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Operators on Singular Manifolds

Xiaojing Lyu

February 19, 2017

Abstract

We study the interplay between analysis on manifolds with singularities and com-
plex analysis and develop new structures of operators based on the Mellin transform
and tools for iterating the calculus for higher singularities. We refer to the idea of
interpreting boundary value problems (BVPs) in terms of pseudo-differential opera-
tors with a principal symbolic hierarchy, taking into account that BVPs are a source
of cone and edge operator algebras. The respective cone and edge pseudo-differential
algebras in turn are the starting point of higher corner theories. In addition there
are deep relationships between corner operators and complex analysis. This will be
illustrated by the Mellin symbolic calculus.
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SUMMARY 3

Summary

The paper establishes new relations in the analysis of pseudo-differential operators which
are based on the Mellin transform with operator-valued symbols. Those may depend here
on parameters. This corresponds to the form of differential operators on so-called stratified
spaces, here of order of singularity < 2, which corresponds to conical or edge singularities.
In stretched coordinates we have a typical degenerate behavior, where in simple cases the
g-dimensional covariable 7 is multiplied by the distance variable r > 0 to the edge.

The results are developed in 5 Chapters.

The paper also contains necessary tools, cf. Chapter 1 and Chapter 5. Otherwise the
manuscript of the dissection is based on 4 published articles [7], [36], [37], [38], partly with
coauthors, which are written in connection with diverse projects. Because of the main ob-
jectives it turned out that investigations on functional -analytic structures are of degree of
generality. In Chapter 2 is studied in detail the connection between asymptotics of distri-
bution close to the singularity and Paley-Wiener effects leads to the continuity of Mellin-
operators with meromorphic symbols in such spaces, cf. Theorem 2.4. These investigations
are motivated by similar relations for double asymptotics for singularities of second order
with 2 distance variables r,¢ > 0, which are also studied in Chapter 2. Chapter 3 contains
a new characterization of Kegel spaces and subspaces with asymptotics. In this connection
we employ order reducing operators and exit-properties are becoming transparent through
the involved degenerate Mellin symbols. This becomes particularly clear which is demon-
strated in detail in the example of degenerate differential operators, cf. Theorem 3.2, which
explicitly shows the connection between exit-behavior and parameter-dependent degener-
ate differential operators. In Theorem 3.16 it is shown by an example that the behavior of
operator-valued edge symbols is characterized by their subordinate symbols. In a charac-
terization of Kegel -spaces on singular cones by order-reducing parameter-dependent edge
operators we need such properties in general form. Because of Theorem 3.25 it suffices
to reduce considerations to smoothness 0. Another result refers to the order filtration
of the edge algebra where Chapter 4 is contains for the first time equality of different
characterizations of smoothing edge-operator, cf. Theorem 4.11.

Introduction

This exposition is devoted to new elements of the analysis of (pseudo-) differential oper-
ators on manifolds with singularities, more precisely, on stratified spaces in certain cate-
gories My, k € N={0,1,2,...}, where k = 0 corresponds to smoothness, kK = 1 to conical
singularities or edge, etc. In particular, a manifold M with smooth boundary belong to
9, where the edge is just the boundary, and M is close to M modeled on R, x G
for an open set G C OM. In this sense some parts of the analysis on a manifold with
edge are inspired by the calculus of boundary value problems (BVPs), see the work of
Vishik and Eskin [74], [75], [12], and Boutet de Monvel [3]. It is typical in these theories
that operators A have a principal symbolic hierarchy, here consisting of an interior symbol
oy(A)(z, ) living on intM and a boundary symbol o5(A)(y,n) living on the boundary
OM . The boundary symbol takes values in operators on Ry and as such it can be inter-
preted as an operator on the infinite cone R. It is very fruitful to see this situation as a
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special case of a “non-trivial” cone
X% = Ry x X)/({0} x X)

for a, say, based on compact element X of 9. However, when we assume X to be a
manifold with smooth boundary, then X is already an element in 95, and the respective
analysis on such a space just corresponds to BVPs, on a manifold, where the boundary
has conical singularities. It is not possible here to give a complete report on corresponding
works. Let us mention, for instance, BVPs for differential operators and asymptotics of
solutions, cf. Kondratyev [32], calculus of pseudo-differential BVPs with the transmission
property on the smooth part of the boundary, cf. Schrohe and Schulze [51], [50]. The lat-
ter theory became possible through the progress of pseudo-differential operators on closed
manifolds with conical singularities, see Rempel and Schulze [44], [45], and Schulze [58],
[57], [61]. Another step towards generalizing of BVPs was the edge calculus of Schulze
[53] which consists of a pseudo-differential algebra on a manifold M with edge Y, local-
ly near Y modeled on X2 for a coordinate neighborhood G on Y and a cone X* for
X € My. This contains also the special case of BVPs without the transmission property
at the boundary, cf. Rempel and Schulze, [42], [43], Schulze [54], [55], [11]. Since then the
development created BVPs on manifolds with edge which corresponds to the case that X
itself is a manifold with boundary, see the monographs of Kapanadze and Schulze [28],
Harutyunyan and Schulze [21] and the cited literature there.

Numerous applications also require the analysis of operators on spaces M € 91, for higher
k € N. Here it seems indispensable to create iterative concepts to establishing the respec-
tive operator algebras by an inductive process, starting from M € 9, for a given k and
to reach the calculus for N € 91 1. Let us mention here difference works, devoted to the
iterative approach, namely, [56], [63]. In this process it turned out that it is necessary to
deepen and to simply the background on operators on manifolds with conical singularities
and edges, also from the point of view of operators on manifolds with conical exit to in-
finity and their relationship with the edge symbolic calculus.

Therefore, a considerable part of this exposition is devoted to a new look at operators on
a manifolds with edge.

Chapter 1 contains the necessary material on pseudo-differential operator techniques, in
particular, with operator-valued symbols and based on the Fourier and Mellin transform,
see Sections 1.1,1.2,1.5, formulate weighted cone edge Sobolev spaces, based on Hilbert
spaces with group action, see Sections 1.4,1.6, and we outline the function theoretic
background of the operator-valued Mellin symbolic calculus, see Sections 1.3,1.7.

Chapter 2 is devoted to weighted spaces with edge asymptotic in several independent
axial variables r,t € Ry. We characterize the nature of discrete asymptotics, and we es-
tablish other elements of the analysis in these spaces which are necessary in the corner
pseudo-differential calculus.

This chapter is aimed at studying iterated edge asymptotics on a corner space R? x B
where B is a manifold with (first order) edge Y and

B® = (R, x B)/({0} x B)

the associated cone with link B. Also the cone B® is a space with second order singulari-
ties, a corner in this case, and iterated discrete asymptotics has been introduced in [56] in
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connection with elliptic regularity of solution to corner-degenerate elliptic equations. The
case of a wedge RP x B2 for p # 0 is more complicated. A basic tool in pseudo-differential
theories for such singularities are Mellin operators with symbols that are meromorphic in
the complex w-plane where w € C is the Mellin covariable associated with the corner axis
variable ¢ € R;. The link B in turn has locally near Y also a wedge structure, namely,
R? x X2 for a smooth (in our case compact) manifold X. The axial variable for the cone
X% will be r € Ry. We focus here on some essential functional analytic aspects on the
interplay between asymptotic effects for r — 0 and ¢ — 0, especially, on the continuity
of Mellin pseudo-differential operators in spaces with iterated asymptotics. In order to
keep the approach transparent we mainly consider here weighted spaces of smoothness
and weight 0. Non-zero smoothness and arbitrary weights are connected with the smooth-
ness/weight case 0 via some reductions of orders. We employed methods of [48].

In Section 2.1 we briefly consider the asymptotic terms of edge asymptotics belonging
to smooth solutions to elliptic edge-degenerate equations. The exponents in the distance
variable r to the edge are assumed here to be independent of the edge-variable y, and we
formulate everything in terms of constant (in y) discrete asymptotics. In a simple model
situation Ry we show on how spaces with asymptotics are continuously mapped to other
such spaces under applying a Mellin pseudo-differential operator with meromorphic sym-
bol, cf. the second assertion of Theorem 2.4. We then illustrate the asymptotic part of
the cone calculus, namely, smoothing Mellin plus Green operators, which play a role in
analogous form in higher singular pseudo-differential theories.

In Section 2.2 we develop some material on edge asymptotics for first order singularities
as a preparation of similar phenomena that are then studied for second order edges, lo-
cally formulated on a wedge R? x X2. In Section 2.3 we introduce iterated discrete edge
asymptotics as an extension of iterated corner asymptotics from [56]. We characterise the
shape of singular functions of such asymptotics, cf. formula (2.70), and then we show the
continuity of Mellin operators in spaces with iterated asymptotics, cf. the second assertion
of Theorem 2.23. In Section 2.4 we illustrate the relationship between singular functions
of second order edge asymptotics and potentials in the second order edge calculus.

Note that the pseudo-differential analysis on spaces with higher order singularities is moti-
vated by new applications in physics, cf. Harutyunyan, Flad, Schneider and Schulze [13] or
[16], [14]. Other applications concern models in elasticity and crack theorem [28] or mixed,
transmission and crack problems, [21]. The underlying mathematical theory is still chal-
lenging and topic of research, with numerous open questions. The edge pseudo-differential
calculus goes back to the paper [53] of Schulze. Since then the details are elaborated in
a number of systematic monographs, e.g., in [55], [11]. An update concise version is also
given by Flad, Harutyunyan, and Schulze in [15].

Chapter 3 is devoted to a new description of Kegel Spaces, published in [37].

A manifold M with smooth edge Y is locally near Y modeled on X% x Q for a cone
X?® where X is a smooth manifold and Q2 C R? an open set corresponding to a chart
on Y. Compared with pseudo-differential algebras, based on other quantizations of edge-
degenerate symbols, we extend the approach with Mellin representations on the r half-axis
up to r = oo, the conical exit of

XMN=R; x X 3> (r,z)

at infinity. The alternative description of the edge calculus is useful for pseudo-differential
structures on manifolds with higher singularities.
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The pseudo-differential calculus on a manifold with edge, first established in [53], and later
on refined and extended in other papers and monographs, see [54],[10], is motivated by
the task to organize a pseudo-differential algbra that contains edge-degenerate differential
operators together with the parametrices of elliptic elements. A manifold M with edge
Y is a (paracompact) topological space containing Y as a smooth manifold of dimension
q > 0 such that M \Y itself is smooth and M is locally near Y modeled on a locally trivial
X%2-bundle over Y for a smooth manifold X.

The ellipticity of an operator A in this algebra is determined by a principal symbolic
hierarchy o(A) = (09(A),01(A)), where o¢(A) is the homogeneous principal symbol on
so(M) := M \'Y and o01(A) the operator-valued principal edge symbol, associated with
s1(M) :=Y which is responsible for elliptic edge conditions of trace and potential type,
cf. [565, Subsection 3.5.2].

Operators of order 1 € R in the edge algebra locally near Y in the splitting of variables

(ryx,y) ERy x X xQ, QCR?Y ¢g=dimY,

are (modulo smoothing operators) of the form A = r~#Op,(a) where

O,(a)uly) i= [ [ &0 May,myutydy'an, uty) € G5 (X7,
for an operator-valued amplitude function

a(y,n) := Op,(p)(y,n),

p(r.y, pn) = B(r,y,rp,mn), Blr,y, pyii) € C°(Ry x Q, L (X RED).

Here Lé‘l(X ;Rl) is the space of classical parameter-dependent pseudo-differential op-
erators on X of order pu, with A € R! as parameters. The iterated representation
A = r7*Op,(Op,(p)) holds without smoothing remainder for an edge-degenerate dif-
ferential operator

A=7r"H Z aja(r,y)(—raar)j(rDy)"‘

JHal<p

for coefficients ajq (r,y) € C® (R, x Q, Diff~ U+l (X)), where Diff”(X) is the space of all
differential operators over X of order v with smooth coefficients (in local coordinates). The
typical edge-degenerate behavior of A close to r = 0 is the reason of using a description
of A via the Mellin transform on R close to zero, while far from r = 0, and in particular,
for r — oo, a formulation in terms of the Fourier transform seems more common. This
is at least the background for the choice of Mellin-edge quantizations of operator families
p(r,y, p,m) in [53], [54], [11]. However, it also makes sense to employ “pure” Mellin repre-
sentations of edge amplitude functions in the sense of Gil, Schulze, and Seiler [17]. The
main issue of the latter paper is to rephrase the operator-valued edge amplitude functions
a(y,n) from the mixed Fourier/Mellin representation into Mellin form, in order to have
an easier proof of the composition behavior of such amplitude functions in the edge sym-
bolic algebra. In the meantime, a proof of the composition result in original Mellin-edge
representation has been updated for edge amplitude function in original form, see [67].
Nevertheless, the interplay between Fourier and Mellin representations, also referred to as
Mellin quantisation, is rather involved what concerns the behavior of operators for r — oo,
the conical exit of X’ to infinity. Despite of the alternative form of edge amplitude func-
tions of [67] the exit effect for 7 — oo remained a little odd. Therefore, in this article we
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investigate edge symbols from the very beginning from the Mellin point of view, up to the
conical exit.

In Section 3.1 we study the exit behavior of edge-degenerate differential operators and
consider the relationship between edge-degenerate ellipticity which is a condition close
to the singularity, cf. Definition 3.1, and exit ellipticity which refers to r — oo, cf.
(3.12), (3.13), (3.14) below. The proof of Theorem3.2 in elementary terms allows us to
understand on how an extra “non-degenerate” parameter ¢ guarantees conormal ellipticity
for any prescribed weight v, cf. Remark 3.3. Such a parameter is used later on in Section
3.5 in constructing elliptic Mellin edge symbols.

Section 3.2 contains some necessary material on edge amplitude functions, cf. Definition
3.9. Compared with the Mellin edge quantisation (3.35), earlier used in the edge calculus,
cf. [55], we focus on the Mellin representation in (3.32) close to the edge, cf. also [17]. In
addition we formulate the principal edge symbols o1 (-) that are employed later on for a
new description of weighted Kegel spaces at infinity.

The alternative form of edge symbols in Mellin terms makes it desirable to understand
the order filtration of the edge calculus in a new way. Although this is not the main topic
of this article, in Section 3.3 we give an idea for zero-order operators on how vanishing
of the principal symbols og(:),01(:) creates symbols of less order of analogous kind as
before, but with the original weight data. Here we already see the role of r € R, as a large
parameter in Mellin symbols which is multiplied by a fixed n # 0.

In Section 3.4 we study the relationship between edge-degenerate Mellin and Fourier
symbols, and we give a self-contained proof of the fact that our operator functions are
symbols with twisted symbolic estimates, between weighted Kegel spaces, cf. Theorem
3.23. The result is known for symbols based on the quantisation (3.35), but the approach
in terms of the Mellin transform up to infinity is a new aspect.

In Section 3.5 we construct a parameter-dependent elliptic holomorphic edge symbol of
order i € R, such that the associated Mellin pseudo-differential operator induces an iso-
morphism between weighted Kegel spaces of arbitrary weight ~, cf. Theorem 3.24, which
is attained by taking into account another non-degenerate parameter v sufficiently large
that turns the operators parameter-dependent elliptic over a prescribed compact subset of
X", As a consequence we obtain a new intrinsic characterization of X*7(X") spaces for
r — o0, based on Mellin operators, cf. Theorem 3.26. The remarkable point is that this
works in terms of the Mellin transform although the underlying HZ, .-spaces ( cf. notation
in formula (1.95) below ) are based on the Fourier transform.

The analysis of operators on manifolds with conical singularities or edge has attracted
many specialists in the past decades, see, in particular, Kondratyev [32], Eskin [12], E-
gorov and Schulze [11], and many others. The investigations are often motivated by specific
applications and the problem of characterizing asymptotics of solutions close to the sin-
gularities. Although it is useful to have parametrices of singular elliptic operators within
a pseudo-differential algebra, the corresponding algebras for higher singularities (as far as
they are elaborated at all) are complicated from the point of view of technicalities. The
present article is aimed at contributing new elements to the respective tools. Our new
characterization of Kegel spaces over X”* at infinity, cf. the isomorphism (3.86), belong to
the ingredients also for the calculus on spaces with higher singularities, to be elaborated
in another paper of the authors.

Chapter 4 presents a new characterization of the order filtration of the edge calculus,
based on a new representation of edge operators by a specific Mellin quantization, pub-



INTRODUCTION 8

lished in [38]. By edge algebra we understand a pseudo-differential calculus on a manifold
with edge. The operators have a two-component principal symbolic hierarchy which deter-
mines operators up to lower order terms. Those belong to a filtration of the edge operator
spaces. We give a new characterization of this structure, based on an alternative represen-
tation of edge amplitude functions only containing holomorphic edge-degenerate Mellin
symbols, besides smoothing Mellin plus Green symbols.

The calculus of operators on a manifold with edge has been introduced in [53] with its
principal symbolic hierarchy, including trace and potential operators, that determine el-
lipticity and parametrices within the calculus. The approach has been inspired by pseudo-
differential boundary value problems in the sense of Vishik and Eskin [74],[75], Eskin
[12, Subsection 15], Boutet de Monvel [3], and also by Kondratyev [32], Rabinovich[41]
on operators on manifolds with conical singularities. The subsequent development has
contributed deeper insight and numerous generalisations, see, for instance, Rempel and
Schulze [42], the monograph [58], moreover, Dorschfeld [10], Schrohe and Schulze [52], Gil,
Schulze and Seiler [18], Schulze [56], Coriasco and Schulze [8], Chang, Habal and Schulze
[5], [6], Rungrottheera [47], [48]. The edge calculus is motivated by many interesting ap-
plications, see the monographs of Kapanadze and Schulze [28], Harutyunyan and Schulze
[21], the article Flad, Harutyunyan [16], or Chang, Qian and B.-W. Schulze [6]. The details
remained complicated, and it is therefore desirable to employ alternative representations
of the edge symbolic calculus.

The present chapter is aimed at studying edge symbols in terms of holomorphic Mellin
symbols, cf. [18], and to derive a filtration of edge operator spaces with respect to orders.
Our technique is expected to be helpful also for higher corner pseudo-differential opera-
tors where Mellin representations on singular cones up to exits to infinity seem to be most
natural. This paper is organized as follows.

In Section 4.1 we first recall some notation on weighted distribution spaces in terms
of the Mellin transform. Concerning basics we refer to Jeanquartier [27] or [54]. Com-
pared with Mellin quantization in [55] the main new aspect is that the present definition
of operator-valued edge amplitude functions in Definition 3.9 (iii) refers to holomorphic
families (3.33) but not on the Mellin quantization of edge-degenerate operator families
(4.5) as is done earlier in studying the edge calculus, cf., for instance, [55]. This has many
consequences for managing edge operators, though we do not discuss here all technical
changes connected with this modification. The cut-off functions w, w’ in this description
(3.32) are fixed. We could take into account possible changes, see Remark 4.2, but those
only contribute operators far from the edge.

Section 4.2 gives a brief description of spaces of edge operators L*(M,g) on a manifold
M with edge Y and weight data g = (7,7 — p, ©). The meaning is completely analo-
gous to other expositions on the edge calculus. However, as announced before, we employ
the Mellin version of local edge amplitude functions. We formulate the principal symbolic
structure o = (09, 01), consisting of the homogeneous principal interior symbol o which
is edge-degenerate and the (twisted homogeneous) edge symbol o;. The latter relies on
the representation from the article [17]. Concerning the nature of o1 on the open stretched
model cone (r,z) € X of local wedges we will return to more details in [37]. The re-
markable aspect is that the Mellin representation of o; for r — oo concerns Fourier based
Sobolev spaces, not Mellin ones, which is just the reason for the present new description
of the order filtration of the edge calculus.

In Section 4.3 we establish this filtration, based on the above-mentioned shape of edge
amplitude functions. Note that similarly as in boundary value problems which are known
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to be a special case of the edge calculus, the aspect of twisted homogeneity make the local
symbolic information spread out to the infinite stretched cone X’ assuming for the edge
covariable 1 # 0. Recall that in elliptic operators this effect is responsible for the nature
of elliptic edge conditions, either with Shapiro-Lopatinskij ellipticity, or ellipticity with
global projection conditions, cf. [55] or [59]. The main results of Section 4.3 are Theorems
4.4 and 4.5 on the filtration of the spaces of edge amplitude functions. This allows us to
state the filtration of the spaces of edge operators themselves. In particular, in Theorem
4.10 we see that the space L™°°(M,g) of edge operators of order —oo admits different
equivalent characterizations, namely, (4.46) and (4.47). We will employ some necessary
material on the cone algebra, in particular, Kegel spaces with and without asymptotic.
The material in this manuscript motivates future research in elliptic partial differential e-
quations (PDEs) and applications which are connected in models with singular geometry,
e.g., conical points and edges. For instance, the Laplacian in polar or cylindrical coordi-
nates gives rise to a representation of derivatives as r 88 orr 881 R 4 88 where r > 0 is
the distance variable to the singularity. The same is true for other dlfferentlal operators
or systems of mechanics and also quantum mechanics. It is in such concrete cases inter-
esting, to compute asymptotics of solutions, obtained in terms of poles and multiplicities
of Mellin symbols which are contained in parametrices. To evaluate these data can be
very difficult. Another interesting field of future research is to further develop pseudo-
differential algebras based on the Mellin transform for singularities of higher order. The
present thesis already contains steps for second order singularities. It should be continued
and completed.

1 Fourier and Mellin pseudo-differential operators

1.1 Preliminary considerations

An elliptic differential operator A on a smooth Riemannian manifold €2, say, an open set in
R™, interpreted as a continuous operator A : C*°(2) — C*°(2) or C3°(2) — C3°(f2), has a
pseudo-differential parametrix P such that PA—1 =: C, and AP —1 =: CR are smoothing
operators. Any such operator C' is characterized by a kernel ¢(z,2’) € C®°(Q x Q) such
that Cu(z) = [ c(z, 2" )u(z")dz’, u € C§°(Q), where dz is the measure associated with the
Riemannian metric. In the case Q2 C R™ and

A= " an(x)Dg (1.1)

o] <p

for smooth coefficients aq(x) € C*°(2) and order u € N we have an amptitude function

a(a:,g) = Z aa(x)§a7 (12)

|| <pe
a(z,&) € C®°(2 x R"), determined by the relation
Au(z) = F~la(z,€)(Fu)(&), (1.3)
u e C§°(2), and z€ = Z z;€; with F being the Fourier transform, and F~1 its inverse,

j=1
cf. Subsection 1.2 below. In particular, we have D% = F~1¢*F. Incidentally, in order to
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indicate the correspondence between variables and covariables, we also write F,_.¢ and
F{_lm instead of F and F~!, respectively. Ellipticity of A means that the homogeneous
principal part of (1.2)

ag(@,) = Y aa(z)E” (1.4)

lal=p

does not vanish for all (z,£) € Q x (R™\ {0}). Later on, instead of (1.4) we will also
write o,4(A), called the homogeneous principal symbol of A. Homogeneity in this notation
means positive homogeneity, i.e.,

oy (A)(x,68) = 6oy (A)(z, ), (1.5)
for all 6 > 0. The function (1.2) belongs to the space
SH(2 x R™), (1.6)
defined as the set of all a(x, &) € C*>°(Q2 x R") satisfying the system of estimates
DS Da(,€)] < cfg)* (1.7)

for all (z,£) € K x R™ for every K € 2 and all multi-indices «, 8 € N", for constants
c=c(a, B, K) > 0. Here (£) := (1 + |£]?)'/2. If we set

W x R\ {0})) := {f)(,€) € C=(Q2 x (R"\{0})) :
foy(@,08) = 0" f(x,£) forall ¢ >0},

where v € R, then we have x () f,)(z,§) € 57 (2 x R") for any excision function x(§) (i.e.,
X € C®(R™), and x(§) = 0 for |£] < o, x(§) =1 for [§] > €1, for some 0 < g9 < £1). An
element a(x,§) € SH(Q x R™), u € R, is called a classical symbol of order y if there are
homogeneous components a,_;(z,§) € SH=1)(Q x (R™\ {0})), 7 € N, such that

(1.8)

N

(@) == a(x,€) = > _ x(&ag—_j(x,&) € SH N (@Q x R™) (1.9)
j=0

for every N € N. By
SHQ X R™)

we denote the space of all classical symbols of order .

Now for the differential operator A of order p we have a(x,&) € S4(2 x R"), and the
ellipticity of A entails the existence of a p(xz, &) € S;" (€2 x R™), such that a parametrix P
in the above-mentioned sense has the form

P = FZ! p(x,6)Fose,

acting as an operator P : C3°(Q2) — C*°(Q).
For a symbol a(z,§) € S*(Q2 x R™), u € R, we often write

Op(a)u(x) = // =g (2, €)u(x)da' dg (1.10)

which is the same as the iterated integral [ e™@a(z,&)( [e ™ ¢u(2’)da’)d¢ as soon as
p < —n. However, (1.10) makes sense as an oscillatory integral for arbitrary p € R, and
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we systematically use this interpretation. More details may be found in any textbook on
pseudo-differential operators. Also here we will return to more technique about oscillatory
integrals. If necessary, in order to indicate the variable x we also write Op,(a) instead of
Op(a). Summing up the discussion so far, the task to express a parametrix P of an elliptic
differential operator A of order p with smooth coefficients gives rise to a pseudo-differential
operator P = Op(p) for a classical symbol p(x, &) of order —pu. Since this does not rely on
any other specific properties of A it makes sense to talk about spaces of pseudo-differential
operators over 2 of any real order u, and we set

L*(Q) :={A=0p(a)+C :a(x,§&) € S*(QxR"), C has a kernel in C*°(Q2xQ)}. (1.11)

An A € LH(Q) is called classical if a(z, §) € S/(€2 x R™). The subspace of classical pseudo-
differential operators will be denoted by L% (€2).

All this is material is standard. However, the pseudo-differential structure of parametrices
of elliptic operators in other contexts is far from being so simple, for instance, boundary
value problems or operators on manifolds with singularities. This is just the motivation for
our investigations. In this introduction we give an impression on the nature of novelties and
surprising effects when we have to quit the common path of pseudo-differential machineries
for expressing a parametrix.

Now let A be a differential operator of order x on a smooth manifold with boundary. Since
ellipticity and parametrices are local phenomena (at least for the moment), for convenience
we focus in the introduction on the case of a half-space U x R, in the variables z = (y,r)
for y € U, r € Ry. In this case A induces continuous operators

A:C®U xRy) - C®(U xRy, C(U x Ry) — CP(U x Ry) (1.12)

where C®°(U x Ry) = C®(U x R)|py«g, » etc. Writing A in the form (1.1), now with

coefficients a,(z) € C*°(U x R,), smooth up to the boundary r = 0, we have again the
homogeneous principal symbol

op(A)(2,6) = Y aa(@)€® = ) agily. )’ (1.13)
lal=p |Bl+k=n

of order u, where we replaced o by (8,k) and £ by (n,7), the covariables to (y,r). In
addition there is the (twisted) homogeneous boundary symbol

oo(A)y,m) ==Y agr(y,0)n’Df. (1.14)
|Bl-+k=p

By definition (1.14) takes values in differential operators of order p on the half axis, in this
case with constant coefficients, but depending on the parameters (y,n). For the moment
we interpret the boundary symbol as a family of continuous operators

oa(A)(y,n) : S(Ry) = S(Ry) (1.15)

for S(R;) := S(R)|r, , with S(R) being the space of Schwartz functions on the real line.
Setting
ksu(t) == 0V 2u(6t) (1.16)
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for § > 0 we obtain a group  := {ks}ser, of isomorphisms ks : S(Ry) = S(Ry). Twisted
homogeneity of order p means

oo(A)(y,0n) = 6"ksoa(A)(y,n)k; ' (1.17)

for every 6 > 0. We interpret the pair
o(4) = (04 (A),75(4)) (1.18)

as the principal symbolic hierarchy of the operator A, associated with the stratification of
the underlying manifold with boundary M :=U x R,

s(M) := (so(M), s1(M)) (1.19)

for so(M) := U x R4, the open interior, and s1(M) := U, the boundary. The notation
comes from the general analysis on singular manifolds M, of singularity order k € N,
characterized by a stratification

s(M) := (so(M),s1(M),...,s(M)), (1.20)

cf. [63]. In this calculus the typical, in general degenerate, operators A have a principal
symbolic hierarchy
o(A) = (00(A),01(A),...,0k(A)), (1.21)

with 0;(A) being associated with s;(M), j = 0,..., k. Therefore, later on instead of (1.18)
we also write 0(A) := (00(A),01(A)).

The ellipticity of A with respect to o, now means oy, (A)(z,£) #0for { #0uptot =0.In
order to formulate an analogue of the above-mentioned parametrix of A, here with a control
of smoothing remainders up to the boundary, we have to be aware of different phenomena
and difficulties at the same time. Assume that we consider an elliptic operator A on the
double U x R such that A = 121|U><R+ and form a parametric P € L " (U x R), according
to the constructions in the case without boundary. Then, although P := ]5|UX]R L s
certainly a parametric of A over the open interior 2 := U x R4 we cannot interpret so
easily the compositions in AP — 1 or PA — 1, since we have to explain the action of P on
functions occurring in (1.12). Therefore, we need a quantization near the boundary which
guarantees a continuous operator

CP(U xRy) = C®(U x Ry). (1.22)

In the present case, since we are starting with a differential operator A = A the operator
P has the transmission property at the boundary ¢t = 0, cf. the notation below. Then we
set P :=1"Pe’ where

etu=wu for t>0, etu=0 for t <0, (1.23)

and

rta = @l¢>0
for any distribution @ on U x R. Let L{+(U x R) be the space of all A € L,(U x R) with
the transmission property at ¢ = 0, and set

LA(U xRy = {rtAet : A e LU x R)}. (1.24)
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We will assume here p € Z. For general operators A € L” (U xR) that have not necessarily
the transmission property we admit arbitrary orders g € R. This case can be interpreted
below as a part of the calculus on a manifold with edge ¢ = 0. For an A = rtAet ¢
L (U x Ry) the boundary symbol is defined as

05(A)(y, 1) = r*op(oy(4)|e=0) (y, m)e™ (1.25)

for n # 0. Here, for b(t,7) € S*(Ry x R;) we write

// =Ty (¢, 7o) dt . (1.26)

In (1.26) we employ the fact that f(,(y,t,n,7) € SW(U x R x (R} - \ {0})) entails
S (. t,n,7) € SH(Ry x R;) for every fixed y € U, n € R" '\ {0}. Later on we also write

op™ (b)(y,n) :=rop(b)(y,n)e". (1.27)

Note that pseudo-differential operators (1.25) in truncation quantization belong to history
of Mellin operators on a cone which is here the half-axis, cf.[12] for = 0 and in L?(R})
and [42] in higher dimensions.

1.2 Fourier and Mellin transform

We first prepare some material on the Fourier and the Mellin transform, including some
basic on Sobolev spaces and theorems of Palay-Wiener type. The Fourier transform in R™
is used in the form

Fu(é) = / e u(a)d

n
where z€ = Z x;§; with the inverse
j=1

(Flg)a) = [ eg(ee
for d¢ := (2m)7"d€, We also write 4(§) = Fu(). If necessary the involved vanishes are
indicated as F,_,¢ and Fg_lm respectively. We systematically use the fact that F' induces
isomorphisms

F: S(R") — S(R™), (1.28)

where S(R"™) is the Schwartz space which is Fréchet in the following semi-norm system,
ie.,
S(R™) := {u € C®°(R™) : supegn |2 D2u(x)| < oo for alla, f € N}

and
F:S8'R") — S'(R"), (1.29)

with S'(R™) being the space of tempered distributions in R™. Moreover, (1.1) restricts to
an isomorphism
F: L*(R},dx) — L*(RE, d¢)
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where dz means the Lebesgue measure in R” and d¢ := (27) ~"d¢ for the Lebesgue measure
d¢ in R™. More precisely we have

/ u()o(@)dz = / (Fu)(€)(F0) ©)dé

which is first valid on Schwartz functions u,v and then extends to the respective L%—
spaces.

Definition 1.1. The Sobolev space H*(R™) of smoothness s € R is defined as the comple-
tion of C3°(R™) with respect to the norm

1/2
e o= { [ (@FIPu©)Pac) (1.30)
for (€) == (1 + |€]*)/? and with the scalar product

(o) = { [ (©* (Fu)©TF0@E).

Alternatively we can define H*(R") as the completion of S(R™) with respect to the norm
(1.30).The space H*(R™) can be equivalently characterized as the set of all u € S'(R")
such that (Fu)(§) is locally integrable and (1.30) is finite. Because of H*(R™) C S'(R™)
for every s € R, we can talk about the support of Sobolev distributions. Let us set

R} :={z = (21,...,2,) € R" : 2, > 0}

and define
Hi(RY) = {u € H*(R") : suppu C R’} }.

Moreover, we define
H*(RY) := {u|R1 cu € H?(R™)}

In the following we often write 2/ = (z1,...,2p,-1) and & = (&1,...,&n-1).

Theorem 1.2.

