a nearly vertical borehole at
depth intervals between 1518 and 1858 m (elevations 898 to
1238 m). The map view of the treatment and monitoring
wells is shown in Figure 2 along with the initial locations of
the largest events in the third stage of this treatment [Eisner

et al., 2006]. Six injection stages lasting about 30 min each
were utilized to stimulate the six depth intervals ranging
between 10 to 34 m in length. The well casing in these
intervals was perforated and sealed off by packers from
previously perforated intervals (starting from the deepest
depth interval). In order to decrease loss of fluid due leak off
the viscosity of the injected brine was increased by adding
low concentration of polymer and CO2. In the beginning of
each stage, the injection rate was increased stepwise up to
100 L/s to result in a final wellhead pressure between 25 and
30 MPa. After more than 10 min of injection, proppant
(grain size 0.6 mm) was added to the fracturing fluid to keep
the hydraulic fracture open. The proppant concentration was
gradually increased up to the final 1 kg/L. In each stage,
more than 100 m3 of fracturing fluid and about 20 m3 of
sand was placed into the reservoir formation.
[7] The nearly vertical monitoring borehole was situated

approximately 250 m from the treatment borehole. A
vertical array of eight three-component geophones was
placed in the depth interval 1604 to 1817 m (elevation
range 984 to 1197 m) with a 30-m spacing. The geophones
were oriented from the particle motion of P waves generated
by the perforation shots at the treatment well. However,
because of the lack of a deviation survey of the monitoring
well, the relative position of treatment and monitoring wells
is uncertain. Thus the absolute orientation of the geophones
as well as the absolute positions of the located microseismic
events are uncertain (i.e., orientation relative to the geo-
graphic north [see Bulant et al., 2006]).

3. Localization of Microseismic Events

[8] Because of the large amount of data, we use a fully
automatic procedure [Fischer et al., 2007] to resolve the
hypocenter positions of induced events. Because of the
vertical geometry of the receiver array, the P and S wave
arrival times control only the hypocentral distance and
depth, whereas the lateral position of the events along the
fracture is constrained by the back azimuth [e.g., Pearson,

Figure 1. Paleogeographic setting of the Permian Basin
during the Late Permian (modified from Dutton et al.
[2000]) The map frame corresponds to the longitude range
106�300–99�200W and latitude range 29�00–33�400N.

Figure 2. Treatment and monitor wells and the initial
locations of 252 events of the stage 3 injection. The
coordinates are measured from the treatment wellhead.
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1981]. Hence we measure both arrival times and polar-
izations of seismic waves.
[9] To obtain the maximum available number of induced

events, we process the original continuous seismic data
recordings to pick the P and S arrival times and polar-
izations [Fischer et al., 2007]. In this data set all observed
S wave amplitudes are larger than P wave amplitudes and
thus provide a much larger number of polarization measure-
ments of sufficient quality than with P waves. Accordingly,
we use the S wave amplitudes to determine the source back
azimuth by the method of Eisner and Fischer [2007, also
Determination of S-wave slowness from a linear array of
borehole receivers, submitted to Geophysical Journal
International, 2008], which is based on the inversion of S
wave polarization and of the vertical component of the
slowness vector.
[10] We use a nonlinear inversion scheme to determine

the event locations by searching for hypocenter position
(x, y, z, t0) at which the combination of the time residual
and the azimuth residual is minimized. As the time
residual, we use the variance of the mean origin time t0

calculated from individual arrival times ti, and as the
azimuth residual, we use the variance of the mean back
azimuth 80 calculated from individual back azimuth
measurements 8i,

V ¼ 1

N

X t0i � �t0ð Þ
st

� �2

þ 1

M

X 8i � �8ð Þ
s8

� �2

ð1Þ

where N and M are, respectively, the numbers of the
time and azimuth measurements. The residuals are normal-
ized by the time and azimuth measurement errors st and s8
to account for the different range of the measured quantities.
The location error was estimated as the larger of the two
following error estimates: (1) the distance to the
hypocenter from the point where the residual exceeds the
level (c2/n) Vmin and (2) the difference between the location
obtained using all available stations and the location
obtained after excluding the deepest or the shallowest
station. Here Vmin is the minimum residual value, n is the
number of degrees of freedom, and c2 is the tabulated value
of the c2 distribution for the 66th percentile [Shearer, 1999,
p. 86]. The second technique was applied in order to test the
stability of the solution, namely, the hypocentral depth. The
traveltimes were calculated using a 1-D smooth velocity
model (P. Bulant, personal communication, 2006).
[11] The resulting locations of more than 2600 micro-

earthquakes accompanying the first four injection stages are
shown in Figure 3. We do not show the locations of stage 5
and stage 6 induced events due to the lower number of
detected events caused by the position of stimulated hori-
zons above the receiver array. It appears that the induced
seismicity is distributed unequally with depth. The horizons
with larger event density correspond to the stimulated
hydrocarbon-bearing sediments, which are separated by
shale layers. The seismicity distribution displays, analogous
to the induced seismicity in the Cotton Valley data set
[Rutledge and Phillips, 2003], several other significant
peculiarities:
[12] 1. The striking elongation of the microseismic cloud

from SW to NE is identical at all the depth horizons. This is
a result of the orientation of the minimum horizontal
compressive stress that controls the direction of hydraulic
fracture.
[13] 2. Microseismicity accompanying different injection

stages grows predominantly horizontally; a significant ver-
tical growth, however, occurs at stages 1 and 2. This is
caused both by the buoyancy and by the vertical orientation
of the principal stress component, which takes effect when
the injection pressure overcomes the stiffness of the bound-
ing shales [Economides and Nolte, 2003, pp. 5–9].
[14] 3. The events are strongly asymmetric about the

treatment well with 80% located on the east wing, which
is also much longer. Rutledge and Phillips [2003] observed
a similar asymmetry in the Cotton Valley, which they have
attributed to the decrease of array sensitivity to the west
caused by the position of the monitor well to the east. As
follows from the source-receiver geometry of our data, the
sensitivity of the monitoring array is nearly equal for events
on both sides of the treatment well due to the almost upright
direction of the source-receiver join and the hydraulic
fracture. Accordingly, the asymmetry cannot result from

Figure 3. Locations of the induced events based on
automatically obtained arrival time readings. The event
locations with error smaller than 20 m determined by at least
four P and S arrival times are displayed, which amounts to
371, 552, 1190, and 509 events for stages 1, 2, 3, and 4,
respectively. The mean relative location error was 11 m. The
slightly bent geometry apparent in the map view lies within
the location error and is an artifact of the localization method.
Note that the elevation in the chosen coordinate system
means the depth below the sea level.
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observation conditions and is a real phenomenon. The
possible explanations are, among others, lateral heteroge-
neities of the rock mechanical parameters or of the stress
field.
[15] 4. A gap of events occurs about 100 m east from the

treatment well. Because it occurs at all depth levels, it is
likely not caused by a rock material heterogeneity at the
single sediment horizons. Analysis of seismograms shows a
P wave polarity flipping near the corresponding back
azimuth (analogous to Rutledge and Phillips [2003]), which
leads to close-to-zero amplitudes of P waves and missing P
wave picks, which are necessary for localizations.

3.1. Principal Component Analysis of the
Microseismic Cloud

[16] To quantify the geometry of the microseismicity, we
carry out a principal component analysis of the hypocenter
clouds. We calculate the covariance matrix of the hypo-
centers in a spreading time window with the origin time
fixed to the first event and diagonalize it to obtain the
eigenvalues and eigenvectors corresponding to ellipsoidal
axes. Figure 4 shows the time dependence of the square
root of the three eigenvalues for stages 1 to 4. It follows
that for the first two stages, the main axis, dipping 30� to
40�, only slightly surpasses the second one, which points

to a planar growth of the hypocenter cloud. On the other
hand, stages 3 and 4 show prevailing one-dimensional,
subhorizontal microseismicity growth, as indicated by the
striking contrast between the main axis and the two
prevailing axes. It should be also noted that the dominance
of the main axis occurs immediately after microseismicity
onset, which indicates early creation of the hydraulic
fracture. It is also of interest that although the growth of
the smallest semiaxes terminates at the time of shut-in, the
largest ones continue growing. This may indicate different
physical processes behind the fast and slow growth. We
will show in the following that the microseismicity growth
along the main axis can be well fitted by hydraulic fracture
models. The slow growth of the smallest axis in the
upright direction to the fracture strike can be explained
by the location error, stress transfer in the vicinity of the
fracture or fluid leak off.

3.2. Two-Dimensional Locations

[17] To overcome the problem of near-nodal-line P
wave amplitudes, which results in a virtual seismicity
gap at the eastern wing of the hydraulic fracture, we
carried out a constrained two-dimensional localization that
requires only S wave picks; we use also P wave picks
where available.

Figure 4. Time dependence of the main axes of the ellipsoidal envelope determined by principal
component analysis of the hypocenter clouds for stages 1 to 4. Zero time corresponds to the onset of
injection; the arrows indicate the injection shut-in. Note that the size of the smallest axis corresponds to
the location error.
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[18] Our approach is based on the premise that all the
hypocenters accompanying the hydrofracture growth lie on
a vertical plane (see Figure 3) that is defined by the strike of
the main principal axis of the ellipsoids (see Figure 4).
Then the lateral position of the hypocenters is determined
by the intersection of two vertical planes: the plane of the
hydraulic fracture and the plane defined by the S wave back
azimuth. The hypocenter depth is constrained by the move-
out of P or S wave arrivals along the vertical array. Conse-
quently, the location problem reduces to a two-dimensional
one, with the depth and the coordinate along the strike of the
hydrofracture as unknowns andwith Swave arrival times and
back azimuths as data.
[19] We applied the modified localization scheme to the

data and obtained positions of more than 10,500 micro-
earthquakes, which is about four times more than that when
using the full three-dimensional (3-D) localization (see
Figure 5). The increase accounts not only for the events
with near-nodal-plane P wave amplitudes, but also for the
fact that S waves have, in general, a larger signal-to-noise
ratio than P waves.
[20] As follows from the comparison of 2-D and 3-D

locations, the former show a more complete picture of the
microseismicity at the cost of loosing one lateral dimension
oriented along the minimum stress direction, which is the
less significant for describing the hydraulic fracture growth.
In the following, we shall accordingly focus on the 2-D
locations and limit our topic to a 2-D problem.

3.3. Space-Time Plots

[21] Reducing the problem to two dimensions, we can use
both representations, horizontal elongation versus time (X-t
plots) and depth versus time (Z-t plots), to examine the
temporal growth of the microseismic cloud (Figure 6). This
type of plot reveals several important features of the

temporal dependence of microseismicity. Among others,
the injection point can be easily identified as the position
of the earliest occurring events. The rate and the character of
microseismicity spreading are clearly visible both in the
horizontal and depth views and are comparable with the
injection regime. Here we shall point out several character-
istics of the space-time plots.
[22] The depth-time plots show that the seismicity at each

injection stage has started at a single depth from which it
has spread vertically along the largest principal stress
component, which is oriented vertically in the depth range
of interest. Note that the stages 1–3 show a large overlay of
fractured horizons because the later injections have pene-
trated into already prefractured beds [Eisner et al., 2006].
However, the vertical growth is discontinuous, which seem
to be caused by the alternating sandstone and shale beds
(indicated by a vertical broken bar diagram on the left of
Figure 6) that temporarily impeded the hydraulic fracture
growth; see the plots for stages 1–3 where a delay between
fracture onsets at different horizons is clearly visible. A
surprising behavior is observed at stage 3, in which the
hydraulic fracture grows downward against the increasing
lithostatic stress gradient. This might be caused by a thick
capping shale bed and by an open way to an underlying
sandstone bed that was already fractured during the preced-
ing stage 2 injection. The injecting fluid thus appears to
move in opposite directions through the thin shale layer at
vertical coordinate 1125 m during the stage 2 and stage 3
injections. Comparison with the course of pressure and
injection rate shows that, at stages 2 and 3, the microseis-
micity at the lower depth horizons (below 1125 m) has
almost died out immediately after stopping the injection.
This is probably a result of the larger minimum compressive
stress acting at larger depth that has exceeded the pore
pressure so that the failure criterion was no longer fulfilled
at most of the potentially slipping fractures. On the other
hand, in the overlying sandstone bed, the fluid pressure was
still sufficient to induce seismic events. Simultaneously, the
larger minimum compressive stress at the lower horizon has
probably closed the hydraulic fracture and injected the
redundant fluid into the upper horizon, which has contrib-
uted to continuation of the microseismic activity in the
upper horizon during stages 2 and 3.
[23] In contrast to the depth view, the horizontal view

plots show continuous growth of the hydraulic fracture.
Because of the limited height of sediment horizons, the
growth in each horizon may be viewed as a one-dimension-
al one. It is apparent that the stages differ in the character-
istics of the horizontal growth. Whereas the seismicity at
stages 1 and 3 started in a narrow range of X coordinates,
stages 2 and 4 show a smeared picture with the first events
occurring within the range of more than ±20 m from the
injection. The microseismicity at the deepest stage 1 was
further delayed by 10 min after the start of the injection
compared to only less than 3 min at the later stages.
[24] A striking feature distinguishing the stages is the

shape of the envelope of the X coordinates: whereas the
stages 1 and 2 display a nonlinear spreading of the maxi-
mum X coordinate, the seismicity at later stages shows a
pronounced linear growth. To our best knowledge this is so
far the most convincing observation of a linear growth of a
triggering front. In most injection experiments carried out in

Figure 5. Depth view of microseismicity obtained by 2-D
localization technique in which the position of events is
constrained to a vertical plane striking 60� NE. Note that no
seismicity gap occurs. The larger scatter accounts for
including the events with the missing P wave arrivals. On
the right the smooth velocity model used for locations is
indicated.
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granite, a square-root type of spreading was observed,
which has been attributed to a diffusion process of the fluid
in the host rock [e.g., Pearson, 1981; Shapiro et al., 1997;
Delepine et al., 2004]. Recently, Shapiro et al. [2006] have
shown indications of a linear spreading of microseismicity
in a hydraulic-fracturing data set. The data set we are using
here consists of a much larger amount of events of similar
location accuracy, thus enabling us to study this process in
more detail. Besides the hydraulic diffusion, the nonlinear
shape of the envelope of X coordinates could be attributed
to a 2-D growth of microseismicity. In the following, we
shall evaluate the contribution of these two processes by
modeling of the hydraulic fracture growth.
[25] The asymmetry of the microseismic cloud visible in

Figure 3 becomes even more pronounced in the X-t plot
in Figure 6. Note that the asymmetry is displayed not only
in the much larger length of the eastern wing but also in
the larger speed of growth to the east than to the west; see
stages 2, 3, and 4. At these stages, the asymmetry
manifests itself also in the discontinued duration of the

activity after injection shut-in that occurs only at the
eastern wing.

4. Modeling

[26] In section 3, we found that the growth of the
seismicity cloud is mainly two-dimensional in stages 1
and 2 and one-dimensional in stages 3 and 4. In particular,
it can be seen from Figure 6 that the activity grows
upward and horizontally with a similar speed in stage 2,
whereas the growth is mainly confined in the horizontal
direction in stage 3. Thus we can approximate the growth
of the cloud by an upward directed semicircular growth in
stage 2 and by a straight planar height-fixed growth in
stage 3. In the case of hydraulic fracturing of a formation
with a very low permeability (e.g., tight gas sandstones),
the fracture body represents the main permeable channel in
the formation. Thus the fluid-induced microseismicity is
concentrated in a spatial domain quite close to the hy-
draulic fracture. Therefore the growth of the seismicity

Figure 6. Time dependence of (top) the hypocentral depth, (middle) horizontal position along the fracture extension, and
(bottom) injection regime. The vertical dashed bars indicate shale beds (black) alternating with sandstone (white). The
injection points are indicated by open rectangles. The distribution of event positions along fracture strike, and depth is
shown on the left.

Figure 7. Calculated log likelihood values as a function of the model parameters for stage 2 (c1 and c2)
and for the left (cl3, cl4) and the right (cr3, cr4) wings of stage 3.
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cloud is expected to indicate the underlying hydrofracture
growth. A hydrofracture growth itself can be approximated
by a simple mass balance for fluids, q = qL + qf, where q
is the average injection rate of the treatment fluid, qL is the
leak off rate over the whole fracture, and qf is the volume
rate of storage in the fracture. Carter [1957] introduced a
basic equation for leak off velocity, u = C/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t � texp

p
, where

C is the leak off coefficient, t is the current time, and texp
is the time at which a point was exposed. The fluid-loss
coefficient C depends on many factors, including the wall-
building characteristics of the fracturing fluid. If the
fracture width w is assumed to be constant, the mass
balance can then be written as

q ¼ 2

ZA tð Þ

0

udAþ w
@A

@t
ð2Þ

The solution of equation (2) for the time dependence of
the fracture area A(t) can be approximated with little loss
of accuracy as [Carter, 1957; Economides and Nolte,
2003]

A tð Þ ¼ qt

wþ 2
ffiffiffi
2

p
C

ffiffi
t

p ð3Þ

[27] In the case of a semicircular, upward directed rupture
growth (assumed for stage 2), the radius is thus expected to
grow according to

R tð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t

c1 þ c2
ffiffi
t

p
r

ð4Þ

with constants c1 = pw/(2q) and c2 = p
ffiffiffi
2

p
C/q. In the case of

a straight, planar, height-fixed fracture, the PKN model

[Economides and Nolte, 2003], the half length L of the
fracture is given as a function of the injection time t by

L tð Þ ¼ t

c3 þ c4
ffiffi
t

p ð5Þ

with constants c3 = 2hw/q and c4 = 4
ffiffiffi
2

p
h C/q, where h is

the average height of the fracture.

4.1. Likelihood Estimation of the Fracture Growth

[28] The inversion of the fracture propagation is done by
the maximum-likelihood method, which is considered to be
one of the most robust parameter estimation techniques. It
endeavors to find the most likely values of distribution
parameters for a set of data by maximizing the likelihood
function. This likelihood function is based on the probability
density function (pdf) for observables of a seismicity cloud.
For a generic probability density function p(x, c), where x
represents the failure space/time and c is the set of parameters
to be estimated, the likelihood function is a product of the pdf
functions, with one element for each data point in the data set.
It is often mathematically easier to take the logarithm of it
yielding the so-called log likelihood (LL) function

LL cð Þ � ln L cð Þ ¼
XN
i¼1

ln p xi; cð Þ ð6Þ

where N is the number of data points in the data set and i
is the earthquake index. The maximum likelihood estima-
tion method consists of finding the values for the
parameters that result in the highest value for this function
[Kay, 1993].

Figure 8. Evolution of the estimated hydrofracture for stage 2 and stage 3 (line) in comparison with the
locations of observed microearthquakes (dark, deeper layer; light, upper layer).
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[29] To test a given earthquake model p(x, L), we have to
take the location errors into account, which are typically
Gaussian distributions,

pG xð Þ ¼ exp � x� xið Þ2= 2s2
i

� �� �
=

ffiffiffiffiffiffi
2p

p
si

� �

with si being the standard deviation. Thus the convolution
of the probability density function p(x, L) predicted by the
model with the probability density distribution of the
earthquake location has to be performed to get the joint
probability for the earthquake occurrence, pi = (p*pG)(xi).
If earthquakes can only occur within the hydrofracture
where locations are assumed to be uniformly distributed,
then the probability density function is p(x, t) = 1/A(t)
inside the fracture and p(x, t) = 0 outside. In the one-
dimensional case (stage 3), the consideration of the
location errors yields

pi ¼ 0:5 erf
L� xiffiffiffi
2

p
si

� �
þ erf

Lþ xiffiffiffi
2

p
si

� �	 

=2L

with the error function erf(x) = 2ffiffi
p

p
R x

0
e�y2 dy. In the case of

the circular rupture growth, both the depth and horizontal
errors have to be considered, and the convolution can only
be evaluated numerically.

[30] For each stage, we set the initiation point of the
hydrofracture to be the mean value of the first 10 events,
whereas the initiation time is taken as a free parameter.
Because equation (3) is only valid for a constant injection
rate, we restrict our analysis to events that occurred during
pumping when the slurry rate was approximately constant.
[31] The resulting log likelihood functions of the esti-

mated parameters are illustrated in Figure 7 and for stage
2 yield the parameters c1 = 0.166 [0.162–0.171] s/m2 and
c2 = 0 [0–1.2� 10�4]

ffiffi
s

p
/m2. For stage 3, the estimation has

been performed separately for both wings because of the
observed asymmetry. The resulting parameters are cr3 =
11.5 [11.3–11.6] s/m and cr4 = 0 [0–0.0062]

ffiffi
s

p
/m for the

right (eastern) wing, and cl3 = 28 [23–29] s/m and cl4 = 0
[0–0.15]

ffiffi
s

p
/m for the left (western) wing. The error

intervals refer to a 63% decrease of the likelihood function.
The maximum likelihood height of the stage 3 fracture is
55 ± 1 m. The results are illustrated in Figure 8 for both
cases. Our estimations show that the leak off is negligible
in both cases. As the inverse of c3 corresponds to the
growth speed, we find that the hydrofracture has grown
8.6 cm/s (5.2 m/min) to the east and 3.6 cm/s (2.2 m/min)
to the west, which is another indication of asymmetric
growth.
[32] The inverted parameters can be used to estimate the

average width of the fracture. The average injection rate is

Figure 9. Estimation of the fracture width based on the geometrical spreading resulting from the calculated
envelopes calculated after each event (solid line), and maximum likelihood estimation (dashed line).

Figure 10. Stacked plot of relative position of observed events within the estimated hydrofracture
(0 � � � 1) calculated for the injection time period. The histogram for the height-fixed fracture
growth (stage 3) is compared with the theoretically expected shape of the pressure curve inside the
fracture, /(1-x)0.25. Note the depressed activity near the injection point.
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known to be q = 4.49 m3/min in stage 2, and q = 4.09 m3/min
in stage 3. Thus the estimated values are w = 2 qc1/p = 7.9 ±
0.2 mm for stage 2 and w = q/(h(cl3

�1 + cr3
�1)) = 10.0 ± 0.5 mm

for stage 3. These estimations can be compared with geo-
metrical estimations based on convex envelopes enclosing
the earthquake hypocenters in the fracture plane [see Hainzl
and Fischer, 2002]. For that we calculate the areal extent of
the seismicity cloud after each observed event. This
means, we determine the area Ai defined by the convex
envelope enclosing the earthquake hypocenters j = 1, . . .,i
where the 1% largest values in each direction are
neglected. On the other hand, we calculate the absolute
volume V of injected fluid until time ti. This leads, based
on our finding of negligible leak off, to an estimate of the
rupture width w(t) = V(t)/A(t). The resulting curves are
shown in Figure 9. Both the likelihood and the geometrical
estimations are found to yield almost identical results, thus
indicating the consistent modeling of the fracture growth.

4.2. Density of Microearthquakes Along the Fracture

[33] We can now use the estimated propagation of the
rupture front (R(t) and L(t), respectively) to examine the
earthquake density distribution within the fracture. For
that, we calculate the position of each earthquake relative
to the fracture tip by means of ~ri = ri/R(ti) and ~xi = xi/L(ti),
respectively. The resulting distributions are shown in
Figure 10. In both cases, a similar distribution is observed
that shows an overall decay of the probability toward
the fracture tip but with a significant depression close to the
injection point. A flat minimum of events close to the
injection is also observed in the histogram of positions along
the fracture in Figure 6. It is important to note that the decay
of the stage 3 event density along the fracture length can be
quite well fitted by a functional form of /(1-x)0.25, which is
the shape of the pressure curve within a PKN fracture

[Economides and Nolte, 2003]. This indicates that the trig-
gering mechanism is proportional to the pressure. The
emergence of the depressed activity near the injection point
might be explained by the so-called Kaiser effect, which
states that manymaterials behave elastically during reloading
until the previous maximum load is reached [Kaiser, 1959].
This is likely in our case because the injection point of stage 3
was located in the depth horizon which had been already
ruptured during stage 2 injection. Similarly, the stage 2
injection has reactivated the depth horizon which had been
already ruptured during stage 1 injection. The larger possible
influence of Kaiser effect near the borehole could result from
the fact that the pressure during further injections is likely to
exceed the previous pressure levels outside of the injection
point rather than in its vicinity. However, this interpretation
probably depends on the mechanism of the microseismic
events. Although shear failures that are governed by Cou-
lomb failure criterion are expected to follow the Kaiser effect,
its validity for tensile events is questionable.
[34] For stage 3, we now examine the spatiotemporal

earthquake occurrence in more detail. For that, we calculate
the earthquake density by summing the location probability
(Gaussian) distribution for each earthquake that occurred in
a moving time window of 2 min. In Figure 11, the resulting
space-time plot is shown. First, note that the earthquake
activity is positively correlated with the injection rate at the
beginning of the fracture, which is reasonable due to the fact
that the fluid pressure is proportional to the injection rate.
Furthermore, a clear migration of the density peak is
observed. After pumping stopped, the activity died out
almost immediately near the injection point, but its disap-
pearance was delayed at greater distances from the bore-
hole. This behavior is a result of pressure redistribution and
its gradual decrease in the closing fracture. It is obviously a
different process than an injection-driven fracture growth
and it will be analyzed in further study.

5. Discussion

[35] It is worth to note that we were able to invert for
the hydrofracture parameters thanks to the completeness of
the microseismic data set. The negligible leak off, we
found, indicates that all the injected fluid was used to
build the hydrofracture as a new permeable channel. In
other words, the volume of injected fluid and that of the
hydrofracture were nearly equal. Because we used micro-
seismic events to determine the geometrical parameters of
the hydrofracture, it also means that the located microseis-
micity maps the whole hydrofracture and thus that the
fluid flow was always accompanied by seismicity. This is
not self-evident, as some researchers have observed aseis-
mic fluid flow. For example, Cornet and Jianmin [1995]
reported clustering of induced seismic events near the
injection well with no seismicity near the producing well.
Similarly, Baisch and Harjes [2003] observed that major
flow zones in crystalline rocks were not mapped by
induced seismicity during the KTB deep borehole exper-
iment. Another example of this phenomenon is the ab-
sence of seismicity near producing wells during injections
in a nearby well during hydrocarbon reservoir treatment
[Fisher, 2006]. Cornet and Jianmin [1995] concluded that
seismicity is linked to large pore pressure and not to large

Figure 11. Color-coded earthquake density (events per
meter and minute) of the right wing in stage 3 as a function
of the distance to rupture initiation and time. The density
results from the summing of the Gaussian-distributed
location error for all events in a moving time window of
2 min. The density is compared with the estimated linear
hydrofracture growth blue. The normalized mean slurry rate
(white) and earthquake number (black) for each time
window are shown on top.
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fluid flow. When one applies this rule to our finding that
motion of all the injected fluid in the rock was mapped by
seismicity, one infers that a large fluid pressure had been
acting in the sediment formation, which agrees with the
low permeability of tight sandstones.
[36] Our result of no leak off is influenced by the

accuracy of locations, namely, in depth. Underestimating
the location errors would lead to overestimating the height
of the hydrofracture, which would result in a nonzero leak
off. However, the fact that zero leak off is consistent with
very low permeability of tight sandstones may confirm that
our estimate of the size of the hydrofracture is realistic. The
observed zero leak off could result from the large viscosity
of the injected fluid, which was increased by different
additives (polymers, CO2, and proppant).
[37] In principle, the observed asymmetry of hydrofrac-

ture related to the injection well might be an artifact of
measuring the S wave back azimuths, which almost linearly
map to the lateral position of microseismic events along the
hydrofracture. These doubts may occur with regards to the
plot of hypocenter positions (Figure 3), where the symme-
try/asymmetry is evaluated relative to the position of the
injection. However, here should be noted that the asymme-
try is also observed in the initial locations of largest events
in Figure 2 which were obtained by manual measurement of
the P wave back azimuths and P and S wave arrival times.
Nevertheless, positive evidence of asymmetry is apparent in
the X-t plots in Figure 6, where the injection point is
identified by the earliest occurring events. As this is one
of the first observations of a real hydrofracture asymmetry,
it should be studied in more detail in the further work.
[38] In this paper we focused our analysis to the injection

period due to the established theoretical background of
hydraulic fracture models. However, our observations point
to a limited fracture growth continuing after the injection
shut-in, when no more fluid is injected. In this period, the
downhole pressure relaxes due to the increasing volume of
the still growing hydrofracture and leak off (yet negligible in
our case). The hydrofracture ultimately closes when the
injection pressure equals the minimum compressive stress.
Further studies should also focus on this period, which would
yield valuable information on the undergoing processes.

6. Conclusions

[39] We showed that microseismic data of sufficient
quality acquired during hydraulic fracture treatment can
be successfully used to estimate the geometric and hydraulic
parameters of the created hydrofracture. We analyzed sev-
eral thousand microearthquakes induced during four stages
of the hydraulic fracture treatment of a tight gas reservoir in
the Canyonsand Formation in west Texas. We used auto-
matic waveform processing to obtain a sufficiently dense
image of microseismicity. The event locations using both P
and S wave time data displayed approximately 2-D geom-
etry constrained by the direction of minimum principal
stress. However, a seismicity gap occurred at a particular
azimuth related to the proximity to the P wave nodal line.
To overcome this problem, we employed the 2-D geometry
of the hydraulic fracture and used only S wave data to
determine the event position on a vertical plane running
along the strike of the fracture. As a result, we obtained four

times more located events, which enabled us to study the
hydraulic fracture growth in detail. The induced microseis-
micity accompanying the hydraulic fracture was character-
ized by the following features:
[40] 1. In the deepest stages 1 and 2, the activity grew in

two dimensions, upward and horizontally, and with similar
speeds. The shallower stages 3 and 4 showed prevailing
horizontal growth confined by capping shale layers. In
contrast to the horizontal continuous growth, the vertical
growth was interrupted by the alternation of sandstone and
shale beds.
[41] 2. Whereas stages 1 and 2 displayed a nonlinear

spreading of activity, the seismicity at later stages 3 and 4
showed a linear growth with time during the injection period.
[42] 3. In all injection stages, the microseismic activity

continued well beyond the injection shut-in. This is clearly a
result of fluid pressure relaxation in the newly created
permeable channel.
[43] 4. The hydrofracture was strongly asymmetric along

the injection well, the eastern wing was two times longer
than the western wing. The number of microseismic events
located to the east of the injection was systematically larger
during all stages, with the average of four times more events
at the eastern wing. The asymmetry was reflected also in the
speed of growth, with two times greater speed to the east
than to the west.
[44] We numericallymodeled the observed fracture to invert

for the parameters of the fracture and to explain the different
type of growth of hydrofracture length at different stages. To
this purpose, we employed hydraulic fracture models and
microseismic locations that occurred during injection periods
of stage 2 and stage 3 activity, whichwere, respectively, typical
of nonlinear and linear growth of activity. We approximated
the different geometry of microseismicity in stages 2 and 3 by
an upward directed circular growth in stage 2 and a straight
planar, height-fixed growth in stage 3. We found that in both
stages a negligible infiltration of the injecting fluid into the
reservoir rock occurred. Two independent methods provided a
robust estimate of the hydrofracture width of 7.9 mm for stage
2 and 10.0 mm for stage 3.
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[1] The characteristics of earthquake swarms can neither be described by simple laws nor
are the underlying mechanisms presently understood. Swarm activity is often assumed to
be caused by an intrusion of fluids into the seismogenic zone. We have studied the
earthquake catalog of the large earthquake swarm that occurred in the year 2000 in
Vogtland, SE-Germany and NW-Bohemia, an area well known for its episodic swarm
generation. We observe a significant decrease of the Gutenberg–Richter b value during the
swarm evolution as well as a fractal temporal clustering of the earthquakes. The spatial
spreading of the swarm’s activity, which is approximately confined to one plane, cannot
simply be explained by a process of fluid diffusion. Instead, we observe a simple
relationship between the spatial spreading and the seismic moment release, which is in
good agreement with empirical relationships derived for tectonically driven earthquakes
and theoretical crack growth models. This observation points to a progressively growing
main fracture underlying the swarm activity. In addition, we find that the swarm
earthquakes themselves trigger aftershocks near the border of their rupture area. The stick-
slip behavior of the rupture propagation can be explained by stress transfers and induced
fluid flows due to earthquakes in a fluid-permeated critically loaded fault zone. However,
during the first phase, the temporal behavior is found to be different, pointing to intrusion of
fluids initiating the swarm activity. INDEX TERMS: 3250 Mathematical Geophysics: Fractals and

multifractals; 7209 Seismology: Earthquake dynamics and mechanics; 7230 Seismology: Seismicity and

seismotectonics; 7215 Seismology: Earthquake parameters; 8045 Structural Geology: Role of fluids

Citation: Hainzl, S., and T. Fischer, Indications for a successively triggered rupture growth underlying the 2000 earthquake swarm in

Vogtland/NW Bohemia, J. Geophys. Res., 107(B12), 2338, doi:10.1029/2002JB001865, 2002.

1. Introduction

[2] Earthquake swarms typically consist of a large
number of earthquakes clustered strongly in space and
time. Thus, their patterns of seismicity probably contain
significant information about the structural environment
and the triggering mechanism; neither of which are well
understood so far. In general, earthquakes are assumed to
be caused by tectonic plate movement and stress transfers
from preceding earthquakes [Stein, 1999]. Variations of the
pore pressure alter the resistance of the fault and are
assumed to play an important role, especially with regard
to short-time earthquake clustering [Nur and Booker,
1972; Yamashita, 1999].
[3] Seismicity patterns vary strongly between different

earthquake types. Large crustal tectonic earthquakes are
found to immediately trigger many small earthquakes, so-
called aftershocks. The rate of these aftershocks typically
decays with time t according to the modified Omori law /

(c + t)�p [Utsu et al., 1995]. In contrast to aftershock
sequences triggered by a main shock, swarm activity is
not characterized by a dominant earthquake, even though
the earthquakes are highly clustered in space and time. Until
now, no law comparable to the Omori law for aftershocks is
known for the evolution of swarms, and no exact definition
of swarms can be formulated. Although earthquake swarms
are occasionally observed at the boundaries of tectonic
plates, they are mostly associated with volcanic activity,
e.g., in Long Valley Caldera, California. Thus, a possible
mechanism is that rising magma or other mantle fluids
trigger the swarm earthquakes, which themselves passively
trace the migration of fluids. On the other hand, each
earthquake within the swarm will redistribute stress and—
in the presence of pore fluids—will locally induce a viscous
response. These effects may influence the subsequent
swarm evolution, especially if the crust is in a critical state
[Main, 1996]. Therefore, earthquake swarms could result
from self-organization (self-triggering) of earthquakes in
regions with structural conditions which prevent the occur-
rence of main shocks. This view point is suggested by
recent simulations of visco-elastic block systems, which
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were originally proposed for explaining tectonic earthquake
clustering [Hainzl et al., 1999, 2000a, 2000b]. Instead of
tectonic main shock-aftershock sequences, these models
reproduce swarm activity by assuming an enlarged viscous
coupling [Hainzl, 2002]. This assumption is in agreement
with structural settings previously proposed for swarm
regions, namely that the fault zones are fluid-permeated
[Yamashita, 1999], or consist of a system of preexisting
magma dikes interconnected by fault segments [Hill, 1977;
Spicak et al., 1999].
[4] To shed more light on the underlying generation

mechanism, herein we analyze high quality data from the
Vogtland/NW-Bohemia earthquake swarm which occurred
in the year 2000. This swarm had the largest activity in this
region since 1985/1986. The Vogtland region provides an
excellent natural laboratory for studying earthquake pro-
cesses, especially with regard to the importance of fluid
migration and stress triggering, because episodic swarms
recur there without background seismicity [Fischer and
Horalek, 2002a].

2. Data

[5] Although no active volcanism occurs in Vogtland/
NW-Bohemia (see Figure 1), two Quaternary volcanoes are
located only 15 and 25 km from the focal area of swarm
activity. The most intensive earthquake activity recorded in
this area occurred in the years 1896/1997, 1903, 1908/
1909, 1985/1986, and 2000. In this paper, we analyze the
most recent, best documented strong earthquake swarm. It
occurred between August and December 2000 in the Novy
Kostel focal area. The swarm is well-separated in space
and time from smaller episodes of activity pre- and post-
dating the swarm. Its activity consists of several subclus-
ters which ended at the beginning of November. Around
Christmas activity resumed in a small earthquake cluster.
The earthquake swarm was recorded by the WEBNET
local seismic network, which is deployed in a small area of
approximately 500 km2 and consists of nine short-period
stations (1 or 2-sec, three-component seismographs) [Hor-
alek et al., 2000]. To achieve the best location accuracy, a
high sampling rate of 250 sps is used. Several selected
stations are situated directly in the areas of earthquake
clusters to fix the hypocenter depth. For the year 2000
swarm, the epicentral distance of the closest station NKC
ranged from 0.5 to 3 km.
[6] The earthquake catalog investigated in this paper

consists of 8462 earthquakes with local magnitude ML �
�0.5. For 4483 of these earthquakes, the hypocenter loca-
tion error was sufficiently small to allow for a spatiotem-
poral analysis carried out in the presented study. The catalog
was created by automatically processing seismograms using
the method of Fischer [2002a, 2002b]. The particularity of
this method is the inverse order of the phase search. At first,
the S waves, which are the most contrast in local events
seismograms, are searched using a polarization detector.
Then the corresponding P wave groups are detected, and
preliminary event localization is carried out in order to
check the relative timing of the identified phases. The final
event location is obtained after finding the precise onset
times for the identified wave groups. The method also
yields good results in discriminating between rapid sequen-

ces of events, which are common in swarm earthquakes.
This was achieved by using a priori information on the
approximate position of the event hypocenters, which
facilitates the phase association. To avoid location errors
resulting from the effect of station residuals, only the events
recorded at the four most sensitive stations were processed.
As a result, the location error accounts mainly for the
uncertainty of arrival time readings, leading to a location
error of ±100 m in the epicenter coordinates and ±200 m in
depth for the 2000 swarm events [Fischer, 2002a]. These
values are supported by the comparison between interactive
and automatic locations from the January 1997 swarm,
which showed that the difference between the two location
types did not exceed 80 m for more than 80% of the data set
[Fischer, 2002b].
[7] Figure 2 shows the local magnitude of the earth-

quakes as a function of time. We subdivide the activity into
9 swarm phases according to the criteria of Fischer [2002a]
in order to compare different time intervals. For our
statistical analysis, we combine the phases 6 and 7 because
of the small number of events within each phase.

2.1. Statistical Characteristics

2.1.1. Frequency–Magnitude Distribution
[8] The most common characterization of earthquake

populations is the cumulative frequency–magnitude distri-

Figure 1. Map showing the fault structure (line segments)
of the Vogtland/NW-Bohemia earthquake swarm region.
The WEBNET stations which provided the data for this
study are denoted by triangles. Circles denote the epicenters
of the earthquakes in the period 1991–1997. The main
swarm area is marked by the ellipse enclosing the year 2000
swarm activity.
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bution. This is fairly well described by the Gutenberg–
Richter law [Gutenberg and Richter, 1956],

log10N ¼ a� bM ; ð1Þ

where N is the number of earthquakes with magnitudes
greater than or equal to M. The observed values of the
parameter b (the so-called Gutenberg–Richter b value), is
found to be about 0.9 for regional seismicity [Turcotte,
1997]. However, for swarm activity, the b value typically is
observed to be higher, namely 1 � b � 1.5 [Scholz, 1968;
Sykes, 1970]. In contrast, swarm events in Vogtland/NW-
Bohemia are characterized by values typical for tectonic
plate boundaries, namely 0.7 � b � 1.1 [Karnik et al., 1986;
Mittag, 2000].
[9] Figure 3 shows the cumulative frequency–magnitude

distribution for the entire 2000 swarm sequence and for the
individual time intervals. The distribution for the whole
sequence can be approximately described by b = 1.0. The
deviation from the Gutenberg–Richter law for magnitudes
smaller than �0.2 probably results from incomplete data
collection for small earthquake magnitudes. Our earthquake
catalog seems to be complete for magnitudes larger than
0.2.
[10] Investigation of the individual time periods reveals

considerable variations of the frequency–magnitude distri-
bution (Figure 3b). Although some of these variations might
be explained by statistical fluctuations owing to the relative
small number of earthquakes in each time interval, a
significant systematic trend is obvious: the b value
decreases and the maximum magnitude increases with time.
To check the significance of this trend, we estimate the b
value and its 95% confidence level db by the maximum-
likelihood method [Aki, 1965; Utsu, 1966] according to

b ¼ log10 eð Þ
hMi �Mcut

; db ¼ 1:96
bffiffiffiffi
N

p ; ð2Þ

where hMi defines the mean magnitude and N the number
of earthquakes with a magnitude ML � Mcut. Here, Mcut is
0.2. We find that the b value decreases significantly from
about 1.4 to 0.8 with time. An exception is the last phase of
the activity during which the b value becomes larger again.
However, we will show in the next section that this last
phase of activity forms a spatially separated cluster.

[11] The trend of decreasing b values is also reflected in
the seismic moment release. For each earthquake, the
seismic moment is estimated by the relation

M0 ¼ 1011:3þ1:05ML Nm½ �: ð3Þ

This relationship was derived from the source parameters of
the 1997 swarm earthquakes, which occurred at almost the
same location as the 2000 cluster [Fischer and Horalek,
2002b]. In Figure 4, the cumulative seismic moment release
of the ML � 0.2 events is shown as a function of the number
of earthquakes in chronological order (index i). If the mean
seismic moment release is time-independent, a linear
dependence would be expected. However, the observed
overall behavior is clearly different and can be well fitted by
a power law i1.25.This is equivalent to an increase of the
mean seismic moment release hM0i / i1/4.
[12] In fracture experiments, the b value of acoustic

emissions is found to decrease with increasing stress levels

Figure 2. The magnitude of the swarm earthquakes is
shown as a function of time. The numbers at the top mark the
different swarm phases which are investigated separately.

