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Zusammenfassung

Bewegungen von prozessiven molekularen Motoren des Zytoskeletts sind durch ein Wechsel-
spiel von gerichteter Bewegung entlang von Filamenten und Diffusion in der umgebenden
Lösung gekennzeichnet. Diese eigentümlichen Bewegungen werden in der vorliegenden Arbeit
untersucht, indem sie als Random Walks auf einem Gitter modelliert werden. Ein weiterer
Gegenstand der Untersuchung sind Effekte von Wechselwirkungen zwischen den Motoren auf
diese Bewegungen.

Im einzelnen werden vier Transportphänomene untersucht: (i) Random Walks von einzel-
nen Motoren in Kompartimenten verschiedener Geometrien, (ii) stationäre Konzentrations-
profile, die sich in geschlossenen Kompartimenten infolge dieser Bewegungen einstellen, (iii)
randinduzierte Phasenübergänge in offenen röhrenartigen Kompartimenten, die an Motoren-
reservoirs gekoppelt sind, und (iv) der Einfluß von kooperativen Effekten bei der Motor–
Filament-Bindung auf die Bewegung. Alle diese Phänomene sind experimentell zugänglich,
und mögliche experimentelle Realisierungen werden diskutiert.

Abstract

Movements of processive cytoskeletal motors are characterized by an interplay between directed
motion along filament and diffusion in the surrounding solution. In the present work, these
peculiar movements are studied by modeling them as random walks on a lattice. An additional
subject of our studies is the effect of motor–motor interactions on these movements.

In detail, four transport phenomena are studied: (i) Random walks of single motors in
compartments of various geometries, (ii) stationary concentration profiles which build up as
a result of these movements in closed compartments, (iii) boundary-induced phase transitions
in open tube-like compartments coupled to reservoirs of motors, and (iv) the influence of
cooperative effects in motor–filament binding on the movements. All these phenomena are
experimentally accessible and possible experimental realizations are discussed.
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Chapter 1

Introduction

Movement is one of the signatures of life and can be found on various length scales in the
living world, from motion of whole organisms to movements of single biomolecules. In the
following we will study movements of biomolecules within the cell or in vitro. There are
two fundamentally distinct kinds of movements of biomolecules, organelles and cells: passive
diffusion or Brownian motion and active motion powered by chemical free energy. Brownian
motion affects every sufficiently small particle and is ubiquitous in biological systems [1]. In
contrast, active motion depends on specific molecules, called molecular motors, which are able
to convert chemical free energy into movement or mechanical work [2,3].

In the following chapters, we will focus on processive cytoskeletal motors. These motors
move unidirectionally along filaments of the cytoskeleton, hydrolyzing the fuel molecule adeno-
sine triphosphate (ATP) and converting the released free energy into directed motion. The best
studied examples are kinesins, which walk along microtubules, and certain types of myosins,
which move along actin filaments. In the cell, these motors are involved in transport of vesicles
and segregation of chromosomes.

In addition to the distinction between active and passive movements, these movements
can further be classified according to their dimensionality, i.e. whether they occur in three-
dimensional space, on two-dimensional surfaces, or along one-dimensional lines. The latter
cases are relevant for particles that can bind to a surface or line, in which case their move-
ments are restricted to these low-dimensional manifolds. In principle, both active and passive
movements are possible in all three cases. Cytoskeletal motors thus perform active movement
along one-dimensional filaments.

However, if such a motor is observed over a sufficiently long time, it will detach from its
filamentous track, since its binding energy can be overcome by thermal fluctuations. The
unbound motor then performs passive diffusion in the surrounding fluid, until it eventually
reattaches to the same or another filament. This interplay between directed active movement
along filaments and free diffusion will be the central subject of the following chapters, where
we will discuss several transport phenomena related to this combined type of motion. In
the remaining sections of this introduction, we will introduce the molecular motors and their
passive and active movements in more detail and give an overview of the following chapters.

1.1 Brownian Motion

In 1828 Robert Brown observed that small particles extracted from pollen of various plants
performed erratic movements in water. He first thought that he had observed self-animated
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particles or ”active molecules” [4], which at that time were believed by some biologists to
be the constituents of organic bodies. Motion of these self-animated active particles was
believed to be driven by a kind of internal living force specific for the organic world. During
his further studies, however, Brown realized that particles which moved, when they were
suspended in water, could be obtained from almost every substance, from dried plants and
vegetable products to various kinds of minerals. Hence, contrary to his first conjecture, his
observations showed that Brownian motion is a generic physical phenomenon rather than a
biological one [5].

It was soon proposed that Brownian motion is related to heat, since it is affected by
temperature changes [5], but quantitative explanations of the phenomenon failed until the
works of Einstein [6] and Smoluchowsky [7] at the beginning of the 20th century. The crucial
point of the explanation is the identification of these movements as fluctuation phenomena:
while the random collisions with the thermally moving particles of the surrounding fluid do
not cause motion on average, the fluctuations due to these collisions are visible. The variance
of the position of the Brownian particle rather than its average position increases linearly with
time. This linear behaviour is governed by the diffusion coefficient D, which is given by the
famous Stokes–Einstein relation [1],

D =
kBT

6πηRhyd
. (1.1)

It depends on the thermal energy kBT , the viscosity η of the fluid and the effective hydrody-
namic radius Rhyd of the Brownian particle.

Since a Brownian particle explores the whole accessible space, reduction of the dimen-
sionality can enhance diffusion-driven processes such as collisions of Brownian particles or
diffusion-controlled chemical reactions [8]. In biological systems, reduction of the dimension-
ality occurs if the Brownian particle binds to a surface such as the membrane of a cell or to
one-dimensional objects such as cytoskeletal filaments or DNA, so that its motion is restricted
to directions along these manifolds. In the specific case of biomolecules diffusing along a fila-
ment, this type of motion is called ’sliding’ and has been discussed extensively in the context
of proteins binding to DNA [9, 10]. It has been directly observed in in vitro experiments for
the cases of RNA polymerase sliding along DNA [11] and for cytoskeletal motors sliding along
microtubules in the absence of the fuel molecule ATP [12].

While the concept of a living force has been abandoned, active particles have found their
way back into biology: As mentioned, many kinds of motion occuring in a living cell are active
movements in the sense that they are driven by specific molecular motors. These motors,
however, are now understood to be nanometer-sized chemo-mechanical machines rather than
particles possessing a living force [3]. They convert the chemical energy of fuel molecules into
motion, just like their macroscopic counterparts. The difference in size, however, implies a
conceptual difference as well: energies of macroscopic engines are usually very large compared
to the thermal energy kBT , while the typical energy scale for a molecular motor is only a
few kBT at room temperature or under physiological conditions. A molecular motor therefore
necessarily has to cope with thermal fluctuations as a permanent source of perturbations and
some molecular motors might even use thermal fluctuations to generate motion by rectifying
the diffusive sliding along their track.1

1Rectification of diffusion by conformational changes of a motor (the so-called ratchet effect or Brownian
motor mechanism) has been studied extensively during the last decade (see the review [13]) and can be used
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1.2 Molecular motors

As mentioned, many transport processes in living cells are driven by specific motor molecules
which convert chemical energy into movement and perform mechanical work. These active
transport processes maintain the complex order of the cell and keep the cell’s state far from
equilibrium.

As in the case of macroscopic machines, different functions require different motors. Ac-
cording to their functions in the cell, these motors can be grouped into several classes: (i)
rotary motors like F1-ATPase, which synthesizes ATP, and the bacterial flagella, which pow-
ers swimming of bacteria; (ii) membrane pumps, which maintain concentration gradients of
certain ions or small molecules across membranes; (iii) contractile systems, which are assem-
blies of large numbers of motor molecules working together, e.g. myosins in muscle or dyneins
that drive beating of cilia and sperm; finally there are motors processing along a linear track,
which can be further classified according to the type of track: (iv) motors moving along DNA
or RNA (e.g. RNA polymerase), which are involved in processing of the genetic information
and (v) cytoskeletal motors moving along filaments of the cytoskeleton.

In addition, these motors vary in size, from single molecules to large complexes, and in
the type of fuel they consume. Even within each class there are many different species of
motors, e.g., the total number of different types of linear motors in a eukaryotic cell might be
50–100 [17].

In the following, we focus on processive cytoskeletal motors, which can move unidirectionally
along cytoskeletal filaments over relatively large distances. These motors can be divided into
three motor families, myosins, kinesins, and dyneins. Myosins move along actin filaments, while
kinesins and dyneins move along microtubules. Note, however, that all three families contain
both processive and non-processive members, which are adapted to different functions in the
cell. The best studied type of myosin, muscle myosin (myosin II), is non-processive, it drives
the contraction of muscles by cooperation in large groups of 106–109 motor molecules. On the
other hand, other types of myosin such as myosin V have been shown to be processive and
are involved in transport of vesicles. Kinesins are usually processive, as they are responsible
for transport of vesicles, chromosomes and other cargoes over large distances, but some family
members need to work in small groups, see Ref. [3]. Similarly, there are processive and non-
processive dyneins.

The motors of all three classes hydrolyze adenosine triphosphate (ATP) and convert the
released free energy into motion through a series of conformational changes in their actual
motor domain.

The tracks along which these motors move, microtubules and actin filaments, are long semi-
flexible biopolymers. A typical length of a microtubule is tens of micrometers, its diameter is
25 nm. Microtubules consist of (usually) 13 protofilaments, parallel tracks along which motors
can move. Motors bind to specific binding sites, located regularly along the protofilaments with
a longitudinal repeat distance of 8 nm. As the measured step size of kinesin motors is also
8 nm, this means that kinesin motors step from one binding site to the next one. Similarly,
actin filaments have a repeat distance of 36 nm, which corresponds to the step size of the
actin-based processive motor myosin V. Actin filaments are similar to microtubules in length,

for the construction of separation devices, e.g. [14]. It has been proposed as the processivity mechanism of
monomeric kinesin motors, which exhibit small drift and large diffusion [15]. A recent study however indicates
that these monomeric motors might dimerize under in vivo conditions and then work by a (more efficient)
mechanism that does not rely on diffusion [16].
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Figure 1.1: (a) The cytoskeleton is a network of biopolymers; from [2]. (b) A schematic picture
of the motor protein kinesin which moves along a microtubule. (c) A molecular model for the
step of kinesin; from [18].

but more flexible. In the cell these filament form a dynamic network, the cytoskeleton, see
Fig. 1.1(a). Apart from being a transportation system, the cytoskeleton has several functions
such as giving the cell its mechanical stability and shape.

As an example, let us now focus on (conventional) kinesin [19], which is probably the
best studied processive motor. However, other motors seem to work in a similar way [3].
Conventional kinesin is an elongated dimeric molecule, see Fig. 1.1(b). It consists of two
globular head domains, which join in a neck region and are connected to a tail through an
elongated coiled coil domain, the so-called stalk. The size of the heads is about 10 nm, a
typical length of the stalk+tail region is 80 nm. The heads are the actual motor domains and
contain both the binding sites for ATP (the fuel) and for microtubules (the track). On the
other hand, the tail is responsible for binding the cargo. While the motor domain is widely
conserved throughout the kinesin family (and even very similar to the myosin motor domain),
the tails are adapted to specific cargoes. ATP hydrolysis in the two heads is coordinated and
the kinesin molecule is thought to perform a kind of walking or ’hand-over-hand’ movement,
advancing one head in front of the other, which remains bound to the microtubule track to
prevent the molecule from detaching.2 According to this mechanism, a conformational change
in the front head, induced by ATP binding to this head is amplified by the neck region to
throw forward the rear head [18], see Fig. 1.1(c).

2While there is considerable evidence for coordinated motion of the heads [20–22], recent experiments seem
to be inconsistent with the hand-over-hand mechanism and to support inchworm-like motion [23].
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In this way, a single kinesin molecule can move cargoes such as vesicles or latex beads over
large distances. A typical walking distance for a single kinesin molecule is 1µm or about 100
steps. This means that per step, there is a probability of about 1% that the kinesin–microtubule
binding energy is overcome by thermal fluctuations. In this case, the motor (including its cargo)
unbinds from the microtubule and explores the available volume by diffusion, until it rebinds
to another or the same microtubule.

1.2.1 Recent experimental developments

During the last 15 years, cytoskeletal motors have attracted more and more interest. On the one
hand, the atomic structure of many motors has been resolved by X-ray crystallography, e.g. for
myosin and kinesin, which provides a structural basis for the understanding of the mechanism
of the chemo-mechanical coupling, see chapter 12 of Ref. [3]. On the other hand, single-
molecule experiments have been developed, by which one can measure transport properties
of the motors such as velocity, force exerted, step size, walking distance etc., see Ref. [24]
and chapter 15 of Ref. [3]. These transport properties have been measured for various types
of motors including dimeric kinesin [25–30], the processive monomeric kinesin KIF1A [15],
myosin V [31, 32] and dynein [33–35] as well as for some of their non-processive relatives, see
Ref. [3].

Two types of experimental setups are used for measurements of transport properties: (i)
Motors are attached to a surface and the motion of filaments driven by these motors is observed
(filament gliding assay), or (ii) the filaments are immobilized to the substrate and motors
moving along these filaments are observed by tracking their cargo, usually latex beads (bead
assay). If the density of motors attached to the bead (or, in the alternative approach, to
the planar substrate) is sufficiently low, transport powered by single motor molecules can be
achieved. Velocities and diffusion coefficients can then be determined by tracking the motion
of the beads. Trapping the bead, e.g. with optical tweezers, allows one to measure forces and
to resolve single step displacements.

In addition, several attempts have been made to use biological motors in nanotechnological
transport systems. Again, both basic setups are used. In one approach, tracks covered with
kinesin molecules are produced on a patterned substrate and short pieces of microtubules are
used as wagons, which can be loaded by a cargo [36, 37]. In the complementary approach,
microtubules are fixed to a surface and kinesin-coated cargoes are transported along these
tracks [38–40]. An important step towards such kinesin-powered transport systems is the
development of methods to align many microtubules in parallel with isopolar orientation [39,
40]. If small cargoes are transported (by a single motor or a few motors) over large distances,
traffic in these systems will again be affected by detachment of motors from the microtubules.3

1.2.2 Modeling — separation of scales

Movements of molecular motors involve three time regimes, which can be separated and mod-
eled independently of each other [41]: (I) the molecular dynamics underlying the chemo-
mechanical coupling and leading to a single step of step size ∼ 10 nm and stepping time
∼ 10 ms; (II) the directed walks along a filament with typical walking distances of ∼ 1µm and
walking times of ∼ 1 s; and (III) the random walks consisting of many cycles of attachment

3In the experiments reported in Refs. [38, 40] cargoes are rather large and transport is performed by the
simultaneous action of many motors, so that complete detachment is very unlikely, see also appendix C.



6 Introduction

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

����
����
����
����
����

����
����
����
����
����

����
����
����
����
����

����
����
����
����
����

Figure 1.2: Random walks of molecular motors consist of alternating periods of directed motion
along filaments and diffusion.

to and detachment from filaments, see Fig. 1.2. In the following chapters, we will present a
theoretical approach to the long-time regime (III) and discuss several transport phenomena
related to this regime. We will also show how the phenomena of regime (III) are related to
the transport properties of the directed walks of regime (II).

The long-time regime (III) applies both to intracellular transport, where motors move over
tens of micrometers or even tens of centimeters in the case of transport in axons [42], and to
biomimetic transport systems, where biological motors are used to transport non-biological
cargoes over similar distances, as reviewed in more detail above.

Most previous modeling approaches to molecular motors address the intermediate regime
(II), where various approaches have been used, see e.g. [43–49]. Using specific models for
specific motors, good agreement with experiments is obtained for the dependence of transport
properties of the walks along filaments like the velocity, the diffusion coefficient and the walking
distance on control parameters such as the ATP concentration or the applied load force [50–52].
On the other hand, using general schemes allows one to identify generic properties of these
walks [53, 54]. In particular, a generic relationship can be derived for the dependence of the
motor velocity on ATP concentration and load force [53].

The long-time regime (III) has, apart from one article by Ajdari [55], only been addressed
rather recently by our work [56–58]. In Ref. [55], the random walks of single motors arising from
many diffusive encounters with filaments are discussed for the case of unbounded geometries
using scaling arguments. For these random walks, we have obtained analytical and numerical
results for movements in both unbounded geometries and various bounded compartments
[56,57], which are presented in chapter 3.

A different field, which is related to regime (III) and which has attracted much interest in
recent years, is the formation of the dynamic and highly ordered structures of the cytoskeleton,
where transport by motors plays a crucial role, since motors move filaments against each other.
In particular, the formation of microtubule asters, structures where many microtubules run
from a center into radial direction, has been studied extensively, see e.g. [59–63]. In chapter 4
we discuss concentration profiles in arrays of filaments such as microtubule asters.

In the following chapters, we introduce and study a class of models, which on the one hand
provide a simple framework to discuss several generic phenomena related to the long-time
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Motor Filament ` vb Db ∆xb ∆tb
(nm) (nm/s) (nm2/s) (µm) (s)

Dimeric kinesin microtubule 8 680 1360 [29]
Dimeric kinesin microtubule 8 710 2200 2.0 2.6 [15]
Monomeric kinesin microtubule 8 140 44000 0.84 6.1 [15]

(KIF1A)
Myosin V actin 36 360 5800 1.6 4.5 [31,32]
Dynein microtubule 8 422 2.6 6.2 [34]
Dynein microtubule 8 700 0.7 1.0 [33]
Dynein (+ dynactin) microtubule 8 700 1.5 2.1 [33]

Table 1.1: Transport properties of motors bound to filaments: filament repeat distance `,
bound state velocity and diffusion coefficient, vb and Db, walking distance ∆xb and walking
time ∆tb.

regime (III) and, on the other hand, allow precise numerical results for specific motors to be
obtained. An additional ingredient of our theoretical studies are interactions of motors. In
particular, we will study phenomena which are due to the simple fact that motors occupy a
certain spatial region and that only one motor can bind to a given binding site of a filament.

1.2.3 Bound and unbound movements

Let us consider movements of motors over large scales, i.e. in regime (III), in more detail.
Movements in this regime consist of an alternating sequence of bound and unbound motion.
A bound motor performs active directed movement in a direction defined by the polarity of
the filament to which the motor is bound. The bound movement is characterized by the
bound state velocity, vb, and the bound state diffusion coefficient, Db, which describes the
stochastic fluctuations in the directed motion. The bound velocity and diffusion coefficient
can be influenced by several parameters, the most important of which is the concentration of
the fuel molecules, ATP.

A third quantity characterizing the directed walks of bound motors, is the walking time
∆tb, the average time the motor spends bound to a filament and moving along it in a directed
way. Equivalently, we can consider the walking distance ∆xb, related to the walking time
by ∆xb = vb∆tb. Walking time and walking distance depend on the ionic conditions, see
e.g. [64]. As mentioned before, the transport properties of bound motors along filaments have
been measured for various types of motors. An overview over these transport properties is
given in Table 1.1, which represents an update of the table in Ref. [56].

Unbound motion, on the other hand, is purely diffusive and non-directed. It is characterized
by the unbound diffusion coefficient, Dub, which is given by the Stokes–Einstein relation (1.1).
Eq. (1.1) implies Dub = (100 nm/Rhyd) × 2.4µm2/s for a particle with the hydrodynamic
radius Rhyd in water at room temperature. From this, we can estimate the diffusion coefficient
for a motor without cargo as Dub ' 24µm2/s and for a motor with a 100 nm bead as Dub '
2.4µm2/s. Note that these values are for diffusion in water; as Dub ∼ 1/η, diffusion can be
slowed down by adding additional solutes that increase the viscosity η. Diffusion in vivo is
more complicated and depends strongly on the size of the diffusing particle [65]. Diffusion
of small particles such as a motor molecule without cargo is reduced by a factor of three
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compared to diffusion in water, but for larger particles, e.g. for a motor carrying a cargo of
diameter 100nm, the reduction factor is much larger, since these particles are hindered by the
gel-like structures of the cytoskeleton [65]. In addition, unbound motors in the cell can stick
to other objects within the cytosol, which reduces the effective diffusion coefficient further.
By contrast, in vitro motion of bound motors is usually slow compared to unbound diffusion,
Db � Dub and vb`� Dub, where ` is the repeat distance of the filament. This can, however,
be changed, if unbound diffusion is slowed down.

1.3 Overview

This thesis is organized as follows. Chapter 2 introduces the models which we will use in the
following chapters to study the random walks of molecular motors. These random walks consist
of an alternating sequence of directed movements along filaments and unbound diffusion. We
describe how the model parameters can be chosen in agreement with experimentally determined
transport properties of bound and unbound motors, discuss the analytical description of the
model, and introduce several approximations.

In chapter 3, random walks of single tracer motors in open compartments are discussed.
Long-range movement depends on the geometry of the compartment, therefore we discuss
explicitly several simple types of open compartments, in particular, half space, slab and tube
geometries, which can be realized in experiments. In these systems, anomalous drift velocities
and enhanced diffusion in the direction of the filaments can be observed.

Chapters 4 and 5 are concerned with motors interacting through hard core exclusion.
In chapter 4, we consider stationary concentration profiles in closed compartments, where
currents along the filaments are balanced by diffusive currents of unbound motors. Since
the local concentrations of bound motors can get quite large, exclusion effects have to be
taken into account which lead to mutual steric hindrance of motors, and to concentration
profiles that depend on the total motor concentration. We study again two experimentally
accessible geometries, uniaxial and aster-like arrangements of filaments. In chapter 5, we
reconsider the open tube geometry introduced in chapter 3, but now for the case of higher
motor concentration, so that exclusion effects are important. This case exhibits boundary-
induced phase transitions similar to the asymmetric simple exclusion process, but with a
phase diagram which depends on the precise choice of the boundary conditions.

In chapter 6, we discuss effective attractive interactions of motors. This is a largely un-
explored topic from the experimental point of view, but making some simple and plausible
assumptions, we are able to study this topic in a rather general way. If two species of mo-
tors compete for the binding sites of the filament, in the sense that motor–filament binding is
enhanced next to a bound motor of the same species and weakened next to one of the other
species, two kinds of phase transitions can be observed, a continuous transition with sponta-
neous symmetry breaking for sufficiently strong interactions in systems with equal numbers
of motors of both species and a discontinuous transition, accompanied by hysteresis, upon
varying the relative concentrations of the two species.

Finally, we conclude with a summary and outlook, pointing out possible experiments and
raising a few open questions in chapter 7.



Chapter 2

Lattice models for the walks of
molecular motors

In this chapter, we introduce the class of models which will be studied in the following chap-
ters. Random walks of molecular motors which consist of alternating sequences of directed
movements along filaments and unbound diffusion are mapped onto random walks on a lat-
tice. Diffusive motion of unbound motors is represented by symmetric random walks, while
movements of motors bound to a filament are mapped to biased random walks along a line.

On the one hand, these models describe generic behaviour and apply to all motors irre-
spective of the underlying motor mechanism responsible for processive movements. On the
other hand, the hopping rates of the model can be adapted to the parameters of motion of
bound and unbound motor movements to obtain results for specific motor molecules. Several
variants of these lattice models are introduced in this chapter as well as the corresponding
continuum equations and some approximations used in the following chapters. In addition, we
discuss how motor–motor interactions can be included in the models.

2.1 Lattice models

Processive motors moving along cytoskeletal filaments detach from their tracks after a certain
walking time, since their binding energy is finite and can be overcome by thermal fluctuations.
Unbound motors then diffuse freely in the surrounding fluid, until they eventually reattach
to the same or another filament. Hence, if motors are observed over a sufficiently long time,
i.e. over many diffusive encounters with filaments, they perform peculiar random walks which
consist of alternating sequences of directed movements along filaments and unbound diffusion.
In this section we introduce lattice models for these walks: Depending on whether the motor
is bound to a filament or not, it performs a biased (one-dimensional) random walk along the
filament or a symmetric random walk in the (usually three-dimensional) surrounding fluid. The
hopping rates are determined from the parameters of motion of bound and unbound motors.

We will introduce two variants of these models. The first one is a bit simpler, while the
second one allows for a more accurate adaptation of the model parameters to the measured
parameters of motion. Let us however anticipate that (i) the transport phenomena discussed
in the following chapters are generic in the sense that they do not depend on the precise choice
of the model details and that (ii) even the quantitative agreement of the two model variants
is quite good. We will therefore use both lattice models in parallel, as well as continuum
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Figure 2.1: Mapping of the random walks of molecular motors onto a lattice model. The
line represents a filament. Motor ’A’ is bound to this filament and performs a biased random
walk, motor ’B’ is unbound and performs a symmetric random walk. In cases with hard core
exclusion, hopping to occupied sites is forbidden (motor ’C’), see section 2.3 below.

descriptions.

2.1.1 Basic lattice model

In our models, motors move on a d-dimensional simple cubic lattice1 with lattice constant
`. Filaments correspond to lines on this lattice. Along the filaments, a lattice structure is
naturally given, since motors bind to specific binding sites, which are located periodically
along the filament. These binding sites are represented in the model by the lattice sites on the
lines corresponding to the filaments. The lattice constant ` is thus chosen to be the repeat
distance of the filament, which is 8 nm in the case of kinesin motors moving along microtubules
and 36 nm for myosin V motors moving along actin filaments. In the following, we will usually
express all lengths in units of ` and specify the explicit dependence on ` only, when we are
presenting numerical results for specific motors. Let us mention that microtubules usually
consist of 13 protofilaments aligned in parallel. This can easily be modeled by parallel lines
on the lattice. For simplicity, we will, however, neglect this fact in the following with the
exception of chapter 4.4.

Away from the filament, the motor performs a symmetric random walk. It hops with equal
probability to any of the neighbour sites. The hopping rate is 1/(2d τ), where τ is the basic time
scale of these random walks. τ is fixed to τ = `2/(2dDub) to adapt the model to the unbound
diffusion coefficient, Dub. In the computer simulations, τ is chosen as the discretization time.2

We will also usually express times and rates in units of τ and τ−1, respectively, in the following.
Walls are included in the model as reflecting surfaces. A motor hopping to a lattice site of a
wall is reflected to its starting site. Finally, if a motor reaches a site of a filament, it adsorbs
there with the sticking probability πad.

On the other hand, if the motor is bound to a filament, it performs a biased random walk.

1The dimension will usually be d = 3 as appropriate for real systems. In addition, we will discuss the case
d = 2 in chapter 3.

2A brief description of the simulations is given in appendix A.
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Per time τ , it makes a forward step with probability α, a backward step with probability β
and no step at all with probability γ, see Fig. 2.1. With a small probability ε/(2d), it unbinds
to each of the nad adjacent non-filament sites. There are nad = 4 such non-filament neighbour
sites in the case of filaments in solution and nad = 3 if the filament is attached to a wall. As
the sum of all hopping probabilities is one, we have γ = 1− α− β − nadε/(2d).

2.1.2 Master equations

The dynamics described above can be summarized into master equations. Let us consider the
case of a single filament located along the x-axis of a three-dimensional lattice. The coordinates
along the two Cartesian axes perpendicular to the filament are denote by y1 and y2. The lattice
sites of the filament thus have coordinates (x = n`, y1 = 0, y2 = 0). We first focus on the case
of a single tracer motor.

We denote the probability that the motor is at a lattice site (x, y1, y2) = (n`,m1`,m2`)
at time t by p(x,y, t) = pn,m(t). We also introduce P (x, t) = Pn(t) ≡ pn,0,0(t) for the bound
motors and express all lengths and times in units of ` and τ , respectively.

With these definitions, the master equations for the random walk of the motor are given
by

Pn(t+ 1) = αPn−1(t) + βPn+1(t) + γPn(t) +
πad

6

∑
i

pn,i(t) (2.1)

pn,m(t+ 1) =
1
6

(
pn+1,m(t) + pn−1,m(t) +

∑
i

pn,m+i(t)

)

+
∑

i

δm,i

(
ε

6
Pn(t)− 1

6
pn,0(t) +

1− πad

6
pn,m(t)

)
, (2.2)

where Eq. (2.2) holds for all m 6= (0, 0). The summation variable i runs over the transversal
neighbours, (0,±1) and (±1, 0). Eqs. (2.1) and (2.2) specify the dynamics at filament and
non-filament sites, respectively. The first line of Eq. (2.2) is the symmetric hopping of an
unbound motor, while the second line of Eq. (2.2), which contributes only at sites adjacent to
the filament, describes attachment to and detachment from the filament.

As the basic time scale τ is usually small compared to the time scales defined by the hopping
rates, we can also take the continuum limit for the time variable. In this case, Eqs. (2.1) and
(2.2) take the form

∂

∂t
Pn(t) = αPn−1(t) + βPn+1(t)− (1− γ)Pn(t) +

πad

6

∑
i

pn,i(t) (2.3)

∂

∂t
pn,m(t) =

1
6

(
pn+1,m(t) + pn−1,m(t) +

∑
i

pn,m+i(t)

)
− pn,m(t) (2.4)

+
∑

i

δm,i

(
ε

6
Pn(t)− 1

6
pn,0(t) +

1− πad

6
pn,m(t)

)
. (2.5)

Note that all rates in these equations are given in units of τ−1.
Eqs. (2.1)–(2.2) and (2.3)–(2.5) hold for a system without confining walls. If walls are

present, all terms corresponding to currents through the walls have to be omitted in the
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equations for lattice sites adjacent to the walls and the dwell probability must be increased at
these sites to account for reflection at the wall.

Let us now turn to the case of more than one motor. In this case the quantity of main
interest is the motor density at site (x, y1, y2) = (n`,m1`,m2`) at time t. We denote it by
ρub(x,y, t), if the lattice site is a non-filament site, i.e. if y 6= 0, and by ρb(x, t), if it is a
filament site. If the motors do not interact or if the total motor concentration is sufficiently
small, so that motor–motor interactions can be neglected, the local motor densities, ρb(x, t)
and ρub(x,y, t) are governed by the same dynamics as P (x, t) and p(x,y, t) and differ only
in normalization. Neglecting motor–motor interactions is appropriate in the case of a fixed
number of motors in an infinite system such as the open compartments discussed in chapter 3.
On the other hand, interactions are important in closed systems, where local motor densities
can get large due to accumulation of motors. Interacting motors will be discussed further in
section 2.3.

2.1.3 Mapping parameters of motion to the hopping rates

Let us now describe how the hopping rates of the model can be determined from the parameters
of motion of motors known from experiments. As an example, we consider the case of dimeric
kinesin.

As mentioned above, the time scale τ is determined from the unbound diffusion coefficient
Dub as τ = `2/(2dDub). Dub is given by the Stokes–Einstein relation (1.1), which implies
Dub = (100 nm/Rhyd)× 2.4µm2/s for a particle with the hydrodynamic radius Rhyd in water
at room temperature. For a kinesin molecule carrying a 100nm bead, we thus have Dub =
2.4µm2/s and therefore τ ' 4.4× 10−6 s.

The hopping rates for the movements of the bound motors are fixed by the measured
parameters of motion of bound motors. As backward steps are very rare for dimeric kinesin, β
can be set to zero. The forward rate is then fixed by the bound velocity vb = ᾱ `/τ = ᾱ 2dDub/`
with ᾱ = α/(α+ β+ γ) and the detachment parameter ε is determined from the walking time
∆tb = ( 1

nadε/(2d) − 1) τ . Note that ε is related to the binding energy ∆E of the motor–
filament binding, ε ∼ exp(−∆E/kBT ). As the sum of all hopping probabilities is one, the
dwell probability γ is given by γ = 1 − α − β − nadε/(2d). The bound velocity of dimeric
kinesin is vb = 680 nm/s and the motor makes on average 100 steps before detaching [29], thus
for dimeric kinesin, we obtain in this way α ' 3.78× 10−4, γ ' 0.99962 and ε ' 5.61× 10−6.
In addition, the sticking probability is taken to be πad = 1. Note that γ is close to one. This
means that the discretization time τ is small compared to all other time scales, so that we are
essentially dealing with random walks in continuous time. The reason for this, which is also
the reason why the parameter γ has to be introduced, is that the ratio Dub/(vb`) is large; in
our specific case, it is ' 440.

2.1.4 Modified lattice model

The model described in the previous sections accounts for the unbound diffusion coefficient,
the bound velocity and the average number of steps before detaching, but the bound diffusion
coefficient was not taken into account. As we will discuss in the following, accounting for
the bound diffusion coefficient as well, makes it necessary to refine the model. We therefore
introduce a slightly modified variant of our model. This modified model variant is the variant
originally proposed in Ref. [56].
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As mentioned above, Dub/(vb`) is large, so that the time unit τ is small and the bound
motion is effectively a random walk in continuous time. In this case the bound velocity vb and
the bound diffusion coefficient Db are given by

vb = (ᾱ− β̄)
`

τ
and Db = (ᾱ+ β̄)

`2

2τ
, (2.6)

where ᾱ = α/(α+ β + γ) and β̄ = β/(α+ β + γ). This implies that the ratio

r =
2Db

vb`
, (2.7)

called the randomness parameter, must be larger than one, as the minimal diffusion coefficient
is ᾱ`2/(2τ) and the maximal velocity is ᾱ`/τ . The minimal value of the randomness parameter
is obtained for ᾱ = 1 and β̄ = 0. In contrast to this result, the measured value of r for dimeric
kinesin is approximately 1/2 over a large range of load forces and ATP concentrations [30].
Similarly, r ' 0.9 has been reported for myosin V [32].

We therefore introduce a modified lattice model, which allows us to incorporate the correct
value for the bound diffusion coefficient. Let us, however, mention, that for the behaviour at
large times, the precise value of the bound diffusion coefficient is of minor importance. Some
transport quantities like the time-dependent drift velocities discussed in chapter 3 are even
completely independent of it. It is therefore legitimate to use the simpler model and, in the
following chapters, we will use both model variants in parallel.