(i) Let f € HS(RY) Then F(€, &0 +i0) = F(fe™9) is a continues function in o < 0 with
values in FH*(R™), for almost all ¢ € R"~'. The function f(¢' &, + io) is holomorphic
in &, + 10 in the half -plane o > 0, and we have the estimate

+oo
/ F€6n 1 i0) (11 |E] + 6] + o])?de'de, < C (1.31)

— 00

for all o <0 for a constant C which is independent of o.

(ii) Conversely let a locally integrable function f(f’,fn +i0) over R" x (—o0,0) be given
for o < 0 satisfying the estimate (1.31) and assume that this function is holomorphic

in & +io for almost every & € R"'. Then there exists an f € Hg(Ri) such that

f(§ n +io) = F(fe™?)



1 FOURIER AND MELLIN PSEUDO-DIFFERENTIAL OPERATORS 15

For the proof see [12].

Let us now turn to the Mellin transform on Ry which is an analogue of the Fourier
transform. We use the Mellin transform is motivated by degenerate operators and program
to control solution of degenerate equation up to r = 0.( see the Subsection 2.1)

The definition on functions v € C§°(Ry) is

Mu(w) = /000 " (r)dr, (1.32)

for the covariable w € C. Observe that
M (r°u) (w) = (Mu)(w + b) (1.33)

for any b € C and M~ 1wM = —ra%. In fact,

M(—ra—ru)(u}) = /000 rwl(—rgru)(r)dr = /000 gr(rwu(r))dr = w(Mu)(w).

For an open set G C C, let A(G) be the space of all holomorphic functions in G, considered
in the Fréchet topology of uniform convergence on compact subsets. Then M induces a

continuous operator
M : C°(Ry) — A(C) (1.34)

Setting
I's:={weC :Rew =g}

For u € L?(R.) such that also r0,u € L?(R.). Here, for the moment, the Mellin transform
is regarded as an isomorphism

M : L*(Ry) — LTy p).
For any v € R we set
1 .
(Myu)(w) = Mu(5 — +ip), (1.35)

called the weighted Mellin transform with weight ~. First for v € C3°(Ry) where Mu(w)
is an entire function, M,u(w) € S(I';/—,), and later on extended as an isomorphism

My 7 LA (Ry) — L2(Typ-,),
with the inverse

M;lg(r) = / r~Yg(w)dw, dw = (2mi)"  dw. (1.36)
F1/2—4

By ﬁs(Rp), s € R, we denote the image of H*(R) (the standard Sobolev space on R of
smoothness s) under the one-dimensional Fourier transform. Moreover, define H*7(R.)
as the completion of C§°(R4) with respect to the norm

{/ (w)QS\Mu(w)lzd‘w}lﬂ, dw = (2mi) Ldw.

ry
2

Note that the weighted Mellin transform M, defines an isomorphism

M, HY (Ry) — HS(F%_V) (1.37)
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for every s,y € R, where I'1 __ on the right hand side is identified with R, via w =
2

gl

+—7+ip — p. Thus, if f(w) is a symbol on w € Iy oforder p, ie., f(3=7+ip) € SH(R,),
2

the multiplication by f induces a continuous operator

frETy_) = H7H(T ).

It follows that
0D} (f) 1= My F(w) M, H (R ) = H 1 (Ry) (1.38)
is a continuous operator for every s € R below.

There is a relationship between the Fourier transform on R and the Mellin transform on
Ry. In fact, for w = ip, p € R, we have in the case v = 1/2

m . OO .
Ml/gu(ip):/o rlpu(r)drz/o emlogru(r)ﬁ

T r
“+o00

_ / e Puet)dt = Fr,((x 1) u)(p)

with (x~1)* denoting the pull back of functions under x ! : R — R for x(r) = —logr = t.
If 15 : R — Tg,p — ip, is the identification of R, with I'g then M;pu(ip) =
F((x)"YH*u(p). More generally, let

(Syu)(t) = e (2 Diy (e ), (1.39)
with the inverse )

(S;lv)(r) =1""2v(logr)
then

dr

My =y +ip) = [ rimeu) = [ e Ve ar = (7S u)(0)

Thus \IJ,*;MWu =FS,.

Definition 1.3. The weighted Mellin-Fourier Sobolev space H*V (R4 x R™) of smoothness
s € R and weighted v € R is defined as the completion of C5°(Ry x R™) with respect to
the norm

1/2

2

by = { [ [ @80 o) O Pawag) (140
Here M, _,,, means the Mellin transform acting on r € R, with the covariable while M;LT
means the inverse. We also use notation like M; 5, and M. L., respectively.

Remark 1.4. The operator

Sy—ns2: C5°(Ry x R™) — Cg°(R x R™)
S,Y,n/g su(r,x) — ef(nTH*V)tu(eft,x)

extends to an isomorphism

S

y—ny2  H* TRy x R™) — H*(R x R™)

for all standard Sobolev space given in the Definition 1.1
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In fact, the latter observation is a consequence of (1.39). Here the space H*(R x R™) is
taken as the completion of C§°(R x R™) with respective to the norm

lull s (RxRR) = / / 76 (Flom)— (reyu(T, €| def}
where
tz T§ T f / / —it Te mé t a:)dtd:c = Ft_yrFxﬁgu(T 5)
Let us formulate an analogue of the Palay-Wiener theorem for the Mellin transform .

To this end for any a > 0 we set

Hy Ry X R") = {ugHM(R+ x R™) :u=0f0rr>a},

HT (Ry x R™) := {u eH TR xR :u=0for0<r< a}

(a,00)

Theorem 1.5.
(i) For u(r,z) € 7—[(’7 )(R+ x R™), s,v € R,a € Ry, the function

n+1 n+1

(Z 5) ( r— n/2r—>zFx—>§u)( 9 _7+7;p>§)7 z = 9 _'7+ip7 (141)

extends to a holomorphic function in 8+ ip € {z € C: f > %’Ll — v} with values in
I:IS(RQ) 1= F,_¢ H*(R?) belonging to the space C(B8 > "+L — 'y,ﬁs(Rg)) such that

/ / (14161 + ol + 1€)*[3(8 + ip. &) 2dpdé < Ca®, (1.42)

for a C > 0 independent of > (n+1)/2 —~

(ii) Conversely, let 5(8+1ip, &) be a function that is locally integrable in (p,&) and holomor-
phic in B+1ip for > "“ v for almost all £ € R™ and satisfying the estimate (1.42) for
a constant C' > 0 mdependent of B. Then there exists a function a(r,x) € 7—[(’7 )(R+ x R™)

such that the relation (1.41) holds.

For purpose below we explicitly formulate the counterpart of Theorem 1.5.
Theorem 1.6.
(i) For u(r,z) € H(a 00) (Rt xR™), s,v € R,a € Ry, the function

n—+1 n+1

(Z 5) ( r— n/2r—>zFx—>§u)( 9 _’7+ip>£)7 Z = 9 _'7+ip7 (143)

extends to a holomorphic function in B+ ip € {z € C: f < ’%1 — v} with values in
I:IS(RQ) 1= F, ¢ H*(R?) belonging to the space C(B < “tL — 'y,ﬁs(R?)) such that

/ / (14 18] + o] + [ED?*[5(8 + ip, &)Pdpdeé < CaP, (1.44)

for a C > 0 independent of B < (n+1)/2 —~
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(ii) Conversely, let o(B+ip,§) be a function that is locally integrable in (p,&) and holomor-
phic in B+ip for B < "T'H —~ for almost all £ € R™ and satisfying the estimate (1.44) for a
constant C > 0 independent of B. Then there exists a function a(r,z) € 7-[?(’300) (Ry x R™)

such that the relation (1.43) holds.

Another of the Palay-Wiener theorem refers to L?-spaces with values in a Hilbert space
H.

Theorem 1.7. Let M., v € R be the weighted Mellin transform M., : u(r) — L*(T
for u(r) € rPL%(Ry, H). Then the following conditions are equivalent.

%7»y) H)
(i) h(w) = Myu(w) for some u(r) € rPL2(Ry, H),suppu C [0,a],a > 0;
(ii) h 4s holomorphic in Rew > % — ~; moreover, hs(p) = h(3 — v+ & + ip) belongs to
L%(R,, H) for every § > 0 and there are constants a, ¢ > 0 such that
1A/l L2, m) < ca’
for all 6 € Ry. Under the condition (i), (ii) we have
lim hs = hg
6—0
in L*(R,, H). Moreover,

1hsl 2y my = m) 2l u(r) o p2 ey iy = (20) 21 u(r) | 2, s 6 € R

1.3 Symbols and kernel cut-off with respect to the Fourier transform

In this subsection we will discuss operator-valued symbols with values in L(H, H) for
Hilbert spaces H and H. The space L£(H, H) denote the space of continuous operator
H — H, equipped with the stronger operator topology. The Hilbert spaces are endowed
with group actions in the following sense. A group action & := {ks}ser, in a Hilbert
spaces H is a family of isomorphisms

ks H— H, §€eRy,

such that kskg = kge for every 6, ¢ € Ry, and the map § — kgsh defines a function in

C(R4, H) for every h € H. '

A Fréchet space E, written as a projective limit of Hilbert spaces E = 1'£1EJ with
JEN

continuous embeddings E?7 — EO for all j, is said to be endowed with a group action & if

it acts on E” in the above sense, and | p; = {ks|gi }ser, is a group action on EY for every j.

Example 1.8. (i) Let H = L*(R}) and (rsu)(r) = 6/%u(6r), 6 € Ry. Then {ks}scr,
is a group action on L*(R,).

(ii) Let H := H*(R"), s € R, then
(ksu)(z) := 0" %u(éx), § € Ry (1.45)

defines a group action on H*(R™) and Frsu(§) = ﬁglFu(ﬁ). More generally,
(x)?H*(R™) for s,g € R is a Hilbert space with group action (1.45) .
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Proof. The proof of (i) is very clear for §/2u(dx) € L?*(Ry), ksky = kgs for every
6, &' € Ry and kg is unitary in L2(Ry) for every § € Ry with sy u(y) = 6~ 2u(dy).
Next we show (ii) according to the following steps.

(1) If u € H*(R™) then prove kgu € H*(R™). Since

Frsu(§) = /e_mg/{gu(m)dz:
= /eixfégu(éx)d:c = /ei‘slygégu(y)dndy (1.46)

5% [ gy =5 R

SO

Isullry = [ (&% Prsu©)Pabare = [ (€67 Fu(3™ 1) de
o fon (1.47)
= [ nIrutnPdn < Clluls, < oo

n

according to when & belong to the closed interval there exist constant C such that (dn)% <
C(n)?*. Then rsu € H*(R").
(2) It is very clearly that

ksksu(x) = k(0™ 2u(8z)) = 826" 2u(60'x)) = Kssu(x).

(3)ks is unitary in H*(Ry,) for every § € Ry with r; 'u(y) = 5 2u (57 y).
(4) According to the Fourier transform we have

Frsu(§) = /e_m&é”/Qu(ém)dx

= / e 5T 2y (3 ) da! (1.48)
= "PFu(571¢)
= Ky Fu(§)

O

The following property is well-known.

Proposition 1.9. Let H be a Hilbert space with group action k = {ks}scr,. Then here
are constants C, M > 0 such that

ksl ey < € (max{s,57'3)™.

Proof. By assumption for every h € H the function 6 — ksh belongs to C(Ry, H), thus
the set {ksh : § € [, 3]} is a bounded set in H for every compact interval [, 5] C R.
From the Banach-Steinhaus theorem we have for some constant C' > 1 such that

SUPsea,g) sl o) < C.
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In particular,
supsepe-1 ¢ ll66ll oy < C
it follows that
Kol ey < ksl < C,

i.e., for alln € N and 0 € [e™", "] we obtain
156l £ oy < C™

Thus for §, :=¢e" > 1, n € N we have

|56, | oy < O™ = e™BY = §,'°8€.

Then for § € [e"!, "] there is a constant &; € [1, €] such that § = §1e" ! = §16,_1 and

165l ey = 16616, 1l 2rr)
< ks, e 155, e < C(0n-1)'%¢ (1.49)
< C((Sl(sn_l)logc — C(slogC
since the right hand side of the latter estimate is independent of n, we proved the asserted

estimate for M = logC, for all 4 > 1. In a similar manner we can argue for 0 < § < 1. Set
O_p:=e ™. n>1, we have

Iks_, |l < C™ = (62 )M,

Moreover for § € [e_",e_("_l)] there is a constant & € [e~!, 1] such that § = 020_(n—1)-
This gives us
ksl ey = 1K620_ 1y ll 2oy
< ksl e 7oy ey < CO, 1)) (1.50)
< O(65107 ¢, )¢ =cHY

which corresponds to the assertion for 0 < § < 1. O

Similar as scalar symbols of Hérmander’s classes, for two Hilbert spaces H and H with
group action x and &, respectively, we now formulate operator-valued symbols

SHQ x RG H, H) € C®(Q x RY, L(H, H))

for p € R, an open set Q C R? and L(H, f[)) equipped with the operator-norm topology,
motivated by the following observation.
Let p(y,&,n) € SH(Q x Rg;q) for an open set 2 C RP. Then we have a family of continues
operators

O, (p)(y,m) : H*(R") — H*H(R"), s € R (1.51)

for all the standard Sobolev spaces in R™ endowed with the group action
ks s u(z) — 6" %u(0x), § € Ry

where

O, (p)(y n)u(e) = / / ¢y € m)ule!)da'dE
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The latter continuity employs the fact that p(yo, &, no) € SH(RY) for every fixed (yo,70) €

) x R?. Then the space H := H*(R"), H := H*"(R"), are endowed with group actions
and &, both defined by the formula (1.45). Then

a(y,n) := Op,(p)(y,n)

satisfies the estimates

IRy LDy Dpaly, n)}rg, < ()1 (1.52)

||L:(H,FI)

for all (y,n) € K xR, K € Q, a € NP, 3 € N4, for some constant ¢ = ¢(a, 5, K) > 0
Now we generalize the definition of operator-valued symbol as follows:

Definition 1.10.

(i) Let H and H be Hilbert space with group action k and K, respectively, the space
SH(Q x RY, H, H)

for € R and open Q C RP is defined as the space of all a(y,n) € C°(Q x R, L(H, ﬁ))
satisfying the estimates (1.52) for all (y,n) € K xR, K € Q,a € NP, € N4, for constants

c=c(a,f,K)>0
(ii) Forv e R, we set

SUQ > (RIN{0}); H, H) := {f()(y,m) € C(Q x (R?\ {0}), L(H, H)) :

~ 3 (1.53)
f(u) (yv 577) = 5V’<‘75f(1/) (y7 77)"4‘5 ' forall 0> O}

(iii) We define N
SH(Q x RY; H, H)

the space of classical symbols as the set of all a(y,n) € S*(2 x RY; H, I:T) such that there
are homogeneous components

agu—j)(y:m) € S*(Qx (RT\ {0}); H, H),

J € N, such that for any excision function x(n) we have

rn(a)(y,n) = a(y,n) Zx Hy,m) € SPWED(Q xR H, H)

for every N € N.

Note that Hérmander’s symbols in S#(2 x R?) correspond to the case H = H = C and
ks = kg = idc for all § € R,.

It also makes sense to consider the potential symbols correspond to the case H = C and
trace symbols correspond to the case H = C

SH(Q x R%;C, H) and S%(Q x R%; H,C),

respectively.
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Remark 1. 11 Let a(y,n) € C=(Q x RY;L(H,H)) have the property a(y,on) =
Srisay,n)k; ' for all |n| > C, § > 1, for some C > 0. Then a(y,n) € SH(Q x R%; H, H).

In partzcular, for any excision function x(n) we have x(n)S*(2 x (R?\ {0}); H, fNI) -
SH(Q x RY; H, H).

Proof. According to the property, we have the identity

a(y,n) = 6 F iy a(y, on)ks.
It follows that by replaced § by (n) and n by L i for all |n| > C, § > 1, for some C > 0
n
)

Cl(y’ T

)= ()™M E aly. m)kgy-

Since ||%|| = 1 and a(y, %) € C(Q x (R?\ {0}); L(H, H)) there is a constant C' > 0
such that ||a(y, #)H < C, therefore

H’%&%a(yvn)”(n)ug(H,ﬁ) < C<77>M'
We get the assertion for the case § = 0. Next, for arbitrary [, we have
Dyla(y, én) = 8°/(D}a)(y, on)
and
Dfa(y,dn) = 6"&s(Dlaly, on))ky

SO
175 (Dya) (v, omas|l gy = 8 PN(DRaly, ) gy gy < CO*V

In this similar manner as before, set 5 = (n) and n = W we get the estimate of symbol

a(y,n)
17 3 (DR a) (s m il gy < Clm =P,

O

If a consideration is valid both for general and classical symbols, we write subscript (cl).
Let us set B B
ST xRGH H) = (] S"(Q xR H, H)
nER

Observe that the space (1.53) for any fixed v is isomorphic to a closed subspace of
C®(Q x S77' L(H, H))
for S971 = {n e R?\ {0} : [n| = 1}. In fact, f,)(y,n) € S (Q x (R1\ {0}); H, H) implies

n
il

and convergence in the Fréchet space S (€ x (R \ {0}); H, H) is equivalent to the con-
vergence of the associated restriction to the 1 -unit sphere. For any b(y,n) € C°°(Q x
Sa=1 L(H, H)) we have

) = Il Ry, o)t € SWHQ x RIN{O), £(H, ). (154)

f(l/)(y7 ) GCOO<QXSq_17£(H7ﬁ))7
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The function (1 ~54) is called the extension by homogeneity v.

By Séﬁ:l) (RY; H, H) we denote the subspace of symbols in Sétd)(ﬂ x R% H, H) with constant

coefficients a(n).

Remark 1.12. The space Séil)(Q x R%; H, ﬁ) 1s a Fréchet space with the system of semi-
norms

sup(y ek () VRS {Dy D aly, m) s |l oo iy ) (1.55)
where «, B, K is as in the Definition 1.10.

(RY; H, ﬁ) is a closed subspace of SI' (2 x R?; H, ﬁ), and we have

Observe that S* ()

(cl)

SH

() (Q X R H, H) = C=(Q, S))) (R% H, H)) = C™(Q)&,S (R H, H).

(cl) (el)
with &, indicating the projective tensor product between the involved Fréchet spaces.

There is a general characterization of the projective tensor product E®,F for Fréchet
spaces, namely, that every g € E®,F can be written as a convergent sum

o
9= Xej®f;
j=0
for coefficients A; € C with 3 72 [)\;| < co and e¢; € E, f; € F tending to zero in the

respective spaces as j — o0o. In the present case every a(y,n) € SéLCl)(Q x R%; H, ﬁ) has a
representation

a(y,n) = > Aiwi(y)a;(n), (1.56)
j=0

for 3272 1Ajl < o0 and @; € C%(Q), ¢; — 0, and a; € S{,
j — oo.
The following result states asymptotic summation in the symbolic calculus.

(R%; H,H), aj — 0, for

Theorem 1.13. Let a;(y,n) € Ség)(ﬂ X Rq;H,fI), j €N, be an arbitrary sequence with

pj — —oo as j — oo (u; = p — j in the classical case). Then there is an a(y,n) €

5(‘21)(9 x RY; H, H) for i = maxjen{p;} such that

=2

a(y,m) =Y a;(y,m) € S (2 x RY; H, H)
7=0

for every N € N and a vy € R tending to —oo as N — oo. The symbol a(y,n) is called
an asymptotic sum of the a;(y,n), written

a(y,n) ~ > aj(y,m)
j=0

If a(y,n) € S&l)(Q x RY; H, fNI) is another asymptotic sum in that sense then we have
a(y,n) — aly,n) € S~°°(Q x RY; H, H).
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Remark 1.14. An asymptotic sum is the sense of Theorem 1.13 can be obtained in the

form
oo
~ 3" x(yaz(y,m)
=0 9

converges in Sé‘ )(Q xRY; H, fI) for a fixed excision functions x(n) and constants 0 < ¢; —

oo sufficiently fast as j — oo. More precisely, the sum Z aj(y n) converges in
j=N+1 C]
Slay(Q x R H, H) for every v < i and suitable N = N(v).

A Fréchet spaces F, is said to be endowed with a group action k := {ks} SeR, if E is
written as a projective limit
E = lim F’
JEN
of Hilbert spaces E7, with continuous embedding E/T! — EO for all j, where & is a group
action on E° which restricts to a group action on E7 for every j € N.

Example 1.15. The Schwartz space S(R™) can be written as a projective limit

S(R") = lim () 7 H/(R").

jEN

The group actions from Example 1.8 (ii) turn S(R™) to a Fréchet spaces with group action.

Definition 1.10 can be be extended to the case of Fréchet spaces
= l‘LnEj and E = mﬁk

JEN keN
with group actions x and &, respectively. To this end we fix a map r : N — N and form
the symbol spaces S&)(Q x RY; E7(R), E¥). Then we set

ok
Sty (@ xRG B, E) = J{ () Sy (@ x RG B BV}
r keN

where the union is taken over all maps r : N — N.

An example is the case that F is equal to a Hilbert space H with group action but Eisa
Frec¢het space with group action. Then

S#

fe) (€ R%:H,E) =) Sty (2 x R H, E").

keN

In the following we consider parameter-dependent symbols

a(y,n,\) € S&)(Q X Rgt\l?H H).

where (1, ) € R%* plays the role of covariable. For any

©(0) € Ci°(R?) := {p € C®(RY) : suppers|D§e(8)| < o}
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we form the expression

aly,n, A // “o(0)aly, n — i, \)dod, (1.57)

interpreted as an oscillatory integral.

The following kernel cut-off theorem will be formulated for symbols a(n, A). The generali-
sation to the case of symbols a(y,n, A) is straight forward and tacitly used below.

Theorem 1.16. The kernel cut-off operator (1.57),
Vi(p,a)— Vea,
defines a bilinear continuous operator

(R H, H).

VO (RY) x S SN

(RIS H, H) — St

(cl)
The symbol V,a(n, N) admits an asymptotic expansion

lot]
Va3 ~ 3 X Dgoo)agatn. 3.

aeN?

1.4 Abstract edge spaces

Definition 1.17. Let H be a Hilbert space with group action k = {ks}ser, . Then
WH(RY,H),s € R, is defined as the completion of C§°(R%, H) with respect to the nor-
m

R 9 1/2
Jullwe oy = {_[ o i dn} (1.58)

We get an equivalent norm when we replace (n) by [n], where n — [n] denote any positive
function in C*°(H) such that [n] = |n| for all |n| > C for some C' > 0. So

wos { [ WP i yan}

is a norm in W?*(R?, H), equivalent to (1.58).

If necessary we write W?*(RY, H),, instead of W?*(RY, H), in order to indicate the depen-
dence of the abstract edge spaces on k. We also admit the case k = id where k5 = idy for
every § € Ry. This gives us the standard Sobolev spaces with values in H, i.e.,

WH(RY, H)yq := H(RY, H)

ey o= { [ o) Byan} "

So we also called the space W?*(R?, H) edge Sobolev spaces.
Moreover, we have

with the norm

W™ (R, H),, = H®(RY, H), (1.59)

i.e., W*(RY, H), is independent of the choice of x.
It can be proved that W#(R?, H) is a subset of S'(R?, H) = L(S(R?), H).
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Definition 1.18. We define
Weomp(§2, H) (1.60)

for open Q C R? as the set of all u € D'(, H) with compact support in Q such that the
extension by zero outside Q belongs to W*(RY, H).
Moreover,

Wiee($, H)

can be defined as the set of all uw € D'(Q, H) such that pu € WS

COmp(Q,H) for every
¢ € C5°(Q).

Remark 1.19. For s € R we observe the space W?*(R?, H) also be taken as the completion
of S(RY, H) with respect to the norm
lullyws e, my = ||<77>S’€<_,]1>ﬁ(77)”1:2(Rq,H) (1.61)

where (n) = (1+ |n|*)"/2, and
N 1/2 _
follamnny = { [ Wotlfzan} "™, dn = (2n)-oan,
Remark 1.20. If for the Hilbert space Hy C H, then we have W*(RY, H;) C W*(RY, H).

Proof. we know from (1.58) of the Definition 1.17

<o [ aenl,an} (162

= cl|ullys ra,my)

since e : H] — H continuous, and ||eu||g < cl|ul| g, - O

Observe that the operator
K :=F 'k, F

induces an isomorphism
K:HRY,H) - W?*RY H),

for every s € R. In fact, we can write
si— 2
e R Ol
s 1 2
= [ @I F o)y
251 KT\ ()
= [ 7 IIE o))l gdn
12
— ||K 1UHW5(R‘1,H)id
12
= ||K 1UHHS(RQ,H)
Note that for H = C and kg = id¢,d € R, we have

WH(R?,C) = H*(RY).
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Example 1.21.
(i) For the space H*(R™) with group action k, cf. (1.45) we have
WH(R?, H¥(R™)) = H*(R™ x R?) = H*(R"9),

(i1) The space W*(RY, H),, for H equipped with a group action k is again a Hilbert space
with group action x, namely,

(xsv)(y) == 67%ksu(dy), 6 € Ry,
where kg is acting on the values of v in H, and then we have
W (RP, WH(RY, H) )y = WHRPT H),,
cf. [565, Proposition 1.3.44].

Remark 1.22. Definition 1.17 admits a generalization to the case of a Fréchet space
= @E] with group action. According to Definition 1.17 we form W*(RY, E7) and then

JEN
set ‘
WHRY E) := @WS(RQ, E7) (1.63)
JEN
which is a Fréchet space.
Let Z be a smooth closed manifold of dimension n. Choose an open covering {Uj,...,Ux}

of Z by coordinate neighborhoods x; : U; — R™ charts, and let {¢1,...,¢n} be a subor-
dinate partition of unity. We define global edge spaces

N

W3 (RYx Z, H) := uy) o (idga R
(R x ) {;(w 1) o (idre % x; ) (164

w € WHRH™, H), 1 = 1,...N}.

Moreover, if £ = @Ej is a Fréchet space we form

JEN
W?(R? x Z, E) = im W*(R? x Z, E7). (1.65)
JEN
In the case ¢ = 0 we simply write
WH(Z,H) and W*(Z, E), (1.66)

respectively.

For any symbol a(y,y’,n) € S* (Q x Q x R} H, H) for an open set Q C R? we form the
) :

associated operator Op, (a Op(a), deﬁned as

Op,(a) // W=vMa(y,y' n)uly’)dy'dn, (1.67)
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first for v € C§°(2, H). In this connection a := ap with its dependence on (y,y’) € Q x Q
is also called a double symbol. If a only depends on y or 3’ we talk about left or right
symbols, occasionally denoted by ay,(y,n) and ar(y’, n), respectively. The expression (1.67)
is interpreted as an oscillatory integral. It is well-known that Op(a) induces a continuous
operator _

Op(a) : C§°(Q,H) - C*(2, H)

for every s € R.

Definition 1.23. Let H and H be Hilbert spaces with group action k and K, respectively.
Then we set

L’(‘Cl)(Q;H, ﬁ) = {Op(a) ca(y,y',m) € SE‘CI)(Q x Q xRY H, ﬁ)}

An elementary observation is the following result.

Theorem 1.24. For every a(n) € S*(R%; H, H), the operator
Op(a) : W (R?, H) — W (R, H)
s continuous for every s € R, and we have
10P(@) | e sy we—s iy = 5WPyeea { (1) IRl g iy b (168)
In other words, Op(-) induces a continuous operator

Op(-) : S*(RY; H, H) — LOV*(RY, H), W**(R?, H)). (1.69)
Proof. We have from (1.58)
10p(@)ull Sy g ) * = / () >~ |[F  F(Op(@)u) ()| dn
= [ @ et Fu) )

using Op(a)u = F~1aFu. The right hand side can be estimated by

) e 2 _
[ a2, I (Fa )
oy e 2 P 2
< supyesa{ () IR a0y %y ) [ 0 I (Fu) )y}

The second facts on the right hand side just equals HuH)z/Vs(Rq’ ) and hence we obtain

10D(@) 12 1y < El0lye o i (1.70)

for
Ca 1= 5Depa { (0) IR A | g -

This gives us immediately (1.68). The number ¢, is a semi-norm in the symbol space
SH(R?;, H, H), see the formula (1.55). Thus, because of
HOp(a)”L(Ws(Rq,H),Wsw(Rqﬁ)) < Ca

we proved the continuity of the mapping (1.69). O
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Let M,, for ¢ € S(R?) denote the operator of multiplication by ¢, i.e., M, = ¢u. In the
following proposition is from Hirschmann [23]. The proof will be given for completeness.

Proposition 1.25. For every ¢ € S(RY) the correspondence ¢ — My, defines a continu-

ous operator
S(RY) — LW?*(RY, H), W*(R?, H)), (1.71)

for every s € R.

Proof. In this proof ¢ will denote different constants. The space S(R?, H) is dense in
W#(R?, H). We first show

[ Mopullysma iy < cllullyws re,m) (1.72)
for all u € S(RY, H), for some ¢ = ¢, > 0. We have (up to equivalence of norms)
_ 2
Molye gy = [ i Fyonti) o) i

From F(pu) = Fo * Fu, let

min) = i) [ (P = Fu©ae]

hence we have
”McpuHWS(Rq,H) = HmHLQ(R;I,)- (1.73)

From Peetre’s inequality
n)* < eln - €"1[e)®

and Proposition 1.9 we obtain the estimate

HH??]/ £]||5(H) <c[np—€M for some M > 0.

This gives us
i) = || [ by o = (el
= | [ g otn = il el
<c [ 67— €1l bt — gla(©)l de
<c [ =" - 9160 - I kg (Ol de
< e, [ - g igngtac e
for ¢, = supgeg {[€]V|5(€)] < 00}. We have for N large enough

g(n) = [n— M TI=N € L}(RY),

and
h©) = 6 (&) i € LX(RY),
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we proved that
m(n) < ccp(g* h)(n).

Next we employ Young’s inequality:

For every f € L'(R"), v € LP(R"), 1 < p < oo, we have

fru(zx /f:):— y)dy € LP(R"™)

and
Hf*uHLP(R") < HfHLl(Rn)HU||Lp(Rn)-
Thus from (1.73) we obtain

HMQOuHWS(Rq7H) = HmHL2(RQ)

collg * hll r2(ray

IN

IN

C%HQHLl(Rq) ||h”L2(]Rq)

CCsoHU”ws(Rq,H)

since ||All 2gay = [ltllys(ra pry- This gives us the estimate (1.72). At the same time we
obtain the continuity (1.71).

O

Theorem 1.26. For every a € SH¥(Q x R%; H, f[), Q € RY, the operator Op(a) extends to
a continuous map

Op(a) : W

comp

(Q, H) — WEH(Q, H)

loc

for every s € R.

Proof. Using the expansion (1.56) we can write

Z i (y)Op(aj)u.

Thus for any u € W

comp

(Q, H) and any ¢ € C5°(£2) we obtain

(vOp(a Z)\ﬂﬁ )i (y)Op(a;)u

which entails

1OD(@) | £y (ma, 11y, 051 (R 7

< Z |)‘J‘ HMWPJ' Hﬁ(WSf,u(Rq’ﬁ)) ||Op(aj) HL(WS(RQH%WS*;L(RQ]?)) . (1'74)
=0

From Theorem 1.24 we know that

Op(aj) : W(RY, H) — W*"H(RY, H)
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is continuous and

Hop(aj)HL(WS(Rq,H),WS*u(quJ)) — 0 as j — oo.

Moreover, by virtue of Proposition 1.25 we have

My, —0asj— oo.

I cowems e,y

Thus (1.74) converges, and we obtain the assertion. O

1.5 Symbols and kernel cut-off with respect to the Mellin transform

Similarly as (1.10) with a symbol f(r,7’,w) € S (R4 xRy x I'1_ ), we associate a pseudo-
2

differential operator based on the weighted Mellin transform M,y € R, cf. the formula

(1.35), first acting on u € C§°(R4). According the formula (1.38) We have

+o0 +<>° 1 dr’
Opl, / / )R frr!, S =+ ip)ul) - dp, (1.75)

where dp = (27)"'dp. For v = 0 we also write Op,; = OpY;. The expression (1.75) for a
symbol f(r,r',;w) can also be written in the form
Opj,(f)u = My fMyuw = r70py (T f)rTu (1.76)

for (T77)f(r,w) := f(r,w — ~). In fact, the integral on the right hand side of (1.75) is
interpreted as a Mellin oscillatory integral. By rearranging the order of integration we
obtain

o0 1 . +oo 1 : 1 dr’
/ 7‘_(5_7”’)){ /0 (r) 2= f (o, 5 T z'p)u(r')7}dp (1.77)
which is just the first relation of (1.76). The second equality follows from passing to
400 ) +00 . 1 — dr’
7 [ el e et i) ) o
oo 0

Another consequence of (1.76) is the relation

rP0p), (f)r=? = Op3 (TP ).

