BENDING OF AN ORTHOTROPIC CUSPED PLATE
GEORGE V. JATANI
[.Vekua Institute of Applied Mathematics of
Thilisi State University

ABSTRACT

The bending of an orthotropic cusped plate in energetic and weighted Sobolev
spaces has been considered. The existence and uniqueness of generalized and weak
solutions of admissible boundary value problems (BVPs) have been investigated.
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INTRODUCTION

Let Oxjxsxs be the Cartesian coordinate system, and {2 be a domain in the
plane Ozixy with a piecewise smooth boundary. The body bounded from upper
by the surface x5 = h(ay,x2) > 0, (21,22) € Q, from lower by the surface x5 =
—h(xy,22), (x1,22) € Q, from the side by a cylindrical surface parallel to the x3-
axis, will be called cusped plate. The points P € 01, at which s.c. plate thickness
2h(x1,x3) = 0, will be called plate cusps. If h € C''(£), obviously,

0<L:=1lim 02h(Q)

Q=P  On

<400, QeQ, Peiq,

provided that the finite or infinite limit L exists; if P is an angular point of the
boundary 0€) then under inward to J{2 normal n we mean bisectriss of angle between
unilateral tangents to 9 at P. € will be called the projection of the plate. 9 will
be called the plate boundary. On the figures 1-3 are represented the possible normal
sections (profiles) of a symmetric plate at the point P in its neighbourhood.
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Let us now consider an orthotropic cusped plate.
The equation of the classical bending theory of the orthotropic plates has the
form as follows (see [1], p. 364)

Jw = (Dlw, 11 ), 11 -I-(Dzw,zz ),22 +(D3w,22 )7 11+

. 0.1
+(Dsw,11),22 F4(Daw, 12 ), 12= f(21,22) in Q C R?, (0.1)
where w is a deflection; f is a lateral load; D; € C*(Q), i =1,2,3,4, and
)3 3
Di:ZQEZh, 1 =1,2,3, D4::2Gh ;
3 3
D,—D3>0, a=1,2 if h>0 (0.2)

(for all known orthotropic plates these last conditions are fulfilled (see [1])); Fi,
1 =1,2,3, and G are elastic constants for the orthotropic case; indices after comma
mean differentiation with respect to corresponding variables.

In particular, if the plate is isotropic,

ok FE

= o G
1 — o2’ 1 —o?’ 2(1 4 a)’

where F is Young’s modulus and o is Poisson’s ratio.
Let 9 be the piecewise smooth boundary of the domain © with a part I'; lying

on the axis Oxy and a part 'y lying in the upper half-plane x5 > 0 (092 =Ty UTs).
Let further the thickness 2k > 0 in Q U I'y, and 2k > 0 on I'y. Therefore

Ea Oé:1,2, E3 —

Di(x1,22) >0 in QUTy, Dij(xy,22) >0 on I'y, 1=1,2,3,4. (0.3)
In particular case let
Dyiay < Di(xy,2q) < Dyay, 1=1,2,3,4, in Q, (0.4)
where
D, =const >0, a=1,2, 1=1,2,3,4, = const >0,
ie.

Dz’(l'l,fl?z) = Di(l'hwz)l’;{, Dy; < Di(xth) < Dzm
Dy, > 1)237 a = 1,2, (05)

(otherwise there would exist such points of € where (0.2) will be violated). In
the case under consideration, (0.1) is an elliptic equation, in general, with order
degeneration on I'y.



We recall (see [1]) that

Ma = _(Dawvag—l_DSwvﬁﬁ)v a%ﬁv Oé,ﬁ: 1727 (06)
My = =My = 2Dyw,9 (0-7)
Qoz = Ma,g + MQl,ﬁv « 7£ 67 avﬁ = 1727 (08)
QZ = Qa—I_M?l,ﬁ? a%ﬁv Oé,ﬁ: 1727 (09)

where M, are bending moments, M,g, a # 3, are twisting moments, (), are shearing
forces and Q)7 are generalized shearing forces (bar under repeated indices means that
we do not sum with respect to these indices).

In points of the plate boundary, where the thickness vanishes, all quantities will
be defined as limits from inside of €).

1-CYLINDRICAL BENDING

In this case all quantities depend e.g. only on x5. Hence (0.1) will have the form
as follows:

(Daw 22) 22 = f(xa), O < g <, (1.1)

where [ is width of the plate. In any section x; = const we have the same deforma-

tion. Therefore the length of the plate plays no role. From (0.6)-(0.9) we have in
O:

M, = —Dzw,m, M, = —D3w,22 =——M,;, My=—-My; =0 (1-2)
Ql = 07 QQ = M2,27 QZ = QOU o = 172 (13)
From (1.1)-(1.3) follows
Qz,z = —f(l'z)a Mz,zz = —f(l'z)a

T2

D2w722 = /(1’2 - t)f(t)dt - 01(1'2 - l) - CQ, Cl, 02 = const.
l
Hence

/

T2

M, = —/(:1;2 —O)f(t)dt + Cy(x2 — 1) 4 Cy, (1.5)
wa = /Kl(T)DQ_l(T)dT + / Ko(r)r Dy (m)dr + Cs, (1.6)

l l

w = /(:1;2 — 1)Ky (7) Dy (7)dT+
. (1.7)
+ /(:1;2 — 1) Ky(r)r Dy (7)dT + Cs(29 — 1) + Cy,



where
i

m@p:@p%g_/ﬂmﬁ, (1.8)

m@y:_q+/j@ﬁ. (1.9)

For f summable on [0,1], obviously,
Q2, Mz € C([0,1]); w, wa € C(]0,1]);

the behaviour of

wy and w when z; — 0+
depends, in view of (1.6), (1.7), on convergence of
I
[; = /TiDz_l(T)dT, 1=0,1,2,---.
0

Obviously,
I <400 = L1 <400, 120; and [;=+4c0 = [, =400, 2 >0.
STATEMENT 1.1.
w, wo € C([0,1]) if Iy < 4oo;
we C([0,l]) if Ih=4oc0, [ <+o0 (1.10)
(provided, f is bounded with its derivative in some neighbourhood ]0,¢] of 0); in
this case ([p = 400, [1 < +00) wy is bounded as ¥ — 0+ iff (if and only if)
K1(0) = 0, (1.11)

i.e., in virtue of (1.5), (1.8), iff M5(0) = 0, otherwise it will be unbounded.

If [; = 400 (hence Iy = +00), I3 < 400, then w is bounded (provided, Dy €
C3([0,1]), f is continuous in 0, and has bounded first and second derivatives in
10,¢]) iff (1.11) is fulfilled, otherwise w will be unbounded.

If I, = 400, then w will be bounded (provided, for fixed k > 2

I, = 4oo, [ < +oc; (1.12)

f(j)(O) =0, j=0,1,....k—2, f*(z,) is continuous in 0) (1.13)
iff (1.11) is fulfilled, and
K2(0) = 0, (1.14)

i.e., in virtue of (1.4), (1.9), Q2(0) = 0, otherwise, i.e. either K{(0) + K3(0) # 0 or
I, = 400 Vk, w will be unbounded;

If I; = 400, then w3 is bounded (provided, (1.12) and (1.13) are fulfilled, when
k > 2, and, when k = 1, (1.12) is fulfilled and f(x2) is continuous in 0) iff (1.11),
(1.14) are fulfilled, otherwise, i.e. either K7(0) + K2(0) # 0 or Iy = +oo Vk, w,

will be unbounded.



