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Abstract� We construct a new calculus of boundary value problems with the transmission
property on a non�compact smooth manifold with boundary and conical exits to in�nity�
The symbols are classical both in covariables and variables� The operators are determined
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analogue of the Atiyah�Bott condition�
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Introduction

Elliptic di�erential �and pseudo
di�erential� boundary value problems are particularly
simple on either a compact smooth manifold with smooth boundary or on a non

compact manifold under local aspects
 e�g�
 elliptic regularity or parametrix construc

tions� This concerns pseudo
di�erential operators with the transmission property
 cf�
Boutet de Monvel ���
 or Rempel and Schulze �	��
 with ellipticity of the boundary data
in the sense of a pseudo
di�erential analogue of the Shapiro
Lopatinskij condition� An
essential achievement consists of the algebra structure of boundary value problems and
of the fact that parametrices of elliptic operators can be expressed within the algebra�
There is an associated boundary symbol algebra that can be viewed as a parameter

dependent calculus of pseudo
di�erential operators on the half
axis
 the inner normal
to the boundary �with respect to a chosen Riemannian metric��

The global calculus of pseudo
di�erential boundary value problems on non
compact
or non
smooth manifolds is more complicated� In fact
 it is only known in a number
of special situations
 for instance
 on non
compact smooth manifolds with exits to in

�nity
 modelled near the boundary by an in�nite half
space
 cf� the references below

and then globally generated by charts with a speci�c behaviour of transition maps�
Pseudo
di�erential boundary value problems are also studied on manifolds with singu

larities
 e�g�
 conical singularities by Schrohe and Schulze ����
��	� or edge and corner
singularities by Rabinovich
 Schulze and Tarkhanov �	��
�	��� An anisotropic theory
of boundary value problems on an in�nite cylinder and parabolicity are studied in
Krainer �	��� Moreover
 essential steps for an algebra of operator
valued symbols for
manifolds with edges may be found in Schrohe and Schulze ����
����
����� The latter
theory belongs to the concept of operator algebras with operator
valued symbols with
a speci�c twisting in the involved parameter spaces
 expressed by strongly continuous
groups of isomorphisms in those spaces� The calculus of pseudo
di�erential operators
based on symbols and Sobolev spaces with such twistings was introduced in Schulze ����
in connection with pseudo
di�erential operators on manifolds with edges
 cf� also the
monograph ����� This is
 in fact
 also a concept to establish algebras of boundary
value problems� the corresponding theory is elaborated in ���� for symbols that have
not necessarily the transmission property� The case with the transmission property is
automatically included
 except for the aspect of types in Green and trace operators
in Boutet de Monvel�s operators� a characterisation in twisted operator
valued symbol
terms is contained in Schulze ���� and also in ����� An application of the edge pseudo

di�erential calculus for boundary value problems is the crack theory that is treated in
a new monograph of Kapanadze and Schulze �	��
 cf� also the article ����� An essential
tool for this theory are pseudo
di�erential boundary value problems on manifolds with
exits to in�nity�

The main purpose of the present paper is to single out a convenient subalgebra of a
global version of Boutet de Monvel�s algebra on a smooth manifoldwith exits to in�nity�
Such a calculus with general non
classical symbols �without the edge
operator machin

ery� has been studied by Schrohe �	��
�	��� We are interested in classical symbols both
in covariables and variables� This is useful in applications �e�g�
 in edge boundary value
problems
 or crack theory�
 where explicit criteria for the global ellipticity of boundary
conditions are desirable� Our approach reduces all symbol information of the elliptic
theory to a compact subset in the space of covariables and variables
 though the under

lying manifold is not compact� Moreover
 we derive a new topological criterion for the
existence of global boundary conditions satisfying the Shapiro
Lopatinskij condition

when an elliptic interior symbol with the transmission condition is given� This is an

�



analogue of the Atiyah
Bott condition
 well
known for the case of compact smooth
manifolds with smooth boundary
 cf� Atiyah and Bott �	� and Boutet de Monvel ����
Note that our algebra can also be regarded as a special calculus of pseudo
di�erential
operators on a manifold with edges that have exits to in�nity� The edge here is the
boundary and the model cone �of the wedge� the inner normal� Some ideas of our
theory seem to generalise to the case of edges in general
 though there are also essen

tial di�erences� The main new point in general is that the transmission property is
to be dismissed completely� A theory analogous to the present one without the trans

mission property would be of independent interest� New elements that appear in this
context are smoothing Mellin and Green operators with non
trivial asymptotics near
the boundary� Continuity properties of such operators �up to in�nity� are studied in
Seiler ����
 cf� also ��	��

Acknowledgement� The authors are grateful to T� Krainer of the University of
Potsdam for useful remarks to the manuscript�

� Pseudo�di�erential operators with exit symbols

��� Standard material on pseudo�di�erential operators

First we recall basic elements of the standard pseudo
di�erential calculus as they are
needed for the more speci�c structures in boundary value problems below�

Let S��U � Rn� for � � R and U � Rm open denote the space of all a�x� �� �
C��U �Rn� that satisfy the symbol estimates

jD�
x D

�
� a�x � ��j � ch�i��j�j �	�

for all � � Nm� � � Nn and all x � K for arbitrary K b U� � � Rn� with constants
c � c��� ��K� � �� h�i � �	 � j�j��

�
� �

Moreover
 let S����U � �Rn n ��� be the space of all f � C��U � �Rn n ��� with
the property f�x� ��� � ��f�x� �� for all � � R�� �x� �� � U � �Rn n ��� Then we have
	���S����U � �Rn n ��� � S��U �Rn� for any excision function 	��� � C��Rn� �i�e�

	��� � � for j�j 
 c�� 	��� � 	 for j�j � c� for certain � 
 c� 
 c��� We then de�ne
S�cl�U�R

n� to be the subspace of all a�x� �� � S��U�Rn� such that there are elements

a���j��x� �� � S���j��U � �Rn n ���� j � N
 with a�x� �� �
PN

j�� 	���a���j��x� �� �

S���N����U � Rn� for all N � N� Symbols in S�cl�U �Rn� are called classical� The
functions a���j� �uniquely determined by a� are called the homogeneous components
of a of order �� j
 and we call

���a��x� �� �� a����x� ��

the homogeneous principal symbol of order � �if the order � is known by the context

otherwise we also write ��� instead of ���� We do not repeat here all known properties
of symbol spaces
 such as the relevant Fr�echet topologies
 asymptotic sums
 etc�
 but
tacitly use them� For details we refer to standard expositions on pseudo
di�erential
analysis
 e�g�
 H�ormander ��� or Treves ����
 or to the more general scenario with
operator
valued sumbols below
 where scalar symbols are a special case�

Often we have m � �n� U � � � � for open � � Rn� In that case symbols are
also denoted by a�x� x�� ��� �x� x�� � � � �� The Leibniz product between symbols
a�x� �� � S��� �Rn�� b�x� �� � S����Rn� is denoted by �
 i�e�


a�x� ���b�x� �� �
X
�

	

� 
�D�

� a�x� �����x b�x� ��

�



�Dx � ��
i

�
�x�

� 
 
 
 � �
i

�
�xn

�� �x � � �
�x�

� 
 
 
 � �
�xn

��� If notation or relations refer to both
classical or non
classical elements
 we write �cl� as subscript� In this sense we de�ne
the spaces of classical or non
classical pseudo
di�erential operators to be

L��cl���� � fOp�a� � a�x� x�� �� � S��cl���� ��Rn�g
 ���

Here
 Op is the pseudo
di�erential action
 based on the Fourier transform F � Fx��

in Rn
 i�e�
 Op�a�u�x� �
RR

ei�x�x
���a�x� x�� ��u�x��dx�d!�� d!� � �����nd�� As usual


this is interpreted in the sense of oscillatory integrals
 �rst for u � C�� ���
 and then
extended to more general distribution spaces� Recall that L����� � ���ZL���� is
the space of all operators with kernel in C��� � ���

It will be also be important to employ parameter
dependent variants of pseudo

di�erential operators
 with parameters � � Rl
 treated as additional covariables� We
set

L�cl���Rl� � fOp�a���� � a�x� x�� �� �� � S��cl���� ��Rn�l
��	 �g�

using the fact that a�x� x�� �� �� � S�
�cl�

�����Rn�l� implies a�x� x�� �� ��� � S�
�cl�

���

��Rn� for every �xed �� � Rl� In particular
 we have L�����Rl� � S�Rl� L������
with the identi�cation L����� �� C������
 and S�Rl� E� being the Schwartz space
of E
valued functions�

Concerning distribution spaces
 especially Sobolev spaces
 we employ here the usual
notation� L��Rn� is the space of square integrable functions in Rn with the standard
scalar product� Then Hs�Rn� � fu � S��Rn� � h�is"u��� � L��Rn

� �g� s � R� is the
Sobolev space of smoothness s � R�"u��� � �Fx��u����� Analogous spaces make sense
on a C� manifoldX� Let us assume in this section that X is closed and compact� Let
Vect�X� denote the set of all complex C� vector bundles on X and Hs�X�E�� E �
Vect�X�� the space of all distributional sections in E of Sobolev smoothness s � R�
Furthermore
 de�ne L��cl��X�E�F �Rl� for � � R� E� F � Vect�X�
 to be the set of all

parameter
dependent pseudo
di�erential operators A��� �with local classical or non

classical symbols� on X
 acting between spaces of distributional sections
 i�e�


A��� � Hs�X�E� �	 Hs���X�F �� � � Rl


For l � � we simply write L��cl��X�E�F �� The homogeneous principal symbol of order

� of an operator A � L��cl��X�E�F � will be denoted by ���A� �or ���A��x� �� for

�x� �� � T �Xn�� which is a bundle homomorphism

���A� � ��E �	 ��F for � � T �Xn� �	 X


Similarly
 for A��� � L�cl�X�E�F �Rl� we have a corresponding parameter
dependent
homogeneous principal symbol of order � that is a bundle homomorphism��E 	 ��F
for � � T �X �Rln� �	 X �here
 � indicates ��� �� � ���

��� Operators with the transmission property

Boundary value problems on a smooth manifold with smooth boundary will be formu

lated for operators with the transmission property with respect to the boundary� We
will employ the transmission property in its simplest version for classical symbols�

Let S��cl����R��Rn� � fa � #a j��R��Rn� #a�x� �� � S��cl����R�R
n�g
 where � �

R
n�� is an open set
 x � �y� t� � ��R� � � ��� � �� Moreover
 de�ne S�cl���R�R

n�tr
to be the subspace of all a�x� �� � S�cl���R�R

n� such that

Dk
t D

�

 fa���j ��y � t � �� � �� ��	���ja���j ��y � t ������ �g � � ���

�



on the set f�y� t� �� � � � � � R� Rn � y � �� t � �� � � �� � � Rn�g
 for all k �
N� � � Nn�� and all j � N� Set S�cl�� � R� � Rn�tr � fa � #a j��R��Rn� #a�x� �� �

S�cl���R�R
n�trg� Symbols in S�cl�� �R�Rn�tr or in S�cl�� �R� �Rn�tr are said

to have the transmission property with respect to t � ��
Pseudo
di�erential operators with symbols a � S�cl���R� �R

n�tr are de�ned by
the rule

Op��a�u�x� � r�Op�#a�e�u�x�� ���

where #a � S�cl�� � R� Rn�tr is any extension of a to � � R and e� is the operator
of extension by zero from � � R� to � � R
 while r� is the operator of restriction
from � �R to � �R�� As is well
known
 Op��a� for S�cl�� � R� � Rn�tr induces a
continuous operator

Op��a� � C�� �� �R�� �	 C����R�� ���

�that is independent of the choice of the extension #a� and extends to a continuous
operator

Op��a� � ���Hs�� �R�� �	 Hs�����R�� ���

for arbitrary � � C�� �� � R�� and s � R� s � ��
� � Here
 for simplicity
 we assume

� � Rn�� to be a domain with smooth boundary� then Hs���R�� � Hs�Rn�j��R��
Moreover
 if E is a Fr�echet space that is a �left� module over an algebra A� ���E for
� � A denotes the closure of f�e � e � Eg in E�

��� Calculus on a closed manifold with exits to in�nity

A further important ingredient in our theory is the calculus of pseudo
di�erential op

erators on a non
compact smooth manifold with conical exits to in�nity� The simplest
example is the Euclidian space Rn� It can be viewed as a local model for the general
case�

The global pseudo
di�erential calculus in Rn with weighted symbols and weighted
Sobolev spaces has been introduced by Parenti �	�� and further developed by Cordes ����
The case of manifolds with exits to in�nity has been investigated by Schrohe �	���
The substructure with classical �in covariables and variables� symbols is elaborated
in Hirschmann ���
 see also Schulze ����
 Section 	����� In Section 	�� below we shall
develop the corresponding operator valued calculus with classical symbols�

Let S�	� �Rn�Rn� �� S�	� for �� � � R denote the set of all a � C��Rn
x�R

n
�� that

satisfy the symbol estimates

jD�
x D

�
� a�x � ��j � ch�i��j�jhx i��j�j ���

for all �� � � Nn� �x� �� � R�n
 with constants c � c��� �� � ��
This space is Fr�echet in a canonical way� Like for standard symbol spaces we have

natural embeddings of spaces for di�erent �� �� Moreover
 asymptotic sums can be
carried out in these spaces when the orders in one group of variables x and �
 or in
both variables tend to �
� Basic notions and results in this context may be found
in ����
 Section 	��� Recall that

�
����R

S�	� �Rn�Rn� � S�Rn�Rn� �� S��	���Rn�Rn�


We are interested in symbols that are classical both in � and in x� To this end we
introduce some further notation� Set

�



S
���
� � fa�x� �� � C��Rn� �Rnn��� � a�x� ��� � ��a�x� ��

for all � � �� �x� �� � Rn� �Rnn��g

and de�ne analogously the space S
���
x by interchanging the role of x and �� Moreover


we set

S
��	��
�	x � fa�x� �� � C���Rnn��� �Rnn��� � a��x� ��� � ����a�x� ��

for all � � �� � � �� �x� �� � �Rnn��� �Rnn��g


It is also useful to have S
���	�
�	clx

de�ned to be the subspace of all a�x� �� � S
���
� such

that a�x� ��jj�j�� � C��Sn��� S�clx �Rn�� where Sn�� � f� � Rn � j�j � 	g �clearly
 clx

means that symbols are classical in x with x being treated as a covariable�
 and S
�	���
cl� 	x

is de�ned in an analogous manner
 by interchanging the role of x and ��

Let S
��� de�ned to be the subspace of all a�x� �� � C��Rn� Rn� such that there
is a c � c�a� with

a�x� ��� � ��a�x� �� for all � � 	� x � Rn� j�j � c


In an analogous manner we de�ne S
��x by interchanging the role of x and �� Clearly
 for

every a�x� �� � S

��
� there is a unique element ����a� � S

���
� with a�x� �� � ����a��x� ��

for all �x� �� � Rn � Rn with j�j � c for a constant c � c�a� � �� Analogously
 for

every b�x� �� � S

��
x there is a unique ��e �b� � S

���
x with b�x� �� � ��e �b��x� �� for all

�x� �� � Rn�Rn with jxj � c for some c � c�b� � ��

Set S�	
�� � S�	� � S

��
x � S
��	� � S�	� � S


��
� � Let S

�	
��
cl�

be the subspace of all

a�x� �� � S�	
�� such that there are elements ak�x� �� � S

��k�
� � S


��
x � k � N
 with

a�x� ���
NX
k��

ak�x� �� � S���N���	�

for all N � N� Clearly
 the remainders automatically belong to S���N���	
�� � Moreover

de�ne S�	�cl�

to be the subspace of all a�x� �� � S�	� such that there are elements

ak�x� �� � S
��k�	� � k � N
 with

a�x� ���
NX
k��

ak�x� �� � S���N���	�

for all N � N� By interchanging the role of x and � we obtain analogously the spaces

S

��	�
clx

and S�	�clx
�

De
nition ��� The space S�	�cl��x
�Rn�Rn� of classical �in � and x� symbols of order

��� �� is de�ned to be the set of all a�x� �� � S�	� �Rn�Rn� such that there are sequences

ak�x� �� � S

��k�	�
clx

� k � N and bl�x� �� � S
�	
��l�
cl�

� l � N�

such that

a�x� ���
NX
k��

ak�x� �� � S
���N���	�
clx

and a�x� ���
NX
l��

bl�x� �� � S
�	���N���
cl�

for all N � N�

�



Remark ��� It can easily be proved that S

��	�
clx

� S�	�cl��x
� S

�	
��
cl�

� S�	�cl��x
� where

S�	�cl��x
� S�	�cl��x

�Rn�Rn�


The de�nition of S�	�cl��x
gives rise to well
de�ned maps

���k� � S�	�cl��x
�	 S

���k�	�
�	clx

� k � N and ���le � S�	�cl��x
�	 S

�	���l�
cl�	x

� l � N�

namely ���k� �a� � ���k� �ak�� ���le �a� � ���le �bl�
 with the notation of De�nition 	�	�

From the de�nition we also see that ���k� �a� is classical in x of order � and ���le �a�
is classical in � of order �� So we can form the corresponding homogeneous com

ponents ���le ����k� �a�� and ���k� ����le �a�� in x and �
 respectively� Then we have

���le ����k� �a�� � ���k� ����le �a�� �� ���k	��l��e �a� for all k� l � N�

For a�x� �� � S�	�cl��x
�Rn�Rn� we set

���a� �� ����a�� �e�a� �� ��e �a�� ���e�a� �� ��	���e�a�

and de�ne
��a� � ����a�� �e�a�� ���e�a��


Remark ��� a�x� �� � S�	�cl��x
�Rn�Rn� and ��a� � � implies a�x� �� � S���	���cl��x

�Rn

�Rn�� Moreover� from ��a� we can recover a�x� �� mod S���	���cl��x
�Rn�Rn� by setting

a�x� �� � 	������a��x� �� � 	�x�f�e�a��x� ��� 	������e�a��x� ��g�

where 	 is any excision function in Rn� More generally� let p��x� �� � S
���	�
�	clx

� pe�x� �� �

S
�	���
cl� 	x

and p��e�x� �� � S
��	��
�	x be arbitrary elements with �e�p�� � ���pe� � p��e� Then

a�x� �� � 	���p��x� ���	�x�fpe�x� ���	���p��e�x� ��g � S�	�cl��x
�Rn�Rn�� and we have

���a� � p�� �e�a� � pe� ���e�a� � p��e


Example ��� Let us concider a symbol of the form

a�x� �� � ��x�b�x� �� � �	� ��x��x�m
X
j�j�m

x�a����

with a cut�o� function � in Rn �i�e�� � � C�� �Rn�� � � 	 in a neighbourhood of the

origin� and symbols b�x� �� � S�cl�R
n�Rn�� a���� � S�cl�R

n�� j�j � m �in the notation

of Section 	
	�� Then we have a�x� �� � S�	�cl��x
�Rn�Rn�� where

���a��x� �� � ��x����b��x� �� � �	� ��x��x�m
X
j�j�m

x����a������

�e�a��x� �� �
X
j�j�m

a����� ���e�x� �� �
X
j�j�m

���a�����


Let us now pass to spaces of global pseudo
di�erential operators in Rn� We for

mulate some relations both for the classical and non
classical case and indicate it by
subscript �cl�	x� at the spaces of symbols and �cl� at the spaces of operators� Set

