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Abstract

The paper is devoted to pseudodifferential boundary value problems in domains
with singular points on the boundary. The tangent cone at a singular point
is allowed to degenerate. In particular, the boundary may rotate and oscillate
in a neighbourhood of such a point. We show a criterion for the Fredholm
property of a boundary value problem and derive estimates of solutions close
to singular points.

AMS subject classification: primary: 35505; secondary: 35515, 46E40.
Key words and phrases: pseudodifferential operators, boundary value prob-
lems, manifolds with cusps.
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Introduction

In 1967, Kondrat’ev published his paper [Kon67] on elliptic boundary value
problems in domains with conical points on the boundary. Although con-
crete examples had already been treated by other authors in the early ’60s
(see Gokhberg and Krupnik [GK70], Grisvard [Gri85] and references there),
he was the first who studied these questions systematically. After the work of
Kondrat’ev, the Fredholm property and asymptotic behaviour of solutions to
boundary value problems in domains with conical points and edges were in-
vestigated by Eskin [Esk73], Leguillon and Sanches-Palencia [LSP75], Maz’ya
(see [IMKRO7] for the complete bibliography), Melrose and Mendoza [MM83],
Nazarov and Plamenevskii [NP91], Schulze [Sch91l, Sch94, Sch97], Grisvard
[Gri85], Schrohe and Schulze [SS94, SS95] and other authors.

In this paper we consider elliptic boundary value problems in domains with
singular points on the boundary which are more intricate than the conical
singularities. The tangent cone to the boundary is allowed to degenerate at
singular points. In particular, the boundary may rotate and oscillate in a
neighbourhood of a singular point. We derive a criterion for the Fredholm
property of a boundary value problem and show estimates of the solutions
near singular points.

In subsequent papers we will apply these results to boundary value prob-
lems of the elasticity theory in domains with such singular points.

Boundary value problems in domains with cusps on the boundary were
earlier considered by Feigin [Fei7l], Bagirov and Feigin [BF73], Maz'ya and
Plamenevskii [MP77, MP78]. In these papers the neighbourhood of a singular
point was mapped onto a cylinder with the help of a change of variables de-
pending on the structure of the singularity. The papers [Fei7l, BF73, MP78]
contain elliptic estimates and Fredholm property for general boundary value
problems in weighted Sobolev spaces. In [MP77], an asymptotic formula for
solutions of the Dirichlet problem is shown. Feigin [Fei72] also investigated
boundary value problems in domains with cusps concentrated along an edge
on the boundary.

The study of elliptic boundary value problems in domains with logarithmic
whirl points originates with the papers [Rab94, Rab95a, Rab97]. An algebra
of pseudodifferential operators on a compact closed manifold with rather gen-
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eral singular points was constructed in [ST96]. Under an additional condition
on the smoothness of symbols near singular points, the Fredholm property in
Sobolev spaces with explicit asymptotics was proved for elliptic operators in
the algebra and an index formula of Fedosov’s type was shown. The assump-
tion in question actually corresponds to the setting of the cone algebra as for
the purposes of index theory this class is sufficient. In [ST97] it was shown
how to dispense with this assumption in the case of power-like cusps. This
latter case was studied by Schulze, Sternin and Shatalov in [SSS96], where
functions of non-commuting operators are used to construct a pseudodifferen-
tial algebra. An operator algebra corresponding to power-like cusps of order
1 is treated in Melrose and Nistor [MN96] where the Hochschild homology
of such an algebra are described. Note that the general results of Maz’ya
and Plamenevskii [MP72, Pla73] still apply to derive asymptotic expansions
of solutions of elliptic differential equations on a closed manifold with cusps.

The class of singularities we allow includes: 1) whirl points, in which case
the tangent cone does not exist and the boundary oscillates and rotates close
to the point; 2) cusps, in which case the tangent cone degenerates; and 3)
cusp-like whirl points, in which case we have an intricate combination of the
singularities of first two types.

The following example sheds some light on the behaviour of the domain
close to a singular point in case n = 2, n being the dimension of the space.
Consider a domain D in R? given close to the singular point 0 € 9D by

D={(r,w) € (0,e) x[0,2m): " fi(r) <w <r’for) +r " f3(r)}  (0.0.1)

with some v > 0, where (r,w) are polar coordinates in R? with centre at the
origin and f; are real-valued functions on (0, ) satisfying

((r*ta/or) fi(r)] < ey forall j=0,1,...,
lim(r 10 /0r) fi(r) = 0, (0.0.2)
inf (f2(r) = fi(r)) > 0.

re(0,e)

As but one instance of functions fi(r) which fulfil the conditions (0.0.2)
we show fi(r) = sinr™1, fo(r) = 2 — cosr™ and f5(r) = sinr™"2, where

0<wy,1p <w. If v=0, we replace (0.0.1) with
D ={(r,w) € (0,e) x[0,2m): " f1(r) <w < r’folr) + logrfs(r)}. (0.0.3)

The functions fi(r) = sin(logr)**, fa(r) =2 — cos(logr)**, f3(r) = sin(log r)*2
are easily verified to meet conditions (0.0.2) for v = 0, provided 0 < 1,15 < 1.
If the domain D is given by (0.0.1) with all the f;(r), « = 1,2, 3, constant, then
the origin is a cusp on the boundary of D. On the other hand, under conditions
(0.0.2), the origin is a logarithmic whirl point for the domain D specified by
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(0.0.3). In the general case, by (0.0.1) and (0.0.3) is defined a wide class of
singular points at which the boundary is not Lipschitz.

Our approach to the study of boundary value problems in domains with
singular points is based on a calculus of pseudodifferential operators with
operator-valued symbols. It takes into account the behaviour of the bound-
ary close to singular points. In the framework of this calculus we construct
local inverse operators (regularisers) for a boundary value problem at singular
points. The existence of local regularisers at singular points along with the
ellipticity of the problem away from the singular points implies the Fredholm
property of the problem in a familiar way. Moreover, the construction of local
regularisers allows us to derive also estimates of solutions near singular points
and asymptotic expansions of solutions provided that f; behave “well” in a
neighbourhood of the singularity.

Let us briefly describe the structure of the paper. In Chapter 1 we de-
velop a calculus of pseudodifferential operators with operator-valued symbols
to encompass the problems we study. In Chapter 2 we indicate how these tech-
niques can be used to treat pseudodifferential operators on closed manifolds
with singular points. In particular, we show a condition which is necessary and
sufficient in order that an operator be Fredholm. In final Chapter 3 we study
differential boundary value problems in domains with singular points on the
boundary. We restrict our attention to domains with cusps; more complicated
singularities will be considered in forthcoming papers. The coefficients of the
differential operators under study are allowed to have oscillating discontinu-
ities at the cusps, the degree of the oscillation depending on the structure of
the cusps. In fact, we proceed in much the same way as in the case of mani-
folds without boundary, thus presenting a unified approach to treating these
problems. As mentioned, our results apply to boundary value problems of the
elasticity theory in domains with singular points.

The authors are greatly indebted to V. A. Kondrat’ev for many stimulating
conversations during the preparation of the paper. He draws the author’s
attention to the fact that the techniques elaborated here may be used to study
general boundary value problems for parabolic equations in a compact domain,
such as the Dirichlet problem for the heat equation. The main difficulty in
treating such problems is that the boundary contains points where the tangent
hyperplane is orthogonal to the axis t. At these points the boundary surface is
characteristic for the differential operator. In order to control the smoothness
of solutions at these boundary points, one invokes weighted Sobolev spaces
similar to those of Section 3.5 (cf. [Kon66]).



Chapter 1

Pseudodifferential Operators
with Operator-Valued Symbols

1.1 Weight operator-valued functions

Let H, H be complex Hilbert spaces. We always assume that they are sepa-
rable. Denote by L(H, H) the space of all continuous linear operators from H
to H.

Definition 1.1.1 By A(H, H) we mean the space of all functions A(§) de-
fined on the real axis R and with values in L(H, H) such that, for each £ € R,

there exists the inverse A™'(&) and it satisfies
IME+ A )l pam < e () foral neR, (1.1.1)
with some ¢, ¢ € R independent of € and n, where (n) = (14 |n|*)"/2.

The elements of A(H, [:[) will be referred to as the weight operator-valued
functions. Let us show two important examples of such functions.

Example 1.1.2 Suppose M is a smooth compact closed manifold and V/
a smooth vector bundle over M. Given any m € R, set

RP(E) =1+ + A2 (eR.

where Ay = Vi, Vy is the Laplace-Beltrami operator on M associated with a
connection Vy for V. It is well-known that R (£) extends to a topological
isomorphism H*(M,V) — H*™™(M,V), for each s € R and ¢ € R. Pick
s € R. We claim that

AN = Ry(6), €eR,

fulfills (1.1.1) with H = H*(M,V), H = L*(M,V) and ¢ = |s|. Indeed, the

operator Ay is selfadjoint and it has an orthonormal system of eigenfunctions

8
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(€:);_;, which is complete in L*(M,V). Let (y;) be the system of corre-
sponding eigenvalues, each p; being non-negative. It is evident that

ME+mMAT (Eu = Z A€+ mATHE) (u, exes, (1.1.2)

where X;(€) = (1 + €2 + 11;)*/* and (-,-) is a scalar product in L*(M, V). From
(1.1.2) it follows that

IAE + A O Lz on )2 on))
<sup(L4 (€4 )% + )2 (1 + & + )~/
0,€

< 2|s|/2<77>|s|7

the last estimate being a consequence of a well-known elementary inequality.
This is the required assertion.

4

Example 1.1.3 Let M be a compact smooth manifold with boundary M.
Denote by 2M the doubled manifold, i.e., the smooth compact closed manifold
obtained by gluing two copies of M together along M. Each smooth vector
bundle V over M is the restriction of a smooth vector bundle V over 2M. If
s € R, we write H*(M, V') for the restriction of the Sobolev space H*(2M, ‘N/)
to the interior of M. Given any m € Z, there is a parameter-dependent elliptic
pseudodifferential operator R™(¢) of order m and of type V- — V on 2M, such
that

o R™(¢) has a symbol in ST (1*2M; R) bearing the transmission property
with respect to dM;

e the operator R} (§) = ri R™(&)es extends to a topological isomorphism
H* (M, V) — H*"™(M,V) for all s € R with s > —1, provided [¢] is

large enough; its inverse is also pseudodifferential.

Here, e, denotes extension by zero to 2M and r, restriction to M. Such oper-
ators Ri}(€) are known as order-reducing operators in the theory of boundary
value problems. These types of operators have been used throughout: Boutet
de Monvel [BAMT71], Rempel and Schulze [RS84, 3.3], Grubb [Gru86, 2.5], and
so on. For an explicit construction we refer the reader to Schrohe and Schulze
[SS94, 2.3.10]. In [SS94, 5.3] it is even proven that the order-reducing oper-
ators occuring there are classical. Pick s € Z,. By including an additional
parameter we may actually assume that R§ (&): H*(M,V) — L*(M,V) is a
topological isomorphism for all £ € R (cf. [SS94, 3.1.1]). Set

MO =Ry(E), (eR,
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then A € A(H*(M,V), L*(M,V)) and

IACE + M)A O e uvyzuvy < e ()°
for all £, € R, with ¢ a constant independent of ¢ and 7.

1.2 Symbol classes
Fix ~
A1 € A(Hy, Hy),
Ay € A(Hy, Hy).
Definition 1.2.1 By S(A1, Ay) we mean the class of C* functions a(x, )

on R x R with values in L(Hy, Hy) such that, for each o, € Z, there is a
constant ¢, g(a) with the property that

H)\Q(f)(DfD?a(x,f)))\fl(f)HL(ﬁlﬁ2) <capla) forall x,6€R.  (1.2.1)

The space S(A1, A2) is given a Fréchet topology by the best constants ¢, g(a)
in (1.2.1).

The elements of (A1, Ay) will be referred to as operator-valued symbols. To

any symbol a € S(A1, Ay) we assign a pseudodifferential operator A = op(«a)
by

1 : '
Au () = o /df/el(l’_l’ )ga(x,f)u(x')dx', reR,
T
where u € U

oonp(R, Hy) and the integral is over all of R x R.
Let us denote by OP S(A1, A2) the space of all operators A = op(a) with
symbols a € S(A1, Az). For these operators we will occasionally write a = o4.

Definition 1.2.2 S,(A1, Ay) stands for the class of C™ functions a(x, x’,€)
on R x R x R with values in L(Hy, Hy) satisfying

H)\Q(f)(DfD;,D?a(l', xlv 5)))‘1_1(5)”L(F11,H2) < caﬁﬂ(a)v Z, xlvf €R,
for each o, B,y € Zy, with ¢, 3(a) a constant independent of x, «' and &.

