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Abstract

The paper is devoted to the construction of the exponential function of a ma-
trix pseudo-differential operator which do not satisfy any of the known theorems
(see, Sec.8 Ch.VIII and Sec.2 Ch.XI of [17]). The applications to the construction
of the fundamental solution for the Cauchy problem for the hyperbolic operators
with the characteristics of variable multiplicity are given, too.
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2 Introduction
Introduction

The remarkable progress made in the theory of linear partial differential over the last
decades is essentially due to the extensive application of the microlocal analysis. In
particular, the Gevrey pseudo-differential operators and related wave front sets were
used starting from 1970 as a natural version of the corresponding C'* techniques.
Nowadays they play a definite and important role, in connection with the study of the
linear and nonlinear partial differential operators with multiple characteristics. In this
order of ideas the pseudo-differential operators of infinite order are quite important.

Operators of infinite order appears in particular in the construction of the fundamental
solution for the Cauchy problem for the operators with multiple characteristics when
lower-oder term of operators satisfy so-called Gevrey-type Levi conditions. These con-
ditions for the second order equation

Dfu—thDiu—l—atkau =f

implies 1 < 6 < (21l — k)/(I — k — 1) where 6 is Gevrey exponent, guarantee that
the Cauchy problem is well-possed in Gevrey class G (Q) [5], [6], [18]. On the other
hand according to the well-known Hormander theorem the wave front set of solutions
is contained in the characteristic set of the principal symbol of the operator. This hints
at the structure of the fundamental solution of the Cauchy problem, namely it can be
written as a product of the Fourier integral operator with zero-order elliptic symbol
and the pseudo-differential operator. If & > [ —1 last pseudo-differential operators is of
finite order [19] while for [, k, 0 satisfying above inequalities, this is pseudo-differential
operators of infinite order [15], [20]. This is one of the main steps of the construction
of the fundamental solution carried out in [20] as well as of the proof of the uniqueness
theorem for the degenerate elliptic operators [3]. Thus, the main ingredient of such
construction is the exponential function of the pseudo-differential operator. The simp-
lest case is described in Section 5 [20] where operators with a-independent coefficients
are considered. In that article by means of Fourier transform the problem is reduced
to the ordinary differential equation with the large parameter and turning point. Then
the representation of any solution by amplitude functions and phase functions is con-
structed. Inverse Fourier transform gives the fundamental solution in the form of the
sum of Fourier integral operators of infinite order.
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1 Preliminaries

Let © be an open set in R”, K" a compact subset of () and let § > 1, A > 0. We denote
by G4 (K) the set of all complex valued functions » € C*(Q) such that

el = > A7l sup [ Dp(a)] < +oc.

aEZ" zeK
We set
GO(Q) = lim lim GO4(K),
K—>Q A4
GV K) = GOAR) N CF(K)
and

GY(Q) = lim lim GOA(K) N Ce(K).
K0 Aotoo
The space of the ultradistributions of order # on Q, G©®'(Q), Gée)/(ﬂ), are defined
as the duals of G((Q), Gée)(ﬂ), respectively. G'(Q) can be identified with the
subspace of ultradistributions of Gée)/(ﬂ) with compact support. Gée)(ﬂ), Gée)(ﬂ),
GO'(Q) and Gée)/(ﬂ) are complete, Montel and Schwartz spaces.
The Fourier transform of u € Gée)/(R”) is the function 4(§) = u(exp(—i < -, & >)),

¢ € R This function can be extended to an entire analytic function in C*, called the
“Fourier-Laplace transform of u”.

A theorem analogous to the Paley-Wiener theorem holds for the elements of Gée)(R”)

and Gée)/(R”). For later use, we state it here. One can find that Theorem in [7], [§],
[13]. In the exposition of the material of this section we follow the paper of Zanghirati

[22] and the book of Rodino [13].

Theorem 1.1 ([7],[8], [13], [22]) Let K be a compact convex set in R”™ and let v be an

entire function on C*. v is the Fourier-Laplace transform of a function u € Gée)(R”)
with support in K if and only if there exist constants ¢ and € > 0 such that

[0(¢)] < cexp(—e[¢ + Hi(¢)), (eC,

where Hy(¢) = sup,cp < x,Im¢ >.

v is the Fourier-Laplace transform of an ultradistribution u € Gée)(R”) with support in
K if and only if for every ¢ > 0 there exists a constant c. such that:

[0(¢)] < cexp(—el¢]V? + Hi(()), ¢eC,



4 Preliminaries

Moreover a sequence u; € Gée)(R”) (resp. Gée)/(R”)) with support in K converges if
and only if for some & > 0) exp(c|&|V)|a;(€)] (resp. exp(e|€[V9)|a;(€)]) converges
uniformly in R”™.

Finally we recall the Kernel theorem for ultradistributions:

Theorem 1.2 ([7],[8], [13], [22]) Let  be an open set in R™ and denote by
L(Gée)(ﬂ),Gée)/(Q)) the space of all continuous linear maps T : Gée)(ﬂ) — Gée)/(ﬂ).
Then there exists an isomorphism between L(Gée)(ﬂ), Gée)/(ﬂ)) and Gée)/(ﬂ x ).

The ultradistributions in © x € corresponding to T' is called the kernel of T'.

Let © be an open set in R™ and let 6, p,d be real numbers such that § > 1,0 < 4§ <
p<1,0p=>1

Definition 1.1 ([13],[22]) We shall denote by S;}’Q(Q) the space of all functions p €
C(Q x R") satisfying the following condition: for every compact subset K C §) there

exist constants C' > 0 and B > 0 and for every ¢ > 0 there exists a constant c. such
that

sup 1Dg DIp(, )| < C.CPHPlalpl?e=9 (1 4 [¢]) A=l exp(c]¢|/7) (1.1)
TENR

for every o, 3 € Z7 and for every £ € R™ such that €| > Blal’.