L�	��cl��R
n� � fOp�a� � a�x� �� � S�	��cl��x�

�Rn�Rn�g�

�



cf� �	�	�� As is well
known Op induces isomorphisms

Op � S�	��cl��x�
�Rn�Rn� �	 L�	��cl��R

n� ���

for all �� � � R� Recall that L��	���Rn� �
T
����RL

�	��Rn� equals the space of all
integral operators with kernels in S�Rn�Rn�� Let us form the weighted Sobolev spaces

Hs	��Rn� � hxi��Hs�Rn�

for s� � � R� Then every A � L�	��cl��R
n� induces continuous operators

A � Hs	��Rn� �	 Hs��	����Rn� ���

for all s� � � R� Moreover
 A restricts to a continuous operator

A � S�Rn� �	 S�Rn�
 �	��

For A � L�	�cl �Rn� we set

���A� � ���a�� �e�A� � �e�a�� ���e�A� � ���e�a��

where a � Op���A�
 according to relation ����

Remark ��� The pseudo�di�erential operator calculus globally in Rn with weighted

symbols and weighted Sobolev spaces can be generalised to the case of Rn�R�n � �x� #x�
with di�erent weights for large jxj or j#xj� Instead of ��� the symbol estimates are

jD�
xD

��
�xD

�
� a�x� #x� ��j � ch�i��j�jhxi��j�jh#xi

���j��j for all �� #�� � and �x� #x� � Rn��n� � �

Rn��n� with constants c � ��� #�� ��� Such a theory is elaborated in Gerisch ����

We now formulate the basic elements of the pseudo
di�erential calculus on a smooth
manifoldM with conical exits to in�nity
 as it is necessary for boundary value problems
below� For simplicity we restrict ourselves to the case of charts that are conical �near
in�nity�� This is a special case of a more general framework of Schrohe �	��� Our
manifolds M are de�ned as unions

M � K 

k�

j��

�	� ��
��Xj

for some � 
 � 
 	� where Xj � j � 	� 
 
 
 � k� are closed compact C� manifolds
 K
is a compact smooth manifold with smooth boundary �K that is di�eomorphic to
the disjoint union

Sk
j��Xj 
 identi�ed with f	 � �g �

Sk
j��Xj by a gluing map� On

the conical exits to in�nity �	 � ��
� � Xj we �x Riemannian metrics of the form
dr� � r�gj� r � �	� ��
�
 with Riemannian metrics gj on Xj� j � 	� 
 
 
 � k
 Moreover

we choose a Riemannian metric on M that restricts to these metrics on the conical
exits� Since Xj may have di�erent connected components we may �and will� assume
k � 	 and set X � X�


Let Vect�M � denote the set of all smooth complex vector bundles on M that we
represent over �	�
��X as pull
backs of bundles on X with respect to the canonical
projection �	�
� � X 	 X� Hermitian metrics in the bundles are assumed to be
homogeneous of order � with respect to homotheties along �	�
�� On M we �x an
open covering by neighbourhoods

fU�� 
 
 
 � UL� UL��� 
 
 
 � UNg �		�

�



with �U� 
 
 
 
UL�� ��	�
��X� � � and Uj �� �	� ��
��U�
j 
 where fU�

j gj�L���


N
is an open covering of X� Concerning charts 	j � Uj 	 Vj to open sets Vj � j �
L � 	� 
 
 
 � N� we choose them of the form Vj � fx � Rn � jxj � 	 � �� x

jxj � V �
j g for

certain open sets V �
j � Sn�� �the unit sphere in Rn�� Transition di�eomorphisms are

assumed to be homogeneous of order 	 in r � jxj for r � 	�
Let us now de�ne weighted Sobolev spaces Hs	��M�E� of distributional sections

in E � Vect�M � of smoothness s � R and weight � � R �at in�nity�� To this end
 let
�j � C��Uj�� j � L�	� 
 
 
 � N� be a system of functions that are pull
backs 	�j #�j under
the chosen charts 	j � Uj 	 Vj 
 where #�j � C��Rn�� #�j � � for jxj 
 	 � �

� � #�j � �
in a neighbourhood of fx � jxj � 	 � �� x

jxj � �U�
j g� and #�j��x� � #�j�x� for all

jxj � 	� � � 	
 In addition we prescribe the values of #�j � �	�j ����j on U�
j in such

a way that
PN

j�L�� �j � 	 for all points in M that correspond to jxj � 	 in local
coordinates� Given an E � Vect�M � of �bre dimension k we choose trivialisations
that are compatible with 	j � Uj 	 Vj � j � L � 	� 
 
 
 � N� �j � EjUj 	 Vj � C k �
and homogeneous of order � with respect to homotheties in r � �	�
�� Then we can
easily de�ne Hs	��M�E� as a subspace of Hs

loc�M�E� in an invariant way by requiring
��j����ju� � Hs	��Rn� C k � � Hs	��Rn� � C k for every L � 	 � j � N 
 where ��j��
denotes the push
forward of sections under �j � Setting

S�M�E� � proj limfHl	l�M�E� � l � Ng �	��

we get a de�nition of the Schwartz space of sections in E� By means of the chosen Rie

mannian metric on M and the Hermitian metric in E we get L��M�E� �� H�	��M�E�
with a corresponding scalar product�

Moreover
 observe that the operator spaces L�	��cl��R
n� have evident m � k
matrix

valued variants L�	��cl��R
n� Ck � Cm � � L�	��cl��R

n� � Cm � C k � They can be localised to

open sets V � Rn that are conical in the large �i�e�
 x � V� jxj � R implies �x � V
for all � � 	
 for some R � R�V � � ��� Then
 given bundles E and F � Vect�M �
of �bre dimensions k and m
 respectively
 we can invariantly de�ne the spaces of
pseudo
di�erential operators

L�	��cl��M �E�F �

on M as subspaces of all standard pseudo
di�erential operators A of order � � R

acting between distributional sections in E and F 
 such that

�i� the push
forwards of �jA #�j with respect to the trivialisations of EjUj � F jUj be


long to L�	��cl��R
n� Ck � Cm � for all j � L� 	� 
 
 
 � N and arbitrary functions �j � #�j

of the above kind �recall that �cl� means classical in � and x�


�ii� �A #� � L��	���M �E�F � for arbitrary �� #� � C��M � with supp�� supp #� � �
and �� #� homogeneous of order zero for large r �on the conical exits of M ��

Here
 L��	���M �E�F � is the space of all integral operators on M with kernels
in S�M�F � "��S�M�E�� �integration on M refers to the measure associated with the
chosen Riemannian metric� E� is the dual bundle to E��

Note that the operators A � L�	��M �E�F � induce continuous maps

A � Hs	��M�E� �	 Hs��	����M�F �

for all s� � � R
 and A restricts to a continuous map S�M�E� 	 S�M�F ��

	�



To de�ne the symbol structure we restrict ourselves to classical operators� First

to A � L�	�cl �M �E�F � we have the homogeneous principal symbol of order �

���A� � ���E �	 ���F� �� � T �Mn� �	M
 �	��

The exit symbol components of order � and ��� �� are de�ned near r � 
 on the
conical exit �R�
��X for any R � 	� �� Given trivialisations

�j � EjUj �	 Vj � C
k � �j � F jUj �	 Vj � C

l � �	��

of E�F on Uj we have the symbols

�e�Aj��x� �� for �x� �� � Vj �R
n� ���e�Aj��x� �� for �x� �� � Vj � �Rnn���

where Aj is the push
forward of AjUj with respect to �	��� They behave invariant with
respect to the transition maps and de�ne globally bundle homomorphisms

�e�A� � ��eE �	 ��eF� �e � T �M jX�� �	 X	
�� �	��

���e�A� � ����eE �	 ����eF� ���e � �T �Mn��jX�� �	 X	
�
 �	��

In this notation X� means the base of �R�
�� X �at in�nity� with an obvious
geometric meaning �for instance
 for M � Rn we have X�

�� Sn��
 interpreted as the
manifold that completes Rn to a compact space at in�nity�
 and X	

� � R��X��

An operator A � L���cl �M �E�F � is called elliptic if �	��
 �	�� and �	�� are isomor

phisms�

An operator P � L��	��cl �M �F �E� is called a parametrix of A if PA � I �
L��	���M �E�E�� AP � I � L��	���M �F� F �


Theorem ��	 Let A � L�	�cl �M �E�F � be elliptic� Then the operator

A � Hs	��M�E� �	 Hs��	����M�F �

is Fredholm for every s� � � R� and there is a parametrix P � L��	��cl �M �F�E�


��� Calculus with operator�valued symbols

As noted in the beginning the theory of boundary value problems can be formulated
in a convenient way in terms of pseudo
di�erential operators with operator
valued
symbols� Given a Hilbert space E with a strongly continuous group f�	g	�R� of
isomorphisms
 acting on E
 we de�ne the Sobolev space Ws�Rq�E� of E
valued dis

tributions of smoothness s � R to be the completion of S�Rq�E� with respect to the

norm f
R
h�i�sjj������"u���jj�

E
d�g

�
� � Here
 ���� �� �h
i
 and "u��� � �Fy�
u���� is the

Fourier transform in Rq� Given an open set � � Rq there is an evident notion of
spaces Ws

comp���E� and Ws
loc���E�� Moreover
 if E and #E are Hilbert spaces with

strongly continuous groups of isomorphisms f�	g	�R� and f#�	g	�R�
 respectively
 we

de�ne the symbol space S��U �Rq�E� #E�� � � R� U � R
p open
 to be the set of all

a�y� �� � C��U�Rq�L�E� #E�� �with L�E� #E� being equipped with the norm topology�
such that

jj#������fD�
y D

�

 a�y � ��g����jjL�E��E� � ch�i��j�j

for all � � Np� � � Nq and all y � K for arbitrary K b U� � � Rq
 with constants
c � c��� ��K� � ��

		



Let S����U��Rqn���E� #E� denote the set of all f�y� �� � C��U��Rqn���L�E� #E��
such that f�y� ��� � ��#�	f�y� �����	 for all � � R�� �y� �� � U � �Rqn��� Furthermore


let S�cl�U�R
q�E� #E� �the space of classical operator
valued symbols of order �� de�ned

to be the set of all a�y� �� � C��U � R
q�L�E� #E�� such that there are elements

a���j��y� �� � S���j��U � �Rqn���E� #E�� j � N� with

a�y� �� �
NX
j��

	���a���j��y� �� � S���N����U �Rq�

for all N � N �with 	 being any excision function in ��� Set ���a��y� �� �� a����y� ��
for the homogeneous principal symbol of a�y� �� of order ��

In the case U � � � �� � � Rq open
 the variables in U will also be denoted by
�y� y��� Similarly to ��� we set

L��cl����E� #E� � fOp�a� � a�y� y�� �� � S��cl���� ��Rq�E� #E�g� �	��

where Op refers to the action in the y
variables on �
 while the values of ampli

tude functions are operators in L�E� #E�� For A � L�cl���E� #E� we set ���A��y� �� �
a����y� y

�� ��jy��y 
 called the homogeneous principal symbol of A of order �� Every

A � L����E� #E� induces continuous operators

A � Ws
comp���E� �	Ws��

loc ��� #E�

for each s � R� More details of this kind on the pseudo
di�erential calculus with
operator
valued symbols may be found in ����
 ����� In particular
 all elements of
the theory have a reasonable generalisation to Fr�echet spaces E and #E
 written as
projective limits of corresponding scales of Hilbert spaces
 where the strong continuous
actions are de�ned by extensions or restrictions to the Hilbert spaces of the respective
scales ����
 Section 	���	� This will tacitly be used below� Let us now pass to an
analogue of the global pseudo
di�erential calculus of Section 	�� with operator
valued
symbols� Let S�	� �Rq � Rq�E� #E� for �� � � R denote the space of all a�y� �� �
C��Rq�Rq�L�E� #E�� that satisfy the symbol estimates

jj#������fD�
y D

�

 a�y � ��g����jjL�E��E� � ch�i��j�jhyi��j�j

for all �� � � Nq� �y� �� � R�q
 with constants c � c��� �� � �� This space is Fr�echet

and again
 like for standard symbols
 we have generalisations of the structures from
the local spaces to the global ones� Further details are given in ����
 ���
 see also ��	��

We now de�ne operator
valued symbols that are classical both in � and y
 where
the group actions on E� #E are taken as the identities for all � � R� when y is treated
as as a covariable� Similarly to the scalar case we set

S
���

 � fa�y� �� � C��Rq � �Rqn���L�E� #E�� � a�y� ��� � ��#�	a�y� �����	

for all � � �� �y� �� � Rq� �Rqn��g�

S
���
y � fa�y� �� � C���Rqn���Rq�L�E� #E�� � a��y� �� � ��a�y� ��

for all � � �� �y� �� � �Rqn���Rqg�

and

S
��	��

	y � fa�y� �� � C���Rqn��� �Rqn���L�E� #E�� �

a��y� ��� � ����#��a�y� ������ for all � � �� � � �� �y� �� � �Rqn��� �Rqn��g


	�



Moreover
 let S
���	�

	cly

de�ned to be the subspace of all a�y� �� � S
���

 such that a�y� ��jj
j��

� C��Sq��� S�cly �Rq�E� #E�� �where in S�cly �Rq�E� #E�� the spaces E and #E are endowed

with the identities for all � � R� as the corresponding group actions�
 and S
�	���
cl� 	y

the

subspace of all a�y� �� � S
���
y such that a�y� ��jjyj�� � C��Sq��� S�cl� �Rq�E� #E���

Let S

��

 de�ned to be the set of all a�y� �� � C��Rq�Rq�L�E� #E�� such that there

is a c � c�a� with

a�y� ��� � ��#�	a�y� �����	 for all � � 	� y � Rq� j�j � c


Similarly
 the space S

��
y is de�ned to be the set of all a�y� �� � C��Rq�Rq�L�E� #E��

such that there is a c � c�a� with

a��y� �� � ��a�y� �� for all � � 	� jyj � c� � � Rq


Clearly
 for every a�y� �� � S

��

 there is a unique element ��� �a� � S

���

 with a�y� �� �

��� �a��y� �� for all �y� �� � Rq�Rq with j�j � c for a constant c � c�a� � �� Analogously


for every b�y� �� � S

��
y there is a unique ��e��b� � S

���
y with b�y� �� � ��e��b��y� �� for all

�y� �� � Rq �Rq with jyj � c for some c � c�b� � �� Set S�	
�� � S�	� � S

��
y � S
��	� �

S�	��S

��

 � Moreover
 let S

�	
��
cl�

denote the subspace of all a�y� �� � S�	
�� such that there

are elements ak�y� �� � S

��k�

 �S
��y � k � N
 with a�y� ���

PN

k�� ak�y� �� � S���N���	�

for all N � N� Similarly
 we de�ne S
��	�cly
to be the subspace of all a�y� �� � S
��	� such

that there are elements bl�y� �� � S

��

 � S


��l�
y � l � N
 with a�y� �� �

PN
l�� al�y� �� �

S�	���N��� for all N � N�
Let S�	�cl�

de�ned to be the set of all a�y� �� � S�	� such that there are elements

ak�y� �� � S
��k�	� � k � N
 satisfying the relation a�y� ���
PN

k�� ak�y� �� � S���N���	�

for all N � N�
Analogously
 de�ne S�	�cly

to be the set of all a�y� �� � S�	� such that there are

elements al�y� �� � S�	
��l� � l � N
 satisfying the relation a�y� �� �
PN

l�� al�y� �� �
S�	���N��� for all N � N�

Note that S
��
 � S
��y � S
��	� � S�	
�� �

De
nition ��� The space S�	�cl��y
�Rq �Rq�E� #E� of classical �in y and �� symbols

of order ��� �� is de�ned to be the set of all a�y� �� � S�	��Rq � Rq�E� #E� such that

there are sequences ak�y� �� � S

��k�	�
cly

� k � N� and bl�y� �� � S
�	
��l�
cl�

� l � N� with

a�y� �� �
NX
k��

ak�y� �� � S
���N���	�
cly

and a�y� �� �
NX
l��

bl�y� �� � S
�	���N���
cl�

for all N � N�

Remark ��
 We have S

��	�
cly

� S�	�cl��y
� S

�	
��
cl�

� S�	�cl��y
� where S�	�cl��y

� S�	�cl��y
�Rq �

R
q�E� #E�


Given a � S�	�cl��y
we set ���k� �a� � ���k� �ak�� ���le� �a� � ���le� �bl�
 with the notation of

De�nition 	��� This gives us well
de�ned maps

���k� � S�	�cl��y
�	 S

���k�	�

	cly

� k � N� ���le� � S�	�cl��y
�	 S

�	���l�
cl� 	y

� l � N


	�



The corresponding homogeneous components ���le� ����k� �a�� and ���k� ����le� �a�� in y
and �
 respectively
 are compatible in the sense

���le� ����k� �a�� � ���k� ����le� �a�� �� ���k	��l��e� �a�

for all k� l � N� For a�y� �� � S�	�cl��y
�Rq �Rq�E� #E� we set

���a� � ��� �a�� �e��a� � ��e��a�� ���e��a� � ��	���e��a�

and de�ne
��a� � ����a�� �e��a�� ���e��a��
 �	��

Remark ��� a�y� �� � S�	�cl��y
�Rq � Rq�E� #E� and ��a� � � implies a�y� �� �

S���	���cl��y
�Rq � Rq�E� #E�� Moreover� if 	 is any excision function in Rq� we have

	������a��y� �� � 	�y�f�e� �a��y� ��� 	������e��a��y� ��g � a�y� �� mod S���	���cl��y
�Rq�

Rq�E� #E�
 More generally� let p��y� �� � S
���	�

	cly

� pe��y� �� � S
�	���
cl� 	y

and p��e��y� �� �

S
��	��

	y be arbitrary elements with �e��p�� � ���pe�� � p��e�� Then a�y� �� � 	���p��y� ��

� 	�y�fpe��y� �� � 	���p��e��y� ��g � S�	�cl��y
�Rq � R

q�E� #E�� and we have ���a� �

p�� �e��a� � pe� � ���e��a� � p��e�


Remark ���� An element a�y� �� � S�	�cl��y
�Rq �Rq�E� #E� is uniquely determined

by the sequence

f���j� �a��y� ��� ���je� �a��y� ��gj�N� �	��

mod S��	���Rq �Rq�E� #E��

In fact
 by the construction of Remark 	�� we can form

a��y� �� � 	������ �a��y� �� � 	�y�f��e� �a��y� �� � 	�����	���e��a��y� ��g

for any �xed excision function 	
 where b��y� �� � a�y� �� � a��y� �� � S���	���cl��y
�Rq �

Rq�E� #E�� Then ����� �b���y� ��� ����e� �b���y� �� is completely determined by �	��
 and
we can form

a��y� �� � 	�������� �b���y� �� � 	�y�f����e� �b���y� �� � 	�������	�����e� �b���y� ��g


Then b� �� b� � a� � S���	���cl��y
�Rq �Rq�E� #E� or b� � a � a� � a� � S���	���cl��y

�Rq �

R
q�E� #E�� Continuing this procedure successively we get a sequence of symbols ak�y� ��

� S��k	��kcl��y
�Rq �Rq�E� #E�� k � N
 with a�y� ���

PN

k�� ak�y� �� � S
���N���	���N���
cl��y

�Rq�Rq�E� #E� for all N � Thus we can recover a�y� �� as an asymptotic sum a�y� �� �P�
k�� ak�y� ��

According to the generalities about symbols with exit behaviour
 cf� ���
 Proposi


tion 	
�
 we can produce a�y� �� as a convergent sum a�y� �� �
P�

k����y�

ck

�ak�y� ��

where � is an excision function in Rq � Rq and ck a sequence of non
negative reals

tending to in�nity su$ciently fast
 as k	
�

Remark ���� a�y� �� � S�	�cl��y
�Rq � Rq�E�� #E�� b�y� �� � S�	�cl��y

�Rq � Rq�E�E��

implies �ab��y� �� � S���	���cl��y
�Rq �Rq�E� #E�� and we have

��ab� � ��a���b� ����

with componentwise multiplication�

	�



Remark ���� Operator�valued symbols of the classes S�	�cl��y
�Rq � Rq�E� #E� can

also be multiplied by scalar ones� namely b�y� �� � S�	�cl��y
�Rq � Rq�� We then obtain

�ab��y� �� � S���	���cl��y
�Rq�Rq�E� #E� including the symbol relation ����� In particular�

we have

S�	�cl��y
�Rq �Rq�E� #E� � h�i�hyi�S�	�cl��y

�Rq �Rq�E� #E�


Set
L�	��cl��R

q�E� #E� � fOp�a� � a�y� �� � S��cl��y ��R
q�Rq�E� #E�g
 ��	�

Notice that the subscript �cl� on the left hand side means �classical� both in � and y �in
contrast to the corresponding notation in �	���� Similarly to ��� we have isomorphisms

Op � S�	��cl��y�
�Rq �Rq�E� #E� �	 L�	��cl��R

q�E� #E� ����

for all �� � � R
This is a consequence of the same kind of oscillatory integral arguments
as in the scalar case
 cf� ���
 Proposition 	�		�

Set
Ws	��Rq�E� � hyi��Ws�Rq�E��

endowed with the norm jjujjWs���Rq�E� � jjhyi�ujjWs��Rq�E�
Then everyA � L�	��Rq�E�
#E� induces continuous operators

A � Ws	��Rq�E� �	Ws��	����Rq� #E� ����

for all s� � � R� cf� ���
 Proposition 	��	� In addition
 A is continuous in the sense

A � S�Rq�E� �	 S�Rq� #E�� ����

cf� ���
 Proposition 	���

Remark ���� If we have an operator Op�a� for a�y� �� � S�	��cl��y�
�Rq �Rq�E� #E��

choose any � � R and form the operator hyi�Op�a�hyi�� � S�Rq�E� 	 S�Rq� #E��

Then� there is a unique symbol a��y� �� � S�	��cl��y �
�Rq�Rq�E� #E� such that

hyi�Op�a�hyi�� � Op�a��
 ����

Thus� ���� has an extension by continuity to a continuous operator ���� for all s� � � R�

This is a direct consequence of hyi�Op�a�hyi�� � L�	��cl��R
q�E� #E� and of the isomor


phism �����

� Boundary value problems in the half�space

��� Operators on the half�axis

The operator
valued symbols in the present set
up will take their values in a certain
algebra of operators on the half
axis� The essential features of this algebra may be
described in terms of block
matrices

a �

�
op��a� �

� �

�
� g �

Hs�R��
�
CN�

�	
Hs���R��

�
CN�

����

	�



for � � Zand N�� N� � N �s � R will be speci�ed below�� The operator op��a� �
r�op�a�e� is de�ned for symbols a�� � � S�cl�R�tr� i�e�
 symbols of order � with the
transmission property
 where r� and e� are restriction and extension operators as in
���
 while op�
� denotes the pseudo
di�erential action on R
 i�e�


op�a�u�t� �

Z Z
ei�t�t

���a�� �u�t��dt�d!�


�Here
 for the moment
 we consider symbols with constant coe$cients�� Moreover
 g
is a Green operator of type d � N on the half
axis
 de�ned as a sum

g � g� �
dX

j��

gj

�
�jt �
� �

�
����

for continuous operators

gj �
L��R��
�
CN�

�	
S�R��
�
CN�

with g�j �
L��R��
�
CN�

�	
S�R��
�
CN�

�here
 � denotes the adjoint with respect to the corresponding scalar products in
L��R��� CN� �
 and we set S�R�� � S�R�j

R�
� Let %d�R��N�� N�� denote the space

of all such operators ����
 and let D��d�R��N�� N�� denote the space of all operators
����
 s � d� �

� 
 for arbitrary a � S�cl�R�tr and g � %d�R��N�� N�� �for N� � N� � �

we write %d�R�� and D��d�R��
 respectively�� The following properties are part of the
boundary symbol calculus for boundary value problems
 cf� Boutet de Monvel ���
 or
Rempel and Schulze �	���

Theorem ��� a � D��d�R��N�� N�� and b � D��e�R��N�� N�� implies ab �
D����h�R��N�� N�� for h � max�� � d� e��

Theorem ��� Let a � D��d�R��N�� N�� where a�� � �� � for all � � R� and
assume that a de�nes an invertible operator ���� for some s� � R� s� � max��� d�� �

� 

Then ���� is invertible for all s � R� s � max��� d�� �

�

 In addition

a �
S�R��
�
C
N�

�	
S�R��
�
C
N�

is invertible� and we have a�� � D����d���� �R��N�� N��� here �� � max��� ���

��� Boundary symbols associated with interior symbols

In this section we introduce a special symbol class on Rn that gives rise to operator

valued symbols in the sense of Section 	���

Let S�	�cl��x
�Rn � Rn�
 de�ned to be the subspace of all a�x� �� � S�cl��x �Rn � Rn�

vanishing on the set

TR �� fx � �y� t� � Rn � jxj � R� jtj � Rjyjg ����

for some constant R � R�a�� In an analogous manner we de�ne the more general space

S�	� �Rn� Rn�

 Set S�	�cl��x
�Rn � Rn�tr�
 � S�	�cl��x

�Rn � Rn�
 � S�	�cl �Rn � Rn�tr and

	�



S�	�cl��x
�R

n

� �R
n�tr�
 � fa � #aj

R
n

��R
n � #a�x� �� � S�	�cl��x

�Rn�Rn�tr�
g�R
n

� � Rn���R�


Similarly
 we can de�ne the spaces S�	��cl��
�Rn� Rn�
� S

�	�
cl�

�Rn�Rn�tr�
� S
�	�
cl�

�R
n

� �

Rn�tr�

 where cl� means symbols that are only classical in �� For a � S�	�cl�
�Rn �

Rn�
 we form op�a��y� ��u�t� �
RR

ei�t�t
���a�y� t� �� � �u�t��dt�d!� and set op��a��y� �� �

r�op�a��y� ��e� 
 where r� and e� are of analogous meaning on Ras the corresponding
operators r� and e� in Section 	��

We also form op��a��y� �� for symbols a�y� t� �� � � � S�	�cl�
�R

n

� �R
n�tr�
� the exten


sion e� includes an extension of a to a corresponding #a
 though op��a��y� �� does not
depend on the choice of #a�

Proposition ��� a�x� �� � S�	� �Rn�Rn�
 implies

op�a��y� �� � S�	� �Rn���Rn���Hs�R��Hs���R��

for every s � R


The simple proof is left to the reader�

Proposition ��� a�x� �� � S�	�cl�
�R

n

� �R
n�tr�
 implies

op��a��y� �� � S�	� �Rn���Rn���Hs�R���Hs���R���

for every s � ��
� and

op��a��y� �� � S�	� �Rn���Rn���S�R���S�R���


The proof of this result can be given similarly to Theorem ����		 in �����

Given a symbol a�x� �� � S�	�cl�
�R

n

� �R
n�tr we call the operator family

op��ajt����y� �� � Hs�R�� �	 Hs���R���

s � ��
� �or op��ajt����y� �� � S�R�� �	 S�R��� the boundary symbol associated

with a�x� ���

Remark ��� For a�x� �� � S�	�cl��x
�R

n

� �R
n�tr we have

op��ajt����y� �� � S�	�cl��y
�Rn���Rn���Hs�R���Hs���R����

s � ��
� � and op��ajt����y� �� � S�	�cl��y

�Rn���Rn���S�R���S�R���


For a�x� �� � S�	�cl��x
�R

n

� �R
n� we form

��a� � ����a�� �e�a�� ���e�a�����a�� �e��a�� ���e��a���

for ���a� � ���#a�j
R
n

���R
nn��� �e�a� � �e�#a�j�Rn�n���Rn� ���e�a� � ���e�#a�j�Rn�n����Rnn��

with an #a � S�	�cl�
�Rn�Rn�tr where a � #aj

R
n

�
�Rn
 and

���a��y� �� �� ���op��ajt�����y� ��� �y� �� � Rn��� �Rn��n���
�e��a��y� �� �� �e��op��ajt�����y� ��� �y� �� � �Rn��n���Rn���

���e��a��y� �� �� ���e��op��ajt�����y� ��� �y� �� � �Rn��n��� �Rn��n���

	�



where the right hand sides are understood in the sense of �	��� �Here
 e� is used for the
exit symbol components along y � Rn��
 while e indicates exit symbol components of
interior symbols with respect to x � Rn��

It is useful to decompose symbols in S�	�cl��x
�R

n

� �R
n� into a �
part and an interior

part by a suitable partition of unity�

De
nition ��	 A function 	
 � C��R
n

�� is called a global admissible cut�o� func�

tion in R
n

� if

�i� � � 	
�x� � 	 for all x � R
n

��

�ii� there is an R � � such that 	
��x� � 	
�x� for all � � 	� jxj� R�

�iii�g 	
�x� � 	 for � � t 
 � for some � � �� 	
�x� � � for jxj � R� t � #Rjyj and

	
�x� � � for jxj � R� t � #� for some #� � � and non�negative reals R and #R�

A function 	
 � C��R
n

�� is called a local admissible cut�o� function in R
n

� if it has

the properties �i�� �ii� and

�iii�l 	
�x� � ��x��	 � ��x�� for � � #�j
R
n

�
for some #� � C�� �Rn�� � � #��x� � 	

for all x � Rn and #��x� � 	 in a neighbourhood of x � � and � � �j
R
n

�
for

some � � C��Rnn�� with ���x� � ��x� for all � � R�� x � Rnn�� such that for

some y � Rn�� with jyj � 	� and certain � 
 � 
 #� 
 �
� we have ��x� � 	 for

all x � Sn�� �R
n

� with jx � yj 
 � and ��x� � � for all x � Sn�� �R
n

� with

jx� yj � #��

For a�x� �� � S�	�cl��x
�R

n

� �R
n� and any �local or global� admissible cut
o� function

	
 we then get a decomposition

a�x� �� � 	
�x�a�x� �� � �	� 	
�x��a�x� ��

where a
�x� �� �� 	
�x�a�x� �� � S�	�cl��x
�R

n

��R
n�
 and �	�	
�x��a�x� �� � S�	�cl��x

�R
n

��

Rn�


Remark ��� The operator of multiplication M�� by any 	
 � C��Rn� with

	
��x� � 	
�x� for all jxj � R for some R � � and � � 	� can be regarded as

an element in L�	�
cl �Rn�
 In other words� we have M��A�AM�� � L�	��cl��R

n� for every

A � L�	��cl��R
n�� If 	
 and #	
 are two such functions with supp	
 � supp#	
 � � we

have 	
A#	
 � L��	���Rn� for arbitrary A � L�	��cl��R
n�� A similar observation is

true in the operator�valued case�

��� Green symbols

Pseudo
di�erential boundary value problems are described by a symbol structure that
re&ects an analogue of Green�s function and generates boundary �and potential� con

ditions of elliptic boundary value problems� This is summarised by the following
de�nition�

De
nition ��
 The spaceR���	�
G �Rn���Rn���N�� N�� of Green symbols of order

� � R� type � and weight � � R is de�ned to be space of all operator�valued symbols

g�y� �� � S�	�cl�
�Rn���Rn���L��R��� CN� �S�R��� CN� �

	�



such that

g��y� �� � S�	�cl�
�Rn���Rn���L��R��� CN� �S�R��� CN� �


Moreover� the spaceR��d	�
G �Rn���Rn���N�� N�� of Green symbols of order � � R�

type d � N and weight � � R is de�ned to be the space of all operator families of the

form

g�y� �� � g��y� �� �
dX

j��

gj�y� ��

�
�jt �
� �

�
����

for arbitrary gj � R
��j��	�
G �Rn���Rn���N�� N��� j � �� 
 
 
 � d


Proposition ��� Every g�y� �� � R��d	�
G �Rn���Rn���N�� N�� belongs to

S�	�cl�
�Rn���Rn���Hs�R��� CN� �S�R��� CN� � for every real s � d� �

� �

The speci�c aspect in our symbol calculus near exits to in�nity consists of classical
elements
 here with respect to y � Rn��
 Let R��d	�

G�cl �Rn���Rn���N�� N�� denote the

subspace of all g�y� �� � R��d	�
G �Rn���Rn���N�� N�� of the form ���� for gj�y� �� �

R��j��	�
G�cl �Rn���Rn���N�� N��
 where R���	�

G�cl �Rn���Rn���N�� N�� is de�ned to be
the space of all

g�y� �� � S�	�cl��y
�Rn���Rn���L��R�� � CN� �S�R�� � CN� �

with

g��y� �� � S�	�cl��y
�Rn���Rn���L��R��� CN� �S�R��� CN� �


Similarly to Proposition ��� we have

R��d	�
G�cl �Rn���Rn���N�� N�� � S�	�cl��y

�Rn���Rn���Hs�R�� � CN� �S�R�� � CN� �

����
for all s � d� �

� � Applying �	�� we then get the triple of principal symbols

��g� � ����g�� �e��g�� ���e��g��
 ��	�

Remark ���� There is a direct analogue of Remark 	
� in the framework of Green

symbols that we do not repeat in this version in detail� Let us only observe that we can

recover g�y� �� from ��	� modR����d	���
G�cl �Rn���Rn���N�� N�� by 	������g��y� �� �

	�y�f�e� �g��y� �� � 	������e��g��y� ��g � R��d	�
G�cl �Rn���Rn���N�� N��


Lemma ���� Let ��y� t� � C��Rq � R�� and assume that for some � � R the

following estimates hold	 supt�R� jD
�
y��y� t�j � chyi��j�j for all y � Rq and all � � Nq�

with constants c � c�a� � �� Then the operator M��y�t� of multiplication by ��y� t�
ful�ls the relation

M��y�t� � S�	��Rq �Rq�L��R��� L��R���
 ����

Proof 
 We have to check the symbol estimates

jj������fD�
yD

�

M��y�t�g����jjL�L��R��� � chyi��j�j

	�



for all �� � � Nq and all �y� �� � Rq � Rq with suitable c � c��� �� � �� Because
M��y�t� is independent of � it su$ces to consider � � �� Using ������D�

yM��y�t����� �
D�
yM��y�thyi��� we get for u � L��R��

jj������fD�
yD

�

M��y�t�g����u�t�jjL��R�� � jjD�

y��y� thyi���u�t�jjL��R�� �

supt�R� jD
�
y��y� thyi���jjjujjL��R�� � chyi��j�jjjujjL��R��
 �

Lemma ���� Let ��y� t� � C��Rq � R�� be a function such that there are con�

stants m� � � R such that supt�R� jD
�
yD

M
t ��y� t�j � chyi��j�jhtim�M for all y � Rq� t �

R� and all � � Nq�M � N� with constants c � c���M � � �� Then we have

M��y�t� � S����Rq�Rq�S�R���S�R���
 ����

Proof
 Let us express the Schwartz space as a projective limit

S�R�� � proj limfhti�kHk�R�� � k � Ng


An operator b is continuous in S�R�� if for every k � N there is an l � l�k� � N such
that

jjbjjL�hti�lHl�R���hti�kHk�R��� � c

for certain c � c�k� l� � �� The symbol estimates for ���� require for every k � N an
l � l�k� � N such that

jj������fD�
yM��y�t�g����ujjhti�kHk�R�� � chyi��j�jjjujjhti�lHl�R��� ����

for constants c � � depending on k� l� �
 for all � and k� Similarly to the proof of
Lemma ��		 the �
derivatives may be ignored� Estimate ���� is equivalent to

jjhtikD�
y ��y� th�i���hti�lvjjHk�R�� � chyi��j�jjjvjjHl�R�� ����

for all v � H l�R��� Setting l � k � m� for m� � max�m� �� we get ���� from the
system of simpler estimates

jjDj
tfhti

�m�

D�
y��y� th�i���v�t�gjjL��R�� � chyi��j�jjjvjjHl�R��

for all � � j � k� The function Dj
tfhti

�m�

D�
y��y� th�i���v�t�g is a sum of expressions

of the form

vj�j�j��t� � chti�m
��j�h�i�j��Dj�

t D
�
y���y� th�i���Dj�

t v�t�

for j��j��j
 � j and constants c � c�j�� j�� j
�� We now employ the assumption on �

namely supt�R� j�D

�
yD

j�
t ���y� th�i���j � hyi��j�jhth�i��im�j� � Using hth�i��im�j� �

htim�j� for m � j� � � and hth�i��im�j� � 	 for m� j� 
 � we immediately get

jjvj�j�j��t�jjL��R�� � ch�i��j�jjjDj�
t vjjL��R��

for all y � Rq
 with di�erent constants c � �� This gives us �nally the estimates �����
�

��



��� The algebra of boundary value problems

De
nition ���� R��d	�
cl �Rn���Rn���N�� N�� for ��� d� �Z�N� � � R� is de�ned

to be the set of all operator families

a�y� �� �

�
op��a��y� �� �

� �

�
� g�y� ��

for arbitrary a�x� �� � S�	�cl��x
�R

n

��R
n�tr�
 and g�y� �� � R��d	�

G�cl �Rn���Rn���N�� N��


Observe that the components of

��a� �� ����a�� �e�a�� ���e�a�����a�� �e��a�� ���e��a�� ����

for a�y� �� � R��d	�
cl �Rn���Rn���N�� N��
 given by

���a� �� ���a�� �e�a� �� �e�a�� ���e�a� �� ���e�a��

and

���a� �

�
���op��ajt���� �

� �

�
� ���g��

�e��a� �

�
�e��op��ajt���� �

� �

�
� �e��g��

���e��a� �

�
���e��op��ajt���� �

� �

�
� ���e��g�

are uniquely determined by a�y� ��
 and that ��a� � � implies a�y� �� � R����d	���
cl

�Rn���Rn���N�� N���

Moreover
 a�y� �� � R��d	�
cl �Rn�� � Rn���N�� N�� and b�y� �� � R��e	�

cl �Rn�� �

Rn���N�� N�� implies �ab��y� �� � R����h	���
cl �Rn���Rn���N�� N�� for h � max���

d� e� where ��ab� � ��a���b� �with componentwise multiplication��
Next we de�ne spaces of smoothing operators in the half
space� The space