A randomness parameter smaller than one can be achieved by using a discrete time random
walk to describe the bound movements: As τ is very small, we introduce a second time scale τb

which governs the movements of bound motors. A motor bound to the filament then attempts
to jump only at discrete times τ0 +nτb, where n is an integer and τ0 is the time of attachment
to the filament. The hopping rates for bound motors are now given by α/τb, β/τb, γ/τb and
ε/(6τb). The parameters α, β, γ, ε and τb can be fixed by the bound velocity, the bound
diffusion coefficient, the average step number or walking distance, the assumption β = 0 and
the condition α+ β + γ + 4ε/6 = 1. In contrast to the previous case, the bound velocity and
diffusion coefficient are now given by

vb = (ᾱ− β̄)
`

τb
and Db =

[
ᾱ+ β̄ − (ᾱ− β̄)2

] `2
2τb

. (2.8)

The diffusive spreading of a distribution of motors is reduced because the motors hop only at
discrete times. In the case ᾱ = 1 and β̄ = 0 motor movements are perfectly synchronized and
the diffusion coefficient Db vanishes.

For the kinesin motors discussed above, the bound diffusion coefficient is 1360 nm2/s [29],
corresponding to a randomness parameter of 1/2. We thus obtain α = 0.4975, γ = 0.4975,
ε = 0.00746 and τb = 1341τ . These values will be used several times in the following chapters.

Let us add a few remarks: (1) The choice β = 0 implies a simple relation between the time
scale τb and the randomness parameter r: For β = 0 we obtain ᾱ = 1− r and it follows that
τb = (1− r)`/vb.

(2) This refined model can be considered as a generalization of the simpler model introduced
above. The simpler model is recovered in the particular case τb = τ .

(3) From the mathematical point of view, the refined model defines a Markov process of
order τb/τ , see Ref. [66], since hopping depends on the state of the motor at the present time



14 Lattice models for the walks of molecular motors

and at the τb/τ −1 preceding time steps. It is equivalent to a Markov process, which describes
the motor as a particle with τb/τ possible internal states.

(4) From the physical point of view, the randomness parameter reflects the dynamics of
the mechano-chemistry of the single step, i.e. the dynamical regime (I) in the terminology of
chapter 1.2.2, which we do not model here. Introducing the time scale τb should be viewed
as a way to incorporate the experimentally observed transport properties into our models
rather than as accurately modeling the short-time regime (I), though it is related to the
mean step time τs = τb/(1 − γ) and the mean dwell time τdw = τs − τb = τbγ/(1 − γ). In
microscopic models, randomness parameters smaller than one arise either through a series of
transitions between mechano-chemical states or through stepping with non-exponential waiting
time distributions [51].

2.2 General features of the models

The class of models introduced above provides a framework for theoretical studies of the
movements of processive molecular motors over long time and length scales. It incorporates
the transport properties of both motors in solution and motors bound to filaments as well
as adsorption and detachment rates. In particular, the large difference between bound and
unbound diffusion coefficients (in water) and the small ratio Dub/(vb`) is included easily. It
thus provides a bridge from the intermediate-time regime of motor movements, where a motor
performs a directed walk along a filament, to the long-time regime, where motor movements
consist of many diffusive encounters with filaments. Let us mention again, that the parameters
of the models can be chosen to incorporate all experimentally observed transport properties
for a specific motor.3

On the other hand, many phenomena exhibited by these models are generic in the sense,
that they do not depend on the precise choice of these parameters, but only on the basic fact
that active, directed motion along filamentous objects is coupled to diffusion. In particular,
no specific assumptions have to be made about the mechanisms by which the motors work,
or the underlying molecular dynamics. Accordingly, our models are still sufficiently simple to
allow for some analytical solutions.

As mentioned, the lattice structure along the filament arises in a natural way, while it is
somewhat artificial, though not dangerous, for the unbound movements. From the theoretical
point of view, the mapping of motor movements onto random walks on a lattice yields two
advantages beyond its conceptual simplicity: (i) Interactions of motors can be easily included
by considering hopping rates which depend on whether neighbouring lattice sites are occupied
by other motor particles; see the following section for a more detailed discussion. (ii) We can
make use of well-known results and methods of solution for random walks on a lattice, see, e.g.,
Refs. [66, 67], and (in the case of interacting motors) driven lattice gas models and exclusion
processes, see, e.g., Refs. [68, 69]. There is, however, an important fundamental difference to
these classes of models: In these models, one usually deals with spatially homogeneous systems
(or homogeneously disordered systems), i.e., the hopping rates (or the statistical properties of
hopping rates) are independent of the position of the walker, while in our models, the hopping
rates depend on whether a lattice site belongs to a filament or not.

3In principle, even the case of motor complexes or several motors transporting one cargo together can be
studied with this model; see appendix C, where we determine effective detachment rates and velocities for this
case.
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2.3 Interacting motors

As mentioned, motor–motor interactions can be included in our models by introducing hopping
rates which depend on the positions of the other motors in the system. The most important
interaction between motors that we will consider in the following chapters is mutual exclusion
or hard core repulsion: If a motor is bound to a binding site of the filament, other motors
cannot bind to that site. As motors are strongly attracted by the filaments, exclusion can
become important even at small overall motor concentrations. In principle, steric hindrance
affects also the motors in solution. However, as concentrations of unbound motors are usually
much smaller, it is much less important than for motors bound to the filaments.

In our models, exclusion is taken into account by rejecting all hops to lattice sites which
are already occupied by another motor particle. This means that the hopping rates defined
above are now interpreted as rates for hopping attempts and the success of these attempts
depends on whether the target site is occupied or not.

If exclusion interactions are included, our models constitute novel variants of exclusion pro-
cesses or driven lattice gas models. Such models have been extensively studied in the context
of ionic conductors [70], traffic flow [71,72] and non-equilibrium phase transitions, e.g. [73–75].
The simplest of these models is the asymmetric simple exclusion process (ASEP) in one di-
mension, in which particles hop on a one-dimensional lattice with a strong bias towards one
direction (in the simplest case, there are no backward steps at all) and the only interaction
of the particles is hard core exclusion, i.e., steps to occupied lattice sites are forbidden. Be-
cause of its simplicity, the ASEP has become a paradigmatic model for non-equilibrium phase
transitions. We will review the most interesting case of an ASEP with open boundaries in
chapter 5. Let us, however, emphasize again that, in contrast to previously studied lattice gas
models, the walks of molecular motors are only ’driven’ as long as the motors are attached to
a filament, i.e. the ’driving’ is localized to one or several lines.

In a mean field approach, we can incorporate mutual exclusion into the rates as factors
[1− `3ρb(~y)], where ~y is the target site, since this factor is the probability that the target site
is vacant.4 The master equations are thus

∂

∂t
ρb(x, t) = α

(
ρb(x− 1, t)[1− ρb(x, t)]− ρb(x, t)[1− ρb(x+ 1, t)]

)

+
∑

i

(
πad

6
ρub(x, i, t)[1− ρb(x, t)]− ε

6
ρb(x, t)[1− ρub(x, i, t)]

)
(2.9)

∂

∂t
ρub(x,y, t) =

1
6

(
ρub(x+ 1,y, t) + ρub(x− 1,y, t) +

∑
i

ρub(x,y + i, t)

)
− ρub(x,y, t)

+
∑

i

δy,i

(
1
6
ρub(x,y, t)− 1

6
ρub(x,0, t)

−πad

6
ρub(x, i, t)[1− ρb(x, t)] +

ε

6
ρb(x, t)[1− ρub(x, i, t)]

)
. (2.10)

Note that we have set β = 0, as appropriate for most processive motors, since backward steps
4If motors carry large cargoes, the excluded volume can be larger. We will consider this case briefly in

chapter 4.4.
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are very rare. Some comments may be useful for the understanding of Eq. (2.10): The first line
describes symmetric hopping away from the filament, here exclusion terms cancel each other,
the second line subtracts terms from the first line, which are absent for lattice sites adjacent
to a filament site and the last line describes attachment and detachment. The detachment
term contains a factor (1 − ρub) describing hard core exclusion of unbound motors. As the
unbound density is usually very small, this factor has very little influence on the results and
can be safely ignored in most cases.5

For one-dimensional models such as the asymmetric simple exclusion process (ASEP),
several methods have been developed to go beyond the mean field approximation and to obtain
exact results. These methods include mapping to quantum spin chains and a matrix approach,
see, e.g., Refs. [69, 76]. As our models are more complex than these one-dimensional models,
we will, however, not go beyond the mean field approximation in the following chapters. An
exception is the case of a tube with periodic boundary conditions in chapter 5, for which we
will derive an exact solution using the ’quantum Hamiltonian’ method in appendix D.1.

Finally, we should remark that only little experimental data is available concerning motor–
motor interactions. Exclusion effects are clearly observed in microtubule decoration experi-
ments, where one motor head binds to each tubulin subunit [77]. In motility assays, a decrease
of the gliding velocity is observed, if the motor concentration at the surface is increased [78].
Interactions other than simple exclusion will be discussed in chapter 6.

2.4 Continuum equations

For an analytical description, it is sometimes more convenient to consider movements in a
continuous space rather than walks on a lattice. As we are mainly interested in the behaviour
on large time and length scales, neglecting the lattice structure does not strongly affect our
results.

Expanding the probabilities in the length unit ` up to second order and in the time unit τ
up to first order, we obtain6

∂p

∂t
= Dub∆p+ δ(y) [ε̃P − π̃adp0] (2.11)

∂P

∂t
= −vb

∂P

∂x
+Db

∂2P

∂x2
− ε̃P + π̃adp0, (2.12)

with vb = (α − β)`/τ , Db = α+β
2 `2/τ , Dub = 1

6`
2/τ , ε̃ ≡ 4ε/6 and π̃ad ≡ 4πad/6. ∆ is the

three-dimensional Laplace operator.
Note that the probability density p(x,y, t) is a density in three-dimensional space, while

P (x, t) and p0(x, t) are densities on a line. In principle, we have p0(x) = `2p(x,y = 0), if the
5A more formal way to obtain these equations is to define occupation variables η(~x), which are 1 or 0 if site ~x

is occupied by a motor or free, respectively. The density ρ(~x) is the expectation value of the occupation variable,
ρ(~x) = 〈η(~x)〉, and hopping currents from site ~x to site ~y are then given by σ〈η(~x)[1−η(~y)]〉, where σ stands for
the corresponding rate; e.g., the current for a forward step at a filament site ~x is α〈η(~x)[1−η(~x+1)]〉. Collecting
the current terms into a master equation, an equation for the expectation value of 〈η〉 or the density is obtained,
which, however, involves the two-point correlation function 〈η(~x)η(~y)〉 as well. Eq. (2.9) is then obtained by
the mean field approximation, 〈η(~x)η(~y)〉 ' ρ(~x)ρ(~y). Let us also mention that to treat the equations for 〈η(~x)〉
exactly, the corresponding equations for 〈η(~x)η(~y)〉 have to be solved simultaneously, which in turn involves
again higher correlation functions, resulting in the need for other methods of solution [76].

6We could also truncate the expansions at the first non-vanishing order and thus neglect the bound diffusion
term. We will use this further approximation sometimes to simplify the equations.
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vb

ubD

Figure 2.2: Motors which can bind to and unbind from a filament (dark rod) within a cylindrical
tube. Single motors which are bound to the filament (and are not sterically hindered by other
motors) move with velocity vb to the right. Unbound motors diffuse with diffusion coefficient
Dub in the surrounding liquid.

filament is a line. This will lead to divergences in the analytical calculations, see chapters 3.4
and 4.3. Since a real filament, however, has a finite thickness, the δ function should not be
taken literally. The expressions can be regularized by introducing the filament thickness a as
a cutoff or, equivalently, putting p0(x) ∼ `2p(x, |y| = a).

The same approximation can be done for the case, where exclusion interactions are present
and treated by the mean field approach. In this case, the continuum equations contain addi-
tional quadratic terms:

∂ρub

∂t
= Dub∆ρub + δ(y)

[
ε̃ρb(1− ρub,0)− π̃adρub,0(1− ρb)

]
(2.13)

∂ρb

∂t
= −v ∂

∂x
ρb(1− ρb) +Db

∂2ρb

∂x2
− ε̃ρb(1− ρub,0) + π̃adρub,0(1− ρb). (2.14)

Again, we have in principle ρub,0(x) = `2ρub(x,y = 0). Note also, that the bound diffusion
coefficient Db can be considered as an independent parameter in the continuum equations and
fixed to the experimentally measured value rather than to the value obtained from the hopping
rates of the lattice model, so that these continuum equations can be used for both variants of
the lattice models.

2.5 Two-state approximation

In the following chapters we will frequently consider stationary states in tube-like systems as
shown in Fig. 2.2. One filament is aligned parallel to the symmetry axis of the tube which
is taken to be the x-axis. In the lattice model, the discretized tube consists of one or several
lines which represent the filaments and Nch unbound ’channels’, lines of lattice sites parallel
to the x-axis. Nch is related to the tube cross section φ by φ = (1 +Nch)`2.

In these systems, the unbound density depends only weakly on the radial coordinate.
Therefore the following approximation is useful: We take the unbound density to depend only
on the coordinate parallel the filament, x, so that a motor can be in one of two states, bound
or unbound. The two-state description is exact for Nch = 1 and for an arbitrary number Nch

of equivalent unbound channels. In all other cases, it gives a reasonable approximation, the
validity of which will be discussed in chapter 4.3.

Assuming that ρub depends only on x and summing all equations for the densities at
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non-filament sites, we obtain

∂

∂t
ρb(x, t) = α

(
ρb(x− 1, t)[1− ρb(x, t)]− ρb(x, t)[1− ρb(x+ 1, t)]

)
+π̃adρub(x, t)[1− ρb(x, t)]− ε̃ρb(x, t)[1− ρub(x, t)] (2.15)

Nch
∂

∂t
ρub(x, t) =

Nch

6

(
ρub(x+ 1, t) + ρub(x− 1, t)− 2ρub(x, t)

)
−π̃adρub(x, t)[1− ρb(x, t)] + ε̃ρb(x, t)[1− ρub(x, t)]. (2.16)

The continuous case is completely analogous. Integrating over the tube cross-section φ, we
obtain

∂

∂t
ρb = −vb

∂

∂x
ρb(1− ρb) +Db

∂2ρb

∂x2
− ε̃ρb(1− ρub) + π̃adρub(1− ρb) (2.17)

φ
∂

∂t
ρub = Dubφ

∂2ρub

∂x2
+ ε̃ρb(1− ρub)− π̃adρub(1− ρb). (2.18)

The two-state equations can easily be adapted to more complicated arrays of filaments such
as parallel arrangements of filaments or asters without increasing the necessary computational
efforts. In these cases the cross-section φ is replaced by an effective cross-section, which may
depend on the spatial coordinate as in the case of the aster geometry, see chapter 4.5.

2.6 Summary

We have introduced lattice models to describe the large-scale movements of molecular motors,
which consist of periods of directed movements along filaments and free diffusion if the motor
is detached from the filament. These movements are mapped onto random walks on a lattice,
where lines on the lattice are identified as the filament. Motors at lattice sites belonging to one
of the filaments perform biased random walks with a small probability for detachment, while
motors at non-filament sites undergo simple symmetric random walks. In addition, we have
discussed how motor–motor interactions can be studied within this framework with particular
emphasis on exclusion effects.

Let us finally stress two general features of our class of models: (i) We have introduced sev-
eral variants of these models (discrete time/continuous time, lattice/continuous space, refined
model to account for the bound diffusion coefficient, two-state approximation), but we want
to emphasize that all these variants describe the same phenomena. The generic behaviour
is the same for all variants (and in most cases even quantitative agreement is quite good).
Therefore we will use them in parallel in the following chapters and take advantage of using
the description that is most convenient for the particular problem.

(ii) We want to repeat, that our interest in these models is two-fold: On the one hand, we
will study generic phenomena related to large-scale movements of motors, which are indepen-
dent of the choice of parameters and the variant of the model. On the other hand, our models
allow us to obtain precise numerical results for specific motors, as the model parameters, in
particular the hopping rates, can be fixed by incorporating the experimentally determined
parameters of motion of bound and unbound motors.



Chapter 3

Random walks of single motors in
open compartments

In this chapter, we will discuss the random walks of molecular motors which result from the
combination of directed motion along filaments and diffusion. We consider random walks
of single tracer motors in open compartments. In particular, we study half space, slab and
tube geometries, which are experimentally accessible, as well as the more idealized cases of
a filament in two- or three-dimensional space using scaling arguments, computer simulations
and exact analytical and semi-analytical calculations [56,57].

Movement over large scales is obviously geometry-dependent. In compartments where
motors can make excursions away from the filament of unrestricted length, these random
walks exhibit anomalous drift: The average displacement of the motors grows slower than
linearly with time. In addition, diffusion can be strongly enhanced because of attachment
to and detachment from the filament. We argue that these effects are accessible to in vitro
experiments and discuss briefly possible experimental realizations.

3.1 Anomalous drift: Scaling arguments and simulations

In the following, we consider the open compartments shown in Fig. 3.1 with one filament
oriented along the x-axis, which is sufficiently long, so that its ends are not reached during
the time of observation and we can treat it as infinitely long. We assume that the filament
has been immobilized and fixed to a surface, i.e., we do not consider mobile filaments or

Figure 3.1: Geometries of the open compartments studied in this chapter: Half space, slab,
and tube. In all three cases, one filament is immobilized to a surface.
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Figure 3.2: (a) Average position x and (b) velocity v of motors in the half space (solid line),
slab (dashed line) and tube geometry (dotted line) as functions of time t as obtained from
computer simulations of the simple model variant (τb = 1). The parameters are γ = 0.99,
ε = 1.5 × 10−4, β = 0 and L⊥ = 250`. Times are expressed in units of the step time τs and
lengths in units of the filament repeat distance `. Thin dotted lines in (b) indicate the power
laws t−1 and t−1/2, respectively. (c) Average position x for the modified model for kinesin-like
parameters as described in chapter 2.1.4. Data were obtained by averaging over runs of 4500
motors in (a) and (b) and 2000 in (c). Velocity data at large times [data points in (b)] have in
addition been time-averaged over 10–30 subsequent data points. The vertical lines mark the
crossover times t = ∆tb and t = ∆t⊥, see text.

filaments that assemble and disassemble. We also assume that the motor concentration is
small, so that interactions of motors can be neglected. The simplest geometry is the half space
geometry, where the filament is attached to a surface and unbound motors can explore the
whole half space above this surface. This geometry is usually used for in vitro experiments with
molecular motors. By introducing a second surface above the first one, diffusion of unbound
motors can be restricted to the slab between the two planes. In this case, motors can make
arbitrarily large excursions away from the filament in only one direction. Finally, by inserting
the filament into a tube, diffusion can be further restricted, so that unrestricted diffusion is
now only possible in the direction parallel to the filament. In both cases, we denote the linear
size of the compartment along the directions of restricted diffusion, i.e. the height of the slab
and the radius of the tube, by L⊥.

The main question is how fast motors advance over large distances, when they detach
from and reattach to the filament many times. The effective velocity as a function of time as
obtained from computer simulations is shown in Fig. 3.2(b). As the motors start bound to
the filament in our simulations, the velocity is equal to the bound-state velocity vb at small
times. After the average walking time ∆tb ' 6τ/(nadε) = 2τ/ε, however, motors are slowed
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down, because they start to detach and do not advance in the detached state. Finally for large
times, the velocity becomes geometry-dependent. This geometry-dependent regime is reached
after a time ∆t⊥ = (2L⊥)2/(2Dub), the time to diffuse to the confining walls and back.

In the case of the tube, the effective velocity is constant at large times, as, on average, a
motor diffuses to the tube wall and back after walking its average walking distance along the
filament. In the other two cases, however, the velocity keeps decreasing for large times, as
larger and larger excursions away from the filament contribute to the observed behaviour. In
both cases, the velocity decreases as a power law, v(t) ∼ t−1/2 in the slab and v(t) ∼ t−1 in
the half space. Correspondingly, the displacement of the motors grows linearly with time in
the tube, but slower than linearly in the other cases. In the slab, x(t) ∼

√
t and in the half

space x(t) ∼ ln t, see Fig. 3.2(a) and (c).
This long-time behaviour can be understood by a simple scaling argument. In the case of

the tube, movements perpendicular to the filament are equilibrated at long times. Therefore
the effective velocity is equal to the average velocity,

v =
vbPb

Pb + Pub
=

vb

1 + (ε/πad)φ
≈ vb

(ε/πad)φ
, (3.1)

where the last expression holds for large tube cross-sections φ.1 Pb is the probability that the
motor is bound, given by Pb = 1/ε, and Pub is the probability that the motor is unbound, Pub =
φ/πad. In these expressions, we have neglected a normalization constant, which, however, drops
out again anyway. This expression for the velocity is exact, and we will rederive it later in this
chapter in a more formal way.

In the half space and the slab, there is no defined cross-section, as motors can make
excursions away from the filament of unrestricted length. However, at a time t, the motors
cannot have made arbitrarily large excursions, as they have started bound to the filament.
The space a motor has explored at time t is restricted by the diffusive length scale Ldiff =√
Dubt, so that we can define an effective time-dependent cross-section of the space the motor

has explored at time t. In the case of the slab, we obtain φ(t) ∼ L⊥Ldiff and thus v(t) ∼
vb/[(ε/πad)L⊥

√
Dubt] ∼ 1/

√
t, as observed in the simulations. In the half space geometry,

diffusion is restricted along two directions by the diffusive length scale Ldiff and thus, φ(t) ∼
L2

diff and v(t) ∼ vb/[(ε/πad)Dubt] ∼ 1/t.
The scaling argument can also be put into a slightly different form: To avoid complicated

expressions, we consider a filament in d-dimensional space without confining walls, but the
same argument holds for compartments of the same dimensionality, i.e. with d− 1 dimensions
of unrestricted diffusion. At large times the diffusive length scale Ldiff =

√
Dubt is the only

relevant length scale, therefore the probability distribution for the perpendicular coordinates of
the motor, P⊥(y, t), has the scaling form P⊥(y, t) = Φ(y/Ldiff)/Ld−1

diff , where the denominator
is due to normalization and Φ is a dimensionless scaling function. Hence, the probability that
the motor is bound, Pb(t), and the velocity, v = vbPb, are given by v(t) ∼ Pb(t) ∼ L

−(d−1)
diff ∼

t−(d−1)/2. Let us mention that, for the case of geometries without confining walls, similar
scaling arguments have previously been given by Ajdari [55].

Comparing the two variants of the model introduced in chapter 2.1.4, we want to point
out, that for corresponding parameters, the displacements agree perfectly for large times.
Differences can be seen at short times, where the discrete-time random walk in the bound
state results in discrete steps, see Fig. 3.2(c).

1Remember that we express all times and lengths in units of the basic time scale τ and the filament repeat
distance `, respectively.
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Experimental realization

Let us finally discuss briefly the possibilities of experimental realizations of these random
walks. Compartments like those discussed above can be realized using glass surfaces. As
mentioned, the half space geometry is the standard geometry in single molecule experiments
(bead assays) on molecular motors. Slab geometries with heights of 5µm have, for example,
been used in experiments on aster formation [60]. Typical diameters of a glass tubes (used e.g.
as micropipettes) are also in the order of a few µm. Alternatively, the confining walls could
be surfaces of a liquid in fluid microchannels, see e.g. [79]. Again, such channels can have
diameters down to a few µm.

Movements of motors in these compartments could be observed either by single particle
tracking or by fluorescence microscopy of ensembles of fluorescently labeled motors. In the
latter case, the average displacement and the positional variance could be obtained from the
fluorescence intensity profiles. The second approach has presumably the advantage of yield-
ing better statistics. (In the simulations with kinesin-like parameters, to obtain reasonable
statistics, we had to average over at least 1000 motor trajectories.)

The time scales relevant to the random walks are experimentally accessible. The walking
time ∆tb is typically of the order of one or a few seconds. The time to enter the geometry-
dependent regime, ∆t⊥, depends, of course, both on the size of the compartment and the
diffusion coefficient of the motor. In water, it is ∆t⊥ ' (L⊥/µm)2 s for kinesin motors carrying
100 nm-beads and ∆t⊥ ' 0.1 (L⊥/µm)2 s for kinesin without beads. In a tube of radius 10µm
or a slab of height 10µm, kinesin motors without beads thus enter the geometry-dependent
regime after about 10 seconds and motors with beads after 1–2 minutes.

3.2 Analytical solution in two and three dimensions

In this section, we discuss the analytical solution of the master equations for the random walks
of molecular motors in two and three dimensions without confining walls. We will explain the
two-dimensional case in more detail and give only the main results of the three-dimensional
case, which is technically more involved. This analytical work was done in collaboration with
Theo Nieuwenhuizen and is presented in detail in Refs. [57,80].

Analytical results are obtained by the following method, which is a variant of the method
of Fourier–Laplace transforms for random walks in homogeneous space (see Ref. [66] and
appendix B): By using Fourier–Laplace transforms of the probability distributions, the master
equations of the random walk can be transformed into a set of algebraic equations, one of which,
however, requires the solution of a non-trivial integral. Solving these algebraic equations,
solutions for the Fourier–Laplace transformed probability distributions and their moments are
obtained and closed expressions in terms of integrals can be derived for the time-dependent
probability distributions and moments. These can, on the one hand, be evaluated numerically
to obtain results for all times; on the other hand, asymptotic results for small and large times
can be obtained fully analytically by using the Tauberian theorems. In this way, we derive the
binding probability and effective velocities and diffusion coefficients for long times.

Let us finally mention that, apart from the proper value of analytical results, comparison of
the exact results with simulation data allows us also to check the accuracy of our simulations.
We anticipate at this point, that, for all quantities checked, agreement of simulations and
analytical or semi-analytical results is very good.
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3.2.1 The two-dimensional case

In the two-dimensional case the master equations (2.1) and (2.2) can be written as

Pn(t+ 1) = αPn−1(t) + βPn+1(t) + γPn(t) +
πad

4
pn,1(t) +

πad

4
pn,−1(t) (3.2)

pn,m(t+ 1) =
1
4

[
pn+1,m(t) + pn−1,m(t) + pn,m+1(t) + pn,m−1(t)

]
(3.3)

pn,±1(t+ 1) =
1
4

[
pn+1,±1(t) + pn−1,±1(t) + pn,±2(t)

]
+
ε

4
Pn(t) +

1− πad

4
pn,±1(t), (3.4)

where the second equation holds for m 6= 0,±1. Let us for the moment consider the case
πad = 1, so that the last term in Eq. (3.4) vanishes. We will reintroduce πad in section 3.2.3.
The initial conditions are chosen as pn,m(t = 0) = δm,0δn,0 or P0(t = 0) = 1, i.e., all motors
start bound to the filament at site n = 0. By introducing the Fourier–Laplace transforms,

P (k, s) ≡
∞∑
t=0

∞∑
n=−∞

eikn

(1 + s)t+1
Pn(t) (3.5)

p(q, k, s) ≡
∞∑
t=0

∞∑
n,m=−∞

eikn+iqm

(1 + s)t+1
pn,m(t), (3.6)

the master equations can be reduced to an algebraic equation(
1 + s− 1

2
cos q − 1

2
cos k

)
p(q, k, s) = 1

+

[(
α− 1

4

)
eik +

(
β − 1

4

)
e−ik + γ − 1− ε

2
cos q

]
P (k, s). (3.7)

Here the first line is what one would get in the case of a simple symmetric random walk in
two dimensions, and the second line corrects those terms that are changed by the presence of
the filament. As an immediate consequence of this equation, we obtain an expression which
relates the bound and unbound distributions, P (k, s) and p(q, k, s):

p(q, k, s) =
1 +

[(
α− 1

4

)
eik +

(
β − 1

4

)
e−ik + γ − 1−ε

2 cos q
]
P (k, s)

1 + s− 1
2 cos q − 1

2 cos k
. (3.8)

A second condition follows from Pn(t) = pn,0(t),

P (k, s) =
1

2π

∫ 2π

0
dq p(q, k, s). (3.9)

Inserting (3.8) and performing the integral (see appendix B.4), we obtain the explicit solution
for the bound motors

P (k, s) =
[
(1− ε)(1 + s− 1

2
cos k)− γ − (α− 1

4
)eik − (β − 1

4
)e−ik +

ε

2I(1)
1 (2 + 2s− cos k)

]−1

=
[
(1− ε)(1 + s)− γ − ivb sin k − (α+ β − ε

2
) cos k +

ε

2

√
(2 + 2s− cos k)2 − 1

]−1

≈ 1
(1− ε)s− ivbk + ε

√
s2 + s

, (3.10)
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Figure 3.3: (a) Probability that a motor is bound to the filament, Pb, and (b) average position
of bound motors, n̄b, as a function of time for the cases of two and three dimensions. Curves
result from numerical evaluation of the closed analytical expressions, circles and diamonds are
simulation data. The parameters for the hopping probabilities are α = 0.675, β = 0.3, γ = 0
and ε = 0.05.

where the bound-state velocity vb = α − β has been inserted.2 The last expression of (3.10)
holds for small k and is correct up to linear order in k. The solution for the unbound motors
is obtained by inserting (3.10) into Eq. (3.8).

Moments of the distribution of bound motors

On the one hand, the Fourier–Laplace transform can be inverted to obtain the full distribution
of bound and unbound motors from Eqs. (3.10) and (3.8), see Refs. [57,80]. On the other hand,
a lot of information about the moments of the distribution and their asymptotic behaviour
can be obtained from Eq. (3.10) without calculating the full distributions.

For k = 0, Eq. (3.10) yields the zeroth moment of the distribution for the bound motors,
which is the probability Pb(t) that the motor is bound to the filament at a certain time, as
Pb(t) =

∑
n Pn(t) = P (k = 0, t):

Pb(s) = P (k = 0, s) =
1

(1− ε)s+ ε
√
s2 + s

. (3.11)

Inverting the Laplace transform, we obtain a closed expression for the probability that the
motor is bound to the filament, which is exact at all times,

Pb(t) =
∮

ds
2πi

(1 + s)t P (k = 0, s) =
∫ 1/ε2

0

dy
π

(1− ε2y)t+1/2

√
y [1 + (1− 2ε)y]

. (3.12)

2Note that this definition is slightly different from the one used in the previous chapter, where we had
normalized the forward and backward hopping probabilities to the situation where no detachment occurs. The
difference is, however, only of order ε and thus small for processive motors.



3.2 Analytical solution in two and three dimensions 25

This closed expression can be evaluated numerically. Comparison to computer simulations
shows perfect agreement, see Fig. 3.3(a).

The asymptotic behaviour for large times can be obtained fully analytically: From Eq. (3.11)
we obtain

Pb(s) ≈ 1
ε
√
s

(3.13)

for small s. Using the Tauberian theorems (see appendix B.3), the probability that the motor
is bound, Pb(t), is obtained for large t:

Pb(t) ≈ 1√
πε2t

. (3.14)

This result confirms the prediction of the scaling arguments, that the probability to be bound
to the filament decreases as t−1/2. Note that it defines a crossover time t∗ = 1/(πε2), which
is larger than the average time the motor is bound, 1/ε. This means that, though unbinding
happens after a time of order 1/ε, a motor stays close to the filament for a time of order 1/ε2.

In the same way, the linear order in k of Eq. (3.10) yields the first moment of the distribution
of bound motors,

N1(t) ≡
∑
n

nPn(t) =
2vb(1− ε)

πε2

∫ ε−2

0
dy

√
1− ε2y

√
y [1 + y(1− 2ε)]2

[1− (1− ε2y)t]. (3.15)

The average displacement of bound motors is given by n̄b = N1(t)/Pb(t). It is again eval-
uated numerically and compared with simulation results, showing very good agreement, see
Fig. 3.3(b). For large times, we obtain

n̄b ≈
vb

√
πt

ε
, (3.16)

in agreement with the scaling ∼
√
t predicted by scaling arguments. Taking the derivative

with respect to time, we can define an effective velocity, with which the distribution of bound
motors advances,

v̄b ≡
∂

∂t
n̄b ≈

√
π

2
vb

ε
√
t

=
π

2
Pb(t)vb, (3.17)

The last relation confirms the scaling vb(t) ∼ vbPb(t), which has been assumed in the scaling
approach. The effective velocity of the motors is reduced by a factor given by the probability
that a motor is in the bound state. Let us mention, that the same happens in a simple two-
state random walk, where motion is directed in one of the states only. In difference to the
simple two-state random walk, however, this factor is time-dependent here. The factor π/2 is
solely due to the fact that only the bound motors are considered. We will show below, that
this factor is absent, if all, bound and unbound, motors are considered.

Finally, we obtain the positional variance ∆n2
b from the quadratic order in k of Eq. (3.10).

In this case the exact expression is a bit more complicated, but can again be evaluated numer-
ically, see Fig. 3.4. Here we give only the asymptotics for large times,

∆n2
b ≈

v2
b(4− π)
ε2

t. (3.18)



26 Random walks of single motors in open compartments

10
0

10
1

10
2

10
3

10
4

10
5

10
6

t

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
8

∆nb
2

d=3

d=2

Figure 3.4: Positional variance ∆n2
b of bound motors as a function of time. Parameters are as

in Fig. 3.3.

From this result, we can derive an effective diffusion coefficient,

D̄b ≡
1
2
∂

∂t
∆n2

b ≈
v2

b(4− π)
2ε2

. (3.19)

Note that this diffusion coefficient is large compared to both the diffusion coefficients of the
bound and unbound state of the motors. Effective diffusion at large times will be discussed in
more detail in section 3.5.

Moments of the distributions of unbound motors and all motors

The analogous analysis can be done for the unbound motors. We define pub(q, k, s) ≡ p(q, k, s)−
P (k, s). For small q, k and s, we obtain from Eq. (3.8):

pub(q, k, s) ≈ 4ε
√
s

(s− ivbk + ε
√
s)(q2 + 4s)

. (3.20)

The first moment of the distribution of unbound motors is N (ub)
1 = vbPb(s)

s − N1(s). For
the average position of the unbound motors, we obtain at large times

n̄ub(t) ≡ N
(ub)
1 (t)

1− Pb(t)
≈ 2vb√

πε

√
t, (3.21)

which has the same scaling as the position of the bound motors discussed above. Since for large
times basically all motors are detached from the filament, Eq. (3.21) gives also the asymptotic
displacement of all motors, i.e. for the case that averages are taken over bound and unbound
motors, n̄ = n̄bPb + n̄ub(1−Pb) ≈ n̄ub. The effective (time-dependent) velocity at large times
is vbPb(t), as predicted by scaling arguments. This can also be obtained by inspection of
N

(ub)
1 : The displacement of all motors is given by

n̄ ≡ N1(s) +Nub
1 (s) = v

Pb(s)
s

, (3.22)
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as the normalization factor for all motors is one. The effective velocity is obtained from the
inverse:

v(t) = vb
d
dt

∫
ds
2πi

estPb(s)
s

= vb

∫
ds
2πi

estPb(s) = vbPb(t). (3.23)

The large-time positional variance of the unbound motors grows with a large diffusion
coefficient along the direction of the filament, D̄‖ ≈

v2
b(π−2)

πε2
, as motors attach to the filament

and are then driven away quickly. The variance in the direction perpendicular to the filament,
∆m2, is obtained from the order q2 of Eq. (3.8),

∆m2 ≈ t

2

(
1− 2

ε
√
πt

)
. (3.24)

Diffusion perpendicular to the filament is initially suppressed, because motors remain bound to
the filament, but for large times, the usual unbound diffusion coefficient Dub = 1/4 is adopted,
D̄⊥ ≡ 1

2
∂
∂t∆m

2 ≈ Dub[1− Pb(t)].