In fact,
+o0 +oo 1 d /
rPOp}( = / / (L))~ GH 0 £ (! o =+ ipyu(r) S dp
0 r 2 r
oo oo r 1 . dr’
- / / T B—Hp)f(r? Tlv 57— /3 + B + Zp)u(r/)izdhp
o Jo r 2 r
= Op}; (1)

(1.78)
Remark 1.27. For (ksu)(r) := u(0r), d > 0 and f € SH(Ry x Ry x F%_V) we have
ksOP (f)rs ' = Oy (f5)
fO?" fﬁ(rv rlv Z) = f(éT’, 67J7 Z)
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In fact,
o0 +oo dr’
m;OpM = 115/ / Y Ef (! z)u(6*1T')7d‘p
“+o00 —+o0
/ / 5r V=2 £ (0, 0r', 2)u(86-1 ,)dr ap (1.79)
r!

= OpM f6

Let us first consider the case v = 1 and scalar symbols f = f(w) € S%(Ty) with constant
coeflicients.

lf(s) == /000 s f(ip)dp. (1.80)
Then ) - , o
Oniy(utr) = [ 1) S

which is a convolution with respect to the Mellin transform . By definition we have [f(s) =
(M7 f)(s). From (1.80) it follows that (logs)ils(s) = ngf(s) for every j € N. In fact, the

2
integration by parts gives us

Ip, s (5) = /0 " (DI ) ip)p

= [ @i nsinan = [ o e
:/ s~ (logs) f(ip)dp = (logs)’ 1;(s).
0
Setting s = e~ ?, 0 € R, it follows that
) = [ sy
Analogously as (5.22) we have for any excision function x(6), the relation
k(0)lr(e7?) € S(Ry).

In particular ,

sing supp /5 & {1}.
let us write
lf(s) = k(—logs)l¢(s) + (1 — k(—logs))lf(s)
Then
r(—log s)ls(s) € TO(R,).
Here 7°(R, ) is the Mellin analogue (for weight 0) of the Schwartz space (i.e., T°(R )
M S(T)). For any excision function 1(s) with respect to 1 (i.e., ¥ € C°(RL)),(s) =

in a neighborhood of s = 1) we now write
(W f)(ip) == M1 (4 (s)ls(s))(ip)-

By virtue of

My (1= 4(s)l(s)) € S7(To)

1
2
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it follows that Wy, defines a linear and continuous operator
Ww : Sg(ro) — S(ﬁ(ro)

which is the Mellin kernel cut-off operator with the cut-off function . The kernel cut-off
operator also makes sense for more general functions . Define the space

CE(Ry) :={p e C®Ry): supseRJ(sas)j(p(sﬂ < oo for all j € N}.

Note that for y : R — R, x(8) = e = s, the function pull back x* induces an
isomorphism

X" g (Ry) = G (R)

we interpret
(We)ip) = My i0(s) /R s fip)dp!

= [T siets) [ s
0 R s
i5 . ds
= [[s7epstito - ) Cap
We apply the Mellin kernel cut-off process to operator-valued symbols

flror',2,A) € Sl (Ry x Ry x To; H, H). (1.81)

For convenience the general kernel cut-off theorem will be formulated for symbols with
constant coefficients. The case of symbols (1.81) is completely analogous.

Theorem 1.28. The kernel cut-off operator W : (¢, f) — W, f defines a bilinear contin-
UOUS MapPping

W, : CF°(Ry) x Sfgyy (Do x R% H, H) — Stuy(To x R% H, H).
The symbol W, f(ip, A) admits an asymptotic expansion
. — 1 .
Wof(ip, A) ~ > +(s0:) (1)) f(ip, A).

k=0

1.6 Weighted cone spaces

Asymptotics are of interest also on manifolds with edge, locally near the edge modeled on
a wedge X® x RY for a smooth closed manifold X where X% is a straight cone with base
X. We set X" := Ry x X which is the open stretched cone. In the corner calculus we
employ spaces

HET(X?), KST(X?) (1.82)

where it is convenient to normalize the weight convention in such a way that I" 1, from
the one-dimensional case is replaced by I'n+1 . for dim X = n.
2
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By H*7(R4, H) for a Hilbert space H with group action we denote the completion of
C§° (R4, H) with respect to the norm

. 9 1/2
el gy = |}y Mu(w) |2 dw} (1.83)
Fhya H
=2 7
for a number h € R that is given in connection with the space H. We then have
H Y (Ry, H) = r"H*O (R, H) (1.84)

for every s,v € R according to formula (1.33). Note that the transformation

h+1

(Sy-npau)(r,) = e 7 u(e™, )

v

gives rise to an isomorphism

S

ot MRy, H) — WA (R, H) (1.85)

for every s € R. In fact,
S —h/zu(P)H)Q/vs(R,H)
= [0 IS, o) lnde
L h+t1 ,
= /<p>2 150y Mo p2(—— = v + ip) [7rp (1.86)

s — 2
<[ eI M) de
Phg1_

< cllullps®y,m)

Moreover, for a covering {Uj,...,Un} of X by coordinate neighborhoods, a subordinate
partition of unity {¢1,...,¢n} and charts x; : U; — R™, we form the space H*7(X") as
the completion of C§°(R4, C*°(X)) with respect to the norm

1/2

N
. _ 2
lellygenxny 1= { D2 Ip5w) © s X 3G M, - (1.87)
j=1
From the definition it follows that
HEEB (XN = rPps7 (XN (1.88)

for every s,7, 5 € R. Note that the considerations on the spaces H*7 (R4 x R™) extend in
a natural way to H*7(X"). In particular, the operator

Sy—ns2: C5°(Ry x X) — C5°(R x X)

.
Sy—ny2 tu(r,z) = e*(nTH*W)tu(e*t,x)
with the inverse »
S‘En/Qv(r, x)=r"""2 v(logr, )

o~
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extends to an isomorphism
Synj2 s HT(Ry x X) — H*(R x X). (1.89)

Here H*(R x X) is the cylindrical Sobolev space which can be defined as the completion
of C§°(R x X)) with respect to the norm

1

2 2

ol ey {Zuwo (ide % x5~ sy }
7=1

where

idg x x; 1 RxR" - R x Uj.
Corollary 1.29. The multiplication by r° induces an isomorphism
P HIY Ry x X)) = HIPB(R, x X)

for every s,7v, B € R.

In fact, from the following mapping
Syny i HYT(Ry x X) — H*(R x X)

g1

gnyy  HOR X X) = HTHI(R, x X)

we have
St g2 Syny2 s T (Re x X) = HH (R x X)

is an isomorphism which just corresponds to the multiplication by r? = e 5.
Later on we also employ cylindrical Sobolev spaces

HYR™ x X) (1.90)

for a closed smooth manifold X, defined as the completion of C§°(R™ x X) with respect
to the norm

1/2

2
el g aomscxy = { Z I (psu) © Gidsm X x5 e gy}
for the standard Sobolev space H*(R"*") in R™", charts y; : U; — R™ and ¢; as before.

Remark 1.30. We have
H(XN) C H (Ry x X)

for every s, v € R.

In fact, it suffices to use (1.89) which shows that

S

L (R x X) C H (R x X).
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In this paper a cut-off function w on the half-axis is any w € C§°(R.) such that w(r) = 1
in a neighbourhood of r = 0.
We also consider spaces in terms both of the Fourier and the Mellin transform, namely,

HV(Ry x RY, H) (1.91)

defined as the completion of C§°(R4 x R?) with respect to the norm
2sp,.—1 2 1/2
el o 1y 2= { (w,n) Ky (M Fu)(w, )% dwdn} ", (192)
Fq+%21+1_ R4

where dw = (2mi) 'dw, dn = (27)"%n. Also here, if necessary, we write H*7 (R, x
RY, H),, in order to indicate the dependence on k. Clearly, the space H*Y(R4 x R") in
the Definition 1.3 equal to the formula (1.92) in the case H = C, k = id, ¢ = n. Similar
notation is used for Fréchet spaces £ = yLnEj with group action as follows

jEN

H*I(Ry x RY, E) = im H*>7(Ry. x RY, EY).
JEN

Analogously as (1.84) we have
HB(R, x RY, H) = rPH5(Ry x R, H)

for every s,v, 8 € R. Next we also need spaces

N

H(Ry x RY x Z, H) = {Z(gplul) o (idp, xre X X7 ') : o
I=1 1.93

w € H¥ (R x R H) 1 =1,.. .N}

for a smooth compact manifold Z of dimension d, charts x; : U; — R? and a subordinate
partition of unity. Similarly, if ¥ = @EJ is a Fréchet space with group action we set
JEN

M (Ry x RY x Z, E) = lim H>7 (R4 x R7*, 7). (1.94)
JEN

Let us also recall a standard notation for local Sobolev spaces Hﬁ)c()z ) on a smooth
manifold X (not necessarily compact), n = dim X. These are defined as the space of all
u € D’()?), such that for any chart x : U — R" on X and any ¢ € C5°(U) we have
(pu) o x~! € H*(R"™). Moreover, H;fomp()z) is the subspace of all u € HISOC()N() with
compact support.
Next, in order to define the space K*7(X"), we employ the space HS, .(X"), s € R, defined
as the set of all u(r,z) € H (R x X)|r, xx such that for any coordinate neighborhood
U C X and a diffeomorphism ¢ : U — V to an open subset V of S™ (the unit sphere
in R") we have (1 — w)pu o 871 € H5RL™) for every ¢ € C§(U), where the map
B:Ry x U — RY™ is defined by B(r, z) := rd(x).
We set

V(XN = {wu+ (1 —w)v:u € H (X)), ve HE (X))} (1.95)

for some fixed cut-off function w.
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Remark 1.31. The spaces (1.95) for s,y € R, are Hilbert spaces with group action k =
{Ks}ser, given by
(ko) (r, ) := 6D/ 2 (6r, 2), (1.96)

n = dim X. Observe that
HOO(XN) = KOO(XN) = r 2[R, x X) (1.97)

with respect to the measure drdx and dx referring to a Riemannian metric on X. Then
the operators (1.96) are unitary in K%9(X").

Note 1.32. The space K57 (X") cf. (1.95) is independent of the choice of w.

In fact, we have
,HS”Y(X/\)’(C,C/)XX = Hgone(X/\)’(c,C/)XX

for any 0 < ¢ < ¢/. We can endow K%7(X”) with the structure of a Hilbert space via the
non-direct sum

K5 (XM) = [WHS (XN + [1 — w]HE, (X). (1.98)

cone

Here, for (in general) Fréchet spaces E and F', embedded in a Hausdorff topological vector

space, we set,
E+F:=FEa®F/ A for ni={(e,—e):e€ ENF}.

For purposes below we set
(X = () KX
for any e € R. Equivalently we can define
K2V E(XN) = [r] K57 (XD)
or
K2V E(XN) = w LS (XD) (1.99)

where w is a strictly positive function in C*°(R;) such that w(r) = 1 for 0 < r <
cp, w(r) =r for r > ¢, for some constant ¢y < c1.
In our notation we also admit the cases s = co, 7 = 00, e = oco. For instance,

Ko (XN o= () KoTe(XN).
seR
This space is contained in C°°(X"). Moreover,
Ks,oo;e(X/\) — ﬂ ICS»'We(X/\)
vER
consists of functions of infinite flatness at » = 0, while
Ks,v;oo(X/\) — m Ics,'y;e(X/\)
eeR

consists of functions of infinite flatness at r = oo. This allows us to consider K°%°%¢(X "),
etc., including -
o0 (X M) = {u € S(R,C™(X)) : suppu C R, }.
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Proposition 1.33. We have continuous embedding
Ko (XM) — K57e(XM) (1.100)

for every s > s,4 > v,¢ > e Fors > s,+ > v, ¢ > e the embeddings(1.100) are
compact.

Remark 1.34. Let k(r) € C*®(Ry) be a strictly positive function such that k(r) = r for
0<r<egk(r)=1 forr > ey, for some 0 < g9 < 1. Then for every € R we have

KPICs e (XN = K HBe (XM for all s,7,e € R.

Proposition 1.35. For every p € C°(Ry) and 3 € R the operator M
by rPy defines continuous operators

v, Of multiplication

M,s,  K¥(XN) = K7HP(X7) for all s € R.

Proof. We can write

for a cut-off function w such that w > ¢. Then M, s, be regarded as a composition of
Myt KST(XN) — HIT (XN, (1.101)
M,s s HEV (X)) = HITB (XM, (1.102)
Myt HHP (XN = KSR (XM, (1.103)

The continuity of (1.102) was observed in (1.88).The operator (1.103) is continuous because
of relation (1.95). The continuity of (1.101) follows from the continuity of

Moyt H (X)) — H (X, (1.104)
since M, = MM, for a cut-off function w on the half-axis such that ¢ < w and
MGKSY (X)) = MM (XD,

cf. the relation (1.95) . In order to show (1.104) according to (5.4) we form the function
p1(r) == Z ﬁcjw(rdj)rj
=07

in C*°(R,) where ¢ = (d%)jga\,«:g, and dj — oo sufficiently fast. Then
Y =¥+ ¥1
where ¢g = 0 at r = 0 of infinite order, because ¢; = (%)jcpllrzo, for all j. We have
Moy HPV(XD) — @HP®(X7)
for any cut-off function @ = ¢p, but WH*>>°(X") is continuously embedded in H*7(X"),

ie.,

Moyt HOV(XD) — HPV(XH)
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is continuous. Next observe that the multiplication by
7i(r) == Ecjw(rdj)rj

gives us a continuous operator

HEV(XN) — HSTH(XM)
for any other cut-off function @ > w. Moreover, we have a continuous embedding

QHETTI (X)) < H(XM).
This shows the continuity

My, HP (X)) — 1 (XP)
for every j. A final observation is that

Mol ey <277

for sufficiently large d; > 0 and j + v > 0. This gives us
o
Méol = ZMT]'
j=0
and
o0
Moy ll 2 (xry) < D IM Il e xm)
j=0

= > IMylcpeaxant+ Y. My llzgeaxny)

JeN, j+v<0 JEN, j+v>0
< Z HMTJ' ||£(/Hs,'y(X/\)) + 2 < 0.
JEN, j+v<0

1.7 Holomorphic operator-valued symbols

39

Definition 1.36. Let H and H be Hilbert spaces with group action k and K, respectively.

Then Si(R?; H, ﬁ) 1s defined as the space of all holomorphic function acting on C with pa-

rametern € R?, i.e. a(w,n) € A(C, SH(R%; H, H)), such that a(B+ip,n) € SS(R})E(];H, H)

for every B € R, uniformly in compact B-intervals.

Here if F is a fréchet space and U C C an open set, A(U, E) means the space of E-valued

holomorphic functions in U.

Definition 1.37. The holomorphic function a(w,n) € Sih(RY; H, ﬁ) 1s called elliptic if

there is a B € R such that N
a(@+ipn): H— 0

is invertible for all |p,n| > C for some C' = C(B) > 0 and
“H<p,n>a_1(ﬂ +1ip, n)’%zp}mug([{’ﬁ) < C<P777>_'u

for all |p,n| > C(B) and C = C(B) > 0, where |p,n| = (|p|* + ]77]2)%
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This definition of ellipticity does not depend on the choice of 53, i.e., the above § is arbitrary.

Theorem 1.38. Let h(w,n, \) € Sg(RqH; H, f{f) and let h(ip,n, A) be elliptic with respect
to p,n, A rather than w,n. Then h=(ip,n, \) exists for large |p,n, A (|p,n, | := (|p|*> +

[nf? + |A12)2) and
1, ~—1
<:0a 7, )‘>H||H<p,n,)\)h’ (va n, )\)K<P:777>\> Hg(fLH)
is bounded as |p,n, \| = oo. Then for every B > 0 there exists a C' > 0 such that for
ha(p,m, A) = h(B +ip,n, \)

the operator
Op,Opy, 2 (hs)(N) : H*2 (Ry x RY, H) — H*#5 (Ry x RY, H)
B,

is invertible for all p € [—B, B] and |A\| > C.

Proof. By virtue of the ellipticity condition on the symbol h(w,n, A). Here is an excision
function x(p,n, A) such that

h$S (0,m, A) = x(p,m, B (i, N).

belongs to S~#(RT4+: H H). The symbol hs(p,m, A) belongs to C(Rg, SH(RIFTIH | H)).
Then
rg = hi Vhs — 1€ C(Rg, STHR©ITL H, H)),

and we have

hg — ho € C(Rg, SP"H R H H)).
By computing the Leibniz inverse of hg we obtain a

ps € C(Rg, S* L (R, H H)

such that
cg = pp#ths — 1 € O(Rp, S™° (R 1, H)).
Then
Op, 0Py, (p5)(\)OP, 0Dy (h5)(A) = Op,Opy, (ps#hs)(A) = 1+ Op,Opy(cs) (M)
(1.105)

where 1 denote the identity operator in T (]R+ x RY, H). Since

10, 0Py, (es) (N DN

b+1 <
HS 2 (Ry xR9,H)

for every N € N for some D = D(N,B),8 € [-B, B], the observation follows from
(1.105),by applying Neumann series . _
We now Leibniz invert 1 + g, i.e., obtain a p € C(Rg, S~H(R 9 H, H)) such that

¢g = pghp — 1 € C(Rg, S (R H, H)).

Thus
Op, Oy, (p8)(A)Op,0py, (1) (A) = Op,0py, (pshs)(A) = 1+ cs(N)

for
cs(N) = Op(c)(A) € C(Rg, S(R, L(H>"3 (Ry x RY, H), H™"F (Ry x RY, H))))

where 1 denotes the identity operator in T (]R+ x RY, H). O
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2 Asymptotics

2.1 Weighted spaces with asymptotics

We study weighted Sobolev spaces on a manifold with singularities and subspaces with
asymptotics. A simple special case is the half-space Ry x R? in the variables (r, 7). Then
smoothness of a function u(r,y) € C*®°(Ry x R?) up to the boundary is connected with
the Taylor expansion at r = 0,

]

P 0
1 Ord

S| =

Smooth solutions to elliptic equations in the open half-space are not necessarily smooth
up to r = 0. In this case, there are more general asymptotics, for instance, the singular

function of asymptotic
oo My

ry) ~ S0 in(y)r Plogh (2.1)

§=0 k=0

as r — 0, for coeflicients cj;, € C°°(R?), with exponents —p; € C and logarithmic powers
in the variable r normal to the boundary. Such a behavior can appear for solutions u to
edge-degenerate equations of order p € N,

Au(r,y) :=r# Z aja(r, y)( - r%)j(rDy)au(r, Y). (2.2)

Jtlal<p

for coefficients aj, € C* (R, x RY). Ellipticity of A means that the homogeneous principal
symbol of A of order u, namely,

ou(A)(ry,pm) =17 Y aja(ry)(—irp) (r)®, (2.3)
jtlal=p

does not vanish when (p,n) # 0, for all (r,y) € Ry x R?. Edge-degenerate means that the
derivatives in r and y are multiplied by the factor » € R,. Then the ellipticity degenerates
for r — 0. In the analysis of such operators we assume in addition that

Gy (A)(r,y, pom) = oy (A)(ry, v p,r ) (2.4)

does not vanish for (p,n) # 0, up to r = 0. The asymptotic data in (2.1) depend on the
conormal symbol

o
w) = ZajO(Ovy)wj7 w e C’
subordinate to the principal edge symbol
_ 0 . o
oA A) ) =17 Y aa(0,9) (=) (), n# 0, (2.5)
Jtlal<p

the edge symbol (2.5) is a (y,n)-depending family of differential operators over R. The
ellipticity implies that there is a (y -depending) discrete set D(y) C C with finite intersec-
tion

D(y)N{c <Rew < '}
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for every ¢ < ¢, such that o.(A)(y,w) # 0 for all w € C\ D(y). The inverse (o.(A)) ™! (y, w)
extends to a meromorphic function with poles at the points s(y) € D(y). Let n(y) + 1
denote the multiplicity of s(y). We obtain a sequence of pairs

R(y) == {(s;(y),n;(y))}jer C Cx N,

a so-called discrete (y-depending) Mellin asymptotic type where

HcR(y) = {sj(y) }jer = D(y).

In the characterization of regularity of solutions u we can expect a similar sequence

P(y) == {(pj(y),m;(y))}jen C Cx N,

called a (y-depending) discrete asymptotic type, in this case for distributions on R, where
P(y) is derived from R(y) in the process of constructing a parametrix, according to the
rules of the edge pseudo-differential calculus, In general we also have a dependence of P(y)
on a prescribed weight v € R, such that

{Rew:%—w}ﬂD(y) =0.

We mainly study here the case that D(y) is independent of y. Otherwise, if D(y) is not
constant in y we employ the concept of continuous and variable discrete asymptotics.
We now consider subspaces of H*7(R.) i.e. the space H*Y (R4, H) for H = C with discrete
asymptotics as r — 0. Because of heavy technicalities we focus on the case of R;. Similar
consideration are valid on more general stretched cones X”\. We define various types of
asymptotics, motivated by an analogue of Taylor asymptotics, i.e., the Taylor expansion.
A sequence

P = {(pj,mj)}j:()7._.7]v CcCxN (2.6)

for an N € NU {oo} is called a discrete asymptotic type associated with the weight data
(v,0) for © = (0,0], —c0 <0 <0, if

1 1
HcP = {pj}j=o,..N C {5 —7+0 <Rew <5 — gt

and Rep; — —oo, as j — oo, when 0 = —oo and N = +o0. In this sense the Taylor
asymptotic type T' = {(—4,0)} jen is associated with the weight data (0, (—oc,0]). Without
loss of generality we assume Repj;1 < Rep; for all j. We say that P satisfies the shadow
condition if p € Ilc P implies p — k € Il P for all k € N with

1
Rep —k > 5—74—9.
In future we facility assume that our asymptotic types satisfy the shadow condition .
In this paper, a cut-off function is a real-valued w € C§°(R4) such that w(r) = 1in a
neighborhood of » = (. For references below we introduce translated asymptotic types,
namely,

TPP = {(p+ B,m) : (p,m) € P}. (2.7)
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Definition 2.1. Let P be an asymptotic type associated with the weight data (v, ©).
(i) For finite © we form spaces of singular functions of type P on the half-axis

N my

Ep(Ry) := {w(r) Z Z cirrPiloghr : ey € (C},

§=0 k=0
for a fixed cut-off function w and
Hp'(Ry) = Ep(Ry) + (1 — w)H™(Ry)

as a non-direct sum.
(ii) For P associated with (v, (—o0,0]) we form

P :={(p,m)€e P:Rep>—(+1)}

for 1 € N which is associated with (y,(—(l + 1),0]). Then, using (i) we form the space
H%V(RQ and then

HE(Ry) o= [ HE (Ry).

leN
Let us set
K(Ry) ={wu+ (1 —w)v:ue HY(Ry), ve H(Ry)}, (2.8)
for some fixed cut-off function w and H*(R; ) := H*(R)|r, . Moreover, define
KE'(Ry) :=={wu+ (1 —w)v:ue HE (Ry), ve H (R} (2.9)

For purpose below we also form spaces with weight e € R at infinity, namely,
Ko7 (Ry) == {wu+ (1 —w)v:u € B (Ry),v e r “H*(Ry)}
and similarly
K (Ry) = {wu+ (1 —w)v:ue LE'(Ry),ver “H (Ry)}.

Remark 2.2. Setting
K (Ry) = lim K70~ (R.,)

e>0

which is a Fréchet subspace of K37 (Ry), we have

K3 (Ry) = KT (Ry) + K7 (Ry)
1
as a non-direct sum of Fréchet spaces, or alternatively, for finite © and IlcP C {5 —y+0 <

1
Rew < 5 - ’Y}
K37 (Ry) = K& (Ry) + Ep(Ry)
which is a direct sum. For infinite © we have
KST(Ry) = £52(Ry) = (] LN (Ry),
NeN
independent of v. Similarly, setting
He (Ry) = Lm(@H™ "5 (Ry) + (1 — w)H*7(Ry)
e>0

we have
Hp (Ry) = Hg (Ry) + HET (Ry).
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Let us fix a discrete asymptotic type P = {(p;j, m;)}j=0,... n associated with the weight
data (v,0). By a P-excision function we understand a xp € C°°(C) such that xyp(z) =0
for dist(z,IIcP) < 9, xp(z) =1 for dist(z, [Ic P) > &1, for some 0 < g9 < &7.

Define A% as the space of all meromorphic functions f in the strip {% —7+Y <

Rez < % — *y} with poles at the points p; of multiplicity m; + 1, such that xpf €

C’OO({% —v+ 1Y <Rez< % - 'y}) for every P-excision function xp and xpf|r, € S(I'g)
for all % —v7+9<p< % — 7, uniformly in compact 3 intervals.
Moreover, let AgG" be the space of all

fGA({%—*y+9<Rew<%—7})“C({%—7+9<Rew§%—y})

such that flr, € ﬁs(Fg) for every % —-74+0 < B < % — «v uniformly in compact (-

subintervals. Both A% and .Ag’ are Fréchet spaces in a natural way and we set
ART =AY + AR (2.10)
in the Fréchet topology of the non-direct sum.

Proposition 2.3. Let w be a cut-off function on the half-axis.
(i) The weighted Mellin transform induces a map

Myw: K3'(Ry) — AR,
(ii) The inverse of the weighted Mellin transform induces a map

wM;l AR — KB (Ry).

Proof. (i) We first assume that the weight interval © is finite and P associated with (v, ©).
As before we identify functions f with My. Then we can write Myw = M, M,,. From (2.9)

we see that
My K5 (Ry) = HP (Ry)

is a continuous operator. Let us write
Hp (Ry) = Hg' (Ry) + Ep(Ry).
We now employ the fact that M, induces continuous operators
M, 1S (Ry) = A, (2.11)

M, : Ep(Ry) — AR, (2.12)

In fact, the first map is continuous because of the Paley-Wiener theorem for the Mellin
transform. Next we show the continuity of the second map. To this end we first observe
the relation

Mw(w) = w M (—rdw)(w). (2.13)

Because of d,w(r) € C5°(R4) we obtain M(—rd,w) € A(C) and M(-rd,w)|r, € S(I'p)
for every f € R, uniformly in compact S-intervals. Thus, by virtue of (2.13) we obtain
that Mw(w) is meromorphic with a simple pole at w = 0, and x(w)Mw(w)|r, € S(T's) as
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before, for any 0-excision function x (i.e., x(w) = 0 for |w| < gg, x(w) =1 for |w| > £1).
Now differentiating (2.13) with respect to w gives us

udtww) = [~ @uruln) ™ = [ togrtn
= M(w(r)logr)(w)
= w M (—rd, (w(r)logr))(w)
= —wiQM(—T‘arw(?”)) + wilawM(_rarw(T))

= —w 2 f(w) + wlg(w)

for
Fw) = M(=rd,w(r)) € AZ", g(w) = M (—rd,w(r)) € AS™.
Thus
M(w(r)logr) € AOP?O
for the asymptotic type P, = {(0,1)} associated with (0,0), ® = (—o0, 0]. By induction
it follows that
M (w(r)loghr) e AE’O

for P, = {(0,k)} associated with (0,0), © = (—o0,0]. Thus Mw(w) € A?%’O for any the
asymptotic type Py = {(0,0)} associated with (0,0), ® = (—o00,0]. Finally, using the
identify

M(r~Pu)(z) = Mu(w — p)

for any p € C. Thus from the latter computation it follows that
M (w(r)r~Ploghr) € AF"

for every p € C, Rep < % —, and p = {(p, k) } associated with (vy,0), © = (—o0,0]. For
a finite weight interval © the space Ep(Ry.) is of finite dimension since the weighted Mellin
transform is an injective map, say, on 77 L?(R ), the image of (2.12) is of finite dimension
as well. By the computation before we have M,Ep(R;) C AR and we immediately see
the continuity of (2.12).

For the case of infinite © we can form

Pl::{(p,n)EP:Rep>%—’y—(l+1)}

for every [ € N. Then P, is associated with (v, ©;) and we have the continuity of the map
My : Ep(Ry) — AR

for every [. Because of the first part of the proof this implies the continuity of
Myw : K3 (Ry) — Ap’

for every [. Since
Ky (Ry) = KB/ (Ry), Ap) = AP
are continuous and
K5 (Ry) = %HVIIC}Z’;’(RH, Ap’ = %DVA;’?
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we obtain the continuity of (2.12) also for © = (—o0,0].
(ii) First we employ that M linduces an isomorphism

M HA(T ) = HY(Ry),

1

2

cf. the relation (1.37). Thus, applying M,,, we have a continuous operator
wM H*(Ti_)) — K*7(R4)

Let us now consider the case of a finite weight interval © = (—(I+1), 0], and P is associated
with the weight data (y,®). From the first part of the proof we know that M,Ep(Ry) is
a finite-dimensional subspace of .A?D(w. Moreover,

A = A + M,Ep(Ry)

is a direct sum for every s € R. Because of the definition of Ag" for © = (—(1+1),0] and
from the isomorphism (1.37) we obtain that for every f € Ag” we have

(M f)(r) € 1 (Ry)

but also
(ML, f)(r) € HF™(RY) (2.14)

for 0 < m < 1+ 1. By Cauchy’s theorem relation (2.14) can also be interpreted as

(M) e () MRy

0<m<i+1
because (2.14) refers to the extension of f(w) into the strip £ —y—(I+1)—c < Rew < 1 —v
as a holomorphic function for every ¢ > 0, it follows that
WM f)(r) € wHG (Ry) = kg (Ry).
The arguments for the case of infinite © are similar as at the end of (i). O

Let us now turn to Mellin symbols with discrete asymptotics. Similarly as (2.6) we consider
sequences
R={(rj,nj)};q CCxN (2.15)

for an index set I C Z where we assume Rer; < Rery whenever j < k for j,k € I, and
IcR := {rj} e intersects every strip {¢ < Rew < '} in a finite set. Moreover, if IIcR is
infinite, we assume Rer; — oo as |j| — oo.

Let M3 be the subspace of all meromorphic functions f(w) in C with poles at the points
rj € IlcR of multiplicity n; + 1, for all j € I, and xrf|r, € S(I'g) for any R-excision
function xg and every S € R, uniformly in compact S-intervals.

Moreover, let M}, for € R be the space of all h € A(C) such that hlp, € S5 (T'g) for
every § € R, uniformly in compact S-intervals.

Both My and M(’é are Fréchet spaces in a natural way. Set

My, = Mp + Mp™ (2.16)
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in the Fréchet topology of the non-direct sum . Let f € M I’% and v € R such that

F%—VHWCR: 0.

Then
"
flr, , € SHT;_,)

and it makes sense to form the associated weighted Mellin operators
Opy,(f) = My fMy = r7Opy (T f)r 7, (2.17)
where (T77 f)(w) := f(w — 7). Let w, &' be cut-off functions on the half-axis.

Theorem 2.4. We have continuous operators
wOp L, (fHw' : KV (Ry) = KT (Ry) (2.18)

and
wOp},(flw' : KB (R4) — ICzQ_“’V(R+) (2.19)

for every discrete asymptotic type P and some resulting Q, both associated with (v, ©).

Proof. The operator wOpX/[(f)w’ is a composition wM;leM,Yw’, and we have continu-
ities of
My KV (Ry) — HS(F;_W),
2

Mf : I:IS(F%_W) — IA{S_”(F%_W),

wM: H M) = K5 (Ry),

N

This shows that (2.18) is continuous. Concerning (2.19) we have continuous operators
My K31 (Ry) — AR, (2.20)
cf. Proposition 2.3 (i). Moreover, Proposition 2.3 (ii) gives us
WM s AT — Ky M (RY). (2.21)
Next we show the continuity of
My AT — A (2.22)

To this end we write
.A?V _ Agv + A;@’Y‘

Then
My AGT = AT and My AR — A5
give rise to
. 5% S—HLY 0,y S—HL,Y

for a discrete asymptotic type Q. Using (2.20), (2.21) and (2.22) yields the continuity of
(2.19). O
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Definition 2.5. An operator
G: KT (Ry) — KT H(RS). (2.23)

continuous for all s € R, is called a Green operator, associated with the weight data
g=07—10),0 = (0,0, —co <0 <0, if (2.23) induces continuous operators

G K(Ry) = K77 (Ry),

G KCHTTHEC(R,) — ICSQC*’Y;E’ (R,),

for every s, e, s, ¢ € R, where P and Q are G-dependent discrete asymptotic types,
associated with (v — p, ©) and (—v, ©), respectively.

Let Lg(R4,g) for g = (7,7 — 1, ©) denote the space of all Green operators associated
with the weight data g.

Example 2.6. Let P = {(pj,mj)}j=o,.~ and Q = {(q1,)}i=0,....1. be fized asymptotic
types as in the Definition 2.5, choose functions

f(r) e Ep(Ry), f/(r') € EQ(Ry).

Then the operator G defined by
Gulr) = [~ £ P utr
0

is a Green operator associated with g which makes sense since [ f'(r')u(r')dr’ is finite for
every u € K¥7¢(R4).