Figure 3. The cumulative frequency–magnitude distribu-
tion for (a) all swarm earthquakes, and (b) for the different
swarm phases. The Gutenberg–Richter law with b = 1.0 fits
the overall distribution quite well, whereas the distribution
varies strongly over time. The inset in (b) shows the b
values with errorbars ±db for the different swarm phases
determined by equation (2) (with Mcut = 0.2).
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[Scholz, 1968, 1994]. Thus, the observed b value decrease—
associated with the increase of the mean seismic moment—
in the course of the swarm’s evolution can be explained by a
successive stress accumulation due to a propagating rupture
front. More generally, the seismic moment release will
depend on the Coulomb failure stress, which also takes pore
pressure into account [see, e.g., Harris, 1998].As a result,
both a shear stress increase and a pore pressure rise brings
the system nearer to the failure. Therefore, an alternative
explanation for decreasing b values could be increased pore
pressure resulting from a gradual inflow of fluids in the
seismogenic zone.
2.1.2. Interevent-Time Distribution
[13] In contrast to the frequency–magnitude distribution,

the interevent-time distribution characterizes the temporal
occurrence of the earthquakes within the swarm. For exam-
ple, if the swarm earthquakes occur randomly in time
(Poisson process), this probability distribution would be
an exponential function [van Kampen, 1992].
[14] Figure 5a shows the probability of observing await-

ing time tw between successive earthquakes during the 2000
swarm. The interevent-time distribution is found to be well-
defined over 4 orders of magnitude by a power law tw

�1.5.
For interevent-times shorter than about 30 seconds s, the
distribution deviates from this power law behavior. This
lower cutoff is likely due to limitations in detecting and
resolving earthquakes which overlap in time. An interevent-
time distribution with a power law form indicates that
earthquake clustering at time scales ranging from minutes
up todays is similar; this means that the earthquake occur-
rence is strongly correlated. Such fractal temporal clustering
is already known for the swarm activity in this region
[Hainzl, 2002],and also for seismicity at tectonic plate
boundaries [Ito, 1995].
[15] Apart from the first phase of the swarm, the power

law behavior of the interevent-time distribution is found to
be remarkably stable over time (Figure 5b).However, in the
first swarm phase the distribution is more similar to an
exponential function, indicating an almost random earth-

quake occurrence during the initial phase. This indicates
that the beginning of the swarm evolution has a different
triggering mechanism.

2.2. Spatial Distribution

[16] The hypocenters of the swarm are found to be almost
coplanar. We have fitted a plane onto the 3-dimensional
hypocenter cloud of the located earthquakes using least
squares fitting. The result is illustrated in Figure 6, where
two different perspectives are chosen: a view parallel to the
plane and a projection onto this plane. The origin of the
coordinate system is moved to the hypocenter of the first
earthquake of the swarm. The hypocenters form two distinct
clusters. A main cluster including almost all earthquakes
which occurred prior to December and a secondary cluster
consisting mainly of the Christmas subswarm.
[17] The new coordinate system is rotated such that the

x axis is horizontal and the z axis is perpendicular to theFigure 4. The cumulative seismic moment release of
earthquakes with ML � 0.2 as a function of the
chronologically ordered earthquake index i. The solid line
refers to a power law fit i1.25. For comparison, the dashed
line shows a linear function.

Figure 5. Log–Log plots showing the probability density
for observing a certain waiting time tw between successive
ML � 0.2 earthquakes with regard to (a) the whole sequence
and (b) the different swarm phases. The distributions can be
fitted well by the power law / tw

�1.5 apart from the first
swarm phase (bold line) which can be better fitted by an
exponential function with a standard deviation of 7 min
(dotted line), indicating an almost random occurrence in
time.
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approximated fault plane. The x axis trends SSE to NNW,
with 13� deviation from SN direction. The surface dips
73�direction. Figure 7 shows the distribution of the x-, y-,
and z-values of the hypocenters. The variation of the
distances perpendicular to the plane (z-values) are much
smaller than the variation within the plane, and the
histogram of the z-values is well-defined by a Gaussian
distribution with a standard-deviation of 145 meters. Such
a Gaussian distribution is expected for uncorrelated local-
ization errors. Since the value of the standard-deviation is
also consistent with the estimated location error of ±100 m
in the epicenter coordinate and ±200 m in-depth, respec-
tively, we conclude that all earthquakes occur approxi-
mately on the same plane, i.e., the variation in z-values
mainly results from inaccurate localization. Therefore, we
restrict all further investigations to the projections onto
the hypocenters on the fitted fault plane (herein after
referred to as epicenters).
[18] There is remarkable difference in the epicentral

variation along the dip direction and the strike direction
(Figure 7).The swarm spreads almost equally to north and
south, but almost only in the direction of smaller depth.
Figure 8 shows a clear but complex migration of the
earthquake activity over time. In particular, there is no
obvious temporal ordering in the depth of the activity. For

example, the earthquakes occurring in phase 8 of the swarm
are deeper than most of the preceding earthquakes.

3. Spatiotemporal Analysis

[19] In the previous section, we have shown that the
earthquake activity is almost confined within one plane,
which probably results from a preexisting fault structure.
However, from this observation alone, we cannot draw
reliable conclusions regarding the earthquake generation
process. Faults are typically characterized by higher per-
meabilities and lower strength. If present, fluids will migrate
more easily along such faults than through compact rock.

Figure 6. (a) The positions of the hypocenters and the
fitted fault plane (black line) in three dimensional space.
The orientation is chosen so that the viewer looks parallel to
the plane. (b) The projection of these locations onto the
approximated fault plane. In both figs, the coordinate
system is centered at the initiation point of the swarm.

Figure 7. The distribution of the x-, y-, and z-values of all
hypocenters in the transformed coordinate system. The z-
values (the distance from the plane) can be fitted very well
with a Gaussian function with standard deviation of 145 m
(light dotted line—almost covered by the z-values).

Figure 8. The temporal migration of the activity within
the approximated fault plane. The earthquakes occurred in
each swarm phase are marked by black dots, whereas the
grey dots define the entire activity. The swarm phases refer
to those in Figure 2.
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Thus, in the case of a preexisting fault plane, one would
expect that different triggering mechanisms—such as a fluid
intrusion, or local stress transfers—would cause earth-
quakes which preferentially occur on this plane.
[20] To unveil the underlying mechanism, the spatiotem-

poral evolution of the swarm must be analyzed. In the case
of a self-organized swarm evolving due to stress redistrib-
ution and subsequent induced fluid flows, most of the
earthquake ruptures within the swarm are expected to be
initiated on the margin of precursory ruptures and the
swarm activity will form an almost interconnected ruptured
area that will grow with each event. On the other hand, in
the case of an intrusion of fluids, the position of the fluid
front is expected to migrate through permeable rock accord-
ing to / ffiffi

t
p

[Shapiro et al., 1997]. The corresponding pore
pressure increase is able to trigger many earthquakes; such
as seen in the fluid injection experiments at the KTB deep
drilling site in Germany [Zoback and Harjes, 1997]. Thus,
in this case, the front of the earthquake activity is expected
to migrate with an average velocity proportional to

ffiffi
t

p
.

Additionally, earthquakes are expected to be frequently
triggered at the same place. If the stress drop due to
previous earthquakes is small, the continuing increase of
pore pressure will lead to an effective return to the critical
state.
[21] In order to extract information about the processes

which generated this earthquake swarm, we study the spatial
evolution of the swarm over time in the way illustrated in
Figure 9. For the ith earthquake occurring at time ti within
the swarm sequence (i = 1, . . .N ), the areal extent of the
swarm activity (Ai) is measured by the convex envelope
enclosing the earthquake epicenters j = 1, . . .i in the fault
plane. As a result, we obtain the time series A(ti).
[22] This data analysis has been performed for various

data subsets with different lower magnitude cutoffs and
different maximum allowed z-values, i.e., off-plane dis-
tance. The results discussed below are found to be robust.

3.1. Results

[23] Figure 10 shows the spreading of the swarm as a
function of time and earthquake number. We find that the
spatial growth of the swarm is not proportional to time as
would be expected if the earthquakes were triggered by the
diffusion of intrusive fluids in a fault with spatially constant
material properties. However, the spatial spreading of
the swarm is found to be approximately proportional to
the earthquake number i if the analysis is restricted to the

evolution of the main spatial cluster (see Figure 6). The
function A(i) can be fitted well by a linear growth A(i) / i.
This indicates that on average each earthquake leads to a
similar increase of the swarm area. A more detailed inspec-
tion shows some fluctuations around this linear dependence,
indicating that not all earthquakes increase A. This is not
surprising because an exactly linear behavior cannot be
expected for a heterogeneous rupture growth, because A is
only an estimate of the real rupture area, distorted by
localization errors. Thus, the observed spatial spreading of
the swarm activity is in good agreement with the assump-
tion that the earthquake nucleates near the edge of the
rupture zone of preceding events.
[24] Note that the seismic moment of the earthquakes

generally increases with the swarm continuation (Figure 4),
whereas the increase of the total rupture area is found to be
almost constant in the course of the swarm. Because seismic
moment is proportional to the product of seismic slip and
rupture area, we infer that either the mean slip increases
with the swarm continuation or that the earthquakes break

Figure 9. Schematic illustration of the data analysis
scheme for two successive earthquakes: the zone of the
swarm activity is estimated by the area A enclosed by the
convex envelope of epicenters (crosses).

Figure 10. The evolution of the swarm area A as a
function of (a) the time relative to the swarm initiation, and
(b) the number of swarm events. The result is shown for the
whole swarm activity (light points) and the main spatial
cluster (dark points). A linear fit is plotted in both figs for
comparison.
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not only new fault regions but also parts of the previously
ruptured area; the size of such reactivated areas can be
expected to increase with an increasing rupture zone.
[25] To clarify whether the new earthquake ruptures tend

to be initiated close to the edge of preceding ruptures, we
analyze the spatial distance of new earthquakes (after-
shocks) from their potential trigger events (master shocks).
For this we consider each earthquake to be a master shock if
it is the largest event in the time interval [t � Tm, t + Tm].
For each master shock, all earthquakes occurring within
(t, t + Tm] are considered as aftershocks, whereas the events
within [t � Tm, 0) are considered as foreshocks. The length
of the interval is set to Tm = 100 [min] for the following
calculations.
[26] Figure 11a shows the averaged activity accompany-

ing the 80 master shocks of magnitude Mm � 1.5 formed by
stacking the records relative to master shock occurrence
times. The master shocks themselves are not counted. The
result is very similar to that expected for tectonic main
shocks: (i) the aftershock probability decays according to
the Omori law [Utsu et al., 1995], and (ii) the number of
aftershocks significantly exceeds the number of foreshocks.
The ratio between aftershocks and foreshocks increases with
Mm, reaching a value of about 2 for master shocks with
magnitudes Mm � 2.8.
[27] The spatial aftershock density r is determined by

counting the number of aftershocks occurring at a distance
r ± �r/2 from the master shock as a function of r. This
number is normalized by the area 2pr�r to obtain the
density r. The averaged density is shown as a function of the
distance r for three different magnitude ranges (Figure 11b).
The step width is �r = 20 m. This shows that the number of
aftershocks increases with Mm. In addition, a clear max-
imum of the earthquake density is found which shifts to
larger distances with increasing Mm. Whereas the first
observations demonstrate that the swarm earthquakes them-
selves trigger aftershocks, the second observation indicates
that the aftershocks are preferably triggered at the edge of
the rupture area rather than within the rupture zone of the
master event.
[28] Next, we quantify the spatial extent of the after-

shocks. For that, we calculate the mean one-dimensional
distance of the aftershocks

hRi ¼ N�1

Z
r rð Þrdr:

The constant N is defined by
R
r(r) dr. This value is

determined for master shocks with magnitude Mm larger
than M. Plotting the mean distance hRi as a function of M
reveals a clear increase of the mean distance with magnitude
of the main shock (Figure 11c). The data can be well fitted
by the relation hRi / 100.5M; this is the proposed relation
between the radius of the rupture and the magnitude M of
earthquakes [Kanamori and Anderson, 1975; Purcaru and
Berckhemer, 1978]. Thus, our observation indicates a
preferred aftershock triggering at the edge of the rupture
zone of the master events. For the calculation shown in
Figure 11c, we have used only the first aftershocks
occurring within 1 minute after the main event to minimize
contamination by either uncorrelated seismicity or second-
ary aftershocks. However, when additional delayed after-

Figure 11. (a) The average rate of foreshocks and
aftershocks is shown as a function of time for master
shocks with Mm � 1.5. The dashed line represents the
Omori law. (b) The average density of aftershock activity is
plotted as a function of distance to the master shock for
three different magnitude bands of master shocks. (c) For
master shocks with Mm � M, the mean distance hRi of
immediate aftershocks (�t � 1 min) is plotted as a function
of M. The data points can be fitted by the empirical
relationship between rupture area and earthquake magnitude
(dashed line).
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shocks are taken into account, we also observe a correlation
between hRi andM, although with slightly lower exponents.

4. Comparison

[29] Next, we compare the spatial extent of the swarm
activity with the fracture area of tectonic earthquakes.
Therefore, we plot the radius R � (A/p)0.5 of the swarm
cloud as a function of the released cumulative seismic
moment. We compare these data points with the radii R =
(LW/p)0.5 obtained from slip models of 18 large earth-
quakes, where L and W defines the rupture length and
width, respectively (Figure 12) [Mai and Beroza, 2000].
[30] Approximating earthquakes by a circular crack rup-

ture, the theoretical relation M0 ¼ 16
7
�sR3 is obtained,

where�s defines the stress drop [Scholz, 1994]. The swarm
data are well fitted by this theoretical relation, with a stress
drop �s = 1.7 MPa (dashed line in Figure 12). The same
relationship fits the data for large tectonic earthquakes very
well. The swarm data may also be compared with smaller
tectonic earthquakes for which both the seismic moment
and the source radius are estimated from the seismic
spectrum. For a large collection of small and intermediate
earthquakes with seismic moments ranging from 1012 to
1019 Nm, the theoretical relation fits the data if the stress
drop �s is in the range from 0.1–10 MPa, with a mean
value of about 3 MPa [Hanks, 1977]. Thus, the observed
spreading of the swarm epicenters is in very good agree-
ment with previous findings for the relationship between
earthquake sizes and seismic moments for individual earth-
quakes of all sizes.

5. Summary and Conclusions

[31] The characteristics of earthquake swarms differ from
typical earthquake clusters at tectonic plate boundaries.
Swarms consist of a large number of earthquakes clustered
strongly in space and time without being dominated by a
single large earthquake. Until now, the spatiotemporal
evolution of the swarm activity is not well understood nor
has a simple law been found.
[32] We have analyzed the precisely located swarm

activity that occurred between August and December
2000 in Vogtland/NW-Bohemia, a region well known for
episodic swarm activity. We find that the mean seismic
moment release increases and the b value decreases with
the continuation of the swarm activity, indicating an
increase of the Coulomb failure stress. This observation
can be explained either by a pore pressure increase due to
intrusive fluids, or by stress accumulation occurring in
front of a propagating fracture. Further observations show
that the main part of the swarm activity results from a
stick-slip type fracture propagation. This is revealed by
four main observations. (i) The earthquakes are almost all
coplanar. (ii) The spatial spreading of the swarm activity is
a function of the cumulative seismic moment release; it is
not proportional to time as would be expected if the
diffusion of penetrating mantle fluids triggered the earth-
quakes directly. (iii) The swarm earthquakes themselves
are found to trigger aftershocks which preferentially occur
at the edge of the rupture zone of preceding events. (iv)
The relationship between the spreading of the swarm

activity and the cumulative seismic moment release is in
good agreement with observations for small, intermediate,
and large tectonic earthquakes. Thus, the cumulative
behavior of the swarm activity is similar to a single large
earthquake that ruptures the fault segment at once.
[33] Stick-slip rupture growth can have dynamic as

well as structural reasons. One possible mechanism is
dynamic pore creation in a fluid-permeated fault where
the fluid is assumed to flow out of a localized high-
pressure fluid compartment with the onset of earthquake
rupture [Yamashita, 1999]. Another mechanism might be
structural inhomogeneities combined with visco-elastic
coupling due to magma-filled dikes [Hill, 1977]. The
observed similarity of this earthquake swarm with a
tectonic earthquake can be reproduced by block-model
simulations based on local stress transfer and viscous
coupling [Hainzl et al., 1999]. In these block systems,
block slip leads not only to a coseismic, but also a
postseismic increase of the Coulomb-Failure function at
the adjacent blocks. For larger postseismic (viscous)
effects, these model systems produce episodic swarm
activity characterized by the Gutenberg–Richter law
and the observed power law distribution of interevent-
times [Hainzl, 2002]. On the other hand, the same block
model reproduces the seismic patterns typically observed
at tectonic plate boundaries in the case that the viscous
properties are weaker [Hainzl et al., 1999, 2000a,
2000b]. In both cases, the fractal temporal clustering of
the earthquakes reflects that the stress state is near the
critical failure threshold, where small changes such as
stress transfers from preceding earthquakes can trigger
subsequent events [Hainzl and Zoller, 2001; Hainzl et
al., 2002]. The model investigations suggest that differ-
ences in earthquake clustering result from the specific
structural setting, such as higher pore pressure, rather
than from different mechanisms.

Figure 12. The radius of the swarm activity R � (A/p)0.5

plotted as a function of the cumulative seismic moment
release. For comparison, the corresponding values for large
tectonic earthquakes are plotted [Mai and Beroza, 2000].
Additionally, the theoretical relation for crack growth is
fitted to the swarm data, yielding a stress drop �s = 1.7
MPa.
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[34] In sum, our investigations of the year 2000 Vogtland/
NW-Bohemia swarm suggest that an intrusion of fluids in
the seismogenic zone probably initiated the swarm activity.
In this phase, indicated by its different interevent-time
distribution, the fault region seems to have been brought
near to its critical state. Then the swarm evolution became
strongly influenced by the earthquakes themselves due to
their stress transfers and locally induced fluid flows. The
main part of this swarm evolved in the form of crack tip
growth. Whether such a successive rupture growth is a
general feature of earthquake swarms rather than an excep-
tion has to be proven in future studies.
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[1] According to the well-known Coulomb failure criterion the variation of either stress or
pore pressure can result in earthquake rupture. Aftershock sequences characterized by
the Omori law are often assumed to be the consequence of varying stress, whereas
earthquake swarms are thought to be triggered by fluid intrusions. The role of stress
triggering can be analyzed by modeling solely three-dimensional (3-D) elastic stress
changes in the crust, but fluid flows which initiate seismicity cannot be investigated
without considering complex seismicity patterns resulting from both pore pressure
variations and earthquake-connected stress field changes. We show that the epidemic-type
aftershock sequence (ETAS) model is an appropriate tool to extract the primary fluid
signal from such complex seismicity patterns. We analyze a large earthquake swarm that
occurred in 2000 in Vogtland/NW Bohemia, central Europe. By fitting the stochastic
ETAS model, we find that stress triggering is dominant in creating the observed seismicity
patterns and explains the observed fractal interevent time distribution. External forcing,
identified with pore pressure changes due to fluid intrusion, is found to directly trigger
only a few percent of the total activity. However, temporal deconvolution indicates that
a pronounced fluid signal initiated the swarm. These results are confirmed by our
analogous investigation of model simulations in which earthquakes are triggered by fluid
intrusion as well as stress transfers on a fault plane embedded in a 3-D elastic half-space.
The deconvolution procedure based on the ETAS model is able to reveal the underlying
pore pressure variations.

Citation: Hainzl, S., and Y. Ogata (2005), Detecting fluid signals in seismicity data through statistical earthquake modeling,

J. Geophys. Res., 110, B05S07, doi:10.1029/2004JB003247.

1. Introduction

[2] Stress triggering has been identified as an important
mechanism for aftershock sequences [Stein, 1999]. This
mechanism is based on a well-known criterion for earth-
quake occurrence, the Coulomb failure criterion [Harris,
1998],

CFS � t� m s� Pð Þ � 0 ð1Þ

stating that a positive Coulomb failure stress (CFS) could
promote failures. Here, t defines the shear and s the normal
stress on the failure plane (positive for compression), and m
is the coefficient of friction. In the presence of fluids, the
pore pressure P has to be taken into account. The (s � P)
term is known as the effective normal stress.
[3] The activity rate l of aftershock sequences generally

decays according to the modified Omori law, l(t) = K(c +
t)�p, where K, c and p are constants, and t is the elapsed time

since the main event [Utsu et al., 1995]. The epidemic-type
aftershock sequences (ETAS) model is a stochastic point
process incorporating the empirically observed character-
istics of stress triggered activity, where each earthquake has
some magnitude-dependent ability to trigger its own Omori
law type aftershocks [Ogata, 1988, 1993; Helmstetter and
Sornette, 2002]. In particular, the rate of aftershocks induced
by an earthquake that occurred at time ti with magnitude Mi

is given by

li tð Þ ¼ K0

cþ t � tið Þp e
a Mi�Mminð Þ ð2Þ

for time t > ti. The parameters K0, a, c and p are constant to
all earthquakes of a given area and Mmin is the lowest
magnitude cut of the catalog. The total occurrence rate,

l tð Þ ¼ l0 þ
X
i:ti<tf g

li tð Þ ð3Þ

is sum of the rate of all preceding earthquakes and a
constant background rate l0. Note that we use here the
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symbol l0 instead of the commonly used m to avoid
confusion with the coefficient of friction. This background
rate l0 refers to activity which is not triggered by precursory
earthquakes, or in other words, which is not a part of an
aftershock sequence. At tectonic plate boundaries, l0 is
usually assumed to result from stress accumulation due to
tectonic plate motion.
[4] The Coulomb failure criterion also explains earth-

quake clustering initiated by pore pressure variations. Fluids
are often assumed to trigger earthquake swarm activity,
which differs significantly in its temporal clustering and
energy release from aftershock sequences [Nur, 1974;
Scholz, 2002]. However, earthquakes induced by fluids
themselves produce local stress field changes. Thus the
mechanism of fluid triggering is always accompanied by
stress triggering. However, fluid induced seismicity can also
be described by the ETAS model, because it deals with
internally (stress) triggered as well as externally forced
events. In this case, the background rate l0 refers to activity
forced by pore pressure changes instead of the movement of
tectonic plates.
[5] In this study, we investigate the complex seismicity

pattern of an earthquake swarm that occurred in 2000 in
Vogtland/NW Bohemia, central Europe (see Figure 1). This
region is well known for its episodic occurrence of earth-
quake clusters consisting of small magnitude events
(Jentzsch et al. [2003] and papers in the same special issue).
Although there is no active volcanism, CO2 emanations
present in this region are assumed to originate from degass-
ing of an active magma body in the upper mantle [Weinlich

et al., 1999]. The correlation of the isotopic content of
these gasses with swarm activity has led to the conclusions
that the swarm activity is induced by fluid overpressure
[Brauer et al., 2003]. On the other hand, the fluid signal is
not obvious in the seismicity pattern and the earthquake
sequences have features in common with tectonic earth-
quake clusters (section 2). We show that the main charac-
teristics of this swarm activity can be reproduced by model
simulations in which earthquakes are triggered by fluid
intrusion as well as stress transfers (section 3). In section 4,
we analyze both the Vogtland swarm seismicity and model
simulations by means of the ETAS model in order to extract
the underlying fluid signal and demonstrate the efficiency of
the method.

2. Vogtland Earthquake Swarm

[6] The earthquake swarm analyzed in this study
occurred between August and December 2000 in the Novy
Kostel focal area (Figure 1). It is the most recent and best
documented strong earthquake swarm in Vogtland/NW
Bohemia. The investigated earthquake catalog is recorded
by the WebNET local seismic network [Horalek et al.,
2000] and consists of more than 8400 earthquakes with
local magnitude ML � �0.5 [Fischer, 2003]. The catalog is
found to be complete for ML � 0.2 [Hainzl and Fischer,
2002]. Thus we restrict our investigations to the N = 4823
earthquakes with magnitudes �0.2. The earthquakes are
shown in Figure 2 as a function of their occurrence times.
[7] From previous investigations of this earthquake

swarm [Hainzl and Fischer, 2002; Fischer, 2003], it is
known that (1) all the earthquakes occur approximately on
the same fault plane; (2) the spatial spreading of the swarm
activity scales with the cumulative seismic moment release
according to the theoretical relation for a crack growthM0 �
R3 [Scholz, 2002], but the space-time pattern is complex;
(3) the average seismic moment release increases during the
swarm evolution according to hM0i / i1/4, where i is the
earthquake index; and (4) the temporal occurrence is fractal
(clustered on all timescales), in particular, the interevent
time distribution can be described by the power law t�1.5.

Figure 1. Map of the location of the Vogtland/NW
Bohemia earthquake swarm region and its fault structure
(line segments). Earthquake epicenters are indicated by
circles, and the main swarm area is marked by the ellipse
enclosing the year 2000 swarm activity.

Figure 2. Local magnitudes of the Vogtland swarm
earthquakes as a function of their occurrence. The time is
measured from 28 August 2000.
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Furthermore, embedded aftershock sequences have been
identified [Hainzl and Fischer, 2002; Hainzl, 2003].

3. Simulated Swarm Activity

[8] In addition to the Vogtland swarm, we investigate
earthquake catalogs resulting from the physical fault model
proposed by Hainzl [2004]. After briefly introducing the
model (section 3.1), we show the main characteristics of the
simulations in section 3.2.

3.1. Physical Model

[9] The analyzed model [Hainzl, 2004] has been intro-
duced to simulate seismicity patterns initiated by fluid
migration in a narrow, porous, planar fault zone embedded
in a three-dimensional (3-D) elastic half-space. For the most
part, it is identical to the model proposed by Yamashita
[1997, 1998] but with an added mechanism of postseismic
creep on the fracture zone which leads to realistic aftershock
activity according to the Omori law.
[10] Because the general description of the model is given

elsewhere [Yamashita, 1997, 1998; Hainzl, 2004], we only
give a brief summary and specify the parameter values used
for our simulations here.
[11] The model is illustrated in Figure 3a. The fault plane

of the Vogtland earthquake swarm is adapted by a 3 km �
3 km rectangular fault patch dipping 73�. The lower edge of
the brittle segment is set to 10 km depth [Hainzl and
Fischer, 2002]. This patch is discretized in 50 � 50 cells
each of dimension 60 m � 60 m. The normal stress s, the
pore pressure P and the static coefficient of friction m are
assumed to be initially constant on the fault plane. The
effective normal stress s � P is arbitrarily set to 25 MPa
and the coefficient of friction is initially set to m = 0.6. The
normal stress is assumed to remain constant during the
simulation. Thus the effective stress only varies in response
to pore pressure changes.

[12] Slip on a cell occurs if the Coulomb failure criterion
(equation (1)) is fulfilled. The coseismic sliding is governed
by a static/kinetic friction law [Ben-Zion and Rice, 1993]. If
sliding is initiated, the coefficient of friction, i.e., the
frictional resistance, drops to its lower dynamic value md
and remains there until the earthquake is terminated. The
dynamic weakening of the fault strength is accompanied
by a stress drop. The shear stress t drops to the arrest
stress ta which is smaller than the frictional dynamic stress
md (s � p) because of dynamic overshoot. To account for
heterogeneities of the brittle properties, the values of ta and
md vary in space. The arrest stresses ta are uniformly
distributed in the arbitrarily chosen interval between 2 and
8 MPa; the dynamic coefficient of friction varies between
ta/25 MPa and 0.6.
[13] The stress change at the fault plane due to relative

slip of one segment is calculated with the analytic solution
given by Okada [1992], where slip is in the strike direction
and the half space rigidity is assumed to be 30 GPa [Kurz et
al., 2003].
[14] The sliding of one cell can lead to an instability in other

cells and so on. An earthquake ends when all cells are stable
with regard to the Coulomb failure criterion (equation (1)).
The duration of earthquakes is much shorter than the typical
time separating subsequent earthquakes. Thus we assume
instantaneous coseismic slip, or in other words, that thewhole
earthquake occurs at the same time.
3.1.1. Healing and Postseismic Creep
[15] To account for logarithmic healing after coseismic

slip observed in laboratory experiments [Dieterich, 1972;
Ruina, 1983; Scholz, 1998], the fault strength is assumed to
recover according to

m Dtð Þ ¼ md þ m0 � mdð Þ log 1þ Dtð Þ
log 1þ Tð Þ ð4Þ

Figure 3. (a) Illustration of the model configuration and (b) assumed healing and slip characteristics.
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where T is the time interval required for complete healing
and Dt is the time in minutes elapsed since the earthquake
occurred (Figure 3b).
[16] It is known from laboratory experiments that the

logarithmic healing results from asperity creep on the
fracture zone, which leads to an increase of the contact area
[Scholz and Engelder, 1976]. The model assumes that, after
coseismic slip, the dislocation slowly extends due to creep
on the earthquake rupture area, adapting observed afterslip
characteristics in a simplified way [Burgmann et al., 2002].
It is straightforward to assume that the afterslip is correlated
to the strength; that is, slip is assumed to logarithmically
increase according to

s Dtð Þ ¼ s0 þ s1
log 1þ Dtð Þ
log 1þ Tð Þ ð5Þ

where s0 and s1 refer to the coseismic and postseismic slip.
The fraction of postseismic slip k � s1/(s0 + s1) is a
parameter in our simulations. The assumed slip character-
istic is illustrated in the lower part of Figure 3b.
3.1.2. Fluid Diffusion
[17] According to Darcy’s law, pore pressure variations in

the fault plane due to an intrusion of fluids from a high-
pressure source can be described by the diffusion equation

d
dt
P ¼ D

d2

dx2
P ð6Þ

where D is the hydraulic diffusivity [Shapiro et al., 1997;
Yamashita, 1997]. The diffusivity of the crust is generally
expected to be between 0.01 and 10 m2/s [Scholz, 2002].
The model assumes a high-pressure source which starts to
release fluids at depth x0. This source is assumed to be large
and laterally extensive, thus the one-dimensional version of
equation (6) can be solved to find deviations from the
initially constant pressure state.
[18] Slip and strength evolution, as well as the pore

pressure, diffusion are simulated by means of a finite
difference scheme.

3.2. Characteristics

[19] The mean stress level of the initial stress field is
found to determine whether the fault segment is in a
subcritical, critical or supercritical state [Hainzl, 2004].
Similar to the results found for slider-block models [Hainzl
and Zöller, 2001], earthquake ruptures occurring in over-
stressed (supercritical) faults cannot be stopped after grow-
ing beyond a critical size. This results in earthquake
sequences characterized by a single dominant earthquake.
Swarm-like activity occurs for initially subcritical stress
states if the pore pressure increase is sufficient to bring
the fault close to the critical state.
[20] We analyze model simulations with different combi-

nations of themodel parameters: (1) diffusivityD, (2) depth of
the fluid source x0, (3) pore pressure increase DP, (4) healing
time T, and (5) fraction of postseismic creep k. Although the
simulations vary somewhat for different settings, the overall
characteristics are almost independent of the parameter values
and in very good agreement with the natural swarm occur-
rence in Vogtland. Figure 4 illustrates the main characteristics
for one example, where the parameters are set toD = 1.0m2/s,

x0 = 10 km,DP=2MPa,T=0.1 days, andk=0.3: The activity
is not dominated by one large event, instead it occurs in
several subclusters separated in space and time (Figure 4a).Of
particular importance, the temporal occurrence of earth-
quakes is fractal, where the interevent time distribution
reproduces the empirically observed power law �t�1.5

(Figure 4b). The frequency-magnitude distribution can be
fitted by a similar Gutenberg-Richter law (Figure 4c). We
calculate for each event a local magnitude ML from its
seismic moment M0 (in N m) by means of the empirical
relation for the Vogtland region, ML = 0.95 log(M0) � 10.76
[Hainzl and Fischer, 2002]. The shape of the resulting
frequency-magnitude distribution is very similar to that of
the Vogtland swarm earthquakes, and in particular the b value
is the same. Note that the lower magnitude cutoff�0.8 is due
to the subfault cell dimension of 60 m � 60 m. The seismic
moment, which is on average released per event, monoto-
nously increases during the evolution of the earthquake
swarm according to M0 � i0.25, where i is the earthquake
index (Figure 4d). Equivalently, the cumulative seismic
moment release increases as SM0 � i1.25. Exactly, the same
relation has been found for the Vogtland earthquake swarm
[Hainzl and Fischer, 2002].
[21] On basis of these observations indicating clustered

activity, we try to fit the ETAS model in order to separate
the signals of stress triggering and external forcing in both
observed and simulated data.

4. ETAS Modeling

[22] The estimation of the five parameters (l0, K0, a, c, p)
of the ETAS model (equation (3)) is carried out by the
maximum likelihood method. The log likelihood with
respect to the occurrence times of the earthquakes ti is
given by

ln L l0;K0; c;a; pð Þ ¼
XN
i¼1

lnl tið Þ �
Zte
ts

l tð Þdt ð7Þ

where ts and te define the starting and the ending time of the
activity [Ogata, 1993].
[23] Model selection, particularly the determination of the

number of parameters, is carried out using the Akaike
information criterion (AIC) [Akaike, 1974; Parzen et al.,
1998]. The statistic AIC = �2 MLL + 2k is computed for
each of the models fit to the same data, where MLL is the
maximum log likelihood value with respect to the param-
eters, and k is the total number of fitted parameters. In
comparing models with different numbers of parameters,
addition of the quantity 2k roughly compensates for the
additional flexibility which the extra parameters provide.
The model with the lower AIC value is taken as giving the
better choice for forward prediction purposes. Insofar as it
depends on the likelihood ratio, the AIC can also be used as
a rough guide for testing the model. In testing a model with
k + d parameters against a null hypothesis with just k
parameters, we take a difference of 2 in AIC values as a
rough estimate of significance at the 5% level. An alterna-
tive to the Akaike information criterion is the modified
version of Schwarz’s information criterion, BIC = MLL �
0.5k ln(N/2p), where N is the number of events [Main et al.,
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1999]. In this case, the best model has the largest BIC value.
The BIC criterion has been shown to be superior in the case
of larger data sets [Koehler and Murphree, 1988].

4.1. Analysis of the Vogtland Earthquake Swarm

[24] The result of the ETAS parameter estimation for the
Vogtland earthquake swarm activity is shown in Table 1.
The estimated parameters are in agreement with previously
observed values for earthquake activity worldwide [Ogata,
1992]. In particular, the observed a value for the Vogtland
swarm (a = 0.73) is similar to previous findings for
Japanese earthquake swarm activity, where the a value
has been found to scatter in the range [0.35, 0.85], in
contrast to nonswarm activity which is characterized by
higher values, namely, a 2 [1.2, 3.1] [Ogata, 1992]. In
addition, the table shows the differences of the AIC and BIC
value between the ETAS model and a Poissonian (tempo-
rally uncorrelated) process, DAIC = AICETAS � AICrand and
DBIC = BICETAS � BICrand. The negative DAIC and
positive DBIC value indicate that the ETAS model is a
better representation of the data. The quality of the fit can be
visualized by comparing the expected and the observed
number of earthquakes as a function of time. In the case of
the ETAS model, we calculate the cumulative number by
integration of equation (3). The result is shown in Figure 5.
The shape of both curves is almost identical, although there
is some shift in the curves which will be later explained.

[25] The fitted ETAS model gives a low forcing rate of
about l0 = 0.32 events per day leading to a total of about 38
earthquakes in the whole swarm period of 120 days which
means that only 0.8% of all earthquakes are externally
triggered. The great majority is self-triggered activity.
[26] In order to find out whether the ETAS model is an

appropriate description of the swarm activity and is able to
explain the observed fractal interevent time statistics of the
Vogtland swarm, we produce Monte Carlo simulations of
the ETAS model with the parameters given in Table 1. The
simulations are performed by a thinning method using a
piecewise constant rates Poisson processes, where the
earthquake rate is determined at each time by the preceding
earthquakes and the background rate (equation (3)) and

Figure 4. Example of a model simulation: (a) magnitudes as a function of time; (b) interevent time
probability distribution; (c) frequency-magnitude distribution; and (d) cumulative seismic moment
release as a function of the earthquake index i.

Table 1. Estimated ETAS Parameters of the Vogtland Earthquake

Swarm and the Corresponding DAIC and DBIC Values Quantify-

ing the Quality of the Fit

Parameter Value

l0 0.32
K0 0.0137
c 0.00046
a 0.73
p 1.37
DAIC �26,098
DBIC 13,042
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magnitudes are taken from the original swarm sequence. For
that, we use the algorithm given by Ogata [1998]. We end
the simulations after the number of earthquakes reaches that
of the original catalog. Figure 6a shows a typical example
for such a stochastic forward simulation. The synthetic
earthquake sequence consists of several subswarms in
agreement with the original earthquake swarm. The fine
structure is also reproduced by the ETAS simulation.
Figure 6b shows the interevent time distribution of the
Monte Carlo simulation in comparison with that of the
original earthquake swarm. Both distributions are very
similar and can be fitted by the same power law t�1.5.
4.1.1. Time Dependence of the Forcing Rate
[27] For the simulation shown in Figure 6a, we use

the seismic activity of the first 5 swarm days as initial
conditions. We find that simulations without any given
initial activity show a much slower starting phase compared
to the Vogtland swarm. This points to a nonstationary
behavior, in particular at the initiation phase. To explore

this nonstationary behavior, we fit the ETAS model in a
moving time window, the length of which is set to 10 days.
We perform the calculation in two alternate ways: (1) only
the parameter l0 is fitted, where all other parameters are set
to the values found for the whole sequence (see Table 1) and
(2) all five parameters are fitted in each time window. The
latter procedure is more unstable for swarm episodes with a
small number of earthquakes. However, the results for both
calculations are similar. We find a large systematic variation
in the external forcing strength l0 (Figure 7). The earth-
quake swarm seems to be initiated by a strong fluid impulse
which decreases within the first 10 days. A second, weaker
peak is observed about two months later, which decreases
again with time. The curve can be compared with the phases
of diffusion-like hypocenter migration marked as boxes in

Figure 6. Example of a Monte Carlo simulation of the ETAS model with parameters taken from Table 1.
(a) Points representing the magnitudes of the simulated earthquakes as a function of time. The dashed line
marks the first 5 days which are taken from the original swarm sequence as initial activity. (b) A log-log
plot showing the probability density for observing a certain waiting time between successive earthquakes
in the simulated (line) and empirically observed (crosses) swarm activity. Both distributions can be fitted
by the same power law �t�1.5 (dotted line).

Figure 5. Cumulative number of earthquakes as a function
of time observed in the Vogtland swarm compared with that
expected by the ETAS model.

Figure 7. Time dependence of the forcing rate l0 resulting
from fitting only l0 (solid line) or all parameters
simultaneously (dotted line), in a moving time window. In
addition, the points indicate the analyzed Vogtland earth-
quake sequence, and the boxes mark the phases in which the
spatial spreading indicates pore pressure diffusion [see
Parotidis et al., 2003].
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Figure 7. These phases have been previously detected by
analyzing the local spreading characteristics within this
swarm activity [Parotidis et al., 2003]. Both results corre-
late. In particular, the large subswarm that occurred after
20 days shows no sign of fluid triggering either in its
temporal or in its spatial characteristics. After about
110 days, however, our curve shows a small fluid signal
previously not observed.
4.1.2. Declustering Based on ETAS Model
[28] The ETAS modeling can also be used to decluster the

earthquake catalog. To begin with, we use the declustering
procedure proposed by Zhuang et al. [2002]. The probability
that an event i belongs to the background is calculated by the
ratio between background rate and the total occurrence rate,
l0/l(ti), where l(ti) is calculated according to equation (3).
Events are assigned to the background on a random basis.
We thus obtain different stochastic versions of declustered
catalogs by repetition of the procedure. For 1000 versions,
we calculate the percentage of background earthquakes.
The mean value is 0.8% with a standard deviation of
0.1%. This value is in agreement with our previous
estimate.
[29] The declustering procedure does not, however, con-

sider the nonstationary nature of the background rate. To
account for this variability, we use the curve l0(t) (Figure 7)
as an input to the declustering procedure. The resulting
percentage of background earthquakes is 2.4 ± 0.2%. In
addition, we use a simpler procedure which requires no
previous knowledge of the nonstationarity. In this case, we
calculate for each event whether or not it is likely to be a
part of an earthquake cluster by means of the log likelihood
ratio, D = MLLETAS � MLLrand; that is the difference
between the maximum log likelihood value of the ETAS
model and that of a Poissonian process. This value is
computed for the sequence with (Dall) and without (D�i)
the event under investigation. In the case Dall > D�i, the
activity becomes more similar to a Poisson process if the
event is not taken into account. Thus the earthquake is part
of an earthquake cluster. Vice versa, the event occurred
temporally uncorrelated in the case Dall < D�i. In this way,
we can remove the clustered earthquakes from the catalog.

[30] Applying the latter procedure to the Vogtland earth-
quake swarm, the catalog is reduced to 342 events (7.1% of
the activity). For a comparison, in Figure 8 we show the
spatiotemporal distribution of the complete and declustered
swarm activity. Here, the distance from the first event of the
sequence is plotted as a function of the occurrence time.
First, we find that the main clusters have disappeared. Some
clustering remains in the time period between 50 and
70 days after the swarm initiation. This is in agreement
with our previous finding that the fluid signal is enlarged in
this swarm period (see Figure 7). Second, we compare the
data points with the theoretical prediction for fluid induced
earthquake activity. In the simplest case of fluid diffusion,
the distance r of the propagating pore pressure front from
the point source is given by r =

ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p
[Shapiro et al.,

1997], where t is the time and D the hydraulic diffusivity.
The earthquakes are expected to occupy the space beneath
this curve. The fit of this theoretical curve is rather poor for
the complete catalog, but becomes much better for the
declustered data. In the latter case, the previously proposed
value of D = 0.27 m2/s [Parotidis et al., 2003] fits the
swarm migration well. This indicates that the ETAS mod-
eling in the time domain can also be used to reveal the
spatial patterns of the fluid signal.
4.1.3. Discussion
[31] The ETAS modeling can be used in order to identify

the background as well as the triggered component of
seismicity. Statistical modeling of the Vogtland earthquake
swarm has shown that the fractal temporal statistics are
solely explainable by the triggered component, namely an
epidemic aftershock occurrence, whereas the signal of the
external forcing is almost completely buried. Applying a
stationary ETAS model, the percentage of background
events is estimated to be 0.8 ± 0.1%. Accounting for
nonstationary behavior, the two applied declustering proce-
dures yield slightly larger values of about 2.4% and 7.1%,
respectively.
[32] The deconvolution of the time dependence of the

external forcing signal reveals a dominant forcing signal
initiating the swarm activity and a secondary smaller peak
after 50 days. For Figure 7, we use an arbitrary value of

Figure 8. (a) Hypocenter distances measured from the first event as a function of the earthquake
occurrence times for the Vogtland swarm (light points are clustered events; dark points are background
events). The line refers to the theoretical position of the propagating pore pressure front in the case of a
hydraulic diffusivity of D = 0.27 m2/s. (b) Only the first 10 days.
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10 days for the moving time window. We find that the time
window acts like a filter; in other words, shorter time
windows produce additional short period fluctuations and
longer time windows smooth the curve. However, the
general shape of this l0 curve is found to be independent
of the chosen time window.
[33] Generally, it cannot be determined whether the

background activity results from tectonics or pore pressure
changes. However, we are confident that our observed
signal is related to fluids because of the large variations
on a short timescale which are inexplicable by tectonic
causes. In section 4.2 we demonstrate by means of model
simulations that the observed temporal variations of the
forcing parameter l0 are directly correlated with the under-
lying fluid flows.

