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Abstract

The tension-compression vibration of an elastic cusped plate is studied under
all the reasonable boundary conditions at the cusped edge, while at the non-
cusped edge displacements and at the upper and lower faces of the plate stresses
are given.
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The present paper studies elastic plates the thickness of which may vanish on a
part of the plate projection boundary, i.e., so called cusped plates. The tension-
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compression vibration of cusped plates is considered within the framework of the
N = 1 approximation of I. Vekua’s hierarchical models. For the corresponding
degenerate static system when the thickness is given by 2h = z§, Kk = const >
0, xo > 0, the homogeneous Dirichlet problem was studied in G. Devdariani, G.
Jaiani, S. Kharibegashvili, D. Natroshvili, 2000 and G. Devdariani, 2001. Now,
we investigate the vibration system (if the vibration frequency is equal to zero,
we get the static system) under all admissible nonhomogeneous Dirichlet, weighted
Neumann, and mixed boundary conditions (BCs) when the thickness satisfies the
unilateral condition 2h(z1,x2) < hgaf, hy = const > 0, k = const > 0, xo > 0. The
bending vibration problem can be investigated in an analogous manner.

The paper is organized as follows. In Section 1 we establish the vibration system
in the first approximation and formulate some auxiliary facts. In Section 2 we
introduce and investigate some necessary weighted Sobolev spaces. Section 3 deals
with the proof of Hardy’s inequality in weighted Sobolev spaces. Section 4 is devoted
to Korn’s weighted inequaltiy. In Section 5 we formulate the admissible boundary
value problems (BVPs). In Section 6 we prove existence and uniqueness theorems.
Finally, Section 7 is devoted to some general comments. Historically, the first models
of elastic deformable bodies were 1D and 2D models, and then the 3D linear model
of elastic bodies. In the middle of the XX century attempts were made, on the one
hand to refine classical 1D and 2D models and, on the other hand, to obtain them
from the 3D linear model pre-supposing the displacement to be polynomial in the
thickness variable, transversal to the middle-surface. Such 2D models are known as
hierarchical models. First achievements in this direction can be found in I. Vekua,
1955, 1965, 1985. Existence and uniqueness theorems in Sobolev spaces for 1. Vekua’s
hierarchical models in the static case were proved by D. Gordeziani, 1974a. He also
estimated the rate of approximation for these models in C* spaces, cf. D. Gordeziani
1974b. These investigations found their logical completion in M. Avalishvili, D.
Gordeziani, 2003. In this direction Ch. Schwab’s 1996 work is also remarkable.
Various aspects of I. Vekua’s models were studied by T. Vashakmadze 1999, T.
Meunargia, 1998, V. Zhgenti, 1991, I. Khoma, 1986, V. Guliaev, V. Baganov, P.
Lizunov, 1978, A. Khvoles, 1971, etc. A new stage for models in variational form
began with the work of M. Vogelius, I. Babugka, 1981a,b. In the finite element
framework the idea of hierarchical models has been first formulated by B. Szabd, G.
Sahrmann, 1988, for isotropic domains, mathematically investigated by I. Babuska,
L. Li, 1991, 1992a,b, and generalized to laminated composites by I. Babuska, B.
Szabd, R. Actis, 1992, R. Actis, B. Szabd, Ch. Schwab, 1999. More details may be
found in a survey paper of M. Dauge, E. Faou, Z. Yosibash 2004.

1 The Resolving System of Degenerate Equations

In the N = 1 model (approximation) of I. Vekua’s hierarchical models of symmetric
prismatic shells, i.e., plates of variable thickness 2h(z1,72) € C'(w) N C(®) the
tension-compression vibration system has the following form:

Lu=f in w (1.1)



Degenerate Elliptic Systems 3

where w is a bounded open set in R? with Lipschitz boundary (specified below),

L:= (L1,L2,3L3),u = (u1,uz,v3), f = (f1, f2, f3) = — (X1, X2,3X3),  (1.2)

Liu = O+ 2u)(hurt)s + p(huss) 2 + Mhuss) 1
+ M(hu2,1),2 + 3)\(}7/[)3)71 + c2phu1 — _X1’

Lou := /L(hu271)71 + ()\ + 2,u)(hu2,2)72 + ,u(hulg),l + )\(huLl),g (1.3)
+  3\(hvs) 2 + *phug = —Xo,

Lg(u) = ,u(h3v371)71 + ,u(h321372)72 — )\huLl — )\hu2,2
3\ + 2u)hvg + 2phdus = —h X3, (z1,22) € w.

Here up := 11)10, Ug 1= 11)20 are so called zero weighted moments, and vsg := 11)31 is the
so called first weighted moment (see Vekua 1965) of the corresponding components
of U(x1,x9,x3) := (U1, Uz, Us) (note that in our case the displacement vector has the
form U(xq, 10, 23,t) = €*U(x1,29,23)); A > 0 and p > 0 are the Lamé constants,
X,, a = 1,2 are the sums of some combinations of the a-th component of the surface
forces acting on the plate faces and of the zero moments of the a-th component of the
volume forces; X3 is the sum of a combination of the third components of the surface
forces acting on the plate faces and of the first moment of the third component of
the volume forces, indices after ‘comma’ mean differentiation with respect to the
corresponding variables, p is the plate density, ¢ is the vibration frequency, and w is
a projection on the plane z3 = 0 of the plate Q:

Q= {(x1,x9,23) € R3: (x1,22) € w, —h(x1,22) < x3 < h(x1,22)}.

If ¢ =0, from (1.1) we get the system corresponding to the static case. We suppose
that w has a Lipschitz boundary dw = 7, U7, where 7, is a segment of the axis z,
and ~ lies in the upper half-plane zo > 0. Let

2h(x1,m9) >0 if (z1,22) EwUry (1.4)

and
2h(x1,0) >0 if (x1,0) € 7. (1.5)

When h(z1,0) = 0, the plate is called a cusped one. Note that in the latter case, on
the one hand, a 3D domain §2 occupied by the plate will be, in general, a domain
with a non-Lipschitz boundary, on the other hand, the elliptic in w system (1.1) will
have an order degeneration on ~p.
Let
u,ut € C*(w)NCY @), u* = (u},u},u}).