3.2.2 The three-dimensional case

In the three-dimensional case, the solution is completely analogous, but technically more in-
volved. We will give only a brief summary and refer the reader to Refs. [57, 80] for more
details.

The master equations for this case are:

Pn(t+ 1) = αPn−1(t) + βPn+1(t) + γPn(t) +
πad

6

∑
i

pn,i(t) (3.25)

pn,m(t+ 1) =
1
6

(
pn+1,m(t) + pn−1,m(t) +

∑
i

pn,m+i(t)

)
(3.26)

pn,j(t+ 1) =
1
6

pn+1, j(t) + pn−1, j(t) +
∑
i 6=j

pn, j−i(t)


+
ε

6
Pn(t) +

1− πad

6
pn, j(t). (3.27)

Here Eq. (3.26) holds for m 6= (0, 0), (0,±1), (±1, 0) and Eq. (3.27) for j = (0,±1), (±1, 0). The
summations run over the perpendicular neighbour sites of a filament site, i = (0,±1), (±1, 0).
We consider again the case πad = 1. As in the two-dimensional case, we use Fourier–Laplace
transforms, but now we have an additional Fourier transform for the second dimension per-
pendicular to the filament. We obtain

p(q, k, s) =
1 + [(α− 1

6)eik + (β − 1
6)e−ik + γ − 1−ε

3 (cos q1 + cos q2)]P (k, s)
1 + s− 1

3 cos k − 1
3 cos q1 − 1

3 cos q2
. (3.28)

Integrating over q1 and q2 (see appendix B.4), we get the exact solution

P (k, s) =
[
(1− ε)(1 + s− 1

3
cos k)− γ − (α− 1

6
)eik − (β − 1

6
)e−ik + εJ (s, k)

]−1

≈ 1
(1− ε)s− ivbk + εJ (s, k = 0)

(3.29)
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with

J (s, k) =
1

3I(2)
1 (3 + 3s− cos k)

=
π(1 + s− 1

3 cos k)
2K( 4

(3+3s+cos k)2 )
. (3.30)

The last expression in Eq. (3.29) holds for small s and k and is exact up to linear order in k. As
in the two-dimensional case, we derive closed expressions for the moments of the distributions
of bound and unbound motors by expanding Eqs. (3.29) and (3.28) in k and q. These are
again evaluated numerically and agree well with simulation results, see Figs. 3.3 and 3.4. In
addition, solutions for large times can be obtained analytically using the Tauberian theorems
and the asymptotic behaviour of the elliptic integral K(m) ≈ 1

2 ln 16
1−m for m close to one [81].

In the following, we briefly summarize the main results.
The binding probability now decreases as 1/t as expected from scaling arguments. The

exact solution for large times is

Pb(t) ≈ 3
2πεt

. (3.31)

Note that, unlike in two dimensions, the crossover time t∗ = 3/(2πε) is now of order 1/ε, i.e.,
if a motor detaches from the filament, it is likely, that the motor diffuses away immediately,
while for d = 2 quick rebinding is quite probable.

The average displacement of the bound motors in the three-dimensional case is given by

n̄b(t) ≈ 3vb

πε
ln t (3.32)

at large times. The corresponding result for the unbound motors has an additional factor 1/2.
Again, the result for the unbound motors is equal to the one for all (bound and unbound)
motors at large times and the corresponding velocity is given by 3vb/(2πεt) = vbPb(t) in
agreement with the prediction of scaling arguments.

Finally, at large times, the positional variances of bound and unbound motors in direction
parallel to the filament behave to leading order as if there was no filament, but exhibit large
logarithmic corrections of order (vb/ε)2:

∆n2
b(t) ≈ t

3
+

3v2
b

2π2ε2
ln2 t, ∆n2

ub(t) ≈ t

3
+

3v2
b

4π2ε2
ln2 t. (3.33)

Note that the linear term is equal to 2Dubt, as Dub = 1/6. Diffusion in directions perpendicular
to the filament is again suppressed at the beginning, but reaches asymptotically its unperturbed
value as if there was no filament, ∆m2

1 = ∆m2
2 ≈ t

3(1− 3 ln t
2πεt ). The relation D̄⊥ ≈ Dub[1−Pb(t)]

holds in this case as well.

3.2.3 Sticking probability

We now reinclude the variable sticking probability in our model: If a motor reaches the filament,
it rebinds to it with a probability πad, while it is reflected from the filament with probability
1 − πad. Such a behaviour might, for example, be due to steric constraints, if, e.g., a motor
with attached bead diffuses close to the filament, but with the bead between the motor and
the filament. In the long time regime, it is expected from our scaling argument that the
introduction of this additional parameter reduces the probability that a motor is bound to the
filament and thus the effective time-dependent velocity by a factor πad. This expectation is
confirmed by simulations. In the following, we derive this result analytically.
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The two-dimensional case

Let us begin with the simpler case d = 2 and consider Eqs. (3.2)–(3.4) for arbitrary values of
πad. On the lines m = ±1 the rate for hopping to m = 0, i.e. to the filament is now πad/4,
while there is a rate (1− πad)/4 not to jump. We use again Fourier–Laplace transforms. The
equivalent of Eq. (3.7) now contains an additional term with p1(k, s), the Fourier–Laplace
transform of pn,1(t):

(1 + s− 1
2

cos q − 1
2

cos k)p(q, k, s) = 1 +
1− πad

2
(1− cos q)p1(k, s)

+[γ + (α− 1
4

)eik + (β − 1
4

)e−ik − 1− ε
2

cos q]P (k, s). (3.34)

P (k, s) and p1(k, s) are related via the Fourier–Laplace transform of Eq. (3.2),

p1(k, s) =
2
πad

(
1− [1 + s− αe−ik − βeik − γ]P (k, s)

)
. (3.35)

Using this expression for p1(k, s), we can proceed in the same way as above and obtain

P (k, s) =
1 + 1−πad

πad
(1−Ψ)

[s+ (1− γ)(1− cos k) + ε
2 cos k − iv sin k][1 + 1−πad

πad
(1−Ψ)]− ε

2Ψ
(3.36)

with Ψ ≡ I
(1)
2 (2+2s−cos k)

I
(1)
1 (2+2s−cos k)

. For small k and s, this expression can be approximated by

P (k, s) ≈ 1
(1− ε

πad
)s− ivbk + ε

πad

√
s(s+ 1)

, (3.37)

which has exactly the same form as Eq. (3.10), but with an effective detachment rate ε/πad.
Likewise, we find for the unbound motors

pub(q, k, s) ≈ 4ε
√
s

(s− ivbk + ε
πad

√
s)(q2 + 4s)

, (3.38)

corresponding to Eq. (3.20). Hence, in the long-time regime, the only effect of the sticking
probability πad is a rescaling of the detachment rate. Thus the probability for a motor to
be bound to the filament decays as Pb(t) ≈ πad/(

√
πε)t−1/2 for large times and the average

displacement grows as n̄(t) ≈ 2vbπad/(επ1/2)
√
t, i.e., both quantities are reduced by a factor

πad as expected from the scaling approach.

The three-dimensional case

For d = 3 the calculation is completely analogous. p(q, k, s), p1(k, s) and P (k, s) are related
via

p1(k, s) =
3

2πad

(
1 + [αe−ik + βeik + γ − 1− s]P (k, s)

)
(3.39)

and

p(q, k, s) =
1 + [γ + (α− 1

6)eik + (β − 1
6)e−ik − 1−ε

3 (cos q1 + cos q2)]P (k, s)
1 + s− 1

3 cos r − 1
3 cos q1 − 1

3 cos q2

+
1−πad

3 [2− cos q1 − cos q2]p1(k, s)
1 + s− 1

3 cos k − 1
3 cos q1 − 1

3 cos q2
. (3.40)
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From these two equations we obtain a rather complicated expression for P (k, s), which for
small s and k reduces to

P (k, s) ≈ 1
s− ivbk + (ε/πad)J (s)

. (3.41)

This equation differs from the corresponding result for the case πad = 1, Eq. (3.29), only by a
rescaling of the detachment rate, as in the two-dimensional case discussed above. The same is
true for the distribution of unbound motors.

Therefore we can conclude, that in both two and three dimensions, the long-time displace-
ment and the probability to be bound to the filament are reduced by a factor πad, as these
quantities are proportional to 1/ε.

3.3 Return to the filament and asymptotic displacement

To obtain some more insight into the nature of the anomalous drift velocities, let us discuss
another approach to estimate the asymptotic behaviour. If we are only interested in the mean
displacement parallel to the filament, we can consider the excursions away from the filament as
periods of rest. The long-time behaviour of the displacement is then given by effective ’steps’,
periods during which the motor advances quickly over a distance xs ∼ vb/ε, and waiting
periods between these ’steps’. The waiting times τw are distributed according to a distribution
ψ(τw), which is given by the distribution of return times to the filament. The distribution of
return times to a line in d dimensions is equivalent to the distribution of return times to the
origin in d− 1 dimensions, which is a classical problem in the theory of random walks, solved
by Polya in 1921 [82].

Introducing the Laplace transform of the waiting time distribution,

ψ(s) ≡
∫ ∞

0
dt ψ(t)e−st, (3.42)

a simple relation for the asymptotic mean displacement of the motor can be given [83], which
follows directly from the general solution of continuous time random walks on a homogeneous
lattice, see Appendix B,

x(s) ≈ xsψ(s)
s[1− ψ(s)]

, (3.43)

from which the displacement for large times can be obtained by inverting the Laplace trans-
form. Hence, we can determine the asymptotic displacement as a function of time, if we know
the large-time (or small s) behaviour of the waiting time distribution ψ(τw), which is equal to
the distribution of return times to the origin in d − 1 dimensions. The physical significance
of Eq. (3.43) is, that the displacement at large times is determined by the long-time tails of
the waiting time distribution ψ(τw). Normal drift is obtained, as long as ψ(τw) has a finite
mean value, τ̄w, and thus ψ(s) ≈ 1 + τ̄ws for small s. This is the case, if, e.g., the waiting time
distribution decays exponentially for large τw. If, however, ψ(τw) decays slower than ∼ τ−2

w ,
the mean waiting time diverges, corresponding to a divergence of [ψ(s)− 1]/s for small s, and
anomalous drift is obtained, i.e., the average displacement x(t) grows slower than linearly with
time. This behaviour occurs in our case, where waiting times are given by return times to the
filament.

A short summary of the derivation of the return time distributions will be given in Ap-
pendix B for the two cases d = 2 and d = 3. Let us now consider the asymptotic displacement:



3.4 Continuum model and open compartments 31

In two dimensions, the waiting time distribution behaves as ψ(τw) ≈ 1/(2
√
πτ

3/2
w ) for large

τw. The corresponding asymptotic behaviour of the Laplace transform is ψ(s) ≈ 1 −
√
s for

small s. Inserting this into Eq. (3.43) and using the Tauberian theorem, we obtain

x(s) ≈ xs

s3/2
=

vb

εs3/2
and x(t) ≈ 2xs

√
t√

π
=

2vb

√
t

ε
√
π
. (3.44)

Similarly, in the three-dimensional case, the waiting time distribution is ψ(τw) ≈ 2π/(3τw ln2 τw)
for large τw or ψ(s) ≈ 1− 2π/(3 ln s−1) for small s. Inserting again into Eq. (3.43), we obtain

x(s) ≈ 3xs ln s−1

2π s
=

3vb ln s−1

2πε s
and x(t) ≈ 3xs

2π
ln t =

3vb

2πε
ln t. (3.45)

Both results agree exactly with the asymptotic results from the exact solution of the full
master equations presented above.3

3.4 Continuum model and open compartments

The continuum equations for the random walks of tracer motors can be treated in a similar
way and yield the same results as the lattice model. However, the continuum description is
more flexible in terms of boundary conditions. We thus use it, after recovering the main results
of the lattice model for the two- and three-dimensional cases discussed in the previous sections,
to derive analytical solutions for open compartments as the ones discussed above.

3.4.1 The two-dimensional case

We start with the idealized two-dimensional case, rederiving the results of the lattice model.
The diffusion equations corresponding to Eqs. (2.11) and (2.12) for the two-dimensional case
are

∂p

∂t
= Dub∆p+ δ(y) [ε̃P − π̃adp0] (3.46)

∂P

∂t
= −vb

∂P

∂x
+Db

∂2P

∂x2
− ε̃P + π̃adp0, (3.47)

where ∆ is the two-dimensional Laplace operator and p0(x, t) = `p(x, y = 0, t). We will, in
the following, express again all lengths in units of `.

These equations can be solved in a completely analogous way to the lattice equations by
using (now continuous) Fourier–Laplace transforms. The transformed equations are

sp(k, q, s) = −Dub(k2 + q2)p(k, q, s) + ε̃P (k, s)− π̃adp0(k, s) (3.48)
sP (k, s) = 1 + ivbkP (k, s)−Dbk

2P (k, s)− ε̃P (k, s) + π̃adp0(k, s). (3.49)

Eq. (3.48) can be integrated over the transversal momentum q:

p0(k, s) =
∫ ∞
−∞

dq
2π
p(k, q, s) =

∫ ∞
−∞

dq
2π

ε̃P − π̃adp0

s+Dub(k2 + q2)

= (ε̃P − π̃adp0)
1

2π
1√

s+Dubk2
√
Dub

∫ ∞
−∞

dq̃
1 + q̃2

. (3.50)

3In principle, they could differ by a numerical factor, because we did not specify the short-time behaviour,
which determines the effective ’step’ size xs.
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The last integral is π, so we obtain

p0(k, s) =
ε̃P (k, s)

2
√
s+Dubk2

√
Dub + π̃ad

(3.51)

and

P (k, s) =

(
s− ivbk +Dbk

2 + ε̃− ε̃π̃ad

2
√
s+Dubk2

√
Dub + π̃ad

)−1

≈
(
s− ivbk +

2ε̃
π̃ad

√
Dubs

)−1

, (3.52)

where the second expression holds for small s and k. For k = 0, we obtain the binding
probability

Pb(s) ≡ P (k = 0, s) ≈
(
s+ ε̃

2
√
Dub
√
s

π̃ad

)−1

≈ π̃ad

2
√
Dub
√
sε̃
, (3.53)

therefore the probability that a motor is bound to the filament decays at large times as

Pb(t) ≡ P (k = 0, t) ≈ π̃ad

2ε̃
√
π
√
Dubt

. (3.54)

If we express π̃ad, ε̃ and Dub in terms of the parameters of the lattice model, we recover exactly
the result obtained by the lattice calculation.

3.4.2 The three-dimensional case

In the three-dimensional case the continuum equations are given by Eqs. (2.11) and (2.12):

∂p

∂t
= Dub∆p+ δ(y)[ε̃P − π̃adp0] (3.55)

∂P

∂t
= −vb

∂P

∂x
+Db

∂2P

∂x2
− ε̃P + π̃adp0, (3.56)

where ∆ is now the three-dimensional Laplace operator. We use again the Fourier–Laplace
transformed form of these equations,

sp(k,q, s) = −Dub(k2 + q2
1 + q2

2)p(k,q, s) + ε̃P (k, s)− π̃adp0(k, s) (3.57)
sP (k, s) = 1 + ivbkP (k, s)−Dbk

2P (k, s)− ε̃P (k, s) + π̃adp0(k, s). (3.58)

Doing the same steps as above, we get

p0(k, s) =
∫ ∞
−∞

dq1

2π
dq2

2π
p(k,q, s) =

∫ ∞
−∞

dq1

2π
dq2

2π
ε̃P − π̃adp0

s+Dub(k2 + q2
1 + q2

2)

= (ε̃P − π̃adp0)
∫ ∞

0

dq
2π

q

s+Dubk2 +Dubq2
=
ε̃P − π̃adp0

2πDub

∫ ∞
0

dq̃
q̃

1 + q̃2
. (3.59)

The problem with this expression is that the last integral diverges. This divergence is due
to the fact that in the three-dimensional continuum model, to return to the filament, a point-
like motor has to return to a line without thickness, hence it can pass the filament arbitrarily
closely without taking note of it. Return to the line is thus not certain as on the lattice. To
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obtain a convergent integral, we introduce a cutoff qc as the upper integration limit. This
cutoff corresponds to a certain range of attraction or thickness of the filament or a size of the
motor. Defining

I ≡
∫ q̃c

0
dq̃

q̃

1 + q̃2
=

1
2

ln(1 + q̃2
c ) with q̃c =

√
Dub

s+Dubk2
qc, (3.60)

we obtain
p0 =

ε̃P

2πI−1 + π̃ad
. (3.61)

Hence we obtain for the probability density on the filament

P (k, s) =
(
s− ivbk +Dbk

2 + ε̃− ε̃π̃ad

2πI−1 + π̃ad

)−1

≈
(
s− ivbk +

ε̃

π̃ad

4πDub

ln(Dubq2
cs
−1)

)−1

, (3.62)

where the second expression holds for small s and k.
For k = 0, the binding probability is obtained, which asymptotically behaves as

P (k = 0, s) ≈ π̃ad[ln(Dubq
2
c )− ln s]

4πε̃Dub
. (3.63)

For arbitrary, but finite cutoff qc the term containing qc can be neglected for sufficiently small
s, so that for sufficiently large t, the binding probability decays as

P (k = 0, t) ≈ π̃ad

4πε̃Dubt
. (3.64)

Reinserting the parameters of the lattice model, the previous result is again recovered.

3.4.3 Open compartments

Let us now consider the solutions of the continuum equations for the motor’s random walk
in open compartments, as the ones studied above using computer simulations and scaling
arguments. We derive the long-time behaviour of the binding probability, from which we
obtain the crossover times for the entry into the geometry-dependent long-time regime.

Half space

The case of the half space is the simplest one. It can be treated by the method of reflection
and superposition, see e.g. Ref. [84]: Since the diffusion equations (3.55) and (3.56) are linear
differential equations, we can think of the part of the three-dimensional solution for y2 < 0 as
being reflected at the surface, so that a superposition of p(y2) with p(−y2) is obtained. This
superposition fulfills the boundary condition

∂p

∂y2
= 0 at y2 = 0. (3.65)

As the density profile is symmetric under reflection at the plane y2 = 0, the solution for the
half space is twice the solution for the full three-dimensional space. This factor two carries
over to the bound profile and hence to the velocity and displacement.



34 Random walks of single motors in open compartments

Slab

Let us start with a slab of height 2L⊥, where the filament is located at y1 = y2 = 0 in the
middle of the slab. The case where the filament is fixed to the surface of the slab will then be
deduced by reflection and superposition. In the slab we have the boundary conditions

∂p

∂y2
= 0 at y2 = ±L⊥. (3.66)

Equivalently, we can consider periodic boundary conditions at y2 = ±L⊥ instead of the re-
flecting ones. In this case, we can expand the unbound density into a Fourier series,

p(. . . , y2) =
1

2L⊥

∞∑
j=−∞

p(. . . , ωj)eiωjy2 (3.67)

with ωj = 2πj
2L⊥

. Here and in the following we use the symbol ω for discrete and q for continuous
momentum variables. Using this Fourier series and doing the Fourier and Laplace transforms
for the other variables in the same way as above, the equations of the three-dimensional case
remain valid, if q2 is replaced by ωj . Eq. (3.59) becomes then

p0(s, k) =
∫ ∞
−∞

dq1

2π
1

2L⊥

∞∑
j=−∞

p(k, q1, ωj , s). (3.68)

Inserting the expression for p(k, q1, ωj , s) and integrating out q1, we obtain

p0(s, k) =
ε̃P − π̃adp

4L⊥
√
Dub

 1√
s+Dubk2

+ 2
∞∑
j=1

1√
s+Dubk2 +Dubω

2
j

 . (3.69)

We approximate the sum in the last term by an integral,

S(k, s) ≡
∞∑
j=1

1√
s+Dubk2 +Dubω

2
j

' L⊥
π

∫ ∞
π/L⊥

dω
1√

s+Dubk2 +Dubω2
. (3.70)

To prevent the integral from diverging, we introduce again a cutoff ωc corresponding to the
range of attraction of the filament or the size of the motors. We then obtain

S =
1√
Dub

ln

ωc +

√
s+Dubk2

Dub
+ ω2

c

− 1√
Dub

ln

(
π

L⊥
+

√
s+Dubk2

Dub
+
π2

L2
⊥

)
(3.71)

and the bound density follows as

P (k, s) =

s− ivbk +Dbk
2 + ε̃− ε̃π̃ad

π̃ad +
4L⊥Dub√

Dub
s+Dubk2 + 2L⊥

π

√
DubS(k, s)

−1−1

.

(3.72)
For large scales this expression can be simplified. The range of attraction of the filament can
be assumed to be small compared to the slab height. We therefore consider the case where
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s/(Dubω
2
c ) � 1. In this case the first logarithmic term in S(k, s) can be neglected. We also

neglect terms of quadratic order in k.
If s� Dub(π/L⊥)2 or t� (L⊥/π)2/Dub, i.e., if motors have not yet reached the boundaries

of the slab, we can consider L⊥ as infinite, in this case the term ∼
√
s is small compared to

the logarithm, and we obtain

P (k, s) ≈
[
s− ivbk +

ε̃

π̃ad

4πDub

ln s−1

]−1

, (3.73)

which is the result of the three-dimensional case discussed above, as it should be. For larger
times, t � (L⊥/π)2/Dub or s � Dub(π/L⊥)2, the square root term is dominating and the
logarithm can be neglected in Eq. (3.72). In this case we obtain,

P (k, s) ≈
[
s− ivbk +

ε̃

π̃ad
4L⊥

√
Dubs

]−1

, (3.74)

which is the two-dimensional result with an effective reattachment rate π̃ad/(2L⊥). The prob-
ability to be bound to the filament (and also the long-time velocity vbPb) therefore decays for
large times as

Pb(t) ≈
{

π̃ad/(4πε̃Dubt) for t� t∗∗
π̃ad/(4L⊥ε̃

√
π
√
Dubt) for t� t∗∗

(3.75)

with the crossover time t∗∗ = L2
⊥/(πDub), which differs from the one defined above, ∆t⊥, by

a numerical factor.
Finally, let us come back to the case, where the filament is located directly on the lower

surface at y2 = 0. The upper surface is still located at y2 = L⊥. This case can be obtained from
the results derived above by reflection and superposition analogously to the case of the half
space and the densities are just the ones for the case above multiplied by an additional factor
of two. Therefore also the probability of being bound to the filament and the displacement
are twice the results calculated above.

Tube

Finally, we consider the tube geometry, where diffusion in all directions perpendicular to the
filament is restricted by walls. For simplicity, we start with a tube with quadratic cross-section.
The boundary conditions are

∂p

∂yi
= 0 at yi = ±L⊥ (i = 1, 2). (3.76)

In this case we have discrete momenta ω1,i and ω2,j corresponding to the transverse coordinates
y1 and y2, and Eq. (3.59) is now replaced by

p0(s, k) =
1

(2L⊥)2

∞∑
i,j=−∞

p(k, ω1,i, ω2,j , s). (3.77)

As in the case of the slab, we approximate the double sum by the term for i = j = 0 plus an
integral,

p0(s, k) =
1

(2L⊥)2
(ε̃P − π̃adp0)

(
1

Dubk2 + s
+

L2
⊥

Dubπ2

∫ ωc

π/L⊥

dω
2πω

Dub(k2 + ω2) + s

)
, (3.78)
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where we have again introduced a cutoff ωc, and after some steps we obtain

P (k, s) ≈

{
s− ivbk +

4L2
⊥ε̃

π̃ad

(
s−1 +

L2
⊥

πDub

[
ln(1 +

Dubω
2
c

s
)− ln(1 +

Dubπ
2

L2
⊥s

)
])−1

}−1

,

(3.79)
which holds for small s and k. For s � Dub(π/L⊥)2, i.e., if motors have not yet reached the
boundaries, this expression yields again the solution for the three-dimensional case without
confining walls, as the dominating term is the logarithm containing ωc. If s � Dub(π/L⊥)2,
i.e. for times large compared to L2

⊥/Dub, the logarithms can be neglected and we get

P (k, s) ≈
[
s(1 + 4L2

⊥
ε̃

π̃ad
)− ivbk

]−1

. (3.80)

Thus the probability to be bound to the filament is constant for large times

Pb(t) ≈ 1
1 + 4L2

⊥ε̃/π̃ad
. (3.81)

To obtain the moments of the distribution for large times, we neglect the logarithmic terms
and expand P + p for q = 0 and small k and s. From the moments of P + p, the effective
parameters of motion follow immediately. The effective velocity v for long times is given by

v =
vb

1 + 4L2
⊥ε̃/π̃ad

, (3.82)

as expected, since transition between the bound and unbound state are equilibrated at long
times. Note that with Eq. (3.82) we have recovered in a more formal way the result of Eq. (3.1).
The effective diffusion coefficient, D, is given by

D =
Db + 4L2

⊥
ε̃
π̃ad

Dub

1 + 4L2
⊥ε̃/π̃ad

+
v2

bε̃π̃ad/(4L2
⊥)

[π̃ad/(4L2
⊥) + ε̃]3

. (3.83)

The first term is simply the average of the bound and unbound diffusion coefficient, the second
one describes additional spreading of the distribution by detachment: some of the motors
detach from the filament and do not move on average, while those still bound are driven away.
Let us note that in the large-time regime and averaged over the tube cross-section, i.e., if the
logarithmic term are neglected and q is set to zero, the system reduces to a one-dimensional
two-state random walk with the rates ε̃ and π̃ad/(4L2

⊥) for transitions from the bound to the
unbound state and vice versa.

The crossover to the long-time regime is given by the crossover time

t∗∗ =
vb

v

π̃ad

ε̃4πDub
≈

L2
⊥

πDub
, (3.84)

where the last expression holds for large L⊥ and agrees with the crossover time obtained for
the slab.

The results of the previous paragraphs can be generalized to tubes with arbitrarily shaped
cross-sections. In this case, one has to replace the Fourier series by an expansion of p(x, r, t)
in a series of eigenfunctions of the perpendicular parts of the Laplacian which satisfy the
appropriate boundary conditions. As one of the eigenfunctions is a constant for all tube shapes,
we can always separate the constant from the other eigenfunctions and use an approximation
corresponding to Eq. (3.78). Hence for long times, an effectively one-dimensional two-state
random walk is obtained for arbitrary tube shape. The effective transition rate from the
unbound to the bound state is π̃ad/φ, where φ is the cross-section of the tube.
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3.5 Effective diffusion coefficient

In the discussion of the analytical solutions, we have already mentioned that large-scale diffu-
sion is enhanced by repeated binding to and unbinding from the filament. A distribution of
motors spreads quickly, as part of the cloud of motors is driven away by the filament, while
those motors that are not bound to the filament perform simple diffusion. The effective dif-
fusion coefficient is larger than the average of bound and unbound diffusion coefficients. For
example, we have seen that it is given by

D =
Db + 4L2

⊥
ε̃
π̃ad

Dub

1 + 4L2
⊥ε̃/π̃ad

+
v2

bε̃π̃ad/(4L2
⊥)

[π̃ad/(4L2
⊥) + ε̃]3

. (3.85)

in the case of the tube geometry. The second term is maximal if ε̃ = π̃ad/(4L
2
⊥)

2 . This means,
that for a given geometry long-range diffusion can be optimized by tuning the detachment
rate, e.g. by changing ionic conditions. In the case of a fixed detachment rate, diffusion can
be optimized by adapting geometry. The optimum of the diffusion coefficient obtainable in
this way is of the order v2

b/ε̃, which can be quite large if ε is very small. Note, however, that,
the smaller ε, the larger the crossover time to the geometry-dependent long-range transport
regime.

Let us remember that enhancement of diffusion is also exhibited in the two-dimensional
case and the slab, where it is of the order (vb/ε)2, but not in the three-dimensional case. In
that case only large logarithmic corrections, again of the order (vb/ε)2, are obtained.

While this enhancement of diffusion might be quite useful, for example to increase the
rates of diffusion-controlled chemical reactions, it is, in fact, not too surprising. The same
expression for the effective diffusion coefficient as given in Eq. (3.85) is obtained for a simple
two-state random walk [85] and has been discussed previously in various contexts including
electrophoresis, chromatographic columns and hydrodynamic flow, see, e.g., Ref. [86].

Finally, let us mention that this enhancement of diffusion is also observed, if one considers
two filaments in a tube, oriented into opposite directions, so that the net drift of the motors
vanishes at large times. Similar behaviour can be expected for arrays of many filaments
oriented randomly in all directions, a situation that might be interesting for the application of
this enhancement of diffusion in an experiment or a nanotechnological device.

3.6 Arrays of parallel filaments

In vitro, microtubules can be aligned in parallel isopolar arrays [39,40]. Let us briefly discuss
motor movements in such systems of parallel filaments. First, we consider the case of an
infinite number of parallel filaments, arranged periodically in a distance df . For the movement
along the direction of the filament, we can equivalently consider a single filament, but periodic
boundary conditions at surfaces in a distance df/2 on both sides of the filament. Hence,
systems with infinitely many filaments in two dimensions or in the slab geometry exhibit
similar behaviour as systems with one filament in a stripe in the two-dimensional plane or
a rectangular tube, respectively. Periodically arranged filaments in the half-space geometry,
fixed in parallel to the surface, result in movements as in a half slab. In both cases, the effective
velocity is predicted by our first scaling argument to behave as v ∼ d−1

f for sufficiently large
df , which is confirmed by simulations.
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Second, let us consider the case of a finite number Nf of filaments. We can adapt our
original scaling argument for this case: The probability that the motor is bound is now given
by Pb ∼ Nf/ε, while the probability that the motor is unbound is still given by the effective
cross-section of the area it has explored. At large times, this area is independent of the size
of the space between the filaments and thus of the filament–filament distance df . Hence, we
predict that the time-dependent velocity is given by v(Nf ) ≈ Nf × v(Nf = 1) at large times
and that the time-dependent scaling is the same as in the case of a single filament. The long-
time velocity is independent of the distance df between the filaments, but the crossover to
the large-time regime depends on df . This behaviour is confirmed by simulations for two- and
three-dimensional situations.

3.7 Summary

In this chapter, we have discussed random walks of molecular motors in simple open geometries.
These random walks consist of alternating sequences of directed movements along filaments and
unbound diffusion. The compartment geometries are chosen such that diffusion in directions
perpendicular to the filament may be restricted by confining walls, but not the movement
along the filament and diffusion parallel to it. Long-range transport properties such as the
effective velocity and the effective diffusion coefficient depend on the geometry, in particular the
dimensionality of the compartment. In compartments where the motors can make excursions
away from the filament of arbitrary length, such as the half space or the slab, the random walks
of molecular motors exhibit anomalous drift. The effective velocities decrease as a power law
at large times with an exponent depending on the dimensionality, v(t) ∼ t−(d−1)/2. These
anomalous drift velocities are determined by the long-time tails of the distribution of return
times to the filament. In addition, effective diffusion can be strongly enhanced by repeated
binding and unbinding of motors and filaments.



Chapter 4

Concentration profiles in closed
compartments

In the previous chapter, we have considered compartments which were open in at least one
direction. In these systems, motors can move along filaments for a very long time. In this
chapter, we consider closed compartments, i.e., now we close the system in all directions. In
this case, the situation is different. Filaments now have to end inside the system, and motors
moving along the filaments accumulate at their ends, generating density gradients inside the
compartment. These density gradients lead to diffusive currents, so that eventually a stationary
state forms, in which drift currents along the filaments are balanced by diffusive currents of
unbound motors. As motors accumulate close to the filament ends, local motor concentrations
can become large in these regions and exclusion interactions are important.

In this chapter, we will determine the stationary concentration profiles in closed compart-
ments. We consider two basic geometries, a single filament or a number of parallel filaments
in a closed tube [56] and a quasi-two-dimensional aster-like arrangement of filaments. Both
geometries are accessible to experiments, and in fact some experimental concentration profiles
have recently been determined in the case of asters [87].

4.1 Density profile in a closed tube

We first consider the tube geometry. On the one hand, placing one or several filaments and
motors inside a tube should be experimentally feasible. The tube could again be either a
glass tube or a liquid microchannel, as discussed in the previous chapter. On the other hand,

(b)(a)

+-

Figure 4.1: Geometries studied in this chapter: (a) a single filament in a closed tube and (b)
an aster-like arrangement of filaments in a closed disk-like compartment.
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tube-like geometries are quite common in cells, the most prominent example being the axon
of a nerve cell, a thin tubular process, which can be up to a meter long. Similar processes,
the hyphae, exist in the case of fungal cells. But also compartments inside the cell can have
tubular shape, e.g. strands of cytosol crossing the vacuole in plant cells [88].

We consider a cylindrical tube of length L and radius R. One filament is located inside the
tube. We assume that its length is equal to the tube length, so that motors arriving at the
filament’s end cannot step forward any more and have to wait there until they detach. This
assumption is, however, not crucial, and introducing a finite distance between the filament
end and the tube end does not alter the results dramatically. The filament can be located
along the symmetry axis of the cylinder or parallel to it, fixed to the wall. We will treat these
two cases as essentially equal, since simulations show that the differences are small. Obviously
the first case is the nicer one for theoretical consideration because of its symmetry, while the
second one should be a better description for a system that can be realized experimentally. In
the following, we will also assume that the direction of motor movement along the filament is
to the right.