Proposition 2.7. The operator
k‘ .
M :=r7# Z 1 wOp Y (f)w’
§=0

for symbols f; € Mgfo, with asymptotic types R; and weights 7y; satisfying the conditions

L (HeRj=0,v—j <7 <7,
for j=0,...,k, k € N induce continuous operator
M : K57 (Ry) — KOTH(RS)

and
M IC?W(R_F) — IC%O’W_“(R{_)

for all s € R and every asymptotic type P associated with (v,0),0© = (—(k + 1),0], for
some resulting Q associated with (y — u, ©).
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Proof. We have
k
M = ZMj, M; = T_”HwOp;@(fj)w’.
§=0

Let us show that
Mj s K*(Rs) = KT (R )

is continuous for every s € R, j = 0,...,k. In fact, the operator can be written as a
composition ‘
PRI (P) M (TT ) M ()
of continuous operators.
W) K (Ry) = W HETT(RY) — HO(RY),
M :HORy) — H¥ (1),
2

T f; ﬁs(F%) — H®(T'1),

NG

since 1 1
fi(g =i +ip) =TV )5 +ip) € ST

. )

D=

Moreover

w(r)YM™: H®(T1) — wH®O(R,),

2
PTG w?—loo’O(IRiJr) — wg_[oo,jﬂru(RJr) s KOTTH(RY).
because v; + j > . Moreover, M; defines continuous operators
M Kp'(Ry) = K37 H(RY)

forall se R, j=0,...,K, and every asymptotic type P associated with (v, ®) for some
resulting @ associated with (y—pu, ©). However, this is a easily reduced to Theorem 2.4. []

Definition 2.8. Let Ly1q(Ry,g) for g = (7,7 — 1, 0),© = (—(k +1),0], k € N, be
the space of all operators of the form M + G for arbitrary G € Lg(Ry,g) and M as in
Proposition 2.7. For © = (—o0,0] we set

Lot (Ry, (=00,0)) = () Larsa Ry, (~(k +1),0).
keN

The operators in Lyrrq(R4,g) are called smoothing Mellin plus Green operators in the
cone algebra on Ry, associated with the weight data g = (v, — i, ©).

Let us set .
ol (M) (w) = fj(w), =0,...,k,
and o¢(M) = (o¢ ™7 (M))j=0,....k-
Theorem 2.9. Let
k . —_ k . g ~
M=r"* Zr]wOpr[(fj)w’, M =r=# Zr]@OpXﬁ[(fj)cD'.
§=0 §=0
Then the_following properties are equivalent:
(i) M — M is a Green operator
(ii)) oc(M) = o (M).
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2.2 Edge asymptotics

Considering a discrete asymptotic type P = {(pj,m;j)}j=o,..n, N € NU {00}, for dis-
tributions in K*7(X”"), n = dim X, we say that P is associated with the weight data
(7,0), © = (6,0], —c0 <6 <0,if

1 1
H@PC{%—7+9<Rew<%—7}.

Set for fixed a cut-off function w and finite ©

N my

Ep(X") = w(r){ Zchk(:n)r_pjlogkr L Cjk € COO(X)},

§=0 k=0

for all j, k and
KgT(X") = lm C*7775(X 1),

e>0

We then have Ep(X") N KG(X7)
KE1(X") = Kg(X") + Ep(X) (2.24)

which is a direct sum. Analogously as in the case Ry we can introduce spaces K37 (X")
also for infinite ©. Both for finite and infinite ® we have non-direct decompositions

KB (X7) = Kg"(X") + K5 7(X")

for KF(X") = T&lleﬁ(X/\). The spaces (1.95) are Hilbert spaces where K%7(X") is
seR
endowed with the topology of the non-direct sum, while the space (2.24) are Fréchet.

Remark 2.10. (i) £*7(X"),s,v € R, is a Hilbert space with group action k = {Ks}scr,
given by
(ksu)(r,z) := 6D 20 (6r, z), (2.25)

n = dim X. Observe that
HOO(XN) = KO9(XN) = 22 (R, x X) (2.26)

with respective to the measure drdx and dx referring to a Riemannian metric on X. Then
the operators (2.25) are unitary in K%°(X").

(ii) The space K3 (X™) for any discrete asymptotic type is a Fréchet space with group
action k and it can be written as a projective limit

K3 (X") = lim B (2.27)
JEN

of Hilbert spaces for E° := K*7(X") and continuous embedding E? — E° for all j, where
E° is endowed with a group action k = {ks}ser, of the form (2.25) that restricts to a
group action on E7 for every j € N.
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Remark 2.11. There is an immediate analogue of Theorem 2.4, namely, the continuity
of
wOpXJ"/Q(f)w’ CKSY(XN) = KSTRY(XY) (2.28)

for a Mellin symbol f(w) taking values in L*(X; FnTJrl_,y), n = dim X, and

wOpl ™2 (flw' : KST(XM) — Ko "X (2.29)

for a Mellin symbol f(w) € Mp(X) with a meromorphic extension to the complex w-plane,
analogously as (2.16).

The proof is based on an extension of the spaces occurring in (2.10). Since we elaborate
similar things below for the case of iterated asymptotics we drop the details.
In this case we can form W*(RY, E/) which are Hilbert spaces in a natural way, with
continuous embeddings W?*(RY, E7+1l) — W3(RY, EY) for all j, as in the Remark 1.22.
Applying Definition 1.17 to H = K37 (X") cf. (1.95) we can form the spaces

WH(RY, K57 (XM)). (2.30)
based on Remark 1.31.
Lemma 2.12. We have
WO(RY, KOO(XM),. = LA(RY, 72 L2 (R4 x X)). (2.31)

Proof. The norm in WY (RY, K%0(X")), is equal to

{/

since & = {ks}ser,, cf. formula (2.25), is acting as a group of unitary operators in
K%0(X"). By using Parseval’s formula, applied to functions with values in a Hilbert space
we have

- 2 1/2 1/2
HH<’7§ (Fy%nu)(n)”KO,O(X/\)d‘n} = {/]R‘I H(Fy—mu)(n)H;QCo,O(XA)d‘?]} (232)

q
n

L*(RI, H) = L*(RY, H), (2.33)
more precisely,
H(FU)(U)IIia(Rg,H) = (2W)qIIU(y)IIia(Rg,H)-

For a v(r,z) € K%9(X") we have
lolZn0gxn = / / (o(r, @) 2" drda
Ry JX
for n = dim X, which corresponding to (2.26). Thus from (2.32), (2.33) it follows that

HUHI%VO(RQ,ICO'O(XA)):// [u(ys 7, )72 ()" drdy, (2.34)
Re JR,

i.e., we obtain (2.31). O
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For references below we fix in (2.31) a corresponding Hilbert scalar product, namely

(1, 0) o e 00 (1)) = / / (u(y, . ) vy, 7, )) g2y drdy (2.35)

In order to understand the nature of discrete edge asymptotic we briefly return to the
general distribution (1.58) and (1.63) of abstract edge spaces. Let us first look at (1.58).
From the norm expression (1.58) we obtain

2 _ 2s -1,.-1 2
[ulyeqho my, = [ 0 NFF Py

= [ IR ) = N0 oy = 1 0 B
for the operator K := F _1/£<77> F. In other words, K induces an isomorphism
K:H°RY H) - W?*RY H),. (2.36)
From the definition of edge spaces it follows that
W>(RY H),, = H*(RY, H) (2.37)
is independent of the choice of k.

Proposition 2.13. Let H := H*(R"™!), s € R, be endowed with the group action

k= {kslsem,, (ksu)(x) = 6"F u(0x), & € Ry

Then we have
WE(R?, HS(R™M1)) = HS(R™T! x RY).

Proof. By definition for u(z,y) € W*(Rj, H*(R2)) we have (up to equivalence of norms)

I A— / ) (Fyot) )y o (2.38)

Moreover, using the substitution ¢ = £/[n], i.e., d¢ = [g]*d(, for F = Fy Fysi we
obtain

Jullye ooy = [ [ Q7 + 121 (F € ) P
~ [ ra
= /[ +|<! Yl O (P ([l ) dCdn (2:39)
— [P b (P Gl
// P 25‘ Fy ghiy (Fyosnu) (Z, )| dédn

which is equal to (2.38), using the identity
RA(Fp e F)(Q) = Fy e (65 1)(Q)

)| (Fu) (€, m)| dédn
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Observe, cf. [53] or [58], that

(xs.f)(y) == 6% (ks f)(dy)

with x5 operating on the values of f in the corresponding spaces defines a group action
X = {xs}ser, on W*(R?, H),.. Then we have on the space W*(R?, H) the relation

W (RP, WH(RY, H),.)y = W*(RPY H),.. (2.40)

Another useful variant of (2.40) has been obtained Proposition 2.2 in [48]. Let us formulate
this relation here in a more general form, namely, an H-valued variant of (1.40) for a
Hilbert space H with group action «, defined as the completion of C§°(Ry x RY, H) with
respect to the norm

2s),.—1 2 1/2
b o = { [ [ G Il O Fu) ol pdwan} . 241
b

The number b is specified in connection with H, e.g., b = n for H = K%7(X"), n = dim X.

Proposition 2.14. We have
H Y (Ry x RPE, WP (R H) )y = HYT(Ry x RPFY H), (2.42)

for every s,v € R.

Proof. The result follows from the identification of H*7(Ry x RP, H )x by applying the
isomorphism

Sy_p s MY (Ry x RP, H), - WR xR, H), (2.43)
for a Hilbert spaces H with group action y, defined by

(S

=3

u)(t,z) = e~ (D27t (07t 2), (2.44)

and
(571, 0)(t,2) = (D2 Dy (ogt, 2),
2

te Ry, teR, z € RP. Using the isomorphism,
T, W(R x R, H), — W*(R, W*(RP, H));
coming from (2.40) for H = W5(R?, H),. and Xsf(2) = 6”/2(xsf)(62) we have
TS, b HO(Ry X R, WP (RY, H) )y — WP (R, WS (RY, W*(RY, H) o).
Using the relation (2.40) we obtain

T WS (R, WS (R, W3 (RY, H), )5 — WS(R, W*(RPTY, H),.)

=u

for xs5g(z,y) = 6PT9/2(ks59)(62, 8y). According to the isomorphism

T,y W (RW(RPFE H) ) — WO (R x RPF H)
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obtained in a similar manner as (2.40), and

S;l cWS(R x RPFYH),. — H (R, x RPY H),,

_b
2

the claimed identification (2.42) follows using (2.43) for H = W#(RY, H) as the composition
of isomorphisms
1 7-1 7
SIS,
O

Corollary 2.15. In the case H = K" (X") or H = K3 (X") for an asymptotic type
P and the group action k defined by (2.25) we have

HOR (R x B2, WP (R, K3 (X)) = HO2(Ry x BRIV K1 (X)),

and
H¥ 72 (R x RP, Ws(Rq,lefﬂ (X/\)),i)x =H>"? (R4 x RPT4, IC‘;;71 (X/\)),.i7

for s,m,72 € R.
The following result is well-known, cf. Proposition 3.1.21 in [55], but the idea of proof will

be employed later on; therefore we briefly recall some details.

Proposition 2.16. Let X be a smooth closed manifold. For every s,y € R we have

HE L o(Rye x X x RY) C WHRY, K (XM)) € HE (R4 x X x RY). (2.45)

comp

In order to give an idea let us sketch a part of the arguments. We first choose an open
covering of X by coordinate neighbourhoods {Uy,...,Ux} and a subordinate partition of

unity {¢1,...,pn}; then

N

XN = U}, Up =Ry xU;

j=1

let us form the spaces
Hj = [p]K*(X"), j=1,...,N,
which are also Hilbert spaces with group action . So we can form the spaces
W2 (R, [p;] 7 (X))

N
and K57(X") = Z([cpj]le’”’(X/\)) as a non-direct sum as well as
j=1

N
WHRY,KST(XM)) =D W (RY, Hj).
j=1

Let € > 0, and let [p]K*7(X"),~c denote the set of all elements in [p]K*7(X") supported
by r > e, and let [@]H*(R™"1) ;.. be the set of all elements in [¢]H®(R™!) supported
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by |Z| > e. From Proposition 2.13 and the identification between [p]K*7(X"),>. and
[G1H*(R" ) z/5. for ¢ = ¥*@, we have the equivalence of norms

c1(@)lgligg @y < I lferxn < 219G s @) (2.46)

for all
g € [BIHAR™™) 315, f € [@K(X)rse,

and
f=p%g B:U" = R"

for some constants c;(e) > 0, i = 1,2. Applying (2.46) to n-dependent families of functions
o((n) "'z, n) and a((n) " 'r,x,n) it follows that

S —(n o =1 2
er(&) () 1(m) ™" 20 () 2 m) | gy 1y

s —(n ~ _ 2
< > m) =D a((m) @) s e

S —(n ~ —1~ 2
< ca(@) 1)~ 2o () & )| e ey

The support condition in (2.46) for v in |Z| > ¢ and @ in r > ¢ is satisfied for all n € RY.
Thus

1 (EVlys o gy @1y < llvys o oo xny < 2(E)10lhve s g @niny)

holds for all elements in the respective spaces supported by r > € and |Z| > ¢, respectively.
By virtue of Proposition 2.13 we can identify the norm in W*(RY, [g]H*(R"™!)) with the
norm of H*(R""! x R?) on those functions which are supported in |Z| > ¢ for all y and
localized in Z in the coordinate neighborhood U (the latter just shows the role of the factor
@ ). On those functions the norms in the spaces W?#(R?, K7 (X")) and H*(R"*! x RY) are
equivalent. This implies the inclusions (2.45).
Edge asymptotics in local form, i.e., in the variables (r,z,y) € X x RY, is expressed by
spaces
WH(RY, CBT(X")) = lm W3 (RY, EY), (2.47)
JEN

analogously as (2.30) and Remark 2.10. Note that as a simple consequence of (2.45) we
have the following relation. For s,y € R and every asymptotic type P we have

Homp(Ry x X x RY) € W(R?, KB (X)) C H (R x X x RY). (2.48)
In order to express the singular functions of edge asymptotics we slightly modify the
notion of edge spaces (1.58) by admitting also parameter spaces that are not preserved
under the group action &, cf. [53]. Let F be a Hilbert (or Fréchet) space with group action
k = {Ks}ser,, and represent E as a non-direct sum

FE = EO =+ E1 (249)

In addition if E is a left module over an algebra A by [a]E for a € A we denote the closure
of {ae: e € E} in E. We have

H*(RY, E) = H%(RY, Eg) + H*(RY, Ey) (2.50)
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for any s € R. According to (2.36) we can form
WH(RY, E), = KH*(R%, E). (2.51)
The subspaces KH*(R?, Ej),j = 0,1, are closed in (2.51), and the non-direct sum
KH*(RY, Ey) + KH*(RY, Ey) (2.52)
makes sense where
WH(RY, E),, = KH*(R?, Eo) + KH*(RY, Ey). (2.53)

Remark 2.17. Assuming that (2.51) is direct, also the sums (2.50), (2.52) and (2.53) are
durect.

Let us apply this to the case
E=K3"(X")=Ey+ E; (2.54)
for a discrete asymptotic type P associated with (v, ©), © finite, and
Ey:=Kg"(X"), Ep:=&p(XM).

The Fréchet space Ey is also endowed with the group action, the restriction of the one
over K£*7(X") to Kg'(X"). The space W*(RY, K" (X")) represents weighted edge distri-
butions of flatness © and is a subspace of W*(R?, £37(X")). However, & is not acting on
Ep(XN).

From (2.54) we conclude a direct decomposition

WHRY, KR (X)) = WH(RL, K (X)) + KH* (R, Ep(XT)).
Remark 2.18. The summand K H*(RY,Ep(X™)) is contained in
KH(RY, K7(X7) = WS, K37(X7)

and is generated by

mj

N
F ST wrln) 2 ejee) (rl)) o (rliyogu(n) } (2.55)
§=0 k=0

where c;, € C°(X), vj, € H*(RY).

In (2.55) we took the function n — [n] rather than (n); this makes the expressions more
transparent, but the above observations do remain in force under replacing (n) by [n], or
changing the cut-off function w. In fact, the remainders belong to

WE(RT, KT (X)) + W (RLKE7 (X)),

Our next objective is to study cones and wedges where the base is a manifold B with
edge Y. Such a B belongs to 9y, the system of (pseudo-) manifolds of singularity order
1, containing a smooth submanifold s;(B) € My (subscript 0 means smoothness and ¥ =
s1(B) where so(B) := B\ s1(B) € My.
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In addition we require that s;(B) has a neighborhood V in B with the structure of a
locally trivial X“- bundle over s;(B), for an X € My and X* = (R4 x X)/({0} x X).
Concerning more details on the nature of such spaces, see, for instance, [63].

For notational convenience we assume that this bundle is trivial, i.e. isomorphic to the
Cartesian product

s1(B) x (([0,1) x X)/({0} x X)).

Locally we represent the bundle as X" x R? for ¢ = dim s1(B). Then, as before, concen-
trating on the open stretched cone X" = R, x X with the splitting of variables (r, ), the
manifold sg(B) = B\Y for Y = s;(B) is locally in any neighborhood of Y represented by
Ry x X x R?, with the corresponding splitting of variables (r, x,y).

In the following we employ the stretched version B of B € 91;. It is obtained by attaching
an X-bundle at B\ s1(B), i.e., we first replace X* x s1(B) by (R4 x X) X s1(B) and then
attach the X-bundle X x s1(B) which yields (R} x X) x s1(B). Later on we also form
the double 2B obtained by gluing together two copies of B along X x s1(B). Locally near
s1(B) the double is of the form (R x X) x s1(B), and we then have 2B € 9.

Let B be a compact manifold with edge Y. Then we formulate the spaces

H*Y(B) and H3(B)

for s,7 € R and an asymptotic type P.

For B € My we have the strata so(B),si1(B). Assuming first dims;(B) = 0 we can
identify B locally near s1(B) with X2, X € 9y, and then H*7(B) is the subspace of
H§ (B )\ s1(B)) which is close to s1(B) identified with £*7(X"). For dimsi(B) =¢ > 0
locally close to s1(B) we can identify B with R? x X% for an X € 9%y. Then B is locally
modeled on (R x X) x R? with the splitting of variables (r, z,y). Choose an open covering
{G1,...,G} of s1(B) by coordinate neighborhoods, let {t1,...,%} be a subordinate
partition of unity, and let oy : Gi — R? be charts. In addition let ¢y € C3°(intB) be a

L

function and w a cut-off function on the r half-axis such that g + wal = 1. Then

=1
H#*7Y(B) is defined as the completion of C§°(B \ s1(B)) with respect to the norm

L 1/2
ullzscvcmy = { Ioullrecamy + D I @tiw) o 07 yeagconixny | - (2.56)
=1

Here the variables in W?*(R?, K*7(X")) refer to the above-mentioned identification of a
neighborhood of s1(B) with X x R? in the splitting (r, z,y) of s1(B).
Moreover, we define Hy,”(B) as the subspace of all u € H*7(B) such that

[ (wipru) o 041_1‘|W8(Rq7Ej) (2.57)

is finite for all j where lim E7 = K37 (X"), cf. formula (2.27). The space H3"(B) is Fréchet
JEN

in the semi-norm system (2.57), j € N, together with |[thou)||zs(om) in (2.56).

In the following we mainly focus on the case s = v = 0. We endow H"?(B) with a Hilbert

space scalar product which can be chosen as

(u, v) go.o(By :=(You, Pov) 2(2B)

L . . (2.58)
+ 2((%@“) oqa; , (Whv) 0 Ay )Wo(Ra,KO0(XA))s
=1
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cf. (2.35). The space H°(2B) is identified with L?*(2B), the space of square integrable
functions on 2B with its scalar product, based on a Riemannian metric on 2B.

The space WP (R?, K%9(X ")) will be referred below to as the local version of H%(B) close
to the edge Y. In abuse of notation for B = X* x Y we write

H®(B) = WO(RY, £*0(XM)), (2.59)

cf. (2.31). Let L=°°(B, g,) for weight data gq = (0,0, (—o0,0]) be defined as the space of all
continuous operators G : H*%(B) — H*?(B), s € R, which induce continuous operator

G:H*(B) > HY*(B), G* : H*°(B) — HY(B) (2.60)

for all s € R and G-dependent asymptotic types P and (), where G* is the formal adjoint,
with respect to (2.58).

2.3 Iterated edge asymptotics

We now pass to edge spaces and subspaces with asymptotics on a wedge, or, more general-
ly, on a compact manifold with second order corner. For convenience we content ourselves
with the case s = v = 0. Spaces with arbitrary weights and smoothness can be reached by
reductions of weights and orders, cf. [48].

We iterate asymptotics starting from K%0(X") = r~"/2L2(R} x X) where k = {Ks}scr.
is unitary. In that case in (2.55) we have vj; € L*(RY).

Although the operator K in formula (2.36) is the identity map for s = 0 and H = K%0(X"),
in the asymptotic terms of (2.55) we keep writing r[n] rather than r, since k is acting on
Ep(X") which is endowed with a stronger topology than that induced by K%%(X").

In order to study iterated asymptotics on a manifold M € 9y we first look at the
structure of elements in 9My. First there is a singular stratum so(M) € My such that
M\ so(M) € My, and so(M) =: Z has a neighborhood W in M with the structure of a
locally trivial B2- bundle over Z for a B € 9t;. Similarly as for first order singularity we
consider the case that this bundle is trivial.

By virtue of M \ sa(M) € My, there is a singular stratum s (M) := s1(M \ s2(M)) € My
and s1(M) =: Y has a neighborhood V in M \ so(M) with the structure of an X2 -bundle
over Y for an X € M.

Let us define the space H%%(M); the upper subscript 0,0,0 stands for s,72,v; for s-
moothness s = 0 and weights 72 = 71 = 0. Recall that we considered the spaces H*°(B)
which is given in local form for B := X* x RY by relation (2.58) referring to the splitting
of variables (r,z,y) € X" x RY. In a similar manner, for M := B® x R? and identifying
M\ s1(M) locally with B" x RP 3 (t,b, z) for compact B we define

HOOO(M) = L2(R?, KO0O(BY)),

where
_ dim B

KOO0(BNy := =2 L3Ry, H*(B)), (2.61)

cf. also (2.26).

Proposition 2.19. Let B € 9y be a compact manifold with edge.
(i) KOO9(BN) is a Hilbert space with unitary group action >k = {2ﬁ6}56R+ given by

dim B+1

Crsf)(t,b) =0 2 f(6t,b),6 € R,.
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(ii) We have
WORP, KO0(BY)),,, = L(R2,KO00(BM))

which is locally on B the same as

dim B
2

72 r2LH(RE x Ry, LA(RY x Ry, L2(X))).

Let us now fix asymptotic types P = {(p;, m;)}j=o,.. v with respect to r — 0, associated
with the weight data (0,0) for © = (0,0], —oo < ¥ <0, and Q = {(¢,di)}1=0,..... With
respect to t — 0, associated with the weight data (0, A) for A = (X,0], —oo < A <0, (i.e.,
Q is first assumed to be finite). Then we form the space

Eo.r(B) -—{ Zchtqﬂogt e € HYO(B),1 = 0,...,L,O§i§dl} (2.62)
=0 =0

for a cut-off function ¢ on the ¢ half axis. The space (2.62) represents singular functions
of corner asymptotics for » — 0 and t — 0.
Using the space H%O(B) defined at the end of the preceding section we form the subspace

dlm B

K30(BY) ==t L*(Ry, HY'(B)) (2.63)

of (2.61) of elements with asymptotics of type P close to s1(B). Moreover, for any cut-off
function ¢ on the ¢ half axis we form

KYP (BY) i=Tlimo()t "2 °L*(Ry, HY'(B))
e>0 (2.64)
+(1—o()t "2 ARy, HY(B)).

dim B

This space encodes flatness for ¢ — 0 of order A.

Definition 2.20. We set
Koop (BY) = K35 (BY) + €,p(B") (2.65)
which is a direct decomposition.

Proposition 2.21. The space (2.65) is a Fréchet space with group action from Proposition
2.19, i.e. a projective limit

ICO 0 0 (BM) = lim FY
for Hilbert spaces F7 with group action *k, with FIt1 < FJ being continuous for all j,
and F° = K909(BN).

Proposition 2.21 and the general procedure (1.63) allow us to generate edge spaces
WH(RP, K% (BY), s € R, (2.66)

with iterated asymptotics of type P for »r — 0 and @ for ¢t — 0. Here we assume P > 0;
The case P = 0 is simple and treated in [56]. Moreover, a compact space M € My is
locally near s2(M) modelled on R? x B%. We then have M, the stretched manifold to M,
and then 2M € 9. This gives us the space H%?(2M) according to (2.56) and subspaces
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H%O(2M). We choose a function xy € C*°(R;) such that x(t) = 0 for [t| < e, x(t) =1
for [t| > 1, for 0 < gp < €1, and &7 sufficiently small. Then we can interpret y as
an excision function on 2M, and 1 — x as a cut-off function with respect to so(M). Set
X+ =Xlg,» 1 =x)+ = (1 = x)|g, - Then we have the space

L

HG B M) = (o + 30— x)talor 000 (2.6)

uo € HY(2M), v, € WO(RP, IC%%)(BA))}.
Here {G1,...,Gr} is an open covering of s(M) by coordinate neighbourhoods,
{t1,...,7%r} a subordinate partition of unity, and o; : G; — R? are charts.
The new ingredients are coming from the space (2.66). So we investigate these terms,

especially, the singular functions of edge asymptotics.
Let us consider an analogous of the isomorphism (2.36), namely,

K = F'vF : HS(RP, E) = W*(RP, E), (2.68)
now with the Fourier transform F' = F,_,¢ in RP and the function { — [(]. Let us write

K% (BY) = By + By (2.69)

for
Ey:=Kyp(BY), Ei:=E&p(B").

We can restrict (2.68) to

H*(RP, By) € H*(RP, K% (B™))
and obtain an operator

H*(RP, Ey) — W*(RP, K50 (BY).

Although we often focus on smoothness zero this makes sense for arbitrary s which is
useful for higher corner asymptotics. In any case we have the following remark.

Remark 2.22. The singular functions of iterated edge asymptotics in
0,0,0
WA (RE,Kg p (B"))
are of the form

L d

FELDD S o Ia ™™ fa )l og! (tIchin(C) }, (2.70)

=0 =0

where fi; € HY(B), wy; € H%(RP).

The singular functions in the space W (RY, IC%O}’)O (B")) can be written as

d;

L
DD o) fulb)tMog' t wi(2)

=0 =0
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for fr € HY"(B), w(z) € H™(RP). Moreover, Hp*(B) locally near Y = s;(B) in the
local representation of Remark 2.18 gives rise to a linear combination of coefficients f;(b)

of the form
N my

YD wlr)ej(@)r P log" ruji(y)

7=0 k=0

for ¢ j1 € C°(X), vjr(y) € H*(RY). In other words for the singular functions of iterated
asymptotics for s = oo (i.e., smoothness) we obtain linear combinations of the kind

L ,
Z Z o(t)w(r)ey jr(z)t™® log’ t rPilogk r wii (2)vjk(y)-

Let B be a compact manifold with smooth edge Y. Then M (B) is defined as the space
of all h(w) € A(C,L°(B,g,)) for weight data g, = (0,0, (—o0,0]) with L°(B, g,) being
the space of all edge pseudo-differential operators of order 0 and with constant discrete
asymptotics such that

h(B+i7) € L°(B,g¢;T'p) (2.71)

for every 8 € R, uniformly in compact S-intervals. In this definition we use the fact that
LO(B, gy) as well as L°(B, gy;T'g) are unions of Fréchet space.

Moreover, for a Mellin asymptotic type R in the complex w-plane C, cf. formula (2.15),
let M,°°(B) be the the space of all meromorphic functions f(w) in C with values in
L=>°(B, gy) and poles at r; € IIcR of multiplicity n;+1 for j € I notation as in (2.15) and
Xrflrs € S(Up, L=°°(B, g¢)) for any Il R-excision function x g, uniformly in compact (-
intervals. In addition we ask the Laurent coefficients of f at (w — rj)_(k+1), 0<k<nj, to
be of finite rank. Recall that the operators in L~°°(B, g,) contain asymptotic information;
in fact, they are smoothing Green operators of the edge calculus. We now set

Mp(B) = Mg (B) + Mp™(B),
cf. also formula (2.10) for X rather than B.

Theorem 2.23. For every f € MY(B) the operator Op,, dlmB/Q(f) induces continuous
operators

o Op;ﬁim B/2(f) 0'/ . ’CO’O’O(B/\) — ICO’O’O(BA) (272)

and
UOpXElmBﬂ(f) ,COOO(B/\) N ICOOO(B/\) (2.73)

for every pair Q, P of asymptotic types and some resulting S, T.
Proof. First we show the continuity (2.72). Let m := dim B, then, by assumption, we have
fe LO(B,QmFmTH)-
Because of (2.17) we can write
Opy "2 (f) = t7"/20p (1)t

where
I(w) = flw+m/2) € L°(B.gyiT)).
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We have
KO00(BNy = =2 AR, HO(B)), (2.74)
cf. formula (2.61). Thus it suffices to show the continuity of
Opy(1) : LR+, HO(B)) > LA(Ry, HY(B)).
By virtue of Proposition 1.4 in [64] we have

Supwer% 11wl czro0m)) < € (2.75)

for some ¢ > 0. Thus, for H := H%°(B) it follows that Op,(I) = M~ M;M for the Mellin
transform M is a composition of continuous operators

M:L*(Ry,H) — L*(I'1, H),
2
M, L*(T1,H) — L*(T'1, H),
2 2
M~ LTy, H) — L*(Ry, H).
2

Also the operator of multiplication by cut-off functions o, ¢’ is continuous in L?(R,, H).
This completes the proof of (2.72).

For (2.73) we first define some necessary spaces of holomorphic and meromorphic functions
in the complex w-plane with w being the covariable to the corner axis variable ¢t € R,.
According to (2.74) we consider pairs G, P of asymptotic types where G := {(g;, d;) }i=o,...L
refers to the weight interval A = (A, 0] and discretes asymptotics for ¢ — 0 while P an in
(2.6) refers to © = (¢,0] and discrete asymptotics for r — 0.

Then we set

A00(B) = Al +)\<Rew<; H9(B))
| (2.76)
ﬂc +A<Rew< = HOO(B)),

cf. Subsection 3.2, and let AOO w 0( B) be the space of all meromorphic functions k(w) in

5 + A< Rew < 5 with values in H;O’O(B) with poles at all g; € TIcG of multiplicity d; + 1
such that for every G-excision function xg we have

Xck(w) € S(Ts, HE"(B))

for all 1 s tA<B< 2, uniformly in compact S-intervals.
Both .AO v 0( B) and AOO 0 0( B) are Fréchet spaces in a natural way. We then define

AOOO( ) AOOO( )+AOOOO( )

in the Fréchet topology of the non-direct sum.
In order to complete the proof we show that for any pair Qg, P of asymptotics types there
is a pair Sp, T such that

0,0,0 0,0,0

is continuous and that also the operators

Mo’ -t ICOOO(BA) — AOOO( B), (2.78)
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L AYA(B) = T ERA(BY), (2.79)

are continuous, with M = M;_,,, being the Mellin transform. The arguments for (2.78)
and (2.79) are analogous to the proof of Proposition 2.3. It remains to note that we have
continuous operators

M, : Aooo( B) — Aooo( B),

My AGSD(B) = AR (B),
which gives us continuity of

My AGH(B) = AGL(B)

for an asymptotic type Sy containing S1, Ss. O

2.4 Singular functions and edge potential operators

Trace and potential symbols occur in boundary value problems as well as in edge problems.
Products

g(y,n) = k(y,n)t(y,n)

for a trace symbol t(y, n) and a potential symbol k(y,n) are“abstract” prototypes of Green
symbols, cf. Boutet de Monvel [3] or Egorov and Schulze [11].

Proposition 2.24. The singular functions of corner asymptotics occurring in (2.70) con-
tain potential symbols

m+1

kii(C) = a(t[C)C] 2 fu(b)(¢¢))~"og" (¢[¢]),
and
kulC) € S(RY; €, K850 (B)) (2.80)
Proof. We have
ki () € C™(RE, L(C, K5 (B))

and
ki (6¢) = k5 ki ()

for every 0 > 1, || > const for a constant > 0. This yields relation (2.80). O

Corollary 2.25. The singular functions (2.70) just have the form

where Op, (ky;) = F~'kyF is regarded as a continuous operator
Opz(kli) : HS(RP) - WS(Rpa K"%?Ii)(B/\))’ (281)

cf. Theorem 1.26.
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Summing up the singular functions of second order edge asymptotics are in the image
under the action of a specific potential operator (2.81).