The elements of Sy(A1, Ag) are said to be double operator-valued symbols.
To any double symbol a(x, ', £) there corresponds a pseudodifferential opera-
tor A =op(a) by

1 o
Au(z) = Q—/dg/el(“’_x Ra(z, 2, Ou(z)dz', = € R, (1.2.2)
m
foru e C2

oomp(R, Hy). The class of such operators is denoted by OP Sq(Ay, A2).
Pseudodifferential operators with operator-valued symbols obeying esti-
mates based on reductions of orders with parameters were first considered by

Schulze [Sch89]. The idea to use weight operator-valued functions satisfying
(1.1.1) is due to Rabinovich [Rab95a].
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1.3 Oscillatory integrals

Suppose we are given a C'* function a(y,n) on R x R with values in L(H;, Hs)
satisfying, for some € € R, the estimates

HDgD?a(yvn)HL(HhHﬂ < caﬁ(a) <77>67 Yy,n € Rv (1'3'1)

for all o, 3 € Z .

To a(y,n) we assign the operator-valued integral

I(a) = lim //X(é‘y,@n)e”’”a(y,n)dydn, (1.3.2)
e—+

where x(y,n) is a cut-off function, i.e., y € C (R?) and y(y,n) = 1 in a

comp
neighbourhood of the origin.

Proposition 1.3.1 Limit (1.3.2) exists in the norm of L(Hy, Hy) and does
not depend on the particular choice of the cut-off function y. It fact, it is given

by
I(a) = // ey (DN (2N (D, a(y, ) dyd.

where N1, Ny are non-negative integers satisfying 2N; > 1, 2Ny > ¢ + 1.
Moreover, the value of 1(a) is independent of Ny and Ny in the above range
and the norm of I(a) is estimated by

M (a)llogmim S e Y capla). (1.3.3)

0SO¢S2N1
022N,
Proof. In the scalar case this proposition is well-known and the proof
thereof can be found in Kumano-go [Kg81] and elsewhere. The proof for
operator-valued symbols is quite analogous.

4

1.4 Composition formulas for pseudodifferen-
tial operators

To be short we begin with the main result of this section.

Proposition 1.4.1
1) If A€ OPS(Ai, A2) and B € OP S(Aa, A3), then BA € OP S(A1, As3),
the symbol of BA is

1

"~ oom

// e Vop(x, &+ n)oa(e +y. E)dydn (1.4.1)

UBA(J?, f)
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and the corresponding mapping S(A1, A2) X S(Aqg, Az) = S(A1, A3) is continu-
ous.

2) If A € OPSa(A1, A2) is an operator with double symbol a(x,x',§), then
A€ OPS(M1, A2), the symbol of A is

malen§) = 5= [[ a4y (142)

and the corresponding mapping Sq(Ai, A2) — S(A1, A2) is continuous.

Note that the double integrals in (1.4.1) and (1.4.1) have to be regarded as
oscillatory integrals.

Proof. Formulas (1.4.1) and (1.4.2) for the symbols are obtained in the
same way as in the scalar case (cf. [Kg81]). We are thus left with the task to
verify that the integrals (1.4.1) and (1.4.2) belong to the appropriate symbol
classes.

Let us check it for the symbol opa(x, €). To this end, set a(x, &) = oa(x, )
and b(z, &) = op(x, §).

From Definition 1.1.1 it follows that if A € A(H, ]:]), then

XDy < IANDATH Oz m MO Lo )
< el neR (1.43)
with some d € R. Analogously,
N D g < e ()5 neR. (1.4.4)

Set C(l’, Y, 57 77) = b(l‘, 5 + 77)“(95 + Y, 5) Given any Oé,ﬁ € Z+7 we estimate
the derivative DgD;“c(:Jc, y,&,n) for fixed x and £. For this purpose, we invoke
Definition 1.2.1 and estimates (1.4.3) and (1.4.4) obtaining

IDY D2 e,y &) |pgmm) < 1125
[As(€
[A2(€

E+ | o, m)

(Dypba, &+ n)AT (EF 0oy i)
O L. i)

A2(E)(Df a(w + y, )N (€

A (N o, )

< e (E4m)= =6, (1.4.5)

+ 1)
+ 77)
(N wem m)

(
(
(¢
(¢

for each y,n € R. Here, ¢ is the number of Definition 1.1.1 corresponding
to A;, © = 1,2,3. Proposition 1.3.1 now shows that the oscillatory integral in
(1.4.1) is well-defined.
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Let us prove that opa € S(A1,A3). To do this, we write opa(x,§) as an
oscillatory integral

raa(e,) = oo [[ oD, (<77>‘2N2<Dy>2N20(w,y,&n))(fng

where 2Ny > 1, 2Ny > €3 + €3+ 1. From (1.4.6) we deduce that oga(z, &) is a
finite sum of terms

1 — — — et
(0. = 5 [ )y ) Db Dl + . €y,
where Ny < N < Ny 4+ Ny and a <2(N — N,), 8 < 2N,. Writing

Xa(E)s(z OAT (O
= % // ()TN ) TN NGO (E+ A&+ ) DIb(a, £+ )
A2HE+ A+ N (X DYl +y. A (E)dydy

and applying inequality (1.1.1) for the weight functions Ay and A3, we arrive
at the estimate

S;? ")\3(5)5(1'7f)Afl(f)"L(Hhﬁs) <ec //<y>—2N1<77>—2N+62+63dyd77

X sup 1A2 (&) Dg b, )N (| iy i) sup 1A2(&) D alz, )X ()11, 1)

(1.4.7)

As —2N; < —1 and —2N + €5 + €3 < —1, the integral on the right-hand side
of (1.4.7) converges. Therefore,

As(€)opale, OM N nm, m) < € (Z ca,o(b)> (Z cw(@)) :

=0 B=0

The estimates of the derivatives of opa(x, &) are proved in a similar way.
Hence it follows that op4 € S(A1, A3) and the mapping

S()\l, )\2) X S()\Q, )\3) — S()\l, )\3)

given by (o4,08) — op4 is continuous.
This completes the proof of the first part of the proposition. The proof of
the second part is analogous.

4
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1.5 Pseudodifferential operators with symbols
slowly varying at infinity

Pseudodifferential operators with slowly varying scalar symbols were first in-
troduced in the paper [Gru70] by Grushin.

Definition 1.5.1 A symbol a(x,&) € S(A1, A2) is said to vary slowly as
x — 4oo if

lim sup |\ (E)(DDg ale DN ()l iy = 0. (L51)

r—+oo fER

for each o € Zy and each 8 € Zy with 3 # 0.

We shall say that a double symbol a(z,2', &) € Sa(A1, A2) varies slowly as
r — too if

lim sup [|A2(€)(D; Dy Df alw, « + v, AT (Ol pa, iy = 0-

z—+00 yeK
EeR

for each compact set K C R, each a € Z, and each 8,y € Z with 8+~ # 0.
Let Siy(A1,A2) and Syev(A1, Ag) stand for the classes of symbols slowly
varying as & — +00.
We also distinguish the subclass So(A1, A2) of Siv (A1, A2) consisting of those
symbols a(x, &) which obey estimate (1.5.1) for all o, 3 € Z (thus including

3=0).

Proposition 1.5.2
1) If A € OP Ssv(A1,A2) and B € OP Ssy(A2,A3), then BA € OP Sqy(A1,A3)
and the symbol of BA is of the form

opa(z,§) = op(x,§)oa(z, &) +r(z,§), (1.5.2)
where r(x,£) € So(A1, As).

2) If A € OP Sysv(A1, A2) is an operator with double symbol a(x, ', &), then
A € OP Siv(A1, A2) and the symbol of A is of the form

O'A(l',f) :Cl(l’,l’,f)—l-r(l',f), (153)
where r(x,£) € So(A1, As).

Proof. To prove (1.5.2) we make use of formula (1.4.1). Set a« = 04 and
b = op. Substituting the Lagrange expansion of a(z + y,&) at y = 0 to (1.4.1)
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gives

opa(x,£) = (i // e‘iy”b(xfirn)dydn) a(,§)

/ a - // U 4 ) O+ Dy, €y
— bz, E)ala.

where r(z, &) = [ Ly(z,£)dY and

da
Io(e,) = 5 [ S G+ 0y oy,

Our next task is to estimate the oscillatory integral Iy(x,&). To this end,
we write it in the form

1 .
_ —wyn
[19(:1;75) - 27TZ //6
0b
2N>

()25 0, ()0, G ) G+ 00, ) du,

where 2N; — 1 > 1 and 2N; > €2 + €3+ 1. Once again, Iy(x, &) is a finite sum
of terms

s(0.8) = 5 [ ) ) DEMa €+ Dl + .y,

with N2 S NS N1—|—N2 and

1 <a<2N +1,
1< B<2N, +1.

Analysis similar to that in the proof of Proposition 1.4.1 shows that there
is a constant ¢ independent of x, such that

Slglp H)\S(f)[ﬁ(xv f)Afl(f)"L(ﬁhﬁs)

2N1+1
<c Y sup As(€) Dgb(a, E)AT (E oty 1)
a=1
2N>+1
" Z supHAz “'Dla(e + 9y, ON Oy (154)

for all x € R. Since a € Sqy(A1, A2), it is a simple matter to see that the second
factor in the right-hand side of (1.5.4) tends to zero, as @ — +oo. Moreover,
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the limit is achieved uniformly with respect to ¢ € [0, 1]. The same argument
applies to the derivatives of Iy(x,¢) whence it follows that r € Sp(A1, A3), as
required.

The second part of the proposition is proved in a similar way.

4

1.6 Sobolev spaces and boundedness of pseu-
dodifferential operators

In what follows we assume that the weight operator-valued functions under
consideration are of class C'> on R and satisfy

S%p H(Da)\(f)))\_l(f)HL(ﬁﬁ) <e¢, forall a€Z,y, (1.6.1)

with ¢, a constant depending on A.

If X € A(H, [:[) meets these conditions, then it is easily seen that A €
S(A, 1dg). Here we have an identification of the function A({) on R and the
function a(x,£) := A(§) on R x R. The converse is also true, and so our
assumption on A just amounts to saying that A is a “constant” symbol with
respect to x.

Proposition 1.6.1 Let A € A(H, H). Then, from X € S(\,1dy) it follows
that A= € S(Idg, A).

Proof. Indeed, using the equality
DAt = —ATHDM)AT,

we obtain

MO DA .y I = (DMENA (s iy

1

IA

for all £ € R. Further,
AD?*A7E = 2((DX)ATH? — (D)
whence

IMED* A i
< 2[|(DMEDA O 1.y + IO MN )l
< 2c% + 5.
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In the general case, for a # 0, we have
AD XA = p((D" X)X (D)),

p being a polynomial with integer coefficients of non-commuting operators in
the space H. In fact,

p((D*X)A7 (DA™Y = al(D"O)A™H + ... — (DA

Hence the desired statement follows.
O
(R, H), we denote by a(¢) = [e *"u(x)dx the

3 o0
For a function v € C,

Fourier transform of .

Definition 1.6.2 Let A € A(H, [:[) By H(X) is meant the completion of
the space C2 (R, H) with respect to the norm

comp

b = ([ 6@ ) (1622

From the Parseval identity it follows that norm (1.6.2) coincides with the

1/2
lullmey = ( / Hop<A>uui~,dx> .

Proposition 1.6.3 Fach operator A € OP S(A1, Ag) extends to a contin-
uous linear mapping H(A1) — H(X2). Moreover,

norm

[l < e( S casloa) lullmpy, u € H), (163
a+[B<N

the constants ¢ > 0 and N € Zy being independent of A.

Proof. The boundedness of the operator A:NH()\l) — H()\Ng) is equivalent
to the boundedness of the operator A: L*(R, H;) — L*(R, Hy), where A =
op(X2)Aop(A7'). By Proposition 1.6.1,

Op()\l_l) S OPS(Idﬁlv)‘l)v
op(A2) € OPS(Ag,ldg ),

therefore Proposition 1.4.1 yields A € OP S(ldg ,1dg ). As the symbols in
S(ldg,,Idg, ) obey the estimate

sup 1D} Dga(, &)l i1,y < capl@),  for each a, B € Zy,
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we may invoke the Calderon-Vaillancourt theorem (cf. Taylor [Tay83]) to
conclude that A extends to a bounded operator L*(R, H;) — L*(R, H3) and

HAHL(L2(R,ﬁ11),L2(R,ﬁ12)) <¢ Z ca,8(0 1),
at+B<N

with ¢ > 0 and N € Z, constants independent of A. Combining this with

Proposition 1.4.1 (cf. 1), we arrive at estimate (1.6.3), as required.

4

1.7 Local invertibility of pseudodifferential
operators at the point at infinity

We begin with two auxiliary propositions.

Proposition 1.7.1 Let x € (', (R) and xr(z) = x(5), B > 0. Then,

for each operator A € OP S(A1, X2), we have
A [Ixrs Alllearoo. o) = 0. (1.7.1)
where [Yr, A] = Y\rA — Axr.

