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Chapter 2

Exactly Soluble
Commutation Relations (The
Simplest Class of Classical

Mechanics)

Contents
2.1 Someexamples . . ... ..o 6
2.2 lLie commutation relations . . . . . .. . . .. ... ... 24
2.3 Non-Lie (nonlinear) commutation relations . . . . . . .. 33

In § 1.5 of the preceding chapter, we introduced the notions of left
and right ordered representations of a system of relations. Namely,
recall that for a given system X of relations,

kl km
Z:S‘Qa(Aj17---7Ajm):07 05217...7]\[7

operators ly,...,[, (respectively, r1,...,r,) acting in the space on n-
ary symbols are called operators of left (respectively, right) ordered

3



4 CHAPTER 2. Exactly Soluble Commutation Relations

representation if

((A) = A;f(A),
(ri/)(A) = F(A)A;

1 n
for any n-ary symbol f(z1,...,2,) € F, whenever A = (A1,..., A,) is
an n-tuple of F-generators satisfying Y. If a relation system Y admits
a left (or right) regular representation by F-generators in F,, then the
set

A={J(A) ] e Fu}

is an algebra, and the composition law is given by
F(A)g(A) = ([+9)(A) = (F+g)(A),

where

(In most cases,
def
[xg=1Txg9=f*g

in particular, this is always the case if the Jacobi condition holds.)
Thus, the existence of an ordered representation permits one to
move the arguments of f (or ¢) in the product

F(A)g(A) = [F A A [9(An - AL

to their respective places so as to obtain a single expression of the form

h(;h, e ,Zzln) For that reason, relation systems admitting an ordered
representation (left, or, equivalently, right) will be called systems of
commutation relations, or, for short, simply commutation relations.
Given a system of relations (probably arising from some specific
problem in quantum mechanics, differential equations, etc.), we face
the question as to whether this is a system of commutation relations



and, if this is the case, how to compute the left (or right) ordered
representation. These questions are by no means easy, and often the
answer cannot be given just by analyzing the form of the relations (see
the very first example in § 1 below). However, there exist wide classes
of relations systems for which the (positive) answer is known, and these
classes, along with certain examples that do not fit into these classes
but still can be treated individually, are the subject of this chapter.
In this chapter, we deal with “exactly soluble” commutation relations.
The description of the class of exactly soluble relations is fuzzy in that
it is based on human ability rather than on purely mathematical facts.
By terming some relations “exactly soluble,” we only mean that a proof
is known of the fact that these relations are commutation relations and
a method is available for writing out the ordered representation.

The present chapter is naturally divided into three sections. Section
1 comprises a series of simple examples in which the ordered represen-
tation 1s computed. FEach example usually starts from some specific
problem (often simplified and purely illustrative) in which the need for
computing the ordered representation of some specific relation system
arises. However, in treating the problem we do not go far beyond the
theme of this chapter, that is, we stop once the representation is com-
puted and, possibly, the Jacobi condition is verified. At most, we give
a few hints as to what might follow next. However, we return to the
consideration of some of these problems (in a setting that is closer to
real-life issues) in subsequent chapters.

In § 2 we deal with a series of increasingly complicated classes of
Lie commutation relations (that is, relations covered by the theory of
Lie algebras, Lie groups, and their representations.) Although the task
of noncommutative analysis is not the same as that of Lie theory, the
interaction between the two areas proves to be interesting and fruitful.

In § 3 we consider certain classes of non-Lie commutation relations
(often referred to as “nonlinear,” which is technically incorrect, since
Lie relations also involve nonlinear terms) and establish a technique
(actually, imitating the one for the Lie case) for constructing ordered
representations.

In closing, we point out that in this chapter we have tried to make
it clear that noncommutative analysis, like Earth in an ancient model
of the universe, rests on three whales:
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e ordered operators notation, including Feynman indices and au-
tonomous brackets;

e the commutation rule
AB=CA= Af(B)= f(C)A
(and its many-operator version);

e the quantization uniqueness theorem

A=C= f(A)=[(O).

Essentially, most of the complicated computations sometimes occur-
ring in noncommutative analysis are none other than the reduction of a
fact to be proved to the simplest commutation rule, often with the help
of the uniqueness theorem. The standard trick in such a reduction is to
use block matrix operators (we have already seen numerous examples
of that in Chapter 1) and symbols involving difference derivatives.

Having this in mind may well help the reader realize that noncom-
mutative analysis in no more intricate than the well-known differential
and integral calculus (which have their own whales like the Leibniz rule,
Newton-Leibniz formula, etc.).

2.1 Some examples

We start by giving a fairly simple example that shows that the property
of being a system of commutation relations is rather subtle and may
even depend on the Feynman ordering of the operators in the tuple as
well as on the choice of the class of admissible symbols.

Example 1 ([3]) We consider the system consisting of the single re-
lation

AB = B*A (2.1)

for two operators A and B. The symbol class F is assumed to be the
algebra of polynomials. Then the following assertion holds:



12
For tuples of the form (A, B), relation (2.1) is a system

2 1
of commutation relations. For tuples of the form (A, B),
relation (2.1) is not a system of commutation relations.

Indeed,
BIf(A Bl =B f(A, B)
and
ALF(A Bl =4 F(AL B) =A f(A.(B))
by the commutation theorem. Consequently, the left ordered represen-

tation operators for the ordering (}1, é) exist and have the form (where
the arguments of a symbol f are denoted by (x,y): f = f(z,y))

Laf(z,y) =2 f(z,y%), Ilsf(z,y)=yf(z,y) (2.2)

We note that the operators (2.2) satisfy relation (2.1):

Lals = (1)*La.

Thus, the Jacobi condition is satisfied, and the algebra A with two
generators A, B and relation (2.1) is isomorphic as a linear space to
the space of polynomials f(x,y) in two variables. The composition law
is given by

12

f*g=f(la,iB)g

or, more specifically, if
F=Yapaly®, g=> bpaly",

then
, L
frg= " apbpa’ty .

j7k7l7m
Now we are in a position to prove that there is no left ordered repre-

2 1
sentation for the ordering (A, B). Otherwise, we would have, for some

symbol f

BA= {4, B) = Y apA B = Y aj BF A
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(we have used the multiplication law for the ordering (}1, é)) Since 14
and [p satisfy the Jacobi condition, it follows that

_ 0,27k
Y = Za]kx y o,

which is impossible (the right-hand side does not contain odd powers

of y).
However, if, instead of polynomials, we admit symbols involving
arbitrary fractional powers of y, then the ordered representation for the

2 1
ordering (A, B) exists. In this case, it is more convenient to compute
the right ordered representation first. We have (the tilde is used to
distinguish from the old ordering)

?Bf(x,y)zyf(l',y), ?Af(xvy):xf(xvﬂ)‘

One obviously has!

retaf(z,y) = yaf(z,\/y),
?A%f(l’,y) = ?A(yzf(xvy)) = xyf(l’, \/y_)v

and so the Jacobi condition is satisfied:
FETAS (2, y) = TaTp

(note the reverse order of operators).
Now, by the general formula,

1 2

ZAf(l',y) = f(?Aﬂ:B)l’:xf(l'yy)

1 2

Isflz,y) = f(Fa,7B)y

(unfortunately, no simple explicit formula is available for the operator
IB).

