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Introduction

The notion of a general boundary value problem (BVP) for an elliptic differential
operator on a manifold with boundary was introduced in [11], where one can also find
an extended discussion of motivations for considering this notion and its relations
to previously known results. In [11], Calderén—Seeley projections (e.g., see [12, 13])
were used as one of important tools. Here we describe a class of general BVPs
which will be referred to as spectral boundary value problems. In these problems,
the boundary operator is the projection in the space of boundary data onto the
“positive subspace” corresponding to the conormal symbol of the elliptic operator
in question, i.e., the subspace corresponding to the spectral points of the conormal
symbol! with positive imaginary parts.

For the case in which the conormal symbol has the form p — iA, where A is a
first-order operator on the boundary and is self-adjoint in the space L? with some

!The conormal symbol is obtained by choosing a normal direction globally in a collar neighbor-
hood of the boundary, then freezing the coefficients of the operator at the boundary, and finally
replacing the normal differentiation operator by the spectral parameter; this procedure is of course
ambiguous in that it depends on the choice of the normal direction at the first step.



smooth density, homogeneous BVPs of this sort in the L? setting were studied by
Atiyah, Patodi, and Singer in the famous papers [2], which gave an impetus for
an extensive subsequent work (e.g., see Cheeger [3], Gilkey [7], Getzler [5], Melrose
[9], etc.). In the present paper we essentially give a natural generalization of the
APS problem to the case of nonhomogeneous boundary conditions and higher-order
operators, without any self-adjointness or normality requirements.

The spectral BVPs turn out to be closely related to equations on singular man-
ifolds. Specifically, if we attach a cone to the boundary and continue the elliptic
operator in question (provided that the coefficients are independent of the normal
coordinate near the boundary) to the cone in a natural way, then we obtain an
elliptic operator on the resulting manifold with conical singularities. It turns out
that the spectral BVP for the original operator is equivalent to the corresponding
equation in weighted Sobolev spaces for the latter operator in the sense of natural
isomorphisms between kernels and cokernels.

Perhaps one point that needs some further clarification is how one has to tackle
with the ambiguity in the definition of the conormal symbol. In the present paper,
we make no investigation of how the conormal symbol depends on the choice of the
normal direction. However, the following should be pointed out.

e In any case, the boundary operator in the spectral BVP is a pseudodifferential
operator whose principal symbol is independent of the choice of the conormal
symbol (see Lemma 2 below).

o If the relationship with equations on singular manifolds is considered, the latter
being the primary object, then the conormal symbol is defined invariantly [10].

e If the operators in question are geometric (as in [2]), then the choice of the
normal direction is uniquely determined by the prescribed Riemannian metric.

The paper is organized as follows. Section 1 deals with spectral boundary value
problems; we introduce the notion of these in Subsection 1.1, treat the model situ-
ation on the cylinder in Subsections 1.2 and 1.3, and prove the Fredholm property
of the general spectral BVP in Subsection 1.4. Section 2 reveals the relationship
between spectral BVPs and equations on singular manifolds and comprises two sub-
sections, the first one stating two problems (one for a manifold with boundary and
the other for the corresponding singular manifold) and the second one establish-
ing the equivalence. In Section 3 we give two simple examples; here we consider
equations on the model cylinder, which allows everything to be computed explicitly.
Finally, the appendix contains the proof of all results of Section 1 pertaining to
the model problem. The proofs are somewhat technical, and we have rendered it
inappropriate to include it in the main text.



1 Spectral boundary value problems

1.1 Statement of the problem
Let M be a compact €' manifold with C'*° boundary X = dM, and let
D H*(M,Ey) — H* " (M, ) (1)

be an mth-order elliptic differential operator on M acting in the Sobolev spaces
of sections of some vector bundles F; and F, over M (we consider only integer
s >m). Let U be a collar neighborhood of X in M. We once and forever choose an
isomorphism of U onto the direct product X x [0,1),

U~ X x[0,1), (2)

so that each point @ € X C U is represented by the pair (x,0). Then the operator
D can be represented in U in the form

D= ibj(t) (—i%)j, (3)

where Dj(t) € Diff"™/(X) is a differential operator of order m — j on X, smoothly

depending on the parameter ¢ € [0,1). Since D is elliptic, it follows that Dm(t),
which is a zero-order differential operator and hence a bundle homomorphism

D_(1): By — Es, (4)

is an isomorphism. Hence, we can safely divide by ﬁm(t) on the left and assume, as
far as our considerations are restricted to U, that Fy = Fy and D, (¢) is the identity

D= (—i%)m + 4_1Dj(t) (—i%)j, (5)

J

operator:

3
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with some new operators Dj(t). We freeze the coeflicients of D at ¢ = 0, thus
obtaining the operator

Dy = (—i%)m +§Dj(0) (—i%)j. (6)



will be called the conormal symbol of the operator (5). Our aim is to pose a BVP for
the operator (1) with a boundary operator which is some sort of spectral projection
corresponding to the family (7). The operator (6) and the operator family (7) will
be studied in Subsections 1.2 and 1.3, where we drop the subscript “(0)” to avoid
clumsy notation. In particular, a BVP of the desired form is studied for the operator
(6) on a half-infinite cylinder. In Subsection 1.4 we pose the spectral BVP for the
general operator (1) and prove the Fredholm property.