Proof. Set ¢ = 04. In just the same way as in the proof of Proposition
1.5.2 (cf. 1) we obtain that

O-AXR(:E7 5) = XR(J?)G(J}, 5) + TR(xv 5)7

re(z, ) = / 27”// _Zwag )a (x—;)ﬁy)dydn. (1.7.2)

Interpreting the right-hand side of (1.7.2) as an oscillatory integral we de-
duce easily that

lim sup || A2(¢ )DgD?rR(xv5))‘1_1(5)”L(ﬁ1,ﬁ2) = 0.

R—o0 z,E

As [yr, A] = —op(rg), equality (1.7.1) follows from Proposition 1.6.3, which
completes the proof.

4
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Proposition 1.7.2 Suppose that x € C*(R) satisfies x(x) =0 for v <1
and x(x) = 1 for x > 2. Sel xp(z) = x(§), £ > 0. Then, for each A €
OP So(A1, A2), we have

nggo IXRAI LG H ) ’

0
. B (1.7.3)
Am AR L@ onae) = 0.
Proof. Set a = 04. It is evident that

O-XRA(xv 5) = XR(J?)G(J}, 5)

Since a € So(A1, A2), we can assert that

lim sup |[\o(6)(DY DF (xrl(a)ale, ONAT ()| .1,y = 0

oo 1775

for all o, 3 € Z,. Combining this with Proposition 1.6.3 gives the first equality

of (1.7.3).
On the other hand, since

UAXR(x7X) = XR(J?)G(J}, 5) - O-[XR,A](xv 5)7

the second equality in (1.7.3) follows from the first one with the help of Propo-
sition 1.7.1.
O

The function x of Proposition 1.7.2 gives rise to what we shall call the cut-
off function at the point +o0o0. By such a function we mean any y € C*(R)
equal to 1 in a neighbourhood of +o00 and vanishing for = < a, where a > 0.
Clearly, Proposition 1.7.2 still holds for arbitrary cut-off functions y.

In the sequel yg stands for the function of Proposition 1.7.2. The following
definition is basic in our theory.

Definition 1.7.3 An operator A € L(H(A1), H()X2)) is said to be locally
invertible from the left (right) at the point +oo if there exist a number R > 0
and an operator B € L(H(X2), H(A1)) such that BAxr = xr (\rRAB = xr),

respectively.

An operator A is called locally invertible at the point +oo if it is locally
invertible both from the left and from the right at this point.

Theorem 1.7.4 Suppose A = op(a), where a € Syy(A1,A2). Then the
operator A : H(XN) — H(A2) is locally invertible at the point +oo if and
only if there exists a number R > 0 such that the operator-valued function

a(x,&): Hy — Hy is invertible for all (x,€) € (R,+o0) x R and

sup A (€)a™ (2, A (b, i) < oo (1.7.4)
(R,4o0) xR
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Proof. We first prove that an operator A € OP S(A1, A2) is locally invert-
ible at the point 400 as an operator acting from H(A;) to H(Ay) if and only
if the operator A = op(Ay)Aop(AT!) is locally invertible at the point +oo as
an operator acting from L?(R, [:]1) to L*(R, [:]2) We give the proof only for
the local invertibility from the left at the point +oc0; similar arguments apply
to the case of local invertibility from the right.

To this end, we assume that A: H(A;) — H()Az) is locally invertible from

the left at the point +00. By definition, there are an £ > 0 and an operator
B € L(H(X2), H(A1)) such that BAyg = yr. We can rewrite this equality as

BAop(AT")op(M)xr = \r

or Top(A)xr = Xr, where T'= BAop(A['). Since

_1)7

Top(M)xrop(Ar') = Txr— T[xr 0op(A1)] Op(l)‘]l

1 _

xrop(AT') = op(AT")xr — [XR,0P(A]

we deduce that

op(A)T xr — op(A)T[xr,0p(A1)]op(AT') = xr — op(A1)[ xR, 0p(AT")].

Put

Sk = op(A)T[xr,0p(A)]op(Ar') — op(A1)[xr, op(AT )],

the operator acting in L*(R, [:]1) By Proposition 1.7.1, the norm of this oper-
ator tends to 0 when R — oo.

Let x be another cut-off function at the point +oo, such that yxy = x.
Then,

op(AM)T'Xr = (Id 4+ Sr)Xr,

where Id stands for the identity operator in L*(R, [;). Choose an R > 0 with
the property that ||Sg|| < 1/2. Then the inverse (Id 4+ Sg)~! exists and

(Id + Sgr)~ op(AM)TXR = Xr-
Substituting 7' = BAop(A;') to this equality yields
(Id + Sr) ™" op(M) Bop(A; ) AXR = Y,

and consequently the operator A = op(Ay)Aop(A7!) is locally invertible from
the left at the point 4o00.

In the same manner we can see that if the operator A has a left locally
inverse operator at the point +oc, then A does so.
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Let A € OP Sov(A1,A2). Then Aeop SSV(Idgl,Idﬁ2), as is easy to see.

In particular, the symbol @ of A obeys the estimates

for o, 8 € Z . Moreover, Proposition 1.5.2 shows that

a(z,€) = Aa(Ealz, EAT (2, &) + r(z,§),
where r € So(Idg ,Idg ). Hence it follows, by Proposition 1.7.2, that

G lxrop(r)llpa, ) = 0. (1.7.6)

for each cut-off function y at the point 4o0.

From (1.7.6) we conclude that the operator op(r) is not essential for the
local invertibility of A at the point +o0c. We are thus reduced to proving
Theorem 1.7.4 for the operators with symbols Ay(&)a(z, E)A7!(z, €) satisfying
estimates (1.7.5). These have been treated in the paper of Rabinovich [Rab95b]
where a criterion of local invertibility at the point 400 is proved. The desired
statement now follows immediately from Theorem 1.1 in [Rab95b].

O

The important point to note here is the nature of the local inverse operator
under the condition of Theorem 1.7.4. Namely B € OP S(Xq, A1), which is
clear from the arguments in the proof of Theorem 1.1 in [Rab95b]

1.8 Pseudodifferential operators in classes
with exponential weights

For a number y € R, we denote by H(A;~) the completion of C2°

comp

(R, H) with
respect to the norm
[l (3m) = €™ wl (-
An operator A = op(a) acting in these Sobolev spaces with exponential
weights can be written in the form

1 : /
Au () = —/ dz/ ¢l )Za(x,z)u(x’)dx', r € R,
27 Jryivy R
foru € CZ,

oonp(Ry Hy), where z = £ 447, £ € R.

We assume that a(x, & 4 i) obeys estimates (1.2.1), the constants ¢, s(a)
being allowed to depend on . Let us denote by S(Ay, Ag; ) the class of all such
symbols. As in Section 1.5, we distinguish the subclass Ssy (A1, Ag; ) consisting
of those symbols a € S(A1, Ag;y) which vary slowly at the point +oo.

The results of this chapter extend to the operators of class OP S(A1, Ag; )
acting from H(A1;v) to H(Ag;v). The proofs are actually the same.



Chapter 2

Weighted Pseudodifferential
Operators

2.1 Weighted Fourier transform

Let © = §(t) be a diffeomorphism of R4 onto R, such that §'(¢) < 0 for all
t € Ry. Thus,
lim 6(t) = oo,

tl:_lr_noo(S(t) = —oo.
Set
Saufe) = u(F(e), wER,
FI0) = f6(),  teR,.
Then,

5*: Cfoomp(R‘HH) — Cé)oomp(R7H)7
50 O% (RH) = O% (Ry, H)

comp comp

are inverse to each other and extend to isomorphisms of Hilbert spaces

5.0 L*(Ri,dm,H) — L*R,H),
5 L*(R,H) — LRy, dm, H),

where dm = |§'(t)]dt.

For a function v € C<°

oonp(Ry, H), we define the weighted Fourier transform
by

Fu(r) = /Re_im(s*u(x)dx
= / e~ Wy(t)dm(t), T €R.
R4

22
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From the properties of the usual Fourier transform it follows that F extends
to an isomorphism L*(Ry,m, H) — L*(R, H). Moreover, the inverse transform
is given by the formula

1 .
U0 =5 [ Oy te Ry,
2 B
for feCZ, (R, H).
The construction of the weighted Fourier transform goes back as far as

Glushko and Savchenko [GS87] (cf. also Hirschmann [Hir90], Schulze and Tar-
khanov [ST96]).

Example 2.1.1 Let §(t) = —logt. In this case the weighted Fourier trans-
form is actually the Mellin transform

Fu(r) = /Rt_”u(t)%
+
= Mu(—ir), 7€R.

Recall that the inversion formula for the Mellin transform reads

M7f(t) = % /Rt_Tf(T)dT, teRy.

Example 2.1.2 For a p > 0, consider the function

L te(0,1]
_ 4P s 41
5(t) = { Ct b e 2 400).

We extend 4 to the interval (1,2) so as to obtain a diffeomorphism of R4 onto R
with negative derivative. Then, the corresponding weighted Fourier transform
F can be regarded as a “correction” to the p-Borel transform.

4

Example 2.1.3 Consider the function

5(t):{ er, te(0,1];

—t, 1 €[2,+00).

Once again, we extend § to the interval (1, 2) so as to arrive at a diffeomorphism
of Ry onto R with negative derivative. In this case, the weighted Fourier
transform F is of transcendental nature.

4

In what follows we are interested in the weighted Fourier transform for
functions # = 4§(¢) defined in a small interval (0,¢], ¢ > 0, and arbitrarily
extended to the whole semiaxis so as to be diffeomorphisms of R} onto R with
negative derivative.
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2.2 Weighted pseudodifferential operators

In this section we introduce classes of pseudodifferential operators which are
based on the weighted Fourier transform F just in the same way as the classes
S(A1, A2) and Ss (A1, Ag) are based on the usual Fourier transform. The crucial
fact is that all results concerning weighted pseudodifferential operators are
obtained from the usual theory by means of the evident change of variables
x = 0(1).

We begin with the observation that the weighted Fourier transform is re-
lated to the derivative

11 0
C St ot
in the same manner as the usual Fourier transform to the derivative D = %%
(cf. [ST96]).
Fix

M € A(Hy, Hy),
Ay € A(Hy, Hy).

Definition 2.2.1 We denote by S,(Ai, Aa;7y) the class of C° functions
a(t, () defined on Ry x (R+1iv) and taking their values in L(Hy, Hy) such that,
for each o, B € Z, there is a constant ¢, g(a) with the property that

() (D} Dy alt, 7+ DAT (M) g1, ) < Cansla) for all (t,7) € Ry xR.
(2.2.1)

We emphasise that the constants ¢, g(a) in (2.2.1) are allowed to depend
on 7.

To any symbol a € S, (A1, A2;7) we assign a weighted pseudodifferential
operator A = op(a) by setting

1 : /
Au (1) —/R ' d¢ el(é(t)_é(t))ca(t,Ou(t’)dm(t’), teRy, (22.2)
iy

27 R,

foruec C®

comp

(R4, Hy), where dm(t') = |§'(¢")|dt’.

Example 2.2.2 Consider an ordinary differential operator with operator-
valued coefficients

Au(t) = iaj(t)Dju(t), te Ry,

7=0
where a; € C*(Ry, L(Hy, Hy)) fulfill the estimates

ID%a;(t)|| Ly sy < €5, for each € Zy.
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This operator can be written in the form (2.2.2) with

a(t.O) = Y a0, (1.0) € Ry x (B + i),

=0
as is easy to check. In order to get a € S, (A1, A2;7), it is necessary to put
some further restrictions on A; and As.

4

The class of all pseudodifferential operators with symbols in S, (A1, As; )
is denoted by OP S, (A1, A2;v). In particular, if §(¢) = —log ¢, we arrive at the
class of Mellin pseudodifferential operators (cf. for instance Schulze [Sch91],
Rabinovich [Rab95a]).

In much the same way we can introduce the class OP S, 4(A1, Ag;y) of
weighted pseudodifferential operators with double symbols.

We shall say that a symbol a(t, () € Su,(A1, Ag; ) varies slowly at the point
t=0if

lim sup [ %2 (r)(Df D2 a(t, 7 + i9)AT (7)) = O (2.2.3)

t—0+ rER

for each a € Z, and each (§ € Z, with 3 # 0.

The class of such symbols is denoted by Sy« (A1, A2;y). We distinguish
the subclass Sy 0(A1, A2;¥) in Sy sv(A1, A2; ) consisting of those symbols a(t, ()
which obey estimates (2.2.3) for all a, 8 € Z4 (i.e., including 5 = 0).

In a similar way we define the class Sy, 4.sv(A1, A2;y) of slowly varying double
weighted symbols. The corresponding classes of pseudodifferential operators
are denoted by

OP Sy sv(M;y A2;7),
oP Sw,O()‘lv Ag; 7)7
OP Suwasv(A1, A2y 7).