4.2. Analysis of Model Simulations

[34] We now repeat the analysis of the Vogtland swarm in
section 4.1. First, we fit the ETAS model to the simulated
earthquake catalogs in order to deconvolute the stress and
the fluid signal. The estimations of the five parameters of
the ETAS model (l0, K0, a, c, p) and the differences of the
AIC and BIC values between the ETAS model and a
Poissonian process are summarized in Table 2 for six
different simulations. The values l0, K0, and p are found
to scatter in the same range as for the Vogtland swarm
(Table 1). Furthermore, the differing values of c and
DAIC(DBIC) can be understood as follows: The larger
values of c are likely to result directly from the chosen
timescale in equation (5) which yields an afterslip rate
proportional to (1[min] + Dt)�1. If the rate of aftershocks
is proportional to the afterslip rate, then a c value of 1 [min]�
0.0007 [days] is expected. Thus a slightly reduced timescale
in equation (5) could explain the smaller c value for the
Vogtland swarm. The smaller differences of the AIC and
BIC values can be explained by the smaller number of
earthquakes in the catalogs due to the limited magnitude
range. However, the deviation of the parameter a seems to
be significant. This value is found to be close to 2 in
contrast to 0.73 in the case of the Vogtland swarm. Thus
the simulations resemble the a values typical for seismicity
at tectonic plate boundaries rather than for swarm activity
[Ogata, 1992]. Probably, the differing a value indicates that
the postseismic creep triggering mechanism overestimates
the magnitude dependence found in the swarm activity.
Because afterslip is assumed to be proportional to coseismic
slip in our model, the stress changes due to the proposed
mechanism scale with the seismic moment M0 of the
earthquake. Note that the parameters in Table 2 are esti-
mated for local magnitudes which are calculated from the
seismic moment according to ML = 0.95 log(M0) � 10.76.
Thus a value of a = ln 10/0.95 � 2.4 should be observed if

exp(aML) � M0 is assumed; in this case the aftershock
productivity is strictly correlated to the stress changes,
particularly M0. However, the effect of stress changes
depends on the Coulomb failure stress field which is
dynamically evolving during our model simulations. The
stress field evolution explains the slightly reduced value
(a � 2.0), but it cannot explain the discrepancy with the
observed value in the Vogtland region. A possible explana-
tion is that we neglect the mechanism of pore creation
proposed by Yamashita [1999]. This effect is assumed to
increase with earthquake magnitude, but would counteract
the mechanism of afterslip, because the creation of pore
volume results in a drop of pore pressure, thus a decrease of
Coulomb failure stress (equation (1)). Therefore afterslip, in
combination with pore creation, could explain the lower
value of a found for swarm activity.
[35] In the next step, we asses whether the underlying

pore pressure change can be recovered by the procedure
applied to the Vogtland swarm in section 4.1.1. For that, we
fit the ETAS parameter l0 in a moving time window of
10 days. All other ETAS parameters are set to the values
which are estimated for the whole earthquake sequence. To
assess if the deconvolution of stress and fluid signal works,
we compare the resulting variation of l0 with the spatially
averaged rate of pore pressure increase, which is known
exactly for these model simulations. Figure 9 shows the
result for each of the simulations summarized in Table 2.
We find that the deconvolution works well. Despite some
fluctuations, the main shape of the fluid signal is reproduced
in all cases. Furthermore, not only the shape but also the
absolute values of l0 are correlated with the strength of the
pore pressure increase. Note that we have arbitrarily set
the time window to 10 days for both the analysis of the
simulations and the Vogtland swarm. Optimization of the
time window will probably be able to clarify the results.

5. Summary and Conclusion

[36] Two mechanism are often assumed to cause earth-
quake clustering: stress triggering and fluid flow. Whereas
stress triggering can be tackled sometimes in isolation, e.g.,
in the case of undrained rocks, fluid induced seismic
activity will always incorporate both mechanisms. Thus
stress triggering can dominate seismicity patterns, although
it is not the initial process. We find that this is the case for
swarm activity in the Vogtland region. The stress triggering
signal which is identified with Omori-like aftershock
sequences dominates the whole activity. The epidemic type
aftershock sequence (ETAS) model fits the earthquake
sequence very well. Only a few percent of the activity is
found to be directly triggered by the fluid signal. The
temporal evolution of the fluid signal is revealed by fitting

Table 2. Estimated ETAS Parameters and Corresponding DAIC, DBIC Values for Different Model Simulations

Model
Simulation D, m2/s x0, km DP, MPa T, days k l0 K0 c a p DAIC DBIC

a 1 10 2 0.1 0.3 0.34 0.0067 0.0022 2.06 1.48 �7264 3627
b 1 11 2 0.1 0.3 0.75 0.0025 0.0028 1.99 1.73 �7343 3667
c 0.27 10 5 0.5 0.2 0.70 0.0173 0.0022 1.95 1.19 �1878 935
d 0.27 11 5 0.5 0.2 1.10 0.0086 0.0021 2.18 1.29 �1601 798
e 0.1 10 5 0.5 0.3 0.78 0.0120 0.0027 2.07 1.34 �3773 1882
f 0.1 11 5 0.5 0.2 0.55 0.0098 0.0012 1.88 1.28 �570 284
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the ETAS model in moving time windows. We find a clear
indication for fluids initiating the swarm activity within the
first days. Afterward only a smaller secondary peak is
observed during the swarm evolution. This finding is in
agreement with the previously observed nonfractal temporal
clustering characteristics in the initiation phase [Hainzl and
Fischer, 2002] and observations related to hypocenter
diffusion [Parotidis et al., 2003]. The pattern of hypocenter
diffusion itself is shown to be resolved by an ETAS-based
declustering of the earthquake catalog. Note that the pro-
posed method analyzes solely earthquake sequences and
make no use of hypocenter information.
[37] The efficiency of the deconvolution procedure is

proved by an analogous analysis of simulated earthquake
activity, which is forced by pore pressure diffusion and
incorporates stress field changes in a three-dimensional

elastic half-space. The statistical characteristics of these
simulations are in good agreement with the Vogtland
earthquake swarm; in particular, the magnitudes and the
interevent times are distributed in a very similar way.
Although the most conspicuous seismicity patterns of these
simulations result from stress triggering, we find that our
deconvolution procedure is able to reconstruct the buried
fluid signal in its main parts. Thus this procedure seems to
be a promising method to unveil fluid signals in seismicity
patterns, even in the case of poor hypocenter information.

[38] Acknowledgments. The authors wish to thank Andrea Antonioli,
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improve this paper significantly. Furthermore, we are thankful to Tomas
Fischer and Lindsay Schoenbohm for stimulating discussions and discerning
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Figure 9. For each of the model simulations a–f in Table 2, Figures 9a–9f show the time dependence
of the forcing rate l0 resulting from fitting l0 (solid line) in a moving time window. In each case, this
curve is compared with the really underlying rate of pore pressure increase (dashed line). The points refer
to the analyzed earthquakes.
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Evidence for rainfall-triggered earthquake activity
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[1] Fluids are known to be of major importance for the
earthquake generation because pore pressure variations alter
the strength of faults. Thus they can initiate earthquakes if the
crust is close enough to its critical state. Based on the
observations of the isolated seismicity below the densely
monitoredMt. Hochstaufen, SEGermany, we are now able to
demonstrate that the crust can be so close-to-failure that even
tiny pressure variations associated with precipitation can
trigger earthquakes in a few kilometer depth. We find that the
recorded seismicity is highly correlated with the calculated
spatiotemporal pore pressure changes due to diffusing rain
water and in good agreement with the response of faults
described by the rate-state friction law. Citation: Hainzl, S.,

T. Kraft, J. Wassermann, H. Igel, and E. Schmedes (2006),

Evidence for rainfall-triggered earthquake activity, Geophys. Res.

Lett., 33, L19303, doi:10.1029/2006GL027642.

1. Introduction

[2] In recent years, hydromechanical coupling has been
proposed as a possible explanation for many geological
phenomena including the anomalous weakness of many
major faults [Sleep and Blanpied, 1992], silent slip events
[Kodaira et al., 2004], aftershock occurrence [Nur and
Booker, 1972; Miller et al., 2004], and remote triggering
of earthquakes [Prejean et al., 2004]. The widely accepted
understanding is that an increase of the pore fluid pressure
reduces the effective normal stress and thus the strength of
faults, promoting earthquake rupture. Direct evidence for
fluids affecting the stability of faults comes from reservoir
induced seismicity [Talwani, 1997], and fluid injections in
wells [Zoback and Harjes, 1997]. Fluid triggering is also
observed for natural seismicity such as earthquake swarms
where the fluid source is assumed to be in depth [Parotidis
et al., 2003; Miller et al., 2004; Hainzl and Ogata, 2005].
Furthermore, seasonal variations of the seismic activity
have been found which seems to correlate with the season-
ality of ground water recharge [Saar and Manga, 2003] and
precipitation [Muco, 1999]. However, so far, the lack of
high-resolution data did not allow to prove the effect of
surface water in more detail. Based on our observations for
the isolated seismicity below Mt. Hochstaufen, we are now
able to show that rainfall can trigger earthquakes via the
mechanism of pore pressure diffusion.

2. Seismicity at Mt. Hochstaufen

[3] The Staufen Massif is an east-west striking mountain
chain in SE Germany, northwest of the town Bad Reich-

enhall. The most prominent summit, Mt. Hochstaufen,
reaches an altitude of 1775m (Figure 1). Belonging to the
elongated fold-and-thrust belt of the Northern Limestone
Alps, the geology of the Staufen Massif is dominated by
lower to middle Triassic limestone and dolomite [Bögel and
Schmidt, 1976]. Since more than 600 years ago, earthquakes
with maximum macroseismic intensities of I0 = V have been
reported in this region, which is embedded in an almost
quiet surrounding. The majority of the earthquakes occurs in
the summer months, which are also characterized by having
the highest average precipitation values during the year
[Kraft et al., 2006a]. To explore the underlying mechanisms,
seismic monitoring of the Bad Reichenhall area was initiated
in 2001, consisting of six permanent and three mobile
short period stations (see locations in Figure 1). In 2002,
this network recorded more than 1100 earthquakes with a
maximum magnitude of Ml = 2.4, mainly concentrated in
two swarm type sequences following above-average rainfall
in March and August. For the first time, these data allow a
detailed analysis of the activity in this rare example of an
isolated but critical system.
[4] The observed seismicity is inconspicuous in its mag-

nitude-frequency distribution that follows the Gutenberg-
Richter law with a typical b-value of 1.1 ± 0.1 for
magnitudes larger than Ml = �0.2. Below this value the
distribution deviates from the Gutenberg-Richter law, indi-
cating incomplete data collection. We therefore restrict our
analysis to Ml � �0.2 events. Hypocenter locations are
derived for a subset of these events using a 2D-velocity
model with topography. Groups of events with very similar
wave forms are identified by cluster analysis and relocated
using the master event technique [Kraft et al., 2006b]. In
this way, over 500 locations were obtained, shown as points
in Figure 1.

3. Seismicity Model

[5] In order to test the hypothesis that rainfall triggered
seismicity, we calculate the pore-fluid pressure changes at
depth in response to the surface rain. Assuming a homoge-
neous crust and spatially uniform rainfall, we can restrict
our analysis to the one-dimensional case. The process of
fluid pressure relaxation can be approximately characterized
by a system of equations describing the dynamics of fluid
saturated porous elastic solid [Biot, 1962]. A diffusion
equation describing the evolution of fluid mass alteration
per unit volume, m, can be uncoupled [Rudnicki, 1986;
PHASE Research Project, 2005]

@m

@t
¼ D

@2m

@2z
þ Q z; tð Þ; ð1Þ

where z is the depth coordinate, D the hydraulic diffusivity,
and Q(z,t) a fluid mass source. If porosity is assumed to be
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constant, the alteration of pore pressure p is proportional to
the mass alteration m and the same equation holds for the
pore pressure alteration where Q(z,t) now defines the
pressure source. The solution of the diffusion equation is
given by

p z; tð Þ ¼
Z t

�1

Z1

�1
2G z� z0; t � tð ÞQ z0; tð Þdz0dt ð2Þ

with Green’s function G(z�z0,t�t) = [4pD (t�t)]�0.5

exp[�(z�z0)
2/4 D (t�t)] [Barton, 1989]. The factor of 2

results from the fact that the total fluid mass which can only
migrate into depth must be conserved [Landau and
Lifschitz, 1966]. In our case, the source is given by the lin-
early interpolated rain rate measured at four daily sampled
meteorologic stations surrounding Mt. Hochstaufen. Be-
cause we are only interested in pressure deviations from the
stationary state, we consider the deviation of the rainfall
from the long-term mean, namely Q(z,t) = r g (h(t) � �h)
d(z). The average rain amount �h is calculated from the
precipitation data from 1995–2001 at the same meteor-
ological stations. To avoid boundary effects, we start the
integration of equation (2) at 1/1/2001.
[6] To quantify the effect of the pressure changes on

seismicity, we use the framework of rate-state friction
[Dieterich, 1994; Dieterich et al., 2000] which properly
takes into consideration the rate- and slip-dependence of
frictional strength and time-dependent restrengthening ob-
served in laboratory experiments. This concept has already
been successfully applied to explain earthquake clustering

in nature such as aftershock activity [Scholz, 1998]. In this
theory, the seismicity rate l is inversely proportional to the
state variable g describing the creep velocities on the faults,
namely l(z,t) = r/( _t g(z,t)), where r is the stationary back-
ground rate and _t the tectonic loading rate. The evolution
of the state variable is given by dg = (dt�gdCFS)/(As) with
A being a dimensionless fault constitutive parameter usually
� 0.01 [Dieterich, 1994; Dieterich et al., 2000]. In our case,
the Coulomb failure stress CFS changes due the constant
stressing rate _t and the variation of the pore pressure p,
altering the effective normal stress s = sn�p on the
faults. We track the evolution of g by considering suffi-
ciently small times steps leading to stress increments of
DCFS(z,t) = _tDt + m(p(z,t+Dt) � p(z,t)). We choose time
steps of 0.5 days and set the coefficient of friction m to the
typical value of 0.6 [Byerlee, 1978]. The state variable is
iterated according to

_tg z; t þ4tð Þ ¼ _tg z; tð Þe�4CFS
As þ4t

ta
ð3Þ

starting from the background level, that is, _tg(z,0) = 1.
Because the pressure changes are assumed to be much
smaller than the effective normal stress, we can use As as a
constant free parameter. The rate depends additionally on
the value of the background rate r, the relaxation time ta =
As/ _t, and implicitly on the hydraulic diffusivity D.

4. Results

[7] The estimation of the four parameters is carried out
by the maximum likelihood method. The likelihood func-
tion L, which is the joint probability function for a given
model, is constructed by multiplying the probability density
function of each of the data points together. For a given rate
l(z,t), the log-likelihood with respect to the N earthquakes
occurring at the depth interval [zo, z1] at times ti can be
determined by

lnL r; ta;As;Dð Þ ¼
XN
i¼1

lnl zi; tið Þ �
Zte
ts

Zz1
z0

l z; tð Þdzdt ; ð4Þ

where ts = 1/1/2002 is the starting and te = 1/1/2003 the
ending time of the activity [Ogata, 1998; Daley and Vere-
Jones, 2003]. We account for the uncertainty of earthquake
locations by evaluating the formula (4) for zi which are
Gaussian distributed around the determined values. Accord-
ing to the localization procedure, the location errors vary
between 50m and 2km with a median of 200m.
[8] For the earthquakes in the depth interval 1–4 km, the

result of the parameter grid-search is illustrated in Figure 2.
The maximization of the likelihood function (equation 4)
yields r = 0.45 ± 0.05 [days�1], ta = 180 ± 60 [days], As =
110 ± 10 [Pa] and a hydraulic diffusivity D = 3.3 ± 0.8 m2/s,
where the errors refer to a 63%-decrease of the likelihood
function. Considering a typical value of A = 0.01, our
estimated As-value would yield an effective normal stress
of only 11 [kPa] which requires very high in situ pore
pressure in this region (see further discussion in section 5).
The resulting diffusivity value, which corresponds well to
the range of values obtained from fluid injection experi-

Figure 1. Map of Staufen Massif as well as EW and NS
profiles through the summit of Mt. Hochstaufen (1775m)
with the located earthquakes in the year 2002 (dots). Map
borders are longitude 12�400 – 12�570 E and latitude
47�40.50 – 47�55.50 N. Triangles mark seismological
stations installed in 2002.
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ments [e.g., Shapiro et al., 1997], is slightly higher than the
previously estimated value for the same region of 0.75 ±
0.35 m2/s [Kraft et al., 2006a]. However, the previous result
is based only on fitting single pressure-front curves to first
locations of the observed activity and did not incorporate
the complete pressure field. Using our estimated value for
hydraulic diffusivity, we calculate now the pore pressure
variations at depth from the observed rainfall (Figure 3a).
The comparison of the observed seismic activity with the re-
sulting spatio-temporal pressure field is shown in Figure 3b
and with the forecasted earthquake rate in Figure 3c. In
either case, the observed seismicity (indicated by stars)
corresponds well to elevated values of the calculated func-
tions, indicating a strong spatial and temporal correlation. In
Figure 3d, the calculated and observed earthquake rate,
including also the events without hypocenter information
(Ml � �0.2), are compared in the form of time series
representing the number of earthquakes per day. The corre-
lation between these time series and between those of
observed earthquake rate and rainfall is quantified by their
cross-correlation coefficient, shown in Figure 4. While the
seismicity is not correlated with the rain data at zero time
delay, it shows some correlation if the seismicity is shifted
backwards 8 days (Rmax = 0.47). On the other hand, the
earthquake rate calculated from the pore pressure changes at
depth is strongly correlated at zero delay time with a
maximum correlation coefficient, almost doubling that of
the rain data (Rmax = 0.82). Note that the value of the
hydraulic diffusivity that maximizes the likelihood function
in equation (4), is also found to maximize the linear
correlation coefficient indicating the consistency of our
parameter estimation.

5. Discussion

[9] The high correlation indicates that our model is a
good approximation of the underlying processes, although
we have strongly simplified the real world. In particular, the
crust is assumed to be a homogeneous half-space which

certainly is an over-simplified model of the local geology,
where systems of open fractures are observed [Weede, 2002]
extending from the surface to depth of at least 100m. Thus a
likely situation is a localized channeling of larger volume of

Figure 2. The result of the parameter search for maximiz-
ing the likelihood value. Additionally, the maximum as well
as the 63% decrease of the likelihood value are plotted as
horizontal lines.

Figure 3. The spatiotemporal pattern of (b) pore pressure
and (c) estimated earthquake rate as the result of the surface
rain rate (a) in the case of one-dimensional linear diffusion
with hydraulic diffusivity D = 3.3 m/s2. Earthquake
locations are marked by white stars (big: errors � 100m).
(d) The daily number of detected earthquakes (green) in
comparison with the theoretical rate for the 1–4 km depth
interval (red).

Figure 4. The linear correlation coefficient as a function of
the time shift between the time series of the daily observed
number of earthquakes and (1) the daily rain amount
(dashed line) and (2) the theoretical rate of earthquakes in
the 1–4 km depth interval (solid line).
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precipitation into a limited number of open fractures,
resulting in strongly amplified hydraulic head changes. If
fluid diffusion is assumed to be confined within deep
fracture zones, the physics of rate-state friction and fluid
pressure diffusion within an equivalent porous medium
model [e.g., Berkowitz et al., 1988] would be the same.
The only effect would be that the estimated value of the
parameter As would be amplified in the same way as the
pressure, because the evolution of the state variable _t g
(equation 3) is invariant under identical amplification of p,
_t, and As.
[10] Furthermore, we have neglected in our model sea-

sonal effects such as snow coverage as well as coseismic
stress changes induced by the earthquakes themselves,
which are known to trigger local aftershocks according to
the Omori law [Stein, 1999]. Previous studies of natural
swarm activity in the Vogtland region, Central Europe,
indicate that aftershock sequences are embedded in the
swarm activity and can even dominate it [Hainzl and Ogata,
2005]. However, for the Mt. Hochstaufen region, simple
stacking of the activity relative to the largest events indi-
cates that aftershocks play only a minor role.
[11] Assuming homogeneous conditions, the absolute

pressure variation during the year is found to be between
0.5 – 1.3 kPa in the depth range between 1–4 km, where
most of the earthquakes occurred. This is in the same range
as the effects of earth tides [Tolstoy et al., 2002]. However,
inserting tidal stresses (calculated from volume strain at
2 km depth below Bad Reichenhall) as the loading mecha-
nism into our model yields a maximum effect of only 15%
compared to the rainfall induced rate changes. The under-
lying reason is the higher frequency of the tidal stress
changes. The relative effect of tides would be further
reduced in the likely case that rain is collected in open
fracture systems at the surface (see above).

6. Conclusions

[12] Although some seasonal variability of seismicity
related to ground water recharge and precipitation has
been previously observed [Saar and Manga, 2003; Muco,
1999], we can show here for the first time a statistically
significant causal relationship between rainfall and earth-
quake activity for an isolated region. Our analysis of the
high quality meteorological and seismic data in the Mt.
Hochstaufen region yields clear evidence that pore pres-
sure changes induced by rainfall are able to trigger
earthquake activity even at 4 km depth via the mecha-
nism of fluid diffusion. Assuming homogeneous condi-
tion, stress changes of the order of millibar are found to
trigger the earthquakes. This is much less than usually
observed for the bulk of induced earthquakes in fluid
injection experiments (in the order of 10 bar), even
though some fraction of those events has been triggered
by similar tiny pressure changes [Zoback and Harjes,
1997; PHASE Research Project, 2005]. Our results
indicate an extreme sensitivity of the crust with regard
to minute changes. However, the existence of deep
open faults channeling larger volume of precipitation
would lead to significantly higher stress changes which
could explain the sensitivity of the seismogenic volume
in the Mt. Hochstaufen region. In any case, the high

correlation between rain-induced pressure changes at
depth and seismicity opens the possibility of forecasting
future earthquake rates on the basis of rainfall data in this
region.
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Abstract: 
The statistics of time delays between successive earthquakes has recently been claimed to be 
universal and to show the existence of clustering beyond the duration of aftershock bursts. We 
demonstrate that these claims are unjustified. Stochastic simulations with Poissonian 
background activity and triggered Omori- type aftershock sequences are shown to reproduce 
the interevent-time distributions observed on different spatial and magnitude scales in 
California. Thus the empirical distribution can be explained without any additional long-term 
clustering. Furthermore, we find that the shape of the interevent-time distribution, which can 
be approximated by the gamma distribution, is determined by the percentage of mainshocks in 
the catalog. This percentage can be calculated by the mean and variance of the interevent 
times and varies between 5% and 90% for different regions in California. Our investigation of 
stochastic simulations indicates that the interevent- time distribution provides a nonparametric 
reconstruction of the mainshock magnitude-frequency distribution that is superior to standard 
declustering algorithm. 



 



Preface

Introduction to special issue: Dynamics of seismicity patterns and
earthquake triggering

The calculation and the evaluation of seismic hazard
is of great importance because earthquakes extract a
significant and increasing toll on human life, infrastruc-
ture and regional economies. Even 100 years after the
catastrophic San Francisco earthquake in 1906, our
detailed knowledge about the rupture process of earth-
quakes and their spatiotemporal nucleation remains
surprisingly limited. One reason for this is the limited
access to important state variables of the underlying
processes (e.g. subsurface stresses and material proper-
ties), which is different to the related field of weather
forecasting. Direct observations are only possible in a
few specific locations where expensive deep holes have
been drilled into the crust.

At present most information about the ongoing
earthquake process is gained from measurements of
past earthquakes and surface deformations. The analysis
of individual earthquakes provides important informa-
tion about the rupture process, but does not of itself
allow the calculation of occurrence probabilities for
future events. Satellite based geodetic observations, are
increasingly informative, but cover only short time
intervals so far. Therefore instrumental, historical, and
paleo earthquake catalogs are the only systematic
records which image the earthquake generation process
at depth. For example, earthquake locations are used to
map active geological structures, because earthquakes
are known to occur mainly on pre-existing faults
(Scholz, 1998). The earthquake process is a highly
complex dynamical system, and thus the observed
spatiotemporal seismicity patterns contains both a huge
amount of information and potentially a large compo-
nent of ‘noise.’

Interacting earthquakes are claimed to be examples
for self-organized criticality (SOC), which is part of a

general critical point concept including scale-free
statistics, accelerating seismic moment release and
growing correlation length prior to large earthquakes
(Bak and Tang, 1989; Jaumé and Sykes, 1999; Zöller et
al., 2001). The study of earthquake clustering activity,
such as aftershocks, foreshocks and swarms, yields
further information about mechanisms of earthquake
triggering. The investigation of empirical earthquake
catalogs aims to reveal new characteristics and laws
leading to a deeper statistical understanding of the
earthquake process and thus helping to design realistic
earthquake models for seismic hazard estimations.

The present issue compiles papers which address
these topics. Most were presented at session NP3.06
Dynamics of Seismicity Patterns and Earthquake
Triggering at the General Assembly 2005 of European
Geosciences Union in Vienna. These are augmented by
invited contributions from other sessions of the same
conference. This special issue is intended to give an
overview of the spectrum of state-of-the-art investiga-
tions in the field of seismicity analysis. The content
ranges from laboratory experiments to forecasting
methods, with special emphasis on investigations of
universal earthquake statistics and the triggering
process.

The volume starts with two papers on experimental
findings and their implications for seismicity. Chelidze
et al. presents results on electromagnetic triggering and
synchronization of stick-slip events in laboratory
experiments. Periodic forcing is found to have drastic
effects, in particular, on the waiting time and the
frequency–magnitude distribution, even if it is small
compared to tectonic stress. Kawada and Nagahama
analyze a constitutive law for both the transient and
steady-state behaviour of rocks derived from laboratory
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data. They discuss temporal power-law characteristics
depending on structural fractal properties of rocks and
predict the analytical forms commonly used to interpret
accelerating seismic moment release and earthquake
aftershock data.

For decades, earthquake statistics have played an
important role in revealing stable characteristics of
seismicity, such as the Gutenberg–Richter relation for
the frequency–magnitude distribution (Gutenberg and
Richter, 1956) and the Omori law for the decay of
aftershock activity (Utsu et al., 1995). Recently, the
statistics of waiting times between consecutive earth-
quakes has attracted increasing attention (Bak et al.,
2002; Corral, 2004; Davidsen and Goltz, 2004; Hainzl
et al., 2006). In this volume, German introduces a
unified scaling theory for distribution functions of
temporal and spatial characteristics in seismology. By
analyzing worldwide and California seismicity, Corral
shows that the waiting times depend on the seismicity
history, but the magnitudes seem to be independent.
Jonsdottir et al. analyze in a theoretical study, how
empirical waiting time data may be correctly interpreted.
They find that the waiting time distribution, for a single
aftershock sequence, consists of two power law
segments followed by a rapid decay for larger waiting
times.

Universal features of earthquakes have important
impact for seismic hazard estimations and are therefore
the subject of ongoing research. However, statistics
alone cannot resolve the underlying dynamics of
seismicity. In combination with physical earthquake
models, statistical analysis becomes valuable for a better
understanding of the earthquake cycle. An example is
presented by Lindman et al. who investigate the role of
postseismic pore pressure diffusion after two Icelandic
earthquakes for the rate of aftershocks. They find that
the observed earthquake patterns are related to the
process of reducing high pore pressure gradients
existing across a fault zone at short times after a main
shock. The important role of fluids for earthquake
triggering is discussed further in two case studies (Ruiz
et al.; Kraft et al.): the comprehensive study by Ruiz et
al. of an earthquake series at the Western Pyrenees
reveals correlations between fluctuations of a nearby
reservoir water level with seismic activity. Another
interesting example for fluids effecting earthquake
initiation is presented by Kraft et al.. Their analysis of
swarm activity at Mt. Hochstaufen, SE-Germany,
indicates that tiny pressure changes due to rainfall are
able to trigger earthquakes.

In general, the increase of the pore pressure reduces
the effective normal stress σ and thus the strength of the

fault which promotes an earthquake rupture. The
decisive parameter for failure is the Coulomb failure
stress (CFS) (Harris, 1998), defined as CFS≡τ−μσ,
where τ is the shear stress and μ is the coefficient of
friction. All kinds of stress changes may promote failure.
Fischer et al. revisit the effect of earth tides which has
been controversially debated (see e.g. Heaton, 1982;
Vidale et al., 1998; Tanaka et al., 2002). The authors
examine the high-precision record of swarm activity in
the NW-Bohemia/Vogtland and find weak correlations
with tidal stresses. The weakness of the signal may be
understood in terms of the small amplitudes and rates of
tidal stress changes compared to the amplitudes and rates
of coseismic stress perturbations.

The increasing probability for earthquake occurrence
as a result of stress transfer from earlier events is subject
of extensive research in the recent past (see e.g. Stein,
1999; Nalbant et al., 2005). On the basis of stress
transfer calculations accounting for viscoelastic relaxa-
tion, Lorenzo-Martin et al. claim that the Marmara Sea
region is currently being loaded with positive Coulomb
stresses at a much faster rate than would arise
exclusively from steady tectonic loading on the North
Anatolian Fault. In combination with CFS-calculations,
Ogata applies his well-known Epidemic Type After-
shock Sequence (ETAS) model to analyze seismicity
accompanying the major recurrent earthquakes off the
east coast of Miyagi Prefecture, northern Japan. He finds
that seismicity and aftershocks preceding the largest
ruptures in regions of stress-shadows of the mainshock,
show relative quiescence during some years before
major events. In contrast, the seismicity is normal or
even activated in regions of neutral or increasing
Coulomb failure stress. This can be interpreted as
resulting from precursory slip occurring within or near
the source. If his observation is a universal feature, it
could offer great potential for a degree of earthquake
forecasting.

Earthquake observations are usually limited, because
they cover only a small fraction of the seismic cycle
which might not be representative for the future.
Therefore simulations from earthquake models are
helpful, in particular, if the recurrence of major events
is studied (Zöller et al., 2005). Wang and Huang
address this question with regard to the effects of
spatially heterogeneous stress drops and find that the
degree of heterogeneity is an important parameter for
the resulting seismicity. A more simple fault model is
investigated by Gonzalez et al. in order to analyze the
possibility to forecast earthquakes in – at least – the
synthetic world by synchronizing the observable data
with the model.
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If the brittle lithosphere is in a self-organized critical
state then the reliable prediction of the location, time
and magnitude of an earthquake, within narrow limits,
above chance, is likely to be an unrealistic scientific
goal (Main, 1997; Geller et al., 1998). However, this
does not mean that there is no predictability in the
population dynamics: even a chaotic system has some
limited predictability — see also http://www.nature.
com/nature/debates/earthquake/equake frameset.html.
Significantly, earthquake triggering is now a well-
documented phenomenon, and the ETAS model has
become a reasonable null hypothesis against which
future claims of a great degree of predictability must be
judged. This raises the level of difficulty however, since
it is much easier formally to reject the null hypothesis of
a random or Poisson process than the spatiotemporal
evolution of the ETAS model.

Nevertheless, some recent case studies have
suggested that the crust may systematically approach
and depart from its critical state, so-called critical
point behavior, leading to larger seismicity fluctuations
than would be expected from strict SOC, and implying
a degree of predictive potential (Jaumé and Sykes,
1999; Zöller et al., 2001). The volume concludes with
a section that explores the potential of pattern
recognition methods, their application to empirically
observed seismicity, and their impact for a possible
earthquake forecasting. Shebalin tests the hypothesis
that earthquake chains are precursors of large earth-
quakes, whereas Nanjo et al. and Tiampo et al. use the
Pattern Informatics method to forecast the location of
large future earthquakes in Japan and to test whether
the rupture dimension of an upcoming event is
predictable.

In spite from some significant advances presented
here, we are still far from fully understanding the
earthquake process. Further experiments, empirical
observations and model simulations, combined with
sophisticated data analysis techniques are necessary in
the future to clarify the picture.
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Abstract: 
Stochastic point processes are widely applied to model spatiotemporal earthquake occurrence. 
In particular, the epidemic type aftershock sequence (ETAS) model has been shown to 
successfully reproduce the short-term clustering of earthquakes. An important parameter of 
the model is the α-value describing the scaling of the aftershock productivity with magnitude 
of the triggering earthquake according to 10αM. Fitting of the space-dependent ETAS model to 
empirical data yields α-values that are typically much smaller than the scaling inverted from 
more simple stacking of aftershock sequences. We show by means of synthetic simulations 
that this is likely to result from assuming spatial isotropy of aftershock occurrence that in fact 
aligns along the mainshock rupture. We fit the space-dependent and space-independent ETAS 
models to simulations where each earthquake is a line source with an empirical magnitude-
length relation. Although the space-time model describes past activity quite well, it 
overestimates the forecasted earthquake rate. On the other hand, the application of the space-
independent ETAS model predicts future seismicity well and can therefore be applied for 
forecasting purposes. Our test for the observed aftershock sequence following the 1992 M 7.3 
Landers earthquake supports these results. 



 



Dependence of the Omori-Utsu law parameters on main shock

magnitude: Observations and modeling
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[1] We examine the dependence on main shock magnitude m of the p and c parameters
appearing in Omori-Utsu formula l(t, m) = c � (t + c)�p relating the rate of aftershocks
l at time t after a main shock. Observations point out to a significant increase of p with m,
along with a scaling relationship of the form c � 10am. Here we show that these
observations can be explained within the framework of the rate-and-state friction model
when accounting for realistic levels of coseismic stress heterogeneity on the main fault.
We constrain the model parameters in order to recover the trends observed in previous and
new analyses of aftershock sequences. The expected ratio of the coseismic stress drop
standard deviation to its mean is found to be of the order of a few units for large (m = 7)
earthquakes, resulting in a very rough stress field at the small scale, while it is much
smoother at small magnitudes (ratio ’ 0.1 at m = 2). Finally, the influence of afterslip on
parameters p and c is studied to highlight the fact that it can significantly perturb the
p(m) and c(m) relations obtained with the initial afterslip-free model.

Citation: Hainzl, S., and D. Marsan (2008), Dependence of the Omori-Utsu law parameters on main shock magnitude: Observations

and modeling, J. Geophys. Res., 113, B10309, doi:10.1029/2007JB005492.

1. Introduction

[2] Almost all larger earthquakes are found to trigger
aftershocks with a temporal decaying probability. In partic-
ular, the occurrence rate of aftershocks l can be well
described by the modified Omori-Utsu law

l t;mð Þ ¼ c t þ cð Þ�p ð1Þ

where t indicates the elapsed time since the main shock (see
Utsu et al. [1995] for a review). The c value is a constant
typically much less than 1 day, and in most cases is related
to changes in detection level of the operating seismic
network. Recent attempts at finding a c value of physical
rather than instrumental origin have proposed that it could
be of the order of one to several minutes [Kagan and
Houston, 2005; Peng et al., 2006, 2007; Enescu et al.,
2007], although there is no clear consensus on how the
Omori-Utsu law actually breaks down below this cutoff.
The p value is in the range 0.8–1.2 in most cases [Utsu et
al., 1995]. While alternative models for describing the
aftershock decaying rate have been proposed [Kisslinger,
1993; Gross and Kisslinger, 1994; Narteau et al., 2002], the
Omori-Utsu law generally provides a very good fit to the
data and is an ubiquitous feature in seismicity dynamics.
[3] We here analyze how parameters p and c change with

the magnitude m of the main shock. A wealth of recent

studies have addressed the dependence of c (mostly) with
m, generally showing that c � 10am. The value of param-
eter a is however variable from one study to the other,
mainly because of different assumptions regarding to the
definition of what main shocks and aftershocks are. Also, a
significant increase of p with m, which was not recognized
before, has been recently observed by Ouillon and Sornette
[2005], which they explain by a multifractal model of stress
interactions [Sornette and Ouillon, 2005].
[4] The goal of this paper is to show that these observa-

tions are consistent with a model based on rate-and-state
friction [Dieterich, 1994], with a spatially heterogeneous
coseismic stress change at the length scale of earthquake
nucleation. In section 2, we recall results of past analyses on
the magnitude dependence of c and p, and test these results
by new such analyses, probing different ways of selecting
main shocks and aftershocks. In section 3, we detail our
model, and explore its parameter space so to provide
constraints on what values of these parameters can repro-
duce the observations. Finally, in section 4, we study how
the addition of afterslip can influence the p and c values,
still exploiting the rate-and-state model with coseismic
stress heterogeneity.

2. Observations

[5] There is good evidence that the productivity c grows
exponentially with m, i.e., following a c � 10am relation.
However, the exact value of a varies substantially between
studies: Helmstetter [2003] obtained that 0.7 < a < 0.9 for
southern California, while Felzer et al. [2004] and
Helmstetter et al. [2005] found a = 1 and a = 1.05 ± 0.05,
respectively, for the same region. Using space-time ETAS
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models and inverting for the model parameters, Zhuang
et al. [2004] found that a ’ 0.6 for Japan (1926–1999
m � 4.2 earthquakes), Zhuang et al. [2005] found a = 0.7 ±
0.05 for Taiwan (1987–2000 m � 5.3 earthquakes), while
Console et al. [2003] obtained a = 0.42 for Italy (1987–
2000 m � 2 earthquakes).
[6] Variations in the estimate of a can be due to differ-

ences in the seismogenic properties of the regions analyzed,
but also to the different procedures used to select which
earthquakes are main shocks and which others are after-
shocks. This selection is generally performed using space-
time windows that define the ‘‘aftershock domain’’ of a
main shock [cf. Molchan and Dmitrieva, 1992]. Such
methods rely on sets of parameters, that are largely arbitrary.
The alternative approach of fitting ETAS model parameters
to the data is computationally much more involved, and
remains clearly model-dependent. Recently, a new probabi-
listic method (model-independent stochastic declustering,
MISD) for selecting main shocks and aftershocks, that does
not rely on any particular model nor specific parameteriza-
tion, has been proposed [Marsan and Lengliné, 2008]. This
approach, based on the premises that seismicity dynamics
result from a linear cascade of earthquake triggering,
permits to distinguish between directly and indirectly trig-
gered aftershocks. Applying this method to southern
California data, Marsan and Lengliné [2008] found that
the c � 10am is indeed a good representation of the data,
with an a parameter equal to 0.6 for directly triggered
aftershocks, while a = 0.66 for all (i.e., direct and indirect)
aftershocks, which is what the space-time window methods
measure. In the context of the ETAS model, a single a
parameter characterize both the direct and the overall
aftershock populations. However, a values inverted by
cascading models with an isotropic spatial kernel are likely
to underestimate the real value as recently demonstrated for

the case of the space-time ETAS model [Hainzl et al.,
2008]. The reason is that real aftershock clusters are usually
anisotropically distributed in space due to the spatial exten-
sion of main shock ruptures. Indeed, relaxing the isotropy
assumption, Marsan and Lengliné [2008] found a = 0.86
(‘‘bare’’ value for directly triggered events) and a = 0.73
(‘‘dressed’’ value for directly and indirectly triggered
events), instead of a = 0.60 and 0.66, respectively, when
assuming isotropy.
[7] To further study the p and c dependence on m, we

here analyze the global earthquake catalog provided by the
ISC, focusing on the 1978–2005 period and m � 5.5
earthquakes. The starting date of 1 January 1978 is con-
strained by the fact that surface wave magnitudes ms only
start to be reported at that date. We kept the maximum
magnitude (whatever its type) to characterize the size of an
earthquake. This choice is purely empirical, and was moti-
vated by the requirement that the frequency-magnitude
curve follows an exponential Gutenberg-Richter law. In-
deed, no deviation to the Gutenberg-Richter law above
magnitude 5.5 is found when examining the global seis-
micity, and when analyzing each year individually. Also, as
shown in Figure 1, the b value remains stable over the years,
indicating that there is no statistically significant change in
magnitude reporting in the 1978–2005 period.
[8] We select main shocks and aftershocks using several

different published selection rules, for comparison purposes.
An earthquake is characterized by its time of occurrence t,
its location x, and its magnitude m, which we use to define
its rupture length as L = 100.45�(m-6) � 10 km consistent
with the analysis of Wells and Coppersmith [1994] (with a
minimum L = 10 km, hence for all earthquakes with 5.5 �
m � 6, to account for location error). Namely, we use the
following:

Figure 1. The b value estimated for each year individually in the ISC catalog. A clear change in b value
is observed in 1978, when Ms magnitudes started to be reported.
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[9] 1. In a space-time window method, an earthquake
{t, x, m} is not a main shock if there exists too big and too
close a previous earthquake {t0, x0, m0}, with m0 � m-Dm, at
t-Dt < t0 < t and their rupture zones overlap, i.e., jx-x0j <
L(m) + L(m0). The aftershocks of a main shock are all the
earthquakes that follows it in its rupture zone, until a new
main shock occurs which rupture zone overlaps with the
current one. To test the sensitivity of the method to Dm and
Dt, we take either Dt = 1 year, Dm = 1, or Dt = 3 years,
Dm = 2.
[10] 2. In the method by Helmstetter [2003], an earth-

quake {t, x, m} is not a main shock if there exists a previous,
larger earthquake {t0, x0, m0 > m} within 1 year and 50 km
independent of the magnitude. Then, all the earthquakes

within a rupture length L(m) and 1 year after the main shock
are its aftershocks.
[11] 3. The method by Helmstetter et al. [2005] mimics

the declustering algorithm of Reasenberg [1985]. Here, an
earthquake {t, x, m} is not a main shock if there exists a
previous earthquake {t0, x0, m0} with m0 � m-1 that occurred
within 1 year and a distance L(m0). Then, an earthquake is
an aftershock of a given main shock {t, x, m} if it occurs
within L(m) and 1 year of it, or within L(m0) and 1 year of
any of its previous aftershocks {t0, x0, m0}.
[12] 4. In the algorithm by Gardner and Knopoff [1974],

an earthquake is an aftershock of a given main shock if it
occurs within a time T(m) and distance R(m) of it, with both
T and R increasing with m. We extend the magnitude range

Figure 2. Aftershock rates following main shocks of magnitude 5.5 � m < 6, 6 � m < 6.5, 6.5 � m < 7,
7 � m < 7.5, and m � 7.5 (from bottom to top), using the various methods described in the text for
selecting main shocks and aftershocks. Figure 2 (top left) corresponds to method 1 with Dt = 1 year and
Dm = 1. The best power law fits performed in the interval between 0.1 day and 100 days are shown in
continuous lines.
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of Gardner and Knopoff [1974] up to magnitude 9, by
setting T = 1000 days for m � 8.5 and keeping the R �
100.12m scaling. All the earthquakes that are not aftershocks
are considered as main shocks.
[13] 5. The model-independent stochastic declustering

(MISD) method by Marsan and Lengliné [2008] assumes
that all the previous earthquakes have an influence on a
subsequent earthquake, and that those influences sum up.
The method then amounts to running an iterative algorithm
converging toward the mean field influences (i.e., mean
field in the sense that two earthquakes of equal magnitudes
will be considered as having equal influences at the same
interevent distances and times). This gives the bare (i.e.,
direct) influences. The dressed (i.e., both direct and indirect)
influences are obtained by considering the full cascade of
aftershocks triggering other aftershocks and so on, and

summing over the various bare influences. There is no
parameterization in this method. Notice that all the other
methods exploited here only probe the dressed aftershock
sequences.
[14] Figure 2 displays the aftershock rates for all these

methods, along with the best power law fits l(t,m) = c� t�p

which amounts to the Omori-Utsu law after neglecting the
cutoff time c. These fits are computed for 0.1� t� 100 days
(i.e., over 3 decades). No correction for the loss of after-
shocks due to detection issues at short timescales is intro-
duced. Given the quality of all the fits, we believe the
scaling interval is appropriate for this ‘‘no-correction’’
choice, given these fitting time intervals. Table 1 summa-
rizes the various estimates related to Figure 2.
[15] All the space-time window methods 1, 2, and 3 yield

very similar rates. The method using the work by Gardner
and Knopoff [1974] is also quite similar to the dressed rates
of the MISD method. Although the general aspect is well
preserved from one method to the other, with the notable
exception of the bare rates using the MISD method (i.e.,
because all the other rates are dressed), subtle differences
can however be seen. The parameters p and c obtained with
the best fits are reported on Figure 3. As can be observed,
there exists a significant dispersion of the parameters at all
magnitudes, especially for the p value, and even for one
method by just changing its parameters (i.e., method 1,
triangles). The p values proposed by Ouillon and Sornette
[2005] are occasionally significantly different from the ones
obtained here. This could be due to the fact that they
analyzed a very different data set than ours (southern
California earthquakes), and also to the way they selected
their time intervals for fitting the decays.
[16] The productivity is effectively found to follow a c �

10am scaling, although parameter a ranges between 0.66
(bare and dressed rates using MISD) and 1.15 (for most
space-time window methods). This confirms that the pro-
ductivity scaling is unfortunately strongly dependent on the
selection method, as already discussed above. Low a values
are typically obtained with ETAS inversions and the MISD
method, which both perform space-time analyses and esti-
mate the bare influences by assuming that the observed
seismicity results from cascading. The other methods do not
account for this cascading, and could therefore be biased
toward large a values as a result. On the other hand, the
inversion of cascading models with isotropic spatial kernel
can lead to significant underestimation of the a parameter as
recently shown for the space-time ETAS model [Hainzl et
al., 2008].
[17] In the following, we will use the results shown in

Figure 3 as a constraint for our model parameters. As there
is yet no clear consensus on the ‘‘correct’’ values of p and a,
we will ask our model to output values that are within the
ranges shown in Figure 3 and proposed in past analyses,
rather than attempting to reproduce one particular set of
values.