Evidently, after multiplication by u* and integration by parts from (1.1) we obtain,
that

/Lu-u*dw = —/Bc(u,u*)dw—/Tnu-u*dﬁw = /f-u*dw, (1.6)

w w dw
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where n := (n1,ng,n3) is the inward normal, T, := (Xpn10, Xn20, 3hXpn31) with

3 2
1 1
Xowou = Y Oijon; =Y Tigong (1.7)
j=1 B=1
= h{ [(A +2p)ur 1 + Aug 2 + 3)\213]7?1 + p(ug 2 + u271)n2},
2 1
Xnoou = Y Oagong (1.8)
B=1
= h{,u(um + u172)n1 + [()\ + 2u)u272 + >\u1,1 + 3)\’03} ng},
2 2
hXp31u = Z hffgglnﬂ = hgu Z V3,813, (19)
B=1 B=1

o apo and o 381, &, 3 = 1,2, denote in the N = 1 approximation the zero and first
moments, respectively, of the corresponding components of the 3D stress tensor o;;,
i,j=1,2,3,
Be(u,u®™) = (A +2p)huy 1u | + phuy 2uf o + Ahug gui g (1.10)
+ phug1u o + 3Nhvzuy § — phuyu} + phug 1us
+ (A + 2u)hugpul o + phuy gus § + Ahug 1uh o + 3Ahvzus o
— Pphugul + 3uh3v371v§,1 + 3uh3v372v§,2 + 3A\hug 103 + 3Ahug 2v3
+ 9\ + 2p) hosvl — 3c2ph3vzv}
= M(uiy +ug2 +3v3)(uj g + uz o + 3v3)
+ ph {2u171uf’1 + 2ug2u3 5 + (u2,1 +u12)(us g + uj o) + 18v3v§}

+ 3uh3(0371v§,1 + 03203 9) — Ap [h(ulu’f + uguy) + 3h3213v§]
= B(u,u*) —c?p [h(ulu’{ + ugul) + 3h3vgv§].

Note that the bilinear operators B.(u,u*) and B(u,u*) correspond to the vibration
and static cases, respectively. Obviously,

B(u,u) = M(u1y + ugo + 3v3)?
+ uh [2(u171)2 + 2(u2,2)2 + (ZLQJ + u1,2)2 + 18(1)3)2]

+ 3uh? [(v371)2 + (0322 >0 in w. (1.11)
Non-negativeness of B.(u,u) causes a restriction on the vibration frequency c. This

restriction is connected with the minimal eigenvalue problem for the system (1.1)
and will be clarified below.
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If we consider boundary value problems (BVPs) for the system (1.1) with homo-
geneous BCs when on Ow either

u=0, (1.12)

or
Tpu = 0, (1.13)

or
e = 0,0 =1,2; hXpz =0, (1.14)

or
Xpao = 0,0 =1,2; vy =0, (1.15)

or
up = 0,Xp20 =0, hXp31 =0, (1.16)

or
Xn1o = 0,uz =0, hXp31 =0, (1.17)

or
up = 0, Xp20 = 0,03 =0, (1.18)

or
ano = O,ZLQ = 0,2)3 = O, (1.19)

or on different parts of dw different BCs (1.12) -(1.19) are given, then in (1.6) the
integral along dw will disappear and we obtain

/Bc(u,u*)dw - —/f-u*dw. (1.20)

w

Equality (1.20) will play crucial role in the definition of weak solutions of the
above BVPs for the systems (1.1). It is remarkable, that as it will be shown below,
u1, U2, and v3 cannot be, in general prescribed on ~y. The admissibility of Dirichlet
conditions for uy, ug, and v3 depends on the order of degeneration of the system (1.1)
or, in other words, on the geometry of the plate sharpening. For instance, when the
plate as 3D body has either a cuspidal edge (i.e., 92 is non-Lipschitz boundary) or
an angular edge, then u;,u2 and v3 cannot be given on ~p.

2  Weighted Function Spaces

Let us introduce some weighted spaces.

Definition 2.1 By
Wl (w, Po ) (2.1)
P1

we denote a set of all measurable functions ¢ defined on w which have on w gener-
alized (regular distributional) derivatives

ety for o +as <1, ai,as € {0,1}, 83(02”%)290 =, (2.2)

T1,T2
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/

w

such that

0187012 par, 4 ap o < +00, (2.3)

where pg and p1 are measurable, a.e. positive and finite on w functions.
The space (2.1) is endowed with the norm

lolvg om0y = / {06 + o1 [(00)? + (02)?] o (24)

w

and the scalar product

(@, V)w (w, p0) = / popY + p1(p 1 + 29 2ldw (2.5)

w
Definition 2.2 Wj(w, p) :== W] (w, Z )

According to Definitions 2.1, 2.2 we have the following sets

S RO KT RET R KT

W3 (o B )i (wa) i (o T (e 1) o)
Wi <w, izf’» >,W21 @,d”),wg (w,d3“>,
where
Kk = const > 0,
and

d(x1,x9) := dist{(z1,22) € W, 0w}

is the distance between (x1,x2) € @ and dw, is clear.

Lemma 2.3 The sets (2.6) are Banach spaces, and moreover Hilbert spaces.

Proof. Lemma 2.3 immediately follows from a general theorem of Kufner, Opic,
1984, since

R I e - S AN R = il (D)) (2.7)
O

Definition 2.4 In the set

Wi (w, ; ) Wk <w, ; ) x W (w, Z?’ ) (2.8)
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of vector-functions u := (uy,ug,vs) such that

ua6W21<w, Z), a=1,2; 2136W21<w, 23)

we introduce two norms:

2
2 2 2
H Wi, az::l “Nwiwn) W (w.hy)

2

and the corresponding scalar products:

BW2lp

= / {p[(ul)2 + (1@)2} + B(u,u)}dw,

2

(w0 Yy, = D (s ) o) + (U3 V5D wg oty
a=1

2

* — 1/2 1/2, *
(u,u )BWQI,p = Z (p Ugy, P ua)LQ(w) —i—/B(u,u )dw.

a=1 W

The obtained spaces will be denoted by
Wy,

and
Brisl
W2,p’

respectively.

In this paper we consider the spaces (2.14) and (2.15) for

Let further

1 il
W27—’_i_2 = ng,z,

Byl ._ Bl
Wz,m T WQ,zg*Q

Evidently, from (2.17), (2.18) for k = 2 and (2.14), (2.15) for p = 1, we have

1 _ ol
Wyo=Wan,

Byl Byl
W5 W54

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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Theorem 2.5 The spaces (2.19), (2.20),

1
W= (2.21)
and
Byys1
W= (2.22)
are Hilbert spaces, and we have
2 2
U < C|lu ) 2.23
el owy o = Ol owy (228)

where
C := max{1,9(3\ +2u)}.