The preceding example was only intended to illustrate the com-
plicated nature of the property of being commutation relations. We
proceed to examples that are more important practically.

'Needless to say, we assume that the variable y ranges in R



Example 2 Coordinate and momentum operators. We consider func-
tions of the operators

0 0
e @ny L= —ith L P = —ih 2.3
Qsee s Qs D1 L p e (2.3)

of coordinates and momenta in quantum mechanics. We shall use the
conventional ordering

2 2 !
(qla---vqnvplv"'7pn)‘

An important example of such functions is the Schrodinger operator

1 1 1

. 2 2 0 0 2 0

H=H coisly,—th —, ..., —ith — | = H |q,—ih — |, (2.4
iy. .., 9,,—1 9 i Ja. q,— Jq (2.4)

where H(q, p) is the classical Hamiltonian function, for example,

»?
H = — + V(q).
(@.p) =5 —+V(q)
(One possible definition of the operator H for fairly general Hamiltonian

functions (symbols) H € S*(R?*") is given by

) = (55) [ B it dp (25)

where u(p) is the quantum Fourier transform of u.) We wish to learn
how to compute products of the form H,H,. This may be helpful, for
example, in solving the Cauchy problem for the operator H,. One seeks
the solution of the problem

u

_'h
"o

+ Hiu=0, uf—o=uo(q) (2.6)

in the form )
u = H2 (t)uo
Then for the symbol Hy(t) = Hz(q,p,t) of the resolving operator of
problem (2.6) we obtain the problem
OH,

_'h
Py

+ H1 * H2 = 0, H2|t:0 =1. (27)
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So we are really interested in computing the twisted product *. To
simplify the notation, we consider the case n = 1. The operators ¢ and
p satisfy the Heisenberg commutation relation

[P, q] = —ih, (2.8)

which will be used as a basis for computing the regular representation.

We have ) )
qlf(9,p)] = ¢f(4,p),

and so
laf(q,p) = af(q,p), la=4q. (2.9)
On the other hand, by Theorem 5 of Chapter 1,
s o2 X 3. 0f 241 L Of 21
U] L@ - —nglds e

(the commutator is a scalar, and we can move the Feynman indices

over é and 3 together), whence we readily obtain
[, =p—1hd/0q. (2.11)
Note that the Jacobi condition is obviously satisfied,
[l 1] = —ih.
The composition law for h~!-pseudodifferential (i.e. Hamiltonian) op-

erators reads

1

2 0
Hy«Hy=H, |4,p—1ih a_q (H3(q,p)). (2.12)

Example 3 Coordinate and momenta operators revisited. The Wigner
equation.
Let 1, the “wave function,” be a solution of the Schrodinger equa-
tion
9

—@ha—+H¢ =0, (2.13)
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where H is the Schrodinger operator (2.4). The corresponding density
matriz (Blokhintsev matrix) p, that is, the rank one projection on ¢
given by the formulas

pu = (i, u)

(where (-, -) is the Ly inner product), satisfies the (reversed) Heisen-
berg equation
T
—zha +[H,p] = 0. (2.14)

Let us represent p as a function of the coordinate and momenta op-
2 1
erators (2.3): p = p(4q,p). Using the general formula (2.5) for functions
of the operators (2.3) is not difficult to find that?

1 ~ 1pT

plq,p) = (E)n w(q)(p)e™ . (2.15)

Let us find the equation satisfied by the function (2.15), which is known
as the density function. In principle, this equation could be derived di-
rectly from Eq. (2.13) with the use of properties of the quantum Fourier
transform. However, we prefer to use (2.14) and the composition for-
mula, thus obtaining

—ih%—l—H*p—p*H:O. (2.16)

The straightforward application of the expression (2.12) for the twisted
product is not advisable in the last term on the left-hand side in (2.16),

5 1
because in this case we would obtain the operator p | 4,p — ih 8%) oc-

curring in our equation, which is intended to be an equation for p.
However the remedy is clear. In the last term on the left-hand side, we
must use the right ordered representation operators:

p+ H = H(ry,1p)p. (2.17)

Let us compute these operators.

?We do not explicitly write out the argument ¢.
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We have

1
2

rof(q,p) = f|4p—1ih a% p=pflq,p),

that is, r, = p, and

1

2 ., 0
qu((bp) = f qvp_lha_ q
q

B < fDg,p) [ . DY
= f(q,p)q+;T(—@ha—q) (q)

0
= flg,p)g— iha—ﬁ(q,p)-

(The trick with the Taylor series expansion on the right-hand side can
easily be justified, say, by using the Taylor formula with remainder in
8%, and substituting all this into
(2.16), we finally obtain the following equation for the density function:

Hadamard’s form.) Thus, r, = ¢ —1

1

., Op(q,p,t) 2 L0
LTy —ih — ¢
h=—=5 — tH | br—ih 5 p(q,p,1)
1
ila—in Z b plqpt) =0 (2.18)
¢ ih o) elapt) =0. :

This is the Wigner equation, well known in quantum mechanics.
From this equation, it is easy to obtain the asymptotics of the density
function as A — 0 in the weak topology, that is, in the sense of distri-
butions. Indeed, suppose that p(q,p,t) can be expanded in a regular
asymptotic series in powers of h:

p(vavt) = ,00((]7p7t) - ihpl(q,p,t) - (ih)sz(q,p,t) RS (219)

where the coeflicients p; are independent of h.
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The expansion (2.19) means that

oQ

<p f > (=ih) < pj f >, (2.20)

7=0

for any Hamiltonian function f(q,p) independent of h, where

<p f>= /p(q,p)f(q,p) dq dp (2.21)

is the value of the distribution p on a test function p. The quantity (2.20) is very
important in quantum mechanics. This is just the mean value of the dynamic
variable f in the state described by p:

<p, f>=t(pf) = (F,0). (2.22)

Then we can expand the operators occurring in (2.18) in asymptotic
series in powers of (—ih) (in fact, this is just the Taylor expansion)
and obtain the following system of equations for the coefficients of the
expansion (2.19):

8,00 8H 8,00 8H 8,00 8,00
——t———— ———=—+{H =0 2.23
ot T op o aq oy — or T Uk =0, (2.23)
where { -, -} is the Poisson bracket,
0*H 9? 0*H 9?
——I_{val}:_ 2 p20+_ 2 p207
ot ap? Jq dq? Op
etc. (We do not write out the subsequent equations.) Equation (2.23)
is just the well-known Liouville equation for pg. It has the solution

po(t) = (g1’ ) po(0), (2.25)
where gi; is the Hamiltonian flow corresponding to the Hamilton func-
tion H.