B����	���R
n

��N�� N�� is de�ned to be the set of all block matrix operators

A �

�
A K
T C

�
�

S�R��
�

S�Rn��� CN� �
�	

S�R��
�

S�Rn��� CN� �
�

where

�i� Au�y� t� �
RR
Rn
�

a�y� t� y�� t��u�y�� t��dy�dt� for certain a�y� t� y�� t�� � S�R
n

��R
n

����

S�Rn�Rn�j
R
n

��R
n

�
�� u � S�R

n

���

�ii� Kv�y� t� �
PN�

l��Klvl�y� t� for Klvl�y� t� �
R
Rn��

kl�y� t� y��vl�y��dy� for certain

kl�y� t� y�� � S�R
n

� � R
n����� S�Rn� Rn���j

R
n

��R
n���
 for v � �vl�l���


�N� �

S�Rn��� CN� �


�iii� Tu�y� � �Tmu�y��m���


�N�
for Tmu�y� �

RR
R
n

�

bm�y� y�� t��u�y�� t��dy�dt� for cer


tain bm�y� y�� t�� � S�Rn���R
n

���� S�Rn���Rn�j
Rn���R

n

�
�� m � 	� 
 
 
 � N� for

u � S�R
n

���

�	



�iv� Cv�y� � �
PN�

l��

R
clm�y� y��vl�y��dy��m���


�N�

for certain clm�y� y�� � S�Rn���
Rn���� l � 	� 
 
 
 � N��m � 	� 
 
 
 � N��

B���d	���R
n

��N�� N�� for d � N is the space of all operators

C � C� �
dX

j��

Cj

�
�jt �
� �

�

for arbitrary Cj � B����	���R
n

��N�� N��� j � �� 
 
 
 � d


Let L�	�cl �Rn�� denote the subspace of all P � L�	�cl �Rn� such that there is an R � �
with �P� � � for all �� � � C�� �Rn� with supp�� supp� � RnnTR
 cf� ����� Moreover


we set L�	�cl �Rn
��� � fP � #P jRn

�
� #P � L�	�cl �Rn��g
 For P � #P jRn

�
� #P � L�	�cl �Rn�� we

de�ne

��P � � ���� #P �j
R
n

���R
nn��� �e�

#P �j�Rn�n���Rn� ���e�
#P �j�Rn�n����Rnn��� ����

De
nition ���� The space B��d	�cl �R
n

��N�� N�� for ��� d� �Z�N� � � R� is de�ned
to be the set of all operators

A � Op�a� � P � C ����

for arbitrary a�y� �� � R��d	�
cl �Rn���Rn���N�� N���P �

�
P �
� �

�
with P �

L�	�cl �Rn�� and C � B���d	���R
n

��N�� N��� Moreover� we set

B��d	�
cl �R

n

�� � u
l
cB��d	�cl �R
n

��N�� N��
 ����

Similarly� we get the subspaces of so�called Green operators �of order �� type d� and

weight �� B��d	�G�cl �R
n

��N�� N�� and B��d	�
G�cl �R

n

�� when we require amplitude functions to

belong to R��d	�
G�cl �Rn�� � Rn���N�� N�� and R��d	�

G�cl �Rn�� � Rn���� respectively� For

A � B��d	�cl �R
n

��N�� N�� we write ordA � ��� ��


Note that particularly simple elements in B���	�
cl �R

n

�� are di�erential operators

A �
X
j�j��

a��x�D�
x ����

with coe$cients a� � #a�jRn
�

where #a��x� � S�cl�R
n
x�


Theorem ���� For every � � Zthe space B���	�
cl �R

n

�� �cf� the notation �����
contains an element R� that induces isomorphisms

R� � Hs	��Rn
�� �	 Hs��	��Rn

�� ��	�

for all s� � � R as well as isomorphisms

R� � S�R
n

�� �	 S�R
n

��� ����

where R�� �� �R���� � B����	�cl �R
n

��


��



This is a well
known result for � � �
 proved in this form for all s � R in Grubb ����
note that for s � ��

� we have to compose the pseudo
di�erential operators from the
right by an extension operator l � Hs�Rn

�� 	 Hs�Rn�� while for s � ��
� we can take

e�� Let us mention for completeness that order reductions for s � �� � �
� have been

constructed before by Boutet de Monvel ���� The symbols from ��� have the form

r����� �

�
	�

�

ah�i
�h�i � i�

��
����

� � ��� � � � Rn for a su$ciently large constant a � � and a function 	 � S�R� with
F��	 supported in R� and 	��� � 	� It was proved in ����
 Section ���
 that ���� is
a classical symbol in �� In other words
 we have r����� � S�	�cl��x

�R
n

� � R
n�tr
 and we

can set R�u � r�Op�r���l where l � e� for s � ��
� � It is now trivial that R� induces

isomorphisms for all s� �
 because the operators with symbols ���� in Rn belong to
L�	�cl �Rn�
 cf� ����

Note that the operator R� is elliptic of order ��� �� in the sense of De�nition ���	
below�

Writing A � B��d	�cl �R
n

��N�� N�� in the form ���� we set

����A�� �e�A�� ���e�A�� � ����a� � ���P �� �e�a� � �e�P �� ���e�a� � ���e�P ���

where we use notation from ���� and ����� Moreover
 we de�ne

����A�� �e��A�� ���e��A�� � ����a�� �e��a�� ���e��a��� ����

cf� the notation in ����� Finally
 we set

��A� � ����A�� �e�A�� ���e�A�����A�� �e��A�� ���e��A��� ����

called the principal symbol of the operator A�
Let us set

symbB��d	�cl �R
n

��N�� N�� � f��A� � A � B��d	�cl �R
n

��N�� N��g


Remark ���	 The space symbB��d	�cl �R
n

��N�� N�� can easily be de�ned intrinsi�

cally� i�e�� as a space of symbol tuples �p�� pe� p��e� p�� pe�� p��e�� with natural compati�

bility conditions between the components� Then � � A 	 ��A� is a surjective map

� � B��d	�cl �R
n

��N�� N�� �	 symbB��d	�cl �R
n

��N�� N��� ����

and there is a linear right inverse

op � symbB��d	�cl �R
n

��N�� N�� �	 B��d	�cl �R
n

��N�� N�� ����

of �� Moreover� we have ker � � B����d	���cl �R
n

��N�� N��
 Any choice of a map ����
with ���� is called an operator convention�

Remark ���� An operator A � B��d	�cl �R
n

��N�� N�� induces continuous operators

A �
S�R

n

��
�

S�Rn��� CN� �
�	

S�R
n

��
�

S�Rn��� CN� �

 ����

��



This is an immediate consequence of the fact that A can be written in the form

A �

�
r� #Ae� �

� �

�
� Op�g� � C ����

for an #A � L�	�cl �Rn�tr ��� f #A � L�	�cl �Rn� � #A has the transmission property with

respect to t � �g�
 and C � B���d	���R
n

��N�� N��� where ���� is clear for C
 while
the continuity for the other ingredients
 immediately follow from �	�� and �����

Theorem ���
 A � B��d	�cl �R
n

��N�� N�� and B � B��e	�cl �R
n

��N�� N�� implies AB �

B����h	���cl �R
n

��N�� N�� for h � max�� � d� e�� and we have

��AB� � ��A���B�

�with componentwise multiplication�� If A or B is a Green operator then so is AB�

The proof of this theorem is very close to the corresponding proof in Boutet de Monvel�s
calculus in local terms� Therefore
 we only sketch the typical novelty in the framework
with weights� Compositions of the form �G�C�A or B� #G� #C� for smoothing operators
C� #C and Green operators G � Op�g�� #G � Op�#g� in the corresponding spaces are again
of the type Green plus smoothing operator �this can easily be veri�ed
 if we represent
A or B like ������ It remains to consider compositions �r� #Ae���r� #Be�� that equal
r� #A #Be� �r� #A�	�'�� #Be�
 where '� denotes the characteristic function of Rn

�� The

�rst summand is as desired
 while r� #A�	�'�� #Be� has to be recognised as an element
Op�g� �modulo a smoothing remainder� for some Green symbol g�y� �� of weight �� �
for jyj 	 
� Here
 we can write #A � 	
 #A � �	 � 	
� #A and #B � 	
 #B � �	 �
	
� #B for a certain global admissible cut
o� function 	
 in Rn
 cf� De�nition ����
Then
 r�	
 #A�	 � '��	
 #Be� is obviously of the asserted form because the weight
contributions for t	
 are cutted out
 while r��	�	
� #A�	�'��	
 #Be�� r�	
 #A�	�
'���	�	
� #Be� and r��	�	
� #A�	�'���	�	
� #Be� are smoothing
 cf� Remark ����

Remark ���� The operator S� of multiplication by diag�hxi�� hyi�� idCN � belongs

to B���	�cl �R
n

��N�N � and induces isomorphisms

S� �
Hs	��Rn

��
�

Hs	��Rn��� CN �
�	

Hs�Rn
��

�
Hs�Rn��� CN �

for all s � R
Moreover� we have

S���B��d	�cl �R
n

��N�� N��S�� � B��d	�cl �R
n

��N�� N��

�clearly� the dimensions in the factors of the latter relation are assumed to be N� and

N�� respectively��

Theorem ���� A � B��d	�cl �R
n

��N�� N�� induces continuous operators

A �
Hs	��Rn

��
�

Hs	��Rn��� CN� �
�	

Hs��	����Rn
��

�
Hs��	����Rn��� CN� �

����

for all s� � � R� s � d � �
� 
 If ordA 
 ��� �� �i�e�� the relation 
 holds for both

components� the operator ���� is compact�

��



Proof 
 Write A in the form ����� The assertion for C is obvious� Concerning r� #Ae�

it su$ces to apply ��� and �	��
 combined with the properties ��� and ���� It remains
Op�g�� For simplicity we assume g to be of the form of an upper left corner
 i�e�


g�y� �� � R��d	�
G�cl �Rn���Rn���
 cf� the notation in De�nition ���� The other entries in

the general block matrix case can be treated in a similar manner which is left to the
reader� So we show the continuity

Op�g� � Hs	��Rn
�� �	 Hs��	����Rn

���

s � d� �
� � Applying Theorem ��	� it su$ces to prove the continuity of

Rs��Op�g�R�s � H�	��Rn
�� �	 H�	����Rn

��


The symbol g�y� �� may be written in the form g�y� �� � hyi�a�y� �� for a�y� �� �

R��d	�
G�cl �Rn�� � Rn���� Now
 using Theorem ��	� we get op�a�R�s � Op�b� � C for

some b�y� �� � R��s��	�
G�cl �Rn�� � Rn��� and C � B����	���R

n

��� In the following C
may be ignored� we then have to show the continuity of

Rs��hyi�Op�b� � H�	��Rn
�� �	 H�	����Rn

��
 ��	�

From the general pseudo
di�erential calculus with operator
valued symbols we know
that

hyi�Op�b�hyi�� � Op�c�

with some symbol c�y� �� that in this case again belongs to Rs����	�
G�cl �Rn��� Rn���


Thus
 the operator in ��	� gets the form

Rs��Op�c�hyi� � Op�d�hyi� � C

for another C � B����	�� and d�y� �� � R���	�
G�cl �R

n��� Rn���
 We may concentrate
on the proof of the continuity

Op�d�hyi� � H�	��Rn
�� �	 H�	����Rn

��

for arbitrary � � R� This is equivalent to the continuity of

hxi���Op�d�hyi�hxi�� � L��Rn
�� �	 L��Rn

���

x � �y� t�
 By the argument used above in connection with ��	� we �nd an f�y� �� �
R���	�
G�cl �Rn���Rn��� such that

hxi���Op�d�hyi� hxi�� � hxi���hyi���Op�f�hyi�hxi��


Now ��y� t� �� hyi�hxi�� for � � � satis�es the assumptions of Lemma ��		 for � � ��
For �� � � � we can apply Lemma ��		 once again for ��y� t� � hxi���hyi��� and get

hxi���Op�d�hyi�hxi�� � Op�M��Op�f�Op�M��

as a continuous operator L��Rn
�� 	 L��Rn

��
 Let us now examine the case � � � but
��� � �� We then write hxi���hyi��� � ��y� t�hti��� for ��y� t� � hxi���hyi���hti����
The function � satis�es the assumptions of Lemma ��		
 while Mhti��� belongs to

S����Rn���Rn���S�R���S�R��� by Lemma ��	�� This gives us

Mhti��� f�y� �� � S����Rn���Rn���L��R��� L��R���

��



Hence
 setting again ��y� t� � hyi�hxi��� we see that

hxi���hyi���Op�f�hyi� hxi�� � Op�M��Op�Mhti���f�Op�M��

is a continuous operator L��Rn
�� 	 L��Rn

��� In an analogous manner we can proceed
in the remaining cases concerning the sign of � and � � �� The compactness of A for
ordA 
 ��� �� then follows from the continuity of A to spaces of better smoothness
and weight and from corresponding compact embeddings of Sobolev spaces� �

��	 Ellipticity

The principal symbol structure of the preceding section gives rise to an adequate notion
of ellipticity of pseudo
di�erential boundary value problems globally on the half
space�

De
nition ���� An operator A � B��d	�cl �R
n

��N�� N�� is called elliptic �of order
��� ��� if

�i� ���A��x� �� for all �x� �� � R
n

� � �Rnn���

�e�A��x� �� for all �x� �� � �R
n

�n���Rn�

���e�A��x� �� for all �x� �� � �R
n

�n��� �Rnn��
are non�zero�

�ii� ���A��y� �� for all �y� �� � Rn��� �Rn��n���
�e��A��y� �� for all �y� �� � �Rn��n���Rn���
���e��A��y� �� for all �y� �� � �Rn��n��� �Rn��n��
are isomorphisms

S�R��
�
CN�

�	
S�R��
�
CN�




Remark ���� Condition �ii� in the latter de�nition can equivalently be replaced

by bijectivities in the sense

Hs�R��
�
CN�

�	
Hs���R��

�
C
N�

for any s � max��� d�� �
� 


De
nition ���� Given A � B��d	�cl �R
n

��N�� N��� an operator P � B���e	��cl �R
n

��

N�� N�� for some e � N is called a parametrix of A if PA� I � B���dl 	���R
n

��N��

N�� and AP � I � B���dr 	���R
n

��N�� N�� for certain dl� dr � N


We shall see below that the ellipticity of an operator A � B��d	�cl �R
n

��N�� N��
entails the existence of a parametrix� First we want to construct further examples of
elliptic boundary value problems�

The Dirichlet problem for c�(� with the Laplace operator ( �
Pn

j��
��

�x�j
� and a

constant c � � is represented by the operator

A� �

�
c�(

r�

�
� Hs�Rn

�� �	
Hs���Rn

��
�

Hs� �
� �Rn���


����

��



For convenience we pass to

A� �

�
c�(
Qr�

�
� Hs�Rn

�� �	
Hs���Rn

��
�

Hs���Rn���
����

where Q is an order reduction on the boundary that we take of the form Q �
Opy�h�i

�
� �
 such that Q � Hs�Rn��� �	 Hs��

� �Rn��� is an isomorphism for all s � R�

Then we have A� � B
���	�
cl �R

n

�� �� 	�� We want to show that ���� is an isomorphism for
all s � 


� and construct the inverse� We have for x � �y� t�� � � ��� � �

���A�� � j�j�� �e�A�� � c� j�j�� ���e�A�� � j�j��

���A�� �

�
j�j� � ��t
j�j

�
� r�

�
� �e��A�� �

�
c� j�j� � ��t
h�i

�
� r�

�
� ���e��A�� �

�
j�j� � ��t
j�j

�
� r�

�



Hence A� is elliptic in the sense of De�nition ���	� First we invert the operator family

�
�� ��t
�r�

�
� S�R�� �	

S�R��
�
C

� ����

where � �� �c�j�j��
�
� � � �� h�i

�
� 
 Let us write l��� � � ��i� � then l��� �l��� � � �����

and �����t � op��l�l�� � op��l��op��l�� �the latter identity is true because l� is a
minus function� op��l�� � S�R�� 	 S�R�� is an isomorphism�� Thus
 to invert ����

it su$ces to consider

�
op��l��
�r�

�
� S�R�� �	

S�R��
�
C

which is an isomorphism
 because op��l�� � S�R�� 	 S�R�� is surjective and �r�

induces an isomorphism of ker op��l�� � f�e��t � � � Cg to C � Let us form the
potential k � k��� � C 	 S�R��
 de�ned by k� � ����e��t� � � C � Then

�
op��l��
�r�

�
�op��l��� � k� �

�
	 �
� 	

�
�

because r�op��l��� � � �� and hence

�
op��l��
�r�

���
� �op��l��� � k�


Consider now a�� � � �� � ��� The operator in ���� can be written

�
op��a�
�r�

�
�

�
op��l�� �

� 	

��
op��l��
�r�

�

and hence �
op��a�
�r�

���
� �op��l��� � k�

�
op��l��� � �

� 	

�
�

�op��l��� �op��l��� � k�


��



Here op��l��� �op��l��� � � op��a���� g for a certain g � %��R��� It follows altogether

�
op��a�
�r�

���
� �op��a��� � g k��

i�e�
 we calculated the inverse of ����� Inserting now the expression for � � ����� � �
����� we easily see that the ingredients of

�e��A��
�� � �op��a������ � g��� k���� ����

belong to R����	�
cl �Rn���Rn��� 	� �� �they are
 of course
 independent of y�
 and it is

clear that A��� � Opy��e��A����� which belongs to B����	�cl �R
n

�� 	� ��� The method of
calculating ���� gives us analogously ���A���� and ���e��A����
 and

��A��� � � �j�j��� �c� j�j����� j�j������A��
��� �e��A��

��� ���e��A��
���


It is then obvious how to express A��� 
 namely

A��� � A���

�
	 �
� Q��

�



Remark ���� Similar arguments apply to the Neumann problem for c�( in the

half�space� with r��t in place of r�� To get an element with uni�ed orders we can pass

to the boundary operator Rr��t for R � Opy�h�i
�
� �� We see that

�
c�(
Rr��t

�
� B���	�cl �R

n

�� �� 	�

is also elliptic in the sense of De�nition �
�	 and even invertible as an operator

Hs�Rn
�� 	 Hs���Rn

���Hs���Rn��� for s � 

� � The inverse belongs to B

����	�
cl �R

n

�� 	� ���
We shall construct in Section �
� below a general class of further examples of this kind�

Theorem ���� For every N � N there exist elliptic elements A�
N � B���	�cl �R

n

�� �� N �

and A�N � B���	�cl �R
n

��N� �� that induce isomorphisms

A�
N � Hs�Rn

�� �	
Hs�Rn

��
�

Hs�Rn��� CN �
�

A�N �
Hs�Rn

��
�

Hs�Rn��� CN �
�	 Hs�Rn

��

for all s � ��
� � where A

�
N � �A�

N ����

Proof
 Let us start from the above operator A� and form

A� � Rs���A�
#R�s� � B���	�cl �R

n

�� �� 	� ����

for any �xed s� � �
 where #R �� R� � B���	�
cl �R

n

�� is the order reducing element
from Theorem ��	� and R �� diag�R�� R�� for R� � Opy�h�i � idCN �
 Then
 setting

A�
� � A�
 we can form A�

N inductively by

A�
N �

�
A�
N

T�
N

�
��

�
� A�

N�� �
T�
N�� �
� 	

�
A� A�

�

T�
�

�
�

�
� A�

N��A
�
�

T�
N��A

�
�

T�
�

�
A 


��



Here
 A�
� �

�
A�
�

T�
�

�

 Moreover
 from the above construction of A��� and Theo


rem ��	� it follows that we may set A�N �� �A�
N ���
 �

��
 Parametrices and Fredholm property

Theorem ���	 Let A � B��d	�cl �R
n

��N�� N�� be elliptic� Then

A �
Hs	��Rn

��
�

Hs	��Rn��� CN� �
�	

Hs��	����Rn
��

�
Hs��	����Rn��� CN� �

����

is a Fredholm operator for every s � max��� d� � �
� and every � � R� and A has a

parametrix P � B
����d���� 	��
cl �R

n

��N�� N�� where dl � max��� d� and dr � �d � ���

�cf� the notation in De�nition �
����

The proof of this theorem will be given below after some preparations�

Remark ���� Applying Remark �
	� we can reduce the proof of Theorem �
�� to

the case � � �� In other words� it su
ces to consider the operator S���AS�� �
B��d	�cl �R

n

��N�� N��
 Furthermore� we can reduce orders and pass to

A� �� Rs���
��� �S���AS���R�s�

��� � B
���	�
cl �R

n

��N�� N��

for any choice of s� � max��� d�� where R��� � diag�R�� R�N�� for R�N� �� Op�h�i �

id
C
N� �� cf� similarly ����� Clearly� the ellipticity of A is equivalent to that of A�� and

the construction of a parametrix P� for A� gives us immediately a parametrix P of A�
namely