The role of this final subsection is to outline some elements of the edge psuedo-differential
calculus on a compact manifold B with smooth edge Y, ¢ = dim Y. By definition B contains
Y and both Y and B\ Y are smooth manifolds locally near Y the space B is identified
with a Cartesian product R? x X for a smooth compact manifold X. Modulo smoothing
operators G defined by the mapping properties (2.60) for all s the edge space L°(B, g,)
for weight data gy = (0,0, (—o0, 0]) is the subspace of all A € LY(B\Y) ( with LY being
the space of all classical zero order pseudo-differential operators on the respective open
manifold ) such that locally near Y, A = Op,(a) for an edge symbol a(y,n) belonging
to SO(RY x RY; KOO(XM), K%0(X™)). More precisely, a(y,n) is a family of operators in
the cone calculus, depending on (y,7n). The precise form may be found, for instance, the
Definition 3.3.30 in [55] where only the summand

a(y,n) = &(r){ao(y,n) + a1(y,n)oo(r) + (m + g)(y,n)

is important ( the other summand may be ignored, since off the edge it is absorbed by
LSI(B \ Y). All this refers to the case of constant ( in y) asymptotic types. The space is
then a union of Fréchet spaces. Thus it makes sense to talk about holomorphic functions
with values in LO(B,go). Moreover, parameter-dependent edge operators, occurring in
(2.71), are obtained by replacing the edge covariable n € R? in the above definition by
(p,n) € R4, Clearly outside Y the parameter-dependent operators belong to Lgl(B \
Y;R,) (or LSI(B \Y;T'3)).

3 A new characterization of Kegel Space

3.1 The exit behavior of edge-degenerate operators

The operator
_ 0
A=r 3 au(ry)(-rg (D) (3.1)
JHlal<p
can be represented as a mixture between an operator based on the Fourier and on the

Mellin transform. In fact, from the subsection 1.2 we know that the weighted Mellin
transform cf.(1.35) and the operator

Opj, (f)u(r) = My f(w) Myu(r)
_ // <§>—(1/2—v+zp)f(l/2 B fy—i—z'p)u(r')i—?;dp

cf. (1.38) for a symbol f(w) € S*(T';/5_,). Here S#(R) is the space of symbols of order
p € R in a covariable € R. When we replace R by I'g for some  we write S#(I'g) where
Imw for w € I'g has the meaning of covatiable. In the following we also employ Mellin
symbols depending on 7,7’ (i.e., double symbols) and we admit symbols taking values in
some operator spaces.

In particular, the operator (3.1) can be written in the form

A =Op,(a)
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for

aly.n) = r0p}, (Y ajalry)el (rm)?) (3.2)
Jtlal<p
for any v € R. Later on we write ajo(r,y) in local coordinates x € ¥, C R™ open,
n = dim X, in the form

aja(ray) = Z aja,ﬁ(r>$>y)D£
[BI<p—(i+]al)

for coefficients ajq 3 € C®(Ry x ¥ x Q). At the same time we have

a(y,n) =r "Op,(p)(y,n) (3.3)

for
p(ryy, pin) =By, rp,rn), p(ry, 5,) = > ajalr,y)(ip) i
JHlal<up
In expressions for the principal edge symbol we write
pO(rayap7 77) = ﬁ(oayﬂ”% 7"77) (34)
In the considerations below we write
f(rv yawaﬁ) = Z aja(rvy)wjﬁa7 f(Tavaﬂl) = f(r7y7w7r77)‘
JHlal<p
Then
a(y,n) =r*Opy,(f)(y,n).
Set 5
fO(Ta Yy, w, 77) = f(oa Yy, w, 7’77)

In terms of the Fourier transform we have the representation (3.3). Edge-degenerate op-
erators A as elements of Diff*(R; x X x ) have a homogeneous principal symbol

oo(A)(r,@,y, p, &,m) (3.5)

which refers to local coordinates x on X. By definition (3.5) has the form

Jo(A)(T‘, z,Y,p, 3 77) = T_Mp(u) (7", x,Y,p, &, 77)3
where p(,) is the parameter-dependent homogeneous principal symbol of order p of

p(r,y, p,m) € C®(Ry x Q, L% (X; Ry 57)). More explicitly, from (3.1) we have

O-O(A)(T’xvyvp’fvn)
= 3 (Y sl ) iy ) (3.

JHlal<p  |Bl=p—(i+|al)

In the description of edge-degenerate ellipticity we also refer to

Go(A)(r,2,y, p, &,m) = moo(A)(r,z,y, 7" p, &) (3.7)

which is homogeneous in (p,&,n) # 0 of order x but smooth in r up to r = 0. From (3.6)
we see that

50(14)(7",93»?!70,5»7]) = Z ( Z aja7ﬁ(r7x>y)€ﬁ>(_ip)j"7a' (38)

jtlel<p  |Bl=p—(+lal)
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Definition 3.1. The operator (3.1) is called og-elliptic if A is elliptic over X" x Q in
the standard sense, i.e., (3.6) does not vanish for all (&, p,n) # 0. Moreover, A is called
ao-elliptic if (3.8) does not vanish for all (&, p,n) # 0, up to r = 0.

Another essential symbolic object is the principal edge symbol, namely,

a1(A)(y,m) =r" > aja(O,y)(—Tg)j(m)a = r"Op,(po)(y, ) (3.9)

. T
Jtlal<p

which is considered for n # 0. An alternative expression for o1(A) is

o1(A)(y,n) :==r"O0p},(fo)(y. ). (3.10)

For the calculus of edge operators it is important to realize the spaces for the action of
(3.9). Those are denoted here by K*7(X") for s,7 € R and X compact. Let us postpone
for the moment the precise definition. We also could consider (3.9) as a family of operators
CR(XM) — C=(XN).

Assuming, for instance, X = S™ for the unit sphere in Rg“, then, if w is a cut-off function,
ie., w € CP(R™), w=1 close to ¥ = 0, we have

(1= w)*7((8")") = (1 - w)H*(R™)

for the standard Sobolev space H*(R™!) of smoothness s € R.
The notation refers to differential operators in Rg“

A=" as(&)D] (3.11)

[6]<p

with coefficients as(%) which are symbols in S (R2"!) with # being treated as a covariable.
Let as ) (7) be the homogeneous principal part of as(%) in & # 0 of order 0. Then exit
ellipticity means

op(A)E,E) = 3 as@E 0, for (&, e R™ x R™\{0})  (3.12)

|o]=p
A)(F,) == ) a5 ) (@) #0, for (£,€) € R\ {0}) x R"H! (3.13)
o]<p
0y e(A = ) as0)(#)E° #£0, for () € R\ {0}) x R\ {0}), (3.14)

[6|=p

cf. also [11]. As is known, non-vanishing of oy (A), oe(A), 0 «(A) is necessary and sufficient
for the Fredholm property of

A: HS (R — HSHR™MY) (3.15)

for any fixed s = sg € R. Then the Fredholm property holds for all s € R. The result
is a consequence of the fact that there is a pseudo-differential parametrix P in the exit
pseudo-differential calculus. The typical effects for |Z| — oo come from non-vanishing of
0o(A) and oy .(A) for large |#|. This guarantees that remainders G, and Gg in PA =
1 — G, AP =1 — GR have kernels in S(R"*! x R"*+1).
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Theorem 3.2. Let A be an edge-degenerate operator (3.1) which is og-and Go-elliptic.
Then, the edge symbol o1(A)(y,n) in the variables (z,&,m) for fized n # 0 is elliptic with
respect to the subordinate symbols of the exit calculus, which means in this case for all

|| # 0,

oy (o1(A)(y,n)(&,€) #0, for &€ R\ {0}, (3.16)

oe(01(A)(y,m)(F,8) # 0, for £ € R, (3.17)

ape(01(A)(y,1))(&,€) # 0, for £ € R\ {0}, (3.18)

Proof. We represent the operators in (3.9) in coordinates & = (i1,2’) € R"*! for
¥ = (Zo,...,Tps1). f U is a coordinates neighbourhood on X, identified via a fixed diffeo-

moephism with B = {x € R" : |z| < b} for some b > 0, we choose a chart y : Ry xU — T
where

I={zeR"™\{0}:%=(r,rz),r =% € Ry, € B}.
In this description R} is identified with the hyperplane {(1,3’) : ¥’ € R"} of RgH;
For the change of covariables (p,§) — &, where (p,&) corresponds to (D,,D,) and &

to Dz we compute the Jacobian belonging to the transformation (d,oc0) x B — I'y for
Iy:={z €l':%; >d} and some fixed 0 < d < 1. We have

n+1 n+1

87' = Z C_IOjaij, azk = Z ngaaéj
P =1

for qo;(r,x) = %, qrj(r,x) = g%i. Then, for the covariables p, &, éj associated with

Or, Oy, and 35}’ respectively, we write

P\ (1 = =
(€)= i )¢
with I,, being the n x n-identity matrix and = = (z1,...,2,), 0 = *(0---0) denote the

column vector of n zeros. We express (3.9) in variables (#,y) and covariables (£,7). First
we have

a@umi=r 3 { Y aas0.2.9)D] (=10, (rn)°

JHlal<p  [BI<p—(i+]al)

(3.19)
= Y a0z y) Do) ().
Jtlal+8I<p
For abbreviation from now on we set ajo g(x,y) = aja,g(0,2,y). We now employ the

identity (—rd,)7 = (—1)7 {:0 S;rtdl where S;; are just the Sterling numbers of second
kind, see also [10, Lemma 2.2.4]. Using S;; = 1 the expression (3.19) takes the form

o1(A)(y,n) =E+R (3.20)

for

E=r""Y " (1) ajas(z,y)Dir 0l(rm)* = > (1Y ajap(x,y)(r~ Ds) din®

J+lal+8l=p Jtlal+|Bl=p
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and

j—1
R= r_”{ > (“Wajapsla,y) DI Sprtol}(rm)®

J+lal+181=p 1=0
j
Y Wajasey) DS Sl )}
j+lal+8l<p 1=0
:{ Z( 1)/ aja[g(xy B{ZS,M 381}77
J+lel+8l=p
+ > et (1)iag, s(e, y) (D) (T JZSW oL }
Jtlal+Bl<p

Assume that the operator A is og-and &g-elliptic which contains the condition
> ajas )€’ (—ip)i* #0
J+lel+8l=p

for all (£, p,n7) # 0. This is equivalent to

rt > e, y)€ (—irp) (rp)® #0

j+lal+18l=p
for all (&, p,n) # 0, i.e., T(x,y,r7'& p,n) # 0 for all (£, p,n) # 0, where
T,y o= 3 {3 ajasle )70 (—ipy i, (3.21)

|a|=p—(G+IBDi+I8]<p

we now rephrase (3.21) which is the symbol of E(y,7) in the variables & and covariables
¢ and show the properties

oy (B)(y,m)(#,€) # 0, 0e(E)(y,n)(,8) # 0, 0y.e(E)(y,n)(E,&) #0

as in (3.17), (3.18). After that we will see that R has no influence to the exit ellipticity.
In (3.21) we insert

p=2a'¢ for o :=(1 2); and r ¢ = PE, for P:= (0 I,),

where z = f(Z) = (—2 L., x"“) Then (3.21) takes the form

T@y&m= Y { Y wes@ne O (i) pn°

lal=p—G+IB)  J+IBI<u

- (3.22)
= Y A Y wes@ (PO iéy e
Jal=p—(+181)  G+18I<n
for ﬁ = (517"’ ,Bn) The vector (Pf)ﬁ can be written ( 5) (ég e €n+1) and

(—ia’€)) = (—i(&1 + m2&a + -+ + Tnng1) Y. Set (PE)P(—ia'€)! = Bjg(a’,€) then Bjs is a
homogeneous polynomial in § of order j + |3|, i.e.,

Bjﬂ(x/’ 55) = 5j+|B‘BJ}5(x/7 g):
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so the (3.22) is equal to Z { Z ajo,8(f(Z),y)Bjs(g(z), )}no‘ for ' = g(7) :=
la|=p—(G+IB) J+IBl<p
(1 f(&)). Note that for § € Ry

Ty o= > { 3 was(f@)9)Bisle(@),08) f(om)°

lol=pu—(+18) i+18I<p
= "T(Z,y,&,m).

Thus we can write T(Z,y,£,n) = ZIBHIaI:u b, (2, y)ééna and it follows that

T(Z,y,&,m) #0, for (£,n) # 0.

In order to complete the proof it remains to note that in a similar reformulation of the
remainder R in variables (%, %) and covariables (£,7) every term contains a power of & = r
with a negative integer exponent. Therefore, the exit symbolic components o, and oy ¢
indicated in Theorem 3.2 vanish for |Z| — oco. Hence they do not affect the exit ellipticity
of the first summand E on the right of (3.20) stated before. O

Remark 3.3. Let us consider instead of (3.1) a parameter-dependent operator

A(r) =r"H Z ajo(r,y, 1) (—r0:) (rD,)",

JtHlal<p

where ajo(r,y,1) € C®(Ry x Q, Difft*=UFleD (X, R™)), and Diff" (X;R™) is the set of all

families of differential operators, locally in a coordinate neighborhood on X in variables

x € X described by
> ap(@)DT
I81+I7I<v

for coefficients ag,(x) € C*°(X). Then, applying Theorem 3.2 to A(r) under the condition
of oo, dg-ellipticity with parameter . € R™, cf. Definition 3.1, the symbols (3.17), (3.18)
are independent of t.

For purposes below we recall some notation on pseudo-differential operators on a manifold
with conical exit to co. The simplest case of such a manifold is R+ 5 #. We then have
the space SH¥(R™"F! x R™""1) of symbols of order p € R, exit order v € R, defined as the
set of all a(%,£) € C®°(R™! x R"*1) satisfying the symbolic estimates

D2 D2a(#, )] < () ()1

for all o, B € N"*1 and (%, €) € R x R"t! | for constants ¢ = ¢(«, 3) > 0. The associated
pseudo-differential operators form spaces

LHV (R = {Opj(a) : a(j’;,g) € SHv (R x Rn+1)}.

There is also an analogue of symbols and operators, classical in Z and €. For the (nuclear)
Fréchet spaces Sﬁl(RgH) and S%(R2H1) we set

SR x R = SR &S (R )
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where ®, indicates the completed projective tensor product. We will write subscript
“(cl)” when a consideration is valid both in the classical and the general case. The s-
pace LY(R™ 1) is defined in terms of S5 (R™*! x R™™1). Observe that

Op; : S (R x R™™) — LiZ (R

is an isomorphism. In this way the spaces L’{CS (R"1) are equipped with corresponding
Fréchet topologies. Note that L‘(f:’lu) (R*1) = <:E)”L‘(28 (R™*1). Moreover, there are natural
inclusions Lé‘cly) (R L’(‘d) (R™1). The operators in L/" (R™™!) have principal symbols

O-’lﬂ()(jv g)a O-e(')(ja g)? and O-lb,e(')(ja é) (323)
Ellipticity is defined in an analogous manner as (3.12), (3.13), (3.14). If (3.11) €

L‘(‘CS Y(R™1) is elliptic, there is a parametrix P € L(::{‘);V(R”“) belonging to the triple

of inverted symbols, and PA — 1, AP — 1 have kernels in S(RZ*! x RZF D,
It will be necessary also to refer to parameter-dependent operators, with an extra covari-
able ¢ € R?. In this case we consider symbols a(Z, &, () € S“?”(Rg+1 X Rg?Hd) satisfying
the estimates 7

DD a(@,€,0)] < ef€, ) (@)l

for all & € N1, g e N*t1+d and & € R*1,(£,¢) € R”+1+d,~for constants ¢ = ¢(a, ) >
0. Similarly as before we have also classical symbols in Z,&,(. The associated pseudo-
differential operators form spaces

LchS (Rn+1;Rg) = {Opj(a) : a(j,g, () € Sétc;ll;(R;H % Rgzwd)}

In the classical case instead of (3.23) we have parameter-dependent symbols

oy ()(#,6,Q), 0e()(E,€,0), and oye()(E,€,C). (3.24)
Parameter-dependent ellipticity means non-vanishing of the components of (3.24) in
Rn-ﬁ-l > (Rn-i-l-i-d \ {O}), (Rn—i-l \ {0}) % Rn+1+d’ and (Rn-i-l \ {0}) % (Rn+1+d \ {0})’

cf. (3.12), (3.13), and (3.14), respectively. Then a parameter-dependent elliptic A(Q) €
LY (R Rg) has a parametrix P(¢) € L " "(R"; Rg) such that

P(QA(Q) =1, A(OP() — 1
have kernels in S (]Rg, SR x RZ*)). This entails the invertibility of
A(C) - HS¥9(R™HL) — He—H9—v(RH) (3.25)
for every s,g € R when |(] is sufficiently large.
3.2 Elements of the edge symbolic calculus
In this subsection we establish a version of edge calculus, based on operator-valued

amplitude functions. In order to formulate them in new form we recall the notion of
parameter-dependent Mellin symbols.
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Definition 3.4. The space Mg(X;]RZ/\) of parameter-dependent holomorphic symbols of
order j € R with parameters \ € R', is defined as the set of all h(w, \) € A(C, LY (X;RY))
such that hlp, g € LY (X;T s x RY) for every B € R, uniformly in compact B-intervals.

The space Mj(X;RY) is Fréchet in a natural way.
By a discrete Mellin asymptotic type R we understand a sequence

R = {(Tj,nj)}je]l cCxN (326)

for some index set I C Z such that IIcR := {r;}cr intersects the strip {¢ < Rew < ¢’} in
a finite set for every ¢ < (.

A function xy € C*°(C) is called an R-excision function if x(w) = 0 for dist(w,IcR) <
0, x(w) =1 for dist(w,HcR) > &1, for some 0 < g9 < €.

Definition 3.5. Let M;*°(X) denote the space of all f € A(C\IIcR, L™°°(X)) which are
meromorphic with poles at all r; of multiplicity nj + 1, and finite rank Laurent coefficients
at (w—r;)~ "D 0 < k < ny, and xflr, € L™(X;Tg) for any R-excision function x
and every B € R, uniformly in compact B-intervals.

The space M, (X) is a union of Fréchet spaces in a natural way.

Let us now recall some notation on weighted spaces on the infinite stretched cone X =
R4 x X in the variables (r,z), for a smoothing closed manifolds X.

Recall that the formula (1.40), i.e. the space H*7 (R4 x R™) for s,v € R is defined as the
completion of u(r,z) € C°(Ry x R™) with respect to the norm

1/2

HUH'HS”Y(R.»,.XR”) = {/"A <w7§>25|(MT—>me~>£u)(w75)‘2dwdg} (327)

Moreover, we employ the spaces H*7(X"), see the relation (1.87) and the space K57 (X")
defined by (1.95).
For purposes below we set

HEI (XM = (r)9HE, (X), 5,9 € R. (3.28)

cone cone

Recall that for X = S™ and any cut-off function w we have a natural identification

(1-w)H

cone

(XM = (1 —w)H(R™).

The spaces (1.95) for s,y € R, are Hilbert spaces with group action & = {Ks}ser, , given
by (2.25). Incidentally we use relation (2.26) in Remark 2.10.

It will be essential also to employ subspaces of distributions with asymptotic of type P,
see Subsection 2.2, particular the following spaces :

’ng(XA)a 5P(X/\>v IC?’Y(X/\>

For any strictly positive smooth function » — [r] on R, such that [r] = r for r > C for
some C' > 0 we set

Ks,'y;e(X/\) — [T]—eKS,’Y(X/\)’ ’C;’Y;S(X/\) = [T]—GIC;"Y(X/\)’

Koo;y;OO(X/\) = ﬂ ]CS,’Y;S(X/\)’ ’C;OKY;OO(X/\) = ﬂ ]C?’Y;E(X/\)’
s,e€R s,e€R
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for every s,v,e € R. Note that specific asymptotics of type P have been observed in
classical papers on elliptic boundary value problems in domains with conical singularities,
cf. Kondratyev [32], or Egorov and Schulze [11].

Remark 3.6. For any asymptotic type P associated with the weight data (v, ©) there is
a 0 > 0 such that for A := (—0,0] we have continuous embeddings

K7 (XN) < KX,

In fact, it suffices to set 0 = dist(IIc P, F"—“—v)'
2
Now we recall the operator-valued symbol space

SH(Q x R%; H, H) (3.29)

for H and H are Hilbert spaces with group action x and &, respectively, cf. Definition1.10.
In concrete cases we set

H = K*(XN), H=KSH77H(XM). (3.30)
cf. (1.95).

Remark 3.7. [54, Subsection 3.2.1 Proposition 5] For every s,v,e € R the operator
M, of multiplication by a function ¢ € C*°([0, R)) induces a continuous operator M, :
C57e(XN) — K57¢(X M) and can be interpreted as an element

M, € SORI; KT (XN, KT (X)),
and ¢ — M, defines a continuous operator

C*>([0, R)) — SO (R KC&¢(X M), K¢ X)),

For references below we need the following remark which is an immediate consequence of
the definition of classical operator-valued symbols.

Remark 3.8. Let a(y,n) € C°(Q x R, L(H, H)) be a function such that

a(y,on) = 8"&sa(y,n)ky "

forall§ > 1, |n| > C, for a constant C > 0. Then we have
a(y,n) € SH(Q x RLL¥T(XN), L37(XM)).

Definition 3.9. (i) Let RE(QxRY, g) forp € R, g = (7,7 — 1, 0),0 = (0,0], denote the
space of all
g(y,m) € [ SL(Qx RECVE(XN), K00T7H (X))
s,e€R
such that
gly.m) € (] SHQ X REE(XN), KFT7H2(XM)),
s,e€R
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g () € () SH(Qx R LHTIHHE(XN), K TT(XM)),
s,e€R
and for some g-dependent asymptotic types P and @Q, the pointwise formal adjoint refers
to the K% (X")-scalar product.
(ii) By Ry, (xR, g) for g = (v,7—p,0) and © = (—(k+1),0],k € N, we denote the
space of all m(y,n) + g(y,n) for g(y,n) € RE(Q x RY, g) and smoothing Mellin symbols
m(y,n) of the form

k
my,n) ="y Y Y 0p A (fra) (9o, (3.31)

7=0 o<y

for arbitrary fjo € C*(1Q, Mlgﬁj(X)), and Mellin asymptotic types Rjq, weights vj. € R,
satisfying

Ja

’7_.] Sfy‘]a SV? H(CRjaanTﬂi,y, - Qv

and cut-off functions w,w’ on the r half-azis where wy(r) = w(rn)).
(iii) By R*(2 x R%,g) for g = (7,7 — 11,0),0 = (—(k + 1),0] we denote the space of all
edge symbols, i.e., operator functions a(y,n) of the form

a(y,n) = r"wOp); "> (h)(y, n)o + @Op, (pint) (v, )¢’ + (m + g)(y, n) (3.32)

for cut-off functions w,w’ on the r half-axis, for an
h(r,y,w,n) = h(r,y,w,rn), h(r,y,w,i) € C®(Ry x Q, M5(X;RY)), (3.33)

(m +g)(y777) € ,R’l](/[JrG(Q X Rq?Q)ﬂOa@/ € C(()X)(R-i-)v and pint(rvyapvn) € COO(R-‘F X
Q, L (X Rp1).

The elements a(y,n) in R*(Q2 x RY, g) are the (operator-valued) amplitude functions of
the edge calculus, see, e.g., [55]. Originally they have been employed in the form (3.35)
below, but here we refer to a “pure” Mellin representation close to the edge in the sense
of [17].

There is also a well-known cone pseudo-differential calculus on the infinite stretched cone
X7\, consisting of spaces L¥ (X", g) of operators of order 1 € R, referring to the weight data
g = (7,7 —u,0), cf. [54] or [55]. Then a(y,n) € R*(2 x RY, g) belongs to LH(X",g) for
every fixed (y,7n) € Q x R?. Operators in L*(X", g) have a symbolic structure, consisting
of the interior symbol from the inclusion L*(X", g) C L (X") and the conormal symbols.
The highest order conormal symbol in this notation is

UM(CL)(va) = h(ovvavo) + fOO(y7w)7 (334)

cf. the notation in (3.31).

In the following in (3.32) we drop the term with “int” because for a suitable choice of
of w,w’ it can be integrated in the first summand containing the Mellin operators. The
operators families (3.32) play the role of edge amplitude functions. Those are of another
form than those in expositions of the edge pseudo-differential calculus, cf. [55], where they
are written as follows. Let w” < w < w’ be cut-off functions on the half-axis and write
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wy(r) = w(r[n]) where n — [n] is any strictly positive smooth function such that [n] = ||
for |n| > C for some C' > 0,

aly,n) = w{w,0p) ™2 (B) (. My + (1 = wy)Op, (1) (y, ) (1 — wi)

(3.35)
+ (m+g)(y,n)
for a
p(r,y, p,m) = p(r,y,7p,71), (3.36)
where
ry, p,77) € CP(Ry x Q, (X RED), (3.37)

such that p and h are related via a Mellin quantisation that says

oDy, (h)(y,n) = Op,(p)(y,m) (3.38)

modulo C*(Q, L~>°(X";RY)) for every 8 € R.
More precisely, we have the following result, cf. [17, Theorem 3.2].

Theorem 3.10. (i) For every p(r,y,p,n) of the form (3.36) and any ¢(r) €
C§°(R4),p(r) =1 close to r =1, there is an

h(r,y,w,7) € C®(Ry x Q, M (X;RY)), (3.39)
such that h(r,y,w,n) = h(r,y,w,rn) satisfies the relation

Op,(p)(y, 1) — OPh; (1) (y.n) = Op,(q)(y, )
for Q(Ta T,7 Y, p, 7]) = @(73 Tla Yy, rp, 7”77)7 Q(T, "J7 Y Py 77) = (1 - QO(T//T))];(T’ Y, P, 77)) i.€e.,

Op,(q)(y,n) € C®(Q, L™®(X";RY)).

(i) For every (3.39) and any (r) € CP(Ry), ¥ =1 close to r = 1, there is a p(r,y, p,n)
of the form (3.36) such that

Opiy;(h)(y,n) — Op.(p)(y,n) = Opl (1 — ¥(r' /r))h)(y, n)

where the remainder belongs to C°(Q, L~ (X"; RY)).

As a consequence of what is done in [18] we have the following remark.

Remark 3.11. We apply Theorem 3.10 (ii) to a Mellin symbol h(w,7) and obtain a Fouri-
er symbol p(p, 7). when we feed in p(p,n) in Theorem 3.10 (i) we get another Mellin symbol
hy(w,7), and then h(w,7) — hy(w,7) € M5°°(X;R%). A similar observation is true when
we admit an extra C*°-dependence on (r,y) € Ry x Q. Moreover, we can apply the proce-
dure the other way around, i.e., starting from p, obtain an h by (i) and then by (i) a py

where p(p, 1) — p1(p, 1) € L_OO(X;R;%Q)'
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Relation (3.38) shows that (3.32) is an element of C*°(2, LY (X";R?)). As such it has a
parameter-dependent homogeneous principal symbol close to r = 0 where w(r) = W'(r) =1
and locally on X in variables z € ¥, 3 C R™ open, of the form

oo(a)(r, @, y,p,&,m) = r " pu(r,z,y,p,§,m) = 77 Py (r, 2, y,7p,€, ) (3.40)

for a function p(,)(r, z,y, p, £, 7) which is homogeneous in (p, &, 1) # 0 and smooth in 7 up
to zero. In this notation, close to r = 0 we have

6—0(a)(7a> T, Y, p, §7 77) = ﬁ(u) (Ta T,Y,p, g: 77) (341)

Moreover,
a1(a)(y,m) = rOpl; " (ho)(n) + o1 (m + g)(y, ),

for ho(r,y,w,n) = B(O,y,w,rn), where

k
o1 (m)(y,m) = r Py S > 0y T (i) (e (3.42)

J=0 " lal=j

ww(r) = w(rln|) and o1(g9)(y,n) = 9(w) (y,7m) as the homogeneous principal part of g(y,n)
as a classical symbol of order p.

Observe that for any cut-off functions w, w’ and an excision function x(n) for every g(y,n) €
RE(Q x RY, g) we have

wx(mg(y,nNw' € RE(Q xR, g), o1(9)(y,n) = a1(wxgw’)(y,n)- (3.43)

In fact, the multiplication of a Green symbol g by an excision function x gives us a Green
symbol again since (1 — x)g is a smoothing Green symbol. The multiplication by w or w’
preserves the property of being Green, cf. also [17, Remark 3.12]. The second relation of
(3.43) is a consequence of (1.53).

Remark 3.12. [t is useful to express og(a) and Go(a) in terms of the Mellin symbol h
occurring in (3.32) which is connected with p via (3.38). Also h can be locally expressed
by symbols, in this case

h(,r‘7 $7 y? w? 57 /r]) = il(r7 :177 y? w7 é‘? rn)

for h(r,z,y,w,&,mn) € SHR; x X Q x Fng1 . X R?;q) with holomorphic extension as
: ;

elen”;)e?ts in S Ry xExQxDgx Rg};q) for every B € R where the homogeneous principal
symbo

h(p) (T’, T, Y,1p, 57 f])
computed for B =0 is independent of B. Then, cf. [55, Theorem 3.2.7], we have

h(u) (T’ x, Y, 1p, 3 ﬁ) = ﬁ(#) (’I", z, Yy, —rp,§, ’F}) (344)

Remark 3.13. oo(a)(y,n) = 0 implies h(r,y, w,7) € C°(Ry x Q,M(’f)fl(X;]R%)).

In fact, from (3.40) and (3.44) it follows that fl(u) vanishes for all z € I'g. However, this
entails fz(u) = 0 for z € I'g for every 8 which shows that h itself is of order p — 1.
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3.3 Order filtrations

We now consider the space RM(Q2 x R?, g) of edge symbols for g = (v,y — u,0), cf.
Definition 3.9 (iii), from the point of view of a natural filtration

REDORFI ... DR,

For Ry, (2 x RY, g) C SH(Q x RI; L7 (XM), KT7#(X ")) this structure has a simple
meaning. The elements (m + g)(y,n) € Rh;.o(Q x R?, g) have a sequence of (twisted)
homogeneous components ot (m + ¢)(y,n), j € N, where oy := o/, and we can define
R‘XJJE]GH)(Q x R?, g) for j-independent weight data g = (7,7 — u, (—(k + 1),0]) as the
subspace of all (m + g)(y,n) such that affl(m +9)(y,m)=0foralll=0,---,j.

Definition 3.14. Let R* 7 (Q x R%,g), j €N, g = (7,7 — p, (—(k +1),0]), be the space
of all operator families (3.32) of the form

aly,n) = r#wOp}; " (r1h) (y, M) + 90D, (Pine) (4, M) + (m + g)(y,7)

for cut-off functions w,w’ on the r half-azis, for arbitrary

h(r,y,w,n) = h(r,y,w, ), h(r,y,w,5) € C®[Ry x Q, M5 (X;RY)),

(m +9)(y.m) € Ry 162 x RYg), 0,0 € CFRy), and pu(r,y, p,n) € CP(Ry x
QL (X3 Rp)).

Note that, as for j = 0, we can drop the term with py,y when we choose the cut-off
functions in a suitable manner. R*(2 x R?, g) in general is not a classical symbol space.
The corresponding filtration is by no means obvious. We do not really employ this in this
paper, but in order to illustrate the structure we consider here the case dim X =0, p =0,
and g = (0,0, (—(k + 1),0]).

Proposition 3.15. a(y,n) € R%(Q x RY,g), and oo(a) =0, o1(a) = 0, implies a(y,n) €
RO x RY, g).

Proof. Without loss of generality we consider the case without dependence on y. The
Mellin edge amplitude functions of order zero have the form (3.32), i.e.,

a(n) = wOp(h)(Nw' + ©Op, (Pint) (M) " + (m + g)(n).

We employ the fact that for a suitable choice of w,w’ we can drop the term with “int”. In
other words we ignore it from now on, i.e.,

a(n) = wOpy(h)(Mw' + (m + g)(n),

for
h(r,w,n) = ﬁ(r,w,rn), B(T,w,ﬁ) € CSO(E%M?O(R%))-

Then
a(n) : L*(Ry) — L*(Ry). (3.45)
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The continuity for the Mellin term is a consequence of a Mellin analogue of the Calderén-
Vaillancourt Theorem. For the other summands it is evident. Then, according to Remark
3.13, the relation op(a) = 0 has the consequence that

h(r,w,7) € C5°(Ry, Mg*(RY)). (3.46)

Thus, ~
h(0,w,7) € My (RY).

Moreover, we have
a1(a)(n) = Opyr(ho)(n) + o1(m + g)(n),  ho(r,w,n) = h(0,w, ). (3.47)
Let us write

a(n) = wOpy(h = ho)(n)w' +wOp (o) (1)’

b mo(n) + go(m) +m )+ gy
for )
mo(n) = wy Z;) rl Z Op}i* (fia)n wh,  go(n) = wx(n)o1(g)(n)w’,
and o
m™ () = (m—mo)(n), ¢7'(n) = (g9—90)(n) € Ryf . c(2xR:g). (3.49)

Applying Taylor’s formula in the first r-variable in ﬁ(r, w,rn) = h(r,w,n) it follows that
wOPp (k= ho)(n)w’ = wrOpy (A1) (n)w’ (3.50)

for some

W=t (rywn) = bt (rworn), R (rw, i) € CF(Ry, My (RY)). (3.51)
Thus (3.50) belongs to R™1(Q x RY, g). It remains to verify that

wOD s (ho) (M’ +mo(n) + go(n) € Ryt (2 x R, g).
Because of (3.49), (3.50) we have

o1(a)(n) = 71 (wOpys (ho) +mo + g0 (n)
= Opys(ho)(n) + o1(mo)(n) + o1(g0)(n) = 0.

