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Abstract
The H.E.S.S. array is a third generation Imaging Atmospheric Cherenkov Telescope (IACT) array. It
is located in the Khomas Highland in Namibia, and measures very high energy (VHE) gamma-rays.
In Phase I, the array started data taking in 2004 with its four identical 13 m telescopes. Since then,
H.E.S.S. has emerged as the most successful IACT experiment to date. Among the almost 150 sources
of VHE gamma-ray radiation found so far, even the oldest detection, the Crab Nebula, keeps surprising
the scientific community with unexplained phenomena such as the recently discovered very energetic
flares of high energy gamma-ray radiation. During its most recent flare, which was detected by the
Fermi satellite in March 2013, the Crab Nebula was simultaneously observed with the H.E.S.S. array
for six nights. The results of the observations will be discussed in detail during the course of this work.

During the nights of the flare, the new 24 m× 32 m H.E.S.S. II telescope was still being commissioned,
but participated in the data taking for one night. To be able to reconstruct and analyze the data of
the H.E.S.S. Phase II array, the algorithms and software used by the H.E.S.S. Phase I array had to
be adapted. The most prominent advanced shower reconstruction technique developed by de Naurois
and Rolland, the template-based model analysis, compares real shower images taken by the Cherenkov
telescope cameras with shower templates obtained using a semi-analytical model. To find the best
fitting image, and, therefore, the relevant parameters that describe the air shower best, a pixel-wise
log-likelihood fit is done. The adaptation of this advanced shower reconstruction technique to the
heterogeneous H.E.S.S. Phase II array for stereo events (i.e. air showers seen by at least two telescopes
of any kind), its performance using MonteCarlo simulations as well as its application to real data will
be described.



Kurzfassung
Das H.E.S.S. Experiment misst sehr hochenergetische Gammastrahlung im Khomas Hochland von
Namibia. Es ist ein sogenanntes abbildendes atmosphärisches Cherenkov-Teleskopsystem welches in der
1. Phase, die im Jahr 2004 mit der Datennahme begann, aus vier identischen 13 m Spiegelteleskopen
bestand. Seitdem hat sich H.E.S.S. als das erfolgreichstes Experiment in der bodengebundenen
Gammastrahlungsastronomie etabliert. Selbst die älteste der mittlerweile fast 150 entdeckten Quellen
von sehr hochenergetischer Gammastrahlung, der Krebsnebel, fasziniert immernoch Wissenschaftler
mit neuen bisher unbekannten und unerwarteten Phänomenen. Ein Beispiel dafür sind die vor kurzem
entdeckten sehr energiereichen Ausbrüche von hochenergetischer Gammastrahlung. Bei dem letzten
deratigen Ausbruch des Krebsnebels im März 2013 hat das H.E.S.S. Experiment für sechs Nächte
simultan mit dem Fermi-Satelliten, welcher den Ausbruch entdeckte, Daten genommen. Die Analyse
der Daten, deren Ergebnis und deren Interpretation werden im Detail in dieser Arbeit vorgestellt.

Während dieser Beobachtungen befand sich ein neues 24 m×32 m großes Spiegelteleskop, das H.E.S.S. II-
Teleskop, noch in seiner Inbetriebnahme, trotzdem hat es für eine dieser sechs Nächte an der Datennahme
des gesamten Teleskopsystems teilgenommen. Um die Daten rekonstruieren und analysieren zu können,
mussten die für die 1. Phase des Experiments entwickelten Algorithmen und die Software des H.E.S.S.-
Experiments angepasst werden. Die fortschrittlichste Schauerrekonstruktionsmethode, welche von
de Naurois und Rolland entwickelt wurde, basiert auf dem Vergleich von echten Schauerbildern, die mit
Hilfe der Cherenkov-Kameras der einzelnen Teleskope aufgenommen wurden, mit Schauerschablonen die
mit Hilfe eines semianalytischen Modells erzeugt wurden. Das am besten passende Bild und damit auch
alle relevanten Schauerparameter, wird mit Hilfe einer pixelweisen Loglikelihood-Anpassung ermittelt.
Die nötigen Änderungen um Multiteleskopereignisse, welche vom heterogenen H.E.S.S. Phase II Detektor
gemessen wurden, mit Hilfe dieser fortschrittlichen Schauerrekonstruktionsmethode analysieren zu
können, sowie die resultierenden Ergebnisse von MonteCarlo-Simulationen, als auch die Anwendung auf
echte Daten, werden im Rahmen dieser Arbeit präsentiert.
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Change is inevitable.
Progress is optional.

Tony Robbins

1
Introduction

With the discovery of the cosmic radiation by Victor Francis Hess [1] in 1912 for which he was granted
the Nobel Price in Physics in 1936, the era of astroparticle physics started. A photo of Victor Hess at
the beginning of one of his famous balloon trips is shown in Figure 1.1a. During his trips he showed
that the level of ionizing radiation increased with altitude, indicating a penetrating radiation from
outer space, named "cosmic rays" by Andrew Millikan in 1925. During the first half of the 20th century,
cosmic rays where used as a laboratory for high energy particles:

• Discovery of the positron by Anderson [2] in 1932.

• Discovery of the muon by Anderson and Neddermeyer [3] in 1936.

• Discovery of the pion by Lattes, Occhialini, and Powell [4] in 1947.

• Discovery of the kaon by Rochester and Butler [5] in 1947.

During the second half of the 20th century, the radiation produced in accelerator facilities took over the
part of the cosmic radiation due to their much higher luminosities and ease of accessibility. However, the
highest energies reached by now in accelerators, like the LHC at CERN, do not exceed 14 TeV. Cosmic
rays however show an almost perfect power-law behaviour over more than 12 orders of magnitude as
seen in Figure 1.1b with particle energies exceeding 50 EeV. The majority of cosmic rays consists of
charged particles, which loose their information of direction during their travel to Earth due to the
galactic and inter-galactic magnetic fields. Only the highest energy particles can be used to identify
the cosmic accelerators and first indications of their location have been found by the Pierre Auger
Collaboration et al. [8]. Another approach to learn about the sources of cosmic rays is to use the
gamma-ray component of the cosmic rays, which retains the information about its origin.

Due to the low flux of gamma rays at highest energies large detection areas are needed and space-based
detectors become unfeasible. Ground-based experiments cannot detect the cosmic gamma-ray radiation
directly because of the absorption of gamma rays in the Earth’s atmosphere, therefore an indirect
approach using the Cherenkov light generated by the air showers, is used. This light was first observed
in 1953 by Galbraith and Jelley [9], shown in Figure 1.2a, and the success story of very high energy
(VHE; E > 10 GeV) gamma-ray astronomy started. While the first detector was still using ad-hoc
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Chapter 1. Introduction

(a) Photograph of Victor Francis Hess before take-
off to one of his famous balloon flights between 1911
and 1913 during which he discovered a penetrating
radiation from outer space. It was named "cosmic
radiation" by Robert Andrews Millikan in 1925
and several new particles where discovered using
this unique laboratory provided by nature. Victor
Hess was awarded the Nobel Prize in 1936 "for his
discovery of cosmic radiation" together with Carl
David Anderson "for his discovery of the positron".
Figure taken from [6].

(b) All-particle spectrum of cosmic rays together
with the single spectra of the most abundant par-
ticles. The all-particle spectrum follows a power
law over a range of more than 12 magnitudes. The
"knee" in the spectrum at roughly 1015 eV at which
point it is believed that extra-galactic particles start
to dominate the spectrum, is visible as an increase
in the spectral index. At particle energies around
1017 eV a decrease in the spectral index, the "ankle"
is seen. The origin of this spectral feature is still
unclear. Figure taken from [7].

Figure 1.1.

assembled parts, including a trash bin, as seen in Figure 1.2b, by now the third generation of imaging
atmospheric Cherenkov telescopes (IACT) are in operation since a decade. They consist of large optical
telescopes with tessellated mirrors with diameters between 10 m and 28 m to detect the faint Cherenkov
light flashes. The H.E.S.S. array in Namibia (see Aharonian et al. [11]), is described in detail in
Chapter 3, MAGIC on the island of La Palma (see Ferenc and MAGIC Collaboration [12] and Aleksić
et al. [13]) and VERITAS in Arizona (see Weekes et al. [14]). Moreover, the first prototypes of the next
generation IACT array are already being built and the CTA experiment, see Actis et al. [15], will be an
improvement in all aspects over the current third generation experiments.

By now almost 150 sources of VHE gamma-ray radiation are known [16, 17] with most of them being
discovered by the H.E.S.S. experiment. The location of these sources are not limited to our own galaxy,
but also extra-galactic VHE gamma-ray accelerators have been found. By now a zoo of different source
classes exists:

Pulsar wind nebulae (PWNe) Powered by a central fast rotating neutron star (pulsar) these objects

2



(a) Number of light pulses per channel versus pulse
height of a photo multiplier pointed at the night sky.
A clear high intensity signal above the night sky
background is visible. The source of the signal is
the Cherenkov radiation of air showers induced by
cosmic rays hitting the Earth’s atmosphere. Figure
taken from [9].

(b) Photograph of the ad-hoc assembly used for
the first detection of Cherenkov light flashes in the
night sky. A photo multiplier tube was shielded
from surrounding light sources with the help of a
trash bin. It was encircled by an array of 18 Geiger-
Müller counters, which are not seen on the picture,
to test for coincidences with cosmic-ray induced air
showers. Figure taken from [10].

Figure 1.2.

feature a flow of relativistic particles, which were accelerated to highest energies by the large
magnetic and electric fields in the vicinity of the pulsar. The emitted electromagnetic radiation
spans all wave bands from radio to VHE gamma-rays.

Supernova remnants (SNRs) Shock waves formed by supernova explosions sweeping through their
circumstellar media. Around 10 % of the kinetic energy of these explosions are used to accelerate
particles; thus SNRs are believed to be responsible for the majority of the cosmic rays detected
on Earth.

Molecular clouds Giant clouds of gas acting as passive sources for VHE gamma-rays. High energy
particles of nearby accelerators interact with the dense medium of the molecular cloud and emit
VHE gamma-rays.

Binary systems System of two stellar objects, where one is accreting mass from the other, forming an
accretion disk. Particles can be accelerated to very high energies and modulations corresponding
to the orbital positions are observed.

Active galactic nuclei Super-massive black holes at the center of galaxies surrounded by huge accretion
disks and two jets perpendicular to the plane of the disks. Highly variable sources of electromagnetic
radiation in all wave bands.

Starburst galaxies Galaxies with a high star formation rate and, therefore, featuring a high rate of
supernova explosions and a plasma wind. The termination shock of the wind is thought to be
able to accelerate particles to highest energies.

3



Chapter 1. Introduction

Figure 1.3.: Shown are the known sources of VHE gamma-ray radiation on top of the Fermi-LAT all sky map in
high energy gamma-rays. The center of the Milky Way is seen in the middle of the plot and the galactic disk is
aligned with the horizontal axis. Figure taken from [16, 17].

Globular clusters Large number of massive stars with strong colliding stellar winds, forming several
powerful termination shocks act, as acceleration sites for particles.

. . .

One of the most prominent sources of VHE gamma-radiation is the Crab Nebula. It has been used as
the standard candle in VHE gamma-ray astronomy over the last decades. A summary of the current
knowledge of the Crab Nebula and its observational history will be given in the following chapter.

The H.E.S.S. telescope system has entered its second phase in 2012 with the addition of a fifth bigger
telescope to the existing four-telescope array. The new system is well-suited to study gamma rays down
to energies of 50 GeV [18] as will be shown in Chapter 3.

The challenges of the new system include but are not limited to the high efficient operation of
the full array as well as the reconstruction of gamma-ray events of the first detector consisting of
different telescope types (hybrid system). This thesis describes a reconstruction scheme developed
for the reconstruction of gamma-ray events measured with the H.E.S.S. Phase II hybrid system. The
reconstruction algorithm will be described in detail in Chapter 4 together with its performance obtained
from MonteCarlo simulations.

The thesis concludes with the analysis of data taken during the most recent Crab Nebula flare in March
2013 applying the new reconstruction algorithm to real data.
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The pessimist complains about the wind;
the optimist expects it to change;
the realist adjusts the sails.

William Arthur Ward

2
The Crab Nebula

This chapter gives a short overview about our current knowledge about the Crab Nebula. For a more
detailed review, the reader is asked to take a look at the following papers which this chapter is based on:
Buehler and Blandford [19], Hester [20], Gaensler and Slane [21] and Meyer, Horns, and Zechlin [22].

In July 1054 AD the Chinese astronomer Yang Wêlt observed "the appearance of a guest star" in the
night sky. He witnessed a supernova (SN) explosion of Type II (core collapse) [23] (SN 1054) which was
visible during the daytime for three weeks and at night for the next 22 months [24]. The remnants of
this explosion, the Crab Nebula and the Crab Pulsar have been observed for centuries and are among
the best studied sources outside of our own solar system. The third component of the explosion, the
freely expanding shell of the supernova itself has only been observed indirectly [23]. The high luminosity
of the Crab Pulsar around 1.3 · 1038 erg cm−2 [20] and its proximity of ∼ 2 kpc [25] renders the Crab
Nebula and the Crab Pulsar one of our prime laboratories for studying non-thermal processes in the
Universe. Although the Crab Nebula was only rediscovered in 1731 by the English astronomer John
Belvis, it is the first historical supernova that could be associated to a known object in the sky [26, 27].
Charles Messier took the nebulous appearance of the Crab as a reason to assemble the famous Messier
catalogue of nebulous non-cometary objects naming the Crab Nebula as its first source M1. The Crab
Nebula in optical can be seen in Figure 2.1a. The fine grained features seen via the emission lines of
thermal gas are called "filaments" whereas the thin arcs of higher emission in the synchrotron Nebula
are labeled "wisps".

2.1. Observations & Characteristics

At first, it was believed that the visible Crab Nebula was the result of the freely expanding SNR of
1054. However, from spectroscopic observations of the filaments in the Crab Nebula, an ejecta mass
of the order of 2–5 M� can be obtained [28] which is less than the minimum mass ejected during a
core collapse supernova. Moreover, the expansion velocity of the filaments of less than ∼ 1500 km/s [29]
is significantly below the expected velocities of 5000–10000 km/s known from other young SNRs like
Cas A [20]. The resulting kinetic energy output obtained for SN 1054 of 3 · 1049 ergs is a factor of 30
below the canonical value of 1051 ergs. Frail, Kassim, Cornwell, and Goss [30] proposed an atypical
low-energy explosion to explain these measurements, however, Chevalier [23] showed that SN 1054 was
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Chapter 2. The Crab Nebula

(a) Composite Hubble Space Telescope image of
the Crab Nebula. An O III line is shown in red, two
S II lines in green and an O I line in blue. The fine
structures called "filaments" are due to Rayleigh-
Taylor instabilities and are pointing inwards to the
pulsar. The thermal ejecta confine the synchrotron
nebula which is shown in blue as well. Figure taken
from [20].

(b) Composite image of the Crab Nebula in different
energy bands. Radio in red, optical in green and
X-ray in blue. The size of the Nebula is clearly
inverse proportional to the energy of the radiation.
Figure taken from [19].

Figure 2.1.: Crab Nebula seen in different energy bands.

most likely a Type II supernova explosion using light curves extracted from detailed historical records.
The explanation for this predicament is that the observed Crab Nebula is not the freely expanding
shell of SN 1054, but instead a PWN driven by a central engine within (the Crab Pulsar). The 16th

magnitude star embedded in the Crab Nebula was confirmed to be emitting pulsed radiation with
a spin period P of 33.6 ms in the optical and radio wavebands by Staelin and Reifenstein [31] and
Cocke, Disney, and Taylor [32]. SN 1054 formed a rapidly rotating young neutron star with a spin
down luminosity Ė of ≈ 5 · 1038 erg/s corresponding to a slowing down in rotation Ṗ = 4.2 · 10−13 [33,
34] using the formula:

Ė = −dErot

dt
= 4π2I

Ṗ

P 3
(2.1)

Here I is the moment of inertia of the neutron star which, for a mass of 1.4 M� and a radius of 10 km,
has the value of 1.1 · 1045 gm/cm2. The energy loss of the Crab Pulsar compared to other known pulsars
is the second highest observed to date. Assuming an initial spin down period of the pulsar of P0 such
that Ω̇ = −kΩn (where Ω = 2π/P , k is a constant and n is the braking index), the initial age of the
system τ can be calculated [35]:

τ =
P

(n− 1)Ṗ

[
1−

(P0

P

)n−1
]

(2.2)

Using a breaking index n = 2.51 [36], Bejger and Haensel [37] estimated P0 to be ≈ 19 ms for the
Crab Pulsar. As a result, it has lost about ∼ 3.6 · 1049 ergs until now which corresponds to an average

6



2.1. Observations & Characteristics

luminosity of ∼ 1.2 · 1039 erg/s. Only 1 % of this energy is emitted as electromagnetic radiation.

The pulsations are due to the fact that the radiation is emitted in highly collimated beams which sweep
the field of view of the Earth in regular intervals. The phase-averaged spectral energy distribution (SED)
of the Crab Pulsar is shown in Figure 2.2. It consists of three distinct components. One responsible
for the radio emission, a dominant component in the X-ray band and one responsible for the emission
above ∼ 100 MeV.
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Figure 2.2.: Spectral energy distribution (SED) of the average emission of the Crab Nebula in blue and phase
averaged emission of the Crab Pulsar in black. The pulsar SED consists of three distinct components whereas the
nebula SED is described by two. Figure taken from [19].

Recently, pulsed emission from the Crab Pulsar has been detected up to energies of 400 GeV by the
VERITAS Collaboration et al. [38] and Aleksić et al. [39, 40] for the first time for a pulsar in the VHE
gamma-ray regime. This is a surprising result because typically the emission of a pulsar follows an
exponential cutoff power-law as shown by Abdo et al. [34]:

νFν ∝ exp
( E

ECut

)
(2.3)

The high-energy (HE) part of the phase-averaged SED of the Crab Pulsar can be seen in Figure 2.3. The
Fermi-LAT HE measurement shows a harder than exponential fall of the spectrum which is, however,
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Chapter 2. The Crab Nebula

not unusual [34]. Nonetheless, the VHE emission measured by VERITAS Collaboration et al. [38] and
Aleksić et al. [39, 40] is not in agreement with an extrapolation of the Fermi-LAT spectrum. Instead
the spectrum can be described by one power law function with an index around −3.8 above 4 GeV [38]
and no cutoff has been observed up to energies of ∼ 400 GeV until now.
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Figure 2.3.: Phase averaged spectral energy distribution of the Crab Pulsar in gamma-rays. The gray line indicates
the systematic error of ±15 % inherent to VHE gamma-ray instruments. The dashed/dotted line indicates the
best-fit of the Fermi-LAT data to a power law function with an exponential/sub-exponential cutoff. Figure taken
from [19].

Looking at the distribution of the radiation as a function of the phase φ in the different wave bands shown
in Figure 2.4, one can see that only small shifts ∆φ ≤ 0.01 between energy bands exist. The main pulse
P1 is located at φ ≈ 0.0 and the inter-pulse P2 at φ ≈ 0.4. The relative flux of P2 with respect to P1
increases from radio to hard X-rays (100 keV < E < 200 keV) and from HE (100 MeV < E < 300 MeV)
gamma-rays to VHE (50 GeV < E < 400 GeV) gamma-rays. The Crab Pulsar shows high irregularities
on short time scales (∼ P−1

Crab) for the radio pulses in P1 and P2 with a flux 1000 times the average
[41–43] called "giant pulses". A corresponding increase in optical emission has been observed [44, 45]
but not at higher energy bands [46–48].

