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Abstract

The paper is devoted to the construction of the exponential function of a ma�
trix pseudo�di�erential operator which do not satisfy any of the known theorems
�see� Sec�� Ch�VIII and Sec�� Ch�XI of 	
��
� The applications to the construction
of the fundamental solution for the Cauchy problem for the hyperbolic operators
with the characteristics of variable multiplicity are given� too�

AMS subject classi�cation� primary� ��L��� ��S
� � secondary� ��D���
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� Introduction

Introduction

The remarkable progress made in the theory of linear partial di�erential over the last
decades is essentially due to the extensive application of the microlocal analysis� In
particular� the Gevrey pseudo�di�erential operators and related wave front sets were
used starting from ���	 as a natural version of the corresponding C� techniques�
Nowadays they play a de
nite and important role� in connection with the study of the
linear and nonlinear partial di�erential operators with multiple characteristics� In this
order of ideas the pseudo�di�erential operators of in
nite order are quite important�

Operators of in
nite order appears in particular in the construction of the fundamental
solution for the Cauchy problem for the operators with multiple characteristics when
lower�oder term of operators satisfy so�called Gevrey�type Levi conditions� These con�
ditions for the second order equation

D�
t u� t�lD�

x u� atkDx u � f

implies � � � � 
�l � k��
l � k � �� where � is Gevrey exponent� guarantee that
the Cauchy problem is well�possed in Gevrey class G���
�� ���� ���� ����� On the other
hand according to the well�known H�ormander theorem the wave front set of solutions
is contained in the characteristic set of the principal symbol of the operator� This hints
at the structure of the fundamental solution of the Cauchy problem� namely it can be
written as a product of the Fourier integral operator with zero�order elliptic symbol
and the pseudo�di�erential operator� If k � l�� last pseudo�di�erential operators is of

nite order ���� while for l� k� � satisfying above inequalities� this is pseudo�di�erential
operators of in
nite order ����� ��	�� This is one of the main steps of the construction
of the fundamental solution carried out in ��	� as well as of the proof of the uniqueness
theorem for the degenerate elliptic operators ���� Thus� the main ingredient of such
construction is the exponential function of the pseudo�di�erential operator� The simp�
lest case is described in Section � ��	� where operators with x�independent coe�cients
are considered� In that article by means of Fourier transform the problem is reduced
to the ordinary di�erential equation with the large parameter and turning point� Then
the representation of any solution by amplitude functions and phase functions is con�
structed� Inverse Fourier transform gives the fundamental solution in the form of the
sum of Fourier integral operators of in
nite order�
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� Preliminaries

Let � be an open set in Rn� K a compact subset of � and let � � �� A � 	� We denote
by G����A
K� the set of all complex valued functions � � C�
�� such that

k�kK�A �
X
��Zn�

A�j�j���� sup
x�K

jD�
x�
x�j � ��	

We set
G���
�� � lim

��
K��

lim
��

A���

G����A
K� �

G
����A
� 
K� � G����A
K� � C�

� 
K� �

and
G
���
� 
�� � lim

��
K��

lim
��

A���

G����A
K� � C�
� 
K� 	

The space of the ultradistributions of order � on �� G����
��� G����

� 
��� are de
ned

as the duals of G���
��� G���
� 
��� respectively� G����
�� can be identi
ed with the

subspace of ultradistributions of G
����

� 
�� with compact support� G
���
� 
��� G

���
� 
���

G����
�� and G
����

� 
�� are complete� Montel and Schwartz spaces�

The Fourier transform of u � G
����

� 
Rn� is the function �u

� � u
exp
�i � �� 
 ����

 � Rn� This function can be extended to an entire analytic function in C n � called the
�Fourier�Laplace transform of u��

A theorem analogous to the Paley�Wiener theorem holds for the elements of G���
� 
Rn�

and G
����

� 
Rn�� For later use� we state it here� One can 
nd that Theorem in ���� ����
����� In the exposition of the material of this section we follow the paper of Zanghirati
���� and the book of Rodino �����

Theorem ��� 
�������� ����� ����� Let K be a compact convex set in Rn and let v be an

entire function on C n � v is the Fourier�Laplace transform of a function u � G
���
� 
Rn�

with support in K if and only if there exist constants c and � � 	 such that

jv
��j � c exp
��j
j���
�

�Hk
���� � � C n �

where Hk
�� � supx�K � x� Im� ��

v is the Fourier�Laplace transform of an ultradistribution u � G
���
� 
Rn� with support in

K if and only if for every � � 	 there exists a constant c� such that�

jv
��j � c exp
��j
j��� �Hk
���� � � C n �
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Moreover a sequence uj � G
���
� 
Rn� 
resp� G

����

� 
Rn�� with support in K converges if

and only if for some � � 	� exp
�j
j����j�uj

�j 
resp� exp
�j
j����j�uj

�j� converges

uniformly in Rn�

Finally we recall the Kernel theorem for ultradistributions�

Theorem ��� 
�������� ����� ����� Let � be an open set in Rn and denote by

L
G���
� 
��� G����

� 
��� the space of all continuous linear maps T � G���
� 
�� �� G

����

� 
���

Then there exists an isomorphism between L
G���
� 
��� G����

� 
��� and G
����

� 
�	 ���

The ultradistributions in �	 � corresponding to T is called the kernel of T �

Let � be an open set in Rn and let �� 
� � be real numbers such that � � �� 	 � � �

 � �� �
 � ��

De
nition ��� 
���������� We shall denote by S���
��� 
�� the space of all functions p �

C�
�	Rn� satisfying the following condition� for every compact subset K 
 � there

exist constants C � 	 and B � 	 and for every � � 	 there exists a constant c� such

that

sup
x�K

kD�
	D



xp
x� 
�k � C�C

j��
j����������
� � j
j���j�j��j
j exp
�j
j���� 
����

for every �� � �Zn
� and for every 
 � Rn such that j
j � Bj�j��

We remark that the product of elements of S���
��� 
�� is in S���

��� 
�� and that any
��ultradi�erential operator P 
D� �

P�
j�j�� a�D

�� a� � C� such that for every � � 	

there is a constant c� such that ja�j � c��
j�j
������ maps S���

��� 
�� into itself�

If p � S���
��� 
�� and u � G

���
� the for the Paley�Wiener Theorem ���� the integralR

ei�x�	�p
x� 
��u

�d
 is convergent� Thus for every p � S���
��� 
�� we can de
ne on

G
���
� 
�� the operator�

Pu
x� � 
����n
Z

ei�x�	�p
x� 
��u

�d
� u � G
���
� 
��	 
����

De
nition ��� 
���������� OPS���
��� 
�� will denote the space of all operators P of the

form 
���� with p � S���
��� 
��� We shall write P � p
��D��

The following lemmaplays a very important role in the study of operators inOPS���
��� 
���
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Lemma ��� ��������� Let p � S���
��� 
�� and let K be a compact subset of � and A � 	�

There exist positive constants ��� C�B such that�����Z ei�x�
�p
x� 
��v
x�dx

���� � C exp
����j�j
��� � ��j
j

����kvkK�A 
����

for every 
 � Rn� j�j � B� v � G
����A
� 
���

Theorem ��� ��������� If p � S���
��� 
��� then P de�ned by 
���� � is a continuous linear

operator from G
���
� 
�� to G���
�� that can be extended as an operator from G����
�� to

G
����

� 
���

De
nition ��� 
���������� We denote by FS���
��� 
�� the space of all formal sumsP

j�� pj
x� 
�� where pj � C�
� 	 Rn� satis�es the following condition� for every

compact set K 
 � there exist constants C � 	 and B � 	 and for every � � 	 there

exists a constant c�� such that for any �� � �Zn
� and every 
 � Rn with j
j � B
j�j�j���

sup
x�K

jD�
	D



xpj
x� 
�j � C�C

j��
j�j��
��j��������

	
� � j
j���j�j��j
j������j exp
�j
j����	 
����

De
nition ��� 
����������
P

j�� pj and
P

j�� qj from FS���
��� 
�� are said to be

equivalent�P
j�� pj �

P
j�� qj

�
if for any compact set K 
 � we can �nd C � 	 and B � 	 and

for every � � 	 we can �nd c� such that�

sup
x�K

jD�
	D



x

X
j�s


pj
x� 
� � qj
x� 
��j � C�C
j��
j�s����s�������

	
� � j
j���j�j��j
j������s exp
�j
j����� 
����

for every �� � � Zn
� and for j
j � B
s� j�j�� �

Theorem ��� 
���������� Let
P

j�� pj � FS���
��� 
��� For every open relatively compact

subset �� of � there exists p � S���
��� 
�� which equivalent to

P
j�� pj

���
��

in the sense of

the De�nition ����
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Proposition ��� 
���������� Let p � 	 in FS���
��� 
��� then for every compact set K � �

there exist positive constants c� h�B such that�

sup
x�K

jD

xp
x� 
�j � cj
j����������
� � j
j��j
j exp
�hj
j���� 
����

for every � �Zn
�� j
j � B�

De
nition ��	 
���������� We shall denote by V �
R
�� the space of all continuous linear

operators from G
���
� 
�� to G���
�� which extend as continuous linear map of G����
��

into G
����

� 
�� and by V �
R
�� the subspace of V �
�� of the operators which extend as

continuous linear maps of G���� into G���� If P � V �
R
��� we shall say that P is ��

regularizing on ��

Proposition ��� 
���������� Let p � C�
�	Rn� and suppose that for every compact

set K 
 � there exist positive constants c� h�B for which�

sup
x�K

jD

xp
x� 
�j � cj
j����� exp
�hj
j����� j
j � B	 
����

Then� the operator P de�ned on G
���
� 
�� by�

Pu
x� � 
����n
Z

ei�x�	�p
x� 
��u

�d
 � 
����

is ��regularizing�

Moreover� if p � S���
��� 
�� then this is true even if 
���� is satis�ed only when

j
j � c�j
j�� where the constant c� depends on K�

Corollary � 
���������� If p � 	 in FS���
��� 
�� then p
��D� � V �

R
���

De
nition ��� 
���������� If p� q � S���
��� 
�� we de�ne Leibniz product p � q to be the

formal sum
P

j�� rj� where�

rj
x� 
� �
X
j�j�j


�������	 p
x� 
�D
�
x q
x� 
�	
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Proposition ��� 
���������� If p� q � S���
��� 
��� then p � q � FS���

��� 
���

De
nition ��� 
���������� If
P

j�� pj �
P

j�� qj � FS���
��� 
�� let�X

j��

pj

�
�

�X
j��

qj

�
�
X
j��

rj�

where

rj �
X

j�j�h�k�j


�������	 phD
�
x qk	

Proposition ��� 
����������
�P

j�� pj

�
�
�P

j�� qj

�
� FS���

��� 
���

Proposition ��	 
���������� If
P

j�� p
�
j �

P
j�� pj �

P
j�� q

�
j �

P
j�� qj� then�X

j��

p�j

�
�

�X
j��

q�j

�
�

�X
j��

pj

�
�

�X
j��

qj

�
	

In particular if
P

j�� qj � q� then
�P

j�� qj

�
� p � p � p�

De
nition ��
 
���������� For p � S���
��� 
�� we de�ne p	 to be the formal sumP

j�� qj � where�

qj
x� 
� �
X
j�j�j


�������	D
�
xp
x��
�	

More generally� for
P

j�� pj � FS���
��� 
�� we de�ne

�P
j�� pj

�	
to be formal

P
j�� qj�

where

qj
x� 
� �
X

j�j�h�j


�������	D
�
xph
x��
�	

Proposition ��� 
���������� If
P

j�� pj�FS
���
��� 
��� then also

�P
j�� pj

�	
� FS���

��� 
��

and

��P
j�� pj

�	�	

�
P

j�� pj �
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Now we enlarge our class of operators by considering operators of the form�

Au
x� � 
����n
Z �Z

ei�x�y�	�u
y�a
x� y� 
�dy

�
d
 
����

De
nition ��� 
���������� Let �� 
� � and � be as in De�nition ���� We denote by

S���
��� 
�	 �� the space of all functions a
x� y� 
� � C�
� 	 � 	 Rn� satisfying the

following condition�

for every compact set W 
 � 	 � there exist constants C � 	� B � 	 and for every

� � 	 there exists a constant c�� such that�

sup
x�K

kD�
	D



xD

�
ya
x� y� 
�k � C�C

��
����
�����������
� � j
j���j�j��j
��j exp
�j
j����


���	�
for every �� �� � �Zn� and for every 
 � Rn such that j
j � Bj�j��

We have
A � G���

� 
�� �� G�
�� is continuous 
�����

De
nition ���� 
���������� OPS���
��� 
� 	 �� will denote the space of all operator of

the form 
���� with a � S���
��� 
� 	 ���

By 
���� we can de
ne the kernel K of A � OPS���
��� 
�	��� K is the ��ultradistribu�

tion in G�
�
�� such that�

� K� v 
 u ��� Au� v �� u� v � G
���
� 
��	 
�����

Formally

K
x� y� � 
����n
Z

e�x�y�	�a
x� y� 
�d
 	 
�����

Proposition ��� 
���������� The kernel of A � OPS���
��� 
�	�� is in G���
�	� n���

Theorem ��	 
���������� Let A � OPS���
��� 
�	��� For every open relatively compact

subset �� of � there exists p
��D� � OPS���
��� 
��� such that A � p
��D� � V �

R
�
���

Moreover� if a
x� y� 
� is an amplitude of A� then p
x� 
� �
P

�
���
��D�

	D
�
y a
x� y� 
�jy�x

in FS���
��� 
����
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Proposition ��
 
���������� If P � p
��D� � OPS���
��� 
�� then tp � OPS���

��� 
� 	 ��

and has amplitude p
y� 
�� Moreover there exists Q in OPS���
��� 
�� such that tP �Q �

V �
R
�� and Q � q
��D� with q
x� 
� � p	
x� 
��

Proposition ��� 
���������� If A � OPS���
��� 
�	�� then there exists B � OPS���

��� 
�	

�� with amplitude b
y� 
� depending only on y such that A�B � V �
R
��� In particular�

if A � q
��D� � OPS���
��� 
��� then b
y� 
� � q	
y��
� in FS���

��� 
���

De
nition ���� 
���������� A linear continuous operator A from G
���
� 
�� to G

����

� 
��
is proper if its kernel K is a proper ��ultradistribution on � 	 �� i�e� if suppK has

compact intersection with H 	 � and with � 	 H for every compact set H 
 ��

Alternatively A is proper if A and tA are continuous maps from G
���
� 
�� to G

����

� 
���

Remark ��� 
���������� Let A � OPS���
��� 
� 	 ��� If �

 � �� � � there is a properly

supported operator A� � OPS���
��� 
�	 �� such that A�A� � V �

R
���

Theorem ��� 
���������� Let p
��D�� q
��D� � S���
��� 
��	 Suppose that at least one of

them is properly supported� Then p
��D�q
��D� � t
��D� �R where t
x� 
� � p
x� 
� �
q
x� 
� in FS���

��� 
�� and R � V �
R
���

� Result

We consider the Cauchy problem

	
DtQ
t� s� �R
t� s�Q
t� s� �R�
t� s� � C
�	� T���V �

R
R
n���

Q
s� s� � 	 
	 � s � t � T���

����

where R
t� s�� R�
t� s� be matrix PDO of in
nite order symbols r
t� s� x� 
��
r�
t� s� x� 
�� respectively�belonging to the class C
�	� T�� 	 �	� T���S

���
��� 
Rn��� where

� � �� 	 � � � 
 � �� �

 � �� � �� We have the following



�	 The Proof of Theorem ���

Theorem ��� We assume that for every compact subset K 
 Rn there exist constants

C � 	 and B � 	 and for every � � 	� there exists a constant c�� such that for any