1.2 The model operator

Let X be a closed ' manifold, and let £ be a vector bundle over X. On the

half-cylinder
C_|_ =X x R+

with base X, we consider an mth-order elliptic differential operator?

D: H*(Cy, E) — H*7™(Cy, E) (8)

. . a a m m—1 a J
p=0(-i5) = (=5) +52 (-5)

with coefficients independent of ¢. Here ﬁj is a differential operator of order < m—j
o X acting in sections of ., and s > m is assumed to be an integer.

Let j%~" be the operator that takes each function u(x,t) on C4 to its (m —1)st-
order jet

where

B)

ou o™ty
‘m—1_ _ e _ym—1
Jx U= (u(:z;,()), Zat(xvo)v"'v( Z) 6tm—1 (1?,0))

at the section {t = 0} (naturally identified with X). Then j§' is continuous in the

spaces
m—1

G I B) — BT E) = @ X R). )

i=0

We study the following two closely related questions for the equation

Du=fe H "(Cy, E). (10)

*For brevity, we write H*(Cy, E) instead of H*(Cy,7*E), where 7 : C; — X is the natural
projection. Sometimes we even abbreviate H*(Cy, F) and H*(X,E) to H*(C;) and H*(X),
respectively.



m—1,

1) Suppose that we prescribe the value of j¥
i¥ T u=p e HyTVA(XL ). (11)

What are necessary and sufficient conditions on the pair (f,¢) for problem (10),
(11) to be solvable, and is the solution unique?

2) How to equip (10) with a boundary condition so that the resulting problem
will be uniquely solvable?

For the operator (8), let us consider the conormal symbol

D(p)=p"+Y Dy : H'(X,E) - H""(X,E), peC, veR. (12)
=0

This is a family of differential operators on X elliptic with parameter p in the sense
of Agranovich—Vishik [1] for p € R. Since X is compact, it obviously follows that
D(p) is elliptic with parameter in the double sector

Ae = {largp| <ej U{[r —argp| < ¢}

for some ¢ > 0.
Consequently (see [8]), ﬁ(p) is finite-meromorphically invertible, that is, D‘l(p)
is a meromorphic operator function on the entire complex plane of the variable p,
and the principal part of the Laurent series expansion of D‘l(p) at each pole is
finite-dimensional. Moreover, there are at most finitely many poles of ﬁ_l(p) in A..
For simplicity, we impose the following condition on the conormal symbol.

Condition 1 D(p) is invertible for all p € R..

Since our main interest is in exploring the relationship between BVPs and equa-
tions on manifolds with conical singularities, this condition is in fact not very re-
strictive: we can always ensure its validity by passing to an appropriate weight line
{Imp =~} in the conical problem.

It follows from Condition 1 in view of the preceding that D(p) is actually invert-
ible in the strip

L= {[mp| < ¢}

for some ¢ > 0. The set Spec (D()) of poles of b‘l(p) naturally splits into two
parts,

Spec (D(-)) = Spec, (D(-)) U Spec_(D(-)),
where

Specy(D(-)) = {p € Spec(D(-)) : £Imp > 0}.
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The simplest way to study equation (10) is to reduce it to a first-order system
in 0/0t; as a by-product, we essentially reduce D_l(p) to the resolvent of some
operator. This fairly standard reduction can be carried out as follows. For any
section u(z,t) of the bundle E over Cy, consider the vector function®

v :t(vo,...,vm_l), (13)
where .
0 AN

Vo =u, v = —za—?, ceey Vgl = (—za> u. (14)

Then equation (10) is equivalent to the system
—i=—A)v= “0 0, f) (15)
1 v 0, f
f)t P ¥ Y

where A is the matrix differential operator

0 1 0 ... 0
0 0 1 ... 0

A= ... .. . (16)
0 0 0 1
—Dy =D, 0 ... =D, ,

on X with entries being differential operators acting in the space of sections of F.
The conormal symbol corresponding to the operator in (15) is p — A, and its
inverse is just the resolvent? of A.

Lemma 1 (i) The operator p — A is invertible if and only if so is D(p) (in other
words, Spec (A) = Spec (D(+))).
(ii) One has )

(p—A)" =D7(p)- Q). (17)

m—1

is a matriz of differential opertors polynomially de-
5,k=0

where Q(p) = H%(M
pending on p.

3The left superscript ¢ stands for the transpose of a matrix.
4We do not specify the function space in which this is considered; it is easy to see from the
following that the resolvent of A is well defined in L*(X, F) and leaves C*°(X, E) invariant.



N

More precisely, @;.(p) is a differential operator with parameter p of order?®

ordek(p):m—1+j—k, J,k=0,....,m—1. (18)

N

The proof of (ii) is straightforward; it also gives an explicit expression for Q(p)
via ﬁ(p)

The “if” part of (i) readily follows from (17); to prove the “only if” part, it
suffices to note that

D~Y(p)f = the first component of (p — A)~14(0,...,0, f) (19)

by virtue of the specific structure of the matrix A.

1.3 Projection operators and the model problem

We have seen that the spectrum of A splits into two parts, one constituted by
spectral points with positive and the other by those with negative imaginary part.
In this subsection we describe the corresponding spectral projections. Let 'y and
I'_ be the following contours in the plane of the complex variable p:

'y ={p=x[r+ic—¢)], 7 € R}, (20)

where ¢ > 0 is sufficiently small and the sense of 'y is determined by the condition

that 7 increases along I'y.

