Boundary value problems with the transmission
property

B.-W. Schulze

Abstract. We give a survey on the calculus of (pseudo-differential) boundary
value problems with the transmision property at the boundary, and ellipticity
in the Shapiro-Lopatinskij sense. Apart from the original results of the work
of Boutet de Monvel we present an approach based on the ideas of the edge
calculus. In a final section we introduce symbols with the anti-transmission

property.

1. Introduction

Boundary value problems (BVPs) for elliptic (pseudo-)differential operators have
attracted mathematicians and physicists during all periods of the modern analysis.
While the definition of ellipticity of an operator on an open (smooth) manifold is
very simple, such a notion in connection with a (smooth or non-smooth) bound-
ary is much less evident. During the past few years the interest in BVPs increased
again considerably, motivated by new applications and also by unsolved prob-
lems in the frame of the structural understanding of ellipticity in new situations.
Several classical periods of the development created deep and beautiful ideas, for
instance, in connection with function theory, potential theory, with boundary op-
erators satisfying the complementing condition, cf. Agmon, Douglas, Nirenberg
[1], or pseudo-differential theories from Vishik and Eskin [29], Eskin [7], Boutet
de Monvel [4]. Other branches of the development concern ellipticity with global
projection conditions (analogues of Atiyah, Patodi, Singer conditions, cf. [3]), or
elliptic theories on manifolds with geometric singularities, cf. the author’s papers
[25] or [26].

After all that it is not easy to imagine how many basic and interesting prob-
lems remained open. A part of the new developments is connected with the analysis
on configurations with singularities that includes boundary value problems. In that
context it seems to be desirable to see the pseudo-differential machinery of Boutet
de Monvel and also of Vishik and Eskin from an alternative viewpoint, using the
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achievements of the cone and edge pseudo-differential calculus as is pointed out in
[16], [20], and in the author’s joint paper with Seiler [22], see also the monographs
[18], or those jointly with Egorov [6], Kapanadze [12], Harutyunyan [10].

Our exposition just intends to emphasize such an approach, here mainly
focused on operators with the transmission property at the boundary from the
work of Boutet de Monvel. We also introduce symbols with the anti-transmission
property at the boundary. Together with those with the transmission property
they span the space of all (classical) symbols that are smooth up to the boundary.
A pseudo-differential calculus for such general symbols needs more tools from the
edge algebra than developed here.

The present paper is the elaborated version of introductory lectures, given
during an International Workshop on Pseudo-Differential Operators, Complex
Analysis and Partial Differential Equations at York University on August 4-8,
2008, in Toronto.

2. Interior and boundary symbols for differential operators

Let X be a C* manifold with boundary Y = 0.X. Moreover, let 2X be the double,
defined by gluing together two copies X4 of X to a C'°*° manifold along the common
boundary Y. Let us fix a Riemannian metric on 2X and consider Y in the induced
metric. There is then a tubular neighbourhood of Y in 2X that can be identified
with Y x [—1,1], with a splitting of variables z = (y,t), where ¢ is the variable
normal to the boundary and y € Y. We assume that (y,t) belongs to X =: X
for0<t<1landto X_for —1<¢t<0.

If M is a C°° manifold (with or without boundary) by Diff* (M) we denote the
set of all differential operators of order p on M with smooth coefficients (smooth
up to the boundary when OM # ().

Local descriptions near Y will refer to charts

x:U—-OQxR
for open U C 2X, UNY # (), and open Q C R"~!, and induced charts
x:UNY —Q

on Y and
x+ Ut :ZUﬂXiHQXEi

on X, near the boundary. Concerning the transition maps QxR — Q xR, (y,¢) —
(9,1), for simplicity we assume that the normal variable remains unchanged near
the boundary, i.e., t = t for [t| sufficiently small. The map y — ¢ corresponds to a
diffeomorphism 2 — Q.

Let A € Diff*(X), B; € Diff""(V,), Vo, .=V NnX, j=1,...,N, for some
N € N, and set

Tu := (Bjuly)j=1,..N-
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Then the equations
(2.1) Au=finintX, Tu=gonY

represent a boundary value problem for A. Consider for the moment functions in
C*(X); then (2.1) can be regarded as a continuous operator

C>=(X)
A oo
(2.2) A= (T) L C(X) — Cm(ﬁ@).

If X is compact, we have the standard Sobolev spaces H*(2X) on 2X and
Hs(intX) = HS(QX)hntx,
s € R. Then (2.2) extends to continuous operators

H*=H(intX)
(2.3) A: H°(intX) — ®
N H 3 (Y)

for all s > max{u; +3:j=1,...,N}.

We will give a survey on elliptic boundary value problems (BVPs), starting
from (2.2), and we ask to what extent we may expect a pseudo-differential calculus
(an algebra) that contains the operators (2.2) together with the parametrices of
elliptic elements. First we have to explain what we understand by ellipticity of a
boundaray value problem.

In contrast to the notion of ellipticity of a differential operator (or a, say,
classical pseudo-differential operator) A on an open C'*° manifold M, in the case
of a manifold with boundary we have from the very beginning a variety of choices.

Let L' (M) for an open C*° manifold M denote the space of all classical
pseudo-differential operators of order p € R on M. An A € L (M) is called
elliptic, if its homogeneous principal symbol o, (A)(x,§) of order p never vanishes
on T*M \ 0 (the cotangent bundle of M minus the zero section). The union of
spaces L!;(M) over ;o € R is closed under the construction of parametrices of
elliptic elements, to be more precise, every elliptic A € L!;(M) has a (properly
supported) parametrix P € L_"(M) such that 1 — PA,1 — AP € L~°°(M) (here
and in future by 1 we often denote identity operators). The space L~*°(M) can
be identified with C*°(M x M) via a fixed Riemannian metric on M.

Let us recall the well-known fact that when M is compact and closed the
ellipticity of A € L (M) is equivalent to the property that
(2.4) A:H°*(M)— H**(M)
is a Fredholm operator for some s = sy € R. Moreover, from the Fredholm property
of (2.4) for s = s¢ it follows that (2.4) is Fredholm for all s € R. In addition it is

known that L!;(M) for every p € R contains so-called order reducing operators,
i.e., elliptic operators R* that induce isomorphisms,

(2.5) RN H (M) — H*"(M)
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for all s € R; then (R*)~! € L_"(M) is again order reducing (of opposite order).
Below we shall establish more tools on pseudo-differential operators.

Let us now return to BVPs of the form (2.3), where X is a compact manifold
with smooth boundary Y.

Writing our differential operator A in local coordinates = € Q x R, near the
boundary as

A= Z aq(x)DY,

la|<p
aq € C(Q x R;), we define
(2.6) oy (A)(@,€) = ) aa(2)E",
| =p
(z,€) € T*(Q2 x Ry) \ 0, and observe the homogeneity
ool A) (@, 7€) = Ny (A)(w,€), A € Ry
Let = (y,t), £ = (n,7), and set
(27) Ja(A)(yv 77) = Z aa(yv 0) (777 Dt)aa
la|=p

where (1, D;)® = n®' D& for a = (o/,&”) € N*, (y,n) € T*Q\ 0, or, equiva-
lently, oo(A)(y,n) = oy (A)(y,0,n, D). The expression (2.7) represents a family
of continuous operators

(2.8) o9(A): H*(R}y) — HH(Ry), s € R,
called the (homogeneous principal) boundary symbol of A.

Let H*(R,) be endowed with the strongly continuous group & = {Kx}aer,
of isomorphisms

kx: HY(Ry) — H*(RL), (kau)(t) = A2u(M), X e R,

Then we obtain the following kind of homogeneity of the boundary symbol
(2.9) aa(A)(y, M) = Mraoa(A)(y,m)ry's A€ Ry
Homogeneity in that sense will also referred to as twisted homogeneity (of order

1)
It makes sense also to define the (homogeneous principal) boundary symbol
of the trace operator T = *(T1,...,Tx), by

(210) UB(Tj)(yan)U = Uw(Bj)(yvovnaDt)uh:Ov
uw€ H*(Ry), s >max{u; + 4 : j =1,..., N} where oy (B;)(z,§) is the homoge-
neous principal symbol of the operator B, and (2.10) is interpreted as a family of
operators

oo(T;)(y,n) : H*(Ry) — C,
(y,m) € T*Q\ 0. The boundary symbol (2.10) is homogeneous in the sense

(2.11) oo(T) (g, An) = Mt 2oy (T) (y, m)ky ', A€ Ry.
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It is often convenient to compose (2.2) from the left by an operator
(2.12) diag(1, Ry,...,RN)

(el
where R; € L} (“ﬁz)(Y) is an order reducing operator on the boundary in the
above-mentioned sense and to pass to a modified operator

H5#(intX)

) : HP(intX) — ® ,
Hen (¥, )

A
Y(RyTy,...,RNTy)

related to the former one by a trivial pseudo-differential reduction of orders on the
boundary. This is formally a little easier (later on we admit such trace operators
anyway ). Instead of (2.11) we then obtain

(2.13) oo(R;T;)(y, An) = Moo(R;Ty)(y,mky ', A€ Ry,
where

oo(R;T;)(y,n) = oy (R;)(y,moa(T;)(y, 1)
with og(R;)(y,n) being the homogeneous principal symbol of R; of order pt— (5 +
%) as a classical pseudo-differential operator on the boundary.
Let us now explain the role of the trace operators in connection with the
ellipticity of a boundary value problem. We call the pair

o(A) = (oy(A),00(A))

the principal symbol of A, consisting of the (principal) interior symbol oy (A) :=
oy (A) and the (principal) boundary symbol o5 (A) := *(o9(A),09(T1), ..., 00(TN))
of A,
Ho"(Ry)
oo(A): H*(Ry) — &
(CN

Ellipticity of A requires the bijectivity of both components on 7* X\ 0 and T*Y '\ 0,
respectively, the latter as an operator function for s — pu > f%. Since the operators
oo(T;)(y,n) are of finite rank, 55(A4)(y, n) has to be a family of Fredholm operators.
The following lemma shows that this is an automatic consequence of the ellipticity
of A with respect to oy.

Lemma 2.1. Let A be an elliptic differential operator; then
0o(A)(y,n) : H*(Ry) — H*"(Ry)

is a surjective family of Fredholm operators for every real s > pu — %, and the
kernel ker 05(A)(y,n) is a finite-dimensional subspace of S(Ry) = S(R)|g, which

is independent of s. Moreover, dimker og(A)(y,n) = dimker og(A)(y,n/|n|) for
all (y,m) € T*Y \ 0.
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Proof. Set for the moment a(7) := 0y(A)(y,0,7n,7) with frozen variables (y,n),
n # 0. Then o5(A) = a(D;) can be written as op™(a) := rTop,(a)et for the
operator of extension et of functions by 0 to ¢ < 0 and r™ the restriction to ¢ > 0,
and op,(-) is the pseudo-differential operator on R with the symbol a(7), i.e.,
op(a)u(t) = [[ = 7a(r)u(t')dt'dr, dr = (2r)~'dr. Then opt(a~') is a right
inverse of op™(a), since op*(a)opt(a=1) = op*(aa=!) + rfop(a)eopt(a~t) =1,
because of rtop(a)e” = 0. This shows the surjectivity of op™(a). The fact that
solutions u of the homogeneous equation a(D;)u = 0 form a finite-dimensional
subspace of S(R;) is standard. However, we will show those things below once
again independently, cf. Theorem 3.29 below. The last assertion follows from the
homogeneity (2.9). O

Ezxample. Let A = A be the Laplacian, A = E;-lzl 88722 in local variables. Then
J
oa(A) = —|¢|?, and
0a(A)(n) = —n|* + Df - H*(Ry) — H*7*(R.).
We have
kerog(A)(n) = {ce™1"* : c € C},
i.e., dimkeroy(A)(n) =1 for all n # 0 and all s > 3/2.
Remark 2.2. The operators Ty, : H*(X) — H* *~1/2(Y), locally near Y defined
by
Tyu := DFuli—g, k €N,
have the boundary symbols
oo(Ti)u = Diuli=o, 0a(Ti)(n) : H*(Ry) — C
and are (although they are independent of n) of homogeneity k + 3, i.e.,

oo(T) An)u = NoF 205 (Ty) (n)ry tu, X € Ry

Moreover, as we see from Lemma 2.1 together with Lemma 2.3 below, the
column matrix

H*2(Ry)
oa(A)()\ . pys
(214) <a§<Tk><n>> HR) =8

is an isomorphism for every n # 0, s > max{%, k+ %}, this is true of every k € N.
Observe that Tj represents Dirichlet and 77 Neumann conditions.

In other words, the boundary symbol 04(T}) fills up the Fredholm operators
oo(A)(n) : H¥(Ry) — H* 2(Ry), s > 3/2, to a family of isomorphisms (2.14). In
this way we have examples of so-called elliptic BVPs, namely,

A Hsf2 (X)
(2.15) Ap = ( ) cHY(X) — ®
Hs k=3 (Y)
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for every k € N. In connection with such constructions it is useful to recall the
following simple algebraic result.

Lemma 2.3. Let H,fLZ be Hilbert spaces and a : H — ﬁ,b : H — ’Illinear
H

continuous operators. Then the column matriz operator a := (Z) cH — & is an
L

isomorphism if and only if a : H — H is surjective, and b : H — L restricts to an
isomorphism blyerq : kera — L.