PROOF. Let Iy = 400, [; < 400. Then
I I

/AI( )D3 / —TD Hr)dr| <

= (1.15)

< C/TDz_l(T)dT < 4o for ay €]0,1]
0

because of

(Ki(r)| < C, 7e[0,0); |22 <1, x2€)0,0), 7€ [w,1].
T
Further, in virtue of (1.8),
!
. - 1'2[(1(1’2) . 2$2[(1($2) — f(l’g)l'%
A3, T2 / Bm)Dyl(r)dr = Jin =y =, Dy(2) N

T2

0 if D)(0)#0 or Dy0) = —+oo

= . 2K (wa) — 223 f(xg) — f(w2)ay — 3f(wg)23 . / _
xzh—{%-l- D/Q/(l'z) N (lf DQ(O) N 0)

0 if DY(0) = +oo

2l — Cy — d
=0 2K(0) _ 2M,(0) _ ff " ooy o (e PO
D3(0) D3(0) D’z’(O) ’

coif DY(0) =0, K,(0)#0
But D5(0) can not be equal to 0, when K;(0) # 0, otherwise (1.15) and (1.16)

will contradict each other.

If K1(0) =0, then

/l K\(7) D7 (7)dr | = / BT) i ()i | <

(1.17)

]
< C/TDz_l(T)dT < C/TDQ_I(T)C[T < 400, a2 €]0,1],
0

since

. [(1(7') .
Tll>0+ r rllglq- Hr)r =0,
and hence
[,7
LG P €10, 1]
-

= 0.

(1.16)



Thus,
I

lim $2/[X71(T)D2_1(T)dT = 0.

zo2—0+
T2

In (1.7), obviously, other terms have limits when a3 — 04, and (1.10) has been
proved.

If (1.11) is fulfilled, then in view of (1.17), obviously, wy is bounded on ]0,].
Otherwise, if K{(0) # 0, it will be unbounded since in this case, without loss of
generality, we can take K7(0) > 0, and therefore K;(7) > (' =const> 0 in some
right neighbourhood [0, &] of 0, and if we suppose that

€

[ KD i) < oo tor el

T2

then
C /Dz_l(r)dr < /Kl(T)DQ_l(T)dT < 4oo.
Hence
/Dz_l(r)dr < 4oo, for ax€]0,¢], (1.18)

which would be contradiction with /[y = +oo.
Let Iy = +o00, [I; < 400. Then
! !
xz/[x’z(r)TDz_l(T)dT = /[X72(T)ﬁT2D2_1(T)dT <
T

T2

(1.19)
]
< C/TzDz_l(T)dT < 4oo, for x;€]0,]]
0
because of
|Ky(r)| < C, 7el0,]; ? <1, 2 €)0,l], 7€ [aa1].
Further, in virtue of (1.9),
!
377 2 17 3
: . - _ o mpla(we) L BagKa(an) +anf(wa)
mh_r}%l_l_ :1;2/[&2(7')7'1)2 (T)dr—xz)h_l%l_l_ Do) _90215&_ (2] =

T2

0 if DL(0)#0 or Dy0)=+o0

- ] 6z Ka(wg) + 623 f(x2) + 25 f'(2q) B e _
xzh—{%-l- DIQ/(J?Q) - ( lf DQ(O) - 0)




6 Koy(x2) + 182 f(22) + 923 f'(x2) + 5 [ (x2)

0 if DJ(0)#0 or DJ(0)=+4cc

lim
zo—0+

6[(2(0)
Dy (0)

T oDp(o) - Dg(o)

Dy’ ()

0 if DY(0) = +oo

6Q2(0) s |on ] s

oo if DY(0)=0, K3(0)#0
But DY'(0) can not be equal to 0 when K5(0) # 0, otherwise (1.19) and (1.20) will

contradict each other.

If K,(0) =0,

since

and hence

Thus,

l

-
2
l

< C [72Dy (7)dr < 400, w2 €]0,1],

0

. K(7) T .
lim == lim f(7) = f(0),
Ra(7) < C, T €]o,l].

.

l

zo—0+
T2

it DI'(0) # 0

/ Ko(r)r D3 (r)dr | = / Ralm) 2 oty

lim xz/[x’g(r)TDz_l(T)dT = 0.

= (i D}(0)=0)

<

when

when DJ(0) =
= D,(0) = 0.

(1.21)

The boundedness of other terms of (1.7) on |0,1] is clear (see below (1.22), (1.23)

by k = 1), as well as validity of other assertions of statement 1.1 which are either
obvious or should be shown in analogous way as above taking into account that, if

K;(0) =0, ¢=1,2,and (1.12), (1.13) are fulfilled, then

l l
/ Ko(7)7 Dy (7)dr | = / Bal7) i poa

T

(1.22)

D,(0) =0

(1.20)



since
. Ky(7) L (k_l)(r) 1 (b—1) K> () ‘
715& Tk 715& k! k! (0), e Tk <€ el
! I Ko(r)
., _1 VIT) k1 =1
/]&1(7')1)2 (7)dr / ) 1D (r)dr| <
= = (1.23)
< C/Tk+1D2_1(T)dT < 4oo, a9 €]0,1],
0
since
o Ky(r) L ()T FE1(0) Ki(7)
Tll}gl_l_ Tk-l—l Tll}gl_l_ (k _I_ 1)7_k (k _I_ 1)(k _ 1)’7 1. Tk+1 -~ 07 T 6]07 l]?
from (1.23), (1.22) follows, correspondingly,
mh_r}%l_l_ T9 / K (1) D7 (r)dr =0, i=0,1, (1.24)

!
and also convergence of
/[X7Z'+1(T)Ti+1D2_1(T)dT, 1=0,1.
!

If I, = +oo Vk,and K(7) := Ki(7)+7K5(7) is analytic in a right neighbourhood
of 7 = 0, then, obviously, w and w, are unbounded when z; — 0+. Indeed, e.g.
(1.6) can be rewritten in the following form (let it be bounded when xy — 0+, and
K;(0) =0, ¢=1,2; the last conditions are necessary for it)

T2

w,(x2) = /K(T)Dz_l(r)dr + Cs,
I
where K(0) = 0. Since analytic K(7) % 0, there exists such k that

K9O(0) =0, j=01,..k—1, K®(0)#0.

Further .
wa(ag) = / A;(]:—)Tsz_l(T)dT + (5
I
where K(r) K®(0)
Tlig# kTR 7 0.

Then, taking into account boundedness of w5, similarly to (1.18) we can show

/Tsz_l(T)dT < 4oo for x5 €]0,¢]

which would be contradiction with [, = 400 Vk.
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From the statement 1.1. follows that on the cusped edge x5 = 0 admissible are
only four different pairs of the boundary data as follows:

w(0) = wo, w'(0) = wy, iff Iy < +o0; (1.25)
w'(0) = wy, @2(0) =Q(0) iff [y < 4o
w(0) = wo, My (0) = M, iff [} < 4o00;

My(0) = My, @2(0) = Qo always, i.e. if [; <400, 1=0,1,
where wq, wy,

M is arbitrary if Iy < 400,
°1 =0, if 1y = +oo,

0 is arbitrary if I < +oo,
°1 =0, if I, = +oo,

are given constants.