Pulsar glitches, a rapid increase in spin-down frequency up to ∼ 10−5 Hz for a limited time, are observed
∼ 1 per year [48–50]. The radio emission of the pulsar is also highly polarized and the Crab Pulsar is
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2.1. Observations & Characteristics

Figure 2.4.: Phase distribution of the flux of
the Crab Pulsar in different energy bands. Ra-
dio at 1.4 GHz, optical between 1.5 eV and
3.5 eV, X-ray from 100 keV to 200 keV, HE
gamma-rays between 100 MeV and 300 MeV
and VHE gamma-rays ranging from 50 GeV
to 400 GeV. The main pulse P1 at φ ≈ 0.0
and the inter-pulse P2 at φ ≈ 0.4 are clearly
visible in all wavelengths without a major shift.
The peaks are getting narrower from optical
energies to higher energies. The flux ratio be-
tween P1 and P2 for X-rays and VHE gamma-
rays is significantly different than in the other
energy bands. Figure taken from [19].

one of the few pulsars for which polarisation has also been detected in the optical wave band [51, 52].
For further details about the characteristics of the polarization the reader is asked to have a look at
Buehler and Blandford [19] and references therein.

The Crab Nebula emission in different energy bands can be seen in Figure 2.1b. Its shape is roughly
ellipsoidal with a length of the major axis of roughly 4.4 pc and ∼ 2.9 pc for the minor one. It is inclined
with respect to the plane of the sky by 30 ° [53, 54] and fills a volume of approx. 30 pc3. The size of the
Nebula is decreasing with higher energies due to the particles suffering from synchrotron cooling and
energy loss because of adiabatic expansion. The main fraction of the energy released by the pulsar is
believed to be a flow of a relativistic magnetized plasma mainly composed of electron positron pairs (in
the following only referred to as electrons).

Particles of the nebula loose their energy mainly due to synchrotron and inverse Compton radiation.
This process is remarkably efficient and about 26 % of the energy output of the pulsar are converted
into synchrotron radiation which is of the same order of magnitude as the expansion work done on
the filaments of the nebula. The filaments are the result of Rayleigh-Taylor instabilities acting at the
interface between the confined synchrotron nebula and the thermal ejecta. Their structure is often
head-to-tail or finger-like and they are pointing inward to the center of the nebula. They are typically
less than an arcsecond across and their gas density is roughly 10 times higher than the density in other
regions. Their observed expansion velocities between ∼ 700 km/s and ∼ 1800 km/s [29] can be compared
to known proper motions to obtain a distance estimate to the Crab Nebula of 2 kpc. Two other bright
and interesting structures seen in the optical images are the so-called "sprite" and the "inner knot".
The former being a fuzzy region at the base of the jet emerging from the pulsar, the latter is detected
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Chapter 2. The Crab Nebula

∼ 0.6 ′′ south east of the pulsar. Their scale is of the order of several arc seconds and they are variable
down to time scales of a few hours [55, 56]. However, they do not show any spectral variation from
infrared to X-ray energies [57–60].

2.2. Particle Acceleration

Pulsar Wind Nebula

R   ~10 cm R    ~10  cmR   ~10 cm
NS LC WT

6 178

Figure 2.5.: Schematic break down of the Crab Nebula in its three components. The pulsar is viewed by the
observer via an angle ζ and the magnetic momentum ~µ is inclined by an angle α to the momentum of the rotation
~Ω. The current sheet is represented by the thicker black line and its undulation is clearly visible. The thinner
black lines and the circles represent the open magnetic field lines and the toroidal magnetic field around the
pulsar. From observations we know that ζ ≈ 60 ° [61]. The inclination angle α is not known and typically a
value of ≈ 45 ° is used in modelling [62, 63]. The nebula is formed at the so called termination shock where the
particle and fields are randomized. Figure taken from [19].

The PWN can be divided in three distinct regions. The pulsar with its magnetosphere, the cold pulsar
wind and the synchrotron nebula. The magnetosphere extends out to the light cylinder radius:

RLC =
cP

2π
≈ 1.4 · 108 cm (2.4)

In first order, the pulsar can be described as a rotating, perfectly conducting sphere creating a dipole
magnetic field. It is an "oblique rotator" because the rotational axis ~Ω is not parallel to the magnetic
moment ~µ, thus tilted by an angle α as seen in Figure 2.5. The compression of the magnetic field of
the progenitor star onto the neutron star with a radius of RNS ∼ 10 km results in a magnetic field

of B ≈ 3.8 · 1012
(

P
PCrab

)1/2(
Ṗ

ṖCrab

)1/2
G at the equatorial surface. As a result, the electric potential

created between the poles and the equator is strong enough to fill the magnetosphere with a plasma
of particles which where removed from the surface of the neutron star [64]. The description of the
charge separated magnetosphere (to cancel the electric potential [65]) is often done using force free
electrodynamics (FFE) approximations, extensions of magneto hydrodynamics (MHD) in which plasma
is abundant and inertia free. Magnetic fields ~B and electric fields ~E are shortened out ( ~E · ~B = 0) and
no particle acceleration occurs as well as no resistivity [66]. Li, Spitkovsky, and Tchekhovskoy [67]
showed that there is a smooth transition between the vacuum solution and the FFE approximation for
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2.3. Flux Variations

the potential drop over the open field lines and the total spin-down luminosity indicating that the real
magnetosphere is in between these two cases.

Because neither FFE nor MHD simulations can explain particle acceleration in the magnetosphere,
several different solutions using so-called "gaps" where proposed. They are produced when current is
flowing out of the light cylinder following the open field lines and charge starved regions are created
behind them. A drop in electronic potential can build up and the resulting discharge via electronic pair
cascades leads to particle acceleration. The pulsed emission of radiation is due to the fact, that the
particles follow the direction of the magnetic field lines closely and, therefore, co-rotating cones of light
are emitted. Several different locations for the gaps have been proposed, for instance the polar gap
[68–71] but most notably the outer gap [72–75]. The reader is asked to consult Buehler and Blandford
[19] and references therein for further information.

From the FFE approximations it is believed that the magnetic field lines of neutron stars are asymp-
totically radial outside of the light cylinder [76, 77] and they can be approximated by a monopole
in each half of the sphere with the border being at the equator of the neutron star. The field lines
reverse their polarity at this border and the approximation is therefore called the "split-monopole"
approximation. Due to the trailing of the magnetic field lines of the pulsar rotation, a helical pattern
is created. An undulating current sheet aligned to the axis of the magnetic momentum is formed at
which the field lines reverse their polarity and create a toroidal magnetic field. The resulting "stripped
wind" is magnetically dominated, i.e. the ratio of magnetic to kinetic energy σ is much bigger than
one (σ � 1). As a result the "stripped wind" is called "cold" because it does not emit any detectable
radiation until it starts to interact with the ejected material from the supernova. At the point where
the pressure of the pulsar wind is equal to the pressure of the plasma and magnetic fields caught in
the nebula, the pulsar wind is terminated. This "inner ring" is seen in X-rays at a distance of the
wind termination (WT) RWT ∼ 3 · 1017 cm. There, the wind is abruptly slowed down and the particles
and fields are randomized, therefore, emitting synchrotron and inverse Compton radiation as seen
in Figure 2.2 (implying small σ values). The current understanding of the acceleration mechanism
is, that magnetic reconnection is responsible for the non-thermal particle acceleration [78] and not
diffuse shock acceleration [79]. Recent 3D simulations done by Mizuno, Lyubarsky, Nishikawa, and
Hardee [80] and Porth, Komissarov, and Keppens [81] can reproduce the Crab morphology using a
highly magnetized "stripped wind". A torus with a corresponding jet emerges and also "wisps" with an
increased brightness (due to Doppler beaming towards our line of sight [82]) are produced. Due to the
increased turbulences the so-called "σ-problem" (high σ values at the origin of the wind and very low
ones at its termination) is alleviated [83] in the 3D models and it is likely that the origin of the latter
where due to simplifications made in the 1D and 2D models.

The integrated SED of the Crab Nebula is normally modelled using two distinct populations of electrons.
In addition to the ones injected by the pulsar wind, a second population of relic electrons is needed
to explain the radio emission [84, 85]. Due to the fact, that the radio and infrared spectra connect
smoothly, it is unlikely that the relic electrons were produced during the supernova explosion. More
likely is a recent idea proposed by Sironi and Spitkovsky [86] that the electrons of the pulsar wind can
also explain the radio emission if a high enough magnetization is assumed (σ > 30) and if the electron
injection rate is Ṅ± ≈ 108 · NGJ where NGJ is the "Godlreich-Julien" current [87]. However, it yet
remains to be seen, if 3D simulations can reproduce these results.
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Figure 2.6.: Fourier power density spectrum
(PDS) of the Crab Nebula from the first 35
month of Fermi observations. The solid green
line is the PDS for the full time interval
(scaled down by a factor of 100), the blue
one corresponds to a low activity period and
the red one represents the exceptional flare
from April 2011. All spectra were smoothed
with a running average and the unsmoothed
ones are shown by the corresponding dotted
lines. The different PDS were fit with a power
law function (dashed back line) and a constant
white noise component (solid black line). Dot-
ted black lines indicate the ±1σ, the +2σ and
+3σ confidence intervals derived from white
noise simulations. Figure taken from [88].

2.3. Flux Variations

A huge surprise for the scientific community was the detection of several strong gamma-ray flares
by the Fermi and the AGILE satellites [89, 90]. Unpulsed emission from the Crab Nebula above
100 MeV with a a flux increase by a factor of ∼ 30 on timescales down to ∼ 6 hours was observed
[89–92]. The expectation was that the flux of the nebula itself should be constant up to ∼ 0.1 %
limited by the decrease in spin-down luminosity. The average flux of the Crab Nebula above 100 MeV
is F100 = (7.2± 0.3) · 10−7 cm−2 s−1 and found to be variable on various time scales in HE gamma-rays.
The power density spectrum (PDS) shown in Figure 2.6 is compatible with a power-law PDS ∝ ν−0.9

[88]. Variations with time scales down to ≈ 10 hours can be resolved with no apparent break in the
spectrum. It is yet unclear whether the flares are the high-energy end of this power density spectrum or
if they have a different origin. By now six flares have been detected [88, 93–95] and the two brightest
of these flares clearly show a new spectral component in the SED as seen in Figure 2.7 while others
show no apparent change. All flares have a photon flux of F100 > 35 · 10−7 cm−2 s−1 and the flux level
is increased for a period of ∼ 1 week with respect to the average flux over a duration of one month.
Moreover, all of them show significant emission up to ∼ 1 GeV.

The light curve of the flare from April 2011 is shown in Figure 2.8 and flux variations down to time
scales of ∼ 20 min are observed while the flux itself doubled in less than 8 h. The corresponding spectral
evolution is shown in Figure 2.9 and can be described by a power law with exponential cut-off. The
cut-off energy EC as well as the total energy flux F100 vary, whereas the spectral index of the new
component remains constant within measurement uncertainties at a value of γ = 1.27 ± 0.12. At
the maximum of the flare, the total luminosity of the flaring component reaches roughly 1 % of the
spin-down power of the pulsar and the maximum cut-off energy is 375± 26 MeV [88]. During the flare
the variation of the total flux and the cut-off energy were related via F100 ∝ E3.4±0.86

C [88].

Up until now, no corresponding flux variations during any of the six flares of the Crab Nebula in the
HE gamma-ray energy range have been found in any other wavelength [96–101]. Despite simultaneous
observations during the September 2010, April 2011 and March 2013 flares, no increased emission has
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Figure 2.7.: Spectral energy distribution for the average Crab Nebula flux in blue together with five of the six
gamma-ray flares of the Crab Nebula. The emergence of a new component for the high intensity flares is clearly
visible. Figure taken from [19].

been detected from radio to X-rays and in VHE gamma rays. There is a claim for an increased flux
by the ARGO-YBJ experiment [102], but it could not be verified by any other experiment. Neither
the spin-down period nor any other pulsar properties changed during the flaring periods [88, 89, 97].
Moreover, no pulsed component was found in the gamma-ray emission of the flares. Although the time
scales of the recurrence of gamma-ray flares and pulsar glitches appear to be similar, no correlation
between these events has been found. Furthermore, the angular resolution of current HE gamma-ray
experiments of > 0.3 ° does not allow to pinpoint the exact location of the emission region of the
gamma-ray flares.

Models trying to describe the still unknown emission process behind the HE gamma-ray flares need
to be able to explain all their observed properties. For instance, the size of the emission region of
c · td ∼ 10−4 pc is much smaller than any of the observed structures within the nebula by at least a
factor of ≈ 100. Moreover, synchrotron radiation is the only radiation process which could sustain the
flare emission up to ≈ 1 GeV, but maximum energies from MHD flows do not exceed 160 MeV [103,
104]. Alternative solutions like diffuse shock acceleration cannot reproduce a hard enough spectrum
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Chapter 2. The Crab Nebula

Figure 2.8.: Light curve above 100 MeV of the Crab Nebula during its flare in April 2011. The dotted line
indicates the sum of the 33 month average flux from the stable inverse-Compton component of the nebula and the
stable contribution of the pulsar. The dashed line shows the average over the same time interval for the varying
synchrotron flux of the nebula. The points represent the sum of the nebula and the pulsar flux during the flare.
The blue vertical lines indicate periods of constant flux within statistical uncertainties and the blue points show
the corresponding flux in each interval. Figure taken from [88].

and are, moreover, expected to be inefficient at the termination shock [79, 105, 106]. The absorption of
ion cyclotron waves does not fit the time scales of the observed gamma-ray flares and can be excluded
as well [107]. A promising idea is particle acceleration due to magnetic reconnection [108, 109] as
MHD conditions are not valid during such events and Doppler boosting of the beam is expected in the
reconnection layer [104, 110–112]. The flare of April 2011 can be reproduced in such way, including
the relation between cutoff energy and total luminosity as well as the temporal behaviour of the flare.
Different locations for the magnetic reconnection process have been proposed [113–117] but no conclusive
evidence has yet been brought to light to exclude any of them.

In March 2013, a new flare emerged from the Crab. It was the second brightest flare detected so far,
and for the first time, simultaneous data could be taken with the H.E.S.S. array in the VHE domain.
The analysis and interpretation of the data taken during the Crab flare is one of the main subjects of
this thesis and will be described in Chapter 5. In the next chapter the H.E.S.S. experiment will be
explained in detail together with an overview of the basic data calibration, reconstruction and analysis
techniques.
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2.3. Flux Variations

Figure 2.9.: Spectral energy distributions corresponding to the different intervals of constant flux shown in
Figure 2.8. The dotted-dashed line is the constant background of the synchrotron nebula, the dotted line represents
the flaring component and the dashed line is the sum of both components. For comparison the average Crab
Nebula spectrum of the first 33 month of Fermi data is shown in gray. Figure taken from [88].
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Ever tried. Ever failed.
No matter. Try Again.
Fail again. Fail better.

Samuel Beckett

3
The H.E.S.S. Experiment

The H.E.S.S. experiment is located in the Khomas Highland approximately 100 km south-west of the
capital of Namibia, Windhoek. It is a so-called Imaging Atmospheric Cherenkov Telescope (IACT)
system. The Phase I of the array, consisting of four identical 13 m diameter telescopes (the H.E.S.S. I
telescopes), was inaugurated in 2003. Since then H.E.S.S. has played an important role in VHE
gamma-ray astronomy [11, 118–125], demonstrating the capability of this young branch of astroparticle
physics. By now almost 150 sources [17] have been found in the VHE gamma-ray domain. With the
most recent addition of a fifth telescope, called H.E.S.S. II or CT5 (short for Cherenkov Telescope 5),
the H.E.S.S. experiment entered Phase II. The interaction of VHE gamma-rays with the atmosphere,
the detection of the subsequent air showers as well as the H.E.S.S. experiment itself will be explained
in detail.

3.1. Air Showers

In the last decades different ground-based cosmic air shower experiments like the Auger Observatory
[126] helped in understanding the nature of the cosmic radiation hitting the Earth’s atmosphere.
Like the H.E.S.S. experiment, Auger relies on the fact that high energy particles form extensive air
showers can be observed and used to obtain information about the primary particle that induced
the shower. Contrary to Auger which was built to measure mainly protons and heavier nuclei, the
H.E.S.S. experiment was designed to detect VHE gamma-rays. If such a VHE gamma-ray enters the
Earth’s atmosphere, it starts to interact (mainly with nitrogen, oxygen and argon nuclei) at a typical
height of 15 to 35 km and looses most of its energy on its way to the ground forming a cascade of
billions of secondary particles. The atmosphere is acting as a calorimeter with a thickness of ∼ 27 X0,
here X0 ≈ 37 g/cm2 is the radiation length in the air. The gamma-ray undergoes pair-production in the
Coulomb field of the nuclei of the Earth’s atmosphere creating an electron-positron pair. The electron
and positron in turn will also interact with the Coulomb field of the nuclei and emit gamma rays
due to Bremsstrahlung (the term electron will be used for positrons and electrons hereafter). These
two processes will repeat for all the secondary particles until ionization losses of the electrons start
to become dominant as depicted in Figure 3.1a. The electromagnetic (EM) cascade formed by the
secondary particles will have a lateral spread with regards to the main shower direction of a few meters
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3.1. Air Showers

due to multiple Coulomb scattering of the electrons. Electron induced air showers behave very similar
to the gamma-ray induced ones. However, the shower maximum, defined as the point where most of
the secondary particles are created, is shifted to higher altitudes for electron induced air showers by
a constant factor of ≈ 0.5 X0 [127, 128]. The majority of air showers, created by cosmic radiation
hitting the Earth’s atmosphere, are of hadronic origin, i.e. mostly protons. The most frequent secondary
particles are neutral and charged pions in hadronic induced air showers with a ratio of ≈ 1 : 2 as shown
in Figure 3.1b. Neutral pions immediately decay into two photons, creating EM sub-showers within
the hadronic one. The sum of neutral pions are the dominant source for the EM shower component.
Charged pions will interact before decaying into muons and neutrinos. Together with other heavier
components like baryons and kaons, the charged pions form the long-lived hadronic shower core [129].
The muons, 90 % of which were created through the decay of the charged pions and kaons, do not suffer
high energy losses and are the only particles of highly inclined air showers reaching the ground (zenith
angle θ > 65 °) besides the EM particles created by the decay of these muons.

(a) Gamma-ray induced cascade. (b) Proton induced cascade.

Figure 3.1.: Schematic view of a gamma-ray induced air shower on the left and a proton induced air shower on
the right. n denotes the generation of the secondary particles. Not all pion lines are shown for the second and
higher generation particles in b and none of the two diagrams is to scale. Figures taken from [130].

The dominant processes in the development of an electromagnetic air shower are [131]:

• Bremsstrahlung of e± in the Coulomb field of the nuclei of the atmosphere.

• Pair-Production of high energy gamma rays also in the Coulomb field of the nuclei of the
atmosphere.

• Multiple Coulomb scattering of electron-positron pairs.

• Energy losses of e± through ionization and atomic excitation.