Proof. Let a: H — H be surjective, and by := b|kerq : Kera — L an isomorphism.
Then a is obviously surjective. Moreover, au = 0 implies u € ker a and byu = 0;
then, since by is an isomorphism it follows that « = 0. Thus a is injective and hence
an isomorphism. Conversely, assume that a is an isomorphism. The surjectivity
of @ implies that a : H — I;T, b: H — L are both surjective. In particular, if
H; denotes the orthogonal complement of kera; in H we obtain an isomorphism
ay = alg, : Hi — H, and a can be written as a block matrix

a 0 ! Z
_ 1 .
a@= (bl bo) F 9 ¢

kera L
for by := bly,. It remains to show that by : kera — L is an isomorphism. The
a;t 0 -
operator Ly : @ — @ is an isomorphism, and we have
—blal 1 z z

H
( a7 0) (m o) (1 o) e
—1 = N EB — @ .
—b1a1 1 b1 bo 0 bg ker a Z
Therefore, since both factors on the left hand side are isomorphisms, it follows
that also by : ker a — ker a is an isomorphism. O

This shows us the meaning of the above-mentioned N, the number of trace
operators which turns the boundary symbol

H*"M(Ry4)
(2.16) oo(A)y;m) : H*(Ry) — @
(CN

to a family of isomorphisms. According to Lemmas 2.1 and 2.3 for an elliptic
differential operator A we have N = dimker o5(A4)(y, n); this number is required
to be independent of y and n # 0. As is well-known, if A is of order 2m and
admits boundary operators {Bj, ..., B,,} satisfying the so-called complementing
condition with respect to A, then (for m = N) that property holds (cf. Agmon,
Douglis, Nirenberg [1], Lions, Magenes [13]).
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Definition 2.4. The block matrix operator A = *(A T) is said to be a (Shapiro-
Lopatinskij) elliptic boundary value problem for the elliptic differential operator
A if the boundary symbol (2.16) is a family of isomorphisms for any sufficiently
large s, for all (y,n) € T*Y \ 0. We also talk about Shapiro-Lopatinskij trace (or
boundary) conditions for the operator A.

Remark 2.5. Observe that not every elliptic differential operator A admits Shapiro-
Lopatinskij elliptic trace conditions. The simplest example is the Cauchy-Riemann
operator O in the complex plane. More general examples are Dirac operators in
even dimensions, and other important geometric operators. We will return later on
to this discussion in the context of the Atiyah-Bott obstruction for the existence
of Shapiro-Lopatinskij elliptic conditions.

If we ask an algebra of BVPs a first essential formal problem is that column
matrices cannot be composed with each other in a reasonable manner. However, we
extend the notion “algebra” and talk about block matrix operators where the al-
gebraic operations are carried out only under natural conditions, namely, addition
when the matrices have the same number of rows and columns and multiplication
when the number of rows and columns in the middle fit together. For instance, if
we consider the Dirichlet problem Ag for the Laplacian, cf. the formula (2.15) for
k = 0, we have invertibility of

C*(X)
Ag: C®(X)— @ .
c=(Y)

Denoting by P := (Py Kp) the inverse of Ay (which belongs to the pseudo-
differential operator calculus to be discussed here) then we have two kinds of
compositions, namely, for A = A

(A (AP, AK,\ (1 0
(217) AOPO - <T0> (PO KO) - (TOPO TOKO> - (0 1) )
and
A
(2.18) (P, Ko) (T ) — PyA + KTy = 1.
0

It also makes sense to consider

1 0
(2.19) ArPo = (TkPO TkK())

for every k € N. The lower right corner of the latter matrix has the meaning of
the reduction of the boundary condition Ty to the boundary (by means of the
Dirichlet problem). It turns out that T} K is a classical elliptic pseudo-differential
operator of order k on the boundary. Its symbol will be computed in the following
section, cf. the formula (3.28).
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3. Inverses of boundary symbols

Let us first recall that the construction of a parametrix of an elliptic operator A €
L' (M) on an open C'* manifold M can be started by inverting the homogeneous
principal symbol and forming a B € L_"(M) such that oy(B) = alzl(A) (B is
obtained via an operator convention). In a second step we form

1-BA=Ce L' (M)

(everything in the frame of properly supported pseudo-differential operators), then
we pass to a D € L' (M) such that (1 + D)(1 — C) = 1 mod L~>(M). Such a
D can be found as an asymptotic sum Z;’il C7, and P = (1+ D)B is then a
left parametrix of A. (For future references we call the latter procedure a formal
Neumann series argument.) In an analogous manner we find a right parametrix,
and then a simple algebraic consideration shows that P is a two-sided parametrix.

These arguments are based on the following properties of (classical) pseudo-
differential operators:

1. every pseudo-differential operator has a properly supported representative
modulo a smoothing operator;

2. any sequence of operators of order u — j, j € N, has an asymptotic sum,
uniquely determined modulo a smoothing operator;

3. there is a symbolic map that assigns the unique principal symbol of an
operator; the algebraic operations between operators are compatible with
those for associated principal symbols (in particular, the principal symbol
of a composition is equal to the composition (product) of the principal
symbols);

4. every smooth homogeneous function of order p on T* M\ 0 is the principal
symbol of an associated pseudo-differential operator of order p (i.e., there
is an operator convention that is right inverse of the principal symbolic
map of 3.);

5. an operator of order p with vanishing principal symbol is of order p — 1.

It turns out that boundary value problems as in Section 2 can be completed
to a graded algebra of 2 x 2 block matrix operators with a two-component principal
symbolic hierarchy ¢ = (oy,0s), where analogues of the properties 1. - 5. hold.
Such an algebra has been introduced by Boutet de Monvel [4], and we discuss here
(among other things) some elements of that calculus.

The first essential point is to analyse the nature of inverses of bijective bound-
ary symbols. Since such inverses are computed (y,n)-wise for (y,n) € T*Y \ 0 we
first freeze those variables and look at operators on R . Let us consider a classical
symbol a(r) € S (R), p € R. Examples of such symbols are

(3.1) (1) == (1 £ir)".
Let us set

(3.2) op* (a)u(t) = rop(a)(eu)(?),
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for every u € H*(Ry) (= H*(R)|r,), s > —3, where eTu € S'(R) is the distribu-
tion obtained by extending u by zero to R_, i.e.,

etu(t) =u(t) for t >0, etu(t) =0 for t <O0.

Moreover r7 is the operator of restriction from R to R, and

// W=7 o (Pt dt dr,

dr = (2r)~'dr. In an analogous manner we define the extension e~ by zero from
R_ to R and the restriction r~ from R to R_. The operator (3.2) defines a linear
map

op*(a) : H*(Ry) — §'(Ry)
for every s > —1, §'(R}) := S'(R)[g, . As is well-known (cf. [7]) in some cases
op™(+) induces a continuous operator

(3.3) op*(a) : H*(Ry) — H* "(Ry)

for every s > —1/2, namely, when a(7) is a so-called minus-symbol.

Let A(U), U C C open, denote the space of all holomorphic functions in
U, and set Cy := {z = 7+ i3 : 3 2 0}. Then a(r) € S4(R) is said to be a
minus-symbol if a(7) has an extension to a function in A(C,) N C>(C,) such
that

(3-4) ja(2)] < e(1+ [2[%)"/?

for all z € C,., for some constant ¢ > 0. By a plus-symbol of order ;1 we understand
an element a(7) € S¥(R) that extends to a function in A(C_)NC*(C_) such that
the estimates (3.4) hold for all z € C_. For s € R we have a relation similar to (3.3)
when we replace e™ by a continuous extension operator el : H*(R,) — H*(R)
with el u|g . = u; then in the minus-case the latter map is independent of the
choice of ef.

If a(7) is a plus-symbol of order u and H3(R,) := {u € H*(R) : w = 0 on
R_}, then

(3.5) op*(a) : Hi(Ry) — Hg " (Ry)

is continuous for every s € R. Concerning a proof of the continuity of (3.3) and
(3.5), see [7, Lemma 4.6 and Theorem 4.4], (cf. also [10, Section 4.1.2]). Moreover,
for an arbitrary p(7) € S4(R), v € R, we have

(3.6) op" (ap) = op* (a)op™ (p)
when a(7) € S%(R) is a minus-symbol (since rtop(a)e™ = 0) and
(3.7) op™(pa) = op™ (p)op™ (a)

when a(7) € S(R) is a plus-symbol (since r~op(a)e™ = 0).

Example. A polynomial in 7 is both a minus- and a plus-symbol.



Boundary value problems with the transmission property 11

Remark 3.1. The function I* (7) = (1 — i7)* is a minus-symbol of order y € R,
and
op (i) s H*(Ry) — H*M(Ry)
is an isomorphism for every s € R, s > max{—3,u — £}, where (op™(I"))~! =
op™(IZ*). Moreover, I/ (1) = (14 47)" is a plus-symbol of order y € R, and
0p+(li) tHy(Ry) — Hy "(Ry)
is an isomorphism for every s € R where (op™ (1))~ = op™(I1").

A classical symbol a(7) € S/}(R) has an asymptotic expansion

e}
(3.8) a(T) ~ Z af(ir)“_j for 7 — 400
3=0
+

for unique coefficients a; € C (the imaginary unit ¢ = /—1 is taken for conve-

nience; powers are defined as (i7)” = e”108(i7) with the principal branch of the
logarithm).

If x(1) € C*(R) is an excision function in 7 (i.e., x(7) = 0 for |7| < ¢y,
x(7) =1 for || > ¢, for some 0 < ¢y < ¢1) then we have

(3.9) a(r) ~ > x(1)ag—j)(7)
=0

for

(3.10) au—j)(1) = {af 07 (1) + a5 07 (1)} (ir)" 7,

with 6% being the characteristic function of the + half-axis in 7, where (3.9) has
the meaning of an asymptotic expansion of symbols, x(7)a(,—;) (1) € S5 (R).
Definition 3.2. A symbol a(7) € S|(R) for p € Z has the transmission property if

+ _ p— .
(3.11) aj =aj forall j€N.

Let S{,(R) denote the space of all symbols in S’} (R) with the transmission property.
Remark 3.3. A symbol a(7) € S¥(R) has the transmission property exactly when
(3.12) a(u—i) (1) = (=) ag_j(-7)
for all 7 € R\ {0} and all j € N.
In fact, the transmission property means that a,_; (1) = ¢;(iT)*~7 for ¢; :=
+

aj =aj for all j € N, and this shows the relation (3.12). Conversely from (3.12)

we deduce
{a;rOJr(T) + aj_ﬁf(r)}(iT)“fj = (—1)“73'{(1;'9*(—7') + aj_ﬁf(—T)}(—iT)‘“j
= {af 0T (=) +a; 07 (—7)}(ir)" I
for all 7 # 0, which implies aj(@*(T) —0t(=71)) =a; (0~ (~7) =0 (7). For 7 >0

we have 0% (—7) = 6 (7) = 0 and 67 () = 6~ (—7) = 1 which yields o] = a; .
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Remark 3.4. The space S¥(R) is a nuclear Fréchet space in a natural way, and
SE(R) is a closed subspace in the induced topology.

Ezample. 1. Every polynomial in 7 has the transmission property;
2. the 7-wise product of two symbols with the transmission property has
again the transmission property;
3. If a € SE(R) and af = ay # 0 then it follows that y(7)a~!(7) € S"(R)
for a suitable excision function (7). If in addition a(7) # 0 for all 7 € R
then a=!(7) € S, " (R).

In particular, the symbols (3.1) for p € Z have the transmission property.

Remark 3.5. The multiplication of symbols by {_*(7) (or {_*(7)) induces an iso-
morphism

St(R) — Sp(R).

Remark 3.6. Let a(r) € SY(R), and form the bounded set L(a) := {a(r) € C :
7 € R} which is a smooth curve (with admitted self-intersections) and end points
aF = a(£00). Then we have a(r) € S(R) if and only if L(a) is a closed curve
which is smooth including ad = ag .

Remark 3.7. Every symbol a(7) € S (R) can be written in the form
a(t) = p(7) + b(7)
where p(7) is a polynomial in 7 of order p (only relevant for p > 0) and b(r) €
S (R),
In fact, this is an evident consequence of Definition 3.2.

Proposition 3.8. Let a(7) € SL(R); then for every N € N there is a minus-symbol
my (1) € SH(R) and a plus-symbol pn(7) € SH(R) such that a(t) — mn(T) €
S V(R) and a(r) - pa(7) € S; VTV (R).

Proof. Since a polynomial in 7 is a plus- and a minus-symbol it suffices to assume

i = —1. By definition there are constants a; such that for any fixed excision
function x(7)

N
(3.13) a(r) = x(7) Y a;(im) ™ + rx(r)
j=1
where ry (1) € S;(N'H) (R). The relation - = — 12—+ L can be iterated, and
A T | 1 11 11 1 T N
we obtain = = — = +{-—n t i tir = T "o T T -2

o= = Yl G + = This yields (i)™ = (= R0, (1 —in)7F) +
;N () for every j € N\ {0} where x(7)r; n(T) € S;(NH)(R) for every excision
function x(7). Thus, setting m; n(7) := a; (f Z,ivzl(l - iT)*k)] we obtain

(3.14) x(T)a;(iT) ™ = m; N (1) + x(7)a;r; n(T)
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modulo a symbol in S™*°(R), where m; y(7) is a minus-symbol, cf. Remark 3.1.
Then from (3.13) we obtain the first assertion, for my(7) = Z;\;l m; n(7). More-

I 1 _ 1 11 N 1 1 1 .
over, writing ;- = 155 + 5157 = 2h=1 i T oy ve obtain a plus-

symbol py(7) := Ejvzl pjn(T), pjN(T) = a; (ch\[:l(l + iT)_k)j with the desired

property. O

Corollary 3.9. Let a(7) € S}.(R); then op™(a) induces a continuous operator
op*(a) : H*(R,) — H* (R, )

1

for every real s > —3.

Proof. Let us write op(a) = op(my) + op(cy) where, according to Proposition
3.8, my is a minus-symbol of order p, and cy € SC_I(NH)(R). Then we have
(3.15) opt(a) = opT(mn) +opT(cn).