Imagine now that a certain number of motors is placed into this tube. In the absence of
ATP, the system will relax to an equilibrium state, where binding to and unbinding from the
filament balance each other locally, i.e. at every single binding site. Both the bound and the
unbound motor densities are constant. They are related by the equilibrium condition

ερb = πadρub, (4.1)

stating that the bound density is larger by a factor πad/ε than the unbound density. Remember
that the detachment rate ε is related to the binding energy, ε ∼ exp(−∆E/kBT ). As the motors
are strongly attracted by the filament, the filament can get quite crowded, even if the overall
motor concentration is small. Therefore mutual exclusion of the motors, which ensures that
a given binding site of the filament can only be occupied by one motor, has to be taken into
account. Eq. (4.1) then becomes1

ερb = πadρub(1− ρb). (4.2)

As the unbound motor density is much smaller, it is not necessary to consider exclusion effects
in the unbound state. We will therefore neglect them in the analytical calculations throughout
this chapter.

The importance of exclusion in the bound state is even increased, when ATP is added to
the system and the motors start to move along the filament. Motors moving to the right along
the filament will build up a density gradient, which generates a diffusive current balancing the
drift current of bound motors. Assuming now as a first approximation, that Eq. (4.1) still
holds (which is justified if the velocity vb is small and the bound density sufficiently low, as
we will discuss later in this chapter), this balance can be expressed as

vbρb = Dubφ
∂ρub

∂x
= Dubφ

ε

πad

∂ρb

∂x
, (4.3)

which indicates that the motor density will increase exponentially along the filament. Thus
motors accumulate at the right end of the filament, further increasing the bound density there.
We will show below that an exponential profile is also found if we drop the assumption of local
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Figure 4.2: Profiles of (a) the bound density ρb and (b) the corresponding bound current
jb as functions of the coordinate x along the filament in the closed tube for three different
total numbers of motors, N . The tube has length L = 200` and radius R = 25`. Transport
parameters are for kinesin as described in chapter 2.1.4.

equilibrium of binding and unbinding.
Let us now consider typical density profiles as obtained from Monte Carlo simulations,

see Fig. 4.2 (a). If the total number N of motors is relatively small (the case N = 40 in
Fig. 4.2), motors will crowd only at the end of the filament forming a kind of ’traffic jam’. If
a motor detaches from the filament in the crowded region, it will diffuse back over a certain
distance and rebind to the filament in the region behind the ’traffic jam’, as in the jammed
region rebinding is strongly reduced, since all binding sites are occupied. Again bound to the
filament, the motor will propagate quickly along it, until it joins the ’traffic jam’ again. Since
motors are very likely to be recaptured by the filament closely behind the jammed region, the
bound density in the region further away from the right end is small. In this region, exclusion
plays no role, and here in fact an exponential density profile can be found.

If the number of motors in the tube is increased, the traffic jam will spread further to the
left, as shown in Fig. 4.2 for N = 150. Motors will then also diffuse backwards over large
distances since many attempts to rebind to the filament will fail, because the binding sites are
already occupied.

Finally, if the motor concentration is very large, so that the filament is crowded over its
whole length, the density profile becomes essentially constant except for the regions close to
the ends, see the case N = 250 in Fig. 4.2. In this case, motors may diffuse back over the whole
system length, but on the other hand the current along the filament is very small, because
only few motors find an empty binding site in front of them.

The corresponding profiles of the current along the filament are shown in Fig. 4.2 (b). In
the stationary state, the diffusive current of unbound motors integrated over the tube cross-
section has the same absolute value, but the opposite sign. The current depends strongly on
the position x along the filament. It also increases exponentially in regions of small density,

1Remember that we use dimensionless units: Densities are defined per unit volume `3, which is assumed to
be occupied by one motor molecule and from which other motors are excluded. Exclusion effects are enhanced
if the motors carry large cargoes, see section 4.4.
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Figure 4.3: Average bound current J̄b (filled circles) and ’traffic jam’ length L∗ (open circles)
as functions of the total number N of motors in the tube. Geometry and parameters of motion
are the same as in Fig. 4.2.

but decreases rapidly in the jammed region. It reaches its maximum close to the end of the
traffic jam. For the case of the completely jammed filament, the current profile is nearly flat,
but the absolute current is small.

To obtain a global characterization of transport in the system, we determined the average
current

J̄b ≡
∫ L

0
dx jb(x). (4.4)

As a function of the total number N of motors in the system (or, equivalently, the motor
concentration) it exhibits a maximum at an optimal motor concentration, see Fig. 4.3. For
small N , it grows linearly with the number of motors, while for large N it decreases again
since motion of the bound motors is slowed down by the increasing traffic jam. However, this
decrease of the currents is rather slow, since additional motors introduced into the system can
only rarely find free binding sites. For the system of Fig. 4.3, the maximal current occurs for
N ' 150 motors, which corresponds to the intermediate case of the profiles in Fig. 4.2. A
second quantity, which gives a global characterization of the profiles, is the length of the traffic
jam, L∗. L∗ can be determined from the condition ρb(x∗) = 1/2 as L∗ = L − x∗. Results
for L∗ are also shown in Fig. 4.3. Comparing with the curve for J̄b shows that the optimal
transport occurs when a large part of the filament is crowded, L∗ ' 0.77L, but the traffic jam
is not yet too dense.

Let us now insert some numbers. The data shown in Figs. 4.2 and 4.3 have been obtained for
kinesin-like parameters by simulating the refined model described in chapter 2.1.4, which also
models correctly the bound diffusion coefficient (or equivalently the randomness parameter).
Let us mention at that point, that the differences compared to the simpler model are rather
small.2 The tube had length L = 200` ' 1.6µm and radius R = 25` ' 0.2µm, where the
periodicity ` = 8nm of microtubules has been inserted. For these parameters, the length scale

2In the more realistic model the length scale of the exponential part of the profile is slightly larger, leading
to a slightly shorter traffic jam at the right end compared to the simpler model.
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of the exponential part of the profile is 37` ' 300nm. The maximal current occurs for a total
number of N ' 150 motors in the tube, which corresponds to a total kinesin concentration of
' 3µM in the chosen tube volume. Let us also mention that the stationary profiles are built
up after about 5 × 105 Monte Carlo steps, which corresponds to a couple of seconds in real
time.

Finally, we add a few remarks concerning the realization of such density profiles in cells.
Strong localization of kinesin as discussed above for the case small overall motor concentration
has been observed at the tip of fungal hyphae [89]. However, this localization is only found
for kinesin lacking a regulatory domain.3 Wild-type kinesin can be deactivated by folding of
the tail, if no cargo is bound to it [89, 91]. As these deactivated motors do not advance along
filaments, they can diffuse back over larger distances.

The question, whether and how motors are transported back is most prominent in the case
of axons. Further regulatory mechanisms proposed for this case include local degradation of
motors at the axon terminal [92] and backward transport by motors of opposite directionality
[93, 94]. Our results suggest that even without further regulation, diffusive backflow can be
efficient in a certain range of overall motor concentrations. However, whether such conditions
are realized in cells has to remain open at this point. Let us repeat that for transport in cells
exclusion effects are strongly enhanced by large cargoes.

4.2 Two-state approximation

To get some further insight into the properties of these self-organized density profiles, we
consider the stationary state in the two-state approximation, in which the dependence of
the concentration profiles on the radial coordinate is neglected and motors can be in two
states, namely bound and unbound. As we will see, this approximation captures most of the
relevant features of these profiles, it allows for analytical solutions in some limits, and numerical
solutions for the stationary profiles are obtained much faster than by Monte Carlo simulations.
We will only consider the stationary state and use both the continuous and discrete versions
of the two-state model, as the first one is more convenient for analytical considerations and
the second one for numerics. A discussion of the validity of the two-state approximation will
follow in section 4.3.

4.2.1 Continuous two-state equations

Let us first consider the continuous two-state model defined by Eqs. (2.17) and (2.18). As we
are interested in the stationary solution, we can replace one of the equations by the condition
that the sum of the bound and unbound currents vanishes. For simplicity, we will neglect
exclusion effects of unbound motors in the following.4

The continuous two-state equations for the stationary bound and unbound density profiles
are thus

vbρb(1− ρb) = Dubφ
∂ρub

∂x
+Db

∂ρb

∂x
(4.5)

vb
∂

∂x
ρb(1− ρb)−Db

∂2ρb

∂x2
= π̃adρub(1− ρb)− ε̃ρb. (4.6)

3Similar observations in a different geometry have been made in experiments using liver cells [90].
4Exclusion interactions for the unbound motors are easily included in the numerical calculations presented

below, but do not substantially alter the results.
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Approximative solutions

(i) First, we consider the low-density limit, where we can neglect hard core exclusion. This
is appropriate in the non-crowded region, where ρb � 1. For simplicity, we also neglect the
bound diffusion terms, i.e., we consider the case Db = 0. On the one hand, this can be
understood as taking into account only the first non-vanishing terms in the derivation of the
continuum equations. On the other hand, a comparison of numerical solutions of the equations
with and without this terms shows, that the precise value of Db is largely irrelevant for the
solution, as long as the detachment rate is small, which, however, is the case for processive
motors. In the low-density limit the equations become linear,

vbρb = Dubφ
∂ρub

∂x
(4.7)

vb
∂ρb

∂x
= π̃adρub − ε̃ρb, (4.8)

and the solution is a density profile that increases exponentially along the tube,

ρb(x) = N ex/ξ, (4.9)

where N is a constant and

ξ−1 = − ε̃

2vb
+

1
2

√
ε̃2

v2
b

+
4π̃ad

Dubφ
. (4.10)

For small vb, we obtain ξ ≈ ( ε̃
π̃ad

Dubφ)/vb, which is the result obtained above from our first
approximation assuming that detachment and reattachment are equilibrated. The unbound
density is given by

ρub(x) =
ε̃

π̃ad
ρb(x) +

vb

π̃ad

∂ρb(x)
∂x

= N
(

ε̃

π̃ad
+

vb

π̃adξ

)
ex/ξ, (4.11)

i.e., bound and unbound density are proportional in the low-density limit. The first term of
the factor relating bound and unbound density is the one obtained in the case of equilibrated
transitions between the bound and unbound states, the second one is a correction showing that
attachment and detachment are driven out of equilibrium if vb 6= 0. (Note, however, that this
term is of order v2

b, since ξ ∼ 1/vb, so that up to linear order in vb attachment and detachment
are still equilibrated.) As this correction term is positive, the current of motors attaching to
the filament at a given site, π̃adρub(x), is larger than the current of detaching motors at the
same site, ε̃ρb(x), which is easy to understand, since the motors bound to the filament are
driven away by the drift vb. For small driving velocity vb, we can replace the local balance of
currents at a site x by the condition

ε̃ρb(x+
vb

ε̃
) = π̃adρub(x), (4.12)

which states that all motors attaching to the filament at site x, move for a distance vb/ε̃ and
thus detach at site x + vb/ε̃. Inserting the solution given above, we can check that this is
fulfilled for small vb/ε̃.

ε̃ρb(x+
vb

ε̃
) = ε̃ evb/(ε̃ξ)ρb(x) ≈ (ε̃+

vb

ξ
)ρb(x) = π̃adρub(x). (4.13)
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The fact that more motors attach to the filament than detach from it, indicates that this
solution cannot be correct for all x. In a system without hard core exclusion, the current of
detaching motors will be larger than the current of attaching motors only at the end of the
filament. In the spirit of the ansatz (4.12) we can account for detachment at the filament end
by assuming that all motors that would have detached in the interval [L,L+ vb

ε ] are forced by
the boundary to detach at the last binding site of the filament. Therefore the density at the
filament end, ρb(x = L), is given by

ρb(x = L) =
1
`

∫ L+
vb
ε

L
dxN ex/ξ =

ξ

`
N eL/ξ

(
evb/(εξ) − 1

)
≈ vb

ε`
N eL/ξ, (4.14)

where ` is again the size of the binding site and the last approximation is for small velocity
vb, for which the ansatz (4.12) is justified. Comparing with simulations for the case without
hard core exclusion shows good agreement of the density at the last lattice site with the values
obtained by this procedure. In the more realistic case, where there is hard core exclusion,
however, the present solution holds only as long as the bound density is sufficiently small and
will break down at a certain x, as the bound density increases exponentially along the filament.

(ii) Let us now consider the opposite limit, where ρb is close to one as appropriate for
the right end of the tube. At the end of the tube, motors have to detach from the filament,
while attachment to the filament is negligible, since there are nearly no free binding sites. We
thus neglect the term π̃adρub(1−ρb). With this approximation the equations decouple and we
obtain

vb(1− 2ρb)
∂ρb

∂x
= −ε̃ρb, (4.15)

which can be integrated and gives

ln ρb − 2ρb =
x0 − x
vb/ε̃

. (4.16)

If ρb is close to one, we can expand the logarithm and obtain a linear profile

ρb(x) = 1 +
x− L
vb/ε̃

, (4.17)

where the integration constant x0 has been fixed by the boundary condition ρb(x = L) = 1,
which ensures that the bound current through the right wall is zero. The unbound profile is
obtained by integration of Eq. (4.5),

ρub(x) =
ε̃

Dubφ

[
x
(
L− x

2

)
+ C

]
, (4.18)

where C is a constant. Note that the boundary condition for the unbound density, ∂ρub/∂x = 0
at x = L, is automatically fulfilled. Comparison with the numerical solution for the lattice
case indicates that these expression for the bound and unbound density profiles are only valid
very close to the right boundary.

Comparison with the continuum equation for the ASEP

It is instructive to compare our case with the simpler case of the one-dimensional asymmetric
simple exclusion process (ASEP), which corresponds to the motion on the filament without
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the possibility to detach into the unbound state. In this case, the continuum equation is

∂ρ

∂t
= D

∂2ρ

∂x2
− v ∂

∂x
ρ(1− ρ), (4.19)

where we have used the same symbols as above but without the subscript ’b’ and reintroduced
the ’bound’ diffusion term. Using the substitution ρ(x) = 1

2 [1 + u(x)], Eq. (4.19) can be
reduced to the Burgers equation,

∂u

∂t
= D

∂2u

∂x2
+ vu

∂u

∂x
. (4.20)

In the stationary state this gives

vρ(1− ρ) = D
∂ρ

∂x
or

2D
v

∂u

∂x
= 1− u2, (4.21)

if the system is closed and the net current flowing through it vanishes. The solution is given
by

ρ(ASEP)(x) =
1
2

[
1 + tanh

v(x− x0)
2D

]
. (4.22)

In the limit D = 0, corresponding to no backward steps in the lattice model, this solution is
a step from zero density to density one at x = x0. For finite D, the step has a finite width.
In both cases however, the stationary state is an equilibrium profile, in the sense that local
currents through all bonds of the lattice vanish. This case can be imagined, as in the standard
driven lattice gas, as a system where gravity or an electric field drives the particles towards the
right boundary, while thermal fluctuations lead to backward diffusion. Returning to our case,
we note that this is not the case here. Local currents are not zero, because the current on the
filament is not balanced by a diffusive current along the filament, but by the diffusive current
of unbound motors. Only the integral of the current over the tube cross section is zero.

Let us derive an equation corresponding to Eq. (4.21). By eliminating the unbound density
from Eq. (4.5) using Eq. (4.6), we obtain

vbρb(1− ρb) = Db
∂ρb

∂x
+
Dubφ ε̃

π̃ad

∂

∂x

ρb

1− ρb
+
Dubφ

π̃ad

∂

∂x

vb
∂
∂xρb(1− ρb)−Db

∂2

∂x2 ρb

1− ρb

= Deff
∂ρb

∂x
+ jeff(ρb(x)). (4.23)

The first term on the right hand side can be interpreted as a diffusion term with a density-
dependent effective diffusion coefficient Deff defined by

Deff(ρb) ≡ Db +
Dubφ ε̃/π̃ad

(1− ρb)2
. (4.24)

This effective diffusion coefficient has the unusual property to increase with increasing density,
i.e., motors diffuse faster in regions with a high motor density instead of being slowed down
by mutual exclusion. This counterintuitive effect is due to the fact that the motors that really
diffuse are the unbound ones, while those having a high density are the bound ones. The
increase in diffusive current is simply obtained because more motors are unbound in a region
where the density of bound motors is high. Unlike in Eq. (4.21), however, the driven and
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the diffusive current do not balance each other here: the second term on the right hand side
of Eq. (4.23), which can be interpreted as an effective net flux jeff(x), is a signature for the
out-of-equilibrium nature of the stationary state.

Let us finally use Eq. (4.23) to obtain another approximative solution in an expansion
around the solution for the ASEP. We assume that the exchange between the bound and
unbound state is approximately in equilibrium and neglect the last term of Eq. (4.23). Using
the same substitution as in Eq. (4.20), we get

vb

4
(1− u2) =

Db

2
∂u

∂x
+
Dubφε̃

π̃ad

∂

∂x

1 + u

1− u
. (4.25)

For ε̃φ/π̃ad = 0, we recover the case of the ASEP. The correction to linear order in ε̃φ/π̃ad can
be derived in a straight-forward way by putting u = u0 + ε̃φ

π̃ad
u1, where u0 is the solution for

ε̃φ/π̃ad = 0. The solution for u1 is

u1(x) = F (x) exp
(
−
∫ x

x0

dy
vbu0(y)
Db

)
(4.26)

with

F (x) = −2Dub

Db

∫ x

x0

dỹ [
∂

∂ỹ

1 + u0

1− u0
]× exp

(∫ ỹ

x0

dy
vbu0(y)
Db

)
. (4.27)

We now consider the region, where ρb ' 1/2. In this region u0, u1 and x − x0 are small and
we can approximate the solution by

u1 ' F (x) ' −4Dub

Db
(u0 + u2

0). (4.28)

Let us remember that u0(x) ∼ (x − x0) + O([x − x0]3). Our result therefore yields a linear
profile for small x − x0, just as in the case of the ASEP, but with an effective diffusion
coefficient Db + 4Dubφε̃/π̃ad, i.e., the increase of the profile is less steep due to backward
diffusion of unbound motors. However, in contrast to that case, here the quadratic term
breaks the symmetry u(x0 + x) = −u(x0 − x): For positive x− x0 the profile is more strongly
flattened than for negative x−x0. This reflects the density dependence of the effective diffusion
coefficient discussed above. As the density increases, more motors detach and thus the effective
diffusion coefficient grows, enhancing the flattening of the profile.

4.2.2 Discrete model

For numerical purposes, the discrete two-state model defined by Eqs. (2.15) and (2.16) is more
convenient than the continuum model. In comparison to Monte Carlo simulations, it has the
advantage that run times to obtain stationary profiles are much shorter. This is particularly
important to study large systems, where L & 1250` or L & 10µm in the case of kinesin and
microtubules.

In the stationary state the discrete two-state equations (2.15) and (2.16) can be written as

vbρb(x)
[
1− ρb(x+ 1)

]
= φDub

[
ρub(x+ 1)− ρub(x)

]
(4.29)

vbρb(x)
[
1− ρb(x+ 1)

]
− vbρb(x− 1)

[
1− ρb(x)

]
= π̃adρub(x)

[
1− ρb(x)

]
− ε̃ρb(x), (4.30)
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where φ is the cross-section of the tube or, more general, the number of unbound ’channels’ per
bound ’channel’. For a cylindrical tube of radius R with a single filament, φ ≈ πR2; if there
are Nf isopolar parallel filaments, φ ≈ πR2/Nf . At the boundaries, x = 0 and x = L, terms
corresponding to currents through the tube walls have to be omitted in Eq. (4.30). Eq. (4.29)
holds for 0 < x < L. Together with the normalization condition

L∑
x=0

[
ρb(x) + φρub(x)

]
=

N

`2Nf
, (4.31)

which fixes the total number N of motors in the tube, these equations form a system of 2L
(however nonlinear) equations for the 2L unknown densities ρb(x) and ρub(x), 0 < x ≤ L.

If the hard core exclusion can be neglected, i.e. far from the jammed region, Eqs. (4.29)
and (4.30) are equivalent to the recursion relation[

2 +
π̃ad

Dubφ
+

ε̃

vb

]
ρub(x)− ρub(x− 1)−

[
1 +

ε̃

vb

]
ρub(x+ 1) = 0, (4.32)

with the solution ρb(x) ∼ ρub(x) ∼ ax, where a is given by a quadratic equation as

a =
1
2

[
1 +

1 + π̃ad/(Dubφ)
1 + ε̃/vb

]
+

1
2

√[
1 +

1 + π̃ad/(Dubφ)
1 + ε̃/vb

]2
− 4

1 + ε̃/vb
. (4.33)

Taking the continuum limit the solution of the continuum model is recovered.

Numerical solutions for the density profiles

The full system of equations (4.29)–(4.31) is solved numerically. We applied Newton’s method
with backtracking to find solutions of the system of non-linear equations, see chapter 9.7 of
Ref. [95]. Density profiles are obtained within a few seconds for small systems (L = 200`),
in which case the simulations take several hours, for a large system (L = 1000`) simulations
sometimes (depending on the parameters, in particular the number of motors) do not reach
the stationary state within several days, while density profiles are obtained from the two-state
equations within about one day.

Some profiles of the bound motor density as well as the average current as a function of
the number of motors are shown in Fig. 4.4 for a relatively large system (L = 1000). While the
main features are the same as for the smaller system discussed above, some additional details
can be seen here. The current increases linearly with the number N of motors for small N ,
but at a certain point, N ' 500 in Fig. 4.4(b), the slope begins to change. The current then
increases more slowly, but again nearly linearly, until it reaches its maximum. This change in
slope of the current corresponds to the formation of a plateau in the density profile, where the
density in the traffic jam is approximately constant and changes only little upon addition of
motors.

Comparing the density profiles with those obtained from simulations, we find that the
length scale of the exponential increase of the density is smaller in the two-state model. Cor-
respondingly the traffic jam is slightly longer in this case. This difference is due to neglecting
a depletion zone close to the filament: Close to the filament, the unbound density is smaller
than its radial average in the low-density region. Taking it as independent of the radial co-
ordinate, we thus overestimate the current from the unbound to the bound state. Therefore
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Figure 4.4: (a) Profiles of the bound motor density ρb as a function of the spatial coordinate
x parallel to the filament and (b) average bound current J̄b as a function of the number
N of motors in the tube as obtained by numerical solution of the discrete two-state model.
The chosen tube has length L = 1000 and radius R = 25. The parameters of motion are
vb = 0.01, Dub = 1/6, ε = 10−4, πad = 1. The numbers of motors in (a) are (from right to
left) N = 100, 200, 300, 400, 500, 1000, 1500, 2000, 2500, 3000, 3500 and 4000.

there are more motors bound to the filament in the two-state model than in the simulations,
which results in a longer traffic jam, and the maximum of the current is shifted to a smaller
number of motors in the system. On the other hand, agreement of the results of the two-state
model and simulations is good, if the entire filament is crowded by motors.

4.3 Depletion layer

We have discussed in the previous section that in the two-state approximation a depletion zone
close to the filament is disregarded. In this section, we derive analytically an expression for
the radial dependence of the unbound density, which exhibits depletion of motors close to the
filament. We restrict the analysis again to the linear regime, i.e. to the region of low motor
concentration.

Let us therefore consider the full continuum equations (2.13) and (2.14). In the stationary
state, the linearized equations (obtained by neglecting exclusion terms) are given by

−Dub∆ρub = δ(r)
[
ε̃ρb − π̃adρub,0

]
(4.34)

vb
∂ρb

∂x
−Db

∂2ρb

∂x2
= −ε̃ρb + π̃adρub,0 (4.35)

with ρub,0(x) = `2ρub(x, r = 0). The separation ansatz

ρub(x, r) = ex/ξf(r), ρb(x) = B0e
x/ξ, (4.36)

where B0 is a constant, leads to

0 = Dub

[
ξ−2 +

∂2f(r)
∂r2

+
1
r

∂f(r)
∂r

]
(4.37)

0 = −vbξ
−1B0 +Dbξ

−2B0 − ε̃B0 + π̃adf0, (4.38)
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where f0 = `2f(0). Eq. (4.37) holds for r 6= 0. The solution for f(r) can be expressed in terms
of the Bessel functions of order zero of the first and second kind, J0 and Y0 [81],

f(r) = C

[
J0(r/ξ)− J1(R/ξ)

Y1(R/ξ)
Y0(r/ξ)

]
, (4.39)

where C is a constant and J1 and Y1 are Bessel functions of the first order,

J1(z) = − ∂

∂z
J0(z) and Y1(z) = − ∂

∂z
Y0(z). (4.40)

This solution fulfills the boundary condition ∂f/∂r = 0 at r = R. However, f(r) diverges
logarithmically for small r as can be seen from the asymptotic behaviour of the Bessel functions,

J0(z) ≈ 1− 1
4
z2 and Y0(z) ≈ 2

π
ln(

z

2
) (4.41)

for small z. This divergence is again due to the description of the filament as a line.
We thus consider a filament of finite radius `. In this case, the diffusion equation (4.34)

holds only for r > ` and thus the δ-term can be omitted. Binding to and unbinding from
the filament are again described by Eq. (4.35) and matched to the diffusion equation by
ρub,0(x) = (π`2/4)ρub(x, r = `), which yields a second boundary condition for f(r), f(r =
`) = (4/π`2)ρub,0(x)e−x/ξ = (4/π`2)f0. With the last expression, we fixed the remaining
overall multiplicative constant, so that ρub,0(x) = f0e

x/ξ. The solution for f(r) is then fully
determined and given by

f(r) =
4f0

π`2
J0(r/ξ)Y1(R/ξ)− J1(R/ξ)Y0(r/ξ)
J0(`/ξ)Y1(R/ξ)− J1(R/ξ)Y0(`/ξ)

. (4.42)

A condition to determine ξ can now be obtained from the balance of bound and unbound
currents,

vbρb(x) = Db
∂ρb(x)
∂x

+Dub 2π
∫ R

`
dr r

∂

∂x
ρub(x, r). (4.43)

Inserting the exponential dependence on x, derivatives are replaced by powers of ξ and the
integral over ρub is turned into an integral over f(r) only. ρub is expressed in terms of ρb, and
with the definition

I(`/ξ,R/ξ) ≡ 2π
ξ2

∫ R

`
dr r

f(r)
4/(π`2)

= 2π
∫ R/ξ

`/ξ
dz z

J0(z)Y1(R/ξ)− J1(R/ξ)Y0(z)
J0(`/ξ)Y1(R/ξ)− J1(R/ξ)Y0(`/ξ)

, (4.44)

Eq. (4.43) can be written as

vb =
Db

ξ
+Dub

4ξ2

π`2
I(`/ξ,R/ξ)

[
ε̃

π̃adξ
+

vb

π̃adξ2
− Db

π̃adξ3

]
, (4.45)

from which we determine ξ numerically. There are actually several roots of Eq. (4.45), but the
relevant one for our case is the largest one, as smaller roots lead to oscillatory radial profiles,
which do not correspond to stationary states.

Let us now discuss the profiles obtained by these calculations and compare them to those
obtained by Monte Carlo simulations. In Fig. 4.5, we have plotted both the longitudinal
[Fig. 4.5(a)] and radial profiles [Fig. 4.5(b)] as obtained by both methods. For sufficiently
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Figure 4.5: (a) Profiles of the bound density ρb (thick line) and the radius-dependent un-
bound density ρub as functions of the spatial coordinate x parallel to the filament. The
dashed line indicates the exponential ∼ exp(x/37.37) as obtained from the linearized mean
field equations. (b) Radial profile of the unbound density in the exponential profile region,
x = −40(◦),−20(2), 0(�), 20(4), 40(×), and in the crowded region, x = 80(•). The solid
line shows the analytical result (4.42). The parameters are L = 201, R = 25, N = 50,
α = 9.93× 10−3, β = 0, γ = 0.99, ε = 10−4, and πad = 1.

small bound densities, where we can use the linearized description, the radial profile of the
unbound density is nearly flat far from the filament and exhibits a depletion zone close to the
filament, which behaves as ln(r/ξ) for small r. The filament acts like a sink for the unbound
motors [84], because these are driven away upon binding to it. In Fig. 4.5(b), the radial
profiles obtained from simulations have been rescaled by ρub(x, r = R), so that curves for
different values of x fall together, showing that the separation ansatz (4.36) is justified in the
low-density region. In the low-density limit the simulated radial profiles agree well with the
analytical description of the depletion layer. In the crowded region close to the right end of
the tube, on the other hand, there is no depletion, but rather an increased unbound density
close to the filament [filled circles in Fig. 4.5(b)].

Finally, solving Eq. (4.45) numerically, we obtain ξ ' 37.37 for the parameters used in
Fig. 4.5, in good agreement with the value from simulations of the lattice model, which is
ξ ' 37. The two-state approximation yields a smaller value, ξ ' 24. As already discussed
in the previous section, the current of motors attaching to the filament is overestimated by
the two-state approximation, in which it is determined by the average unbound density rather
than by the smaller value of the unbound density in the depletion layer close to the filament.

4.4 Some modifications of the model

The systems discussed so far are idealizations of a real system in several aspects. In the
following, we consider a few modifications of the model. We anticipate that these modifications
do not change substantially the qualitative features of our results. The main properties of the
density profiles are generic and independent of the detailed modeling.

(1) We have assumed that detachment at the end of the filament occurs with the same
rate as detachment at any other site of the filament. A second possibility is that motors
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Figure 4.6: (a) Profiles of the bound density ρb for active and thermal detachment of motors
at the filament end: A Motor at the end of the filament detaches with the same probability as
at any other filament site (solid lines) or by a forward step (dashed lines). L = 600, R = 25,
parameters of motion as in Fig. 4.4 and N = 200, 800, 1400, 2000, 2600 (from right to left) (b)
Motors carrying larger cargoes: Profile of the bound density in the case where motors occupy
a volume (5`)3, see text. In the region close to the filament end, a sublattice structure is
observed (inset). The solid line is an average of the profile over five subsequent lattice sites.
L = 1250, R = 25, N = 1000, parameters of motion as in Fig. 4.5.

detach quickly at the end by making a normal step which, however, leads to unbinding. The
two cases correspond to thermal and active detachment, respectively. The question which
case is appropriate for biological motors must, of course, be decided by experiments (and the
answer could also be a combination of both and/or depend on the type of motor). To our
knowledge there is only indirect evidence for a quicker detachment of kinesin motors at the
microtubule end from experiments and computer simulation of the formation of microtubule
aster by motors.5 Fig. 4.6(a) shows density profiles for both cases as obtained from the discrete
two-state model. One can clearly see that the profiles agree well except for the region close
to the filament end. In particular, the steep increase of the density profile at the beginning
of the ’traffic jam’ is the same in both cases. This observation shows that the traffic jam
is not due to the slow detachment at the end, but to the exponential increase of the motor
concentration, which follows from the balance of bound drift current and unbound diffusive
currents. Only the weaker increase of the bound density inside the jammed region is due to the
small detachment rate at the end of the filament and is therefore missing in the case of quick
detachment at the end, where the profile is decreasing rather than increasing in the jammed
region. The overall current is, of course, larger in the case of quick detachment at the end.

5In these studies the detachment rate at the end of the microtubule has been identified as the crucial
parameter for the formation of aster or vortex structures. A higher detachment rate at the end than at other
binding sites has to be assumed to reproduce the experimentally observed vortex structures in simulations [62].
For the formation of asters, on the other hand, the detachment at the microtubule end should not be too quick,
as motor complexes have to remain bound for some time at the end of a microtubule to allow for the transport
of that microtubule [61]. Kinesin is able to form both asters and vortices, suggesting that detachment at the
microtubule end is relatively quick, while the kinesin-related motor ncd only forms asters and thus probably
detaches slowly at the microtubule end [62].
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(2) Mutual exclusion of motors is obviously enhanced, if the motors carry large cargoes
such as latex beads or vesicles. On the other hand, microtubules consist of 13 protofilaments
(parallel tracks), i.e., there are more binding sites. We have therefore performed simulations for
a model, where these two features have be included. Some limitations however remain because
of the underlying lattice. In our simulations, motors move on a microtubule consisting of 12
protofilaments arranged in a tubular geometry and occupy a cubic volume of M3 lattice sites.
In the simulations we chose M = 3 and M = 5. In addition, these cubes attach to the filament
only with one of their surface sites, which represents the motor. By consequence, the cubes
not bound to the filament have an additional rotational degree of freedom. They are rotated
by 90◦ into each of the four possible direction with a probability (1 − γrot) per unit time.
The resulting profiles differ from the ones discussed so far in two respects, see Fig. 4.6(b):
(i) A sublattice structure is observed in the crowded region of the microtubule [see inset in
Fig. 4.6(b)], which is due to the cubic shape of the cargoes and the rigidity of their attachment
to the motors. If we average over this sublattice structure, we obtain profiles that resemble
the ones for the simpler case. (ii) The value of the bound density in the crowded region is
much smaller, as a smaller number of motors can block the filament. In particular, a motor
bound to one protofilament also blocks binding sites of the adjacent protofilaments because of
the steric hindrance induced by its large cargo.

4.5 Density profiles in asters

In this section, we consider profiles of the motor concentration in aster-like arrangements
of filaments. Microtubule asters can be formed in vitro by self-organization of microtubules
and kinesin motor complexes. This combined dynamics of motors and microtubules has been
studied extensively in the last years and has become a paradigmatic system for biological
self-organization [59–62]. The interest in the self-organization of asters is mainly due to the
restructuring of the microtubule network during cell division, where an aster is transformed
into the mitotic spindle and after the segregation of the chromosomes two aster form in the
daughter cells [2,96]. However, the asters in a cell are three-dimensional structures, while those
studied in vitro are quasi two-dimensional, since they are confined between two surfaces. Let
us also mention, that asters of actin filaments have been observed as well, both in vivo [97]
and in vitro [98].

In the following, we will not consider the self-organization of the asters, but the simpler
case, where the asters have been formed and fixed, so that the action of motors does not change
their structure. In that case, directed motion of motors along the filaments and diffusive motor
currents will again be balanced in a stationary state, just as in the case of the tube discussed
above. For the aster geometry some theoretical and experimental results have recently been
reported by Nédélec et al. [87]. We recover their main theoretical result, an algebraic density
profile far from the center of the aster, and extend the study of concentration profiles in asters
by exploring the effect of exclusion interactions.