Proof. The vector spaces (2.14) and (2.21) are Hilbert spaces since so are the spaces
1 h 1 p K—2
W (w, B3 ) and W, (w, h > for p=1 and p=2x5 ~.

Let us prove the completeness of the vector spaces (2.15), (2.22) since the scalar
products defined by (2.13) and (2.20), obviously, have all the properties of scalar

products. Let % be a fundamental sequence in W216’ ie.,

| % — lwi_—0 as n,m — oo, (2.24)
20

then from (2.11), taking into account (1.11), we get

na - ma 07 h naa - maa 07 = 1727 2.25

“ u ‘Lz(w) - H (U ’ Y, )‘ Lo(w) - “ ( )

h(ts — ‘ 0, Hhi”z’?a—?}a 0, a=12, 2.26

s =%, — (s = Taal||, (2:26)

Hh({zm — Tg) + h(lig g — ’{Zm)( iy A mm oo, (2.27)
o (w

Replacing uq in (2.11) by —uy, we obtain in a similar manner

— 0, as n,m — 4oo. (2.28)

g i ‘ La(w)

Hh(ZQ,l — Uyy) — h(tiy g — T12)

From (2.27) and (2.28) then follows

n m 1 n m n m
Hh(u2,1 - U2,1)‘ = —‘ h(ug1 — ugq) + h(ug 2 — Uy 2)
Lo(w) 2
+ h(tgy — tag) — h(tiy o — 731,2)‘ (2.29)
Lo (w)
]. n m n m
< —Hh Uy 1 — U + h(u19 — u ‘
< 3 (u2,1 2,1) + h(ui 1,2) o)
1 n m n m
+ —Hh Ugq1 — U 1) — h(U10 — U ‘ 0
5 (ug2,1 2.1) — h(ui o 1,2) () —
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as n,m — +o0o, and, similarly,

— 0, as n,m — 4o00. (2.30)
Lo(w)

Hh(inh,z = 731,2)‘

(2.25), (2.29), (2.30), (2.26) mean that s, a = 1,2, and ¥3 are fundamental se-
quences in Wy (w, ,11 and W} (w, }5’3 ), respectively. Since the latter spaces are com-
plete there exist elements

1 h
ua€W21<w,h), a=1,2, v3€W21(w, h3)
such that

Vo —uaH ~0, a=1,2,

W (w.,)

Therefore, on the one hand,

n
V3 —’Ug‘ — 0, as n — +oo.

‘Wzl(“’vhhS)

u = (uy,ug,vs) € W21,6

and, on the other hand,

n
u—uH ) — 0, as n — +oo.

Hence, in view of (2.8), (2.11), (2.15), (2.20),

Byl
U € W2,6
and, by virtue of
[, = [{wi )+ 3AR[ (1) + (5 0)? + 9(03)?]
Bl ’

+ uh[ (5 1)? + 2(u3 ) + 2(u3,0)? + 2(uf )% + 18(05)?)

3 * \2 * \2 2
+ 3uk®|(5,)? + (v32)%] } (2:31)
which is true for any
u* = (uj,us,v3) € W21,5’
U —u —0 as n — +oo. (2.32)
Byl_

Thus, along with (2.24) we have (2.32) which means the completeness of the space

B Wzlﬁ. The arguments for the completeness of ng are similar. Observe that

(2.23) is a consequence of (2.31). O
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In what follows we assume
h(z1,22) > hgzy Y(x1,72) € w, hy, k= const > 0, (2.33)
where k denotes the smallest possible exponent. If (2.33) holds for every k > 0, i.e.,

a minimal one does not exist, then we assume k as arbitrarily small. An example
for such a situation is the case

l _1
h(z1,x2) = ho [ln (—)} , hg=const >0, [ > max {xo}. (2.34)
T2 (x1,22)€@
In the particular case of (2.33) when
h*x§ > h(x1,22) > hexs, h" = const > 0, (2.35)

it is clear that x is minimal, otherwise we would have a contradiction to the left
inequality in (2.35). If k < % in (2.33) (for the N-th approximation % should be
replaced by ﬁ), it is not necessary to find a minimal &, since for any k < % we
have the same result concerning the traces of u on vy (see below). So, in the case

(2.34) we can take any £ < 3 in (2.33).

Let
Uz1)
Ik(ZL‘l) = / h_2k_1dl‘2 V(l‘l,O) € Y0, /-6‘:0,1,...,
0
where
l(z1) := max {xo} forafixed (z1,0) € 7.
(z1,22)€W
Then:

(i) from k < Tlﬂ it follows that I (z1) < +oo because of

1 1

2%+1 = 2k+1)r’
h hyxs

in view of (2.33);

(i) from Ij(x2) = 400 it follows that k > TIH since otherwise, i.e., if Kk < —2kl+1,
we would have (i) and thus a contradiction.

If h vanishes logarithmically (see, e.g., (2.34)), then (2.33) holds for every x. But
according to our assumption we can take 0 < Kk < ﬁ

So, roughly speaking, convergence of I(z1) is equivalent to k < ﬁ and diver-
1

gence of Ix(z1) is equivalent to K > 5.



Degenerate Elliptic Systems 11

Lemma 2.6 Under the condition (2.33) we have

1 1 1

4% (w, h> c Wy (w, a:§> c Wy <w, d"‘) , (2.36)
Wy (w,h) C Wy (w,25) € Wy (w,d ), (2.37)
Wi <w, ;;) c Wy <w, ;1) CW] (w0, ) C W) (w0, d™), (2.38)

2

1 1 1 1
Wy lw, ) CWylw, , for 0< k<2 (2.39)

x2 x3

Proof. Follows from (2.33) together with the following obvious inequalities:
d(zi,z2) <x9 for (z1,22)€w (2.40)

(if d(x1,x2) is a regularized distance, then in the equality (2.40) there arises a
constant factor);

gt <U1MTR25? for Ky > Ko (2.41)
with [ being defined in (2.34). For the proof of (2.39) and the second inclusion of
(2.38) we use (2.41) for k1 = 2, ke = k and k1 = 3k, Ky = K, respectively. O

Lemma 2.7 We have the following identities in the sense of equivalent norms

1
Wy (w,d”) = Wy <w, d”) for —1<k <2 (2.42)
W (w,d*) =W, ! for —tan<? (2.43)
9 (W, = 9 | W, d3f€ or 3 R > 3 .
Proof. Immediately follows from Theorem 1.1.4 in Nikolskii et al., 1988. U

Lemma 2.8 Let 0w € C?. If

1 1
-1 1 —— = 2.44
<K< ( 3</€<3> (2.44)

1 1
o €Wy <w, d"‘> <g0 c Wy <w, d3“>> , (2.45)

then for the trace of ¢ on dw we have

and

1-s 13k
Vlow € By? (0w) <90|3w €B,? (8w)> , (2.46)

where B means Besov spaces.