Example 2.2.3 Let M be a smooth compact closed manifold of dimension
n. Consider a differential operator A of order m on the semicylinder R, x M
over M. In each local chart U on M, we have

A= Z a;o(t,z)DI D2,

jtlal<m

where a;, € C*(R4 x U). Suppose that the coefficients a; . satisfy the esti-
mates

sup DY Dlajo(t,2)| < ¢ € By 7 €25, (2.2.4)
eky
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uniformly in  on compact subsets of U. Then, for any fixed s,y € R, we have

A€ OPS,(A1, Ag;7), where

M(r) = (1477 +Ay)3,

Ma(r) = (T+77+Am) 7,

Apr being a non-negative Laplace-Beltrami operator on M (cf. Example 1.1.2
in case V=M x C). If; in addition to (2.2.4), a;, bear

tl_i)l;)r_ll_ Diajo(t,2) =0

uniformly in @ on compact subsets of U, then A € OP Sy sv(A1, A2;7).
0

The coefficients (a;,) fulfilling (2.2.4) need not be smooth up to ¢t = 0. In
particular, they are allowed to behave like e ?*")(§(¢))#¢(x), where Rp > 0 and
e R.

By private communication we learned that T. Hirschmann (1994, unpub-
lished) has independently studied a particular subclass for the case of closed
manifolds M. In his setting the coefficients in the symbols are supposed to
have asymptotics of conormal type, for ¢ — 0. The algebra thus obtained
is an extension of the cone algebra of Schulze [Sch91] and it is closed under
parametrix construction for elliptic elements.

Example 2.2.4 Let M be a compact smooth manifold with boundary oM
and let V., V (W, W) be smooth vector bundles over M (9M), respectively.
For an m € Z and d € Z,, we denote by Alg™*(V, VW, W) the algebra of
Boutet de Monvel’s operators of order m and type d between sections of the
vector bundles in question (cf. Boutet de Monvel [BAM71], Rempel and Schulze
[RS82], Grubb [Gru86], Schulze [Sch97]). An operator A € Alg™(V, V: W, W)

extends to a continuous mapping

H*(M.V) He=™(M, V)
A: S5 — ©
H*(OM, W) He="(OM, W),
for every s € R with s > d — % For m € Z, pick a family of order-reducing
isomorphisms
H*(M,V) H*="™(M,V) 1
v (7): D — o 8> 5

H(OM,W)  H="(OM,W)

within the algebra Alg™°(V,V; W, W), parametrised by 7 € R. In fact, we
can always choose Ry, of being without potential and trace conditions, i.e.,
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of the form Ry, = Ry © Ry, (cf. Examples 1.1.2 and 1.1.3). For an s € Z,
set

)‘1(7—) = %,W(T)v
M(r) = RER(), (2:25)

where 7 € R. Hence it follows that

M€ ANHS(M, V)& HS(OM, W), L*(M,V) & L*(0M,W)),

Ny € ANHST™(M, V)@ H™™(OM, W), L*(M, V)& L*(OM,W)).
Now, given any s € Z4 and v € R, we can consider weighted pseudodifferential
operators (2.2.2) with symbols @ € 8,(A1,A2;7) taking their values in the
algebra Alg™4(V,V; W, W), where Ay, A, are weight functions (2.2.5). In this

way we obtain what is a significant ingredient of the algebra of boundary value
problems on a manifold with singular points on the boundary (cf. Schrohe and

Schulze [SS94, S595]).
U

2.3 Function spaces related to weighted pseu-
dodifferential operators

In what follows we assume that A € A(H, [:[) is a symbol “with constant
coefficients.”

Definition 2.3.1 By H,,()\) is meant the completion of C2 (R4, H) with

comp
respect to the norm

el = (/@HA@»Fuoﬂugdr)lﬂ- (23.1)

From the Parseval identity it follows that norm (2.3.1) coincides with the

norm 1/
ol = ([ lopulidm(v))
R4

where op(A) = F~'A\(7)F.

We now proceed similarly to Section 1.8. For v € R, we denote by H,,(A;7)
the space of all distributions u on R, with values in H, such that ¢y ¢
H,,(X). This space is topologised under the norm

)= Hewé(t

]l (2 ull 51, (-

We check at once that

1/2
mmmm=(4+uwmmwm@«),
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for each u € H,(A;7).
In the sequel we use also two-parameter spaces H.,(A;v,u), for v,u €

R. These consist of all distributions v on R, with values in H, such that
O (8 (1)) u € Hy,()). We endow H,,(X; v, ) with the norm

el vy = N8 @) ullir, 0
= [I(8"(0) ull o ri)-

In general, H,(X;v,1) do not behave properly under action of weighted
pseudodifferential operators. In order to get asymptotic results it is necessary
to put some further restrictions to § (cf. Section 3.1).

2.4 Composition formulas

Let a(s,¢) be a C* function on Ry x R taking values in L(H;, Hy) and satis-
fying, for some € € R, the estimates

HDED?Q(Svg)HL(HhHﬁ < caﬁ(a) <g>67 (Svg) € Ry xR, (241)

for all o, 3 € Z .

To a(s,<) we assign the operator-valued integral

—hm// x(ed(s),e6)e (s s,¢)dm(s)ds,
i [ )ei"05a(s, ¢ )dim(s)

where x(y,¢<) is a cut-off function, i.e., vy € C

comp(

?) and x(y,s) = 1 in a
neighbourhood of the origin.

With the help of the change of variables y = d(s) it is easy to see that I(a)
exists and is independent of the particular choice of y. Moreover,

- //R B D ((6) (D) R a5,5)) dm(s)s

(2.4.2)
where Ny, Ny are non-negative integers satisfying 2N; > 1, 2Ny > e 4 1.
To derive composition formulas for weighted pseudodifferential operators
on the semiaxis, we pull back the group structure from R to R, via the dif-
feomorphism 4. Namely, we set

tos=4818(t)+8(s)), t,seRy,

then (R4, 0) is a locally compact commutative group with invariant measure
dm. In the case of Mellin pseudodifferential operators, we have §(t) = —log t,

tos=tsand dm(t) = %.
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Proposition 2.4.1
1) Suppose that A € OPS,(A1,A2;0) and B € OP S,(A2,A5;0). Then,
BA € OP S,(A1, A3;0), the symbol of BA is
1 .
opa(t,7) = — // e‘lé(s)gaB(t, T+ <)oa(tos, 7)dm(s)ds (2.4.3)
2m R4 xR

and the corresponding mapping S, (A1, A2;0) X Sy A2, A3;0) = Si(A1, A3;0) s
continuous.

2) Suppose that A € OP Sy.4a(A1, A2;0) is an operator with double symbol
a(t,t’, 7). Then, A € OP Su(A1, A2;0), the symbol of A is

1 .
oalt,7) = — // e‘lé(s)ga(t,t 08,7+ ¢)dm(s)ds (2.4.4)

2m R4xR
and the corresponding mapping Sy.a(A1, A2;0) = Sw(A1, A3;0) is continuous.

We emphasise that the integrals in (2.4.3) and (2.4.4) are regarded as os-
cillatory integrals in the sense of formula (2.4.2).

Proposition 2.4.2
1) Suppose that A € OP Sy ev(A1,A2;0) and B € OP Sy sv(A2, A3;0). Then,
BA € OP Sy sv(A1,A3;0) and the symbol of BA is of the form

opa(t,7)=op(t,m)oalt, )+ r(t,7),

where 7(t,7) € Suo(A1, As;0).
2) Suppose that A € OP Sye(A1,A2;0) is an operator with double symbol
a(t,t’, 7). Then, A € OP Sy ev(A1, A2;0) and the symbol of A is of the form

oa(t,T)=alt,t,7)+r(t,7),
where 7(t,7) € Suo(A1, As;0).

The proofs of Propositions 2.4.1 and 2.4.2 are quite analogous to those of
Propositions 1.4.1 and 1.5.2, respectively.

2.5 Boundedness

The continuity of weighted pseudodifferential operators is established by our
next proposition.

Proposition 2.5.1 Fach operator A € OP S,,(A1, A2;0) extends to a con-
tinuous linear mapping H,(A) — Hy,(A2). Moreover,

AN Loy S €Y caploa),
a+[B<N

where the constants ¢ > 0 and N € Z, are independent of A.
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Fig. 2.1: A cut-off function at the point ¢t = 0.

Proof. This follows by the same method as in the proof of Proposi-
tion 1.6.3.
O
Let x be a cut-off function at the point +oo, i.e., let x € C*(R) vanish
for + < a and be equal to 1 for * > b, where 0 < a < b < co. As in Section
1.7, set xr(x) = x(%), for R > 0. This is again a cut-off function at 4-00. The
pull-back ¢*yr of yr under the mapping = §(¢) is then what we shall call
the cut-off function at the point t = 0 (cf. Fig. 2.1).

Proposition 2.5.2 For each A € OP Sy0(A1,A2;0), it follows that

{107 Al oo moe) = 0,
i [[A Xl a0, Hu00)) =0

Proof. This is just a restatement of Proposition 1.7.2 in terms of weighted
pseudodifferential operators.
O
Let us mention an important consequence of this proposition which states
that the perturbations by operators in OP Sy, 0(A1, A2;0) do not affect the local
invertibility at the point ¢ = 0, provided this is defined by invoking the cut-off
functions 6*yg.

Corollary 2.5.3 Suppose S € OP Sy0(A1,A2;0). Then, an operator A in
L(Hy, (M), Hy(X2)) is locally invertible at the point t = 0 if and only if so is
A+ 5.

Proof. The proof is immediate from Proposition 2.5.2.
O
Thus, the operators of OP S, 0(A1, Ag; 0) are unessential in the problem of
local invertibility at the point ¢t = 0, for operators in OP S,,(A1, A2; 0).
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2.6 Local invertibility of weighted pseudodif-
ferential operators at the singular point

An operator A € L(H, (A1), Hy(A2)) is said to be locally invertible from the
left (right) at the point ¢ = 0 if there are an R > 0 and an operator B €
L(Hy,(A2), Hy(A1)) such that BA&* yr = 0*xr (resp. 6°xr AB = 0" \R).

An operator A is called locally invertible at the point ¢ = 0 if it is locally
invertible both from the left and from the right at this point.

We are now in a position to formulate the main result of this chapter which
provides a criterion for the local invertibility of operators with symbols slowly
varying at ¢ = 0.

Theorem 2.6.1 Let A = op(a), where a € S, 5v(A1,A2;0). Then the op-
erator A Hy,(A) — Hy(A2) is locally invertible at the point t = 0 if and
only if there exists a number ¢ > 0 such that the operator-valued function

a(t,7): Hy — Hy is invertible for all (t,7) € (0,¢) x R and

sup [|A(7)a” (6, 7)A (P, i) < 00 (2.6.1)
(0,e) xR

Proof. Cf. Theorem 1.7.4.
O
Under the condition of this theorem, the local inverse operator B is guar-
anteed to exist within the space OP S, (A2, A1) (cf. the remark after the proof
of Theorem 1.7.4).

2.7 Weighted pseudodifferential operators in
classes with exponential weights

If a € S, A2;79), v € R, then the operator A = op(a) given by (2.2.2)
extends to a continuous mapping H,(A1;v) — Hy(Ae;v). Theorem 2.6.1 is
carried over to this setting in a slightly different form.

Theorem 2.7.1 Let A = op(a), where a € Syev(A,A2;7), ¥ € R. Then
the operator A: H,(A1;v) = Hy(Ae;v) is locally invertible at the pointt =0
if and only if there exists an ¢ > 0 such that the operator-valued function
a(t,7 +1v): Hy — Hy is invertible for all (t,7) € (0,e) x R and

b [As(m)a™ (8 7+ i) A () i < 20 (2.7.1)
0,e) %
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Denote by H. the space H equipped with the norm w + ||A(7)ul| 5 depend-
ing on the parameter 7 € R. Then, another way of stating (2.7.1) is to say
that

sup ™ (8, 7+ i)l 01, ) < 0.
(0,e)xR
The theorem gains in interest if we realise that, for the symbols a(t, ()
sufficiently smooth up to ¢ = 0, condition (2.7.1) can be replaced by that at
t = 0. To do this, let us specify the meaning of being “sufficiently smooth.”
A symbol @ € S, (A1, Ag; ) is said to be regular up to t = 0 if the limit

lima(t, () = a(0,() (2.7.2)

t—=0

exists in the sense that, for each o, 3 € Z,, we have

limsup ||A2(7)D) D2 (a(t, 7 +iv) — a(0, 7 + i’Y)))\l_l(T)HL(Hl i, = 0.
t—=0 rER ?
Obviously, each symbol a € S, (A1, A2;y) regular up to ¢ = 0 varies slowly

at this point. On the other hand, for a symbol a € S, < (A1, Ag;7), equality
(2.7.2) reduces to

limsup [[A2(7) D7 (a(t, 7 +i7) = a(0,7 +iy)AT (7)1, 1) = 0

t—0 rER

for all o € Z.