To describe the basic longitudinal features of an EM shower the so-called Heitler model [132] can be
used; it was originally proposed by Carlson and Oppenheimer [133]. The idea is that each interaction
takes place after a fixed track length, the splitting length λ = X0 ln 2 . An electron will radiate a new
gamma ray via Bremsstrahlung, loosing half of its energy to the newly generated particle, whereas a
gamma ray will undergo pair-production creating an electron-positron pair, each with half of its energy.
In essence, every interaction of a single particle with energy E, electron or gamma-ray, will result in

17



Chapter 3. The H.E.S.S. Experiment

two outgoing particles, each with an energy E
2 . Therefore, the total shower size N , i.e. the amount of

particles in the shower, at a certain depth X = n · λ can be written as N(X) = 2n = 2(X
λ

), where n is
the number of generations (the number of consecutive interactions). The energy of a particle is defined
via E(X) = E0/2

(X
λ

), here E0 denotes the initial energy of the primary particle, i.e. the particle that
started the cascade (n = 0). The particle multiplication is stopped once the energy of the particles
drops below the critical energy Ec ≈ 83 MeV in dry air. The maximum size of the cascade Nmax is
reached, if all particles have an energy E = Ec so that E0 = Ec ·Nmax and the following relations can
be obtained:

Nmax =
E0

Ec
Xmax(E0) ∼ λ ln

(E0

Ec

)
(3.1)

The Heitler model therefore reproduces two basic features of an EM shower:

• The maximum number of particles in the shower Nmax is proportional to the energy of the primary
particle E0.

• The depth of the shower maximum increases logarithmically with respect to the primary energy
E0.

Rossi and Greisen [134] showed that the average depth of the shower maximum of EM air showers is
given by

〈Xmax〉 ≈ X0 ln
(E0

Ec

)
+

1

2
(3.2)

confirming the predictions of the Heitler model. However, the model overestimates the ratio of electrons
to photons as already mentioned by Heitler [132]. By now several extensions of the Heitler model
have been proposed [130, 134] and more sophisticated shower models are available. For instance, the
semi-analytical model developed by Le Bohec et al. [135] and refined by de Naurois and Rolland [136].
For the simulation of air showers during the MonteCarlo simulation used by the H.E.S.S. experiment
the Corsika [137] and Kaskade [138] tool-kits are used.

The lateral spread of an EM cascade is due to multiple Coulomb scattering of electrons on air atoms
[139]. For low energy particles, the length scale of the lateral distribution is characterized by the Molière
unit r1 = (21 MeV/Ec)X0 ≈ 9.3 g/cm2 which corresponds to roughly 80 m at sea level and is increasing
with altitude.

3.2. Cherenkov Radiation

The particles in an air shower travel at a speed faster than the speed of light in the surrounding medium
c > v ≥ c′ = c

n . The charged particles emit Cherenkov radiation as discovered by Čerenkov [140] and
explained using classical electrodynamics by Tamm and Frank [141] and their famous formula for the
amount of Cherenkov radiation emitted on a given frequency:

dE =
q2

4π
µ(ω)ω

(
1− c2

v2n2(ω)

)
dx dω (3.3)

Here dE denotes the emitted energy per track length dx of the particle for the angular frequency dω.
n(ω) is the frequency dependent refractive index whereas q is the electric charge of the particle and
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3.2. Cherenkov Radiation

µ(ω) is the frequency dependent permeability of the medium. It is interesting to note that the emitted
energy does not depend on the sign of the charge of the particle, therefore, electrons, positrons, muons,
protons, . . . will emit Cherenkov radiation with the same characteristics.

(a) Shock front of Cherenkov light (blue lines) cre-
ated by a particle traveling with a speed β =

vp
c

greater than the speed of light in the medium c
n

with a refractive index n. The particle induces
dipoles which upon relaxation emit spherical waves
that interfere constructively forming the Cherenkov
cone of light. The characteristic opening angle θc
and its dependence of n and β are shown. Figure
taken from [142].

(b) Lateral distributions of Cherenkov light for dif-
ferent primary energies at a height of 1.8 km above
sea level obtained from simulations of gamma-ray
and electron induced air showers without the influ-
ence of the geomagnetic field and no attenuation of
light. The "Cherenkov ring" is visible as the bump
approximately at a radius of 120 m in the lateral
distributions. Figure taken from [128].

Figure 3.2.

Moreover, the relative intensity of a given frequency is proportional to the frequency itself, resulting in
the blueish light of visible Cherenkov radiation because shorter wavelength (higher frequencies) are
more intense. The spectrum of Cherenkov radiation in air is highly absorbed in the UV waveband and
as a result Cherenkov radiation detectors normally have a peak efficiency around ≈ 350 nm. The total
amount of energy radiated per track length for Cherenkov radiation is given by:

dE
dx

=
q2

4π

∫
v> c

n(ω)

µ(ω)ω

(
1− c2

v2n2(ω)

)
dω (3.4)

The emitted Cherenkov radiation of a particle traveling with a speed greater than the speed of light in
the medium forms a shock front, see Figure 3.2a, similar to those observed in bow shocks or during a
sonic boom. The light emitted by a particle at a certain point at a time t = 0 travels a distance of
xem = vemt = c

n t in the time interval t while the particle itself travels a distance xp = vpt = βct. For
geometric reasons, the angle θc of the shock front with respect to the direction of motion of the particle
is given by:

cos θc =
1

nβ
(3.5)
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For typical energies of a gamma-ray induced air shower, the opening angle of the cone of light formed by
the emitted Cherenkov radiation of the secondary particles in the shower is ≈ 1 °. The area illuminated
on the ground by the Cherenkov light is approximately a circle with a diameter around ≈ 250 m as seen
in Figure 3.2b. The average duration of the emission of Cherenkov light generated by an air shower is
≈ 20 ns at ground level. Light emitted at the start of a vertical air shower reaches the ground before
the light from its tail as seen in Figure 3.3.

(a) Schematic of an air shower seen by a
detector at position D with a zenith angle of
0 °.

(b) Cherenkov light intensity versus time seen by the
detector in a.

Figure 3.3.: The arrival time of Cherenkov light emitted by an air shower is proportional to the time when it was
emitted. Figures taken from [143].

Figure 3.5 shows example MonteCarlo air shower events obtained using the Corsika shower simulation
for the H.E.S.S. experiment [137, 144, 145] for a gamma-ray and a proton induced air shower. The
proton air shower is much more heterogeneous due to the bigger lateral spread and the several EM
sub-showers induced by neutral pion decay. For the gamma-ray shower, the circular Cherenkov light
pool on the ground is clearly visible (see Figure 3.5c).

3.3. Imaging Atmospheric Cherenkov Technique

By now the third generation of Imaging Atmospheric Cherenkov Telescopes (IACTs) is in use; namely
the H.E.S.S., MAGIC and VERITAS array. The first Cherenkov telescope was the Whipple telescope
[146] which was able to detect the Crab Nebula in 1989. It did not yet use stereoscopic information of
multiple telescopes observing the same air shower. Hillas [147] proposed to use his famous and still used
Hillas parameterization of the Cherenkov light images of extensive air showers to extract the Shower
Parameters from the image. During the work presented here the following definition of the Shower
Parameters are used:
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• The zenith angle of the air shower with respect to the center of the telescope array.

• The azimuth angle of the air shower with respect to the center of the telescope array.

• The distance of the shower impact on the ground to the center of the telescope array.

• The source position in the sky from which the primary particle originated.

• The primary energy of the particle which induced the air shower.

• The primary depth, i.e. the first interaction depth, of the particle.

• The type of the primary particle, i.e. gamma-ray or background (electrons, positrons, protons,
. . . ).

The translation of the Cherenkov light emitted by an air shower to the camera in the focal plane of
an IACT is depicted in Figure 3.4a. The resulting elliptical shaped image for a gamma-ray induced
air shower is clearly visible. Due to the short duration of the Cherenkov light emission during an air
shower, the cameras of the telescopes need to be very fast, i.e. on a nanosecond level. For a better
direction reconstruction of an air shower and background suppression, multiple telescopes are placed
next to each other within the circle of light on the ground that is illuminated by Cherenkov radiation as
seen in Figure 3.4b. The HEGRA telescope array [148, 149] was the first IACT array to use stereoscopic
observation of air showers [150].

(a) Schematic of an air shower seen by an optical
telescope with an angular extension from θ1 (shower
start) to θ2 (shower end) with respect to the tele-
scope pointing. The air shower develops from the
center of the camera towards its outer edge.

(b) A gamma-ray induced air shower at a height of
maximum emission of ≈ 10 km with its resulting
cone of Cherenkov light with an opening angle of
≈ 1 ° (not to scale). Multiple telescopes are placed
within the pool of Cherenkov light on the ground
for stereoscopic observation.

Figure 3.4.: Figures taken from [131].
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(a) Longitudinal Cherenkov light distribution of a
MonteCarlo gamma-ray induced air shower.

(b) Longitudinal Cherenkov light distribution of a
MonteCarlo proton induced air shower.

(c) Lateral Cherenkov light distribution of a Monte-
Carlo gamma-ray induced air shower on the ground.

(d) Lateral Cherenkov light distribution of a Mon-
teCarlo proton induced air shower on the ground.

Figure 3.5.: Figures taken from [151].
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3.4. The H.E.S.S. Array

The High Energy Stereoscopic System or H.E.S.S. is located in the Khomas Highland of Namibia,
southern Africa. The area around the Gamsberg is well known by astronomers for its excellent
observation conditions [152, 153]. The first phase of the H.E.S.S. array started construction in August
2000 with the work on the foundations of the four 13 m diameter telescopes on site in Namibia. The first
telescope was inaugurated on September 2nd 2002 and the full four telescope array of H.E.S.S. Phase I
started operation in 2004. The four telescopes are placed at the edges of a square with a side length of
120 m to allow for stereoscopic observation of air showers but not too close to trigger multiple telescope
on the Cherenkov light cone produced by atmospheric muons. The total weight of the four telescopes
(CT1 to CT4) is 60 t each. The tessellated mirrors with a radius of 6.83 m consist of 380 circular
segments with a radius of 30 cm each, forming a total mirror area of ≈ 107 m2 per telescope using the
Davies-Cotton design [154] for better off-axis imaging. The focal length of the telescopes is 15 m and
the shadowing due to the steel structure and the camera is on average 11 %.

Figure 3.6.: Picture of the H.E.S.S. site in Namibia. The telescopes from right to left are CT1, CT2, CT5, CT3,
and CT4. The building in the front houses the central computing farm as well as the central control room of the
array.

The optical reflectivity of the mirrors were degraded from their original value between 80 % and 90 % to
below 60 % and where therefore exchanged in the last years restoring the reflectivity to values between
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70 % and 80 %. With a slewing rate of ≈ 100 °/min using its altitude-azimuth mount, the telescopes can
reach any target in the sky within ≈ 2 min. The minimal pointing uncertainty of the system is around
6 ′′ per axis as shown in Acero et al. [155] for dedicated observations, during normal observation the
uncertainties are around 20 ′′ [156]. The Cherenkov camera located at the focal point of the telescope
consists of 960 photo multiplier tubes (PMT) each with a field of view of 0.16 ° resulting in a total field
of view of the camera of ≈ 5 ° [157].

On July 26th 2012 the H.E.S.S. II telescope saw its first light and the H.E.S.S. Phase II array was
inaugurated in September 2012. The fifth telescope placed at the center of the array features a
24.3 m× 32.6 m parabolic mirror with a surface of ≈ 614 m2, roughly the size of two tennis courts. The
mirror consists out of 875 hexagonal shaped segments each with a 90 cm flat-to-flat diameter and a
focal length of 36 m for the parabolic mirror. The reflectivity of the mirrors is similar to the ones for
the H.E.S.S. I telescopes and the shadowing due to the steel structure and the camera is on average
7.5 %. The total weight of the telescope is ≈ 580 t and it also uses an altitude-azimuth mount. To be
able to react to target of opportunity alerts (ToO) quickly, the slewing speed for the azimuth drive is
≈ 200 °/min and for the elevation drive it is ≈ 100 °/min [158]. The Cherenkov camera of the H.E.S.S. II
telescope consists of 2048 PMT, each with a field of view of 0.067 ° resulting in a total field of view of
the camera of ≈ 3.2 ° [159].

An overview picture of the H.E.S.S. site can be seen in Figure 3.6. Although the telescopes are parked
out during day time in the picture, the H.E.S.S. array only observes during astronomical darkness,
i.e. the sun is 18 ° below the horizon and the moon has not yet risen either. In total, this results in
roughly 1000 h of dark time per year that can be used for observation. This demands a very high
efficiency of the different subsystems of the array, especially for a single point of failure component like
the data acquisition system.

3.5. Data Acquisition

The network layout of the H.E.S.S. experiment can be seen in Figure 3.7. It nicely illustrates the main
data flow in the array. The data recorded by the Cherenkov camera is split in two parts. A direct optical
connection to the Central Trigger of each telescope is used as an input for a stereoscopic coincidence
trigger using the first part. An air shower has to trigger the cameras of at least two telescopes within a
time window of ≈ 80 ns for the event to be read out of the buffers in the cameras and to be digitized
using the other part of the data stream. Afterwards, the data is sent using a 1 Gb/s Ethernet optical
fiber connection to the central computer farm where the final event building is done and the data
is stored on disk. For the H.E.S.S. II telescope monoscopic events are stored as well, i.e. the newest
telescope can trigger on its own to make use of its ability to detect much fainter air showers due to its
huge mirror area.

A photo of a so-called drawer of the H.E.S.S. II camera is seen in Figure 3.8 together with a schematic
view of the corresponding electronic read out chain in Figure 3.9. A drawer is a unit of 4× 4 pixel which
are grouped together in a single component for easier camera maintenance. The H.E.S.S. II camera
consists of 128 drawers whereas the H.E.S.S. I cameras consists of 60 each. The electronics used in
the CT5 camera is a complete redesign of the ones used in CT1-4 including several improvements but
the general read out principle remains the same. Moreover, a slightly updated version of the Photonis
XP-2960 PMT, the Photonis XP-29600, is used in the CT5 camera which features a higher quantum
efficiency of 30 % compared to 25 %. For a detailed review of the H.E.S.S. camera electronics, the reader
is referred to Aharonian et al. [157] and Bolmont et al. [159].
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Figure 3.7.: Schematic of the network
layout of the H.E.S.S. site shown in Fig-
ure 3.6. Black lines indicate 1 Gb/s eth-
ernet connections, note that the connec-
tions to CT1-4 are 100 Mb/s only. The
separate network for the network file
systems are shown by the solid green
lines. The direct optical fiber connec-
tions between the Central Trigger and
the camera triggers are plotted in purple.
Figure taken from [160].

Each PMT (or pixel) of every telescope is equipped with a Winston cone light guide [161] to minimize
the dead space between adjacent pixels. Due to the same physical size of the different PMT types, a
diameter of 29 mm and a Winston cone flat-to-flat distance of 42 mm together with a similar f

D ratio of
the different telescope mirror types, results in approximately the same night sky background (NSB)
rate of every pixel of ≈ 100 MHz. The Winston cones of CT5 have a better optical efficiency below
400 nm compared to the ones used in H.E.S.S. Phase I. The high voltage (HV) for each of the pixel
is generated by a Cockcroft-Walton-generator located on a circular base soldered to the back of the
PMT. The signal at the PMT base is read out and amplified with three different gains. The highest
amplification is used for the analog trigger signal generation. The other two channels, called Low Gain
and High Gain are sent to an analogue memory (analog ring sampler (ARS) for H.E.S.S. I or the SAM
chip for H.E.S.S. II) and sampled at a rate of 1 GHz corresponding to a cell size of 1 ns. The camera
trigger generation is done in two steps. Each pixel has to be above a fixed Pixel Threshold to count as
triggered (first level or L0 trigger) and for a given trigger sector (an area equivalent to 4 drawers), the
number of pixel triggered must be above the Sector Threshold for the camera trigger deciding in favor
of a Cherenkov event (second level trigger or L1 trigger). The different trigger sectors are overlapping
to achieve a homogeneous trigger behaviour throughout the camera. In essence, the camera trigger is a
simple cluster trigger algorithm which is enough to reduce the average trigger rate of 100 MHz of a
single pixel to an average camera trigger rate of around 3.5 kHz. Once the camera trigger decides in
favor of a Cherenkov event, the signal stored in the analogue memory is digitized and integrated over
a read out window of 16 ns for each of the two data channels. The camera back-end electronic then
generates a single camera event packet that is sent to the central processing farm using one 100 Mb/s

optical fiber for H.E.S.S. I type telescopes or two 1 Gb/s optical fibers for H.E.S.S. II.

The data of the different telescopes is sent to one Node Receiver process which receives all data from all
telescopes for 4 s, the Central Trigger pace, and buffers it in memory. After that, another Node Receiver
process is chosen to accept the data of all telescopes and the former can start the array event building
and save the data to disk. This round-robin load-balancing scheme [162], can be easily adjusted to
handle different data rates, for example the much higher data rates of the H.E.S.S. Phase II array
could be handled without problem. The software framework used for controlling the H.E.S.S. array is
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Figure 3.8.: Black and white picture of a drawer of the H.E.S.S. II camera. In the front the 16 PMTs are visible.
The read out electronics together with the two analog boards and one slow control board are also seen. Figure
taken from [159].

called the H.E.S.S. Data Acquisition (DAQ) and is described in detailed in Balzer et al. [160]. The
H.E.S.S. DAQ is used to control, monitor and read out every piece of equipment of every subsystem on
site in Namibia. This also includes the high-level error handling; note that each piece of equipment
is responsible for its own safety and the DAQ just ensures that the rest of the array is brought to a
safe state after an error occurred in the system. To achieve this functionality, every piece of equipment
on site is mapped by at least one Controller. Complicated hardware like the Cherenkov cameras are
represented by several different Controllers, each responsible for a different part of the camera, i.e. the
Camera HV Controller, the Camera Trigger Controller, the Camera Lid Controller, etc. Each Controller
has to implement a common state machine which is shown in Figure 3.10. The state machine used by
the H.E.S.S. DAQ is flat, i.e. there is only one state transition for one of the directions, ascending or
descending. The Safe state is used to represent deactivated and powered-off hardware, in Ready the
hardware is turned on and slow control data is read out and saved at arbitrary rates. In the Configured
state the hardware has received all information to start a so-called Run, i.e. it is ready to do physics
data taking whereas in Running the hardware is taking data.

There are several different run types implemented in the H.E.S.S. DAQ, divided in three distinct groups
of runs. Observation runs are used to observe sources of VHE gamma-rays during the night, calibration
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Figure 3.9.: Schematic of the electronic read out chain of the drawer seen in Figure 3.8. The signal is split in
three and attenuated using different gains. The two channels used for data acquisition include analogue memory
and digitization electronics together with a FIFO for short time data storage. Each of the two analog boards and
one slow control board contain a FPGA for command and control purposes. Figure taken from [159].

runs are used to calibrate the different parts of the detector and lastly maintenance runs to test the
various subsystems of the array and their performance. To switch between the different runs, state
transitions are used to get the array from a Running state to Ready and then back to Running. This
effectively changes the configuration of the different detector components, the amount of telescopes
used, etc. During these state transitions the hardware is, for example, turned on or configuration
parameters are sent to the equipment. So-called Dependencies are used to manage the order of the
state transitions of the different processes in the DAQ. For example, the HV of the PMTs must not be
turned on while the telescope is still moving. An arbitrary example for the starting of a run is shown in
Figure 3.11. Note that only a small subset of the processes within the H.E.S.S. DAQ are used in the
example and the time intervals are not representative.

