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Abstract

For general elliptic pseudodi�erential operators on manifolds with

singular points� we prove an algebraic index formula� In this formula

the symbolic contributions from the interior and from the singular

points are explicitly singled out� For two�dimensional manifolds� the

interior contribution is reduced to the Atiyah�Singer integral over

the cosphere bundle while two additional terms arise� The �rst of

the two is one half of the �eta� invariant associated to the conormal

symbol of the operator at singular points� The second term is also

completely determined by the conormal symbol� The example of the

Cauchy�Riemann operator on the complex plane shows that all the

three terms may be non�zero�

AMS subject classi�cation	 primary	 
�G�
� secondary	 
�G
��

Key words and phrases	 manifolds with singularities� pseudodif�

ferential operators� elliptic operators� index�
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Introduction �

Introduction

Since Atiyah� Patodi and Singer �APS��	 investigated the index problem for

rst order elliptic di�erential operators arising in Riemannian geometry on
manifolds with cylindrical ends and introduced the famous �eta
 invariant�
there appeared a great number of papers dealing with index theorems for
elliptic operators on manifolds with conical points� Among notable general�
isations of their formula in the setting of Dirac operators are those to non�
compact manifolds by Br�uning and Seeley �BS��	� Br�uning �Br�u��	� M�uller
�M�ul��	� Stern �Ste��� Ste��	 and Klimek and Wojciechowski �KW��	� to sin�
gular manifolds by Cheeger �Che��� Che��	� Melrose �Mel��	� Lesch �Les��	
and Hassell� Mazzeo and Melrose �HMM��	� to boundary value problems by
Branson and Gilkey �BG��	� Douglas and Wojciechowski �DW��	� M�uller
�M�ul��	� Grubb �Gru��	 and Grubb and Seeley �GS��	� to families by Bis�
mut and Cheeger �BC��� BC��	 and Melrose and Piazza �MP��	� and also
to de
ne �higher� �eta
 invariants by Lott �Lot��	� Getzler �Get��	 and Wu
�Wu��	�

The problem of extending the Atiyah�Patodi�Singer index theorem to
a general index theorem for elliptic pseudodi�erential operators on man�
ifolds with conical singularities is of considerable interest� For a class of
zero order pseudodi�erential operators on a closed manifold having a dis�
continuity of 
rst kind at isolated points� an index formula was proved by
Plamenevskii and Rozenblum �PR��� PR��	� Their approach is based on
considering C��algebras generated by such operators� it was further devel�
oped by Rozenblum �Roz��	� In the framework of the b�calculus of Melrose
�Mel��	 and Melrose and Mendoza �MM��	� an index formula for general el�
liptic operators was established by Piazza �Pia��	 who made use of the �zeta

function approach� His formula expresses the index of an operator acting
on a Sobolev space of weight � � R� as the sum of an interior contribution
given in terms of regularised �zeta
 functions� and a boundary contribution
generalising the �eta
 invariant of Atiyah� Patodi and Singer� This second
term measures the asymmetry of the spectrum of the indicial operator �or
conormal symbol� with respect to a weight line �� in the complex plane�
While the Atiyah�Patodi�Singer index theorem for a twisted Dirac operator
can be obtained from the formula of �Pia��	� it is still an open problem as to
whether� for a general elliptic b�pseudodi�erential operator A� the interior
contribution depends only on the principal symbol of A� For an elliptic
di�erential operator on a manifold with a conical point whose conormal
symbol is symmetric with respect to some weight line� Schulze� Sternin and
Shatalov �SSS��	 proved a formula expressed the index as the sum of the
ranks of spectral points of the conormal symbol and the integral from the
Atiyah�Singer form over the smooth part of the manifold� The authors have
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also contributed to this problem�
But despite such an activity during the last �� years the situation re�

mains still unsatisfactory� The main di�culty is that the algebra of pseu�
dodi�erential operators on a manifold with conical singularities consists of
components of di�erent nature �interior and conormal� obeying some com�
patibility conditions� and it is not quite clear in which terms the index of
elliptic operators should be expressed� In other words� one has to 
nd proper
functionals on this algebra to express the index in a possibly simple way�
Such an investigation was done by Melrose and Nistor �MN��a	 who com�
puted the Hochschild and cyclic homology groups for the algebra of �cusp

pseudodi�erential operators on any manifold with boundary� These compu�
tations are closely related to the index problem since the index functional
for this algebra can be interpreted as a Hochschild ��cocycle� Their index
formulas contain various extensions of the trace functional of the Wodzicki
non�commutative residue type� thus resulting in a pseudodi�erential gener�
alisation of the Atiyah�Patodi�Singer index theorem� In �MN��a	� they also
computedK�theory invariants of algebras of pseudodi�erential operators on
manifold with corners and proved an equivariant index theorem�

Here we use another approach based on the algebra of formal symbols
on a manifold with conical points blown up to a smooth manifold with
boundary� M � This algebra is a particular case of the algebra of observ�
ables in deformation quantisation adopted to the special cotangent bundle
structure of the symplectic manifold in question� It was previously used
by the 
rst author �Fed��	 �see also Section � below for a short review� to
approximate pseudodi�erential operators on a smooth manifold up to trace
class operators� It turns out that the algebra of formal symbols is equally
good to approximate the conormal components of pseudodi�erential opera�
tors on manifolds with conical points� This approximation leads to an index
formula which we call algebraic�

indA � Tr �� � �r � �a�jN �Tr �� � �a � �r�jN
�

�

��i

Z �

��
d� Tr�

�
A��
c �� � i��A�

c�� � i���Op�M��r�� � � �a��� ���jN��
�

�����

�see Section ��� Here �a and �r are the formal symbols of the operator A
and its parametrix R de
ned up to the boundary� � stands for the product
of formal symbols� Ac�� � and A��

c �� � are the conormal symbol of A and its
inverse� Tr� means the trace of a pseudodi�erential operator on the boundary
of M � and N is the order of approximation� N � dimM � The subscript �
signalls for a formal complex shift of the real argument�

a��� � �
�X
k��

a�k��� �

k�
�i�h�k� �����

� de
ning the weight line�
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It should be mentioned that more or less similar formulas were previ�
ously obtained in various particular cases� see e�g� �PR��	 or �SSS��	� We
have plucked up the courage to publish formula ����� because to our mind
it seems new in such a form and such generality� The only assumptions we
impose are that the symbols do not depend on the normal variable near the
boundary �translation invariance in the terminology of �MN��a	�� and that
Ac�� � and A��

c �� � are holomorphic in a strip around the weight line�
As but one application of formula ����� we extend the result of Schulze�

Sternin and Shatalov �SSS��	 to the case of pseudodi�erential operators�
Namely� combining ����� with arguments of Section � ibid� thinking of M
as half of a compact manifold without boundary by doubling across the
boundary� we arrive at a nice index formula of the Atiyah�Singer type for
operators satisfying the symmetry condition of �SSS��	 and possessing a
meromorphic extension to the strip between the weight line and the sym�
metry axis ��� More precisely�

indA � ���
�

X
z�specAc
�z��

rank z �
X

z�specAc
�z������

rank z� sgn � �
Z
S�M

AS �A��

S�M being the cosphere bundle of M and AS �A� being the Atiyah�Singer
integrand manufactured from the principal interior symbol ofA and di�eren�
tial�geometric information in M by local operations�

We use the machinery of cone pseudodi�erential operators� referring
the reader to the book of Schulze �Sch��	� The only di�erence is that we do
not use the Mellin transform applying the change of variables by r � e�t�
Under this change the conical point becomes a �cylindrical end
 and Mellin
pseudodi�erential operators become Fourier pseudodi�erential operators on
the weight line �� � �� Such a modi
cation has the advantage that we do
not have to switch between Mellin and Fourier representations of pseudod�
i�erential operators� In particular� the compatibility condition for interior
and conormal symbols looks much simpler for the Fourier representation�

Our next goal is to simplify formula ������ in particular� to reduce its
interior contribution to the Atiyah�Singer integral over the cosphere bundle�
Unfortunately� we have succeeded only in the case dimM � �� The reduced
formula is

indA �
�

���

Z
S�M

�

�
tr �a��� �a��

� � �

�
tr ��a��� �a��� �

�
tr ���a� a

��
� �

�
�

��i
Tr
�
A��
c �� � i��A�

c�� � i��� i��A��
c �� � i��A�

c�� � i����
�

�
�

��i
fTr�a��� a� � i

�
a���

�a�
��

a���

�a�
�x

�
�

�����

 � and  � being the curvature forms of the bundles E� and E� and tr
meaning the matrix trace of matrix�valued functions�
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The 
rst summand on the right�hand side of ����� is the usual Atiyah�
Singer integral� The next two summands contain the functionals Tr �reg�
ularised trace� and fTr �formal trace� introduced by Melrose �Mel��	� In
particular� the second summand is the �eta
 invariant �or rather one half
of it� of Ac�� � shifted formally to the real axis� On the other hand� the
functional fTr is non�zero on functions a�x� �� � � on �T ��M� � R positively
homogeneous of degree �� � �dim�M in ��� � �� For such functions it
takes the form

fTr a � �

��i

Z
T ��M

tr a�x� �� � �j���
���� d�dx� �����

The advantage of formula ����� is that it contains merely principal
symbols of A� namely the principal interior symbol a� and the conormal
symbol Ac�� �� which control the Fredholm property of A acting on the
Sobolev space of weight �� The lower�order term a��x� �� � � entering into the
third summand of ����� is completely determined by the conormal symbol�

Clearly� formula ����� can be extended to symbols which are not trans�
lation invariant near the boundary�

We consider the example of the Cauchy�Riemann operator on the com�
plex plane C treating the point at in
nity as a conical point� This is a
particular case of the Riemann�Roch theorem in the interpretation of Mel�
rose �Mel��� ���	� This example shows that all the three terms in ����� may
be di�erent from zero� It is curious enough that they are half�integer �if
non�zero��

It would be interesting to extend formula ����� to higher dimensions� but
even in the case of half�space Rn

� this seems to be a non�trivial homological
problem�

� Formal symbols

Recall an algebraic index formula on a smooth manifold� cf� �Fed��	�
Let M be a smooth manifold and E�� E� vector bundles on M � A

formal symbol �a � Symb �M �E�� E�� is de
ned by its local expressions and
transitions rules� In a local chart U �M and for given trivialisations of the
bundles E�� E� over U the local expression is a formal series

�a � �aU

� a��x� �� � ha��x� �� � h�a��x� �� � � � � �

where h is a formal parameter and ak�x� �� are functions on U � Rn with
values in the space of �r�� r���matrices of complex numbers� Here� n is the
dimension of M and r�� r� stand for the ranks of E� and E� respectively�
These expansions form an associative algebra with respect to the product

�a � �b � X
��Zn

�

��ih�j�j
	�

��a

���
��b

�x�
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usually called a star�product or the Leibniz product�
For a change of coordinates y � f�x� in U � V we de
ne a transition

rule by

�aU�x� ��

� �aV �f�x�� �f �
��
�x�� � exp

�
i

h
�f �

��
�x��f�x��f ��x��y�x��f�y��

�
jy�x�
�����

the symbol multiplication on the right�hand side being taken with respect
to the variables y and � while x is 
xed� The vector �or rather the covector�

 � �f ����x� in coordinates is de
ned by the equality

�i � 
j
�f j�x�

�xi
�

and so ����� is a formal version of the change of variables for pseudodif�
ferential operators� Note that ����� does not contain negative powers of h
because of the second order zero in y � x in the exponent�

Changing frames of the bundles results in the following rule

�aU � g�UV �a
V � g�V U � �����

For the leading term a��x� �� we have

aU� � g�UV f�aV� g�V U �

where �f�aV ��x� �� � aV �f�x�� �f ����x��� So a��x� �� varies like a function
on T �M with values in Hom���E�� ��E���

The higher order terms vary in a more complicated way� in particular�

aU� � aV� �f�x�� 
� �
i

�

k

��fk

�xi�xj
��

��i��j
aV� �f�x�� 
� �����

where 
 � �f ����x�� Choosing a torsion�free connection r on M � we may
express ����� in another way by saying that

a��x� �� � i

�
�k �

k
ij

��a��x� ��

��i��j

behaves like a function on T �M under change of variables� �kij being con�
nection coe�cients� Similarly�

a��x� �� � i
�a��x� ��

��i
��i

behaves like a homomorphism of bundles� ��i being connection coe�cients
for the bundle E��
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Given a function a�x� �� on T �M with values in Hom���E�� ��E��� we
can always construct a formal symbol �a with the leading term a��x� �� �
a�x� ��� To this end choose a covering �U�� by coordinate charts� local triv�
ialisations of the bundles and a partition of unity ����� For a chart U�� we
de
ne the symbol ��a � ���x�a�x� �� to consist of the leading term only� for
chosen trivialization� Other local expressions for the symbol ��a are de
ned
by ����� and ������ Summing all the symbols ��a� we obtain the desired
symbol �a�

Clearly� if the local functions aUk �x� �� are classical symbols of order
m � k� m � R� on U � R �for example� if they are homogeneous of order
m � k in � for large j�j�� then so are the functions aVk for any other local
representation� The symbols with this property we denote by Symbm�

The calculus of formal symbols is very similar to the calculus of com�
plete symbols of classical pseudodi�erential operators� The only di�erence
is that for the formal symbols not only the asymptotic behaviour for large
j�j is relevant but the behaviour of their coe�cients for small j�j as well�
For example� formal symbols vanishing for large j�j are meaningful objects
unlike complete symbols�

It is clear that for a classical complete symbol of order m we can con�
struct a formal symbol whose local coe�cients ak�x� �� coincide with the
homogeneous components of degree m�k of the complete symbol� for large
j�j� In this case we say that the corresponding pseudodi�erential operator
A and the formal symbol �a are compatible�

For a pair �A� �a�� A and �a being compatible� we de
ne a regularisation
of A as follows� Let

�ajN �
N��X
k��

ak�x� ��

be a partial sum for �a with h � �� Let further

Op ��ajN� !�
X
�

Op ����a
U�jN �"�� �����

be the pseudodi�erential operator on M de
ned by a coordinate covering
�U��� partition of unity ���� and trivialisations of the bundles� The functions
"�� are required to be identically equal to � on the supports of �� but still
satisfy supp "�� � U�� �In this way we obtain what will be referred to as
�covering functions
�� As usual� Op means a standard pseudodi�erential
operator on Rn de
ned by the symbol ���ajN � Of course� the operator �����
depends on the choices mentioned above� The operator

regjNA !� A�Op ��ajN �
is of order m � N and thus is of trace class in each Sobolev space Hs�M�
provided N �m � n �we suppose M is compact��

De
ne a regularised trace of A by

Tr regjNA !� Tr �A�Op ��ajN ���
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A and �a being compatible� The properties of the regularised trace are
described in the following proposition�

Proposition �
� Let A be a classical pseudodi�erential operator of or�

der m and let �a � Symbm be a formal symbol compatible with A� Then�

�� the regularised trace Tr �A�Op ��ajN�� is independent of the choices
of coordinate charts� trivialisations and partition of unity�

�� the regularised trace vanishes on commutators� more precisely�

Tr regjNAB � Tr regjNBA

if the regularisations of AB and BA are de�ned by the formal symbols �a � �b
and �b � �a� respectively�

The proofs may be found in �Fed��	�
If �a � Symbm with m 
 �n� then the operator Op ��ajN � belongs to

the trace class and its trace is correctly de
ned by the symbol �a and the
truncation number N � In this case we abbreviate the notation of its trace
to

Tr �ajN !� TrOp ��ajN��
This number may be interpreted as an integral over T �M � more pre�

cisely�

Tr �ajN � �

����n

Z
M

�Z
Rn
tr �ajNd�

�
dx� �����

where the inner integral de
nes a density on M not depending on the lo�
cal representation of the formal symbol �a� In ����� and subsequently� the
notation tr stands for the matrix trace of the coe�cients ak�x� ���

We are interested in the application of the notion of formal symbol to
the index theorem for elliptic operators� If A is an elliptic pseudodi�erential
operator then there exists a parametrix R such that � � RA and � � AR
are smoothing operators� If further� �a and �r are formal symbols compatible
with the operators A and R the following algebraic index formula holds

indA � Tr �� � �r � �a�jN � Tr �� � �a � �r�jN �����

for any N � n� This formula is an intermediate step between the analytical
index formula

indA � Tr �� �RA�� Tr �� �AR� �����

and the topological index formula due to Atiyah and Singer�

For further references let us write down the Atiyah�Singer index formula
for two�dimensional manifolds�

indA �
�

���

Z
S�M

�

�
tr �a���a�� � �

�
tr ��a���a�� �

�
tr ���aa���� �����



�� The Index of Elliptic Operators

where S�M is the cosphere bundle oriented as a boundary of the coball
bundle B�M with the orientation form

�n

n�
�

�d�i 	 dxi�n

n�
� d�� 	 dx� 	 � � � 	 d�n 	 dxn�

the covariant di�erential � of homomorphisms a ! E� 
 E� is de
ned on
sections u � C��M�E�� by

��a�u � ���au�� a��u�

��� �� being connections on E�� E�� and  ��  � are the curvature forms of
E�� E��

We 
nish this section by a remark that the calculus of formal symbols
is a particular case of a more general calculus� called deformation quantisa�

tion� on an arbitrary symplectic manifold� Here� the symplectic manifold in
question is T �M �

� Pseudodi�erential operators

From the point of view of analysis� a manifold with a conical point is in
fact a smooth manifold with boundary �M��M�� A collar neighborhood of
the boundary is di�eomorphic to a cylinder �M � I� where I is the interval
� � r 
 ��

Typical di�erential operators considered in the cone theory �see e�g�
Schulze �Sch��	� are of the form

A � r�p
mX
k��

ak�r�

�
�r �

�r

�k

�����

close to the boundary� with coe�cients ak�r� smooth up to r � �� their
values being di�erential operators on �M of order m � k� Usually one
considers the weight factor in front of the sum with p � m but this is not
necessary� we allow any p � R� The analysis of such operators is based on
the Mellin transform which evokes a technical di�culty caused by switching
between Fourier and Mellin representations of pseudodi�erential operators�
To avoid it we pass from the collar neighbourhood to a cylindrical end by
changing the variable r � e�t� � 
 t 
�� The operator ����� becomes

ept
mX
k��

ak�e
�t�

�
�

�t

�k

� �����

The exponential stabilisation of coe�cients as t
� is inherited from
the smoothness up to r � � in ������ The exponential weight factor ept may
be included into basis sections of the bundle E� in the cylindrical charts�
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This means that we pass from the frame e��x�� t�� � � � � er��x
�� t�� r� being the

rank of E�� to the frame

e���x
�� t� � e��x

�� t�ept� � � � � e�r��x
�� t� � er��x

�� t�ept�

In this new basis the operator ����� becomes

mX
k��

ak�e
�t�

�
�

�t

�k

�

In the sequel by a conical point we mean a cylindrical end R� � �M
and exponential stabilisation of all the objects in question at t � ��� We
assume that near the end everything has a cylindrical structure� So� vector
bundles over the end are lifted from the boundary �M � local charts have
the form U� � R� � U �

� with U �
� � �M � thus resulting in the splitting of

coordinates x � �t� x��� x� � U �
�� Next� for a cylindrical chart Ui� we have

���x� � ���t��
�
��x

���

"���x� � "���t�"�
�
��x

���

where ���� is a partition of unity and �"��� the set of covering functions� We
emphasise that �� � C��R�� is equal to � close to t � �� and vanishes
close to t � ��

Introduce the weighted Sobolev spaces Hs���M�E� by requiring ��u �
Hs�Rn� for the interior charts and e�t��u � Hs�Rn� for the cylindrical charts�
the norm being equal to

kuk�s�� �
X
�

k��uk�s �
X
j

ke�t�juk�s

where � runs over interior charts and j over cylindrical charts� For a C�

function u�t� x�� of compact support in R� � Rn��� the weighted Sobolev
norm ke�tuks may be written asZ

Rn��

Z
	�
�� � j
� j� � j��j���s j#u��� ���j� d�d��

where �� � f� � C ! �� � �g is a horizontal line in the complex plane to
be referred to as the weight line� and #u��� ��� means the Fourier transform
of u�t� x�� which is an entire function in � rapidly decreasing on horizontal
lines�

There is an embedding

Hs� ��� �
 Hs����

for s� � s�� �� � ��� which is compact for s� � s�� �� � �� �but not for
s� � s�� �� � ���� Hilbert�Schmidt for s� � s� � n��� �� � ��� and of trace
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class for s� � s� � n� �� � �� �see e�g� �FS��	�� The space H�s��� is dual
for Hs�� with respect to the usual paring given in local coordinates by

�u� v� �
Z
Rn

u�v dx� for u � Hs��� v � H�s��� �

We next describe pseudodi�erential operators acting between weighted
Sobolev spaces� We con
ne ourselves to operators which in the cylindrical
charts are independent of t apart from a weight factor ept which we always
omit including it into the frame of the bundle E� as was explained before�
For the purposes of index theory this class is su�cient�

The cone pseudodi�erential operators are of the form

Au � ��Aint "��u� ��A� "��u �����

where �� � C��R�� is a non�negative function satisfying �� � � near
t � � and �� � � near t � ��� and �� � � � ��� The operator Aint

is a classical pseudodi�erential operator of order m � R in the interior
of M � The operator A� is de
ned by a so�called conormal symbol Ac�� ��
� � ��� which is a parametre�dependent pseudodi�erential operator of order
m on �M � We assume that Ac�� � has an analytic extension to a strip
j�� � �j 
 � around the weight line and on each horizontal line in this strip
is a parametre�dependent pseudodi�erential operator on �M uniformly with
respect to �� in a smaller strip j�� � �j � ��� with �� 
 �� Then� A� acts
on functions u�t� � C�

comp�R�� C
���M�E�� as

A�u �t� � Op�t �Ac�� ��u �t�

!�
�

��

Z
	�
eit� Ac�� � #u�� � d�

� e��tOpt�Ac�� � i��� e�tu �t�� �����

Here we denote by Op�t a standard pseudodi�erential operator with
the shifted integration line �� � � while the notation Opt � Op�t means
that the integration line is the real axis� In both cases the symbols Ac are
operator�valued functions�

It is well known� cf� Schulze �Sch��	� that such operators are bounded�
when mapping from Hs�� to Hs�m�� �

The operators Aint and A� in the cone theory are not independent� They
satisfy a very important compatibility condition expressing the fact that A�

arises in practice as a result of rede
nition of Aint� Roughly speaking� it
means that� for any ��� �� � C�

comp�R��� the di�erence

��Aint �� � ��A� �� �����

is a smoothing operator on M and thus belongs to the trace class in the
spaces Hs��� More precisely this condition can be formulated in terms of
formal symbols�



Pseudodi�erential operators ��

Let �a be a formal symbol of Aint� We assume that in the cylindrical
charts it takes the form

�a�t� �� x�� ��� � �a��� x�� ���

� Symbm�M �E�� E���

Being independent of t� the symbol �a may be considered as a formal symbol
on �M and we can construct a parametre�dependent operator Op�M��a�� �jN�
as described in Section �� De
ne a formal imaginary shift of the parametre
� by

�a��� � � �a�� � ih��

!�
�X
k��

hk
�

k�

�k

�� k
�a�� � �i��k

� e�t �a�� � � e��t� �����

The compatibility condition in a more precise form means that� for any N �
the di�erence

RN �� � � Ac�� � i���Op�M ��a�� � ih��jN�� � � R�

is a classical parametre�dependent pseudodi�erential operator of order m�
N on �M bearing the following trace norm estimate� for m�N 
 �n� ��

k �
k

�� k
RN �� �k� � C h� im�N�k�n��

where k � k� stands for the trace norm of the operator in any space Hs��M��
For standard pseudodi�erential operators on Rn�� whose symbols are ho�
mogeneous in ��� ��� outside a ball these estimates are valid but in general
we have to postulate them�

Operator ����� may be written as

�� �Aint �Op ��ajN�� �� � �� e
��tOpt�RN �� �� e

�t���

so� for compactly supported �� and ��� both summands are trace class op�
erators in Hs��� for each ��

Denoting by Cm�� the class of such operators �obeying the compatibility
condition�� we obtain what is called the cone algebra� Indeed� one can
verify that the composition of A � Cm�� and B � Cl�� gives an operator
BA � Cl�m�� � In the case when the order m coincides with the exponent
p of the weight factor ept in ������ this algebra was studied by the second
author �see e�g� �Sch��	 and references therein�� It is worth pointing out
that the cone theory deals with Mellin pseudodi�erential operators near a
conical point� but the results may be easily transported to our case by the
change of variables r � e�t�



�� The Index of Elliptic Operators

� Algebraic index theorem

In this section we consider elliptic operators of the type ������ Recall that
ellipticitymeans that the principal homogeneous symbol a��x� �� is invertible
for � �� � �interior ellipticity� and that the conormal symbol Ac�� � is an
invertible pseudodi�erential operator on �M for any � � �� �conormal
ellipticity��

The interior ellipticity implies that there exists a formal symbol �r on
M such that � � �r � �a and � � �a � �r vanish for j�j large enough� We denote
by Rint a pseudodi�erential operator on M compatible with �r �see Section
���

The conormal ellipticity allows one to de
ne an operator

R� � Op
�
t �A

��
c �� ���

The operators ��RintAint and ��AintRint are smoothing in the interior
of M �that is� being multiplied by a cut�o� function � of compact support
away from the boundary of M�� hence the compatibility condition for Rint

and R� follows from ������ Indeed�

R� �Rint � R� �� �AintRint� �R� �Aint �A��Rint

and we see that both summands are smoothing in the interior�
We introduce an operator

R � ��Rint "�� � ��R� "��

� C�m�� �����

called a parametrix of A�

Theorem �
� The operators

��RA ! Hs�� 
 Hs�� �
��AR ! Hs�m�� 
Hs�m��

are of trace class and the following index formula holds

indA � Tr ����� �r � �a�jN �Tr ����� �a � �r�jN
�
�

��i

Z �

��
Tr� regjN��A��

c �� � i��A�
c�� � i�� d�� �����

for any N � n�

Let us explain the notations and give some comments� First of all� Tr�

denotes a trace on �M and regjN�� denotes a regularisation of the corre�
sponding A��

c A�
c �here the prime means the derivative with respect to � � by

means of its formal symbol as was explained in Section �� It is important
for this formal symbol �and thus the regularisation� to be de
ned by the
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interior formal symbols �a and �r as follows� In a cylindrical chart the symbols
�a � �a�� � and �r � �r�� �� being independent of t� may be considered as formal
symbols on �M depending on the parametre � � R� Denote by

�a��� � � �a�� � ih���
�r��� � � �r�� � ih��

the formally shifted symbols de
ned by ������ Then we must take the symbol

�r��� � � �a���� � � ��r�� � � �a��� ���
to regularise A��

c A�
c� In other words�

regjN��A��
c �� � i��A�

c�� � i��

� A��
c �� � i��A�

c�� � i���Op�M���r�� � � �a��� ���jN���� �����

The cut�o� function �� entering into the 
rst two terms in ����� is
inessential� Indeed� for two di�erent choices of ���t�� we have $�� �
C�
comp�R��� so the di�erence of the corresponding expressions is

�

��

Z �

�
$���t�dt

Z �

��
d� �Tr� �� � �r�� � � �a�� ��jN � Tr� �� � �a�� � � �r�� ��jN� �

But the expression in the parentheses vanishes because it is equal to the
index of Ac�� � which is zero for Ac�� � is invertible�

Proof
 The starting point is formula ������ Using ����� and ������ we
obtain

��RA � � � ��Rint"����Aint"�� � ��Rint"����A� "��

���R� "����Aint"�� � ��R� "����A� "�� �����

and

��AR � � � ��Aint"����Rint"�� � ��A� "����Rint"��

���Aint"����R� "�� � ��A� "����R� "��� �����

The corresponding terms in ����� and ����� di�er by the order of factors�
We will transform these terms pairwise and write AB � C� BA � D if
AB � C and BA � D are of trace class and their traces coincide� For
example�

AB � A�B�� BA � B �A� �����

if both A�A� and B �B� are of trace class since

Tr �AB �A�B �� � Tr �A�A��B � TrA��B �B���

Tr �BA�B�A�� � TrB�A�A�� � Tr �B �B��A��

As
Op ����r � "�� � ���a � "��jN � � Op ����r � ���ajN��
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the 
rst pair in ����� and ����� may be replaced by another one equivalent
to it� namely

Op ����r � ���ajN�� Op ����a � ���rjN�� �����

which is clear from Proposition ����
To transform the next pair we use the pseudolocality of pseudodi�er�

ential operators� Since ���� has a compact support in R�� we may replace
�� by �� and �� by ��� each of them having a compact support in R�� such
that ���� � ����� By "��� "�� we denote �covering� functions for ��� �� still
being of compact support in R��

Let us justify� for example� the replacement of �� by ��� We choose ��
so that ��� � ���"�� � �� Then

��� � ���A� "����Rint"��

is a trace class operator by the pseudolocality property since ����� and ��
have disjoint supports �details may be found in �FS��	�� The trace of this
operator is � since

Tr ��� � ���O"�� � Tr ��� � �����O"��

� Tr ��O"����� � ���

� ��

The corresponding term with the order interchanged is identically zero�
Similarly we may replace step by step �� by ��� "�� by "�� and "�� by "���

As a result we obtain an equivalent pair of the form

��Rint"����A� "��� ��A� "����Rint"���

Now� using ����� and compatibility condition ������ we replace ��A� "��
by ��Aint"�� obtaining the pair