We remark that the product of elements of S;}’g(ﬂ) is in S;}’e(ﬂ) and that any
f-ultradifferential operator P(D) = Er§|:o a,D”, a, € C, such that for every ¢ > 0

there is a constant ¢. such that |a,| < csela|(0z!)_€, maps S;O(;’e(ﬂ) into itself.

If pe S;i;’e(ﬂ) and u € Gée) the for the Paley-Wiener Theorem 1.1, the integral
[ <€ p(a, £)a(€)dE is convergent. Thus for every p € S;Oé’e(ﬂ) we can define on
Gée)(ﬂ) the operator:

Pula) = () [ @S pe (e, ue 6@, (12

Definition 1.2 ([13],[22]) OPSZ%’e(Q) will denote the space of all operators P of the
form (1.2) with p € SZ}’&(Q). We shall write P = p(-, D).

The following lemma plays a very important role in the study of operators in OPSZOS’e(Q).
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Lemma 1.1 [13],[22] Letp € S;}’e(ﬂ) and let K be a compact subset of @ and A > 0.
There exist positive constants eg, C, B such that:

‘/ew’mp(x,@ﬁ(w)dw < C exp(—2e0ln["" + ol €0 x4 (1.3)

for every £ € R |n| > B,v € Gég)A(Q)'

Theorem 1.3 [13],[22] Ifp € S(;%’e(ﬂ), then P defined by (1.2) , is a continuous linear

operator from Gée)(ﬂ) to GO(Q) that can be extended as an operator from GO (Q) to
G ().

Definition 1.3 ([13],[22]) We denote by FSZi;’e(Q) the space of all formal sums
> isoPi(@, &), where p; € C®(Q x R") satisfies the following condition: for every
compact set K C € there exist constants C' > 0 and B > 0 and for every ¢ > 0 there
exists a constant c., such that for any o, 8 € Z" and every £ € R™ with || > B(|a|+j)°:

Suﬁ|D?Dfpj(x,§)| < CEC|a+ﬁ|+ja!(6!j!)€(p—5)
EASH LN

X (1A €)= expef¢]17). (1.4)

Definition 1.4 ([13],[22]) > .. p; and 3 . ,q; from FSZ%’e(Q) are said to be

equivalent

<E]‘>o pj o~ E]‘>o qj> if for any compact set K C Q we can find C' >0 and B > 0 and
for every € > 0 we can find c. such that:

sup [ DF DI (py(0,6) — s, )] € Ol QL)

reK i<s
X (14 [¢)) A== exp (] V7), - (1.5)

for every o, B € Z7 and for |£| > B(s + |a|)? .

Theorem 1.4 ([13],[22]) Let > . p; € FSZ%’Q(Q). For every open relatively compact

subset ) of Q there exists p € S;i;’e(ﬂ) which equivalent to EJZO Pi|,, in the sense of
the Definition 1.5.
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Proposition 1.1 ([13],[22]) Letp ~ 0 in FSZ}’Q(Q), then for every compact set K € Q
there exist positive constants ¢, h, B such that:

sup [ D]p(e, §)] < B (1 4 [€]) P exp(—h|€M7) (1.6)

reK

for every B € 2%, || > B.

Definition 1.5 ([13],[22]) We shall denote by V4(Q) the space of all continuous linear
operators from Gée)(ﬂ) to GO(Q) which extend as continuous linear map of GO'(Q)

into Gée)/(ﬂ) and by V() the subspace of V(Q) of the operators which extend as
continuous linear maps of GO into GO . If P € VE(Q), we shall say that P is 0-
reqularizing on €.

Proposition 1.2 ([13],[22]) Let p € C*(Q x R") and suppose that for every compact
set K C () there exist positive constants ¢, h, B for which:

sup | DPp(z, )] < c|ﬁ|+1ﬁ!€exp(—h|§|l/€), €] > B. (1.7)

reK

Then, the operator P defined on Gée)(ﬂ) by:

Pula) = (2) [ @ e )ae)ds. (15)

is 0-reqularizing.
Moreover, if p € S;}’g(ﬂ) then this is true even if (1.7) is satisfied only when
€] > c1|€]°, where the constant ¢; depends on K.

Corollary 1 ([13],[22]) Ifp~ 0 in FSZ%’H(Q) then p(-, D) € V(Q).

Definition 1.6 ([13],[22]) If p,q € S;}’Q(Q) we define Leibniz product p o q to be the
formal sum E]‘>o r;, where:

ri(2.6) =Y ()1 p(x, ) D3q(x. ).

lerf=j
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Proposition 1.3 ([13],[22]) If p.q € S;5°(Q), then poq e FS3(Q).

Definition 1.7 ([13],[22]) If 3,50 P5: Y504 € F955° () let
(ij> o (Z QJ> = erv
7>0 7>0 7>0

where

ri= Y (a)T'ogpu Dl gi.

Proposition 1.4 ([13],[22]) <Zj20 pj> o <Zj20 qj> € FSZ}’Q(Q).

Proposition 1.5 ([13],[22]) If 30,500 ~ Xjs0Pis 2uis0 € ™~ 2ojs0 s then

()e(z9) - (20)(20)

In particular iof E]‘ZO q; ~ q, then <2j20 q]‘> op~pop.

Definition 1.8 ([13],[22]) For p € S;i;’e(ﬂ) we define p* to be the formal sum
E]‘ZO q; , where:
ai(e,€) = Y (o)1 DIple, —6).

lerf=j

#
More generally, for E]‘>o p; € FSZ%’e(Q) we define <E]‘>o pj> to be formal E]‘>o q;,
where

g(z.6) = > () O DIps(x, —£).

lal+h=j

#
Proposition 1.6 ([13],[22]) If Y .5, p;€F S5 (), then also <2j20pj> € FS0(Q)
#\ 7



8 Preliminaries

Now we enlarge our class of operators by considering operators of the form:

tute) = 2o [ (e utgiates oty d (19)

Definition 1.9 ([13],[22]) Let 0,p,6 and Q be as in Definition 1.1. We denote by
S;OS’&(Q x Q) the space of all functions a(x,y,&) € C(Q x Q@ x R"™) satisfying the
following condition:

for every compact set W C Q x Q there exist constants C' > 0, B > 0 and for every
¢ > 0 there exists a constant c., such that:

sup [|Dg D] Dja(e,y, )l < C.OMPH1al(F) (1 4 |y exp(efg V)
EASH LN

(1.10)
for every a, 8,y € Z% and for every £ € R™ such that |¢] > Blal’.