8,01

(2.24)

It remains to note that the expansion (2.19) holds indeed for semiclassical wave
functions ¢. For example, if

¥(q) = e7Wa(g),
then o
plq,p) = a(q)é (p - 6—q)

is a measure concentrated on the Lagrangian manifold p = 22

g
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Remark 1 In the preceding examples, the operators or ordered rep-
resentation can be shown to be S*-generators in S*. It follows that
the corresponding twisted product is well defined on the entire symbol

space S°°(R*").

Example 4 Creation—annthilation operators. In various settings of
the second quantization method, the Hamiltonian of a system of par-
ticles, as well as other dynamic variables, is represented via so-called

creation—annihilation operators aj, at (where the index j numbers pos-

J
sible states of particles), which satisfy the commutation relations

laj,af] = ajaif —afa; = b,

[a;,ar] = [a}",a:] =0 (2.26)
if the particles in questions are bosons and the anticommutation rela-
tions

laj,afls = ajaf +afa; =,
laj.arly = [af.ai]s =0 (2.27)

if the particles are fermions.

Customarily, there are infinitely many possible states of particles
and accordingly, infinitely many operators a; and a}". We consider the
simplified model in which there are only n < oo possible states. (And
we actually carry out our computations only for n = 1.) Let us first
consider the case of bosons. We have two operators a and a™ satisfying
the relation

[a,at] = 1. (2.28)

2
Let us construct the left ordered representation for the orderings (cll, a't)
2
(the operator H(cll,a"') is said to be in the Wick normal form) and
1
(621, at) (the anti-Wick normal form). For the first case, we have
1

at[f(a,at)] = a*f(a,a*), (2.29)

alf(a,a*)] = a f(a,at)
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By transforming the second term, we obtain

12 1 .1 2 3,2 4, 0f 1 2, 4
al[f(a,a™)] = a f(a,at)+a (at— a"’)é(a,a"’,a"’)
112 of 1 2
= af(a,a+)—|— a—y(a,a"’)

Thus we have the following formulas for the left ordered representation
operators in this case:

0
It = [ = —. 2.31
2 “+ 3, (2.31)
Likewise, for the anti-Wick ordering we have
. 9 -
T=y——. l=uz. 2.32
=g x (2.32)

We point out that the operators [ and I* are not S -generators in
5. Indeed, let us, say, consider the operator [. The corresponding
one-parameter group

U(t) = e (2.33)
has the form

[U) f)(a,y) = €™ fla,y +it) (2.34)

and hence is well defined only on analytic symbols. Accordingly, one
is forced to deal with classes of symbols represented by entire analytic
functions (cf. [4]).

Now let us consider the case of fermions. In the simplest case, we
have two operators, a and a*, satisfying the three anticommutation
relations

la,a"]4 = 1, (2.35)
[a,a]y = [aT,at]y =0. (2.36)

In fact, relation (2.35) alone is sufficient for computing the regular
representation operators. Note that (2.35) can be rewritten in the form

G (at+at) =1. (2.37)
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Let us compute the left ordered representation for the Wick ordering

(clz, 62l+). (Since (2.35) is symmetric with respect to the change a = a™,

the formulas for the anti-Wick ordering will be similar, with an obvious
change in notation.) We have

at[f(a,a*)] =a* fla,a*),

and so

It =y (2.38)

now, to compute [, we observe that

alf(a,at)] =a f(a,a*) =a f(a,— a*)+ a (f(a,a*) - f(a,—a*)).

() = =) = i i - a0
Yy
SRIGEE R IUER
- 5_f(é;é+,—é+) (2.39)

(here we have used (2.37)). Let us introduce the operator x of inversion
with respect to the variable y:

£f(@,y) = flz,—y).
The difference derivative in (2.39) can be represented in the form

5f 1
5, = a1 (2.40)

All in all, we obtain

I=a2+ —(1-k&). (2.41)
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Let us verify the Jacobi condition. We have
[T e fley) = I+ f
1 1
= yxf+ §(f—/<lf)‘|‘l'yf+§(f+/ff)

= 2ayf+/, (2.42)
50 f(zy) = v f(a,y), (2.43)

1 e f(ey) = x2f<x,y>+§<f—mf>+j?<1—ﬁ)f
= (=) (2.44)

Thus, the Jacobi condition is not satisfied! This, of course, does not
prevent one from using the ordered representation operators (2.38) and
(2.41). However, if one wishes to “force” relations (2.35), (2.36) to
satisfy the Jacobi condition, in view of all the nice consequences of that
condition, then the idea of using symbols that are ordinary functions
must be abandoned. Instead, one can use symbols that are functions of
anticommuting variables, i.e., symbols that are elements of Grassmann
algebras. We refer the reader to [4], where this topic is covered in deep
detail.