On the edge 2 = [ we always can give each of the above four boundary data
taking into account peculiarities of cylyndrical bending (see (1.4), (1.5)) that by
arbitrary load f, Q)2 can be given only on a one edge; from Q(0) (or Qs(l)),
M5(0), Ms(l) only two can participate in boundary conditions on the both edges
(these peculiarities are not caused by cusps they arise already in case of cylyndrical
bending of a plate of a constant thickness). If we choose f corrispondingly (see
(1.4), (1.5)), we could avoid these peculiarities but restriction on choice of f would be
artificial. Nevertheless also such posed problems can have practical sense. Obviously,
solutions of all these problems can be constructed in the explicite forms. Some of
them are unique, some defined either up to rigid translating or rigid rotating or
general rigid motion.

Let Iy < 400, and e.g. solve BVP with boundary conditions (1.25), and

w(l) = wy, W'(l) = w, (1.26)

where w;, w] are also given constants.

In view of (1.6), (1.7), from (1.26) follow
04 = wy, 03 = w;

For determination of constants Cy, Cy, from (1.25) we have the algebraic system
as follows:

l l

cl/r(r— Dy (r)dr + CQ/TD;I(T)dT = /ITDQ_I(T)/f(t)(T — t)dtdr—
—h?); + w; — wo, ’ ’ :
—C4 /(T — )D3\(r)dr — Cy / Dy (r)dr =

0 0
{ T

_ / D3l(r) / F()(r = Ddtdr + w] — w),

0 l

T
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which is solvable as its determinant
! 2 ! !
A= /TDz_l(T)dT — /TzDz_l(T)dT : /DQ_I(T)CZT <0
0 0 0

1 1
since Hoelder inequality is strong because 7D, 2(7) and D, 2(7) are positive on 0, ([,
and 72D; ' (1) and D;'(7) differ from each other with nonconstant factor 72.
Other problems can be solved in analogous way taking into account (1.16), (1.20)
and (1.24) in corresponding cases.

2- BENDING IN THE ENERGETIC SPACE

Let D; € C*(QUT,), ¢ = 1,2,3,4. Let us consider the operator J (acting in
Ly(Q)) on Dy
Jw € LQ(Q);

€ C(2) when [1; < 400 in case (0.3) (0 <3 <2 in case (0.4)),
(2.1)
=0(1), x2 - 04, when [;; =400 (3 >2);

EC(Q) when Iy < +oo (0 < s < 1),

=0(1), a2 =04, when Iy =400 (1 <x<+40), a=1,2;
I
I = /x’;D;l(xl,xQ)de, i=1,2,3,4, k=0,1,...,
0
(D> = Ds)w,, € La(®) (2:3)
(this restriction can be avoided when we consider only solutions with finite energy);
the bending moment, and the generalized shearing force

My = —(Dyw, 93 +Dsw, 11 ) € C(Q), (2.4)
Q5 = —[(Daw, 22 +D3w, 11 )2 +4(Daw, 12 ) 1] € C(Q); (2.5)
2.
Jw
UJ|F2 = 0, % ) =0 (26)

2
where n is the inward normal;

3. On I'y one of the following pairs of boundary value conditions (BVCs) is
fulfilled:

w=0, w,,=0 if lo; <400, i=1,23.4 (0<sx<1) (2.7)
we=0, Q=0 if Io <400, i=1,234, (0<x<1); (2.8)
w=0, My=0 if I;<+oo, i=1,2,3,4, (0<sx<?2); (2.9)

My=0, Q=0 if Ip<-4oo, i=1234 (0<sx<+o0).  (2.10)
REMARK 2.1. How it follows from the case of cylindrical bending (see section 1,
and also [2], p. 96), the BVCs (2.7)-(2.9) can not be posed (in sense of correctness)
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for other values of s except of indicated ones, or in general case (0.3) if [y = +oo,
and [;; = +oo, correspondingly.

STATEMENT 2.1. The operator .J is linear, symmetric, and positive on the lineal
Dy, and

(Jw,v) := /UJUJdQ = /[Dlvvll wW,11 + D022 0,92 + D3 (0,11 w22 +
Q Q

(2.11)
+v,90w,11 ) + 4Dgv 12 w412 |dQY =: /B(v,w)dﬂ Yo, w € Dy.
Q
In particular, if v = w,
(Jw,w) := /[D1(w,11 )2+ Da(w,y29)* + 2D3 w11 w,9 +
Q
(2.12)

+4D4(w,19 )z]dQ = /[DS(wm +w,29 )2 + (D1 — D3)(w,n1 )2 +
Q
+4D4 (w12 )2 + (D2 — Ds)(w,22 )Q]dQ'

PROOF. It is obvious that .J is linear operator on the lineal D; (the latter about
Dy easyly follows from the linearity of J on C*(Q U T}3)). Since D, C Ly(9) and
Jw € L1(9), we can consider the following scalar product in Ly(€)

(Jw,v) = /vadQ = {gi_?}?g/vjwdﬂg, Yo,w e Dy,
Q Qs
where
Qs :={(x1,22) €Q : 29 > = const >0}.

After integration by parts twice and using formulas (d), (¢) on page 87 of [1] we
have

. Ov ov
(Jw,v) :=lim / (in — a_nMn + %Mm> ds + / B(v,w)dQs | ,

§—0
Qs Qs

where ds is the arc element, (), is the shearing force, M,, is the bending moment,
M, 1s the twisting moment.

But
v ava aMns . aMns
/%Mmds— s ds—/v s ds——/v s ds
Qs Qs Qs 0825
as v, M,; € C(Q;). Hence
. . Ov .
(Jw,v) = {g@_?gg (in — 8_nMn> ds + {;Z_?g /B(v,w)dﬂg, (2.13)
Qs Qs
where
oM,
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In view of (2.6)

/ (vQZ — g_ZM”> ds = / (0Q7 — v,y My)ds,

GIeR rs

where
I8 :={(z1,22) €Q : 2, =6 = const > 0}.

In virtue of (2.1), (2.2), (2.4), (2.5), (2.7)-(2.10), Ve =const> 0 3d(¢) =const> 0
such that

[0Q5 — vy2 My| < |of|Q5] 4 [0 |[Ma] <&, when 0 <y <4,

i.e., taking into account (2.6),

9
/ (mg; _ a—ZMn> ds| — / (005 — v,y My)ds| < £|I%] < €09 < |09

Qs ré

(|09 is the length of the curve 9€). So that

§—0 an §—0
895 1_“1;

lim (v@f1 — @Mn> ds = lim (vQ5 — v, My)ds = 0.

Therefore, because of existence of integral on the left side of (2.13), limit of the
second addend on the right hand side of (2.13) also exists, and (2.11) is valid. (2.12)
is obvious.

From (2.11) follows

(Jw,v) = (Jo,w) = (w,Jv), Yo,w € Dy.

Hence the operator J is symmetric.
From (2.12), taking into account (0.2), we have

(Jw,w) > 0.
But
(Jw,w)=0, w e Dy,
iff
w,1 =0, w,=0, w,;o=0 in €,
le.

w = kyxy + koxo 4+ ks, k; = const, 1 =1,2,3, in Q.