The H.E.S.S. DAQ is a multi-process, multi-threaded multi-machine system that uses the omniORB
[163] implementation of the CORBA [164] inter-process communication standard. Currently, it consists
of roughly 230 processes distributed over 10 worker nodes in the central computer farm. For data
storage 6 RAID server are used offering a NFS [165] and a GlusterFS [166] network file system.
During the course of this work the network and computing hardware as well as the software of the
H.E.S.S. DAQ was upgraded and adapted to encompass the needs of H.E.S.S. Phase II. One of the
achievements of the H.E.S.S. DAQ is its high data taking efficiency. It only contributed with 0.8 % to
the total amount of dark time lost by the H.E.S.S. array in the time frame from 2009 to 2012. For a
more detailed description of the DAQ, the reader is referred to Balzer et al. [160]. The Python based
[167] software frame work used to obtain these numbers, the Transition-Time-Tools or TT-Tools were
also developed during the course of this work. Each DAQ process writes several time stamps to a
MySQL database [168] during each of its transitions. One at the start, one once all dependencies are
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Figure 3.10.: Visualization of the state machine used in the H.E.S.S. DAQ. The boxes represent the states a
Controller (and its respective device) can be in, while the arrows show the available transitions. This state
machine is linear by design, which simplifies the synchronization of multiple Controllers. As all the hardware
Controllers are mapped to the same state machine, it becomes quite easy to determine the state of the whole array
or any subset, e.g. when all processes of telescope CT1 are Ready, the whole telescope is Ready for observation.
Figure and caption taken from [160].

Figure 3.11.: An example interaction of various important H.E.S.S. DAQ processes during the start of an
observation run. The change of the state of the corresponding SubArray (i.e. the sum of all processes) is indicated
by the dashed lines and ranges from Ready, over Configured to Running. The hexagonal boxes represent state
transitions of the corresponding DAQ Controllers. The solid and dotted black lines with a filled circle at the
end indicate dependencies between processes within the H.E.S.S. DAQ, i.e. the HV of the PMTs in the camera
must not be turned on while the telescope is still moving and the camera trigger should not be activated before
the camera HV is turned on. As a result a process only starts with its transition if all of its dependencies have
successfully finished their own corresponding transition. The solid lines indicated the slowest dependency of a
given process while the dotted lines represent dependencies that already reached the required state. The global
state of the SubArray is determined by the slowest process, i.e. once the last process finished its transitions from
Ready to Configured the whole SubArray is considered to be Configured. Figure and caption taken from [160].

satisfied and finally one at the end of the transition. Using this information of every process in the
DAQ, the dark time efficiency, telescope participation, etc. can be calculated with an accuracy of
≈ 1µs. During the first years of H.E.S.S. Phase I a pearl script was used to calculate the dark time
efficiency of the array. It relied on the parsing of log files of the different DAQ processes that are stored
for each night. However, it was not able to properly deal with observations using several SubArrays. A
SubArray is an arbitrary subset of processes of the H.E.S.S. DAQ which can be used to do observations
with different telescopes at different targets at the same time. Currently, the H.E.S.S. array is the only
IACT system with this ability. The TT-Tools properly take into account observations with several
SubArrays or missing telescopes due to hardware failure by properly weighting calculated values using
the amount of telescopes that participated in a given run and the current overall amount of telescopes
that were available (4 for H.E.S.S. Phase I and 5 for H.E.S.S. Phase II).
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The Real Time Pipeline (RTP) of the H.E.S.S. DAQ is a Hillas Parameters based analysis using
the ROOT [169] TMVA framework for gamma-hadron separation as described in Ohm, van Eldik,
and Egberts [170]. It is running in parallel to the data taking of the array and does a real time
event reconstruction and analysis of every event recorded by the H.E.S.S. DAQ (not yet including the
H.E.S.S. II telescope). It is based on the work done by Sebastian, Funk [171] which uses the WobbleChain
analysis software [11] of the H.E.S.S. collaboration. As support for this software was dropped several
years ago, the RTP was developed as its replacement during the course of this work. Several new
features were added to the RTP, for example the ability to store analysis results over arbitrary time
intervals thus being able to display summed analysis results to the on-site personal. Moreover, the
data calibration procedure was extended to correct for common mode oscillations (see Brun [172] or
Balzer, A. [151]) and to be able to deal with data from the H.E.S.S. II telescope (calibration of the
data only, not event reconstruction).

Due to the huge collection area and the faster slewing speeds of the H.E.S.S. II telescope, it is ideal
to observe short scale transient events like gamma-ray bursts (GRBs) [173, 174]. They are the most
violent processes in the known universe (after the Big Bang) and are randomly distributed throughout
the sky. Like all IACT experiments, the H.E.S.S. array has a very narrow field of view (5 °) compared to
all-sky experiments like the Fermi satellite with its two experiments the LAT [175, 176] and the GBM
[177, 178]. The latter was built to detect GRBs in the HE gamma-ray range and sends out target of
opportunity (ToO) alerts (among other experiments) called "GCN alerts" using the Gamma-Ray Burst
Coordinates Network1 to which the H.E.S.S. array is connected. For H.E.S.S. Phase II the ToO alert
system of the H.E.S.S. experiment [179] has been upgraded to allow for quick responses to transient
events like GRBs which are still undetected in the VHE gamma-ray regime. As shown in Balzer et al.
[180], the H.E.S.S. DAQ is able to react to a ToO alert and starts data taking on the new target within
less than 1 min for an angular distance of ≈ 70 °.

3.6. Data Calibration

The final event data that is saved to disk by the H.E.S.S. DAQ contains the analog-to-digital-converted
(ADC) count rate for each of the two gain channels of each PMT in each camera that is read out.
Moreover, a global GPS time stamp is attached to the data from the telescopes and the telescopes that
triggered but were already reading out another event are tagged as being busy. The latter information
is relevant to properly calculate the dead time of the array which is needed during the computation of
the measured flux of a gamma-ray source. The ADC counts of the different PMTs for the Low Gain and
High Gain channel have to be converted to a common physical unit, the density of Cherenkov photons,
to be able to get a direct measure of the emitted light. This is done using the following formula:

IHG =
ADCHG − PHG

γHG
· FFHG ILG =

ADCLG − PLG
γHG

· HG
LG
· FFLG (3.6)

Here I is the intensity in photo electrons (p.e.) seen in the respective gain channel; HG for the High
Gain and LG for the Low Gain channel. P is the value of the pedestal, i.e. the baseline of the PMT,
consisting of electronic noise and NSB contributions. FF denotes the flatfield coefficient used to correct
for differences in the response of the single PMTs. γHG is the conversion factor of ADC counts to one
photo electron in the High Gain channel. For the Low Gain channel, this factor cannot be measured
and the one for the High Gain channel is used properly weighted by the gain ratio HG

LG .
1The Gamma-Ray Burst Coordinates Network (GCN) distributes information about the location of a Gamma-Ray Burst

detected by various spacecraft http://gcn.gsfc.nasa.gov/
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A brief summary of the calibration procedure used by the H.E.S.S. experiment will be given now, for
more details the reader is referred to Aharonian et al. [157], de Naurois [131] or Balzer, A. [151]. Note
that the H.E.S.S. collaboration uses two independent calibration chains called the French and the
Heidelberg calibration for cross check purposes.

The pedestal P for each gain channel of every pixel has to be measured during observation due to
significant changes in the baseline over the timescales of one run of 28 min. The pedestal can be
estimated from camera images of air showers using the parts of the camera that were not illuminated
by the Cherenkov light. Roughly 5000 events are used to obtain an average pedestal value for a given
channel in a given pixel. The French calibration uses a linear interpolation in time between average
pedestal values whereas the other uses the average value only. Both calibration chains correct for
common mode oscillations in the baselines of the H.E.S.S. I cameras due to power fluctuations generated
by the two power supplies (one for each camera half), after consecutive event readouts. The main
contribution to the baseline of a pixel is due to electronic noise. Changes in the electronic noise will
result in a different mean and rms of the pedestal distribution whereas changes in the NSB will only
result in a different rms.

The conversion factor from ADC counts to photo electrons is determined using dedicated calibration
runs, so-called SinglePeRuns. The cameras are illuminated by an LED flasher capable of generating
single photon events in each of the camera PMTs in the absence of night sky background. For H.E.S.S. I
the telescopes are parked in and the cameras are located within a shelter where they are shielded from
star light and other artificial light sources. For the H.E.S.S. II telescope, the camera is either unloaded
and brought into the shelter or a dedicated calibration laser is used to illuminate the camera which
is covered by a special filter plate that absorbs the NSB photons. The distribution of ADC counts
obtained during these runs is described by the so-called photo multiplier response function. It can be
described analytically using the following assumptions [157]:

• The photo electron number n follows a Poisson distribution.

• The electronic noise, i.e. the pedestal distribution, can be described by a Gaussian distribution
with a mean P in ADC counts and width of σp.

• The distribution for a given signal of n p.e. is also described by a Gaussian distribution with a
mean of P + nγ in ADC counts and width of

√
nσγ .

• The width of the pedestal peak σp is much smaller than the width of the single p.e. peak σγ .

For a mean light intensity µ the photo multiplier response function than reads as:

S(x) =N ·
(
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Here N denotes the overall normalization and κ the one for the photo electron peaks. An example
distribution can be seen in Figure 3.12 together with the fitted PMT response function.

The fitted value of γ is used as the ADC to p.e. coefficient in Equation (3.6). It can not be measured in
the Low Gain channel because the gain is not high enough to separate the pedestal from the single
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Figure 3.12.: Distribution of an example SinglePeRun. The cameras are illuminated with a light source capable
of generating single photo electron illumination per pixel. The black points indicate the measured data whereas
the blue curve is the fit of Equation (3.7) to the data. Figure taken from [151].

p.e. peak. The averaged value for one calibration period (the time from one full moon to another) over
all SinglePeRuns is used for a given gain channel of a pixel in a camera to reduce the effect of statistical
fluctuations.

The High Gain to Low Gain ratio can be obtained using the data from normal observation runs. It is
defined as the slope of the distribution of the High Gain to Low Gain ADC counts for pixel intensities
that are within the linear range of operation of the PMT (also averaged over one calibration period).

To correct for different quantum and light collection efficiencies as well as different signal gains in the
PMTs of a camera, the flatfield coefficient is used. It is also obtained from dedicated calibration runs,
the FlatFieldRuns. During these runs all cameras are illuminated with a homogeneous light source
which illuminates all PMTs with the same amount of light. The resulting p.e. distributions in every
channel of every camera (assuming a flatfield coefficient of 1 in Equation (3.6)) are of a Gaussian shape.
The means of these distributions can be calculated and the flatfield coefficient is defined as the ratio of
the mean pixel intensity to the mean of the whole camera for the given gain channel (also averaged
over one calibration period).

For the inter-camera calibration the Cherenkov light of atmospheric muons are used. Their radiation
spectrum is very similar to the one of gamma-ray induced air showers with the only difference being
that the muons are more penetrating and therefore suffer from less ultra-violet absorption. Moreover,
the image recorded by a Cherenkov camera that was triggered by an atmospheric muon will resemble
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a ring or a ring segment. Due to the highly-relativistic nature of the movement of the muons, the
emitted amount of Cherenkov light does not depend on the energy of the particle. Instead only the
track length is relevant and the expected amount of radiation for a muon passing by at a given distance
can be analytically calculated and used to calibrate each camera to a common reference light source.
Unfortunately, the use of a coincidence trigger suppresses almost all muon events. However, due to
random coincidences with air showers seen by other telescopes, the amount of muon rings detected by
each telescope in one calibration period is enough to calculate stable muon correction factors.

The information of the two gain channels, High Gain and Low Gain has to be merged to obtain
one image from a camera that has been read out during an air shower event. For this two slightly
different approaches are used within the calibration chains. Due to the high amplification in the High
Gain channel, it is used for low intensity pixel events, i.e. between 0 and ≈ 1000 p.e. for H.E.S.S. I
type telescopes and ≈ 375 p.e. for the H.E.S.S. II telescope. For high intensity events, the Low Gain
channel is used, because the High Gain channel is not in its linear range of operation anymore. The
French calibration switches at the upper threshold from the High Gain to the Low Gain channel. The
Heidelberg calibration uses a linear interpolation in the transition region of the two gain channels.

Lastly, the calibration has also to take care of hardware defects within the cameras. They range from
one broken channel in a pixel for a certain amount of time during a run (for example by a bright star
in the field of view of the pixel) up to the loss of several drawers due to electronic problems. The
pixels are flagged as broken during analysis and are not used. Note, that in case of one of the two gain
channels being broken, the other one is used regardless of the intensity in the pixel.

3.7. Hillas Reconstruction

The next step in the processing of the data is the event reconstruction. From all the available camera
images for a given event, the Shower Parameters have to be reconstructed. As a first step, the
Hillas Parameters [147] of each shower image are calculated. The shower shape in the camera can be
approximated by an ellipse and the moments of this ellipse as depicted in Figure 3.13b are called the
Hillas Parameters. The relevant parameters during this work are:

• The length l of the Hillas ellipse in the direction of the major axis.

• The width w of the Hillas ellipse in the direction of the minor axis.

• The center of gravity of the Hillas ellipse.

• The azimuth angle φ of the main axis of Hillas ellipse.

• The orientation angle α of the Hillas ellipse in the camera with respect to the camera center.

• The nominal distance, i.e. the distance of the center of gravity of the Hillas ellipse to the camera
center.

• The size or total image amplitude contained within the Hillas ellipse.

To be able to reconstruct the origin of a primary particle that induced an air shower (the source
position), the impact point of the shower on the ground (the shower core) and the height of maximum
emission, several coordinate transformations have to be done. A detailed description of the coordinate
systems used within the H.E.S.S. software can be found in [156]. A brief description of the systems
used within this work will be given in the following. The Camera System is a 2D Cartesian coordinate
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(a) Schematic of a Hillas ellipse together with the geomet-
ric Hillas Parameters. Only the size of the total image
amplitude contained within the ellipse is not shown.

(b) Superimposed camera image of an event
seen by the four H.E.S.S. I type telescopes.
The Hillas ellipses and the shower direction
in each camera are shown in light green. The
intersection of the different major axes of all
ellipses is the source position in the Nominal
System.

Figure 3.13.: Figures taken from [151], based on Figures taken from [181] and [182].

system that describes positions in the focal plane of the detector in units of meters. The origin of the
system is the center of the camera and the x axis is facing downwards for a telescope elevation of 0 °.
The y axis is orthogonal to the x axis and faces to the left if the camera is viewed from the dish. In
total there are five different camera systems for H.E.S.S. Phase II, one for each camera. The Ground
System is a 3D Cartesian coordinate system with its origin being at the center of the telescope array,
i.e. at the position of CT5. Its unit is meters as well. The x axis is facing north and the y axis is
facing west and the z axis is facing zenith. The shower core position is normally given in the Ground
System. The Tilted System is also a 3D Cartesian coordinate system with meters as its unit. The z
axis is facing towards the pointing direction of the telescope array. For an array orientation using an
azimuth angle of 0 ° and an altitude of 90 °, the x axis is facing north and the y axis is facing west and
the coordinate axes of the Tilted System and the Ground System are aligned. However, the coordinates
of the Tilted System are the projected coordinates of the Camera System in a focal plane using a focal
length of 1 m. The actual shower core reconstruction is done in the Tilted System. The Nominal System
is used for the reconstruction of the shower source position. It is a 2D Cartesian system using the same
orientation for the x axis and y axis as the Tilted System. Due to the fact that the telescopes are mirror
telescopes, the sign of the coordinates are switched in the Nominal System with respect to the Tilted
System. Together with the knowledge of the exact date and time, the weather and the location, the
Nominal System can be used to convert coordinates to astronomical systems. For example into the
AltAz System, a spherical coordinate system which uses altitude and azimuth angles. Using the Horizon
System, coordinates can be transformed to other astronomical coordinate systems like the Galactic
System or the RaDec J2000 System.
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To reconstruct the shower source position in the Nominal System, the weighted mean of the intersection
points of the major axis of the Hillas ellipses of all telescope pairs is used. The center of gravity of the
Hillas ellipse and the azimuth angle of the shower for the respective telescope define a straight line.
The intersection point of the two lines of a telescope pair is weighted by the size of the Hillas ellipses
and the sine of the angle of the intersection. As a result, the brighter images and images seen from
different azimuth angles have a higher weight. For the shower core, the Tilted System is used and the
same weighting and intersect procedure is used except that the weighting only uses the sine of the
intersection angle. For the height of maximum emission, the mean of the height of the shower maximum
of each telescope pair is used. The projected difference of the center of gravity of the Hillas ellipses of
the two telescopes in the direction of the air shower δ is calculated. This represents an angular distance
in the Nominal System which is similar to the difference angle between θ1 and θ2 seen in Figure 3.4a.
Using the small angle approximation δ ≈ sin δ, the distance to the shower maximum from the telescope
pair l can be calculated as l = dδ with d being the distance between the two telescopes in the Ground
System. The height of the shower maximum h is than obtained using h = l sinβ with β being the
latitude angle of the shower direction vector, i.e. the inclination of the air shower with respect to the z
axis in the Ground System.

The energy reconstruction using Hillas Parameters is done using dedicated lookup tables obtained from
MonteCarlo simulations. For each telescope type, a lookup table is filled using the zenith angle of the
observation, the impact distance of the shower core to the telescope (not to the center of the array) and
the logarithm of the size of the Hillas ellipse as lookup parameters. For each telescope that participated
in the event, the mean energy and the spread of the energy is obtained from the respective lookup table.
The weighted average energy using the inverse of the energy spread as a weight is calculated and used
as the primary energy of the particle.

Hillas Parameters based reconstructions have been the backbone of every IACT array for the last decades.
However, by now more advanced reconstruction techniques have been developed. Most prominently,
multi-variate analyses (MVA) [170, 183, 184] and the use of a semi-analytical model together with a
pixel-wise log-likelihood fit as presented by de Naurois and Rolland [136]. This reconstruction technique
will be adapted to the needs of H.E.S.S. Phase II in this work.

3.8. Gamma Hadron Separation

The cosmic radiation consists mostly of protons and heavier nuclei (see Chapter 1). These particles
create a background of hadronic air showers that has to be suppressed by several orders of magnitude in
rate to be able to do VHE gamma-ray astronomy. Due to the possible transfer of large lateral momenta
during hadronic interactions (mostly pions), the resulting air showers look much more asymmetric;
especially at higher energies. Using stereoscopic observation of air showers helps not only during the
direction reconstruction, but also during gamma-hadron-separation. While a hadronic air shower can
look like a gamma-ray induced one from one side, a different viewing angle may reveal the sub showers
and therefore its hadronic origin. To quantify the asymmetry of an air shower the Hillas length L and
width W have been used successfully over the last decade as shown for example in Aharonian et al.
[11]. Because these two parameters heavily depend on the energy of the primary particle, the impact
distance of the shower to the respective telescopes and the zenith and azimuth angle of the observation,
the Reduced Scaled Length RSL and Reduced Scaled Width RSW are used:

RSW =
W − 〈W 〉MC

σWMC

RSW =
L− 〈L〉MC

σLMC

(3.8)
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The mean 〈W 〉MC and width σWMC of the reference distributions are obtained from MonteCarlo
simulations using the same observation conditions as during the actual data taking and are stored in
lookup tables (for are more detailed explanation of lookup tables see Section 4.4 and Appendix A).
Normally, a minimum image amplitude contained within a Hillas ellipse is required for the telescope to
be used during event reconstruction. The reason is that low energy hadronic showers look very similar
to gamma-ray showers. Moreover, Hillas ellipses of only a few pixels in a camera are very susceptible to
fluctuations due to NSB and the orientation of the ellipse starts to be degenerate. Image truncation at
the edges of the camera is also a problem, especially for large air showers at high energies. Therefore,
a cut on the nominal distance of the center of gravity of the Hillas ellipse to the camera center is
performed. Only showers in the inner parts of the cameras are used. To combine the information of
NTel different telescopes t the Mean Reduced Scaled Length MRSL and Mean Reduced Scaled Width
MRSW are calculated:

MRSW =

∑
tRSWt

NTel
MRSL =

∑
tRSLt
NTel

(3.9)

MonteCarlo simulations are used to create reference distributions for gamma-ray and proton induced
air showers of the Mean Reduced Scaled parameters. These distributions are then used to obtain cut
parameters that optimize the signal to noise ratio. For more information see Section 4.4 and Aharonian
et al. [11]. By now more sophisticated gamma-hadron separation methods have been developed. Some of
them rely on neural networks or boosted decision trees for cut optimization as shown in Ohm, van Eldik,
and Egberts [170] and Becherini, Punch, and H.E.S.S. Collaboration [183]. Another possibility for
gamma-hadron separation using the goodness of fit of a log-likelihood comparison was introduced by
de Naurois and Rolland [136] and will be used in this work.