Proof. This lemma is a particular case of Theorem 1.1.2 in Nikolskii et al., 1988. [
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Lemma 2.9 Let Ow € C?, assume (2.33), and let

1
©eWy (w, h> or e Wl (w,h) for 0<k<1, ie, Ip(z1) < +oo. (2.47)

h 1
<go ew) (w, h3> for 0<k< 3 ie, Ii(z) < +oo> . (2.48)
Then

1-k
Vlow € By? (0w) C La(dw) (2.49)

1-3k
(@hh; € B’ (8w)(:l@(8w)). (2.50)
Proof. Follows from Lemmas 2.6 - 2.8. O

Note that the existence of the traces on Jw implies the existence of the traces
on vy € dw and v € dw for K as in (2.47) and (2.48) i.e., under the corresponding
restrictions on h. But as it follows from the following lemma for the existence of the
traces on «y the above-mentioned restrictions are unnecessary.

Lemma 2.10 Let 0w € C? and

1 h
© Wy <w, h> or @eW;(wh) or peW) (w, h3> . (2.51)
Then
oly € W32 (9) € La(y). (2.52)
Proof. Let
ws = {(xl,xg) Ew:xg >0, 0=const> 0}. (2.53)
Evidently,

1 1
p € W21 <w, h> C W21 <w5, h> = W21 (w(;),

© € Wy (w,h) C W3 (ws, h) =Wy (ws),
h h
2 S W21 <w7 h3> C W21 <w57 h3> = W21 (w5)7

where W (ws) is the usual Sobolev space and for any § > 0 there exists the trace of
@ on

Vs = {(;17171‘2) €7y :x9 >0, 6=const> 0}.
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Lemma 2.11 Let 0w € C%. If (2.33) holds and
ueWip for p=1 and p=nh,
then uqy, o = 1,2, belong to the spaces (2.36), or (2.37), respectively, vs belongs to
the space (2.38) and consequently to the space (2.43); for the the traces we have
3

uly € [Wzm(v)r - [L2(7)] : (2.54)

1-k
Ualyy € By? (70) C La(y), a=1,2, for 0 <k <1, ie, Ip(xz1) <400, (2.55)

1-3k

1
v3|’YO S 32 2 (’Y()) C Lg(’}/o) for 0<k< g, ie., Il(xl) < +o00. (256)

Proof. Follows from Lemmas 2.6, 2.7, 2.9, 2.10. U

Finally, let us introduce the space
ol xn—2
W (w, 2 > (2.57)
T

as the closure of C§°(w) with respect to the norm of

Lemma 2.12 If

ol :L,Ii—2
ey (7). (258)
T
then for the trace we have

¢ly = 0.
Proof. From (2.58) we get

B

< +o0, a=1,2, (2.59)

La(w)

< 40 Hxj
Lg(w) 9 2 90,01

and there exist ¢, € C5°(w) such that

—0 a=1,2, as n— oo (2.60)

La(w)

E—2 K
H‘T22 (SOn—SO)‘ L2(w) - O, Hx22 (Son,a_@,a)

with
Pnly =0,  @nly =0 (2.61)

Consider the spaces defined by the following restrictions:

Q= 90|w5, P 1= Spn|w(s-
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Then, by virtue of (2.59), (2.60),

K—2 K

mT~‘ < +oo, Hx5~ ( < 400, a=1,2 2.62

H 2 ¥ Lo(ws) 2% La(ws) ( )
£=2 £2
0<|l” @Gu-d)|  <|eT ea-9)|, -0 as n—oo,  (263)
L2(W5) Lg(w)

0 S ‘ .Tg (@ma - @,a)‘ Lo(ws) S ‘ .Tg (Son,a - 90,01)‘ La(w — 0, o= 1,2, as n — oQ.

(2.64)
This implies
K—2 "
H':U22 (QADin—QADi)‘ —>07 w;(&na_&a) —>07 a:1727 as n — oo,
Lo(ws) ’ ’ Lo(ws)

K—2 K

and, because of the boundedness of 2,2 |, 22 on wy,

So, the set of restrictions ¢, € W21(w5) and, therefore, ¢ has a trace on Ows, which,
in view of the first property from (2.61), is equal to 0 on ~;, i.e.,

Pna — P.a -0, a=1,2, as n — oc.

6"_6‘ )_>0’ ‘

La(ws La(ws)

Olys =0, e, ¢y, =0, forany 6> 0. (2.65)

Since 0 is arbitrary, from (2.65) it follows that

¢ly = 0. (2.66)
The trace of ¢ on 7y does not exist, in general. O
Lemma 2.13 Let k > 1. The space
ol xg—2
W (w, e > (2.67)
2

coincides with
1 $S_2
{go e Wy (w, o > Dply = 0} . (2.68)
2

Note that both the spaces (2.67) and (2.68) consist of functions with the prop-
erties (2.59), (2.66), and the same norm; both are complete.
The proof of Lemma 2.13 is analogous to the proof of the well-known results

1 dli—2 . 1 o1 1
W2 W, dr = W2 w, dr =Wy | w, dr for |/€| > 1.

The traces on dw do not exist, in general (see Nikolskii et.al 1988, Theorem 1.2.4
and references therein). Note as well that

ol 1 1
{90 €W <w, d’“‘>} = {ngVV21 <w, d’f> 2 0] ow :0} for |k| <1

(see ibid, Theorem 1.2.1 and compare with Lemmas 2.12, 2.13 of the present paper).
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Lemma 2.14 Under the condition (2.33) we have

K—2 Kk—2
W} <w, " ) cw} <w, " >
2

Proof. Is evident.