We observed before that op™(my) has the desired mapping property. Let us
now assume s € (—%,0]. We employ the known fact that for those s we have
et H5(R;) = H§(Ry). As noted before we have an isomorphism

op(l3) : Hy(Ry) — L*(Ry) = HY(Ry)
with the inverse op™ (I *). Moreover, using the relation (3.7) we have
op™(en) =op™(enl*)op™(13)

where (cyl°)(T) € SC_I(NH)_S(R). Thus it remains to verify that op™(cnil®) :
L*(R;) — H* #(Ry) is continuous. However, when N is large enough, we have
the continuity

opt(enli®) : L2 (Ry) — HNTHFS(RY).

Thus for N so large that N + 1 > —u we obviously obtain the desired continuity.
Finally for s > 0 it suffices to employ the continuous embedding et H*(R,) —
L?(R), i.e., we can argue similarly as before and obtain the continuity op™(cy) :
L?(Ry) — H*"#(Ry) for N+1>s— p. O

Proposition 3.10. Every symbol a(t) € S;;*(R) can be written in the form
(3.16) a(1) = a4 (1) +a_(7)
for uniquely determined
ay(1) € Frr (e"S(Ry)), a—(7) € Fir(e"S(R-))
which are plus/minus symbols in S;, " (R).
Concerning a proof of Proposition 3.10, see [15, Section 2.1.1.1].

Corollary 3.11. Let a(7) € S{;(R); then op™(a) induces a continuous operator
opT(a): S(R;) — S(R,).



14 B.-W. Schulze

Proof. For p € N the symbol a(7) is equal to a polynomial in 7 of order u, modulo

a symbol in S '(R). Thus without loss of generality we assume y = —1. The
Fourier transform F' = F;_,, induces a continuous operator
(3.17) F:etS(Ry) — S (R).

Moreover, the multiplication between symbols with the transmission property
is bilinear continuous. In particular, the composition of (3.17) with the multipli-
cation by the symbol (3.16) gives us a continuous operator

a(T)F : e"S(Ry) — S, (R).

Finally =1 : S, '(R) — etS(Ry) + e~ S(R_) is a topological isomorphism (the
sum on the right hand side is direct) and

it ietS(Ry) +e  S(RU) — S(Ry)

is obviously continuous. Thus op*(a) = 1 F~ta(7)FeT is a composition of con-
tinuous operators. O

Proposition 3.12. Let a(7) € Sp.(R); then the adjoint of
op*(a): L*(Ry) — L*(R+)

with respect to the L*(Ry)-scalar product has the form op™(a) for the complex
conjugate a(t) € S.(R).

Proof. The computation is completely elementary. O

Proposition 3.13. Let a(7) € Sgl(R) be a symbol with the transmission property,
let € : Ry — Ry be defined by e(t) = —t, and £* : L*(Ry) — L*(Rg) the
corresponding function pull back. Then

(3.18) rtop(a)ee*, e*r op(a)e’ : L*(Ry) — L*(Ry)
induce continuous operators L*(R,) — S(R,).

Proof. If a() is a constant both operators are zero. Therefore, it suffices to assume
a(t) € S;*(R). By virtue of the identity

rTop(a) = op™ (1Y) (I=N))rTop(a) = opt (1Y) rTop(i=Va)

for any N € Z (cf. the relation (3.6) taking into account that (= (7) are minus-
symbols) we may even consider the symbol I=V ()a(7) € SC_I(NH) (R) rather than
a(r), for any N > 1, since op™ (1) : S(Ry) — S(R,) is continuous, cf. Corollary
3.11. In other words, let a(7) € S;;?(R); then

(o)
r+0p(a)e_5*v(t):r+// T o (FYu(—t)dt' dr
rJo

=1t /OOO{/ei(tH/)Ta(T)dT}v(—t’)dt’.
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By virtue of Proposition 3.10 we have
/eiMa(T)dT ce"S(Ry)+e SR-)

with r € R being the variable on the right hand side. Since r has the meaning of
t+t' for t >0, t' > 0, we obtain

(3.19) rtop(a)e e*v(t) =1+ /000 ft+to(—t")dt

for some f(r) € et S(Ry). It remains to observe that the right hand side of (3.19)
represents a continuous operator L2(Ry) — S(R.). The second operator in (3.18)
can be treated in an analogous manner. O

Corollary 3.14. Let g denote one of the operators in (3.18), and let g* be its adjoint
in L2(Ry). Then g and g* induce continuous operators

(3.20) 9.9": L*(Ry) — S(Ry).
Proof. The assertion for g is contained in Proposition 3.13. Moreover, because of

(rfop(a)e”e*)* = e*r~op(a)e’ by Proposition 3.13 we also obtain the result for
g*. O

Remark 3.15. It can be proved that an operator g € L(L?(R,)) that defines
continuous operators (3.20) can be represented in the form

gu(t) = /OOO c(t, tu(t')dt’

for some c(t,t') € S(Ry x Ry) (= S(R x R)|ﬁ+xﬁ+)’ see [10, Theorem 2.4.87].

Definition 3.16. 1. An operator g € L(L*(R,)) which induces continuous
operators (3.20) is called a Green operator of type 0. Let T'°(R,) denote
the space of those operators. ‘

2. An operator of the form Z?:o g;0] for g; € T°(Ry), d € N, is called a
Green operator of type d. Let I'(R, ) denote the space of those operators.
Remark 3.17. Any g € I'*(R,) induces a compact operator
g:H*(Ry) — H*(Ry)

for every se R, s > d — % Moreover g induces a continuous operator

(3.21) 9: H*(Ry) — S(Ry)

for those s.

In fact, &/ : H*(Ry) — H*7J(R,) is continuous for every j € N as well as
and go : H* 7/ (Ry) — S(R}) when s — j > —1, go € TO(R4).

Lemma 3.18. Let g € T°(Ry), and let 1 + g : L?>(Ry) — L%(Ry) be an invertible
operator. Then there is an h € TO(Ry) such that (1 +g)~! =1+ h.
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Proof. Let b := (1 + g)~! which belongs to £(L*(Ry)). Writing b = 1 + h for
h:=b—1 we obtain (14¢)(14+h) = 1, i.e., h+g+gh = 0. This yields h = —g(1+h),
and hence h : L?(R;) — S(R.) is continuous, cf. Definition 3.16 (i). Moreover
(14 g¢*)(14 h*) =1 yields g* + h* 4+ g*h* =0, i.e. h* = —g*(1 + h*) which shows
again the continuity h*: L?(R;) — S(R, ). In other words, h € T°(R,). O

Corollary 3.19. Let a(7) € SL.(R),b(7) € SE(R); then
(3.22) opt(a)op™t (b) = opT(ab) +g¢
for some g € TO(R,).
Proof. For u =v =0 we have
opt(a)op™t(b) = rtop(a)etrtop(b)et = rtop(a)op(b)et + rtop(a)d_op(b)e™
for the characteristic function ¥_ of R_. Since
rtop(a)d_op(b)e™ = (rfop(a)e e*)(e*r op(b)e™) =: g

and the factors in the middle are Green operators of type zero, cf. Proposition
3.13, we obtain g € I'%(R,.), since I'Y(R,.) is closed under compositions.
It remains to consider ;€ N or v € N. In this case we write

a(7) = ao(7) + p(7), b(7) = bo(7) + q(7)
for ag, by € S;;*(R) and polynomials p and ¢ of degree 1 and v, respectively. Since
polynomials are minus- and plus-symbols at the same time we have

op™*(p)op™ (bo) = op™ (pbo), op™ (ao)op™ (¢) = op™ (aoq),

i.e., when we define g by op™(ag)op™(by) = op™(apby) + g (according to the first

part of the proof) we obtain

op™(a)op™ (b) = (op™(ao) +0p™ (p))(op™ (bo) +0p " (q)) = op ™ (a0 +p)(bo+4)) + 9.
O

More generally we have the following composition property.

Theorem 3.20. Let a(1) € SL(R), b(r) € SY.(R), and g € T4 R,), h € T¢(Ry).
Then
(op™(a) + g)(op™ (b) + h) = op™ (ab) + &

for a certain k € Tmax{vtdel(R ),
Proof. By virtue of Corollary 3.19 it remains to discuss the compositions
op™(a)h, gop™(b), and gh.

It is evident that op™(a)h € T¢(R4) and gh € I'°(Ry). For the operator in the
middle we write

gop™ (b) = g(op™ (bo) + op™ (p))
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where by € S;;'(R) and p is a polynomial in 7 of order v (which vanishes for
v < —1). It is clear that gop™ (p) € T*4(R;). What concerns gop™ (bo) it suffices
to assume g = go D7 for any 0 < j < d. Since 77 is a minus-symbol we have

gop ™ (bo) = goop™ (b)) for b;() = T7bo(7) € Si; H(R).

Thus, writing b;(7) = ¢;(7) +¢;—1(7) for a polynomial ¢;_1(7) in 7 of degree j —1
(when j — 1> 0) and some ¢; € S;,*(R) it follows that

gop™ (by) = goop™ (¢;) + goop™ (gj—1).

The second summand on the right obviously belongs to TY~}(R,) for j > 1
while the first one belongs to I'°(R4) which follows from the continuity op™(c;) :
L?(Ry) — L*(R,) and go : L*(Ry) — S(R,) and an analogous conclusion for the
adjoints. O

Remark 3.21. As a special case of Theorem 3.20 for a(7) € SL(R), g € T4(R,),
we obtain that (op™(a) + g)opT(I=") = opt(al=™) + k for k € T°(R,) when
—N+d<0.

Let us now turn to 2 x 2 block matrices of operators with upper left corners
of the form

H*(Ry)  H7M(Ry)

+
(3.23) <°p (a) + g1 912): & - @
921 g22 C C

for arbitrary a(r) € SL(R), p € Z, g11 €T (Ry),d €N, s >d— 3, gas € C,

d
(3.24) gau(t) =Y gari0fu(t)u € H*(Ry)
1=0
for ggl,l’U(t) = fooo f217l(t)’0(t)dt, f217l € S(K+), l=0...,d, and
(3.25) g12¢ = cf(t), c€ C,

for some f € S(R;). An operator of the form (3.24) is called a trace operator
of type d, and (3.25) a potential operator (for the boundary symbolic calculus of
operators with the transmission property at the boundary).

In a similar manner we define analogues of (3.23) where C on the left is
replaced by C’~ and on the right by C/+ for certain j_,j, € N (if one of the
dimensions is zero then we have row or column matrices which are admitted as
well). Let B#4(R,;j_,j.) denote the space of such block matrices. Moreover, let
B4(R;5-,7+) be the subspace of operators (3.23) defined by a = 0.

Thus BL(R4;0,0) = T4(R,); in future we also write BL(R;) rather than
I4(Ry).
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Remark 3.22. More generally we have B*4(R;v) for v = (k,l;5_,j; ), defined
to be the space of 2 x 2 block matrices where the upper left corner itself is an
I x k matrix of operators as in the upper left corner of (3.23), while g12isa j_ x k
matrix of potential operators, etc. For every fixed u € Z, d € N, the space of such
matrices is a (nuclear) Fréchet space in a natural way. The future homogeneous
boundary symbols of BVPs are symbols in (y,7) with values in such spaces.

Remark 3.23. Tt can easily be proved, cf. [18, Proposition 4.1.46], that every g €
I'Y(R4) for d > 0 has a unique representation

d—1

g:go+2kj OI'/Dg
7=0

for go € T°(R4.), potential operators k;, and r'u := u(0). Similarly, a trace operator
b of type d > 0 can uniquely be written as

d—1
b= bo—i—ch or’Dg

j=0
for a trace operator by of type 0 and constants c;.

Ezxample. The operator

2_ .2 Ho"2(Ry)
(3.26) (Opﬂ_rl’gf_T )> L H*(Ry) — @ 7

1'v = v|4—g, belongs to B>*+1(R,;0,1), k € N, and (3.26) is an isomorphism for
every n € R"71\ {0}, s > max{2, k + 3}. The operator family (3.26) for k = 0 is
just the boundary symbol of the Dirichlet problem for the Laplace equation and
for k =1 of the Neumann problem.

The inverse of (3.26) for k = 0 is explicitly computed in [12, Section 3.3.4].
Setting a(n, ) := —|n|? — || the result is

(D) ot mont =) )

for I4(n) := |n| +i7 and a potential operator d(n) defined by d(n) : ¢ — ce~ I,
c € C. By virtue of Corollary 3.19 we have

—op™ (1) (m)op™ (121 (n) = opt (a™ ") () + g(n)

for a Green operator family g(n) of type 0. Note that g(n) is just the homogeneous
boundary symbol of the well-known Green’s function of the Dirichlet problem for
the Laplacian (twisted homogeneous of order —2).

It is now easy also to compute the inverses of (3.26) for arbitrary k € N,
especially, of the boundary symbol of the Neumann problem. In fact, similarly as
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(2.19), now on the level of boundary symbols, we have

(3.27) (Op}%%(”)) (p(n) d(m) = (b(ln) qkon)>

(
for p(n) := op*(a=")(n) + g(n), b(n) = v'Df(op*(a)(n) + g(n)), gr(n) =
' DEd(n). We have
(3.28) ' DFd(n) = Dfe_|"|t|t:0 = (iln|)*

which is just the homogeneous principal symbol of the elliptic operator Ty Ky €
LE(Y) occurring in the lower right corner of the operator (3.27). Thus

opT(a -t 1 0\ !
( pr/(ch(n)> = (P(ﬂ) d(??)) (bm) %(U))
= (p(n) — d(n)a; " (Mb(n) d(n)g~*(n)).

General compositions of boundary symbols are studied in Theorem 3.26 be-
low.