Corollary 2.7.2 Suppose A € Sy,(A1,X2;7), v € R, is an operator with a
symbol a reqular up tot = 0. Then the operator A: Hy(A1;v) = Hy(A;7) is
locally invertible at the point t = 0 if and only if the operator-valued function
a(0,¢): Hy — Hy is invertible for all ( € R+ 1y and

sup M (T)a™ (0, 7 + i) AT )| gy ) < 00 (2.7.3)
TE

Proof. Indeed, the equality (2.7.2) just amounts to saying that the dif-
ference a(t,¢) — a(0,() is of class Syo(A1,Ae;7y). Applying Corollary 2.5.3
completes the proof.

4



Chapter 3

Differential Operators in
Domains with Cusps

3.1 Cusps

Let ) be a domain in R” star-shaped with respect to the origin and let = =
S(w) be a diffeomorphism of € onto an open subset of the unit sphere S™ in
R™ L,

For a point 2% € R"*!, the set of all points = 2°47rS5(w) with r € Ry and
w € Q is an open cone with vertex at #°. We call (r,w) the polar coordinates
of the point z.

As but one instance of this, we show

S(w) = (wl,...,wn,\/l—wf—...—w%>,

S being a diffeomorphism of the unit ball in R™ with center at the origin onto
the upper half-sphere {x € S™: 2,4, > 0} in R™*.

In the sequel, B(2°, ¢) stands for the ball with centre 2% and radius ¢ > 0
in R+,

Consider a closed domain D in R™*! given near a singular point 2° € 9D

by

DN (B(2%e)\ {2°)) = {2° + rS(f(r)0): r € (0,), 6 € M} (3.L.1)

with some ¢ > 0, where f is a positive function on the interval (0,¢) and M a
compact subdomain of 2 with smooth boundary.

To specify the function f in (3.1.1) we begin with a transparent geometric
example.

33
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Fig. 3.1: A domain with a cusp at the origin.

Example 3.1.1 Suppose

D={z R’ 23>0, F(xz) > /2? + 2%},

where F'is a positive smooth function on the half-line R satisfying F'(0+) =0
(cf. Fig. 3.1). Let f(r) be an implicit function of r > 0 defined by the equation

P ( P <%rf)2> = Loy, (3.1.2)

As is easy to see, f(r) is uniquely defined unless F'is rather intricate. Moreover,

we have |f(r)| < 2 for all » > 0. Then,
DN (B(a"%e)\ {="})
= {r(F(r)00, f(1)02, /T=(F(1)01 )7 = (F(r)02)7): 7 € (0,),0% 4 62 < (£)°}.
Since F'(0+) = 0, it follows from (3.1.2) that

lim )
A= TP

= F'(04)

or, equivalently,

lim f(r) = 217(0+)
0T /T (F(0))?

provided the derivative F'(0+) exists. If the boundary of D is smooth (i.e.,
possesses a tangential plane) at the origin, then F’(0+) = +oo and so (3.1.3)
gives f(0+) = 2. If the origin is a conical point on the boundary (i.e., the
tangential cone to D at x = 0 is non-degenerate), then F’(0+) is finite and
different from zero. In this case f(04) is in the interval (0,2). Finally, if

(3.1.3)
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the boundary of D has a cusp at the origin (i.e., the tangential cone to the
boundary at @ = 0 degenerates), then F'(0+) = 0, whence f(04+) = 0. In
particular, consider F'(t) = t*, where p > 0, then (3.1.2) becomes (%)2(7)_1)(4 —
f*)? = f*. The boundary of D is smooth at the origin, if 0 < p < 1, has a
conical point at the origin, if p = 1, and has a power-like cusp at the origin, if
p> 1.

O

Having disposed of this preliminary step, we can now return to the function
fin (3.1.1). Unless otherwise stated, we assume that f € C°°(0,¢] is positive
and bounded.

Set

° o dr
5(t):/t W, for t € (0,¢], (3.1.4)

then ¢ fulfills the requirements of Section 2.1.
Let us consider the ‘totally characteristic’ derivative

1
D
J'(t)
= (=tf@)D,
the last equality being a consequence of (3.1.4). By the above, the coefficient

—tf(t) is infinitesimal as t — 0. The following technical result sheds light on
the coefficients of D/, for j € Z.

D =

Proposition 3.1.2 For each j =0,1,..., we have

D/ = (—tf) D'+ p o (ftDf,.. . 4D ) (—tf) " D, (3.1.5)

where pjj_, is a polynomial of degree ¢ with (integer) complex coefficients.

Proof. Since

D((~tf)"w) = (~1f)"Du ~v(~tf)"(1f + tDf)u,
DD f) = = (D" f) = [ D ),

equality (3.1.5) follows by induction in j.
O
Equality (3.1.5) suggests a condition on the behaviour of f close to t =0
which guarantees that the coefficients of the powers D’ are infinitesimal as
t — 0. Namely, o
sup ['D7f(t)| <e;, j=0,1,.... (3.1.6)

te(0,¢e]

Let us show two typical choices of f satisfying (3.1.6).
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Example 3.1.3 We set f(r) = r?, where p > 0. This corresponds to a
conical point, if p =0, and a power-like cusp, if p > 0.
0

Example 3.1.4 We set f(r) = e~'/". This corresponds to an exponential
cusp.

4

3.2 Differential operators

Let A= E|ﬁ|<m ag(x)DP be a differential operator with C'* coefficients in

DN (B(2%e) \ {2°}). We are looking for an expression for A in the “polar”
coordinates (r,0) € (0,e) x M, where x = 2% 4+ rS(f(r)8). To this end, we

make use of the following proposition.

Set .
9S\ L (05Tos) st
Jw W= Jw OJw Ow » ’
95

where 72 = <%> is the Jacobian matrix of S and the superscript ‘T” means
J

the transposed matrix. Since rankR% = n in the domain €2, the inverse of
QST% exists and is smooth in €. It follows that <%>_1 is a left inverse for

g 7
dw”

Proposition 3.2.1 For every j =1,...,n+ 1, we have

=50 rfz<( ) (10) 2550y )aae (3:2.1

¥

<a_s> being the (¢, 7)-entry of <a_s>

Proof. We have v = 2% + rS(f(r)8), whence

e CUGLEE

T a0 T E) ),

S being regarded as a column vector.
Moreover, since S7(w) + ...+ S2. (w) =1 for all w € Q, it follows that

ST =0 in Q,

oSl 1 as
det 5 = (—=1)"7"5, det (S 6_>

w w

whence
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for each ¢ = 1,...,n + 1. Here S[i] denotes the mapping S with the ¢ th
component omitted.

By Cramer’s rule, the inverse matrix for 22

is of the form

9(r,0)
0
a(r, 0) :<1 S(fl) )_r% st |
O | ymg04r5(s0) 7o (52) rf ST('fé)Gn
where (25)7" is the left inverse for 25.

Thus, the chain rule yields

0 or 0 “~ 90,

dx;  dx; or + — Jx; 99,

I TES ((g—j) (1)~ 5L s50) eb) -

for y=1,...,n+ 1, as required.

Using matrix conventions, we can rewrite (3.2.1) as

D, =

7 <S(f9>Dr - (&) (f9)> Do+ 2 S(f0) 0D9>

where §Dg = >""_| (9L1 889 Since

D_if = —rf( f+rDf),
DS(f0) = —(;a—mu >fei) 'DJ.

Dy S(f0) = fD.S(f0),

we deduce that, under the change of variables 7(r,0) = 2% 4+ rS(f(r)d), the

differential operator A transforms into an operator

A= ()" Y ( S @) W*aﬁ(r,e)) D/ D

Jtlal<m \j+la|<|BI<m
(3.2.2)
on the cylinder (0,¢) x M over M, where p(ﬁ) are polynomials with integer
coefficients of r fO (0= 0, 1, .., 1Bl —=7), 0 and elements of the matrices DLS
and D (22 ) < |8 — |a| with w = ff. (The operator 7#A is called the

pull-back of A under r.) The polynomials p( )

]7a

can be computed from (3.2.1).
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Note that the pull-backs m*as(r, §) behave “well” on the cylinder [0,¢) x Q if
so do the coefficients of A near the point z°.

Set
aja(r0)= Y (@) ) wrag(r,0),

Jtlal<|BI<m

for (r,0) € (0,e) x M. We require a;, to fulfill the estimates

Sl(lp) |DEDJCL]‘7O[(T,(9)| <cgny, PBELy, vE Z?—v (323)
re(0,e

uniformly in @ € M (cf. (2.2.4)). Proposition 3.1.2 shows that, under condition
(3.1.6), a;, satisfy (3.2.3) if so do m*ag(r,0), i.e.,

|B|

DPas(a)] < g (ag) (~&(a - 2°])) (3.2.4)

for all multi-indices B € Z7.

Estimates (3.2.3) just amount to saying that (')~ 7" A is a weighted differ-
ential operator in the sense of Section 2.2, with ¢ given by (3.1.4). Moreover,
(6")~™m% A is a differential operators with a symbol slowly varying at the point
r = 0 if, in addition to (3.2.3), the coefficients a;, bear

1E%Draj7a(r,0) =0 (3.2.5)

uniformly in 0 € M.
As but one instance of a function a(r,0) satisfying (3.2.3) and (3.2.5) we
show /0D (), where ¢ € C*(M) and pu € (0,1).

Proposition 3.2.2 Suppose that

lim # D7 f(r) =0, foreach j=1,2,.... (3.2.6)

r—0+
Let (3.2.4) hold. Then, a;, satisfy (3.2.5) if so do n*ag(r,0), i.e.,
a}iglo D, ag(x)/8'(Jx —2°) =0 (3.2.7)
forevery 3 =1,...,n+1.
Proof. Indeed, condition (3.2.7) implies
}»i—% D, m as(r,0) =0

uniformly in § € M. Moreover,

D, (&'(r))" = —ip (8'(r))" (f +1f")
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vanishes as r — 0, for each p < 0. It remains to evaluate the derivative of
pﬁﬁa) when 7 — 0. To this end, set & = r'f, + = 0,1,...,|8] — j, and let
N,, v = 1,..., N, be an indexing of the elements of both matrices DLS and
DI <%>_1, |I] < |B| — j — |a|, where w = f6. By the chain rule, we get

PRNCE T ot
Dr 4 = i ]Of 7’ N 0
b= 2 )t Z an,
and
D(r‘f(‘)> = zf(rf —I—T“"lf“"l)
Dr nu(f(g) = (Z ) |w 1o erv
whence
lim D, pia) =0
r—0

uniformly in § € M. This completes the proof.
O
The choice of f meeting (3.2.6) seems to be the best adapted to our theory.
Note that this condition is stronger than (3.1.6).
Let us mention yet another advantage of using functions f satisfying (3.2.6).

(8)

To this end, we denote by ¢; | the polynomial obtained from pﬁa via replacing

rf! .. rlPl=a (U= by zeroes. It is easy to see that q(ﬂ)

w = f6O rather than on # directly. Set "

0) = Z q](ﬁa) mrag(r,0),

3]=m

depends on r and

and write 4
A=) S alr,0)DIDg + (8)"S. (3.2.8)

jtlal<m

Proposition 3.2.3 Under condition (3.2.6), if moreover ag fulfill (3.2.4),
then the coefficients of the differential operator S in (3.2.8) are infinitesimal
asr — 0.

Proof. Indeed, we have
> 5..DD3,
jtlal<m
with
dj = aj7a(r,0)—a;?cz(r,0)
= Y (0 - a0+ Y T B wa0),

3]=m Jtlal<|Bl<m
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If 5 =|3], then p(ﬁ) g by the very definition. For fixed 7, a and (3

j7a o ]7a -

with 7 < |B| = m, set J = |3]|—7. Using Taylor’s expansion for the polynomial
pﬁﬁa) gives
1
B B g J p(J
daman = X el lemememoln T ()
VeZFF N0}
YO=Yi+1=--=VI+1+N=0

Combining this with (3.2.6) and (3.2.4), we deduce that the first sum in the
expression for d;, vanishes when r — 0.

On the other hand, if || < m, then (5’(r))|ﬁ|_m — 0 as r — 0. This shows
that the second term of §;, also vanishes when r — 0. Hence the desired
conclusion follows.

O

We show below that the operator (§')”S has a small local norm in suitable
function spaces and is thus unessential in the problem of local invertibility at
the point r = 0.

The class of coefficients satisfying (3.2.4) and (3.2.7) contains some func-
tions rapidly oscillating near the cusp (i.e., close to r = 0).

Example 3.2.4 For each 0 < p < 1 and ¢ € C*(1), the function
a(r,w) = O ¢(w)

fulfills both (3.2.4) and (3.2.7).
Ol

3.3 Differential operators on manifolds with
cusps

Let M be a (topological) submanifold of R"*! of dimension d + 1, where
0<d<n.