3.9. Source Detection and Spectral Analysis

To be able to detect sources of VHE gamma-radiation in the sky, the signal of gamma rays from a source
has to be extracted from the background of diffuse gamma ray emission and events of hadronic nature
that where classified as gamma-like (electron induced air shower also contribute to this group of events).
A simple way to quantify the significance S of a source is to compare the number of events in a source
region NON with the number of events in a control region NOFF. Using a correction factor α which
takes into account different exposure times in the control and source region as well as instrumental
effects, etc., the number of predicted background events in the source region NB can be obtained via:

NB = αNOFF (3.10)

The number of events from the source NS is then given by:

NS = NON −NB = NON − αNOFF (3.11)

As shown by Li and Ma [185], the following ways to quantify the significance S of a source detection
are error prone:

S =
NON − αNOFF√
NON − α2NOFF

S =
NON − αNOFF√
α(NON −NOFF)

S =
NS√
αNOFF

S =
NS

α
√
NOFF

(3.12)

Instead they proposed to define the significance of a source detection by using a log-likelihood ratio γ
of the probabilities P0 (the null hypothesis, i.e. no signal) and P , the probability of a signal:
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S =
√
−2 ln γ γ =

P0(NON, NOFF|〈NB〉)
P (NON, NOFF|〈NS〉, 〈NB〉)

(3.13)

The final formula for γ is given by:

γ =

[
α

1 + α

(
NON +NOFF

NOFF

)]NON

·
[

1

1 + α

(
NON +NOFF

NOFF

)]NOFF

(3.14)

The observation time of the H.E.S.S. array is split in runs with a duration of 28 min, i.e. sources of VHE
gamma-radiation are observed multiple times and the amount of runs for targets with deep observation
can exceed 200 runs. The different number of events used in Equation (3.14) can be obtained by simple
summation and for the α factor the weighted mean using the number off events is calculated:

NON =
∑
i

N i
ON NOFF =

∑
i

N i
OFF α =

∑
i α

iN i
OFF

αi
(3.15)

(a) The Reflected Background technique is shown
for two different observation positions. The region
of interest is surrounded by multiple background
regions using the same radial distance to the obser-
vation position. Known sources of VHE gamma-
radiation are excluded and not used during back-
ground estimation.

(b) Schematic of the Ring Background subtrac-
tion technique. The source region is surrounded by
an annular background region. Regions containing
sources of known VHE gamma-ray radiation are
excluded.

Figure 3.14.: Figures taken from [131].

To obtain all the necessary event counts and the α factor for a given run, so-called count maps are filled.
They are a binned 2D representation of a part of the sky. Known sources of VHE gamma-radiation in
the field of view are excluded during the analysis and the parts of the map are not filled. To extract the
number of background events from these maps, several different techniques were used during this work,
the Reflected Background, the Ring Background and the Template Background technique. For a detailed
description of the following techniques, the reader is asked to have a look at Berge, Funk, and Hinton
[186], de Naurois [131] and Aharonian et al. [11]. All techniques do not require dedicated ON-OFF
observations, but the background is extracted from the same field of view. Because the acceptance
of the detector depends heavily on the radial distance to the center of the camera, the H.E.S.S. array
performs observation in Wobble Mode. The observation position for a given run is offset to the actual
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source position by 0.5 ° normally. As a result, different control (or background) regions can be found
around the observation position that have the same radial offset as the source region as shown in
Figure 3.14a. Therefore, the α factor is easily obtained through the ratio of the different size of the
source and background regions. For the Ring Background technique, an annular region around the
source position is used as shown in Figure 3.14b. The background estimation is not done on a run-by-run
basis and therefore a precise knowledge of the acceptance of the detector is required to obtain a correct
α factor. A completely different approach is used by the Template Background technique. Instead of
using gamma-like events from other regions in the field of view, background-like events from the same
region are used, for details see Rowell [187] and Lemoine-Goumard and H.E.S.S. Collaboration [188].

The acceptance of the detector for gamma-rays of different energies is obtained from MonteCarlo
simulation. For the acceptance of gamma-ray like background events the actual data that is analysed
is used. A binned 2D map of event counts and a binned 2D map of exposure times for portions of
the sky of different energy bands are filled and summed for all runs. The final acceptance map is the
ratio of the count map and the exposure map in the respective energy band, as shown in Figure 3.15.
The acceptance maps predict the amount of predicted gamma-ray like background photons in the field
of view of the observations and can be used to obtain a correct α factor for the Ring Background
technique.

(a) Two different exposure maps for two separate runs are filled and summed up. Holes in the exposure maps are
the result of exclusion regions. The edges of the holes are blurred due to the trajectory of the excluded regions in
the camera during an observation run.

(b) The acceptance map is calculated by simple division of the summed up events and exposure maps.

Figure 3.15.: Figures taken from [131].

Another important property of a source of VHE gamma-ray radiation is its energy spectrum φ. If the
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effective area and the energy resolution of the detector for different energies is known the amount of
emitted photons N per energy E, area A and time interval t can be calculated:

φ(E) =
d3N(E)

dE dA dt
(3.16)

Because E is the true energy of the particles which is different from the reconstructed energy, the
instrument response has to be taken into account. It is corrected for by using the effective area and the
energy resolution obtained from MonteCarlo simulations. For a detailed description of the procedure,
the reader is referred to de Naurois [131] and Aharonian et al. [11].

To follow the evolution of the activity of a source so-called light curves are used. A fixed spectral shape
is assumed and the resulting flux for the source in a given energy range for several consecutive time
intervals is calculated. Changes in the flux of a source can easily be identified using this technique and
the temporal behaviour of transient events can be characterized.

The H.E.S.S. collaboration uses two main analysis chains for cross-check purposes. The HAP event
reconstruction using the Heidelberg calibration chain together with boosted decision trees for cut
optimization as stated in Ohm, van Eldik, and Egberts [170]. Recently a shower template based
reconstruction has been added to HAP which was developed by Parsons and Hinton [184] but it was
not used during the course of this work. The Model Analysis is using the Paris calibration during event
reconstruction and relies on a more advanced shower reconstruction technique as shown in de Naurois
and Rolland [136]. During the course of this work, both analysis chains have been used. Moreover,
the event reconstruction of the Model Analysis was adjusted to the needs of H.E.S.S. Phase II and is
explained in detail in Chapter 4. It was applied to data taken on the Crab Nebula as well an the results
are shown in Chapter 5.
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Make it work.
Make it right.
Make it fast.

Kent Beck

4
Model Analysis

4.1. Semi-Analytical Model

Since its introduction to VHE gamma-ray astronomy in 1985 the Hillas Parameters haven been used
by all IACT experiments as a robust gamma-ray shower reconstruction technique [147]. Several
enhancements to the method have been developed, for example the usage of the Mean Reduced Scaled
Length (MRSL) and Mean Reduced Scaled Width (MRSW ) [11]. A more sophisticated approach to the
reconstruction of gamma-rays has been developed by Le Bohec et al. [135] for the CAT experiment and
refined by de Naurois and Rolland [136] for the H.E.S.S. Phase I experiment. The idea is to compare
the observed distribution of Cherenkov light with the predicted distribution using a semi-analytical
model of air showers. The predicted shower images are obtained using the longitudinal, lateral and
angular distributions of charged particles in an electromagnetic air shower. Using these distributions
the Cherenkov light contributing to the final camera image can be calculated taking into account, for
example, the collection efficiency of the detector as well as the atmospheric absorption of the Cherenkov
Light. For H.E.S.S. Phase II the so-called Model Analysis had to be adjusted and enhanced to include,
for example, different telescope types. This work is based on the developments done by de Naurois
and Rolland [136]. Unaltered sections of the paper that are used in this work will be pointed out
accordingly.

4.1.1. Model Generation

As stated in de Naurois and Rolland [136] and used unaltered within this work the light density due to
Cherenkov light within the camera can be calculated using an eight-fold integral:

• The integral over the altitude or depth, i.e. the longitudinal shower development.

• The integral over the energy of the secondary particles within the air shower.

• The integral over the direction of the secondary particles with respect to the telescope.

• The integral over the position of the secondary particles with respect to their direction.

• The integral over the wavelength of the Cherenkov photons.
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• The integral over the azimuth angle of the Cherenkov photons around the secondary particles.

The formula for the Cherenkov light density I in units of
[ p.e.
rad2

]
at a given point P (Xt, Yt) in radian in

a two dimensional camera system is then given by:

I(Xt, Yt) =

∫
dz
∫

dE · dNe

dE
(D,E) · dD

dz
(E)∫

du · Fu(u(E, s))

∫
dφ
2π∫

dXr

∫
dYr · FXY (Xr, Yr, E, s, u)∫

dφph
∫

dλ
λ2
· d2nγ

cos θ dz dλ
· exp(−τ(z, λ)) ·Qeff (λ)·

Col(z,Xr, Yr, u, φ, φph, Xt, Yt)

(4.1)

The different integrals are defined as following:

• dN/dE(D,E) is the energy dependent longitudinal distribution of charged particles within the air
shower where E is the energy in TeV and D the shower depth within the atmosphere in radiation
length (from eq. (1) and eq. (5) in [136]).

• Fu(u(E, s)) is the normalized angular distribution of particles (from eq. (4) and eq. (11) in [136]).
s is the shower age with respect to the point of first interaction. u is the rescaled reduced angle
between the secondary particle and the shower direction defined as u = w

〈w〉 where w is the reduced

angle as described in Moliere theory, i.e. w = 2(1− cos θ) ·
(

E
21 MeV

)2.
• FXY (Xr, Yr, E, s, u) is the normalized lateral distribution of particles (from eq. (13) to eq. (16)

from [136]). Xr = xe−〈xe〉
σxe

and Yr = ye
σye

are the reduced lateral distributions.

• 1
λ2
· d2nγ

cos θ dz dλ is the Cherenkov photon production rate for a wavelength λ of the secondary
particle at height z for an angle θ with respect to the shower axis.

• exp(−τ(z, λ)) is the absorption of Cherenkov light in the atmosphere above the detector.

• Qeff (λ) is the quantum efficiency of the detector including mirror reflectivity, etc.

• Col(z,Xr, Yr, u, φ, φph, Xt, Yt) is the average geometrical collection efficiency for photons emitted
by a secondary particle at position Xr, Yr, z with a flight direction defined by (u, φ) and an
azimuthal photon angle φph around the particle seen by a pixel with coordinates (Xt/Yt) in the
camera plane.

The implementation of Equation (4.1) in the model generation code is done using a binned approach
for each of the different steps of the integration. Each integral is sliced into an adjustable amount of
bins and solved individually. At each bin the possibility of the particles to contribute to the final image
is checked and if found to be negligible the processing of the bin is aborted. To reduce the computation
time the computing intensive tasks are speed up using lookup tables during the model generation
process. For further information see de Naurois and Rolland [136].

For a given telescope type, shower templates are generated for:
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• 21 different zenith angles θ equally spaced in cos θ using the formula iθ = 20 · (1/ cos θ − 1).
Therefore, model templates in a zenith angle range from 0 ° to 60 ° are available.

• 50 different impact distances ranging from 0 m to (500 m/ cos θ) of the shower core to the telescope.

• 75 different energies in a range from (5 GeV/ cos θ) up to (100 TeV/ cos θ) equally spaced in
ln(E/Ec) with Ec being the critical energy in air, see Equation (4.9).

• 10 different first interaction depths from 0.03 X0 to 12.2 X0 equally spaced in ln(D). Note that
this is different to the approach used by de Naurois and Rolland [136] who used an equally spaced
binning in D instead.

To reduce the amount of templates needed, the telescope is assumed to be perfect, i.e. no broadening
of the point spread function with increasing offset. Therefore, the shower templates are all generated
on-axis and a change in direction can be done using a simple rotation and translation in the camera
frame, see de Naurois and Rolland [136].

After generating a camera image using Equation (4.1) several instrumental effects have to be taken into
account. For example, the point spread function of the telescope, the electronic response of the camera,
especially the trigger generation and the length of the read out window.

4.1.2. Trigger and Read Out

The output of the model generation routine is the three dimensional distribution of the Cherenkov
photon density in the camera plane over time, the Time Evolution Template (TET ). The coordinate
system of the camera plane is the Nominal System, see Section 3.7 or Gillessen [156]. The position of
the source in the X-Y camera plane is at the coordinate ~S = (0, 0), i.e. on-axis. The X axis is chosen
to be aligned with the direction of the major axis of the Hillas ellipse, i.e. the projected shower direction
in the camera frame. To save memory, the shower template is assumed to be axially symmetric with
respect to the Y axis and therefore only the positive half of the TET needs to be stored. The binning
of a TET is chosen to be sufficiently small with respect to the size of a single PMT of the camera of the
given telescope type in the Nominal System. For ease of use, the bin size in the X and Y dimension are
the same. In detail, the bin size L is chosen such that the area of the bin A is a constant fraction α of
the area F of a single PMT in steradian. Using the flat-to-flat distance d of a hexagonal PMT, the
telescope focal length fTel and the formula for the area of a hexagon one obtains:

L =
√
A =

√
α · F =

√
α · d2 ·

√
3

2 · f2
Tel

(4.2)

During the generation of the TET, the extension in X is eight times the field of view of the telescope
and four times in Y (Y being symmetric). This is done to make sure that the TET is not truncated.
The Z dimension stores the information about the time evolution of the TET using a 1 ns binning (the
size of a cell in the read out electronics, see Section 3.5) ranging from −10 ns to 100 ns. The TET is
then multiplied with the area of the PMT to convert the photon density in actual pixel intensities,
folded with the photo multiplier response (see Section 3.6) and shrunk to the relevant part of the image
using a fixed threshold divided by the amount of bins in the Z dimension. Currently a threshold of
0.05 p.e. is used (not yet divided by the 110 bins in time). An example TET which is already shrunk can
be seen in Figure 4.1a for a zenith angle of 18 °, a primary energy of 36 TeV, an impact distance of 75 m
and a first interaction depth of 0.4 X0 using the H.E.S.S. II detector configuration. Different projections
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(a) Time evolution of a shower template for a zenith
angle of 18 °, a primary energy of 36 TeV, an impact
distance of 75 m and a primary depth of 0.4 X0.
The TET is already folded with the response of
the PMT and shrunk to the relevant part of the
three dimensional shower template using a fixed
threshold. The actual image is zoomed in to the
relevant part of the shower. The three dimensional
histogram was rebinned in the X and Y dimension
by a factor of 10 for a better visualization.
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(b) Time profile of the TET from a. The red line
indicates the trigger time of the shower template.
To extract the two dimensional shower template, a
slice with a width equivalent to 16 ns is extracted,
the read out window of the ARS. The time profile
is zoomed in to the relevant part of the shower.

Figure 4.1.

of the TET are shown in Figure 4.2 to visualize the three dimensional evolution of a simulated air
shower. These templates are saved to disk as an intermediate step of the model generation process.
To simulate the trigger response, the time profile of the TET is fitted with a rising-edge function:

f(t) = A · 1

1 + exp
(
− t−µ

σ

) (4.3)

where t is the time in nanoseconds, µ the half-maximum and σ the width of the curve. The trigger
time is then set to the point where the signal has reached P = 5 % of its maximum value, i.e.:

ttrig = −σ ln(
1

P
− 1) + µ (4.4)

The time profile for the shower shown in Figure 4.1a can be seen in Figure 4.2f and in Figure 4.1b
together with the calculated trigger time.

The raw 2D Shower Template (ST ) is then obtained by summation of all time bins from ttrig until
ttrig +ND where ND is the length of the read out window, see Section 3.5. An example raw ST can be
seen in Figure 4.3a. After these steps, all the effects of the camera electronics have been applied.
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Figure 4.2.: Different projections of the TET shown in Figure 4.1a. The Z axis for the two dimensional histograms
are in log scale and show the mean value in the respective dimension. The same applies for the Y axis of the one
dimensional histograms. The X and Y dimension were rebinned by a factor of 10 for a better visualization.

4.1.3. PSF and PMT Influence

The next step in the process of the generation of the final two dimensional ST is a smoothing of the
raw image, as e.g. shown in Figure 4.3a. A Gaussian kernel is used during this process. The width of
the Gaussian kernel is chosen so that 99.9 % of the integral of the Gaussian is within a given range R.
The range is defined as the square root of the squared values of the radius of the PMT in radian and
the optical point spread function of the telescope in radian:

R =
√
r2
Pix + r2

99.9 % (4.5)

Here rPix is the radius of the PMT (approximated by a circle) and r99.9 % is the 99.9 percentile of the
the point spread function. It is estimated from the (measured) 80 percentile of the PSF using the ratio
of the same percentiles of the standard normal distribution PNorm. Note that PNorm is defined from
−∞ and the 80 percentile of the PSF from 0. To correct for that PNorm has to be evaluated at position
50 + 50 · 0.8 to calculate the correct ratio:

r99.9 % = r80 % ·
PNorm(99.9)

PNorm(50 + 50 · 0.8)
(4.6)

Due to the sharp rise of the shower at the lower edge of the X dimension, the template size is increased
before the smoothing to prevent a sharp cut off near the edge. A smoothed template can be seen in
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(a) Raw ST extracted from the TET in Figure 4.1a
using the trigger time shown in Figure 4.1b. All
effects due to the camera electronics have now been
applied. The X and Y dimension were rebinned by
a factor of 10 for a better visualization.
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(b) Smoothed and shrunk ST using the raw template
from a. The reduced template extension due to the
fixed threshold at 0.05 p.e. is clearly visible. The X
and Y dimension were rebinned by a factor of 10
for a better visualization.

Figure 4.3.

Figure 4.3b.

After the smoothing of the template, it is shrunk again to save memory. The same fixed threshold of
0.05 p.e. is used. Once shrunk, the template is normalized to an integral content of unity and the total
integral is saved separately. Moreover, the center of gravity of the image is calculated and stored as
well. Note that the Y dimension is symmetric, therefore, only the center of mass in the X dimension
has to be calculated. The equation used for the coordinate X and the intensity I is

CoMI =

∑
i(Xi · Ii)3

ITot
(4.7)

to move the center of mass close to the point of maximum emission. These final templates are saved to
disk and used for the later lookup.