Set X
. A ~ _,dp
P =— — AT —. 21
= 5 (p ) D (21)
s
Lemma 2 (i) For each o € R, the integral (21) strongly converges in H? (X, E) on
the dense subset H7Y' (X, E).

i1) The operators P extend to bounded operators in the spaces
+
Pi : HO (X, F) — H (X, F) (22)

for each o € R.

>To avoid misunderstanding, recall that this means that

m—14j—k

ij(P) = Z Plekl,
=0
where ijl is a differential operator of order m — 1+ 35 —k — [.

8



(iii) These operators are projections commuting with 121,

A

(Pj:)2 = pj:v Pj:A = Apjzv (23)

and one has ) )
P . +P_=1. (24)

A

(iv) P-I— is a pseudodifferential operator whose principal symbol o(P_) (in the
sense of Douglis—Nirenberg) is the projection on the subspace

L_(x,§) CEyy, 2€X, £eTrX\{0}, (25)

of the initial data of exponentially decaying as t — +oo solutions to the ordinary
differential equation

o(D) (x,f, 4%) o(t) =0 (26)

along the subspace

L+($,€) C Ex

of exponentially increasing solutions of (26). A similar assertion holds for P_ with
accordingly interchanged signs + and —.
(v) The operator function (p — A)~'P_ extends to a holomorphic function for

p ¢ Spec, (A). Likewise, (p — 121)_1]5_ extends to a holomorphic function for p ¢
Spec_(A).

The proof will be given in the appendix, where we also refine assertion (v) as to
the behavior of the above operator functions.

We can now pose the spectral BVP for the operator D. We study equation (10)
with the help of the Fourier-Laplace transform

o0

Ful(p) = @ (p) = / e~ u(t) di (27)

with the inverse

+oo—iy
~ 1 o~
() = 5 / ¢ U (p)dp,  t>0, (28)
—00—17y

where v > (. Consider the mappings

A C —- C™

z — (0,...,0,2) (29)

9



and

7 C™ — C

30
(205« s Zm-1) — Zo. (30)
Theorem 1 The problem
Du=feH(C )
‘m—1 f SEI/—QI—) (31)
Jx u=g € Hy (X))
is solvable for v € H*(C) if and only if the consistency condition
, 1 PR
Pgt o [0= A o) =0 (32)
r_
is satisfied. In that case, the solution is unique. It is given by
w=mF {(p— AN (p) —ig]}- (33)
Theorem 2 The problem
l?u:fEHs_m(p+)7 (34)
Pojrtu=ge P Hy ' (X)
is uniquely solvable for v € H*(Cy). The solution is given by
_ AT . 1 My
w=RIfg) = 70 F (0= AT ) i~ e [ (= AN )}, (35)
r_
and the resloving operator R is continuous in the spaces
R: H~™(Cy) @ PLHYV(X) — H(CY). (36)

The proof of both theorems will be given in the appendix.
Problem (34) will be referred to as the spectral boundary value problem for the
operator D.

10



1.4 The general case

We now return to the notation of Subsection 1.1. Let
P, H? (X, Ey) — H (X, Ey) (37)

be the projection operators (21) constructed for the conormal symbol D(o) (p) (cf.
formula (7)). Consider the spectral boundary value problem

A

Du=fe H="(M, ),
1 b pps—1/2 (38)
P ojx " u=g€ P H, ""(X F)

for u € H*(M, Fy) (here s > m is an integer).

Theorem 3 The spectral boundary value problem (38) possesses the Fredholm prop-
erty.

Proof. This immediately follows from Theorem 3 in [11], since Condition (GSL)
(the generalized Shapiro-Lopatinskii condition) is satisfied by Lemma 2, (iv): the

principal symbol o(P_ ) is an isomorphism of L_(z,{) onto its range.

Remark 1 We see that, to prove Theorem 3. no information is actually needed
about the solvability of the model problem (34); we only use Lemma 2, (iv). How-
ever, this information is crucial in establishing the equivalence with equations on
manifolds with conical singularities in the next section.

2 Elliptic equations on singular manifolds

2.1 Statement of the problem

In this section, we consider the connection between the above spectral boundary
value problem (38) for an operator D on a manifold M with boundary X and some
equation on a manifold M”" with conical singularities.

Let us begin with the geometric construction. Let M, as above, be a smooth
manifold with compact smooth boundary X = dM. Consider the cylinder C' =
X x R over X. We have

C=C,UC., Cp={(z,t)eC[t>0}, C_={(z,t)eC|t<0}.