4.5.1 Two-state equations

Asters can be easily implemented in the two-state approach by substituting the coordinate x
parallel to the tube axis with the radius coordinate r in the aster and the tube cross-section φ
with a corresponding radius-dependent quantity φ(r), defined as the ratio of the free surface



54 Concentration profiles in closed compartments

(i.e. not covered by filaments) to the area covered by filaments,

φ(r) =
2πrh−NfA0

NfA0
≈ 2πrh
NfA0

= φ0r, (4.46)

where Nf is the number of filaments, A0 = `2 is the cross-section of a single filament ’channel’,
and h is the height of the slab, into which the aster is confined. We thus obtain the following
equations for the case of motors moving outwards in an aster:

vbρb(r)
[
1− ρb(r + 1)

]
= Dub φ(r)

[
ρub(r + 1)− ρub(r)

]
(4.47)

vbρb(r)
[
1− ρb(r + 1)

]
− vbρb(r − 1)

[
1− ρb(r)

]
= π̃adρub(r)

[
1− ρb(r)

]
− ε̃ρb(r). (4.48)

At the boundaries, the equations have to be adapted as in the case of the tube, and the
normalization, which fixes the total number of motors, yields an additional equation,

L∑
r=0

[
ρb(r) + φ(r)ρub(r)

]
=

N

A0Nf
. (4.49)

Neglecting hard core exclusion and taking the continuum limit, we obtain

vbρb = φ0rDub
∂ρub

∂r
+Db

∂ρb

∂r
(4.50)

vb
∂ρb

∂r
−Db

∂2ρb

∂r2
= π̃adρub − ε̃ρb. (4.51)

In the case Db = 0, these equations are equivalent to those used by Nédélec et al. to describe
their experimental results [87]. From these equations we get

vbρb = Dubφ0 r

(
ε̃

π̃ad

∂ρb

∂r
+

vb

π̃ad

∂2ρb

∂r2
− Db

π̃ad

∂3ρb

∂r3

)
+Db

∂ρb

∂r
. (4.52)

To recover the asymptotic solution given in Ref. [87] we assume ρb ∼ rη and neglect terms of
order rη−1. We obtain η = π̃advb/(ε̃φ0Dub). Note that the bound diffusion coefficient does not
contribute to the result in this limit. Interestingly, neglecting terms of order rη−1 is equivalent
to the assumption that attachment to and detachment from the filament are balanced locally.
Hence asymptotically, bound and unbound density are related by ρb = ε̃

π̃ad
ρub, in contrast to

the case of the tube.6 The case with hard core exclusion is again studied numerically.
If motion of motors is directed inwards in the aster (i.e. vb < 0), Eqs. (4.47) and (4.48)

must be slightly modified. In this case, the two-state equations are

vbρb(r + 1)
[
1− ρb(r)

]
= φ(r)Dub

[
ρub(r + 1)− ρub(r)

]
(4.53)

vbρb(r + 1)
[
1− ρb(r)

]
− vbρb(r)

[
1− ρb(r − 1)

]
= π̃ad(r)ρub(r)

[
1− ρb(r)

]
− ε̃ρb(r). (4.54)

The asymptotic behaviour of the linearized equations discussed above remains unchanged.
However, the exponent η is negative in this case and the profiles decrease for large r.

6Note that our densities ρb and ρub are defined with respect to a lattice site of volume `3, while the densities
used by Nédélec et al. in Ref. [87] are defined with respect to a larger volume, which includes regions occupied
by filaments as well as regions without filaments; in particular this implies that their density of bound motors,
b(r), is related to ρb(r) by b(r) ∼ ρb(r)/r.
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Figure 4.7: Concentration profiles for motors moving (a) inwards and (b) outwards in aster
geometries as functions of the radial coordinate r. Parameters are for motor complexes as
described by Nédélec et al. [87], see text. The numbers of motors are (from bottom to top)
N = 104 (◦), 105 (�), 106 (4), 107 (2), 108 (?), 109 (�). The profiles shown are profiles of the
total motor concentration ρ̄ ' ρb/φ(r) + ρub. Because of the logarithmic scale, discrete data
points are only indicated for small r.

4.5.2 Numerical results

To study the effect of hard core exclusion in asters, we used the parameters given by Nédélec
et al. for the motor constructs used in their experiments [87]. In the numerics all parameters
are given in units of the microtubule periodicity ` = 8 nm and the step time τs = 10 ms.
Parameters of the bound state are: vb = 0.8µm/s = `/τs and ε̃ = 0.01 τ−1

s corresponding to
detachment after 100 steps, and those of the unbound state: Dub = 20µm2/s = 3125 `2/τs
and π̃ad = 2.6µm2s−1/A0 = 405.6 τ−1

s Parameters which correspond to kinesin with beads as
used above for the case of the tube and in Ref. [56] give similar results. All results shown in
the following are obtained for an aster of Nf = 300 microtubules of length 50µm = 6250 `,
which is confined in a slab of height 9µm = 1125 `.

Motors moving inwards

We consider first the case, where motors move inwards. For this case, experimental results
have been reported by Nédélec et al. [87]. Accumulation of motors in the center of the aster
can be clearly observed by fluorescence microscopy. Profiles of the total motor concentration,
i.e. the concentration averaged over bound and unbound motors,

ρ̄(r) =
ρb(r) + φ(r)ρub(r)

1 + φ(r)
' 1
φ(r)

ρb + ρub, (4.55)

can be extracted from the fluorescence images. As φ(r) ∼ r, this density exhibits a crossover
from a decay ∼ rη−1 for small r to ∼ rη for large r. This crossover behaviour is seen in the
experimental data [87].

These results correspond to what is expected from the linearized theory, which should be
appropriate for small motor concentrations. The question is now which additional features of
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the profiles can be expected, when higher motor concentrations are considered and exclusion
effects cannot be neglected.

For small total numbers of motors, the numerical solution of the master equations exhibits
the power law behaviour predicted by neglecting exclusion effects. For the chosen parameters
we find ρub(r) ∼ r−0.54. The power law decay of the density profile can, however, only be
found for very small motor concentration. In addition, already for small total number of
motors, a ’traffic jam’ is obtained in the center of the aster, which is however quite small.
Interestingly, the traffic jam does not grow much in length, when the number of motors in the
system is increased. In any case, jamming of motors occurs only for small radii (< 1µm), for
which no experimental data are available.7 The main effect of the hard core exclusion is that
density profiles get more and more flat with increasing motor concentration in the system, see
Fig. 4.7(a).

The average current in the system exhibits again a maximum at an optimal motor con-
centration. The maximum occurs at a motor concentration, where the bound motor density
becomes nearly constant and the power law behaviour is hardly identified.

Motors moving outwards

For motors moving outwards in an aster we obtain profiles as shown in Fig. 4.7(b). For small
numbers of motors (and not too close to the boundaries) the bound density follows the power
law predicted by the linear equations. Again the profile of the bound density gets flatter with
increasing motor concentration.

The new feature compared to the previous case is that the profile of the total motor concen-
tration, which is rather flat for small motor concentration, develops a pronounced maximum
in the center of the aster as the number of motors is increased beyond the optimal motor
concentration, see Fig. 4.7(b). This can be understood in the following way: If no ATP is
added to the system, motors will accumulate in the center of the aster, simply because they
bind strongly to the filaments, and in the center the number of binding sites per unit area is
maximal. If ATP is added, motors are driven outwards by directed motion. If now the number
of motors in the system is increased, so that motion is slowed down by the exclusion effect,
the outward drift is suppressed and accumulation in the center is successively restored.

4.6 Summary

In this chapter, we have discussed stationary concentration profiles in closed compartments.
The stationary states in these systems are characterized by a balance of directed currents
along the filaments and diffusive currents of unbound motors. We have argued that local con-
centrations of motors can become large even at small overall motor concentration. Therefore
exclusion effects play an important role and the concentration profiles depend on the overall
motor concentration or the total number of motors in the compartments.

In the case of the tube geometry, our results show that for small overall motor concentra-
tions, motors are exponentially localized at the end of the tube towards which their movement
is directed, while for large overall motor concentrations, motors are spread over the whole

7If the detachment rate at the filament end, i.e. in the center of the aster, is higher than at other sites, no
’traffic jam’ is found. Apart from this, profiles agree perfectly with those for the case of slow detachment at the
end.
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length of the filament, however, blocking each other by hard core exclusion, so that the av-
erage current is small. The maximal current is obtained at an intermediate optimal motor
concentration, where motors explore the whole length of the tube, but mutual blocking is still
sufficiently small.

In the case of motors moving inwards in an aster-like arrangement of filaments, a profile
decaying as a power low is found at low overall motor concentrations. For larger motor
concentrations, this profile flattens. Finally, for motors moving outwards in an aster, exclusion
effects result in the formation of a concentration peak in the center of the aster, as motors are
slowed down by increasing the overall motor concentration.

The predictions for both geometries can be tested experimentally. Let us repeat that
recently experimental concentration profiles have been reported for the case of asters [87] and
that localization of motors at the tube end has been observed in tube-like compartments in
vivo [89]. Both observations concern the case of small overall motor concentration and are
recovered by our calculations. Similar experiments could be performed to study the case of
larger motor concentrations, for which we have made the predictions summarized above.
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Chapter 5

Motor traffic through open tube-like
compartments

In this chapter, we turn our attention again to tube-like compartments. We consider now
stationary states in open tubes which are coupled to reservoirs of motors at both ends. Motors
can enter and leave the tube at its ends and the motor traffic through the tube is characterized
by a stationary current. The density of filament-bound motors can again become large, so
that mutual exclusion from binding sites is important. Under these conditions, our models
exhibit boundary-induced phase transitions related to those of the one-dimensional asymmetric
simple exclusion process (ASEP). The location of the transition lines depends on the boundary
conditions at the two ends of the tubes [58].

In the following, we will discuss three types of boundary conditions: (A) Periodic boundary
conditions which correspond to a closed torus-like tube; (B) fixed motor densities at the two
tube ends where radial equilibrium holds locally; and (C) diffusive motor injection at one end
and diffusive motor extraction at the other end. We will determine the phase diagrams and
the profiles for the bound and unbound motor densities using mean field approximations and
Monte Carlo simulations.

5.1 Open tube systems

We consider the motion of molecular motors in a cylindrical tube of length L and radius R
as shown in Fig. 5.1. The tube contains one filament located along its symmetry axis which
is again taken to be the x-axis. The total number of motors in the tube is denoted by N .
In the case of open boundaries, N is not fixed, but its stationary value is determined by the
motor concentrations in the reservoirs at the tube ends. In general, one cannot expect N or the
overall motor concentration in the tube to remain sufficiently small, therefore mutual exclusion
between motors cannot be neglected. Remember that hard core exclusion is important even
at relatively small overall motor concentrations, since the motors are strongly attracted to the
binding sites of the filament, so that a large fraction of them is in the bound state.

As mentioned before, our models are variants of driven lattice gas models and exclusion
processes, for which the active processes which drive the particles are localized to the filaments.
Studying open tube geometries is motivated by results for the one-dimensional asymmetric
simple exclusion process (ASEP), a simple model for biased hopping of particles on a one-
dimensional lattice with mutual exclusion from lattice sites. When coupled to open boundaries,
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Figure 5.1: Different types of boundary conditions: (A) Periodic boundary conditions which
correspond to a closed torus geometry; (B) Open tube with boundaries satisfying radial equi-
librium: the bound and unbound motor densities are fixed at the two boundaries and satisfy
radial detailed balance at each boundary; and (C) Open tube with diffusive injection and ex-
traction of motors. In all cases, the tube has total length L; in cases (A) and (B), the filament
has the same length as the tube; in case (C), the filament has length LF < L and there are
two boundary compartments of linear size ∆L.

this simple model already exhibits a complex phase diagram, see e.g. [75], which we will review
below in some detail. This model was first introduced in 1968 by MacDonald et al. [99, 100]
in the context of protein synthesis by ribosomes on messenger RNA (mRNA). At that time
it was solved using a mean field approach and used to explain results of radioactive labeling
experiments [101–103] which showed that protein synthesis gets slower as the ribosome moves
on the mRNA template. The model of MacDonald et al. explained this by the steric hindrance
between successive ribosomes along the mRNA track. Since then, the ASEP has become
a generic model for non-equilibrium phase transitions [74] and has also been used in other
applications such as traffic flow [72]. Many properties of the one-dimensional ASEP are known
exactly [104,105].

Let us stress again that the lattice models for the random walks of molecular motors differ
from the usual driven lattice gas models in the following way: Walks of molecular motors
are only ’driven’ as long as the motor is attached to a cytoskeletal filament, hence ’driving’ is
localized to one or several lines. It can therefore be viewed as an ASEP coupled to a symmetric
exclusion process via binding to and unbinding from the filament.

Boundary conditions play an important role in driven systems. This becomes apparent,
e.g., if one compares a tube-like system with periodic boundary conditions with one with
closed boundaries. In the systems with closed boundaries discussed in the previous chapter,
a traffic jam of motors arises at one end of the system and the current of motors bound to
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the filament is balanced by diffusive currents of unbound motors. With periodic boundary
conditions, motors arriving at the right end of the system just restart their walk from the left
end and a net current through the systems is obtained.

Compared to the one-dimensional ASEP, the tube geometries considered here, leave more
freedom to choose the boundary conditions. In the following, we will discuss three different
types of boundary conditions as shown in Fig. 5.1. As we will demonstrate for these three
cases, the stationary states depend strongly on the way, in which the motors are inserted and
extracted at the boundaries.

Let us finally mention that the stationary states in open tube-like compartments studied in
this chapter are accessible to in vitro experiments using standard motility assays. In addition,
traffic in these open tubes can also be viewed as a strongly simplified model for motor-based
transport in an axon [42], if these motors, which are synthesized in the cell body, are at least
partly degraded at the axon terminal [92], a situation that can be mimicked by insertion and
extraction of motors at the ends of a tube.

5.2 Periodic boundary conditions

First we consider a cylindrical tube with periodic boundary conditions in the longitudinal di-
rection. Because of the translational invariance in the direction parallel to the filament, there
are no net radial currents, i.e., there is a bound current jb on the filament, but both currents
of motors binding to and unbinding from the filament and radial currents of unbound motors
are balanced locally, a situation which we call radial detailed balance or radial equilibrium. If
there is only one unbound channel, Nch = 1, (or Nch equivalent channels) radial equilibrium
is equivalent to adsorption equilibrium. It is clear, that this will no longer be true, if transla-
tional invariance is broken by boundaries or blocked sites on the filament. Another important
property of systems with periodic boundary conditions is that, in this case, the number N of
motors in the system is conserved, which does not apply to open systems.

Because of translational invariance along the x-axis, the bound and unbound motor densi-
ties, ρb and ρub, do not depend on x. In addition, it follows from the absence of radial currents,
that ρub is also independent of the radial coordinate r. Hence, ρb and ρub are constant, and
radial equilibrium implies the relation

ε

6
ρb(1− ρub) =

πad

6
ρub(1− ρb) (5.1)

which leads to
ρb =

ρub

ε/πad + (1− ε/πad)ρub
. (5.2)

Since the total number N of motors is conserved, we can use the normalization condition,

ρb +Nchρub =
N

L
, (5.3)

to obtain a quadratic equation for the densities as a function of the system size and the total
number of motors. Since one root is always negative, the physically meaningful solution is:

ρub =

N
L (1− ε

πad
)− 1−Nch

ε
πad

+

√[
N
L (1− ε

πad
)− 1−Nch

ε
πad

]2
+ 4Nch(1− ε

πad
) ε
πad

N
L

2Nch(1− ε/πad)
.

(5.4)
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Figure 5.2: Reduced current J/vb through the tube with periodic boundary conditions as a
function of the reduced particle number N/L. The line is calculated from Eq. (5.4), the Monte
Carlo data are obtained for a tube of length L = 200 and radius R = 25 corresponding to
channel number Nch = 1940. The random walk probabilities are β = 0, γ = 99/100, ε = 10−4,
α = 1− γ − 2ε/3, and πad = 1.

From this expression for the unbound density, the bound density ρb follows via Eq. (5.2) and
the stationary current is given by J = jb = vbρb(1 − ρb). The current calculated in this way
is shown in Fig. 5.2 as a function of N/L. The data points (circles) are the results of Monte
Carlo simulations for a system of length L = 200 and radius R = 25 and are in very good
agreement with the analytical solution.

It follows from the analytical solution that the current J = jb vanishes at N/L = 1 +Nch,
behaves as

J

vb
≈ 1

1 + ε
πad

Nch

N

L
for small N/L, (5.5)

and has the maximal value max(J) = vb/4 for

ρb = 1/2, ρub =
ε/πad

1 + ε/πad
and

N

L
=

1
2

+Nch
ε/πad

1 + ε/πad
. (5.6)

Let us add two remarks: (i) Eq. (5.1), as stated here, can be considered as a mean field
equation. However, using the quantum Hamiltonian representation of the stochastic process,
it can be shown to hold exactly, see appendix D.1.

(ii) Note that in contrast to a homogeneously driven lattice gas such as the asymmetric
simple exclusion process, there is no particle hole symmetry here. Particles attempt to leave
the filament with rate ε/6 to a neighbouring site while holes do so with rate πad/6, i.e., particles
are strongly attracted by the filament, while holes are not. However, if one considers only the
bound density, the current–density relationship J = jb = vbρb(1 − ρb) is invariant under the
exchange of particles and holes. As we will see in the next section, this can lead to an apparent
particle hole symmetry for systems with radial equilibrium, for which the radial currents vanish
and the state of the system can be determined by the bound density alone.
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5.3 Open boundaries with radial equilibrium

Now, let us consider the more interesting case, where the tube is open and the densities at the
left and right boundary are fixed. To be precise, we consider two different sets of boundary
conditions, (B) and (C) as shown schematically in Fig. 5.1. In this section, we study case (B)
while case (C) will be considered in the following section 5.4.

For case (B), we add two layers of boundary sites at x = 0 and x = L+1 with y2
1 +y2

2 ≤ R2.
As before, the filament is located at y1 = y2 = 0. The filament is taken to extend into the
boundary layers and we fix the density on the additional filament sites according to

ρb(x = 0) ≡ ρb,in and ρb(x = L+ 1) ≡ ρb,ex, (5.7)

see Fig. 5.1. Furthermore, the densities on the non-filament boundary sites, ρub,in and ρub,ex,
are chosen in such a way that radial equilibrium as given by Eq. (5.1) holds at both boundaries.

Motors from within the tube can now leave the tube by hopping to a lattice site of one
of the boundary layers. In addition, motors enter the tube from lattice sites of the boundary
layers according to the fixed densities, see appendix A for details. Note that the probabilities
for hopping attempts at lattice sites of the boundary layers are the same as within the tube
and depend on whether the chosen site is a filament or non-filament site. Throughout this
section, we take β = γ = 0 to eliminate two parameters from the problem.

5.3.1 Phase diagram

In the limiting case with Nch = 0 and ε = 0, our system becomes equivalent to the one-
dimensional ASEP, for which the density profiles and the phase diagram are known exactly
[104,105]. Let us therefore summarize some of the known properties of this process, for which
we use symbols without the subscript ’b’.

For the one-dimensional ASEP, there are three different phases. If the density ρin at the left
boundary is small and satisfies ρin < 1/2 and if the density ρex at the right boundary is not too
large with ρex < 1−ρin, the system is in the low density (LD) phase, for which the bulk density
ρ0 is equal to the left boundary density, and the current is given by J = vρin(1−ρin). Because
of the particle hole symmetry, an analogous situation holds for ρex > 1/2 and ρin > 1 − ρex

[high density (HD) phase]. Now, the bulk density is given by ρ0 = ρex and the current is
J = vρex(1 − ρex). At the line ρex = 1 − ρin < 1/2, a discontinuous phase transition takes
place, and the bulk density jumps from the left boundary value to the right boundary value.
Finally, for ρin > 1/2 and ρex < 1/2, the bulk density is ρ0 = 1/2 and the current attains its
maximal value J = v/4. Therefore, this phase is called maximal current (MC) phase. The
phase transition towards the maximal current phase is continuous with a diverging correlation
length.

The formation of three different phases can be understood in terms of the underlying
dynamics of domain walls and density fluctuations [75]. In the low density and high density
phases, the selection of the stationary state is governed by domain wall motion. Thus consider
a domain wall, which forms between regions of different densities. If its velocity is positive, the
domain wall travels to the right boundary and the bulk density is equal to the left boundary
density (low density phase). Likewise, the bulk density is given by the right boundary density,
if the domain wall velocity is negative (high density phase). At the transition line with ρex =
1− ρin < 1/2 the domain wall velocity is zero, and domain walls diffuse through the system.
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Figure 5.3: (a) Phase diagram for motor traffic in open tubes with boundary condition (B) as
a function of the boundary densities ρb,in and ρb,ex at the left and right end of the filament,
respectively. There are three phases distinguished by the bulk value of the bound density ρ0

b: a
low density phase (LD), a high density phase (HD), and a maximal current phase (MC). This
phase diagram is identical to the phase diagram of the one-dimensional ASEP as explained
in the text. (b)–(d) Typical profiles of the bound and unbound densities as functions of the
coordinate x parallel to the filament for (b) the high density phase with ρb,in = 0.8 and
ρb,ex = 0.6; (c) the low density phase with ρb,in = 0.3 and ρb,ex = 0.6; and (d) the maximal
current phase with ρb,in = 0.6 and ρb,ex = 0.1. Data have been obtained by simulations for a
tube of length L = 600 and radius R = 10 and random walk probabilities β = γ = 0, ε = 10−2,
α = 1− 2ε/3, and πad = 1. The shown data points are averages over six lattice sites along the
x-axis and the unbound density has been averaged over the tube cross section and multiplied
by a scale factor of 10.

The second mechanism is related to density fluctuations. If a small perturbation of the
density, corresponding, e.g., to some added particles, enters the system at the left boundary, it
can move with positive or negative velocity, i.e., it can spread into the bulk or is driven back
towards the boundary. In the maximal current phase the velocity of such density perturbations,
is negative and density fluctuations coming from the left boundary are driven back to the
boundary. Hence, increasing ρin does not increase the bulk density, since additional particles
cannot enter the system (overfeeding effect). Both the velocities of domain walls and of density
fluctuations are governed by the same density–current relation which is j = vρ(1− ρ) for the
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one-dimensional ASEP [75].
For the filament in a tube as considered here, the velocities of domain walls and density

fluctuations are similar to those for the ASEP in one dimension. This can be understood
from the fact that the current–density relationship on the filament is the same as for the one-
dimensional ASEP provided one rescales all currents by the factor (1−2ε/3) which arises from
the possibility to unbind from the filament.

Thus, let us first consider the case, where the behaviour on the filament is determined by
domain walls, i.e. the low density and high density phases. The domain wall velocity vs is
slowed down compared to the case of the ASEP in one dimension, but changes sign at the
same values of the boundary densities. An explicit expression for vs can be obtained from the
general expression for the domain wall velocity as given in Ref. [75] by integrating the density
over the tube cross-section, which leads to

vs =
vbρb,ex(1− ρb,ex)− vbρb,in(1− ρb,in)
ρb,ex − ρb,in +Nchρub,ex −Nchρub,in

(5.8)

for the geometry considered here. Remember that the unbound densities are related to the
bound densities by radial equilibrium at the boundaries. If a domain wall spreads from the
left or right boundary into the system, radial equilibrium will hold approximately in the bulk
because of translational invariance, but, in addition, all the way down to the dominating
boundary, where we have imposed radial equilibrium via the boundary conditions. Therefore,
the current and the bulk density are determined by the bound density at the boundaries.

The drift velocity of fluctuations of the bound density is vc = 1−2ρb [75]. If the behaviour
on the filament is determined by this velocity, i.e. in the case ρb,in > 1/2 and ρb,ex < 1/2,
radial equilibrium will not hold up to the boundary and unbound motors can enter the tube.
However, after a short distance they will bind to the filament and act like an additional particle
in the maximal current phase: The density fluctuation generated by the additional particle
moves towards the boundary. Therefore in the bulk, the bound density is 1/2 and the current
is vb/4.

Summarizing these considerations, we predict to find exactly the same phase diagram as
for the one-dimensional ASEP; see Fig. 5.3 which also shows typical density profiles for the
three phases. In fact, we have chosen our boundary conditions (B) in such a way that we only
have to replace the density ρ of the one-dimensional ASEP by the bound density ρb and the
boundary densities ρin and ρex by the boundary densities on the filament, ρb,in and ρb,ex. The
unbound density in the bulk is obtained by radial equilibrium from the bound density. These
expectations are confirmed (i) by a detailed analysis of the discrete mean field equations, see
appendix D.2, and (ii) by extended Monte Carlo simulations.

A remarkable feature of the phase diagram is that it seems to exhibit particle hole sym-
metry, while the dynamics does not. The signature of particle hole symmetry in the phase
diagram is the symmetry between the high density and low density phase. In both these phases,
the bulk density is approximately constant and radial equilibrium holds approximately in the
whole system except close to the left or right boundary. Radial equilibrium holds exactly
at that boundary which determines the bulk behaviour. Therefore radial currents vanish on
average and the phase diagram is determined by the bound density alone, resulting in a phase
diagram which gives the impression of particle hole symmetry, although this symmetry is bro-
ken. Indeed, even though the substitution of the bound density ρb by 1−ρb leads to the same
bound current jb, it does not lead to the unbound density 1− ρub. Two stationary states with
bound densities that are related through exchange of particles and holes are characterized
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by two unbound densities which are both smaller than the bound ones and thus break the
apparent symmetry.

5.3.2 Density profiles

To discuss the concentration profiles of the bound and unbound motors, we use continuum
mean field equations and compare the mean field results with simulations. We use again
the two-state approximation introduced in chapter 2.5, i.e., we consider the case of a single
unbound channel, so that a motor can be in only two states, bound to the filament or unbound.
Remember that the two-state model is exact for an arbitrary numberNch of equivalent unbound
channels, but can also serve as an approximation for the original tube systems because the
unbound density depends only weakly on the radial coordinate. Within this approximation,
the bound motors are described by the density ρb(x) and the unbound motors by the density
ρub(x). The effective diffusion coefficient for the unbound motors is given by NchDub.

Using the mean field approximation, the total current J parallel to the tube axis is now
given by

J = vbρb(1− ρb)−Db
∂ρb

∂x
−NchDub

∂ρub

∂x
(5.9)

and the equality between incoming and outgoing currents at any lattice site leads to

∂

∂x

[
vbρb(1− ρb)−Db

∂

∂x
ρb

]
= π̃adρub(1− ρb)− ε̃ρb(1− ρub), (5.10)

where we have again introduced the rescaled binding and unbinding rates, π̃ad = 2
3πad and

ε̃ = 2
3ε.

In order to determine the density profiles far from the boundaries, we first calculate the
homogeneous, x-independent solutions, ρ0

b and ρ0
ub, of the two mean field equations (5.9) and

(5.10). The first equation (5.9) for the total current J then reduces to the current–density
relationship

J = vbρ
0
b(1− ρ0

b) (5.11)

whereas the second equation (5.10) becomes

π̃adρ
0
ub(1− ρ0

b) = ε̃ρ0
b(1− ρ0

ub) (5.12)

which implies radial equilibrium for the x-independent solutions.
We then decompose the densities according to

ρb(x) = ρ0
b + ηb(x) and ρub(x) = ρ0

ub + ηub(x), (5.13)

and expand the mean field equations (5.9) and (5.10) in powers of the density deviations ηb

and ηub. As a result, we obtain

Db
∂

∂x
ηb +NchDub

∂

∂x
ηub = vb(1− 2ρ0

b)ηb − vbη
2
b (5.14)

and

vb(1− 2ρ0
b)
∂

∂x
ηb − 2vbηb

∂

∂x
ηb −Db

∂2

∂x2
ηb = Aηub −Bηb + (ε̃− π̃ad)ηubηb, (5.15)

where we have defined

A ≡ π̃ad(1− ρ0
b) + ε̃ρ0

b and B ≡ ε̃(1− ρ0
ub) + π̃adρ

0
ub. (5.16)
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Figure 5.4: Localization length ξ as a function of the tube radius R for boundary conditions
(B) with ρb,in = 0.38 and ρb,ex = 0.6. Circles are simulation data, obtained for a tube of length
L = 600 and with random walk probabilities as in Fig. 5.3; lines are the corresponding results
of mean field calculations (dotted: discrete two-state approximation, dashed: continuous two-
state approximation, solid: full diffusion equation, see text). The two crosses and the filled
circle at R = 0 represent the mean field results and the exact result for the one-dimensional
ASEP, respectively.

Low density and high density phases

For the high and low density phases with ρ0
b 6= 1/2, Eqs. (5.14) and (5.15) up to first order

in ηb and ηub lead to an exponential approach ∼ exp(x/ξ) of the density profiles towards
the homogeneous solutions ρ0

b and ρ0
ub. The corresponding decay length ξ satisfies the cubic

equation

−vb(1− 2ρ0
b)ξ3 + (Db +NchDubg)ξ2 +NchDub

vb(1− 2ρ0
b)

A
ξ −NchDub

Db

A
= 0 (5.17)

with g ≡ B/A. Eq. (5.17) is solved numerically.
For the ASEP in one dimension, one has Nch = 0 and Eq. (5.17) reduces to −vb(1 −

2ρ0
b)ξ3 +Dbξ

2 = −ξ2(ξ − ξ0) = 0 with

ξ0 ≡
Db

vb(1− 2ρ0
b)
. (5.18)

Thus, in this limit, mean field theory leads to the correlation length ξ = ξ0. For Nch > 0, we
choose the unique solution of (5.17) which approaches (5.18) as Nch vanishes. This solution
behaves as ξ ≈ ξ0(1 + gNchDub/Db) for small Nch.

In addition to the mean field calculation, we again used Monte Carlo simulations in order
to determine the density profiles as shown in Fig. 5.3(b) and (c). As predicted by the mean
field calculation, the constant bulk densities for the bound and unbound states are approached
exponentially in the low and high density phases. The corresponding decay length ξ is found
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to be the same for the bound and the unbound density and to diverge as one approaches the
maximal current phase.

Some simulation results for the decay length ξ are displayed in Fig. 5.4. In this case, the
radius R of the tube was varied while the boundary densities were kept fixed. The latter
densities were chosen to be ρb,in = 0.38 and ρb,ex = 0.6 which lies within the low density phase
but is close to the phase transition line which separates the low density from the high density
phase. One surprising feature of the Monte Carlo data for the decay length ξ is that they
exhibit a pronounced minimum as a function of tube radius R.

For comparison, we also display in Fig. 5.4 the ξ-values as obtained from several mean
field approximations corresponding to the dashed, dotted and solid lines. The dashed line
is obtained from the solution of equation (5.17) which we derived from the continuous mean
field approximation for the two-state model. We also determined this quantity using a lattice
version of this approximation (dotted line, see appendix D.2) and a more elaborate mean
field approximation (solid line), in which we solved the diffusion equation in the cylindrical
compartment and matched this solution to the directed transport along the filament. In the
latter calculation we used the same technique that was used to determine the profile of the
depletion zone in chapter 4.3.

Inspection of Fig. 5.4 shows that all three mean field approximations are quite consistent
with each other and lead to ξ ∼ R2 as follows from (5.17). Such an increase of ξ for large R
is in fair agreement with the Monte Carlo data displayed in Fig. 5.4. However, in contrast to
the Monte Carlo simulations, all three mean field approximations give a monotonic increase
of ξ with increasing R.

The largest discrepancy between the mean field results and the Monte Carlo data is found
in the limit of small R for which one recovers the one-dimensional ASEP. In this limit, the
Monte Carlo data should be quite reliable as one concludes from the value obtained for R = 0
which is in very good agreement with the exact solution for the one-dimensional ASEP as given
by Ref. [104]. Thus, we conclude that the decay length ξ does indeed exhibit a nonmonotonic
dependence on the tube radius R and that this behaviour is not reproduced by the mean field
approximation.

Finally, we note that the different behaviour of the decay length ξ for large and for small
R is correlated with a qualitatively different behaviour of the corresponding density profiles
as observed in the Monte Carlo simulations. As an example, let us consider the density
profiles within the low density phase as in Fig. 5.3(c). In this case, the bound and unbound
densities exhibit plateau regions which are determined by their values ρb,in and ρub,in at the left
boundary. As one gets closer to the right boundary where the motors can leave the tube, the
densities start to deviate from these constant values, and these deviations grow exponentially
as ∼ exp(x/ξ). For small R, the corresponding profiles are convex upwards for all values of
x. For large R, on the other hand, the profile exhibits an inflection point close to the right
boundary. This inflection point moves towards the interior of the tube as R is further increased.

Maximal current phase

In the maximal current phase, one has ρ0
b = 1/2, and one has to consider terms up to second

order in the density deviations ηb and ηub in Eqs. (5.14) and (5.15). We neglect terms of
order ηb

∂ηb
∂x and ∂2ηb

∂x2 as can be justified a posteriori since ηb is found to decay as an inverse
power of x. Thus, up to leading order, radial equilibrium holds for the asymptotic decay to
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the homogeneous solution and we find

ηub =
Bηb

A+ (ε̃− π̃ad)ηb
≈ gηb −

B(ε̃− π̃ad)
A2

η2
b (5.19)

for small ηb and therefore
∂ηub

∂x
= g

∂ηb

∂x
+O(ηb

∂ηb

∂x
). (5.20)

If the latter expression is inserted into Eq. (5.14), one finds that ηb satisfies the nonlinear
differential equation

(Db + gNchDub)
∂ηb

∂x
≈ −vbη

2
b (5.21)

with g ≡ B/A. This differential equation can be solved by separation of variables. The solution
behaves as

ηb ≈
Db + g NchDub

vb x
for large x, (5.22)

i.e., the deviation of the bound density from its asymptotic bulk value ρ0
b = 1/2 decays as

∼ 1/x within the mean field approximation.
For Nch = 0, this becomes identical with the mean field solution for the ASEP in one

dimension as discussed in [74]. In this latter case, an exact solution is available [104, 105],
which shows that the density profile decays as ∼ 1/x1/2, i.e., with a different exponent. This
is related to the fact that density fluctuations spread superdiffusively in the one-dimensional
ASEP [106]. The dispersion 〈(∆x)2〉 of an ensemble of particles in such a system behaves as
〈(∆x)2〉 ∼ t4/3 for large times t. This superdiffusive spreading of density fluctuations in one
dimension can be taken into account within a mean field approximation if one considers a
scale-dependent diffusion coefficient as shown in Ref. [74]. In the following, we will extend this
approach to the tube geometry considered here.