We have
A: Gée)(ﬂ) — G%(Q) s continuous (1.11)

Definition 1.10 ([13],[22]) OPSZ%’&(Q x Q) will denote the space of all operator of
the form (1.9) with a € S(;ig’e(ﬂ x ).

By (1.4) we can define the kernel K of A & OPSZ%’&(Q x Q): K is the f-ultradistribu-
tion in G5(Q) such that:

<Kv@u>=< Au,v>, u,véE Gée)(ﬂ). (1.12)

Formally
Kie) = 2" [ 7 atey de. (1.13)

Proposition 1.7 ([13],[22]) The kernel of A € OPS23 (Q x Q) is in GO(Q x Q\ A).

Theorem 1.5 ([13],[22]) Let A € OPSZ%’e(Q x Q). For every open relatively compact
subset ' of Q there exists p(-, D) € OPS;%’e(Q’) such that A — p(-,D) € VE(Q).
Moreover, if a(x,y,§) is an amplitude of A, then p(x,&) ~ 37 (o))" D¢ Dga(x,y,§)ly=s
in PS>0,
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Proposition 1.8 ([13],[22]) If P = p(-, D) € OPS5°(Q) then 'p € OPSS(Q x Q)
and has amplitude p(y,£). Moreover there exists Q) in OPSZ%’e(Q) such that 'P — @) €
Vi(Q) and Q = q(-, D) with q(x,&) ~ p*(x,&).

Proposition 1.9 ([13],[22]) If A € OPS; (% Q) then there exists B € OPSZ%’@(QX
Q) with amplitude by, &) depending only on y such that A— B € V5(Q). In particular,
if A=q(-,D) € OPSM(Q) then bly, €) ~ q*(y, =€) in FS;5'(Q).

Definition 1.11 ([13],[22]) A linear continuous operator A from Gée)(ﬂ) to Gée)/(ﬂ)
is proper if its kernel K is a proper 8-ultradistribution on Q x Q, i.e. if supp K has
compact intersection with H x Q and with 0 x H for every compact set H C (.
Alternatively A is proper if A and 'A are continuous maps from Gée)(ﬂ) to Gée)/(ﬂ).

Remark 1.1 ([13],[22]) Let A € OPSZ%’&(Q x Q). If 0(p — &) > 1 there is a properly
supported operator A; € OPSZ%’e(Q x ) such that A — A; € VE(Q).

Theorem 1.6 ([13],[22]) Let p(-,D),q(-,D) €
them is properly supported. Then p(-, D)q(-, D)
q(z,€) in FS5°(Q) and R € VE(Q).

S (Q) Suppose that at least one of
1 D) + R where t(e,€) ~ plr ) o

2 Result

We consider the Cauchy problem

(2.1)

where  R(t,s), Ro(t,s) bematrix PDO of infinite order symbols r(t, s, x,§),
ro(t, s, x, &), respectively,belonging to the class C([0,T}] x [O,Tl];S;i;’e(R”)), where
0>1,0<5<p<1, O(p—3J)>1. We have the following
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Theorem 2.1 We assume that for every compact subset K’ C R™ there exist constants
C >0 and B > 0 and for every ¢ > 0, there exvists a constant c., such that for any
a,B forall0 <s<t<T, &€ R €] > Bla|’, ¢ R"

supHDgDﬁro(t,S,x,f)H < csca"'ﬁoz!ﬁ!e(p_é)<§>_p|a|+5|5|

reK
< exp(e(€)7)ge (1, €) . (2.2)
sup | D7 Dir(t. s, €)]| < CoHalg (g Ry, 1 6), (2.3)

/0 ge(m.)dr < (&Y + CIn(e), / g-(m,)dr < C{EM? | (2.4)

g:(t, &) < csexp(5<§>1/€). (2.5)

Then there exists a solution Q(t,s) of the problem (2.1) with the symbol q(t,s,x,§)
satisfying all 0 < s <t < T,& € R*, [£] > Blal’, x € Q C R® with some constants
Cy, Cy and 0 < & < p1 <1 the inequalities

sup HD“Dﬁ (t 371,75)” < cEC{“+5'C§<§>‘“'“'*51'5'a!(6!)9(”‘5)

zeK
x exp(3(6)1°) (&) + C In(g)) (2.6)
forall k=0,1,..., uniformly with respect to (t,s) € [0,T1] x [0,Ty]. Thus,
alt, s, 2,6) € C([0, 1] x [0, T1]; 'S5 ().

p1,61

IA

The solution is unique modulo V]g)(R”) .

3 The Proof of Theorem 2.1

Existence. We select proper representatives of the equivalence classes of operators
R(t,s) and Ry(t,s) and we construct proper operator Q(t,s).

We shall seek the solution in the form
q~Gp+qa+qg+-- (3.1)

where

Dtgk‘l’TQk‘l’rk:O Qk(s 5):07 k:071727"'7 (32)

Z > agrD g, k=1,2,..., (3.3)

1=0 |a|=h—t &
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1 0 1 51
qr = —Z/ rk(sl)dsl + Z(—Z)l/ dSl/ d82
S l:2 S S
S1—1
. / dsir(sy) - r(si—2)re(si-1) .