��Rint"����Aint"��� ��Aint"����Rint"���

Since
Op ����r � ���ajN � � Op ����r � ���ajN��

we may make use of Proposition ��� once again to replace the latter pair by

Op ����r � ���ajN�� Op ����a � ���rjN�� �����

Similarly� the third pair in ������ ����� may be replaced by

Op ����r � ���ajN�� Op ����a � ���rjN�� �����

In the last pair the operators may be treated as pseudodi�erential op�
erators on the half�axis t � R� with operator�valued symbols� The cut�o�s
"�� may be omitted by pseudolocality� Denote temporarily

O�t� � � � ���t�Ac�� ��
P �t� � � � ���t�A��

c �� ��
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In these notations the last pair in ������ ����� is

Op�t �P �t� � ��Op
�
t �O�t� � ��� Op�t �O�t� � ��Op

�
t �P �t� � ���

It is equivalent to the pair

Op�t �P �t� � � �O�t� � �jN�� Op�t �O�t� � � � P �t� � �jN�� ������

which is due to the theorem on the regularised trace of a product from
�FS��	 similar to Proposition ���� n� ��� Here � means the symbol product
of operator�valued symbols on the shifted real axis and the subscript N
means truncation� that is

P �OjN �
N��X
k��

��i�k
k�

�kP

�� k
�kO

�tk
�

Gathering all the terms ������������� we obtain

� �RA � � �Op ����r � ���ajN��Op ����r � ���ajN�
�Op ����r � ���ajN��Op�t ���A��

c �� � � ��Ac�� �jN��
� �AR � � �Op ����a � ���rjN��Op ����a � ���rjN�

�Op ����a � ���rjN��Op�t ���Ac�� � � ��A��
c �� �jN��

Further�

��A
��
c �� � � ��Ac�� �jN � ��A

��
c �� � � �� � ���Ac�� �jN

� �� � ��A
��
c �� � � ��Ac�� �jN

and similarly

��Ac�� � � ��A��
c �� �jN � �� � ��Ac�� � � ��A��

c �� �jN �

This results in

��RA � Op ����� � �r � �a�jN�
�Op�t ���A

��
c �� � � ��Ac�� �jN� �Op ����r � ���ajN�� ������

��AR � Op ����� � �a � �r�jN�
�Op�t ���Ac�� � � ��A��

c �� �jN� �Op ����a � ���rjN�� ������

The 
rst terms on the right�hand sides of ������ and ������ are trace
class operators and the di�erence of their traces gives precisely the interior
terms in ������ In the rest terms all the symbols have compact supports in
t � R� since ���� has� so we may regard them as operators on the cylinder
R�� �M �

To feel free with the exponential weight functions let us formulate the
following lemma�
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Lemma �
� Let a�t� � � be an operator�valued symbol with a compact

support on R�� Then� for N large enough� the operator

eptOp�t �a�t� � �� e
�pt�Op�t �epta�t� � � � e�ptjN�

is of trace class and its trace vanishes�

Proof
 This is a particular case of the theorem on the regularised trace
of a product� We take

A � Op�t �e
pta�t� � ���

B � Op�t �e
�pt��

Note that e�pt may be replaced by any function coinciding with e�pt on
the support of a� which is due to pseudolocality�

��
Consider the last two terms on the right in ������� We will use the

notations
"A�� � � A�� � i��� � � R�

for the complex shift and

�a��t� �� x
�� ��� � �a�t� � � ih�� x�� ���

for the formal complex shift� By ������

Op�t ���A
��
c � ��AcjN � � e��tOpt��� "A��

c � �� "AcjN� e�t

and
e�tOp ����r � ���ajN� e��t � Op ����r� � ���a�jN��

the last equality being a consequence of Lemma ��� and ������ Further�
using the equality Op � OptOp�M � we obtain 
nally for the last two terms
in ������ the equivalent expression

Opt
�
�� "A��

c � �� "AcjN �Op�M����r��� � � ���a��� �jN �
�

������

and similarly for the last two terms in ������

Opt
�
�� "Ac � �� "A��

c jN �Op�M ����a��� � � ���r��� �jN�
�
� ������

The operators ������� ������ are of trace class due to the compatibility con�
dition� so the conjugations by e��t do not a�ect their traces�

The next transformation goes as follows� We carry the factor �� through
"Ac and �a� in ������� thus obtaining

Opt fOp�M������ �r� � �a�� � ��jN�
��� "A��

c � � "Ac� ��	jN �Op�M ����r� � ��a�� ��	jN�
o
� ������
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In ������ we move �� through "Ac and �a� as follows

�� "Ac � "Ac�� � � "Ac� ��	

� "Ac�� � � "Ac� ��	�

This gives

Opt
n
"Ac � �� � �� "A��

c jN �Op�M ��a��� � � �� � ���r��� �jN�
�� "Ac� ��	 � �� "A��

c jN �Op�M���a��� �� ��	 � ���r��� �jN�
o
� ������

Now� expressions ������� ������ are trace class operators in Hs��� More�
over� expressions in the curly brackets in ������� ������ are trace class opera�
tors on �M since each operator�valued symbol is regularised by subtracting
a non�trace class part� We may change the order of operators in ������
changing simultaneously the order of symbols� thus arriving at

Opt fOp�M����� � �r� � �a�� � ��jN�
��� "A

��
c � � "Ac� ��	jN �Op�M����r��� � � ��a��� �� ��	jN�

o
� ������

Finally� taking traces of ������ and ������ and subtracting yields

� �

��

Z �

�
dt
Z �

��
d� Tr�

�
"A��
c � � "Ac� ��	jN �Op�M��r��� � � ��a��� �� ��	jN�

�
�

Now�

� "Ac� ��	 �
�X
k��

��i�k
k�

dk "Ac

d� k
dk��
dtk

�

��a��� �� ��	 �
�X
k��

��i�k
k�

�k�a��� �

�� k
dk��
dtk

�

Integration over t yields zero unless k � �� In the latter caseZ �

�

d��
dt

dt � ��

and we obtain the desired result�
�

Remark �
� If a symbol a�� � decreases su�ciently fast then formal
complex shifts do not a�ect the value of the integral� that isZ �

��
a�� �d� �

Z �

��
a�� � ih��jN�� d��

Indeed� the terms of a�t� ih�� have the form

�ih��k

k�

dk

d� k
a�� ��
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so the integration gives zero� for k large enough� This allows us to replace
expression ����� by the formally shifted one� When shifting by �ih�� we
obtain another expression for the integrand in ����� which is sometimesmore
convenient�

indA � Tr ����� �r � �a�jN � Tr ����� �a � �r�jN
�

�

��i

Z �

��
Tr�

�
A��
c �� � i� � ih��A�

c�� � i� � ih��jN��
�Op�M��r�� � � �a��� �jN���

�
d�� ������

Remark �
� A special case of ������ arises whenA��
c �� �A

�
c�� � is a mero�

morphic operator�valued function with 
nite�dimensional Laurent coe��
cients at poles� In this case the integral in ������ may be reduced to the
integral over the real axis �if there are no real poles� and a 
nite sum of
residues in the poles between the real axis and the weight line� This is known
as the Relative Index Theorem �see e�g� Melrose and Mendoza �MM��	�� In�
deed� for a meromorphic function a�z� with a regular behaviour as 
z 
��
we have