A point 2% € M is said to be a singular point of this manifold if M is given
close to 2% in the form

MO (B(2%e)\ {2°}) = {2° + rS(f(r)d): r € (0,8),9 € M}, (3.3.1)

with some ¢ > 0, where f is a positive function on the interval (0,¢) and M is
a smooth compact closed submanifold of €2 of dimension d.

We may specify the function f in (3.3.1) in the same way as in Section 3.1,
thus specifying various kinds of singular points.
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We will restrict our attention to local coordinate charts on M with local
coordinates

191 — 191(0),

9, = Ua(0),

where rank <gzi> =d for all § = (0y,...,0,) varying over a domain © C R<.

Under the change of variables 7 (r,9) = 2%+ rS(f(r)d), a differential oper-
ator A on the “smooth part” MN(B(2% )\ {2°}) of M close to 2° transforms
into an operator A on the cylinder (0,¢) x M over M. Moreover, analysis
similar to that in Section 3.2 actually shows that 7#A is of the form (3.2.2) in
local coordinates ¥ = ¥(8) on M.

We are thus led to typical differential operators on the manifold M close
to the singular point z°. When written in the polar coordinates with center
2% these are differential operators on the cylinder (0,&) x M over M of the

form -
A:( ! ) S ay(r)D,
—r
7=0

where a; € C*((0,¢),Diff "7 (M)) and D = (—rf)D,. Thus, in every local
chart U 5 © c R on M, we have

aj(r)= Y a;u(r,0)D;,

la|<m—j

a; o being C* functions in (0,¢) x ©.

We shall make two standing assumptions on the coefficients «;, under
consideration (cf. Example 2.2.3). Namely, they are required to fulfill both
(3.2.3) and (3.2.5) uniformly on compact subsets of ©. It is immaterial which
covering of M by local charts we choose to define our class of operators as long
as M is compact.

3.4 Canonical domains and surfaces with
cusps

Fix a bounded positive function f € C*(0,]. From now on we tacitly assume
that f bears estimates (3.1.6).

We extend f to a positive C'* function on the entire semiaxis Ry which is
constant for r > R > &. It will cause no confusion if we use the same letter to
designate f and its extension.

If f(r) < ¢o for r € (0,¢], which we may assume, then there is a desired
extension of f with values in (0, ¢o].
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Suppose M be a subset of €1, such that coM C Q. Let
Coo = {2° +7rS(f(r)0):r e Ry, 0 € M}, (3.4.1)

the right-hand side being well-defined due to the fact that  is star-shaped
with respect to the origin.

Note that the part of o lying outside the ball B(2° R) is a conical set,
ie., if v € Cp and |z — 2% > R, then 2° + Az — 2°) € Cpo for all X > 1.

If M is a compact domain with smooth boundary in €, then we call Co
the canonical domain with a singular point on the boundary.

If M is a smooth compact closed submanifold of ) of dimension d, with
0 < d < n, then C,o is said to be a canonical surface with a singular point.

Remark 3.4.1 Obviously, if Coo is a canonical domain with a singular
point on the boundary, then the boundary of Cpo is a canonical surface with a
singular point.

3.5 Function spaces in a canonical domain

Consider a canonical domain with a singular point on the boundary given by
(3.4.1), M being a compact domain with smooth boundary in €.

Let -y

”
ot :/ ——, for teR
Q ¢ rf(r) "

(cf. (3.1.4)). From the properties of the function f it follows that ¢ is a
diffeomorphism of Ry onto the entire real axis.

For s € Z, and v, € R, the space H*"*(C,0) is defined to be the com-
pletion of €22 (C,0) with respect to the norm

comp

HUHHS,%M(OEO) = (/R 62%5(7’)(5/(7“))2#« (Z HD]W*UH?JS_J(M)) dm(r)) 5
+ =0

(3.5.1)
where 7*u stands for the pull-back of v under the mapping 7: Ry x M — Co
given by m(r,0) = z° + rS(f(r)0). (Note that m*u € CZ (R4, C*(M))
provided u € €25, (Cpo).)

If f(r) = co, i.e., 2° is a conical point, then &(r) = élog £, and hence
1
S0 = ()% is a power of §'(r) = —LL up to an unessential constant factor.
r Co T

In this case we can restrict the discussion to two-parameter spaces H*7(Co),
as is customary in the cone theory (cf. Schulze [Sch91, Sch94, Sch97]). In the
general case €’ is by no means a multiple of a power of §’.
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Example 3.5.1 Let f(r) =r? for r € (0,¢], where p > 0. Then we have

033}

on (0,z]. Tt follows that €*") grows exponentially as » — 0, while §'(r) =
—r~P=1 is of power order of growth.

4

For the general case, we note that only the spaces H*%%(C,0) are of inde-
pendent interest while H*7#(C0) can be derived from these as spaces with a
weight factor.

Proposition 3.5.2 Suppose f fulfills estimates (3.1.6). Then,

ltllmrenme,o) ~ Im(€(8) ) ullinoic,e)  Jor we CZ(Con),

where the equivalence of two norms means that their ratio is bounded both above
and below by positive constants independent of u.

The estimate we obtain on the course of proof seems to be of independent
interest.

Proof. Pick u € C*(Ry, H), H being a Hilbert space. An easy computa-
tion shows that

D (e”5(5’)“ u) = 6”5(5’)“ Du + (%’y + /,L(%f + er)) 6”5(5’)“ u.

We now proceed by induction in j = 1,2,..., thus obtaining

J
DY (78 u) = 75(8)" Dju—l-ij,j_L(f, rDf, ... D f) (8 DI,
=1
(3.5.2)
where p;;_, is a polynomial of degree ¢ with coeflicients depending on v and
o (cf. the proof of Proposition 3.1.2). From (3.5.2) we deduce in turn that

J
(8" Diu = DI () w) + Y pijmi (DS D) DI (E7(8) w),
=1
(3.5.3)
pj.j—, being a polynomial of degree ¢ with coeflicients depending on v and pu.
Combining (3.5.2) with (3.5.3) and invoking estimates ((3.1.6)), we con-
clude that

J J J
¢ Y D) W)l < (=8 D ID ullg < C YD (8 w)llu
=0 =0 =0
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for all t € R,, where ¢ and C' are positive constants depending only on f but
not on u. This gives the desired conclusion when substituted to (3.5.1).
O

Under the pull-back mapping u + 7*u the space H*7°(C,0) is topologically
isomorphic to the Hilbert space H,(A;v) (cf. Section 2.3), where A(7) =
Ri3yxc(7T) is the order-reducing family of Example 1.1.3. For a proof of this
fact we refer the reader to Schrohe and Schulze [SS94, 3.1.9].

Combining this with Proposition 3.5.2 and with what has been said in
Section 2.3, we see that

HUHHS”’“(C}O) ~ HW*((S/)MUHHS”’O(CEO)
~ H((S/)MW*uHHw(Rf\JxCW)

B </R+Z'WHR?ch(éROF(((S/)MW*u)(g)"%Z)(M)dC)

1/2

(3.5.4)

For an integer s > 0, we denote by HS_%’”’“(acxo) the function space
on the boundary of C,o consisting of the restrictions to dC,0 of elements in
H*7#(Cy). (Note that the boundary of C,0 does not contain z° and hence is

smooth.) The space HS_%’”’“(aCxo) is topologised under the quotient norm.

3.6 Function spaces on a canonical surface

Function spaces on a canonical surface with a singular point are introduced
similarly to those on a canonical domain.

Namely, let (0 is a canonical surface with a singular point. For s € Z, and
v, € R, the space H*7#(Cy0) is defined to be the completion of CZ5, (Cro)
under the norm (3.5.1), where M is now a smooth compact closed manifold.

Proposition 3.5.2 still holds in this setting. Moreover, under the pull-back
mapping u — 7*u the space H*"(Cy) is topologically isomorphic to the
Hilbert space H,,(A;7) where A(7) = R3;c(7) is the order-reducing family of
Example 1.1.2 (cf. Schulze and Tarkhanov [ST96, 1.5]).

Since this latter space H,(X;v) is in fact defined for all real s, we can extend
the definition of H*"°(C) to s € R. Then, applying Proposition 3.5.2 we
arrive at the scale of function spaces H*"#(Cpo) over all s € R. Namely,
H*"#(Cp) is defined to be the completion of €2 (Co) with respect to the

comp
norim

HUHHS,%M(CEO) = H((S/)M ﬂ-*uHHw(Rf\/IX@W)' (361)

For s € Z this gives what we have already defined above, up to an equiv-
alent norm.



A Calculus of Boundary Value Problems 45

Formulas (3.5.4) remain valid for all s € R in case C,0 is a canonical surface
with a singular point.

Moreover, if C,0 is a canonical domain with a singular point on the bound-
ary, then the definitions of HS_%’%“(QCQU(J), for s € Z,, at the end of Section
3.5 and by (3.6.1) result in the same space up to an equivalent norm.

3.7 Local invertibility of a differential opera-
tor at a cusp

We are now prepared to apply Theorem 2.6.1 to the problem of local invert-
ibility of differential operators on a closed manifold M with singular points.
Suppose M is written close to a singular point 2° € M in the form (3.3.1),
with M a smooth compact closed manifold. We assume that the function f
fulfills estimates (3.1.6).
Let A be a differential operator of order m on M N (B(2° )\ {2°}), where
¢ > 0. As described in Section 3.3, after the change of variables

m(x,9) = 2° + rS(f(r)d)
the operator A takes the form
A= (8" a;(r)D’, (3.7.1)
7=0

where a; € C*((0,¢), Diff "~/ (M)). The “coefficients” a; ,(r, ), |a| < m—j, of
these differential operators are required to satisfy estimates (3.2.3) and (3.2.5)
uniformly on small balls in M.

We have 7 (Au) = (7" A) m*u or, equivalently,

Au =, (WﬁA) Ty (3.7.2)
on functions u defined in a punctured neighbourhood of 2° on M.

Proposition 3.7.1 For each s,v,pu € R and each @, € C2 [0,¢), there

comp
1S a continuous extension

(mep) A(map): HH(Cho) — H 7R (o).
Proof. We first observe that
(mep) A(mat) = mop(mt A)ip 7,

which is due to (3.7.2).
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Pick w € H*"(Cy). Proposition 3.5.2 yields

[(map) A ()l ommiimmic o)
< el (ewé((sl)“_mcp(wﬁA);/) mu) | Frs=m00(0 0)s

with ¢ a constant independent of w. On the other hand, combining (3.7.1) and
(3.5.3) we conclude that

m

675(5’)“_m<,o(7rﬁ14)@/) ™y = Z dej (e%((sl)“w*u) \

=0

where @; € C*(R, Diff "™/ (M)) vanish away from the interval (0,z). More-
over, the “coefficients” of a; still fulfill estimates (3.2.3) (and (3.2.5)
on small balls in M.

Set

uniformly

a(r,7) = Z a;(r)r,

J=0

then @ € S, (R3jwc, Rijue: 0) (cf. Example 2.2.3). We now invoke equality
(3.6.1) to obtain

I (2 (8) " p(r* A 7w | ra-mooges ) = lob (@) (€7 () 7°0) g, i

MX(I:)
< el (@) 7 ullm, =50
with some new constant ¢ independent of u, the last estimate being a con-
sequence of Proposition 2.5.1. Repeated application of (3.6.1) completes the
proof.
O

Since A is a differential operator, the local invertibility of A at the point 2°
is completely determined by the restriction of A to a punctured neighbourhood
of z° on M. Thus, we can assume that the coefficients of A vanish away from
a compact subset of M N B(z",¢), for if not, we replace A by (7m.w)A with any
cut-off function w € CF, [0,¢). Proposition 3.7.1 makes it obvious that the
operator A: H*Y#(Ch) — H*7™VH7™((Cho) is locally invertible at the point
2% if and only if (§")™" 7 A 1 H (Rireci7s 1) — Hu(Ri 0o, 1) is locally
invertible at the point r = 0. This latter operator has symbol

alr,Q) =) _a;(r)¢’

which is of class Susv(Risvc, Rizee;v). Hence Theorem 2.7.1 is applicable
and we arrive at the following result.
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Theorem 3.7.2 The operator A: H*7°(Cho) — H™™ 77 (o) is locally
invertible at the point x° if and only if there exists a number ¢ > 0 such that
the operator-valued function a(r,7+1iv): H*(M) — H*=" (M) is invertible for
all (r,7) € (0,¢) xR and

Jup IR cc(T)a™ (r, 7 + i) REE(T) iz, 12wy < 00 (3.7.3)
€)X

If a(r, 7+ 1v) is an elliptic operator on M with parameter 7 € R, uniformly
in r € (0,¢) (see for instance Agranovich and Vishik [AV64]), then Theorem
3.7.2 reads as follows.