P � S��R�s�
���P�R

s���
��� S��� 
 ����

So we mainly concentrate on the case A � B���	�cl �R
n

��N�� N��


Let p�x� �� � S�	�cl �R
n

� �R
n�tr�
 be a symbol with

���p� �� � for all �x� �� � R
n

� � �Rnn��� ����

�e�p� �� � for all �x� �� � �R
n

�n���Rn� ����

���e�p� �� � for all �x� �� � �R
n

�n��� �Rnn��
 ��	�

Set

b����y� �� �� op��pjt����y� ��� ����

and consider the operator families

���b�����y� ��� �e� �b
�
����y� ��� ���e��b

�
����y� �� � L��R�� �	 L��R��� ����

���b���� for �y� �� � Rn��� �Rn��n��� �e��b���� for �y� �� � �Rn��n���Rn��� ���e��b����
for �y� �� � �Rn��n��� �Rn��n��


These are families of Fredholm operators parametrised by the corresponding sets
of �y� ��
variables�

��



Proposition ���
 For every � � � there exists an R � R� � � such that

jj���b�����y� �� � ���e��b
�
����y� ��jjL�L��R��� 
 � ����

for all jyj � R and � � Rn��n��

jj���b�����y� �� � �e��b
�
����y� ��jjL�L��R��� 
 � ����

for all jyj � R and j�j � R�

jj�e��b
�
����y� �� � ���e��b

�
����y� ��jjL�L��R��� 
 � ����

for all jyj � Rn��n� and j�j � R�

Proof
 Let us �rst verify ����� Both op����p�jt����y� �� and op����e�p�jt����y� �� can
be regarded as parameter
dependent families of pseudo
di�erential operators L��R�� 	
L��R�� with parameter y � Rn��
 smoothly dependent on � with j�j � 	�

But
op����pjt���� ���e�pjt�����y� �� ����

is of order �	 in the parameter� A well
known result on operator norms of parameter

dependent pseudo
di�erential operators
 cf�
 e�g�
 ����
 Section 	����
 tells us that the
L�L��R���
norm of ���� tends to zero for jyj 	 
� in this case uniformly for jyj � 	�
Thus
 composing ���� from the right with e� and from the left with r� we get relation
���� for all jyj � R�R � R�� and j�j � 	


In a similar way we can argue for ����
 now with � � Rn��n� as parameter and
smooth dependence on y with jyj � 	� This gives us relation ����� Estimate ���� is
then an obvious consequence of ���� and �����

Corollary ���� Under the conditions of Proposition �
�� there exists an R � R� �
� such that the Fredholm families

���b�����y� �� � L��R�� �	 L��R�� for � � jyj � R� j�j � R

and

�e��b
�
����y� �� � L��R�� �	 L��R�� for jyj � R� � � j�j � R�

satisfy jj���b�����y� �� � �e��b�����y� ��jjL�L��R��� 
 � for all jyj � j�j � R


Let � � �
 and set

T� � f�y� �� � R��n��� � jyj � j�j � R�g� D� � T� � ��� 	��

and form
Zj
� � f�y� �� � R��n��� � jyj � R� � j� j�j � R�g�

Hj
� � f�y� �� � R��n��� � jyj � R�� j�j � R� � jg

for j � �� 	�

 De�ne the spaces Lj� � �Zj
� 
d H

j
� � 
b D�� �� where 
d is the disjoint

union
 while 
b is the disjoint union combined with the projection to the quotient
space
 given by natural identi�cations T� �Zj

�
�� T� � f�g� T� �Hj

�
�� T� � f	g


Write for abbreviation Z� � Z�
� � H� � H�

� � L� � L
�
�
 Moreover
 let D��� �� T� �

��� � � and L��� �� Z� 
d H� 
b D��� � � � � � 	� where 
b is de�ned by means the
identi�cations T� � Z� �� T� � f�g� T� �H�

�� T� � f�g
 Thus L� � L���
 and we set
B � � L����

��



De�ne an operator function F �m��m � L�
 by the following relations�

F �y� �� � ���b�����y� �� for m � �y� �� � Z��

F �y� �� � �e��b
�
����y� �� for m � �y� �� � H��

F �y� �� �� � ����b�����y� �� � �	 � ���e��b
�
����y� �� for m � �y� �� �� � D�


From Corollary ���� we get

jjF �y� �� ��� F �y� �� ���jjL�L��R��� � j� � ��j� ����

for all �y� �� ��� �y� �� ��� � D�� � � �� �� � 	
 We have

F � C�L��L�L��R����� ����

and F jZ�� F jH�
are continuous families of Fredholm operators� Relation ���� shows that

���� is a family of Fredholm operators for all m � L�
 provided � � � is su$ciently
small� We then get an index element indL�F � K�L��
 Because of K�L���� �� K�L��
for all � � � � 	� indL�F represents
 in fact
 an element in K�B �� that we denote by

indB�f���b�����y� ��� �e� �b
�
����y� ��g � K�B � �
 ����

Our next objective is to check
 whether the operator family b����y� �� for an elliptic
symbol p�x� �� � S�	�cl��x

�R
n

� �R
n�tr can be completed to a block matrix valued symbol

b��y� �� �

�
b��� b��
b�� b��

�
�y� �� � S�	�cl��y

�Rn���Rn���E� #E�� ��	�

E �
L��R��
�
CN�

� #E �
L��R��
�
CN�

����

with suitable N�� N�
 such that the homogeneous symbols

���b���y� �� � S���
 � �y� �� � Rn��� �Rn��n��� ����

�e��b
���y� �� � S���y � �y� �� � �Rn��n���Rn��� ����

���e��b
���y� �� � S��	��
	y � �y� �� � �Rn��n��� �Rn��n��� ����

are isomorphisms�

Theorem ���� Let p�x� �� � S�	�cl��x
�R

n

� �R
n�tr be ���� �e� ���e��elliptic� i�e�� rela�

tions ����� ���� and ��	� are ful�led� Then the following conditions are equivalent	

�i� The families of Fredholm operators L��R�� 	 L��R��

���b�����y� �� for �y� �� � Rn��� �Rn��n��� ����

�e��b
�
����y� �� for �y� �� � �Rn��n���Rn��� ����

���e��b
�
����y� �� for �y� �� � �Rn��n��� �Rn��n�� ����

can be completed to D����R��N�� N���valued families of isomorphisms ����� ����
and ����� respectively�

�	



�ii�
indB�f���b����� �e��b

�
���g � ���K�f�g�� ����

where �� � B � 	 f�g is the projection of B� to a single point f�g� �K�f�g� � Z�


Proof
 �i� � �ii� � In the construction of the proof we choose � � � su$ciently small�
Assume that we have isomorphism
valued symbols ����
 ���� and ����
 associated with
the given upper left corners ����
 ���� and ����� Then the above Fredholm familyF �m�
on L�
 associated with f���b����� �e��b

�
���g has the property indL�F � �CN� �� �CN� �


i�e�
 indL�F �Zwhich implies indB�f���b����� �e��b
�
���g �Z�� ���K�f�g�


�ii� � �i� � Condition indB�f���b����� �e��b
�
���g � ���K�f�g� implies the existence

of numbers N� � N with indB�f���b����� �e��b
�
���g � �CN� �� �CN� �
 Replacing N� by

N� � M for su$ciently large M and denoting the enlarged numbers again by N� we
�nd operator families

k�m� � CN� �	 L��R��� t�m� � L��R�� �	 C
N� � q�m� � CN� �	 C

N� �

such that

f�m� ��

�
F �m� k�m�
t�m� q�m�

�
�
L��R��
�
CN�

�	
L��R��
�
CN�

����

is a family of isomorphisms
 continuously parametrised by L�
 It is evident that they
can be chosen as D�	��R��N�� N��
valued functions
 similarly to the construction of
bijective boundary symbols in the local algebra of boundary value problems with the
transmission property� In addition it is clear that the functions k�m�
 t�m� and q�m�
can be chosen to be smooth in �y� ���

Let us now de�ne a Fredholm family F ��m� for m � L�
� by

F ��m� � F �m� for m � L��

F ��m� � �	� �����b�����y� �� � ����e��b
�
����y� ��

for R� � jyj � R� � 	� j�j � R�� where � � R� � jyj�

F ��m� � �	� ���e��b
�
����y� �� � ����e��b

�
����y� ��

for jyj � R�� R� � j�j � R� � 	� where � � R� � j�j


Estimates ���� and ���� show that F � is a family of Fredholm operators on L�
�


provided � � � is su$ciently small� We can construct a family of isomorphisms

f��m� ��

�
F ��m� k��m�
t��m� q��m�

�
�
L��R��
�
CN�

�	
L��R��
�
CN�

� ��	�

m � L�
�
 similarly as f�m� �if necessary
 we take N�� N� larger than before�
 where

f�jL� � f � Since F �m� is a
priori given on L�� 
 we can also form

#f��m� ��

�
F �m� k��m�
t��m� q��m�

�
�
L��R��
�
CN�

�	
L��R��
�
C
N�

�

m � L�
�� Due to ���� and ���� this is a family of Fredholm operators� Clearly
 we may

choose #f��m� in such a way that #f�jZ�
�

and #f�jH�
�

are smooth in �y� ��� Let us �nally

��



look at L�� � The operator function f�
 �rst given on L�
�
 canonically extends to L��

by homogeneity of order zero to L�� nL
�
� in y and �� Let f� denote this extension


f��m� ��

�
F��m� k��m�
t��m� q��m�

�
����

i�e�
 f�jL�� � f�� Since f� is obtained by homogeneous extension of a family of
isomorphisms
 it is again isomorphism
valued� Moreover
 we can also form

#f��m� ��

�
F �m� k��m�
t��m� q��m�

�

which is a family of isomorphisms because of the corresponding property of ���� and
relations ���� and �����

Then
 to get ����
 ���� and ����
 it is su$ces to de�ne ���b���y� �� as the extension
by homogeneity � in � of #f�jZ�� to Rn��� �Rn��n��
 �e��b

���y� �� as the extension by

homogeneity � in y of #f�jH�� to �Rn��n���Rn�� and ���e��b
���y� �� as the extension

by homogeneity � in y and � of #f�jfjyj�R����j
j�R���g to �Rn��n�� � �Rn��n��� To
justify the notation in ����
 ���� and ���� �i�e�
 to generate the latter homogeneous
functions in terms of a symbol ��	�� we can �rst form b���y� �� � 	������b���y� �� �
	�y�f�e� �b

���y� ���	������e� �b
���y� ��g � S�	�cl��y

�Rn���Rn���E� #E�� cf� the second part

of Remark 	��
 and then de�ne b��y� �� by replacing the upper left entry of b���y� �� by
b����y� ��
 �

Remark ���� Notice that Theorem �
�� is an analogue of the Atiyah�Bott condi�

tion for the existence of elliptic boundary conditions to an elliptic operator A� cf� also
Section �
� below�

The canonical projection T �Rn�� 	 Rn�� restricted to the subset B� � T �Rn��

gives us a projection �� � B � 	 B� �� fy � Rn�� � jyj � R�g
 Condition ���� can

equivalently be written

indB�f���b����� �e��b
�
���g � ���K�B���

since B� is contractible to a point f�g�

Corollary ���� Given a symbol p�x� �� � S�	�cl��x
�R

n

� �R
n�tr that is ���� �e� ���e��

elliptic� under the condition ���� for b����y� �� � op��pjt����y� �� we �nd a

b�y� �� � R���	�
cl �Rn���Rn���N�� N��

for suitable N�� N� � N� such that ����� ���� and ���� are isomorphims L��R�� �
CN� 	 L��R�� � CN� � cf� De�nition �
�	� To construct b�y� �� it su
ces to de�ne

b�y� �� by replacing the upper left entry of b
���y� �� by op��p
��y� �� for p
�x� �� �

	
�x�p�x� �� with some global admissible cut�o� function 	
� cf� De�nition �
��

Proposition ���� Let G � B���	�
G�cl �R

n

�� be an operator such that A �� 	 � G is

elliptic in the sense of De�nition �
�	� Then there is a #G � B���	�
G�cl �R

n

�� such that

#A �� 	 � #G is a parametrix of A� i�e�� A #A � 	� #AA� 	 � B����	���R
n

���

Proof 
 Let us �rst observe that for every g � %��R�� �i�e�
 g � L�L��R���� with
g� g� � L��R�� 	 S�R�� being continuous
 cf� Section ��	
 we have ag� ga � %��R��

��



for every a � L�L��R���
 Then
 if 	 � g � L��R�� 	 L��R�� for a g � L�L��R���
is invertible
 we have a � �	 � g��� � L�L��R��� and a�	 � g� � 	 � a � ag
 i�e�

a � 	 � #g for #g � �ag � %��R��� Analogous conclusions are valid for the symbols
���	 � G�� �e��	 �G� and ���e��	 � G�� Then
 setting

#g��y� �� �� ���	 � G����y� �� � 	� #ge��y� �� �� �e��	 � G����y� �� � 	�

#g��e��y� �� �� ���e��	 �G����y� ��� 	�

we can form #g�y� �� �� 	���#g��y� �� � 	�y��#ge� �y� �� � 	���#g��e��y� ��� � R���	�
G�cl �R

n���

Rn��� cf� Remark 	��� For #G� � Opy�#g� we then have �	 � G��	 � #G�� � 	 � #G�

where #G� � B����	��G�cl �R
n

��� Then #Gj
� � B�j��	�jG�cl �R

n

�� for all j
 and we can carry out

the asymptotic sum
P�

j����	�j #Gj
� in the class of operators 	 �B����	��G�cl �R

n

�� �which
is just a version of the formal Neumann series argument in our operator class�� In
other words
 we can �nd a #G
 � B����	��G�cl �R

n

�� such that �	 � #G���	 � #G
� � 	 �C for

C � B����	���R
n

��� Because �	 � #G���	 � #G
� � 	 � #G for some #G � B���	�
G�cl �R

n

�� we

get �	 � G��	 � #G� � 	 � C� Similar arguments from the left yield a ##G � B���	�
G�cl �R

n

��

with �	 � ##G��	 �G�� 	 � B����	���R
n

��
 Then a standard algebraic argument gives

us #G � ##GmodB����	���R
n

��
 In other words #A � 	 � #G is as desired� �

Proof of Theorem ���	� As noted in Remark ���� we maycontent ourselves with
the case � � d � � � �� The ellipticity of A with respect to ����A�� �e�A�� ���e�A��
allows us to form a symbol p�x� �� � 	������A����x� �� � 	�x�f�e�A����x� ��

�	������e�A����x� ��g � S�	�cl��x
�R

n

��R
n�tr� where ����p�� �e�p�� ���e�p�� � ����A����

�e�A���� ���e�A����� We now observe that p�x� �� meets the assumption of Theo

rem ����� In fact
 the original symbol a�x� �� belonging to A satis�es these conditions
because the assumed bijectivities just correspond to the ellipticity of A with respect
to ����A�� �e��A�� ���e��A��� Hence relation ���� with respect to a�x� �� is ful�led�
This implies the corresponding relation with respect to p�x� �� because the index el

ement in ���K�f�g� is just the inverse of that for a�x� ��� By construction we have

p�x� ��a�x� �� � 	 � r�x� �� for an r�x� �� � S��	��cl��x
�R

n

� �R
n�tr� This yields

p�x� ���a�x� �� � 	 � #r�x� �� ����

for an #r�x� �� � S��	��cl��x
�R

n

� � Rn�tr� A formal Neumann series argument
 applied

to 	 � #r�x� �� in terms of the Leibniz multiplication � gives us a symbol #q�x� �� �
S��	��cl��x

�R
n

� �R
n�tr such that �	 � #q�x� �����	 � #r�x� ��� � 	 mod S��	���R

n

� �R
n��

Setting #p�x� �� � �	 � #q�x� ����p�x� �� from relation ���� we get #p�x� ���a�x� �� �
	modS��	���R

n

��R
n�
 Applying Corollary ���� to #p�x� �� we can generate a b�y� ��

of the asserted kind
 more precisely b�y� �� � R���	�
cl �Rn���Rn���
 Then the operator

#P �� Op�b� �

�
R �
� �

�

for R �� �	 � 	
�x��Opx�#p�
 cf� De�nition ���
 has the property A #P � I � G for
some G � B���	�cl �R

n

��N�� N��� Since A and #P are both elliptic also I � G is elliptic�

Applying Theorem ���� toN � N� we can pass to the elliptic operator AN�
�I�G�A��N�

that has the form 	 � G for a G � B���	�
G�cl �R

n

��� Proposition ���� gives us a #G �

��



B���	�
G�cl �R

n

�� such that �	 �G��	� #G� � 	�C for a C � B����	���R
n

��
 It follows that

AN�
A #PA��N�

�	 � #G� � 	 � C for an element C � B����	���R
n

��� This yields

A #PA��N�
�	 � #G�AN�

� A��N�
�	 � C�AN�

� 	 � C

for a remainder C � B����	���R
n

��N�� N��� Hence


P� �� #PA��N�
�	 � #G�AN�

� B���	�cl �R
n

��N�� N��

is a right parametrix of A� In an analogous manner we can construct a parametrix from
the left� then a standard argument shows that P� is also a left parametrix� In other
words
 when we go back to the original orders of Theorem ����
 we get a parametrix P
by formula ����
 where its type is �d� ��� and the types dl and dr of remainders are
an immediate consequence of Theorem ��	�� The Fredholm property of ���� follows
from the fact that the remainders are compact operators in the respective spaces
 since
they improve smoothness and weight� This completes the proof of Theorem ����� �

� The global theory

��� Boundary value problems on smooth manifolds

The calculus of boundary value problems that we intend to develop in Section ��� below
on a manifold with exits to in�nity will be a substructure of a corresponding calculus on
a general �not necessarily compact� smooth manifold with smooth boundary� This is
 in
fact
 Boutet de Monvel�s algebra ��� that we employ as the corresponding background�
Concerning details
 cf� the monograph of Rempel and Schulze �	�� or Schulze ����

Chapter �� For future references we want to give a brief description�

Let M be a smooth manifold with smooth boundary �M� choose vector bun

dles E�F � Vect�M �� J�� J� � Vect��M �� and set v � �E�F � J�� J��� We then
have the space B�����M �v� of all smoothing operators C�� �M�E��C�� ��M� J�� 	
C��M�F � � C���M� J�� of type � that are given by corresponding C� kernels

smooth up to boundary �in the corresponding variables on M �� Integrations refer
to Riemannian metrics on M and �M that we keep �xed in the sequel
 further to
Hermitian metrics in the occurring vector bundles� Assume that the Riemannian met

ric on M induces the product metric of ��M � � ��� 	� in a collar neighbourhood of
�M � Incidentally we employ �M 
 the double of M 
 obtained by gluing together two
copies of M along �M by an identi�cation di�eomorphism� On M we have the space
Di�j�M �E�F � of all di�erential operators of order j acting between sections in the
bundles E and F � Then B���d�M �v�
 the space of all smoothing operators on M of
type d � N
 is de�ned to be the set of all