3. Model of Earthquake Occurrence

[18] Many aftershocks occur on fault where quasi-static
stress is expected to decrease after the main shock, resulting
in an apparent paradox. However, earthquake slip is known
to be heterogeneous, leading locally to an increased shear

Table 1. Estimates for p and c Valuesa

Magnitude p Value c Value r2

Method 1 (Dt = 1 Year, Dm = 1)
5.5 � m < 6 0.96 ± 0.01 0.0052 ± 0.0001 0.99
6 � m < 6.5 1.00 ± 0.05 0.010 ± 0.001 0.96
6.5 � m < 7 1.02 ± 0.01 0.048 ± 0.001 0.98
7 � m < 7.5 1.03 ± 0.02 0.15 ± 0.01 0.96
m � 7.5 1.08 ± 0.01 0.55 ± 0.01 0.99

Method 1 (Dt = 3 Years, Dm = 2)
5.5 � m < 6 0.98 ± 0.001 0.0052 ± 0.0001 0.99
6 � m < 6.5 1.02 ± 0.07 0.010 ± 0.001 0.96
6.5 � m < 7 0.99 ± 0.03 0.042 ± 0.002 0.96
7 � m < 7.5 1.13 ± 0.03 0.13 ± 0.01 0.94
m � 7.5 1.09 ± 0.03 0.40 ± 0.02 0.95

Method 2, Helmstetter [2003]
5.5 � m < 6 0.97 ± 0.01 0.0026 ± 0.0001 0.97
6 � m < 6.5 1.00 ± 0.04 0.013 ± 0.001 0.98
6.5 � m < 7 0.99 ± 0.01 0.063 ± 0.002 0.99
7 � m < 7.5 1.07 ± 0.01 0.18 ± 0.01 0.97
m � 7.5 1.08 ± 0.01 0.57 ± 0.01 0.99

Method 3, Helmstetter et al. [2005]
5.5 � m < 6 0.92 ± 0.01 0.011 ± 0.001 0.98
6 � m < 6.5 0.95 ± 0.02 0.022 ± 0.001 0.96
6.5 � m < 7 1.01 ± 0.01 0.10 ± 0.01 0.98
7 � m < 7.5 1.01 ± 0.05 0.24 ± 0.02 0.94
m � 7.5 1.05 ± 0.03 1.37 ± 0.01 0.95

Method 4, Gardner and Knopoff [1974]
5.5 � m < 6 0.79 ± 0.01 0.017 ± 0.001 0.99
6 � m < 6.5 0.86 ± 0.03 0.041 ± 0.001 0.98
6.5 � m < 7 0.98 ± 0.01 0.098 ± 0.001 0.99
7 � m < 7.5 1.02 ± 0.02 0.17 ± 0.01 0.98
m � 7.5 1.06 ± 0.01 0.53 ± 0.02 0.96

Method 5, Marsan and Lengliné [2008], Bare
5.5 � m < 6 0.87 ± 0.02 0.017 ± 0.001 0.99
6 � m < 6.5 1.05 ± 0.04 0.029 ± 0.001 0.99
6.5 � m < 7 1.07 ± 0.01 0.081 ± 0.002 0.99
7 � m < 7.5 1.10 ± 0.02 0.16 ± 0.01 0.99
m � 7.5 1.19 ± 0.02 0.40 ± 0.01 0.99

Method 5, Marsan and Lengliné [2008], Dressed
5.5 � m < 6 0.82 ± 0.02 0.030 ± 0.001 0.99
6 � m < 6.5 0.90 ± 0.07 0.061 ± 0.003 0.98
6.5 � m < 7 0.96 ± 0.04 0.14 ± 0.01 0.99
7 � m < 7.5 0.96 ± 0.05 0.34 ± 0.01 0.99
m � 7.5 1.09 ± 0.07 0.88 ± 0.04 0.99

aValues are of the best fits as shown in Figure 2, along with their errors,
and the r2 value giving the goodness of fit.
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stress after main shock slip (i.e., loading rather than unload-
ing). This has been observed by Mikumo and Miyatake
[1995], Bouchon [1997], Bouchon et al. [1998], Day et al.
[1998], Dalguer et al. [2002], Zhang et al. [2003], and
Ripperger and Mai [2004] for a number of earthquakes.
Examples of stress drop heterogeneity images at large scales
are given by Day et al. [1998]. Heterogeneous fault stress
has also been found in simulations by Parsons [2008] to be
a long-lasting feature, with a spatial distribution of stress
gaps showing persistence over tens of years.
[19] Recently, it has been shown that coseismic stress

heterogeneities are able to explain aftershock activity,
especially those observed in stress shadows such as within
the main shock rupture [Helmstetter and Shaw, 2006;
Marsan, 2006]. At the scale of the nucleation of seismic
instability (typically meters to tens of meters as predicted by
rate and state friction [cf. Dieterich, 1992, Figure 11]), the
stress drop is dominated by this spatial variability: numer-
ous nucleation patches are then loaded rather than unloaded
by the main shock, resulting in the occurrence of aftershocks.
[20] As it is shown later, the situation is significantly

different for smaller main shocks, i.e., characterized by
rupture lengths not too large compared to the nucleation
length. Then, scale invariance of the coseismic slip implies
that the stress drop is much smoother (still at the scale of
nucleation) than that of large main shocks. The ruptured
fault is then mostly unloaded, and no aftershocks occur. The
direct observation of this shadowing effect for small main
shocks has been made by Rubin [2002], for relocated
earthquakes on the San Andreas fault, and by Fischer and
Horálek [2005] for relocated swarm earthquakes in the
Vogtland area. In both cases, the stacked seismicity showed
a significant gap within the rupture area.
[21] We here study how a model based on rate-and-state

friction with a magnitude-dependent distribution of coseis-

mic stress change can recover the aftershock decay charac-
teristics described in section 2.

3.1. Description of the Model

[22] In the following treatment, we postulate that (1)
seismicity can be well described by the rate-and-state model
of Dieterich [1994] with the ageing evolution law, in the
localized nucleation regime for which healing is negligible
[Rubin and Ampuero, 2005], (2) static stress triggering
dominates the production of aftershocks, (3) the coseismic
slip is fractal, causing the stress drop to be fractal as well,
(4) spatial fluctuations in stress drop can be modeled with
Gaussian statistics, (5) there exists a finite, time-independent
nucleation length ‘ that characterize the size of fault patches
self-accelerating to failure [Dieterich, 1992], and (5) all
earthquakes initially nucleate at scale ‘, their final size being
controlled by the dynamic propagation of the instability
outside the nucleation patch rather than by processes occur-
ring within this nucleation zone [Lapusta and Rice, 2003].
3.1.1. Rate-and-State Model
[23] According to Dieterich [1994], in the no-healing

approximation, the seismicity rate l is inversely propor-
tional to the state variable g describing the creep velocities
on the faults, namely l(t) = r

_tg tð Þ, where r is the stationary
background rate of earthquakes and _t the tectonic loading
rate. The evolution of the state variable g is given by

dg ¼ dt � gdt
As

ð2Þ

with A being a dimensionless fault constitutive parameter
usually �0.01 and s the effective normal stress. A sudden

Figure 3. Parameters (left) p and (right) c of Omori-Utsu law obtained from the best fits shown in
Figure 2. The symbols distinguish the various methods described in the text: method 1, triangles;
method 2, squares; method 3, diamonds; method 4, pluses; method 5, dressed, circles; method 5, bare,
crosses. For method 1, the two combinations using Dt = 1 year, Dm = 1 and Dt = 3 years, Dm = 2 are
shown. The p values obtained by Ouillon and Sornette [2005] for southern California earthquakes, using
their two methods for selecting main shocks and aftershocks, are displayed for comparison (light gray).
We added a small shift for presentation purposes. The two lines on Figure 3 (right) show a 100.66m and a
101.15m scaling. Table 1 summarizes all parameter estimates.
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stress jump of t for a background stationary rate r leads to a
time dependence of the activity according to

l t; tð Þ ¼ r

1þ e�
t
As � 1ð Þe� t

ta

ð3Þ

with ta = As/ _t. For simplicity, we will give hereinafter all
stress jumps in units of As and the time in units of ta, unless
stated otherwise, leading to the expression l(t, t) = r/[1 +
(e�t-1) e�t].

3.1.2. Fractal Coseismic Slip and Stress Drop
Heterogeneity
[24] The stress variations induced by an earthquake are

expected to be spatially heterogeneous due to coseismic slip
as well as material heterogeneities. Thus, for any given
crustal volume, the actual stress experienced by nucleation
patches must be described by a probability density function
f(t), and the earthquake activity of the volume must be
calculated by

l tð Þ ¼
Z

l t; tð Þf tð Þdt: ð4Þ

Figure 4. Stress drop distribution, in MPa, on a 10 � 10 km2 simulated fault, seen at a varying
nucleation length ‘. The fractal stress field becomes rougher as the scale ratio L/‘ grows. The mean stress
drop is 3 MPa whatever l. Stress loading corresponds to negative stress drops and is observed at places
starting at L/‘ = 100. (bottom right) Standard deviation st normalized by the mean stress drop 3 MPa,
function of the inverse ratio ‘/L. The power law trend (dashed line) follows the expected exponent �1 +
H = �0.3 as predicted by equation (5). This can be compared to Figure 5 of Marsan [2006].
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On or close to the main fault, stress heterogeneity is
dominated by slip variability. Scale-invariant slip models
have been proposed by several authors [Andrews, 1980;
Frankel, 1991; Herrero and Bernard, 1994; Mai and
Beroza, 2002]. For a two-dimensional fractal model, the slip
u(k) is proportional to k�1�H g(k) with H the Hurst exponent
related to the fractal dimension D = 3-H, where g is a
realization of a Gaussian white noise, and k the wave
number. In their extended analysis of the slip distributions
of 44 earthquakes, Mai and Beroza [2002] found that H =
0.71 ± 0.23. Since the stress drop scales as t(k) � k u(k) �
k�Hg(k) [e.g., see Schmittbuhl et al., 2006], the scaling of
the standard deviation st of the stress change at the length
scale of the nucleation sites, ‘, is given by Marsan [2006]:

st ¼ C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L

‘

� �2�2H

�1

s
ð5Þ

for H < 1, where L is the rupture length of the earthquake.
The standard deviation, hence the variability of the stress
drop, thus diverges for ‘!0 when H � 1 [Helmstetter and
Shaw, 2006]. Figure 4 shows an example of how the stress
drop roughness depends on the scale ratio between the
fault size L and the nucleation scale ‘. A 10 � 10 km2

fault is simulated, which roughly corresponds to a
magnitude 6 earthquake: we generate a fractal (scalar) slip
u(x, y) with Hurst exponent H = 0.7, such that the stress
drop, defined as (@x + @y) u, has a mean value of 3 MPa. We
vary the scale of observation, thus changing the scale ratio
between the rupture size L and the cutoff scale ‘. As this
scale ratio is increased, the roughness of the stress drop is
enhanced, with the emergence of patches undergoing stress
loading (i.e., negative stress drops).
[25] We calibrate the intensity of the stress fluctuation by

considering that the induced stress variability of large
earthquakes is typically of the order of the average stress

drop t, when observed at the ’5 km scale. Using H = 0.7,
this gives that the stress variability at the nucleation length
scale of approximately 10 m would be of the order of 6 t. In
the following, we define the stress variability s7 induced by
a m = 7 event as an input parameter, typically ranging
between 0.1 and 10 times the mean stress drop: 0.1 < CV =
s7/t < 10, where CV is the coefficient of variation of the
stress distribution.
[26] The dependence of the stress drop heterogeneity

on the magnitude is given by equation (5), together with
L = ‘ 10b(m-m0

) , where the empirical value of b is close
to 0.45 [Wells and Coppersmith, 1994] (assuming the
rupture length as the square root of the rupture area). We
denote by m0 the magnitude corresponding to a rupture
size of ‘, i.e., the minimum magnitude for friction-
controlled earthquakes.
3.1.3. Stress Drop Modeled With Gaussian Statistics
[27] A Gaussian model for t is only a first-order approx-

imation. There is evidence for an asymmetric stress drop in
some instances [Day et al., 1998], with pronounced peaks
of high stress drop embedded in large zones of low, negative
stress drop. Elaborating even further away from a Gaussian
model, Lavallée and Archuleta [2003, 2005] have proposed
that the slip distribution of both the 1979 Imperial Valley
and the 1999 Chi-Chi earthquakes are better modeled by
Lévy stable statistics. In this model, t(k) � k-H ga(k), where
ga is a Lévy noise with stability index a, typically with a
close to 1 (hence ga close to a Cauchy noise). The difficulty
in handling this type of model is that the stress drop
distribution can no longer be characterized by its standard
deviation, as it is not defined anymore. Clearly, Lévy-
distributed stress drops will generate even rougher fields,
and the results presented in this paper, that are based on
normal (Gaussian) laws, can therefore be seen as a ‘‘most-
conservative,’’ i.e., least heterogeneous, limit case.
3.1.4. Nucleation Size
[28] So far, nucleation zones lack direct observation.

Therefore, we assume the simplest case that the nucleation
size is independent of the aftershock magnitude. This is in
agreement with the well-known cascade model for earth-
quake ruptures [e.g., Kilb and Gomberg, 1999] and numer-
ical simulations [Lapusta and Rice, 2003]. In particular, we
assume that the magnitude m0, which corresponds to the
nucleation size ‘, is constant. In the case of m0(m), our
results would be directly applicable only for each magnitude
band of the aftershocks separately. However, because of the
weak dependence of our results on m0 (see Figure 5), our
general results are expected to remain valid even in this
case.

3.2. Model Predictions Versus Observations

[29] We calculate the seismicity rate within the rupture
zone of the main shock by solving equation (4) numerically
with a magnitude-dependent Gaussian probability distribu-
tion, i.e., f(t) is Gaussian with mean �t and standard
deviation st. t is the (Coulomb) stress drop on the main
fault which can be seen further away from the fault [King
and Cocco, 2001; Freed, 2005; Steacy et al., 2005]: adding
stress heterogeneities allows to go beyond usual Coulomb
stress modeling by introducing a stochastic term to the
deterministic stress field. This stochastic term is here
viewed as accounting for the small-scale variability that is

Figure 5. The dependence of the expected stress drop
variability s/s7 on the main shock magnitude m for Hurst
exponents inverted from observations. For each Hurst
exponent, the symbols refer to m0 = �2, while the lines
refer to m0 = �4 and m0 = 0, respectively. We use b = 0.45
in the L � 10b�m relation, according to Wells and
Coppersmith [1994].
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not accessible to direct measurement nor computation. It
can alternatively be seen as modeling the error on the large-
scale stress field: as well as a mean stress drop t, we also
need its uncertainty st. Accounting for such an uncertainty
is not a second-order refinement: as already shown by
Helmstetter and Shaw [2006] and Marsan [2006], it can
significantly alter the seismicity.
[30] The model has a number of parameters, which have a

direct influence on the Omori-Utsu parameters p and c. We
summarize these parameters in Table 2, along with their
values. For an earthquake of magnitude m, the distribution
of stress drops on the main fault is thus a Gaussian
distribution with mean t independent of m, and standard
deviation as given by equation (5). The crucial point here is
that this standard deviation increases with the magnitude m,
this increase being constrained by parameters C (or equiv-
alently s7 or CV), ‘ (or m0), and H. Changing these three

key parameters amounts to changing the dependence of p
and c on m.
[31] The standard value of the Hurst exponent H is set to

0.7 because it was the mean value obtained by Mai and
Beroza [2002]. Letting H vary within the acceptable range
0.5 � H � 0.9 strongly affects the results, as decreasing H
causes the stress field to become more heterogeneous. This
is further discussed in section 3.4.
[32] A first point is to note that the aftershock decay

depends very little on ‘ and m0, as long as they remain very
small compared to the sampled rupture lengths and magni-
tudes. Figure 5 illustrates the increasing stress drop hetero-
geneity for increasing earthquake magnitudes for the range
of Hurst exponents inverted from slip data and for three
different m0 value. The tested values of m0 = �4, �2, and 0
correspond to nucleation length of approximately 0.3 m,
2.2 m, and 18 m [Wells and Coppersmith, 1994]. Given that
the dependence on the assumed m0 value is very weak, we
(arbitrarily) set m0 to �2 for the remainder of this study.
[33] The only parameters left to vary are therefore the

mean stress drop and the calibration constant C (or s7, CV).
We calculate the aftershock rate as a function of the main
shock magnitude for different values of these parameters.
Figure 6 shows the aftershock decay for different main
shock magnitudes in the case of a coefficient of variation
CV � s7/t = 2.3 and a stress drop of t = 1 MPa.
[34] The Omori-Utsu law is fitted to each of these curves

in the time interval [10�4–10�1], yielding an estimate of the
p value as a function of the main shock magnitude. For a
stress field variation of CV = 2.3, the magnitude depen-
dence is found to be in good agreement with the observed
p value dependence in California [Ouillon and Sornette,
2005] and to our global analysis of section 2. This is shown
in Figure 7. Note that for significantly stronger heterogene-
ities, the magnitude dependence becomes quite weak and
would be difficult to detect in real data (see the curve for
CV = 8.0 in Figure 7): in this case, the stress heterogeneity

Table 2. Summary of the Model Parameters That Affect the

Aftershock Decay Characteristics

Parameter Description Value

As constitutive parameter
times effective normal stress

0.1 MPa

t mean stress drop on
the main fault (the negative
of the mean stress change)

variable

st stress drop standard deviation
at the nucleation length scale

variable

‘, m0 nucleation length (‘) and
equivalent nucleation
magnitude (m0)

‘ = 2.2 m, m0 = �2

C, s7, CV calibration constants for st,
see equation (5); s7 = st for
m = 7 earthquakes,
and CV = s7/t

variable

H Hurst exponent of fractal
slip distribution

0.7 ± 0.2

Figure 6. The aftershock decay as a function of the main
shock magnitude in the case of H = 0.7, CV = s7/t = 2.3,
and t = 1 MPa. The aftershock rate is normalized by the
background rate. At long timescales (i.e., t/ta typically
greater than 1), the aftershock rate becomes less than the
background rate, indicating the onset of a seismic
quiescence. This is caused by the overall stress drop [see
Marsan, 2006].

Figure 7. The p value as a function of the main shock
magnitude in the case of H = 0.7 and CV = s7/t = 2.3, 2.9,
and 8.0. The curves are compared with the observed p value
dependence in California (data from Ouillon and Sornette
[2005], results based on their declustering method 1 (dots)
and declustering method 2 (squares)) and with the range of
p values reported in section 2 (crosses).
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is large enough even at magnitude 2 to push the p value
close to 1.

3.3. Aftershock Productivity as a Function of Main
Shock Magnitude

[35] In the case that ruptures produce a stress drop
variability which is independent of the earthquake magni-
tude, our model would predict an aftershock productivity
which would simply scale with the main shock rupture area,
i.e., �100.9m. However, as another consequence of the
scaling of stress heterogeneity with main shock magnitude,
the aftershock productivity is not simply scaling with main
shock area anymore. For the previous examples, the pro-
ductivity values c are shown in Figure 8. For moderate

stress heterogeneities, the increase of the aftershock pro-
ductivity is close to �101.05m which is the empirical scaling
exponent found by Helmstetter et al. [2005] for California
and in agreement with our own investigations of the global
earthquake catalog with methods 1–3 (Figure 3).
[36] For significantly larger heterogeneities (CV = 8.0),

the scaling exponent is smaller and becomes almost�100.9 m.
Thus for large heterogeneities, the model predicts an almost
constant p � 1 value and an aftershock productivity which
simply scales with the rupture area.
[37] We have implicitly assumed that aftershocks can

occur everywhere on and close to the main shock fracture.
However, some studies indicate that aftershocks occur on
spatial fractals with dimension D < 2 [Turcotte, 1997;
Helmstetter et al., 2005]. Assuming that aftershocks are
restricted to such fractal subsets of the fault plane, we would
get a smaller theoretical cutoff value amin = b 	 D = 0.45 D
instead of 0.9.

3.4. Dependence on the Hurst Exponent and the Stress
Drop

[38] Our general findings are independent of the assumed
value of the mean stress drop t. The increase of the p value
and the aftershock productivity is found to be preserved for
other values of t. However, changing t impacts on the
degree of the stress field heterogeneity which is needed to
produce the same magnitude dependence. For example,
practically the same curve as shown in Figure 7 for t =
1 MPa and CV = 2.3 is found for t = 0.5 MPa with CV =
4.0 and t = 2 MPa with CV = 1.6. These results depend also
on the Hurst exponent. Figure 9 shows for the case of t =
1 MPa the same characteristics for the lower and upper
limits of the observed Hurst exponents, H = 0.5 and H = 0.9.
In each case, the standard deviation s7 is chosen such that
the p value dependence on magnitude fits the observation
best. It is found that higher Hurst exponents underestimate
the observed magnitude dependence whereas lower Hurst
exponents seem to overestimate the trend. Thus the value
H = 0.7 which is independently found to best describe

Figure 8. The aftershock productivity as a function of
main shock magnitude. Note that the productivity is
normalized by the background rate r. The results are
compared with the two scaling laws �101.05m and �100.9m.
For a comparison, the observational c values reported in
section 2 have to be rescaled by the unknown factor ta/r (ta
measured in units of days). For a factor of 1250, the
observations are represented by small crosses.

Figure 9. (a) The p value as a function of the main shock magnitude in comparison for the three
different values H = 0.5, 0.7, and 0.9. In each case the stress field heterogeneity is chosen in a way that
the empirically data points (for description, see Figure 7) are best fitted: CV = 6.5 for H = 0.5; CV = 2.3
for H = 0.7, and CV = 1.5 for H = 0.9. (b) The aftershock number as a function of main shock magnitude
for the same cases. In both cases, the data reported in section 2 are added (small crosses).
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observed slip distributions is also found to give consistently
the best description of the aftershock decay. This is another
indication of the applicability of the rate-and-state friction
model for aftershocks.
[39] To examine the whole parameter space more system-

atically, we calculate, for stress drops varying between
0.1 MPa and 10 MPa, the stress field variability CV which
leads to a p value increase of 0.1 from m = 3.0 to 7.0 main
shocks. The resulting curves are shown for the different
Hurst exponents in Figure 10. These curves can be seen as
the boundary delineating the parameter region where sig-
nificant p changes should be detectable from the analysis of
empirical data sets: For lower CV values, the p value change
is larger than 0.1 while, for higher CV values, p value
changes (smaller than 0.1) could be hardly detected in
empirical data sets. It is found that for the same CV value,
the p value change becomes more significant for smaller
stress drop values.

4. Influence of Afterslip on the p and c
Dependence on m

[40] There is growing evidence that large main shocks are
followed by significant amounts of afterslip [e.g., Miyazaki
et al., 2004; Chlieh et al., 2007]. It has been proposed that
this afterslip, which typically decays as 1/t (see Montési
[2004] for analysis and modeling of afterslip decay), could
be the driving force in producing aftershocks [Perfettini and
Avouac, 2004]. Dieterich [1994] derived, in the context of
rate-and-state friction, the earthquake rates that would be
triggered by a 1/t-decaying afterslip following a coseismic
stress change. Addition of afterslip is indeed seen to
substantially modify the aftershock decay, both in terms
of decay exponent (p value) and of aftershock productivity.
We therefore consider in this section how afterslip could
further change the conclusions reached in section 3.

[41] For a coseismic stress change t followed by an after-
slip-induced stress of the form

t1 � ln 1þ t=t
ð Þ; ð6Þ

solving equation (2) leads to the seismicity rate

l t; tð Þ ¼ r

e� t
As 1þ t

t

� ��aþ t


1það Þta 1þ t
t
 � 1þ t

t

� ��a� � ð7Þ

in place of equation (3) [see Dieterich, 1994]. Parameter
a equals t1/As. This solution ignores the constant, tectonic
stressing rate _t contribution to the postseismic stress.
Accounting for it affects the aftershock decay l(t, t) (as
given by equation (7)) only when t becomes comparable
to ta, and amounts to a convergence of the rate to the
background rate r. As an illustration, Figure 11 compares
the solution of equation (7) that ignores the tectonic loading,
with the numerical solution of equation (2) that includes this
loading.
[42] We analyze the effect of afterslip on the p value

variations and the aftershock productivity for the previous
example of t = 1 MPa and CV = 2.3. Parameter t* is set to
10�7 ta. The strength of the stress changes induced by
afterslip is characterized by the ratio between the cumula-
tive stress change by afterslip within time ta and the mean
of the coseismic stress drop t. The results are shown in
Figure 12. For additional loading (positive values of t1), the
p values slightly decrease and the productivity increases.
Vice versa for an unloading (negative values of t1): p values
increase and the productivity decreases. p values larger than
1 are found in the case of very strong unloading when the
afterslip induced stress is of the order of the coseismic mean
stress drop. However, in all cases, the consideration of
afterslip does not change the general shape of both the

Figure 10. Phase diagram for significant p value changes.
The plot shows the stress field variability CV which leads to
a p value increase of 0.1 from m = 3.0 to 7.0 main shocks,
considered as an observable change: For lower CV values,
the p value change with main shock magnitude is
significant, while p value changes could be hardly detected
in empirical data sets for higher CV values.

Figure 11. Seismicity rate normalized by background rate,
for a 1 MPa coseismic stress drop followed by a stress
increase due to afterslip t1 � ln(1 + t/t*). Here t1 = 1 MPa,
t*/ta = 10�7, As = 0.1 MPa, and the tectonic stress rate is
_t = 0.1 MPa per unit ta. Both solutions are identical as long
as t < ta.
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p value change and the scaling of the productivity with
main shock magnitude.

5. Summary and Conclusions

[43] In this paper, we investigate the main shock magni-
tude dependence of the aftershock activity which results
from fractal slip and frictional nucleation of earthquakes.
Fractal earthquake slip directly leads to a rupture size-
dependent heterogeneity of the induced stress field. The
larger the earthquake, the stronger is the expected variance
of the stress changes. Thus larger earthquakes will typically
produce strongly loaded patches within the rupture zone,
even though the average stress level dropped significantly.
In such loaded patches, which are for smaller events less
frequent, aftershocks will nucleate rapidly. We systemati-
cally studied the predicted aftershock characteristics and
compared them with observations. First, the model predicts
that small earthquakes should be followed by an immediate
on-fault seismicity shadow, while larger earthquakes should
not because of the induced stress drop heterogeneity. Direct
observation of this shadowing effect for small main shocks
has been made by Rubin [2002], for relocated earthquakes
on the San Andreas fault, and by Fischer and Horlek [2005]
for relocated swarm earthquakes in the Vogtland area.
Second, Omori-Utsu’s p value increases with main shock
magnitude as a consequence of enlarged stress field hetero-
geneity. The aftershock productivity c is also affected,
although less significantly, by the stress heterogeneity: its
scaling c � 10am with main shock magnitude m is made
steeper by a rough stress field (a’ 1.05 compared to a = 0.9
when there is no heterogeneity). Both predictions are in
good agreement with recent observations by Ouillon and
Sornette [2005] and Helmstetter et al. [2005] and our own
observations of section 2. In particular, we find that the
Hurst exponent deduced from slip inversions, H = 0.7, gives
the best fit to the data which supports the model.
[44] To prove the robustness of the recently observed

main shock magnitude dependence of the p value and the

scaling of the aftershock productivity c, we have performed
an independent analysis of the global earthquake catalog for
main shock magnitudes M � 5.5. For a number of different
declustering algorithms, we could confirm a systematic
increase of the p value with main shock magnitude. On
the other hand, we found that the apparent productivity
value is strongly dependent on the selection algorithm,
resulting in a broad interval of possible values between
0.6 and 1.15. By means of a systematic parameter analysis,
we have used these empirical observations to constrain the
expected degree of the stress drop variability.
[45] Within the same model framework, p values larger

than 1 cannot be explained if only coseismic main shock-
induced stress changes and tectonic loading are consid-
ered. This is in contradiction with empirical observations of
p > 1 aftershock decays. However, Dieterich [1994] already
showed that log(t) unloading in agreement with frequently
observed afterslip can explain p > 1. We have checked
numerically that this result remains true if tectonic
forcing is additionally taken into account. Our analysis
shows, however, that afterslip does not change the general
characteristics of the main shock–magnitude dependence of
the p value and the aftershock productivity.
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[1] We discuss the impact of uncertainties in computed coseismic stress perturbations on
the seismicity rate changes forecasted through a rate- and state-dependent frictional
model. We aim to understand how the variability of Coulomb stress changes affects the
correlation between predicted and observed changes in the rate of earthquake production.
We use the aftershock activity following the 1992 M7.3 Landers (California)
earthquake as a case study. To accomplish these tasks, we first analyze the variability of
stress changes resulting from the use of different published slip distributions. We find
that the standard deviation of the uncertainty is of the same size as the absolute stress
change and that their ratio, the coefficient of variation (CV), is approximately constant in
space. This uncertainty has a strong impact on the forecasted aftershock activity if a
rate-and-state frictional model is considered. We use the early aftershocks to invert for
friction parameters and the coefficient of variation by means of the maximum likelihood
method. We show that, when the uncertainties are properly taken into account, the
inversion yields stable results, which fit the spatiotemporal aftershock sequence. The
analysis of the 1992 Landers sequence demonstrates that accounting for realistic
uncertainties in stress changes strongly improves the correlation between modeled and
observed seismicity rate changes. For this sequence, we measure a friction parameter
Asn � 0.017 MPa and a coefficient of stress variation CV = 0.95.

Citation: Hainzl, S., B. Enescu, M. Cocco, J. Woessner, F. Catalli, R. Wang, and F. Roth (2009), Aftershock modeling based on

uncertain stress calculations, J. Geophys. Res., 114, B05309, doi:10.1029/2008JB006011.

1. Introduction

[2] Aftershocks are commonly seen as the delayed re-
sponse of a fault population to static Coulomb stress
changes (DCFS) induced by a main shock [see, e.g., Harris,
1998; Stein, 1999; Steacy et al., 2005a; M. Cocco et al.,
Sensitivity study of forecasts based on Coulomb stress
calculation and rate- and state-dependent frictional
response, submitted to Journal of Geophysical Research,
2009, hereinafter referred to as Cocco et al., submitted
manuscript, 2009]. By joining the coseismic stress changes
with the rate- and state-dependent frictional response of a
population of nucleating patches [Dieterich, 1994], both the
spatial distribution of aftershocks and their temporal decay
can be modeled. In particular, it explains the empirical
Omori-Utsu law

lðtÞ ¼ K

ðt þ cÞp ð1Þ

where t indicates the elapsed time since the main shock; K, c
and p are constants where c is typically found to be much
less than 1 day and the p value is between 0.8 and 1.2 for
most cases [Utsu et al., 1995]. For a population of faults in
the nucleation regime, a sudden stress jump leads to a
nonlinear response of earthquake nucleation times which
matches the Omori-Utsu law with p = 1 until the seismic
activity returns to the background level [Dieterich, 1994;
Cocco et al., submitted manuscript, 2009]. Applications of
this model to empirical data provided a good explanation of
the observations [Dieterich et al., 2000; Toda et al., 2002,
2005; Hainzl et al., 2006], and reasonable estimations for
the regional stressing rate [Gross and Kisslinger, 1997;
Gross, 2001].
[3] However, the observation of aftershocks occurring in

stress shadows, i.e., in regions where the calculated stress
change becomes negative, DCFS < 0, seems to contradict
the stress triggering mechanism [Hardebeck et al., 1998;
Catalli et al., 2008]. Regions of reduced activity, as pre-
dicted by the static stress triggering model for stress
shadows, are hardly found in real data and might even not
exist [Marsan, 2003]. Indeed, it has been recently demon-
strated that accounting for the small-scale slip variability
that might not be accessible to direct measurement, can
explain the absence of regions of quiescence in the first
period of the aftershock activity [Helmstetter and Shaw,
2006; Marsan, 2006].
[4] All applications of the stress-triggering model rely on

the determination of the induced stress changes. However,
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the stress calculation consists of unsolved problems which
lead to large uncertainties such as (1) the unknown distri-
bution of receiver faults [McCloskey et al., 2003; Steacy et
al., 2005b]; (2) the nonunique inversion results for the slip
models [Steacy et al., 2004]; (3) uncalculable small-scale
slip variability which can lead to strong stress heterogene-
ities close to the source fault [Marsan, 2006; Hainzl and
Marsan, 2008], and (4) spatial inhomogeneity of material
and prestress conditions. Marsan and Daniel [2007] tried to
estimate the stress variability directly from seismicity data
without calculating the main shock induced stress changes.
For certain areas surrounding the 1999 Chi-Chi earthquake,
they found that the estimated variability is on the order of
the estimated mean stress change and partially even larger.
[5] In this paper, we now take the aleatoric and epistemic

uncertainties of deterministically calculated stresses directly
into account. We show that considering the stress uncer-
tainties in aftershock modeling is crucial for obtaining stable
parameter estimations and good fits of the aftershock
activity. To this goal, we examine the well-studied case of
the 1992 M7.3 Landers, California, earthquake which offers
the possibility to systematically compare stress variability
resulting from a number of different published slip distri-
butions. In a simplified way, we account for this variability
in the maximum likelihood estimation of the model param-
eters. Finally, we show that the resulting model based on
rate-and-state frictional behavior can well explain the main
features of the temporal decay of Landers aftershocks and
their spatial distribution.

2. Uncertainty of Stress Calculations

[6] The Landers earthquake (Mw = 7.3) occurred on June
28, 1992 with an epicenter located at �116.44� longitude
and 34.20� latitude. It triggered an intense aftershock
activity of more than 700 M � 3 events within the first
10 days (see the earthquake catalogue by Hauksson et al.
[2003]). Its largest aftershock, the Mw6.4 Big Bear event,
occurred approximately 4 hours after the main shock. In the
following, we will analyze the stress changes related to the
Landers and Big Bear earthquakes. In particular, we will
quantify the variability of the stress values determined by
alternative slip models and reasonable assumptions about
the involved parameter uncertainties.

2.1. Static Coulomb-Stress Changes

[7] Coulomb stress changes are defined according to the
relation

DCFS ¼ Dt þ mðDsn þDPÞ ð2Þ

where Dt are the shear stress changes calculated along
the slip direction on the assumed fault plane, Dsn are the
normal stress changes (positive for extension), m is the
friction coefficient and DP indicates the pore pressure
changes [e.g., Harris, 1998]. In this study, we use the
constant apparent friction model [Cocco and Rice, 2002;
Cocco et al., submitted manuscript, 2009], according to
which the Coulomb-stress changes can be written asDCFS =
Dt + m0Dsn, where m0 = (1 � B) m and B is the Skempton
coefficient which varies between 0 and 1 [King et al., 1994;

Beeler et al., 2000; Cocco and Rice, 2002]. In the following,
the effective friction coefficient is set to 0.3 which is
consistent with the assumption that the Landers main shock
rupture is approximately optimally oriented to the external
stress field assumed to be a uniaxial compressional stress of
10 MPa oriented N7 E [King et al., 1994; Hardebeck and
Hauksson, 2001].
[8] Several different slip models for the Landers earth-

quake have been published so far. In the following, we use
all five models available in the finite-source rupture model
database maintained by Martin Mai (see http://www.seismo.
ethz.ch/srcmod/) to calculate the stress changes induced by
the main shock; i.e., the slip models of (1) Wald and Heaton
[1994]; (2)Hernandez et al. [1999]; (3)Cotton and Campillo
[1995]; (4) Cohee and Beroza [1994]; and (5) Zeng and
Anderson [2000]. Whereas the latter three inversions are
solely based on strong motion data, the former two also
inverted GPS displacements.
[9] In each case, we calculated the coseismic stresses

using the code of Wang et al. [2006]. For each slip model,
we used the layered velocity and density structure that has
been previously used to invert the slip model (see the finite-
source rupture model database). In addition to the Landers
main shock, we also considered the stress changes induced
by its largest aftershock, namely the M6.4 Big Bear event,
for which we used the two-segment slip model inverted by
Jones and Hough [1995].
[10] The Coulomb stress changes can be computed on

prescribed receivers or on Optimally Oriented Planes for
Coulomb failure (OOPs). The OOPs are characterized by
the strike, dip and rake values that maximize CFS with
regard to the total stress tensor defined as stot = sr + Ds.
Here sr is the regional stress field and Ds is the coseismic
stress perturbation. As pointed out by Cocco et al. (submit-
ted manuscript, 2009), stresses increase close to the caus-
ative fault if they are resolved onto optimally oriented fault
planes whereas they are predicted to decrease (stress
shadow) when resolved on prescribed receivers which are
oriented in the same way as the main shock. Figure 1a shows
an example of a stress distribution at 7 km depth computed
for OOPs. While none of both possible scenarios (the
existence of only one receiver mechanism or the preexistence
of all possible fault orientations) is entirely realistic, stress
changes calculated for optimal oriented fault planes are
more appropriate to explain the observation that seismicity
is almost everywhere activated [Marsan, 2003]. This qual-
itative result is confirmed by the fact that the maximum
likelihood method (described in section 3.3) yields signif-
icantly higher likelihood values for OOPs. Therefore we
discuss here only the results for stress changes calculated
on OOPs.

2.2. Variability of Stress Values

[11] The five different slip models lead to quite different
estimations of stress values at different locations. To illus-
trate this, we calculated the standard deviation of the five
stress values at each grid point. In a map view, Figure 1
shows the mean stress change and the standard deviation at
7 km depth. The patterns and absolute values of the stress
change, as well as the standard deviation are quite similar.
This implies that the standard deviation of the five stress
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change estimations is on the same order as the mean stress
change at each location.
[12] The scattering of the stress values calculated from the

different published slip inversions represents roughly the
epistemic uncertainty of our stress calculation, or in other
words, the uncertainty related to our limited knowledge of
the true coseismic slip distribution. However, the proba-
bility distribution of stresses in each subvolume is
expected to scatter also due to several other reasons. For
example, the direction and amplitude of the regional stress
field [Hardebeck and Hauksson, 2001], as well as the
orientation of preexisting receiver faults at depth are only
poorly constrained, and there might be significant local
variations of the prestress due to material heterogeneities
and precursory earthquakes.
[13] Now we would like to explore the expected stress

variability which results from reasonable assumptions about
the involved model uncertainty and variability. We randomly
selected 20 locations with a significant negative average
stress change and 20 locations with a significant positive
stress change. At these locations, we performed 1000 dif-
ferent randomized stress calculations for each of the five slip
inversions. The parameters for these stress calculations were
selected randomly from Gaussian distributions around their
original values. All selected parameters together with their
standard deviations are listed in Table 1. The chosen values
are not directly based on estimations from the slip inversions
because such information is commonly not provided. How-
ever, they are in reasonable agreement with estimations for
the regional stress field [Hardebeck and Hauksson, 2001]
and general slip uncertainties [Hartzell et al., 2007].
[14] The resulting distributions for four representative

examples are shown in Figure 2. It can be seen that the
average distribution can be quite well fitted at each location
with a Gaussian distribution. However, note that a more
appropriate analysis of the true shape of the error function
would require the incorporation of probability distributions
directly derived from the individual slip inversions.

[15] For all 40 locations, the calculated standard deviation
d of the resulting distribution is shown in Figure 3 as a
function of the mean stress change. It is found that the
variability of the stress estimation is, in a first approxima-
tion, linearly correlated to the value of the absolute mean
stress change jhDCFSij, indicating that the coefficient of
variation CV = d/jhDCFSij is approximately constant in
space. Such a constant relative error is generally expected in
the case of linear systems. Furthermore, the CV value is
found to be on the order of 1 for these stochastic calcu-
lations. Note that this is only a rough estimation because of
our rather arbitrary choices of the involved uncertainties.
However, we will see in the next section that the inversion
of the aftershock data yields a similar estimation of CV.

3. Aftershock Probabilities Based on Coseismic
Stress Changes

3.1. Application of the Rate-and-State Frictional Fault
Population Model

[16] We relate stress changes to earthquake rates using
the framework of rate-and-state friction [Dieterich, 1994;
Dieterich et al., 2000] which properly takes into consider-
ation the rate and slip dependence of frictional strength and

Table 1. Summary of the Input Parameters for the Randomized

Stress Calculations

Mean
Standard
Deviation

Compressional stress 10 MPa 4 MPa
Uniaxial stress direction N7�E 10�
Friction coefficient 0.3 0.1
Strike of fault segments defined for each model 3� (rotation around

central point)
Dip of fault segments defined for each model 3�
Slip direction (rake) defined for each patch 5�
Slip defined for each patch 30% relative error

Figure 1. Map of the earthquake distribution (dots) after the Landers main shock (bold lines indicate the
Wald and Heaton [1994] fault trace) in comparison with Coulomb-stress changes DCFS at 7 km depth:
(a) mean value of the stress changes hDCFSi; (b) absolute value of the stress changes jhDCFSij; and
(c) standard deviation of the stress values calculated from the five different slip models.
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time-dependent restrengthening observed in laboratory
experiments. According to this theory, the seismicity rate
R is inversely proportional to the state variable g describing
the creep velocities on the faults, namely

RðtÞ ¼ r

_tg
ð3Þ

where r is the stationary background rate and _t the tectonic
loading rate. The evolution of the state variable as a
function of infinitesimal changes of time dt and stress dt is
given by

dg ¼ dt � gdt
Asn

ð4Þ

with A being a dimensionless fault constitutive parameter
usually �0.01 [Dieterich, 1994; Dieterich et al., 2000]. If
normal stress changes are small compared to the absolute
value sn, the same evolution law, i.e., dg = (dt � gdS)/Asn,
holds also for the stress value: S = t + (m � a) (sn + p).
Here a is a positive nondimensional parameter controlling
the normal stress changes [Linker and Dieterich, 1992]. This
parameter is commonly set to 0.25. Because the constant
apparent friction model (see above) leads to S = t + meffsn,
the function S is equal to the Coulomb-stress with an
effective friction coefficient of meff = (m � a) (1 � B) (see
discussion in Catalli et al. [2008]). For our calculations, we
set meff = 0.3. For a sequence of stress jumps, the evolution
law (equation (4)) can be solved by iteration (see section A1).