Corollary 3.7.3 Let 7,(r,v), i = 1,2,..., be the eigenvalues of the oper-
ator pencil a(r,7 + 1v), and let s,v € R. Then, in order that the operator
A HoO(Cpo) — HT™ 7 (Cho) be locally invertible at the point z°, it is nec-
essary and sufficient that

lim inf : |S7i(r,v)| > 0, (3.7.4)

e—=0re(0,e
for each 1 =1,2,....

Condition (3.7.4) means that there exists an open strip in the complex
plane, which contains the real axis and which is free of the eigenvalues 7;(r, v)
for r € (0, ¢), where ¢ is small enough.

Proof. Consider the composition

L/)(T, T) = R?\ZT@(T)Q(rv T+ Z.FV)R]T;XC(T)'

By assumption, ¢(r,7) is an elliptic pseudodifferential operator of order zero
on M with parameter 7 € R, uniformly in r € (0,¢). Hence it follows, by a
theorem of Agranovich and Vishik [AV64], that there exists an R > 0 such
that ¢(r,7) is invertible for all r € (0,¢) and 7 € R with |7| > R. On the
other hand, since both R}, (1) and R}, 7(7) are families of isomorphisms,
condition (3.7.4) is equivalent to the fact that to every R > 0 there corresponds
an ¢y € (0,¢] such that ¢ (r,7) is invertible whenever r € (0,¢) and |7] < R.
We thus conclude that a(r,7 + ¢v) is invertible for all » € (0,¢) and 7 € R.
Moreover, the inverse = '(r,7) = R c(T)a ™ (r, 7 + i7)Ry%o(7) meets the
estimate (3.7.3). Indeed, if |7| < R, then (3.7.3) follows from the continuity of
Y~Yr,7)in 7. If |7| > R, then (3.7.3) is a consequence of norm estimates for
pseudodifferential operators with parameter in Sobolev spaces, cf. ibid. This
completes the proof, when combined with Theorem 3.7.2.
O
To extend Theorem 3.7.2 and Corollary 3.7.3 to arbitrary weight exponents
p (not merely g = 0) we impose an additional condition on f, namely

lim D’ f(r) =0, foreach j=0,1,.... (3.7.5)

r—04
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(cf. (3.2.6)). As described in Section 3.1, this corresponds to the case where
2% is a cusp.

Corollary 3.7.4 Suppose that f fulfills (3.7.5). Let s,y,u € R. Then,
the operator A: H*"*(Cpo) — HVH7 (o) is locally invertible at the point
2% if and only if there exvists an ¢ > 0 such that the operator-valued function
a(r,m +1y): H* (M) — H*=" (M) is invertible for all (r,7) € (0,¢) x R, and

its inverse meets (3.7.3).

Proof. Indeed, by (3.5.2) (or (3.5.2)),

D/ ((8")# u) = (8)* <Dju + 3 pigei(frDf, D) Df—‘U) ,

pj.j—, being a polynomial of degree ¢ with coeflicients depending on p, such that
p;.i—.(0) = 0. Hence it follows that, under assumption (3.7.5), the operator D
commutes with the weight factor (6’)* up to an operator which is unessential
for the local invertibility. Thus, applying Theorem 3.7.2 yields the desired
conclusion.

4

3.8 Local invertibility of a boundary value
problem at a cusp

In this section we indicate how the above techniques may be used to treat a
boundary value problem in a closed domain D C R”™! with a singular point
2% on the boundary. Namely,

Au = f in D\ {2°},
{ Biu = u; on 9D\ {z°}, (3.8.1)

where A is a differential operator in D\ {2°} and (B;) a system of differential
operators defined in a neighbourhood of 9D \ {2°}. We write m for the order
of A and m; for the order of B;.

Suppose D is written close to 2° in the form (3.1.1), where M is a compact
domain with smooth boundary in . We assume that f fulfills (3.1.6).

We are concerned with the problem of local invertibility of (3.8.1) at the
singular point 2°. For this reason we restrict our attention to the punctured
neighbourhood of z° given by (3.1.1). This is nothing but Cpo N B(2?, ) where
(o is a canonical domain with a singular point on the boundary (cf. (3.4.1)).
There is no loss of generality in assuming that both A and (B;) are defined
on the entire domain C,o and vanish away from a ball with center z°. We are
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thus led to a boundary value problem in the canonical domain (0. Proposition
3.7.1 suggests us suitable function spaces to study the problem, namely

< A H'S_m7’77ﬂ'—m(0x0)
L (Cho) — & (3.8.2)
L) e
Drac,o GH ™5 (G0 )

where rac , means restriction to the boundary of (0 and s is any integer
with s > maxm;.
Under the change of variables m(r,0) = 2° + rS(f(r)0), the operators A

and (B;) transform into operators

A = (6™ >0 aja(r, G)DﬁDg,
J+{al<m |
WﬁBz’ = (5/)ml E bi,j,a(rv G)DiDg

J+le|<m;

over the semicylinder Ry x M The coefficients a;, and b; ;, are required to
satisfy (3.2.3) and (3.2.5) uniformly in § € M.

Since the factor ¢'(r) is different from zero for r > 0, operator (3.8.2) is
locally invertible at the point 2% if and only if the operator

H, (Rigeeiv, i)

SNt A
( @ra(M()é’)—mwﬁ& )‘ Hou(Riyxesvs i) = & (3.8.3)

s—mi—% )

SHw(Roprwc 37, 1

is locally invertible at the point r = 0. Here R}, o(7) stands for the order-

s—mi—%

reducing family of Example 1.1.3 and R, (7) for that of Example 1.1.2.
The advantage of using this reformulation of problem (3.8.2) lies in the fact
that operator (3.8.3) fits in the theory of Part 2. It has symbol

' |Z|: @ja(r, 0) DG, H*= (M)
a(r, () = rHalsm | HY(M) — &
’ D 7“3]\4[)2'7 o T,(g Da§] s—mi— L
oiam, T VD B OM)

which is of class Sy v (A1, A2;7), with

M(7) = Ripeeln), B
Ma(r) = Rigie(r) @ (8Ro5E7 (7).

It is worth emphasising that the symbol a(r, () takes its values in the “al-
gebra” of boundary value problems on the domain M.

We thus conclude that Theorem 2.7.1 is applicable which results in the
following criterion of local solvability of problem (3.8.1) at the point z°.
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Theorem 3.8.1 Let s € Z, satisfy s > maxm; and let vy € R, p = 0. The
operator (3.8.2) is locally invertible at 2° if and only if there exists an € > 0
such that the symbol a(r,7 +1v): H*(M) — H*~™(M) & (@Hs_m"_%(aM)) is
invertible for all (r,7) € (0,¢) x R and

( Sl;pR H)\l(r)a_l(r, T —|— iV))\z_l(T)"L(L2(M)69(69L2(8M)),L2(M)) < 0oQ. (384)
0,e) X
If a(r,7 + iv) is an elliptic boundary value problem on M with parameter

7 € R, uniformly in » € (0,¢), then Theorem 3.8.1 reads just as Corollary
3.7.3.

Corollary 3.8.2 Let ;(r,v), 1 = 1,2,..., be the eigenvalues of the operator
pencil a(r,m +1v). Then, in order that operator (3.8.2) (for ;= 0) be locally
invertible at the point z°, it is necessary and sufficient that

lim inf |S7i(r,~)| > 0,
lim inf 373 (r, v)]

for each1=1,2,....

We now wish to arrange that these results hold for arbitrary p € R, not
merely ¢ = 0. To this end, we proceed as in Corollary 3.7.4.

Corollary 3.8.3 Suppose f fulfills (3.7.5). Let s € Z satisfy s > maxm,;
and let v, € R. Then, operator (3.8.2) is locally invertible at the point 2° if
and only if there exists a number € > 0 such that the operator-valued function
a(r,m+1y): H¥ (M) — H*""(M) & (@Hs_m"_%(aM)) is invertible for all
(r,7) € (0,¢) x R, and its inverse meets (3.8.4).

The symbol a(r, ) which controls the local solvability of problem (3.8.1)
at the singular point 2 is similar to that in case 2% is a conical point (cf.
Kondrat’ev [Kon67]). However, the case of pure cusps differs from the case of
conical points to some extent. Namely, Corollary 3.8.3 shows that the weight
factors (6')* do not influence the local solvability of problem (3.8.1); only the
weight exponent v enters condition (3.8.4). On the other hand, in the case of
conical points ¢’ is a multiple of 1/r and it is well-known that condition (3.8.4)
depends on the weight factors 7 (prohibited weight exponents, cf. ibid). The

reason of this is that the function f = const does not meet condition (3.7.5).

3.9 The Dirichlet and Neumann problems in
a domain with cusps

In this section we consider the Dirichlet and Neumann problems for the Laplace
equation in a closed domain D C R? with a singular point 2° € 9D. We assume
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that the portion of D in a small ball with centre 2° is given by
D (B®,2)\ {2°}) = {° + (r cos(f(r)6), sin((1)0)): » € (0,2),0 € M},

where f is a positive function on the interval (0,e) and M = [6;,6;] is a
segment in [0, 27).
The function f is required to fulfill the following assumptions:

o feC(0.¢];
o lim, oy 1" D7 f =0, for each j =0,1,...

(thus, 2% is a cusp).

We extend f to a smooth positive function on the whole semiaxis R, such
that f(r) = const for r large enough. Then, we introduce the diffeomorphism
§: Ry — R by (3.1.4), for each t € Ry.

A trivial verification shows that

% = cos(f@)% + # (— sin(f0) — r%@ COS(f@)) %,
% = sin(f@)% + # <COS(f(9) — r%@ sin(f@)) %

(cf. (3.2.1)). It follows that the pull-back of the Laplace operator A under the
change of variables 7(r,6) = 2° + (r cos(f(r)8),rsin(f(r)0)) is

TA = (5 (~D - DE 4 5).

where the operator S has a small local norm at the singular point and is
thus unessential in the problem of local invertibility. Moreover, since the unit
outward vector to dD at the point (r,0) is

v = <COS <g —|—f(9> , sin <g—|—f(9>> ,

0 0
P O
" v < 80)
up to unessential operator.

From what has been proved in Section 3.8 we deduce that the local solv-
ability at 2, for the Dirichlet problem

we have

Hs—?,w,u—?(cgg())
( A ): H (O ) = o (3.9.1)
racmo HS—%7W7M(80$0)

with s € Z, and s > %, is controlled by the operator-valued symbol

o Ho=2(M)
(‘DV( ):H“"(M)—> & ,
roM H*=5(dM)
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where ( € R + ¢y. This symbol is easily verified to be an isomorphism unless
RC=0and v = @j, j € Z\ {0}. Corollary 3.8.3 now leads to the following
result.

Theorem 3.9.1 Let v # 2207 for all 5 € Z\ {0}. Then, as defined by

Kis

(3.9.1), the Dirichlet problem is locally invertible at the cusp.

For an explicit algebra of pseudodifferential operators containing local para-
metrices of the Dirichlet problem in a plane domain with a conical point on
the boundary, we refer the reader to a recent paper of Ueda [Ued96]. The
same parametrix construction still goes for the Dirichlet problem for a general
strongly elliptic operator, not merely for the Laplacian.

We now turn to the Neumann problem. As described in Section 3.8, the
local solvability at z°, for the Neumann problem

A Hs=20m=2((0)
( ; ) L H(Co) — @ (3.9.2)
"Ca0 By H>=574(9C o)

with s € Z, and s > %, is controlled by the operator-valued symbol

o Ho=2(M)
(‘Dﬁ _@C ): H* (M) — ® ,
oM g H=3(0M)

where ¢ € R + iy. This symbol is easily proved to be an isomorphism unless
RC=0and v = %%} j e Z. Corollary 3.8.3 now gives the following result.

Kis

Theorem 3.9.2 Let v # %2295 for all j € Z.. Then, as defined by (3.9.2),

the Neumann problem is locally invertible at the cusp.

3.10 Fredholm property

Let D be a compact domain in R™™! with a finite number of singular points
on the boundary, singdD = {z',...,2"}. Suppose that D \ sing 9D is a

1 N
, ..., to be cusps, as

C'* manifold with boundary. Moreover, we require x
defined in Section 3.1.

Consider a boundary value problem in D,

{ Au = f in D)\ singdD,

Biju = u; on 9D\ sing 9D, (3.10.1)

where A is a differential operator in D\ sing 9D and (B;) a system of differential
operators defined in a neighbourhood of 9D\ sing dD. In the sequel, we denote
by m the order of A and by m; the order of B;.
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We first define appropriate function spaces to study problem (3.10.1). To
this end, for each point «”, choose a ball B(z",¢,) such that the part of D
lying in B(x",¢,) is given by (3.1.1), now all the objects S, f and M depending
on v. We can assume, by decreasing ¢, if necessary, that the balls B(z",¢,)
are pairwise non-overlapping. For each v = 1,..., N, we fix a (' function
X» with a compact support in B(z",¢,), such that 0 < y, <1 and x, =1
in a neighourhood of the point #”. Moreover, we set yo = 1 — Eivzl Y. Let
s€Zyandlety = (vi,...,v), t = (ft1, ..., tn) be tuples of RY. Denote by
H*7#(D) the completion of the space CZ, (D \ sing dD) with respect to the
norm

2

N
[l o) = (HXouH?pw) +> HXUUH?IWMCEVJ
v=1

(cf. (3.5.1)). It is a simple matter to see that H*"#(D) is a Hilbert space. We
write HS_%’W‘(aD) for the function space on the boundary of D which consists
of the traces on the smooth part of 9D of elements in H*7*(D). This space
is topologised under the quotient norm.