Remark 3.24. Tt is interesting to consider elliptic boundary value problems for
the elliptic operator T Ky on a smooth submanifold of Y with boundary Z. This
makes sense, for instance, when we reduce the Zaremba problem for A (defined by
jumping conditions from Dirichlet to Neumann along Z) to Y. Then a basic diffi-
culty is that Ty K fails to have the transmission property at Z, cf. Definition 4.11
below, unless k is even. Mixed problems (i.e., with jumping boundary conditions)
belong to the motivation to study BVPs for operators without the transmission
property. Another (possibly even stronger) motivation is the similarity between
mixed and (specific) edge problems.

Theorem 3.25. We have
a € B (Ry;jo, j1),b € B"(Ry;j-, jo) = ab € Bl (R ;5 ),
and (a,b) — ab defines a bilinear continuous map
B YR 3 o, jy) x B (Rys jio, jo) — Brvmaxtvidel (R 5 j0)
between the respective Fréchet spaces.

Proof. The result for the composition of upper left corners is contained in Theorem
3.20. The proof for the remaining entries is straightforward and left to the reader.
O

Theorem 3.26. Let a € B*°(Ry;j_,j.), and define the adjoint a* by
(au, ’U)Lz (R+)@Cj+ = (U, a*'U)Lz(R+)EB(Cj,

for allu € L2(Ry)®CI-, v € L*(R)®C/+. Then we have a* € B (Ry;54,5-),
and a — a* defines an (antilinear), continuous map

B*O(Rysi-,jy) — B*ORus s, j-).



20 B.-W. Schulze

Proof. The result for the upper left corner follows from Proposition 3.12, together
with Corollary 3.14. The proof for the remaining entries is straightforward and left
to the reader. O

Definition 3.27. A symbol a(7) € Sf(R) is called elliptic (of order p) if a(7) # 0
for all 7 € R, and if ag(= a; = ag) does not vanish (cf. the notation in (3.8)).
Moreover, we call an a € B#4(R;j_,j.) elliptic if the symbol a(r) € Sk (R) in
the upper left corner of (3.23) is elliptic.

Theorem 3.28. Let a(7) € SL(R) be elliptic, and g € T4(Ry); then
(329) 0= op*(a) +g: HY(Ry) — HH(R,)

is a Fredholm operator for every s > max{u,d} — %, and p := opT(a~!) is a
parametriz of a.

Proof. Because of the assumption on s the operator
op*(a™t) s HM(Ry) — H*(Ry)
is continuous. From Corollary 3.19 and Theorem 3.20 we have
(3.30) op*(a~"){op* (a) + g} = op*(aa™") + k= 1+k
where k = h+op*(a!)g for an h € T°(R,) and op*(a~1!)g € T%(R, ). Thus since
k:H*(Ry) — H*(Ry)

is compact for s > d — %, cf. Remark 3.17, the operator opt(a™?!) is a left

parametrix. In a similar manner we obtain that op*(a~!) is a right parametrix.
In fact, we have to compute

{op™(a) + g}op™(a™!) =opT(aa™) + k=1+k

where k = h+ gopt(a1), for a h € TO(R,), and gop*(a=!) € Tmax{—n#+d O} (R, ),

This can be applied to functions in H*~#(R, ) when s satisfies the conditions
s—p>—% and s — p > max{—p +d,0} — 3. In the case max{—u +d,0} = 0 the
latter is the same as the first condition while for max{—u + d,0} = —u+d >0
the condition is s — pu > —pu+d — %, ie, s>d— % For s it follows altogether

s > max{u,d} — %, and we can apply again Remark 3.17. O

Theorem 3.29. Let a(7) € SE(R) be elliptic, and g € T4(R,). ThenV := ker(op™(a)+
g) is a finite-dimensional subspace of S(Ry), and there is a finite-dimensional sub-
space W C S(Ry.) such that

(3.31) im(op*(a) + g) + W = H H(R,).

This is true for all real s > max{u,d} — % with the same spaces V and W. It
follows that ind(op™(a) + g) is independent of s.
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Proof. Let us set a := op™(a) + g and assume u € H*(R, ), au = 0. Then from
the relation (3.30) it follows that (1 + k)u = 0, i.e., u = —ku, which implies
u € S(Ry), cf. the formula (3.21). In other words, V = kera C ker(1 + k) is a
finite-dimensional subspace of S(R;.), independent of s = max{yx,d} — 1. In the
case d = 0, u < 0 we can do the same for the formal adjoint a*, and we may set
W = ker a* which is a finite-dimensional subspace of S(R..) independent of s.

To find W in general we set a := op™(a) + g which we check as an operator
a: H*(Ry) — H*#(Ry) for s > max{yu,d} — 1. Let us set 1N := opt (1Y) for any
N € Z. In particular, for N := max{u, d} we have

(3.32) a=al" =aol" : H*(R}) —» H*"(Ry)

where ag = op*(al=") + k for some k € TO(R,), i.e., ag € B"O(Ry) for v =
u— N < 0. Then a can be regarded as a chain of operators

a:H*Ry) — H™N(Ry) — H V7V (Ry) = H7H(Ry)
is an isomorphism where s — N > —%, and the
second one ay is elliptic of order v. For the latter we apply the first part of the proof,
i.e., we find a finite-dimensional W C S(R;) such that imag + W = H* #(R,).
This entails ima + W = H5*(R), since a = aol”. O

where the first one, namely, Ny

Proposition 3.30. Let a = op*(a) + g € B**(Ry) where a(7) € S, (R) is elliptic
of order p. Moreover, let W C S(Ry) be a finite-dimensional subspace, and k :
C? — W a linear map. Then

o (R
(3.33) <)€ @& , aut+ke=0
C (Cj

for any s > max{u,d} — 5 implies u € S(R.), and the space of all solutions of
(3.33) is a finite-dimensional subspace of H*(R;) @ C7, independent of s.

Proof. First observe that (a k) is a Fredholm operator

H*(R4)
(3.34) (@ B): © —HHR,).
(0%

Then, analogously as in the proof of Theorem 3.29 we pass to the operator

H*(Ry)  H(Ry)

@ o= %) 5 ¢

for p := op*(a~!). The composition | := pk is a potential operator, and we have
pa = 1+ h for an operator h € T'4(Ry). The kernel of (3.34) is contained in

the kernel of (1 4+ h [). The kernel of (1 +h 1) consists of all *(u  ¢) such that
(14 h)u+1c=0,ie,u=—hu+lce S[Ry). O
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Proposition 3.31. Let op™(a) + g € B*4(R,) be elliptic of order u. Then there
exists a 2 X 2 block matriz operator

H*(Ry)  H7"(Ry)
an (e 1) DR

CI- CI+

(3.35)

for a trace operator b, a potential operator k and a j+ X j_ matriz q, such that
(3.35) is an isomorphism for all s > max{p,d} — %, and we have

(3.36) ind(op™(a) + g) = indop™(a) = j4 —j_.
The operator (3.35) is an isomorphism if and only if

SEy) SR
(3.37) a: & — &
CI- CI+

is an tsomorphism.

Proof. Applying Theorem 3.29 we find a finite-dimensional subspace W C S(R)
such that (3.31) holds for all s > max{yu,d} — 1. Choose any j_ € N, j_ > dim W,
and a linear surjective map k : C? — W. Then

H*(R4)
(op™(a)+g k): C?* — H*7H(Ry)

is obvisously surjective for all s. By virtue of Proposition 3.30 its kernel V' is a
subspace of *(S(Ry) & C7-) of finite dimension j,. Choosing an isomorphism

(b q):V —C+

it suffices to extend b to a trace operator b : H*(R) — C’+ (for simplicity denoted
by the same letter). Then, according to Lemma 2.3 we obtain an isomorphism
(3.35). O

Theorem 3.32. Let a € B*4(R,;j_,j.) be given as in (3.35), let the upper left
corner be elliptic in the sense of Definition 3.27, and assume that a defines an
isomorphism (3.37). Then we have a~* € B~#(@=m" (R :j.,j_) where v+ :=
max{v,0}.

Proof. By virtue of Theorem 3.28 the operator (3.29) is Fredholm where op™(a™1)
is a parametrix. According to Proposition 3.31 there is a 2 x 2 block matrix iso-
morphism of the form

p = , e — O

ot (g1 S®y) S[Ey)
(e )T
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for a suitable trace operator ¢ of type 0 and a potential operator h. Since op™*(a™1)
is a parametrix of op™ (a), cf. Theorem 3.28, we have indop™(a~1) = —indop™ (a) =
j— — j+ and from (3.36)
indop™(a™!) =g- —gr =j- —j4.

In the case N := g_ — j_ € N which implies g+ — j+ = N we pass from a to
a @ idey which is again an isomorphism with (j_, j;) replaced by (g—,g+). On
the other hand when N := j_ — g_ € N where j; — g4 = N, from p we pass to
p @ ide~r which is an isomorphism with (g_, g4 ) replaced by (j_,j+). In any case,

to find a~? it suffices to assume that j_ = g_, j, = g,. Now the composition ap
is of the form

e — &

ap = (1 + 911 912
CIi+ CIi+

S(Ry)  SRy)
g21 922> :

for a g = (gij)ij=12 € Bg7“)+(ﬁ+;j+,j+). By virtue of Lemma 3.33 below we
have

(5:39) (5 0 +a) =(5 o)+

foranl e Bglf“)Jr(@Jr;jJr,jJr). Then Theorem 3.25 gives us

_ 1 0 u(d— = ..
a ! =Dp ((0 0> +l> € B wi(d N)+(R+;]+7]_).

Lemma 3.33. Let g € BL(R4;34,7), and assume that

10 H*Ry)  H*(Ry)
(3.39) (0 o> tg: & - @
oZ o
is invertible for any s > d— 5. Then the inverse of (3.39) has the form ((1) 8) +1

for some l € BL(Ry54,7).

. G K . . . S
Proof. For convenience we set g = (T 0) Then, in particular, @) is a j X j
matrix. Since isomorphisms in a Hilbert space form an open set, a small pertur-

1+4G K

bation of @) allows us to pass to an invertible operator ( T R

) where R is

-1
an invertible j X j matrix. Assume that we have computed <1 G K) . Then

T R
1+ G K>1<1+G K)

T R T Q

we have ( D J

= (1 O) which is again invertible; this
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entails the invertibility of .J. We obtain

1 —1
s (5 (L ) ()

Thus it remains to characterise the second factor on the right of (3.40). The

identity
1 —KR™"\ (1+G K 1 0\ (1+C 0
0 1 T RJ\-R'T R') 0 1

for C := G — KR™'T shows that the operator 1 + C' is invertible, and it follows
that

(508 = 2D 96 )

This reduces the task to the computation of (14 C)~1.

The operator C € B%(R4) can be written in the form C' = Cp + Z;l;é K;T;
for a Cy € B%(E”, potential operators K; and trace operators T; := r’D{7 cf.
Remark 3.23. Since Cj is compact in Sobolev spaces, we have ind(1 + Cp) = 0.
Because of the nature of V' := ker(1+4Cy) and W = coker(1+Cy) (which are of the
same dimension [) there is a trace operator B of type 0 and a potential operator
D which induces isomorphisms

B="Bi,....B):V—C, D=(Dy,....D):C =W
such that
1+Co+DB: H°(R;y) — H*(Ry)
is an isomorphism. Note that Cy := Cy + DB € B%(R.). We obtain

d+
(3.41) 14+C=1+C— ) DB

k=1
for Diyj11 = —Kj, Biyjr1 = 1) for j = 0,...,d — 1. Now we employ the fact
that there is a Cy € B&(Ry) such that 1+ Cy = (1 + C;1)~ %, say, as an operator
L*(R;) — L%(R.), cf. Lemma 3.18. In order to characterise (1 + C)~! we form

d+1 d+1
(1+Co)(1+C)=1+(1+C2)Y DgBr=1+Y MyB,=1+MB
k=1 k=1

for My = (14 Co)Dy, M := (My,..., Mgy;), B:="(By,...,Bgy;). This reduces
the task to invert the operator 1 + C' to the inversion of

1+ MB: H*(R;) — H*(Ry).
With the operators M and B we can also associate the operator

1+BM:CHe e 1 .= idgita.
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Now we verify that 1 + MB is invertible if and only if 1 + BM is invertible. In

fact, setting
1 M 1 0 1 M
oo V) we (s 1) o ()

it follows that
_(14+MB 0 (1 0
wrgs = (15 O) w5y )

which gives us the desired equivalence. At the same time we see that
14+MB)=1-M>1+BM)'B
which is of the form 1+ G4 for a G; € B&(R). Thus
1+0) '=14+C)(1+G)=14+C1+Gy +C.1Gy
where C1 + G1 + C1G1 € Bé(@@. O

Remark 3.34. Theorem 3.32 easily extends to B#4(Ry; (k,k;j_,j+)) for arbitrary
k,j—,j+ € N (cf. Remark 3.22). The technique for the proof which mainly employs
compositions of some operators also shows that the inverse continuously depends
on the given operator a.

4. Pseudo-differential boundary value problems

We develop basics on pseudo-differential BVPs with the transmission property at
the boundary. Other material may be found in the author’s joint monographs with
Rempel [15], with Kapanadze [12], or with Harutyunyan [10], and in the monograph
of Grubb [8]. The ideas here are related to the calculus on manifolds with edges.
Let us first consider operators in local coordinates x = (y,t) € R"~! x R,. The
operator convention refers to the embedding of Ri into the ambient space R™.
Therefore, we first look at operators

(4.1) Op, (p)u(z) = / / (g, €)u(a)da' .