= ft (s1)ds;. If g is a scalar function, then

(3.4)

We introduce the operator ([r)(t)

Iglg---Ig=(Ig)'/ll. We rewrite (3.4) in the form
—_— —

l

gr = —ilry + Z(—@')’ Ir---Irlry . (3.5)

Lemma 3.1 There exist constants Cy, Cy and B > 0 and for every ¢ > 0, there
=1,2,...) forall 0 <s<t<T,

exists a constant c., such that for any o, 38, k (k
¢ ER" ] = Blal’, x €R”

o N al+k _
wup [ 05 Diry(t. 2. €)]| < e oggyroteai-omn UL gy 4 pyyatms

<exple( g1 0(1 + 19 Y LY (3.6)

=0

9 0L ER 51 1 ypyto-s

sup || D D gi(t, s,2,€)|| < cClHPlOg(€)=rlal+olol- "
reK
X exp(5<§>1/€ Vg(1+1g) (3.7)
=1
Proof. We prove the lemma by induction on k. Since from (3.5) we have
qo = lz;(—i)l[r---]rlro,
= I
1t follows that
o!
sup || D2 D?
sup |0 D o] Z 3y Z Y Py Py ———
a1<o¢,..,o¢l 1 fa fBlS/waﬁl__l <p
Gl

B B (B =i — - — Biy)!
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-1
XHDngfler HDaz 1Dﬁz | HD -0 JDﬁ Yz 1@[

ol

< cscla+5|<§>—p|a|+5|ﬁ|a!(5!)9(0 exp(e 1/9 Z Z
= aq ;}x:’.’.’,:l__llsa
C loi4 o1 +51++081-1]
>< -
> (&)
Bl B_1
B1<B,...8j_1 <8
... A — B — ... 0(p=8)-1
y Bl Bl (B — By Bi—1) g 1Ig
&) ———
{
< O gy 1|81 exp(e(€)17)

e 8. lor+e+ar_1+81++08i-1| Ia)
>y oy (a) S’i”

=1 Qe By Br—1
arSa o1 Sa 81 <8, 6 <B

g

< e Ol =l 3I81 1) 3190=9) expy (o

l:l

Since by means of the appropriate choice of the constant Cy we can get an inequality

C lag 4 a1 +51++58i-1]
> X (&) <1,
1

QY@ B1,-B1—1
arSa,.,op_ 1Ko g1 <p, 8 <8

if |a+ B]#0.(For o= p3=0, the estimate is easily seen from (2.2), (2.3)).
We perform the transfer to & = 1. Since

7“1—2 DQO)

lv|= 17
we have
sup || Dy DﬁrlH
reK
8! .
< _HDal wDﬁer HDa ang ﬁl—MQOH
|%:1alz<:aﬁlz<:ﬁal O‘_O‘I)'ﬁl (0= By

< cs<§> plal+318]=(p— (t f)exp( <§>1/9)

ﬁ 1 |1+ 61 +| ola—ar+y+5-051]
X Cal 1 'VC
XYY e A

[v|=1 a1 <a 51 <8
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IA

IA

IA

IA

IA

IA

(a1 + (BN a = aq ||y + 8 — B1|H)*

=1

cxﬁwbw@pw”w Dg.(t, @wm<@w>

. (1g) lert61l 7 e\ bl
<(Jal + D18 + 1)) Z Z > <01> ( 021>
=1 [v|=1 a1<a 51 <8
L« 8! <1+vma—am<ﬁuv+ﬁ—ﬁm>w”>
arl(a—ag)! (B — 51) (la] + 1)! (18] + 1)!
CEC|a+ﬁ|C <§> pler|+6]8]=(p— (t f)eXp( < >1/6’)(|a| ‘|‘1)'

O

l[v|=1 a1<a 51 <6

(ot (azailt Dty I3l (me+ﬂ—ﬂm>W4)

(a—a)l (lal+ D8 eyt (BB =AII\ (8] 1)!
QOWMO@VMHWH“5<t@wﬂd@wxmw4wmm+1mwﬁ>

ST Sy (@) () e

|v|=1 1< 81 <3
o! ar! |og || — aq | + 1)!
arl(a —oq)! oq)! (Jaf + 1)!
% B!(]8 = S| + D! <|ﬁ1|' v+ 58— 51“)0(0—5)_
BT+ D13 AE\ (4 1)
CECIQ-I-BIC <§>—p|a|+5|ﬁ|—(0—5 (1, €) exp(5<§>1/€)(|a| +D)I(18] + 1)!)9(/}—5)

I (E) ()

[v|=1 a1 <a 51 <6

X

WL |%WW—aﬂ+wa—ﬂu+U(mmW+@—@m>W4F

jonflla et (Ja] + 1)t (I81+1) (151 + 1)
Oy PICa )T PO g, (1,) exp(e(6)7) ol + LX(18] + 1)

Z [g Z Z Z ( >|a1+51| <%>|W|n|a1+ﬁ||a|!(|a_al|—I_l)!
! Ch Oy |a—a1|!(|a|+1)!

|v|=1 a1<a 51 <8

ceCl“+’3'Cz<£> PlolHlE=(0=9) (1. &) exp(2(E)0)([a] + 1)I((|B] + 1)1)7=D)

13
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;@;§§<Y“0?WMﬁ

< CEClaw'Cﬂ@ plal+olPl~(e- gs( £) eXP( <§>1/€)

<(Jof + (1] + 1! o)

=1

First we chose constant C; then constant C such that (|y| > 0)

Z Z Z ( >|a1+ﬁl (ngz(]l)IWI .

[v|=1 a1 < 81 <5

We consider now ¢;

=Y Ir..Irlr (3.8)

from where

o!
DEDP gy ||<
SUPH ¢Diail< Z Z Z al - a(a—ap — - —aj_q)!

Qleees XU—1 B1,-B1—1
a;<a,.,a;_1 <a BL<B, B <B
!
X ! ﬁ !
Bitee- Boa(B =B — -+ — Bima)!