[17] Thus the rate-and-state model consists of 3 parameters
which can be defined as (1) background rate r, (2) aftershock
relaxation time ta � Asn/ _t, and (3) frictional resistance Asn.
[18] In general, these values are not known and have to be

estimated from the observed seismicity data or using some

Figure 2. The plots show the probability distributions of the stress changes at four selected locations
(34.27�, �116.58�; 34.12�, �116.83�; 34.08�, �116.08�; and 34.33�, �116.47�; respectively) for the five
different published slip models with randomly added perturbations (see Table 1). Additionally, the
averaged and the approximated Gaussian distributions are shown (bold lines).

Figure 3. Standard variation of calculated stress changes
as a function of the mean stress change. The result is plotted
for the 40 randomly selected locations where we have
calculated the stresses based on the uncertainties given in
Table 1. The lines correspond to different values of the
coefficient of variation CV.
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approximate physical relations [see detailed discussion in
Cocco et al. (submitted manuscript, 2009)].
[19] The variability, respectively uncertainty, of each

stress jump can be taken into account by averaging over a
large number of Monte Carlo simulations of random possi-
ble stressing histories. As described in more detail in the
appendix, each of these synthetic stressing histories consists
of stress jumps randomly selected from Gaussian distribu-
tions, f(DS) = exp(�(DS � hDSi)2/2d2)/ ffiffiffiffiffiffi

2p
p

d, where the
mean value is indicated by hi and the standard deviation d is
proportional to the absolute value of the mean stress change

at that location, i.e., d = CV �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hDSi2

q
. Thus we have only

one additional model parameter CV accounting for the stress
variability in all places. The assumed linear correlation
between the standard deviation and the stress level seems
to be justified by our results described in section 2.1 (see
Figure 3).
[20] To guarantee a good sampling of the probability

distribution, the number of Monte Carlo simulations should
increase with the number of stress steps. For the following
investigations, we used the two stress steps related to the
M7.3 Landers main shock and its largest aftershock, the
M6.4 Big Bear earthquake, and performed in general 100
simulations for each location. However, we checked the
robustness of our results using also a larger number of 1000
Monte Carlo simulations.

3.2. Aftershock Data

[21] We analyzed the relocated earthquake catalogue of
Hauksson et al. [2003] for the region �117.5�W to
�115.5�W and 33.25�N to 35.5�N (SCEDC webpage at
http://www.data.scec.org/research/altcatalogs.html). To
ensure a complete earthquake recording, we only used
aftershocks with magnitudes M � 3 [Woessner and Wiemer,
2005]. Furthermore, we neglected aftershocks that occurred
within the first 12 hours after the Landers earthquake to
account for likely incomplete catalogue recordings in the
first time interval [Kagan, 2004]. The aftershocks included
in earthquake catalogues can be typically fitted with a c
value of the Omori-Utsu law which is in the order of
minutes to hours. Recent attempts to find a c value which
is of physical rather than instrumental origin have proposed
that it could be only in the order of one to several minutes
[Kagan and Houston, 2005; Peng et al., 2006, 2007;
Enescu et al., 2007, 2009], although there is no clear
consensus of how the Omori-Utsu law actually breaks down
below this cutoff. However, because we are dealing with a
standard earthquake catalogue and our model does not
account for incomplete recordings, we cut the first part of
the sequence. We chose 12 hours in agreement with the
estimation of Helmstetter et al. [2005] for the time of
incompleteness forM� 3 earthquakes in southern California.

3.3. Parameter Estimation

[22] Assuming that the model parameters are constant in
space, our model consists of 4 free parameters which have
to be estimated from the data: ta, Asn, r, and CV. We carried
out the data fitting using the maximum likelihood method
[Ogata, 1998; Daley and Vere-Jones, 2003]. In the section
A2, it is discussed in detail how this method has been
implemented for our case. Note that we used for this
estimation the stress changes calculated for 15 different

layers within 1 and 15 km depth and on a horizontal grid
with spacing of 0.05�.
[23] The parameter ta is essentially defining the time

relative to the main shock when the Omori decay bends
into the constant background rate r. Thus this parameter is
poorly constrained by the first year aftershocks. Varying ta
leads mainly to a rescaling of the other parameters as shown
by Cocco et al. (submitted manuscript, 2009). We estimated
the best ta value using the first 100 days aftershocks
and found a broad likelihood maximum between 15 and
40 years. However, the decrease of the log likelihood values
for ta values larger than 40 years is quite weak and the
difference between the maximum and the value for, e.g.,
ta = 100 years is small. To reduce the parameter space, we
therefore fixed the aftershock duration time to the value of
ta = 10000 days � 27.4 years. For a comparison of a less
likely but still possible larger value, we repeated all
estimations for the value ta = 100 years. The remaining
parameters which are fitted by the maximum likelihood
method are Asn, r, and CV.
[24] We estimated the model parameters after each

24 hours subsequent to the Landers main shock time tM,
i.e., at times Ti = tM + i days, on basis of the preceding
aftershock activity. However, the maximization of the log
likelihood function (equation (A3)) was done only for
aftershocks occurred after the first 12 hours (i.e., within
[tM + 0.5, Ti]) to account for possible incompleteness of the
recordings in the first time interval (see above). The results
are shown in Figure 4. In the case that the uncertainty/
variability of the estimated stress changes is ignored, i.e., if
CV is set to 0, we find that the estimations are not stable. In
particular, both Asn and r are estimated to be extremely high
directly after the main shock indicating that the best solution
is an almost constant aftershock probability in space.
Because of the Omori-type aftershock decay, the estimated
background rate and thus the total rate becomes rapidly
smaller if longer aftershock time periods are taken into
account. In contrast, if the stress heterogeneities are con-
sidered by means of the parameter CV, all parameters are
already well constrained by the first day aftershocks and
remain stable for estimations based on much longer time
intervals. This indicates that, in this case, no systematic bias
exists in the model estimation.
[25] The estimated value of Asn � 0.017 MPa is in the

same order as previous estimations: e.g., Asn = 0.035 ±
0.015 MPa for the 1995 Mw6.9 Kobe earthquake [Toda et
al., 1998]; Asn = 0.01 MPa for the 2000 Izu earthquake
swarm [Toda et al., 2002]; Asn = 0.04 MPa for the 1997
Umbria-Marche sequence in central Italy [Catalli et al.,
2008]; and Asn = 0.012 MPa for the seismicity between
1970 and 2003 in Japan [Console et al., 2006]; and in the
range of acceptable values, 0.0012–0.6 MPa, found for
earthquake interactions in the San Francisco Bay Area
[Harris and Simpson, 1998].
[26] The estimated value of the background rate r seems

also to be reasonable because it lies between two indepen-
dent, rough estimations based on pre-Landers earthquake
activity in the region: (1) the average seismicity in the year
before the M7.3 Landers main shock; and (2) the average
earthquake rate, estimated from the declustered catalogue in
the period 1984–1991. The declustering was performed
according to Helmstetter et al. [2007], using the algorithm
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by Reasenberg [1985]. Finally, the inverted stress hetero-
geneity CV = 0.95 is in general agreement with the results
from our previous analysis in section 2.1.

3.4. Analysis of the Landers Aftershock Sequence

[27] Now we use the inverted parameters to analyze the
aftershock sequence in more detail. At first we analyze the
aftershock activity in different regions which experienced
significant stress changes due to the Landers and Big Bear
event. In particular, we consider the following three differ-
ent spatial volumes in which approximately the same
number of aftershocks occurred.
[28] 1. All subvolumes where the calculated stress increased

by more than 0.5 MPa,
[29] 2. All subvolumes where the calculated stress increased

between 0.01 and 0.5 MPa,
[30] 3. All subvolumes where the calculated stress

decreased by more than 0.01 MPa.
[31] Although the total aftershock numbers were approx-

imately the same in all of these three subvolumes, the
corresponding spatial volumes are very different. The
observed aftershock densities in these regions are plotted
in Figure 5 (bold lines) as a function of time. As expected
from theoretical point of view, the aftershock density is
highest in the most stressed regions and lowest in the stress
shadows. However, even in the stress shadows (i.e., in the
regions where stresses are estimated to decrease due to
the two major events), a clear aftershock decay according to
the Omori law is observed. In agreement with previous
observations by Mallman and Zoback [2007], this indicates
that activation rather than quiescence occurred, on average,
also in the apparent stress shadows.
[32] For the same volumes, we calculated the aftershock

density theoretically expected from the rate-and-state model
with the above inverted values: Asn = 0.017 MPa, r = 0.47,
ta = 10000 days without (CV = 0; Figure 5a) and with stress
field variability (CV = 0.95; Figure 5b). Figure 5 clearly
shows that while the aftershock decay in the regions with

the highest stress increase are quite well described without
accounting for stress field variability, the model completely
fails for the stress shadows. On the other hand, a stress
variability of CV = 0.95 is able to fit all regions equally
well. Thus the same parameters which have been inverted
for the first days of the aftershock decay by maximum
likelihood method are found to reproduce the aftershock
decay also on longer timescales in stress shadows as well as
in regions of stress concentration. This indicates again that
the model estimation is self-consistent.
[33] In Figure 5, the model results are shown for a fixed

relaxation time of ta = 100 years. This model predicts an
even stronger stress shadow in the absence of stress hetero-
geneities, otherwise the fits are almost identical for the first
100 days. Slight differences between both model estimates
start to emerge in the later stage as theoretically expected.
Although they are fitting very well the observed aftershock
data in the first approximately 20 days, both models tend to
slightly overpredict the seismicity rate in the later stage.
[34] The spatial distributions of the estimated earthquake

probabilities are shown in Figure 6. These maps have been
calculated by integrating the forecasted earthquake rates
over the first 10 days for the models with CV = 0 and CV =
0.95, respectively. The consideration of stress variability
clearly leads to a broadening of the triggering zone. In the
same maps, we have also plotted the epicenters of the M > 3
aftershocks recorded in the same time period. Visually, the
predicted spatial distribution, in particular when stress
heterogeneity is considered, seems to be in good agreement
with the observations.
[35] Furthermore, the observed and the modeled after-

shock density show also a reasonable agreement as a
function of the distance d to the main shock rupture plane
(Figure 7). Here the distance d is defined as the shortest
distance from a location to the Wald and Heaton [1994]
fault segments. Both, the observation and the model results
based on static stress changes, are found to have a similar
shape. Within the first approximately 50 km from the fault

Figure 5. Comparison of the observed Landers aftershock activity (bold lines) with that of the rate-
and-state model (thin lines and crosses): (a) without (CV = 0) and (b) with (CV = 0.95) consideration
of stress heterogeneities. The plots show the earthquake density as a function of time in the regions of
high (DCFS > 0.5 MPa), moderate (0.01 < DCFS < 0.5 MPa) or negative stress changes (DCFS <
�0.01 MPa), respectively. Thin lines represent the result for ta = 10,000 days (Asn = 0.017 MPa, r =
0.47), and crosses refer to the model with ta = 100 years (Asn = 0.014 MPa, r = 0.13).
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plane, the decay can be approximated in both cases by d�1.3

which is in agreement with results of Felzer and Brodsky
[2006] for the immediate aftershocks of small main shocks.
The latter analysis by Felzer and Brodsky, which is still
controversially debated (K. Richards-Dinger and R. Stein,
in preparation, 2009), seems to point to the triggering
mechanism of dynamic stress rather than to static stress
which is known to decay with d�3 in the far field. However,
in the Landers case, we observe a bending in the far field
which is in agreement with the static triggering model.
[36] In summary, the visual comparison between modeled

and observed aftershocks indicates a quite good agreement.
A detailed testing of the forecasting ability of the model in
comparison to other Coulomb-stress based models as well
as empirical models such as the ETAS [Ogata, 1998; Hainzl
and Ogata, 2005; Lombardi et al., 2006; Hainzl et al.,
2008] and STEP model [Gerstenberger et al., 2005] will be
performed in another paper (J. Woessner et al., A retro-
spective comparative test for the 1992 Landers sequence,
submitted to Journal of Geophysical Research, 2009,
hereinafter referred to as Woessner et al., submitted
manuscript, 2009).

4. Discussion

[37] In this paper, we focused on the impact of the
uncertainty in stress calculations, in particular, with regard
to parameter estimations and forecasting of the spatiotem-
poral aftershock activity. Our analysis shows consistent
estimations of the stress uncertainty based, firstly, on direct
analysis of different published slip distributions and,
secondly, on indirect results from the modeling of the

recorded aftershocks. On average, the variability of stress
calculations is found to be independent of the location in the
order of the calculated stress value. Consequently, realistic
applications of stress-based models have to take, in a
probabilistic manner, the large epistemic uncertainties of

Figure 6. Spatial distribution of the aftershock probability (per 0.05 � 0.05 cell) forecasted by the
model in comparison with the observed M > 3 aftershocks (dots) within [0.5, 10] days: (a) CV = 0 and
(b) CV = 0.95. The other parameters are ta = 10,000 days, Asn = 0.017 MPa, and r = 0.47. The Landers
fault trace, indicated by bold lines, is that used by Wald and Heaton [1994].

Figure 7. The spatial density of aftershocks as a function
of the distance d to the fault plane of the Landers main
shock: observed (squares) and predicted values with (CV =
0.95, bold line) and without (CV = 0, thin line) stress
heterogeneity (the other parameters are ta = 10,000 days,
Asn = 0.017 MPa, and r = 0.47). In all cases, the values
refer to the time interval [0.5, 10] days after the main shock.
The dashed line refers to a decay of d�1.3.
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the slip models and the aleatoric variability due to hetero-
geneities into account, otherwise they will be restricted to
only one of many possible stress field realizations. Our
approach to introduce only one additional degree of free-
dom can thus be seen as the simplest attempt to take the
stress field uncertainty/variability into account. The appli-
cation of this basic model yielded for the Landers case
(1) spatiotemporal seismicity patterns in agreement with the
observations, (2) consistent maximum likelihood parameter
estimations on different timescales, and (3) a consistent
estimation of the stress field variability. Although this does
not validate the model, it demonstrates the consistency of
the model in explaining the Landers aftershock activity.
[38] While our model analysis is quite sophisticated with

regard to stress heterogeneity, we made, on the other hand, a
number of simplifications. Below, we mention only a few of
them. A detailed discussion and comparison of the main
ingredients that influence the forecasted rates is given in the
paper of Cocco et al. (submitted manuscript, 2009).
[39] Firstly, the background rate cannot be expected to be

constant in space as we assumed. Preexisting larger fault
structures are likely to be correlated to higher background
rates than regions without these features. Although this is
quite obvious, we refrained in our investigations from
considering such an inhomogeneity because of the practical
difficulty to estimate the spatial distribution of the back-
ground activity which can introduce additional problems.
To study the impact of stress uncertainties in isolation, we
neglected the possible variability of the background activity
in the present analysis.
[40] Another general problem of models based on stress

calculations is that stress changes of secondary events are
not properly considered. Aftershocks can in general influ-
ence considerably the local stress field and thus lead to a
nonnegligible number of secondary aftershocks [Ogata,
1998; Felzer et al., 2003]. Models based on Coulomb-stress
can partly account for this by considering stress changes due
to the largest aftershocks. In this paper, we have included
the largest aftershock (Mw6.4 Big Bear earthquake) in our
stress calculations.
[41] For simplification, we have also assumed that the

local stress variability can be approximated by a Gaussian
distribution. In section 2.2, we have shown that this is a
rather good approximation for calculated stresses based on
randomized slip and crustal models with Gaussian errors for
slip, geometry, friction and prestress values. However, it is
an open question whether this holds, if stresses would be
directly calculated for a large number of different slip
inversions.
[42] Finally, it is important to note that our analysis does

not account for other mechanisms which might also explain
the observations such as induced fluid flows and inelastic
processes, i.e., afterslip. Thus we cannot prove that stress
heterogeneity is the most important mechanism in this
respect, however, we show that it should not be neglected
in any case.

5. Summary

[43] Static Coulomb-stress changes have been mostly
seen as one of the major triggering mechanisms for after-
shocks. This is based on observed correlations between the

spatial distributions of static stress changes and aftershock
activity and the explanation of the empirically observed
Omori-Utsu law by the rate- and state-dependent frictional
response to static stress changes. However, static stress
triggering has been recently questioned because of a number
of problems: (1) the correlations between calculated stress
and aftershock activity are typically not very high [e.g.,
Hardebeck et al., 1998]; (2) aftershocks occur also in stress
shadows where the model predicts a decrease in seismicity
rate [e.g., Marsan, 2003]; and (3) the spatial decay of
aftershock rates with distance to the main shock seems to
indicate dynamic rather than static stress triggering [Kilb et
al., 2000; Felzer and Brodsky, 2006].
[44] Recently it has been shown from a theoretical point

of view that accounting for the small-scale variability that
might not be accessible neither to direct measurement nor
computation, can explain the absence of regions of quies-
cence in the first part of the aftershock activity [Helmstetter
and Shaw, 2006; Marsan, 2006] and magnitude-dependent
Omori-Utsu parameters [Hainzl and Marsan, 2008]. This
small-scale variability can result from fractal slip on the
main shock rupture plane, as well as from heterogenous
prestress or material conditions. However, in practice, such
existing stress variability within subvolumes will be super-
posed by the uncertainty of our deterministic stress calcu-
lations. Coulomb-stress maps are calculated from slip
models which are inverted from seismologic and geodetic
measurements of the coseismic ground motion. As recently
demonstrated by a blind test (see http://www.seismo.
ethz.ch/staff/martin/BlindTest.html), slip inversions are
often ambiguous and can significantly differ in their results
even for idealized data sets [see also Woessner et al., 2006].
In addition, the stress calculation itself consists of uncertain
assumptions about rheological properties of the crust and
the regional stress field. For the well-studied 1992 Mw7.3
Landers, California, earthquake, we have shown here by
analyzing five different published slip models that this can
easily lead to standard deviations which are on the order of
the deterministically calculated stress value. Thus any test
of the static stress triggering model must take these uncer-
tainties into account.
[45] We explicitly considered the uncertainty in our

maximum likelihood fit of the aftershock data. Our proce-
dure is based on our finding that the stress variability is, in a
first approximation, proportional to the absolute value of the
stress change. Therefore we introduced only one additional
parameter, namely the coefficient of variation CV which is
the ratio between the standard deviation and the mean value.
Using only aftershock data, we find that the parameter
estimations are stable in time, which is not the case if the
uncertainty is neglected. Our estimations yield reasonable
values for the background rate (0.5 events with M � 3 per
day in the region under consideration) as well as for the
friction parameter, Asn � 0.017 MPa. Both values are in the
range of independent measurements. Furthermore, the esti-
mated stress uncertainty CV = 0.95 resulting from the
likelihood fit is in good agreement with our independent
analysis of the variability resulting from the five different
slip models. These results indicate the self consistency of
our estimations.
[46] The retrospective comparison of the observed spa-

tiotemporal aftershock activity with that predicted by the
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static stress triggering model, where stress heterogeneities
are taken into account, indicates that none of the observa-
tions mentioned above seems to contradict the model any
more. The spatiotemporal correlation is visually good, in
particular, an Omori-type aftershock decay is both forecasted
and observed in the regions which are in the stress shadow.
Furthermore, the predicted spatial distribution is in agree-
ment with the data. In particular, the predicted decay of the
aftershock density with distance to the main shock rupture
plane fits well the observed activity. These results indicate
the consistency of the static stress triggering model with the
observations of the Landers aftershock activity. However, as
long as we have no better constraints on the stress field and
the crustal properties, it might be difficult, due to the larger
flexibility, to validate the model in a strict sense.
[47] In general, the consideration of uncertainties in-

volved in the estimation of induced stress changes seems
to be crucial for testing and applying models based on static
stress changes. A detailed test of the forecasting ability of
this model in comparison to other models, in particular, to
stochastic models using only empirical laws such as the
ETAS and STEP models will be presented in a follow up
paper by Woessner et al. (submitted manuscript, 2009).

Appendix A

A1. Rate Evolution Due to Stress Jumps

[48] Starting from the stationary background rate r, the
rate after a series of stress jumps DSi at time ti (i = 1,. . ., N)
can be determined by equation (3) with

_tgðtÞ ¼ 1þ _tgN�1e
�DSN

Asn � 1
� �

e�
t�tN
ta ; ðA1Þ

where _tgN�1 is calculated iteratively by

_tgi ¼ 1þ _tgi�1 e�
DSi
Asn � 1

� �
e�

tiþ1�ti
ta ðA2Þ

starting from _tg0 = 1.

A2. Parameter Estimation

[49] Our applied procedure to estimate the model param-
eters allows to take uncertainties in the stress value as well
as in the earthquake locations into account. The method is
based on the maximum likelihood method where best
parameters give the highest likelihood value. The likelihood
function L is the joint probability function for a given model
and can be constructed by multiplying the probability
density function of each of the data points together. For a
given time interval [t0, t1] and spatial volume [x0, x1] � [y0,
y1] � [z0, z1], the log likelihood with respect to the N
earthquakes occurred at times ti and locations ~xi can be
determined by

ln L ¼
XN
i¼1

lnRð~xi; tiÞ �
Zt1
t0

Zx1
x0

Zy1
y0

Zz1
z0

Rðx; y; z; tÞ dx dy dz dt

ðA3Þ
[Ogata, 1998; Daley and Vere-Jones, 2003].

[50] We solve the ln L function by discretization of the
spatial volume. The seismogenic volume under consider-
ation (the box region �117.5�W to �115.5�Wand 33.25�N
to 35.5�N and the depth interval 0.5–15.5 km) is subdivided
into subvolumes of 0.05�x 0.05� horizontal extension and
1 km depth interval. There are in total N = 27,000 sub-
volumes. At the central point of each subvolume, the
average stress change is calculated for each stress step with
regard to the different slip models. For given parameters
and stressing history, the rate evolution Rn(t) is calculated
according to equations (3) and (A1) at each grid node. To
account for the location error, the value R(~xi, ti) has to be
replaced by the weighted sum R(ti) = Sn=1

N wnRn(ti) where
wn is the probability that the ith earthquake occurred in the
nth subvolume. The weights are calculated according
to the Gaussian-distributed location errors given in the
catalogue.
[51] To account for the uncertainty of the stress steps, we

use Monte Carlo simulations. In each subvolume, we create
M random series of stress jumps (in our case, we consider
only the two subsequent jumps resulting from the M7.3
Landers (k = 1) and the M6.4 Big Bear (k = 2) earthquakes)
by randomly selecting values DSk from Gaussian distribu-
tions with mean hDSki and standard deviation dk = CV �
jhDSkij. Here the mean value hDSki is the deterministically
calculated stress value based on the slip models. The like-
lihood value L is replaced by �L � hLi = (1/M) Si=1

M L(DSk).
[52] For finding the parameters Asn and CV which yield

the maximum likelihood value, we perform a grid search in
the intervals Asn 2 [0.01, 0.2] MPa and CV 2 [0, 5.0]. For
given parameters Asn and CV, the ratio R/r can be calculated
because it is independent of r. Therefore the maximization
of the log likelihood function with respect to r can be solved
analytically from setting dL/dr = 0 leading to

r ¼ N

Zt1
t0

Zx1
x0

Zy1
y0

Zz1
z0

Rðx; y; z; tÞ
r

dx dy dz dt

2
64

3
75
�1

ðA4Þ

[53] Acknowledgments. We thank Shinji Toda, an anonymous refer-
ee, and the Associate Editor for helpful recommendations. We thank Martin
Mai for providing us with the slip models and the SAFER-WP5 team for an
effective cooperation. This work is part of the EU-project SAFER contract
036935.

References
Beeler, N. M., R. W. Simpson, S. H. Hickman, and D. A. Lockner (2000),
Pore fluid pressure, apparent friction, and Coulomb failure, J. Geophys.
Res., 105(B11), 25,533–25,542.

Catalli, F., M. Cocco, R. Console, and L. Chiaraluce (2008), Modeling
seismicity rate changes during the 1997 Umbria-Marche sequence (cen-
tral Italy) through rate- and state-dependent model, J. Geophys. Res., 113,
B11301, doi:10.1029/2007JB005356.

Cocco, M., and J. R. Rice (2002), Pore pressure and poroelasticity effects in
Coulomb stress analysis of earthquake interactions, J. Geophys. Res.,
107(B2), 2030, doi:10.1029/2000JB000138.

Cohee, B. P., and G. C. Beroza (1994), Slip distribution of the 1992 Land-
ers earthquake and its implications for earthquake source mechanics,
Bull. Seismol. Soc. Am., 84(3), 692–712.

Console, R., M. Murru, and F. Catalli (2006), Physical and stochastic
models of earthquake clustering, Tectonophysics, 417, 141 – 153,
doi:10.1016/j.tecto.2005.05.052.

B05309 HAINZL ET AL.: AFTERSHOCK MODELING BASED ON UNCERTAIN STRESSES

10 of 12

B05309



Cotton, F., and M. Campillo (1995), Frequency-domain inversion of strong
motions: Application to the 1992 Landers earthquake, J. Geophys. Res.,
100(B3), 3961–3975.

Daley, D. J., and D. Vere-Jones (2003), An Introduction to the Theory of
Point Processes, Vol. I: Elementary Theory and Methods, 2nd ed.,
Springer, New York.

Dieterich, J. H. (1994), A constitutive law for rate of earthquake production
and its application to earthquake clustering, J. Geophys. Res., 99(B2),
2601–2618.

Dieterich, J. H., V. Cayol, and P. Okubo (2000), The use of earthquake rate
changes as a stress meter at Kilauea volcano, Nature, 408, 457–460.

Enescu, B., J. Mori, and M. Miyazawa (2007), Quantifying early aftershock
activity of the 2004 mid-Niigata Prefecture earthquake (Mw6.6), J. Geo-
phys. Res., 112, B04310, doi:10.1029/2006JB004629.

Enescu, B., J. Mori, M. Miyazawa, and Y. Kano (2009), Omori-Utsu law
c-values associated with recent moderate earthquakes in Japan, Bull.
Seismol. Soc. Am., 99(2A), 884–891, doi:10.1785/0120080211.

Felzer, K. R., and E. E. Brodsky (2006), Decay of aftershock density
with distance indicates triggering by dynamic stress, Nature, 441,
735–738.

Felzer, K. R., R. E. Abercrombie, and G. Ekstrom (2003), Secondary after-
shocks and their importance for aftershock forecasting, Bull. Seismol.
Soc. Am., 93(4), 1433–1448.

Gerstenberger, M. C., S. Wiemer, L. M. Jones, and P. A. Reasenberg
(2005), Real-time forecasts of tomorrow’s earthquakes in California,
Nature, 435, 328–331.

Gross, S. (2001), A model of tectonic stress state and rate using the 1994
Nothridge earthquake sequence, Bull. Seismol. Soc. Am., 91(2), 263–275.

Gross, S., and C. Kisslinger (1997), Estimating tectonic stress rate and state
with Landers aftershocks, J. Geophys. Res., 102(B4), 7603–7612.

Hainzl, S., and D. Marsan (2008), Dependence of the Omori-Utsu law
parameters on main shock magnitude: Observations and modeling,
J. Geophys. Res., 113, B10309, doi:10.1029/2007JB005492.

Hainzl, S., and Y. Ogata (2005), Detecting fluid signals in seismicity data
through statistical earthquake modeling, J. Geophys. Res., 110, B05S07,
doi:10.1029/2004JB003247.

Hainzl, S., T. Kraft, J. Wassermann, H. Igel, and E. Schmedes (2006),
Evidence for rainfall-triggered earthquake activity, Geophys. Res. Lett.,
33, L19303, doi:10.1029/2006GL027642.

Hainzl, S., A. Christophersen, and B. Enescu (2008), Impact of earthquake
rupture extensions on parameter estimations of point-process models,
Bull. Seismol. Soc. Am., 98, 2066–2072.

Hardebeck, J. L., and E. Hauksson (2001), Crustal stress field in southern
California and its implications for fault mechanisms, J. Geophys. Res.,
106(B10), 21,859–21,882.

Hardebeck, J. L., J. J. Nazareth, and E. Hauksson (1998), The static stress
change triggering model: Constraints from two southern California after-
shock sequences, J. Geophys. Res., 103(B10), 24,427–24,437.

Harris, R. A. (1998), Introduction to special section: Stress triggers, stress
shadows, and implications for seismic hazard, J. Geophys. Res.,
103(B10), 24,347–24,358.

Harris, R. A., and R. W. Simpson (1998), Suppression of large earthquakes
by stress shadows: A comparison of Coulomb and rate-and-state failure,
J. Geophys. Res., 103(B10), 24,439–24,451.

Hartzell, S., L. Pengcheng, C. Mendoza, J. Chen, and K. M. Larson (2007),
Stability and uncertainty of finite-fault slip inversions: Application to the
2004 Parkfield, California, earthquake, Bull. Seismol. Soc. Am., 97,
1911–1934.

Hauksson, E., W.-C. Chi, and P. Shearer (2003), Comprehensive waveform
cross-correlation of southern California seismograms: Part 1. Refined
hypocenters obtained using the double-difference method and tectonic
implications, Eos Trans. AGU, Fall. Meet. Suppl., Abstract S21D-0325.

Helmstetter, A., and B. E. Shaw (2006), Relation between stress hetero-
geneity and aftershock rate in the rate-and-state model, J. Geophys. Res.,
111, B07304, doi:10.1029/2005JB004077.

Helmstetter, A., Y. Y. Kagan, and D. D. Jackson (2005), Importance of
small earthquakes for stress transfers and earthquake triggering, J. Geo-
phys. Res., 110, B05S08, doi:10.1029/2004JB003286.

Helmstetter, A., Y. Y. Kagan, and D. D. Jackson (2007), High-resolution
time-independent grid-based forecast for M � 5 earthquakes in Califor-
nia, Seismol. Res. Lett., 78, 78–86.

Hernandez, B., F. Cotton, and M. Campillo (1999), Contribution of radar
interferometry to a two-step inversion of the kinematic process of the
1992 Landers earthquake, J. Geophys. Res., 104(B6), 13,083–13,099.

Jones, L. E., and S. E. Hough (1995), Analysis of broadband records from
the 28 June 1992 Big Bear earthquake: Evidence of a multiple-event
source, Bull. Seismol. Soc. Am., 85(3), 688–704.

Kagan, Y. Y. (2004), Short-term properties of earthquake catalogs
and models of earthquake source, Bull. Seismol. Soc. Am., 94(4),
1207–1228.

Kagan, Y. Y., and H. Houston (2005), Relation between mainshock rupture
process and Omori’s law for aftershock moment release rate, Geophys.
J. Int., 163(3), 1039–1048.

Kilb, D., J. Gomberg, and P. Bodin (2000), Triggering of earthquake after-
shocks by dynamic stresses, Nature, 408, 570–574.

King, G. C. P., R. S. Stein, and J. Lin (1994), Static stress changes and the
triggering of earthquakes, Bull. Seismol. Soc. Am., 84(1), 935–953.

Linker, J., and J. H. Dieterich (1992), Effects of variable normal stress on
rock friction: Observations and constitutive equations, J. Geophys. Res.,
97(B4), 4923–4940.

Lombardi, A. M., W. Marzocchi, and J. Selva (2006), Exploring the evolu-
tion of a volcanic seismic swarm: The case of the 2000 Izu Islands
swarm, Geophys. Res. Lett., 33, L07310, doi:10.1029/2005GL025157.

Mallman, E. P., and M. D. Zoback (2007), Assessing elastic Coulomb stress
transfer models using seismicity rates in southern California and southwes-
tern Japan, J. Geophys. Res., 112, B03304, doi:10.1029/2005JB004076.

Marsan, D. (2003), Triggering of seismicity at short timescales following
Californian earthquakes, J. Geophys. Res., 108(B5), 2266, doi:10.1029/
2002JB001946.

Marsan, D. (2006), Can coseismic stress variability suppress seismicity
shadows? Insights from a rate-and-state friction model, J. Geophys.
Res., 111, B06305, doi:10.1029/2005JB004060.

Marsan, D., and G. Daniel (2007), Measuring the heterogeneity of the
coseismic stress change following the 1999 Mw7.6 Chi-Chi earthquake,
J. Geophys. Res., 112, B07305, doi:10.1029/2006JB004651.

McCloskey, J., S. S. Nalbant, S. Steacy, C. Nostro, O. Scotti, and D. Baumont
(2003), Structural constraints on the spatial distribution of aftershocks,
Geophys. Res. Lett., 30(12), 1610, doi:10.1029/2003GL017225.

Ogata, Y. (1998), Space-time point-process models for earthquake occur-
rences, Ann. Inst. Stat. Math., 50, 379–402.

Peng, Z. G., J. E. Vidale, and H. Houston (2006), Anomalous early after-
shock decay rate of the 2004 Mw6.0 Parkfield, California, earthquake,
Geophys. Res. Lett., 33, L17307, doi:10.1029/2006GL026744.

Peng, Z. G., J. E. Vidale, M. Ishii, and A. Helmstetter (2007), Seismicity
rate immediately before and after main shock rupture from high-frequency
waveforms in Japan, J. Geophys. Res., 112, B03306, doi:10.1029/
2006JB004386.

Reasenberg, P. (1985), Second-order moment of central California seismi-
city, 1969–1982, J. Geophys. Res., 90(B7), 5479–5495.

Steacy, S., D. Marsan, S. S. Nalbant, and J. McCloskey (2004), Sensitivity
of static stress calculations to the earthquake slip distribution, J. Geophys.
Res., 109, B04303, doi:10.1029/2002JB002365.

Steacy, S., J. Gomberg, and M. Cocco (2005a), Introduction to special
section: Stress transfer, earthquake triggering, and time-dependent seismic
hazard, J. Geophys. Res., 110, B05S01, doi:10.1029/2005JB003692.

Steacy, S., S. S. Nalbant, J. McCloskey, C. Nostro, O. Scotti, and D. Baumont
(2005b), Onto what planes should Coulomb stress perturbations be
resolved?, J. Geophys. Res., 110, B05S15, doi:10.1029/2004JB003356.

Stein, R. S. (1999), The role of stress transfer in earthquake occurrence,
Nature, 402(6762), 605–609.

Toda, S., R. S. Stein, P. A. Reasenberg, J. H. Dieterich, and A. Yoshida
(1998), Stress transferred by the 1995 Mw = 6.9 Kobe, Japan, shock:
Effect on aftershocks and future earthquake probabilities, J. Geophys.
Res., 103(B10), 24,543–24,565.

Toda, S., R. S. Stein, and T. Sagiya (2002), Evidence from the AD 2000 Izu
islands earthquake swarm that stressing rate governs seismicity, Nature,
419(6902), 58–61.

Toda, S., R. S. Stein, K. Richards-Dinger, and S. B. Bozkurt (2005), Fore-
casting the evolution of seismicity in southern California: Animations
built on earthquake stress transfer, J. Geophys. Res., 110, B05S16,
doi:10.1029/2004JB003415.

Utsu, T., Y. Ogata, and R. S. Matsu’ura (1995), The centenary of the Omori
formula for a decay of aftershock activity, J. Phys. Earth, 43, 1–33.

Wald, D. J., and T. H. Heaton (1994), Spatial and Temporal Distribution of
Slip for the 1992 Landers, California, Earthquake, Bull. Seismol. Soc.
Am., 84(3), 668–691.

Wang, R. J., F. Lorenzo-Martin, and F. Roth (2006), PSGRN/PSCMP—A
new code for calculation co- and post-seismic deformation, geoid and
gravity changes based on the viscoelastic-gravitational dislocation theory,
Comput. Geosci., 32(4), 527–541.

Woessner, J., and S. Wiemer (2005), Assessing the quality of earthquake
catalogues: Estimating the magnitude of completeness and its uncertainty,
Bull. Seismol. Soc. Am., 95, 684–698.

Woessner, J., D. Schorlemmer, S. Wiemer, and P. M. Mai (2006), Spatial
correlation of aftershock locations and on-fault main shock properties,
J. Geophys. Res., 111, B08301, doi:10.1029/2005JB003961.

Zeng, Y., and J. Anderson (2000), Evaluation of numerical procedures for
simulating near-fault long-period ground motions using Zeng method,

B05309 HAINZL ET AL.: AFTERSHOCK MODELING BASED ON UNCERTAIN STRESSES

11 of 12

B05309



Rep. 2000/01 to the PEER Utilities Program. (Available at http://peer.
berkeley.edu)

�����������������������
F. Catalli and M. Cocco, Sezione Sismologia e Tettonofisica Istituto

Nazionale di Geofisica e Vulcanologia, Via di Vigna Murata 605, 00143
Rome, Italy. (catalli@ingv.it; cocco@ingv.it)
B. Enescu, Earthquake Research Department, National Research Institute

for Earth Science and Disaster Prevention, 3-1 Tennodai, Tsukuba, Ibaraki
305-0006, Japan. (benescu@bosai.go.jp)

S. Hainzl, F. Roth, and R. Wang, Helmholtz Centre Potsdam, GFZ
German Research Centre for Geosciences, Section 2.1, Telegrafenberg,
D-14473 Potsdam, Germany. (hainzl@gfz-potsdam.de; roth@gfz-potsdam.de;
wang@gfz-potsdam.de)
J. Woessner, Institute of Geophysics, Swiss Seismological Service, ETH

Zurich, Sonneggstrasse 5, CH-8092 Zurich, Switzerland. (j.woessner@
sed.ethz.ch)

B05309 HAINZL ET AL.: AFTERSHOCK MODELING BASED ON UNCERTAIN STRESSES

12 of 12

B05309



Aftershocks resulting from creeping sections in a heterogeneous fault
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[1] We show that realistic aftershock sequences with
space-time characteristics compatible with observations
are generated by a model consisting of brittle fault
segments separated by creeping zones. The dynamics of
the brittle regions is governed by static/kinetic friction, 3D
elastic stress transfer and small creep deformation. The
creeping parts are characterized by high ongoing creep
velocities. These regions store stress during earthquake
failures and then release it in the interseismic periods. The
resulting postseismic deformation leads to aftershock
sequences following the modified Omori law. The ratio of
creep coefficients in the brittle and creeping sections
determines the duration of the postseismic transients and the
exponent p of the modified Omori law. Citation: Zöller, G.,

S. Hainzl, M. Holschneider, and Y. Ben-Zion (2005),

Aftershocks resulting from creeping sections in a heterogeneous

fault, Geophys. Res. Lett., 32, L03308, doi:10.1029/

2004GL021871.

1. Introduction

[2] The occurrence of aftershock sequences is one of the
most general patterns of observed seismicity. The temporal
decay rate _n(t) of the number of aftershocks is found to
follow the modified Omori law [Omori, 1894; Utsu et al.,
1995]

_n tð Þ ¼ cþ t � tMð Þ�p; ð1Þ

where tM is the occurrence time of the mainshock and the
exponent p is close to 1 for observed seismicity.
[3] Many models were used to explain the frequency-

magnitude distribution of observed seismicity [e.g., Burridge
and Knopoff, 1967; Bak and Tang, 1989; Dahmen et al.,
1998]. In these models dealing solely with coseismic stress
transfers and tectonic loading, aftershocks are not observed,
unless the stress transfer on the fault becomes very weak.
However, in such a case, the p value of the Omori law is
unrealistically low [Hergarten and Neugebauer, 2002].
[4] Various mechanisms were proposed to explain the

generation of aftershock sequences. These include viscoelas-
tic relaxation in the fault zone [Dieterich, 1972;Hainzl et al.,
1999], fault strengthening or weakening after a block slips
[Ito and Matsuzaki, 1990], pore fluid flow [Nur and Booker,
1972], rate-state friction [Dieterich, 1994], and damage

rheology [Ben-Zion and Lyakhovsky, 2003; Shcherbakov
and Turcotte, 2004]. While these mechanisms are based on
time-dependent processes, Hainzl et al. [2003] have shown
that foreshocks and aftershocks can also be explained by
spatial effects, namely a decrease of strength localized at
the edges of the rupture area. Some of the proposed models
are, however, conceptual and it remains an open question
whether these mechanisms can explain detailed observations
of space-time earthquake clustering in natural fault systems.
[5] Empirical observations show that aftershocks are

concentrated near the margin of fault areas where large
coseismic displacements occur [Utsu, 2002], and partly on
adjacent segments. A full numerical treatment of systems of
segmented faults with realistic stress transfer requires very
large computational effort. In the present work, we over-
come this difficulty by using a fault plane that is divided by
near-vertical aseismic barriers into separate segments. The
aseismic barriers can undergo postseismic creep deforma-
tion and thus transfer stress from one fault segment to
another. The presence of coseismic, postseismic and inter-
seismic creep is now commonly observed by means of
InSAR and other geodetic measurements [e.g., Lyons and
Sandwell, 2003]. Numerous studies show that fault seg-
ments, e.g., along the San Andreas fault, can store stress and
remain locked for certain periods, while other less brittle
segments undergo a steady creep deformation [Bürgmann et
al., 2000].
[6] The model used in the present work is based on earlier

works of Ben-Zion [1996] and Zöller et al. [2004, 2005] with
a heterogeneous strike-slip fault in an elastic half-space.
Various model ingredients, including the laws for brittle and
creep deformation, stress transfer, and boundary conditions,
are compatible with empirical knowledge. The simulations
cover hundreds of years and allow us to reproduce brittle
deformation as well as postseismic and interseismic creep
deformation. The results indicate that a spatially heteroge-
neous distribution of brittle and creeping fault sections leads
to realistic aftershock sequences compatible with observed
data. We note that the assumed creeping barriers provide an
effective way of parameterizing macroscopically a variety
of physical processes including viscous relaxation, fluid
migration, rate-state friction and damage.

2. Model

[7] In the first part of this section, we give a brief
summary of the employed fault model following Ben-Zion
[1996] and Zöller et al. [2004, 2005]. In the second part, we
describe how the assumed brittle and creep mechanisms are
implemented.