Here p belongs to Hérmander’s symbol classes. Let SH(U x R™) for 4 € R and
U C R™ open denote the set of all p € C*°(U x R™) such that

|DEDp(x, )] < ()17

for all (z,§) € K xR* K € U, and all « € N™, g € N" for constants
¢ = cla,8,K) > 0. We will freeley employ various standard properties such as
asymptotic expansions, etc., developed in textbooks on pseudo-differential oper-
ators. The subspace S!(U x R™) of classical symbols is defined by asymptotic
expansions

p(@,6) ~ > X(E)pu—i)(z,€)
=0
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where p(,—j)(2,£) € CP(U x (R* \ {0})), pru—j (2, A&) = NM7p(,—j(x,§) for
all A € Ry, and x is any excision function. If some assertion is valid for the
classical and the general case we also write Séi 1)(U x R™). Recall that the spaces

Sé‘d)(U x R™) are Fréchet in a natural way. It is then obvious that Sfd) (R™) (the

space of z-independent elements) is closed in S(”C 1)(U x R™), and that
(4.2) Sé;l)(U x R™) = C*(U, S&I) (R™)).

In order to illustrate some consequences of the presence of a boundary, here
t = 0, we rephrase (4.1) in anisotropic form, by carrying out the action first in
t and then in y. It will be not essential that y varies in R"~!; we often assume
y € Q for an open set ! C R" . Moreover, for simplicity, we first consider a
t-independent symbol, i.e., p(y,n,7) € S*(Q xR~ x R,). We form Op,(p)(y,7) :
H*(R) — H*#(R) as an operator family parametrised by (y,n) € Q x R"~! and
then

Op,(p) = Op, (Op;(p))
where Op,(p)(y,n) is regarded as an operator-valued symbol in the variables and
covariables (y, 7).
In order to formulate the latter aspect in a more precise manner we fix a group
{kx}rer, of isomorphisms ry : H*(R) — H*(R) by setting (kxu)(t) = A/ 2u(\t),
A € R,. Then a simple computation shows the identity

(4.3) Ky OPy () (Y, M)ty = Opy(py) (y,m)
for
(4.4) (Y, m, ) = p(y,n(T), 7).

Using the symbolic estimates for p, especially, |p(y,n,7)| < e(n,7)* for all
(y,m,7) € K xR", K €, and constants ¢(K) > 0, it follows that

(4.5) p(y; n(T), )| < () ()",
taking into account the relation (n{r),7) = (n)(7).

Lemma 4.1. Under the above assumptions we have
(4.6) ||HZ71>{D§YD50P1&(P)(Z/,77)}"507)||L(Hs(R),st+|ﬂl(R)) < c(pyr17

for all (y,n) € K xR"Y K € Q, and all a,3 € N*~1, and every s € R, for
constants ¢ = ¢(a, 8, K, s) > 0.

Proof. Let first a = § = 0, and set a(y, n) := Op,(p)(y,n). Then the relation (4.3)
together with the estimate (4.5) yields

5y (s m) ey ull oy = /<T>2(S’”) Ip(y,n(7), 7)i(r)|*dr

< sup (r)Hp(y.nir), )2 / ()25 ()P < ey lul- g,
TeER,yeK
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This implies (4.6) for « = 8 = 0. The assertion for arbitrary «, 8 follows in
an analogous manner, using D;Dﬁp(y,n, ) € SHIB(U x R™). O

Remark 4.2. Lemma 4.1 remains true in analogous form under the assumption
p(y,t,n,7) € S¥(Q x R x R} ) when p is independent of ¢ for [t| > const for a
constant > 0 (and also under certain weaker assumptions with respect to [t| — o0).

Definition 4.3. 1. By a group action on a Hilbert space H we understand a
strongly continuous group x = {kx}rer, of isomorphisms xy : H — H,
such that k) = kaky for all A, N € Ry (strongly continuous means that
kxh € C(Ry, H) for every h € H).

2. Let H and H be Hilbert spaces with group actions xk and kK, respectively.
Then S*(Q x RY; H, ﬁ) for © C RP open, i € R, is defined to be the set
of all a(y,n) € C=(Q x RY, L(H, H)) such that

”'%(_nl){D;Dga(yv77)}“<n>||c(H,H) < ()

for all (y,n) € K xR?, K € , and all « € NP, 3 € N9, for constants
c=c(a,B,K)>0.

3. The space S5 (2 x R%; H, ﬁ) of classical elements is the set of all a(y,n) €
SH(Q x R%; H, H) such that there are functions ag—j)(y,m) € CF(Q x
(Rq \ {O})7 ﬁ(H7 H))? JjE N, with A(p—7) (yv /\77) = )‘“_j’%Aa(#*j) (.’Uﬂ?)/‘@;l
for all A € Ry, (y,m) € 2 x (R?\ {0}), with

N
a(y,n) = > x(mag—j(y,n) € S*~N(Q x RY; H, H)
j=0

for every N € N and any excision function x(7).

Ezample. 1. For p(y,n,7) € S*(Q x R™) and a(y,n) = Op,(p)(y,n) we have
a(y,n) € SHQ x R* 1 HS(R), H**(R)) for every s € R.
2. For p(y,t,n,7) € S*(2 x R x R™) under the assumption of Remark 4.2 we
have a(y,n) € S*¥(Q x R*™1; H*(R), H*~#(R)) for every s € R.

Remark 4.4. Observe that in the latter Example we did not exhaust the full
information of (4.6) with respect to s. In fact, differentiation in 7 gives us better
smoothness in the image spaces. For our purposes it suffices to fix the Hilbert
spaces H and H; in applications it will be clear anyway to what extent we can say
more when those spaces run over scales of spaces, parametrised by s.

Parallel to the spaces of operator-valued symbols we have vector-valued ana-
logues of Sobolev spaces.

Definition 4.5. Let H be a Hilbert space with group action x = {x}xer, . Then

W3 (R, H) for s € R is defined to be the completion of S(R?, H) with respect to

the norm |[(n)* [} i(n)l| 2 2o 1)
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The space W*(R?, H) is contained in §'(R?, H) = L(S(R?), H). For every
open Q C R? we define Wg,,,,,(2, H) to be the set of all u € W*(R?, H) with com-
pact support and W (Q, H) C D'(Q, H) = L(CF(Q), H) by pou e Wi, (Q, H)

comp
for every ¢ € C§°(Q).
Ezample. 1. Let H := H*(R™), (kau)(x) := N 2u(\z) for A € R;. Then
for every s € R we have
W2 (RY, H*(R™)) = H*(R? x R™).
2. Let H := H*(Ry), (kau)(t) = A\Y2u()\t), A € R,. Then for every s € R

we have

W*(RY, HY(Ry)) = H(RY x Ry ).

Remark 4.6. The notion of group actions also makes sense for Fréchet spaces that
are written as projective limits of Hilbert spaces. An example is the Schwartz space

S(R™) = lim (z) 7 HI (R™)
jeN
with k) being defined as in the above Example. There are then natural extensions

of Definitions 4.3 and 4.5 as well as comp/loc spaces to the case of Fréchet spaces
with group action (for more details cf. also [17], [18]).

Theorem 4.7. Let H anﬂcvl H be Hilbert (Fréchet) spaces with group action and
a(y,n) € SH(Q x RYG; H, H). Then Op,(a) : C5°(Q, H) — C>*(2, H) extends to a

continuous operator

(4.7) Op, (@) : Winp (0 H) — Wi H(Q, H)

comp loc
for every s € R. If a(y,n) € SH*(R? x RY; H, I;') is independent of y for |y| >
const > 0 then we obtain a continuous operator
(4.8) Op,(a) : W*(RY, H) — W*™*(R?, H)
for every s € R.

Remark 4.8. The continuity of (4.8) can be proved under much more general
assumptions on a(y,n) than in Theorem 4.7, see, for instance, [17] or [28].

Let us now turn to what we did at the beginning of this section. For p(y,t,n,7) €
SH(R™! x R x R™) we have
Op,(p)(y,m) € S"(R"™" x R"~' H*(R), H*"(R))
when p satisfies the assumption of Remark 4.2. For our purposes it suffices to
assume that p is a classical symbol of order p € Z, and independent of (y,t) for
ly, t| > const for some constant > 0.

In a theory of elliptic boundary value problems that relies on standard
Sobolev spaces H*(R’}) = H*(R")|r: we should possess the continuity of

(4.9) Op*(p) =r"Op(p)e* : H*(RY}) — H* *(R?)
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for s > —1/2, similarly as in Corollary 3.9; here e™ is the operator of extension
by zero from R} to R", and rt the restriction to R” (analogously we have the
extension and restriction operators e~ and r~, respectively). It turns out that the
continuity of (4.9) requires certain very restrictive assumptions on the symbol p.
For instance, for p(x, &) = x(€)|£| where x is some excision function the operator

(4.9) will not be continuous for all s > —3.

According to Theorem 4.7 for the continuity in Sobolev spaces it suffices to
know that

(4.10) op™ (p)(y,n) € SHR" ' x R* 1 H5(Ry), H#(Ry))

1 .
for s > —3, i.e,

(4.11) ||H<_,]1>{D;D50P+(p)(y,n)}ﬂ<n>||L(HS(R+),Hs—u(R+)) < c(p)yr 1A

for all (y,n) € R"~! x R*~! and all «, 3, for ¢ = ¢(a, 3, K, s) > 0.
Moreover, it is desirable to have

(4.12) op*(p)(y,n) € S*(R" I x R S(Ry), S(R+)).

In order to illustrate the effect for the moment we consider the case that that p is
independent of y and ¢. To obtain (4.11) we assume

(4.13) p(n,7) :=p(n(r),7) € S*(R?, SE(R)).

The notation S*(R?, E) for a Fréchet space F with the semi-norm system
(7 ) ken means the set of all a(n) € C*°(RY, E) such that

m(Dja(n)) < e{n) 17!
for all p € R, B € N%, k € N, for constants ¢ = ¢(8, k) > 0.

Lemma 4.9. Let E and F be Fréchet spaces with the semi-norm systems (7;);en
and (0j)jen, respectively, and let B : E — F be a continuous operator. Then

(4.14) T : C%(R%, E) — C=(RY, F)

defined by the composition a : RY — E and B : E — F induces a continuous
operator

(4.15) Tp: S*(RY, E) — SH(RY, F)
for every u € R.

Proof. Without loss of generality we assume o;41(-) > o;(-) and mj11(-) > m;(-)
for all j. Then continuity of B means that for every k € N there is a j € N such
that o, (Bu) < cmj(u) for all w € E, for some ¢ > 0. Analogously, the continuity
of (4.15) means that for every k € N, 8 € N4, there are j, N € N such that

(4.16) sup () *Vloy (D) Tpa(n)) < ¢ sup (n)~"*1lm;(Dja(n))
i
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for some ¢ > 0. Since Tga(n) = (Ba)(n) with pointwise composition and Dy(Ba)(n) =
B(Dya)(n) it follows that

sup ()~ lo (DI Tpa(n)) < ¢ sup (n) #Plr;(D2a(n))
neRa neRa

which implies (4.16). O
Lemma 4.10. Let p(y,n,7) € C°(R", SH(R™)) and

py,n,7) € COO(Rn_lﬁ SH(Rn_lv St(R))).
Then we have the relations (4.10) for s > —%, and (4.12).

Proof. For (4.10) we have to verify the estimates (4.11). Let first « = 8 = 0. For
simplicity let p be independent of y. An analogue of the relations (4.4) gives us

(4.17) Kot (p) (M) n) = op™ (B)().
The operation op™(+) induces a continuous operator
op” (") : SE(R) — LIH*(Ry), H*M(R4))

for every s > —%. That means for every s there is a semi-norm m; from the Fréchet
topology of S£.(R) such that

lop™ (@)l 2(re v ), o (my)) < cmj(a)
for every a € S"(R). Thus, for E = SM(R), F = L(H*(R), H**(R,)) from
Lemma 4.9 it follows that
sup(1) o™ (B) (M| (e ey ) mro—n )y < esup(n) i (B(n, ) < oo,
i.e., using (4.17) that
||K<_,,:;Op+(p)(77)’f<n>||L(HS(R+),HSW(R+)) < e(m*.

In a similar manner we can proceed with the derivatives Dﬁp(n, 7) for every 8 €
Nt
The proof (4.12) is straightforward as well and left to the reader. O

Definition 4.11. A symbol p(y,t,1,7) € S5H(Q, x R x R} ) for yu € Z is said to
have the transmission property at ¢ = 0 if the homogeneous components p,_ ;) of
p satisfy the conditions

(418) Dg,th,T {p(,u—j) (y7 ta n, T) - (_1)M_jp(;t—j)(y7 t7 -1, _T)} =0

on the set {(y,t,7,7) € AXRxR* : y € Q, t =0,n7n=0,7 € R\ {0}} of
non-vanishing conormal vectors over the boundary, for all a, 5 € N™, j € N. Let
SE(Q x R x R™) denote the space of all symbols of that kind. Moreover, set

St xRy X R™) := {plo g, xrr : P € SHQA X R x R™)}.
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Since the transmission property is a local condition near ¢ = 0 it can eas-
ily be extended to symbols in an arbitrary open set U C R™ intersecting {t =
0}. (It is clear that it suffices to ask (4.18) only for all a = (0,...,a,),8 =
(617 s 7677,7170))'

Operators with symbols with the transmission property in connection with
boundary value problems (and also transmission problems) have been studied by
many outhors, first of all Boutet de Monvel [5], [4], Eskin [7], and later on Myshkis
[14], Rempel and Schulze [15], Grubb [8], [9], and many others. One of the main mo-
tivations was to find a framework to express parametrices of elliptic boundary value
problems for differential operators and to prove an analogue of the Atiyah-Singer
index theorem. In this connection it appeared not too perturbing that generically
symbols (that are smooth up to the boundary) have not the transmission property
at the boundary. We will return to more general symbols below.

The first important aspect is that a pseudo-differential theory of boundary
value problems concerns continuous operators (4.9) (and analogously on manifolds
with smooth boundary). Another essential point is to understand the behaviour
of such operators under compositions.