Example 5 Our next example deals with finite-difference approxima-
tions (difference schemes). A typical finite-difference equation has the
form (we consider the one-dimensional case)

Du

> ag(z)u(z + ah) = f(x), (2.45)

O

where the summation with respect to « ranges over some set of integers
(the stencil) and h is the grid increment. The known right-hand side
f(x), as well as the unknown function u(x), are usually treated as grid
functions. However, it is more convenient for us to assume that f(x)
and u(x) are defined for all + € R. (To achieve this for the right-hand

side f(x), one can, say, use interpolation.)
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Equation (2.45) can be represented via functions of x and —iaa—x in

D
H(x%%>uﬁ (2.46)

H(x,p) = Zaa(x)emph. (2.47)

However, equally useful is the representation, which will be derived

the form

where

below, via difference derivative operators.
Consider the operators d1 given by

((S_|_f)($) = )

(0-f)(z) = ; (2.48)
(the forward and backward difference derivative). Then
fle+h) = (1+hé)f,
fla—h) = (1—hé_)f (2.49)

and the operator D occurring in (2.45) can be rewritten in the form

N

D => as(x)(1+hé)" + > as(z)(1+h5_)™™ (2.50)

a>0 a<0

At first glance, the representation (2.50) does not seem to be partic-
ularly simple, but it usually becomes so if the original operator D stems
from a finite-difference representation of some differential operator. For
example, the usual approximations to 88_1’ are

1
5+7 5—7 5(54-—'_5—)7
and the most widely used approximation to - 2 s

A — (S+(S_ — (S_(S_|_,

[Af](z) = ﬂx+M+f%_h%Qﬂ@. (2.51)
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The three operators x, §_, and d, satisfy the commutation relations

[5+7x]
[, 2]
[5+75—]

1+ hé,.,
1— hé_, (2.52)
0.

(2.53)

Let us construct the operators of ordered representation for the triple

11
(:%;,5+,5_). These representation operators will be denoted by [, {4,

[_.
We have, first of all,

2 1 1
x[[f(xv(s-l-v(s—

=% F(2,64,5.),

and so [, = . To find {1, let us rewrite the first relation in (2.52) in

the form

Then we readily obtain

2 1 1 3 2
o+[f(x,64,6-] = &4 f(2,64

75—)

3 4 11
= 5+ f(l‘ +h,5+,5_) (255)

3
‘|‘5+( T +h— x)(s

)
2 4 v b b

0f 2 2

1 2 11 11
= 5+ f(l‘ —I_hv(s-l-v(s—)—l_g(x?x—I_hv(s-l-v(s—)‘

Hence

Likewise, similar computations give

I_=y(1—hé_)+6_. (2.57)

Let us verify the Jacobi condition, We obviously have

[ly,0_] = 0.
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Next,
[+ ] = [y(L+hdéy) + 04, 2] = (1 +yh)[ds, 2]
= (L+yh)(14hoy) =14 hly(l + hdy) + d4]
— 14 hly,

and similarly for [[_,[,]. Hence the Jacobi condition is satisfied.

Example 6 We consider degenerate differential equations of the Fuch-

, o d
H (T,@r dr) u=f. (2.58)

The operators occurring in such equations are represented as functions

of the ordered pair (}1, é), where

sian type:

d
A=wr—, B=r. 2.
Ul r (2.59)

Let us evaluate the left and right ordered representations for this
pair. We have the commutation relation

[A,B] =18, (2.60)
which can also be rewritten in the form
AB = B(A+1) (2.61)

suitable for the application of the simplest commutation rule. Let us
first evaluate the right ordered representation, We have

[F(A B)A = f(AB) A (2.62)
and
LF(A, BB = f(A, B) B= f(A+i,B) B (2.63)

by the commutation rule with regard for (2.61). Consequently, the
ordered representation operators have the form

ra=z, rg=yl, (2.64)



where T is the shift operator with unit imaginary step,

Tf(x,y) = flx+1,y).

Symbolically, T' can be written in the form

We obviously have

rera = (ra+i)re,

21

(2.65)

(2.66)

and so the Jacobi condition is satisfied. Now let us compute the left

ordered representation. To this end, we note that

p(Tx =ig'(1) + ve(1).

(2.67)

Indeed, consider the operator T in the two-dimensional space H of

linear functions of z:

H=A{u(x)|u(z)=ax+0b, a,c€ C}.

(2.68)

This operator leaves the space ‘H invariant; it acts on the basis functions

as follows:
Ter = z+1,
Tl = 1.
Now we have, by induction,
TrFy = 24 k,
"1 =1

and for an arbitrary polynomial p(T) = 3 axT*,

p(T)1 = Z ar,

p(M)z = Y ar(x+ik) = p(l)z +ip'(1).

(2.69)

(2.70)

(2.71)
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Now we arrive at formula (2.66) for arbitrary symbols by the uniqueness
theorem. Having this in mind, we readily obtain

ls = f(Fa,rs)y =yf(zy),
2 1 . of
la = f(ra,rp)r==af(z,y)+ @ya—y(f]‘?ay)a (2.72)
that is,
e,
[ 4 ::zj—l—zya—y, lg=uy. (2.73)

It is not at all obvious from the expressions (2.73) that the class of
symbols for which functions of the operators A = ir% and B = r form
an algebra cannot be S* and must satisfy the severe restriction of
analyticity. However, this becomes pretty obvious once we look at the
operators r4 and rg. The operator rg involves shift into the complex
plane with respect to the variable x, and so reasonable class of symbols

must contain only symbols analytic in the variable .

Example 7 We consider degenerate differential equations with higher
order of degeneracy at the point r = 0:

H (r,irk"'l%) u=f, (2.74)

where k > 1 is an integer (for simplicity).
Here the very definition of the operator (2.74) for functions H(y, x)
nonanalytic in the second argument is obscure. Indeed, the operator

A = ir¥1 L even does not generate a one-parameter group! To verify
dr

this, consider the equation
du du
Ay = —pF 2.75
a~ T A (2.75)
The corresponding characteristic equation reads
r= —rk+l (2.76)

and the trajectories are readily seen to exit to infinity in finite time. One
possible way of improving the situation when dealing with such singular
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points is as follows. Note that we are actually interested in the vicinity
of the singular point r = 0, while the behavior of the coefficients for
large |r| seems to be irrelevant to our study. Accordingly, we replace the
operator ir*t! % by another operator, which behaves well at infinity and
coincides with irk"'l% for small r. Namely, we consider a real-valued
function ¢(r) such that ¢(r) # 0 for r # 0 and

r) ="t for |r] < i
w(r) rl <3 (2.17)
e(r)=+41 for |r| > 1.
We set y
A= —, B= 2.
i) B (2.78)

12
and consider functions of the ordered pair (A, B). The operators A and
B satisfy the “nonlinear” commutation relation

[A, B] = ip(B), (2.79)

and now we shall construct the left ordered representation of this rela-
tion. We have

and

ALFCAB] = ALF(A B

Thus, the formula for the left regular representation operators reads

, d
[y =x+ u,o(y)a—y, lg=uy. (2.80)

It can be proved that these operators are S*-generators in S, and
so for higher-order singular points (but not for Fuchsian points) the
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algebra of functions of operators “describing” the singularity can be
chosen to be the algebra of functions of A and B with 5% symbols.