11



We identify some collar neighborhood U of the boundary X in M with the set
0<t<ein C;. Let M" be the manifold obtained from M by gluing the cylinder
C_ along the common boundary X,

MM=MUC_.
X

With this construction, we can view C' N {t < ¢} as a subset in M". Then M"
is a manifold with cylindrical end. It can be viewed as a manifold with conical
singularity (via the change of variables r = ¢’ in a neighborhood of {t = —oc}).
Let D be an elliptic differential operator on M. Suppose for simplicity that
(i) the coefficients of this operator are independent of ¢ in U (that is, for ¢ < ¢);
(ii) the point p = 0 is not a spectral point of the conormal symbol D(O)(p)

corresponding to the operator D.
Under assumption (i), we can extend the operator D to an elliptic operator D1
with smooth coefficients on the manifold M” with conical singularities; to this end,
it suffices to require that D1 = D on M and the coefficients of D1 are independent
of t in €' N{t < e}. In the following, the extended operator D1 will be denoted by
the same letter D.
It is clear that D1 is elliptic as a Fuchs type operator on M”".
Consider the homogeneous spectral BVP
{ Du = fe H~™(M),

A

39
Py tu=0, wue H(M), (39)

We shall show that problem (39) is in some sense equivalent to the equation
Dv=f; € H="(M"),  wve H°(M") (40)

on M” in the weighted Sobolev spaces H*Y(M") (e.g., see [10]) with v = 0. The
equivalence is by no means straightforward since the extension of the right-hand
side f of problem (39) to the entire M”" is not unique. However, if we consider the
narrower class of functions f supported in M\ X, then these two problems become
equivalent if we set f1 = fin M and fi; = 0 in MM\ M (in that case we simply write
f1 = f). On the other hand, the solvability of (39) and (40) for general right-hand
sides proves to be equivalent to that for right-hand sides in the narrower class.
In the following subsection we give the precise statements.

2.2 Equivalence theorems

Theorem 4 Suppose that conditions (i) and (ii) of Subsection 2.1 are satisfied.

Then problem (39) is equivalent to equation (40) provided that fi = [ is supported
in M\X.

12



Proof. Let u be a solution of problem (39). Consider the following problem in
C_ (here D(o) is obtained from D by freezing the coefficients at ¢t = 0).

X (41)

D()w—()in C_,
P_j%~ w—Pj L.

By Theorem 2, this problem has a unique solution w € H*(C_) (note that P_I_

and P_ interchange their roles if C'; is replaced by C_). Next, by Theorem 1 the
function w satisfies the compatibility condition

Pjgte =0, (12)

By combining this with the boundary conditions in (39) and (41), with regard to
the fact that P-I— + P =1, we see that

= 7w, (43)
Set
u in M,
0= { w in MM\ M. (44)

It follows now from (43) that the derivatives 9*v/dt* for k = 1,...,m can be
calculated by differentiating v in M and w in M\ M (no é-like terms on X occur
in the differentiation). Consequently,

Dv = fe H™™(M"), (45)

(M"). This, combined

and since D is elliptic of order m, we conclude that v € H}

with w € H*(C_) and u € H*(M), implies .
v e HY ' (MM). (46)
Conversely, let v be a solution of equation (40) with f; = f. Set
u= v, . (47)

Then )
P_l_j}? lu:P_l_j;?_lv:O (48)

by Theorem 1, since this is just the compatibility condition for the equation
D(O)v = 07 (49)

which holds in C'_. The proof is complete.

13



Theorem 5 The following assertions hold:

(a) the kernel of problem (39) coincides with the kernel of equation (40);

(b) the cokernel of problem (39) is naturaly isomorphic to the cokernel of equa-
tion (40).

In particular, problem (39) and equation (40) have the same index.

Proof. (a) immediately follows from Theorem 4. To prove (b), let us show
that problem (39) with a general right-hand side can be equivalently reduced to the
problem with right-hand side supported in M\ X, and likewise, the same is true of
equation (40). To this end, consider the problem

A

l)(O)u_:1 f S Hs—m(0+)7 (50)
P iy u=0.

By Theorem 2, this problem is uniquely solvable; the solution is given by

u=R,f=R[f0] € H(M). (51)

Now let e and ¥ be smooth functions on C such that supp e C U, supp v C U,
e =1 near X, and ve = e.
Let us seek the solution of problem (39) in the form

w=u'+Pk (ef). (52)
Then
Du = Du'+[D,¢]R (ef) + DR, (ef)
= Du' +[D, )R, (ef) + Dy R,y (ef) (33)

(54)
whence for u’ we obtain the problem
Mol s—m
A (55)
P ojy u' =0,
where ) )
=0 =e)f =[D,¥]R (cf), (56)
so that

supp f' N X = 0. (57)

14



Obviously, problem (39) is solvable if and only if so is problem (55) with the right-
hand side (56). We claim that the cokernel of problem (39) is naturally isomorphic
to the cokernel of problem (55) with right-hand sides ranging in the (nonclosed)
subspace of ' € H*™" (M) satisfying (57) (but not necessarily given by (56) for
some f € H*=™(M)). Indeed, this is an easy consequence of the following obvious
purely algebraic lemma.

Lemma 3 Let Ky and R be subspaces of a linear space K, and let there exist a
linear mapping

p: K — Ky (58)

such that u(x) € R if and only if € R. Then the quotient spaces Ko/ RN Ko and
K/R are naturally isomorphic provided at least one of them is finite-dimensional.

Proof of Lemma 3. We have the natural injection
i: Ko/RN Ky — K/R, (59)

and we only have to prove that the mapping (59) is surjective. Next, the mapping
(58) induces an injection

i K/R — Ko/R N K. (60)

It follows from the existence of the two injections (59) and (60) that if one of the
spaces K/R and Ky/R N Ky is finite-dimensional, then so is the other, and their
dimensions coincide. But then ¢ given by (59) is the desired isomorphism. This
completes the proof of the lemma.