3 Hardy’s Inequality

Lemma 3.1 If
1 mg—z
peW, <w, o5 >
and
¢ly =0,
then

(k=1)

w

4
/x§_2¢2($1,a}2)dw < 72/335[9072(331,2172)]2(1(# for k>1.
w

15

(2.69)

(3.1)

(3.2)

(3.3)

Proof. In what follows, without loss of generality, we suppose that the domain w lies

inside the rectangle

H::{(ml,x2)€R2:a<m1<b, O<x2<l}.

(3.4)

Let us complete a definition of the function ¢ in I \ €2, assuming ¢ to be equal to

zero here. Then (3.1) obviously implies

/[ n 2g02+:1: (p ,2)2]d1'[<+oo,
II

i.e., according to Fubini’s theorem, for almost every 1 €]a, b[

p(a1) € W3 (10,11, 2572 a5,

which is a weighted Sobolev space with the norm

l

o1 )y o052 / 57262 (e, ) + aflpa(an, ) Jdos.

0

Evidently,
w3 (10,10, 2572, a5) = w3 (16.11).

Hence, since in view of (3.2), for almost every x; €|a, b[

gp(l‘l, l) =0,

(3.5)
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we have

o(z1,.) € ACR(4,1) (3.7)

(i.e., for almost every x1 €]a, b| the function ¢ is absolutely continuous with respect
to x € [4,1] and satifies (3.6)). Therefore (see Opic, Kufner, 1992), for almost every
T E](I, b[v

I
252 lp(a1, mg)Pday < )2 /90 po(z1,22)?dzy for K> 1. (3.8)
5

S— _

Now, considering the limit procedure as § — 0, since the limits of the integrals in
(3.8) exist for almost every z; €|a, b[ because of (3.5), we get

i i
_ 4 .
/ajg 2[@(3:1,:172)]261:172 < /1‘2[9072(1‘1,1‘2)]2d$2 for k>1 (3.9)
0 0

for almost every fixed x1 €]a, b[. Integrating both the sides of (3.9) by x1 over |a, b],

we obtain
/mz 2p2dw = /m§_2g02dm1da:2

w II

4 K 2
< m/$2(902) dxyday
II
= 2 /m dw for k> 1.
O
Corollary 3.2 If
1
cwy
T (“” >
and (3.2) is fulfilled, then
/@2dw < 4/x§(gp72)2dw. (3.10)
Proof. Using the Lemma 3.1 for k = 2, we get the Corollary 3.2. O

Remark 3.3 Since

1
Ws <w5, xﬁ) = W (ws), (3.11)
2
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for

1
c W,
A (“"” m2>

with (3.2) from (3.8) we get

4
/x§_2g02dw < m/xS(QOQ)QdW for Kk >1.

ws ws

As from (3.11) there follows (3.7), the assertion becomes obvious.

4 Korn’s Weighted Inequality

Lemma 4.1 (Korn’s weighted inequality). Let k > 1, and

ol xn—Q
Uq EWo <w,; >, a=1,2,

K

2
then
/ 25 [(un0)? + (un)? + (ur2)? + (uz1)?] dow
< C/l‘g [(ul,l)z + (U2’2)2 + (U1,2 + U271)2] dw,
where

C::max{2+/£,2+(ﬁéi7ﬂl)2}.

Proof. By virtue of the definition of the space (2.57), there exist
n
Uug€ C5°(w)
such that
m
‘ua _UO‘H w2y — 0 a=1,2, as n — oo.
VV21 (w, 21” >
2
After integration by parts, taking into account (4.4), we get
/x; %172?’3271 dw = —/x; %1712?}2 dw

w w

1 m m m m
= /%/:L‘g 1 Uy U2 dw+/x’§ Uy U229 dw.

w w

On the one hand,

1 2 2
‘/l‘g 7171,11,17{22’2 dw‘ § 5 /ﬂj‘g |:(7'ZL11’1) + (7171,12,2) :| dw.
w

w

17

(3.12)

(4.1)

(4.4)

(4.5)

(4.6)



18 G. Jaiani and B.-W. Schulze

On the other hand, according to Lemma 2.13, we can use Hardy’s inequality (see
Lemma 3.1):

‘/xQ U1,11ﬁ2 dw‘ = ‘/m2 u11x2 %2 dw‘
< %[/33’2‘ (U1,1) dw+/ 5 2<u2) dw} (4.8)
< %[/xg ($1,1>2dw+ﬁ/$5 (’32’2)2(@].

Substituing the estimates (4.7), (4.8) in (4.6), we obtain

m m
‘/x’g Up 92 1 dw‘
w

1+ k& w (M 2 1 4K w (M 2
< 5 /:L’2 (u171> dw + 5 [1 + m] /IL’2 (U272> dw

w

Lo [o5]()" (5) 49

w

IN

where

4
Oy = max{l—l—/{,l—l—ﬁ}. (4.10)

For an arbitrary € €]0, 1[, in view of (4.9), we have

x5 [ <U1,1) + <U2,2) + <U1,2 + Uz,l) ]dw

> [ x5 <U1,1) + <U2,2) +e (U1,2 + U2,1> ]dw
w
[ /m 2 m 2 m 2 m 2
= /96'5 <U171) + <U2,2) +e (U1,2> +e <U271> + 2 U 2Ug }d
J L
K [ /m 2 m 2 m 2 m
> [ x5 <U1,1) + <U2,2) +e (U1,2) +e <U2,1) - 26‘ Ty Up2Us2 1 dw‘
w i w
[ /m 2 m 2 m 2 m 2
o () s () e () s ()
w

= [as{a—con[ (#1a)" + (Hae) | +e[ (r2) + (o) ] Jao

i [l ) () () (B e
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if we put
1

1+ Cy

E =

in the penultimate integral.
Now, taking m — oo on both the sides of (4.11) under the norm of Ls(w), we

get (4.2) because of z2uy g € Lo(w) and z2 (ug2 + ug1) € Lo(w). O

Remark 4.2 In the particular case k = 2, i.e.,

ol 1
Uo EWy <w, 2> (4.12)
L3

from (4.2), (4.3) we have

/m%[(u171)2 + (ug2)® + (u12)* + (U271)2]dw

w

<10 / 33% [ (u1,1)2 + (U272)2 + (ULQ + u271)2 ] dw. (4.13)

w

5 Weighted Boundary Value Problems

We study cos and sin vibrations

cos ct
Ue (71, T2, 1) :ua(:rl,xg){ sinct a=1,2,
( t) . ( ) cos ct
U3 (T1,T2,1) = V3(T1, T2 sin et