R [

< e (E)PlalFoII=(e=d) Z Z Z Cleataia+ Bt 48|

QYyeeny ar_q Bl Br—1
a1 La,.,a;_1 <a BL<B,,B_1 <B

% Cla_al_"'_al—l‘l'ﬁ_ﬁl_"'_ﬁl—l |02

ol

T ara ey = mayet el —ar = a4 ]
31
X
Bl Bal(B =By — - = Bima)!
X (Bile Bioal(|8 = By — -+ = B | + DD [92 m,

< OOy () AR HIse=) eXp(€<§>1/€)(|Oé|+1)-((|5|+1)-)( ?
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) lar+-ap_1+B1++Bi—1]

C
XZ 2. 2. \&
ar,Hap_ B1yeesBl_1 1

a1 La,.,a;_1 <a B1<B,..B_1 <P

y al ol o (o —ap — - —apq| + 1)
al- oo —ap — - — agq)! (lef + 1)!
3!
SO BB~ B — B!
Bil--- BB = 61— = Bl + 1)!>€(p_5)
3 (EED: MEQTm

< e.CPTICy (&) PIEC=0) exp(e(€)17) (Ja] + 1)-((|5| +1)H%e=?

C lor+-op_1+B1++Bi—1| o© ([g)m-H
XE: Y .x (@ (m+1)

QA ey ap_q B1,-B1—1 m=1
a1<o¢,..,o¢l 1<a BL1<B,. B <B

y la]! lag |t oo |M(Joe — g — -+ - — g |+ 1)!
ol oo e (T + 1)

. 1! Cﬂm---ml_lu(w—ﬁl—---—ﬁl_1|+1>>9<p—5>
[Gult B =B = = B! (18] +1)!

< OO gD exple() ) ol + (6] + 1

8. lor+-ap_1+81++Bi_1| oo ([g)k-H
S r Y (6 c
Al XU—1 Bl B—1 1 k=l
ajLa,.ap 1 Sa g1 <B,., 5 <B
oo —ay = — o[+ D)V FHIS =B = = Bl +1)!
o —ar — - —a|W(lal + 1)1 (18] + DB =51 — - — B!
CmW~M4WW—m—~~whﬂ+M>WW*
X |
(18] +1)!

sQOWMO@rmﬁmHkﬁaMd@mew4wmm+1mW*>

k-|—1 k C lar+-ap_1+B1++Bi—1]
S X T (5
1
k=1 Qg 81,y B_1
a1<a7“7al 152 81 <B,.,B_1 <P
(la—a1 = —a [+ ) (B=Bi— =Bl +1)
X
(lef +1) (18] + 1)

% <|ﬂ1|' c BB =B — = B + 1)!>€(0—5)—1
(181 +1)!
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< csc'”ﬁ'c (6) 7P HC ) exp(e()7) (ol + 1)(1B] + 1))

o0 k-|—1 C |y 41 +B81 4+ B
SEEY Y Y (6
k=1 =1 1 B1,--P—1
a1<o¢,..,o¢l_13a B1<B,.,B1_1 <B
N N > [g k-l—l
< OO IO exp(e() V) (Jal + D8]+ DY Y
pr (k4 1)!
Since by means of the choice of constant C'; we can achieve
C lortap1+B1++Fi—1]
SRS SR SN 55 <
Cy
N BlyresBr_q
a1<o¢,..,o¢l 1 fa BL<B, 81 <B
if |a+ 3] # 0. Consequently, we obtain
sup [ D Dai| < -0y 10y €700 exp(e(6)1)
EASH LN
= (k+1)(Ig)k+t
! 1)!
<ol + D181+ -0 S B
< csCla+ﬁ|Cz<§>_”'a'+5'ﬁ' = )GXP( <§>1/€)
*(lal + DI+ DY
For o= =0, we have
Sg}'@quH < > Ml el
< ()TN exp(e()?) ng IgZ m,
=1
< )T Crexp(e())
ZmZ ]
R R EGIL) Sp e
B~ =1L
- (g)
< e (T exp(()) YN
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< c(6) 5)Cgexp(€<§>1/€)z]zgfj_);;
< () S)CzeXP(5<§>l/€)]9§:([lf')k

Thus, (3.7) is proved for k =1 . We assume now that (3.6), (3.7) have been proved for
k and we prove them £ + 1. We have

k
1
e =Y, >, (D).
=0 |y|=k+1-1 v
It follows

sup HD?D?T;H_l I
reK

- 1 al Il - o e
=D > _'Z Zall(a—al)!ﬁll(ﬁ—ﬁl)!(ag D) (98~ DY)

1=0 |y|=h+1-1" ar<a 1<

- 1 3! .
SZ Z Z Z_!oq!(oz —a)! (6 — 51)!CEC|W+ 1+ﬁl|gs(t7§)(7 + ay)!

[=0 |y|=k+1-1l a1<a B Sﬁﬁy

« (51!)6’(0—5) <§>—p|a1 48181 |=pla—ai|+8|v+58-51 |—(P—5)ICJO‘_O‘1+5—51+W| Cé

(o = a1 +1)! 6(p—9) - (1g)”
X0 = B+ + DN g(1 + Ig) m§:1 -
N la] + &+ 1)! B e o
< CECJ +5|05+1( (k n 1)’ ) ((|ﬁ| Y 1)[)9(0 5) <§> plal+318]—=(p=3)(k+1)

|
hi=k41o1<a B v

XeXp<5<g>1/e>gE<t,g>{ > YY) o (CCC;)'”' 1ke )

X

ol (yta)a—a)l B (m!(W—mﬂ)l)W‘“i<1g>m
arl(a—on)! (lof + &+ 1)! BB — 1) (18] + &+ 1)! — m!

—|-zk: Z Z Z <021>|0‘1+51| (CCC;l)h'i(k—;l)!

|
=1 |y|=k+1-la1<a B T
al (v + a)l(|Ja — ar |+ 1)!
arl(a—on)! (lof + &+ 1)!

m=1

X
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a1 B8 — By A+ D L (Ig)™
Xm!(@—m!( EETE] ) To(L+ 19" 3 =0,

m=1

Due to choice (', Cy we get for all 0 > [ < k

> 2:§:<%>Mﬁm<i§>wﬁdﬁgimﬂ%;1ﬂ

|v|=k+1-1 ar<a 1<

(v +a)l(la—ai| +0)! B! (&KW—ﬁrrﬂ+m>W4>
(el ROl B ) (18] + &+ 1)! <1. (3.9)

Indeed, it is easily seen that

s <&KW—5rPﬂ+Dvﬂ“®

BB =)\ (8l +k+ 1)
< 1! C&WW—ﬂﬂ+k+mv“w®
— BB = B! (18] + k4 1)!