Now let us return to the proof of Theorem 5. We can apply Lemma 3 with
K = H=™(M), Ko = {f € K| satisfies (57)}, R = the range of the operator
corresponding to (39), and the mapping p given by (56), thus obtaining the isomor-
phism between the cokernels of problems (39) and (55), (57) (recall that problem
(39) is Fredholm by Theorem 4). Likewise, using the resolving operator for the
equation )

Dyu=f

on the infinite cylinder ' = €, U C_, we prove the isomorphism of cokernels of
equation (40) with arbitrary right-hand sides and with those supported in M\ X.
An application of Theorem 4 now completes the proof of Theorem 5.

Remark 2 Condition (ii) in Subsection 2.1 is in fact unessential. Should it be
violated, we can choose a weight line {Imp = ~v} with v # 0 which does not contain
the spectral points of the conormal symbol, redefine P accordingly, and use the

spaces H*7(M") instead of H*°(M") in problem (40).

15



3 Examples

In this section, we present two examples of boundary value problems of the above
type. To make explicit calculations possible, we shall consider operators on infinite
cylinders, though everything can be considered on smooth compact manifolds with
boundary as well.

In both examples, the operator in question has the form 9/dt + 121, where A
is a self-adjoint operator on X. Homogeneous boundary value problems for such
operators were considered by Atiyah, Patodi, and Singer [2]. The projections Pi for
such operators will be constructed, just as in the cited paper, by using eigenfuncion
expansions rather than the Fourier-Laplace transform.

3.1 The Cauchy—Riemann operator

Let C'y be an infinite (half-)cylinder over the one-dimensional circle X = S*. We
denote by (¢, ¢) the corresponding (global) coordinates on C.. Consider the operator

. g 1[0 .0
D—$—§<a+1%>v

where z =t + 1¢p; the latter relation determines a complex structure on ..

Remark 3 The introduced operator is a representation near a connected compo-
nent of the boundary of the operator d on a one-dimensional complex manifold with
purely real boundary. The latter means that in a neighborhood of any point of
the boundary there exists a holomorphic coordinate z such that the equation of the
boundary is Im z = 0.

The corresponding operator pencil (conormal symbol) is

A ? 0
Dp)==|p+—=—1.
(n) =35 (p a¢>
Let us compute the spectrum of this operator pencil. Passing to the Fourier series
representation

we have



and hence, the inverse operator is given by

+oo
A . uk .
D! =2 ke
o) =2 35 e

The latter expression shows that

e the spectrum of the operator in question consists of the points

pr = —tk, k € Z;

e cach spectral point is simple;

o the eigenspace corresponding to the point p; is one-dimensional with the gen-
erator
uy (@) = e,
Note that zero is a spectral point of ﬁ(p) Thus, we make a shift of the weight line
and consider the problem in weighted Sobolev spaces H*7(C) with some v € (0, 1).
Then the projections P-I— and P_ are given by

+oo
Poule) = Sue,
k=0
-1
P u(y) = Z upe*?
k=—o0

Now it follows from Theorem 2 that the boundary value problem

9=,
P —
+u t=0 9>

is uniquely solvable in these spaces.

3.2 The Euler operator

Let X be a compact oriented Riemannian manifold without boundary, and let

C_|_:R_|_><X

17



be an infinite half-cylinder over X with the product metric
9= dt? + gx.

where ¢y is a metric on X.
On 'y we consider the Euler operator®

D= (d+6), « A (Ch) — AM(C), (61)

where 6 is the adjoint of d with respect to the metric ¢, and A (C,), (resp.,
A°d () is the bundle of forms of even (resp., odd) degree on (.
By virtue of the decompositions

w=wo+dl Awy, w€ AN (CL), wo € AP(X), w € AFH(X),

where the forms wg and w; do not contain the differential df, we obtain the isomor-
phisms

AY(C) m 7™ (A (X)) = 7™ (A (X)) & 7™ (A (X)) (62)

Here

T: (0 - X

is the natural projection; we shall omit the operator 7* in the sequel.
Simple computations show that the operator (61) can be rewritten in matrix form

P (g i) - () - ()

with respect to the decomposition (62). Interchanging the components in the range
of the latter operator and changing the sign in the odd component, we arrive at the
representation of the Euler operator in the form

o= (o, “aa ) (A ) - (ay) ).

The corresponding conormal symbol is

D01=( 4y oo, )

SConcerning the boundary value problems for the Euler operator, see [6, 4].
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To investigate the spectrum of this operator pencil, we first note that

D! (p) = (AX —p2>_1 < _ (dXi_IZi 8x ey ~ dx ;;5X)Odd ) )

and hence, the spectrum of the pencil D (p) is given by the relation

P = £iv/ A,
where the A\ are the (nonnegative) eigenvalues of the Beltrami-Laplace operator
AXi

AXuk = —)\kuk
for some nonvanishing form uy;. Furthermore, the spaces A®Y (X) and A°dd(X) are
invariant with respect to the operator Ay, and we denote by

(P A7) and (¢, 20)

the corresponding complete sequences of eigenvectors and eigenvalues. It is easy to
see that
XY= A0 =y,

and that the operator (dx + 0x)., determines an isomorphism between the corre-
sponding eigenspaces for A\ # 0. Hence, we can suppose that