Thus, we now replace Db in the mean field equation (5.21) by a scale-dependent diffusion
coefficient Db(x) and consider the modified mean field equation

[Db(x) + gNchDub]
∂ηb

∂x
≈ −vbη

2
b. (5.23)

A convenient choice for Db(x) which embodies the correct superdiffusive behaviour for the
ASEP in one dimension is

Db(x) ≡ Dsc

(
1 +

√
x− x0

xsc

)
. (5.24)

The left boundary is located at x = x0 (= 0 in our simulations), and Dsc and xsc represent
two scale parameters. With this choice, the modified mean field equation (5.23) can again be
solved by separation of variables. As a result, we obtain

ηb(x) = a

[
a

ηb(x0)
+
√
x̃− b ln(1 +

√
x̃/b)

]−1

, (5.25)

where we have introduced the abbreviations x̃ ≡ (x − x0)/xsc, a ≡ Dsc/(2vbxsc), and b ≡
1 + g NchDub/Dsc. The ’initial’ value ηb(x0) = ρb,in − 1

2 denotes the density deviation at the
left boundary.
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Far from the left boundary, i.e., for very large values of x̃ ∼ x, the expression (5.25) leads
to the asymptotic behaviour

ηb(x) ≈ a√
x̃

[
1 + b

ln(
√
x̃)√
x̃

]
≈ Dsc

2vb
√
xxsc

. (5.26)

Thus, the deviation of the bound density from its asymptotic value now decays as 1/
√
x̃ ∼

1/
√
x as for the ASEP in one dimension. In addition, we also obtain a correction term in

Eq. (5.26) which depends on b = 1+g NchDub/Dsc. For large tube radius R, one has Nch ∼ R2

and b ∼ Nch ∼ R2. Therefore, the correction term becomes large for large R.
For the intermediate range of x̃-values defined by a/ηb(x0)� x̃� b2, the deviation ηb of

the bound density from its asymptotic value as given by Eq. (5.25) simplifies and becomes

ηb ≈
2ab
x̃

=
Dsc + g NchDub

vbxsc

1
x̃
. (5.27)

Thus, for these intermediate x̃-values the density deviation decays again as ∼ 1/x̃. We can
now define a crossover length x̃ = x̃∗ at which the latter two expressions are equal. This leads
to

x̃∗ = 4b2 ∼ R4 for large R. (5.28)

Close to the left boundary, i.e., for small values of x̃ ∼ x−x0, the expression (5.25) for the
deviation of the bound density from its asymptotic value ρ0

b = 1/2 leads to

ηb(x) ≈ ηb(x0)[1− 1
2ab

ηb(x0)x̃]. (5.29)

We may now define a second crossover length or extrapolation length x̃ = x̃∗∗ at which the
two terms in (5.29) cancel. This extrapolation length is given by

x̃∗∗ = 2ab/ηb(x0) = 2ab/(ρb,in −
1
2

). (5.30)

For large tube radius R, the latter length scale grows as x̃∗∗ ∼ b ∼ R2. In general, the
extrapolation length can have both signs but, for the maximal current phase, one always has
ρb,in > 1/2 and, thus, x̃∗∗ > 0. Note that the same expression is obtained by defining x̃∗∗
as the length at which the intermediate expression (5.27) is equal to the left boundary value
ηb(x0).

In summary, the theory described here indicates (i) that the ’initial’ value at the left
boundary is felt up to an extrapolation length x̃∗∗ ∼ b ∼ R2, (ii) that the true asymptotic
behaviour of the density deviation is obtained for x̃ > x̃∗ ∼ R4 as follows from (5.28), and (iii)
that the density deviation decays as 1/x̃ on intermediate length scales with x̃∗∗ � x̃� x̃∗.

These conclusions agree with the results of Monte Carlo simulations. In these simulations,
the tube length L is necessarily finite. This implies that the profiles observed in the simulations
may not reach the asymptotic behaviour present in a tube of infinite length. Since both the
crossover length x̃∗ and the extrapolation length x̃∗∗ increase quickly with increasing tube
radius R, we expect to find the true asymptotic behaviour only for sufficiently small values
of R. This expectation is confirmed by the simulation results. For sufficiently small R, the
density deviation ηb is found to decay as ∼ 1/x1/2 for large x, as shown in Fig. 5.5(a) for
R = 3. For sufficiently large values of R, on the other hand, the observed profiles decay as
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Figure 5.5: Deviation ηb of the bound density from its constant value far from the boundaries
as a function of the spatial coordinate x for (a) the one-dimensional ASEP (solid line) and
for motor traffic in tubes with radius R = 3, 5, 7 (dashed lines), length L = 2000; and (b)
for a tube with radius R = 3 and length L = 6000 (thin solid line); boundary conditions (B)
with ρb,in = 0.8 and ρb,ex = 0.5 and random walk probabilities as in Fig. 5.3. The curves
for the one-dimensional ASEP and for the tube radii R = 3, 5 in (a) have been multiplied
by scale factors 0.1, 0.2, and 0.5, respectively. The thin dotted lines correspond to the decay
laws ∼ 1/x and ∼ 1/

√
x, respectively. The thick dashed line in (b) is a fit to Eq. (5.25) with

Dsc ' 0.81 and xsc ' 8.57. The thin dashed line indicates the power law ∼ 1/
√
x. Note that

the simulation data decay faster than ∼ 1/
√
x for 101 <∼ x <∼ 102.

1/x, see the Monte Carlo data in Fig. 5.5(a) for R = 5 and R = 7. In the latter cases, the true
asymptotic behaviour is not accessible and is cut off by the finite value of L.

In addition, a more detailed analysis of the Monte Carlo results for small values of R
but large values of L explicitly shows that the decay of the bound density deviation behaves
as ∼ 1/

√
x for large x but decays faster than 1/

√
x for smaller values of x. This crossover

behaviour is shown in Fig. 5.5(b) where the simulation data are compared with the thin dashed
line corresponding to the decay law ∼ 1/

√
x. Furthermore, the data can be well fitted with a

density profile as given by Eq. (5.25) if one makes an appropriate choice for the scale parameters
Dsc and xsc.

The Monte Carlo data shown in Fig. 5.5(b) correspond to a tube of radius R = 3 and
length L = 6000 with boundary densities ρb,in = 0.8 and ρb,ex = 0.5. In this case, a least-
squares fit of the data for x > 20 leads to the parameter values Dsc ' 0.81 and xsc ' 8.57.
The corresponding fitting curve corresponds to the thick dashed line in Fig. 5.5(b). The fit
becomes less reliable close to the left boundary, where the assumption that ηb is small is no
longer fulfilled. For fixed boundary densities, both fitting parameters Dsc and xsc are found
to depend on R and to increase with increasing R. In addition, for R ≥ 4, it becomes rather
difficult to determine these parameters since one would have to simulate rather long systems
with L� 6000 in order to observe the true asymptotic behaviour.
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5.4 Diffusive injection and extraction of motors

Finally, we consider the second type of open boundary conditions corresponding to case (C)
in Fig. 5.1. The length of the tube is again denoted by L. This tube is now longer than the
filament which has length LF < L. The left end of the tube is located at x = 0 as before but
the left end of the filament is at x = ∆L ≡ (L−LF)/2. Likewise, the right end of the filament
is at x = ∆L+ LF whereas the right end of the tube is at x = L = 2∆L+ LF. Thus, a motor
particle which enters the tube on the left must diffuse over a distance ∼ ∆L before it can come
into contact with the filament, and a motor particle which leaves the filament at its right end
must also diffuse over a distance ∼ ∆L before it can leave the tube.

At the left and right end of the tube, we now prescribe constant boundary densities as
given by

ρ(x = 0, y1, y2) = ρub,in and ρ(x = L+ 1, y1, y2) = ρub,ex (5.31)

for all values of y1 and y2 with y2
1 + y2

2 ≤ R2.
As before, the jump probability β to make backward steps on the filament is taken to be

zero. Likewise, the resting probability γ to make no step at all on the filament is also zero
with a possible exception at the ’last’ filament site with (x, y1, y2) = (∆L+ LF, 0, 0). Indeed,
in order to define the system in a unique way, we still have to specify the probability to make a
forward step at this ’last’ filament site. Two possible choices appear rather natural: (i) Active
unbinding from the ’last’ filament site, i.e., the motor particle attempts to step forward with
probability α and makes a step if the adjacent non-filament site is unoccupied. In this case, the
forward step at the last filament site is governed by the same probabilities as all other forward
steps along the filament; and (ii) Thermal unbinding in which the motor particle unbinds
with probability ε/6 both in the forward direction and in the four orthogonal directions. In
the latter case, one has to choose the resting probability γ to be nonzero and to be given by
γ = 1− 5ε/6.

The choice (i) is suggested by the results of recent experiments on microtubules and kinesin
motors [62] which indicate that these motors unbind quickly at the filament ends. In the
following subsections, we will first consider this choice (i) corresponding to active unbinding
from the last filament site. In the last section 5.4.3, we will show that the choice (ii) leads to
rather similar behaviour.

5.4.1 Diffusive bottlenecks

In order to understand the behaviour found for boundary condition (C), it is instructive to
partition the tube into three compartments which are defined as follows: (i) A left compartment
with 1 ≤ x < ∆L where transport is purely diffusive; (ii) a middle compartment with ∆L ≤
x ≤ ∆L + LF where all directed (or active) transport occurs; and (iii) a right compartment
with ∆L+ LF < x ≤ L where the transport is again purely diffusive.

For a stationary state, the total current through the tube must be constant and, thus, must
be the same in all three compartments. The current through the middle compartment is given
by the bound current jb = vbρ

0
b(1− ρ0

b) if the filament is sufficiently long. Thus, the diffusive
currents Jdif,L and Jdif,R in the left and right tube segment must be equal and must satisfy
the simple relation

Jdif,L = Jdif,R = vbρ
0
b(1− ρ0

b). (5.32)

The relation as given by Eq. (5.32) is easily checked in the simulations since the density
profile is found to be approximately linear in the left and in the right compartments provided
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Figure 5.6: (a) Phase diagram as a function of the left and right boundary densities ρub,in

and ρub,ex for tubes with boundary conditions (C) and a set of parameters where no maximal
current phase occurs. The tube has length L = 600 and radius R = 5, the filament length
is LF = 590 and the distance between the filament ends and the tube ends is ∆L = 5. The
random walk probabilities are the same as in Fig. 5.3. Note the different scales of the axes.
(b) Bound density ρ0

b as a function of the left boundary density ρub,in for the same system.
The discontinuity in the functional dependence of ρ0

b on ρub,in corresponds to the transition
from the low to the high density phase.

∆L is sufficiently large. For such a linear density profile in the right compartment, the diffusive
current Jdif,R can be estimated as

Jdif,R ' (1 +Nch)Dub
|ρub(x = ∆L+ LF)− ρub,ex|

∆L
. (5.33)

Since the maximal density difference is one (in the units used here), the maximal diffusive
current behaves as

max(Jdif,R) ∼ (1 +Nch)Dub
1

∆L
∼ R2Dub

1
∆L

. (5.34)

This shows that the maximal diffusive current depends on the tube radius R, the lateral size
∆L of the diffusive segments, and the diffusion coefficient Dub of the unbound motors. Since
these parameters can be chosen independently from the bound motor velocity vb, the diffusive
current Jdif,L can be made smaller than the maximal bound current vb/4 on the filament. In
the latter case, the diffusive compartments act as diffusive bottlenecks and the maximal current
phase characterized by the current vb/4 is expected to be absent from the phase diagram. This
expectation is indeed confirmed by the simulations as discussed next.

5.4.2 Phase diagrams with and without maximal current phase

Phase diagram without maximal current phase

One geometry for which no maximal current phase has been observed in the simulations is
provided by a tube with radius R = 5, length L = 600, and filament length LF = 590.
The corresponding phase diagram as determined by the Monte Carlo simulations is shown in
Fig. 5.6(a). The largest part of the phase diagram is covered by the high density phase (HD);
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Figure 5.7: (a) Current J/vb (diamonds) and bound density ρ0
b (circles) as a function of the

tube radius R for boundary conditions (C) with ρub,in = 0.2, ρub,ex = 0. The tube length
L = 600, the filament length LF = 590, and the distance between the filament ends and the
tube ends is ∆L = 5. The random walk probabilities are the same as in Fig. 5.3. The maximal
current J/vb = 1/4 is obtained for R ≥ R∗ ' 16. (b) Phase diagram for a tube of radius
R = 17 with boundary conditions (C) and parameters as in (a). In the inset, which shows the
complete phase diagram, the maximal current phase can be hardly distinguished from the line
ρub,ex = 0.

in addition, a low density phase (LD) is found for small values of the boundary densities ρub,in

and ρub,ex.
The transition line displayed in Fig. 5.6(a) has been determined from the functional de-

pendence of the bound density in the bulk, ρ0
b, on the left boundary density ρub,in as shown

in Fig. 5.6(b). Inspection of this latter figure shows that the bound bulk density ρ0
b jumps

at a certain value of the left boundary density ρub,in. Since L is finite, this jump occurs over
a small but finite interval of ρub,in. Thus, the jump can be characterized by two values of
ρub,in, say ρ<ub,in and ρ>ub,in, which represent the left and the right ’corner’ of the numerically
determined jump. Both ρub,in-values have been included in the phase diagram of Fig. 5.6(a).
For ρ<ub,in < ρub,in < ρ>ub,in, the simulations do not reach a stationary state within two days
of computation. Simulations also become very slow in the high density phase especially when
the overall motor concentration gets so large that the bound density is close to one and the
unbound density is no longer small compared to the bound density.

Presence of the maximal current phase

In order to estimate the set of parameters, for which the phase diagram exhibits a maximal
current phase, we return to the estimate (5.33) for the diffusive current Jdif,R and make the
simplifying assumption that the bound and unbound densities in the middle compartment of
the tube are essentially constant. Thus, we replace the true unbound density ρub(x = ∆L+LF)
at the right end of the filament by its bulk value ρ0

ub.
The bulk density ρ0

ub of the unbound motors is related to the bulk density ρ0
b of the bound

motors via the radial equilibrium relation (5.1). For the maximal current phase, one has
ρ0

b = 1/2 and Eq. (5.1) leads to ρ0
ub = ε/πad

1+ε/πad
≈ ε/πad for small ε. In this way, we arrive at
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the estimate

Jdif,R ' (1 +Nch)Dub
ε

πad∆L
for ρub,ex = 0. (5.35)

The maximal current phase should be present in the phase diagram if the diffusive current
Jdif,R exceeds the maximal current vb/4 on the filament. It then follows from (5.35) that, for
ρub,ex = 0, the maximal current phase should be present if the tube radius R satisfies

R2 > R2
∗ ≡

vb

4π
πad∆L
Dubε

(5.36)

where 1 + Nch ≈ πR2 has been used. Using the same line of reasoning, a second, less re-
strictive condition can be obtained from an estimate for the diffusive current within the left
compartment.

The threshold value R∗ for the tube radius as given by Eq. (5.36) has been confirmed by
Monte Carlo simulations for the jump probabilities α = 1− 2ε/3 with ε = 1/100, the sticking
probability πad = 1, the compartment size ∆L = 5, and the boundary densities ρub,in = 0.2
and ρub,ex = 0. The jump probabilities imply the bound motor velocity vb = 1 − 2/300;
the diffusion coefficient Dub of the unbound motors has the value Dub = 1/6. When these
parameter values are inserted into Eq. (5.36), one obtains the estimate R∗ ' 15.4.

The corresponding Monte Carlo data are displayed in Fig. 5.7(a). Inspection of this figure
shows that the current does indeed attain its maximal value vb/4 for R ≥ R∗ with R∗ ' 16.
Fig. 5.7(a) also shows the transition from the low density to the high density phase which
occurs for a tube radius R∗∗ which satisfies 4 < R∗∗ < 5.

A complete phase diagram for a tube with radius R = 17 is shown in Fig. 5.7(b). Again,
most of the phase diagram is covered by the high density phase (HD), while a low density
phase (LD) is found only for very small values of ρub,in. The maximal current phase (MC) is
present now but only for very small values of ρub,ex.

It is interesting to note that similar effects also occur in the purely one-dimensional system
if one considers a driven system which is bounded by two segments which exhibit only diffusive
transport. In this one-dimensional case, quantitative predictions can be made using a mean
field approximation, see appendix D.3.

5.4.3 Active versus thermal unbinding from the ’last’ filament site

The Monte Carlo data displayed so far have been obtained for active unbinding of a motor
particle which is bound to the ’last’ filament site. As mentioned above, another possibility
is that the motor particle gets stuck at the ’last’ filament site and unbinds only by thermal
excitations, i.e., with unbinding probability ε/6. For these two different unbinding mechanisms,
one will, in general, obtain different density profiles. However, this difference is not dramatic
as one can see from Fig. 5.8 which exhibits density profiles for both cases. Although the
probability for a forward step at the ’last’ filament site differs by two orders of magnitude for
the two cases, the bulk density exhibits a relatively small difference. The bound density, on
the other hand, increases and decreases close to the right end of the filament for thermal and
active unbinding from the ’last’ site, respectively.
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Figure 5.8: Bound and unbound density profiles ρb and ρub as functions of the spatial coordi-
nate x for boundary conditions (C) with ρub,in = 0.2 and ρub,ex = 0. Two different unbinding
processes of the motor particles at the ’last’ filament site are compared: Active unbinding
for which the motor makes one final step in the forward direction (filled circles); and thermal
unbinding with probability ε/6 in the forward direction (open Circles). The geometric param-
eters are L = 600, LF = 590, ∆L = 5, and R = 5; the random walk probabilities are as in
Fig. 5.3.

5.5 Summary

In this chapter, we have studied motor traffic through open tubes which contain a single
filament. As for the ASEP in one dimension, the motor traffic in open tubes can exhibit
three different phases depending on the motor concentrations in the reservoirs to which the
tube ends are coupled: high density and low density phases which are characterized by an
exponential decay of the density deviations from their bulk values and maximal current phases
characterized by an algebraic decay.

In general, the location of the transition lines is found to depend on the precise choice of
the boundary conditions. Apart from periodic boundary conditions, case (A), we have studied
two different boundary conditions (B) and (C) for an open tube. In case (B), the bound
and unbound densities are kept fixed at the boundaries and satisfy radial equilibrium. For
this case, the location of the transition lines is independent of the model parameters, and the
phase diagram of the one-dimensional ASEP is recovered. In case (C), the active compartment
of the tube is bounded by two compartments where the transport is purely diffusive. In this
latter case, the phase diagram depends on the geometry of the tube and on the transport
properties in the bound and unbound motor states. In many cases, the maximal current
phase is completely suppressed by the coupling to the diffusive compartments which act as
bottlenecks for the transport.

As tube systems such as those described here are in principle accessible to experiments, the
traffic of molecular motor through open tubes is a promising candidate for the experimental
observation of boundary-induced phase transitions and might be used as a model system to
study these transitions in a systematic way.



Chapter 6

Motors with attractive interactions

In this chapter, we will discuss motors with additional interactions. In the first part of the
chapter, we summarize what is known from experiments about the interactions of motors and
consider the case of an attractive motor–motor interaction such that binding to the filament
is stimulated by motors already bound to it.

In the second part of the chapter, we consider the case of two species of motors moving
into opposite directions. While binding to the filament is stimulated by the presence of motors
of the same type, it is inhibited by the presence of motors of the other species. This kind of
interaction exhibits (i) a state characterized by spontaneously broken symmetry, where one
motor species is largely excluded from the filament, (ii) hysteresis of the total current upon
varying the relative concentrations of the two motor species, and (iii) the formation of lanes
of traffic into opposite directions.

Interactions of motors are still largely unexplored. However, our basic assumptions, which
are based on experimental results, are simple and plausible. One may therefore expect that
the new type of phase transition between different stationary states should be accessible to
experiments with a model system based on biological motor molecules.

6.1 Interactions of motors

As mentioned before, until now only a few experiments have been performed to study inter-
actions of molecular motors. In the following, we summarize the experimental results. Let us
repeat that exclusion effects as discussed in the previous chapters are well established and have
been observed both for inactive motors in decoration experiments [77] and for active motors
in motility assays [78].

Most of the knowledge about other motor–motor interactions has been obtained in micro-
tubule decoration experiments. These experiments are done in the absence of ATP, i.e., motors
do not move along the microtubule, but only bind to it. Saturated binding of motors to mi-
crotubules is then studied by electron microscopy or X-ray diffraction. For binding of dimeric
kinesin motors to microtubules, two observations suggest an attractive interaction between the
motors: First, two-dimensional order with 16nm periodicity has been found, and second, there
is coexistence of decorated and bare microtubules [107]. The latter observation has also been
made for the decoration of actin filaments with muscle myosin [108,109], where the interaction
between the motors depends on the internal conformation of the actin filaments [109].

This observation as well as more recent (still unpublished and possibly controversial) ex-
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Figure 6.1: Detachment rates and sticking probabilities for the case where binding to the fila-
ment is stimulated and unbinding inhibited by the presence of a bound motor: (a) Asymmetric
(forward) interaction and (b) symmetric interaction, see text. Note that the situations (a) also
apply to the symmetric case. (c) Current J as a function of the interaction parameter f for
the cases of asymmetric (thick solid line and circles) and symmetric interaction (thin solid
line and diamonds). Symbols are simulation results in a system of length L = 100 and radius
R = 5 (corresponding to φ = 88), lines are from the mean field calculation. The dashed line
indicates the mean field result in a case without time discretization, see text. The parameters
are N/L = 4, ε = 0.01, πad = 0.1 and β = γ = 0.

perimental results on kinesin in the presence of ATP [110] suggest that the interaction between
motors is probably transmitted via a deformation or a conformational change of the filament
upon binding of a motor. This deformation affects the adjacent binding sites and can enhance
binding of motors to these sites. Alternatively, interaction could take place directly between
motor heads or be mediated by the tail domains. All three possibilities have been argued to
be consistent with the experimental findings of Ref. [107].

Similar mechanisms are expected to be at work in the presence of ATP, i.e., if the motors
are active and walk along the filaments. However, the interactions of moving motors have not
been systematically explored by experiments up to now.

6.2 Attractive interactions

As discussed in the previous section, experiments indicate that there is an attractive interaction
between motors or cooperative binding of motors to filaments. As a first step towards a theory
of this motor–motor attraction, we discuss the case of a tube-like compartment with, for
simplicity, periodic boundary conditions. We consider again the situation of one filament
located along the symmetry axis of the tube.

If the interaction is mediated by a deformation of the filament, it is reasonable to assume
that mainly the detachment rate and the sticking probability are affected by the presence of
a second motor. We assume that binding to a lattice site next to an already bound motor
is stronger than binding in the absence of that motor. As both the filament structure and
the motor movements possess a favoured direction, the motor–motor interaction might be
asymmetric in the sense that the binding rate next to a bound motor might depend on whether
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the motor attempts to bind in front of the bound motor or behind it. We will therefore consider
two cases in the following: (i) an asymmetric interaction, where binding is stimulated and
unbinding is inhibited at lattice sites in front of a bound motor only (seen in its direction of
motion); (ii) a symmetric interaction, where bound motors at both (forward and backward)
neighbour sites stimulate binding and exhibit unbinding. An interaction of type (i) is suggested
by the experimental results mentioned above [110]. However, the qualitative behaviour is found
to be the same for both cases.

For both cases (i) and (ii), only nearest neighbour interactions are taken into account.
Stimulation of binding and inhibition of unbinding are modeled by multiplying the detachment
rate and the sticking probability by factors 1/f and f , respectively, if another motor is bound
to the neighbour site. The parameter f is related to the motor–motor interaction energy ∆Eint

by f ∼ exp(−∆Eint/kBT ). For an attractive interaction we have ∆Eint < 0 and f > 1. In the
absence of other motors, the detachment rate and the sticking probability are again given by
ε and πad, respectively. In the case (i) of asymmetric (forward) interaction, they are given by
ε/f and πadf , respectively, at a filament site in front of a site occupied by a bound motor, see
Fig. 6.1(a). In the case (ii) of a symmetric interaction, these rates are also used at filament
sites behind a bound motor. In addition, in that case, binding to a filament site between
two bound motors and unbinding from such a site occur with sticking probability πadf

2 and
detachment rate ε/f2, respectively, see Fig. 6.1(b).1

In addition, we assume that the rates for forward and backward steps are unaffected by
the interaction, which is justified if the energy related to motor–motor interactions is small
compared to the energy release from ATP hydrolysis, which is of the order of 20kT .

In order for the interaction to be attractive, the interaction parameter f must be larger
than one. For f = 1 we obtain the case discussed in the previous chapters, where motors
interact only through hard core exclusion. If we now increase f (keeping the number N of
motors in the tube fixed), motors are more strongly attracted by the filament, as there are
already motors bound to the filament. Therefore the bound density increases. If it increases
beyond the value 1/2, this implies that the current through the tube decreases, as the filament
gets crowded because of the attraction, see Fig. 6.1(c).

We use again a mean field approach to determine the bound density. In the case of an
asymmetric interaction, the bound and unbound densities are related by

ερb

[
(1− ρb) +

1
f
ρb

]
= πadρub(1− ρb)

[
(1− ρb) + fρb

]
. (6.1)

Together with the normalization, which fixes the number N of motors in the tube, this equation
yields the bound density and thus the stationary current. The current obtained from this mean
field calculation agrees well with the simulation data, see Fig. 6.1, but slight deviations can be
seen close to the maximum of the curve.

Finally let us briefly consider the case (ii), i.e. symmetric interactions, where both backward
and forward neighbours affect the detachment rate and the sticking probability as shown in
Fig. 6.1(a) and (b). As motors can now interact with two neighbours, the attraction is stronger
in this case and thus the maximum of the current is shifted to a smaller value of f compared to

1A slight complication arises because of the time discretization in the simulations, which forces us to modify
the expression for the sticking probability at a lattice site adjacent to a bound motor in our simulations: As the
sticking probability cannot be larger than one per discrete time step, we use πad × min{f, 1/πad} rather than
πadf , compare the solid and dashed lines in Fig. 6.1. As the detachment rate is very small, the corresponding
constraint for ε only matters for very large f .
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case (i) and the current decreases more rapidly, when f is further increased. Both simulation
data and mean field results for this case are included in Fig. 6.1(c).

6.3 Two species of motors

Let us now consider the case, where two species of motors move on the same filament, but
into opposite directions. If motors of the same type interact via a deformation of the filament,
one can expect that an attractive interaction between motors of the same directionality is
accompanied by a repulsive interaction of motors of opposite directionality. We will assume
such an interaction in the following and discuss effects related to competitive binding of motors
of opposite directionality. Let us mention that competition for binding sites has been observed
in the case of conventional kinesin and ncd, a kinesin-related motor with opposite directionality
[111].

We extend the models used above in the following way: The detachment rate is now
multiplied by a factor f if a nearest neighbour site of the motor is occupied by a motor of
the other species, see Fig. 6.2. If the site is occupied by a motor of the same species, it is
multiplied by 1/f as before. The sticking probability is multiplied by f or 1/f next to a motor
of the same or the other species, respectively. We studied again the two cases discussed above:
(i) an asymmetric interaction, where binding and unbinding is only changed at lattice sites in
front of a bound motor (seen in the direction of motion of that motor) and (ii) a symmetric
interaction, where both forward and backward neighbours are considered. For both cases,
the qualitative behaviour is found to be the same, therefore we will focus on case (i) in the
following.

Systems with two species of active particles have previously been discussed in the context
of driven lattice gases, where various phase transitions have been found such as a blocking
transition from a spatially homogeneous state to a state characterized by a single macroscopic
blockage in the case of two-dimensional and quasi one-dimensional (two-lane) systems with
periodic boundary conditions (but not in one-dimensional systems) [112,113] and spontaneous
symmetry breaking in open one-dimensional systems [114]. We therefore want to emphasize
again that our system is different from these spatially homogeneous systems, as ’driving’ or
active motion of the motors is localized to the filament and motors can detach into the unbound
state.
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Figure 6.2: Two interacting species of motors, ’plus’ and ’minus’, with opposite direction of
motion. Binding is stimulated and unbinding inhibited next to a bound motor of the same
species. Next to a motor of the other species, binding is inhibited and unbinding enhanced,
see text.
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Figure 6.3: Absolute values of (a) the density difference mb = ρb,+ − ρb,− and (b) the total
current J = J+ + J− as functions of the interaction parameter f for N/L = 5 and different
systems sizes, L = 40 (◦), L = 100 (�), L = 160 (2) and L = 200 (•). Data points have been
obtained by simulating 106 Monte Carlo steps per data point using the final configuration of
one run as starting configuration for the following one with increased f . The other parameters
are the same as in Fig. 6.1. The inset in (a) shows the finite-size scaling of the height (filled
circles) and width (open circles) of the peak in m′b(f) = ∂|mb|/∂f as a function of the tube
length L, see text; the dashed lines indicate the power laws ∼ L−1 and ∼ L0.65.

6.3.1 Two kinds of phase transitions

If the interaction is strong, i.e. for large f , motors bound to the filament strongly attract other
motors of the same type to the filament, but repel those of the other type. If the concentration
of one species of motors along the filament is much higher than the concentration of the other
species, the second species is basically excluded from the binding sites of the filament. On the
other hand, the motors of the majority species on the filament are unlikely to unbind, since
they are attracted by their neighbours. If the numbers of motors of both species are different,
the majority species on the filament can be expected to be the one with the larger overall
population. If, however, the numbers are equal, spontaneous symmetry breaking might occur.

In the following, we will denote the two species by ’plus’ and ’minus’ according to their
directions of motion. Their bound and unbound densities are ρb,± and ρub,±, respectively.
The total numbers of ’plus’ and ’minus’ motors are N+ and N−, respectively. In addition, we
define the total number of motors by N ≡ N+ + N−. In the following, we will consider the
case N+ = N− = N/2. As order parameters, we choose the difference of the bound densities
mb ≡ ρb,+ − ρb,− and the total current, which is the sum of the currents of each species,
J = J+ + J−. The density difference is zero in the symmetric state and non-zero for broken
symmetry. Note that the difference of unbound motor densities, mub, would be an equivalent
choice, as the numbers of motors in the tube are conserved. In states of broken symmetry, both
mb and mub are non-zero, but have opposite signs. The current J vanishes in the symmetric
state, because the currents of the two species have the same absolute value, but different signs
and cancel each other. On the other hand, if the symmetry is broken, the current is non-zero
and flows into the direction of motion of the majority species on the filament.

We have performed Monte Carlo simulations to study the behaviour of systems with two
species of motors and the simulations confirm the expectations discussed above: For weak
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interaction, motors of both species are bound to the filament and the concentrations of bound
motors are equal for both types. The total current vanishes as the currents of motors of opposite
directionality balance each other. For large f , on the other hand, we observe spontaneous
symmetry breaking. Motors of one species are bound to the filament, while those of the
other species are largely excluded from it. Correspondingly the total current is different from
zero. As the simulated system is relatively small, there are strong finite-size effects. We
sometimes observe reversal of the direction of the current, as the system flips from one of the
two equivalent states to the other. In addition, in an interval of intermediate values of f ,
where the transitions from the symmetric state to the state of broken symmetry occurs, the
values of the total current J and of the difference of bound densities, mb fluctuate strongly,
indicating that this transition might correspond to a critical point.

To get rid of these fluctuations, we consider |J | = 〈|J+ + J−|〉 instead of J and |mb| =
〈|ρb,+ − ρb,−|〉 instead of mb. Here 〈 · 〉 indicates a time average, while J+, J−, ρb,+ and ρb,−
are determined by averaging over all motors at one time step. In the limit of large system
size, these quantities yield the original order parameters, J and mb. As they are indifferent
against flipping from one majority species to the other, these quantities do not exhibit the large
fluctuations observed in the data for J and mb, but in the symmetric state of the systems,
we now measure the fluctuations and therefore obtain non-zero values for the total current, in
particular for small systems [115].

Both quantities are shown in Fig. 6.3 as functions of f for different system sizes L and a
relatively high total number of motors, N/L = 10. For small f , they yield non-zero values,
but these values get smaller with increasing tube length L. A sharp increase of both quantities
occurs at the critical value fc of the interaction strength. fc is shifted to larger values with
increasing tube length L. For the largest system sizes used here, we find fc ' 9.6 for the chosen
parameters. Note that the current decreases for large f , which corresponds to the decrease in
current discussed in the previous section for a single motor species.

Continuous transition upon varying the interaction strength

Let us consider again Fig. 6.3. As the curves for the order parameter |mb(f)| exhibit strong
finite-size effects, it is hard to judge whether the transition is continuous or discontinuous.
However, as mentioned before, the observation of strong fluctuations close to the transition
suggests that the transition corresponds to a critical point and is continuous. In the following,
we will give two arguments which support this idea: (i) We will show below that a mean field
calculation predicts a continuous transition, and (ii) in this section, we analyze the finite-size
scaling of the derivative of the order parameter.

To test the idea that the transition is continuous, we performed simulations for different
system sizes L and determined the derivative of the order parameter, m′b ≡

∂
∂f |mb|, which

exhibits a peak. If the transition is discontinuous, the height of this peak can be expected to
grow linearly with the system size L (at least for large L), as there is no other large length
scale such as the diverging correlation length in the case of a second-order transition [115]. At
the same time, the width of the peak should decrease as ∼ L−1, so that a delta function is
obtained in the limit of infinite L. We determined both quantities by fitting a Gaussian to
the simulation data for m′b and find that the height increases as L0.65 and the width decreases
as L−1, see the inset in Fig. 6.3(a), indicating that the density difference is continuous at the
transition. The result is, on the other hand, consistent with a divergence of m′b in the large L
limit. Let us assume that close to the transition point f = fc, m′b is given by m′b ∼ (f − fc)−η
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Figure 6.4: Phase diagram. The critical interaction strength fc as a function of the total
number N of motors as obtained from Monte Carlo simulations (circles) and mean field cal-
culation (dashed line). Simulations have been performed for a system of length L = 100. For
N/L <∼ 3.2, values for fc could not be determined because of the limited resolution of the
simulations, see text. The parameters are as in Fig. 6.1.

and that the maximum of m′b in the case of a finite systems size L occurs at f = fmax with
(fmax − fc) ∼ L−δ, hence the height of the peak scales like (fmax − fc)−η ∼ Lηδ. The width of
the peak, on the other hand, scales also like (fmax−fc) ∼ L−δ and, thus, the area, the product
of width and height is given by Lδ(η−1). If mb is finite and m′b has a peak at the transition,
η is restricted to 0 ≤ η < 1 and thus the integral or the area approaches zero for large L, as
observed in our data.