The latter, in virtue of (2.6), should be zero on I'y and therefore on 2, because of
its linearity.
STATEMENT 2.2. The operator J is positive definite if only Dy > 0 (0 < > < 4),
Dy —D
Q Ty

PROOF. Let Dy =0, and consider particular case (0.4). Hence
Dy = mf([)2 — D3)$;_4 =0 if only » > 4.
Q
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Then J is not positive definite. Indeed, let the rectangle
o :={(z1,22): a<ax1 <b, 0<ay<d}
be cut out from 2. Let (see [3])

. m(r—a
ws(21, 23) 1= (6 — x2)53zn5% when (x1,xq) € Ily;

@) when (1, 29) € Q\1p.
Obviously ws € Dy, and because of » > 4, (2.10) should be and, in fact, is fulfilled
by ws. It is easy to see that

J b b
M < 8, (= const >0,
sz, @)

1 b—a 1 /10
stH%Q(Q):ﬁ - ﬁ<5>ﬂ5117

0 < (Jws, ws) < / maz {Data(ws ) + (w520) 4+

i€{1,2,3,4,}

0<

since

and, in view of (0.4),

o
+2ws11ws20 + 4(w5712)2]d:1;1d:1;2 < 8(5%“1 4 67T 4 5%+9)
*C*’ = const > 0,
Hence J is not positive definite on D;.
Now let us return to the general case (0.3). Further Dy > 0 (0 < » < 4), and
prove that J is positive definite.
From (2.12), taking into account (2.3), (0.2) and (0.3), we obtain

(Jw,w) > /(D2 — D3)(w,92)2dY > DO/ w99 )2dQ) = Do/ S(w.90 )2 dxdzy,
Q Q I
where
H:={(zy,22): a<ax <b, 0<xy <1}, (2.14)

and without loss of generality, is supposed that the domain () lies inside of the
rectangle I, and a definition of the function w is completed assuming w equal to
zero outside of €). Then w will be continuous in II with its first derivatives, and its
derivatives of second order, in general, will have discontinuity of first kind on the
arc I's. Further

1

b
(Jw,w) > Do//x W99 )2 dxydy > —//w dzidzy =
a O

= ")// wzdxldxg == 7/ w?dw = F)/HwH%Q(Q)
I Q

where
= —9 D
T
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In the previous reasonings we have used the following
LEMMA 2.1. Let w(xy,.) be real function of x5 for fixed x; satisfying the following
conditions:
1.) w and w,y are absolutly continuous on [4,1] V4§ €]0,1[;
2.) w, w,y=0(1) when x3 — 0+;
3) thwm € Ly(]0.1]):
4.) w(x,1) = wy (x1,1) = 0.
Then

1

1
9
/l’g(w,zg )zdl'g 2 E/deajg, (215)
0

0

1 1

/$3(w,22 Vdry > %/x%(w,z )dzs. (2.16)

0 0

PROOF is similar to one used in [3] for the case § = 0 but we have to consider
all integrals from & to 1 and then let § tend to zero.

Let Hj be the energetic space (see e.g. [3,4]) corresponding to the operator .J
defined on Dj; and acting in L(2).

THEOREM 2.1. Let f € Ly(Q). if Dy > 0 (0 < 5 < 4), there exists unique
generalized solution of (1.1) in the energetic space Hy. If Dy = 0 (3x > 4), and
flz1,22) = 0 in Q\Qs then there exists unique generalized solution of the finite
energy.

PROOF. Firstly let us prove that the solution with the finite energy exists for
Do >0 (3¢ >0),if f=01in Q\Qs (the last restriction of f can be weakened). Let
w € Dy. Then

ow
% ‘F2 = 0’

and exist continuous on I'; from inside derivatives w,,g. Let us put again the domain

w|F2 =0,

) inside of the rectangle (2.14) and complete a definition of the function w assuming
it equal to zero outside of 2.

We have
2 2
|(w, f)|* = /wfdl'ldl'z = /wfd:z;ld:z;2 <
L b (2.17)
< /f2d$1d$2/w2d$1d$2 = C/w2d$1d$2 Yw € Dy,
Qs Qs 1
where

C:= /f2d$1d$2 >0,

Q

s :={(x1,22) €Il : 23>0 = consti0}.
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Obviously, when x5 > 0

T

/w,1 dry = w(xy, 22) — w(a, x9) = w(xy, x9) (2.18)

since w(a, x9) = 0 as (a,x2) € I1\Q. Acording to Cauchy - Bunyakovskii inequality,
from (2.18), we have

T z1 b
w? < /12d:1;1 /(w,1 Vdey, < (b—a) /(w,1 )Vday.

Integrating both sides in limits « <z < b, § <y <1,

/w2d$1d$2 < (b- a)z/(w,l Vde dey <

I1s I1s

< (b-— a)4/( a1 ) deydey = (b — a)4/( a1 ) deydey =

I1s Qs

(2.19)

(in the second inequality the first inequality is applied to w,;)

= (b— “)4/(D1 Z)DS)(wm )zdxlde <

1— Ds
Qs
4
< (b Da) /(D1 — D3)(w,11 )2dayday <
5
Qs
b— a)?
<0 [0 = D +
5
Qs
+D3(w,11 w92 )2 + 4Dg(w,19)? + (Dg — D3)(w,99 )*]dr1dry <
(b—a)! (b—a)t
< T(Jwvw) = TgHwHHﬂ

Ds = n})in(Dl — Ds).
3§
From (2.17) and (2.19) follows

C(b—a)!
N < LD,

i.e. (w,f) can be considered as a linear bounded functional with respect to the
energetic norm. But then, according to the well-known theory [3], there exists
solution of the finite energy.

In case Dy > 0 (0 < 5r < 4), moreover, according to the general theory [3,4], there
exists generalized solution since J is positive definite (see statement 2.2).

REMARK 2.2. In particular case (0.4):

l
1— ll—%
]02 $1 / 1 1’1, T 7dr < D221 ‘0 == DQZl — < 40 if < 1,
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and, when s > 1,
I

loi(xy,29) > Dyilim | 77%dr = +oo.
e—0

€

Similarly

() < H4oo if <2,
L1 =+4oo if x>2

3. ON A MODIFICATION OF THE LAX-MILGRAM THEOREM

The section deals with a modification of the Lax-Milgram theorem as follows:

THEOREM. 3.1. Let V be a real Hilbert space, and J(u,v) be a bilinear form
defined on V' x V. Let there exist a constant £ > 0 such that
S (u, o) < Ellully[[oll, Yu,v eV, (3.1)
and let
Jw,0)=0 = v=0 inV (3.2)
(0 is the zero element of V). Then for any bounded linear functional F' defined on
V there exists the unique functional F,, € V* (V* is the space conjugate to V') such
that
Fo=F, v:= kli}rgo J(zp,v) Yv €V, (3.3)
where
ZE = C_ltk (34)
for any sequence t;, € C'(V) C V converging to to uniquely defined by F' in view of
Riesz theorem. C'7! is the inverse operator of the bounded linear operator ('

t=Cxz (3.5)
defined in the space V' by the relation
J(z,v) = (v,t) Yo eV, (3.6)
and fixed z € V.