(dX + 5X)ev SOZV = @zdd? (dX + 5X)odd S‘ded = )\kgozv

for Ay, # 0 and

(dX —|— 5X)ev c,ozv = 0, (dX —|— 5X)odd99zdd = 0 fOI’ )\k = 0

Now we see that the eigenvectors corresponding to the eigenvalues p in the upper
half-plane are
Pr
63
X gt "

Likewise, the vectors
ev

L

-1/2
— A / ‘Pkdd
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are the eigenvectors corresponding to the eigenvalues p, in the lower half-plane. The
basis of the kernel of the operator D, i.e., the set of eigenfunctions corresponding to

o5 0
( 0 ) and (c,o?ld)' (64)

The above analysis shows that the spectral boundary value problem for the Euler

the eigenvalue p¥ = 0 is

operator D of the form

Du = 1,

PLu T g,
where P_I_ is the projection on the linear span L, of the set of vectors (63), (64), is
uniquely solvable in the weighted Sobolev spaces H*7(Cy) with v € (0,¢), where ¢
is the square root of the minimal nonzero eigenvalue of Ax.

4 Appendix. Computations on the half-infinite
cylinder

We now prove Lemma 2 and Theorems 1 and 2 of Section 1.

In the sequel, we shall use the following definitions and assertions, which are
adapted from [14], Chapter 2.

Let A be a subset of the complex plane and X a smooth compact manifold.

Definition 1 The space L™ (X, A) consists of pseudodifferential operators A(p) on
X depending on the parameter p € A and satisfying the following condition: in
any coordinate neighborhood U on X the operator A(p) can be represented by a
pseudodifferential operator with symbol A(z, &, p) satisfying the estimates

‘ TP A

g 6| £ Coll I+ I, el + =012 ()

plus an operator on X with smooth kernel K (x,y, p) satisfying (in local coordinates)
the estimates

Hots : N
W[X(xvyvp)gcaﬁ]\f(l—l_“ﬂ) ’ |Oé|,|ﬂ|,N:0,1,2,... . (66)
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The subspace C'L™(X, A) of classical pseudodifferential operators consists of opera-
tors whose symbols admit asymptotic expansions

Az, & p) ~ ZAm—j(xaf,p), €] + |p| — o0, (67)
where 4
Apmj(2, A Ap) = A" Ag—j(w, &, p) (68)

provided that p,Ap € A. The corresponding symbol spaces will be denoted by
S™(X,A) and CS™(X,A).

The principal symbol of a classical ©» DO with parameter is, of course, invariantly

defined on 7*X x A.

Theorem 6 (a) Let A(p) € L™(X,A), and let | > m. Then the following estimates
hold:

A H <00 mo >0, 69
(p) o) H () S A(1+[pl) > (69)

A H < Coa(l ~=m 1<, 70
P ey remiy = oL 1P < (70)

(b) Let A(p) € CL™(X,A) be elliptic with parameter p € A (that is, the principal
symbol A, (x,&,p) satisfies
Am(,€,p) # 0 (71)

for (z,8) e T*X, pe A, |¢| + |p| #0). Then A(p) is tnvertible in
Ar={p € Allp|> R} (72)

for sufficiently large R, and for any closed subset /N\C A such that A(p) is invertible
forp E/N\, one has
A(p)~t e CL™™(X, A). (73)
Moreover, for any parametrix B(p) of the operator A(p) one has
A(p)™ = B(p) € L™(X, A) (74)

(that is, the difference (74) is an operator with smooth kernel K(x,y,p) satisfying
the estimates (66)).
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Now let us prove the assertions of Subsection 1.3.

First, we shall carry out the proof for the case in which D is a first-order operator
(m = 1), so that the reduced system coincides with the original equation.

Thus, the situation is as follows. We are given a first-order differential operator

A: C¥(X,E) — C¥(X, E) (75)

acting in the space of sections of a vector bundle £ over a compact manifold X and
possessing the following properties:
(i) The family p — Ais elliptic with parameter in the sense of Agranovich—Vishik
in the set
A ={largp| < el U{|argp — 7| < e}; (76)
(ii)
Spec(A)NR = 0. (77)

Remark 4 It follows from condition (i) that A itself is elliptic. It is then well
known that for each s the minimal and the maximal operators generated by Ain
the Sobolev space H*(X, F) coincide (they will also be denoted by A), and the
invertibility of p— Ain C> is equivalent to the invertibility in any H*, so we do not
indicate the space in which Spec (121) is taken in (77).

We have already indicated in Section 1 that the spectrum of Ais discrete, and
there is a strip

L.={-c<Imp<e¢} (78)

in which there are no spectral points of A.
Let 'y be the following contours in the complex plane of the variable p:

'y ={p=+7+ic¢/2, 7 € R} (79)
(the sense of I'y corresponds to increasing 7). We set

. A ~ _,dp
== [(p— A=
= 5 (p ) D (80)
s

Theorem 7 (i) For each o € R, the integral (80) strongly converges in H°(X, E)
on the dense subset H*T1 (X, E).

A

(ii) The operators P are bounded in the spaces
P,: H(X,E)— H°(X,E) (81)
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for each o € R.

(iii) These operators are projections,

commute with 121, i.e., o .

P A= AP, (83)
and moreover, N .