4.2. Full 5D Model

The final normalized 2D shower templates are filled into three dimensional lookup tables for each
zenith angle bin depending on the primary energy of the particle E, the impact distance of the shower
core to the telescope R as well as the primary interaction depth D (summarized as outer dimensions).
These objects are the so-called Full Model. Together with the X and Y dimension of the camera plane
(dubbed inner dimensions), this gives a five dimensional lookup table for pixel intensities. In addition
to the shower templates, the total image intensity and the center of mass and the trigger time (for
sanity checks) are stored in three dimensional lookup tables, using the same dimension definition. A
Full Model consists of 75 · 50 · 10 = 37500 shower images and uses on average 410 MB disk space for
a H.E.S.S. I type telescope and 1528 MB for a H.E.S.S. II type (lookup tables are compressed using
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4.2. Full 5D Model

the bzip2 [189] filters of the BOOST iostream library [190]). Note that the difference in size is due
to the smaller pixel size of a H.E.S.S. II PMT although the field of view of the telescope is smaller.
Figure 4.4 shows example distributions for a H.E.S.S. II type telescope for the total intensity of the
shower template as well as their center of masses versus the three outer dimensions. The semi-analytical
model produces smooth templates over a wide range in primary energy, impact distance and primary
depth.
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Figure 4.4.: Example projections of the three dimensional distributions of the total image intensity, the center
of mass and the number of bins for a given template. The distributions for H.E.S.S. I and H.E.S.S. II type
telescopes look similar.

4.2.1. Template Interpolation

To reduce the amount of model templates needed as well as to improve the overall shower reconstruction,
a linear interpolation between the model templates is used. This interpolation is done in all dimensions
of the Full Model. A detailed description of the Linear Tables can be found in Appendix A. Next to the
interpolated intensity also gradient information is available, again see Appendix A. As already mentioned,
the shower templates stored in the Full Model are generated for a source position in the Nominal System
at ~S = (0, 0) which corresponds to a source position of ~S = (0, 0, 1) in the Tilted System, see Section 3.7
or Gillessen [156]. Since the H.E.S.S. array normally observes in Wooble mode, see Section 3.9, the source
is not located in the center of the camera and the model templates need to be translated. Moreover,
the shower orientation in the camera is not parallel to the X axis and the templates need to be rotated
accordingly. Note that in the following the zenith and azimuth angle is assumed to be at a fixed value
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Chapter 4. Model Analysis

because during one event the zenith angle (and azimuth angle) change is negligible.

Shower Parameters

An air shower detected by the H.E.S.S. array is described by the following Shower Parameters (see
Section 3.3):

• Zenith and azimuth angle of the shower.

• Particle source position ~S = (Sx, Sy, 1) in radian in the Tilted System.

• Shower core position ~C = (Cx, Cy, 0) = (R, π/2, φ) in meter in the Tilted System.

• Particle energy E in TeV.

• Particle first interaction depth D in units of the radiation length in air X0.

Note that the source z position is set to be at infinity which translates to a value of 1 in the Tilted
System, a telescope system with a focal length of 1 m. The z component of the core position is by
definition 0 in the Tilted System and, therefore, the θ angle needs to be π/2.

The Shower Parameters used to obtain the expected signal µ for a given pixel at position (Xc, Yc) in a
camera must, therefore, be translated into the variables used by the Full Model :

µ
(
Sx, Sy, E,R, φ,D,Xc, Yc

)
=µ
(
Sx, Sy, ε, ρ, ϕ, τ

)
=I
(
ε, ρ, τ

)
·A
(
Sx, Sy, ε, ρ, ϕ, τ,Xt, Yt

) (4.8)

Here I is the total intensity contained in the shower template. It depends on the three parameters of
the outer dimensions:

• The logarithm of the primary energy in units of the critical energy in air.

ε(E) = ln
E [TeV]

ECrit
= ln

E [TeV]

83 MeV
(4.9)

• The impact distance in units of meter of the shower to the telescope ρ(Sx, Sy, R, φ) in the Tilted
System. For a detailed explanation see Section 4.2.1.

• The logarithm of the primary interaction depth in units of radiation length.

τ(D) = ln(D [X0]) = ln(D [366.6 ∗ kg/m−2]) (4.10)

The normalized amplitude A at a given position (Xt, Yt) within a shower template depends on ε, ρ
and τ as well. To correct for the assumed source position S at (0, 0) and the on-axis shower incidence
during the model generation, the shower templates have to be rotated and translated and the pixel
coordinates adjusted accordingly, i.e. transformed from (Xc, Yc) to (Xt, Yt).
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4.2. Full 5D Model

Coordinate Transformations

The coordinate transformation from ~C = (Cx, Cy, 0) = (R, π/2, φ) in the Tilted System to the relevant
coordinates for the Full Model ~C = (ρ, π/2, ϕ) is shown in Figure 4.5. A single telescope in the Ground
System, see Section 3.7 or Gillessen [156], and Tilted System is shown. The viewing direction is chosen
such that it is parallel to the Y axis of the Tilted System. The impact distance is given by the length of
the rejection vector of the vector from the shower core ~C to the telescope position ~T with the source
direction vector ~S:

ρ =

√
|~C − ~T |2 − (cosβ · |~C − ~T |)2

=

√
|~C − ~T |2 −

((~C − ~T ) · ~S
|~S|

)2
(4.11)

using

cosβ =
(~C − ~T ) · ~S
|~C − ~T | · |~S|

(4.12)

This distance is the distance between the shower axis and the telescope. The equation for ϕ is simply
given by:

ϕ = arctan

(
Ty − Cy
Tx − Cx

)
(4.13)

which is the angle at which the shower is seen by the telescope and just depends on the core position.
The signs are switched due to the fact that the shower direction is given in Nominal System and the
telescopes are mirror telescopes, see Section 3.7.
To correct for the offset of the source position ~S from the actual pointing position (see Section 3.9) the
following translation matrix is used:

TS =

1 0 −Sx
0 1 −Sy
0 0 1

 (4.14)

The rotation of the shower template around the telescope due to different viewing angles ϕ is done
using the rotation matrix:

Rϕ =

 cosϕ sinϕ 1
− sinϕ cosϕ 1

0 0 1

 (4.15)

Finally a center of mass correction term ∆CoM is applied as an offset in the X dimension to access each
template in its center of mass system during interpolation of several shower templates:

T∆CoM =

1 0 ∆CoM
0 1 0
0 0 1

 (4.16)

The center of mass correction ∆CoM for a given template while interpolating a set of shower templates
is defined as:
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Figure 4.5.: Example visualization of the coordinate transformation from the Tilted System to the coordinates of
the Full Model.

∆CoM = 〈CoM〉 − CoM (4.17)

Note that the center of masses of each template are also stored in a lookup table and depend on ε, ρ
and τ as well (like the total image intensity I).

The final equation to transform a pixel coordinate from the Nominal System to the Full Model coordinate
system then reads:

Xt(Sx, Sy, ϕ,∆CoM) = (Xc − Sx) cosϕ+ (Yc − Sy) sinϕ−∆CoM (4.18)

Yt(Sx, Sy, ϕ) = −(Xc − Sx) sinϕ+ (Yc − Sy) cosϕ (4.19)

4.2.2. Template Validation

To verify the shower templates generated using the semi-analytical model, a comparison with MonteCarlo
generated gamma-ray shower images can be used. For each MonteCarlo shower the corresponding
shower template using the MonteCarlo true parameters is obtained. Hillas Parameters are calculated
for both shower images and compared. To simulate night sky background which is not present in the
model templates, a simple Gaussian distribution with a mean of 0 p.e. and a sigma of 1.6 p.e. is assumed
for its contribution to the intensity in every pixel. Figure 4.6 shows the mean and the rms of the
distributions of the Size versus the true primary energy and the Length of the Hillas ellipse. Moreover,
the Width versus the true primary depth is shown. The distributions for the different telescope types
look similar as expected (the dish structure is not too different and the increase in collected Cherenkov
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4.2. Full 5D Model

light should only scale the resulting distributions). Except for the Hillas Width the model and the
MonteCarlo showers match nicely. The offset of the Hillas Length distributions for the H.E.S.S. II
telescope type as well as the discrepancy at higher energies for the Hillas Width distributions is worth
to be investigated but is beyond the scope of this work. In Figure 4.7 the true Impact Distance of the
shower to the telescope versus the reconstructed Hillas Length, Width and Nominal Distance is shown.
The results are similar to the ones seen in Figure 4.6. The Hillas Length distributions differ but are
within acceptable limits.
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Figure 4.6.: Comparison between the MonteCarlo Hillas Parameters in black and the Full Model Hillas Parameters
in red obtained using the MonteCarlo true shower information. For the definition of the unit of the energy see
Equation (4.9). The mean of the distributions for each bin matches nicely. The difference seen for the Hillas
Length and Width distributions remain acceptable.

49



Chapter 4. Model Analysis

Impact Distance [m]
0 100 200 300 400 500

N
om

in
al

 D
is

ta
nc

e 
[r

ad
]

0.01

0.015

0.02

0.025

0.03

0.035

0.04

(a) H.E.S.S. I

Impact Distance [m]
0 100 200 300 400 500

N
om

in
al

 D
is

ta
nc

e 
[r

ad
]

0

0.005

0.01

0.015

0.02

0.025

(b) H.E.S.S. II

Impact Distance [m]
0 100 200 300 400 500

Le
ng

th
 [r

ad
]

0.0035

0.004

0.0045

0.005

0.0055

0.006

(c) H.E.S.S. I

Impact Distance [m]
0 100 200 300 400 500

Le
ng

th
 [r

ad
]

0

0.0005

0.001

0.0015

0.002

0.0025

0.003

0.0035

0.004

(d) H.E.S.S. II

Impact Distance [m]
0 100 200 300 400 500

W
id

th
 [r

ad
]

0.0015

0.002

0.0025

0.003

0.0035

(e) H.E.S.S. I

Impact Distance [m]
0 100 200 300 400 500

W
id

th
 [r

ad
]

0

0.0005

0.001

0.0015

0.002

0.0025

0.003

0.0035

(f) H.E.S.S. II

Figure 4.7.: Comparison between the MonteCarlo Hillas Parameters in black and the Full Model Hillas Parameters
in red obtained using the MonteCarlo true shower information. The distributions match nicely. The difference
seen for the Hillas Length distributions remain acceptable.
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4.3. Shower Reconstruction

A predicted camera image for any given gamma-ray shower that can be observed by the detector can
be obtained using the semi-analytical model described in Section 4.1. Using the Maximum Likelihood
Method first proposed by Fisher [191, 192] the best fitting shower template can be calculated as well as
an estimator for the goodness of the fit. The different steps necessary for the fitting procedure will
now be explained in detail using the example MonteCarlo event shown in Figure 4.8 with the Shower
Parameters:

• Zenith angle of 18 °

• Source position at (0.000220 rad,−0.00872 rad) in the Nominal System

• Impact distance of 215.1 m

• Azimuth angle of −22.3 °

• Primary energy of 1.35701 TeV

• Primary depth of 0.6 X0
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Figure 4.8.: Exemplary five telescope MonteCarlo event for an gamma-ray induced air shower. The source
position in the Nominal System is indicated by the black star. Note that the actual size of the CT5 camera is
smaller than the other four, see Section 3.4.

4.3.1. Probability Density Function

The response of a PMT can be described using a Gaussian with a width of

σ =
√
σp + nσγ (4.20)
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σp is the width of the pedestal peak, σγ the width of a single photo electron peak and n the number of
photo electrons. To take the intrinsic fluctuation of air showers into account, an additional parameter
is added to the photo multiplier response. σf is depending on the expected signal µ and reflects the
increasing inter-shower fluctuations at higher energies

σ =
√
σp + nσγ + σf (4.21)

with

σf (µ) = µ · δ (4.22)

where δ is adjusted using MonteCarlo data. Currently a value of 0.05 is used, i.e. 5 %, which has been
proven to work well with H.E.S.S. Phase I.

The probability density function (PDF) to observe a signal s when expecting a signal µ is then given by
the convolution of the Poisson distributed photo electron number n and the Gaussian photo multiplier
response function (3.7):

P (s|µ, σ) =
∑
n

Poisson︷ ︸︸ ︷
µne−µ

n!
·

Gaussian︷ ︸︸ ︷
1√

2πσ2
· exp

(
− (s− n)2

2σ2

)
(4.23)

A fitted expected signal µ for the example event seen in Figure 4.8 is shown in Figure 4.9.
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Figure 4.9.: Fitted expected signal for the example MonteCarlo event shown in Figure 4.8. The source position in
the Nominal System is indicated by the black star. The red star indicates the fitted source position. The fitted
image resembles the observed quite well. The bigger offset of the black and red star in the CT5 camera image is
due to the smaller camera size of H.E.S.S. II.

To better cope with floating point precision the following representation of the formula Equation (4.23)
is used:
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4.3. Shower Reconstruction

lnP = ln

[
e−µ · (2π)−

1
2

∑
n

µn

n!
σ−1 exp

(
− (s− n)2

2σ2

)eκ
eκ

]
= ln

[
e−µ · (2π)−

1
2 · eκ

∑
n

µn

n!
σ−1 exp

(
− (s− n)2

2σ2
− κ
)]

= −µ− 1

2
ln (2π) + κ+ ln

[∑
n

µn

n!
σ−1 exp

(
− (s− n)2

2σ2
− κ
)]

= −µ− 1

2
ln (2π) + κ+ ln

[∑
n

σ−1 exp
(
n ln (µ)− ln (n!) +

(s− n)2

4σ2
+
κ

2

)]
(4.24)

Here κ is the biggest value of the exponent (− (s−n)2

2σ2 ) and used to adjust each addend to the same order
of magnitude. Therefore, floating point inaccuracies due to huge differences in the magnitude of the
different addends of the summation can be avoided.

In the case of no expected signal (µ = 0), i.e. only night sky background, the average value of the pixel
log-likelihood can be calculated analytically. The PDF simplifies to a Gaussian of width σp:

P (s|µ = 0, σp) =
1√

2πσ2
p

exp
(
− s2

2σ2
p

)
(4.25)

The Poisson distribution can be replaced by a Gaussian of width √µ for sufficiently high expected
signals µ. The resulting PDF is the convolution of two Gaussians:

P (s|µ� 0, σp, σγ , σf ) ≈ 1√
2π
(
σ2
p + µ(1 + σ2

γ) + σf
) exp

(
− (s− n)2

2
(
σ2
p + µ(1 + σ2

γ + δ)
)) (4.26)

An example PDF is shown in Figure 4.10 which is a recreation of Fig. 14 in [136].

4.3.2. Maximum Likelihood Method

The maximum likelihood method was introduced by Fisher [191, 192]. It is used for the fitting of the
real shower camera images with the shower templates obtained from the Full Model on a pixel-by-pixel
basis. For ease of use, the logarithm of the negative likelihood is minimized to obtain the best fitting
shower template. The pixel-wise log-likelihood using Equation (4.23) is given by

lnL(s|µ, σ) = −2 · lnP (s|µ, σ) (4.27)

and behaves asymptotically like a χ2 distribution. The pixel-wise log-likelihood for the example event
seen in Figure 4.8 using the expected signal from Figure 4.9 is shown in Figure 4.11
In the absence of an expected signal, the pixel log-likelihood is easily obtained using Equation (4.25):

lnL(s|µ = 0, σp) = −2 lnP = ln(2π) + lnσ2
p +

s2

σ2
p

(4.28)

To calculate the variance of the log-likelihood, the expected pixel log-likelihood and expected squared
pixel log-likelihood need to be calculated.

σ2(lnL) = 〈ln2 L〉 − 〈lnL〉2 (4.29)
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Figure 4.10.: Probability density functions (PDFs) from Equation (4.23) for the detector configurations of the
H.E.S.S. I and the H.E.S.S. II telescopes for both gain channels. The pedestal peak of the PDFs are clearly visible
for the High Gain channels, the part of the PDF with higher observed and expected signal values is the pure
Gaussian regime of the PDF. Due to the smaller amplification in the Low Gain channels, the pedestals peaks are
not that dominant. Note that the gain ratios for H.E.S.S. I and H.E.S.S. II type cameras are different.

For a given random variable x and a function g(x) the expected value of 〈g(x)〉 can be calculated using
the PDF f(x):

〈g(x)〉 =

∫ ∞
−∞

g(x) · f(x)dx (4.30)

Applying these for the log-likelihood Equation (4.28) yields:

54



4.3. Shower Reconstruction

5

10

15

20

25
Log-Likelihood CT1

4

6

8

10

12

14

16

18 Log-Likelihood CT3

4

6

8

10

12

14

16

18
Log-Likelihood CT5

4

6

8

10

12

14

16

18 Log-Likelihood CT2

5

10

15

20

25 Log-Likelihood CT4

Figure 4.11.: Pixel-wise log-likelihood for the example event shown in Figure 4.8 using the expected signal from
Figure 4.9. The source position in the Nominal System is indicated by the black star. The red star indicates the
fitted source position. Ideally the distribution of the pixel-wise log-likelihoods in a camera after a successful fit
should look like a random distribution with a small rms. Single pixel with a high log-likelihood are mostly due to
fluctuations in the night sky background.

〈lnL(s)〉|µ=0 =

∫ ∞
−∞

ds lnL(s|µ = 0, σp) · P (s|µ = 0, σp)

=

∫ ∞
−∞

ds
(

ln(2π) + lnσ2
p +

s2

σ2
p

)
1√

2πσ2
p

exp(− s2

2σ2
p

)
(4.31)

and

〈ln2 L(s)〉|µ=0 =

∫ ∞
−∞

ds ln2 L(s|µ = 0, σp) · P (s|µ = 0, σp)

=

∫ ∞
−∞

ds
(

ln(2π) + lnσ2
p +

s2

σ2
p

)2 1√
2πσ2

p

exp(− s2

2σ2
p

)
(4.32)

The two equations Equation (4.31) and Equation (4.32) are Gaussian integrals of the type:

Ii(x) =

∫ ∞
−∞

dx x2i expax
2

=

√
π

a

(2i− 1)!!

(2a)i
(4.33)

Solving Equation (4.31) and Equation (4.32) using Equation (4.33) yields:

〈lnL〉|µ=0 = 1 + ln(2π) + lnσ2
p 〈ln2 L〉|µ=0 = 1 + ln(2π) + lnσ2

p + 2 (4.34)
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The mean of the log-likelihood distribution is then simply given by:

σ2(lnL)|µ=0 = 〈ln2 L〉|µ=0 − 〈lnL〉2|µ=0 = 2 (4.35)

For sufficiently high expected signal values, see Equation (4.26), this results in:

〈lnL〉|µ�0 = 1 + ln(2π) + ln(σ2
p + µ(1 + σ2

γ) + σ2
f )) (4.36)

〈ln2 L〉|µ=0 = (1 + ln(2π) + ln(σ2
p + µ(1 + σ2

γ) + σ2
f )) + 2 (4.37)

σ2(lnL)|µ�0 = 〈ln2 L〉|µ�0 − (〈lnL〉|µ�0)2 = 2 (4.38)

Note that Equation (4.34) and Equation (4.35) are obtained from Equation (4.36) if µ = 0. However,
in the transition regime from µ = 0 to µ� 0 the analytical expression of Equation (4.36) is no longer
valid. For details see fig. 15 in [136]. The expected log-likelihood for the example event is shown in
Figure 4.12.
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Figure 4.12.: Pixel wise expected log-likelihood for the example event using the expected signal from Figure 4.9.
The source position in the Nominal System is indicated by the black star. The red star indicates the fitted source
position.