We require the coefficients of the operators A and (B;) to satisfy conditions
(3.2.3) and (3.2.5) close to each point #”, v = 1,..., N. Then, for each integer
s > maxm; and each v, € RY, problem (3.10.1) gives rise to a continuous
linear operator

Hs—m,%u—m(p)
(@riB ): Ho (D) - - (3.10.2)
¢ B HS™ M 5T (ap)

(cf. (3.8.2)).

To every singular point ©¥ we assign an operator pencil azv(r, (), as de-
scribed in Section 3.8. Suppose, for each v = 1,..., N, that a,(r,7 + i7,) is
an elliptic boundary value problem on M, with parameter 7 € R, uniformly
inre(0,¢).

Theorem 3.10.1 Let s € Z, satisfy s > maxm;, and let v, € RY.
Then, the operator (3.10.2) is Fredholm if and only if:

1) the boundary value problem (A, & B;) is elliptic at each point of D\
sing dD; and

2) at each point x¥ € sing ID, we have

. : Cx .
limg inf [S7e(r. )] > 0,

foreach 1 =1,2,..., where 7,0 ;(r,7,) are the eigenvalues of the operator pencil
ape(r, 7+ 179,).
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Proof. The proof is straightforward from Corollary 3.8.2 by invoking the
standard machinery connected with the “pasting together” of a global regu-
lariser from local regularisers by means of a special partition of unity on D.

O

Theorem 3.10.1 applies, in particular, to the Dirichlet and Neumann prob-

lems treated in Section 3.9 (cf. also Maz’ya and Plamenevskii [MP78]).



Bibliography

[AV64]

[BF73]

[BAMT71]

[D90]

[Esk73]

[Fei71]

[Fei7?]

[GK70]

[Gri85]

M. S. AGRANOVICH and N. I. VisHIK, Elliptic problems with pa-

rameter and parabolic problems of general type. Uspekhi Mat. Nauk
19 (1964), no. 3, 53-160.

L. A. Bacirov and V. I. FEIGIN, Boundary value problems for
elliptic equations in domains with an unbounded boundary. Dokl

Akad. Nauk SSSR 211 (1973), no. 1, 23-26.

L. BouTter DE MONVEL, Boundary problems for pseudo-dif-
ferential operators. Acta Math. 126 (1971), no. 1-2, 11-51.

A. O. DERVIZ, An algebra generated by general pseudodifferen-
tial boundary value problems in the cone. In: Problems in Mathe-
matical Analysis 11. Non-Linear Fquations and Variational Inequal-
ities. Linear Operators and Spectral Theory, Univ. of Leningrad,
Leningrad, 1990, 133-161.

G. I. ESKIN, Boundary Value Problems for Elliptic Pseudodifferen-
tial Operators, Nauka, Moscow, 1973.

V. I. FEIGIN, Boundary value problems for quasilinear equations in
non-cylindrical domains. Dokl. Akad. Nauk SSSR 197 (1971), no. 5,
1034-1037.

V. 1. FEIGIN, Elliptic equations in domains with multidimensional
singularities on the boundary. Uspekhi Mat. Nauk 27 (1972), no. 2,
183-184.

[. Ts. GOKHBERG and N. YA. KRUPNIK, On an algebra gener-
ated by one-dimensional singular integral operators with piecewise

smooth coefficients. Funkts. Analiz 4 (1970), no. 3, 26-36.

P. GRISVARD, Klliptic Problems in Non-Smooth Domains, Mono-
graphs Stud. Math., vol. 24, Pitman, Boston et al., 1985.

35



56

[Gru70]

[Gru86]

[GS87]

[Hir90]

[Kg81]

[Kon66]

[Kon67]

[LSP75]

[MKR97]

[MP72]

[MP77]

[MP78]

[MMS83]

V. Rabinovich, B.-W. Schulze, and N. Tarkhanov

V. V. GRUSHIN, Pseudodifferential operators on R" with bounded
symbols. Funkts. Analiz 4 (1970), 202-212.

G. GRUBB, Functional Calculus of Pseudodifferential Boundary
Problems, Birkhauser Verlag, Basel et al., 1986.

V. P. GLUSHKO and YU. B. SAVCHENKO, Higher-order degenerate
elliptic equations: spaces, operators, boundary value problems. J. of

Soviet Math. 39 (1987), no. 6, 3088-3147.

T. HIRSCHMANN, Functional analysis in cone and edge Sobolev
spaces. Annals of Global Analysis and Geometry 8 (1990), 167-192.

H. KUMANO-GO, Pseudodifferential Operators, MIT Press, Cam-
bridge, Mass., 1981.

V. A. KONDRAT’EV, Boundary value problems for parabolic equa-
tions in closed domains. Trudy Mosk. Mat. Obshch. 15 (1966), 400—
451 (Russian).

V. A. KONDRAT’EV, Boundary value problems for elliptic equa-
tions in domains with conical points. Trudy Mosk. Mat. Obshch. 16
(1967), 209-292 (Russian).

D. LEGUILLON and E. SANCHES-PALENCIA, Computation of Sin-
gular Solutions in Elliptic Problems and FElasticity, RMA, vol. 5,
Masson, Paris, 1975.

V. G. Maz’yA, V. KozLov, and J. ROSSMANN, Point Boundary
Singularities in FElliptic Theory, AMS, Providence, R.1., 1997.

V. G. MAZ’YA and B. A. PLAMENEVSKII, On the asymptotic be-
havior of solutions of differential equations in Hilbert space. Math.

USSR Izvestija 6 (1972), no. 5, 1067-1116.

V. G. MAzZ’YA and B. A. PLAMENEVSKII, On asymptotics of so-
lutions of the Dirichlet problem near an isolated singularity of the

boundary. Vestnik Leningrad. Univ., Mat. (1977), no. 13, 60-65.

V. G. MAzZ’YA and B. A. PLAMENEVSKII, Estimates in LP- and
Holder classes and the maximum principle of Miranda-Agmon for so-
lutions of elliptic boundary value problems in domains with singular

points on the boundary. Math. Nachr. 81 (1978), 25-82.

R. B. MELROSE and G. A. MENDOZA, Elliptic operators of totally
characteristic type, Preprint MSRI 047-83, MIT, Berkeley, 1983.



A Calculus of Boundary Value Problems 57

[MN96]

[NP91]

[Pla73]

[Rab94]

[Rab95al

[Rab95b]

[Rab97]

[RSS2]

[RS84]

[Sch89]

[Sch91]

[Sch94]

R. B. MELROSE and V. NISTOR, Homology of Pseudodifferen-
tial Operators. I: Manifolds with Boundary, Penn State Preprint,
November 1996.

S. A. NazArRov and B. A. PLAMENEVSKII, Flliptic Bound-
ary Value Problems in Domains with Piecewise Smooth Boundary,

Nauka, Moscow, 1991 (Russian).

B. A. PLAMENEVSKII, On the asymptotic behavior of solutions of
quasielliptic differential equations with operator coefficients. Math.

USSR Izvestija T (1973), no. 6, 1327-1370.

V. S. RABINOVICH, A criterion for local invertibility of Mellin pseu-
dodifferential operators with operator symbols and some of its appli-

cations. Dokl. Ross. Akad. Nauk 48 (1994), no. 3, 465-469 (Russian).

V. S. RaBiNoviIcH, Mellin pseudodifferential operators with oper-

ator symbols and their applications. In: Operator Theory: Advances
and Applications. Vol. 78, Birkhauser, Basel, 1995, pp. 271-279.

V. S. RABINOVICH, Singular integral operators on complicated con-
tours and pseudodifferential operators. Mat. Zam. 58 (1995), no. 1,
65-85 (Russian).

V. S. RaBiNovicH, Elliptic boundary value problems in domains
with whirl points on the boundary. In: Proceedings of the Confer-
ence in Partial Differential Fquations (Potsdam, July 29 - August
3, 1996), Akademie Verlag, Berlin, 1997, pp. 276-286.

ST. REMPEL and B.-W. SCHULZE, Index Theory of Elliptic Bound-
ary Problems, Akademie Verlag, Berlin, 1982.

ST. REMPEL and B.-W. SCHULZE, Complex powers for pseudo-dif-
ferential boundary problems, II. Math. Nachr. 116 (1984), 269-314.

B.-W. ScHULZE, Corner Mellin operators and reductions of orders

with parameters. Ann. Scuola Norm. Super. Pisa 16 (1989), no. 1,
1-81.

B.-W. ScHULZE, Pseudo-Differential Operators on Manifolds with
Singularities, North-Holland, Amsterdam, 1991.

B.-W. ScHULZE, Pseudo-Differential Boundary Value Problems,
Conical Singularities, and Asymptotics, Akademie Verlag, Berlin,
1994.



38

[Sch97]

$594]

$595]

S5596]

[ST96]

[ST97]

[Tay83]

[Ued96]

V. Rabinovich, B.-W. Schulze, and N. Tarkhanov

B.-W. ScHULZE, Boundary Value Problems and Singular Pseudo-
Differential Operators, J. Wiley, Chichester, 1998.

E. SCHROHE and B.-W. SCHULZE, Boundary value problems in
Boutet de Monvel’s algebra for manifolds with conical singularities,
I. In: Pseudodifferential Operators and Mathematical Physics. Ad-
vances in Partial Differential Fquations 1, Akademie Verlag, Berlin,
1994, pp. 97-209.

E. SCHROHE and B.-W. SCHULZE, Boundary value problems in
Boutet de Monvel’s algebra for manifolds with conical singulari-
ties, II. In: Boundary Value Problems, Deformation Quantization,
Schrodinger Operators. Advances in Partial Differential Equations
2. Akademie Verlag, Berlin, 1995, pp. 70-205.

B.-W. SCHULZE, B. STERNIN, and V. SHATALOV, An Operator Al-
gebra on Manifolds with Cusp-Type Singularities, Preprint MP1/96-
111, Max-Planck-Inst. fir Math., Bonn, 1996.

B.-W. ScHULZE and N. N. TARKHANOV, Pseudodifferential Calcu-
lus on Manifolds with Singular Points, Preprint MP1/96-140, Max-
Planck-Inst. fur Math., Bonn, 1996.

B.-W. ScHULZE and N. N. TARKHANOV, The index of elliptic op-
erators on manifolds with cusps. In: Differential Equations, Asymp-
totic Analysis, and Mathematical Physics, Math. Research, Vol. 100,
Akademie Verlag, Berlin, 1997, pp. 344-359.

M. TAYLOR, Pseudodifferential Operators, Princeton Univ. Press,
Princeton, 1983, 451 pp.

H. UEDA, On an algebra of a certain class of operators in a slab

domain in R?% Proc. Japan. Acad. 72 (A) (1996), no. 9, 215-217.



	Introduction
	Chapter 1: Pseudodifferential Operators with Operator-Valued Symbols
	1.1 Weight operator-valued functions
	1.2 Symbol classes
	1.3 Oscillatory integrals
	1.4 Composition formulas for pseudodifferential operators
	1.5 Pseudodifferential operators with symbols slowly varying at innity
	1.6 Sobolev spaces and boundedness of pseuododifferential operators
	1.7 Local invertibility of pseudodifferential operators at the point at innity
	1.8 Pseudodifferential operators in classes with exponential weights

	Chapter 2: Weighted Pseudodifferential Operators
	2.1 Weighted Fourier transform
	2.2 Weighted pseudodifferential operators
	2.3 Function spaces related to weighted pseudodifferential operators
	2.4 Composition formulas
	2.5 Boundedness
	2.6 Local invertibility of weighted pseudodifferential operators at the singular point
	2.7 Weighted pseudodifferential operators in classes with exponential weights

	Chapter 3: Differential Operators in Domains with Cusps
	3.1 Cusps
	3.2 Differential operators
	3.3 Differential operators on manifolds with cusps
	3.4 Canonical domains and surfaces with cusps
	3.5 Function spaces in a canonical domain
	3.6 Function spaces on a canonical surface
	3.7 Local invertibility of a differential operator at a cusp
	3.8 Local invertibility of a boundary value problem at a cusp
	3.9 The Dirichlet and Neumann problems in a domain with cusps
	3.10 Fredholm property

	Bibliography