G � G� �
dX

j��

Gj

�
Dj �
� �

�

for arbitrary G�� 
 
 
 �Gd � B�����M �v� and Dj � Di�j�M �E�F �� To introduce the
space of Green operators on M we �rst consider an open set � � R

n��� n � dimM 

and de�ne R��d

G �� � Rn��� k�m�N�� N��
 the space of all Green symbols of order �
and type d
 to be the set of all

g�y� �� � g��y� �� �
dX

j��

gj�y� ��

�
�jt �
� �

�

��



for gj�y� �� � R��j��
G ���Rn��� k�m�N�� N��� Here R���

G �� �Rn��� k�m�N�� N�� �
g�y� �� is given by the conditions

g�y� �� � S�cl���R
n���L��R�� C

k �� CN� �S�R�� C
m �� CN� ��

g��y� �� � S�cl���R
n���L��R�� C

m � � CN� �S�R�� C
k � � CN� ��

x � �y� t� is the splitting of variables in local coordinates near �M �cf� analogously
De�nition ����
 and k�m�N� and N� are the �bre dimensions of E�F� J� and J�


respectively� Now B��dG �M �v� is de�ned to be the set of all operators of the form
G� � C for arbitrary C � B���d�M �v� and operators G� that are concentrated in a
collar neighbourhood of �M and are locally �nite sums of operators of the form Op�g�

for certain g�y� �� � R��d
G ���Rn��� k�m�N�� N��� The pull
backs refer to charts U 	

��R� for coordinate patches U near �M and trivialisations of the involved bundles�
�G� concentrated near �M� means that for certain functions �� � � C��M � that equal
	 in a collar neighbourhood of �M and � outside another collar neighbourhood of �M
we have G� � M�G�M�
 cf� similar notation in ���� below�

Finally
 let L�cl��M � #E� #F �tr for #E� #F � Vect��M � denote the subspace of all #A �

L�cl��M � #E� #F� �classical �in �
variables�� pseudo
di�erential operators on �M of order

� acting between sections of the bundles #E� #F that have the transmission property with
respect to �M � We employ the standard Sobolev spaces Hs

comp�M�E��Hs
loc�M�E� of

smoothness s � R for bundles E � Vect�M �� �comp� and �loc� are understood
in the sense Hs

comp�M�E� � Hs
comp��M� #E�jM � Hs

loc�M�E� � Hs
loc��M� #E�jM for any

#E � Vect��M � with E � #EjM � For every #A � L�cl��M � #E� #F �tr and E � #EjM � F � #F jM
we can form r� #Ae�
 where e� is the extension by zero from intM to �M and r� the
restriction from �M to intM � this gives us continuous operators

r� #Ae� � Hs
comp�M�E� �	 Hs��

loc �M�F �

for all s � ��
� �

De
nition ��� The space B��d�M �v� for � � Z� d � N�v � �E�F � J�� J��� is
de�ned to be the set of all operators

A �

�
r� #Ae� �

� �

�
� G ����

for arbitrary #A � L�cl��M � #E� #F �tr and G � B
��d
G �M �v�


An operator A � B��d�M �v� induces continuous operators

A �
Hs

comp�M�E�
�

Hs
comp��M� J��

�	
Hs��

loc �M�F �
�

Hs��
loc ��M� J��

for all s � d� �
�

�which entails continuity between C� sections� In particular
 if M is
compact
 �comp� and �loc� are super&uous
 and we get continuous operators

A �
Hs�M�E�

�
Hs��M� J��

�	
Hs���M�F �

�
Hs����M� J��


����

��



The principal symbol structure of A � B��d�M �v� consists of a pair

��A� � ����A�� ���A���

where ���A�
 the homogeneous principal interior symbol of order �
 is a bundle ho

momorphism

���A� �� ��� #A�jT�Mn� � ���E �	 ���F� ����

for �� � T �Mn� �	 M� and ���A�
 the homogeneous principal boundary symbol of
order �� a bundle homomorphism

���A� � ���

�
� E� � S�R��

�
J�

�
A �	 ���

�
� F � � S�R��

�
J�

�
A ����

for �� � T ���M �n� 	 �M � Alternatively
 ���A� may be regarded as a homomorphism

���A� � ���

�
� E� �Hs�R��

�
J�

�
A �	 ���

�
� F � �Hs���R��

�
J�

�
A ����

for all s � d� �
� 
 cf� Remark ����� Setting symbB��d�M �v� � f��A� � A � B��d�M �v�g

there is a map
op � symbB��d�M �v� �	 B��d�M �v�

with � � op � id on the symbol space� We have ��A� � � � A � B����d�M �v�� if M
is compact
 the operator ���� is compact when its symbol vanishes�

Theorem ��� Let M be compact� then A � B��d�M �v��v � �E�� F � J�� J���
and B � B��e�M �w��w � �E�E�� J�� J��� implies AB � B����h�M �v � w�� for

h � max�� � d� e�� v � w � �E�F � J�� J��� and we have ��AB� � ��A���B� �with
componentwise multiplication�� An analogous result holds for general M when we

replace the composition by AM�B for a compactly supported � � C��M � where

��AM�B� � ��AM����B��

An operator A � B��d�M �v� is called elliptic
 if both ����
 and ���� are iso

morphisms �the second condition is equivalent to the bijectivity of ���� for all s �
max��� d�� �

� ��

Theorem ��� Let M be compact� Then the following conditions are equivalent	

�i� A � B��d�M �v� is elliptic�

�ii� the operator ���� is Fredholm for some s � s� � max��� d�� �
� �

If A is elliptic� then ���� is a Fredholm operator for all s � max��� d�� �
� � and there

is a parametrix P � B����d���
�

�M �v��� of A in the sense

PA � I � B���dl �M �vl�� AP � I � B
���dr �M �vr� ����

for dl � max��� d�� vl � �E�E� J�� J��� dr � �d� ����vr � �F� F � J�� J���

Remark ��� Ellipticity of A � B��d�M �v� for non�compact M entails the exis�

tence of a parametrix P � B����d���
�

�M �v���� where ���� is to be replaced by

M�PM�A�M� � B
���dl �M �vl�� M�AM�P �M� � B

���dr �M �vr�

for arbitrary �� � � C�� �M � with �� � � �and M��M� being the multiplication

operators� containing evident tensor products with the identity maps in the respective

vector bundles��

��



��� Calculus on manifolds with exits to in�nity

In this paper a manifold M with boundary and conical exits to in�nity is de�ned
to be a smooth manifold with smooth boundary containing a submanifold C that is
di�eomorphic �in the sense of manifolds with boundary� to �	���
��X with a smooth
compact manifold X with smooth boundary Y 
 where MnC is compact� Concerning
the local descriptions we proceed similarly to Section 	�� above� To simplify the
considerations we assume �without loss of generality� that there is a smooth manifold
�M without boundary �the double of M � where �M has conical exits to in�nity
 cf�
Section 	��
 with �X being the base of the in�nite part of �M that is di�eomorphic
to �	 � ��
� � ��X�� Here �X
 the double of X
 is obtained from two copies of X

glued together along the common boundary Y by an identi�cation di�eomorphism to
a smooth closed compact manifold�

To describe the pseudo
di�erential calculus of boundary value problems on M we
mainly concentrate on C� the calculus on the �bounded� part of M has been explained
in Section ��	� If f #Ujgj���


�N denotes an open covering of �M of analogous meaning

as �		�
 we have the subsystem f #Ujgj�L���


�N of �in�nite� neighbourhoods� Without

loss of generality we can choose the numeration in such a way that #Uj � �M � � for

j � L � 	� 
 
 
 � B� #Uj � �M �� � for j � B � 	� 
 
 
 � N 
 for a certain L � 	 � B � N �
Similarly to Section 	�� we have charts

#	j � #Uj �	 #Vj � j � B � 	� 
 
 
 � N

where #Vj � fx � Rn � jxj � 	 � �� x
jxj � V �

j g for certain open sets #V �
j � Sn��� n �

dim��M �� We may �and will� assume that #Uj has the form �Uj for an in�nite neigh

bourhood Uj on M�Uj � �M �� �� that is glued together with its counterpart to
#Uj � �Uj along #Uj � �M 
 where #	j � #Uj � �M 	 #Vj �Rn�� and

	j �� #	jjUj � Uj �	 #Vj �R
n

� �� Vj� j � B � 	� 
 
 
 � N
 ����

Let U � M be a neighbourhood of M that equals Uj for some B � 	 � j � N 


and let 	 � U 	 V � R
n

� be the chart corresponding to ����� We call U a local
admissible neighbourhood and any� � C��U � a local admissible cut
o� function onM
if � � 	�� for some local admissible cut
o� function � in R

n

� �that is supported in V �

cf� De�nition ���� Moreover
 the above
mentioned in�nite part C �� �	� ��
��X of
M allows us to de�ne global admissible neighbourhoods on M 
 namely sets of the form
�	���
��Y � ��� �� for some �small� � � �
 where Y � ��� �� denotes a corresponding
collar neighbourhood of Y in X� Then a �
 � C��M � is called a global admissible
cut
o� function on M if � � �
 � 	� supp �
 � �	 � �

� �
�� Y � ��� ��� �
 � 	 for

m � �	�
�� Y � ��� �
�
�� and ���m� � ��m� for all � � 	�m � �R�
�� Y � ��� �

�
� for

some R � 	�
Given a vector bundle E � Vect�M � we �x an #E � Vect��M � such that E � #EjM �

In Section 	�� we have de�ned weighted Sobolev spaces Hs	���M� #E� for s� � � R� Let
Hs	�

� �M�E� denote the subspace of all u � Hs	���M� #E� with supp u � M � Similarly

denoting by M� the negative counterpart of M in �M 
 we have Hs	�

� �M�� E�� for
E� � #EjM�

� Let r� be the operator of restriction to intM � Mn�M� and set

Hs	��M�E� � fr�u � u � Hs	���M� #E�g
 ��	�

There is then an isomorphism of ��	� to the space Hs	���M� #E��Hs	�
� �M�� E�� which

gives us a Banach space structure on ��	� �in fact
 a Hilbert space structure� via

��



the quotient topology� Similarly to �	�� we introduce the Schwartz space S�M�E� of
sections in E�

Let L�	�cl ��M � #E� #F �tr for #E� #F � Vect��M � denote the subspace of all #A � L�	�cl ��M �
#E� #F � that have the transmission property with respect to �M � Then
 if e� is the
operator of extension by zero from M to �M 
 analogously to ��� we form r� #Ae� for

arbitrary #A � L�	�cl ��M � #E� #F �tr and get continuous operators

r� #Ae� � Hs	��M�E� �	 Hs��	����M�F �

for all s � ��
� and � � R�

In order to introduce the global space of pseudo
di�erential boundary value prob

lems on M we �rst introduce the smoothing elements of type �� Let E�F � Vect�M ��
J�� J� � Vect��M �� Recall that all bundles are equipped with Hermitian metrics
�homogeneous of order zero in the axial variable of the conical exits�� Moreover
 on
M and �M we have �xed Riemannian metrics such that the metric on �M is induced
by that on M � There are then associated measures dm on M and dn on �M � Now
B����	���M �v� for v � �E�F � J�� J�� is de�ned to be the space of all operators

C �

�
C�� C��

C�� C��

�
�

Hs	��M�E�
�

Hs	���M� J��
�	

S�M�F �
�

S��M� J��

s� � � R such that Cij are integral operators with kernels cij 
 where c���m�m�� �
S�M�F � "��S�M�E��� c���m�n�� � S�M�F � "��S��M� �J����� c���n�m�� � S��M� J��
"��S�M�E��� c���n� n�� � S��M� J�� "��S��M� �J���� and

�C��u��m� �

Z
M

�c���m�m
��� u�m���Edm�

with �
� 
�E denoting the pointwise pairing in the �bers of E
 etc� Let Di�j	�cl �M �E�E�
be the space of all di�erential operators of order j on M �acting on sections of the

bundles E� that belong to Lj	�cl �M �E�E� �cf�
 in particular
 formula ������ Then the
space B���d	���M �v� of all smoothing operators of type d � N is de�ned to be the
set of all

C � C� �
dX

j��

Cj

�
Dj �
� �

�

for arbitrary Cj � B����	���M �v� and Dj � Di�j	�cl �M �E�E��
Next we introduce the space of classical Green operators on M 
 that is an analogue

of B��d	�G�cl �R
n

��N�� N��
 cf� De�nition ��	�� First
 for arbitrary k�m � N there is an

evident block
matrix version B��d	�G�cl �R
n

�� k�m�N�� N��� Every operator Q in this space
is continuous in the sense

Q �
Hs	��Rn

�� C
k �

�
Hs	��Rn��� CN� �

�	
Hs��	����Rn

�� C
m �

�
Hs��	����Rn��� CN� �

for s � d� �
� � If � and � are local admissible cut
o� functions in R

n

�
 we have

M�QM� � B
��d	�
G�cl �R

n

�� k�m�N�� N��� ����

��



for every Q � B��d	�G�cl �R
n

�� k�m�N�� N��
 where M� is the operator of multiplica

tion by diag�� � idCm ��jRn�� � id

C
N� � and similarly M�� Given bundles E�F �

Vect�M �� J�� J� � Vect��M �
 an operator

G �
Hs	��M�E�

�
Hs	���M� J��

�	
Hs��	����M�F �

�
Hs��	�����M� J��

����

is said to be supported in a global admissible neighbourhood of �M if there are global
admissible cut
o� functions �
� �
 on M such that G � M��GM�� � Similarly
 we

say that a Q � B��d	�G�cl �R
n

�� k�m�N�� N�� is supported in a local admissible set in R
n

�

if Q satis�es a relation Q � M�QM� for certain local admissible cut
o� functions
� and �� If 	 � U 	 V is one of the charts ����
 we have an associated chart
	� � U � �M 	 V �Rn��
 and there are corresponding trivialisations of the bundles
E�F and J�� J�
 respectively� 	 gives rise to a push
forward of operators

��M�GM� �
Hs	��Rn

�� C
k �

�
Hs	��Rn��� CN� �

�	
Hs��	����Rn

�� C
m �

�
Hs��	����Rn��� CN� �

�

where k�m and N�� N� are the �bre dimensions of the bundles E�F and J�� J�

respectively
 and �� � local admissible cut
o� functions supported by U �

Now B��d	�G�cl �M �v� for v � �E�F � J�� J�� is de�ned to be the set of all operators

G � G� � G� � C
 where C � B���d	���M �v� and

�i� G� is supported in 
B���j�NUj 
 cf� ����
 where

�j�M�jG�M�j � B
��d	�
G�cl �R

n

�� k�m�N�� N��

for arbitrary local admissible cut
o� functions �j and �j on M supported in
Uj� B � 	 � j � N �

�ii� G� is an operator ���� that is supported in a collar neighbourhood of the boundary
of the �nite part M 
 i�e�
 ��MnC�
 and it is a Green operator of order � and
type d in Boutet de Monvel�s algebra on MnC�

It can be easily be proved that this is a correct de�nition� in fact
 the operators in the
space B��d	�G�cl �R

n

�� k�m�N�� N��
 supported in an admissible set in R
n

�
 are invariant
under the transition maps generated by the charts and corresponding trivialisations of
the involved bundles�

De
nition ��� The space B��d	�cl �M �v� for � �Z� d� N� � � R and v � �E�F � J��
J��� E� F � Vect�M �� J�� J� � Vect��M �� is de�ned to be the set of all operators

A �

�
r� #Ae� �

� �

�
� G ����

for arbitrary #A � L�	�cl ��M � #E� #F �tr �with #EjM � E� #F jM � F � and G � B��d	�G�cl �M �v�


Theorem ��	 Every operator A � B��d	�cl �M �v�� v � �E�F � J�� J��� induces con�
tinuous operators

A �
Hs	��M�E�

�
Hs	���M� J��

�	
Hs��	����M�F �

�
Hs��	�����M� J��

��



for all real s � d� �
� and all � � R� In particular� A is also continuous in the sense

A �
S�M�E�

�
S��M� J��

�	
S�M�F �

�
S��M� J��




This result is an easy consequence of Theorem ���� and Remark ��	��
Similarly to the global principal symbol structure of operators on a closed manifold

with exit to in�nity
 cf� Section 	��
 we now introduce global principal symbols for
an operator A � B��d	�cl �M �v�� v � �E�F � J�� J�� for E�F � Vect�M �� J�� J� �

Vect��M �� The principal interior symbols only depend on #A in ����� According to

formulas �	��
 �	��
 �	��
 we have ���� #A�� �e� #A�� ���e� #A�� for any #A � L�	�cl ��M � #E� #F �

where

��� #A� � ��� #E �	 ���
#F � �� � T ���M �n� �	 �M�

�e� #A� � ��e #E �	 ��e
#F � �e � T ���M �j��X��

�
�	 ��X�	��

���e� #A� � ����e #E �	 ����e
#F� ���e � �T ���M �n��j��X���

�	 ��X�	�


Restricting this to M �and taking for the projections the same notation� we get

���A� �� ��� #A�jT�Mn� � ���E �	 ���F� �� � T �Mn� �	M� ����

�e�A� �� �e� #A�jT�M jX��
� ��eE �	 ��eF� �e � T �M jX�� �	 X	

�� ����

���e�A� �� ���e� #A�j�T�Mn��jX��
� ����eE �	 ����eF� ���e � �T �Mn��jX�� �	 X	

�


����
Concerning the principal boundary symbol components we �rst have

���A� � ���

�
� E� � S�R��

�
J�

�
A �	 ���

�
� F � � S�R��

�
J�

�
A ����

for �� � T ���M �n� 	 �M 
 according to the inclusion B��d	�cl �M �v� � B��d�M �v�

E� � Ej�M � F � � F j�M 
 cf� Section ��	� Moreover
 the e�� and ��� e��
components of
���� �in the corresponding �m�k� block matrix
valued version� have a simple invariant
meaning with respect to the transition maps from the local representations of A on
the in�nite part of M � The system of the local boundary �e�� and ��� e���� symbols
in the sense of ���� gives us bundle homomorphisms

�e��A� � ��e�

�
� E� � S�R��

�
J�

�
A �	 ��e�

�
� F � � S�R��

�
J�

�
A ����

for �e� � T ���M �jY �� 	 Y 	� and

���e��A� � ����e�

�
� E� � S�R��

�
J�

�
A �	 ����e�

�
� F � � S�R��

�
J�

�
A �	���

for ���e� � �T ���M �n��jY�
�
	 Y 	�� Note that S�R�� may be replaced by Sobolev spaces

on the half
axis for s � d� �
� 
 cf� analogously Section ��	� Let

��A� � ����A�� �e�A�� ���e�A�����A�� �e��A�� ���e��A�� �	�	�

�	



for A � B��d	�cl �M �v�� and set symbB��d	�cl �M �v� � f��A� � A � B��d	�cl �M �v�g� We
then have a direct generalisation of Remark ��	�� the obvious details are left to the
reader�

Note that there are natural compatibility properties between the components of
��A��

Theorem ��� A � B��d	�cl �M �v�� v � �E�� F � J�� J
��� and B � B��e	�cl �M �w�� w �

�E�E�� J
�� J��� implies AB � B����h	���cl �M �v�w� for h � max���d� e� and v �w �

�E�F � J�� J��� and we have ��AB� � ��A���B� �with componentwise multiplication��

Theorem ��� is the global version of Theorem ��	� and
 in fact
 a direct consequence
of this local composition result�

��� Ellipticity� parametrices and Fredholm property

De
nition ��
 An operator A � B��d	�cl �M �v� for v � �E�F � J�� J�� is called

elliptic of order ��� �� if all bundle homomorphisms ����� ����� ����� ����� ����� �	���
are isomorphisms�

Similarly to Remark ����
 in the conditions for ����
 ����
 �	��� we may replace
S�R�� by Hs�R�� and Hs���R��
 respectivly
 for s � max��� d�� �

� �

De
nition ��� Given A � B��d	�cl �M �v� for v � �E�F � J�� J�� an operator P �

B���e	��cl �M �v��� for v�� � �F�E� J�� J�� and some e � N is called a parametrix of

A if

PA� I � B���dl 	���M �vl�� AP � I � B���dr 	���M �vr�

for certain dl� dr � N� and vl � �E�E� J�� J���vr � �F� F � J�� J���

Note that the Theorem ��� entails ��A��� � ��P� �with componentwise inversion�
where P is a parametrix of A�

Theorem ���� Let A � B��d	�cl �M �v� be elliptic� Then

A �
Hs	��M�E�

�
Hs	���M� J��

�	
Hs��	����M�F �

�
Hs��	�����M� J��

�	���

is a Fredholm operator for every s � max��� d� � �
�
and every � � R� and A has a

parametrix P � B
����d���� 	��
cl �M �v���� where dl � max��� d� and dr � �d� ��� �cf�

the notation in De�nition �
���

The proof of this result can be given similarly to Theorem ����� Alternatively
 the
methods of Section ��� can also be used to �rst construct ��A��� and to form #P ��

op���A���� � B����d���
� 	���M �v���
 Then we get #PA � I � B���e	���M �vl� for

some e
 and we get P itself by a formal Neumann series argument�

Remark ���� Let A � B��d	�cl �M �v� be elliptic� Then we have elliptic regularity

of solutions in the following sense� Au � f � Hs��	����M�F � �Hs��	�����M� J��
for any s � max��� d�� �

� and � � R and u � Hr	���M�E� �Hr	����M� J��� r �
max��� d�� �

� � implies u � Hs	��M�E� �Hs	���M� J��


��



In fact
 we can argue in a standard manner� Composing Au � f from the left by P we
get PAu � �	 � G�u � Hs	��M�E� �Hs	���M� J�� and Gu � S�M�E� � S��M� J��
which yields the assertion�

Remark ���� From Remark �
		 we easily obtain that the kernel of A is a �nite�

dimensional subspace of S�M�E��S��M� J�� �and as such independent of s and ���
Moreover� it can easily be shown that there is a �nite�dimensional subspace N� �
S�M�F � � S��M� J�� such that imA �N� � Hs��	����M�F �� Hs��	�����M� J��
for all s� where imA means the image in the sense of �	���� Thus indA �the index of

�	���� is independent of s � max��� d�� �
� and of � � R�

Remark ���� Let Ai � B��d	�cl �M �vi�� vi � �E�F � J�i � J
�
i �� i � 	� �� be elliptic

operators where A� has the same upper left corner as A�� then there is an analogue

of Agranovich�Dynin formula for the indices indAi� i � 	� � � There exists an elliptic

operator B � L�	�
cl ��M � J�� � J�� � J

�
� � J�� � such that

indA� � indA� � indB


The idea of the proof is completely analogous to the corresponding result for a
compact
 smooth manifoldwith boundary
 cf� Rempel and Schulze �	��
 Section ����	���
The operator B can be evaluated explicitely by applying reductions of orders and
weights �cf�
 also Theorem ��	� below� and using a parametrix of A��

��� Construction of global elliptic boundary conditions

An essential point in the analysis of elliptic boundary value problems is the question
whether an element

A � B��d	�
cl �M �E�F � �	���

that is elliptic with respect to the interior symbol tuple ����A�� �e�A�� ���e�A�� can
be regarded as the upper left corner of an operator

A � B��d	�cl �M �v� for v � �E�F � J�� J�� �	���

for a suitable choice of bundles J�� J� � Vect��M � and additional entries of the block
matrix
 such that A is elliptic in the sense of De�nition ���� We want to give the general
answer and by this extend the well
known Atiyah
Bott condition from �	�� Atiyah
and Bott formulated a topological obstruction for the existence of Shapiro
Lopatinskij
elliptic boundary conditions for elliptic di�erential operators on a compact smooth
manifold �concerning the corresponding conditions for pseudo
di�erential boundary
value problems cf� Boutet de Monvel ����� To formulate the result in our situation

without loss of generality we consider the case � � d � � � �� The general case
is then a consequence of a simple reduction of orders
 types and weights
 applying
Theorem ��	� and Remark ��	� below� The constructions for Theorem ���� above can
be generalised to a given ���� �e� ���e�
elliptic operator A � B���	�

cl �M �E�F � as follows�
Starting point are the boundary symbols

���A��y� �� for �y� �� � T ���M �n��

�e��A��y� �� for �y� �� � T ���M �jY�� �

���e��A��y� �� for �y� �� � �T ���M �n��jY �
�
�

��



as operator families
E�y � L��R�� �	 F �y � L��R���

�in contrast to ����
�	��� we now prefer L��R�� instead of S�R��
 according to the
considerations in Section ����� For points y � �M belonging to the in�nite exit to
in�nity �� �	 � ��
� � Y� it makes sense to talk about jyj � R �this simply means
that the associated axial variable is larger than R�� First there is an obvious analogue
of Proposition ���� that refers to points �y� �� � T ���M � for y � �	� ��
�� Y��

Proposition ���� For every � � � there exists an R � R� � � such that

jj���A��y� �� � ���e��A��y� ��jjL�E�y�L��R���F �y�L
��R��� 
 � �	���

for all jyj � R and � �� ��

jj���A��y� �� � �e��A��y� ��jjL�E�y�L��R���F �y�L
��R��� 
 � �	���

for all jyj � R and j�j � R�

jj�e��A��y� �� � ���e��A��y� ��jjL�E�y�L��R���F �y�L
��R��� 
 � �	���

for all jyj � �	� ��
�� Y� and j�j � R�

Corollary ���� There is an R � R� � � such that

jj���A��y� �� � �e��A��y� ��jjL�E�y�L��R���F �y�L
��R��� 
 �

for all jyj � j�j � R�

For � � � we set

T� � f�y� �� � T ���M � � jyj � j�j � R�g� D� � T� � ��� 	�

and
Zj
� � f�y� �� � T ���M � � y � �Mnfjyj � R� � jg� j�j � R�g�

Hj
� � f�y� �� � T ���M � � jyj � R�� j�j � R� � jg

for j � �� 	�
� Moreover
 let Lj� � �Zj
� 
d H

j
�� 
b D�� �� with 
d being the disjoint

union and 
b the disjoint union combined with the projection to the quotient space
that is given by natural identi�cations T� �Zj

�
�� T�� f�g� T� �Hj

�
�� T� � f	g
 Write

Z� � Z�
� � H� � H�

� � L� � L
�
�
 Furthermore
 for � � � � 	 we set D��� �� T� � ��� � �

and form L��� �� Z�
dH�
bD��� � � � � � 	� where 
b is the disjoint union combined
with the projection from the identi�cation T� � Z� �� T� � f�g� T� �H�

�� T� � f�g

We now introduce an operator function F �m��m � L�
 as follows�

F �y� �� � ���A��y� �� for m � �y� �� � Z�� �	���

F �y� �� � �e��A��y� �� for m � �y� �� � H�� �	���

F �y� �� �� � ����A��y� �� � �	� ���e��A��y� �� for m � �y� �� �� � D�
 �		��

We then have an operator familiy

F �m� � E�y � L��R�� �	 F �y � L��R��

��



continuously depending on m � L�
 and F is Fredholm operator
valued
 provided � � �
is su$ciently small� This gives us an index element indL�F � K�L��
 For analogous
reasons as above in connection with ���� we form

indB�f���A��y� ��� �e� �A��y� ��g � K�B � �� �			�

B � �� L��� � T ���M �
 The canonical projection T ���M � 	 �M induces a projection
�� � B � 	 B� where

B� �� �Mnfy � �M � jyj � R�g


Given an arbitrary ���� �e� ���e�
elliptic operator �	��� we set

A� � Rs���
F S��AR�s�E �		��

for any s� � max��� d�� �
� �where Rs���

F � Bs�����	�
cl �M �F� F � and R�s�E � B�s���	�cl �M �

E�E� are order reducing operators in the sence of Remark ��	�
 and S�� a weight
reducing factor on M of a similar meaning as that in Remark ��	�� Then we have
A� � B���	�

cl �M �E�F �
 and A� is also ���� �e� ���e�
elliptic� In the sequel the choice of
the speci�c order and weight reducing factors is unessential�

The following theorem is an analogue of the Atiyah
Bott condition
 formulated in �	�
for the case of di�erential operators on a smooth compact manifold with boundary
 and
established by Boutet de Monvel ��� for pseudo
di�erential boundary value problems
with the transmission property�

Theorem ���	 Let M be a smooth manifold with boundary and conical exits to

in�nity� E�F � Vect�M �� and let A � B��d	�
cl �M �E�F � be a ���� �e� ���e��elliptic

operator� Then there exists an elliptic operator �	��� having A as the upper left corner

if and only if the operator �		�� satis�es the condition

indB�f���A��� �e��A��g � ���K�B��� �		��

for a �su
ciently small� � � �� �� � B� 	 B��

If �		�� holds� for any choice of the additional bundles J�� J� � Vect��M � in the

sense of �	��� we have

indB�f���A��� �e��A��g � ���
	
�J�jB�

�� �J�jB�
�



 �		��

Proof 
 First note that the criterion of Theorem ��	� does not depend on the choice of
order reductions� Moreover
 such reductions allow us to pass fromA� � B���	�

cl �M �E�F �

and an associated A� � B
���	�
cl �M �v� with A� as upper left corner to the corresponding

operators A � B��d	�
cl �M �E�F � and A � B��d	�cl �M �v�� Thus
 without loss of generality

we assume � � d � � � � and talk about A and A
 respectively� Clearly
 the existence
of an elliptic A � B���	�cl �M �v�� v � �E�F � J�� J��� to a given ����� �e� ���e�
� elliptic

A � B���	�
cl �M �E�F � implies

indB�f���A�� �e��A�g � ���f�J
�jB�

�� �J�jB�
�g� �		��

because the role of the bundles J�� J� in the components of ����A�� �e��A�� ���e��A��
is just that they �ll up the Fredholm families ����A�� �e��A�� ���e��A�� to block matrices
of isomorphisms� combining this with Corollary ��	� we get the desired index relation�
Conversely assume that �		�� holds� Then the construction of an elliptic operator
A in terms of A takes place on the level of boundary symbols� In other words
 the

��



Fredholm families have to be �rst completed to block matrices of isomorphisms� This
can be done when we also include �		�� into the construction
 in order to deal with
continuous Fredholm families
 and then drop the �super&uous� part on D�� Thus the
�rst step to �nd A is to �ll up F �m��m � L�� to a family of isomorphisms

F�m� �

�
F �m� K�m�
t�m� Q�m�

�
�
E�y � L��R��

�
J�y

�	
F �y � L��R��

�
J�y

�

m � L�� Here we employ the fact that the additional �nite
dimensional vector spaces
corresponding to the entries F�m�ij for i � j � 	 are �bres in some bundles J� and
J� on B�
 using the hypothesis on F �m�� further local representations with respect to
y � B� and the invariance under the transition maps� Similarly to the local theory we
�nd F�m� �locally� in form of D����R�� k� k�N�� N��
valued families �here
 k is the
�bre dimension both of E and F 
 and N� are the �bre dimensions J�
 and we employ
a corresponding generalisation of the notation of Section ��	 to k � k
matrices in the
upper left corners�
 smoothly dependent on �y� �� on Z� or H�� In this construction
� � � is chosen su$ciently small
 i�e�
 R � R� large enough� The construction so
far gives us ���A�jZ� and �e��A�jH�

� Extending ���A�jZ� �by �	
homogeneity� for all
� �� � and �e��A�jH�

�by usual homogeneity� for all jyj � R� we get ���A� and �e��A�
everywhere� Next we form ���e��A� � �e�����A�� � ����e��A��� Thus we have an
elliptic symbol tuple ��A� �� ����A�� �e�A�� ���e�A�����A�� �e��A�� ���e��A��� where
the �rst three components equal the given ones
 namely ����A�� �e�A�� ���e�A��
 By

virtue of ��A� � symbB���	�cl �M �v� we can apply an operator convention

op � symbB���	�cl �M �v� �	 B���	�cl �M �v�

to get A itself� �

Remark ���� As is well�known for compact smooth manifolds with boundary there

are in general elliptic di�erential operators that violate the Atiyah�Bott condition� An

example is the Cauchy�Riemann operator �z in a disk in the complex plane� One

may ask what happens for �z� say� in a half�plane fz � C � Imz � �g
 In this case

the Atiyah�Bott condition is� of course� violated� too� but the operator �z is worse�

In fact� there is no constant c � C such that c � �z is ���� �e� ���e��elliptic� such
that also for that reason there are no global elliptic operators A in the half�plane with

���A� � ����z��

� Parameter�dependent operators and applications

��� Basic observations

As noted in the beginning the theory of pseudo
di�erential boundary value problems
on a manifold with exits is motivated by a number of interesting applications� In this
connection boundary value problems appear as parameter
dependent operator families

where parameters � � R are involved like additional covariables in the symbols� All
essential notions and results have reasonable analogues in the parameter
dependent
case
 though there are some speci�c new aspects� The parameter
dependent ellipticity
that we formulate below in also of interest for the �non
parameter
dependent� algebras
themselves
 insofar
 as we shall see
 they provide a tool to construct order reducing
elements within the algebras in a transparent way�

��



First we have a direct analogue of the symbol classes with the transmission property
S�cl���R� �R

n�l
��	 �tr
 cf� Section 	��
 where � is to be replaced by ��� ��� Concerning

symbol estimates
 the parameter
dependent case is not a new situation� in estimate
�	� we admitted independent dimensions of x� and ��variables
 anyway� Similarly

we can talk about weighted symbol classes S�	� �Rn

x�R
n�l
��	 �
 where � in the estimates

��� is replaced by ��� ��� The material of Section 	�� on weighted symbols that are
classical in x and � has an evident parameter
dependent analogue
 in other words
 we
have the symbol classes

S�	�cl����x
�Rn

x �R
n�l
��	 � �		��

including the ��
dependent� principal symbols

��a� � ����a��x� �� ��� �e�a��x� �� ��� ���e�a��x� �� ���

for all a�x� �� �� belonging to �		��
 with ���a��x� �� �� being given on Rn� �Rn�ln���
�e�a��x� �� �� on �Rnn�� � Rn�l and ���e�a��x� �� �� on �Rnn�� � �Rn�ln��� We set

L���cl �Rn�Rl� � fOpx�a���� � a�x� �� �� � S�	�cl����x
�Rn�Rn�l�g
 where Opx is a bijection

between the parameter
dependent symbol and operator spaces for all �� � � R� Then

in particular


L��	���Rn�Rl� � S�Rl� L��	���Rn���

where L��	���Rn� is identi�ed with S�Rn�Rn��

If M is a manifold with exits to in�nity in the sense of Section 	��
 we also have
the global spaces of �classical� parameter
dependent operators L�	�cl �M �E�F �Rl� for
E�F � Vect�M �
 �Clearly
 there is also the non
classical context
 but we want to em

ploy homogeneous principal symbols� thus we content ourselves with the classical case��

The parameter
dependent homogeneous principal symbols for A � L�	�cl �M �E�F �Rl�
are bundle homomorphisms

���A� � ���E �	 ���F� �� � �T �M �Rl�n� �	M� �		��

�e�A� � ��eE �	 ��eF� �e � T �M jX� �R
l �	 X�� �		��

���e�A� � ����eE �	 ����eF� ���e � ��T �M �Rl�n��jX� �	 X�� �		��

here
 � means ��� �� � ��

Notice that A � L�	�cl �M �E�F �Rl� implies A���� � L�	�cl �M �E�F � for every �xed
�� � Rl� Clearly
 the associated principal symbols ���A������ ���e�A����� do not
depend on ��� In this connection we also call �		��
 �		�� and �		�� the parameter


dependent principal symbols of A���� Every A��� � L�	�cl �M �E�F �Rl� gives rise to
families of continuous operators

A��� � Hs	��M�E� �	 Hs��	����M�F � �	���

for all s� � � R� Let � � � and set

b������ �

�
h�i� for � � ��
h�i��� for � � �


�	�	�

We then have the following result�

��



Theorem ��� Let A��� � L�	�cl �M �E�F �Rl� be regarded as a family of continuous

operators

A��� � Hs	��M�E� �	 Hs��	����M�F �

for every � � �� Then there is a constant m � � such that the operator norm ful�ls

the estimate

jjA���jjL�Hs���M�E��Hs�	���� �M�F �� � mb������ �	���

for all � � Rl�

We have no explicit reference for this result
 though the proof is not really di$cult� so
the details are left to the reader�

An operator A��� � L�	�cl �M �E�F �Rl� is called parameter
dependent elliptic if
�		��
 �		�� and �		�� are isomorphisms�

Theorem ��� Let A��� � L�	�cl �M �E�F �Rl� be parameter�dependent elliptic� Then

there is a parameter�dependent parametrix P ��� � L��	��cl �M �F�E�Rl�� i�e��

P ���A��� � I � L��	���M �E�E�Rl�� A���P ��� � I � L��	���M �F� F �Rl�


Moreover� there is a C � � such that �	��� are isomorphisms for all j�j � C and all

s� � � R�

The proof of the �rst part of the theorem is straightforward
 the second assertion is a
direct consequence�

Next let M be a smooth manifold with smooth boundary
 not necessarily compact�
There is then a direct parameter
dependent analogue of the class of pseudo
di�erential
boundary value problems B��d�M �v�
 cf� De�nition ��	
 namely

B��d�M �v�Rl�
 �	���

To de�ne �	��� we simply have to replace the ingredients of ���� by the correspond

ing parameter
dependent versions r� #A���e� and G���
 respectively� Here
 #A��� �
L�cl��M � #E� #F �Rl�tr with obvious meaning of notation �recall that �cl� here only means

�classical� in the covariables
 though M may be non
compact� and G��� � B��dG �M �v�
Rl�
 also being de�ned along the lines of the class without parameters �all symbols
simply contain � as extra covariable
 i�e�
 ��� �� instead of � in the interior and ��� ��
instead of � near the boundary�
 and the parameter
dependent smoothing operators
are given by

B���d�M �v�Rl� � S�Rl�B���d�M �v��� �	���

where B���d�M �v� is equipped with its standard Fr�echet topology�
For A � B��d�M �v�Rl� we have parameter
dependent homogeneous principal sym


bols
 namely

���A� � ���E �	 ���F� �� � �T �M �Rl�n� �	M� �	���

���A� � ���E �	 ���F� �� � �T ���M � �Rl�n� �	 �M
 �	���

A � B��d�M �v�Rl� implies A���� � B��d�M �v� for every �xed �� � R
l
 and we

call �	���
 �	��� the parameter
dependent principal symbols of A��� if we want to
distinguish them from the usual ones of A���� that are independent of ���

An element A � B��d�M �v�Rl� is called parameter
dependent elliptic if �	���

�	��� are isomorphisms�

��



Theorem ��� Let A � B��d�M �v�Rl� be parameter�dependent elliptic� Then there

is a parameter�dependent parametrix P � B����d���� �M �v���Rl� in a similar sense

as in Remark �
�� here� the remainders are smoothing in the sense of �	����

The proof is similar to that of Theorem ��	� above�

Theorem ��� Let M be a compact smooth manifold with boundary� and let A �
B��d�M �v�Rl� be parameter�dependent elliptic� Then there is a C � � such that