The 3D expressions for the displacement vector components U;(x1,xo,z3,t), i =
1,2, 3, corresponding to the N = 1 approximation have the following form

1 cos ct
Ua($17$27$37t) = §Ua($1,$2){ sin ct )

3 cos ct
Us(x1,x9,23,t) = 59031)3(90171132) { sin ot

The initial conditions, e.g., for ¢ = 0, look like

Ua(21,22,0) = un(z1,22), wv3(21,22,0) = v3(21, 22),

Oug (21, 22,0)
ot

87)3(%1 y L2, 0)

=0, ot

and
Ua(ZL'l,ZL'Q,O) = 07 U3($1,$2,0) = 07
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Oug (1, 22,0) Ovs(x1,x2,0)
ot ot
for cos and sin vibrations, respectively, and they are automatically fulfilled, provided
that BVPs for u := (uj,u9,vs3) are solved. Hence, we have to consider only BVPs
for wu.

= uq (21, 22), = v3(x1, 2),

Problem 5.1 Let us consider for the system (1.1) the following BCs:

-on -~y
u=g (5.1)
- on o either
g =ud, a=1,2 iff Iy(z;) < 400 (k< 1), (5.2)
1

v3 =09, iff I1(z1) < +oo (k < 5)’ (5.3)

or
X0 =0, a=12, (5.4)
hXn31 =0, (5.5)

or
(5.2), (5.5) (5.6)

or
(5.4), (5.3) (5.7)

or
(5.2) for a=1, (54) for a=2, (5.5) (5.8)

or
(54) for a=1, (5.2) for a=2, (5.5) (5.9)

or
(5.2) for a=1, (54) for a=2, (5.3) (5.10)

or
(5.4) for a=1, (5.2) for a=2, (5.3) (5.11)

or on different parts of vo different BCs

(5.2), (5.3): (5.4), (5.5); (5.6); (5.7); (5.8); (5.9); (5.10); (5.11) (5.12)

are given, where g and u° := (u(l],ug,vg) are the traces of a prescribed vector

Byl for 0<k <2,
u® € { 20 - (5.13)

Bwl__ for k>2
2,k—2

on v and g, respectively.
Since h > 0, in view of (1.7) - (1.9), BCs (5.4), (5.5) are weighted Neumann
type BCs and they shoud be understood as limits from w to ~vg.
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Let
V0= { u* = (uj,uz,v3) € BVV;6 cu*ly, =0 and
Uglyo =0, a=1,2, when Ip(z1) < +oo (k< 1)
provided that wu,,a = 1,2, are prescribed on 7y in BCs
1
V3|4 =0, when I;(z1) < 400 </€ < §> (5.14)
provided that wvs is presribed on -y in BCs in the sense of traces}
and

Vit i= {u* € BW217E :u*|y =0 in the sense of traces}. (5.15)
Obuviously, V}? and Vh“_2 are Hilbert spaces.

Definition 5.2 Let

fa€ La(w), a=1,2, h2f;€ Ly(w), (5.16)
and
I(z1)
k<2, e, / Th™(z1,7)dT < 400. (5.17)
0
A function
ue "Wy, (5.18)

will be called a weak solution of the Problem 5.1 (actually, there are several BVPs
indicated there) if

u—ul e Vho (5.19)
and (see (1.6) and (1.20))
Je(u, u*) := /Bc(u,u*)dw = —/fu*dw vu* € V. (5.20)
Definition 5.3 Let
2-k
2% fo € La(w), a=1,2, h™2fs€ Lyw), (5.21)
and
U(z1)
/ th™(z1,7)dT = +00. ie, K>2. (5.22)
0
A function

uwe W, — (5.23)
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will be called a weak solution of the Problem 5.1 if
u—u’eVi? (5.24)

and
Je(u,u*) = —/fu*dw Vu* e Vh”_Q. (5.25)

6 Existence and Uniqueness Theorems

Theorem 6.1 If (5.17), (5.16) are fulfilled,
ph® € C(w), a=1,2, (6.1)

and
2 6Nhli

<
© =550 2% max ph + h,, max ph?’
w w

(6.2)

then there exists a unique weak solution of the Problem 5.1 (more precisely, of each
BVP mentioned there) such that

2
_1
lullwg, < €[ 3 Wollza) + I~ E ol + 1ol ) (63

where the constant Cy is independent of f and uP.

Theorem 6.2 If (5.22), (5.21) are fulfilled,
phori € C@), a=1,2, (6.4)

and
2 GMhH(/{ — 1)2

c” < )
24C max(z5 "ph) + hy(k — 1)2 max(ph?)

(6.5)

then there exists a unique weak solution of the Problem 5.1 (more precisely, of one
BVP mentioned there, when on vy homogeneous BCs (5.4), (5.5) are set; the other
BVPs for (5.22) are not admissible) such that

2 2
2k 1 0
ey, < Co[ 3 oo™ falliar + 10 fllacs + 1wy ], (69
a=
where the constant Cy is independent of f and uP.

Remark 6.3 In the static case, i.e., when ¢ = 0, conditions (6.2) and (6.5) are
evidently fulfilled. Therefore, the existence and uniqueness theorems for the static
case follow from the Theorems 6.1 and 6.2.
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Proof of Theorem 6.1: Let u* := (uj,u},v;) and

u* e VP, (6.7)
then
1
ul € Wy (w, h>’ a=1,2, (6.8)
and
uy |y = 0. (6.9)

By virtue of (2.36), (2.39), from (6.8) it follows that

1 1
ul € Wy (w, zg) c Wy (w, x%) for 0<k<2. (6.10)

Hence, in view of (3.10), Lemma 2.13, and the relations (4.13), (2.41), (2.33), we
obtain