PROOF. In view of Riesz theorem, it is possible to express every bounded linear
functional F'in V in the following form

Fo=(v,t) YveV, (3.7)
where the element ¢y € V' is uniquely determined by the functional F' and ||to||v =
| E')|vs-

If z € V is fixed, then the bilinear form J(z,v) represents, obviously, a linear
functional in V. This functional is bounded since by (3.1)
|J(z,0)| < E|[v]|,, k= K]z|, = const > 0. (3.8)
Then according to above Riesz theorem, there exists a unique ¢t € V' such that holds
(3.6), and also, in virtue of (3.6), (3.8),
1ty < K=l - (3.9)

By the relation (3.6) to every z € V a unique ¢ € V is assigned. This defines by
(3.5) an operator C in V. C is, obviously, linear one, and, in view of (3.9), also
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bounded. The range L = C'(V) of this operator C is a certain linear set in V. More
precisly, let L be the metric space whose elements are the elements of that linear
set L with the metric of the space V.

We will prove that the mapping (3.5) from V onto L is one-to-one, i. e. [ ~ V.
To this end it is sufficient to prove that to the zero-element of L there corresponds
the zero-element of V. Thus, let § = Cz, i. e., in virtue of (3.6),

J(z,0) = (v,0) =0 Yv e V. (3.10)
In particular, for v = z, (3.10) yields
J(z,2) = 0.
But then, according to (3.2), z = 0. Hence 3C ™
z=C"'t. (3.11)

Let {tx} be a fundamental sequence in L, and thus also in V. Since V' is complete,
dty € V such that

lim t, =tp, inV. (3.12)

k—o0
Therefore complete L is subspace of V.

Now we will prove that L = V. The proof will be performed by contradiction.
Let L # V. Then there exists an element w # # in V orthogonal to the subspace L,
so that

(w,t) =0 (3.13)
holds V¢ € L. Since w € V, in view of (3.6), a unique ¢, € L C L exists such that
J(w,v) = (v,t.) Yo eV
In particular, for v = w, we have

J(w,w) = (w,t.) =0

because of (3.13). Therefore, in virtue of (3.2), w = # in V, which is contradiction
with assumption w # . Hence L = V.

For any bounded linear functional F' in V we have (3.7), where t, € V = [ is
uniquely determined by F. For the above ¢y € L there exists sequence ¢, € L which
is convergent to to in V. According to (3.11) V¢, € L Jz; € V such that

J(zp,v) = (v, 1) Yo e V. (3.14)

Functionals J(zg,v) and (v,t;) are bounded linear functionals from V* for fixed k.
Now tending k — oo in (3.14), since, in view of (3.12), there exists limit (which is
equal to (v,ty) because of continuity of scalar product) in the right hand side, the
limit of the left side will also exist, and
klim J(zp,v) = (v,tg) Yo € V. (3.15)
—+00
Then, in virtue of an immediate corollary of the Banach-Steinhaus theorem (see e.
g. [5], p- 277, Corollary 1), linear form
F.,: v— lim J(z,v) (3.16)

k—oc0
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is bounded linear functional on V., which does not depend on choise of {z;}, i.e. of
{t} since for any sequence t; — to in V, on the right hand side of (3.15) we have
the same limit (v, o). Thus, from (3.7), (3.15) and (3.16) follows (3.3).

REMARK 3.1. If the sequence {z;}, zx € V, corresponding to {t;}(ty € L is
from (3.12)) is fundamental in V, then because of completness of V' Jzy € V such
that

lim z;, = 29 In V.
k—oc0

Therefore, taking into account (3.1), we have

F.,v:= lim J(z,v) = J(20,v)
k—oc0

(this is justification of notation F,,), and from (3.3) follows that there exists unique
zo € V such that
Fov=J(z,v) YveV

which coincides with the assertion of the Lax-Milqram theorem (see e. g. [6], chapter
II1, §7, and section 4 below). Therefore F,, € V* can be identified with z, € V. If
the sequence {z;} is not fundamental in V' (let us note that the number sequence
{J(zk,v)} is fundamental for fixed v € V), then F,, € V* will be identified with the
ideal element zg which does not belong to V. Let us denote by V, set of the ideal
elements z, and by V := V U V.

Under product Az, A € R, zy € V, we understand the ¢y identified with the
functional

Feov = lim J(Azg,v) = klim A (zg,v) =2 AF, v
—+00

k—oc0

Under sum z}, + z/ of z, 2! € V we understand (o, identified with the functional
Feov:=lim J(z), + 2z,v) = lim J(z},v) + lim J(z},v) = Flo0+ Fov,
k— 00 k— 00 k— oo 0 0

where
2= C7 W, 2 = O,
;}H?o =g, ;}5?0 ty =ty inV,
t, and 13 are uniquely defined, in view of Riesz theorem, by bounded linear func-
tionals [ := (v,t,) and F" := (v,1) corespondingly. Obviously V' is linear vector
space. .
Now introducing in V' a norm as

[20ll¢ == [ £ v+, (3.17)
V will be Banach, and moreover Hilbert space since such is V*. Indeed,
126 + 2001% + 120 — 205 = 11 Fay + Fopllve + || Foy — Fug
= 2(|[Fo Ile + 1F20l1F) =2 2([1 20115 + 126117 )-

Therefore scalar product can be defined as

(20, 20)v == 47" (llz0 + 21 + llz0 — 2 [I3).

2 _
v =

Completness of V is obvious from (3.17).
REMARK 3.2. If C~'is bounded operator then from (3.11), (3.12) follows that

{21} is fundamental sequence.
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REMARK 3.3. If J is coercive, i. e.
|J(v,v)| > ¢||v||}, ¢=const >0, YveV,

then C'~! is bounded operator (see above reference on [6]).
REMARK 3.4. If (3.2) then either J(v,v) >0 Yo e V or J(v,v) <0 Yo e V.
PROOF (belongs to S.S. Kharibegashvili). Let us take arbitrary fixed vy € V,
vo # 0, from J(vg, vg) # 0 we have either

J(vg,v9) > 0 (3.18)
or
J(vg,v9) < 0 (3.19)
Let us now show that if (3.18) then from Vo € V| v # 6 follows J(v,v) > 0, but
if (3.19) then J(v,v) < 0.
Let first v € V) v # 6 be not lineary dependent on vy then for Vi €] — oo, 400,
we have
0 #£ J(vo + tv,vo + tv) = J(vo,v0) + [J(vo,v) + J(v,v0)]t + J (v, v)t?, (3.20)

since vg + tv # 0 VYt € V] — oo, +o0o[. Therefore according to well-known property
of quadratic trinomial

J(vg,v0) - J(v,v) > i[J(UO,UO) + J(v,v)]* > 0. (3.21)

But if (3.18), then in view of (3.21), obviously J(v,v) > 0, for arbitrary v €
VA\{#}, which is lineary independent of v; if (3.19) then from (3.21), we get similary
J(v,v) <0, Yo € V\{8}, which is lineary independent of vy.