2.1. Model Framework

[8] The model includes a strike-slip fault region of 70 km
length and 17.5 km depth, covered by a computational grid,
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divided into 128 � 32 uniform cells, where deformational
processes are calculated [Ben-Zion and Rice, 1993].
[9] Tectonic loading is imposed by a motion with con-

stant velocity vpl = 35 mm/year of the regions around the
computational grid. The space-dependent loading rate pro-
vides realistic boundary conditions. Using the static stress
transfer function for slip in elastic solid, the continuous
tectonic loading for each cell on the computational grid is a
linear function of time t. While the loading produces an
increase of stress on the fault, the local stress may be
reduced by creep and brittle failure processes.
[10] The ongoing creep motion on the computational grid

is governed by a local constitutive law corresponding to lab-
based dislocation creep. Specifically, we assume that the
creep velocity is given by

_uc x; z; tð Þ ¼ c x; zð Þ t x; z; tð Þð Þ3; ð2Þ

where x and z denote coordinates along strike and depth,
c(x, z) are time-independent coefficients, t is the local stress
and _u is the creep velocity [Ben-Zion, 1996]. Equation (2)
results in a system of 128 � 32 coupled ordinary differential
equations, which is solved numerically using a Runge-Kutta
scheme.
[11] An earthquake is initiated if the local stress t(x, z; t)

exceeds the static friction ts(x, z). Then the stress drops in
cell (x, z) to the arrest stress ta(x, z) and the strength drops
to a dynamic friction value td(x, z) for the reminder of the
event. At the end of the earthquake, the strength recovers
back to the static level. The dynamic friction is calculated
from the static and arrest stress levels in relation to a
dynamic overshoot coefficient D:

td ¼ ts �
ts � ta

D
: ð3Þ

Following Ben-Zion and Rice [1993] and Madariaga
[1976], we use D = 1.25. The static strength is constant,
ts(x, z) � 10 MPa, and the arrest stress is chosen randomly
from the interval ta(x, z) 2 [0; 1 MPa].
[12] The stress transfer due to coseismic slip and creep

motion is calculated by means of the three-dimensional
solution K(x, z; x0, z0) of Chinnery [1963] for static dis-
locations on rectangular patches in an elastic Poisson solid
with rigidity m = 30 GPa:

Dt x; z; tð Þ ¼
X

x0;z0ð Þ2fault

K x; z; x0; z0ð ÞDu x0; z0; t � r=vsð Þ ð4Þ

where Du is the slip, r is the spatial distance between the
cells (x, z) and (x0, z0), vs is a constant shear wave velocity,

and the kernel K decays like 1/r3. The value of vs defines the
event time scale and has no influence on the earthquake
catalogs. A finite value of vs corresponds to the quasi-
dynamic approximation of Zöller et al. [2004], whereas
vs!1 reduces to the quasi-static procedure ofBen-Zion and
Rice [1993] and Ben-Zion [1996]. The calculations below are
done for a finite value of vs, but the statistical aspects of the
results remain the same for the quasi-static case.

2.2. Brittle and Creep Parameters

[13] Each cell of the computational grid is either a
‘‘brittle’’ or a ‘‘creep’’ cell. A brittle cell can undergo slip
during an earthquake (coseismic) and small creep motion
between two earthquakes (interseismic). A creep cell can
only perform interseismic creep. Figure 1 shows a sketch of
the distribution of brittle and creep cells. The creep barriers
are generated by near-vertical random walks from various
along-strike positions at the free surface to depth [Ben-Zion,
1996]. As shown below, the assumed barriers provide a
simple way of simulating non-brittle deformation processes
near segment boundaries (e.g., step-over regions) of a large
strike-slip fault. The material surrounding the computational
grid moves with a constant velocity vpl. The model has two
imposed timescales: A long time scale associated with the
tectonic loading and a short earthquake timescale. In addi-
tion, there is a third emergent timescale generated by the
interplay between the processes occurring on the brittle fault
patches and creeping barriers.
[14] The creep coefficients for the brittle cells cb(x, z) in

equation (2) are chosen similar to the values by Ben-Zion
[1996] and Zöller et al. [2005]: cb(x, z) is randomly
distributed in [0.9hcbi;1.1hcbi], where hcbi = 10�7 m s�1

MPa�3. The coefficients for the creep cells ccr(x, z) are
varied in different model simulations as follows: Model A:
hccri = 10�2 m s�1 MPa�3, Model B: hccri = 5 � 10�3 m s�1

MPa�3, and Model C: hccri = 10�3 m s�1 MPa�3. Noise is
added to the mean values as for cb(x, z).

3. Model Simulations and Results

[15] For each model introduced at the end of the previous
section, we perform a simulation with random initial
stresses. After the stress field has reached a steady state,
we produce an earthquake catalog containing 20,000 events
and covering about 500 years. Figure 2 shows that the
frequency-size distributions for all models include a scaling
region followed by a characteristic earthquake at M � 6.6.

Figure 1. Sketch of a natural fault system and the linear
approximation of the assumed fault model.

Figure 2. Frequency-size distributions for different model
simulations.
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Similar frequency-size distributions have been observed by
Ben-Zion [1996] for a fault with uniform brittle properties.
The fact that no earthquakes with M < 4.0 occur, stems from
the discretization of the computational grid. Because the
magnitude is derived from the cumulative slip during an
event [Ben-Zion, 1996], the size of a cell determines the
minimum magnitude. The bump at M = 4.5 is associated
with the sizes of the brittle patches produced by the
employed spatial realization of the creeping barriers.
[16] Figure 3 (bottom) shows the spatial distribution of

creep and brittle cells in the fault region and the number of
aftershocks along strike. Here, aftershocks are earthquakes
occurring up to one year after a M � 6.2 mainshock. The
aftershocks are mostly concentrated close to the near-
vertical creep barriers (margins of the fault segments),
which become highly loaded during mainshocks that trans-
fer stress from the rupturing cells into the creeping parts of
the fault. Because these parts do not fail in rapid brittle
fashion, they store stress until each mainshock is terminated.
After the mainshock they creep, thereby transferring stress
back to the entire fault region. This leads to aftershocks,
which occur preferentially close to creeping parts and in high
stress fault patches that have not ruptured during the large
event.
[17] Figure 4 (bottom) shows a typical aftershock

sequence following a mainshock with magnitude M = 6.6.
Immediately after the mainshock, the sequence is strongly
clustered and becomes less concentrated some months later.

The evolution of stress during this period in the brittle and
creep regions is shown in the top and middle panel of
Figure 4. The mean stress in the creeping regions grows
rapidly during the occurrence of mainshocks and then
relaxes. The mean stress in the brittle region drops at the
time of the mainshock and then increases due to the stress
transfer from the creeping cells. It is clear that the time scale
of the stress relaxation in the creep regions depends on the
average creep rate hccri. If this value grows, the creep
velocity will increase according to equation (2). Thus, the
relaxation becomes faster and aftershocks will occur in a
shorter period after the main event. Comparing the bottom
panel of Figure 4 with typical features of observed seis-
micity, we conclude that Model A represents a realistic
scenario of aftershock activity.
[18] Figure 5 shows the mean earthquake rate after a

mainshock in Models A, B, and C. The rate is stacked for all
mainshocks with M � 6.6. The estimated p exponent of the
modified Omori law and the level of background seismicity
are indicated in each plot. The deviation of the aftershock
activity from the background level can be measured by the
ratio of earthquakes occurring up to three months after and
before the main event. This ratio is about 10 for Models A
and B, and about 6 for Model C. It is clearly visible that a
high ratio of hccri/hcbi (Model A) leads to aftershock
sequences on short time scales characterized by relatively
high exponents. A smaller ratio results in a slower stress
transfer from creeping cells and thus leads to less clustered
aftershock sequences (Model C). It is conspicuous that
in Model C the maximum number of aftershocks is not
observed directly after the mainshock. This is similar to the
relative quiescence in the model without creep [Ben-Zion
and Rice, 1993; Zöller et al., 2004], which is due to the
relative slow recovery of the stress field after the fault
region has been unloaded by the mainshock. In particular,

Figure 3. Model A: Hypocenter distribution of aftershocks
(for a definition see text) along strike (top). Bottom:
Distribution of brittle cells (white boxes) and creeping cells
(black boxes) in the fault region.

Figure 4. Example for a typical aftershock sequence in
Model A: Mean stress as a function of time in the brittle
region (top) and in the creeping region (middle panel) for a
period of two years. The bottom panel shows earthquake
magnitudes as a function of time.

Figure 5. Earthquake rate as a function of time for different
models. The solid lines give estimates of the modified Omori
law and the dotted lines mark the background level
of seismicity. Each plot is based on a simulation with
20,000 earthquakes covering about 500 years; the earth-
quake rates are averaged over about 30 mainshock cycles.
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the amount of stress resulting from afterslip in Model C is
too small to compensate the unloading of the fault due to the
mainshock immediately after the mainshock. If the ratio
hccri/hcbi is close to 1, the loading of each brittle cell will be
approximately linear. The results of Figure 5 indicate that
Model A with p = 1.0 represents the most realistic case of
aftershock sequences.

4. Discussion and Conclusions

[19] We study the behavior of a fault consisting of
seismic segments separated by creeping regions that do
not fail on the short earthquake timescale. Aseismic creep is
known as an important process in fault zones [Wesson,
1988]. This is obvious for deep sections with ductile
characteristics, but geodetic measurements as well as studies
of seismic data indicate that creep plays also an important
role in shallow parts of crust. It is interesting to note that the
creep deformation of a fault may be of the same order of
magnitude or even higher than the coseismic change. This
has been observed, e.g., for the postseismic creep response
of the 1984 Morgan Hill earthquake that occurred on the
Calaveras fault in California [Schaff et al., 1998].
[20] In our model, the interplay of brittle and creep

deformation produces significant afterslip on creeping
regions following large events. As a consequence, after-
shocks are triggered on highly stressed fault patches that did
not rupture during the mainshock. The occurrence of after-
slip following large earthquakes has been documented in
observational studies [e.g., Bürgmann et al., 2002], and
analyzed in laboratory experiments and numerical models
[Marone et al., 1991]. The p exponent of the modified
Omori law and the time scale of aftershocks depend only on
the coefficients of the imposed creep law (equation (2)). If
the ratio of creep coefficients in the creeping and the brittle
regions hccri/hcbi is of the order 105, realistic aftershock
sequences with p � 1 are observed. A study of foreshocks,
which occur less frequent than aftershocks, requires a large
number of mainshocks in various realizations. This is
beyond the ability of our current computational method
and is left for a future work.
[21] Summarizing, we have developed a fault model

based on dislocation theory and empirical knowledge. The
mixing of brittle and creep properties leads to postseismic
effects, which are in agreement with numerous experiments
and observational studies, and produce aftershock sequences
following the modified Omori law. The high correspondence
of the results to observations indicates that the model
provides an effective parameterization of the key physical
process that govern seismicity on large strike-slip faults.
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Abstract

We investigate the evolution of seismicity within large earthquake cycles in a model of a discrete strike-slip fault in elastic solid.
The model dynamics is governed by realistic boundary conditions consisting of constant velocity motion of regions around the
fault, static/kinetic friction and dislocation creep along the fault, and 3D elastic stress transfer. The fault consists of brittle parts
which fail during earthquakes and undergo small creep deformation between events, and aseismic creep cells which are
characterized by high ongoing creep motion. This mixture of brittle and creep cells is found to generate realistic aftershock
sequences which follow the modified Omori law and scale with the mainshock size. Furthermore, we find that the distribution of
interevent times of the simulated earthquakes is in good agreement with observations. The temporal occurrence, however, is
magnitude-dependent; in particular, the small events are clustered in time, whereas the largest earthquakes occur quasiperiodically.
Averaging the seismicity before several large earthquakes, we observe an increase of activity and a broadening scaling range of
magnitudes when the time of the next mainshock is approached. These results are characteristics of a critical point behavior. The
presence of critical point dynamics is further supported by the evolution of the stress field in the model, which is compatible with
the observation of accelerating moment release in natural fault systems.
© 2006 Elsevier B.V. All rights reserved.

Keywords: Earthquake dynamics; Fault models; Seismicity; Ruptures; Heterogeneities; Criticality

1. Introduction

The complexity of spatiotemporal earthquake occur-
rence on natural fault systems has been discussed and
quantified in numerous studies (for an overview see
Rundle et al., 2000b). While some seismicity patterns
show an almost universal behavior, others are observed
less frequently and follow no obvious law. For example,
aftershocks according to the modified Omori law are
observed after almost all large earthquakes in continental
lithosphere (Utsu et al., 1995; Utsu, 2002), whereas
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foreshocks are a rare phenomenon (Wyss, 1997).
Moreover, the Parkfield experiment in California (Roel-
offs and Langbein, 1994) demonstrates that even if a fault
segment shows relatively regular behavior over several
decades, a prediction of future activity can still fail. One
reason for this is that the available data sets are too limited
to provide enough information for the understanding of
the complex relationships between the various physical
mechanisms in the earth's crust. This emphasizes the
importance of model simulations which cover many
seismic cycles and allow to study the dependences of
seismicity on the underlying parameters and evolving
stress field.

Several conceptual models have been proposed to
describe properties of observed seismicity, e.g. spring-
block models and cellular automata, which reproduce the
frequency–size distribution of earthquakes. These models
are mainly based on tectonic loading and the coseismic
stress transfer (Burridge and Knopoff, 1967; Bak and
Tang, 1989). Others have implemented additional mecha-
nisms, like viscoelastic relaxation in the fault zone
(Dieterich, 1972; Hainzl et al., 1999), fault strengthening
or weakening after a block slip (Ito andMatsuzaki, 1990),
pore fluid flow (Nur and Booker, 1972), rate-state friction
(Dieterich, 1994) and damage rheology (Ben-Zion and
Lyakhovsky, 2006; Shcherbakov and Turcotte, 2004).
Although most of these models reproduce certain
observed phenomena, the underlying frameworks are
often abstract and the application to an actual fault system
with its spatiotemporal complexity of earthquake occur-
rence remains questionable.

In this study, we analyze earthquake catalogs gen-
erated by the model of Zöller et al. (2005a) for a large
heterogeneous strike-slip fault. The model develops
further the framework of Ben-Zion and Rice (1993) and
Ben-Zion (1996) for a discrete fault in a surrounding
elastic solid, and it combines computational efficiency
with realistic physical properties. The simulations cover
1000s of years and allow us to reproduce brittle as well
as postseismic and interseismic creep deformation. The
model ingredients, including laws for brittle and creep
deformation, stress transfer, and boundary conditions,
are compatible with empirical knowledge. Several rela-
tionships between imposed model parameters (e.g.,
frictional parameters, creep velocities, spatial hetero-
geneities) and observed seismicity quantities like fre-
quency–size distributions and aftershock clustering,
have been previously quantified (Zöller et al., 2004,
2005a,b). In this paper, we will focus on the temporal
evolution of seismicity during seismic cycles. Many
observational and theoretical studies have shown that
seismicity is largely time-dependent. In particular, the

seismic moment release appears to accelerate prior to
some large earthquakes (Bufe and Varnes, 1993;
Bowman et al., 1998; Jaumé and Sykes, 1999). This
phenomenon suggests that seismicity is a process that
may be characterized by critical point behavior in terms
of upcoming long-range correlations prior to a large
earthquake (Sornette and Sornette, 1990; Zöller et al.,
2001; Zöller and Hainzl, 2002). Analyzing several stress
and seismicity functions over seismic cycles, Ben-Zion
et al. (2003) conclude that mainshock occurrence is
associated with a period where the stress-field evolves
toward a critical level of disorder. In this state, the stress
field heterogeneities are characterized by many size
scales and a brittle failure can evolve into a large earth-
quake. It is, therefore, an important question whether the
evolution of stress and seismicity in our model reflects
such critical point behavior.

2. Model

In this section, we give a brief description of the fault
model. Further details can be found in Zöller et al.
(2004, 2005a,b) and references therein.

Our model includes a single rectangular fault
embedded in a 3D elastic half space (Fig. 1). A fault
region of 70 km length and 17.5 km depth is covered by a
computational grid, divided into 128×32 uniform cells,
where deformational processes are calculated. Tectonic
loading is imposed by a motion with constant velocity
vpl=35mm/year of the regions around the computational
grid. The space-dependent loading rate provides realistic
boundary conditions. Using the static stress transfer
function for slip in elastic solid, the continuous tectonic
loading for each cell on the computational grid is a linear
function of time and plate velocity vpl. Additional
loadings on a given cell occur due to brittle and creep
failures on the fault. While the loading produces an
increase of stress on the fault, the local stress may be
reduced by interseismic creep and coseismic slip. As in
Zöller et al. (2005a), all cells on the computational grid
undergo creep deformation, while brittle deformation
during an earthquake is only possible for “brittle cells”
(white cells in Fig. 1). The aseismic “creep cells” (black
cells in Fig. 1) are generated by near-vertical random
walks from the free surface to depth accounting for
offsets and step-over regions in the fault zone.

The ongoing creep motion on the grid is implemen-
ted by a local constitutive law corresponding to lab-
based dislocation creep (Ben-Zion, 1996):

u
:
creepðx; z; tÞ ¼ cðx; zÞsðx; z; tÞ3; ð1Þ
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where uċreep (x, z, t) is the creep velocity of the cell with
coordinates (x, z); τ(x, z, t) is the local stress at time t,
and c(x, z) are time-independent coefficients, which are
different for the creep cells and the brittle cells. As
shown in Zöller et al. (2005a), this design can produce
aftershock sequences, where the ratio of the mean creep
coefficients in the creep cells and in the brittle cells 〈ccr〉/
〈cb〉 determines the exponent p of the modified Omori
law for the rate n˙(t) of aftershocks:

n
: ðtÞ ¼ c1

ðc2 þ t−tMÞp ð2Þ

In (2), c1 and c2 are time-independent numbers, and
tM is the mainshock occurrence time. For this work, we
choose creep coefficients leading to p=1: The creep
parameters for the brittle cells cb are randomly dis-
tributed in the interval [0.9〈cb〉; 1.1〈cb〉], where 〈cb〉=
10−7 ms−1 MPa−3. The values for the creeping cells ccr
are calculated accordingly with 〈ccr〉=10

− 2 ms− 1

MPa−3. These choices correspond to model A in Zöller
et al. (2005a). Eq. (1) results in a system of 128×32
coupled ordinary differential equations, which is solved
numerically using a Runge–Kutta scheme.

The coseismic processes are governed by static/
kinetic friction. An earthquake is initiated if the local
stress τ(x, z; t) exceeds the static friction τs(x, z). Then
the stress drops in cell (x, z) to the arrest stress τa(x, z)
and the strength drops to the lower dynamic value τd.
The brittle failure envelope τf(x, z, t) during an
earthquake is thus given by

sf ðx; z; tÞ ¼
ssðx; zÞ : cell ðx; zÞ failed not during this event

sdðx; zÞ : cell ðx; zÞ already failed during this event:

�

(3)

If τ(x, z; t)bτf (x, z; t) for all cells on the grid, the
earthquake is terminated. Then, the brittle strength

recovers back to the static level for all cells: τf (x, z; t)=τs
(x, z). The dynamic friction is calculated from the static
and arrest stress levels in relation to a dynamic over-
shoot coefficient D:

sd ¼ ss−
ss−sa
D

: ð4Þ

Following Madariaga (1976), we use D=1.25. The
static strength is constant, τs(x, z)≡10MPa, and the arrest
stress is chosen randomly from the interval τa(x, z)∈
[0; 1 MPa].

A quasidynamic stress transfer due to coseismic slip
and creep motion is calculated by means of the three-
dimensional solution K(x, z; x′, z′) of Chinnery (1963)
for static dislocations on rectangular patches in an
elastic Poisson solid with rigidity μ=30 GPa:

Dsðx; z; tÞ ¼
X

ðx V;z VÞagrid

Kðx; z; x V; z VÞDuðx V; z V; t−r=sÞ;

ð5Þ
whereΔu is the slip, r is the spatial distance between the
cells (x, z) and (x′, z′), vs is a constant shear wave
velocity, and the kernel K decays like 1 / r3. The value of
vs defines the event time scale but has no influence on
the earthquake catalogs, as long as vsN0.

3. Results

We analyze an earthquake catalog covering about
5000 years, which contains 200,000 earthquakes with
moment magnitudes M between 4.0 and 6.8. The seismic
potencyP0 (momentM0 divided by rigidityμ) is calculated
as the integral of slip over the rupture area during an
earthquake. The range of magnitudes depends on the
segmentation of the grid into computational cells, e.g.
smaller cells would allow to simulate smaller earthquakes.

Fig. 1. A sketch of a 2D strike-slip fault in a 3D elastic half space.
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On the other hand, a larger fault would result in a higher
maximum magnitude. Fig. 2 shows an earthquake
sequence (magnitude vs. time) from the catalog over a
period of 60 years.

3.1. Aftershocks

The most obvious feature in Fig. 2 is the aftershock
clustering following the largest events. As mentioned
above, the aftershock decay is compatible with the
modified Omori law, Eq. (2), with an exponent p=1.
Furthermore, it has been demonstrated that the after-
shocks are predominantly concentrated at the margins of
the fault segments (Zöller et al., 2005a), which is good
agreement with observational studies.

For the following investigation, we define a main-
shock to be the largest event within ±1 month and an
aftershock to be an earthquake occurring up to one
month after the mainshock somewhere on the compu-
tational grid. An important question is the dependence

of the aftershock sequences on the mainshock magni-
tude Mmain, expressed by the value of c1 in Eq. (2). The
exponent p is found to be almost independent of Mmain

in agreement with Utsu (1962, 2002). For the rate of
aftershocks, Reasenberg (1985) assumes the relation

c1f10
2
3dMmain : ð6Þ

The number of aftershocks as a function of the
mainshock magnitude is given in Fig. 3a. It is clearly
visible that the scaling law Eq. (6) is fulfilled in our
model. A second scaling relation is observed, if the
number of aftershocks is plotted as a function of the
mainshock rupture area, leading to NA∝A1/2 and thus to
NA∝R, where R is the rupture length (Fig. 3b). Com-
bining both scaling laws, results in a relation P0 (or
M0)∝A9/8 between seismic potency (or moment) and
rupture area A of the mainshock. Plotting P0 directly
versus A of the simulated earthquakes shows (Fig. 4)
that the slope of the log (P0) versus A for the small

Fig. 2. Example of the model seismicity in a time span of 60 years.

Fig. 3. The number of aftershocks in the first month after a mainshock (for a definition see text) as a function of the mainshock magnitude. The
aftershock productivity is found to scale with 10

2
3Mmain (panel a) and with the rupture length R∝

ffiffiffi
A

p
(panel b).
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events is about 1 and that the slope increases for the
larger events (P0∝A9/8). This is compatible with
simulation results of Ben-Zion and Rice (1993) and
high resolution observations (Ben-Zion and Zhu, 2002).
A scaling relation between the log (P0) and area Awith a
slope close to 1 is expected for earthquakes in a dynamic
regime close to criticality (Fisher et al., 1997).

3.2. Interevent times

In recent studies, it has been suggested that the dis-
tribution of interevent times can be described by a uni-
versal law. In particular, the distributions from different
tectonic environments, different spatial scales (from
worldwide to local seismicity) and different magnitude
ranges collapse, if the time Δt is rescaled with the rate
Rxy of seismic occurrence in a region denoted by (x, y)
(Corral, 2004):

Dx;yðDtÞ ¼ Rxyd f ðRxyDtÞ; ð7Þ
where Dxy is the probability density for the interevent
time Δt, and f can be expressed by a generalized gamma
distribution

f ðhÞ ¼ C
1

hg−1
exp −

hd

B

 !
ð8Þ

with parameters C, γ, δ, and B, which have been
determined by a fit to several observational catalogs
(Corral, 2004).

In Fig. 5, we compare Dxy(Δt) from Eq. (7) with two
earthquake catalogs: (1) the ANSS catalog of California
(catalog ranges are given in the caption) and (2) the
model catalog. Due to the universality of Eq. (7) with
respect to different spatial scales, the comparison of our
model simulating a single fault of 70 km length with a
region of hundreds of kilometers including several faults

in California is straightforward without coarse graining
the ANSS catalog. We note that due to the numerical
procedure, especially the Runge–Kutta integration of
the creep law (Eq. (1)), the interevent times in the model
have a finite lower limit. However, in the region where
the interevent times are calculated, the agreement of the
three curves is remarkable. For small values of Δt, Eq.
(7) deviates from the California data; for high values the
model has a slightly better correspondence with the
observational data than Eq. (7). Thus our results gene-
rally support the recent findings of Corral (2004). A
detailed analysis of the small deviations from Eq. (7),
and their possible origin will be addressed by means of a
refined parameter space study and additional statistical
testing in future studies.

The degree of temporal clustering of earthquakes can
be estimated by the coefficient of variation CV of the
interevent time distribution

CV ¼ r=l; ð9Þ
where σ is the standard deviation and μ the mean value
of the interevent time distribution. High values of CV
denote clustered activity, while low values represent
quasiperiodic occurrence of events. The case CV=1
corresponds to a random Poisson process. Ben-Zion
(1996) and Zöller et al. (2005b) have found that the
clustering properties of the large events depend on the
degree of quenched spatial disorder of the fault. Here we
show that CV as a function of the lower magnitude
cutoff has a characteristic shape (Fig. 6). The values of
CVare higher than 1 (clustered) for small and intermediate
earthquakes (M≤5.4) and smaller than 1 (quasiperiodic)

Fig. 4. Relation between potency P0 and rupture area A. The scaling for
small events is P0∝A and for large events P0∝A9/8.

Fig. 5. The normalized interevent time distribution of the model
simulations (black dots) compared with the result of Corral (2004) and
the distribution of earthquakes in California (ANSS catalog of M≥3
earthquakes occurred between 1970 and 2004 within 29° and 43°
latitude and −113° and −123° longitude).
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for larger earthquakes. This corresponds to the case of a
low degree of disorder in Zöller et al. (2005b), because the
brittle cells which participate in an earthquake have no
significant spatial disorder. We note that this behavior
resembles the seismicity on the Parkfield segment of the
San Andreas fault, which is characterized by a quasipe-
riodic occurrence of mainshocks.

A different behavior is observed on the San Jacinto
fault in California, where the largest events occur less
regularly and have overall smaller magnitudes. As dis-
cussed in Ben-Zion (1996) and Zöller et al. (2005b), this
can be modeled by imposing higher degrees of disorder
leading to a broader range of spatial size scales, e.g. by
using a higher number of near-vertical barriers. While
barriers provide a simple and physically motivated way

to tune the degree of disorder, other types of hetero-
geneities may work as well, as long as they are able to
produce strong enough variations of the brittle fault
strength.

3.3. Foreshocks

In Zöller et al. (2005a) and in Section 3.1, it is shown
that our model produces aftershock sequences, and that
the parameter space of the model includes regions where
these sequences are quantitatively in good agreement
with observed aftershock activity. Foreshock activity is,
however, less present in observed data. Although it is
documented that the increase of activity prior to a
mainshock follows an “inverse Omori law” n˙(t)∼ (c+
tM− t)− q with an exponent q≈1 (Hainzl et al., 1999),
the overall smaller number of foreshocks requires very
long data sets including many mainshocks to detect a
clear foreshock signal. Stacking the activity before 225
mainshocks with M≥6, shows a moderate but clearly
visible increase of the earthquake rate before a main-
shock (Fig. 7). A stable estimation of the exponent q is,
however, not possible from Fig. 7 due to the small
number of extra events. The observation of an increa-
sing event rate is encouraging for the applicability of the
model to real fault zones.

3.4. Critical point behavior

The interpretation of seismicity in terms of critical
point dynamics has opened new perspectives for the
analysis and the understanding of earthquake data.

Fig. 6. The temporal earthquake occurrence quantified by the
coefficient of variation as a function of the lower magnitude cutoff.
Values larger than 1 indicate clustering, whereas lower values point to
quasiperiodic behavior.

Fig. 7. The stacked and averaged activity prior to mainshocks (225
sequences). Here, mainshocks are MN6 events which are the largest
earthquakes within ±10 years.

Fig. 8. The averaged activity and stress evolution relative to
mainshocks (MN6 events which are the largest earthquakes within ±
10 years).
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These include self-organized criticality (Bak and Tang,
1989; Hainzl et al., 1999), growing spatial correlation
length (Zöller et al., 2001; Zöller and Hainzl, 2002) and
accelerating moment release (Bufe and Varnes, 1993;
Jaumé and Sykes, 1999). A key question is whether the
approach to the critical point can be measured by stress
or seismicity functions as addressed by Ben-Zion et al.
(2003). Their analysis of catalogs from three end-
member models leads to the conclusion that large earth-
quakes are preceded by a period of criticality charac-
terized by a highly disordered stress field with a broad
range of size scales. In this section, we search for signals
of criticality in our more realistic version of the model.

Fig. 8 (bottom) shows the average earthquake rate
before and after a large event as a function of time, based
again on stacking of 225 large event (M≥6) sequences.
The top panel of Fig. 8 is the corresponding mean stress
(normalized) on the computational grid. The mainshock
itself is characterized by a significant stress drop. In the
following period of aftershocks, lasting for about
1.2 years, the mean stress still decreases before it reco-
vers and increases again. This stress increase is almost
linear and lasts until the next mainshock occurs.

In previous studies (Ben-Zion, 1996; Ben-Zion et al.,
2003; Zöller et al., 2005b), it was demonstrated that the
degree of disorder of the stress field is correlated with
the frequency–size distribution of the seismicity: a
smooth stress field produces characteristic earthquake
distributions with a frequently occurring characteristic
event, almost no intermediate earthquakes, and small
events following a truncated Gutenberg–Richter distri-
bution; in contrast, the seismicity from a disordered stress

field is characterized by a Gutenberg–Richter distribu-
tion over a broad range of magnitudes. Therefore, we
expect that the frequency–size distribution before a
mainshock has a broad scaling region, whereas the
overall seismicity follows a characteristic earthquake
distribution. Fig. 9 shows the cumulative frequency–size
distributions for foreshocks, aftershocks, and all earth-
quakes in our model. Due to the small number of fore-
shocks, the corresponding curve is less smooth than the
curves for aftershocks and all events. However, it is
clearly visible that the foreshock activity shows the
smallest deviations from a scaling law (denoted as solid
lines) compared to the other curves. Although the overall
frequency–size distribution of earthquakes follows a
characteristic earthquake law, the periods before main-
shocks are characterized by Gutenberg–Richter type sta-
tistics, with a broad scaling range pointing to a disordered
stress field with a wide range of spatial size scales.

The second indication for critical point behavior is
the acceleration of seismic moment release, which is
assumed to follow the power law

ðRXÞðtÞ ¼ Aþ Bðtf−tÞm; ð10Þ
where the cumulative Benioff strain (ΣΩ)(t) is calculat-
ed from the moment releases M0(t′) of earthquakes at
times t′≤ t by ðRXÞðtÞ ¼ R t0 ffiffiffiffiffiffiffiffiffiffiffiffi

M0ðt VÞ
p

dt V. The time tf is
the mainshock occurrence time, and A, B, and m are
parameters. Analyzing eight large earthquakes in Cali-
fornia, Bowman et al. (1998) find values of the exponent
m in the range 0.1≤m≤0.55. The theoretical analysis of
Rundle et al. (2000a) of a critical point process leads to
m=0.25. The observational study of Bufe and Varnes
(1993) and the theoretical damage model of Ben-Zion
and Lyakhovsky (2002) suggest the value m=0.3.

Fig. 9. The frequency–magnitude distribution of all earthquakes,
foreshocks and aftershocks, respectively. Foreshocks and aftershocks
are defined to be earthquakes occurring within one month before and
after a mainshock, where the mainshock definition is the same way as
before. The dotted lines refer to b-values of 1 and 2.

Fig. 10. The mean potency of earthquakes as a function of the stress
level τ. The stress level is normalized to the maximum (max) and
minimum (min) observed stress. The potency is found to increase
according to a power law Δτ−1.5, if stress approaches the maximum.
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Due to the noisy character of single earthquake se-
quences, it is difficult to detect accelerating moment
release before individual mainshocks. Instead, we use a
more robust representation by plotting the release of
potency P0 as a function of the (normalized) stress level
on the fault in Fig. 10. We note that the stress increase on
the fault is linear (see Fig. 8). Consequently, the abscissa
represents effectively the time between two mainshocks.
The curve shows a clear power law dependence of the
(non-cumulative) potency release on the stress level
with an exponent of s=−1.5. This results in a power law
for the cumulative Benioff strain according to Eq. (10)
with m=0.5 · s+1=0.25, which is in good agreement
with empirical and theoretical findings (Bufe and
Varnes, 1993; Bowman et al., 1998; Rundle et al.,
2000a; Ben-Zion and Lyakhovsky, 2002). In sum, our
results are compatible with the hypothesis of accelerat-
ing moment release and provide further support for
the presence of critical point dynamics in the simulated
seismicity.

4. Discussion and conclusions

In the present work, we have analyzed an earthquake
catalog from a recently developed model for a large
heterogeneous strike-slip fault. As shown in a previous
work, this model reproduces various characteristics of
observed seismicity (Ben-Zion, 1996; Zöller et al.,
2005a). Using different parameters, like frictional values
and creep rates, the model can be tuned towards
observed cases, e.g. a fault which produces clustered
seismicity obeying Gutenberg–Richter statistics or a
fault with quasiperiodically occurring mainshocks
following the characteristic earthquake distribution.
Here, we have analyzed an earthquake catalog from
the latter situation, which resembles many features of
seismicity on the Parkfield segment of the San Andreas
fault in California, including quasiperiodically occur-
ring mainshocks, which are followed by aftershock
sequences. In contrast to short observational data sets
covering some years or decades, we consider an obser-
vational period of about 5000 years of simulated seis-
micity. This allows us to use a stacking procedure in
order to unveil properties, which are not visible in short
and noisy data sets.

The stacking of many aftershock sequences shows a
scaling relation between the mainshock magnitude and
the number of aftershocks. This gives in combinationwith
the modified Omori law an excellent explanation of
aftershock activity. In addition, the less frequently
occurring foreshock activity is also visible in our model.
The temporal occurrence of earthquakes is quasiperiodic

for large events and clustered for intermediate and small
events with an overall interevent time distribution that
follows a recently proposed universal law, and is very
similar to the interevent time distribution of California
seismicity. While these results demonstrate a high cor-
respondence of the model output with observed seismic-
ity, we also find support for the hypothesis that seismicity
is associatedwith critical point dynamics. In particular, we
have shown that the scaling range of the frequency–size
distribution becomes broader when the time of a main-
shock is approached. This indicates that the stress field has
reached a certain degree of disorder, where a single failure
can evolve into a large event. Furthermore, the moment
release accelerates in interseismic periods in good agree-
ment with observational and theoretical results.

In sum, we have demonstrated that our model
provides a very good reproduction of natural earthquake
activity and gives new insights to various aspects of the
“critical earthquake concept.” Continuing joint study of
model simulations and data associated with large fault
zones may improve the ability to predict large earth-
quakes in these faults.
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S U M M A R Y

We present a strategy for estimating the recurrence times between large earthquakes and as-
sociated seismic hazard on a given fault section. The goal of the analysis is to address two
fundamental problems. (1) The lack of sufficient direct earthquake data and (2) the existence of
‘subgrid’ processes that can not be accounted for in any model. We deal with the first problem
by using long simulations (some 10 000 yr) of a physically motivated ‘coarsegrain’ model that
reproduces the main statistical properties of seismicity on individual faults. We address the
second problem by adding stochasticity to the macroscopic model parameters. A small number
N of observational earthquake times (2 ≤ N ≤ 10) can be used to determine the values of model
parameters which are most representative for the fault. As an application of the method, we
consider a model set-up that produces the characteristic earthquake distribution, and where the
stress drops are associated with some uncertainty. Using several model realizations with differ-
ent values of stress drops, we generate a set of corresponding synthetic earthquake catalogues.
The recurrence time distributions in the simulated catalogues are fitted approximately by a
gamma distribution. A superposition of appropriately scaled gamma distributions is then used
to construct a distribution of recurrence intervals that incorporates the assumed uncertainty of
the stress drops. Combining such synthetic data with observed recurrence times between the
observational ∼M6 earthquakes on the Parkfield segment of the San Andreas fault, allows us to
constrain the distribution of recurrence intervals and to estimate the average stress drop of the
events. Based on this procedure, we calculate for the Parkfield region the expected recurrence
time distribution, the hazard function, and the mean waiting time to the next ∼M6 earthquake.
Using five observational recurrence times from 1857 to 1966, the recurrence time distribution
has a maximum at 22.2 yr and decays rapidly for higher intervals. The probability for the post
1966 large event to occur on or before 2004 September 28 is 94 per cent. The average stress
drop of ∼M6 Parkfield earthquakes is in the range �τ = (3.04 ± 0.27) MPa.

Key words: dynamics, earthquakes, fault model, rates, seismic-event, seismicity.

1 I N T RO D U C T I O N

The distribution of recurrence times of large earthquakes is cru-
cial for the calculation of seismic hazard. Due to a lack of obser-
vational data, this distribution is unknown for real fault systems.
Commonly used distributions are based on extreme value statistics
and on models for catastrophic failure. These include the lognormal
distribution (Patel et al. 1976), the Brownian passage time distribu-
tion (Matthews et al. 2002), and the Gumbel distribution (Gumbel
1960). All distributions are characterized by a maximum for a cer-
tain recurrence time followed by an asymptotic decay. The Brownian
passage time distribution and the lognormal distribution have been
used by the Working Group on California Earthquake Probabilities

(WGCEP 2003), for example, for calculating earthquake probabil-
ities in the San Francisco Bay area. Yakovlev et al. (2006) calcu-
lated recurrence time distributions from simulated data based on the
‘Virtual California’ model (Rundle et al. 2006), which consists of
about 650 fault sections in various places in California. They con-
cluded that the Weibull distribution (Weibull 1951) provides a better
fit to the data than either the lognormal or the Brownian passage time
distribution.

In many cases there is a practical need to estimate the distribution
of recurrence intervals of earthquakes in a specific region (e.g. with
a nuclear power plants or other critical structure), where the seismic
hazard is dominated by a single large fault section. In these cases, it
is important to estimate the recurrence intervals of large earthquakes
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on the dominant fault, in a way that assimilates available information
on properties of the fault and associated earthquakes. In this work,
we discuss a strategy for obtaining such estimates by combining
long synthetic earthquake records from a model of a heterogeneous
strike-slip fault in a 3-D elastic half-space with observational data
from a natural fault section. First, a simulated catalogue that in-
cludes a very large number of strong earthquakes is analysed to
provide a recurrence time distribution for fixed choices of model
parameters. Then, one or more parameters are varied in order to
estimate their influence on the recurrence time distribution. This
allows us to calculate the expected distribution of recurrence times
which assimilates information on uncertainties of model parame-
ters. Second, if a few observational recurrence times are available,
Bayes’ theorem (Bernardo & Smith 1994) can be used to incorporate
this additional observational information into the estimation of the
model parameters, the recurrence time distribution, and the hazard
function.

In this paper, we restrict ourselves to variations of a single pa-
rameter, namely the mean stress drop �τ of the large events (M ≥
M cut), and we use a parameter range where the synthetic catalogues
show clear characteristic earthquake statistics. This latter choice has
two reasons. (1) The definition of a large earthquake (as an event
within the characteristic earthquake peak in the frequency-size dis-
tribution) is straightforward. (2) It allows us to apply the method to
the Parkfield seismicity, which is a known example for characteris-
tic earthquake behaviour with seven ∼M6 events. A generalization
of the method to multiple parameters and assimilation of additional
data is straightforward and is left for future studies.

The reminder of the paper is organized as follows. In the next
section we give a brief summary of the employed fault model and
the synthetic data. In Section 3 the recurrence time distributions are
calculated. In Section 4 we derive the Bayesian approach and we
apply it in Section 5 to the sequence of ∼M6 Parkfield events. The
results are summarized and discussed in Section 6.

2 M E T H O D O L O G Y

In this section we give a description of the methodology including
the employed earthquake model (Section 2.1), the synthetic data
(Section 2.2) and Bayesian analysis (Section 2.3).

2.1 Model

The presentation of the model is divided into three parts: the geom-
etry of the fault, the tectonic loading (interseismic processes), and
the evolution of stress and strength during an earthquake (coseismic
processes).

2.1.1 Model geometry

The model consists of a strike-slip fault section, covered by a com-
putational grid of length Lx and depth Dz, where deformational pro-
cesses are calculated (Fig. 1). As discussed by Zöller et al. (2005a),
the planar grid can be considered as an approximation of different
fault segments with similar orientation. In this view, earthquakes
on different but nearby fault segments are mapped on a plane. The
examined fault section is part of an infinite half-plane. The model
provides a computational framework, compatible overall with the
elastic rebound theory of Reid (1910), for spatiotemporal patterns
of earthquakes on a discrete heterogeneous fault in an elastic half-
space (Ben-Zion & Rice 1993).

v  = 35 mm/year
pl

North

Depth

segmented fault

35 km

8.75 km

Figure 1. Sketch of the fault model.

2.1.2 Plate motion

Tectonic loading is imposed by a motion with constant velocity vpl

of the regions around the computational grid. The space-dependent
loading rate provides realistic boundary conditions. Using the static
stress transfer function for slip in elastic solid, the continuous tec-
tonic loading for each cell with coordinates x (distance along strike)
and z (depth) on the computational grid is a linear function of time
t:

τload(x, z; t) = γ (x, z) · t. (1)

The loading rate is

γ (x, z) = vpl ·
∑

(x ′,z′)∈grid

K (x, z; x ′, z′), (2)

where K(x, z; x′, z′) is the 3-D solution of Chinnery (1963) for static
dislocations on rectangular patches in an elastic Poisson solid with
rigidity μ. We note that the loading rates are space-dependent, but
time-independent. In particular, cells at the boundaries of the grid
have higher loading rates than cells in the centre.

2.1.3 Earthquake initiation and coseismic stress transfer

The evolution of earthquakes is controlled by threshold dynamics
associated with frictional strength and shear stress, which have the
same physical dimension. The frictional strength, serving as the
threshold, is constant in the interseismic period but may change
during rupture.

An earthquake is initiated at time t, if the local stress τ (x, z; t)
exceeds the static strength τ s(x, z). Then the stress in cell (x, z) drops
instantaneously to the arrest stress τ a(x, z) leading to slip

δu(x, z; t) = τ (x, z; t) − τa(x, z)

K (x, z; x, z)
, (3)

where K(x, z; x, z) is the self-stiffness of cell (x, z).
The strength drops to a dynamic friction value τ d(x, z) for the

reminder of the event. The brittle failure envelope τ f (x, z, t) during
an earthquake is thus given by

τ f (x, z; t) =
{

τs(x, z) : cell (x, z) did not fail.