Jlwir + @] < 4 f oo + (3,)7] o
< 40 [ o [(ui ) + (aga)? + (i + )]
< a0 [ o) + () + (a4 3] o
4012 . . .
< 3 [(%,1)2 + (U2,2)2 + (uy g +us3,) }dw
Mg
(6.11)
Let
40127~ T
Ty = 0 . T, = A max(ph®), a=1,2, T3:=T\T)+ -2 (6.12)
phys w 6u
Taking into account (6.12), (1.10), from (6.11) we get
[ Jtw? + s
< Ton [ {20002 + 20050)° + (07 + 05)° + 18(05)° o
< 1 / B(u*,u)dw (6.13)
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From (2.11), (6.13), (1.11), (6.12), we have

ity = [ [@i?+ @ + B )de < 0+ B) [ Bt w)de

w w

Ty

Be(u,u) + Ty (ui)? + (u5)?] +

INA
—
_|_
S
—

IA

6/t

IN

_

_|_

S
€ \
S

&

2

:*

\.:*

IA
—
+
S
€ \
S
oy
o
IS
=
+
&3
——
oy
o
IS
u:*

1Ty [Bc(u*, u*) + c2p(h(u;)2 + h(u)? + 3h3(v;)2)} }>dw

(repeating the same (n —2) — times more)
1— T?Z"H-l

(1+T0)/{BC(U*7U*)1_7TB

w

+TRCp [h(u;)Q + R(ud)? + 3h3(v§)2} }dw.

IN

It is easy to see that, by virtue of (6.12),

24012~ max(ph) + h, max(ph?)

T3 =c?
3T Guhy

From (6.2), (6.15) we obtain
T; < 1.

In view of (6.16), for n — oo in (6.14), we get

||u ||%/}? < 1——T2 Bc(’LL , U )dw = 1_T§Jc(u , U ),
w
ie.,
* % 1_T3 * *
Jc(u U ) > 1—|—T0||u ||%/]? Vu EV}?

Thus, the bilinear form J.(u*,u*) defined by (5.20) is coercive.

2 18uh
I

T:
(1—|—T0)/ [Bc(u*’u*)+T1ToB(u*’u*)+_2B(u*’u*)

Be(u*,u*) + ¢*p [h(u“{)2 + h(u})? + 3h3(v§)2} }dw

(v5)? o

(6.14)

(6.15)

(6.16)

(6.17)
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Now, let us show boundedness of J.(u*,u*) defined by (5.20) in V0. Indeed,
from (5.20) with (1.10) for

u,u* € BVV;6 we have
| T (w, u*)| < /(Ah)%\uu +ugo + 3ug|(AR) 2wl + u o + 303|dw
w

4 / (241h) | (2 [ 1 o + / (241h) o] (20h) 11 e

w

1 1 1 1
(1h)? g,y + ur 2 (h)? w3y + uf pldeo + / (1812h) o3 (18y2h) |05 deo

w

(3ph®) % [v31|(3ph®) %[5, 1 | dew + / (3ph®) % |v3.2| (3ph®) % |05 5 |dw

w

« « T 1 1o
+T1/\u1|\u1|dw+T1/\u2|\u2|dw+i/(18,uh)2\vg\(18uh)2|1)3|dw

+

E\E;E

1 1
< [/Ah(um +ugs + 3v3)2dw} 2 [/)\h(u’{,l +uby + 3v§)2dw] :

w w

4—[/2,uh(u171)2dw};[/2,uh(u’f71)2dw}é

w

€

—l—[/2,uh(u272)2dw}%[/2uh(u§72)2dw}%

w

[N

+ ph(usg 1 + u172)2dw} {/,uh(ual + u}‘72)2dw]

N|=

18,uh(213)2dw} :/18,uh(v§)2dw]

(NI

_ 1
3l (v51)do]* | / 3uh(v51 | (6.18)

w

21 1
+| [ 3un3(vg0)2dw|? [ / 3uh3(v§’2)2dw}2

_l_
S S - S

w

+T1[/(u1)2dw];[/(u’f)zdw]% +T1[/(u2)2dw}é[/(uZ)zdw]%
ol 18uh(es)d] | / 18yh(05 2] < Tl s

where

T
Ty=7+2T + =2,
6
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In particular,
| Je(u,u™)| < Tallullyollu*llyo  Vu,u* € V3. (6.19)

It is easy to see that the linear functional

Fou* = —/fu*dw — J(u®u), ut eV, (6.20)

is bounded in V). Indeed, because of (6.18) and

[

2
X _1 1o,
S fall Lo lluil pow) + 11(181h) 2 £l 1 () |(18127) 205 | 15 )

a=1

IN

IN

2
-1 * *
(32 ettty + 1 0818) % fall e )l Vor* € VR,
a=1

we have

2
* -1 *
Fe] < [0 I allzate + 10850~ follyiey + Tallullomy [l (6:21)

a=1

According to the well-known Lax-Milgram theorem, by virtue of (6.17), (6.19),
(6.21), there exists a unique z € V;! such that

Jo(z,u*) = Fou* Yu* e VP (6.22)
and 147
0
< — .
Il < TPl o, (6.23)

0
*
where V), is dual to V.

From (6.20), (6.22) we get

Je(u,u*) = — /fu*dw vu* € VY, (6.24)

where
u:=u’+z ¢ BW216 (6.25)

So,

u—u’=ze V.

Hence, (5.19) is fulfilled. Besides, (6.24) and (5.20) are the same, i.e., (5.20) holds
as well. Thus, the existence and uniqueness of a weak solution is proved. We now
show its continuous dependence on the data.

From (6.21) it is evident that

2
_1
1Eell o < D allnaw) + 1(181R) 72 fal L) + Tallu’llm s (6.26)
h a=1 ’
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In view of (6.25), (6.23), (6.26), we have

0
lallows < Tallmwy, + el

1%—16
1— Ty

IN

2
1
[ Wallzae) + 10180) % foll e
a=1

(1 g 1) 1 ey

If we denote by

1%—16 _l],+-jb
= 1 Ty, (18 }
= max{ trop e U8
since Ty > 7, from (6.27) we get (6.3).
Proof of Theorem 6.2: Let

= ‘15—2’

then
xn—2
uy € W21<w, 2h ), a=1,2,

and (6.9) is fulfilled. From (6.29), (2.69), and Lemma 2.13 we conclude
* o1 )
Uy EWog (w, :L“S )

Hence, in view of (3.3), (4.2), (2.33), we obtain

27

(6.27)

(6.28)

(6.29)

(6.30)