Proposition 4.12. For every p(y,t,n,7) € SE (2 x Ry x R™) we have
Py, t,n,7) = ply. t,n(7),7) € C=(Q x Ry, S*(R" ™, SH(R))).

The simple proof is left to the reader.
In the local analysis of BVPs it suffices to assume that the involved symbols
are independent of ¢ for large t.

Proposition 4.13. For every p(y,t,m,7) € SE(Q x Ry x R™) which is independent
of t for large t we have

(4.19) op*(p)(y,n) € S"(Q x RT; H*(Ry.), H*"(Ry))
for every s > —%, and
(4.20) op*(p)(y,n) € S"(Q x RT; S(R1), S(Ry)).

The t-independent case is contained in Lemma 4.10. After that the proof in
general is straightforward.
Theorem 4.7 together with (4.19) entails the continuity of

(4.21) Op™(p) = Opy(0p™ (1)) : Hitomp) (2 X Ry) — Hy  H(Q x Ry );

here HE o ioe) (X RL) = WE L0100 (€2, H(Ry)), cf. also Example 4 (ii). Let us
now give a motivation of the conditions (4.18) in Definition 4.11. First it is evident
that when p is a polynomial in £, the homogeneous components p(,_;) of order

w—7,7=0,...,pu, satisfy the relations (4.18). For instance, we have in this case

(422) D) (ya t, /\nv /\T) = Aup(u) (y, t,n, T)
for every A € R, not only for A € R, and hence,

Pw) (ya t,m, T) = (_l)up(,u) (y7 t, —n, _T>7
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even for all (y,t,n,7).
If p(z,€) is elliptic of order p then the Leibniz inverse which belongs to
S HQ xR x R?) satisfies those conditions as well with respect to the order —p.
The behaviour of operators under compositions locally near the boundary
can be reduced to the composition of operators with operator-valued symbols,

modulo smoothing operators. In general, if H, H , and fl are Hilbert spaces with
group actions k = {kx}aer,, & = {Fr}rer,, and & = {Rx}aer, , respectively, and

a(y,n) € S*(Q x R, H, H), a(y,n) € S*(Q x RY; H, H),
for simplicity, with compact support with respect to y, then we can form
Op, (a)Op, (@) = Op(a#a)

with the Leibniz product a#a(y,n) € SFT#(Q x RY; H, fI) that can be computed
by an operator-valued analogue of the respective oscillatory integral expression in
Kumano-go’s formalism.This entails an asymptotic expansion

- 1. o
a#a(ya 77) ~ Z a(an a(ya n))Dy (l(y, 77)a
a€eNa
0% := 0[Oyt ... 0% [Dyg .
If we apply this to the case
a(y,n) = op* (p)(y,n), aly,n) = op™ (p)(y,n)

for symbols p(z,£) € S%(Q x R x R™), p(z,£) € S%(Q x R x R™), (say, under the
simplifying condition of compact support in (y,t)) then we have to understand the
compositions

(850p™ (p)(y,m)) Dy op™ (p)(y,n) = op™ (85 p)(y, m)op™ (Dyp)(y, ).
Since u, fi € Z are arbitrary, and 9)p € Sfr_la‘, Dyp € Stﬂr, we may consider, for
instance, the case @ = 0. From the information of Section 3 we know that
op™ (p)(y, mop™ (B)(y, 1) = op™ (p#:P) (y, 1) + 9(y,m)

where p#;p is the Leibniz product between p and p with respect to the t-variable,
and g(y,n) is a family of operators in T'O(R, ).

More precisely, the operator families g(y, n) are Green symbols in the follow-
ing sense.

Definition 4.14. 1. An operator-valued symbol g(y,7n) belongs to Ré’o(ﬂ X
R 1) if

9(.n).g"(y.m) € SHEOQ xR LA(R4), S(Ry)).

Here g*(y, n) is the (y,n)-wise L?(R)-adjoint. Elements of Ré’O(QxR"*)
are called Green symbols of type 0.
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2. An operator family g(y, n) belongs to R‘é’d(Q x R"~1)  then called a Green
symbol of type d € N, if

d

g(y,m) = gi(y,m)o}

7=0
for g;(y,n) € RE7UQ xR, j=0,...,d.
Similarly as (3.23) we also define 2 x 2 block matrices

HYRy)  H™*(R.)
) : S¥ — S

CJ- CI+

_ (ot (@) (w,n) + g11(y,m)  g12(y,m)
(4.23) a(y,n) o < 921(24777) 922(ya77)

for arbitrary p(y,t,n,7) € Si( xR xR} ) (independent of ¢ for [t > const), and
g11(y,n) € R‘éd(Q x R9), s > d — %, while (say, for the case j_ = j; =1)

g12(y,m) € SHEQ xR C,S(Ry))

(with C being endowed with the trivial group action),

d
g21(y, Mu(t) = Z 921,1(y, m)dyu(t)
1=0

for g5, ,(y,m) € Sffl(Q x R"~1:C,S(Ry)) with the (y,n)-wise adjoint in the sense

(921.1(y, MV, ¢)c = (v, 951 1 (Y M) L2 (RS )5

for arbitrary v € L?(R4), ¢ € C, and ga22(y,n) € S5 (2 x R"71).

The definition for arbitrary ji is analogous. We call g2 (y,n) a trace symbol
of order d € N and g¢12(y,n) a potential symbol.

From the definition it follows altogether that

(4.24) a(y,n) € SY(Q xR HS(Ry) @ CI-, HSH(Ry) @ CI+)
for all s > d — 3. For g(y,n) := (9:5(y,71))i,j=1,2 We have
(4.25) g(y:n) € SHOQAX R L HY(Ry) © C-,S(Ry) © C*)

for s > d — 1. Let Rg’d(ﬂ x R"“1: 5 j.) denote the set of all such g(y,n).
Moreover, let R4 (2 x R*~1;j_,j,) denote the set of all symbols a(y,n) of the
form (4.23).

Now let X be a C° manifold with boundary Y. Let us define B=°%4(X;j_, j)
to be the space of smoothing operators of type d. For simplicity let again j_ =
j+ =1 (the general case is analogous).

Based on the Riemannian metrics on X and Y = 0X we identify the spaces
C®(X x X),C®(X xY), etc., with corresponding integral operators with such
kernels, for instance, u — [, c(z,2")u(2')dz’ and v — [, k(x,y )v(y')dy’ for
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c(z,2") € O°(X x X) and k(z,y') € C°(X xY), respectively. Let B—>°9(X;1,1)
denote the space of all operators

Coo(X)  C=(X)

C=(Cij)ij=12: @® — @

Ce(Y)  C=(Y)
such that C; has a kernel in C*°(X x X), C5 a kernel in C*°(X xY), Cy; a kernel
in C*(Y x X) and Ca a kernel in C*°(Y x Y'). Moreover, by B~>¢(X;1,1) for
d € N we denote the space of all 2 x 2 block matrix operators C where C12 and
(59 are as before but

d d
Cii=) CusD', Cn =) CoyD'
1=0 1=0
for C11,; and C5;; as in the case d = 0 and a first order differential operator D
on X that is close to Yequal to 0;, the differentiation in normal direction. In an
analogous manner we define B=°%4(X;j_, j,) for arbitrary j. € N.

Let us fix a collar neighbourhood V of Y in X, and let (U,),er be a locally
finite open covering of V', and let x, : U, — @i be charts, ¢ € I. Those induce
charts x! : U, NY — R""! on Y. For every a,(y,n) € R (R ! x R* L5 4.)
we have an operator Op, (a,), and we form the pull back diag(x; ', x;')Op,(a.)
which is a 2 x 2 block matrix operator over U,. Let us fix a system of functions
@, € Cg°(U,) such that >, _; o, = 1 near Y, set ¢, := ¢,|y, moreover, choose
¥, € C§°(U,) that are equal to 1 on suppy,, set ¢, = ¢,|y, and form

(4.26) A, = diag(p,, ¢} )diag(x. ", x."")Op, (a,)diag(¢,, ;).

Moreover, choose functions 0,5, € C§°(V), that are equal to 1 close to Y, such
that 6 =1 on suppo, and 0 = 1 on suppa.

Definition 4.15. Let B*(X;j_,j.) for u € Z, d € N, denote the space of all
operators

6o (X) C>=(X)
A= (Ai)ij=12: o - o
C®(Y,Ci-)  C=(Y,C+)
of the form
(4.27) A= diag(c,1) Y A,diag(5,1) + diag((1 — 0)A(1 - 5),0) +C

el
for arbitrary operators A, as in (4.26), A € L (intX), and C € B=°4(X;5_, j;).

The definition applies, in particular to X = @j_ with the variables x = (y, t).
In this case the shape of the operators is easier, since the sum on the right hand
side of (4.27) can be replaced by

(4.28) diag(o,1)Op(a)diag(s, 1)
for an a(y,n) € RWIR" x R* L5 j5,).
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Let us define the principal symbolic structure
o(A) = (op(A),05(A))

consisting of the interior and the boundary symbol o (A) and 05(A), respectively.

The upper left corner Aj; of an operator A € B*4(X;j_,74) belongs to
LY (intX), and we simply define oy(A) for (z,£) € T*X \ 0 as the homogeneous
principal symbol of A of order p in the standard sense (here we take into account
that the symbols are smooth up to the boundary). What concerns the boundary
symbol we first look at the situation of the half-space, cf. (4.28). In this case we
define

oo(A)(y,n) := oala)(y,n)
for (y,m) € T*R"1\ 0 by

(4.29) oa(a)(y,n) := diag(op™ (p(u li=0) (¥, 1), 0) + 0a(9)(y,n)

where p(,)(y,t,n,7) is the homogeneous principal symbol of p(y,t,n,7), and
cs(g)(y,n) is the homogeneous principal symbol of (4.25) as a classical operator-
valued symbol. Together with

op ™ (P(y0)lt=0) (Y An) = KA0DP T (p() le=0) (¥, m)ry !
for A € Ry we obtain

oo(A)(y, M) = Mdiag(kx, 1)on(A)(y, n)diag(ry ', 1)

for all A € R;..

The construction of the operator spaces B*?(X;j_,j.) in terms of local
representations and subsequent pull backs to the manifold is possible because of
natural invariance properties under coordinate changes. The same is true of the
principal symbols, and then we obtain, in particular, also an invariantly defined
principal boundary symbol on a manifold with boundary, using the local descrip-
tions (4.29). In other words we have
(4.30)
oy (A) € C=(T*X\0),09(A) € C®(T*Y\0, L(H*(Ry)®CI-, H*H(R,)DCIHH)).

In many contexts it is adequate to admit operators between sections of
smooth complex vector bundles E, F' on X and J_,J; on Y, respectively,

Co(X,E)  C=(X,F)
: S — S

(4.31) A .
CeE(Y,J-)  C=(Y,J.)

The generalisation of the scalar case in the upper left corner to systems and then
to the case of bundles, and F, F' of the other entries from trivial to general vector
bundles J_, Jy is straightforward and left to the reader.

If M is a C'* manifold by Vect(M) we denote the set of all smooth complex
vector bundles over M. If M is C* with boundary then we assume that every
E € Vect(M) is the restriction of some E € Vect(2M) to M. Then there is a
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standard definition of Sobolev spaces of distributional sections in E € Vect(M) in
comp/loc-version denoted by

H? (M,E),s € R,

comp/loc

when M is an open manifold. If M is compact then we simply write H*(M, E).
Moreover, if M is C*° with boundary we define
H[i:omp/[loc) (intM7 E) = (fomp/loc(2M7 E) |intM'

For the vector bundles E, F € Vect(X), J_, J;+ € Vect(Y), in (4.31) we write
v:= (E,F;J_,J;) and denote by B*¢(X;wv) the set of all operators (4.31).

From the vector-valued analogue of (4.24) together with Theorem 4.7 and
corresponding invariance properties we obtain that every A € B*%(X; v) induces
continuous operators

[comp) [loc)
2] - =)
Homp (Y, J-) HE (Y, Jy)

loc

H:  (intX,E) H "(intX,F)

for all real s > d — % In particular, if X is compact we have

Ho(int(X,E)  H* "(intX, F)
(4.32) A @ N ® .
H(Y,J_)  HH(Y, )

The pair of principal symbols o = (0y,0p) in this case means
o (A)(, ) : X E — 75 F

with the pull back 7% of bundles under the canonical projection mx : T*X\0 — X,
and

H*(Ry)® E' H"MRy)®F'
oo(A)(y,n) : 7y ® — 7y @
J_ I,

for E' := Ely, F’ := F|y and the canonical projection wy : T*Y \ 0 — Y, for
s> d — 3. Alternatively we may consider

SRy)®E SRy ® F'
oo(A)(y,n) : 7y ® — Ty
J_ Jy

In the following we often discuss operators in the set-up of B*?(X;w), though
the reader who is mainly interested in the analytical details may consider the case
B*4(X;5_,j4) which corresponds to the trivial bundles E = X x C, F = X x C
and Jy =Y x C*, respectively.

Remark 4.16. Let X be compact. Then o(A) = 0 implies that (4.32) is a compact
operator for every s > d — %
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5. Ellipticity of boundary value problems

We now turn to the ellipticity of BVPs, more precisely, to the Shapiro-Lepatinskij
ellipticity. For elliptic operators there is also another kind of ellipticity of bound-
ary conditions, known in special cases, as conditions of Atiyah-Patodi-Singer type
(“APS-conditions”), and in general as global projection conditions. While not
every elliptic operator on a C'°° manifold X with boundary admits Shapiro-
Lopatinskij elliptic boundary conditions, there are always global projection con-
ditions (when X is compact), see [21] where both concepts are unified to an op-
erator algebra, containing also Boutet de Monvel’s calculus. Let Li (X; E, F) for
E,F € Vect(X) denote the set of all operators A = rtAet, A € L' (2X; E, F),
with Lt (2X; E, ﬁ) being the space of classical pseudo-differential operators on the
double 2X, referring to E, F' € Vect(2X) with E = E|x, F = F|x, and with the
transmission property at Y = 0.X.