< 1BIN(|6 = G|+ K+ 1)! <|51|!(|5_51|_|_k_|_1)!>e(p—5)_1
= (Bl+ k4 1B - B! B[+ k+1)

18—+ 1) (8 = fal + k+1) (mmm—m ko 1>x>€<p—6>—1

B (81+1)--- (18] + k+1) B[+ k+1) <1.

FPurther we have

1 al (vt a)(Jo—ai|+ D! (k4 1)
ylail(a—ay)! (Jal+ &+ 1)! I!
(ar+9)! ol (Ja—oi[+ D! (E+1)!
aly! (a—ar)! (la] +k+1)1 1!
ol ai! Joq|!(Ja = ay| + D! (k + 1)
allla—a) |l (la| + &+ 1)! T
o]t Jon]!(Jo— | + D) (k + 1)
laa|tfer = ot (|| + &+ 1)! I
all(lo —aa[+ ) (k4 1)!
la —ai|!(ja] + k+ 1)1 1!
(o =]+ Jar]) -+ (Jo — aq| + D(|la —ay| +1)--- (I + 1)
(laaf + o —ar[+k+1) - (k+1)

nlortnl

IA

ploitl

IA

ploitl

IA

nlortnl

IA

ploatl

IA
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Since the inequalities

imply

Consequently, we obtain

sup HD?Dfrk_H I
reK

ot 8] i (] + R+ 1! (1=8) () =plal+5151~(p=5) (k+1)

< 00" (k1 1) (18] + & + 1))’ (g)~rlal+dls k+
k o o
xwwwww@%+2mwmﬁﬁzqg
=1 m=1 :

We consider now

k
L+ Ig(l+1g)7" = 14+ Ig+1Tg(l+1Ig)+-- +Ig(1+ Ig)~

=1

= (1+19) (M +Ig+Ig(1 +Ig)+ -+ Ig(1 4+ Ig)*?)
(1 +19)* (L +Tg+ Tg(1 + 1g) + -~ + Ig(1 + Ig)*™*)
(1 +19)* (L +Tg+ Tg(1 + 1g) + -~ + Ig(1 + Ig)"™")
= (1+19)"
Finally, we obtain
(lof + &+ 1)!

sup || D¢ D] < C.oP e (18] + & + 1)170=)

€K (k4 1)!

><<§>—p|a|+5|ﬁ|—(0—5)(k+1) eXp(€<§>1/€)gs LE L+ Ig)* Z

m=1

)m

m!

Thus, (3.6) is proved. We consider now gx41:

t 0 t S1—1
R —i/ rr1(s1)dsy + Z(—z)l/ dsl.../ dsir(sy)..r(si—1)rre1(s). (3.10)
S l:2 S S
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Then, we obtain

AL DD DD S «
=1

zeK ooy BBy al o —ap — - —ap)!
a1 La,.,a;_1 La B1<B,.,B81_1 <B
!
X ! ! 6 !
Bl Bl (B—Br— - = Bra)!

o 1 a1 1 o ]_1 aj B2 ﬁ]
D2 D I |[ D DA L | DR DR
cs<§>—p|a|+5|ﬁ|—(0—5)(k+1) exp(e<§>1/€)

xz > oY &

IA

ap,ea1_ BlyerBi—1 al_l!(a -0 = al—l)!
a1<o¢,..,o¢l 1 <a 61<6,..6,_1 <B
!
X ik
Bil- Bl (B =By — - = Bioy)!

ey et By lao—ay——ay_1+B—F1——Fi_1|
><Olcn-l— a1 +B1++05 1|01a a1 -1 1 -1 C§+1
v faa = — a4 k1)

v (k+1)!

A@L~@1wW—ﬁr~~—@Fu+k+mmW4>

(1 + Ig)* Igz

ml

IA

e OO A )

%((Wukﬂ)!) (14 Ig kZZ 9"

D I DR =

>|a1+~~~az_1+ﬁl+ +ﬁl—1|
Qe Qp g f617"'7f6l—1

apSa,.ap_1 <o g LB, 8 <P
al (lo —ag — - —agq |+ B+ 1)!
allo—og — - —ag_q)! (lof + &+ 1)!
G!
Bl BB — B — - — i)
(&V~@4Km—ﬁr~~—ﬁpﬂ+k+05”“®
X .
(18] + k + 1)!

X

X

Let us prove that by means of the appropriate choice of the constants €y and C5 we
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can get an inequality

> X (&

ALy —1 BB -1

) lon g1 +B1 4+ +Fi—1]

1L K@ B KB, B <8
al (lo —ag — - —agq |+ B+ 1)!
X
oo —ay — - —ap_q)! (lof + &+ 1)!
|
X g
Bl BB — Br— = B!
y (511 BB =By — = B H R+ 1)!>e(p—5) o
(18] + & + 1)! -
Indeed
C lar+-ap_1+B1++Bi—1]
> r (5)
ap,ap g Bl Bi_1
ajLa,.ap1 e B <B,., 6 <B
al (lo —ag — - —agq |+ B+ 1)!
X
oo —ay — - —ap_q)! (lof + &+ 1)!
|
X g
Bl BB —Br— = B!
(ﬁﬂ--ﬁz_ﬂﬂﬂ—ﬁl — =Bl k4 1)!)9@—5)
X
(18] + & + 1)!
C lar+-ap_1+B1++Bi—1]
< Y X (5
ap,ay_] Bl Bi—1
e, o Sa g <, B <P
y o! ar oy
ol (a—ap — - —apm)!Hag|! lag_1]!
lag |t Jomp(jo —og — - — g | + K+ 1)!
(lof + &+ 1)!
|
S |
Bt 18 =By — - = B!
X <|51|! B M8 =B = = B + R+ 1)!>€(p_5)
(18] + & + 1)!
C lar+-ap_1+B1++Bi—1]
< Y X (5
ap,ag Bl Bi_1 1