Phase diagram

Varying the total number of motors in the tube, N = N+ +N−, we can determine the critical
value of the interaction parameter, fc as a function of N , shown in Fig. 6.4. As an estimate
for fc, we plotted the value of f for which m′b attains its maximum. This value is obtained
by fitting a Gaussian to the simulation data for m′b as before. The data shown in Fig. 6.4
have been obtained for a tube of length L = 100. For larger systems the critical interaction
parameter fc can be expected to be shifted towards a slightly larger value, compare Fig. 6.3.
The figure also shows the corresponding result from a mean field calculation, which will be
discussed below.

For small N (N/L <∼ 3.2 for the chosen parameters), however, fitting a Gaussian to m′b
becomes poor and no clear-cut maximum can be identified. In this case, the value of |mb| in
the state of broken symmetry is comparable to the value in the symmetric state, which results
from measuring fluctuations about zero. Thus one would need simulations for larger systems
to determine fc for small N/L. The corresponding mean field result indicates a strong increase
in fc(N/L) for small N/L; however, the quantitative predictions of the mean field calculation
are not very good.
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Figure 6.5: Hysteresis of (a) the density difference mb = ρb,+ − ρb,− and (b) the total current
J = J+ +J− for f = 15 (◦) varying the fraction of ’minus’ motors, N−/N . The total number of
motors, N = N+ +N−, is kept fixed, N/L = 5 with L = 100. For f = 6 < fc (�), no hysteresis
is observed. The other parameters are as in Fig. 6.1. Data points have been obtained by
simulating 106 Monte Carlo steps per value of N−/N and using the final configuration of a
run as starting configuration for the following one, scanning N−/N from 0.4 to 0.6 and back.

Discontinuous transition upon varying the difference of motor numbers

A discontinuous transition with hysteresis is found upon varying the difference of the total
numbers of motor particles of each type, N+−N−, see Fig. 6.5. While doing this, we keep the
total number of motors, N = N+ +N−, constant. Interestingly, the total current, J = J+ +J−,
increases as the number of minority motors is increased, because these are excluded from the
filament and so the density of bound motors decreases. The current thus adopts its maximal
value in the metastable region.

Let us mention that, provided that such transitions occur in systems of biological motors,
this is the type of experiment that could in principle be done easily. Probably, one would,
however, simply add molecules of one type, increasing the total number of motors.

We can summarize these two phase transitions by noting the analogy with magnetic Ising-
like phase transitions: For small interaction strength (corresponding to high temperature in
the magnetic case), a symmetric state is found, while for strong interaction (low temperature),
the symmetry is spontaneously broken. The transition from the symmetric to the asymmetric
state is continuous and occurs at a critical point. A difference of the numbers of motors of each
species acts as an external (magnetic) field. If this field is non-zero, it selects one of the two
states of broken symmetry, which are equivalent at zero field. Varying this field, a first-order
transition, accompanied by hysteresis, is obtained when the sign of the external field changes.

Finally, we want to mention that both transitions are also observed in the case of a sym-
metric interaction, where forward and backward neighbour sites have the same effect on the
detachment rate and the sticking probability. As the interaction is stronger in this case, the
critical value of f is smaller than for the asymmetric interaction.
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6.3.2 Mean field theory

The phase transitions discussed in the previous section can be further studied using again
continuum mean field equations. The equations of motion for bound and unbound densities
of the two motor species, ρb,± and ρub,± are:

∂

∂t
ρb,± = ∓vb

∂

∂x
ρb,±(1−ρb) +Db

∂2

∂x2
ρb,±+Dbρb,±

∂2

∂x2
ρb,∓−Dbρb,∓

∂2

∂x2
ρb,±+g±(f) (6.2)

φ
∂

∂t
ρub,± = Dubφ

∂2

∂x2
ρub,± − g±(f), (6.3)

where ρb ≡ ρb,+ + ρb,−. Note that, in contrast to the case of a single species, bound diffusion
is affected by hard core exclusion [68], resulting in two additional terms proportional to Db.
The attachment/detachment terms g±, which contain the interaction, are defined by

g±(f) ≡ − ερb,±

[
(1− ρb) + fρb,∓ +

1
f
ρb,±

]
+ πadρub,±(1− ρb)

[
(1− ρb) +

1
f
ρb,∓ + fρb,±

]
. (6.4)

In this expression, we have used the simplest possible way to include the interactions in a
mean field approximation. The detachment rate and the sticking probability are given by
sums of three contributions, which are proportional to the local densities of empty sites, ’plus’
motors and ’minus’ motors, respectively. The relative weights of these contributions are given
by factors f and 1/f , such that adsorption is enhanced by the interaction between motors of
the same species and inhibited by the interaction between motors of different species.

We rewrite these equations using the bound and unbound total motor densities, ρb ≡
ρb,+ + ρb,− and ρub ≡ ρub,+ + ρub,−, and the corresponding density difference between the
species, mb ≡ ρb,+−ρb,− and mub ≡ ρub,+−ρub,−, as our new variables. With these definitions,
we obtain

∂

∂t
ρb = − vb

∂

∂x
mb(1− ρb) +Db

∂2ρb

∂x2
+ g+(f) + g−(f) (6.5)

∂

∂t
mb = − vb

∂

∂x
ρb(1− ρb) +Db

∂2mb

∂x2
−Dbρb

∂2mb

∂x2
+Dbmb

∂2ρb

∂x2

+ g+(f)− g−(f) (6.6)

φ
∂

∂t
ρub = Dubφ

∂2ρub

∂x2
− g+(f)− g−(f) (6.7)

φ
∂

∂t
mub = Dubφ

∂2mub

∂x2
− g+(f) + g−(f). (6.8)

With periodic boundary conditions, the stationary solutions are homogeneous and do not
depend on the spatial coordinate x. They are given by the conditions

g+(f) = g−(f) = 0. (6.9)

The bound and unbound densities are related by the normalization conditions,

ρb + φρub =
N+ +N−

L
and mb + φmub =

N+ −N−
L

, (6.10)
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Figure 6.6: (a) Stationary solutions for the total bound density ρb and the density difference
mb as functions of the interaction parameter f for N+/L = N−/L = 2. Solid lines indicate the
stable solutions formb, dashed lines unstable solutions. Thin dotted lines are the corresponding
values for ρb. (b) Real parts of the eigenvalues λi(k) of the operator L governing the linearized
dynamics, Eq. (6.11), as functions of the interaction strength f for homogeneous perturbations
(k = 0) and spatially varying perturbations with wave vector k, see text. The parameters are
as in Fig. 6.3.

where N+ and N− are the numbers of motors of the two species. With the normalization
conditions, we can eliminate the unbound densities ρub and mub from Eq. (6.9). The bound
densities ρb and mb are then determined by the conditions (6.9), which yield two polynomial
equations of the third order in the bound densities.

Let us now consider the case N+ = N−. An obvious solution is the symmetric state,
ρb,+ = ρb,− = ρb/2 and mb = mub = 0. Remarkably, this solution is independent of the
interaction strength f , as the interaction terms drop out in the balance of attachment and
detachment. The total motor density ρb is equal to the density of a single motor species
interacting only through hard core exclusion as discussed in chapter 5.2.

The numerical solution of Eqs. (6.9)–(6.10) shows, however, that there are two additional
solutions for sufficiently large interaction parameters f > fc. These solutions have mb 6= 0
corresponding to states, where the filament is populated mainly by one species. The solutions
are plotted as a function of f in Fig. 6.6(a). In the vicinity of fc, these solutions behave as
mb ∼ ±(f − fc)1/2. The latter result further supports the idea that the transition from the
symmetric state to a state of broken symmetry observed in our simulations is a continuous
transition.

To examine the stability of these solutions, we perform linear stability analysis, see, e.g.,
Ref. [116]. Linearizing Eqs. (6.5)–(6.8) about one of their solutions, we obtain

∂

∂t
η = L η, (6.11)

where η is a vector containing the small perturbations of the four density variables. To examine
the stability of the solutions, we have to determine the eigenvalues of the linear operator L.
First, we perform a Fourier transform to decouple the different spatial modes. Then we have to
distinguish homogeneous perturbations and spatially varying perturbations of the stationary
densities, i.e. Fourier modes with wave vectors k = 0 and k 6= 0, respectively. For the case



6.3 Two species of motors 87

k 6= 0, the normalization condition (6.10) is automatically fulfilled and perturbations of the
bound and unbound densities can be imposed independently. On the other hand, for k = 0
(where the total bound or unbound density or density difference is changed), a perturbation of
ρb or mb must be accompanied by one of the corresponding unbound variable and vice versa.
This means that L(k) is a 4×4 matrix for k 6= 0, but a 2×2 matrix for k = 0. The eigenvalues
of these matrices are determined numerically as functions of f , keeping the other parameters
fixed, see Fig. 6.6(b).

Let us first consider homogeneous perturbations of the symmetric solution. In this case,
both eigenvalues are real. They correspond to changing ρb or mb without a change of the other
variable. The first eigenvalue (which corresponds to a change of ρb) is negative for all values of
f and thus the symmetric solution is stable against the first kind of perturbation. The second
eigenvalue is negative for f < fc and positive for f > fc, see Fig. 6.6(b). I.e., when increasing
f beyond fc, a pitchfork bifurcation occurs, where two new stable stationary solutions with
broken symmetry appear, while at the same time the symmetric solution becomes unstable.

Next, we consider perturbations with k 6= 0. In this case, we observe for small k that
two eigenvalues λi(k) have the same real part (while their imaginary parts differ in sign) in
a certain range of interaction parameters. At a certain value of the interaction strength, the
real parts of these eigenvalues become larger than zero, see Fig. 6.6(b). This value approaches
fc if the absolute value of k is decreased. The other two eigenvalues, which are not shown in
Fig. 6.6(b), are negative for the range of f studied.

Finally, the solutions with broken symmetry are stable against arbitrary perturbations
in the whole range of f , where they exist. However, eigenvalues can become very small if
one of the diffusion coefficients Db or Dub is small, indicating that diffusion is an important
mechanism to suppress such perturbations.

We repeated the solution of Eqs. (6.5)–(6.10) for different values of the total number of
motors per filament length, N/L = (N+ + N−)/L, to determine the critical value fc of the
interaction parameter as a function ofN/L. The result has been included in Fig. 6.4. Increasing
N/L, fc is shifted to smaller values and at the same time, the branches with broken symmetry
approach the maximal values of mb, mb = ±1, more quickly. On the other hand, for N/L < 2,
the maximal value of |mb|, approached for large f , is smaller than one, as the maximal density
achievable with one species is min{1, N/(2L)}. The mean field equations yield symmetry
breaking for arbitrarily small values of N/L with fc(N/L) ∼ (N/L)−1 for small N/L. For
large numbers of motors, a constant value is approached exponentially. However, for very
large N/L our analysis is no longer valid since we neglected exclusion effects of the unbound
motors.

While the qualitative behaviour of the mean field solution agrees well with our simulations,
a comparison of the phase diagrams from mean field theory and simulations shows that quan-
titative agreement is quite poor. On the one hand, this is due to the simplified interaction used
in the mean field calculation. But in addition, there are discrepancies even for f = 1, where,
apart from simple exclusion, interactions are absent. Our mean field approach predicts that
the stationary density ρb is independent of the velocity vb, while we observe ρb to decrease
with increasing velocity in our simulations.2 The reason for this discrepancy is that motors
moving into opposite direction temporarily form local blockages, which locally act like a re-
flective wall. The density is homogeneous only on average over longer times. These blockages

2The correction to the equilibrium density is quadratic in the velocity, similar to the case of one species of
motors in the closed tube of chapter 4.
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are clearly a correlation effect and are not covered by the mean field description.

6.3.3 General remarks and extensions

We have mentioned before that the assumption of an asymmetric interaction can be dropped
and that the phase behaviour remains qualitatively the same. The second assumption we have
made, namely that the interaction affects only detachment and attachment (and not movement
along the filament), however, is crucial for the observations discussed in the previous sections.
If the rate of forward steps is also decreased by a factor 1/f in the case the target site is a
neighbour to a motor of the other species, no symmetry breaking is observed in our simulations.

The difference between these two cases can be understood by considering the following
simple situation. Imagine a ’plus’ motor and a ’minus’ motor separated by a single empty site.
For the moment, we assume that no other motors of either species are around.

The rate for detachment of one motor in this situation can be estimated by εeff ' 2[ε +
2α(f)ε(f)]. The first term is spontaneous detachment, unaffected by the presence of the second
motor, the second term describes enhanced detachment due to the interaction after a forward
step by one of the motors. If the interaction affects only detachment and not the forward rate,
one has ε(f) = fε and α(f) = α = const., and thus εeff ' 2ε(1 + 2fα). By contrast, if the
forward rate, which drives the motors into the unfavourable state, is reduced by a factor 1/f ,
the two factors cancel each other, so that εeff ' 2ε(1 + 2α) and the effect of the interaction is
shielded. Thus, the active step drives the motors into the unfavourable state, from where it
is likely that one of them detaches, inducing the transitions discussed above. Let us mention
that it is actually not necessary that the active motion is directed. In our simulations, we also
observe symmetry breaking if forward and backward steps are equally likely, provided both are
active in the sense that they are driven by a source of energy which overcomes the interaction.

Note that this dynamical effect is not covered by the mean field stability analysis, since the
instability induced by homogeneous perturbations is completely independent of the dynamics.

Let us add a few remarks concerning extensions of the theory discussed so far. First, in
the simulations the densities of bound motors are usually quite high in the states of broken
symmetry. This is due to the fact that we have considered nearest neighbour interactions. Two
of the experiments cited above indicate that filament-mediated interactions between motors
might have a longer range [109, 110]. In that case, broken symmetry should be observed at
smaller densities of bound motors.

Second, remember that in the closed tube systems studied in chapter 4, we have found
the density profile to be approximately constant for large numbers of motors in the tube.
In that case, the density profiles in the closed tube are thus very similar to those found
for periodic boundary conditions (except for the regions close to the tube ends). From this
similarity, we expect that symmetry breaking as shown above for the system with periodic
boundary conditions can also be found in closed tube systems, at least for large overall motor
concentrations.

Finally, imagine a tube system in the state of broken symmetry. Let us assume that the
’plus’ motors move along the filament. If now a second filament is introduced into the tube,
the unbound motors of the species ’minus’ will be in excess of the ’plus’ motors and the second
filament will become populated by motors of the ’minus’ type. In this way, the filaments form
lanes of traffic of opposite directionality. We have confirmed this expectation by Monte Carlo
simulations for a tube system with two parallel filaments as shown in Fig. 6.7. For f < fc the
current are the same for both filaments and the current of ’plus’ motors has the same absolute
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Figure 6.7: Spontaneous formation of lanes for traffic into opposite direction: (a) Two filaments
within a tube located at the tube walls. ’Plus’ motors move along filament (1) and ’minus’
motors along filament (2). Note that both filaments have the same polarity with the plus
ends to the right. (b) Currents J (1,2)

± of bound motors of the species ’plus’ and ’minus’ along
filaments (1) and (2) as functions of the interaction parameter f . The parameters are as in
Fig. 6.3.

value as the current of ’minus’ motors, but opposite sign. For f > fc, on the other hand,
’minus’ motors are found to move along filament (1) and plus motors move along filament (2),
while the currents of ’minus’ motors along filament (2) and of ’plus’ motors along filament (1)
are approximately zero.

6.4 Summary

In this chapter, we have considered systems of motors with attractive interactions. We have
argued that binding of motors to filaments is a cooperative process and that experimental
results suggest the existence of an attractive interaction between the motors, probably me-
diated by a deformation of the filament. We have modeled this interaction by taking it to
change the detachment rate and the sticking probability at the binding sites next to a bound
motor. Increasing the strength of the interaction therefore increases the bound density and,
in consequence, an optimal interaction strength is observed, where the current is maximal.

We then studied the case of two species of motors moving into opposite directions and
competing for the binding sites of the filament. In this case, binding of a motor to the filament
is again enhanced if another motor of the same species is already bound to the filament, but it
is inhibited by bound motors of the other species. In this case, spontaneous symmetry breaking
is observed for sufficiently high interaction strength and the filament is then populated by only
one species of motors. In systems with many filaments, this symmetry breaking results in the
formation of separated lanes for traffic of different directionality.
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Chapter 7

Conclusions and outlook

In the preceding chapters, we have discussed several transport phenomena related to large-scale
movements of processive molecular motors. Observed over sufficiently long times, molecular
motors perform peculiar random walks arising from the interplay of directed motion along
filaments and diffusion. If such a motor is bound to a filament, it moves along this filament
in a directed manner. This directed motion along the filament is interrupted after a certain
walking time by the unbinding of the motor from the filament, when the motor–filament
binding energy is overcome by thermal fluctuations. The unbound motor can then diffuse
freely, until it rebinds to the same or another filament.

To study these random walks and transport processes arising from them, we have intro-
duced a class of models which describe these walks as random walks on a lattice. The filaments
correspond to lines on this lattice, and motors at lattice sites belonging to a filament perform
biased random walks, while motors at non-filament sites undergo symmetric random walks.
Movements from a filament site to a non-filament site and vice versa are governed by the de-
tachment rate and the sticking probability, respectively. All the rates can be determined from
experimentally obtained values for the transport properties for bound and unbound motors.
In this way, the parameters of our models can be adapted to describe specific motor molecules
such as conventional kinesin or myosin V. On the other hand, the model is also suited for
studying generic behaviour, since it does not make any specific assumptions about the mecha-
nisms by which the motors work, nor the dynamics on scales smaller than the filament repeat
distance.

The second topic we have discussed are motor–motor interactions. These become impor-
tant, as soon as local motor concentrations are large. Because motors are strongly attracted
by the filaments, and motors therefore accumulate on the filaments, this occurs already for
relatively small overall motor concentrations. The importance of motor–motor interactions is
further increased, if, e.g., bound motors accumulate again close to the end of the filament.
Arbitrary motor–motor interactions can easily be included in our lattice models via hopping
rates, which depend on whether neighbour sites are occupied or not. The most important
interaction of this kind is mutual steric exclusion from binding sites of the filament, for which
there is clear experimental evidence both from microtubule decoration experiments, e.g. [77],
and motility assays [78]. Mutual exclusion hinders the binding of motors to filaments and re-
duces the velocity of the motors in regions of high motor density along the filament. We have
studied several systems with motors interacting through mutual exclusion in chapters 4 and 5.
In addition, there are some indications for cooperative binding of motors to filaments which
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corresponds to an attractive interaction between motors mediated by the filaments [107–110].
This case, as well as the case of competitive motor–filament binding of two species of motors,
has been discussed in chapter 6.

In detail, we have studied four transport phenomena related to the random walks of molec-
ular motors. First, we discussed walks of single motors in open compartments (chapter 3). In
open compartments with a single filament, these walks exhibit geometry-dependent anomalous
drift behaviour if motors can make arbitrarily large excursions away from the filament, e.g. in
the half space and slab geometries. Similar behaviour is obtained in the case of a finite number
of parallel filaments. In tube geometries and periodic arrays of filaments, where the size of
excursions is restricted, normal drift behaviour results from the interplay of walks along fila-
ments and diffusion. In addition, in most cases diffusion is strongly enhanced by the repeated
binding to and unbinding from filaments.

We have then studied stationary states in closed compartments (chapter 4), where filaments
end in front of a confining wall and motors accumulate at the end of these filaments. In the
stationary state, the currents along the filaments are balanced by diffusive currents of unbound
motors generated by the concentration gradients which build up due to the accumulation of
motors at the filament ends. Because of this accumulation of the motors, which are strongly
attracted by the filaments, motor–motor interactions in general and mutual exclusion from
binding sites in particular have a strong effect on the cooperative behaviour in these systems.
Exclusion results in ’traffic jams’ of motors at the filament ends and reduces the average
current in such systems as soon as the overall motor concentration exceeds an optimal value,
for which the current takes on its maximal value. We have determined concentration profiles
for two simple geometries, uniaxial arrangements of filaments or a single filament within a
closed tube and aster-like arrangements of filaments within a thin disk. Both geometries
are accessible to in vitro experiments and mimic filament structures in biological cells. The
two cases exhibit different concentration profiles. For small overall motor concentrations, the
profiles are exponential in the tube geometry and algebraic in aster-like arrangements except for
the crowded region close to the filament ends. Increasing the overall motor concentration, the
crowded region grows within the tube geometry, while it remains small in asters, where larger
overall motor concentrations lead to a flattening of the profile if the motors move inwards,
and to the build-up of a concentration maximum in the center of the aster if motors move
outwards.

The third transport phenomenon we discussed is the occurrence of boundary-induced phase
transitions (chapter 5). In open tubes which are coupled to reservoirs of motors at both ends,
the stationary state undergoes phase transitions upon varying the motor concentrations in
these reservoirs. Exclusion interactions are again crucial. These phase transitions are of the
type known from the one-dimensional asymmetric simple exclusion process, but as directed
motion is localized to the filaments, there is a larger variety of possible boundary conditions.
In some cases, the location of transition lines depends on the model parameters.

Finally, we studied systems of motors with attractive interactions, where the binding to
the filament is stimulated or inhibited by the presence of other motors already bound to the
filament (chapter 6). An attractive interaction between motors enhances the motor–filament
attraction, as a motor is more strongly attracted to the filament if another motor is already
bound at an adjacent binding site. Therefore, for fixed geometry and overall motor concentra-
tion, there is an optimal interaction strength at which the current is maximal, because a more
attractive interaction further increases the bound density, so that mutual hindrance decreases
the current.
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In the case of two species of motors competing for the binding sites on the filament, with
mutual attraction between motors of the same species and repulsion between motors of different
species, we observed spontaneous symmetry breaking for sufficiently strong interactions. In
the state of broken symmetry, the filament is primarily populated by motors of one of the
two species. A discontinuous transition with hysteresis is found upon varying the relative
concentrations of the two species. In systems with several parallel filaments, lanes of traffic of
opposite directionality are formed.

Extensions and open questions

Our present work can be extended into several directions. First, the random walks discussed
in chapter 3 could be studied for different geometries. From an experimental point of view,
networks and random arrays of filaments are particularly interesting. In a network of filaments,
motors should again exhibit effective diffusion with a large diffusion coefficient.

Secondly, in our present work we have assumed that filaments are immobilized. In vivo,
and also in many in vitro experiments, however, filaments undergo Brownian motion and
bending fluctuations, polymerize and depolymerize and are even transported along each other
by motors [60]. One particularly interesting question in this context is about the formation of
structures such as asters in mixtures of filaments and motor complexes moving the filaments.
As we have seen, mutual exclusion of motors from binding sites can substantially change the
concentration profiles of the motors in aster geometries. One might therefore expect that if
these motors are able to move filaments along each other and thus to reorganize the filament
pattern, these concentration profiles result in different filament patterns. So far, the influence of
exclusion effects on the structure formation has not been explored, neither from the theoretical
nor from the experimental point of view.

Third, there are still open questions related to the phase transitions in systems with two
competing species of motors. In the future, these transitions should also be studied in different
geometries, in particular in closed compartments as in chapter 4. In addition, it should be
interesting to study how the observed symmetry breaking might be used for the regulation of
transport, e.g. for traffic in lanes of different directionality.

Finally, it might be necessary to refine our models for a detailed comparison with experi-
ments. We have outlined some possible modifications in chapter 4.4.

Experimental realizations

As emphasized before, the transport phenomena discussed here theoretically are accessible
to experiments. Compartments with the geometries studied in the previous chapters can be
realized in artificial systems, but similar compartments also exist in cells.

A suitable tool to measure concentration profiles is fluorescence microscopy. This technique
could be used to determine both the time-dependent concentration profiles in open geometries
and the stationary concentration profiles in closed compartments. In the first case, the long-
range transport properties of the motors can be extracted from the time-dependence of these
profiles.

Fluorescence microscopy has recently been used to determine motor concentration profiles
in microtubule asters in vitro [87]. In addition, localization of motors has been observed in
fungal hyphae, long tube-like protrusions of fungal cells [89]. Both experiments correspond
to the case of low overall motor concentration and are in agreement with our theoretical
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description. Profiles with higher overall motor concentration may be measured in the same
way.

In addition, molecular motors could be used as a model system to study boundary-induced
phase transitions. Despite the enormous amount of theoretical work dedicated to this topic, ex-
perimental evidence for these transitions is rare (as far as we know, the only direct observation
of such a transition has been made for highway traffic [72]).

Likewise, model systems based on molecular motors could also be used to further study
motor–motor interactions. One particularly appealing system, which should also be accessible
to experiments, consists of immobilized filaments with two types of motors. For this case,
our theoretical work predicts a new type of phase transition between two different patterns of
motor concentrations.

In summary, the movements of molecular motors over large length scales (many µm), which
we have studied theoretically, exhibit several new and interesting transport phenomena that are
accessible to experimental research. We hope that this work will stimulate such experiments.



Appendix





Appendix A

Details of the computer simulations

In this appendix, we describe the methods used for the computer simulations of the lattice
models. The simulations are based on the usual Monte Carlo algorithm, see, e.g., Ref. [117],
but in contrast to the more common case of Monte Carlo simulations in equilibrium statistical
mechanics, the Markov chain of states of the system is generated with the true dynamics of
the system.

Updating

One Monte carlo step corresponds to the basic time scale τ = `2/Dub. At each Monte Carlo
step, each motor particle is moved according to the hopping probabilities defined in chapter 2.
Before each movement, it is checked whether the current position of the motor is a filament site
or a non-filament site to choose the appropriate set of hopping probabilities. In addition, the
state of the adjacent lattice sites is checked when simulating models with attractive motor–
motor interactions (chapter 6) to adapt the rates, which, in that case, depend on whether
these sites are occupied or free (and by which type of motor these sites are occupied in the
case of two motor species). If the target site is occupied by another motor in the case of mutual
exclusion, the move is rejected and the motor remains at the site from where it started. In
all simulations of interacting motors (chapters 4–6), the updating order is random to prevent
correlation effects due to the updating scheme.1

In the modified lattice model, where bound motors perform a random walk in discrete time
with a time scale τb, each motor carries its internal ’clock’, i.e. it is checked at each step τ for
each bound motor whether an integer multiple of τb has passed since the last hopping of this
motor. Only in that case, the motor is moved according to the hopping probabilities for bound
movements. The internal ’clock’ of a motor is reset to zero each time the motor attaches to
a filament. Zero is also used as initial value for all bound motors. This synchronization is
subsequently lost as motors unbind from and bind to filaments.

1In the case of the one-dimensional asymmetric simple exclusion process, different updating procedures have
been studied, see Ref. [118] for a comparison. Which one is used, depends on the kind of system that is modeled.
For example parallel update is used in models for traffic flow [71]. In our case, motors hop independently of
each other, therefore random update is used.
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Compartment boundaries

If the move of a motor crosses one of the the confining walls of the compartment, i.e. a reflecting
boundary, it is rejected and the motor remains at the lattice site from where it started. The
tube geometry, where one filament is oriented along the x-axis (or parallel to it) and the other
two Cartesian coordinates are denoted by y1 and y2, is discretized by taking the interior of a
tube with radius R to consist of all lattice sites (x, y1, y2) with y2

1 + y2
2 ≤ R2. The tube thus

consists of a number Nch of unbound ’channels’, i.e. lines of lattice sites parallel to the filament
and the cross section φ of the tube is given by φ = (1 +Nch)`2. For sufficiently large radii, one
has φ ≈ πR2, while for small radii, there are corrections due to the underlying lattice.

The open boundaries at the left and right end of the open tubes discussed in chapter 5 are
implemented by adding two boundary layers at x = 0 and x = L+ 1 with fixed densities. If a
motor hops from a lattice site at x = 1 or x = L, i.e. from within the tube, to a lattice site ~yBL

of the boundary layer, the motor leaves the tube with probability 1 − ρ(~yBL), where ρ(~yBL)
is the fixed density at the target site ~yBL in the boundary layer. With probability ρ(~yBL) the
target site is taken to be occupied and the move is rejected.

In addition, motors can enter the tube from the boundary layers. During each Monte Carlo
step we thus perform additional updating steps for all lattice site within the boundary layers.
Updating a lattice site ~yBL = (0, y1, y2) or ~yBL = (L + 1, y1, y2) of the left or right boundary
layer, respectively, consists of two substeps: (i) We first draw a random number ζ which is
uniformly distributed over the interval 0 ≤ ζ < 1. The chosen boundary site is taken to be
occupied if ζ ≤ ρ(~yBL). (ii) If the chosen lattice site is located in the left boundary layer, i.e.
~yBL = (0, y1, y2), and occupied by a motor particle, this motor particle attempts to enter the
tube at (1, y1, y2) with probability 1/6 if ~yBL is a non-filament site and with probability α if
~yBL is a filament site. Analogously, if the chosen lattice site is located in the right boundary
layer, ~yBL = (L + 1, y1, y2), and occupied by a motor particle, this motor particle attempts
to enter the tube at (L, y1, y2) with probability 1/6 or β if ~yBL is a non-filament site or a
filament site, respectively. In our simulation, we have, however, taken β to be zero in all cases
with open boundaries, so that no particles enter the tube from filament sites within the right
boundary layer. Note that these probabilities are chosen in such a way that the parameters
of motion at filament and non-filament sites of the boundary layers are the same as within
the tube. In all cases, the insertion of a motor is rejected if the target site within the tube is
already occupied by a motor.

Random numbers

Finally, we want to mention that the simulations ’consume’ enormous amounts of random
numbers. For example, the data for Fig. 3.2 have been obtained by simulating 109 Monte
Carlo steps for 2000 motors, resulting in need for about 1012 random numbers. In addition,
equipartition of random numbers should be very accurate to study the large-time behaviour,
which relies on rare events. This is particularly important in the case of non-interacting motors,
where we are effectively using a very large vector of random numbers (the size of which is the
number of motors) per Monte Carlo step, as equipartition gets worse with increasing size of a
vector [95]. Both requirements make it necessary to use a very good random number generator
to prevent artefacts in the long-time behaviour. We used the ’Mersenne Twister’, a random
number generator with equipartition of accuracy ∼ 10−9 for vectors of length 623 and an
extremely large period of 219937 − 1 [119].
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Theory of random walks

In this appendix, we summarize some methods and results of the theory of random walks [66]
which are used in chapter 3 for the analytical solution of the random walks of molecular motors.

B.1 Random walks on homogeneous cubic lattices

In the simplest case, a random walker moves on a d-dimensional cubic lattice and hops to each
of the neighbour sites with equal probability 1/(2d) per unit time. In discrete time, the master
equation for this simple random walk is

p(x, t+ 1) =
1
2d

∑
i

p(x + i, t), (B.1)

where p(x, t) is the probability that the motor is at site x at time t and the summation variable
i runs over the 2d nearest neighbours of the origin. A standard method of solution uses Fourier
transforms for the spatial coordinates and a (discrete) Laplace transform for the time variable.
Defining

p(q, s) =
∞∑
t=0

∑
x

p(x, t)
(1 + s)t+1

eiqx (B.2)

and fixing the initial condition by p(x, t = 0) = δx,0, the master equation yields immediately

p(q, s) =
1

1 + s− 1
d

∑d
i=1 cos qi

=
1

1 + s− P(q)
, (B.3)

where the qi are the components of the vector q. In the last expression, we have introduced a
function P(q), which is the Fourier transform of the distribution of single steps. In the case of
the simple symmetric random walk, P(q) = (

∑d
i=1 cos qi)/d. The last expression of Eq. (B.3)

holds in general, i.e. also for random walks with a bias or steps of different sizes. In these
cases, P(q) has a more complicated form. Corresponding equations are derived in chapter 3
for the random walks of molecular motors.

Inverting the Fourier–Laplace transform yields the full solution. But a lot of useful infor-
mation can already be obtained from the results for p(q, s), since (i) expanding the solution
in q generates the Laplace transforms of the moments of the distribution p(x, t) and (ii) the
long-time behaviour of the distribution and its moments can be obtained from the asymptotics
of p(q, s) for small s. This method is generally applicable and is also used in chapter 3 for the
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analytical solution of the random walks of molecular motors, where things are more compli-
cated, as the dynamics is different at filament sites and non-filament sites. Let us also mention,
that the case of random walks in continuous space and/or time is completely analogous. In
that case, the continuous variants of Fourier and Laplace transforms are used.

A generalization of the simple random walk is a continuous-time random walk with a
distribution ψ(τw) of waiting times between subsequent steps [120]. In that case, the Laplace
transform of the waiting time distribution is needed as well,

ψ(s) ≡
∫ ∞
t=0

dt ψ(t) e−st, (B.4)

but again an expression for the Fourier–Laplace transform of the probability distribution can
be derived, see Ref. [120] and chapter 2 of Ref. [66],

p(q, s) =
1− ψ(s)

s[1− P(q)ψ(s)]
. (B.5)

Expanding to first order in q and assuming that P(q) ≈ 1 + ixsq for small q, i.e., assuming
that the random walk is biased and that the mean displacement in a single step is xs, the
following expression [83] for the average position x̄ of the walker is obtained from Eq. (B.5):

x̄(s) ≈ xsψ(s)
s[1− ψ(s)]

. (B.6)

The one-dimensional version of this relation is used in chapter 3.3.