We now employ the fact that oi(a)(n) has the structure of an n-dependent family of
operators in the cone calculus, i.e., L°(R,g), n # 0. Vanishing of these operators implies
that the conormal symbols vanish, cf. [54, Subsection 1.3.1, Theorem 4]. In particular, we
then have

03 (0pps (o) () + 1(mo) (n)) (w) = (0,0, 0) + foo(w) = 0.
This shows that we already have o1 (wOpj,(ho)w’ 4+ mo)(n) = 0 and
w(Opas(ho) (1) — Oy (h(0,w, 0))()w’ € R™HQ x R, g),

hence wOpy,(ho)(n)w' +mo(n) € R]T}JFG(Q xR?, g), and consequently o1(go)(n) = 0 which
gives us go(n) € Rg'(Q x RY, g). O
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Lemma 3.16. From (3.48), (3.51) and h='(0,w,rn) = hy ' (r,w,n) we obtain

or (@) () = rOpy (hg ) () + o (m ™ + g7 )(m),

where 01_1 indicates the homogeneous principal edge symbol of order —1 of the respective
operators, and it follows a family of continuous operators for n # 0,

(1 —w)or (a)(n) : L(Ry) — H'(Ry). (3.52)

Proof. Let us write hy'(r,w,n) =: f(w,r) for fixed n # 0. The space u € H'(R,) is
characterised by the conditions u € LQ( +) and d,u € L?(Ry). In other words we have to
prove

(1 = @)rOpun (Hull2ry) < collullr2(ry), (3.53)
10, (1 — W)"”OPM(f)UHm(Rg < CIHUHLQ(R+)7 (3.54)
for all u € L?(Ry), and some cg,c; > 0. For (3.53) we have

(1 = w)rOpp (full p2(ry )

+w 1 dr’
=) [[(5) 7t + i) Tl

Setting fo(p,7) := (1 —w(r))rf(3 +ip,r) we can apply the following Mellin analogue of a
version of Calderén-Vailancourt’s Theorem, cf. [25].
Let F(p,r) be a function in C*°(R x R ) such that

(F) = sup{\(rar)lepF(p, r:(p,r) ERxRy, 0<k<1,0<I< 1} < oo. (3.55)
Then Op,,(F) : L2(Ry) — L?(R,) is continuous, and we have

10 ()l £(r2(my)) < em(F)

for some ¢ > 0. Applying this for F(p,7) = fo(p,7) € SY(R, x R;), where (p,r) € R x R}
is treated as a two-dimensional covariable, it suffices to note that the required estimate
holds. For (3.54) we have

9r(1 = w)rOpy (f) = ¢Opur (f) + (1 = w)Opar(f) + (1 = w)rd:Opps (f)

for some ¢ € C§°(R4). Then the first two terms can be treated as (3.53). Therefore, we
look at the third term. In this case

[(1 = w)rdrOpy,(f )u||%2 R )
+2p 1 ‘ dT'/ 9 (356)
(1 —w)rd, // 2 + 2P>7")U(""l)7dp||L2(R+)'

Because of 0O, (7'_(%'””)) = —(3+ ip)r_(%“'p)r*l the right hand side of (3.56) can be
estimated by

+w 1 ar’
@) [[(5)7G +in G +inrut) ol
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and "
)
=) [[(5) 0N (G + o) ol .

Let us set

filpr) = (1 - w(r) (=

5 +ip,7), falp,r) i= (1 = w(r))(rd, f)( +ip,7).

+2‘p)f(%

For F(p,r) = fi(p,7),i = 1,2, we apply once again the Calderén-Vailancourt Theorem. In
this case we have fi(p,7) € SR, x R,), fa(p,7) € S;*(R, x R,) and hence

(ro,)" DL fi(p,r) € STHR, x R,), (r0:)F DL fa(p, 1) € STHR, x R,),

forall0 <k, | < 1. Every p(p,r) € S4(RxR) for any v € R satisfies the symbolic estimate
sup |p(p,r)| < ¢{p,r)”. Then the relations (3.55) are satisfied for F\(p,r) = fi(p,r),i =1,2.

O
Theorem 3.17. The conditions
ao(a)(r,p,n) =0, (r,p,n) € Ry x (R"F9\ {0}), (3.57)
o1(a)(n) =0, n#0, (3.58)
imply that
o7 (@)(n) 1 LA(Ry) — Kp'(Ry) (3.59)

for some asymptotic type P, associated with the weight data (0,0, (—1,0]).

Proof. Let us write o7 ' (a)(n) = (1—w)o; '(a)(n)+woy (a)(n). Then for (3.59) we employ
(3.52) together with

woy ! (a)(n) = wrOpy(hg M) (n) +woy (m ™) (n) + wor (g7 ) (),
and we conclude the continuities
wrOpyr(hy M) () +woy H(m™1)(n) : L*(Ry) — wHB (RY),
wor g™ m) : LARy) = wKF O (Ry),
using (1 — w)H (R} ) + wH M (Ry) + wKFO(Ry) € K (Ry). O

3.4 Edge quantization

For the following consideration we need some preparations. Given a closed C*° manifold
X,n = dim X, with a system of charts x; : Uy — R",l =1,..., N, we consider the cylinder
R x X with the charts idg X k; : R x U; — R x R™. The cylinder can also be equipped with
the structure of X=, a manifold with conical exits to infinity r — oo, and we define a
diffeomorphism

Y:RxX — X~

by the local transformations

Y:R xR 5 R xR", x(r,z) = (r, [r]2).
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Theorem 3.18. [55, Proposition 3.2.19] For any
B(5,7) € LE(XREE), plr, p,m) 1= p(rp, 1),
and cut-off functions w,w’, for every fized n # 0 we have
X+ (1 = w)Op,.(p)(n)(1 — ') € L (X7), (3.60)
with x« denoting the operator push forward under x.

Remark 3.19. A consequence of the details of the proof of Theorem 3.18 is the following.
Let

B(7.71,C) € DGRV, d >0, p(ry pn, €)= plr,rp, . 7C).

Moreover, assume that p(p,1, () is parameter-dependent elliptic of order u, with parameters
(p,7m,¢) € R;;qgrd. Then the operator (3.60), here depending on (n,() rather than n, is

)

parameter-dependent exit elliptic for every fized n # 0, with parameter ¢ € R?, cf. notation
at the end of Section 3.1.

The following considerations are crucial for the interpretation of edge amplitude func-
tions (3.32). Earlier investigations on edge pseudo-differential operators mainly employed
symbols of the form (3.35). Those are known to be elements of

SH(Q x RY K37 (XN, KS~H1H(XMN), s € R.

However, (3.32) needs some care in terms of the mapping behaviour of Mellin operators
for r — o0, i.e., in “standard” Sobolev spaces, involved in K-spaces, rather than Mellin
Sobolev spaces at co. Such a formulation from (3.35) to (3.32) has been obtained already
in [17]. What we do here is to employ Mellin representations from the very beginning and
take them as the primary objects in the edge calculus.

Lemma 3.20. Let
b(n) = x(m)r*Op "> (h)(n) (3.61)

for some h(r,w,n) = h(w,rn), h(w,7) € M§(X;RE). Then we have

b(n) € C*(RY, LKL (X"), LTH77H(X"))) (3.62)
for every s € R.
Proof. The smoothness of b(n) in n € R? is straightforward. Therefore, the main issue is

to show that
b(n) : ICS’W(X/\) — ICS”W’“(XA) (3.63)

is continuous. Let us write
b(n) = wb(n) + (1 —w)b(n)
= wb(n)w' + wb(n)(1 = w’) + (1 = w)b(nw” + (1 = w)b(n)(1 — ")

for cut-off functions w” < w < w’. Then, by virtue of [17, Proposition A.8] we have

91(n) = wb(n)(1 =), g2(n) := (1 —w)b(nw” € RE(RY; g)
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for g = (v, — p, (—00,0]). This entails the continuity (3.63) for g;(n) instead of b(n), i =
1,2. Moreover, we have as desired

wh(n)w' € C(RY, LIKHT(X"), LTHITH(XM))).

Thus it remains to consider (1 — w)b(n)(1 — w”). For convenience we assume X = S™. In
this case we have

(1= w)K*7(S™)") = (1 — w)H*(R")

for any cut-off function w. For general X it suffices to consider distributions that are
supported in a set {Z € R"* : |z| > R,%/|Z| € V} for some R > 0 and a coordinate
neighbourhood V' on S". The simple details combined with suitable charts on X and a
partition of unity are left to the reader. In other words we verify the continuity

(1 —w)b(n)(1 — ") : H¥(R™ ) — {7 #(R™ ), (3.64)
for every s € R. From Theorem 3.10 (ii) we have

Op); "2 (h)(n) = Op,(p)(n) + O}, "> (1 — @+ /r))h) (n) (3.65)

for p(r, p,n) = p(rp,rn) as in (3.36), (3.37). Applying Remark 3.11 we can modify relation
(3.65) by applying Theorem 3.10 (i) to 5(5,7) and obtain another hy(w,7) € Mh(X; ]Rq)
such that 3 3 3 3

ha(w, 7) = hw,7) + 1w, 7), I(w,7) € Mg (X;RY). (3.66)
For hy(r,w,n) = 711(10 rn), where Op,(p)(n) — Op},"*(h1)(n) = Op,(g)(n) and

q(r,r’,p,n) = q(ryr’,rp,rn), q(r,r’,po0) = (1 — o(r'/r))p(p, ). From (3.66) it follows
that

Op); " (h)(n) = Op) " (h)(n) — 0P} ™ (1) (1) = Qu(n) — Q2(n) — Qa(n)

for Q1(n) := Op,(p)(n), Q2(1) == Op,(q)(n), Qs(n) == Op),"*(D)(n), and I(r,w, ) =
l(w,rn). Thus
(1= w)b(n)(1 —w") = Bi(n) — Ba(n) — Bs(n)
for
Bj(n) = (1 —w)x(mrQ;n)(1 —w"), j =1,2,3.
The first summand Bj(n) on the right represents an operator in L¥9(R"*1)  cf. Theorem

3.18. This yields the desired continuity (3.64) of Bi(n). The second summand is of the
form

Ba(n)u(

T e R ) P R e

Since n # 0 is fixed we drop the excision factor x(n) and simply write By rather than
Bs(n). Thus, setting

(') = (1= w)(r' =)™V = (/1) (1 = W (1)

from (3.67) we obtain by integration by parts

Bulr / / =19 fo (1) (DY ) (rp, (i dp
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for every N € N. Since N is arbitrary the kernel of By belong to S(R xR, L~°°(X)) and is
supported in (r,7") by [, 00) X [g, 00) for some € > 0, because of the involved factors 1 —w
and 1 — w”. Thus By € L™°0(R""1), and it follows the continuity H*(R"*1) — S(R"*!)
which implies the mapping property (3.64).

For Bs := B3(n) we again drop the factor x(n). We have the continuity

PHODY (D) HI (XN s HETH(X)
for every s € R. We now employ the fact that
(1 —w(r)l(w,rn) € S(R, My (X)) (3.68)

for any cut-off function @(r),n # 0 fixed. We have Op%(l) = rP0p (T~P1)r=F for every

B € R, but in the case of holomorphic [ we have Op&(l) = Op}?/[(l) for any 5, ¢ € R, as
an operator Cg°(X") — C*°(X") cf. [55]. In particular,

(1= w)r " 0p3; "A(D(1 = ") = (L = w)r "Opy ()(1 — )
= (1 —w)r #rE0p (T~ E)r—L(1 — ")
=(1—- w)r_“TLOpX/[_n/Z(T_Ll)T_L(l —w").

We use that for given s,y € R there is an L > 0 such that

(1 —w(r)r b S (XN = H (XN (3.69)
is continuous, cf. [17, Lemma A.5]. Moreover,
rrOPL (TR L M1 (X) = HOOTTH(XN) (3.70)

is continuous. Then it remains to note that for every L € R,

(1 —w)rk : HoT (XN — HES(X7) (3.71)
is continuous for a suitable g = ¢g(v,L) € R, cf. [17, Lemma A.5], and notation (3.28).
Thus

(1 — w)rEta . =1 X"y = HEO (XM (3.72)

cone

is continuous. Now the desired continuity of Bs follows from (3.69)-(3.72). Note that similar
arguments for the characterisation of Bs are given in [17, Proposition A.11]. O

Definition 3.21. An element h(w,\) € Mg(X;]Rl/\) is called elliptic if for some 8 € R
the family
hlp,xm € Li(X;T5 x RY)

is parameter-dependent elliptic (of order ).

Recall that ellipticity as in this definition is independent of the choice of (3, since the
parameter-dependent homogeneous principal symbol of h|p sxR! of order p is independent

of 3.
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Remark 3.22. Lemma 3.20 admits a parameter-dependent variant. Since the dimension
q of n-variables is arbitrary anyway we may start with

h(r,w,n,¢) = h(w,rn, ()

for ﬁ(w,ﬁ,f) € M(’;(X;R%Ed). Now if ﬁ(w,ﬁ,g) s parameter-dependent elliptic in the
sense of Definition 3.21 then p(p, 7, 5) i Remark 3.19 is parameter-dependent elliptic in
Lgl(X; I'g x R;—;qg—d), and hence the conclusion of Remark 3.19 yields for every fized n # 0
that

(1= w)Op} "> (M) (0, O)(1 = ) € LF(X™)

is parameter-dependent elliptic with parameter ¢ € R% in the exit calculus for r — oo.

Theorem 3.23. Let a(y,n) € R*(Q2 x RY, g) be of the form (3.32). Then we have
a(y,n) € S*(Q x REGLI(X7), LF7H71H(XM))

for every s € R.

Proof. As noted before we may drop the term pj,; when we choose the cut-of function w, w’
in an appropriate way and change, if necessary, the Green summand. For convenience we
consider symbols a(n), i.e., without dependence on y; the general case can be treated by
a simple modification. Choose an excision function x(n) and write a(n) = x(n)a(n) + (1 —
x(n))a(n). We first show that

a(n) € CO(RYL, LIKST(XN), C5HIH(XM) (3.73)
for every s € R. Let us focus on
a(n) = r_“wOpX/[_nﬂ(h)(n)w'. (3.74)

Concerning the Mellin plus Green part, see [55, Proposition 3.3.20]. The multiplication by
W' transforms KC*7(X") to H*7(X"). We refer to the continuity of

rrwOpy, P (R) () : HOT(XN) = HETRITR(XN) (3.75)
which is well-known, since w(r)ﬁ(r,w,rn) is smooth up to zero and of bounded support
with respect to r. A similar conclusion applies for the derivatives with respect to 7. Since
(3.75) is automatically a map to K~#7~#(X"), the property (3.73) is proved, and hence
it follows that

(L= x(n)a(n) € STX(RYG L™ (XN), LTHITH(XN)).
Thus it suffices to show
x(ma(n) € SHR; KT (XN), KITHITH(XM)).

The Mellin action in (3.74) is combined with the multiplication by w. Therefore, we may
assume that

h(r,w,7) € C3°([0, R)o, M (X; RY))
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for some R > 0; here
C5e( 0) == {e(r) € CRy), ¢(r) =0for r > R}.

By virtue of Cgo([O, R)o, Mg(X;R%)) = C5°([0, R)o)&- M (X; RY) we have a representa-
tion

h(r, w, ) Zw] 71)

convergent in the space C°([0, R)0)®WM5(X;R%), for
;(r) € C3([0, R)o), hj(w,7) € ME(X;RY), j €N,

and

lim hy(r) =0, lim o;(r) =0, (A)jen € C, 3_|Aj] < oo.

—00
J j=0

This gives us a representation
e e}
(1) = D AiMo, () M, (3.76)

for
n/2 7
bj(n) = x()r O3 (hy) (). hy(r,w,m) = h(w,rm).
In view of Remark 3.7 we may ignore M, in (3.76). In other words it suffices to show
the convergence of Z AjMy bi(n) in SH(RYL ST (XN), Ko~#IH(X")). First because of

§=0
Remark 3.7 we have

My, € SO(RS; Koh1H(X7), o4 (X 1))

and
lim /\/lw =01in SO(]R‘] ST “(XA) JCSTH T “(XA))

j—)OO

Therefore, (3.76) is convergent as desired, if we show that
bj(n) € S*(RY K=Y (XM), K57 H(X ")) (3.77)

and
lim b;(n) = 0 in SH(RL K57 (XN), K5HI7H(XM)). (3.78)

j‘)OO

(3.77) is a consequence of
bj(n) € C%(R?, L(K™(X"), 71X 1)) (3.79)
and
b;(0n) = 6"ksbj(n)k; " (3.80)

for all 6 > 1, |n| > R, for a constant R > 0, see Remark 3.8 and Lemma 3.20. The
convergence of hj(w,7) to zero in M (X;R?) has the consequence that h;(w,rn) tends to
zero in COO(R+,L5 (X; Pogi X R?)). Thus

bi(mMl<r € C=({|nl < R}, LIK™Y(X7), KTH7H(XM))
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tends to zero in this space. Moreover, b;(n)|j;>r tends to zero in the space of functions in
Co({Inl = R}, LIC*V(X7), K37#I7H(X 7))

that are homogeneous in the sense before for || > 1, |n| > R. This entails (3.78). In other
words, x(n)a(n) is treated. O

3.5 Mellin characterization of Kegel spaces at infinity

The Kegel spaces (1.95) can be characterised purely in terms of Mellin symbols
h(r,w,n) = B(w,rn)

for iL(w, ) € M5H(X; R%), cf. Definition 3.4. Here we apply considerations of the preceding
section. Those are of independent meaning as an idea to define Kegel spaces over a cone
with singular X.

By SQVO(E x R™) for 3 C R™ open, we denote the space of all

plz,w,§) € A(Cy, S (X x R™))

such that
plexryxrn € S4(E x Tg x R™)

for every # € R, uniformly in compact -intervals.
Theorem 3.24. For every v, u € R, there is an element
h(r,w,n) = h(w,rn), for an h(w,7) € M (X5 RY)
such that for n # 0, |n| sufficiently large
rROPY; (R () < KR (XN) — KX (3.81)

s an isomorphism for every s € R.

Proof. We construct h in terms of symbols in local coordinates x € R on X with covariables
&, starting with

Froeip: €71, C0) = (O + |pl* + €17 + [7]* + IC1* + [9)*)/2 (3.82)

for an extra parameters 5 € R% d > 1,9 € R, and a constant C' > 0, cf. [46, Subsection
3]. Fix a covering {Uj,...,Un} on X, a subordinate partition of unity, {¢1,...,on}, and
charts x; : U; — R™. Moreover, we choose functions ¢; € C§°(U;) that are equal to 1 on
supp ¢j, j =1,...,N. Then we form an element

fip Zs@;{ (x5 1)+0D, (Fiocip, 1, C,9)) }

belonging to L (X T x R?zd; ). Applying kernel cut-off to f gives us an element

hw.7.6,9) € M, (X; RIS
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which is elliptic in the sense of Definition 3.21 with parameters (7, C~ , ). We then form

h(r,w,n,(,9) = h(w,rn,r¢, ).
The operator
H(n,¢,9) := r~#0p}; "2 () (0, ¢,9) : K3 (XN) = K7 1(X 1) (3.83)

belongs to the cone algebra L*(X",g) on X", g = (7,7 — 11,0), © = (—00,0], for every
fixed n # 0, ¢ € RY, ¥ € R. The leading conormal symbol, cf. (3.34),

aM(op’](;”/Q(h))(w,ﬁ) = h(0,w,0,0,9) : H(X) — H* "(X), (3.84)

(responsible for the ellipticity close to 7 = 0) is parameter-dependent elliptic in L’} (X, Tz x
Ry) for every § € R. In addition it is an element of M{, (X;Ry). It is well-known that for
(Tmw|? + |9]2)'/2 > D sufficiently large it is elliptic as a parameter-dependent operator
in L (X,T'g x R), uniformly in compact S-intervals. For every b < ¥ we can choose
D = D(b,V) so large that h(0,w,0,0,1) defines a bijective operator family (3.84) for every
b < B <V.Since D is increasing together with |¢] it suffices to choose |J| sufficiently large.
Then we obtain the bijectivity of (3.84) for every w € I‘%_T
By construction, the operator (3.83) is also elliptic in the standard sense on the open
manifold X”. In order to obtain a Fredholm operator (3.83) we also observe the exit
ellipticity at the conical exit of X" for r — co. Here we refer to the tools of the preceding
section. More precisely, we want to observe parameter-dependent exit ellipticity of our
operator. In order to obtain an isomorphism when the parameter is sufficiently large we
reinterpret our variables 1 as (1,() € R4t¢ for some d > 1. This is possible since the
dimension of 7 is arbitrary anyway. The conclusions of Section 3.4 hold in analogous form
for (n, ¢) rather than n, but now, if  # 0 we may admit also { = 0.

Summing up the operator family (3.83) for fixed n # 0 is elliptic of order p in the cone
algebra on X”\, according to the following symbolic components:

(i) the conormal symbol (3.84) which is responsible for a neighborhood of the tip of the
cone, here with parameter ¢ € R;

(ii) the interior symbol oy over X = R, x X as an open manifold, here with parameter
(¢,9) € R and the associated reduced symbol &o;

(iii) the exit symbol with ellipticity for 7 — oo of order (;0), in this case with parameter
¢ € R?, cf. the considerations at the end of Section 3.2.

Now, applying the tools of the cone calculus, because of (i) we find a parameter-dependent
parametrix Py(0) of (3.83) in {(r,z) € X" : 0 < r < R} for any r > 0, where Py(¢J) belongs
to the parameter-dependent cone calculus. At the same time, using (ii), namely, that

H(n,¢,9) € LA (XNRE (3.85)

is parameter-dependent elliptic, we find a parameter-dependent parametrix P;((,v) of
(3.85) in for fixed 1 # 0. From (iii) we see that there is a parameter-dependent parametrix
P (¢) of (3.85) of order (—p;0) in the exit pseudo-differential calculus. Then, choosing
cut-off functions w” < w < ' on the r half-axis, the operator family

P(¢,09) == wPy(¥)w' + (1 — w) Py (¢)(1 — ")

is a parametrix of H(n,(,v) for the chosen n # 0 within the parameter-dependent cone
calculus. Note that for any ¢, ¢’ € C§°(R4) the operators

ePy(9)¢', ©P1(¢,0)¢", ¢Px({)¢
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coincide modulo S(R¥ !, L=°°(X")). Therefore, the choice of w,w’,w” is not essential.
What we obtain is that

P(¢,9)H(n,(,9) =1—GL(¢,Y), GL((,Y) € La(X7, g R,

H(%C’ﬁ)P(Qﬂ) =1- GR(Caﬁ)a GR(C70) € LG(XAagR;Rd+1)

for g, := (7,7,0), gg := (Y — i,¥ — p1, ©). For every € > 0 there are ((,9.) € R¥*! of
sufficiently large absolute value such that

|GL(Ce, D)l s xny) <& GR(Cey Vel cipcs—nm—n(xny) < e

This gives us the invertibility of (3.83) for given s € R. This property is then independent
of s, and hence we can set h(r,w,n) := h(r,w,n, (;,V:). O

Remark 3.25. Observe that we have H(6n,6(,9) = 5“/15H(77,C,19)/<¢(5_1 for all § € R,
Therefore, if
rOpy A (R) (0, e 0e) 2 K3 (X — KT (X)

18 an isomorphism then also r*“OpXJ"m(h)(dn,(SCs,'ﬁe) is an isomorphism for every § €

R,.

As consequence of Theorem 3.24 we have the following result.

Theorem 3.26. Relation (3.81) contains an intrinsic characterization of Kegel spaces for
r — 00, namely,
r0pl; A () (n) K0T (XN = KO (X, (3.86)

n # 0, |n| sufficiently large, only using the elementary ingredients,
ICO,’Y—S(X/\) _ kq/—S(T)]CO,O (X/\) — kv—S(T)T—n/2L2 (XA)

for any strictly positive k(r) € C°(R4) such that k(r) = r for 0 < r < ¢, k(r) =
1 for 7 > ¢p, for 0 < ¢o < c1. In other words the space K57 (X") is characterized purely
in terms of a parameter-dependent Mellin operator of order —s and weight v — s, where
the parameter is involved as the variable r connected with n as a factor.

4 The filtration of the edge algebra

4.1 Edge symbols

Let M be a manifold with edge Y. The definition can be found in the Introduction also
in several monographs or papers, cf. [55] or [63]. In particular, Y is a smooth manifold of
dimension ¢ > 0 such that M \ 'Y is smooth as well, and M is locally near Y described by

a Cartesian product
X2 xQ, X% :=(Ry x X)/({0} x X), (4.1)
for an open set 2 C R? and a smooth manifold X (closed in our case).
The main ingredient of edge symbols that we want to explain here are operator functions
of the form .
h(r,y,w,n) = h(r,y,w,rn) (4.2)
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for
h(r,y,w,7) € C%(Ry x Q, Mb(X;RY)), (4.3)

with 11 € R being the order. The meaning of M{,(-) can be seen in the Definition 3.4.
We systematically employ pseudo-differential operators with operator-valued symbols
(4.2), or, more generally,

f(ryy,w,m) € C(Ry x Q, L (X; T x RY)), (4.4)

based on the weighted Mellin transform

Myaw) = [ o)

with v € R being a given weight. We then write

on (Nt = [[(5) T s 1727+ ipnyat!) S,

dp = (2m)~Ldp, for functions u(r') € C§°(R4, C°°(X)). Later on the action is extended to
more general distributions in R .

Operator families (4.3) appear in the following well-known Mellin quantization results, cf.
[55, Theorem 3.2.7], or [18, Theorem 2.3]. Let

p(ryy, pn) o= p(r,y.rp,rn),  Blr,y, pyif) € C(Ry x Q, LE(X;RED). (4.5)
Then there is an h(r,y,w,n) as (4.2), (4.3) such that on functions in C§°(X")
Op,(p)(y.n) = Op},(h)(y,m) mod C*(Q, L™>(X";RY)) (4.6)

for every v € R. Conversely, for any h we find a p with the indicated properties such that
(4.6) holds, and the resulting operator functions p and h are unique modulo C*°(R; x
Q,L_OO(X;R;%Q)) and O (R x Q, M,™(X;RY)), respectively.

Remark 4.1. For purposes below we formulate a simple consequence of the latter Mellin
quantization theorem. For

p(ryy, p,) == p(r,y,rp, ), Blr,y, i) € C°(Ry x Q, L7 (X5 R HD)
for any fized j € N, we find an
h(r,y,w,n) = h(r,y,w,rn)  for  h(r,y,w,7) € C®Ry x Q, MS (X;Ry))
such that
Op, (r'p)(y,n) = Op},(r'h)(y,n) mod C=(Q, L~>(X";RY))

Conversely, for h we find a p with the indicated properties.

Recall that there is well-known kernel cut-off operator based on the Mellin transform

Var(w) : C®(Ry x Q, LA(X;Tg x RY)) — C(Ry x Q, MY, (X;RY))
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for a cut-off function ¢ € C§°(R4), ¥ = 1 in a neighborhood of r = 1, such that
Vu(¥) flr, = f mod C®(Ry x Q, L (X; T x RY)).

This shows that the space of symbols (4.3) is “nearly” as rich as (4.4). The choice of v € R
is arbitrary. For normalizing weights we often replace v by v — n/2 for n = dim X. In the
edge algebra we interpret

rOp3 " (1) (g, )
for h as in (4.3) as an operator-valued symbol, i.e., an element of

SH(Q x RY%; H, H) (4.7)

for suitable Hilbert spaces of weighted distributions on X := R, x X, cf. the space
SH(Q xR H, H), SH(Q x RY; H, H),SW(Q x R?\ {0}; H, H) corresponding with Fréchet
spaces, cf. the Definition 1.10.

In concrete cases we set

H = K*(X), H = Km-n(xh). (4.8)

In addition we employ the Kegel spaces K7 (X") cf. (1.95) before.
With the spaces R (2 x R?, g) of Definition 3.9 we recall the following results.

Remark 4.2. Changing the cut-off functions w, w' in (3.32) leaves remainders of the form
©OD, (Pint) (4, m)¢" for ¢,¢" € CF(R), and pume(r,y, p,n) € CP(Ry x Q, LA(X;Ry5)).
Such terms could be added in the definition of a(y,n); however, by a suitable choice of
w,w’ they can be integrated in the Mellin action. So without loss of generality we employ
a(y,n) in the form (3.32).

4.2 The edge algebra

We now turn to edge operators of order p — j, j € N, associated with weight data g =
(7,7 — i, ©). The properties of the corresponding filtration are the main issue of this
section. By definition our manifold M with edge Y contains a neighborhood W O Y with
the structure of a locally trivial X® bundle over Y. That means we have a system of
singular charts

x:V—=X4%xQ (4.9)

of neighborhoods V' C M of points y on the edge, where
Xy : VY = X" x Q. (4.10)
If V is another neighborhood of points ¢ and
X : V= X%xQ
the corresponding singular charts, then for V' N V we have restrictions
Xy VAV = X% D, Xlyap: VNV = X% x D
for open subsets D C Q, D C Q, such that the transition maps

X®x D X%xD



4 THE FILTRATION OF THE EDGE ALGEBRA 90

are bundle isomorphisms between the corresponding (trivial) X #-bundles over D and D,
respectively. Those are fiberwise, i.e., over every y € 3, quotient maps

Ry x X = (Ry x X)/({0} x X)

for diffeomorphisms B -
C:RyxX—RixX, (4.11)

where Ry x X is regarded as a manifold with smooth boundary. The following local
constructions refer to a fixed chart G -+ R?on Y, ¢ =dimY > 0.
For a Hilbert space H with group action x we have the abstract edge space

WH(RY, H), s € R, (4.12)

cf. Definition 1.17 and employ these constructions to so-called (local) weighted edge spaces
cf. (2.30)
WE(RY, K57 (X)) (4.13)

of smoothness s € R and subspaces cf. (2.47)
WH(RL, KB (X)) (4.14)

with (here constant discrete) asymptotics of type P, cf. notation in Section 2.2. Weighted
edge spaces (4.13) and subspaces (4.14) with asymptotics have been studied in [54], see
also [55]. The abstract version (4.12) has been introduced in [63]. More functional analytic
properties have been studied in [23].

We now recall global spaces

H*'(M) and H3(M) (4.15)

cf (2.56) and (2.57) of Subsection 2.2. The (compact) manifold B is replaced by M with
edge Y. The first space of (4.15) is regarded as the set of all u € H? (M \Y) such that for

loc

any singular chart x : V — X* x R? and the induced x[y\y : V \' Y = X" x R? we have

uly\y = fo X_l\V\Y

for some f € W3 (R?, K*7(X")). Similarly, the second space of (4.15) is the set of all
u e HP (M\Y) such that

loc _1
U‘V\Y =fox \V\Y

for some f € W3(R?, K37 (X")). A similar definition applies when M is a non-compact

manifold with edge. In that case instead of (4.15) we write

loc

Hpl(M) and  Hp) (M), (4.16)

respectively, and we have also the corresponding spaces with subscript “comp”.

On a compact manifold M with edge Y we choose a system of singular charts x; : V; —
X% xRI, j =1,...,N, of the kind (4.9), where G; := V; NY form an open cover-
ing {G1,...,Gn} of Y. Let {¢1,...,on} be a subordinate partition of unity, and let
{1, ¢y} be asystem of functions in C§°(Gj), p; < ¢ for all j. Moreover, fix cut-off
functions w,w’,w” on M, i.e., continuous functions on M that are smooth on M \ 'Y and
= 1 close to Y, and supported by a small neighborhood of Y, where w” < w < '.
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Definition 4.3. Let M be a compact manifold with edge Y.

(i) An operator C' : Cg°(M \'Y) — C®(M \'Y) is smoothing in the edge algebra, i.e.,
C e L (M,g) forg = (v,v— 1,0), if (say for compact M) the operators C,C* extend
to continuous maps

C: H¥(M) — HF Y H(M), C*: H* V(M) — Hy (M) (4.17)

for every s € R, for asymptotic types P, Q, depending on C.
(ii) The space L*(M,g) of edge operators on M for p € R, g = (v, — u, ©), is the set of
all Ae LE(M\Y) of the form

N
A= {ZAj+(1 — W) Ain(1 = W) + C ¢ Ay € LA(M\Y), C € L™°(M, g), .
Jj=1 .

A; = wpj(int Xjfl)*Opy(aj)cp;w/, a;j(y,n) € RM(R? x Rq,g)},

where int x; 1= Xj\vj\y.
(iii) By Ly (M, g) (L¢(M,g)) we denote the set of all A € L*(M, g) such that Ay, = 0
and aj € Ry, o(RI x R%, g) (RE(R? x RY, g)) for all j.