�� � for all 	 � s � t � T� 
 � Rn� j
j � Bj�j�� x � Rn

sup
x�K

kD�
	D



xr�
t� s� x� 
�k � c�C

��
����������h
i��j�j��j
j

	 exp
�h
i����g�
t� 
� � 
����

sup
x�K

kD�
	D



xr
t� s� x� 
�k � C��
����������h
i��j�j��j
jg�
t� 
� � 
����Z T

�

g�
�� 
�d� � �h
i��� � C lnh
i �

Z T

�

g�
�� 
�d� � Ch
i��� � 
����

g�
t� 
� � c� exp
�h
i
���� 	 
����

Then there exists a solution Q
t� s� of the problem 
���� with the symbol q
t� s� x� 
�
satisfying all 	 � s � t � T� 
 � Rn� j
j � Bj�j�� x � � 
 Rn with some constants

C�� C� and 	 � �� � 
� � � the inequalities

sup
x�K

kD�
	D



xq
t� s� x� 
�k � c�C

j��
j
� Ck

� h
i
��� j�j���j
j��
���������

	 exp
��h
i����
�h
i��� � C lnh
i� 
����

for all k � 	� �� 	 	 	� uniformly with respect to 
t� s� � �	� T��	 �	� T��� Thus�

q
t� s� x� 
� � C
�	� T��	 �	� T���FS
���
�����


��� 	

The solution is unique modulo V
���
R 
Rn� �

� The Proof of Theorem ���

Existence� We select proper representatives of the equivalence classes of operators
R
t� s� and R�
t� s� and we construct proper operator Q
t� s��

We shall seek the solution in the form

q � q� � q� � q� � � � � 
����

where

Dtqk � rqk � rk � 	 � qk
s� s� � 	 � k � 	� �� �� 	 	 	 � 
����

rk �

k��X
l��

X
j�j�k�l

�

��
��	 rD

�
x ql � k � �� �� 	 	 	 � 
����



The Proof of Theorem ��� ��

qk � �i

Z t

s

rk
s��ds� �
�X
l��


�i�l
Z t

s

ds�

Z s�

s

ds�

� � �

Z sl��

s

dslr
s�� � � � r
sl���rk
sl��� 	 
����

We introduce the operator 
Ir�
t� �
R t
s
r
s��ds�� If g is a scalar function� then

IgIg � � � Ig
 �z �
l

� 
Ig�l�l�� We rewrite 
���� in the form

qk � �iIrk �
�X
l��


�i�l Ir � � � IrIrk
 �z � 	 
����

Lemma ��� There exist constants C�� C� and B � 	 and for every � � 	� there

exists a constant c�� such that for any �� �� k 
k � �� �� 	 	 	� for all 	 � s � t � T �

 � Rn� j
j � Bj�j�� x � Rn

sup
x�K

kD�
	D



xrk
t� s� x� 
�k � c�C

j��
j
� Ck

� h
i
��j�j��j
j������k 
j�j� k��

k�


j�j� k���������

	 exp
�h
i����g�
t� 
�
� � Ig�k��
�X
l��


Ig�l

l�

����

sup
x�K

kD�
	D



xqk
t� s� x� 
�k � c�C

j��
j
� Ck

� h
i
��j�j��j
j������k 
j�j� k��

k�


j�j� k���������

	 exp
�h
i����Ig
� � Ig�k
�X
l��


Ig�l

l�
	 
����

Proof� We prove the lemma by induction on k� Since from 
���� we have

q� �
�X
l��


�i�l Ir � � � IrIr�
 �z �
l

�

it follows that

sup
x�K

kD�
	D



xq�k �

�X
l��

X
��������l��

���������l����

X
�� ������l��

���������l����

��

��� � � ��l���
�� �� � � � � � �l����

	
��
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The conclusion of the proof of existence� From 
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equivalent to 
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In this section we consider the Cauchy problem for the hyperbolic equation
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The amplitude functions Ajkl
t� s� 
� are such that for every given positive number �
there exist positive constant K� such that� for every j� k� l� p� r� �� p � r � �� the
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To construct fundamental solution to this problem one faces the above investigated
problem 
���� with the function
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