A��� �
Hs�M�E�

�
Hs��M� J��

�	
Hs���M�F �

�
Hs����M� J��

are isomorphisms for all j�j � C and all s � max��� d�� �
� 


Theorem ��� is a direct corollary of Theorem ����

Remark ��� In the cases that we discussed so far in the parameter�dependent set�

up �i�e�� �closed� manifolds with exits to in�nity or smooth compact manifolds with

boundary�� where elliptic operators induce isomorphisms between the Sobolev spaces

for large j�j� we can easily conclude that the inverse maps belong ��wise to the corre�

sponding algebras in the non�parameter�dependent sense �as such they are reductions

of orders in the algebras�� It su
ces to observe that when 	 � fsmoothing operatorg
in one of our algebras is invertible� the inverse is of analogous structure and can be

composed with the parametrix� This can even be done in the parameter�dependent

framework for large j�j� such that� in fact� the inverses for large j�j are also in the

corresponding parameter�dependendent class�

��� Boundary value problems for the case with exits to in�nity

In the preceding section we extended some �standard� pseudo
di�erential algebras to
the parameter
dependent variant
 namely the algebra on a �closed� smooth manifold
M with �conical� exits to in�nity and the algebra of boundary value problems with
the transmission property on a smooth manifold M with boundary �compact or non

compact�� Now we formulate the calculus on a smooth manifold M with boundary
and �conical� exits to in�nity� In other words
 we extend the material of Sections ���

���
 ���
 ���
 ���
 ��� and ��� to the parameter
dependent case� This is to a large
extent straightforward� so we content ourselves with the basic de�nitions and crucial
points� Let us consider the parameter
dependent variant of symbol and operator spaces
of Section 	�� that is an operator
valued generalisation of the corresponding scalar
symbols and operator spaces
 respectively
 as they are studied in Section 	��� Similarly
to the remarks in the beginning of the preceding section the essential constructions
for the operator
valued symbols with parameters are practically the same as those
without parameters� In particular
 we have the parameter
dependent spaces of symbols
S�	��cl��R

q�Rq�l�E� #E� �� S�	��cl��R
q�Rq�E� #E�Rl� based on strongly continuous groups

of isomorphisms f��g��R� on E� f#��g��R� on #E
 and the parameter
dependent spaces

of pseudo
di�erential operators L�	��cl��R
q�E� #E�Rl� or L�	��cl��M �E� #E�Rl�� In the latter

operator space M is
 of course
 a �closed� manifold with conical exits to in�nity� Let
us examine the behaviour of the operator norm with respect to the parameter �� In
the present situation the corresponding analogues of estimates �	��� refer to global
weighted Sobolev spaces

Ws	��M�E� �	���

��



�on a closed manifoldM with conical exits to in�nity� that are de�ned as subspaces of
Ws

loc�M�E� locally modelled by hyi��Ws�Rq�E�j� for q � dimM and suitable open
subsets % � Rq that are conical in the large �recall that the global weighted spaces
Hs	��M � in Section 	�� have been introduced by a similar scheme�� Recall that for
strongly continuous groups of isomorphisms f��g��R� on E and f#��g��R� on #E there

are constants K and #K
 respectively
 such that

jj�� jjL�E� � ch� iK � jj#�� jjL� �E� � #ch� i
�K

for all � � R� and certain constants c� #c � �� h� i � �	 � ���
�
� �

Theorem ��	 Let A��� � L�	��cl��M �E� #E�Rl� be regarded as a family of continuous

operators

A��� � Ws	��M�E� �	Ws��	����M� #E�

for some � � �� Then there is a constant m � � such that the operator norm ful�ls

the estimate

jjA���jjL�Ws���M�E��Ws�	���� �M��E�� � mb��K� �K���K� �K���

for all � � Rl� cf� �	�	��

For the case of compact M �and spaces Ws�M�E� � Ws	��M�E�� a similar theo

rem is proved in Behm ���� This extends to the non
compact case with conical exits and
weighted spaces in a similar manner as in the scalar situation� for the corresponding
technique
 cf� Dorschfeldt
 Grieme
 and Schulze ��� and Seiler �����

Let us now return to the case of a smooth manifold M with boundary and conical
exits to in�nity� First
 there is the space

B���d	���M �v�Rl� �� S�Rl�B���d	���M �v�� �	���

for v � �E�F � J�� J�� of parameter
dependent smoothing operators on M 
 using
B���d	���M �v� in its canonical Fr�echet topology�

Another simple ingredient of the class

B��d	� �M �v�Rl� �	���

that will be de�ned below is the space of all operator families r� #A���e� 
 where

#A��� � L�	�cl ��M � #E� #F �Rl�tr
 �	���

Here
 �cl� means classical in covariables and variables in the local representations
on conical subsets of M � the transmission property including parameters with re

spect to �M has been de�ned in Section ��	� the interpretation of the weight � at
in�nity is the same as in Section 	��� Furthermore
 we have a direct analogue of
B��d	�cl �R

n

�� k�m�N�� N��
 cf� the m� k block matrix
version of De�nition ��	� in the
parameter
dependent case
 namely

B��d	�cl �R
n

�� k�m�N�� N��Rl�


An inspection of all ingredients shows that �except for P and C in equality ���� that
we already de�ned above� the only new point is to replace the amplitude function

a�y� �� in ���� by a�y� �� �� from the space R��d	�
cl �Rn���Rn���l� k�m�N�� N��� the

��



parameter
dependent m�k
block matrix version of the corresponding space in De�ni

tion ��	�� Finally
 we get �	��� by a straightforward generalisation of the constructions
for De�nition ���� In fact
 only the above
mentioned ingredients are involved
 except
for evident invariance properties �under transition maps� of corresponding subspaces
of parameter
dependent Green operators and localisation by admissible cut
o� func

tions �those are the same as for the case without parameters�� Summing up we have
introduced all data of the following de�nition�

De
nition ��� The space B��d	�cl �M �v�Rl� for � � Z� d � N� � � R and v �
�E�F � J�� J�� is de�ned to be the set of all operator families

A��� �

�
r� #A���e� �

� �

�
� G���� �	�	�

� � Rl� for arbitrary #A��� � L�	�cl ��M � #E� #F �Rl�tr �with #EjM � E� #F jM � F � and

G��� � B��d	�G�cl �M �v�Rl�


Remark ��
 By de�nition we have B��d	�cl �M �v�Rl� � B��d�M �v�Rl� where the

right hand side is understood in the sense of �	����

Applying the de�nition of global parameter
dependent symbols �		��
 �		��
 �		��
to #A on �M and restricting them toM �similarly to ����
����
����� we get the parameter

dependent principal interior symbols

���A� � ���E �	 ���F� �� � �T �M �Rl�n� �	M� �	���

�e�A� � ��eE �	 ��eF� �e � T �M jX�� �R
l �	 X	

�� �	���

���e�A� � ����eE �	 ����eF� ���e � ��T �M �Rl�n��jX�� �	 X	
�
 �	���

A direct generalisation of ����
 ����
 �	��� to the parameter
dependent case gives us
the parameter
dependent principal boundary symbols

���A� � ���

�
� E� � S�R��

�
J�

�
A �	 ���

�
� F � � S�R��

�
J�

�
A �	���

for �� � �T ���M ��Rl�n� 	 �M 


�e��A� � ��e�

�
� E� � S�R��

�
J�

�
A �	 ��e�

�
� F � � S�R��

�
J�

�
A �	���

for �e� � T ���M �jY �� �R
l	 Y 	� and

���e��A� � ����e�

�
� E� � S�R��

�
J�

�
A �	 ����e�

�
� F � � S�R��

�
J�

�
A �	���

for ���e� � ��T ���M � � Rl�n��jY�� 	 Y 	�� Further explanation to the latter bundle
homomorphisms is unnecessery
 because the only novelty are the additional covariables
� � Rl


�	



Remark ��� A � B��d	�cl �M �v�Rl� implies A���� � B
��d
cl �M �v� for every �xed �� �

Rl� and the symbols ���A������ ���e�A������ ���A������ ���e��A����� do not depend

on ��� If necessary we point out that �	���� �	���� �	���� �	���� �	���� �	��� are the

parameter�dependent principal symbols of A���


Remark ���� There is an obvious analogue of the composition result of Theo�

rem �
� for the parameter�dependent case� including the symbol rule� where in the

present case ��A� is the tuple of parameter�dependent principal symbols �	�����	����
similarly to �	�	��

De
nition ���� An operator A � B��d	�cl �M �v�Rl� is called parameter�dependent

elliptic if all principal symbol homomorphisms �	�����	��� are isomorphisms� An op�

erator P��� � B���e	��cl �M �v���Rl� for some e � N is called a parameter�dependent

parametrix if

P���A��� � I � B���dl 	���M �vl�R
l�� A���P��� � I � B���dr 	���M �vr�R

l�

for certain dl� dr � N� and vl � �E�E� J�� J���vr � �F� F � J�� J���

Theorem ���� Let M be a smooth manifold with boundary and �conical� exits to

in�nity� and A��� � B��d	�cl �M �v�Rl�� v � �E�F � J�� J��� be parameter�dependent el�

liptic� Then there exists a parameter�dependent parametrix P��� � B
����d���� 	��
cl �M �

v���Rl�� where the types in the remainders are dl � max��� d�� dr � �d� ���� More�

over�

A��� �
Hs	��M�E�

�
Hs	���M� J��

�	
Hs��	����M�F �

�
Hs��	�����M� J��

�	���

is a family of Fredholm operators of index � for every s � max��� d�� �
� � and there is

a constant C � � such that �	��� are isomorphisms for all j�j � C�

The basic idea of proving results of this type has been brie&y discussed in Remark ���
above� Also in the present situation of Theorem ��	� we �rst construct a parameter

dependent parametrix P��� by inverting the parameter
dependent principal symbol
of A��� and get P���A��� � I � Cl����A���P��� � I � Cr���
 with smoothing op

erators in Boutet de Monvel�s algebra� By virtue of �	��� it is fairly obvious that
I�fsmoothing operatorg is invertible in the same class
 such that it can be composed
with P����

Theorem ���� Let M be a smooth manifold with boundary and �conical� exits to
in�nity� and let E � Vect�M �� � �Z� � � R� Then there exists a parameter�dependent

elliptic element R�	�
E ��� � B���	�cl �M �E�E�Rl� that induces isomorphisms

R�	�
E ��� � Hs	��M�E� �	 Hs��	����M�E� �	���

for all s� � � R and all � � Rl� and we have R�	�
E ����� � B����	��cl �M �E�E�Rl�


Similarly� for every J � Vect��M � and �� � � R there exists a parameter�dependent

elliptic element R��	�J ��� � L�	�cl ��M � J� J �Rl� that induces isomorphisms

R��	�J ��� � Hs	���M� J� �	 Hs��	�����M� J� �	���

for all s� � � R and all � � Rl� and we have R��	�J ����� � L��	��cl ��M � J� J �Rl�


��



Remark ���� Combining the latter theorem with Remark �
�� by inserting any

�xed �� � Rl into �	��� and �	��� we get order reducing operators in the operator

spaces B���	�cl �M �E�E� and L�	���M � J� J�� respectively�

Remark ���� The concept of algebras of parameter�dependent operators can also

be formulated for more general parameter sets ) � Rq that have the property � � ) �
c� � ) for all c � 	� Examples are

) � R
ln�� ) � R

lnfj�j 
 Cg

or single rays ) in Rq� For such ) all our operator classes have corresponding vari�

ants� e�g�� L�	�cl �M �E�F � )�� cf� Theorem �
	� B��dcl �M �v� )�� cf� formula �	���� etc�
The behaviour of operators in these spaces for small � � ) remains unspeci�ed� we

assume� for instance� smoothness in �� The parameter�dependent symbols now refer to

� � )� and we have evident generalisations of the corresponding parameter�dependent

ellipticities and parametrices�

Let us explicitly formulate a corresponding extension of Theorem ��	� in the version
with )�

Theorem ���	 Let A��� � B��d	�cl �M �v� )�� v � �E�F � J�� J��� be parameter�

dependent elliptic� Then there exists a parameter�dependent parametrix P��� �

B
����d���� 	��
cl �M �v��� )�� with the above�mentioned types dl and dr of remainders�

Furthermore� the operators �	��� are Fredholm and of index � for all s � max��� d�� �
� �

there is a constant C � � such that �	��� are isomorphisms for all j�j � C� and we

have A�� � B
����d���� 	��
cl �M �v��� )C� for )C � f� � ) � j�j � Cg�

Remark ���� The spaces B��d	�cl �M �v� )�� v � �E�F � J�� J��� �as well as the

other operator spaces� e�g�� from Sections �
	 or �
	� can easily be generalised to the case
of Douglis�Nirenberg orders �DN�orders� with a corresponding ellipticity� the results

carry over to the variant with DN�orders�

The Douglis
Nirenberg generalisation refers to representations of the bundles as direct
sums E � �k

m��Em� F � �l
n��Fn� J

� � �b
i��J

�
i � J

� � �c
j��J

�
j � Operators are then

represented as block matrices
 composed with diagonal matrices of order reductions
on M and �M 
 respectively� The constructions are straightforward
 so we do not
really discuss the details
 but in some cases below we need notation� This concerns
DN
orders for the boundary operators
 where

A��� � R��� #A���Q�����

with #A��� � B��d	�cl �M �v� )�� v � �E�F ��b
i��J

�
i � �

c
j��J

�
j �� and

R��� �

�
	 �

� diag�R
��j
j ����

�
� Q��� �

�
	 �

� diag�Q��ii ����

�

with 	 denoting identity operators referring to F and E and order reducing operator
families

Q��ii ��� � L�i 	�cl ��M � J�i � J�i � )�� i � 	� 
 
 
 � b�

R
��j
j ��� � L

�j 	�
cl ��M � J�j � J�j � )�� j � 	� 
 
 
 � c�

��



�i� �j � R� Such a situation is customary in elliptic boundary value problems for
di�erential operators with di�erential boundary conditions� In this particular case all
bundles J�i are of �bre dimension �� while parametrices refer to the case that the
bundles J�j are of �bre dimension �� The parameter
dependent ellipticity of A��� is

de�ned to be the parameter
dependent ellipticity of #A���� and we get a parameter

dependent parametrix of A��� by P��� � Q��� #P���R����� when #P��� denotes a
parameter
dependent parametrix of #A����

In any case the involved orders are known and �xed� Therefore
 given ���� 
 
 
 � �b�
and ���� 
 
 
 � �c�
 we set

B
��d	�
cl �M �v� )� � fR��� #A���Q����� � #A��� � B��d	�cl �M �v� )�g
 �	�	�

Parametrices then belong �by notation� to B����d���
�	��

cl �M �v��� )��

��� Relations to the edge pseudo�di�erential calculus

In this section we want to discuss relations between our calculus of boundary value
problems on non
compact manifolds with exits and the theory of boundary value prob

lems in domains with edges� Particularly simple edge con�gurations occur in models of
the crack theory� In local terms the situation can be described by �R�nR����� where
� � Rq plays the role of a crack boundary �for crack problems in R
 we have q � 	�

R� is the normal plane to the crack boundary
 and R� � R� is a coordinate half
axis
corresponding to the intersection of the crack with R�� This situation is studied in
detail in Kapanadze and Schulze �		�� A special aspect of this approach is that the
crack boundary is regarded as an edge and R�nR� as an in�nite model cone with the
origin of R� as the tip of the cone� More precisely
 the cone consists of a con�guration

where two copies of R� constitute the slit in R� with separate elliptic boundary condi

tions on the �
sides� The edge symbol calculus for this situation may be regarded as
a parameter
dependent �in�nite� cone theory
 consisting of the calculus on a bounded
part of the cone near the tip and that in the exit sense elsewhere� The latter calculus
treats both sides of the slit separately
 and its contribution can be formulated in terms
of parameter
dependent boundary value problems in the half
space
 together with a
localisation� We now formulate a result that is typical for this theory� Let

A �
X

j�j�j�j�m

a���x� y�D�
xD

�
y

be a di�erential operator in U � � � �x� y�� U � R
n open
 containing the origin
 and

� � Rq open �for simplicity we assume A to be scalar� the considerations for systems
are analogous�
 with coe$cients a�� � C��U ���� For the edge symbol calculus the
coe$cients are to be frozen at x � �� This gives us an operator family

�	�A��y� �� ��
X

j�j�j�j�m

a����� y�D�
x �

� � Hs�Rn
�� �	 Hs�m�Rn

��


Set ��	u��x� � �
n
� u��x�� � � R�� Then we have

�	�A��y� ��� � �m�	�	�A��y� �����	 �	���

for all � � R� and all y� �


��



Let A be elliptic
 and let T � �r�B�� 
 
 
 � r�BN � be a vector of trace operators

r�u � ujRn��� for di�erential operators

Bj �
X

j�j�j�j�mj

bj���x� y�D�
xD

�
y

with co$cients bj�� � C��U � �� and mj 
 m for all j� Assume that the boundary
value problem

Au � f in U �Rn
�� Tu � g on U �Rn�� �	���

is elliptic in the sense that the trace operators satisfy the Shapiro
Lopatinskij condition
with respect to A �clearly
 N is known by the problem
 e�g�
 if m is even and n�q � �

we have N � m

� �� Let us form

�	�T ��y� �� � ��	�T���y� ��� 
 
 
 � �	�TN ��y� ���

where �	�Tj��y� �� � r�
P

j�j�j�j�mj
bjj���� y�D�

x �
� � Hs�Rn

�� �	 Hs�mj� �
� �Rn���


s � mj � �
�
� Then

�	�Tj��y� ��� � �mj� �
��	�Tj��y� �����	 �	���

for all � � R� and all �y� �� � � � �Rqn��
 We have

�	�A��y� �� ��

�
�	�A��y� ��
�	�T ��y� ��

�
� C����Bm�d	�cl �R

n

��v�Rqn��� �	���

with the above
mentioned interpretation of the order superscript �and �j � �m�mj �
�
� � j � 	� 
 
 
 � N� while the numbers �j disappear in this case�
 d � maxj�mj � 	�� v �
�	� 	� �� N �


Theorem ���
 Let A �

�
A
T

�
be elliptic in U � �� Then

�	�A��y� �� � Hs�Rn
�� �	

�
� Hs�m�Rn

��
�

�N
j��H

s�mj�
�
� �Rn���

�
A �	���

is a family of invertible operators for all �y� �� � ���Rqn�� and all s � max�m� d�� �
� �

and we have

�	�A����y� �� � C����B�m��	�cl �R
n

��v���Rqn����

cf� the notation in Remark �
	� and formula �	�	��

Proof 
 By assumption A is elliptic in U ��� i�e�
 ���A��x� y� �� �� �� � for all �x� y� �
U�� and ��� �� �� �� Thus the �
dependent familya�y� �� �

P
j�j�j�j�m a����� y�D�

x �
�

of di�erential operators with respect to x �smoothly dependent on y� is parameter

dependent elliptic with parameters � � Rn��n� with respect to ���� �e� ���e�� uniformly
on compact subsets with respect to y�� For similar reasons
 the Shapiro
Lopatinskij
condition of the original boundary value problem �	���
 i�e�
 the invertibility of

��

�
A
T

�
�x�� y� ��� �� � S�R�� �	

S�R��
�
CN

��



for all �x�� y� � �U �Rn��� � �� ���� �� �� �
 gives us parameter
dependent ellipticity
with parameter � � Rnn� with respect to ��� � �e�� ���e�� �uniformly on compact subsets
with respect to y�� Applying Theorem ��	� we �nd for every y � � a constant C � �
�which can obviously be chosen uniformly on compact subsets of �� such that �	���
is invertible for j�j � C� Because of the �	
homogeneity of �	�A��y� �� �i�e�
 relations
�	��� and �	���� we get the invertibility of �	��� for all � �� �� Concerning the asserted
nature of the inverse we can apply Theorem �
	�� �
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