For convenience we assume that Y is compact. The nature of elliptic boundary
conditions for an elliptic operator A + G € B*»4(X;E, F) (i.e., for elliptic A €
LY(X;E,F), p € Z, and a Green operator G on X of order p and type d) depends
on the principal boundary symbol of A

(5.1) Co(A)(y,m) w3 HY(Ry) @ E' — iy H* (R @ F
for any fixed s > max{y,d — 3}, but not so much on
(5.2) 0o(G)(y,m) 75 HY(RL) @ E' — 15 HS (R, @ F.

(5.2) is a family of compact operators that cannot affect the possibility to pose
Shapiro-Lopatinskij elliptic conditions for the operator A.

Definition 5.1. An operator A € B*?4(X;v) for v = (E, F;J_, J;) is called elliptic
if both the principal interior symbol

(5.3) oy(A) : X E — 7% F,
mx : T*X \ 0 — X, and the principal boundary symbol
H*Ry) ® B/ H"(Ry) @ F'
(5.4) oa(A) : 7y ® — Ty ® ,
J_ Jy

my : T*Y \ 0 — Y, define isomorphisms.

The second condition is just what we call Shapiro-Lopatinskij ellipticity. The
smoothness s > max{y, d}—% is fixed, but the choice is unessential. The bijectivity
of 05(A) holds if and only if its restriction to Schwartz functions in the upper left
corner induces an isomorphism

SRy)®E S(Ry)® F'
oa(A) : Ty ® — Ty P
J_ I,
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If Ac B*(X;v), v = (EF;J_,J.), is elliptic in the sense of Definition 5.1,
then for the pair of inverses O‘JI(A) and o' (A) we find an operator A"V €
li'_“*(‘i_‘L)+()(;'U_l)7 v = (FE;Jg,J), (d—p)T = max{d — p,0}, such that
oy (ATY) = 0;1(“4)7 co(AY) = o' (A). This is a consequence of a more
general operator convention to find operators to a prescribed pair of principal
symbols (those can be described independently of the operator level, similarly as
in the case of classical pseudo-differential operators on an open manifold).
In that case we have compact remainders

(5.5) G:=1-AVAeptmaxindy(x: (B E;J_,J.)),
(5.6) D:i=1-AAY € BB (X (F F; 0., J4)

in the respective Sobolev spaces, since o(G) = 0, o(D) = 0, (with o referring to
order 0). This shows the first part of the following theorem.

Theorem 5.2. Let A € B4 (X;v) be elliptic; then

Hs(intX,E) H* *(intX, F)
(5.7) A &) — ©
Hs(Y,J-) Hs=#(Y, Jy)

is a Fredholm operator for every s > max{u,d} — % Conversely, if (5.7) is Fred-
holm for some s = so > max{p, d}—%, then A is elliptic which entails the Fredholm
property for all s > max{p,d} — 1.

The second part of the latter theorem requires arguments that are omitted
here; details may be found in [15].

Remark 5.3. 1. If A € B»%(X,v) is elliptic then there is a parametrix A1) €
B~#:(@=m" (X;v~1) which means that the above-mentioned remainders G
and D belong to B—oomax{td} and B*m’(d*“ﬁ, respectively.

2. Let A € B*4(X;v) be an operator such that (5.7) is an isomorphism
for some s = sy > max{u,d} — 5. Then (5.7) is an isomorphism for all
s > max{y,d} — 3, and for the inverse (which is a special parametrix of

A) we have A~! € B~ (d=m)" (X; v 1),

In fact, 1. can be obtained by improving A=Y of (5.5), (5.6) by applying a
formal Neumann series argument. The property 2. is a consequence of the second
assertion of Theorem 5.2 (more details may be found in [24]).

Ezample. Let A = A, the Laplacian on X (with respect to a Riemannian metric),
moreover, let Tou := u|y . Then, for every order reducing isomorphism R € Li’l/ 2(Y)
on the boundary we have

(ﬁ) = ((1) ](32) (?O) € B*°(X;1,1;0,1)
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where 1 on the right hand side stands for trivial bundles of fibre dimension 1 over
X and Y, respectively, and we have

A\ !
( > € B7%9%(X;1,1;1,0).
T

Let us now discuss the nature of Shapiro-Lopatinskij ellipticity in more detail.
A closer look at (5.1) reveals some interesting structures that are useful also to un-
derstand the difference to ellipticity with global projection conditions, mentioned
at the beginning of this section.

Consider an operator A € B#?(X; E, F) (i.e., A is of the type of an upper
left corner in the 2 x 2 block matrix set-up) satisfying the ellipticity condition
(5.3). Then (5.1) is a family of Fredholm operators, where dimker o5(A4)(y,n) and
dim coker o9(A)(y,n) are independent of s > max{y,d} — 1. The same is true of

(5.8) oa(A)(y,m11 = 0a(A)(y,1) + 0a(G)(y,n).

If (5.4) is a family of isomorphisms then the role of the additional entries (oo (A)(y,n))s.;
for i + 7 > 2 is to fill up (5.8) to a family of isomorphisms. However, many oper-
ators A € B*O(X; E, F) that are elliptic with respect to oy(-) do not admit such
families of block matrix isomorphisms.

As noted before an example is the Cauchy-Riemann operator in a smooth
bounded domain in C which is elliptic of order 1. Other examples are Dirac oper-
ators in even dimensions.

In order to illustrate the phenomenon in general we recall a few notions from
K-theory which are connected with the index of families of Fredholm operators
parametrised by a compact topological space. In the present case we consider (5.8)
for (y,n) € S*Y, the unit cosphere bundle induced, by T*Y \ 0. Observe that by
virtue of the homogeneity

(@a(A)(y, An))11 = Mra(oa(A)(y, 1)y

the values of 09(A)(y,n)1,1 for all (y,n) € T*Y \ 0 are determined by those for
(y,n) € S*Y. The compact topological spaces that we have in mind here are S*Y
and Y, respectively (we discuss the case that X is a smooth manifold with compact
boundary Y).

First, on a compact topological space M (for simplicity connected) we have
the set Vect(M) of (locally trivial) continuous complex vector bundles on M. In the
case of a C'*° manifold M we may (and will) take smooth complex vector bundles.
Roughly speaking, continuous vector bundles over M are topological spaces which
are disjoint unions £ = (J,,, Ex of fibres E, that are vector spaces isomorphic
to CF for some k € N, and every point 2o € M has a neighbourhood U such that
Ely = U ey Bz is homeomorphic to U x CF where this homorphism is fibrewise an
isomorphism and commutes with the canonical projections p : E — M, e, — x for
ex € Ey,and q: U x CF — U, (2,v) — x for v € C¥. An example is E = M x C*
which is a so-called trivial vector bundle. Thus a part of the general definition
requires F|y to be isomorphic to a trivial bundle which is just the meaning of
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“locally trivial”. We do not repeat here everything on vector bundles such as what
is a vector bundle isomorphism 22, but the notion directly comes from vector space
isomorphisms, now parametrised by € M. More generally, we have vector bundle
morphisms which are fibrewise vector space homomorphisms. Moreover, we have
a natural notion of a direct sum E @ F for E, F € Vect(M), fibrewise defined by
E, ®F,, xe M.

Similarly we can form tensor products F ® F by taking fibrewise tensor
products E, ® F,, x € M.

The K-group K(M) over M is defined as the set of equivalence classes of
pairs (E, F') € Vect(M) x Vect(M) where

(E,F) ~ (E,F)

means that there is a G € Vect(M) such that E @ F®G=F®E®G. The
equivalence class represented by (E, F') is denoted by [E] — [F]. The structure of
K (M) of a commutative group comes from the direct sum, namely,

([B1] = [F1]) + ([E2] = [F2]) := [Er @ Bp] — [F1 & .

Note that the tensor product between bundles turns K (M) even to a commutative
ring.

Moreover, recall that when f : M — N is a continuous map we have the
bundle pull back E — f*E for E € Vect(N) and a resulting f*E € Vect(M). This
gives rise to a homomorphism

75 K(N) — K(M)

defined by f*([E] - [F]) = [f*E] = [f*F].
An example is M := S*Y, N =Y, with the canonical projection,

(59) S S*Y — Y, ’/Tl(yan) =Y.

(Non-trivial) vector bundles may appear in connection with elliptic boundary value
problems, or, more generally, with families of Fredholm operators. The latter ones
give rise to an equivalent definition of K (M). The construction is closely related
to the task to find entries o5(A)(y,n);; for i,5 = 1,2, i +j > 2, for a given
o0o(A)(y,n)1,1 that complete the latter Fredholm family to a family of isomor-
phisms, cf. (5.4). The general construction is as follows.

By F(H, H) for Hilbert spaces H, H we denote the set of all Fredholm op-
erators H — H. Recall that F(H, H) is open in £(H, H), the space of all linear
continuous operators in the operator norm topology.

Lemma 5.4. Let a € C(M,F(H, H)), and assume that a(z) : H — H is surjective
for every x € M. Then the family of kernels

kerps a := {kera(x) : z € M}

has the structure of a (continuous) vector bundle over M.
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Proof. Let m : H — kera(z;) be the orthogonal projection to ker a(xzy) for any
fixed z; € M. Then the family of continuous operators

(5.10) <“(x))> H — g

m(@1 ker a(x1)

is an isomorphism at x = 27 and hence for all x in an open neighbourhood U of
x1. Therefore, by virtue of Lemma 2.3 the operator m(x1) induces isomorphisms
m(x1) : kera(z) — kera(xy) for all z € U. This gives us a continuous family of
maps

{kera(z):z € U} — U x kera(z1).
which is just the desired trivialisation when we identify kera(z;) with C* for
k = dimkera(zy). O

Lemma 5.5. For every a € C(M,F(H,H)) there exists a j_ € N and a linear
operator ker : Ci- — H such that

(5.11) (a(z) k): & — H

is surjective for every x € M.

Proof. For every z1 € M there exists a finite-dimensional subspace W7 C H and
an isomorphism k; : C/* — W, for j; = dim W; such that

H ~
(5.12) (a(z) k1): & — H

Co
is surjective for x = x1. Then (5.12) is surjective for all z € U; for some open neigh-
bourhood U; of ;. Those neighbourhoods, parametrised by x1 € M, form an open
covering of M. Since M is compact, there are finitely many points x1,...,xy € M
such that M = Ufil U, for the respective U;. Choosing operators k; analogously
as in (5.12) for every 1 <[ < 1, with dimensions j; rather than j;, we obtain the
assertion for k := (k1,...,kn), and j_ := leil O

Proposition 5.6. For every a € C(M, F(H, H)) there exist vector bundles J_, J, €
Vect(M) and a continuous family of isomorphisms

H H
(5.13) a:= <a(x) k(x)>: ® - @, zeM.
J*,m J+’x

Proof. Choose k = k(x) as in Lemma 5.5 for the trivial bundle J_ = M x C’-.
Then applying Lemma 5.4 to the Fredholm family (5.11) we obtain that

kerpr(a(z) k)
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is a finite-dimensional subbundle of *(H & C7-), isomorphic to J, for some J; €
Vect(M). Choosing a bundle isomorphism

bo : kerpr(a(x) k) — J4

and setting b := by o w(z) for the family of orthogonal projections 7 (z) : *(H &
C/-) — ker(a(x) k) we obtain our result when we set

t(x) :==b(x)|m, q(x) :=b(x)|e- -

Definition 5.7. For a € C(M, F(H, H)) and any choice of (5.13) we set
(5.14) indyra = [J4] — [J-],
called the K-theoretic index of the Fredholm family a.

It can be proved, cf. [10], that indpsa only depends on a but not on the
specific choice of the family of isomorphisms (5.13).

In particular, we obtain the same indyra when we replace (5.13) by isomor-
phisms of the kind

HoJ ., H®J,,
(a(x) h<x>): AR s

L—,ﬂf L+,r

for some L_, L, € Vect(M). Moreover, if ¢ € C(M, L(H, f[)) is a family of com-
pact operators, then
indps(a + ¢) = indpa.

The map indy : C(M, F(H,H)) — K (M) is surjective and induces a map only
depending on the homotopy classes of Fredholm families. This gives rise to an
equivalent definition of K (M), cf. Janich [11].

Let X be compact, E, F € Vect(X), and let A € B*4(X;(FE, F;0,0)) be
elliptic with respect to oy (cf. the first condition of Definition 5.1). Then the
restriction of o5(A)(y,n) to S*Y (for brevity denoted again by c5(A)(y,n)) gives
us a family of Fredholm operators

(5.15) co(A)(y,m) : H'(Ry) © B' — H"(R}) @ F,

s > max{p,d} — %, parametrised by (y,n) € S*Y. Therefore, we obtain an index
element

inds*yo'a(A) S K(S*Y)

(which is independent of s). The following theorem was first formulated in the
case of differential operators in the paper [2] by Atiyah and Bott, and then for
pseudo-differential operators with the transmission property at the boundary in [4]
by Boutet de Monvel, cf. also [21]. An analogue for edge operators may be found
n [17], cf. also the author’s joint papers [23], [27], with Seiler, and the references
there.
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Theorem 5.8. A o,-elliptic operator A € B4 (X;(E, F;0,0)) can be completed by
additional entries to a (oy,09)-elliptic 2 x 2 block matriz operator

AeBrYX (B, F;J_,J}))
for suitable J_, Jy € Vect(Y') with A in the upper left corner if and only if
(5.16) indgsyos(A) € 1 K(Y)
(¢f. the notation (5.9)).