ajSa,.ap_1<a B <B,., 6 <B

21
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y la]! lag |t oo |M(Jao — g — - — g | + B+ 1)!
laq |l o —a; — - — gy} (lof + &+ 1)!
BB =B = = Bl + R+ 1)!
(18] + &+ DB =81 — = B!
X <|51|!"‘|51—1|!(|5—51 — =Bl tk+ 1)!>€(p_5)_1
(18] + &+ 1)!
C |1+ +51 -+ 61|
< -
< Yy (g
ag,.oar_q Bl Bi_1
apSa,oq_1Sa g1 LB, 8 <P
lal(la —ay — - — 1| + k4 1)!
(o] +k+Dla—ar — -+ — o]}
BB =B = = Bl + R+ 1)!
(18] + &+ DB =81 — = B!
X <|51|!"‘|51—1|!(|5—51 — =Bl tk+ 1)!>€(p_5)_1
(18] + &+ 1)!
C |1+ +51 -+ 61|
< il
< X r (a
ap,ay_] Bl Bi—1
1L 1 SO 8 <, B <B
X(|05_051_"'_al—1|+1)“‘(|a_a1_"'_al—1|+k‘|‘1)
(lel+ 1) (Jol +k+1)
X(W—ﬁl—"'—51—1|+1)"'(|5—51—"'—51—1|‘|‘k‘|‘1)
(Bl+1)--- (8l + k+1)
X <|51|!"‘|51—1|!(|5—51 — =B+ k+ 1)!>€(p_5)_1
(18] + &+ 1)!
C |1+ +51 -+ 61|
< ¥ X (a) <1

Al Bl Bi_1
apSayop_ 1 Sa gy <88 <B

if |a+ B]#0.(For o= p3=0, the estimate is easily seen from (2.2), (2.3)).

Thus, we obtain

@ a o+ k41
SupHDgD Qret1]| < CEC| +ﬁ|0k+1<§> pler+8181=(p=8) (k+1) M
zeK (k i 1)

(18] + K+ DD exp(e(€)/)( 1+ngzz

m—l—l
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yh) o] + 5 4+ 1)t
(k4 1)!

(18] + k + 1)1 exp(e(€)/? 1+ngzz

l k=l

< CECJQ+5|C§+1<§> plo|+818]|—(p—

=1
okl k1 e —slal 5181~ (o-5) (k) ([0 + &+ D!
CECI 02 <§> (k —I_ 1)

(18] + &+ 1)) exp(c(&) )1+ 19)* S Y

IA

=1
k+1)!
. O P+ (6 =plal+15]~(o- sy ol +7+1)

IA

<81+ I+ DN exp(e(€) ) (14 19)* D %

=1
k+1)!
CEC{“+5'C§+1<§> pla+818]—(p— )(k+1)(|a|+ +1)

IA

81+ 1Y exple( )" (1 + 10) Y

The lemma is proved.

The conclusion of the proof of existence. From (3.7) there follows that

o o 8} —|—k
oup D5 Dt 5,2, €)| < el k(g ottt QALEER gyt

x exp(2(6)!7)(=(6)" + Cn(g))
x(1+C(6)")* exp(e(€)/’ + C In(¢))
CEC{“W'CQ“(@_”'“'“W' (p=8)k+C (|O‘| "’k) (ﬁ’kl)

IA

x exp(2e(€)°) ()Y + CIn(€))(1 + C(EYM0)"
. ClHI Gk gy =slal 45151840 (|a|+k) Ual+ ) aipryoce

IA

(
x exp(2e(E)*)(e(V + C 1n<£>>2’“0’“<<£>1”>

o k N ol + k)
CECJ +ﬁ|C <§> plal+8|8|+(1/6—(p—8))k (| |k’ )

X (BN exp(3e(€) ) (&) + Cn(€))
for all k = 0,1,..., uniformly with respect to (¢,s) € [0,71] x [0,7}]. Thus,

IA

23

k—l—l

(3.11)
qr <

C(]0,Ty] x [0, T ],FSZ?:Q(R”)), where 1/ — (p — ) < p1 — ;. Last inequality is
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equivalent to (1.4). Therefore, from the Theorem 1.4, we get
Q(tv 5, T, 5) S C([Ov Tl] X [07 TI]; FS;f:gl(Q))
which equivalent to >~ ., pjla in the sense of Definition 1.4, where @ C R".

Thus existence of the solution Q(t,s) is proved.

Uniqueness. We note that according to above consideration the Cauchy problem

{ DiQ(t,1) + Q1) R(L, 5) + Ro(t,s) € C([0, 1] ; VE(R™))
Q(tlvt/)zov Ogt/StSTlv

has a solution for every t' € [s,T}]. Further, for every ¢’ € [s,Ti] a problem

{ DV (t, 1)+ V(1,1 R#(t,s) € C([0,T1]; VE(R™Y),

V) =1, 0<i<t<T, (3.12)

has a solution as well. Applying conjugation to (3.12) we obtain

Dt V#(tvt/) - R(tvs)v#(tvt/) € C([OvTI] ) Vlg(Rn))v
V#EW ) =1, 0<t<t<Ty.

Define an operator ' as follows

Gf(t) = /t/ FOOVE, ) dt.