Let now v € V, v # 6, and be lineary dependent on vy, i.e. Ity €] — o0, 400, such
that vy + tov = 6. Obviously, such ¢y is unique, i.e. the equation vy 4+ tv = 6 with
respect to ¢ has unique solution ¢ = ¢3. On the other hand from

J(vog+tv,og+tv) =0 & vy +tv=10

follows that the trinomial (3.20) has unique zero ¢ = to. This is equivalent with the
assertion that the discriminant of the trinomial (3.20) is equal to zero:

J(vg, v0)J (v,v) = i[J(vo,v) + J(v,v0)]2 > 0 (3.22)

(the last equality is strong since J(vo,vo) # 0, J(v,v) # 0). Finaly from (3.22)
follows J(v,v) > 0 and J(v,v) < 0 when correspondingly (3.18) and (3.19) are ful-
filled. Thus the remark is proved.

4 - BENDING IN THE WEIGHTED SOBOLEV SPACE

Let us consider for the equation (0.1) the inhomogenuoes BVCs as follows:
on I'y

Jw
w = gi12, % = G22, (4-1)

and on I'y either

W= g, W,p=gau if ly; <4oo (0<x<1), (4.2)
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or
W= ga1, Q5 =hy if Iy <400 (0<x<1), (4.3)
or
w = g1,
w=n 25 e BT et 050<) 0y
or
M2:h1{ % 0 when [y, <400 (0 < < 1),
= 0 when [o; = 400 (1 < < 4+00),

if Io; <400 (0 <3 < 400). (4.5)
Os = h % 0 when [1; < 400 (0 < 5
22 =0 when [1; = 400 (2 < 3 < +00)

Let
Gas, hoz € LQ(Fl)v avﬁ = 1727 (46)

and g11, 921, g12, g2z be traces of certain given function u € W3 (1, D) (see below
(4.7), (4.10)).

REMARK 4.1. Conditions h, =0, o = 1,2, in (4.4), (4.5) are necessary condi-
tions (see section 1) of boundedness of deflection w and w,y correspondingly when
I = 400 (2 < < 400), and ly; = 00 (1 < 5x < 400). The demand of bound-
edness of w and w,3 is natural in mechanical point of view since we do not consider
the case of concentrated shearing forces and moments, when w and w,s should be,
in general, unbounded.

REMARK 4.2. In particular case (0.4), let
G12 € W2 (T'), ga2 € W7 (I2); g1 € Wg%(n),
g21 € W2%(F1)7 hi, hy € Lo(I'y),

and g11, 921, g12, g2z be traces of certain given function u € W;(, D) (see below
(4.15), and remark 4.5) and its derivative of first order (if 9Q is of the class C?, they
exist, on 'y always, and on I'y when 0 < » < 2 and 0 < s < 1 respectively (see
[7.8], and [9], section 10).
Let further

W3(Q, D) (4.7)

be the set of all measurable functions u = u(xy, x3) defined on € which have on
(a1,02)

generalized derivatives Dy 5 % w for o + a <2, ay,ay € {0,1,2} such that

/‘D;?}gz’)u‘zpahaz)(xl,xz)dﬂ < +o0 (4.8)
Q

for Poo = 17 Pro *— Dl(xlva)v Pia = D4($1,$2), Po *— DQ(xlva)' Div 1=
1,2,3,4, are bounded measurable on (2 functions satisfyng (0.2),(0.3). Therefore,
since D, > D3 in €,

/Dg,(u,cycy )2 < /Da(u,w )2d) < o0, a=1,2, (4.9)
Q Q
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/D3(U711 99 )2dQ < /Dl(u711 )2dQ) + 2/ D2y D2y dQ +
Q Q

Q
2

+/D2(u,22 )ZdQ S /Dl(u,u )ZdQ + / DQ(U,QQ )ZdQ < Ho0.
Q Q Q
Let

D = {100,07 P203P1,19Pop }7
and .
D :=DU{p,, :=a3}.
Then, in view of (4.7), (4.8), the sense of the notation W3(, D) is clear. Obviously,
W(Q,D) C WiQ,D). (4.10)
From (0.3), it is clear that
S € LY.

pozl e

Hence according to [10] WZ(©2, D) and W3(Q, D), in virtue of (4.8), (4.9), will be a

Banach spaces under the norms

||u||%/v22(Q,D) = /[Uz + Ds(u, 11 4,92 )% +

J (4.11)
+(D1 — Ds)(u,11 )2 +4D4(t,10 )2 + (Dg — D3)(u,92 )z]dga
el = el + [ b a0 (112)

Q
respectively, and moreover, Hilbert spaces under the scalar products

(u, U)Wg(Q,D) = / [wv + D3(u, 11,20 ) (v, 1140520 ) + (D1 — D3)u, 110,11+
Q
+4D4u,120,12 +( Dy — D3,z 0,22 |dQ,

(uvv)wg(Q,D) = (uav)wg(Q,D) ‘|‘/$§U72 0,2 d

Q
respectively. Let further f € Ly(Q), and
0
Vi=W2Q,D)=C5(Q) in the norm of WZ(Q,D). (4.13)

Since p, .. € LP(Q) we have C3°(€2) C WF(Q, D), and (4.13) has the sense. In

particular case (0.4), we can take as V also

Vi={ve W2(Q, D) : v, =0, g—z - 0, and either
ol =0, v =0 if (42) or w,| =0 if (4.3) (4.14)

or vlr, =0 if (4.4) in sense of traces}.

In case (0.4) we could introduce weights and norm as follows:

. — — N2
100,0 T 17 102,0 - 101,1 - 100,2 =Ty,
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||u||%/vg(9,x;)3:/{u2‘|‘$;{[(uan—|—u,22)2—|-(U,11)2+(U,12)2+ U, 22 }}dQ (4.15)
Q

It is obvious, in view of (0.4), that the latter norm and (4.11) are equivalent in
W3(Q, D). But we prefer (4.11) since the above resonings are valid for the more
general case (0.3).

DEFINITION 4.1. A function w € W2(Q, D) will be called a weak solution of
the BVP (0.1), (0.3), (4.1)-(4.5) in the space W;(Q,D) if it satisfies conditions as

follows:
w—uéeV, (4.16)
and Yo ¢ V

J(w,v) == /B(w,v)dﬂ - /vfdﬂ, (4.17)

Q Q
where defined in (2.11)

B(v,w) := Ds(w,11 +w,22 )(v,11 +0,22 ) +

4.18
+(D1 — D3)w, 11 v,11 +4Dsw,12 0,12 +(D2 — D3)w,22v, 22, ( )

or corespondingly, for particular case (0.4),

J(w,v) ::/B(w,v)dﬂz /vfdﬂ—l—’yz/hzvdxl—’yl/hlv,gd:pl, (4.19)

Q Q Iy Iy

where v1 = v, =0 if (4.2); v =0, 2 =1 if (4.3); v =1, 2 =0 if (4.4); and
if (4.5) then ~; = 1 when 0§%<1 and v; =0 when 1§%<—|—oo v =1
when 0 < 2 < 2, and v =0 when 2 < < +00.

REMARK 4.3. The BVCs (4.1), (4.2), the firsts of (4.3), (4.4) and (4.5), the
seconds of (4.3), (4.4) are specified in (4.16) and (4.17), (4.19) correspondingly.

REMARK 4.4. Obviously, if the solution of above problem exists in the classical
sense then (4.16), (4.17) and (4.19) will be fulfilled.