4.3.3. Expected Log-Likelihood Correction

A dedicated lookup table is used to store the difference between the numerical and the analytical
solution of Equation (4.36) and the result is adjusted accordingly. The lookup parameters are the
expected signal µ as well as the measured pedestal width in the given gain channel of a PMT that was
used to measure the observed signal s. The expected signal s only depends on the Shower Parameters
and does not need to be calibrated. However, the width of the pedestal peak depends of the electronic
noise in the gain channel of the PMT as well as the night sky background rate. A change in the
electronic noise does not broaden the pedestal peak, instead its position is shifted. Only a change in the
night sky background rate will change the width of the pedestal peak. It is therefore possible to correct
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4.3. Shower Reconstruction

for the influence of different night sky background rates on the expected log-likelihood. As shown by
de Naurois and Rolland [136], this eliminates the influence of the night sky background on the model
reconstruction.

The lookup table needs to be generated for each of the two gain channels separately. Note that this
lookup table does use non-linear bin distances, see Appendix A. For the expected signal dimension
60 log-bins of the expected signal in the range from 10−3 < logµ < 103 plus one bin for an expected
signal of µ = 0 are used. For the pedestal width dimension a slightly different approach is chosen. For
a given night sky background frequency a pedestal distribution (in p.e.) is simulated and the obtained
width is used for the lookup table. For this 30 log-bins of the nigh sky background frequency ranging
from 1 MHz to 1 GHz are used. In detail, the PMT is assumed to be a perfect oscillating circuit and
therefore the following initial integrated charge value IInitial in p.e. is assumed:

IInitial = NPh ·Gauss(0, σp) (4.39)

NPh is the expected amount of night sky background photons obtained from NPh = Nd · fNSB where
fNSB is the night sky background frequency and Nd the length of the readout window. Moreover,
Gauss(0, σp) is a value obtained using a random Gaussian distribution with a mean value of 0 and a
sigma of σp. Here σp is the width of the pedestal peak in a PMT in the absence of night sky background
light, i.e. just the electronic noise.
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Figure 4.13.: Simulated pedestal distribution using the H.E.S.S. II detector configuration and a night sky background
level of 1 GHz for 106 events on the left. In red the fitted Gaussian with a mean of −0.286 p.e. and a width of
4.022 p.e. On the right the distribution of the difference between the analytical and numerical solution of the
expected log-likelihood function for again 106 events using the simulated pedestal width and an expected signal of
10 p.e. The mean of −0.013 of this distribution is used as the expected log-likelihood correction.

The initial charge is then modified by simulated night sky background photons that can contribute
to the measured charge during the integration window. The arrival rate of these photons follow an
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Chapter 4. Model Analysis

exponential decay distribution with a mean live time τ = 1/fNSB. The contribution of a NSB photon is
properly simulated using the photo multiplier response function Equation (3.7) and multiplied with the
PMT detection probability, i.e. the PMT efficiency. This procedure is done 106 times and the results
are filled into a histogram. The resulting pedestal distribution is fitted using a Gaussian function and
the width of the Gaussian is used for the lookup table, see Figure 4.13 for a simulated pedestal peak.

The expected log-likelihood correction is then calculated by filling a histogram 106 times with the
difference of the combination of Equation (4.27) and Equation (4.23) and Equation (4.36), i.e. the
difference between the numerical and the analytical solution of the expected log-likelihood function
(seen as well in Figure 4.13). The mean of the resulting distribution is then used as the expected
log-likelihood correction value for the given expected signal and pedestal width. Figure 4.14 shows the
lookup tables for the H.E.S.S. I and H.E.S.S. II telescope types.
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Figure 4.14.: Expected log-likelihood correction for the H.E.S.S. I (upper row) and H.E.S.S. II (lower row)
telescope types for both gain channels; High Gain on the left and Low Gain channel on the right. The lookup is
done using the expected signal as well as the width of the pedestal distribution as a measure for the night sky
background level. This effectively removes the influence of the night sky background on the log-likelihood. Big
corrections are only necessary for low intensity signals with a low night sky background rate (and therefore a
small pedestal width).
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4.3. Shower Reconstruction

4.3.4. The Levenberg-Marquardt Algorithm

For the minimization of the log-likelihood defined by Equation (4.27) the Levenberg-Marquardt algorithm
(LMA) is used [193]. It is used for solving non-linear least-squares problems and can be applied for the
minimization of the negative likelihood (i.e. finding the maximum likelihood) as shown by Charnes,
Frome, and Yu [194]. A nice overview of the LMA can be found in Ranganathan [195] on which this
section is based. The LMA is a combination of the Gauss-Newton algorithm (GNA) [196] and the
method of gradient descent (GDM) [197] using a dampening factor λ. For a given function f(x) where
x = (x1, x2, . . . , xn) the next step using the GDM is defined as:

xi+1 = xi − λ · ∇f(xi) (4.40)

A problem of the GDM is that once near the minimum the convergence slows down significantly.
Moreover, the GDM behaves poorly for certain functions, for example functions with flat gradients in
one dimension (the classic "error valley" problem).

For the GNA the next step is defined as

xi+1 = xi −
(
∇2f(xi)

)−1∇f(xi) = xi −H−1∇f(xi) (4.41)

The GNA is a rapidly converging algorithm which makes use of the information of the second derivative,
the Hessian H. It can be approximated by the product of the transposed Jacobi matrix and the Jacobi
matrix itself if the second derivative is assumed to behave linearly around the current position xi.

∇2f(x) = H(x) = ∇f(x)T∇f(x) = J(x)TJ(x) (4.42)

The disadvantage of the GNA is that it is sensitive to the starting position or to be precise to the linearity
of the starting position. Two combine the advantages of both methods Levenberg and Marquardt
proposed the following combination:

xi+1 = xi − (H + λ · diag[H])−1∇f(xi) (4.43)

The λ factor acts as a dampening parameter that is adjusted after each fit step. It is used to change
the weight between the GNA and GDM during the fit ensuring a rapid convergence. For high values
of λ the Hessian matrix is not used and the LMA behave like the GDM, for small values of λ the
GDM behaves like the GNA. The LMA uses the second derivative information to scale each component
according to the curvature of the function. This results in larger steps along the directions where the
gradient is smaller and small steps in regions of steep incline in the gradient.

For this work the GSL implementation of the LMA is used [198]. It implements the LMA using a
trust-region approach [199] to find the minimum. Trust-region methods differ from the just presented
"line-search" methods. A finite region ∆ (the trust-region) around the current position is modeled using
a quadratic approximation m of the function f . The next fit step is taken into the direction of the
minimum of the quadratic model m and the resulting next step is compared to the expectation value of
the model m and λ is adjusted accordingly.

The evolution of the log-likelihood during the LMA for the example event is shown in Figure 4.15.

4.3.5. Log-Likelihood Gradient Estimation

To be able to use the LMA the first derivative information of Equation (4.27) needs to be available. From
Section 4.1.1 we know that the expected signal µ is a function of six parameters, the Fit Parameters
(the zenith angle θ is known for a given event and is not a free parameter):
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Figure 4.15.: Evolution of the log-likelihood on the left, the Impact distance in the middle and its gradient on
the right during the LMA fit of the example event shown in Figure 4.8. The horizontal blue line indicates the
MonteCarlo true value in the middle and a gradient value of zero on the right. The LMA fit nicely minimizes
the log-likelihood, the gradient shown approaches zero and the parameter converges to its MonteCarlo true value.

• The source x position Sx.

• The source y position Sy.

• The primary energy of the gamma-ray ε.

• The impact distance of the shower to the telescope R.

• The azimuth angle of the shower φ.

• The primary interaction depth of the gamma-ray τ .

Therefore, the log-likelihood function can be written in the following way:

lnL(P ) = lnL(P (s, µ, σ)) = lnL
(
P
(
s, µ(Sx, Sy, ε, R, φ, τ), σ(µ)

))
(4.44)

Differentiating the log likelihood with respect to one of the Fit Parameters K yields:

d lnL

dK
=
∂ lnL

∂P

(
∂P

∂µ

dµ
dK

+
∂P

∂σ

∂σ

∂σf

∂σf
∂µ

dµ
dK

)
(4.45)

Using Equation (4.27), Equation (4.21), Equation (4.22) and Equation (4.23) one obtains:

∂ lnL

∂P
= − 2

P

∂P

∂µ
=
∑
n

Pn

[
− 1 +

n

µ

]
(4.46)

∂P

∂σ
=
∑
n

Pn

[
− 1

σ
+

(s− n)2

2σ3

]
∂σ

∂σf
=
σf
σ

∂σf
∂µ

= δ (4.47)

Here Pn is one addend of the sum in Equation (4.23) defined as:

Pn =
µne−µ

n!
· 1√

2πσ2
· exp

(
− (s− n)2

2σ2

)
(4.48)
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Inserting Equation (4.46) and Equation (4.47) into Equation (4.45) yields:

d lnL

dK
= − 2

P

∑
n

Pn

[
− 1 +

n

µ
− δσf

σ2
+
δσf (s− n)2

2σ4

]
· dµ
dK

(4.49)

As stated before the expected signal µ can be written as:

µ
(
Sx, Sy, ε, R, φ, τ,Xt, Yt

)
= I
(
ε, ρ, τ

)
·A
(
ε, ρ, τ,Xt, Yt

)
(4.8)

Here the expected signal parameters that are dependent of the Fit Parameters are:

• ρ = ρ(Sx, Sy, R, φ)

• ϕ = ϕ(R,φ)

• Xt = Xt(Sx, Sy, ϕ,∆CoM)

• ∆CoM = ∆CoM(ε, ρ, τ)

• Yt = Yt(Sx, Sy, ϕ)

The total derivative of the expected signal µ from one of the Fit Parameters K is given by:

dµ
dK

=
∂µ

∂I

dI
dK

+
∂µ

∂A

dA
dK

= A
dI
dK

+ I
dA
dK

(4.50)

Using Equation (4.50) and solving it for each of the Fit Parameters results in:

dµ
dSx

= A
∂I

∂ρ

dρ
dSx

+ I

[
∂A

∂ρ

dρ
dSx

+
∂A

∂Xt

(
dXt

dSx
+

∂Xt

∂∆CoM

∂∆CoM

∂ρ

dρ
dSx

)
+
∂A

∂Yt

dYt
dSx

]
(4.51)

dµ
dSy

= A
∂I

∂ρ

dρ
dSy

+ I

[
∂A

∂ρ

dρ
dSy

+
∂A

∂Xt

(
dXt

dSy
+

∂Xt

∂∆CoM

∂∆CoM

∂ρ

dρ
dSy

)
+
∂A

∂Yt

dYt
dSy

]
(4.52)

dµ
dε

= A
∂I

∂ε
+ I

[
∂A

∂ε
+

∂A

∂Xt

∂Xt

∂∆CoM

∂∆CoM

∂ε

]
(4.53)

dµ
dR

= A
∂I

∂ρ

dρ
dR

+ I

[
∂A

∂ρ

dρ
dR

+
∂A

∂Xt

(
∂Xt

∂ϕ

dϕ
dR

+
∂Xt

∂∆CoM

∂∆CoM

∂ρ

dρ
dR

)
+
∂A

∂Yt

∂Yt
∂ϕ

dϕ
dR

]
(4.54)

dµ
dφ

= A
∂I

∂ρ

dρ
dφ

+ I

[
∂A

∂ρ

dρ
dφ

+
∂A

∂Xt

(
∂Xt

∂ϕ

dϕ
dφ

+
∂Xt

∂∆CoM

∂∆CoM

∂ρ

dρ
dφ

)
+
∂A

∂Yt

∂Yt
∂ϕ

dϕ
dφ

]
(4.55)

dµ
dτ

= A
∂I

∂τ
+ I

[
∂A

∂τ
+

∂A

∂Xt

∂Xt

∂∆CoM

∂∆CoM

∂τ

]
(4.56)

An exemplary pixel gradient camera image obtained using the Full Model for the MonteCarlo example
event seen in Figure 4.8 is shown in Figure 4.16.

The partial derivatives for a given parameter χ for ∂I
∂χ ,

∂A
∂χ and ∂∆CoM

∂χ are obtained using the two 3
dimensional and one 5 dimensional lookup tables of the Full Model.

For the parameter ρ the total derivatives using Equation (4.11) and the following abbreviation ~V = ~C− ~T
are given by:
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Figure 4.16.: Primary depth gradient of the example event in Figure 4.8. The source position in the Nominal
System is indicated by the black star. The red star indicates the fitted source position. The sum off all pixel
gradients of all camera pictures is almost zero.

dρ
dSx

=
∂ρ

∂(~V · ~S)

d(~V · ~S)

dSx
+

∂ρ

∂|~S|2
d|~S|2
dSx

dρ
dSy

=
∂ρ

∂(~V · ~S)

d(~V · ~S)

dSy
+

∂ρ

∂|~S|2
d|~S|2
dSy

(4.57)

dρ
dR

=
∂ρ

∂|~V |2
d|~V |2
dR

+
∂ρ

∂(~V · ~S)

d(~V · ~S)

dR
dρ
dθ

=
∂ρ

∂|~V |2
d|~V |2
dθ

+
∂ρ

∂(~V · ~S)

d(~V · ~S)

dθ
(4.58)

Inserting the missing total derivatives:

d|~S|2
dSx

= 2Sx
d|~S|2
dSy

= 2Sy (4.59)

d|~V |2
dR

= 2(Vx cos θ + Vy sin θ)
d|~V |2
dθ

= 2(CxVy − CyVx) (4.60)

d(~V · ~S)

dSx
= Vx

d(~V · ~S)

dSy
= Vy (4.61)

d(~V · ~S)

dR
= Sx cos θ + Sy sin θ

d(~V · ~S)

dθ
= CxSy − CySx (4.62)

into Equation (4.57) results in:

62



4.3. Shower Reconstruction

dρ
dSx

= −Vx
ρ

~V · ~S
|~S|2

+
Sx
ρ

(
~V · ~S
|~S|2

)2 (4.63)

dρ
dSy

= −Vy
ρ

~V · ~S
|~S|2

+
Sy
ρ

(
~V · ~S
|~S|2

)2 (4.64)

dρ
dR

=
1

ρ

[
Vx cos θ + Vy sin θ −

~V · ~S
|~S|2

(Sx cos θ + Sy sin θ)
]

(4.65)

dρ
dθ

=
1

ρ

[
CxVy + CyVx −

~V · ~S
|~S|2

(CxSy + CySx)
]

(4.66)

Similar calculations for φ using Equation (4.13) yield the following equations:

dφ
dSx

= 0
dφ
dR

=
Vx sin θ − Vy cos θ

V 2
x + V 2

y

(4.67)

dφ
dSy

= 0
dφ
dθ

=
CxVx − CyVy
V 2
x + V 2

y

(4.68)

Lastly the coordinate transformation of the camera system coordinates Xc and Yc to Xt and Yt using
Equation (4.18) and Equation (4.19) are given by:

dXt

dSx
= − cosφ

dXt

dSy
= − sinφ

dXt

dφ
= Yt

dXt

d∆CoM
= −1 (4.69)

dYt
dSx

= sinφ
dYt
dSy

= − cosφ
dYt
dφ

= −Xt −∆CoM (4.70)

4.3.6. Fitting Procedure

Like every fitting procedure the model reconstruction needs sensible starting parameters. To obtain
these several dedicated Hillas reconstructions are done using different tail cuts, size cuts and nominal
distance cuts, see Table 4.1. For each Hillas reconstruction not only the tail-cutted image is used but
also the image containing only the biggest cluster. This is needed for low tail-cut pairs to prevent
multiple clusters due to night sky background fluctuations within the camera image.

A Hillas shower reconstruction is done to get an estimate for the shower core position and the height of
the shower maximum. For this work only a stereoscopic Hillas shower reconstruction was available.
Therefore, only stereoscopic events were used during the model reconstruction. Note that the entire
model reconstruction is set up to work with monoscopic events as well, i.e. the model reconstruction
does not care about the number of telescopes. The initial guess for the primary energy is obtained
using dedicated lookup tables for each telescope type and set of starting parameters generated from
gamma-ray shower MonteCarlo productions. The lookup parameters are:

• The type of starting parameters used, see Table 4.1.

• The cosine of the zenith angle θ.

• The impact distance of the shower core to the respective telescope in the Tilted System.
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Table 4.1.: Different Hillas reconstructions are used as starting parameters. The biggest cluster as well as the full
tail-cutted image are used.

Name Tail Cut [p.e.] Minimum Size Cut [p.e.] Nominal Distance Cut [rad]

Lower Upper H.E.S.S. I H.E.S.S. II H.E.S.S. I H.E.S.S. II

Clean-0510 5 10 60 40 2.0 1.15
Clean-0507 5 7 60 40 2.0 1.15
Clean-0205 2 5 60 40 2.0 1.15
Clean-0103 1 3 30 20 2.0 1.15
Biggest-0510 5 10 60 40 2.0 1.15
Biggest-0507 5 7 60 40 2.0 1.15
Biggest-0205 2 5 60 40 2.0 1.15
Biggest-0103 1 3 30 20 2.0 1.15

• The log of the total image intensity in the camera of the telescope.

For H.E.S.S. Phase I also the azimuth angle is used as a lookup parameter, due to lack of time this
was not done during the course of this work. The lookup tables store the mean of the primary energy
< E > as well as the spread σE for a given set of lookup parameters. The primary energy E of the full
shower is estimated using the mean energy < Et > of each of the t telescopes of the event obtained
using the lookup tables for the given telescope type. They are weighted using the respective energy
spread σEt :

E =

∑
tw

2
i · Et∑
tw

2
t

=

∑
t(1/σEt)

2 · Et∑
t(1/σEt)

2
(4.71)

The squared energy spread is used to increase the weight of the telescopes with a better primary energy
estimate. The energy lookup tables for a zenith angle of 18 ° of the Clean-0510 starting parameters are
shown in Figure 4.17.

The primary depth is not estimated using a lookup table. Instead an initial guess is calculated from
the natural logarithm of the primary energy in units of the critical energy ε and the maximum shower
depth TMax in units of radiation length obtained from the Hillas analysis, see Equation (3.1):

X0 = ε− TMax (4.72)

Note that a pref-fit with a fixed primary depth to one radiation length (and therefore one less free
parameter) did not improve the reconstruction and therefore is not used in this work.

Since the fitting process is very computing intensive, only the best starting parameters are used. They
are obtained by using the initial minimum log-likelihood value of all starting parameters, i.e. the initially
best fitting image. Because the log-likelihoods are not normalized by the amount of telescopes that
are part of a given set of starting parameters, the telescope intersection of all starting parameters is
calculated. Only the camera images of those telescopes that are part of the intersection are used during
the fit. The LMA is then started using these best fitting images including all available camera pixels.
Only pixels which are flagged as broken are not used during the fit. This is different to the fitting
procedure used in [136] where at first only pixels contained within the Hills ellipsis plus adjacent ones
are fitted. Including also non-shower pixel, i.e pixel without Cherenkov light contribution are fitted,
results in a better gamma-hadron separation due to the more inhomogeneous nature of hadronic air
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Figure 4.17.: Energy lookup tables generated using gamma-ray MonteCarlo simulations for a zenith angle of
18 °. The lookup is done using the current zenith angle, the impact distance of the shower core to the respective
telescope in the Tilted System as well as the log of the total image intensity in the camera. Lookups are created
for all available starting parameters, the one shown here is for Clean-0510. The sharp cut off at high intensities
is due to the maximum primary energy of 105 TeV used during the MonteCarlo simulations. At low primary
energies as well as at small impact distance the spread of the energy lookup tables increases due to degeneration
of the shower images.

showers which might be cut away during a tail-cut. Should the fit not converge for any reason, the
event is still used for analysis, as long as a log-likelihood could be calculated. Note that contrary to the
implementation of the model reconstruction for H.E.S.S. Phase I, the fit is immediately started using
all available camera pixels. Doing a two step fit by fitting pixels belonging to the shower (i.e. pixels
with high intensities and their neighbors) first and a full camera fit with the result of the first fit as a
starting parameter next, did not improve the final result.