It is well-known, cf. [55], that A € L#(M, g) induces continuous operators
A HS(M) — H#0(M), HE(M) — Hy "7 (M) (4.19)

for all s € R and asymptotic types P certain resulting (), depending on P and A. Con-
tinuity results (4.19) are based on local continuity of Op(a) for a € Ry, 4(R? x RY, g)
in weighted edge Sobolev spaces (4.13) or (4.14). The latter follows from Theorem ?7
also using that Ry, ;(R? x RY,g) is contained in S#(R? x RY KB (X"), K, 7 7H(XM))
for asymptotic types P with some resulting (). Continuity results between abstract edge
spaces are proved in [54] and [72], an operator-valued analogue of Hwang’s proof [25] of
the Calderén-Vaillancourt Theorem.

The assumption of compact M in Definition 4.3 has been made for convenience. A s-
mall modification allows us also to admit the paracompact case, using a corresponding
locally finite system of charts. Instead of the space in (4.19) we then have to take com/loc-
analogues, cf. (4.16). Recall that

Ly(M,g) C Ly, o(M,g) C L™°(M\Y).

An operator A € L*(M,g) C LE(M \'Y) has its standard homogeneous principal symbol
of order p
00(A) e C(T* (M \Y)\0). (4.20)

Moreover, since A is edge-degenerate close to Y, in the splitting of variables (r,z,y) €
R4 x ¥ x R? and covariables (p, &, n) the function (4.20) takes the form

oo(A)(r,z,y,p,6,m) = r Ha0(A)(r,z,y,rp, & TN) (4.21)

for a function 6¢(A)(r,z,y,p,&,7) that is homogeneous in (p,&,7) # 0 of order p and
smooth up to r = 0.
Observe that op(A) can be locally close to Y expressed in terms of the operator-valued
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symbol a(y,n) € R*(R? x RY, g), cf. Definition 4.3 (iii). From (4.6) and the subsequent
observation in converse direction we see that the Mellin symbol h in (3.32), (3.33) belongs
to C° (R4 x Q, L (X;RY)). As such it has a parameter-dependent homogeneous principal

symbol p(,,y (7,2, y, p,&,1), (p,€,n) # 0. Thus a(y,n) itself given by (3.32), has a parameter-
dependent homogeneous principal symbol, called og(a), which is close to r = 0 of the form

oo(a)(r,z,y,p,§,n) =1 Py (12, Y, p,6m) = 7 Py (12,9, mp, €5 11) (4.22)
for a p)(r,z,y,p,§,7) € SR x ¥ x Q x (R;qu \ {0})), where ¥ C R" corresponds

to a chart on X. Later on, when we talk about lower order symbols we also write
ob(a) :=op(a) and of(A) :=oo(A),

respectively. Moreover, the edge amplitude functions a(y,n) € R*(R? x RY, g) involved in
Definition 4.3 have a (twisted) homogeneous principal symbol, namely,
- —n/2
o1(a)(y,n) = r~0p}; ™ (ho) (y,1) + o1(m + g) (v, 1), (4.23)
n # 0, where .
hO(Ta vaan) = h(oavaarn)a (424)

cf. (3.33), and o1 (m+g)(y,n) is the (twisted) homogeneous principal symbol of (m+g¢)(y, n)
as a classical operator-valued symbol, i.e.,

(m+g)(y,n) € SHRI x RE K (X7), K5THI7H(XM)).

Using o01(+)(y,n) on edge amplitude functions we obtain o1(A)(y,n) also for the opera-
tors A € L¥*(M,g) themselves. For the definition we may refer to localized and properly
supported representatives of operators, e.g., A; as in Definition 4.3 (i) and to recover left
symbols, similarly as for standard (scalar) pseudo-differential operators. For the resulting
a(y,n) € SH(RY x R% 57 (XN), K5~#7#(X ™)) we then have

o1(a)(y,n) = Jim 5" taly, on)ks.

Summing up the local symbols which contain contributions of a partition of unity on Y
we obtain the invariantly defined principal edge symbol o1(A)(y,n), namely,

N
a1(A)(y.m) = wiy)or(a;)(y,n), (4.25)
j=1
see (4.18).

4.3 The filtration of edge operator spaces

Order filtrations in the edge calculus are well-known and useful for dealing with lower
order terms as soon as principal symbols vanish. We realize here the filtration by using
an alternative representation of the edge calculus, cf. [17], based on amplitude functions
as in Definition 3.9 (ii). At the same time we deepen the insight of the exit symbolic
properties of operated-valued Mellin symbols on the infinite cone for r — oo. We also look
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at smoothing Mellin plus Green symbols; however, those are standard. In fact, when we
define

Rila(Q xR, g) for g = (v,7 = p, (=(k+1),0)), (4.26)
for j € N\ {0}, we simply ask the homogeneous components of (m + g)(y,n) of order I to
be vanishing for all 0 <[ < j — 1. More precisely, we have

Rhiic(@xRY, g) C SH(Q x RG LV (XN), K277 H(XN),

s € R, and any (m + g)(y,n) has a sequence of homogeneous components
ol (m+9)(y,m) == (m + 9) (u—j) (y:7) (4.27)
and
(m + 9) u—jy (1) € S (2 x (RT\ {0}); £7(X7), L7 7#(XM)), j €N,

cf. the generalities on classical operator-valued symbols in Section 4.1, where by notation
ot'(m + g) := o1(m + g). Then the operator family (m + g)(y,n) belongs to (4.26) if
ol _l(m + g) vanishes for all 0 <1 < j — 1. As is well-known, we have

Rﬁ;jG(Q x RY,g) = RE7(Q x RY, g)

when j > k where k is involved in the weight interval contained in g. The weight data
g are independent of j. For general a(y,n) € R*(2 x R?, g) the dominating term is the
non-smoothing summand

r_“wOpX;n/Q(h)(y, nw'. (4.28)

For a simple model situation in [37] we illustrated the (unexpected) problem of under-
standing the homogeneous principal symbol of order p of (4.28) for r — oo in the frame
of the exit pseudo-differential calculus on X”, for n # 0.

Let R* (2 x RY,g), j €N, for g as in (4.26), be the space of all operator families of the

form ‘
rwOpl; (1 h) (g, m)w’ + (m + g)(y,n)

for
h(r,y,w,n) = h(r,y,w,rn), h(r,y,w,7) € C°[Ry x Q, M (X;RY)), (4.29)

and (m+ g)(y,n) € R’X/H_G(Q x R, g). Similarly as in Remark 4.2 we could add a term

©Op, (pint) (¥, n)¢" for pint(r,y, p,n) € CP (R4 x Q,Lgfj(X;R},j,q)) which is contributed
under changing w, w’.

Theorem 4.4. Let a(y,n) € R*(Q x R4, g) for g = (7,7 — p, (—(k + 1),0]), and assume
oi(a) =0, i =0,1. Then a(y,n) is of the form

a(y,n) = r~*wOopl ™2 (h) (y, Mo’ + (m1 + g1)(y,m)

for . 3
hl(rayawvn) = hl(r,y,w,rn), hl(rayawvﬁ) € COO(RJr X QaM(/;_l(X>R%))

and (mq + g1)(y, 1) € RApLo(Q x RY, g).
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Proof. For convenience we consider the case of y-independent symbols. The modifications
for the general case are evident. Let us first note that a(n) is a family of operators taking
values in the space LH(X?%,g) for every fixed n € R?, cf. Definition 5.20 (iii) below.
Moreover, we have

a1(a)(n) € L*(X", g)exit (4.30)

for every fixed n € R?\ {0}, cf. Definition 5.20 (iv) below. In fact, (m + g)(n) in (3.32) for
fixed n € R belongs to Lys+c(X%,g) which is obvious. It remains to observe

rrwOpy () () € L'(X . g), (4.31)
cf. the expression (5.33). In fact, we have
h(r,w, 1) = h(r,w, ) (4.32)

for h(r,w,7) € C>®(Ry, Mp, (X;RY)). Thus, for fixed 1 the function (4.32) belongs to
C®(Ry, M} (X)) and hence (4.31) just corresponds to the first summand on the right
of (5.33). Setting p = 0, we see that (4.31) holds. In order to show (4.30) we first note
that o1(m + g)(n) € Ly+a(X?,g). Moreover, the technique of the proof of [37, Lemma

53] shows that for any fixed n # 0 the operator r‘“Op}(/[_nﬂ(hg)(n) is of the form (5.35).
From [11, Subsection 3.5], see also [37, Theorem 56], we have continuous operators

a(n) : K(XN) = K57 1(XM), s € R.
A consequence of og(a) = 0 is that
h(r,w, 7)) € C(Ry, M (X;RY)), (4.33)

which implies B
h(0,w, 7)) € MEH(X;RY),

cf. [37, Remark 39]. We have (4.23) for ho(r,w,n) = h(0,w,r7), and we write

a(n) = wr0p}; ™ (h — ho) () + wr0p); " (ho) (n)

(4.34)
+mo(n) + go(n) +m" ' (n) + ¢" ' (n)
for
k
mo(n) =1 w, > 17 3 Opy P (fia)n Wl go(n) = wx(m)oi(g) (),
=0 la=j
cf. Definition 3.9 (ii), and
mtH () = (m —mo)(n), ¢" M (n) = (9—g0)(n) € R (2 xR g) (4.35)

cf. notation (4.26) for 7 = 1. Taylor’s formula in the first r-variable in fz(r,w,rn) =
h(r,w,n) yields
wOp} ™ (h — ho)(m)w = wrOp) (W) () (4.36)

for some

R w,m) = b (r w,rn), R w, 7)) € COO(@JF,M(’;_I(X;]R%)). (4.37)
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Thus (4.36) belongs to R*~1(£2 x R?, g). It remains to verify that

wOP} "2 (ho)(m)w +mo(n) + go(n) € RYLo(2 x R, g).
In fact, because of (4.35), (4.36) we have

o1(a)(n) = 1 (wOpns (ho)e +mo + g0 ) (1)
= 0p};"? (ho) (1) + 01(mo) (n) + o1 (g0) (1) = 0.

By virtue of o1(a)(n) € L*(X*,g)exit for every fixed n # 0, cf. Definition 5.20 (iv), we
can recover the sequence of conormal symbols in a unique way, cf. [54, Subsection 1.3.1,
Theorem 4]. Relation (4.38) shows that all conormal symbols vanish. This is the case, in
particular, for the leading component, and it follows that

ol (0p3; "2 (o) () + 1 (mo)(m) ) (w) = h(0,w,0) + foo(w) = 0,

cf. notation in (4.24), (3.31), and formula (5.36) for 7 = 0. This shows

(4.38)

o1 (wOde_n/Q(ho)w’ + m0> (n) =0
and hence
(0B}, (ho)(m) = Op} ™2 (h(0,0,0)) o' € R¥H(Q x RY, g).

Thus wOpXJ"/z(ho)(n)w’ + mo(n) € R’XL}G(Q x RY,g), and hence o1(go)(n) = 0 which
entails go(n) € R‘éﬁl(Q x R, g). O

Every a(y,n) € R* /(2 x RY, g) for g = (7,7 — p, (—(k+1),0]),j € N,j > 1, has again a
pair of principal symbols, now of order p — j, namely,
(067 (a), 017 (@) = 0¥ (a).

For a(y,n) € R¥I(Q x RY,g) for any fixed j € N\ {0}, we define Ug_j(a) in a similar
manner as in Section 4.2 for j = 0. In this case we employ Remark 4.1 which gives us the
parameter-dependent homogeneous principal symbol p,_;) (7, z,y, p,€,7) € S(“*j)(ﬂ&_ X

Y xQx (R};g?;q \ {0})) with § being related with & in (4.29) via Mellin quantization.
Then, similarly as (4.22) we set

Ug_j (a) (’I“, z,Y,p,§, 77) = T_M—i_jﬁ(u—j) (7", z,y,p, &, 7"77) (439>
Moreover, a(y,n) € R*~7 (2 x R?, g) has a principal edge symbol
ot a)(y, ) == HI0pL " (h) (y. 1) + ot (m + g) (v, m), (4.40)
for ho(r,y,w,n) = h(0,y,w,rn) and ot~ (m + g)(y,n) given by (4.27).

Theorem 4.5. For j € N\{0} the space R*~UtD(QxRY, g) for g = (v, v—u, (—(k+1),0])
is characterized as the set of all a(y,n) € R*(2 x R?, g) such that

oha)=0, ot a)=0

foralll=0,...,].
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Proof. The result is iterative, and we can apply analogous arguments as for Theorem
4.4. O

Corollary 4.6. Let M be a manifold with edge Y. Then there is a filtration of L*(M, g) for
pER, g=(v,y—u, (—(k+1),0]), consisting of a sequence of subspaces L*'(M, g), | € N,
namely,

LM(Mag) > Lu_l(Mv g) DD LM_Z(MMQ) DD L_OO(Mvg)7 (441)

where L*~Y(M, g) C Lffl_l(M\Y) consists of operators A that are represented in an analo-
gous manner as (4.18), here for Ay € Lé‘l_l(M \'Y), and a;(y,n) € R*YR? x RY, g)
for all j. Similar filtrations hold for L’If@rG(M,g) and L{,(M,g), respectively, where
L‘X/[_JIFG(M )(L’é_l(M,g)) consists of all A € LFYM,g) such that Apy = 0 and
aj € Rh o (RIx RY, g) (RET(R? x R, g)) for all j.

Note that
l -1
Lhiig(M,g) = Lg (M, g) (4.42)

for | > k, where k € N determines the finite weight interval in g.

Proposition 4.7. We have

l
LU M, g) (VL™ °(M\Y) = L1 4(M, g).

Proof. Operators A € L*=Y(M, g) are locally close to the edge in the splitting of variables
(r,z,y) € Ry x X x Q for open ¥ C R™ and Q2 C RY, corresponding to charts on X and Y,
respectively, of the form

r 0P} 0p, (h)

for (local) Mellin symbols

h(r7 x? y? w? g? ,’7) = iL(r? l’? y? w? 57 T‘,r,)

for
h(r,z,y,w,&,7) € S(’;_l(@Jr X % x Q x RE x RY),

where S% ' (Ry x ¥ x Q x R x RY) is the space of all

h(r,z,y,w,6,7) € A(Cu, S 'Ry x X x Q x RY x RY))

such that 3 -
h(r,z,y, B+ip.&7) € ST (R x B x O x R, x RY x RY)

for all g € R, uniformly in compact S-intervals. If the respective operator belongs to
L™>°(M \'Y) then the operator Aj, is smoothing (A, can be identified with A regarded
as an operator Cg°(M \'Y) — C®(M \Y)), and h(r,z,v, ”‘H — v +ip,&,n) belongs
to STP(Ry x ¥ x QX Fn+1 . X RE x R?). That means, the homogeneous components

h(u—i—j)(rz,y, "—H — v +ip, f 1) vanish for » > 0 and all j. The symbol h(r z,y, "—H —

v +ip,&,n) (no matter what the order is) can be reproduced as an asymptotic sum

> n+1
ZXPﬁTI (p— lﬁ)(ﬁ%?/’T—’Y‘FiPﬁvﬁ)
7=0
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up to an element in S™° (R xeQanTﬂfyngx]R%). This gives us an f(r, z, ¥, oty

ip,&,1M) € Sg_l(@+ XL xQxR, xRE x R%) which is smooth up to r = 0. Applying a kernel
cut-off operator to f with respect to w € F%ﬂ_w we recover h € ngl(@+ XX QXRE XR%)
modulo an element of B

STR(R4 x X x Q xR, x RE x RY).
In the present case we have

n+1
h(,u,flfj) (Ta T, Y, T

for all j € N. Thus A itself belongs to SpP (R4 x T x Qx RE x R%). Now it suffices to note
that

wr_“JrjOpyOpX;nﬂOpz(h)w’

is an element of L’XLZFG(M ,g), more precisely, the operator coming from the local Mellin
symbols h for an open covering of X by coordinate neighborhoods and a sum, using a
subordinate partition of unity. O

Remark 4.8. As a byproduct of the proof we obtain h(r,y,w,n) = h(r,y,w,rn) for an
h(r,y,w,n) € C®(Ry x Q,Mgil(X, R%)) such that

h(r,y, w, g, wq € CORy x Q, M5™(X,RY))
automatically belongs to C®°(Ry x Q, M5 (X, R%)).

In order to see that edge operator spaces of lower order coincide with the more common
definition in terms of vanishing homogeneous principal terms we formulate the pair

o7 (A) = (a7 (A), ot (A))

of principal symbols of operators A € LF~!(M,g). We define o _Z(A) as the standard

homogeneous principal symbol of A as an element of Lgfl(M \'Y). Locally close to Y we
can write

b " (A)(ryx,y, p &m) = r G T (A (r ey, o, € ) (4.43)
for a function &gil(A)(r,x,y, p,&,m) homogeneous in (p,£,7) # 0 of order p — [ and
smooth up to r = 0. As before for [ = 0 the symbols involved in (4.43) when restricted
to a neighborhood close to Y, agree with the symbols involved in (4.39). Clearly, o !
vanishes on L’]f/[_iG(M, g) since L’IfﬂrG(M,g) C L™°(M \Y). Analogously as (4.25) for
A€ LF(M,g) we define

N

AT A ) =Y i)t () (y.m),

J=1

using (4.40) for the local edge amplitude functions a; € RO xR, g), j=1,...,N.
As a conclusion we recover the filtration property of the edge algebra.

Corollary 4.9. Let A € L*(M,g) and assume that
b Ay =0, o (A) =0 forall I=0,...,] (4.44)
Then we have A € L*=UTD(M, g).
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Thus the property (4.44) for all j yields A € ;o LF=3(M, g). Let us write for the moment

L™>(symbols) := {C € L*(M,g) : "7 (C) =0 for allj € N} = () L* 7/ (M, g),
jeN
L™°°(mapping) := {C € L¥(M, g) : C has the property (4.17)}.

Theorem 4.10. We have

L™®(M,g) = () L' (M,g) (4.45)
jeEN
for any u € R.
Proof. We have to show
L™°°(mapping) C L™*°(symbols) (4.46)
and
L™°(symbols) C L™°°(mapping). (4.47)

Let us start with (4.46). We consider the case of compact M; the considerations in general
only need some simple modifications. The space on the left hand side of (4.45) has been
defined by the mapping properties (4.17). Such operators C' belong to L™*°(M \ Y) and
hence o7 (C') vanishes for all j € N. We have to show that also o} 7 (C) vanishes for all
j € N. To this end we pass to the operator pwC¢'w’ for cut-off functions w,w’ on M (
i.e., = 1 in a small neighborhood of Y, = 0 outside another small neighborhood of Y)
and factors ¢, ¢’ € C§°(G) for a coordinate neighborhood G on Y. We then consider the
operator in local coordinates under a chart X|V\y :V\Y — X x R? where V is a wedge
neighborhood such that V'\' Y = G, cf. formula (4.10) for Q := R? where y : V — X* x RY
restricts to a chart G =V \ Y — RY. Denoting pwC¢'w’ in local coordinates again by C
we have to show that the continuity of

C: WERL K57 (XM)) — WOO(R‘],IC;O’V_“(XA))
and
C* : W R, KSTTTH(XN)) — W (RY, ICE;’_“’(X/\))

for all s gives rise to o' ~J(C) = 0 for all j € N. Since this holds for all s it suffices to
consider the trivial group action on W?*(RY, -)-spaces, i.e., k = id, the action on W*>(RY, -)
is trivial anyway, cf. notation in Section 2. Moreover, it suffices to replace the spaces
Kp77HXM) and K7 7(XN) by Er := KX7H(X7) and By := K{7(X") for a weight
interval A = (¢, 0] for some sufficiently small 6 > 0. The spaces E1, E5 are nuclear and
Fréchet. It is then easy to recognise that C has a kernel in

c(y,y') € C®(RI x RY, By®,Hy) [ |C®(R? x RY, Hy®r ) (4.48)

for Hy = K~%77(X"), Hy =K% 7"#(X"). Then, similarly as in scalar smoothing oper-
ators, the integral operator

Cu(y) = /C(y, Y )u(y')dy'
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can be written in the form
Cuty) = [ [ ety yotmputyye 0y an
for a ¢ € C§°(RY) such that [ (y)dn = 1. Thus C has a double symbol

aly,y',n) = c(y, y')(n)e " W=vm

which is a Schwartz function in n € R? with values in F ®.H; N H 9®.Fo and with smooth
dependence on (y,y’) € R?xRY. By construction C' is also properly supported with respect
to (y,%')-variables. We can pass to a left symbol ar(y,n) ~ >, cRra éD;‘,@;‘a(y, Y ly=y -
Since o} ~(C) only depends on the summands for |a| < j which are all Schwartz functions
in 7 it follows that Uffj(C)(y, n) = 0 for all j.

The second part of the proof consists of verifying (4.47). In other words we prove the conti-
nuities (4.17) for any C' € (o L# 77 (M, g). The idea of proving (4.19) for A € L'~/ (M, g)
for all j is analogous to that for j = 0. In the present case, for C' € ﬂjeN LF=I (M, g)
we already know that a[’)‘_j(C) = 0 for all j, ie., C € L™°(M \Y). Thus we have
C e LFI(M,g)NL~>°(M \'Y) and hence C € L‘](L*ZG(M,Q). For sufficiently large j we
even have C € Lé_j (M, g), cf. relation (4.42). This gives us the continuity of

C: H(M) — Hy " 77#(M)

for every sufficiently large j, for some asymptotic type P depending on C. Since this holds
for all 7, it follows that C has the desired mapping property in (4.17). For C* we can argue
in an analogous manner, using that formal adjoints of operators in the edge calculus with
weight data g belong the calculus with weight data g* := (—v+ u, —, (—(k+1),0]). This
completes the proof of Theorem 4.10. O

5 Auxiliary material

5.1 General notation

For @ C R™ open, the dual (C§°(R2))" =: D'() is the space of all distribution on €2, i.e.,
linear continuous operators

u:C5P(Q2) — C.
For any u € D'(Q) we also write u(p) = (u, @), p € C5(2). The dual (C*(Q))" =:
E'(Q) is the subspace of all v € D'(Q) for which the support suppu is compact. Here
generally, for a Hilbert space H we have the space of H-valued distributions D'(Q2, H) :=
L(CF(Q),H). If E,F are locally convex vector space, L(E, F') will denote the space of

all linear continuous operators A : E — F. If E = F we will also write L(F) instead of
L(E,F).

5.2 Local calculus of pseudo-differential operators

Let formulate some simple properties of the scalar symbol spaces for the pseudo-differential
calculus. If a property is valid both for general and classical symbols we write as subscript
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(cl). We denote by Sg‘: N (R™) the subspace of symbols in Sg: ) (2 xR"™) that are independent

of . Those are closed subspaces of Sé‘c 1)(9 x R™), and we have

n
S(a

Moreover, observe that there are continuous embeddings

(Q x R™) = C(9, Sél)( ).

St (2 x R") < ST
for any p < fi. Moreover, a(z,§) € SéLl)(QxR”), b(x,§) € SE’CI)(QXR") implies (ab)(x,§) €
SHEY () x R™). Observe that a(x, &) € Sé‘d)(ﬂ x R™), implies Dg‘D?a(:U,é’) e s lm(Q x R™)

(ch) (cl)
for every a, f € N as we see form (1.7). Note that

(Q2 x R")

SH(R™) c §'(R™) (5.1)
for every p € R. We set

ST xR = (] SH(Q x RM).
HER

Observe that
ST®(R"™) = S(R™) (5.2)

and S~°(Q x R") = C(Q, S(R™)).

Theorem 5.1. Let aj(x,&) € Ség) (2 xR™), j €N, be an arbitrary sequence where p1; —
—o00 as j — 00 and in the classical case p; = p — j for some p € R. Then there is an
a(z,§) € S“Cl)(Q X R™) for p :=max{u;}, such that for every v < u there is an N = N(v)

with
N

a(w,&) =Y aj(r,8) € Sy (2 x R™).

3=0
The symbol a(x, &) is unique modulo S~ (QxR™) and called asymptotic sum of the symbols
aj(z,§), written a(x,§) ~ 3224 a;(x,§).

Remark 5.2. For any excision function x(§) (i.e., x(§) € C*(R"), x(§) = 0 for [{| <
€0, X(&) =1 for |&| > €1, for some 0 < g9 < €1) there are constants c; such that

a(w, ) =Zx aﬂfé (5.3)
7=0
converges in Sé‘d)(Q x R") and a(z,£) ~ 3772 aj(x,£). Moreover, in the notation of The-
orem 5.1 the sum 3 7%\ X(f Jaj(z,§) converges in the space S6 l)(Q x R™) for every
v<uand N = N(v).

Remark 5.3. For every c(x,£) € S™°(QxR™) the operator Op(c) has a kernel in C*°(Qx
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In fact, for every u € C§°(£2) we have
Op(c)u(x) = // e @ o, Yu(a!)da' dg = / { /ei(xx/)gc(a:, &)d¢ bu(z")da'.
It is now easy to see that the kernel [ e®=#)¢¢(z, £)d€ belongs to C®(Qx Q). Let L=>°(Q)

be the space of all operators with kernel in C*° (€2 x ).

Note that asymptotic summations also occur in other contexts of analysis, e.g., in the Borel
Theorem. It states that for every sequence ¢, € C, o € N”, there exists a ¢ € C5°(R")
such that

D% o(x)|z=0 = cq, for all « € N"™.

In other words the coefficients in the Taylor expansion of ¢ at x =0

1
p(x) =) —1%Ca, ca = DFp()]z=0

can be prescribed in an arbitrary manner. Such ¢ can be found as a convergence sum in
C§°(R™), according to the following Borel Theorem.

Theorem 5.4. Let (ca)ja|<j, jen be an arbitrary sequence of complete summers. Then for
any w € C(R™) with w = 1 close to x = 0, there are constants 0 < d, tending to oo
sufficiently fast as |a| — oo, such that

o(x) = Z iw(a}da)ajaca (5.4)

aeNn

converges in CG°(R™). In addition, if ¢ is another element in C*°(R™) of that kind then
@ — @ vanishes at © = 0 of infinite order, i.e.,

D3 (¢ — @)(x)]z=0 = 0, for all « € N".
Definition 5.5. For any open set Q C R", we set L’{Cl)(Q) = {Op,(a) + C : a(z,§) €

Sél)(Q x R"),C € L™(Q)}. For A € L(Q),A = Op,(a) + C, we set op(A)(z,&) =

ag ().
It can be easily verified that an A € Lé’“d)(Q) induces a continuous operator
A:C5R(Q) = C™(Q). (5.5)

Incidentally the symbol a(x,€) in Definition 5.5 will also be called a left symbol of A,
written ar,(z, ). The meaning of the notation becomes clear by the following proposition.

Proposition 5.6. The space L€Cl)(ﬂ) can be equivalently defined as
Lélcl)(Q) = {Op(ap) : ap(z,2’,§) € S(‘fﬂ)(Q x Q x R"™)}
where ap(x,x',€) is called a double symbol, or
L,y (92) = {Op(ar) + C : ar(2',€) € S{; (2 x R"),C € L™>(Q)}

where ag (', €) is called a right symbol of the respective operator.
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For every A = Op(ap), here is a left and a right symbol ay,(x, §) and ar (2, £), respectively,
such that

Op(ap) = Op(ar) mod L™>(2), Op(ap) = Op(ar) mod L™>(%2),

and we have asymptotic expansions

(e, ~ 3 O DRan (o', €l 5.6
a€Nn 7
an (', €) ~ 3 (1) 08 Dian (, 2/, )l (57)

aeN"

By virtue of the continuity (5.5) the operator A has a distributional kernel K 4 € D'(Q2x ),
the Schwartz kernel, which is uniquely determined by

(Ka, o) = / (Ap) () (y)dady

QxQ
for arbitrary ¢, € C§°(2).
Definition 5.7.

(i) A set M C QxQ is called proper, if for any compact subsets N1, No C Q the intersections
T 'Ni N M and M Ny ' Ny

are compact in  x Q; here my : (x,y) = x, 72 : (x,y) =y are canonical projections to the
second component.

(ii) The operator A € LM(Q) is called properly support if suppK4 is a proper subset of
Q x Q.

Note that every differential operator A = Z| al<p aq(x) DS is properly supported.
Remark 5.8.

(i) A properly supported operator A € L*(Q2) induces continuous operator

A CE(Q) = C°(Q), C®(Q) — C™2(Q).

(ii) Every A € L?d)(Q) can be written as A = A; + C where A; € L‘(‘Cl)(Q) is properly

supported and C € L~>°().

(ifi) Let A € L*(Q) be properly supported. Then for u € C(Q) we have
Au=A / e (&) de = / Ae™Ea(€)de
= [ A aeie
— [ e a(a,e)ile)a¢ = Op(aju(x)

for a(x,€) = e " A(€),
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It can be proved that a(z,§) € S#(2 x R") (and in S%(Q2 x R™) for A € L5 (Q2)). In other
words, for a properly supported operator A we can recover a symbol a(z,&) in a unique
way.

Given A in Remark 5.8 in the form A = Op(ap) for a double symbol ap(z,a’,§) €
S (Q x Q x R")} we can find A; in the form A; = Op(aq) for

(cl)
ar(z,2',§) = w(z,2')ap(z,2',€) (5.8)
where w(z, 2’) € C*°(2xN) is a function with proper support in  x Q where diag(Q2xQ) C
int supp w, and w(z,z’) = 1 in a neighbourhood of diag(Q x ).
Given symbols a(z,§) € Sél)(Q x R"), b(z, &) € 5§y (Q x R"), we define the Leibniz

product (a#b)(z,&) € Ségr)"(Q x R™) by the asymptotic sum

1 [0} o
(agfb)(z,€) = D —(0¢a(,£)) Db(w,€). (5.9)
a€eNn?
Here 5 o 5 @
The latter asymptotic sum is formed by using Theorem 5.1 which can be applied because

of (O¢'a(,§))Dgb(z,§) € Szlg)”ﬂa‘((l x R™), i.e., the order of summands in (5.9) tends to

—00 as |a| — oco. Note that

(a#D) (utv) (7, €) = aguy(,§)boy (,§)-
Theorem 5.9. Let A € Lé‘d)(Q),B € Ll(’d)(Q), and assume that A or B is properly

supported. Then we have AB € L?CT)”(Q). Moreover, for A = Op(a),a € Séle)(Q xR"), B =

Op(b),b € 5(,;,(2 X R"), we have

8?:

AB = Op(a#b) mod L™>°(9).
In the classical case we have
oy(AB) = oy (A)oy(B).

Remark 5.10. The Leibniz multiplication is associative, i.e., we always have (a#b)#c =

a#(b#c).

In the definition of symbol spaces S* )(Q xR™) we may admit n = dim2 to be independent

(cl
of m. This gives rise to parameter-dependent symbol spaces S& 1)(9 X R’gjl) where (§,)\) €

R™* is treated as a covariable.

Remark 5.11. Let a(x,&,)) € SV

(cl)
a(z,&,No) € S&l)(Q x RE).

(Q x R?ng). Then for every fized g € R! we have

Let us now generalize the notation (1.11) to the parameter-dependent case for a parameter

A e R 1 eN. We set

Li (R := {A(N) = Op,(a) () + C(N) s a(x,€,A) € Sy (Qx REY), C € L™(QR))},
where

L™°(Q;RY = S(RY, L7°°(Q)).
Here we use that L=°°(Q2) is a Fréchet space, under identifying operators C' € L™°°(Q)
with their kernels ¢(z, 2’) € C*°(Q2 x Q).
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5.3 Pseudo-differential operators on a smooth manifold

We need pseudo-differential operators also on a C*° manifold M, n = dim M. On M we
fix a Riemannian metric. This allows us also on M to identify smoothing operators C' with
their kernels via

Cu(z) = /M c(z, 2" u(z")da', c(z,2') € C®°(M x M),

where dx’ is the measure associated with the Riemannian metric. The set of these operators
will be denoted by L=°°(M), and then we define

L™°(M;RY = S(R!, L=°°(M)).
The space L( 1)(M :R!) is defined as the set of all families of operators
AN) : C° (M) — C(M)
such that for every ¢ € C5°(M), v € C°(M) with supp¢ Nsuppy = 0, the operator

Y A(N\)p is parameter-dependent smoothing, i.e., an element of L~>°(M;R").

For coordinate neighborhood U C M, and a chart x : U — Q, Q2 € R" open, we define the

space

L (U3RY) = {0 AN o () V- A € Ly

with x* : Cg°(Q) — C3°(U), C*(Q2) — C*>°(U) being the function pull back.

(RN},

In our application the manifold M is either compact or a countable union of compact
sets. Let {U;}jen be a countable covering of M by coordinate neighborhoods (finite for
compact M) and {¢;} en a subordinate partition of unity, p; € C§°(U;). Moreover, let
{#j}jen be a system of functions 1; € C§°(Uj) such that p; < ¢, for all j (f < g means

that g = 1 on support of f). Then for every A()\) € L?Cl)(M; RY) we have

=Y AWN@; =D i ANg; +C(N)

JEeN JEN

for

CN) =) _(1— ) AN,

JjEN

Here C()\) € L~°(M;R!) because of (1 —1;)A(N)¢; € L~°(M;R!) for every j. The space

L‘(L 1)(M :RY) can be equivalently defined as follows:
L (MR = { =3 A; (N +CN) £ 45(N) € Ly (Ui RY, C() € L“X’(M;]Rl)}.
jeN

For A;j(\) = A(M)|y,, it follows from the consideration before that, in fact, in the repre-

sentation we may admit arbitrary 4;(\) € L‘(‘Cl)(Uj; RY).
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5.4 Ellipticity and parametrix in the standard calculus

Definition 5.12.