P, +P_=1 (84)

(iv) pi are pseudodifferential operators of order zero. For each (x,€) € T*X,
& # 0, the principal symbol of P_I_ (resp., ]5_) is the projection on the subspace
L_(xz,&) (respectively, Li(x,£)) of E, formed by the initial data of the solutions
©(t) of the ordinary differential equation

—izr —o(A)(z,&)p =0 (85)

that are exponentially decaying ast — oo (resp., ast — —oo) along the subspace

L_(l',f) (7“68]).} L+($,€)) o .
(v) The operator function (p — A)~' P, is holomorphic for
p ¢ Spec_l_(A) = Spec(A) N {Imp > 0}. (86)

Proof. The operator family p— A belongs to LY(X, L.) and is elliptic and invert-
ible there. By Theorem 6, (b) we have (p — A)™' € L™'(X, L.), so that by Theorem

6, (a) we have

H(JO—A)‘1

< Co(L+pl) 7 (87)

Ho+ (X)—Ho+(X)

Now (i) follows immediately.

Let

o(A) = Ao(x,§) = Ao(x)¢ (88)
be the principal symbol of A. The principal symbol of (p — A)_l (treated as an
operator with parameter) is then (p — Ag(2)€)~". To prove that P_I_ is a classical
pseudodifferential operator, it sufficies to prove that in any system of local coordi-
nates the integral giving the complete symbol of P_I_ is a classical symbol of order 0.
In fact, it sufficies to consider the principal symbol alone, since the convergence of
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the subsequent terms is an easy exercise. More precisely, in any coordinate neigh-
borhood on X we have

(p=A)" = {(p— Ao(x)€) " (IE}" )
+H(p = Ao(2)§) 7 (1 = o(I€))}" + Blp), (89)

where (]£]) is an excision function,

for
IR S (90)

and B(p) € L7*(X, L.). Tt is easy to see that only the first term contributes to the
principal symbol of P,. Now we can perform the symbolic calculation:

» Ao(l’)f -1 dp

o(P)(e,&) = ——= [(p—= Ao(2))" —

2me F[ I

Ag(x)w _,d
_ 2(7”) / (7 — Ao()w) 777 (91)
Iy /Il
where w = £/ |€|. The last expression can be transformed to

~ AO X —ld

(P )6 = 29 [ = Aty (92

where =, is a closed contour, independent of ¢, that lies in the upper half-plane and
surrounds all eigenvalues of Ag(x)w with positive imaginary part. It is now clear
that P-I— is a DO of order 0, whence (ii) follows.

The proof of (iv) now is reduced to the assertion that 0(15+) is the projection
onto L_(x,&) along Ly(x,&), which is quite standard so that we omit the calculation.
The proof of (ii) and (iv) for ]3_ goes in a similar manner.

Let us prove (iii). Equation (83) is obvious. To prove (84) note that

A A A ~ dp
P P =— — A= 93
vt Po=o= [(p—A) b (93)
Lo
where I'g is a small circle surrounding the origin clockwise. By Cauchy’s residue
theorem, the integral equals 27 A~ which proves (84). Next, let us calculate (P )?
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(the calculation for ]3_ is similar). Let I'y = I'y + ig, where ¢ > 0 is sufficiently
small. We have, by the resolvent identity,

(P = —(Qi) / { ?:(ffi)l(ﬂfl)ldﬂ} i

‘212 -1 Ayv—1
{/M[@A) ~ (u— A) ]du}df

Iy

(AL d | dn _
h= (27r> (= 4) F//f(ﬂ—f) w0

since the inner integral is zero. On the other hand we have

A\ - d
]1 = —<§> 271'@/(6—14)_6—5

'
I

fe-args g

r'y r'y

A

27

_p,

as desired.
Let us now prove (v). Suppose that g lies in the lower half-plane; then

A A A A I d
W= APy = o e A A
Iy
A R . (Ve i
- = —A — .
2 =4 £(n—¢) 2ri F/f(ﬂ—f) 54
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The second integral in (94) is zero, and the first one is holomorphic for p lying in
the lower half-plane. Theorem 7 is thereby proved.

Remark 5 [t follows from Theorem 6 that
(4= A)1P, € L7, LU {Imp < 0}), (95)
so that (p — A)_lp_l_ satisfies the corresponding estimates in the lower half-plane.

Now let us prove Theorems 1 and 2. It suffices to prove that the mapping (35)
is the continuous two-sided inverse for the mapping

A A

(D, P, ojx): H(Cy) — H7HCL) @ PLHTVA(X) (96)

(recall that we assume m = 1, so that we have jx = j% instead of j% ™', and the
mappings 7o and A in the formula for R[f, g] have to be omitted).

We shall only prove the continuity of the mapping (35); the fact that it is a
two-sided inverse for the mapping (96) can be proved by routine computations with
the help of the Laplace transform, which we leave to the reader. Next, it sufficies
to prove the continuity of R for s = 1; then we can apply a trivial induction over s.

Thus, we have

RUfgl= F Yo — AT 0)—ig— —— [(w— A Fydnl},  (97)

27
r_

and we have to prove that R is continuous as an operator
R: L*Cy) @ P HY(X) — HY(Cy). (98)

Lemma 4 The mapping

Uy: [ / (v— Ay F () dy. (99)

is continuous from L*(Cy) to H'Y*(X).