τd (x, z) : cell (x, z) already failed.
(4)

At the end of the earthquake, the strength recovers everywhere back
to the static level. The dynamic friction is calculated from the static
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and arrest stress levels in relation to a dynamic overshoot coefficient
D:

τd = τs − τs − τa

D
. (5)

If cell (x′, z′) slips at time t (according to eq. 3), the stress in cell
(x, z) will increase at time t + δt . Imposing a constant shear wave
velocity v s leads to δt = r/v s, where r is the spatial distance between
cells (x, z) and (x′, z′). The change of stress in cell (x, z) at time t can
thus be calculated by summing up the stress contributions from all
slip events in the past:

δτ (x, z; t) =
∑

(x ′,z′)∈grid

K (x, z; x ′, z′)δu(x ′, z′; t − r/vs). (6)

The value of v s defines the event time scale and has no influence
on the earthquake catalogues. A finite value of v s corresponds to
the quasi-dynamic approximation of Zöller et al. (2004), whereas
v s → ∞ reduces to the quasi-static procedure of Ben-Zion & Rice
(1993). The calculations below are done for a finite value of v s, but
the statistical aspects of the results remain the same for the quasi-
static case.

2.1.4 Simulation algorithm

The simulation starts at t = 0 with random stress values below the
static strength,

τ (x, z; t) < τs(x, z) (7)

for all cells (x, z).
The tectonic loading (Section 2.1.2) produces an increase of stress

on the fault, as long as eq. (7) holds. During this period the fault is
locked and no slip occurs: δu(x , z; t) = 0 for all cells (x, z). If the
local stress τ (x, z; t) exceeds the static strength τ s(x, z) at time tE,
an earthquake is initiated in cell (x, z), the hypocentre. The stress
and the strength (see eq. 4) drop in this cell,

τ (x, z; t) → τa(x, z), (8)

τ f (x, z; t) → τd (x, z), (9)

and cell (x, z) accumulates corresponding incremental slip accord-
ing to eq. (3). Following eq. (6), stress is redistributed in space
and time to the other cells. If eq. (7) is valid again for all cells be-
tween tE and the maximum propagation time t max = r max/v s (with
rmax = √

L2
x + D2

z ; see Section 2.1.1), the earthquake is termi-
nated. Otherwise, eq. (7) is violated for N space–time-points (x 1,
z1; t 1), . . . , (x N , z N ; t N ). If (xi, zi; ti) denotes the space–time-point
with the smallest time ti, slip will be initiated in cell (xi, zi) at time
ti and eqs (8) and (9) are applied to this cell. Again, stress is re-
distributed according to eq. (6), and the stability condition (eq. 7)
is checked. This procedure is repeated until eq. (7) is satisfied for
all cells. Then the earthquake is terminated and all strength values
recover back to the static level τ f (x, z; t) → τs(x, z). The tectonic
loading sets in again (Section 2.1.2) and increases the stress, until
the next earthquake is initiated.

2.1.5 Parameters of the model

The dimensions of the employed computational grid are L x =
35 km length and Dz = 8.75 km depth. The grid is divided into
128 × 32 uniform cells of 0.23 km length and width. The values for
plate velocity and rigidity are vpl = 35 mm yr−1 and μ = 30 GPa

(Ben-Zion & Rice 1993), the dynamic overshoot coefficient is D =
1.25 (Madariaga 1976).

Ben-Zion (1996) and Zöller et al. (2005b) have shown that the
distribution of brittle properties τ s , τ a , or τ d and the degree of
quenched spatial disorder can tune the statistics and dynamics of
the simulated data between two end-member cases: (1) Gutenberg–
Richter statistics over a broad range of magnitudes and irregular
occurrence of large earthquakes, and (2) characteristic earthquake
statistics with overall regular (quasi-periodic) occurring large earth-
quakes. In this work, we use parameters leading to the second case.
In particular, we assume a high value of dynamic weakening (τ s −
τ d)/τ s and a fault without strong spatial heterogeneities. The static
strength τ s is constant for all computational cells, τ s(x , z) ≡
20 MPa, and the arrest stress is chosen randomly from the inter-
val τ a(x , z) ∈ [τ s − �τ s − 0.5 MPa ; τ s − �τ s + 0.5 MPa] with
�τ s = 9 MPa, 10 MPa, . . . , 16 MPa. We point out that �τ s (stress
drop for a single slipping cell) is different from �τ , which denotes
the average stress drop over the failure area during an earthquake.

2.2 Earthquake catalogues

For each distribution of �τ s, we generate a catalogue with 5 × 105

earthquakes. Each earthquake is characterized by the occurrence
time, the hypocentre coordinates and the magnitude. The magni-
tudes are calculated from the simulated potency values, with potency
being the integral of slip on the failure area,

P =
∫

grid
δu(x, z) d A, (10)

where δ u (x, z) denotes the total slip of cell (x, z) during the earth-
quake. The potency values are converted to earthquake magnitudes
with the empirical potency–magnitude scaling relation of Ben-Zion
& Zhu (2002):

M = 2

3
log10 (P) + 3.6. (11)

The minimum magnitude M min is determined by the minimum
stress drop and the dimension of a computational cell; the maximum
magnitude M max increases with the total number of cells and thus
with the size of the computational grid.

In earlier work (Zöller et al. 2006), we have studied the interevent-
time distribution of our model for the whole range of magnitudes
[M min, M max] and found that it is in good agreement with the
recently proposed universal scaling law for natural seismicity of
Corral (2004). Weatherley & Abe (2004) found that this distri-
bution is also applicable to results generated by block-spring and
discrete-lattice models of seismicity. This study, however, focuses
on recurrence times of the large earthquakes, because these events
have the largest impact on the seismic hazard. Although we do not
analyse statistical properties of the small and intermediate events,
it is crucial to use a model that generates such events because they
contribute to the self-organization of the stress-field, and hence can
delay, advance or trigger the large events. This requires very long
simulations, because large events occur relatively infrequent.

The definition of a ‘large earthquake’ is straightforward if the
frequency-size distribution follows a characteristic earthquake be-
haviour. The simulated frequency-size distributions for three dis-
tributions of �τ s are shown in Fig. 2; a typical time series (earth-
quake magnitude versus time) is given in Fig. 3. We consider a ‘large
earthquake’ to lie within the characteristic earthquake peak. With
increasing average stress drop, the peak is shifted towards higher
magnitudes. From Fig. 2, we define the simple linear relation for
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Figure 3. Example of a time-series of magnitude versus time.

the magnitude cut-off M cut = 6.2 + 0.03 × (�τ s − 9.0) with �τ s

in MPa. This condition results in an approximate number of 1200
large earthquakes for a catalogue, which is sufficient to calculate re-
currence time distributions. The mean stress drop for a mainshock
�τ is calculated by summing the differences between the initial and
final stresses over the failure area and by averaging this value over
all earthquakes with M ≥ M cut.

2.3 Bayesian analysis

The Bayesian approach (Bernardo & Smith 1994) provides a mathe-
matical tool for the treatment of uncertainties in modelling and data
analysis. In the Bayesian view, probability is associated with a lack
of knowledge and considered to measure the degree of belief that
an event will occur (Sornette 2000).

In the context of earthquake recurrences, Bayes’ theorem (eq. 12)
can be used to deal with uncertainties of model parameters and
probabilistic uncertainty in the occurrence of earthquakes. It can
be used to update current probabilities, for example, associated
with seismic hazard, if new information (in terms of an event
E) becomes available. An important feature of Bayes’ probabil-
ity theory is the ability to combine statistical information on seis-
micity with non-statistical data coming from geology or historic
seismicity.

Bayes’ theorem in a discrete representation can be formulated as
follows:

P(Hi | E) = P(E | Hi )P(Hi )∑
j P(E | Hj )P(Hj )

, (12)

where the H i denote all mutually exclusive hypotheses, P(E | H i)
is the likelihood function, P(H i) is the a priori probability of the
hypothesis H i before the new information (event E) is available, and
P(H i | E) is the corresponding a posteriori probability including the
new information.

Campbell (1982) has derived a probabilistic hazard model based
on exponentially distributed earthquake magnitudes and a Poisson
process for the temporal earthquake occurrence. In that application,
eq. (12) is used to account for uncertainties of the mean earthquake
rate in the Poisson distribution and the b value in the magnitude
distribution. This model has been applied to calculate the seismic
hazard in the San Jacinto fault zone in California (Campbell 1983).
Ferraes (1992) imposes a lognormal distribution for the recurrence
of characteristic earthquakes in order to study the Ometepec seg-
ment of Mexican subduction zone. Parvez (2006) uses Campbell’s
(1982) model to calculate probabilities for earthquake occurrence
in the North East Indian peninsula. Further applications of Bayes’
probability theory to the problem of earthquake recurrence are re-
viewed in Parvez (2006).

3 R E C U R R E N C E T I M E

D I S T R I B U T I O N S

In this section, we calculate probability density functions of re-
currence times for eight realizations corresponding to eight dis-
tributions of the single cell stress drops introduced at the end of
Section 2.1. The recurrence time t is defined as the waiting time
between two subsequent earthquakes with M ≥ M cut. The pdf f (t)
of the recurrence times is approximated by

f (t) = 1

Ntot

�N (t)

�t
, (13)

where N tot is the total number of recurrence times, and �N(t) is the
number of recurrence times in the interval [t ; t + �t]. The pdf is
normalized satisfying
∫ ∞

0
f (t) dt = 1. (14)

The cumulative distribution (cdf) is defined by

C(t) =
∫ t

0
f (t ′) dt ′. (15)

The panels in Fig. 4 show the recurrence time pdfs for the simu-
lations. A common feature of the pdfs is the rapid increase around
a certain time t∗(�τ ) and the gradual decay for higher values of t.
With growing average stress drops, the pdf becomes broader. Table 1
summarizes the relevant parameters of the recurrence time distri-
butions: the imposed values of τ s − τ a, the magnitude threshold
M cut, the average stress drop �τ of earthquakes with M ≥ M cut,
the mean μt and the standard deviation σ t of the recurrence time
distribution.

Fig. 5 gives fits and empirical relations between μt and σ t of a
pdf and the average stress drop �τ of large events. While the mean
value of the recurrence time pdf grows linearly with the stress drops,
the standard deviation is characterized by a quadratic increase:

μt (�τ ) = 9.7 · �τ

σt (�τ ) = 1.8 · �τ 2 − 6.8 · �τ + 11.7 (16)

with μt, σ t in years and �τ in MPa.
In the next step, it is desirable to get pdfs also for similar model

realizations that have other values of �τ . Toward this end, we
fit the simulated pdfs by an analytical function which conserves
the mean value μt and the standard deviation σ t. If a relation-
ship between (μt, σ t) and the stress drop �τ can be established
by interpolation, it may be used to estimate the recurrence time
pdfs for other values of �τ . We find that the Gamma distribution
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Figure 4. Probability density functions of the recurrence time for synthetic earthquake catalogues and fits of analytic functions based on eq. (17) (see
text).

f (t) = β−1(�(γ ))−1( t−μ

β
)γ−1exp (− t−μ

β
) with the location parame-

ter μ, the shape parameter γ ≡ 2.0 and the scale parameter β (with
x ≥ μ; γ , β > 0) provides an overall reasonable fit to the simu-
lated pdfs. The narrow peaks in Fig. 4. cannot be reproduced, but
these include only a small number of data points. We also note that

in terms of the Kolmogorof–Smirnov test, the Gamma distribution
shows a better performance in explaining the observed empirical
distribution than the Weibull, lognormal, and the Brownian passage
time distributions. However, a disadvantage is the truncation of the
distribution for values smaller than the location parameter t < μ,
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Table 1. Parameters of simulated earthquake catalogues and corre-
sponding recurrence time distributions.

τ s − τ a (MPa) M cut �τ (MPa) μt (yr) σ t (yr)

9.0 6.20 2.05 19.84 5.22
10.0 6.23 2.28 22.03 5.62
11.0 6.26 2.50 24.06 6.08
12.0 6.29 2.72 26.14 6.66
13.0 6.32 2.94 28.31 7.35
14.0 6.35 3.19 31.06 8.46
15.0 6.38 3.43 33.61 8.82
16.0 6.41 3.64 35.98 11.32
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Figure 5. Relation of (a) the mean value μt and (b) the standard deviation
σ t of a pdf of recurrence intervals and the average stress drop �τ . The solid
lines are least square fits to the data points (see eq. 16).

which excludes small recurrence times, for example, arising from
large aftershocks. Therefore, we set f (t) to be constant, f (t) ≡ h,
for 0 ≤ t ≤ t∗(�τ ),

f (t) =
{

h for t ≤ t∗

( t−μ
β )exp (− t−μ

β )

β�(2) for t > t∗,
(17)

where the offset value t∗ is empirically determined from Fig. 4 by
t∗ = 6.5 · �τ , with t∗(�τ ) given in years and �τ in MPa. The
value h is determined by the normalization condition eq. (14). We
emphasize that we aim to reproduce the overall shape of a single pdf
rather than the details. Small fluctuations and higher-order peaks
will be suppressed in the next analysis step, when many pdfs are
integrated. The location parameter μ and the scale parameter β are
determined analytically (Papoulis 1984) from the mean value μt and
the standard deviation σ t of the data (neglecting the constant part)
by

μ = μt − σt · √
2

β = σt/
√

2. (18)

The fits to the eight pdfs from the simulated earthquake catalogues
are shown as smooth lines in Fig. 4.

4 A C C O U N T I N G F O R U N C E RTA I N T I E S

In order to account for the limited knowledge of model parameters,
like the stress drop �τ , we use two approaches: in the first ‘basic’
approach, no information except upper and lower bounds of the
stress drop�τ are given. In the second approach, we will incorporate
a small number of observational recurrence times T 1, . . . , T N from
a certain region, into the a posteriori pdf of recurrence times and
average stress drop.
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Figure 6. Probability density function of the recurrence time distribution
RT 0(t) based on eq. (19). The mean value of the pdf is μ = 28.54 yr, the
standard deviation is σ = 10.34 yr, the maximum of the pdf is reached at
24.85 yr.

4.1 Basic approach

This approach aims at the calculation of a recurrence time distri-
bution, including only estimates of upper and lower bounds of �τ .
Within this range �τ is considered to be a random variable. This
can be understood in the Bayesian view, where ‘randomness’ is due
to a lack of precise knowledge. If no observational data are avail-
able, the a posteriori distribution of stress drops is equal to the a
priori distribution, P(�τ |E) = P(�τ ), and the recurrence time pdf
is given by

RT0(t) =
∫ �τmax

�τmin

f (t | �τ )P(�τ ) d�τ. (19)

Using a flat prior (i.e. an a priori distribution, which is uniform be-
tween the lower bound �τ min and the upper bound �τ max), eq. (19)
reduces simply to the average of the functions f (t | �τ ) between
�τ min and �τ max. This can be considered as a zero-order Bayesian
approach. The function RT 0(t) calculated between �τ min = 2 MPa
and �τ max = 4 MPa is shown in Fig. 6.

Due to the design of the model, focusing on a single fault with
characteristic earthquake statistics, RT 0 has a narrow range in com-
parison with other models simulating broad regions with many faults
and fault segments (e.g. Rundle et al. 2006). In the absence of addi-
tional information, this function provides a tool for estimating the
recurrence intervals of large earthquakes with stress drops in a given
range on a fault with the assumed dimensions. In the next section,
we show how the distribution in Fig. 6 can be updated by including
information associated with observational data.

4.2 Bayesian approach

Now we extend the basic approach to a method based on Bayes’
theorem (eq. 12), which takes into account new information in terms
of observational recurrence times T 1, . . . , T N . Typical values for N
lie between 2 and 8.

If P(�τ ) is the a priori distribution of stress drops, the a poste-
riori distribution P(�τ | T 1, . . . , T N ) can be calculated via Bayes’
theorem (eq. 12) as

P(�τ | T1, . . . , TN ) = P(T1, . . . , TN | �τ ) · P(�τ )

CN
, (20)
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Table 2. Comparison of the mean stress drops
from synthetic catalogues 〈�τ true〉 with stress drops
�τ max calculated from six ‘observational’ recurrence
times (maximum of the pdf in eq. 20), respectively.
Each line corresponds to one model realization. The
values in bracket are the mean values of the a poste-
riori stress drop distributions. The errors denote one
standard deviation.

〈�τ true〉 (MPa) �τ max [〈�τ 〉] (MPa)

1.93 ± 0.17 1.98[1.95] ± 0.16
2.26 ± 0.20 2.34[2.27] ± 0.17
2.55 ± 0.31 2.52[2.52] ± 0.37
2.59 ± 0.28 2.70[2.71] ± 0.22
3.00 ± 0.30 3.18[3.12] ± 0.26
3.00 ± 0.20 3.06[3.04] ± 0.26
3.56 ± 0.38 3.60[3.58] ± 0.35
3.49 ± 0.45 3.42[3.44] ± 0.33

with the likelihood function

P(T1, . . . , TN | �τ ) =
N∏

i=1

f (Ti | �τ ) (21)

and the normalization factor

CN =
∫ �τmax

�τmin

P(T1, . . . , TN | �τ ) · P(�τ ) d�τ. (22)

Here we have used our assumption that the large events follow a
renewal process with stationary pdf f (T i | �τ ) depending only on
the stress drop �τ (i.e. the recurrence times are independent and
identically distributed random variables with common distribution
f ).

If no detailed seismological information are available, it will be
reasonable to use again a flat prior, that is, a uniform a priori dis-
tribution of stress drops, P(�τ ) ≡ 1/(�τ max − �τ min) between two
boundary values �τ min and �τ max.

A local maximum of P(�τ | T 1, . . . , T N ) with respect to �τ in-
dicates the most likely stress drop �τ , from which the observational
recurrence times have been drawn.

The capability of the Bayesian approach to estimate stress drops
can be tested by applying it to a synthetic catalogue with known stress
drops. To perform such a test, we generate short catalogues with the
same parameters as in Section 2.2, using different realizations for
the stress field. From each catalogue we select randomly a period
that includes seven large earthquakes (six recurrence times) and
calculate the mean and the standard deviation of the stress drops.
Then the average stress drop is estimated by means of the Bayesian
approach (eq. 20) from the six ‘observed’ recurrence times. The
results for eight scenarios are provides in Table 2. The comparison of
the actual used (true) and calculated stress drops shows a reasonable
agreement.

Based on the a posteriori distribution P(�τ | T 1, . . . , T N ), other
functions related to seismic hazard can be calculated. We consider
(1) the recurrence time distribution RT(t), (2) the cumulative re-
currence time distribution C(t), (3) the hazard function H and (4)
the waiting time to the next large earthquake �tw(t | H) for a given
hazard level. These functions are defined as follows:

(1) The recurrence time pdf is calculated via

RT (t) =
∫ �τmax

�τmin

f (t | �τ )P(�τ | T1, . . . , TN ) d�τ. (23)

(2) The corresponding cumulative recurrence time distribution
is

C(t) =
∫ t

0
RT (t ′) dt ′. (24)

(3) The hazard function is

Ht0 (�t) = C(t0 + �t) − C(t0)

1 − C(t0)
. (25)

The function H is the probability that the next large earthquake
occurs in the interval [t 0; t 0 + �t] given the time t0 since the last
large event.

(4) Finally, solving eq. (25) for the waiting time �t after t0,
yields the function �tw(t0 | H). It is the value of the waiting time
�t for a given hazard H . In particular, the time to a hazard of 0.5,
�tw(t0 | 0.5), is called the mean waiting time to the next large earth-
quake.

5 A P P L I C AT I O N T O PA R K F I E L D

S E I S M I C I T Y

The Parkfield segment of the San Andreas fault in California is one
of the best monitored seismic regions in the world. Over a period
of about 100 yr beginning in 1857, earthquakes with magnitude
M ≈ 6 occurred quasi-periodically with a period of about 24.5 yr. An
exception is the 1934 event, which followed 12 yr after the previous
main shock. The last event fitting this estimate was observed in 1966
leading to a simple forecast for a subsequent earthquake in 1988.
More realistic estimates accounting for lengthening of recurrence
intervals due to viscoelastic relaxation following the 1857 event led
to a forecast of 1995 ± 11 yr (Ben-Zion et al. 1993). The occurrence
of the 1983 Coalinga earthquake may have produced perturbations
that delayed further the expected Parkfield event (Miller 1996). In
order to detect possible precursors to the forecasted event, the so-
called Parkfield experiment, including ground motion instruments,
strain-metres and GPS stations, has been running since around 1985.
The next ∼M6 earthquake occurred on 2004 September 28 without
any clear precursory phenomenon (Lindh 2005; Langbein et al.
2005).

In the following we use the sequence of recurrence times between
1857 and 2004: T1 = 24.1 yr, T2 = 20.1 yr, T3 = 21.0 yr, T4 =
12.2 yr, T5 = 32.0 yr and T6 = 38.2 yr. More details on the Park-
field sequence are available at http://quake.wr.usgs.gov/research/
parkfield/hist.html. We first exclude the 2004 event (T 6) in order
to perform a retrospective hazard assessment.

For this application, it is essential that our simulated large events
resemble the Parkfield seismicity with respect to the characteristic
earthquake statistics and quasi-periodic occurrence of large events.
As shown in Figs 2 and 3, these features are generated by our model.
Other aspects of natural seismicity, like the spatial distribution of
hypocentres and aftershock activity, are missing from our simulated
results. Also the magnitude values exceed somewhat those of the
observed Parkfield events, because we consider a purely brittle fault
segment, whereas the Parkfield section contains a mixture of brittle
and creeping regions. We emphasize that our present goal is to find
a minimal model focusing on particular statistical features which
is, the distribution of large earthquake recurrence times. The above
mentioned features can be incorporated by using the model versions
of Ben-Zion (1996) and Zöller et al. (2005a). For this study, however,
the basic model described in Section 2 is sufficient.

We assume a uniform a priori distribution of stress drops between
�τ min = 2 MPa and �τ max = 4 MPa and the recurrence times T i (i =
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Figure 7. A posteriori distribution P(�τ | T 1, . . . , T N ) of stress drop �τ

defined in eq. (20); the likelihood function in eq. (21) for different values
of �τ has been calculated using eq. (16). The solid line is based on five
observational recurrence times (1857–1966), while the calculation leading
to the dashed line includes also the 2004 event.

1, . . . , 5) from Parkfield, and calculate the a posteriori distribution
P(�τ | T 1, . . . , T N ) according to eq. (20). The result for the average
stress drop of an ∼ M6 earthquake given in Fig. 7, leads to an
expectation value of �τ = (2.94 ± 0.33) MPa (maximum of the
pdf in eq. (20)). This indicates the most representative value of the
stress drop during a large earthquake; the error corresponds to one
standard deviation. If the 2004 Parkfield event is also taken into
account, this value changes to �τ = (3.04 ± 0.27) MPa (dashed
line in Fig. 7).

The pdf and cdf of the recurrence time distribution in terms of
eq. (23) are shown in Fig. 8. This distribution, derived from the
Gamma distribution as a basis function, is similar to recurrence
time distributions from other models, for example, the Virtual Cali-
fornia model. A main difference, however, is the behaviour for small
recurrence times. Additionally, Fig. 8(a) shows a significant modifi-
cation of the recurrence time pdf arising from the observational data:
the width of the distribution becomes narrow and the position of the
maximum is shifted from 25.3 to 21.4 yr. The dependence of the pdf
on the number of observational recurrence times is illustrated more
clearly in Fig. 9. It is seen that even a single observational value
leads to a major correction of the distribution. This result is particu-
larly encouraging for the analysis of other seismically active regions,
where only two or three large earthquakes were observed. Fig. 8(b)
provides the corresponding cumulative distributions (eq. 24) for the
basic approach (without observational data) and two realizations of
the Bayesian approach. The figure also provides the cdf of the six
Parkfield recurrence times, which is similar in shape but slightly
shifted towards smaller recurrence times. This is related to the lack
of small recurrence times in the model.

Based on the two curves in Fig. 8(a), we estimate the probability
that a large earthquakes takes place before 38.2 yr after the last
event, which corresponds to the time difference between the 1966
and the 2004 earthquake. The basic approach (without observational
data) based on eq. (19) leads to a probability of 85 per cent, while
the Bayesian approach with the five observational values (1857 to
1966) results in 94 per cent probability. On the other hand, if the
largest recurrence time �T max is defined on a 95 per cent level of
the hazard, the basic approach leads to �Tmax = 48.2 yr, while
�Tmax = 39.4 yr for the Bayesian approach.
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six data points: short-dashed line. The step function denotes the cdf of the
six Parkfield recurrence times.

Fig. 10 shows the hazard function H(t0 | �t) for fixed t0 and
varying �t (Fig. 10a) and for fixed �t and varying t0 (Fig. 10b). This
calculation is based on the six observational recurrence times from
1857 to 2004. Consequently, the solid curve in Fig. 10a represents
the actual hazard given that no ∼M6 earthquake occurred on the
Parkfield segment since 2006 September 28. We restrict ourselves
to the range of recurrence times where data from the simulations are
available (see Fig. 4) and do not extrapolate the distributions towards
very large recurrence times. The correct asymptotic behaviour of
the recurrence time pdf is unknown, even for model simulations,
because of the relative small number of events. We suggest that
the Gamma distribution is a suitable choice for most values of the
recurrence times of large earthquakes on a single fault section. The
plots show a continuous increase of the hazard, followed by a period
of approximately constant hazard (t0 ≥ 30 yr in Fig. 10(b)). In
this state, the fault has almost lost his memory corresponding to a
Poisson process.

Fig. 11 shows the estimated waiting time �tw as a function of
t0 for a given hazard level H . In the range where synthetic data are
given, the waiting time decreases and becomes almost constant after
t0 ≈ 30 yr. This seems to contradict the elastic rebound model of
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1308 G. Zöller et al.

0 20 40 60 80
recurrence time (yrs)

0

0.02

0.04

0.06

0.08

pd
f 

(1
/y

rs
)

no observational data
T1

T1-T6 (incl. 2004)

T1-T3

Figure 9. Dependence of the recurrence time pdf on the number of obser-
vational recurrence times according to eq. (23): ‘T1’ includes only the single
recurrence time T 1 (1857–1881), ‘T1–T3’ (1857–1922) includes three val-
ues, and ‘T1–T6’ includes all recurrence time including the 2004 event.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  10  20  30  40  50  60  70

H
(t

 |d
T

)
 0

 

(a)
t +dT (yrs) 0 

t = 2 yrs 0 
t = 22 yrs 0 
t = 32 yrs 0 

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  10  20  30  40  50  60  70

H
(t

 |d
T

)
 0

 

(b)
t +dT (yrs) 0 

dT = 5 yrs
dT = 10 yrs
dT = 15 yrs

Figure 10. Hazard function H(t0 | �T) (eq. 25) based on the six observa-
tional recurrence time between 1857 and 2004 (a) as a function of �T for
different values of t0 and (b) as a function of t0, for different values of �T .

Reid (1910) to some extend, because the continuous accumulation of
strain should cause a continuously increasing hazard and decreasing
time to the next event. However, in Reid’s (1910) model the strain
can only be released in large earthquakes, which is an unphysical
restriction. In contrast, our model accounts for a range of earthquake
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Figure 11. Waiting time �tw to the next large earthquake for three given
hazard levels H ; the mean waiting time is the solid curve (H = 0.5). The
results are based on the six observational recurrence time between 1857 and
2004.

magnitudes M ∈ [3.6; 6.7] with realistic statistical properties and
offers possibilities to release stress and strain by small and inter-
mediate earthquakes. In this case, a characteristic earthquake may
occasionally be skipped and the behaviour may become similar to a
random Poisson process with constant hazard function.

Finally, we note that our approach enables us to calculate the most
likely occurrence time of the next (post-2004) Parkfield earthquake
by picking the maximum of the recurrence time distribution (eq. 23)
after taking all Parkfield earthquakes (1857–2004) into account.
Based on the analysis done so far, we may forecast the next ∼M6
Parkfield earthquake to occur in May 2027. The error associated
with one standard deviation of the pdf is 7.7 yr.

6 D I S C U S S I O N A N D C O N C L U S I O N S

A key difficulty in calculations of recurrence times of large earth-
quakes and related functions is the lack of observational data. Earth-
quake models may help to overcome this problem, but unknown or
poorly known mechanisms and parameters produce their own prob-
lems. For certain seismically active regions, reasonable models may
be available. These models should be characterized by (1) a small
number of free parameters, (2) a limited computational effort that
allows simulations of long synthetic catalogues compatible with
basic theory and data, (3) realistic physical mechanisms, and (4)
a good resemblance of the relevant statistical properties of model
and simulations to observed seismicity. The model of Ben-Zion
& Rice (1993), which has been extended by Ben-Zion (1996) and
Zöller et al. (2004, 2005a,b, 2006), appears to provide such a com-
putational framework. It has been shown that the main statistical
features of seismicity on natural fault sections, like the Parkfield
segment and the San Jacinto fault, can be simulated. Overall ranges
for a number of input parameters, such as, the stress drop, fault
dimensions, heterogeneities, etc., are empirically known. However,
any model realization includes a considerable degree of uncertainty.
A powerful mathematical technique to deal with limited knowledge
and sparse data is the Bayesian analysis. In this work, we use a
Bayesian method to incorporate uncertainties in the model parame-
ters and to take into account a small number of observed earthquakes.
The method of combining uncertainty in model parameters and
observations to calculate recurrence times of large earthquakes is
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demonstrated for a poorly known stress drop of large earthquakes
in the Parkfield section of the San Andreas fault.

A generalization to other parameters and regions is straightfor-
ward. The recurrence time pdfs for the synthetic earthquake cata-
logues are generally similar in shape to those from other models.
Because our model consists of a single fault, the data do not mix
events occurring on different faults and the range of recurrence times
is relatively narrow. A Gamma distribution with a shape parameter
γ = 2 augmented by a constant part for small values gives an overall
good performance of the pdfs. Taking into account six observational
recurrence times (from 1857 to 2004), we predict a mean stress drop
�τ = (3.04 ± 0.27) MPa for ∼ M6 Parkfield earthquakes, which
is in reasonable agreement with the findings of Bakun et al. (2005).
By means of synthetic tests, we find that the Bayesian method is
powerful for estimating model parameters which are representative
for an active fault zone, even if only a small number of observational
data are available.

The results based on model data and Parkfield seismicity indicate
that the hazard first increases after a large earthquake continuously,
followed by a period where it is almost constant. In other words, if a
characteristic earthquake is missing or delayed due to stress release
in small and intermediate earthquakes, the statistics approach that
of a random Poisson process with constant hazard. Using refined
models and accounting for uncertainties in several parameters, for
example, fault dimensions and heterogeneities, will improve the
accuracy of the predicted recurrence time distributions.

The type of basis distributions which are fitted to the synthetic data
can affect the results. In this study, the Gamma distribution appears
to work well, especially since we do not use in applications single
distributions, but combined distributions in which small details are
averaged out. However, the Gamma distribution has shortcomings
for small recurrence times (truncation) and for large recurrence
times (asymptotic behaviour). One focus of our future work will
be an effort to find distributions with better performance over the
entire range of values.

The methodology presented in this paper can be extended to in-
corporate additional observational results and their uncertainties, as
well as additional model ingredients. We note that in many situations
no information other than a priori estimates of certain parameters
are available. In such cases, the discussed method provides a rational
way for combining the a priori information with simulations from
a single fault model in order to calculate the seismic hazard. Our
approach avoids the high degree of complexity and the mixing of
different event populations of models having large number of faults
and parameters. In applications dominated by the largest nearby
fault, our approach may provide useful quantitative estimates of the
seismic hazard.
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Abstract: 
We present a renewal model for the recurrence of large earthquakes in a fault zone consisting 
of a major fault and surrounding smaller faults with Gutenberg–Richter-type seismicity 

represented by seismic moment release drawn from a truncated power-law distribution. The 
recurrence times of characteristic earthquakes for the major fault are explored. It is 
continuously loaded (plate motion) and undergoes positive and negative fluctuations due to 
adjacent smaller faults, with a large number Neq of such changes between two major 
earthquakes. Because the distribution has a finite variance, in the limit Neq→∞ the central 
limit theorem implies that the recurrence times follow a Brownian passage-time (BPT) 
distribution. This allows us to calculate individual recurrence-time distributions for specific 
fault zones without tuning free parameters: the mean recurrence time can be estimated from 
geological or paleoseismic data, and the standard deviation is determined from the frequency-
size distribution, namely, the Richter b-value, of an earthquake catalog. The approach is 
demonstrated for the Parkfield segment of the San Andreas fault in California as well as for a 
long simulation of a numerical fault model. Assuming power-law distributed earthquake 
magnitudes up to the size of the recurrent Parkfield event (M 6), we find a coefficient of 

variation that is higher than the value obtained by a direct fit of the BPT distribution to seven 
large earthquakes. We argue that the BPT distribution is a reasonable choice for seismic 

hazard assessment because it governs not only Brownian motion with drift but also models 
with power-law statistics for the recurrence of large earthquakes in an asymptotic limit. 
Finally, we find that the condition b=1 separates two regimes: in the first (b<1) the failure rate 
after a long elapsed time is smaller than the mean failure rate whereas in the second (b>1) it is 
greater. 
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Glossary

Bayesian analysis A model estimation technique that ac-
counts for incomplete knowledge. Bayes’ theorem is
a mathematical formulation of how an a priori esti-
mate of the probability of an event can be updated, if
a new information becomes available.

Critical earthquake concept The occurrence of large
earthquakes may be described in terms of statistical
physics and thermodynamics. In this view, an earth-
quake can be interpreted as a critical phase transi-
tion in a system with many degrees of freedom. The
preparatory process is characterized by acceleration of
the seismic moment release and growth of the spatial
correlation length as in the percolation model. This in-
terpretation of earthquake occurrence is referred to as
the critical earthquake process.

Earthquake forecast/prediction The forecast or predic-
tion of an earthquake is a statement about time,
hypocenter location, magnitude, and probability of oc-
currence of an individual future event within reason-
able error ranges.

Fault model A fault model calculates the evolution of slip,
stress, and related quantities on a fault segment or
a fault region. The range of fault models varies from
conceptual models of cellular automaton or slider-
block type to detailed models for particular faults.

Probability A quantitative measure of the likelihood for
an outcome of a random process. In the case of re-
peating a random experiment a large number of times
(e. g. flipping a coin), the probability is the relative fre-
quency of a possible outcome (e. g. head). A different
view of probability is used in the ! Bayesian analysis.

Seismic hazard The probability that a given magnitude
(or peak ground acceleration) is exceeded in a seismic
source zone within a pre-defined time interval, e. g.
50 years, is denoted as the seismic hazard.

Self-organized criticality
Self-organized criticality (SOC) as introduced by
Bak [2] is the ability of a system to organize itself in
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the vicinity of a critical point independently of values
of physical parameters of the system and initial condi-
tions. Self-organized critical systems are characterized
by various power law distributions. Examples include
models of sandpiles and forest-fires.

Definition of the Subject

The most fundamental question in earthquake science is
whether earthquake prediction is possible. Related issues
include the following: Can a prediction of earthquakes
solely based on the emergence of seismicity patterns be re-
liable? In other words, is there a single or several “magic”
parameters, which become anomalous prior to a large
earthquake? Are pure observational methods without spe-
cific physical understanding, like the pattern recognition
approach of Keilis–Borok and co-workers [41], sufficient?
Taking into account that earthquakes are monitored con-
tinuously only for about 100 years and the best available
data sets (“earthquake catalogs”) cover only a few decades,
it seems questionable to forecast earthquakes solely on the
basis of observed seismicity patterns. This is because large
earthquakes have recurrence periods of decades to cen-
turies; consequently, data sets for most regions include less
than ten large events making a reliable statistical testing
questionable.

In the studies discussed here, the goal is not to fore-
cast individual earthquakes. Instead, we aim at developing
a combined approach based on numerical modeling and
data analysis in order to understand seismicity and the
emergence of patterns in the occurrence of earthquakes.
The discussion and interpretation of seismcity in terms of
statistical physics leads to the concept of “critical states”,
i. e. states in the seismic cycle with an increased probabil-
ity for abrupt changes involving large earthquakes. Amore
general goal of this work is to provide perspectives for
the understanding of the relevant mechanisms and to give
outlines for developments related to time-dependent seis-
mic hazard.

Introduction

Several empirical relationships for the occurrence of seis-
micity are well-known. The most common one is probably
the Gutenberg–Richter law [30] for the relation between
frequency and magnitude of earthquakes in a large seismi-
cally active region,

logN D a � bM ; (1)

where N is the frequency of earthquakes with magnitude
equal to or greater than M; a is a measure of the over-

all seismicity level in the region and the b value deter-
mines the relation between large and small earthquakes.
The Gutenberg–Richter law provides an important con-
straint for the design of physical models and serves as a key
ingredient for seismic hazard estimations. Statistical rela-
tions for the temporal occurrence of large events are less
well known, because the corresponding data records are
too short.

Several additional problems exist in the understanding
and interpretation of observed seismicity patterns. First,
it is important to decide whether an observed pattern has
a physical origin or is an artifact, arising for example from
inhomogeneous reporting or from man-made seismicity
like quarry blasts or explosions [69]. Second, the non-ar-
tificial events have to be analyzed with respect to their
underlying mechanisms. This leads to an inverse prob-
lem with a non-unique solution, which can be illustrated
for the most pronounced observed temporal pattern asso-
ciated with aftershocks. It is empirically known that the
earthquake rate Ṅ after a large event at time tM follows the
Omori–Utsu law [49,67]

Ṅ D K
(c C t � tM)p

; (2)

where t is the time, K and c are constants, and the Omori
exponent p is close to unity. In particular, aftershocks are
an almost universal phenomenon; that is, they are ob-
served nearly after eachmainshock. The underlyingmech-
anisms leading to aftershocks are, however, unknown.
Various physical models have been designed to explain af-
tershock occurrence following Eq. (2). These models in-
clude viscoelasticity [32], pore fluid flow [46], damage
rheology [9,57], and rate-state friction [24]. The question
which mechanism or combination of mechanisms is rele-
vant in a given fault zone remains open. Detailed compar-
isons of observed and modeled seismicity with respect to
the aftershock rate, the duration of aftershock sequences,
the dependence on the mainshock size, and other features
are necessary to address this problem. Additionally, results
from lab experiments on rupture dynamics and satellite
observations of deformation provide important informa-
tion for the design of such models.

Apart from aftershock activity, other seismicity pat-
terns are occasionally associated with observations, in-
cluding foreshocks [39], seismic quiescence [34,72,78],
and accelerating moment release [17,38]. These patterns
have been documented in several cases before large earth-
quakes. They occur, however, far less frequently than af-
tershocks. For example, foreshocks are known to preceed
only 20–30% of large earthquakes [71]. Therefore, their
predictive power is questionable. Moreover, it is not clear
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whether these patterns can be attributed to physical pro-
cesses or to random fluctuations in the highly sparse and
noisy earthquake catalogs. This problem can be addressed
by using fault models which simulate long and complete
earthquake sequences over thousands of years. If the mod-
els capture the main features of the underlying physics,
the occurrence of seismicity patterns can be studied with
reasonable statistics. The main ingredients of such models
are the geometry of a fault region, empirically known con-
stitutive laws, spatial heterogeneities, and stress and dis-
placement functions following dislocation theory [20,47].
In order to allow for detailed studies of the relations be-
tween the imposed mechanisms and the observed seismic-
ity functions, it is important that the number of adjustable
parameters is limited.

It is emphasized that thesemodels do not aim to repro-
duce an observed earthquake catalog in detail. Instead, the
main goal is to address questions like: Why is the Park-
field segment of the San Andreas fault characterized by
relatively regular occurrence of earthquakes with magni-
tude M � 6, while on the San Jacinto fault in California
the properties of earthquake occurrence are more irregu-
lar? Basic models for seismicity are mainly based on one or
more solid blocks, which are driven by a plate over a slid-
ing surface. The plate and the blocks are connected with
springs. This model can generate stick-slip events con-
sidered to represent earthquakes. The slider-block mod-
els can produce a wide range of complexity, beginning
with a single block model leading to periodic occurrence
of events of uniform size, and progressing to an array of
connected blocks [18] leading to complex sequences of
events with variable size. In order to reduce the computa-
tional effort cellular automata are commonly used [42,48].
Mathematically, these models include maps instead of dif-
ferential equations; physically, this corresponds to instan-
taneously occurring slip events, neglecting inertia effects.
The main ingredients of slider-block and cellular automa-
ton models are (1) external driving (plate motion), and
(2) sudden local change of system parameters (stress),
when a critical value (material strength) is reached, fol-
lowed by an avalanche of block slips (stress drop and co-
seismic stress transfer during an earthquake). While the
first process lasts for years to several hundred years, the
second occurs on a time scale of a few seconds. The sim-
plest model including these features has been formulated
by Reid [52] and is known as Reid’s elastic rebound the-
ory; in terms of slider-block models, this corresponds to
a single blockmodel with constant plate velocity. Account-
ing for spatial heterogeneity and fault segmentation, many
interacting blocks, or fault segments, have to be consid-
ered. This leads to a spatiotemporal stress field instead

of a single stress value. In general, the material strength
will also become space-dependent. Such a model frame-
work can be treated with the methodology of statistical
physics similar to the Ising model or percolation mod-
els [43]. In this context, large earthquakes are associated
with second-order phase transitions [2,59,64]. The view of
earthquakes as phase transitions in a system with many
degrees of freedom and an underlying critical point, is
hereinafter referred to as the “critical point concept”. The
period before such a phase transition is expected to be
characterized by a preparation process including devel-
opment of power laws and growing spatial correlation
length [14]. However, depending on the parameters of
a model, different situations are conceivable: the system
trajectory can enter the critical state and the critical point
frequently (“supercritical”) or it may never becomes criti-
cal (“subcritical”). A case of special interest is the class of
models [2] showing self-organized criticality (SOC), which
have their origin in a simple cellular automaton model
for a sandpile [3]. In this case the system drives itself
permanently to the vicinity of the critical point with al-
most scale-free characteristics. Consequently, each small
event can grow into a large earthquake with some proba-
bility [28].

Long simulations of earthquake activity can be used to
calculate statistical features like the recurrence time distri-
bution of large earthquakes and the frequency-size distri-
bution with high precision. Despite the scaling behavior
(Eq. (1)) in the earthquake magnitudes for small and in-
termediate earthquakes, which is observed for many sets
of model parameters, clear deviations become visible for
large magnitudes. Such deviations are known from real
catalogs, but their statistical significance is not clear in
all cases. The model simulations suggest that deviations
from scaling for strong earthquakes can be attributed to
physical properties. One important property is the spatial
disorder of brittle parameters of the fault. The presence
of strong heterogeneities suppresses system-wide events
with some probability, whereas such events can evolve
more easily on smooth faults. The degree of quenched
(time-independent) spatial heterogeneity turns out to be
a key parameter for statistical and dynamical properties of
seismicity [5,12,80]. This includes the temporal regularity
of mainshock occurrence, various properties of the stress
and displacement fields, and a spontaneous mode-switch-
ing between different dynamical regimes without chang-
ing parameters. The degree of heterogeneity can act as
a tuning parameter that allows for a continuous change
of the model dynamics between the end-member cases of
supercritical and subcritical behavior. Such a dependence,
which is observed also for other parameters, can be visual-
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Sketch of the fault model framework

ized in phase diagrams similar to the phase diagram for the
different aggregate states of water [22,79,80]. For increas-
ing complexity of a model, the number of axes of the phase
diagram, representing the relevant model parameters, will
increase. The above mentioned question of distinguish-
ing different faults like the Parkfield segment and the San
Jacinto fault can be rephrased as the problem of assign-
ing the faults to different regions in such a diagram. An
important step in this direction is the physical modeling
of observed seismicity patterns, including universal pat-
terns like aftershocks (Eq. (2)), common fluctuations like
foreshocks and the acceleration of seismic energy release
before large earthquakes. The latter phenomenon which
sometimes occurs over large regions including more than
one fault, can be interpreted in terms of the approach to-
wards a critical point. This view is supported by an ob-
servational study of the growth of the spatial correlation
length which is a different aspect of the same underlying
physics [73,75,76,77].