Proof. The condition (5.16) is necessary, since the Shapiro-Lopatinskij ellipticity
means that (5.4) is a family of isomorphisms and hence, by virtue of (5.14),

inds-y 05(A) = [71 T3] — [7J_].

Conversely, the condition (5.16) allows us to construct a block matrix family of
isomorphisms of the kind (5.13) with o5(A) in the upper left corner and vector
bundles over S*Y that are pull backs of vector bundles over Y. The construction for
every (y,n) € S*Y is practically the same at that in the proof of Proposition 5.6.
In addition we guarantee that the resulting block matrix operators locally belong
to B#4(Ry;k,k;j—,74+) and smoothly depend on (y,7), for k = dim E, = dim F,,,
j+ = dim Jy ,. The corresponding operator functions k(y,n), t(y,n) and q(y,n)
can be extended from S*Y to T*Y \ 0 by kj-homogeneity of order p. This can be
done in terms of principal parts of symbols belonging to (4.25). Then applying an
operator convention which assigns to such principal symbols associated operators
gives us the additional entries. O

Remark 5.9. The proof of Theorem 5.8 shows how we can find (in principle
all) Shapiro-Lopatinskij elliptic boundary value problems A € B*4(X;v), v =
(E,F;J_,J;), for any given oy-elliptic operator A € B*4(X;(F, F;0,0)) pro-
vided that the topological condition (5.16) is satisfied. It turns out that, from the
point of view of the associated Fredholm indices, for every two such A;, A; with
the same upper left corner we can construct an elliptic operator R on the boundary
such that
indA; —ind Ay = indR.

The latter relation is known as the Agranovich-Dynin formula (see also [4] and
[15]). The proof is close to what we did in (2.19) modified for general 2 x 2 matrices
rather than column matrices, cf. [15, Section 3.2.1.3.].

It may happen that o5(A)(y,n) is a family of isomorphisms (5.15), i.e., that
for the ellipticity of A with respect to o, and o5 no additional entries are necessary.
For instance, consider the symbol

-

i 0n7) = (el )n) —i7)"
) =

for some fixed Lp( ) € S(R) such that ¢(0) = 1 and suppF "ty C R_, for instance,
(1) == ¢! f e~ y)(t)dt for some ¢ € Cg°(R_) where ¢ := f_oow t)dt # 0.
Then if C > 0 is a Sufﬁcwntly large constant we have r*(n,7) € Si(R™), and
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r* (n,7) is elliptic of order p. This symbol can be smootly connected with (n, 7)#
far from ¢ = 0 by forming r““) (1, 7)(n, 7)*(1=“®) for a real-valued w € CS°(R)
such that w = 1 in a neighbourhood of ¢t = 0. Then, if we interpret ¢t € R, as the
inner normal of a collar neighbourhood of ¥ in X there is obviously a o-elliptic
operator R on X with such amplitude functions near the boundary, and og(R" )
has the desired property, indeed. A similar construction is possible in the vector
bundle set-up, which gives us such an operator R’i)E € BM(X; (E, FE;0,0)),

(5.17) R ¢ H*(intX, E) — H*™"(intX, B).

In addition the operator convention can be chosen in such a way that (5.17) is an
isomorphism for every s > max{u,d} — % More details on such constructions may
be found in the paper [9] of Grubb, see also the author’s joint monograph with
Harutyuyan [10, Section 4.1].

Using the fact that there are also order reducing operators of any order on
the boundary (which is a compact C'* manifold, cf. the formulas (2.5), (2.12)) we
can compose any (o, 0)-elliptic operator A € B#4(X; (E, F;J_,J.)) by diago-
nal matrices of order reductions to a (o, 09)-elliptic operator Ay € B (X; (E, F;
J_,J4)). For many purposes it is convenient to deal with operators of order and
type zero, and we will assume that for a while, in order to illustrate other inter-
esting aspects of elliptic pseudo-differential boundary value problems.

Let us set

(5.18) == §*X|y UN*

with S* X |y denoting the restriction of the unit cosphere bundle to the boundary,
and

N*={(y,0,0,7) e T*" X ]y : —1 <7 <1}
which refers to the splitting of variables z = (y, t) near the boundary. The interval
bundle N* is trivial and its fibres Ny = {(y,0,0,7) : =1 < 7 < 1} connect the

south poles (7 = —1) with the north poles (7 = +1) of S*X|,, y € Y. In other
words, Z* is a kind of cage with bars N7, called the conormal cage. Let

* —>Y

[1]

T
denote the canonical projection.

Remark 5.10. Let A € B®(X;(E, F;0,0)) be oy-elliptic; then oy, (A) X |y extends

to an isomorphism
(5.19) oy(A) i miE" — 7wl F'.

In fact, oy(A)(y,0,n,7) : E, — F, is a family of isomorphisms for all
(y,0,m,7) € S*X|y. By virtue of the transmission property we have

(5.20) oy (A)(y,0,0 — 1) = g4 (A)(y,0,0,+1).



Boundary value problems with the transmission property 45

The principal symbol oy (A)(z,§) is altogether (positively) homogeneous of
order zero in £ # 0; in particular, we have

oy (A)(y,0,0,7) = 04(A)(y,0,0,—1) for all 7 <0,

0y (A)(y,0,0,7) = 04(A)(y,0,0,+1) for all 7 > 0.
Now the relation (5.20) shows that o (A4)(y,0,0,7) does not depend on 7 # 0,
and hence it extends to N when we define

oy (A)(y) = 0y (A)(y,0,0,0) := 0y (A)(y,0,0,1).

We obtain an isomorphism
(5.21) oy (A): B — F'.
Let us now return to operators on the half-axis

op™ (04 (A)]i=0)(y, 1) : L*(R+) ® By, — L*(Ry) @ F)

parametrised by (y,n) € S*Y. By virtue of (5.21) we may replace F’ by E’. As
usual we interpret |J, oy L*(Ry) ® By as L*(Ry) ® E’ which is a Hilbert space
bundle over Y (by Kuiper’s theorem it is trivial). Set a(y,n,7) = o4 (A)(y, 0,7, T)
which is a family of isomorphisms
aly,n,7): By — E,,

(y,m,7) € S*X|y. By virtue of the homogeneity we have a(y, An, A7) = a(y,n, T)
for all A € R, in particular,

n T

a(ya T 7) - a(y7 n, 7_)

7| |7

for all 7 # 0. Thus (5.20) gives us
lim a(y,n,7) =a(y,0,-1) =a(y,0,+1) = lim a(y,n,7).
T——00 T—+00

This fits to the picture of symbols with the transmission property in 7 described
in Section 3. In other words, we have

a(yv m, T) € Sgr(R) ® ISO(EZ!’ Ey)

for every fixed (y,n) € S*Y (here Iso(-, -) means the space of isomorphisms between
the vector spaces in parenthesis). The operators

op*(a)(y,n) : L*(Ry) ® By — L*(R+) ® B,

are Fredholm and their pointwise index is equal to the winding number of the
curve

L(a) := {deta(y,n,7): 7 € R} C C.
This is a useful information for the construction of extra trace and potential

conditions in an elliptic BVP. It would be optimal to know the dimensions of kernel
and cokernel; of course, those are not necessarily constant in y.
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6. The anti-transmission property

In this section we return to scalar symbols (for simplicity). Recall that the trans-
mission property of a symbol a(7) € S%(R) means the condition (3.11). In general,
the curve

(6.1) L(a) ={a(r) e C: 7 € R}

is not closed. Let a(y,t,n,7) € SY (2 x R4 x R} ) be an elliptic symbol, a ) its
homogeneous principal part, and a(7) := a(o)(y, 0,7, 7) for fixed (y,n) € T*Q\ 0.
Then, similarly as in elliptic BVPs with the transmission property, a task is to
find a bijective 2 x 2 block matrix

L*Ry)  L*(Ry)

+ + +

¢ (Op " k) 5 T o
q CI- CIi+

for suitable j1+ € N. This is possible if and only if

(6.2) op*(a): L*(Ry) — L*(R+)

is a Fredholm operator. Set

(6.3) M(a):={z€C:z=(1-Nag +Aay, 0 <A< 1}
The following result is well-known.

Theorem 6.1. The operator (6.2) is Fredholm if and only if

(6.4) L(a)UM(a) C C\ {0}.

A proof of the Fredholm property of (6.2) under the condition (6.4) is given
in Eskin’s book [7]; it is also noted there that (6.1) is necessary. Details of that
part of the proof may be found in [16].

Corollary 6.2. Let a(1) € SY(R) be elliptic in the sense L(a) C C\{0}. Then (6.2)
is a Fredholm operator if and only if

(6.5) 0¢& M(a).
The union
C(a) := L(a) U M(a)

is a continuous and piecewise smooth curve which can be represented as the image
under a continuous map v : [0,1] — C. If (6.4) holds we have a winding number
wind C(a), and there is the well-known relation

indop™(a) = wind C(a).
Observe that
ag = —ag =0 € M(a),

i.e., the operator (6.2) cannot be Fredholm in this case.
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Definition 6.3. A symbol a(r) € S4(R) for p € Z is said to have the anti-
transmission property if the coefficients a;-t in the asymptotic expansion (3.8)
satisfy the condition

+ _ - .
(6.6) aj = —a; forall j €N.

Let S*,.(R) denote the space of all symbols with the anti-transmission property.
Note that (6.6) is just the opposite of (3.11).

Proposition 6.4. Every a(r) € S (R) can be written in the form

1

5 (au(7) + a—u (7)) + e(7)

for suitable ay, (1) € SE(R), a_y(7) € S® L (R), (1) € S(R).

(6.7) a(t) =

Proof. Similarly as (3.7), (3.8) we form a symbol

NZX (a; 07 () + a0 (7)) (ir)*~7

belonging to S (R), where x(7) is some excision function. Then we obviously have
ae(7) := a(r) + b(1) € SL(R), a_i (1) := a(1) — b(7) € S”,,(R), and we obtain
the relation (6.7). O

Remark 6.5. A symbol a(7) € S%(R) has the anti-transmission property exactly
when

(68) a(u_j)('r) = (71)“7j+1a(u_j)(—7)
for all € R\ {0} and all j € N.

In fact, the anti-transmission property means that
au—j)(7) = (01 (1) = ¢;07 (7)) (i)~

for constants c; := aj' € C. This yields the relation

au—g)(=7) = (07 (=7) = ¢;67 (=7))(—iT)" ™
= (~1)!" 7 (¢;07 (1) = ¢;07 (1)) = (= 1)* a5 (1),
using 01 (—=7) =07 (7),0=(—7) = 07 (7).
Conversely, from (6.8) we obtain
{af 07 (1) + a5 07 (r)}(ir)" 7 = (=" Ha 07 (=7) + a; 07 (=7) }(—iT)* ™
= {Q_a;rﬁ_(T) + a;9+(T)}(i7)M_j.
This gives us aj+ = —a; which are the conditions of Definition 6.3.

Observe that there is also a higher-dimensional analogue of Definition 4.11
for symbols p(y,t,n,7) € S4(Q x Ry x R, ») where instead of (4.18) we ask

Dg,th,'r {p(,u—j) (y7 ta m, T) - (_1)M_j+1p(;t—j)(y7 t7 -1, _7—)} =0
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on {(y,t,n,7):yeQ, t=0,n1=0,7€ R\ {0}} for all ,3,j. This gives us the
symbol class S*, (2 x Ry x R"). There is then a higher-dimensional analogue of
Proposition 6.4.

In fact, let a(y,t,n,7) € S4(Q x Ry x R™) be arbitrary, and define the
homogeneous components

e, (u—g) (U5 6,1, 7) 7= agu—jy (1,0, 7) + (=D ag_j) (y, t, —n, —7)
and
@t (a1 7) = gy (y, 10, 7) = (1) gy (ys t, —n, —7)
for all j and (y,t,m,7) € 2 x R, x R™\ {0}. Then we have
i () (Y 605 T) = (1P age (ugy (9, 1, =1, =)
= gyt )+ (1) agp (y, t, —n, —7)
— (=" Hag-p (@ t,—n—7) + (=" ag_j(y. t,n,7)} =0,
and
a i) (U 60 T) + (1P ai (o gy (Y, =0, =)
= ag—j W, t,n.7) — (D" Jag_y(y,t,—n,—7)
+ (=D Hagp (s t, =0, =7) = (=" age_j (y, t,7,7)} = 0
for all j and (y,t,1,7) € 2 x Ry x (R™\ {0}). In other words, if we define

)
atr(y7 t,n, T) ~ Z X(77» T>atr,(,u—j) (yu t,m, T)7
j=0

o0
aftr(y7 t,m, T) ~ Z X(77> T)aftr,(,ufj) (yu t,n, T)7
§=0
then ay, has the transmission property, a_;, the anti-transmission property; here
X(n,7) is any excision function. Thus we have proved the following result.

Proposition 6.6. Every symbol a(y,t,n,7) € S5(Q x Ry x R™) can be written in
the form

1
a(y,t,n,7) = g{atr(y, t,n, )+ a—w(y, t,n,7)} +cly, t,m, 7)

for symbols au(y,t,m,7) € SO X By X R, a_ye(y,t,1,7) € S (2 x By x R7)
(uniquely determined mod S™°°(Q x Ry x R™)), c(y,t,m,7) € ST (Q x Ry x R™).

The role of those considerations here is not to really carry out a calculus
of BVPs having the anti-transmission property. As noted at the beginning such
a calculus is possible indeed, however, based on tools from the cone and edge
calculus that go beyond the scope of this exposition. Let us only mention that
for such a program we need to reorganise both the symbolic structure and the
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operator conventions of our operators as well as the spaces that substitute the
standard Sobolev spaces. Details on the new boundary symbolic calculus for zero
order operators on the half-axis may be found in [7], and in [20]. Concerning the
cone and edge calculus in general, cf. [17], [18], [19].
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