THEOREM 4.1. In case (0.3), if Dy > 0, under other above conditions there
exists the unique weak solution of the BVP (0.1), (0.3), (4.1)-(4.5). This solution is
such that

10000 < € iy + 1l | (4.20)

where constant ' is independent of f,u

THEOREM 4.2. In case (0.4), if 0 < > < 4, under other above conditions there
exists the unique weak solution of the BVP (0.1), (0.4), (4.1)-(4.5). This solution is
such that

1wl 3 .0) < < C Ay + Nl s .m0l 0y +2llbll ey |5 (4:20)

where constant C is independent of f,u, hy, ho.

PROOF of the theorems 4.1 and 4.2. First of all, let us prove that V' is a subspace
of W3(Q, D). In case (0.3), it is obvious. In case (0.4), for it we have to show its
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completeness. Because of linearity of the trace operators and operators in (4.1)-(4.4),

obviously, V' is a lineal. Since u € WQ(Q D) has the traces [7-9]
u|F€W ( 1) for 0 < <2,
u|F2€W( 2)  for 0 < s < 400,

,2|F EW (I'y) for 0 < <1,

g—z . € Wé/z(Fz) for 0 < 2 < +o0,
then 3C; =const> 0 such that
||u||W23—Tx(F1) < Cl”“”wg(n,p) for 0 < <2, (4.22)
|| 2%(5) < Cl”“”wg(n,p) for 0 < < 400, (4.23)
[|ty2 || < Cl||u||W2(QD for 0 < <1, (4.24)

(Fl) (D)

Let v,, € V be fundamental sequence. It will be also fundamental sequence in

W3R, D) But the latter is complete set, i. e. Jv € W3(Q, D) such that
0

[[om — U||W§(Q,D) m——>>-|—oo‘
Then, in virtue of (4.22)-(4.25), respectively,

for 0 < s < +o0. (4.25)

— 1||u||W%(Q,D)

lom — V|| 222 < Cil|vg, — v " for 0 < <2,
W22 (Fl) W5 (22,D)
||om — v||W§(F2) < Cyllvg, — UHWg(n,D) for 0 < < +o0,
|vm,2 — v,z ]| Wi < Cyllvm — UHWg(n,D) for 0 < s < 1,
v, 81}
‘ — — W )SClHUm_Ung(n,m for 0 < s < +o0.
Therefore
[|vm — v|| 2=x — 0 for 0 < <2, (4.26)
W,Z (Th) M —stoo
||vm—v|| ! — 0 for 0 < < +oo, (4.27)
W2 () m —r4co
|om2 — v,z — 0 for 0 < <1, (4.28)
W, T (0y) 1M —oo
dv,, 0
‘L——U 0 for 0< < oo (4.29)
But since
U, =0 for 0< s <2, (4.30)
vm|F2 =0 for 0< < +4oo, (4.31)
Um72|r1 =0 for 0<» <1, (4.32)
(4.33)

% =0 for 0< > < 400,
on I,
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from (4.30) follows

—ox — 0
[

Then, taking into account (4.26),

0 <ol g = ol g = ol oo

At —
2 (Fl) 2 (Fl) 2 (Fl) w

52 T1)yMm —+o
i.e. almost everywhere (a.e.)

v, =0 for 0 < <2

r
Similarly, in view of (4.27)-(4.29), (4.31)-(4.33), we have a.e.

U|F2:0 for 0 < » < 400,
Vol =0 for 0 <<,
»41ry

0
o =0 for 0<x < +o00.
onlr,

Thus V is complete i.e. it is a Hilbert space and a subspace of W3(£2, D)

Further the proof of theorems 4.1 and 4.2 will be realized by means of (see[4,6])
The Lax-Milgram theorem. Let V' be a real Hilbert space and J(w,v) be a bilinear
form defined on V' x V. Let this form be continuous —i.e. let there exist a constant
K > 0 such that

S (w, 0)] < K[, [|o] (4.34)
holds Vw,v € V— and V-elliptic —i.e. let there exist a constant a > 0 such that
J(w,w) > oszHQV (4.35)

holds YVw € V. Further F' be a bounded linear functional from V* dual of V. Then

there exists one and only one element z € V such that
J(z,v)=< Flo>=Fv YveV (4.36)

and

Izl < a1

(4.37)

(%
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Obviously, for bilinear form (4.17), in view of (4.18),

T (w,v)] < / (Dy = Da)Elw.1s | - (Dy — Do) oy |42 +
T / VEw,as |- (D — Da)¥ 0,22 ]d2 +
Q
—|—/D35|w,11 +w, 22 | . D35|U722 +v,11 |dQ +

Q

+4 [ Diw.al Dol <

1 1

_ [/(Dl — Dy)(womh )2dg] ’ [/(D1 - Dg)(U,ll)de] g
2 — Ds)(

—I-[/(D - w,zz)zdﬂr
;

+ Ds(w, 11 +w722 ]

(4.38)

l

722) dQ:| +

Q
[ Dy — Ds)
|:Q

Ds( 711+U722)dﬂ] +

4 [ / D4<w,12>2d9] - [ [ it dﬂ} < 7w lhwzcom ol vz
Q Q

and, in particular (see below remark 4.5),
| (w,v)| < 7||w|lv||v]ly Yw,ve V. (4.39)
Hence (4.34) is fulfilled.
Taking into account that (Dy — D3)(v,22)? € L1(92), because of
Dy — D3
o< 25
2 = DO

(4.40)

obviously,
5(v,22)" € L1(Q)
Without loss of generality, we can suppose that Q lies in II (see (2.14)), and let
veVand v=0in R} \Q. Then for fixed x;
1
v(a,- )€W2<]0 I[, @ )a ||U||%V22(]o,1[,$g) = /[U2+$%(U722)z]d1'27
0
v(ag,1) =0, vp(x,1)=0,
and if we suppose that (Dy — Dg)%(U,Q )2 e Li(Q), ie. x3(v,)? € Li(N) since
2 (D2 — Ds)* )
< D§ N

the inequalities (2.15), (2.16) are valid for such functions v € W3 (Q, D), Q C 1.

because of (4.40), it is easy to show (see below lemma 4.1) that
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REMARK 4.5. In viev of (2.16), (4.40), when Dy > 0 the norms (4.12), and (4.11)
are equivalent in W3(Q, D), Q C II. Consequently (4.38) holds also for W3(Q, D).
LEMMA 4.1. If v € W3(]0,1[,23), 23(v,2)* € L1(]0,1]) and

v(ag,1) =0, wvpa(x,1)=0,
then (2.15), (2.16) are valid, i.e.

1

1
9
/51?3 (v,22) dwy > —/Uzdl'za
16
0

0
1 1

9
/51?3( y22 )2dy > Z/x%(v,z)%z.

0 0

PROOF. In the case under consideration v(z1,-) € W2(e,1[) for V[e, 1] C]0,1].
Therefore (see [4], Remark 29.6) v(x;-) and v,5 (2 ) are absolutely continuous on
[e, 1] for arbitrarily small & =const> 0. Now we have to repeat proof of lemma 2.1
considering all integrals in limits ¢ < 29 < 1, and then tending ¢ to 0+ taking into
account that from square summability of v(z1 ) and xv,9 (21 ) follows respectively

1,211_%)1_'_ x2vz(x17x2) = 07 x2h—r>r01-|— x;[vﬂ (xlvxZ)]z = 0.