As to our example, it remains to verify that the Jacobi condition
holds. This is however easy:

[La; 18] = i'(y) = 1¢'(1B).

In conclusion, we note that computing the right ordered representation
for the relations (2.79) explicitly would be a boring task in view of the
nonlinear nature of the commutation relations. Actually, no explicit
formula is available for this case.

2.2 Lie commutation relations

Having considered certain examples, we now proceed to some general
classes of commutation relations. The first of these classes is the class of
so-called Lie commutation relations, which naturally enjoys extensive
connections with the well-known theory of Lie groups and Lie algebras.
Our exposition, however, mostly does not rely upon this theory, and
we try to keep it as elementary as possible.

In this section we deal with commutation relations of the form

[Aj, Al = =i ) ¢ Ay, (2.81)

where the cék are some constants. The factor —i is introduced in (2.81)
for the sake of convenience, so that, for real cék, relation (2.81) could
be satisfied by self-adjoint operators A;, j = 1,...,n. Relations (2.81)
are referred to as Lie commutation relations, because they say that the
operators (Aj,..., Ay) form a representation of the Lie algebra with
structural constants cé p- In view of the skew-symmetry of the commu-
tator, [A, B] = —[B, A], the structural constants change sign under the
transposition of subscripts,

b+ ¢y =0. (2.82)

(The violation of this condition would imply that there necessarily ex-
ists a nontrivial linear identity satisfied by Aq,..., A,, so that some of
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the operators Ay,..., A, can be expressed via the others and we ac-
tually deal with functions of a shorter tuple of operators.) Next, the
commutators satisfy the easy-to-verify Jacobi identity

[[A, B],Cl+ [[B,C], Al + [[C, A], B] =0, (2.83)

and, assuming Aq,..., A, to be linearly independent, this also implies
certain conditions imposed on the structural constants. We do not
write out these conditions (the reader way wish to do this himself or
herself), but in the following we always assume that this condition is
satisfied.

Our task is to compute the ordered representation of the n-tuple

(;11, o ,Zzln) (or, more precisely, of relations (2.81) for this particular
ordering of operators) and find symbol classes in which these represen-
tation operators act.

First, we note that relations (2.81) can be rewritten in “vector
form.” Namely, let us introduce the column vector

A=Ay, A (2.84)

and consider all relations in (2.81) for some given k, while j ranges from
1 to n. These relations can be rewritten as

— . —

where [ is the n x n identity matrix and Ay is the matrix with entries
(Ap)ji = cék, known as the matrix of the adjoint representation of the
Lie algebra. The obvious advantage of (2.85) is that now we can widely
use the standard commutation formula:

Af(AY) = F(A @ T —ifg) A (2.86)

for any suitable symbol f(x). We also note that the two terms Ay @ [
and —1A; commute, which will also prove convenient in our subsequent
computations. Relation (2.86) can also be rewritten in the form

A J(AR) = g(Ay) A, (2.87)

where

glar) = €M% fay). (2.88)
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Let us introduce the auailiary representation operators Lj; such that

41 1 / 42 n+1 1 n
Ak FAL e A A e A ) = (L) (AL oy A). (2.89)

In particular, we have
Lk =ly, Lok =1y (2.90)

(the operators of left and right regular representation, respectively).

For given j, by Z]‘ we denote the column vector

%
L]: (lev-"vLjn); (291)

then
it io+2 =

1 n 1 n
A flA1,. -y Ajy Ajitsey An) = (L F)(A1, ..., An). (2.92)

On the other hand, we can rewrite (2.87), (2.88) with additional oper-
ator arguments:

11 ] .

1 J g 1 -1 J+1 n
A f(A17---7Aj7 Aj-|—17---7An) :Ag(A17---7 Aj—h AJ‘,...,An),
(2.93)
where
—iA]i
gy, xn) =€ 7% fag,.x,). (2.94)

Both sides of (2.94) can be reduced to the standard form of functions of

(;11, o ,Zzln) with the help of (2.92). Assuming that the Jacobi condi-
tion is satisfied, this implies the equality of the corresponding symbols.
Thus we obtain

— —+ —iA 2
L] f :Lj—l € J BIJ f (295)
for any symbol f, or
- = —iA; 2 .
Li=Lj—1e "%, j=1,....,n. (2.96)

This can also be rewritten as follows:

‘A9 8 A —2—
Mngor ¢ An-tam, o M T (2.97)

"
L]:Ln €
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(in the equation with j = n, the product of_)exponentials is empty).
However, we know certain components of the L; very well. Namely, we
have
Lij=x;, j=1,...,n. (2.98)
Indeed,
itl i Jt2

1 n J 1 J n
Ajf(Al,...,Aj, Aj_|_1,...,An) =A; f(Al,...,Aj,...,An), (2.99)

since we need not permute A; with any operators that do not commute
with A;. Thus, we disregard the identity for j = 0 in (2.97) and pick

up the jth row in each of the remaining identities, y = 1,..., n:
n . : el
k=1 kg

This is a system of n equations for n unknown operators [, of the left
ordered representation, and if this system is solvable, then the solution
provides the desired left ordered representation operators. We readily
see that these operators are linear and homogeneous in (x1,...,z,).
Now let us study system (2.100) more thoroughly. We shall seek
the left ordered representation operators in the form
1
2 0

=g |et,—i—|, j=1,....n (2.101)
X

Then for the symbols g;(x, p) we obtain the system

Z[B_A"pn . €_AJ+1pJ+1]k]‘gk($7p) =z, ] = 1, ey, (2102)
k=1

or, in matrix form,
A(p)g(x, p) =,
where

(A(p))jx = [e7 Mrrn e Momimani ]y (2.103)

(here *A is the transpose of A, and the empty product is, by convention,
the identity matrix).
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Thus the main problem is whether the matrix (2.103) is invertible.
Note that this is always the case for small |p|, since A(0) is just the
identity matrix. Accordingly, the operators of left ordered representa-
tion are well defined on the space of functions whose Fourier transform
is supported in a sufficiently small neighborhood of the origin. Indeed,
if u(x) is such a function, then we can set

n/2
[u = (%) / /eipr_l(p)xﬂ(p) dp, (2.104)
which is well defined as long as the support of w is concentrated near
zero. By the Paley—Wiener theorem, this forces u(x) to be an analytic
function of certain exponential growth.