�

��i

Z �

��
�a�� � i��� a�� � ih��jN� d� � �sgn � X

�z������

res a�z��

so that ������ becomes

indA � Tr ����� �r � �a�jN �Tr ����� �a � �r�jN
�
�

��i

Z �

��
Tr�

�
A��
c �� �A

�
c�� ��Op�M��r�� � � �a��� �jN���

�
d�

�sgn � X
�z������

Tr� resA��
c �z�A

�
c�z�� ������

Some corrections should be made when some poles meet the real axis �see
an example in Section ���

Remark �
� There exists another regularisation of A��
c A�

c leading to
the so�called �eta
 invariant� The latter was introduced by Melrose �Mel��	
as a generalisation of the Atiyah�Patodi�Singer 
�invariant� If A�� � is a
parameter�dependent pseudodi�erential operator on the boundary �M � we
denote by TrA�� � the following number� For N large enough� the derivative
A�N��� � is of trace class and Tr�A�N��� � has an asymptotic expansion in
negative powers of j� j as � 
��� Hence it follows that

IN�T � �
Z T

�T
d�N

Z �N

�
d�N�� � � �

Z ��

�
Tr�A�N��� � d� ������
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also has an asymptotic expansion in negative powers of T up to a summand
p��T � � p��T � log T � where p� and p� are polynomials� Then TrA�� � is� by
de
nition� the constant term in the asymptotic expansion of ������� Clearly�

TrA�� � �
Z �

��
Tr�A�� � d�

for each trace class operator A�� � with su�ciently fast decreasing trace
norm� In these notations formula ������ becomes

indA � Tr ���� � �r � �a�jN � Tr ���� � �a � �r�jN
�
�

��i
TrA��

c �� � i� � ih�� �A�
c�� � i� � ih��jN��

� �

��i
TrOp�M��r�� � � �a��� �jN����

������

The second term on the right�hand side of this formula is usually denoted
by �

� 
�A� and 
�A� is called the 
�invariant�

� Two�dimensional case

For the two�dimensional case formula ������ admits further simpli
cations�
We use here direct tiresome computations which can not be generalised
to higher dimensions� Nevertheless the result seems to be of interest for
it shows the structure of the index formula in terms of leading symbols
�interior and conormal�� Besides the Atiyah�Singer integral ����� and the 
�
invariant our formula contains an additional term non�vanishing in general�
It has a structure very similar to the Wodzicki non�commutative residue�

Theorem �
� If dimM � �� then formula ����� holds�

To work on a manifold� we need an invariant symbolic calculus� In
general such a calculus is given by deformation quantization� Fortunately�
for n � �� we need a few 
rst terms� so the full calculus is not needed�

Any symbol may be described locally by means of its coe�cients

a�� a�� � � � �

where only a� behaves like a function� or globally by means of its principal
symbol a� and subprincipal symbol �

"a� � a� � i
�a�
��i

��i �
i

�

��a�
��i��j

�kij�k

�Not to be confused with the common notion of subprincipal symbol in partial di�er�

ential equations�
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which also behaves like a function �see Section ��� It is easy to verify that
if

�a � �b � a�b� � h

�
�i�a�

��i

�b�
�xi

� a�b� � a�b�

�
� � � � �

then for the subprincipal symbol we have the following rule

���a � �b�� � �i�a�
��i

rib� � a�"b� � "a�b� �����

where

rib� �
�b�
�xi

�
�b�
��j

�kji�k � �
�
i b� � b��

�
i

is the so�called covariant derivative�
Under changes of variables rib� behave like coordinates of a covector�

We introduce also

rb� � d�i
�b�
��i

� dxirib��

the so�called covariant di�erential� It is a function on T �M with values in
Hom�E�� E��� %��

We will not go further into invariant calculus combining the local ap�
proach with the invariant one� So� we start with the local expression

�

���
�tr �� � �r � �a�j� � tr �� � �a � �r�j�� �

�

�
�

As we know� it does not depend on the coordinate system giving a
density on M � We have

�� � �r � �a�j� � �� r�a� �

�
i
�r�
��i

�a�
�xi

� r�a� � r�a�

�

�

�
�

�

��r�
��i��j

��a�
�xi�xj

� i
�r�
��i

�a�
�xi

� i
�r�
��i

�a�
�xi

� r�a� � r�a� � r�a�

�

and a similar expression for ��� �a � �r�j�� Taking the di�erence of traces� we
see that the terms not containing derivatives cancel� whence

Q !� tr �� � �r � �a�j� � tr ��� �a � �r�j�
� i tr

�
�r�
��i

�a�
�xi

� �r�
�xi

�a�
��i

�

�i tr

�
�r�
��i

�a�
�xi

� �r�
�xi

�a�
��i

�
� i tr

�
�r�
��i

�a�
�xi

� �r�
�xi

�a�
��i

�

�
�

�
tr

�
��r�
��i��j

��a�
�xi�xj

� ��r�
�xi�xj

��a�
��i��j

�
� �����

The 
rst term may be rewritten as

i
�

��i
tr r�

�a�
�xi

� i
�

�xi
tr r�

�a�
��i

�
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Being multiplied by ���� it gives

i d �tr �r�da�� 	 �� � �i d �tr �dr�a�� 	 �� �

Similarly may be transformed the second and the third terms on the right
in ������ The last term may be rewritten as

�

�

�

��i
tr

�
�r�
�xj

��a�
��j�xi

� ��r�
��j�xi

�a�
�xj

�
� �
�

�

�xi
tr

�
�r�
�xj

��a�
��j�xi

� ��r�
��i��j

�a�
�xj

�
�

Multiplying by ����� we get

�

�
d

�
tr

�
�r�
�xj

d

�
�a�
��j

�
� d

�
�r�
��j

�
�a�
�xj

�
	 �

�

Thus�

Q
��

�
� d �f 	 �� �����

where

f � i tr r�da� � i tr �r�da� � dr�a�� �
�

�
tr

�
�r�
�xj

d

�
�a�
��j

�
�d

�
�r�
��j

�
�a�
�xj

�
�

Now we would like to switch to invariant objects in ������ As for the
exterior di�erential d in front� it is globally de
ned provided f is an one�
form� But this is not the case� and we have 
rst to examine the contributions
of non�invariant terms�

The 
rst term i tr r�da� is invariant� The second one may be written in
the form

i tr �"r�da� � dr�"a��

��
�
tr

�
��r�
��i��j

�kij�kda� � dr�
��a�
��i��j

�kij�k

�

�tr

�
�r�
��i

��i da� � dr�
�a�
��i

��i

�
� �����

where the 
rst summand is invariant� Finally� the last term in ����� be�
comes globally de
ned if we replace the derivatives in xi and di�erentials
by covariant ones�

�

�
tr

�
rjr�r

�
�a�
��j

�
�r

�
�r�
��j

�
rja�

�
�

Applying r to �a����j � we take into account that �a����j behaves like a
vector� and so r means a covariant di�erential of the vector 
eld�

Examining the contributions of the non�invariant terms at a point x� �
M � we introduce geodesic coordinates centered at x� and the frames in E��
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E� parallel along the rays since the result is independent of coordinates� In
these coordinates all the �kij � �

�
i and �

�
i vanish at x� and their derivatives

de
ne curvatures!