Proof. We have

P -l
Up=1"0 (—za — A) o7, (100)

where
j LG — () (101)



is the natural isometric embedding, the operator

(—i% - A) h . L*(C) — HY(C) (102)

is continuous (since —ia/at—zzl is elliptic and invertible), and the restriction operator
i HY(C) — HY*(X) (103)
is continuous by the trace theorem.

Lemma 5 The mappings

U e F = A7 1 () (104)
Ur: [ AF (0= A7 £ (p) (105)
are continuous from L*(Cy) to L*(C).

Proof. This is obvious, since

A 0 A\
(—za — A) and A (—za — A)
are pseudodifferential operators of nonpositive order.

Lemma 6 The mappings
Us: g F{(p—A)"g}, (106)
Ur: g Ao FH{(p—A)g} (107)
are continuous from H'*(X) to L*(C,).

Proof. Let us prove the second assertion (the proof of the first one is much
easier). Since A is continuous as an operator
A HYV*(X) — HY?(X)

Y

it suffices to prove that the operator
Jo f@) = gf et = F LA = A7
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is continuous in the spaces
j H™VY2(X) = LYO).

Without loss of generality, we argue in terms of local coordinates on X (to reduce
everything to this case, we can use a partition of unity). Then, modulo smoothing
operators on X with kernel rapidly decreasing as |p| — oo, (p — A)™! is a pseudod-

ifferential operator,
1

- Ay =B (Ei 2y

with symbol B(z,&, p) compactly supported in = and satisfying the estimates

0°*7B(x, ¢, p)
<o - =0,1,2,....
‘ axaafﬁ ‘ — ( +|£|+|p|) ) |Oé|+|6| [t R
Now, by Parseval’s indentity
1 2
_ 2 .0
A R RN e
12(C)
o) 1 2
0

7dza/df/?<n>dn2,

where ]NC (n) is the Fourier transform of f with respect to « and
o 1\ "2 .
Ble—nnn=(5)  [Be e (108

Note that B (& —n,n,p) satisfies the estimates

| B (&= nonp)| SO (1416 =)™ (1 + [p| + €))7,

N is arbitrary, which can immediately be proved by integration by parts in (108).
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Now

1| = Udp/dn/dn{B —mon.p) £ (n) BE ="' p)f (7))

////(1 H1E =)™ (1 + [l + €D (109)

<| £ f (")) dp d€ dn dn’.
We have, for large |¢],

fosmriara = [ (g ‘“) - la (i)

1 ¢ 4
< [ /W_C [

and for small |£| the integral is bounded. Thus the estimate (109) can be continued

IA

|1|sc///<1+|f—n|>-N<1+|f—n'|>-N<1+|f|>—1|}<n>||}<n'>|dfdndn'.

By Peetre’s inequality, we have
L+ D2 < (U4 )2+ 1€ =)',

which implies for Ny = N — 1/2 the estimate

1] < 0///<1+|5—n|>—N1<1+|f—n'|>—N1|<1+|n|>—1/27f<n>|

(U )7 F ()] de dy

Moreover,

/ (L4 1€ — )™ (14 1€ — o)~
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n

< /(1 + |€ - 77|)—N1(1 + |f _ 77/|)_N2d£ {Where Ny =Ny — {5} — 1}

- / (4 ED) (14 (€ 4+ — o)~V

< /(1 + 1NN + |y — )TN {by Peetre’s inequality}

<O+ Iy =)™,

and hence
1= [ [ b=y stet )y = b (110)
where N
o) = (L+ ™2 |f ()] € Lo
and

ez ~ W e x) -

The right-hand side of (110) is the inner product (K¢, ¢)r,, where K is the integral
operator with kernel

K(p—n')=C(L+1]p =)~
By using Parseval’s identity and properties of convolution, we obtain

~

L=(K(7) % (7),% ()5,

where the tilde stands for the Fourier transform.

~ 1 n/2 ciET
K <T>:<§> / TR

is uniformly bounded (provided N is sufficiently large), we obtain || < C - ||<,o||i2,
whence the desired property of the operator j follows. The proof is complete.
Now let

Since

u=RI[f,qg].

By combining Lemmas 4, 5 and 6, we can readily estimate
||u||L2(C+) < C(||f||L2(O+) + ||g||H1/2(X)) (111)
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and

A ‘ < CUAE xy)- 112
Jaul[,..e., < Cesy + sl 112)
Since 5
o = i(Au+ f),
we see that (with some other constant ')
ou
Ha , SC(||f||L2(C+)—I-||g||H1/2(X)); (113)
L2(C4)

recall that A is elliptic on X, so that finally we have

||u||H1(O+) < C(||f||L2(C+) + ||g||H1/2(X))7

as desired.

Now let us indicate the modifications needed in the proof for the case in which
D is an operator of arbitrary order m > 1. The main difference is in that now A
will be an operator of the first order in the sense of Douglis—Nirenberg in the spaces
H? (X) , and the only essential novelty in the proof is that Q(p) in the formula

(p—A)"t =D (p)Q(p) (114)

is a polynomial of order < m — 1 in p, which ensures the convergence of the integral
(21) and the corresponding integral for the complete symbol in appropriate spaces.
The subsequent proot goes, mutatis mutandis, along the same lines. We omit these
calculations, which are extremaly awkward.
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