(i) Ana(x,§&) € SH(QXxR™) is called elliptic of order u if there exists a p(x,&) € SF(Q2xR™)
with the p(z,€)a(z,€) = 1 mod S~H(Q x R™). Clearly, we then also have a(z,&)p(x, &) =
1 mod S~1(Q x R™).

(ii) An operator A € LM(Q) is called elliptic of order p if for any representation A =
Op(a) 4+ C, a(z,§) € SH(QAXR™), C € L™°(Q), the symbol a(x,&) is called elliptic in the

sense of (i).

Remark 5.13. A symbol a(z,§) € SL(QxR™) is elliptic if and only if a,(x,€) # 0 for all
x € Q, & # 0. In this case for any excision function x(§) we can set p(x,§) = X(&)a(_#l) (z,8).

Proposition 5.14. If a(z,§) € SELCD(Q x R™) is elliptic then there exists a p(x,§) €

S(_Cf;(Q x R™) such that

p#a =1 mod ST®(Q x R"), (5.10)
af#tp=1 mod S™°(Q2 x R"™). (5.11)

Proof. Choose p; € S(;S(Q x R™) such that ¢ := 1 — pja belongs to S(Cll)(Q x R™) then

pi#a =1 —c for ¢ € S(_dl)(Q x R™), hence, pia = pi#a modulo S(_Cll)(Q x R™) cf.the

expression (5.9) . According to Theorem 5.1 form the asymptotic sum

o0
(1—c)® ' = Zcfj € Sy (2 x R™)
=0

where ‘
c’fm = c1#tCc1#....Fcr,  (J times)

which belong to S(Zf)(Q x R™). Then (1 — ¢)* ' #(p1#ta) = (1 — ¢1)* (1 = ¢;) = 1 mod
S7°°(Q) x R™). Thus we may set p := (1 — ¢;)* '#p; and we obtain relation (5.10). In a
similar manner we can construct p € S(_CS(Q x R™) such that a#p = 1 mod S™°(Q x R™).
A simple algebraic argument tells us p = p mod S™>°(Q2 xR™). Thus we also obtain relation
(5.11). O

Theorem 5.15. Let A € Lé‘d)(ﬂ) be elliptic. Then there is a a properly supported
parametriz P € L(_C{L)(Q), i.e.,

PA=1-0Cy, AP=1-Cx (5.12)

for certain Cy,,Cr € L™>°(Q).

Proof. Let Py := Op(p) for the symbol p(x, £) of Proposition 5.14. Then, applying Remark
5.8 (ii) we find a properly supported operator P € L™#(2) such that P = Py mod L™>°(2).
By virtue of Remark 5.8 (iii) we can write P in the form P = Op(p;) for a unique
pi(x, &) € STH(Q x R™). We have

pi(x, &) = p(x,€) mod ST°(2 x R™).
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In fact, to obtain pi(z,§), it suffices to apply the asymptotic expansion (5.6) to
w(z, &) P(z,§), see Proposition 5.6 .

PA = Op(p1)(Op(a) + C) = Op(p1)Op(a) + C1
where C; := Op(p1)C € L™>°(f2). Moreover, using Theorem 5.9 we have

Op(p1)Op(a) = Op(p1#a) + C2

for some Cy € L™°°(Q). Because of p1#a = (p1 — p)#a + p#a and p1 —p € S™°(Q x R")
it follows that

Op(p1#a) = Op(p#a) + C3

for C5 := Op(p1—p) € L=°°(2). From (5.10) we have p#a = 1+c¢4 foracy € ST (QxR")
and hence
Op(p#a) = Op(1) + Op(cs)

for Cy € L7°°(Q2). Thus
PA=1+C1+Cy+C3+Cy

and we obtain the first relation of (5.12) for C, = —(C1 + Cy + C5 + Cy) € L7°(2). In
an analogous manner we find a right parametrix @ € L™#(f2) such that AQ = 1 — D,
for a D; € L™°°(f2). However, an elementary algebraic construction shows that @ =
P mod L™>°(Q2) and hence AQ = AP + D5 for a Dy € L=°°(2). Then

AP:AQ—Dzzl—(Dl—I-DQ):l—CR

for Cr = D1 + Ds. OJ

5.5 [Elementary aspects of kernel cut-off

Let us first consider symbols with constant coefficient a(¢) € Sé‘c ) (R™). The case of symbols

a(z,€) € SE‘C 1)(Q x R™) will be admitted below as a simple generalization. First that

SH(R™) C S(R™) for every u € R. Motivated by the expression (1.10), namely
Op(a)u(x) = / k(2 — 2')u(a!)da’ (5.13)

for kq(0) := [e?%a(¢)dé. We consider the inverse Fourier transform applied to a(¢) €
SH(R™) as a Schwartz distribution. According to (1.29) we obtain

ka(0) = (Fgga)(9) € S'(RY).

E—

From (5.13) we see that kq(z — 2’) is the distributional kernel of the operator Op(a). We
often refer to the following standard properties of the Fourier transform:

(=0)ka(6) = k(Dga)(0), Dyka(6) = k(€%a)(0), o€ N™. (5.14)

Lemma 5.16. We have
X(0)ka(0) € S(Rf) (5.15)

for every excision function x(6) in R™.
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Proof. We employ the identities
|0|2N6i9§ — (_1)NAé\7ei9§7 Aé\/leief — (_1)M|£’2M6i9£

for every N, M € N. This yields after integration by parts
MO8 k(a) ) = x(OIP () [ e a(e)e

| (5.16)
— (—1)N My () / AN (1¢2M a(¢))de

as well as

A(O)ka(6) = x(B)(~1)N]8] 2N / AN a(€))de (5.17)

which follows from the second equation of (5.16) for M = 0. Since (5.17) holds for an
arbitrary excision function y and every N from Aé\] a(€)) € SH2N(R") we conclude ky(6) €
C*°(R™\ {0}), in particular, sing supp k, C {0}. This is equivalent to the pseudo-locality
of the operator Op(a), i.e., the singular support of its distributional kernel is contained in
diag (R™ x R™). Therefore, in order to verify (5.15) it suffices so show that

supjg>c| |01 A9 ka(6))]

is bounded for some C' > 0 and suitable sufficiently large M, N. But this follows from the
absolute convergence of the integrals on the right hand side of (5.16) for arbitrary M by
choosing N so large that p+2(M — N) < —n. O

Let
P(0) ==1—x(0)

which is a cut-off function, i.e., ¢ € C§°(R"), ¢(d) = 1 in a neighbourhood of § = 0. We
call

Ve(¥)a(§) = Fyoe(Vka)(S) (5.18)

a kernel cut-off operator and Vr(x) := Fy_¢(xka)(§) a kernel excision operator.

Proposition 5.17. The operator (5.18) induces a continuous map

Vi) : Sty (R™) — Sy (R™), (5.19)
where
Ve(@)a(§) = a(§) mod ST(R™). (5.20)
Proof. We have
ka(0) = ¥(0)k(a)(0) + x(0)ka(0). (5.21)

Then (5.20) follows from (5.15). Because of

a(§) = Vr(¥)a(§) + Vr(x)a(§)

and the continuity of Ve (x) : Sﬁ:l) (R™) — S7>°(R™) which is a consequence of Lemma
5.16 we obtain the continuity of (5.19). O
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Lemma 5.18. For every 1(0) € C5°(Ry) such that (0) = 1 in a neighborhood of 6 = 0.
Then we have

(1 —4(0))ka(0) € S(RF) (5.22)

which entails
sing supp k, C {0}

From Fy_,¢kq(0) = a(&) we obtain

a(§) = (Fose(1 = )ka)(0) + (Fome¥0ka)(0) = ao(§) + ar(§) (5.23)
for ap(€¢) € S(R™) = ST°(R™), cf. (5.23), and hence a1(§) = a(§) — ap(§) € SH(R™).

In other words, the symbol a;(&) as the Fourier transform of some compactly supported
distribution in R} belongs to A(C"), i.e., it is an entire function.

We write
a1(§) = (Vya)(§) = (Fo-ethka)(§)-

Clearly we can form (V,a)(§) also for arbitrary ¢ € Cg°(Ry). Let us write down the
expression more explicitly.

We have
(V,a)(€) = / e (0)] / e a(¢)ac b

//’@f aue—//’w a(n + &)dndo.

We interpret V,, as a kernel cut-off operators, acting on a symbol and depending on ¢, cf.
Vi(p,a) = Vya (5.24)
Let us have a look at other variants of kernel cut-off. We may admit ¢ € CP°(R"™) where
CP(R™) = {¢(8) € C°(R") : supgepn|D§ ¢(8)] < oo for every a € N"},
cf. Theorem 5.19 below.
Theorem 5.19. The kernel cut-off operator (5.24) defines a bilinear continuous operator
V: CP(R) x SH(R™) — SH(R™).

The symbol Vya(€) admits asymptotic expansion

—1)lal
Voal&) ~ Y2 Dje(0)ga(e).

Proof. (i) From the definition

//ZW a(n + €)dnde
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we known that it is clear for the bilinear according to the oscillatory integral.
(ii) In order to prove V,a(§) € S5 (R™) we need the following identities:

e—ien _ <9>—2N(1_ An)Ne—ien

and ‘ '
6—1077 — <,,7>—2M(1_ AG)Me—zé'n

for every M, N € N,§ € R, € R™ we set M = 1, then

& = [[ e ob)a(e ~ minas

= [ - )Y 020 - B)e@)alc ~mdndd (525
= [0 21 ) o(6) ann,€)nds
where
an(n,&) = (1= ) {(m "N a(¢ —n)} (5.26)
for N € N sufficiently large. The function (5.26) is a linear combination of the terms
(6%(77)721\7)(8?)@(5 — 1) for 0 < j, k < 2. From Peetre’s inequality (¢ — ) < cil (&) (n) ¥
we have
109 (m) M) (OF)al€ — )| < (@5 > )II(9F)a(€ — )]

“2N(9F)a(€ )l
el -t (5.27)

for some c3 > 0. This implies analogous estimates for the function (5.26) For N so large
that |u| — 2N < 0 we obtain

V,al€)] < / e=140)=2{(1 — 82)™ p(6) ban (1, £) dndo

/ e ”79\6?77\ / {(1 - 83)™ p(6)}db][a (1, €)] (5.28)

for some C' > 0 since the convergence integral

/ (0)72{(1 - 68)" (0) o, / =10y,

Therefore it suffices to verify that Vy,a(§) € SéL 1)( ™).
(iii) We apply the close graph theorem to prove the continuity of V.
(iv) Let

1 (0% (6% (63
p(0) =) 1000(0)0% + Ry11(6) = > cab® + Ry 1(9)
laj<N || <N
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we choose Ry 1(0) in the form OV 1oy, () for
I N AN+1
exil®) = [ =08 @ a0

Then the function belong to Cp°(R). Integration by parts gives us

/ N e ea{/ Ba(¢)dc}do

la|<N
/ TN e {/9“ a(C)dc}do
|a|<N
/ DY ca{/ (Dge)a(¢)dc}ydo
la|<N
/ —i0¢ Z Co {/ \oa| 16¢ Da )d‘{}dﬁ
la|<N
:/ —i0¢ Z Co {/ \al ZGC Ialaa )dC}dG
la|<N
= > ¢ zai/ —195{/ C(02a(¢))dc o
|a| <N
= > cai™dfa(g)
lal<N
iled
= Y 95 e(0)0¢a(€)
lal<N
1)l
= > S bpeo)igate)
la|<N

and
/ e poni1(0)] / ePoNTa(¢)da¢do
:/ €1 (6 {/ (DY +1 ) a(¢)dC }db
/ e (=) oy {/ (DY a(¢))d¢ydo
/ [ M) 1 (0)DY () dcas

ViCiyN1py.q0)(Df a)(€) € s (R

summing up the (5.29) and (5.30) for large N we get

— 1)l
Voa€) ~ Y2 Dge0)ogale).

aeN™

110

(5.29)

(5.30)
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It will also make sense to discuss kernel cut-off on symbols a(&,\) € S“(R’g}r\l), operating
H with respect to the variable £ € R™, where A remains untouched and is treated as a
parameter. In other words, applying the kernel cut-off to a parameter-dependent symbol
a(z,&,\) € S (Q x R?), regarded as a A-dependent family of symbols in Sél)(Q x RY),

(c))
cf. Remark 5.11, we also can form

(Vwa) (.’B, g? )‘)
where V,, only acts on the {- variables.

Observe that
DgAVSDa(a:,f, A) = chDg"Aa(:v,f, A).

5.6 Asymptotics and operators on cones

The analysis of edge operators refers to spaces with discrete asymptotic and pseudo-
differential operators on infinite cones. In this section we outline some necessary notation.
Edge symbols take values in the cone algebra over the infinite cone X2, cf. (4.1). So we
briefly recall what we understand by the cone algebra. In cone pseudo-differential operators
on an infinite cone X% we start observing the behavior for r — oo, the conical exit to
infinity. In this case the variables (r,z) € Ry x X are considered for z in a coordinate
neighborhood U on X that we identify with x € R™. Then, a standard process via an open
covering of X and a subordinate partition of unity gives us classical operators globally on
R4 x X for r — oo, indicated by L!}"(-)exit for a pair of orders (u;v) € R x R. The local
definition is as follows. Consider the space

S’“V(RgJrl X REH) C COO(RQH X Rg“)
defined by symbolic estimates

[DEDJa(#,£)| < cap (€)1

for all o, 8 € Nt and (%,€) € R"! x R*! for constants cap > 0. The space
LAY (R )it is defined as the set of all operators Opj(a) for arbitrary a(z,&) €
SHv(RETL x R2T). The subspace of classical operators is defined in terms of symbols

in S (Rg“)@)ﬂSZI(R;}H). The corresponding space with classical symbols is denoted by

LAY (R i (5.31)

More details can be found in [55, Subsection 1.4]. This notation has an extension to R4 x X
for a smooth manifold X, which gives us the spaces

Lu;u(R—&— X X)exit or LZI;V(R-F X X)exit-

Definition 5.20. Let X be a closed smooth manifold.
(i) The space Lg(X*%,g) of Green operators on X® for p € R, g = (v,v — i1, ©), is the set
of all operators
Ge [ LUCTXN), KFI7He (X))
s,e€R
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such that
G* e m L(ICS,—’H-M;e(X/\)?KEQO,*W;OO(XA))
s,e€R
for some G-dependent asymptotic types P and Q.
(i) By Ly+a(X2,g) for g = (v,v—u, (—(k+1),0]) and k € N, we define the space of all
M + G for G € Lg(X*,g) and smoothing Mellin operators

k
M :=r Hw Z rjOpXﬁ'[fn/Q(fj)w' (5.32)
§=0

for cut-off functions w, W', and smoothing Mellin symbols f;(w) € Mﬁ;’o(X) with Mellin
asymptotic types R;, weights v; € R, satisfying the conditions

Y=<y <Y HeRjNlapn =2

For g = (v,v — p, (—00,0]) we define Ly1c(X%,g) as the intersection of the respective
L+ spaces for (v,v — p, (—(k 4+ 1),0]) over k € N.
(iii) The space L*(X*,g) for g = (7,7 —1,0), p € R, © = (=(k+1),0],k € N U {oo},

1s defined as the set of all operators
A =7r"#{wOpl; " (h)w + (1 — w)Op,(p)(1 —w")} + M +C (5.33)

for cut-off functions w" < w < W', arbitrary h(r,w) € C*®(Ry, M§H(X)) and p(r, p) given
by
p(r, p) = p(r;rp), B(r,p) € C= Ry, Lyj(X;Rp)),
M as in (ii) and C € L™°(X?%,g), i.e.,
s Hio (X2) = HEEH(X2), O HadH(XA) = HES 5 (X2)

comp comp loc,@

for every s € R and asymptotic types P and @, depending on C.
(iv) The space LM(X*, g)exit for g = (7,7 — i, 0), p € R, © as in (iii) is defined as the set
of all operators

A=A¢+M+G (5.34)

for
Ay = r‘“{wOpX/;nﬂ(h)w’ + ¢Op,.(p)y’ + XPexitX/} (5.35)

where h,p are as in (iii), w < ' are arbitrary cut-off functions, ¢,¢’ € CF(Ry), and
X < X' excision functions (i.e.,1 —x = 1 — X' are cut-off functions in the former sense),
where w+p+x=1, M+ G € Lyia(X®,g9) and

Pexit S LZ;O(RJr X X)exit-

Let us finally recall the notion of conormal symbols of operators in L*(X %, g). By that we
understand the operator functions

oI (A) (w) = ;!@gh)(o,w) T f(w), (5.36)

j=0,...,k with k£ € N being involved in g. For j = 0 we also write o/(A) := o;(A),
called the principal conormal symbol.



REFERENCES 113

References

[1] ML.F. Atiyah, K-Theory, Harvard University, Cambridge Mass.,1965.

[2] M.F. Atiyah, Resolution of singularities and division of distributions, Comm. Pure
Appl. Math. 23 (1970), 15-150.

[3] L. Boutet de Monvel, Boundary problems for pseudo-differential operators, Acta Math.
126 (1971), 11-51.

[4] D. Calvo and B.-W. Schulze, Edge symbolic structure of second generation, Math.
Nachr. 282 (2009), 348-367.

[5] D.-C.Chang, N. Habal, and B.-W. Schulze, The edge algebra structure of the Zaremba
problem, NCTS Preprints in Mathematics 2013-6-002, Taiwan, 2013. J. Pseudo-Differ.
Oper. Appl. 5 (2014), 69-55, DOI: 10.1007/s11868-013-0088-7

[6] D.-C.Chang, T. Qian, and B.-W. Schulze, Corner Boundary Value Problems, Complex
Analysis and Operator Theory, 9, 5 (2014) 1157-1210. DOI:10.1007 /s11785-014-0424-9.

[7] D.-C. Chang, X. Lyu, B.-W.Schulze, Recent developments on pseudo-differential op-
erators (II), Tamkang J. Math. Vol. 46, No. 3 (2015), 281-347.

[8] S. Coriasco and B.-W. Schulze, Edge problems on configurations with model cones of
different dimensions, Osaka J. Math. 43 (2006), 1-40.

[9] N. Dines, Elliptic operators on corner manifolds, Ph.D. thesis, University of Potsdam,
2006.

[10] Ch. Dorschfeldt, Algebras of pseudo-differential operators near edge and corner sin-
gularities, Math. Res. 102, Akademie Verlag, Berlin, 1998.

[11] Ju. V. Egorov and B.-W. Schulze, Pseudo-differential operators, singularities, appli-
cations, Oper. Theory: Adv. Appl. 93, Birkhduser Verlag, Basel, 1997.

[12] G.I. Eskin, Boundary value problems for elliptic pseudodifferential equations, Transl.
of Nauka, Moskva, 1973, Math. Monographs, Amer. Math. Soc. 52, Providence, Rhode
Island 1980.

[13] H.-J. Flad, G. Harutyunyan, R. Schneider, and B.-W. Schulze, Explicit Green oper-
ators for quantum mechanical Hamiltonians.l. The hydrogen atom, arXiv:1003.3150v1
[math.AP], 2010. manuscripta math. 135 (2011), 497-519.

[14] H.-J. Flad, G. Harutyunyan, and B.-W. Schulze Explicit Green operators for quantum
mechanical Hamiltonians. II. Edge singularities of the helium atom, (in preparation).

[15] H.-J. Flad, G. Harutyunyan, and B.-W. Schulze Asymptotic parametrices of elliptic
edge operators, arXiv: 1010.1453, 2010.J. Pseudo-Differ. Oper. Appl. 7, 321 — 363, 2016.
DOI: 10.1007/s11886-016-0159-7.

[16] H.-J. Flad, G. Harutyunyan, Ellipticity of quantum mechanical Hamiltonians in the
edge algebra, Proc. AIMS Conference on Dynamical Systems, Differential Equations
and Applications, Dresden, 2010.



REFERENCES 114

[17] J.B. Gil, B.-W. Schulze, and J. Seiler, Cone pseudo-differential operators in the edge
symbolic calculus, Osaka J. Math. 37 (2000), 221-260.

[18] J.B. Gil, B.-W. Schulze, and J. Seiler, Holomorphic operator-valued symbols for
edge-degenerate pseudo-differential operators, Math. Res. 100, “Differential Equations,

Asymptotic Analysis, and Mathematical Physics”, Akademie Verlag Berlin, 1997, pp.
113-137.

[19] R.C. Gunning and H Rossi, Analytic Functions of Several Complex Variables, Amer.
Math. Soc (2009).

[20] N. Habal and B.-W. Schulze, Holomorphic corner symbols, J. Pseudo-Differ. Oper.
Appl. 2, 4 (2011), 419-465.

[21] G. Harutyunyan and B.-W. Schulze, Elliptic mized, transmission and singular crack
problems, Furopean Mathematical Soc., Ziirich, 2008.

[22] G. Harutyunyan and B.-W. Schulze, The relative index for corner singularities, Integr.
Equ. Oper. Theory 54, 3 (2006), 385-426.

[23] T. Hirschmann, Functional analysis in cone and edge Sobolev spaces, Ann. Global
Anal. Geom. 8, 2 (1990), 167-192.

[24] L. Hérmander, The analysis of linear partial differential operators, vol. 1 and 2,
Springer-Verlag, New York, 1983.

[25] 1.L. Hwang, The L2-boundedness of pseudodifferential operators, Trans. Amer. Math.
Soc. 302 (1987), 55-76.

[26] K.G. Jénich, Vektorraumbiindel und der Raum der Fredholm-Operatoren, Math. Ann.
161 (1965), 129-142.

[27] P. Jeanquartier, Transformation de Mellin et développements asymptotiques, Enseign.
Math. (2) 25 (1979), 285-308.

[28] D. Kapanadze and B.-W. Schulze, Crack theory and edge singularities, Kluwer Aca-
demic Publ., Dordrecht, 2003.

[29] T. Krainer, On the inverse of parabolic systems of partial differential equations of
general form in an infinite space-time cylinder, Oper. Theory Adv. Appl. 138, Adv.
in Partial Differential Equations “Parabolicity, Volterra Calculus, and Conical Singu-
larities” (Albeverio, S. and Demuth, M. and Schrohe, E. and Schulze, B.-W., eds.),
Birkhauser Verlag, Basel, 2002, pp. 93-278.

[30] T. Krainer, The calculus of Volterra Mellin pseudo-differential operators with
operator-valued symbols, Oper. Theory Adv. Appl. 138, Adv. in Partial Differential
Equations “Parabolicity, Volterra Calculus, and Conical Singularities” (S. Albeverio,
M. Demuth, E. Schrohe, and B.-W. Schulze, eds.), Birkhduser Verlag, Basel, 2002, pp.
47-91.

[31] J. Kohn, and L. Nirenberg, An algebra of pseudo-differential operators, Comm. Pure
Appl. Math. 18 (1965), 269-305.



REFERENCES 115

[32] V.A. Kondratyev, Boundary value problems for elliptic equations in domains with
conical points, Trudy Mosk. Mat. Obshch. 16, (1967), 209-292.

[33] A. Kufner, L.-E. Persson, Weighted inequalities of Hardy type, World Scientific, New
Jersey-London-Singapore-Hong Kong 2003.

[34] H. Kumano-go, Pseudo-differential operators, The MIT Press, Cambridge, Mas-
sachusetts and London, England, 1981.

[35] X. Liu and B.-W. Schulze, Boundary value problems in edge representation, Math.
Nachr. 280, 5-6 (2007), 1-41.

[36] X. Lyu, Asymptotics in weighted corner spaces, Asian-Eur. J. Math, 7, 3 (2014)
1450050-1-1450050-36.

[37] X. Lyu and B.-W. Schulze, Mellin operators in the edge calculus, Complex Analysis
and Operator Theory, 10, 5 (2016), 965-1000.

[38] X. Lyu, B.-W. Schulze, and T. Qian Order filtrations of the edge algebra, J. Pseudo-
Differ. Oper. Appl. 6, 3 (2015), 279-305.

[39] L. Maniccia and B.-W. Schulze, An algebra of meromorphic corner symbols, Bull. des
Sciences Math. 127, 1 (2003), 55-99.

[40] F.W.J. Olver, Asymptotics and special functions, Academic Press, New York and
London, 1974.

[41] V.S. Rabinovich, Pseudo-differential operators in non-bounded domains with conical
structure at infinity, Mat. Sb. 80, 4 (1969), 77-97.

[42] S. Rempel and B.-W. Schulze, Parametrices and boundary symbolic calculus for el-
liptic boundary problems without transmission property, Math. Nachr. 105, (1982),
45-149.

[43] S. Rempel and B.-W. Schulze, Asymptotics for elliptic mized boundary problems
(pseudo-differential and Mellin operators in spaces with conormal singularity), Math.
Res. 50, Akademie-Verlag, Berlin, 1989.

[44] S. Rempel and B.-W. Schulze, Complete Mellin and Green symbolic calculus in spaces
with conormal asymptotics, Ann. Glob. Anal. Geom. 4, 2 (1986), 137-224.

[45] S. Rempel and B.-W. Schulze, Pseudo-differential and Mellin operators in spaces with
conormal singularity (boundary symbols), Report R-Math-01/84, Karl-Weierstrass In-
stitut, Berlin, 1984.

[46] W. Rungrotheera, Parameter-dependent corner operators, Asian-Eur. J. Math, 6
(2013), 1-29.

[47] W. Rungrottheera and B.-W. Schulze, Holomorphic operator families on a manifold
with edge, J. Pseudo-Differ. Oper. Appl. 4, 3 (2013), 297-315.

[48] W. Rungrottheera and B.-W. Schulze, Weighted spaces on corner mani-
folds, Complex Variables and Elliptic Equations, 59, 12 (2014), 1706-1738.
DOI:10.1080/17476933.2013.876416.



REFERENCES 116

[49] H.H. Schéfer, Topological vector spaces, Graduate Texts in Mathematics, Springer-
Verlag, New York, Heidelberg, Berlin, 1986.

[50] E. Schrohe and B.-W. Schulze, Boundary value problems in Boutet de Monvel’s cal-
culus for manifolds with conical singularities II, Adv. in Partial Differential Equa-
tions “Boundary Value Problems, Schrédinger Operators, Deformation Quantization”,
Akademie Verlag, Berlin, 1995, pp. 70-205.

[51] E. Schrohe and B.-W. Schulze, Boundary value problems in Boutet de Monvel’s cal-
culus for manifolds with conical singularities I, Adv. in Partial Differential Equations
“Pseudo-Differential Calculus and Mathematical Physics”, Akademie Verlag, Berlin,
1994, pp. 97-209.

[52] E. Schrohe and B.-W. Schulze, Edge-degenerate boundary value problems on cones,
Proc. “Evolution Equations and their Applications in Physical and Life Sciences”, Bad
Herrenalb, Karlsruhe, 2000.

[53] B.-W. Schulze, Pseudo-differential operators on manifolds with edges, Teubner-Texte
zur Mathematik, Symp. “Partial Differential Equations”, Holzhau 1988, 112, Leipzig,
1989, pp. 259-287.

[54] B.-W. Schulze, Pseudo-differential operators on manifolds with singularities, North-
Holland, Amsterdam, 1991.

[55] B.-W. Schulze, Boundary value problems and singular pseudo-differential operators,
J. Wiley, Chichester, 1998.

[56] B.-W. Schulze, Operators with symbol hierarchies and iterated asymptotics, Publica-
tions of RIMS, Kyoto University 38, 4 (2002), 735-802.

[57] B.-W. Schulze, Ellipticity and continuous conormal asymptotics on manifolds with
conical singularities, Math. Nachr. 136 (1988), 7-57.

[58] B.-W. Schulze, Pseudo-differential boundary value problems, conical singularities, and
asymptotics, Akademie Verlag, Berlin, 1994.

[59] B.-W. Schulze and J. Seiler, Edge operators with conditions of Toeplitz type, J. of the
Inst. Math. Jussieu, 5, 1 (2006), 101-123.

[60] B.-W. Schulze and J. Seiler, The edge algebra structure of boundary value problems,
Ann. Glob. Anal. Geom. 22 (2002), 197-265.

[61] B.-W. Schulze, Elliptic complexes on manifold with conical singularities, Teubner-
Texte zur Mathematik 106, “Seminar Analysis of the Karl-Weierstrass-Institute
1986/87”, BSB Teubner, Leipzig, 1988, pp. 170-223.

[62] B.-W. Schulze, The iterative structure of corner operators, arXiv: 0901.1967v1
[math.AP], 2009.

[63] B.-W. Schulze, The iterative structure of the corner calculus, Oper. Theory: Adv.
Appl. 213, Pseudo-Differential Operators: Analysis, Application and Computations
(L. Rodino et al. eds.), Birkhauser Verlag, Basel, 2011, pp. 79-103.



REFERENCES 117

[64] B.-W. Schulze, Edge-degenerate operators at conical exits to infinity, Operator Theo-
ry: Advances and Applications 216, Springer Verlag, Basel AG, 2011, pp. 41-64.

[65] B.-W. Schulze and Y. Wei, Edge-boundary problems with singular trace conditions,
Ann. Glob. Anal. Geom. 35 (2009), 413-429.

[66] B.-W. Schulze and Y. Wei, The Mellin-edge quantisation for corner operators, arX-
iv:1201.6525v1 [math.AP]. Complex Analysis and Operator Theory, 8, 4 (2014), 803-
841; published online: 27 February 2013, 10.1007/s11785-013-0289-3.

[67] B.-W. Schulze, Compositions in the edge calculus, Elliptic and Parabolic Equation-
s, Springer Proceedings in Mathematics and Statistics 119, Springer Int. Publishing
Switzerland 2015, J. Escher et al., pp. 247 - 271. DOI:10.1007/978 —3—319—12547—3;1

[68] R.T. Seeley, Extension of C* functions defined in a half space, Proc. Amer. Math.
Soc. 15 (1964), 625-626.

[69] R. Seeley, Complex powers of an elliptic operator, Proc. Sympos. Pure Math. 10
(1967), 288-307.

[70] J. Seiler, Pseudodifferential calculus on manifolds with non-compact edges, Ph.D. the-
sis, University of Potsdam, 1997.

[71] J. Seiler, The cone algebra and a kernel characterization of Green operators, Oper.
Theory Adv. Appl. 125 Adv. in Partial Differential Equations “Approaches to Singular
Analysis” (J. Gil, D. Grieser, and M. Lesch, eds.), Birkhduser, Basel, 2001, pp. 1-29.

[72] J. Seiler, Continuity of edge and corner pseudo-differential operators, Math. Nachr.
205 (1999), 163-182.

[73] F. Treves, Topological vector spaces, Academic Press, New York, London, 1967.

[74] M.I. Vishik and G.I. Eskin, Convolution equations in a bounded region, Uspekhi Mat.
Nauk 20, 3 (1965), 89-152.

[75] ML.I. Vishik and G.I. Eskin, Convolution equations in bounded domains in spaces with
weighted norms, Mat. Sb. 69, 1 (1966), 65-110.

[76] 1. Witt, On the factorization of meromorphic Mellin symbols, Advances in Partial
Differential Equations (Approaches to Singular Analysis) (S. Albeverio, M. Demuth,
E. Schrohe, and B.-W. Schulze, eds.), Oper. Theory: Adv. Appl., Birkhduser Verlag,
Basel, 2002, pp. 279-306.



	Title
	Imprint

	Abstract
	Contents
	Summary
	Introduction
	1 Fourier and Mellin pseudo-di�erential operators
	1.1 Preliminary considerations
	1.2 Fourier and Mellin transform
	1.3 Symbols and kernel cut-o� with respect to the Fourier transform
	1.4 Abstract edge spaces
	1.5 Symbols and kernel cut-o� with respect to the Mellin transform
	1.6 Weighted cone spaces
	1.7 Holomorphic operator-valued symbols

	2 Asymptotics
	2.1 Weighted spaces with asymptotics
	2.2 Edge asymptotics
	2.3 Iterated edge asymptotics
	2.4 Singular functions and edge potential operators

	3 A new characterization of Kegel Space
	3.1 The exit behavior of edge-degenerate operators
	3.2 Elements of the edge symbolic calculus
	3.3 Order filtrations
	3.4 Edge quantization
	3.5 Mellin characterization of Kegel spaces at infinity

	4 The filtration of the edge algebra
	4.1 Edge symbols
	4.2 The edge algebra
	4.3 The filtration of edge operator spaces

	5 Auxiliary material
	5.1 General notation
	5.2 Local calculus of pseudo-di�erential operators
	5.3 Pseudo-di�erential operators on a smooth manifold
	5.4 Ellipticity and parametrix in the standard calculus
	5.5 Elementary aspects of kernel cut-o�
	5.6 Asymptotics and operators on cones

	References