However, in some cases we can say more about the solvability of
system (2.103). Suppose that all adjoint representation matrices A;,
J =1,...,n, are simultaneously upper triangular (or lower triangular).
This precisely corresponds to the case in which the corresponding Lie
algebra is soluble (and the basis operators Aj,..., A, are chosen in a
special way). Then the matrices e~"MPs are also triangular, and so is
any product of these matrices. Let )\Ej) = cfk be the diagonal entries of
these matrices. The matrix A(p) is triangular with diagonal entries

A(p)j; = exp (— Zn: pkAﬁf)) : (2.105)

k=7+1

whence we see that A(p) is invertible for all p and (A(p))~! has entries
that grow at most exponentially in p as |p| = co. Accordingly, the left
ordered representation operators are defined on functions whose Fourier
transform decays faster than some exponential at infinity (the precise
order of the exponential depends on the commutation relations).

Next, suppose that the adjoint representation matrices satisfy the
following, more restrictive condition: they are strictly triangular, that
is (upper- or lower-) triangular with zeros on the main diagonal. This
is precisely the case in which the corresponding Lie algebra is nilpotent
(and the basis operators are chosen in a special way). The matrices A;
themselves are nilpotent:

(A))" =0 (2.106)
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(it may happen that (A;)* = 0 for some s < n + 1). Accordingly, the
exponentials degenerate into polynomials of order > n; more precisely,

e_tAkpk =1+ Dk(pk),

where Dy (py) is a polynomial strictly triangular (and hence nilpotent)
matrix. One can readily see that in this case a similar relation holds
for A(p):

A(p) =1+ D(p), (2.107)

where D(p) is a strictly triangular polynomial matrix. The inverse of
A(p) is hence given by a finite segment of the Neumann series:

[AP]™ =1=D(p) + D(p)* — ...+ (=1)"(D(p))".

We see that for the case of nilpotent Lie algebras (and a special
choice of the basis) the ordered representation operators are differential
operators with linear coefficients and hence are well defined on wide
symbol classes. This conclusion is valid only for a special basis; in
other words, a linear transformation of the original operators Ay,..., A,
might be necessary, so that for the transformed tuple the following
condition is satisfied: The commutator [A;, Ax] is a linear combination
of operators A; with | < min{j,k}. (For soluble Lie algebras, the
condition says that [ < min{j, k} instead.)

However, there is one more specific case in which the left ordered

representation of a tuple (}h, .. ,Zn) forming a representation of a
nilpotent Lie algebra can be computed and is given by differential op-
erators even though the adjoint representation matrices corresponding
to this basis need not be upper- of lower- triangular. Namely, suppose
that the commutation relations have the form?

[A;, Al = =1 Ay my, 7>k, (2.108)

where {: {1,...,n}x{l,...,n} = {0,...,n} is some mapping and we
adopt the convention that Ag = 0. This was the original class of com-
mutation relations considered by Maslov [1]. For these commutation

30ne can also introduce a constant factor pu(j,k) on the right-hand side in

(2.108).
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relations, one can compute the left ordered representation operators
without solving system (2.102), and these operators are differential op-
erators. We proceed as follows. To each A;, we assign its level v(A;).
By definition, v(A;) = 0 if A; commutes with all other operators Ay.
Otherwise, v(A;) is the length of the maximal nontrivial commutator
that involves A;. Now let us try to compute the ordered representation
operators. In the expression
ntl n

ALF A A =45 F(An - ),

n+1
we must move the operator A ; to its place. To this end, we must
J+1

permute it with the operators A ;iq,..., Zn:
n+1 1 n 7 1 n
A]f(A177An) :A] f(A177An)
L k1 Of 1 kE  k+2 k+3 n+2
—1 Z A 1.k %(Ah---;Ak, Ags Agtts-oos An),
k

k=7+1

where all operators Ay ) have a level less than that of A;. Next, we
move the operators A ) to their respective places. In doing so, we ob-
tain higher order difference derivatives and new commutators (2.108),
whose level is again reduced at least by one. In finitely many steps,
we arrive at the situation in which all newly obtained commutators
have the level 0, that is, commute with all other operators in the tu-

ple (}h, ey Zn) These commutators move to their respective places
automatically, and the difference derivatives turn into the usual partial
derivatives. This provides a differential expression for the operators
of left ordered representation. In a similar way, one can obtain the
right ordered representation operators. It was also proved in [1] that in
this situation the ordered representation operators are S°-generators
in 5.

Now we return to the case of general Lie commutation relations.
The subsequent text (up to the end of this section) is not used in the
remaining part of the book and is intended for more advanced readers
familiar with the theory of Lie groups and their representations.

As we have already mentioned, in the general case the matrix A(p) is
not globally invertible, and hence the ordered representation operators
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are not defined “globally,” i.e., for functions with arbitrary support of
the Fourier transform. This is not occasional; the point is that the
Fourier transforms of symbols actually live on the corresponding Lie
group rather than on the linear space R}. So everything goes fine with
our computations as long as the Lie group is nilpotent or soluble and
hence isomorphic to R}.

Let us outline the general construction and its relationship with the
representation theory of Lie groups.

Let Ay,..., A, be the generators of a continuous representation
T = G — End (V) of a Lie group G in a linear space V. (We do
not assume that V' is a Hilbert or Banach space, since in most appli-
cations of noncommutative analysis V' is a convergence space of more
complicated nature. Since we only outline the subject, we shall not be
too pedantic about convergence issues in what follows; instead, we omit
them altogether.) Thus,

9
t=0

Aj = [—%T(exp(aﬂ))]

where (ay,...,a,) is a basis of the Lie algebra g = T.G, exp : g — G is
the exponential mapping, and exp(a;t) is the one-parameter subgroup
corresponding to a;. Let f(xy,...,x,) be a given symbol. We intend to

1 n
define the operator f(A1,..., A,). Under suitable analytic conditions,
one can set

" n/2 N ) )
FAr e A = (%) [ Rt tget e,
(2.109)

where f(t1,...,t,) is the Fourier transform of f. Note that
¢V = T(exp(ajt;))

is just the representation of the corresponding one-parameter subgroup.
We define an “ordered exponential mapping”

exp;: g~ G

by setting
exp,(t) = exp(anty) - ... exp(aity). (2.110)
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Then we have

1 n 1 n/2 ~
F . A = (%) Fltt, o t)T(expy ()i . dt,. (2.111)

We can interpret (2.111) as an integral over the group G-

n

A= () [Horde e

where
o) = Foy | 222

is the group Fourier transform of f and dg is the Haar measure. Thus,

¢ 5 D(eXpl(t))‘

1 n
f(A1,..., An) is just an element in the representation of the group

algebra of G,

n

F(Arse s ) = T(f), (2.113)

where
1w = ()" [ oo 211

Now we see that

LAl At A LAy Aa)] = Ty o), (2.115)

where

fixfo= /fl(gh_l)fz(h) dh
G

is the standard convolution in the group algebra, but the problem is
that fi * fo need not be the group Fourier transform of any function

g@(tl, Ce ,tn)
However, the convolution can be expressed as

foxfo= 01, 00)( o), (2.116)

where vy, ..., v, are the right-invariant vector fields on ¢ corresponding
to the basis elements aq, ..., a, of the Lie algebra.