��kij
�xl

� ��
�

�
Rk
ijl �Rk

jil

�
�

���i
�xj

� ��
�
 �
ij�x����

���i
�xj

� ��
�
 �
ij�x����

Since �kij�x�� � �� the contribution of the second term in ����� is equal
�up to a constant factor� to

tr

�
��r�
��i��j

�kR
k
ijldx

l 	 da� � dr� 	 ��a�
��l��j

�kR
k
ijldx

l

�
	 �

� tr

�
� ��r�
��i��j

�a�
��l

�kR
k
ijl �

�r�
��l

��a�
��i��j

�kR
k
ijl

�
��

�

� �tr �

��i

�
�r�
��j

�a�
��l

�
�kR

k
ijl

��

�

� � �

��i
tr

�
�r�
��j

�a�
��l

�kR
k
ijl

�
��

�
� tr

�r�
��j

�a�
��l

Ri
ijl

��

�
�

the last summand being zero since the convolution Ri
ijl vanishes� On the

other hand� the 
rst summand does not contribute either because for large
� we have r� � a��� and thus

tr
�r�
��j

�a�
��l

Rk
ijl � �tr a���

�a�
��j

a���

�a�
��l

Rk
ijl

� ��

the last equality being due to the fact that Rk
ijl is antisymmetric in j� l�

Hence the 
rst summand gives � after integration in �� for it is a complete
derivative of a function with compact support�

Now the contribution of the third term in ����� is

��
�
tr

�
�r�
��i

 �
ijdx

j 	 da� � dr� 	 �a�
��i

 �
ijdx

j

�
	 �

� ��
�
tr dr� 	  � 	 da� � �

�
tr dr� 	 da� 	  ��

Here we may replace d by r since they di�er by terms containing dxi� So�
the 
nal contribution is

��
�
d tr

�
r� 

� 	 ra�� r�ra� 	  �
�
�



Two�dimensional case ��

We next show that the replacement ���xj by rj in the last term in
����� gives no contribution� For example� consider a term

d tr

�
rjr� � �

�xj
r�

�
d

�
�a�
��j

�
	 ��

The di�erence rj � ���xj necessarily contains connection coe�cients ��i �
��i and �

k
ij � Let us take the term with ��i � that is

d tr ��j r� d

�
�a�
��j

�
	 � � ��

�
tr �

jkdx
k r� 	 d

�
�a�
��j

�
	 �

in the center x� of a special coordinate system� But

dxk 	 d

�
�a�
��j

�
	 � � dxk 	 ��a�

��j��k
d�k 	 �

for j �� k� and this gives zero since  �
jk is antisymmetric� Precisely the same

reason goes for the other terms� Moreover� it shows that d and r may also
be replaced by each other�

The 
nal expression of ����� in the invariant form is

Q
��

�
� d

�
i tr r�ra� 	 �

�i tr �"r�ra� �rr�"a�� 	 � � �

�
tr
�
r� 

� 	ra� � r�ra� 	  �
�

�
�

�
tr

�
rjr�r�a�

��j
�r�r�

��j
rja�

�
	 �

	
� �����

Having disposed of these preliminary steps� we can now return to the
inner term in the index formula which is

�

���

Z
B�M

Q
��

�
�

where B�M is the coball bundle j�j � �� The boundary of B�M consists of
two parts� namely S�M and B�M restricted to �M � The application of the
Stokes formula gives two summands�

First� we consider the integral over S�M and show that it is precisely
the Atiyah�Singer integral ������ Indeed� we have r� � a�� on S�M � Using
����� for �a and �r and equating it to �� we obtain

i
�a�
��i

a��� �ria��a
��
� � a�"r� � "a�a

��
� � ��

whence

"r� � �a��� "a�a
��
� � ia���

�a�
��i

a��� �ria��a
��
� �
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Substitution this into ����� shows that the subprincipal symbol "a� vanishes
and the remaining terms are

i tr a��� ra� 	 � � tr a���

�a�
��j

a��� �rja��a
��
� ra� 	 �

��
�
tr
�
a���  

� 	 ra� � a��� ra� 	  �
�

�
�

�
tr

�
rja

��
� r�a�

��j
�r�a���

��j
rja�

�
	 ��

Now

r�a���

��j
� a��� ra�a���

�a�
��j

a��� � a��� r
�
�a�
��j

�
a��� � a���

�a�
��j

a��� ra�a���

which leads to the cancellation of the terms with second order derivatives
in

tr a���

�a�
��j

a��� �rja��a
��
� ra� 	 �

�
�

�
tr

�
rja

��
� r

�a�
��j

�r�a���

��j
rja�

�
	 �

�
�

�
tr

�
a���

�a�
��j

a��� rja�a
��
� ra�� a���

�a�
��j

a��� ra�a��� rja�

�
	 �

�
�

�
tr �a��� ra����

It remains to observe that

i tr a��� ra� 	 � � i d
�
tr �a��� ra���jdxj

�
�

so it contributes to a boundary term under integration� Thus� the integral
over S�M is �we suppress the �wedge
 product�

�

���

Z
S�M

��
�
tr
�
a���  

�ra�� a��� ra� �
�
�
�

�
tr �a��� ra���

which is equal �up to a sign� to the Atiyah�Singer integral�
The boundary �M for n � � is a circle� so all the bundles and connec�

tions are trivial� Hence� the coe�cients a�� a�� � � � of the formal symbol �a
are functions on T �M j�M and their covariant derivatives coincide with the
usual ones� We use global coordinates x� �� � � where x � R �mod ��� and
�� � � R� The result of our computation may be written in the form

Tr ����� �r � �a�j� � Tr ����� �a � �r�j� �
Z
S�M

AS �A�

� �

���

Z
B�M j�M

i tr r�da� 	 � � i tr �r�da� � dr�a�� 	 �

�
�

�
tr

�
�r�
�x

�

��
�da��� d

�
�r�
��

�
�a�
�x

�
	 � � i d �tr �r�da���dx��

�����



Two�dimensional case ��

The integrand in the second integral is zero for large r �
p
�� � � ��

Indeed� for r � � we have r� � a��� and� as we have seen� the integrand
coincides with the Atiyah�Singer form which is now a constant multiple of
tr �a�da��� since  � �  � � �� Taking into account that a� is a homogeneous
function for r � �� we obtain

tr �a��� da��
� � tr

�
mr��dr � "a��� d"a�

��
� tr

�
"a��� d"a�

��
� �mr��dr 	 tr

�
"a��� d"a�

��
� ��

Here we have put a� � rm"a�� so that "a� depends on two variables and thus
�"a��� d"a��� � � while tr �"a��� d"a��� � � for any matrix�valued function "a��

The second integral may be extended to all of �M � R�� We would
like to represent it as a trace of a formal symbol on �M � S� integrated
over � � R� To this end we observe that d may be replaced by d� 	 ����
everywhere in ����� but the last term since other di�erentials enter into the
form � � d� 	 dx� The second integral in ����� becomes

�

��i

Z �

��
d�

�

��

Z
S��R

ftr �r�a��� � tr �r�a�� � r��a��

� i

�
tr

�
�r�
�x

�a��
��

� �r��
��

�a�
�x

�

�
�

��

�
tr

�
r�
�a�
��

�
�

�
� �

��
�tr �r�a

�
����

	
d�dx� �����

The integrand may be represented as

s�x� �� � � !� tr �r�� � � �a��� �j�
� �

��
tr �r�a��� i

�

�

��
tr
�r�
�x

a�� �
i

�

�

�x
tr
�r�
��

a�� �
i

�

�

��
tr
�r�
��

�a�
�x

�
�

��

�
tr

�
r�
�a�
��

�
�

�
� �

��
�tr �r�a

�
�����

and we rewrite integral ����� as

�

��i

Z �

��
d� Tr�Op�M�s�x� �� � ��

�recall that I has compact support�� The index formula ������ becomes

indA �
Z
S�M

AS �A� �
�

��i

Z �

��
d�

Tr�
�
A��
c �� � i� � ih��A�

c�� � i� � ih��j� �Op�M��r � �a�j� � s�
�
�

�����
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The symbol

�r�� � � �a��� �j� � s�� � � � i

�

�

�x

�
�r�
��

a��

�
�

�

��

�
r�a

�
�� �

i

�

�r�
�x

a��

�

� �

��

��
r�
�a�
��

�
� �

i

�

�
�r�
��

�a�
�x

�
� �r�a��

�
�����

may be regarded as a new regularisation of the operator

A��
c �� � i� � ih��A�

c�� � i� � ih��j�
� A��

c �� � i��A�
c�� � i��� i�

d

d�

�
A��
c �� � i��A�

c�� � i��
�
�

This new regularisation is in a sense canonical since the behaviour of the
symbols �a and �r inside the ball r 
 � does not a�ect the result� This
property may be seen directly from ����� because all the terms involved are
complete derivatives�

In Remark ���� we have introduced another canonical regularisation
given by the functional Tr� The two regularisations di�er by

�

��i
TrOp�M�s� �r � �a�j��

and this expression may be computed easily using ������ The terms of the
form ��������� or ����x���� are annihilated by Tr while Tr ����� ���� can be
computed by Proposition � of �Mel��	� In the notation of �Mel��	�

�

��i
TrOp�M�s� �r � �a�j��

� � �

��i
fTrOp�M

�
tr

�
r�

�

��

�
� �

i

�
tr
�r�
��

�a�
�x

� tr r�a�
�

� � �

���

Z
S��R

�
�

�
tr
�r�
��

�a�
�x

� i tr r�a�

�





���

����

d�dx�

For further references let us write down the index formula for n � � in
detail�

indA �
�

���

Z
S�M

�

�
tr �a��� �a��

� � �

�
tr
�
a���  

� 	 �a� � a��� �a� 
�
�

�
�

��i
Tr

�
A��
c �� � i��A�

c�� � i��� i�
d

d�

�
A��
c �� � i��A�

c�� � i��
��

� �

���

Z
S��R

�
�

�
tr

�
a���

�a�
��

a���

�a�
�x

�
� i tr a��� a�

�





���

����

d�dx� ������

Remark �
� Note that formula ������ being homotopy invariant implies
that it extends to all symbols a�t� � � exponentially stabilising when t
��
In this case the boundary values in ������ are a������
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� Examples

In this section we consider the Cauchy�Riemann operator on a complex
plane C treating the point at in
nity as a conical point� Even for this
simple operator the additional term in ������ may be non�trivial� Although
all the bundles are trivial over C � the trivialisations and connections may
be chosen in di�erent ways� Our goal is to observe how these choices a�ect
the three terms in ������� So� we consider two cases!

�� the Cauchy�Riemann operator from functions to ������forms�

�� ! u �
 d�z
�u

��z
�

�� the Cauchy�Riemann operator from functions to functions�

�

��z
! u �
 �u

��z
�

Near z �� we introduce new coordinates

� � t� i�� t � R�� � � R �mod ����
setting z � e��

Case ��
We take the global frame � for E� and d�z� d�� as local frames in U� �

fjzj 
 �g and U� � f
� � �g for E�� In these frames we have

A �
�

�x
� i

�

�y
�

a� � i�� � i
�

in U� and

A �
�

�t
� i

�

��
�

a� � i�� � i���

Ac�� � � i

�
� �

�

��

�

in U�� Thus�

A��
c �� �A

�
c�� � �

�
� �

�

��

���
�

Case ��
We take again the global frame � for E� and �� e�t as local frames in

U� and U� for E� �� E�� Again we have

A �
�

�x
� i

�

�y
�

a� � i�� � i
�
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in U�� but

A � ei�
�
�

�t
� i

�

��

�
�

a� � iei��� � i���

Ac�� � � iei�
�
� �

�

��

�

in U�� Then� just as in Case ��

A��
c �� �A

�
c�� � �

�
� �

�

��

���
� �����

and so in both cases the 
�invariant term is the same�
The functions eik�� k �Z� form an orthonormal basis of eigenfunctions

of ����� with eigenvalues

�k�� � � �� � ik����

provided that � �� �ik for k �Z� The conormal ellipticity holds for weight
lines �� with � ��Z�

To compute TrA��
c A�

c consider

Tr�
d

d�

�
A��
c �� �A

�
c�� �

�
� �

�X
k���

�� � ik���

� �
d

d�
coth���

The 
rst integration gives � coth �� � Next� if � 
 �� then

Tr
�
A��
c �� � i��A�

c�� � i��
�
� lim

T��

Z T

�T
� coth��� � i�� d�

� lim
T��

Z 	T�i	�

�	T�i	�
coth z dz

� ���in� �i� ��i�

where n is the number of poles of coth z in the strip �z � ��� ���� This
may be seen by integrating over the contour which is the boundary of the
rectangle with vertices ��T � �T � ��T � i��� �T � i�� and with removed
small disc centered at the origin� The principal value of the integral over
the interval ���T� �T � vanishes since coth z is an odd function�

The second term under Tr functional gives

Tr

�
�i� d

d�
�A��

c �� � i��A�
c�� � i���

�
� �i�

Z �

��

d

d�
� coth��� � i�� d�

� ���i��
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Thus� the whole 
�invariant term is equal to �
�
n � �

�

�
� for � 
 �� In

general� this term is equal to �
�
n � �

�

�
sgn ��

Consider now the interior term� The form tr �a��� �a��� vanishes iden�
tically since a��� �a is a scalar ��form� Thus� the interior term vanishes in
Case � since  � �  � � � in this case�

In Case � the interior term is

� �

���

Z
S�M

d �� � i
�

� � i

 �� �����

where the orientation is de
ned by the form d� 	 dx	 d
 	 dy on T �M � We

rst change the orientation form to d� 	 d
 	 dx	 dy and then compute the
integral of the 
rst factor in ����� obtaining

i

��

Z
M
 �

with the orientation form dx	dy � dt	d�� Introduce connection forms ����
��� in U�� U� for the bundle E� � %���� i�e�� de
ne covariant di�erentials of
the frames d�z in U� and d�� in U�� In U� we set

� �d�z� !� �d��� d�z � d ���e

�� d��

�
�
d�� � d���e


��e�

�
�
d�z�

so that

��� � d�� � d���e

�� e�


�

� �� d���

Similarly� ��� � ��� d�� �
It is a simple matter to see that these forms satisfy the usual transition

rule for connection coe�cients� Then

 � � d���

� d���

� d�� 	 d��

� �i d�� 	 d��

whence
i

��

Z
M
 � �

�

�
�

Finally� let us compute the additional term in ������� The lower order
symbol a� vanishes in both cases� Moreover� in Case � the whole additional
term is zero� since a� does not depend on x�
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For Case � we have

� �

���

Z
S�

Z �

��

�
��
�

�
�

� � i�





���

����
d�d� �

�

���

Z �	

�
d�

Z �

��

�

� � ��
d�

�
�

�
�

So� we obtain

ind �� � ind
�

��z

�
�

�
�
�
n�

�

�

�
sgn ��

For � 
 � one can easily recognise the classical Liouville theorem for
entire functions� Indeed� the inclusion u � Hs�� with � 
 � implies that
juj � Ce��t as t 
 �� or juj � C jzj��� If u � ker ��� then� by the
Liouville theorem� it is a polynomial of degree not greater than ���	� and
dimker �� � ���	 � �� The cokernel in this case is empty �as is always the
case for di�erential operators and � 
 ���
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