Othervise if we assume mh_r}%l_l_ rav? (21, m2) = co(zy) > 0, mh_r}%l_l_ 3[v,e (21, 29)]* =

c1(x1) > 0 then in some right neighbourhood of point (x1,0)

Cl(l’l)
21’2 ’

Col X
02(1;21)7 x%[vﬂ (xlva)]z >

But this is contradiction since on the left hand sides we have integrable functions
while on the right hand sides we have nonintegrable functions.

In view of (2.15), as 0 < Dy < D2_4D3, for v € W2(Q, D), we have

/U2($1,$2)dg / Y2y, 29)dry, drg = /d:z;l/v dzy <
Q

1 b

b
16 16
S j/dl’l/l’ ,22) dl’z < 9? d$1/D0$2 ,22) dl’g ~
a 0

16
S 9D0 (D2 D3)(U722 )ZdQ

Q

Uz(l'l,l'z) >

Hence

lo]f} = /[U2 +25(02)" 4 Da(v, 11 40,00 ) + (D1 = Da)(v,1)* +
Q
—|—4D4(U712 )2 + (D2 — D3)(U722 )Z]dQ < (441)

16 *
(D2 = D3)(v,22)7dQ+ J (v, 0) = C J (v, v),
9D0

Q
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where
i1 2
= Do
(4.41) means V-ellipticity of the bilinear form J. Thus (4.35) is also fulfilled.

Now let us consider the following functional

Fo:= (va) - ‘](uvv) + 72 / vhodr — M1 / U72h1dx17 veV (442)
Fl 1_‘1

(For case (0.3) we have to take v = v, = 0).
Further

[0, DI < Moll o 1) < (Rl 0 (4.43)

2= 1o
and, since in case (0.4) traces belonging to W,2 (I'1), 0 < » < 2; W, 2 (I'y),
0 < 3¢ < 1; are also traces belonging to Lo(I'y),

‘ /U hgdl’l
Iy

‘ /U,Q hldl'l
Iy
0 < <1

After substitution of (4.43), (4.38), (4.44), (4.45) in (4.42), we obtain
|Eol < [[[fll@) + Tllullwz @) + CCrellhall,, )+

il e 0l (4.46)
Let us note that by demonstration of boundedness of the functional /' defined by
(4.42), we did not use that Dy > 0 (0 < 3 < 4), i.e. the assertion is true for Dy > 0
(0 < 5r < +00). Therefore the linear functional (4.42) is bounded in V. So in view of
(4.39), (4.41), (4.46), according to the Lax-Milgram theorem 3z € V— unique such
that, in virtue of (4.36), we have

< ol bzl oy < Cllvll b2l ) (4.44)

C =const >0, 0< <2,

< vzl o Wl oy < Cllvll Al iy (4.45)

J(z,v) = Fv:= (v, f) = J(u,v) + 72 / vhzdxl—’yl/v,ghldxl‘v’vev,

Iy Iy
le.
J(w,v) = (v, f) + 72 / vhodry — v / v,9hydry Yv eV, (4.47)
Iy Iy
where
wi=u+z2¢€ W%(Q,D) (4.48)
So

w—u=z€V,
and (4.16) is fulfilled. (4.47) coincides with (4.19) (in case (0.3) with (4.17)). Thus

the existence of the unique weak solution w € W3(, D) of the BVP (0.1), (0.4) or
(0.3), (4.1)-(4.5), has been proved.
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From (4.46) it follows that

e < AN L0 + THullwz@o) + COrllhall,, e, + llball,r,))- (4.49)
In virtue of (4.48), (4.37), (4.49),

[wllwz@.0) < llullwz,p) + 2]l < llullwz@.p)+
+a T 110 + Tellwz oy + COallball,, e, +2illball, )] <
< é[||f||L2(ﬂ) + ||u||W§(Q,D) + 71||h1||L2(F1) + 72||h2||L2(F1)]7
where
C:=mazx{7Ta™ ' +1, a7 'C},
i.e. (4.20), and (4.21) are valid in cases (0.3) and (0.4) respectively.
REMARK 4.6. Instead of V defined by (4.14), we could consider the space
0
Wi(Q, D).
Then taking into account that (2.15) is, obviously, valid for v € Cg°(]0.1]), the
0
condition (4.41) will be fulfilled for v € C§°(Q) and hence for v € WZ(Q, D). The
0 ~ ~
condition (4.39) will be also realized on W3(2, D)— subspace of W(£2, D). (4.46)
0

(where 7, = 7, = 0) will be also carried out for v € W2(Q, D). Therefore Theo-
rem 4.2 will be valid if in the definition 4.1 the space V' is replaced by the space

0 A~
W3 (Q, D) C V, and (4.19) by (4.17).

5- THE CASE Do =0 (3¢ > 4)

In this case only the BVP (0.1), (0.3), (4.1), (4.5), can be correctly posed. Let

with the norm of W3(9, D).
DEFINITION 5.1. Let u € W3(€2, D) be given, and

Fo:=(v,f)— J(u,v), veV, (5.1)
where .J is defined by (4.17). zo + u, where z € V is identified with F., € V* (see
the modification of the Lax-Milgram theorem in section 3), will be called the ideal
solution of the BVP (0.1), (0.3), (4.1), (4.5), if it satisfies condition as follows:

0
Fv:= kl@m J(zp,v) = /fvdﬂ — J(u,v) Yo eV =W Q,D). (5.2)
—+00
Q
THEOREM 5.1. There exists the unique ideal solution of the BVP (0.1), (0.3),

(4.1), (4.5).
PROOF. Obviously,

[F0] < ol 1Ty + Tl < 0l <
< ol + Tl

el

Q,D



29

0
since (4.38) is all the more fulfilled for v € V = W(Q, D) C W3(Q, D). Hence F
defined by (5.1) is a bounded linear functional on V. In view of (4.39), which is all

0
the more valid for V = W3(Q, D), (3.1) holds.
From v € V and
J(v,v)=10
follows
v=kixy + koxo 4+ ks, k;= const, 1 =1,2,3, ae. in
since from (4.17), (4.18) we have

J(v,v) = /|:D1(U711 )2+ Da(v,22)% + 2D30,11 0,92 +4 D4 (0,1 )2] dQl =
Q

_ /{D:))(U,H +0,22) 4 (Dy — D3)(v,11 )* +

+(Dg — D3)(vy92 ) + 4 D4 (0,12 )2] df} =0,

and hence a.e. in §
V.11 = 0, V.22 = 0 V,12 = 0
On the other hand, it is obvious that

u € WA, D) = u € WiQs, D) = Wi(Q).

0 _ 0
Hence u and —— have traces on [N Qs V6 > 0, and since v € V = WZ(Q, D),
similarly, in sense of traces,
0

e )
Mous  Onlrauis
Therefore v = 0 a.e. in Q i.e. v =6 in V. Hence (3.2) is fulfilled.

Thus, we can apply the modified Lax-Milgram theorem. Which asserts the exis-
tence of the unique ideal element zy such that (5.2) is fulfilled.

REMARK 5.2. If, in particular, 2o € V then zo + u € W3(Q, D), and on I'y the
Jzg +u

v

U ..
traces of zg 4+ u, and u, — coincide.
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