If we set
F(t) :== Deult) + u(t)R(t, s)

then we obtain
Gf() = —iu(t) + iu(s)VF(s,1') — /t/u(t) (D V#(t,t) — R(t, s)VF(t,1)) dt.
Hence, S
u(t) = V#(S,It’)u(s) +iG (Dyu(t) + R(t, s)u(t))
+4 /t u(t) (DVF(t, 1) — R(t,s)VE(t,1)) dt. (3.13)

Therefore, if Q1(t,s) and Q4(t,s) are two solutions to the problem (2.1), then putting
in (3.13) a distribution-valued function
u(t) = (Qu(t,s) — Qa(t, 8)) wo up € GO'(R")
we arrive at
Ql(tv S) - QQ(tv 3) S Ctl([ov TO]; Vlg(Rn)) :
The theorem is proved. O
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4  Applications

In this section we consider the Cauchy problem for the hyperbolic equation

0
Dfu—)\2 ZD2u+a )\2 A(t) 9—126 (4.1)

u@w%ﬂmw,&M&MZMWLSJEMﬂ,m@MMMEG?Wy(4%

We describe the operator of (4.1) by means of the real-valued function A € C'*([0,T)
such that A(0) = N(0) = 0, N(¢) > 0 When t 7E 0. In the following M means the
same as dA/dt. For A(t) we define A(¢ fo r)dr and assume that the function
AZA9/(=9) helongs to C([0,7]) and that the followmg estimates

A/AR) < NO/AE) < o (mOADAYED(1))  for all t € (0,77,
AO@) < e (mOAOATEI@)) TN for all k=2.3,.... te (0,7,

are satisfied with positive constants ¢, co, ¢k, where ¢ > 0/(2(0 —1)). Here
m()A(=9 (1) is a monotone function and m(t) tends to 0 as ¢ — 0.

FPurther we assume that

9
a(t)N(H)A (1) 0—1§:b ) e C*([0,1]), (4.3)
[DEa(t)] 4+ [ DEbi(1)] < Co (mMADATOD ()" for all 1€ (0,7], (4.4)
(4.5)
ai(t) ;= maxla(t)] =0 as ¢ —0. (4.6)

T<t

Our aim is the construction of real-valued phase functions &5, k,= 1,2, and of am-
plitude functions Aj; such that for a given s € J solution wu(t,x) of (4.1) can be
represented as

nZZ/n/n et o) Ay (8, 5, E)uj(y) dE dy, (4.7)

J=

where the phase functions @ (¢, s,¢) are defined by

q)k(t,s,f):(—1)k|§|/t)\(7')d7', k=12 (4.8)
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The amplitude functions Aju(t,s,&) are such that for every given positive number
there exist positive constant K, such that, for every 7, &k, [, p, r, o, p+1r <2, the
inequality

|DEDIDEAji(t, 5,8)| < O o (&) TET =l ey ((p 4 1)e(€)1F) (4.9)

holds for all s,t € [0,7] £ € R™

Below we give only few steps of the construction because one can find the omitted
details in [21]. For a positive constant N, N > 1, we define t¢g as a root of the
equation

A(E)()" = NO! (1.10)

with respect to ¢. Here (&) = (1 + |£]*)"/2.  For a positive M we denote by R%, the
set {£ € R*(&) > M}. Then, for every given positive numbers M and N we define

Zu(M,N.0) = {(L€) € JxR" | AW < N (&) = M},
Zip(M.N,0) = {(t.) € JxR" | A0(E~" > N () > M}.

Furthermore, the continuous roots of the equation
n 0 n
=N &+ atN (AL 01 b1 =0, (4.11)
7=1

i=1

(these are the zeros of the complete symbol) are denoted by 7(¢,x), [ =1,2.

Proposition 4.1 There exist positive constants M, N, and 8, such thal the zeros
m1(t, ), Ta(t, £), are smooth functions on the set Z, (M, N,0), 11,72 € C*(Zy(M, N, 9)),

and for every k,a the inequalities

DEDIR(1.6)] < Crad€)' 7N (m(DAAYI=0(1))" (1.12)

IT1(t, &) — (¢, )| aA()(E) (4.13)
IDEDZ Immi(t,€)] < o(1)Cral€)7IA(®) (m(t))\(t)/\e/(l_e)(mkA(t)e/(l_e) (4.14)

<
>

hold for all (t,£) € Zp(M,N,v) and all 1 =1,2. Here o(1) -0 ast — 0
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To construct fundamental solution to this problem one faces the above investigated
problem (2.1) with the function

g:(t:€) = {X (A (e 5" 2) (p(t’g) " I,Oot((tt,f))>

2000~ 1) 0
b1 2o | aoaoan T

0 0
o (w)gze) . 0{1X (5@529)} ,

where (t) := max{ai(t),m(t)}, (4.15)

where function p(t,€) is defined as a positive root of the equation

0

pr=1 = (N (AR -1 =0,

while v € Cg°(R) is a cutoff function such that y(z) = 0if |z| > 1, and y(z) = 1 if
|| < 1/2.

Lemma 4.1 Function g-(t,&) of (4.15) satisfies conditions (2.4) , (2.5) .

Proof. Let be given a positive number . Consider

/OTgs(t,g) dt.

Firstly we evaluate an integral

- 2000 — 1) .
A 6 6—1_ 0 — 9 ,Ot(t, f)) d & ( ,Ot(t, f)) d
Ry EGREE 2 (ot 2Dy i< [7 (4 200 Y
where point ¢4 is determined by
2000 — 1)

Alte)' (€)'t =2e 02 (4.16)
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2000 — 1)
that is by (4.10) with 22 0 —2 = N%~'. We have
1 0
t&yg t&yg t&yg _ —
[P g+ 28 a < [Fae [To@2a0 20D et
0 —2 1
<1+ Inplies. €+ 20D a (120 =1 gy
20° — 02 1
2000 — 1) 1
< O+ 0 1+ 2 — U=Y 5. (4.17)

Further,

: 200 1) 00
/, L—x | 200 0—2 aﬂMﬂMﬂlaxGWkQQ)dt

7 0 0
g/ awMQMﬂlQXGWkQG di
te
LA 0
<el =2 MNOA)L—0dt, (4.18)
te
where point ¢} ; is determined by
2000 — 1)
AN(tp)(€) = 02 (4.19)

Hence

o . 0 0 1 1 1
50—2/ AOAN L =0 ar = 592(A(T)19A(t279)19)
t/

1—6
£,0
< gf=2 m/\(té,e) — 0
2 1
< L o00-1) 60 (4.20)
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The lemma is proved. O
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