The main conclusions concerning ordered representations of Lie
commutation relations are as follows.
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(1) For nilpotent commutation relations, the technique of noncommu-
tative analysis applies in full strength and produces left ordered
representation in the form of differential operators that are S*°-

1 n
generators in S*. Accordingly, the functions of (A1,..., A,) with
symbols in S are in general well defined and form an algebra.

(2) For soluble relations, the global ordered representation still exists,
but is given by pseudodifferential operators whose one-parameter
groups may exhibit exponential growth. The class of admissible
symbols is usually restricted by some severe analyticity condi-
tions.

(3) Finally, for general Lie commutation relations that are neither
nilpotent nor soluble, there is usually no globally defined ordered
representation, and so the calculus of functions of such operators
is, in a sense, “crippled.” An adequate theory in this case is
representation theory of Lie groups.

Fortunately, in applications of noncommutative analysis one usu-
ally deals with nilpotent or at least soluble relations (in any case, the
absence of explicit formulas makes noncommutative analysis less useful
for general commutation relations). In the following section, we shall
consider a class of nonlinear relations close to that of nilpotent Lie
algebras.

2.3 Non-Lie (nonlinear) commutation re-
lations

In this section, which is final in this chapter, we consider two classes of
commutation relations which in a way generalize the Lie commutation
relations but still are soluble under appropriate conditions. The first of
these classes was introduced in [3]; the second class was mentioned in
[1] and [3] and the computations were carried out in [2]. Our exposition
mainly follows [2].
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1°. “Matrix commutativity” relations. We consider commuta-
tion relations of the form

ApA; =D AEG(AY), k=10, (2.117)

r=1

where the [ (x) € F are given symbols. The notation of noncommu-
tative analysis is strong enough to admit rewriting these relations in
matrix form:

ARA = AF(Ay), k=1,...,n, (2.118)

where A is the row vector A = (A1,..., A,) and Fi(x) is the matrix
function with entries

(Fe(x))n; = Fi;(2). (2.119)

Clearly, relations (2.117) generalize Lie commutation relations, which
are obtained from the former in the special case in which Fj(x) =
Ez + ¢, F being the identity matrix and ¢; being the kth matrix of
the adjoint representation.

We impose some conditions on relations (2.117) in order to ensure
that the corresponding representation operators can be evaluated in a
closed form. These conditions generalize the nilpotency condition for
Lie algebras. They are as follows.

Condition A. Each matrix Fy(z) is lower triangular, that is, F{;(z) =
0 for r < j.

Condition B. The diagonal entries F,‘j](:zj) of the matrix function Fi(x)
have inverse functions ¢y, (x) € F:

Fili(eri(2)) = on(Fls(x)) =2, kj=1,....n

Both conditions are satisfied for nilpotent (and even soluble) Lie al-
gebras (in an appropriate basis); the first condition is just the condition
that the algebra be soluble; the second condition is obviously satisfied,
since for Lie algebras the diagonal entries of the matrix Fi(x) have the
form

Fli(x) =« + ¢, (2.120)

whence ppi(z) = — cij.
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We introduce the matrix operators

1
0
Uy = exp { (Fy(iy) — B &7,) — (2.121)
8:1;k
in F,, and the scalar operators
Dy =U,U,-1...Ujr1]sj, 7 <n,
i=1 1 +lsis J (2.122)

Dsn:(ssna 821,...

where 4, is the Kronecker delta.
Next, let R; : F, — F, be the operator acting by the following
formulas:

(Ri )1, 00) = { J@r s @i i1 (@5en)s o Pns (@),

flae, .. xq), Jj=n.
We refer the reader to [2] for the proof of the following two theorems.

Theorem 8 The left ordered representation operators of the commu-
tation relations (2.117) satisfying conditions A and B exist (and, of
course, are unique if the Jacobi condition is satisfied). They can be
chosen to satisfy the system of equations

Dy =5, j=1,...,n (2.123)
s=1

We do not give the proof here, since it is completely similar to that
used in the analysis of Lie commutation relations in § 2.2.
Now let us define operators

Mg« F,—F,, s,3=1,...,n,

by setting, for each 7 =1,....n,
Mg = 0, s<y; (2.124)
M;; = R, (2.125)
s—1

MSJ‘ = _RsZDslMlj7 S>j. (2126)
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(Relations (2.126) are applied consecutively for s =5+ 1,54+ 2,...,n.
Each time, the right-hand side is already known.)

Theorem 9 The operators
Ly =" xp My, (2.127)
k=1

are the operators of left ordered representation of the system of com-
mutation relations (2.117).

Again, we omit the proof, which amounts to the boresome substi-
tution of the operators (2.127), with regard for the recursion relations

(2.124)—(2.126), into Eqs. (2.123) and is in fact an exercise in solving
triangular systems of equations.

2°. Lie commutation relations with variable coefficients.
The second class of commutation relations considered here generalizes
Lie commutation relations in a somewhat different but very natural
direction.

Suppose that we are given a tuple of operators (Ay,..., A,) that
satisfy the commutation relations

n

[Aj, Al = —i> (B, ,Bu)A., g k=1,...,n, (2.128)

r=1
where By, ..., B,, are some other operators commuting with one an-
other:
[B;,Bs] =0, s,i=1,...,m. (2.129)

An example is given by a suitable system of vector fields 1y = 144,.. .,
x, = 1A, in the space* R*, so that the commutator of any two fields
is expressed as a linear combination of these fields with coefficients
depending on x:

X, Xi] = 3 (@) X, (2.130)

4Generalizations to manifolds are also possible; see [3], § 3.5 for some discussion
of the topic.
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Here the B; are just the operators of multiplication by independent
variables. This example also has another important property: the com-
mutators [X;, 2] are just functions of x:

[Xj, 2] = Xj(2) = (). (2.131)

We also require that this general property be valid for our system of
operators. Thus, we consider the following “Lie commutation relations
with variable coefficients”:

[Aj, Ax] = —iZc;k(Bl,...,Bm)A,,, g k=1,...n; (2.132)
r=1

[Aj, Bs] = —ipjs(B1,...,Bn),7=1,...,n, s=1,...,m; (2.133)
(B;,B,) =0, jos=1,....n. (2.134)

By virtue of the last group of relations, we need not introduce distinct
Feynman indices for the arguments By, ..., B,, of functions occurring
in (2.132)—(2.133).