The establishment of relationships between model pa-
rameters and observational features may be used to tune
the model towards a specific fault zone, and use the tuned
fault model for practical applications of seismic hazard es-
timations. Toward this end the recurrence time distribu-
tion of large earthquakes is needed. Since observational
data records are often short and noisy, the use of Bayesian
probability theory is helpful for the estimation of uncer-
tain model parameters, and the incorporation of various
types of observational data in seismic hazard estimations.
The Parkfield segment, as one of the best monitored seis-
mically-active regions, serves as an excellent natural lab-
oratory for such a case study. A discussed example illus-

trates how partially known parameters like the stress drop
and the seismic hazard can be estimated by combining nu-
merical models and observational data [74].

In Section “Modeling Seismicity in Real Fault Re-
gions”, the physical fault model used for the discussed
studies is described. Results from numerical simulations
are presented in Sect. “Results”. A summary is given in
Sect. “Summary and Conclusions”.

Modeling Seismicity in Real Fault Regions

Numerous frameworks have been used to simulate
seismicity (see e. g. [6,9,10,18,32,37,48] and references
therein). These include slider-block models, cellular au-
tomata, “inherently discrete” fault models where the dis-
creteness is an inherent feature of the imposed physics,
and continuum models. In this section we illustrate how
a fault model (Fig. 1) can be adjusted in order to simulate
seismicity of a real fault region, e. g. the Parkfield segment
of the San Andreas fault in California.

Fault Geometry and Model Framework

A first constraint for a specific model is to represent the
geometry of the fault segment. As shown in Fig. 2, the re-
gion of Parkfield is characterized by a distribution of fault
segments, which have generally the same orientation. It is
therefore reasonable to map these segments in the model
on a plane intersecting the surface at a straight line from
SE to NW. The dimensions of the fault segment for mod-
eling (Fig. 1) are chosen to be 70 km in length and 17.5 km
in depth. As discussed in [10], this geometry corresponds
approximately to the San Andreas fault near Parkfield. The
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entire fault is an infinite half-plane, but the brittle pro-
cesses are calculated on the above rectangular section re-
ferred to below as the computational grid. The computa-
tional grid is discretized to 128 � 32 cells of uniform size,
where stress and slip are calculated. The size of the cells is
not related here to observations; rather it depends on the
magnitude range under consideration and the computa-
tional effort. The failure of a single cell defines the lowest
magnitude.A higher resolution of the grid with same over-
all dimensions increases the magnitude range, because the
magnitude is calculated from the slip of all cells during an
earthquake. Following Ben–Zion and Rice [10], the mate-
rial surrounding the fault is assumed to be a homogeneous
elastic half space, which is characterized by elastic param-
eters and a related Green’s function:

1. The elastic properties are expressed by the Lamé con-
stants � and �, which connect stress and strain in
Hooke’s law. For many rocks, these constants are al-
most equal; therefore we use � D � with � being the
rigidity. An elastic solid with this property is called
a Poisson solid. Because the strain is dimensionless, �

has the same dimension as the stress. In the present
study, we use � D 30GPa.

2. The (static) Green’s function G( Ey1; Ey2) defines the
static response of the half space at a position Ey1 to a dis-
placement at Ey2, which may arise from (coseismic) slip
or (aseismic) creep motion. Due to the discretization
of the fault plane into computational cells, we use the
Green’s function for static dislocations on rectangu-
lar fault patches of width dx and height dz, which is
given in [20] and [47]. Themain difference between this
Green’s function and the nearest-neighbor interaction
of most slider-blockmodels and cellular automata is the
infinite-range interaction following a decay according
to 1/r3, where r is the distance between source cell and
receiver point.

Interseismic Processes

The motion of the tectonic plates, indicated in Fig. 2, is
responsible for the build-up of stress in the fault zone.
Geodetic measurements of surface displacements provide
estimates of the velocity of the plates. For the San Andreas
fault, a value of vpl D 35mm/year as a long-term aver-
age [55] is widely accepted and is adopted for the model.
The displacement du in the regions surrounding the grid
during a time period�t is simply du D vpl � �t. While the
average slip rate u̇ is independent of the location of a cell,
the stress rate �̇ depends on space. The assumption that the
computational grid is embedded in a half-plane which un-
dergoes constant creep, implies that cells at the boundaries

of the grid experience higher load than cells in the cen-
ter of the grid. The Green’s function G(i; j ; k; l) defines
the interaction of points (i; j) and (k; l) in the medium. In
particular, the stress response at a position (i; j) to a static
change of the displacement field du(k; l) is given by

d�(i; j) D �
X

(k;l )2 half space

G(i; j ; k; l) � du(k; l) ; (3)

where the minus sign stems from the fact that forward
(right-lateral) slip of regions around a locked fault seg-
ment is equivalent to back (left-lateral) slip of the locked
fault segment. Taking into account that

X
(k;l )2half space

G(i; j ; k; l) D 0 ; (4)

Eq. (3) can be written as

�(i; j ; t) D �
X

(k;l )2 half space

G(i; j ; k; l)�[u(k; l ; t)�vpl t] ;

(5)

where u(k; l ; t) is the total displacement at position
(k; l) and time t since the start of the simulation. Be-
cause the surrounding regions sustain stable sliding,
u(k; l ; t) D vpl t for (k; l) … grid, the slip deficit outside
the fault region vanishes and it is sufficient to perform the
summation on the computational grid:

�(i; j ; t) D
X

(k;l )2 grid

G(i; j ; k; l) � [vpl t�u(k; l ; t)] : (6)

Equation (6) can be decomposed to a part for the tectonic
loading and a residual part for slip on the computational
grid. The tectonic loading follows the formula

�load(i; j ; t) D � (i; j) � t (7)

with a space-dependent but time-independent loading rate

� (i; j) D vpl �
X

(k;l )2 grid

G(i; j ; k; l) : (8)

The build-up of stress may be reduced by aseismic
creep motion, which is implemented by a local constitu-
tive law corresponding to lab-based dislocation creep [5]:

u̇creep(i; j ; t) D c(i; j) � �3(i; j ; t) (9)

with space dependent but time-independent creep coeffi-
cients c(i; j).
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a Distribution of faults in the Parkfield (California) region; b fault region in the model

Friction and Coseismic Stress Transfer;
Quasidynamic Approach

It is widely accepted that earthquakes on large faults are
due to frictional processes on pre-existing structures. The
friction is therefore an important empirical ingredient
of a fault model [56]. Numerous laboratory experiments
have been carried out to characterize frictional behavior
of different materials (see e. g. [19]). An important find-
ing is that the friction coefficient defined as the ratio of
shear stress �shear and compressional normal stress �normal,
�f D �shear/�normal at the initiation of slip is approximately
constant for many materials; the value of �f lies between
0.6 and 0.85. This observation, known as Byerlee’s law,
is related to the Coulomb failure criterion [16] for the
Coulomb stress CS,

CS D �shear � �f�normal : (10)

The Coulomb stress depends on a plane where shear stress
and normal stress are calculated. Neglecting cohesion, the
Coulomb criterion for brittle failure is

CS � �0 ; (11)

which for CS D 0 is Byerlee’s law.
The North-American plate and the Pacific plate move

in opposite directions along the fault plane having strike-
slip motion. The absence of normal and thrust faulting re-
duces the problem to a one-dimensional motion: all parts
of the fault move along the fault direction. The stress state
of the fault is fully determined by the shear stress �xy in the
coordinates given in Fig. 2b. Slip is initiated if �xy exceeds
�f�y y . This quantity, which is called the static strength �s is
constant in time if �f is assumed to be constant. Note that
the normal stress on a planar fault in a homogeneous solid

does not change [1]. The shear stress �xy will be denoted
simply by � . In this notation, the failure criterion Eq. (11)
reduces to

� � �s : (12)

When a cell (k; l) fails, the stress drops in this cell to
the arrest stress �a:

�(k; l) ! �a ; (13)

where the value �a maybe space-dependent. The stress
change produces a corresponding slip

du(k; l) D �(k; l) � �a

G(k; l ; k; l)
(14)

with the self-stiffness G(k; l ; k; l) of cell (k; l).
The observational effect of dynamic weakening in-

cludes also a strength drop from the static strength to
a lower dynamic strength:

�s ! �d : (15)

In particular, slipping material becomes weaker during
rupture and recovers to the static level at the end of the
rupture. This approximation of the strength evolution is
known as static-kinetic friction.

The values �s, �d, and �a are connected by the dynamic
overshoot coefficient D:

D D �s � �a

�s � �d
; (16)

or alternatively by the dynamic weakening coefficient ":

" D 1 � �d

�s
: (17)
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Seismicity, Critical States of: FromModels to Practical Seismic Hazard Estimates Space, Figure 3

Pictorial evolution of stress (solid line) and strength (dashed line) of a hypocenter cell in the quasidynamic approach

Following [10] we use in most simulations D D 1:25.
The redistribution of the stress release ��(k; l) D

�(k; l) � �a from cell (k; l) to a point (i; j) at time t is

d�(i; j ; t) D G(i; j ; k; l) � ı

�
t � r(i; j ; k; l)

vs

�

� ��(k; l)
G(k; l ; k; l)

; (18)

where ı(x) denotes the ı-function, which is 1 for x D 0
and 0 else; vs is the shear-wave velocity, and r(i; j ; k; l) is
the distance between source cell (k; l) and receiver posi-
tion (i; j). That is, regions far from the slipping cell receive
their stress portion later than regions close to the slipping
cell. The value of vs is assumed to be constant. Each “stress
transfer event” associated with Eq. (18) gives a transfer of
a stress d� from a source cell (k; l) to a receiver cell (i; j)
at time t. This time-dependent stress transfer is called the
quasidynamic approach in contrast to the quasistatic ap-
proach used in most similar models.

The evolution of stress and strength in a failing cell
is shown schematically in Fig. 3. When the slip is initi-
ated, both the stress and the strength drop. Due to co-
seismic stress transfer during the event, the cell may slip
several times before the earthquake is terminated and in-
stantaneous healing takes place in all cells. The piecewise
constant failure envelope (dashed line) indicates static-ki-
netic friction. A model version with gradual healing was
employed by [79]. A review of analytical results associated
with the basic model in the context of a large universality
class is given in� JerkyMotion in Slowly DrivenMagnetic
and Earthquake Fault Systems, Physics of.

We note that the Green’s function leads to an infinite
interaction range. Using open boundary conditions with
respect to the computational grid, the stress release from

a slipping cell is not conserved on the grid, but on the infi-
nite half plane.

Data

Themodel produces two types of data, earthquake catalogs
and histories of stress and displacement fields. As demon-
strated below, all parameters of the model have physical
dimensions and can therefore be compared directly with
real data, where they are available. This is in contrast to
most of the slider-block and cellular automaton models.

Earthquake catalogs include values of the earthquake
time, hypocenter, and size. The time of an earthquake is
the time of the first slip; the hypocenter is determined
by the position of the corresponding cell along strike and
depth. The size of an event can be described by differ-
ent measures: The rupture area A is the total area, which
slipped during an earthquake. The potency

P D
Z

u(A)dA (19)

measures [7] the total slip during the event and is related
to the seismic moment m0 by the rigidity: m0 D �P. The
(moment) magnitude M can be calculated from the po-
tency [10] using

M D (2/3) log10 (P) C 3:6 ; (20)

where P is given in cm � km2.

Results

Numerous simulations of the model described in the pre-
vious section have been performed. Firstly, simulations
have been examined with respect to the spatiotemporal
propagation of stress during single earthquakes (“rupture
histories”). Then, long deformation histories have been
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Snapshots of rupture evolution for a system-wide event on a smooth fault without creepmotion. t denotes the time after the rupture

initiation (given in units of the total earthquake duration tEQ). The white circle is the hypocenter of the event. The figure shows the

dimensionless stress state �̂ D ���a
�s��a

of the cells. a t/tEQ D 1/6; b t/tEQ D 2/6; c t/tEQ D 3/6; d t/tEQ D 4/6; e t/tEQ D 5/6; f t/tEQ D 1

simulated in order to search in a large fraction of the pa-
rameter space for relationships between input parameters
and observed seismicity features. In this section, a selec-
tion of key results is presented and discussed in relation to
critical states of seismicity.

Rupture Histories

We compare qualitatively rupture histories of large earth-
quakes for three end-member cases in parameter space:

(1) a smooth fault,
(2) a rough fault, and
(3) a fault without dynamic weakening (�d D �s or

D ! 1 in Eq. (16)).

Following [5], we vary the degree of quenched spatial dis-
order for a particular realization by introducing barriers
of high stress drop �s � �a in an environment of low stress
drop.

The observation that smooth faults show a more reg-
ular earthquake occurrence than rough faults, can be ex-

plained by the ability of the stress field to synchronize
on certain fault patches. On a disordered fault, this type
of synchronization is unlikely. Figure 4a shows the stress
field (normalized between 0 and 1) immediately before
a large earthquake on a smooth fault. The most striking
feature is the emergence of clearly defined patches with
highly loaded boundaries. During rupture evolution, these
patches rupture almost in series until the fault is nearly un-
loaded (see Fig. 4b–f). A different situation is shown in
Fig. 5, corresponding to a rough fault with creep coeffi-
cients c(i; j) (Eq. (9)) that increase with depth leading to
a brittle-ductile transition zone as in [5] and [80]. Here the
stress field in the brittle regime is irregular without obvi-
ous pattern formation. Similar behavior is found in a case
where dynamic weakening is switched off (D ! 1); in
other words, the material heals instantaneously. Figure 6
shows the stress field in this case. In analytical studies, it
has been shown that this corresponds exactly to a criti-
cal point in a phase diagram spanned by the stress dissi-
pation and dynamic weakening [22,27]. Observational re-
sults indicate [68] that irregular slip histories and power
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Seismicity, Critical States of: FromModels to Practical Seismic Hazard Estimates Space, Figure 5

Same as Fig. 4 for a strongly disordered fault with a brittle-ductile transition at about 15 km depth. a t/tEQ D 1/6; b t/tEQ D 2/6;

c t/tEQ D 3/6; d t/tEQ D 4/6; e t/tEQ D 5/6; f t/tEQ D 1

Seismicity, Critical States of: From Models to Practical Seismic

Hazard Estimates Space, Figure 6

Same as Fig. 4a for a fault without dynamic weakening (�d D �s)

corresponding to a dynamic overshoot coefficient D ! 1
(Eq. (16))

law frequency-size distributions are associated with geo-
metrically disordered fault structures, while characteris-
tic earthquake statistics and overall regular ruptures are
found on mature fault with large total displacements.

Although the stress field shows a complex evolution
during a simulation, the presence or absence of charac-
teristic length scales indicating the relation to a critical

point is easily detected. From an observational point of
view, the stress field is not accessible. The evolution of
the displacement field may be estimated, e. g. from seis-
mic and geodetic data using slip inversion techniques. Be-
cause of the high uncertainties in the calculated slip his-
tories, a quantitative comparison of the simulated data
with “natural” data is questionable. However, general fea-
tures of the quasidynamic ruptures are quite realistic, e. g.
the irregular patterns in Fig. 5 resemble the rupture of
the Chi–Chi (Taiwan) earthquake on September 21, 1999
(Mw D 7:6) [58].

Later we will show that the frequency-size distribution
of earthquakes can serve to some extent as a proxy for the
degree of disorder of the stress field. Ben-Zion et al. [12]
discuss additional seismicity functions that may be used as
surrogate variables for the stress.

Frequency–Size Distributions

The frequency-size (FS) distribution is one of themost im-
portant characteristics of observed seismicity. For world-
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Hazard Estimates Space, Figure 7

Frequency-size distribution for California from 1970 to 2004; the

dashed line denotes a power law fit to the data

wide seismicity, this distribution is given by the Guten-
berg–Richter law (Eq. (1)). Figure 7 shows the FS distribu-
tion of California seismicity from 1970 to 2004. Here we
use the non-cumulative version of Eq. (1), where N is the
number of earthquakes with magnitude between M and
M C dM with a magnitude bin dM D 0:1.

For individual fault zones the FS distribution can de-
viate from Eq. (1), especially for high magnitudes. Exam-
ples are given in Fig. 8, which shows the FS distribution
of the Parkfield segment (Fig. 8a) and for the San Jacinto
fault (Fig. 8b) in California for a time span of 45 years.
The distribution of the Parkfield segment consists of two
parts: A scaling regime for 2:2 � M � 4:5 and a “bump”
for 4:5 < M � 6:0. For the San Jacinto fault, the scaling
range is observed for almost all events (2:2 � M � 5:0).
The decrease for M � 2 in both plots is probably due to
catalog incompleteness.

The FS distribution as shown in Fig. 8a is called the
characteristic earthquake distribution, because of the in-
creased probability for the occurrence of large (“charac-
teristic”) events compared to the prediction of the Guten-
berg–Richter relation. The latter is an exponential dis-
tribution for the earthquake frequency as a function of
magnitude, or a power law distribution for the earthquake
frequency as a function of potency (Eqs. (19), (20)), mo-
ment, energy, or rupture area, over a broad range of mag-
nitudes [66]. The Gutenberg–Richter relation is “scale-
free” because a power law distribution indicates the ab-
sence of a characteristic scale of the earthquake size [64].
In terms of critical point processes, the absence of a char-
acteristic length scale indicates that the system is close to
the critical point. In this state, earthquakes of all mag-
nitudes can occur, or each small rupture can grow into

a large one. Therefore, the frequency-size distribution can
serve as a proxy for the current state of a system in relation
to a critical point.

The FS distribution in a model can be tuned by vary-
ing the mean stress h�i on the fault, where hi denotes the
spatial average. This can be achieved, for instance, by vary-
ing brittle properties, e. g. in terms of the dynamic over-
shoot coefficient D (Eq. (16)), or by introducing dissipa-
tion [31,79]. Figure 9 shows FS distributions for two dif-
ferent values of D : D D 5/4 (Fig. 9a) and a higher value
D D 5/3 (Fig. 9b). While Fig. 9a follows a characteristic
earthquake behavior similar to the Parkfield case (Fig. 8a),
Fig. 9b resembles the shape of the FS distribution of the
San Jacinto fault (Fig. 8b).

As an outcome, three cases can be distinguished by
means of a critical mean stress �crit:

1. subcritical fault (h�i < �crit): the mean stress on the
fault is too small to produce large events. The system
is always far from the critical point. The FS distribution
is a truncated Gutenberg–Richter law.

2. supercritical fault (h�i > �crit): the mean stress is high
and produces frequently large events. After a large
earthquake (critical point), the stress level is low (sys-
tem is far from the critical point) and recovers slowly
(approaches the critical point). The FS distribution is
a characteristic earthquake distribution.

3. critical fault (h�i � �crit): the system is always close to
the critical point with scale-free characteristics. The FS
distribution is a Gutenberg–Richter law with a scaling
range over all magnitudes.

If the FS distribution is plotted as a function of the model
parameters, the result can be visualized by a phase dia-
gram [22,31,79,80]. An example is provided in Fig. 10,
which shows schematically the phase diagram spanned by
the degree of quenched spatial disorder and 1 � " with
the dynamic weakening coefficient " (Eq. (17)). The phase
diagram summarizes results from various studies, which
demonstrate that the degree of spatial disorder of the
stress drop acts as a tuning parameter for the FS distribu-
tion [5,36,80].

If the model is in the transition regime betweenGuten-
berg–Richter statistics and characteristic earthquake be-
havior, the ability of the stress field to synchronize on
parts of the fault can have additional impact on the dy-
namics of seismicity: for a model with small cells and high
stress fluctuations along the cell boundaries arising from
a high degree of spatial disorder, the system can undergo
a spontaneous transition from an ordered state and char-
acteristic behavior to a disordered state following Guten-
berg–Richter statistics. Due to the high fluctuations in the
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Seismicity, Critical States of: FromModels to Practical Seismic Hazard Estimates Space, Figure 8

Frequency-size distribution for two faults in California: a the Parkfield segment, and b the San Jacinto fault

Seismicity, Critical States of: FromModels to Practical Seismic Hazard Estimates Space, Figure 9

Frequency-size distribution for model realizations with different dynamic overshoot coefficients (Eq. (16)): a D D 5/4 , b D D 5/3

Seismicity, Critical States of: From Models to Practical Seismic

Hazard Estimates Space, Figure 10

Phase diagram for the frequency-size distribution (GR=Gu-

tenberg–Richter distribution, CE=characteristic earthquake dis-

tribution) spanned by the degree of quenched spatial disorder

and the dynamic weakening represented by ". The upper left

corner corresponds exactly to a critical point [22,27] and results

in scale-free characteristics as shown in Fig. 6

stress field, there is some probability that a certain num-
ber of cells synchronize by chance, leading to an ordered
behavior for some seismic cycles, until the order is de-
stroyed, again resulting from stress fluctuations. This type
of mode-switching behavior has been observed earlier in
a mean-field model and a damage rheology model [11,22].
Figure 11a gives a corresponding earthquake sequence
with spontaneous mode-switching behavior. Figure 11b
shows a sequence calculated with a higher grid resolu-
tion (128 � 50 cells). The tendency to mode-switching is
less pronounced, but still visible. In [79] it is shown that
the emergence of such mode-switching depends both on
the spatial range of interaction (given as the decay of the
Green’s function) and the discretization of the computa-
tional grid. In the less realistic model of [22], where the
stress redistribution is governed by a constant (space-in-
dependent) Green’s function, analytical expressions for
persistence times have been calculated [27]. In [11] some
evidence for mode-switching behavior in long seismic
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Earthquake area (measured as the number of failed cells) as a function of time a in the mean-field model of Dahmen et al. [22] for

a fault with 100 cells and b in the elastic model with 128 � 50 cells

Seismicity, Critical States of: FromModels to Practical Seismic Hazard Estimates Space, Figure 12

Earthquakes before and after amainshock: a theM7:3 Landers (California) earthquake; bM7:3 earthquake in the basic version of the

model

records based on paleoseismic and geologic data from the
Dead Sea fault and other regions are discussed. However,
the relevance of mode-switching to natural seismicity re-
mains unclear due to the general lack of very long data
records.

Aftershocks and Foreshocks
The most pronounced temporal pattern in observed seis-
micity is the emergence of strongly clustered aftershock
activity following a large earthquake. Apart from the
Omori–Utsu law (Eq. (2)), it is widely accepted that after-
shocks are characterized by the following properties:

1. The aftershock rate scales with the mainshock size [51].
2. Aftershocks occur predominantly around the edges of

the ruptured fault segments [66].

3. Båth’s law [4]: The magnitude of the largest aftershock
is usually about one unit smaller than the mainshock
magnitude.

Deviations from the Omori–Utsu law, especially for rough
faults, are discussed in [45]. While aftershocks are ob-
served after almost all large earthquakes, foreshocks oc-
cur less frequent [71]. As a consequence, much less is
known about the properties of these events. Kagan and
Knopoff [40] and Jones and Molnar [39] propose a power
law increase of activity according to an “inverse” Omori–
Utsu law.

Figure 12a shows an example for the aftershock se-
quence following theM7:3 Landers earthquake in Califor-
nia on June 28, 1992. An earthquake of similar size gener-
ated by the model is given in Fig. 12b. The absence of af-
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tershocks in the simulation is clearly visible. The reason for
the lack of aftershocks is the unloading of the fault result-
ing from the mainshock: When a large fraction of the fault
has ruptured, the stress in this region will be close to the
arrest stress after the event. Consequently, the seismicity
rate will be almost zero until the stress field has recovered
to a moderate level.

Discussions for likely mechanisms of aftershocks are
given in [9] and [81]. A common feature is the presence
of rapid postseismic stress which generates aftershock ac-
tivity. In [32], for instance, postseismic stress has been
attributed to a viscoelastic relaxation process following
the mainshock. In the work discussed here, continuous
creep displacement following Eq. (9) is assumed. Addi-
tionally, the computational grid is divided by aseismic bar-
riers from the free surface to depth into several seismi-
cally active fault segments. As shown in [81], this mod-
ification results in a concentration of stress in the aseis-
mic regions during rupture and, subsequently in a release
of stress after the event according to the coupled creep
process. This stress release triggers aftershock sequences
obeying the Omori–Utsu law (Eq. (2)). A typical after-
shock sequence after a M6:8 event is shown in Fig. 13.
In agreement with Båth’s law, the strongest aftershock has
the magnitude M D 5:5 in this sequence. The sequence
shows also the effect of secondary aftershocks, namely af-
tershocks of aftershocks [61]. The stacked earthquake rate
as a function of the time after the mainshock is given
in Fig. 14. In this case, where the barriers are character-
ized by creep coefficients higher by a factor of 105 than in
the other patches, a realistic Omori exponent of p D 1 is
found.

Seismicity, Critical States of: From Models to Practical Seismic

Hazard Estimates Space, Figure 13

Earthquakes before and after a mainshock with M D 6:8 in the

modified model

Aftershock sequences like in Fig. 13 emerge after all
large events in the extended model. In contrast, there is
generally no clear foreshock signal visible in single se-
quences. However, stacking many sequences together un-
veils a slight increase of the earthquakes rate prior to
a mainshock supporting the observation of accelerating
foreshock activity. An explanation of these events can be
given in the following way: Between two mainshocks the
stress field organizes itself towards a critical state, where
the next large earthquake can occur. This critical state
is characterized by a disordered stress field and the ab-
sence of a typical length scale, where earthquakes of all
sizes can occur [12]. The mainshock may occur immedi-
ately or after some small to moderate events. The latter
case can be considered as a single earthquake, which is in-
terrupted in the beginning. This phenomenon of delayed
rupture propagation has also provided a successful expla-
nation of foreshocks and aftershocks in a cellular automa-
ton model [33,35].

The hypothesis that foreshocks occur in the critical
point and belong, in principle, to the mainshock, can
be verified by means of the findings from Subsect. “Fre-
quency–Size Distributions”. In particular, the frequency-
size distribution in the critical point (or close to the
critical point) is expected to show scale-free statistics.
If an overall smooth fault model following characteris-
tic earthquake statistics is studied over a long time pe-
riod, the approach of the critical point should be seen in
terms of a change of the frequency-size distribution to-
wards Gutenberg–Richter behavior [12]. This change of
frequency-size statistics is indeed observed in the model
(Fig. 15) and supports the validity of the critical point con-
cept [82].

Accelerating Moment Release

In the previous section, it has been argued that large earth-
quakes are associated with a critical point and the prepa-
ration process is characterized by increasing disorder of
the stress field and increasing tendency for scale-free char-
acteristics in the frequency-size distribution. Further sup-
port for critical point dynamics has been provided by the
observational finding of [17] that the cumulative Benioff
strain ˙˝(t) follows a power law time-to-failure relation
prior to the M7:1 Loma Prieta earthquake on October 17,
1989:

˙˝(t) D
N(t)X
iD1

p
Ei D A � B(tf � t)m (21)

Here, Ei is the energy release of earthquake i, N(t) is the
number of earthquakes before time t; tf is the failure time
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Seismicity, Critical States of: FromModels to Practical Seismic Hazard Estimates Space, Figure 14

Earthquake rate as a function of time for the model with seismic and aseismic regions. The calculation is based on a simulation with

200,000 earthquakes covering about 5000 years; the earthquake rates are averaged over about 300mainshocks. A fit of the Omori–

Utsu law (Eq. (2)) with p D 1 is denoted as a solid line. The dashed line gives the estimated background level of seismicity

Seismicity, Critical States of: From Models to Practical Seismic

Hazard Estimates Space, Figure 15

Frequency-magnitude distributions of all earthquakes, fore-

shocks and aftershocks. Foreshocks and aftershocks are defined

as earthquakes occurring within one month before and after an

earthquake withM � 6

and A; B, and m > 0 are constants. Similar studies for nu-
merous seismically active regions followed (see [8,77] and
references therein).

The time-to-failure relation Eq. (21) has been ex-
plained by [54] and [60] from the viewpoint of renormal-
ization theory and by [8] and [65] in terms of damage rhe-
ology. Similar to the findings about foreshocks, the time-
to-failure pattern is not universal. Therefore, a stacking
procedure is adopted in order to obtain robust results on
the validity of Eq. (21) in the model. This is not straight-
forward, since the interval of accelerating moment release
is not known a priori and the duration of a whole seis-
mic cycle, as an upper limit, is not constant. To normal-
ize the time interval for the stacking, the potency release

Seismicity, Critical States of: From Models to Practical Seismic

Hazard Estimates Space, Figure 16

Mean potency release (Eq. (19)) as a function of the stress level.

The stress level is normalized to the maximum (max) and mini-

mum (min) observed stress

(Eq. (19)) is computed as a function of the (normalized)
stress level (Fig. 16). Taking into account that the stress
level increases almost linearly during a large fraction of the
seismic cycle, the stress level axis in Fig. 16 can effectively
be replaced by the time axis leading to a power law depen-
dence of the potency release on time. The best fit is pro-
vided with an exponent s D �1:5. Transforming the po-
tency release to the cumulative Benioff strain (Eq. (21)),
results in an exponent m D 0:25 in Eq. (21). This find-
ing is based on a simulation over 5000 years; the exponent
is in good agreement with the theoretical work [53], that
derives m D 0:25 for a spinodal model, and the analyti-
cal result of m D 0:3 in the damage mechanics model [8].
An observational study of California seismicity findsm be-
tween 0.1 and 0.55 [15].



Seismicity, Critical States of: From Models to Practical Seismic Hazard Estimates Space S 7867

Seismicity, Critical States of: From Models to Practical Seismic

Hazard Estimates Space, Figure 17

The normalized interevent time distribution of the model sim-

ulations (black dots) compared with the result of [21] and the

distribution of earthquakes in California (ANSS catalog ofM � 3

earthquakes occurred between 1970 and 2004 within 29ı and

43ı latitude and �113ı and �123ı longitude)

Interevent Times

In recent studies it has been shown that the distribution
of interevent times can be described by a universal law. In
particular, the distributions from different tectonic envi-
ronments, different spatial scales (from worldwide to local
seismicity) and different magnitude ranges collapse if the
time �t is rescaled with the rate Rxy of seismic occurrence
in a region denoted by (x; y) [21]. Such rescaling leads to

Dxy(�t) D Rx y � f (Rx y�t) ; (22)

whereDxy is the probability density for the interevent time
�t, and f can be expressed by a generalized gamma distri-
bution

f (�) D C
1

���1 exp

 
��ı

B

!
: (23)

The parameters C, � , ı, and B have been determined
by a fit to several observational catalogs [21].

In Fig. 17 we compare Dxy(�t) from Eq. (22) with two
earthquake catalogs: (1) The ANSS catalog of California
(catalog ranges are given in the caption), and (2) the model
catalog. Due to the universality of Eq. (22) with respect to
different spatial scales, the comparison of the model simu-
lating a single fault of 70 km length with a region of hun-
dreds of kilometers including several faults in California
does not require coarse graining the ANSS catalog. In the
region where the interevent times are calculated, we find
a remarkable agreement of the three curves. For small val-
ues of �t, Eq. (22) deviates from the California data; for

Seismicity, Critical States of: From Models to Practical Seismic

Hazard Estimates Space, Figure 18

The temporal earthquake occurrence quantified by the coeffi-

cient of variation as a function of the lower magnitude cutoff.

Values larger than 1 indicate clustering, whereas lower values

point to quasiperiodic behavior

high values the model has a slightly better correspondence
with the observational data than Eq. (22). Thus the results
generally support the recent findings of [21].

The degree of temporal clustering of earthquakes can
be estimated by the coefficient of variation CV of the in-
terevent time distribution.

CV D � /� ; (24)

where � is the standard deviation and � the mean value of
the interevent time distribution. Values of CV > 1 denote
clustered activity, while CV < 1 represents quasiperiodic
occurrence of events. The case CV D 1 corresponds to
a randomPoisson process. The studies of [5] and [80] have
found that the clustering properties of the large events de-
pend on the degree of quenched spatial disorder of the
fault. Figure 18 shows that CV as a function of the lower
magnitude cutoff has a characteristic shape. The values of
CV are higher than 1 (clustered) for small and intermedi-
ate earthquakes (M � 5:4) and smaller than 1 (quasiperi-
odic) for larger earthquakes. This corresponds to the case
of a low degree of disorder in [80], because the brittle cells
which participate in an earthquake have no significant spa-
tial disorder.We note that this behavior resembles the seis-
micity on the Parkfield segment of the San Andreas fault,
which is characterized by a quasiperiodic occurrence of
mainshocks. Based on the analysis of 37 earthquake se-
quences, an estimation of CV � 0:5 has been found for
multiple tectonic environments [26].

A different behavior is observed on the San Jacinto
fault in California, where the largest events occur less reg-
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ularly and have overall smaller magnitudes. As discussed
in [5] and [80], this can be modeled by imposing higher
degrees of disorder leading to a broader range of spatial
size scales, e. g. by using a higher number of near-verti-
cal barriers.While barriers provide a simple and physically
motivated way to tune the degree of disorder, other types
of heterogeneities may work as well, as long as they are
able to produce strong enough fluctuations of the stress
field. As an example, we mention fractal distributions of
the stress drop, which can be tuned easily by changing the
fractal dimension [63,80].

Recurrence Times of Large Earthquakes

While interevent times are waiting times between suc-
cessive earthquakes in a given catalog, recurrence times
are defined as waiting times between two successive large
events, typically in the magnitude range 6 � M � 9, de-
pending on the region. For example, on the Parkfield seg-
ment of the San Andreas fault seven �M6 earthquakes
occurred between 1857 and 2004 with recurrence times
T1 D 24 years, T2 D 20 years, T3 D 21 years, T4 D 12
years, T5 D 32 years, and T6 D 38 years.

The distribution of recurrence times of large earth-
quakes is crucial for the calculation of seismic hazard. Due
to a lack of observational data, this distribution is un-
known for real fault systems. Commonly used distribu-
tions are based on extreme value statistics and on mod-
els for catastrophic failure. These include the lognormal
distribution [50], the Brownian passage time distribu-
tion [44], and the Gumbel distribution [29]. All distribu-
tions are characterized by a maximum for a certain recur-
rence time followed by an asymptotic decay. The Brown-
ian passage time distribution and the lognormal distribu-
tion have been used by the Working Group on California
Earthquake Probabilities [70], e. g. for calculating earth-
quake probabilities in the San Francisco Bay area.

Figure 19a shows the probability density function
(pdf) of the recurrence times of earthquakes with mag-
nitude M > 6:2 in a realization of the numerical model
for the Parkfield region [74]. Since we focus on long
time-scales, we use here a minimal model without aseis-
mic creep and strong spatial heterogeneities. This model
leads to characteristic earthquake statistics and quasiperi-
odic occurrence of large events, and can therefore serve
as a model framework for large earthquakes on the Park-
field segment. However, quantities which are only poorly
known from empirical data, e. g. the stress drop, have
to be chosen in order to perform a numerical simula-
tion. Starting with an imposed uniform a priori distribu-
tion P(��) of stress drops between a lower bound ��min

and an upper bound ��max, an a posteriori distribution
P(�� jT1; : : : ; TN) can be estimated using observational
recurrence times T1; : : : ; TN from Parkfield and Bayes’
theorem [13],

P(�� jT1 ; : : : ; TN) D P(T1 ; : : : ; TNj��)P(��)
��maxP

sD��min

P(T1 ; : : : ; TNjs)P(s)
;

(25)

with the likelihood function

P(T1 ; : : : ; TNj��) D
NY
iD1

f (Ti j��) : (26)

The function f (Ti j��) denotes the pdf of recurrence times
simulated with a model stress drop �� . To get an analytic
expression of this function, it is fitted by a Gamma dis-
tribution f (t) D ˇ�1(	 (� ))�1( t��

ˇ
)��1exp (� t��

ˇ
) with

the location parameter �, the shape parameter � 	 2:0
and the scale parameter ˇ (with x � � ; �; ˇ > 0). For an
example see Fig. 19a. In [74] it is shown that the mean
value �t and the standard deviation � t of the fits in this
model are related to the average stress drop of a large
earthquake �� by the simple empirical relations

�t(��) D 9:7 � ��

�t(��) D 1:8 � ��2 � 6:8 � �� C 11:7
(27)

with �t ; �t in years and �� in MPa. Using this approxi-
mation in combination with six observational recurrence
times from�M6 earthquakes on the Parkfield segment, we
find the a posteriori distribution of stress drops shown in
Fig. 19b. The position where this distribution reaches the
maximum, �� D (3:04 ˙ 0:27)MPa, is the most repre-
sentative value of the stress drop of �M6 Parkfield events.

The cumulative probability density function (cdf) of
recurrence times based on Eq. (26) and the observational
data can now be calculated by

C(t) D
tZ

0

��maxZ
��min

f (t0j��)P(�� jT1 ; : : : ; TN)d��dt0 : (28)

The hazard function

H(�tjt0) D C(t0 C �t) � C(t0)
1 � C(t0)

(29)

is the conditional probability that the next large earth-
quake occurs in the interval [t0 ; t0 C �t] given the time
t0 since the last large event. Results for two choices of ob-
servational data (corresponding to two different observa-
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Seismicity, Critical States of: FromModels to Practical Seismic Hazard Estimates Space, Figure 19

a Approximated probability density function of the recurrence time distribution of large earthquakes (M > 6:2) for a simulated

earthquake catalog and fit with a truncated Gamma distribution; b A posteriori distribution P(��jT1; : : : ; TN) of stress drop ��

calculated with Bayes’ theorem (Eq. (25))

Seismicity, Critical States of: FromModels to Practical Seismic Hazard Estimates Space, Figure 20

a Cumulative recurrence time distribution C(t) (Eq. (28)) for (1) the Bayesian approach with three data points: long-dashed line; (2)
the Bayesian approach with six data points: short-dashed line. The solid line denotes the cdf of the six Parkfield recurrence times;

b Hazard function H(t0j�T) (Eq. (29)) based on the six observational recurrence times between 1857 and 2004 a as a function of dT
for different values of t0

tional periods) in comparison to the Parkfield cdf are given
in Fig. 20a. The hazard function for three fixed values of t0
and varying �t is given in Fig 20b.

This approach enables us to calculate the most likely
occurrence time of the next (post 2004) Parkfield earth-
quake by picking the maximum of the (non-cumulative)
recurrence time distribution (inner integral in Eq. (28))
after taking all Parkfield earthquakes (1857–2004) into ac-
count. Based on the analysis done so far, we may forecast
the next �M6 Parkfield earthquake to occur in May 2027.
The error associated with one standard deviation of the
pdf is 7.7 years. We note, however, that the probability for
the occurrence of a �M6 earthquake between May 2026
and May 2028 is only about 14%.

Summary and Conclusions

The present reviewdeals with the analysis, the understand-
ing and the interpretation of seismicity patterns with a spe-
cial focus on the critical point concept for large earth-
quakes. Both physical modeling and data analysis are dis-
cussed. This study aims at practical applications to model
data from real fault zones. A point of particular interest is
the detection of phenomena prior to large earthquakes and
their relevance for a possible prediction of these events.
Despite numerous reports on anomalous precursory seis-
micity changes [62], there is no precursor in sight which
obeys a degree of universality that would make it practi-
cally useful. It is, therefore, important to study less fre-
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quent precursory phenomena by means of long model
simulations.

Toward this goal, we discuss a numerical model which
is on one hand reasonably physical, and on the other hand
simple enough that it allows to obtain some analytical re-
sults and perform long simulations. The basic version of
themodel consists of a segmented two-dimensional strike-
slip fault in a three-dimensional elastic half space and is
inherently discrete because of the abrupt transition from
static to kinetic friction [10]. This paper and � Jerky Mo-
tion in Slowly Driven Magnetic and Earthquake Fault Sys-
tems, Physics of summarize a large body of analytical and
numerical results associated with the model.

The results of the simulations indicate an overall good
agreement of the synthetic seismicity with natural earth-
quake activity, with respect to frequency-size distributions
and various features of earthquake sequences. The de-
gree of spatial heterogeneity on the fault, which is imple-
mented by means of space-dependent rheological prop-
erties, has important effects on the resulting catalogs.
Smooth faults are associated with the characteristic earth-
quake statistics, regular occurrence of mainshocks and
overall smooth stress fields. On the other hand, rough
faults generate scale-free Gutenberg–Richter statistics, ir-
regular mainshock occurrence, and overall rough stress
fields. A closer look at the disorder of the stress field
shows, however, that even on a smooth fault a gradual
roughening takes place when the next large earthquake
is approached [12,82]. This is reflected in the frequency-
size distribution which evolves towards the Gutenberg–
Richter law and other changes of seismicity. The results
can be used to establish relations between the proximity
of a state on a fault to a critical point, the (unobservable)
stress field, and the (observable) seismicity functions. Fur-
thermore, it is demonstrated that the concept of “self-or-
ganized criticality” can be folded back to criticality associ-
ated with tuning parameters [12,31]. We note that phase
diagrams with different dynamic regimes as functions of
tuning parameters, in addition to criticality, provide a gen-
eral and rich description of seismicity. Accelerating seis-
mic release, growing spatial correlation length, changes of
frequency-size statistics and evolution of other seismicity
parameters may be used to track the approach to critical-
ity [73,75,76,77].

Future Directions

We have demonstrated that numerical fault models are
valuable for understanding the underlying mechanisms of
observed seismicity patterns, as well as for practical esti-
mates of future seismic hazard. The latter requires model

realizations that are tuned to a specific fault zone by assim-
ilating available observational results and their uncertain-
ties. In a case study, the seismic hazard in the Parkfield re-
gion has been estimated by combining such a tunedmodel
with few observational data. The use of Bayesian analysis
allows us to construct a flexible hazard model for this re-
gion which can, in general, incorporate statistical and non-
statistical data (e. g. from paleoseismology and geodesy) to
improve and update the estimations of the seismic hazard.
This approach is particularly promising for less-well mon-
itored regions, and especially for low-seismicity regions
like those in central Europe.

Modification of the stress transfer calculations to ac-
count for a statistical preference of earthquake propaga-
tion direction on a given fault section, e. g. [6,25], can im-
prove the estimates of seismic hazard associated with large
faults. It is also possible to extend the discussed framework
to other geohazards with even smaller amount of obser-
vational data, e. g. the occurrence of landslides. Since the
fault model deals with coupled physical processes leading
to interacting earthquakes, a challenging future direction
will be the design of a more general model for interact-
ing geohazards including earthquakes on different faults
as well as landslides triggered by earthquakes, and perhaps
tsunamis initiated by (submarine) earthquakes or land-
slides.
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