B.2 Return to the origin

Let us briefly consider the classical problem of the return to the origin discussed by Polya in
1921 [82] and derive the distribution of return times used in chapter 3.3. We shall restrict
us to the simplest case, the symmetric random walk with equally probable nearest-neighbour
jumps. Defining f(x, t) as the probability that the walker is at site x for the first time at time
t, the recursion

p(x, t) =
t∑

τ=1

f(x, τ)p(0, t− τ) + δt,0δx,0 (B.7)

holds, stating that the walker is at site x at time t, if it had been there at any time τ < t for
the first time and returned there in time t − τ . The term with the Kronecker deltas states
that the walker started at t = 0 at the origin. Taking the Fourier–Laplace transform of the
probability distributions, an expression can be derived for the Laplace transform of f(0, t),
the probability that the walker returns to the origin at time t [66,82],

f(0, s) =
1

1 + s
− 1

(1 + s)2J (d)(s)
with J (d)(s) =

1
(2π)d

∫ 2π

0
ddq p(q, s). (B.8)

p(q, s) is given by Eq. (B.3). As we are finally interested in the return to a filament (chapter
3.3), we use P(q) = (1 +

∑d
i=1 cos qi)/(d+ 1). The integrals J (d)(s) are related to the integrals

summarized in appendix B.4 by J (d)(s) = (d+ 1) I(d)
1 (s+ d+ sd).
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In one dimension, we thus obtain

J (1)(s) =
1

2π

∫ 2π

0

dq
s+ 1

2(1− cosq)
=

1√
s+ s2

(B.9)

and hence f(0, s) ≈ 1−
√
s for small s. The Tauberian theorem then yields the long-time tail

of the return time distribution,

f(0, t) ≈ 1
2
√
πt3/2

. (B.10)

Analogously, in the two-dimensional case, the integral is

J (2)(s) =
1

(2π)2

∫ 2π

0

∫ 2π

0

dq1 dq2

1 + s− 1
3(1 + cosq1 + cosq2)

=
3
√
m

π
K(m), (B.11)

where K(m) is a complete elliptic integral of the first kind and m ≡ 4/(2 + 3s)2. As K(m) be-
haves as K(m) ≈ 1

2 ln 16
1−m for m close to one [81], the return time distribution is asymptotically

given by f(0, s) ≈ 1− 2π/(3 ln s−1) for small s or

f(0, t) ≈ 2π
3t ln2 t

(B.12)

for large t. Remember that the waiting time distributions ψ(τw) used in chapter 3.3 for the
d-dimensional case are given by the return time distribution f(0, t) for d − 1 dimensions by
identifying the return time t with the waiting time τw.

For completeness, let us add two main results of Polya’s classical work [82]: (i) The total
return probability is given by f(0, s = 0) = 1 − 1/J (d)(s = 0). It is one and return is certain
only if the integral J (d)(s = 0) diverges near q = 0. For small q, this integral behaves as

J (d)(s = 0) ∼
∫ ∞

0

qd−1dq
q2

(B.13)

and thus diverges for d = 1 and d = 2, but not for d = 3, leading to the famous result that
the return to the origin is certain in d = 1 and d = 2, but not in d = 3. The return to the
filament in the case of random walk of molecular motors, which corresponds to the return to
the origin in the (d− 1)-dimensional projection perpendicular to the filament, is thus certain
in all realistic situations. This justifies the description of these random walks as consisting of
alternating periods of bound movements and diffusion.

(ii) Let us also mention, that even in the cases d = 1 and d = 2, the mean return time
diverges because of the long-time tails of the return time distribution f(0, t). This is the reason
for the anomalous drift of the molecular motors in compartments which are open in one or two
directions perpendicular to the filament, as it implies that the largest excursions away from
the filament dominate (and these are the larger, the longer the motor is observed).

B.3 Tauberian theorems

To invert the Laplace transforms asymptotically, i.e., to obtain the large-time behaviour of a
quantity from the behaviour of its Laplace transform for small s, we often use the Tauberian



102 Theory of random walks

theorems. These theorems state in general, that if the Laplace transform f(s) of a function
f(t) behaves as

f(s) ≈ 1
sα
L(s−1) for small s, (B.14)

where L is a ’slowly varying function’, i.e. L(cx)/L(x) ≈ 1 for large x and every constant c,
then f(t) behaves as

f(t) ≈
αtα−1L(t) + tα ∂

∂tL(t)
Γ(α+ 1)

for large t, (B.15)

where, to be precise, one has to assume that f(t) is a monotonous function for large t. The
Tauberian theorems hold in the case of continuous Laplace transforms as well as in the case
of the discrete ones. For a more detailed discussion, see Refs. [66, 121]. In the solution of the
random walks of molecular motors, we use the Tauberian theorems basically as a collection of
rules for the asymptotic inversion of Laplace transforms. These rules are summarized in the
following:

s−α −→ tα−1

Γ(α)

s−α ln s−1 −→ tα−1

Γ(α+ 1)
(α ln t+ 1)

s−α ln2 s−1 −→ tα−1

Γ(α+ 1)
(
α ln2 t+ 2 ln t

)
. (B.16)

B.4 Integrals for the random walks of molecular motors

The following integrals [81, 122] are necessary for the analytical solution of the random walks
of molecular motors:

I
(1)
1 (a) =

1
2π

∫ 2π

0

dq
a− cos q

=
1√

a2 − 1
(B.17)

I
(1)
2 (a) =

1
2π

∫ 2π

0
dq

cos q
a− cos q

= aI
(1)
1 (a)− 1 (B.18)

I
(2)
1 (a) =

1
(2π)2

∫ 2π

0

∫ 2π

0

dq1dq2

a− cos q1 − cos q2
=
√
m

π
K(m) (B.19)

I
(2)
2 (a) =

1
(2π)2

∫ 2π

0

∫ 2π

0
dq1dq2

cos q1 + cos q2

a− cos q1 − cos q2
= aI

(2)
1 (a)− 1. (B.20)

In Eq. (B.19), m is defined by m ≡ 4/a2 and K(m) is a complete elliptic integral of the first
kind,

K(m) =
∫ 2π

0

dφ√
1−m sin2 φ

. (B.21)



Appendix C

Several motors transporting one
cargo

Both in vivo and in vitro, cargoes are often transported by several motors rather than by
a single motor. In this case, complete detachment from the filament is much more unlikely
than in the case of a single motor. For example in fast axonal transport, organelles move over
distances of centimeters or even meters with velocities comparable to the velocities of a single
bound motor [42]. In this appendix, we briefly discuss this case and derive effective detachment
rates and velocities which can be used to describe movements of larger motor complexes or
cargoes driven by more than one motor using the models introduced in chapter 2.

Effective detachment rate. We consider the scheme shown in Fig. C.1, where εk is the
rate with which one of the motors detaches from the filament, if the cargo is linked to the
filament by k motors, and πk is the rate with which a additional motor binds to the filament.
We denote by Pk the probability that k motors are bound to the filament in equilibrium. An
effective detachment rate εeff can be defined by εeff ≡ π0P0/(1− P0). It can be determined by
successively expressing all Pk in terms of P0. In the general case, we obtain

εeff =
ε1

1 +
∑N−1

i=1

∏i
k=1

πk
εk+1

≈ ε1ε2 . . . εN
π1π2 . . . πN−1

, (C.1)

where the last expression holds for small εk. In the case of two motors, N = 2, Eq. (C.1)
reduces to εeff = ε1/(1 + π1/ε2) ≈ ε1ε2/π1.

The attachment and detachment rates should be proportional to the number of unbound
and bound motors, respectively. In addition, a motor pulling at the common cargo may pull

ε

π

ε

... π
N-2

N-1

0

1...

...

N-1

N

π

ε

Figure C.1: Binding and unbinding rates for the case of N motors transporting one cargo.
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off other motors if the cargo is sufficiently rigid. We thus make the ansatz εk = kε exp[κ(k−1)]
for all k, where κ is a measure of the force one motor exerts upon another bound motor, and
πk = (N − k) πN−1 × [1 − k/Ns] for k > 0. Here we assume that the reattachment rates are
unaffected by the force exerted by the other motors, as motors can reattach at binding sites,
where no stress is present. Ns is the number of binding sites within reach, to which unbound
motors can bind (k/Ns is thus the fraction of occupied binding sites). The attachment rate
for the first motor, π0, is given by the probability of a diffusive encounter with the filament
and is therefore independent of the other πk. It is related to the binding rate π̃ad of a single
motor by π0 = Nπ̃ad.

For large Ns and κ = 0, i.e. for the case where attachment and detachment of one motor
are completely unaffected by the other motors, Eq. (C.1) can be evaluated analytically and
yields

εeff =
Nε

ε
πN−1

[(
1 + πN−1

ε

)N − 1
] ≈ NεN

πN−1
N−1

, (C.2)

where again the last expression holds in the case of small ε. For κ > 0 and arbitrary Ns,
Eq. (C.1) is evaluated numerically.

Average number of bound motors. The average number Nb of motors linking the cargo
to the filament (provided the cargo is bound to the filament by at least one motor) is given by

Nb ≡
∑N

k=1 kPk∑N
k=1 Pk

=
1 +

∑N−1
i=1 (i+ 1)

∏i
k=1

πk
εk+1

1 +
∑N−1

i=1

∏i
k=1

πk
εk+1

. (C.3)

If all εk are sufficiently small, we obtain Nb ≈ N − εN/πN−1, provided N > 1. However, if
κ > 0, the condition that all εk are small cannot be fulfilled for large N . Evaluating Eq. (C.3)
numerically, one finds that for κ > 0, Nb depends approximately logarithmically on the number
N of motors.

Velocity. Finally, cargoes transported by many motors are experimentally found to move at
approximately the same velocity as single motors [3]. A weak reduction of the velocity due to
mutual exclusion has been measured in microtubule gliding assays [78] and bead assays [123]
at high surface coverage with kinesin motors. Provided that simple exclusion is the main
interaction of the bound motors, the velocity should be given by v(N) = vb[1 − Nb(N)/Ns].
For κ > 0, i.e. if motors pull upon each other, our approach yields Nb ∼ lnN and thus
v(N)− vb ∼ lnN , in agreement with experimental data both from microtubule gliding assays
[78] and bead assays [123].

Summarizing, one may use Eq. (C.1) for the effective detachment rate, Nπad for the sticking
probability and the velocity vb of a single motor (neglecting the weak dependence of v on N) to
apply the models for random walks of molecular motors to larger motor complexes or cargoes
driven by several motors. The number of motors should, however, still be sufficiently small,
so that complete detachment from the filament still occurs on experimentally accessible time
and length scales.



Appendix D

More about motor traffic in
tube-like compartments

In this appendix, we extend the discussion of motor traffic through tube-like compartment and
present some more technical results referred to in chapter 5.

D.1 Radial equilibrium for periodic boundary conditions

In the following, we show that Eq. (5.1), the condition for radial equilibrium, holds exactly in
the case of periodic boundary conditions using the quantum Hamiltonian formalism [69]. The
exact stationary master equation can be written in the form

H|ρ〉 = 0, (D.1)

where H is the ’quantum Hamiltonian’ of the stochastic process and |ρ〉 is a vector in a product
Hilbert space; each lattice site is represented by a two-state system with the orthogonal vectors
|1〉 for an occupied lattice site (”spin down”) and |0〉 for a vacancy (”spin up”). Because of
translational invariance in the direction parallel to the filament, there cannot be any radial
currents in our system, and the unbound density is independent of the radial coordinate; thus
we can restrict the analysis to the case of one unbound channel. We denote by |ρ〉k,b and
|ρ〉k,ub the state of site k of the bound and unbound channel, respectively.

Using the general recipe given in chapter 2 of Ref. [69] we construct the ’quantum Hamil-
tonian’ H of our system, H = H1 + H2 + H3, where H1 represents the dynamics of the
asymmetric exclusion process in the bound channel, H2 the symmetric exclusion process in
the unbound channel and H3 the coupling of the two channels. Each term can be written as
a sum Hi =

∑
k h

(i)
k with

h
(1)
k = vb

(
nk,bvk+1,b − s+

k,bs
−
k+1,b

)
(D.2)

h
(2)
k = Dub

(
nk,ubvk+1,ub − s+

k,ubs
−
k+1,ub + vk,ubnk+1,ub − s−k,ubs

+
k+1,ub

)
(D.3)

h
(3)
k =

ε

6

(
nk,bvk,ub − s+

k,bs
−
k,ub

)
+
πad

6

(
vk,bnk,ub − s−k,bs

+
k,ub

)
. (D.4)

s−k,b is a creation operator for a particle at site k of the bound channel, and s+
k,b is the corre-

sponding annihilation operator. nk,b is the particle number operator at site k of the bound
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channel and vk,b = 1 − nk,b. Operators for the unbound channel are defined in an analogous
manner. The off-diagonal parts of the operators h(i)

k represent hopping of particles, while the
diagonal parts are determined by conservation of probability, see chapter 2 of Ref. [69].

We now show that the product measure

|ρ〉 =
⊗
k

(
[(1− ρb)|0〉k,b + ρb|1〉k,b]⊗ [(1− ρub)|0〉k,ub + ρub|1〉k,ub]

)
, (D.5)

is a stationary state, if Eq. (5.1) holds, i.e. that the radial equilibrium condition implies
H|ρ〉 = 0. The product measure |ρ〉 defines a state where the density is ρb at each lattice
site of the bound channel and ρub at each site of the unbound channel and where spatial
correlations vanish.

H1 and H2 do not couple the bound and unbound channel, therefore we can consider them
separately and refer to the known result, that for the symmetric as well as for the asymmetric
exclusion process, the product measure |ρ〉 is stationary in the case of periodic boundary
conditions [124].1 Hence H1|ρ〉 = 0 and H2|ρ〉 = 0.

Concerning H3, it is sufficient to consider a single site k in both channels. Doing some
steps, we find(

nk,bvk,ub − s+
k,bs

−
k,ub

)
|ρ〉k,b|ρ〉k,ub = ρb(1− ρub)

(
|1〉k,b|0〉k,ub − |0〉k,b|1〉k,ub

)
(D.6)

and (
vk,bnk,ub − s−k,bs

+
k,ub

)
|ρ〉k,b|ρ〉k,ub = ρub(1− ρb)

(
|0〉k,b|1〉k,ub − |1〉k,b|0〉k,ub

)
(D.7)

for the product measure (D.5). Hence from

h
(3)
k |ρ〉k,b|ρ〉k,ub =

[ ε
6
ρb(1− ρub)− πad

6
ρub(1− ρb)

] (
|1〉k,b|0〉k,ub − |0〉k,b|1〉k,ub

)
= 0, (D.8)

we obtain Eq. (5.1), which is the condition for radial equilibrium.

D.2 Discrete mean field theory for open boundaries with radial
equilibrium

In this section, we derive the phase diagram using a mean field approximation for the dis-
crete two-state model with boundaries satisfying radial equilibrium. The discrete mean field
equations are

J = vbρb(x)[1− ρb(x+ 1)]−Dub[ρub(x+ 1)− ρub(x)] (D.9)

and

vbρb(x)[1−ρb(x+1)]−vbρb(x−1)[1−ρb(x)] = π̃ρub(x)[1−ρb(x)]− ε̃ρb(x)[1−ρub(x)]. (D.10)

1For a proof using the quantum Hamiltonian formalism, see chapter 7.1.2 of Ref. [69]: In the case of the

ASEP in one dimension, for example, one can easily check that h
(1)
k |ρ〉 = vb(nk,b − nk+1,b)|ρ〉, therefore the

summation over k gives zero for periodic boundary conditions.
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Introducing the local bound current jb(x) = vbρb(x)[1− ρb(x+ 1)] as a third variable, we
write these mean field equations as a recursion,

ρb(x+ 1) = 1− jb(x)
vbρb(x)

(D.11)

ρub(x+ 1) = ρub(x) +
1
Dub

jb(x)− J

Dub
(D.12)

jb(x+ 1) = jb(x) + π̃ρub(x+ 1)[1− ρb(x+ 1)]− ε̃ρb(x+ 1)[1− ρub(x+ 1)]

= jb(x) + π̃

[
ρub(x) +

1
Dub

jb(x)− J

Dub

]
jb(x)
vbρb(x)

−ε̃
[
1− jb(x)

vbρb(x)

] [
1− ρub(x)− 1

Dub
jb(x) +

J

Dub

]
. (D.13)

At the boundaries, we have four additional conditions fixing the boundary values of ρb and ρub.
In the particular case, where radial equilibrium is imposed at the boundaries, two conditions
fix the bound density to ρb,in and ρb,ex at the left and right boundary, respectively, while
the remaining two conditions are the radial equilibrium conditions, which adapt the unbound
density.

We have determined the density profiles numerically by solving the system of non-linear
equations (D.9) and (D.10) in the same way as for the closed tube in chapter 4. An alternative
method would be to iterate the recursion (D.11)–(D.13).2 In the following, we will discuss an
analytical way to determine the phase diagram.

Fixed points of the recursion, homogeneous solutions

We first look for fixed points of the recursion relations (D.11)–(D.13). These correspond to
solutions with homogeneous density. At the fixed points, Eqs. (D.12) and (D.13) become very
simple:

jb = J and π̃ρub(1− ρb) = ε̃ρb(1− ρub), (D.14)

i.e., the local bound current is equal to the global current and adsorption equilibrium holds.
The remaining condition for ρb is the same as the recursion condition for the one-dimensional
ASEP [125]. For J/vb < 1/4, it has two solutions,

ρb,±(J) =
1
2

[
1±

√
1− 4

J

vb

]
. (D.15)

Note that ρb,+ > 1/2 and ρb,− < 1/2. There are no real solutions for J/vb > 1/4 and there is
a single fixed point for J/vb = 1/4.

Stability of the fixed points. We decompose the densities and the current according to
ρb = ρ0

b+ηb, ρub = ρ0
ub+ηub and jb = j0

b+ηj , where ρ0
b, ρ0

ub and j0
b are given by a homogeneous

solution, i.e., by one of the fixed points of the recursion. Linearizing the recursion relations
(D.11)–(D.13) about this fixed point, we obtain

η(x+ 1) = Aη(x), (D.16)
2In the latter case, one has to do the iteration many times to adapt the initial condition for jb and the

parameter J in such a way that one reaches the correct final conditions for ρb and ρub.
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where A is a 3× 3 matrix and η is a vector with components ηb, ηub and ηj . We determined
numerically the eigenvalues of the matrix T = A−I, where I is the identity matrix. As a result,
we find that for all chosen sets of parameters, one eigenvalue is positive and one is negative.
The sign of the third eigenvalue depends on the value of ρ0

b. If ρ0
b < 1/2 corresponding to

a low density fixed point ρb,−, it is positive and if ρ0
b > 1/2 (high density fixed point), it is

negative. For ρ0
b = 1/2, the third eigenvalue is zero.

However, some of the eigenvectors corresponding to these eigenvalues cannot be realized
in our system because of the chosen boundary condition. Our choice of boundary conditions
with radial equilibrium implies several conditions for the density profiles. (I) There are no
local maxima or minima of the bound and unbound densities as functions of x except close
to the boundaries. These would disappear through diffusion. This condition holds in general,
as long as the particle number is locally conserved in the interior of the tube. Together
with our boundary conditions which exclude local maxima or minima close to the boundaries,
condition (I) implies that (II) the unbound density increases (decreases) if the bound density
increases (decreases). It also follows that (III) the profiles of the bound and unbound density
are monotonic functions of x if radial equilibrium is imposed at the boundaries. Note that
conditions (II) and (III) are not necessarily fulfilled if different boundary conditions are chosen.

From the numerical solution for the eigenvectors of T = A− I, we find that condition (II)
is violated by two eigenvectors. The only eigenvector which satisfies condition (II) is the one
corresponding to the eigenvalue which changes sign as a function of ρ0

b. We thus recover the
situation found for the one-dimensional ASEP [125]: The low density fixed point is unstable
and the high density fixed point is stable. In addition, we obtain a unique solution for the
approach to the fixed point. The inverse of the remaining eigenvalue yields the length scale ξ
discussed in chapter 5 and displayed in Fig. 5.4.3

Phase diagram

The phase diagram can now be derived by considering the different cases, where one of the fixed
points is approached in the tube. The bulk densities, ρ0

b and ρ0
ub, are then given by that fixed

point and related through Eq. (D.14). The current through the tube is J = jb = vbρ
0
b(1− ρ0

b),
since the total current is independent of x in the stationary state.

Low density phase. Let us first assume, that ρb, ρub and jb are infinitesimally close to the
unstable (low density) fixed point at the first lattice sites, x = 1. The densities will then stay
close to this fixed point for many iterations of the recursion, but finally deviate close to the
right boundary. In this case we obtain from the boundary conditions for the left boundary

ρb,in = ρb(1), and J = jb,in = vbρb,in(1− ρb,in). (D.17)

Obviously such a solution can only exist, if ρb,in < 1/2, as the unstable fixed point has
ρb,− < 1/2.

A second condition can be obtained by considering the right boundary: A solution of this
type can only exists if the recursion does not reach the stable high density fixed point before
reaching the right boundary. We have to distinguish two cases: (a) If ρb,ex > ρb,in, both
the bound and unbound densities are monotonically increasing functions of x. Therefore the

3Remember that the radius enters the two-state approach via the effective unbound diffusion coefficient.
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unbound current is negative and the bound current must be larger than J , jb(x) ≥ J for all
x. This implies that

ρb(L) ≥ J/vb

1− ρb,ex
. (D.18)

A sufficient condition not to reach the high density fixed point is

ρb(L) < ρb,+(J). (D.19)

With J given by the left boundary, these two inequalities imply ρb,in < 1 − ρb,ex as a second
condition for the range of boundary densities, which allows for a solution governed by the
low density fixed point. (b) If ρb,ex < ρb,in, the densities decrease and the high density fixed
point cannot be reached. Since ρb,in < 1/2, we have 1− ρb,ex > 1/2, and hence the condition
ρb,in < 1− ρb,ex holds for this case as well.

High density phase. Now we consider the case where we start in the range of attraction
of the stable high density fixed point and assume that ρb, ρub and jb are infinitesimally close
to the stable fixed point at x = L. In this case the current is J = jb(L) = vbρb,ex(1 − ρb,ex)
and ρb,ex = ρb(L). The density profiles will relax quickly to the high density fixed point and
be nearly constant except close to the left boundary. We can then repeat the above analysis.
The first condition is ρb,ex > 1/2, because at the high density fixed point the bound density is
larger than 1/2.

A sufficient condition for reaching the high density fixed point is

ρb(1) = 1− J

vbρb,in
−
Dub[ρub(1)− ρub,in]

vbρb,in
> ρb,−(J). (D.20)

Again two cases have to be distinguished: (a) If ρub(1) > ρub,in the last term is negative, hence
1−J/(vbρb,in) > ρb,−(J), which yields the condition ρb,in > 1−ρb,ex. (b) If on the other hand
ρub(1) < ρub,in, the profiles are monotonically decreasing and ρb(1) > ρb,−(J) is necessarily
fulfilled. Since ρb,ex > 1/2, the condition ρb,in > 1− ρb,ex follows for this case as well.

Maximal current phase. Finally let us consider the remaining case ρb,in > 1/2 and ρb,ex <
1/2. In this case the density profiles decrease with x and the bound density crosses at some
point from ρb > 1/2 to ρb < 1/2. For an infinitely long tube the density variation between a
lattice site on the filament and its neighbour will be small, and diffusive contributions to the
current vanish except close to the boundaries resulting in the maximal current J = jb = vb/4
with ρ0

b = 1/2 and radial equilibrium in the bulk. The profiles are thus governed by the single
fixed point with J = vb/4.

Summarizing these results, the phase diagram obtained by the two-state mean field theory
for the case of radial equilibrium at the boundaries is the same as the one of the one-dimensional
ASEP upon replacing the boundary densities of the ASEP by the corresponding boundary
densities on the filament, see Fig. 5.3(a). It exhibits (i) a low density phase for ρb,in < 1/2
and ρb,in < 1− ρb,ex, (ii) a high density phase for ρb,ex > 1/2 and ρb,in > 1− ρb,ex, and (iii) a
maximal current phase for ρb,in > 1/2 and ρb,ex < 1/2. This result is in agreement with the
dynamical considerations and Monte Carlo simulations presented in chapter 5.
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D.3 Diffusive injection and extraction of motor particles: The
one-dimensional case

As mentioned in chapter 5, a one-dimensional ASEP coupled to diffusive compartments at both
ends exhibits similar behaviour as our tube systems with boundary conditions (C), where the
filament ends inside the tube. In this case, the phase diagram can be obtained analytically
within a mean field calculation, which we will sketch briefly in the following.

We consider a one-dimensional lattice of length L+2 which consists of three compartments.
In the first one, 0 ≤ x ≤ ∆L, and the third one, L−∆L ≤ x ≤ L+1, transport is diffusive, i.e.
particles hop with probability 1/2 to either direction, in the middle one, transport is driven
and particles hop with probability α to the right. For simplicity, we take the probability for
backward steps to be zero in the middle compartment and we also assume that particles cannot
enter the middle compartment from the right. The densities at the ’external’ sites x = 0 and
x = L+ 1 are fixed to ρin and ρex, respectively.

In the left and right compartments, the density is given by ρ(x) = ρin − 2xJ and ρ(x) =
ρex + 2(L+ 1− x)J , respectively, where J is the stationary current. The middle compartment
can thus be considered as the usual one-dimensional ASEP with effective boundary densities

ρin,eff(J) =
ρin

2α
− ∆LJ

α
and ρex,eff(J) = ρex + 2∆LJ. (D.21)

Note that the effective boundary densities depend on the current J . The phase diagram
can now be determined in a self-consistent way. For example, the transition from a low
density to a maximal current phase occurs for ρin,eff(J) = 1/2 and ρex,eff(J) < 1/2. At the
transition, we have J = α/4, thus the first condition yields ρin = α(1 + ∆L/2) and the
second ρex <

1
2(1 − α∆L). In the same way the location of the transition lines between the

maximal current and the high density phase and between the low and high density phases are
obtained. Expressions for the current in the high and low density phases are obtained from
the self-consistency condition J = αρex,eff(J)[1 − ρex,eff(J)] and J = αρin,eff(J)[1 − ρin,eff(J)],
respectively, which lead to quadratic equations for J .

Let us finally consider the maximal current phase. A maximal current phase is found for

ρin > α(1 +
∆L
2

) and ρex <
1
2

(1− α∆L), (D.22)

which can be shifted out of the physical parameter space 0 ≤ ρin,ex ≤ 1 by tuning the pa-
rameters α and ∆L. With the second condition, we recover our estimate of chapter 5 (taking
Nch = 0), where we simply compared the currents in the driven and diffusive compartments.
The first condition is slightly more restrictive than our simple estimate which would yield
ρin > α∆L/2 for this case.



List of symbols

a abbreviation for Dsc/(2vbxsc) used in subsection 5.3.2
A see Eq. (5.16)
(A) periodic boundary conditions, see Fig. 5.1
b abbreviation for 1 + g NchDub/Dsc used in subsection 5.3.2
B see Eq. (5.16)
(B) open tube, radial equilibrium at the boundaries, see Fig. 5.1
(C) open tube, diffusive injection and extraction of motors, see Fig. 5.1
d spatial dimension
df distance of parallel filaments
D effective (large-scale) diffusion coefficient in a tube
Db (one-dimensional) diffusion coefficient of bound motor
Dsc scale parameter for the scale-dependent diffusion coefficient (5.24)
Dub diffusion coefficient of unbound motor
f motor–motor interaction strength, chapter 6
fc critical interaction strength
f(r) radial part of the concentration profile in a tube (chapter 4.3)
g g ≡ B/A, see Eq. (5.16)
I

(1,2)
1,2 integrals, see appendix B.4
jb local current of bound motors
jub local current of unbound motors
J current through a tube
J̄ spatially averaged current of bound motors in a closed tube
Jdif,L diffusive current in the left diffusive compartment for boundary

conditions (C)
Jdif,R diffusive current in the right diffusive compartment for boundary

conditions (C)
J± currents of motors of the ’plus’ and ’minus’ species
k momentum (Fourier variable) parallel to the filament
` filament repeat distance and lattice constant
L length of the tube
Ldiff diffusive length scale, Ldiff =

√
Dubt

LF length of the filament
L⊥ linear size of open compartments (height of a slab or radius of a tube)
L∗ length of crowded region (’traffic jam’)
L operator governing the linearized dynamics (6.11)
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m = (m1,m2) discrete spatial coordinates perpendicular to the filament,
y = (y1, y2) = (m1`,m2`) = m`

mb difference of the bound densities of the motor species ’plus’ and ’minus’
mub difference of the unbound densities of the motor species ’plus’ and ’minus’
m′b(f) derivative of the absolute value of mb with respect to f (chapter 6.3.1)
n discrete spatial coordinate along the filament, n = x/`
nad number of non-filament sites adjacent to a filament site (nad = 4

for a filament in solution, nad = 3 for a filament attached to a wall)
n̄b average position of bound motors
N number of motors
Nch number of unbound ’channels’, Nch = φ/`2 −Nf

Nf number of filaments
N± numbers of motors of the species ’plus’ and ’minus’
p(x, y1, y2, t) = pn,m1,m2(t)

probability that the motor is at lattice site (x, y1, y2) = (n`,m1`,m2`)
at time t

pub(x, y1, y2, t) probability that the motor is unbound at site (x, y1, y2) and time t,
pub(x, y1, y2, t) = p(x, y1, y2, t)− P (x, t)

pub,0(x, t) probability that the motor is unbound in the close vicinity of the filament
in the case of the continuum equations, pub,0(x, t) = `2p(x,y = 0, t),
see chapter 2.4

p1(x, t) probability that the motor is at a site next to the filament (chapter 3.2.3)
P (x, t) = Pn(t) probability that the motor is bound to the filament (located along the

x axis) at lattice site x = n` at time t, Pn(t) = pn,0,0(t)
Pb(t) total probability that the motor is bound to the filament
Pub(t) total probability that the motor is not bound to the filament
q = (q1, q2) continuous momentum (Fourier variable) perpendicular to the filament
qc momentum cutoff
r radial coordinate in tube or aster geometries
R radius of closed tube
R∗ minimal tube radius for which a maximal current phase is found for

boundary conditions (C), see chapter 5.4.2
s Laplace variable corresponding to time
t time variable
t∗, t∗∗ crossover times
v average (large-scale) velocity
vb velocity of bound motor
vc velocity of density fluctuations
vs domain wall velocity
x = n` spatial coordinate parallel to the filament
x̃ rescaled and shifted spatial coordinate, x̃ ≡ (x− x0)/xsc (chapter 5.3.2)
xs size of effective ’steps’ (chapter 3.3)
xsc scale parameter for the scale-dependent diffusion coefficient (5.24)
x∗, x∗∗ crossover lengths
x̃∗, x̃∗∗ rescaled and shifted crossover lengths, defined analogously to x̃
y = (y1, y2) spatial coordinate perpendicular to the filament
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α probability for a forward step of a bound motor per unit time τ
β probability for a backward step of a bound motor per unit time τ
γ dwell probability of a bound motor per unit time τ
∆L distance between filament end and tube end for boundary conditions (C)
∆n2

b positional variance of bound motors
∆tb average walking time before unbinding from the filament
∆t⊥ time after which the motor movement is geometry-dependent
∆xb average walking distance before unbinding from the filament
ε detachment parameter, ε/(2d) is the detachment probability per non-filament

neighbour site per unit time τ
ε̃ rescaled detachment probability, ε̃ = 2ε/3 in three dimensions,

in general ε̃ = ε(d− 1)/d
η vector of the density deviations from one of the solutions (chapter 6.3.2)
ηb(x) deviation of the bound density from the constant bulk value
ηj deviation of the bound current from the value corresponding to a

homogeneous bound density
ηub(x) deviation of the unbound density from the constant bulk value
λi(k) eigenvalues of the linear operator L
ξ localization length or decay length of the density profiles
ξ0 localization length for the one-dimensional ASEP
πad sticking probability for a motor hopping to the filament
π̃ad rescaled sticking probability, π̃ad = 2πad/3 in three dimensions,

in general π̃ad = πad(d− 1)/d
ρ̄(x) average motor density (bound and unbound motors)
ρb(x) density of motors bound to the filament
ρb,ex right boundary density on the filament for open tubes
ρb,in left boundary density on the filament for open tubes
ρ0

b constant bulk density on the filament in an open tube
ρex right boundary density for the one-dimensional ASEP
ρin left boundary density for the one-dimensional ASEP
ρ0 constant bulk density for the one-dimensional ASEP
ρub(x,y) density of unbound motors
ρub,ex density of unbound motors at the right boundary of open tubes
ρub,in density of unbound motors at the left boundary of open tubes
ρ0

ub unbound constant bulk density in open tubes
ρb,± bound densities of motors of the species ’plus’ and ’minus’
ρub,± unbound densities of motors of the species ’plus’ and ’minus’
ρub,0 unbound motor density in the close vicinity of the filament

in the case of the continuum equations, ρub,0(x, t) = `2ρub(x,y = 0, t),
see chapter 2.4

τ basic time unit, defined by τ = `2/Dub

τb time unit for bound walks in the modified lattice model, see chapter 2.1.4
τdw dwell time
τs step time
τw waiting time between effective steps (chapter 3.3)
φ cross-section of tube, φ = Nch +Nf
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φ0 parameter for the ratio of bound to unbound channels in the case of asters,
see Eq. (4.46)

ψ(τw) waiting time distribution (chapter 3.3)
(ω1,iω2,j) discrete momentum (Fourier variable) perpendicular

to the filament in the case of restricted geometries (slab, tube)
ωc momentum cutoff

All hopping probabilities are per unit time τ (or per time τb in the case of bound movements
in the modified lattice model, see chapter 2.1.4). In the case of continuous time, the same
symbols denote the corresponding hopping rates. Times and rates are usually measured in
units of τ and τ−1, respectively.

Lengths are usually measured in units of the filament repeat distance `. We specify the
dependence on ` explicitly, when presenting numerical results for specific motors. The discrete
variables n and m = (m1,m2) are used in the analytical solution of the lattice model, while
we use the continuous analogues x and y = (y1, y2) in most other cases.

In the continuum models, the same symbols as for probabilities in the lattice models, denote
the corresponding probability densities. Fourier and Laplace transforms of the probabilities
and concentrations are denoted by the same symbols as these quantities themselves and can
be distinguished by their arguments.
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