We shall outline a method for constructing the left ordered rep-
resentation of the commutation relations (2.132)—(2.134). Our line of
argument follows [2]. We refer the reader to [2] for the proofs of a series
of rather technical lemmas involved in this argument.

Thus, we intend to construct the left ordered representation of an

1 n n+1 n+1 . . .
operator tuple (Ay,..., An, B1,..., B ) satisfying the commutation

relations (2.132)—(2.134). First, we accomplish the following auxiliary
task. Consider the exponential symbol

X(t7 7—7 x7 y)el(tll’l+~~~+tnl’n+7—1y+~~~+7mym) E Fn-l—m

of n + m arguments (x1,...,2,,Y1,...,Yn) depending on real parame-
ters (t1,...,tn, T1,...,Tn) and introduce the corresponding operator
1 n n+1
U(t77—) = X(thvAlv st 7An7 B )
— ei(TmBm-l—...-l—TlBl)eitnAn . eitlAl . (2135)

Needless to say, this is just the corresponding product of exponentials.

X Ry 1 1
We shall find an operator Q); = @; (t, T, —1 %, —1 %) such that

Q;U(t,7)=A;U(t,7), j=1,...,n. (2.136)
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Lemma 10 One has

a n
SO = (S BA (Bt )| U(—t7),
J s=1
j=1,...,n, (2.137)
e, .
——U(t,7) = B;U(t, 1), jg=1,....m, (2.138)
873
where
wj(yvth) = - Z Tl¢;(yvt)¢rl(y) (2'139)
rl=1

and the functions 3(y,t) are obtained by successively solving the sys-
tems of ordinary differential equations

J & 9
Z X Qty, .oy 1k, 0,...,0,
o1, ;S«Qk (y)ays ( 1 k y)
= Oyt 0, 0,y) k=1, (2,140)
Q0,y) = E (2.141)
and by setting
¢;(y7t) = Q;(yvov"-707tj+17"'7tn)‘ (2142)

In (2.140), the matrices Cy(y) are given by

(Cr(y))js = ;) (2.143)

(see (2.132)).

The proof, rather technical, can be found in [2], pp. 128-131.

Now suppose that the symbol matrix ¢ (y,t) with entries ¥2(y, ) is
invertible in F,,, that is, the inverse matrix exists and its entries belong
to F., (with respect to the variable y). Then we can set

Qt, 7, ,y) =7y, 1) (x —w(y,1,7)). (2.144)
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We claim that

1 1
22 .0 0 :
Q; (t,T,l Eriia 67_) Ult,7)=AU(t,7), j=1,....,n. (2.145)

The proof is based on the following general assertion, which will also
prove useful in the sequel.

Lemma 11 Let f € F. Under suitable functional-analytic conditions

(see [2]), )
f (_Za) eiAt — f(A)@iAt. (2146)

Proof. We have the relation
Lal,ia = —i%Lem

on the space of operator families independent of . Hence

F(La)Lyia = f (—@'%) Looa (2.147)

on the same space. Applying both sides of (2.147) to the identity
element, we obtain (2.146).

The corresponding version of (2.146) holds for functions of several
operators. Namely, if f(x1,...,2,) € F,, then

.0 o, ’ ’
f (—Za—t,...,—laT) elAntn X ... X GZAltl
1 n

1 n .n 1
= f(Al,...,An)elA"t" X ...x et (2.148)
Now (2.145) is obvious. Indeed, we have

1 1
22 .0 .0
Q (thv —1 av —1 67_7) U(t,T) (2149)

=1 —'él —iLU(t?T)—w —iﬂ T T
=Y ( Zar’t)( ot ( o )U(t’ ))‘
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[t remains to substitute the expression (2.137) for % and use (2.148)
for differentiations with respect to 7 with regard for the fact that the
operators B; act last and commute with each other.
Now we are in a position to compute the left ordered representation
operators. Let f € F,1,, be an arbitrary symbol.
We obviously have
n ontl nt1 nt1 n ontl nt1

1 1
Bj[[f(Alv"'vAnv Blv"'? Bn)]]:B]f(Alv"'vAnv Blv"'? Bn),

and so
lB] =Yy, ] = 1,. oo (2150)

Next, let us compute the left ordered representation operators for A;,
Jj=1,...,n. We have, with regard for (2.148),

n n+1 n+1

Aj[[f(}hv---vAna Bi,...s Byl (2.151)

.0 e, e, e,
= {AJ (f (_Za—t177_la—tn7_la—7'l77_lﬁ)) U(t,T)}

Since the left multiplication by A; commutes with the differentiations
with respect to the parameters ¢t and 7, we can continue (2.143) as

t=0,7=0

i .0 .0 .0
{f (_Za_tl7 cee _Za—tn7 _Za—ﬁ7 Y _Zﬁ) AjU(t?T)} 1=0,7=0
(2.152)
. 1 0 0
. . 2 ) .
Ny (—@,—@a)ﬂﬂ@j BT gp =i g [0
t=0,7=0

We compute the product of two pseudodifferential operators on the
right-hand side of (2.144) using the already known right ordered repre-
1

1
2

. -8 .5 2

sentation for the tuple | —i &, —1 5=, 7,1 .

Specifically, we have



41

2 1
.0 .0 2 2
=9ty E’t’T , (2.153)
where
0 0
. . 2 2
g(xvyvth):Qj t—1 8_1’77—_@ a_y,x,y (f(l',y)) (2154)

By substituting this into (2.152) and by setting t = 7 = 0, we obtain

1 n n+1 n+1 1 n n+1 n+1
A][[f(Alv"'vAnv Bi,..., Bm)]] = (lAjf)(Alv"'vAnv Bi,..., Bm)v
(2.155)
where
O b a2
. 2
ZAJ = Q]‘ —1 a—x,—l a—y,l’,y . (2156)

Taking into account the form of the function @);, we see that the
left ordered representation operators are linear in x, as is the case with
Lie algebras.

Remark 2 The invertibility condition for the matrix ¥ (y,t) holds if
one imposes “nilpotency conditions” similar to those for Lie algebras.
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