Ja2 i+ wlas < = [efie? + @]
< e [ B R+ (3
< e [ 5 (i 07 o
. (6.31)
Let
70 ,uh,{(ic— gk T' := ¢ max(x3 "ph), T?:= TlTO—I—g—IZ. (6.32)
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Taking into account (6.32), (1.10), from (6.31) we get

[t o+ (s
< T [ B2 + 230 + (ahp +u30)? + 1805)7] do
< TO/B(u*,u*)dw. (6.33)

w

From (2.18), (2.11), (6.33), (1.11), (6.32), (6.12) we have

o[ -2 = / {572 i) + @3)°] + B u) fdw < (14 7°) /B(u*,u*)dw
WBC(u*, u*) + 2p [h(u’{)Q + h(ud)? + 3h3(v§)2] }dw )
Bo(u*,u*) + Tlaf 2 [(@)2 + (u;)ﬂ + g—;18uh(v§)2}dw

T:
< (1+7% [Bc(u*,u*) + T'TOB(u*, u*) + iB(u*,u*)}dw

IN

(1+T0)/<Bc(u*,u*)
—|—T3{Bc(u*, u) + ép [h(u“{)2 + h(ub)? + 3h3(v;)2} }>dw

(1 +TO)/<Bc(u*,u*) + T3 Bo(u*, )

IN

473 [Bc(u*, u*) + c2p(h(uf)2 + h(ub)? + 3h3(v§)2)} }>dw
(repeating the same (n — 2) — times more)
1— (T3)n+1
0 * ok
(a+7%) [ {Butw,u) 55—

w

(T3 [h(u’{)2 +h(ul)? + 3h3(v§)2] }dw. (6.34)

IN

It is easy to see that, by virtue of (6.32), (6.12),
24C max (x5 "ph) + hy(k — 1) max(ph?)
6phy(k —1)2

T3 =¢? (6.35)

From (6.5), (6.35) we obtain
T3 < 1. (6.36)
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In view of (6.36), for n — oo in (6.34), we get

1+171° . 1+7° .,
o s < 10 [ Bela uho = 1T ),

w
i.e.,

I e
Je(u,u*) > 7
Thus, the bilinear form J.(u*,u*) is coercive.

Similarly to the proof of (6.18), it is easy to show that

e V' € V2 (6.37)

| Je(u, u™)| < T4HuHBW1 Hu HBW1 Y, u* € BVV1 (6.38)
where
_7yorty 2
In particular,
| e (u, u™)| < T4HuHVhﬂszu*HVhfﬁz Yu, u* € V2 (6.39)

Now, let us show the boundedness of the following linear functional in Vh”‘_2
= —/fu*dw — J(u®, u*). (6.40)
Indeed, because of (6.38) and

‘/fu*dw‘ = ‘/ Zi: faa:2 Ua+(18Mh)_%f3(18uh)%v§]dw‘

IN

[Zm Fallzate + 10180) 7% foll e | I llyes V™ € ViE2,

a=1

we have

2 2—k
N 2ok _1
[Far| < {} o™ fallia + 10888) " fllc
+ T4||u0||BW1 ) ]||u [P T (6.41)

According to the Lax-Milgram theorem, by virtue of (6.37), (6.39), (6.41), there
exists a unique z € Vh“_2 such that

Jo(z,u*) = Fou* Yu* € V2 (6.42)

and

1479
lellygms < T IFell s, (6.43)
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xk—2
where V;,  is dual to V"2,
From (6.40), (6.42) we get

Je(u,u*) = —/fu*dw Vut € VT2, (6.44)
where
U= +zEBW21K2 (6.45)
So,

u—u’=ze V2
Hence, (5.24) is fulfilled. Besides, (6.44) and (5.25) are the same, i.e., (5.25) holds
as well. Thus, the existence and uniqueness of a weak solution is proved. We show

now its continuous dependence on the data.
From (6.41) it is evident that

IFell o~ fa

) + H(lgﬂh)_%f?,‘ Ll

2(Ww

: +T4Hu0HBW21_2. (6.46)

In view of (6.45), (6.43), (6.46), we have

fllows < Bllawy -+ ellgeos
1 +71°
< [ 7 fallia + |80 E | ]
Lo(w)
+(1+ — s )||u lows - (6.47)
Setting
1+7°_, 114 T°
Cy = max{l—i— 7 —T3T , (18p) 1—T3}
from (6.47) we get (6.6) because of T* > 7. O

7 Some General Remarks

Let us consider the static Problem 5.1 with homogeneous BCs (5.1), (5.4), (5.5).
Obviously, for the 2D solution we have

1 1 1 1
vi= (V10, V20, 031) € "Wy C Wy C Wy, for 0<r <1 (7.1)

On the other hand, as is shown in Jaiani, Kharibegeshvili, Natroshvili, Wendland,
2002, there exists a unique 2D solution

ve Hi(h,—h,w,) = W217h for 0<k<1
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(for notation H{i(h,—h,w,7) see the above reference) with zero traces on I' and
without any BCs on 7g. But since 3D displacement vector u € H'(Q), 3D surface
force F, := (Xn1, Xn2, Xn3) € L2(€2), and using Fubini theorem, it is easy to show
Foolvo =0, Fuily, = 0. Thus, for the tension-compression problem T}, |, = 0.

So, both the 2D solutions coincide, and, therefore, correspond to the 3D BVP,
when on the plate face surfaces (and if 0 < k < 1 on 7y as well) surface forces,
i.e., stresses and on the non-cusped edge (lateral surface) zero displacements are
given. It is remarkable that the static Problem 5.1 with BCs (5.1), (5.4), (5.5) we
have solved for any x > 1 (for k > 2, 2116 BW;,E C W21,h = Hi(h,—h,w,v) in
case of the tension-compression problem). Hence, the restriction x < 1 in Jaiani,
Kharibegashvili, Natroshvili, Wendland, 2002 was caused by the method of investi-
gation used there, but a unique weak solution, as we have seen, exists for any x > 0,
in particular, for £ > 1 as well, in the same space Hj (h,—h,w,7), i.e., also in the
case of a non-Lipschitz 3D domain {2.

Now, let us assume the existence of the above mixed 2D problem in the space
H}v(h, —h,w,~) and construct a weak solution for the corresponding (above-men-
tioned) 3D problem in the case of a non-Lipschitz Q as a limit in some sense for
N — 4o00. Such an approach seems to have a good chance for the proof of the
existence theorem for a non-Lipschitz 3D domain which is an open problem up to
now.
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