The resulting best fitted image using the LMA for the example event shown in Figure 4.8 can be seen
in Figure 4.9 as well as the corresponding gradient in the primary depth dimension in Figure 4.16. The
pixel-wise log-likelihood and expected log-likelihood for the best fitting image are shown in Figure 4.11
and Figure 4.12. The resulting fitted Shower Parameters including the fit errors are:

• Zenith angle of 18 ◦ (not part of the fitting process)

• Source position at (−0.00045± 0.000034 rad/− 0.00867± 0.00027 rad) in the Nominal System
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• Impact distance of 215.1± 3.5 m

• Azimuth angle of −21.77± 0.84 ◦

• Primary energy of 1.55547± 0.00018 TeV

• Primary depth of 0.67± 0.81 X0

To validate that the fit converged at a minimum, the one dimensional log-likelihood distribution for a
given Fit Parameter around the best fit position is calculated, i.e. the other Fit Parameters are fixed at
the best fit position while varying the remaining parameters. The resulting distributions are shown in
Figure 4.18. This can also be done for the gradient of each of the Fit Parameters which is shown in
Figure 4.19.
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Figure 4.18.: One dimensional log-likelihood distributions around the best fit position for all Fit Parameters. One
parameter is varied while the others remain fixed. The vertical red line indicates the best fit position, the vertical
green line the MonteCarlo true parameter. The horizontal blue line is the minimum log-likelihood obtained using
the FullModel. The fit converged to the local minimum for all six Fit Parameters. The MonteCarlo true position
does not coincide perfectly with the local minimums due to inadequacies in the Full Model.
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Figure 4.19.: One dimensional gradient distributions around the best fit position for all Fit Parameters. One
parameter is varied while the others remain fixed. The vertical red line indicates the best fit position, the vertical
green line the MonteCarlo true parameter. The horizontal blue line indicates a gradient value of zero. As expected,
the minimal log-likelihood is found at the position where all gradients of the Fit Parameters are zero. The jumps
at the left and right end of the x axis are due to the gradient getting degenerate if only one Fit Parameter is
changed and also due to changes of the lookup bins that are used for the interpolation (see Appendix A). The
MonteCarlo true position does not coincide perfectly with the best fit position due to inadequacies in the Full
Model.
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4.4. Gamma-Hadron Separation

A shower reconstruction algorithm must also be able to discriminate between gamma-ray and hadron
induced air showers. For a Hillas reconstruction the Mean Reduced Scaled Width and Mean Reduced
Scaled Length are used as separation parameters as shown in Aharonian et al. [11]. For the model
reconstruction a different approach using the goodness of the fitted image is pursued.

4.4.1. Goodness of Fit

In order to separate the gamma-like events from the hadron-like events a parameter for the goodness of
the fit has to be defined, i.e. how well does the image match the expectation of a gamma-ray induced
air shower. In particle physics so-called pulls [200] are often used. Given a set of random variables x
which follow a Gaussian distribution of mean µ and width σ the pull of a variable x is defined as:

g(x) =
x− µ
σ

(4.73)

The distribution of pulls is again a Gaussian distribution centered at zero with a width of unity. To
obtain µ and σ the value x and x2 are summed up and the mean value 〈x〉 and mean squared value
〈x2〉 are calculated by dividing by the amount of filled events n. µ and σ are then given by:

µ =

∑
i xi
n

σ =
√
〈x2〉 − 〈x〉2 (4.74)
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Figure 4.20.: Pixel Goodness for the example event shown in Figure 4.8 calculated using the log-likelihood from
Figure 4.11 and the expected log-likelihood from Figure 4.12 for the expected signal from Figure 4.9.

Since the measured signal of a pixel is a random variable, the log-likelihood of the measured signal
with respect to the expected signal is also a random variable. Therefore, a Pixel Goodness GPixel for a
single pixel can be defined as following:
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4.4. Gamma-Hadron Separation

GPixel =
lnL− 〈lnL〉

σlnL
=

lnL− 〈lnL〉√
2

(4.75)

For the example event shown in Figure 4.8 the final Pixel Goodness for each pixel in every camera is
shown in Figure 4.20.

This can be extended to the sum of the log-likelihoods of all pixels i used during the fit:

G =
∑
i

lnL(si, µi)− 〈lnL〉|µi√
2 ·NPixel

(4.76)

The Goodness is a measure to quantify how well the image is described by a gamma-ray shower template,
i.e. how gamma-like is the event. Hadron-like air shower are expected to have Goodness distributions
that are not centered at zero and also have a broader width, see Figure 4.21.
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Figure 4.21.: MonteCarlo Goodness distributions for gamma-ray showers on the left, proton induced air showers
in the middle and electron ones on the right for each of the five H.E.S.S. telescopes individually (CT1 in orange,
CT2 in violet, CT3 in green, CT4 in red and CT5 in blue). The solid black line indicates the mean value weighted
by the square root of the number of telescopes used during the fit in the event. The proton distributions are
considerably wider than the gamma ones and the electron distribution resembles the latter. The distributions for
CT5 are shifted to higher values due to the CT5 camera having more pixel than the others.

Using MonteCarlo simulations to obtain example distributions for gammas, protons and electrons show
that the resulting gamma-ray Goodness distributions depend on the zenith angle, on the impact distance
and on the total image intensity in the respective camera, as seen in Figure 4.22. For H.E.S.S. Phase I
also the azimuth angle is used as a lookup parameter, due to lack of time this was not done during the
course of this work.

Therefore, using the unscaled Goodness to define cut parameters is not the optimal solution. To obtain
stable Goodness distributions dedicated lookup tables for each telescope type are created [201] (Note
that for H.E.S.S. Phase I lookup tables for each telescope were used). As stated the lookup dimensions
are:

• The cosine of the zenith angle θ

• The impact distance of the shower core to the respective telescope in the Tilted System

• The log of the total image intensity in the camera of the telescope
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Figure 4.22.: Mean Goodness for the two telescope types on the left versus the impact distance and the total
image intensity in the corresponding camera for an exemplary zenith angle of 18 °. The corresponding width of
the distribution is shown in the middle column. On the right is the number of events shown used to obtain the
mean and the width. The total number of events is different because the lookup tables are filled for each telescope
type. A clear dependence on the total image intensity is visible.

To fill the lookup tables the Goodness G must satisfy the following relation using the log of the total
image intensity in the camera I:

|G| < exp

[
ln(200)− ln(1)

4
· log(I) +

(
ln(1)− ln(200)− ln(1)

4

)]
(4.77)

In essence, the Goodness has to be below 1 at a camera intensity of 10 p.e. and below 200 at 100000 p.e.
increasing linearly in the log of the intensity. Moreover, the angular distance between MonteCarlo true
source position and reconstructed source position must be below 0.2 ° and the absolute of the energy
offset (see Equation (4.82)) must be below 0.5 for an event to be filled in the lookup table. Using the
mean µ and the width σ obtained from MonteCarlo gamma-ray simulations as a lookup as as seen in
Figure 4.23 a Reduced Scaled Goodness can be defined for each telescope type using Equation (4.73):

RSG =
G− 〈G〉
σG

(4.78)

As stated in [201] using the Reduced Scaled Goodness to define cut parameters is not the best option as
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4.4. Gamma-Hadron Separation

well. Therefore, applying the same idea as for the Mean Reduced Scaled Length and the Mean Reduced
Scaled Width(see Section 3.8), a Mean Reduced Scaled Goodness is defined:

MRSG =
∑
t

RSGt√
NTel

(4.79)

The resulting reduced scaled and mean reduced scaled distributions of the distributions in Figure 4.21
can be seen in Figure 4.23.
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Figure 4.23.: Reduced Scaled Goodness distribution for each telescope (CT1 in orange, CT2 in violet, CT3 in
green, CT4 in red and CT5 in blue) and Mean Reduced Scaled Goodness distribution in black for the distributions
shown in Figure 4.21. The gamma-ray distributions are properly centered on zero with a width of unity expect a
tail at higher goodness values. The shape of the proton distributions are clearly different.

To enhance the performance of the reconstruction even further, an energy dependent cut on the error
estimates of the log-likelihood fit is done. The absolute of the error estimate for each of the six Fit
Parameters is filled into an reconstructed energy dependent Linear Table, see Appendix A, using 5 bins
per decade in a range from 1 GeV up to 1 EeV for all the events of a given MonteCarlo gamma-ray
shower production. To obtain the cut value on an error estimate for a given energy bin, the 95 percentile
of the distribution in that bin is calculated and used as a maximum cut value. The resulting cut values
for each energy bin are stored in a one dimensional Linear Table (which uses interpolation in between
neighboring bins) and used during event separation to cut away badly reconstructed events. An example
can be seen in Figure 4.24 for one of the error estimates of the Fit Parameters.

4.4.2. Separation Parameters

The Mean Reduced Scaled Goodness is primarily used for the gamma-hadron separation in this work. As
stated before, the distributions for protons are expected to look different than the ones for gamma-rays.
Therefore, a minimum and maximum cut value are defined using gamma-ray and proton MonteCarlo
simulations. Note that electron MonteCarlo simulations are not used during the determination of the
separation parameters because they also produce electromagnetic air showers like gamma-rays and
including them in the determination of the separation parameters is not feasible.

To find the optimal cut values for the MRSG, the significance of the gamma-ray "signal" over the
proton "background", the so-called Quality Factor is maximized:

Q =
Eγ√
EP

(4.80)

71



Chapter 4. Model Analysis

 [log TeV]
Reco

Energy
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

E
ne

rg
y 

E
rr

or

0.5
1

1.5

2

2.5

3

3.5

4

4.5

Figure 4.24.: Reconstructed energy dependent cut value on the error estimate of the primary energy in units of
ln E [TeV]

ECrit
. As expected, low energy events are not reconstructed properly. In the remaining energy range the cut

value remains almost constant.

Here Eγ is the gamma-ray efficiency of the cut while EP is the proton efficiency. These efficiencies are
defined using the number of events before applying the cut and the number of the events after applying
the cut:

E =
EventsAfter
EventsBefore

(4.81)

To obtain the events before and after the cut Linear Tables (see Appendix A) are filled for the gamma-ray
and proton shower MonteCarlo simulations. The x dimension ranges from −15 to 15 using 150 bins
for the MRSG. The y dimension is just the number of events with the respective goodness of fit value.
The distribution is normalized to the amount of events that were used to fill it; properly taking into
account the number of events that were out of range of the x dimension definition. After all events
have been filled into the Linear Tables the cumulative table is calculated, i.e. the content of bin i in
the cumulative table is the sum of all bins from 0 to i of the non-cumulative table. Therefore, the
fraction of events that survive a minimum and maximum cut is easily obtained using the cumulative
table by subtracting the number of events at the minimum cut value from the number of events at the
maximum cut value. Figure 4.25 shows an example of the described procedure.

To check for a dependence of the separation parameters on the reconstructed energy, the cumulative
histograms are created in certain energy steps. 5 bins per decade in the log of the reconstructed energy
are used in the range from 1 GeV to 1 EeV. Due to the nature of cumulative distributions, they are
always well defined, i.e. also for very few events the distributions look very similar to the ones with
a lot of events. As a result separation parameters can be derived in a similar way for high and low
statistic samples.

All fits are done using the GSL implementation of the Nelder-Mead Simplex algorithm [198, 202].
Figure 4.26 shows the gamma-ray and proton Mean Reduced Scaled Goodness distributions for the
different energy bins together with the final cut values in each energy bin. The separation power of the
Mean Reduced Scaled Goodness is clearly visible.

The resulting efficiencies and Quality Factors are shown in Figure 4.27. The cut values are stable over
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Figure 4.25.: Exemplary gamma-ray (black) and proton distribution (red) of the Mean Reduced Scaled Goodness
for the energy bin around 2.1 TeV and the corresponding cumulative distribution. The minimum and maximum
cut value are indicated by the vertical blue lines. The fraction of events surviving the cut can be easily obtained
using the cumulative distributions.

the whole central energy range, i.e. the mean scaling of the goodness of fit parameters is working as
expected. The energy dependence of the cut values is almost negligible (for H.E.S.S. Phase I energy
independent cut values were used).
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Figure 4.26.: Mean Reduced Scaled Goodness distribution for gamma-rays on the left and protons on the right
for an exemplary zenith angle of 18 °. The horizontal magenta lines indicate the minimum and maximum cut
values obtained using a Simplex fit. At low energies the MRSG can’t be used to distinguish between gamma-ray
and proton induced air showers any more.
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Figure 4.27.: Cut efficiencies versus reconstructed energy are shown in the left plot(signal in black and background
in red) and the Quality Factor in the right one. For low energies the separation of gamma-ray and proton
induced air showers is nearly impossible. At high energies the separation is easy due to the bright showers and
high multiplicity events. The two bumps in the distribution of the cut quality are most likely due to the different
start energies of the input spectra as seen in Figure 4.28.
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4.5. Performance

To quantify the performance of a shower reconstruction technique the reconstructed Shower Parameter
have to be compared with their MonteCarlo true values. Moreover, the detection capabilities of the
analysis have to be estimated. For this several dedicated performance curves are calculated which also
allow the comparison with other shower reconstruction techniques:

• Energy bias

• Energy resolution

• Angular bias

• Angular resolution

• Effective area

• Differential sensitivity

To obtain these distributions from MonteCarlo simulations an exemplary set of MonteCarlo parameters
has to be chosen. The H.E.S.S. collaboration decided to use a zenith angle of 18 ° and an azimuth angle
of 180 ° with an optical efficiency of the mirrors of the telescope of 80 % as the main parameters for the
MonteCarlo production. For this work, gamma-ray, electron an proton induced air showers using the
Kaskade tool were generated using an integral source spectrum with an index of 2.0. To obtain enough
showers at high energies several different minimum energies were used:

• 800000 showers with a minimum energy of 5 GeV

• 800000 showers with a minimum energy of 50 GeV

• 800000 showers with a minimum energy of 0.5 TeV

• 127440 showers with a minimum energy of 5 TeV

Figure 4.28 shows the resulting simulated event distributions versus primary energy, impact distance
and primary depth. Note that using different minimum energies to increase statistics at higher energies
creates systematics in the event reconstruction and gamma-hadron separation which are hard to control.
It is advisable to use fixed energy MonteCarlo simulations if higher statistics are needed and not enough
disk space and computing time is available to use spectrum MonteCarlo productions.

The maximum energy was set to 105 TeV. Showers were generated within a radius of 550 m around the
array. For gamma-rays a point-source was used as the origin of the particles. For electrons and protons
a homogeneous distribution with an angular radius of 7 ° was used. To reduce the necessary amount of
simulated air showers a 30 % higher quantum efficiency of the PMTs was assumed during the Kaskade
simulations. During the detector simulation the amount of detected photons was corrected accordingly.

During the course of this work the detector simulation SMASH [203] had to be adjusted to properly
reflect the new array configuration. This implied:

• Correction of the mirror positions of H.E.S.S. I.

• Implementation of the correct mirror design of H.E.S.S. II.
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• Implementation of the correct Central Trigger behaviour, i.e. monoscopic H.E.S.S. II events and
hybrid events with at least two telescopes of any kind.

• Implementation of the timing information available for every pixel in H.E.S.S. II, i.e. time of
maximum and time over threshold for each gain channel.

• Obtaining all relevant camera electronics and camera calibration parameters.

• Several adjustments of the software to a hybrid array.

Using the H.E.S.S. Phase II detector configuration together with the simulated air showers, a set of
MonteCarlo raw data events was generated. The event data format is identical to the one used during
the analysis of real data except that the MonteCarlo true Shower Parameters are available. A source
offset of 0.5 ° and 1.0 ° was used to simulate different wobble offset observations.

These MonteCarlo raw data events where exported from the H.E.S.S. data format to a custom made
format using the BOOST serialization library together with the BOOST iostream library [190]. The
resulting data files are a bzip2 [189] compressed binary format. The reason behind the event export is
to allow for an "embarrassingly" parallel data processing of a given file, i.e. each event can be processed
independently. Therefore, modern CPU architecture can be used more efficiently because the number of
events is always bigger then the available number of hardware threads by several orders of magnitude
and multi-threading can be used efficiently. Moreover, the resulting amount of memory which can
be used for the Full Model scales linearly with the amount of cores because the model can be shared
between all threads due to the read-only access during the shower reconstruction.

The performance curves are mainly dependent on the primary energy of the primary particle. Therefore,
all plots are binned in the log of the true primary energy using 10 bins per decade in a range from
10 GeV up to 100 TeV. Each performance curve will now be discussed in detail. Note that the relative
amount of low multiplicity events (two telescope events) is significantly higher compared to the amount
of events seen by H.E.S.S. Phase I due to the heterogeneous array layout which might result in a slightly
worse performance of the hybrid analysis.
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Figure 4.28.: Distribution of MonteCarlo generated events versus primary energy, impact distance and primary
depth for all three types of primary particles used during the simulations. Black lines indicate the amount of
generated air showers, grey lines correspond to the showers that triggered the array, blue lines represent the
showers that could be successfully reconstructed with a stereoscopic Hillas reconstruction, purple lines indicate air
shower that had valid starting parameter for the log-likelihood fit. The green lines show those events for which
the fit converged and the yellow lines show all events that survive the cut on the MRSG and the error estimates.
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4.5.1. Energy Bias & Resolution

To obtain the energy bias and the energy resolution, the following energy offset ∆E is filled into a
reconstructed energy dependent Linear Table, see Appendix A:

∆E =
EReco − ETrue

ETrue
(4.82)

The median of this distribution is called energy bias and the width energy resolution. To properly
take into account the tails of the distribution and to be as independent as possible from low statistics,
the 50 percentile P∆E

(50) is used for determining the median. The resolution is defined as the 68 %
containment radius around the median. Therefore, the P∆E

(50− 68/2) = P∆E
(16) percentile as well as

the P∆E
(84) percentile are calculated and the average distance to P∆E

(50) is used as the resolution.
The procedure is shown in Figure 4.29 for an exemplary energy bin around 1 TeV.
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Figure 4.29.: Distribution of the energy offset ∆E for an exemplary energy bin on the left and the cumulative
distribution on the right. The blue line indicates the median of the distribution which is called energy bias and
the two red lines indicate the 68 % containment radius around the median. The average of the two radii is called
energy resolution.

Applying this method to the representative gamma-ray MonteCarlo production yields the curves shown
in Figure 4.30a and Figure 4.30b. The energy range used for analyses is defined as the range in which
the energy bias is below 10 %. For this work the resulting energy range would be from 100 GeV to
15.8 TeV. The comparison with the MAGIC II array [204] shows a compatible behaviour. The curves
shown for the Model Analysis of H.E.S.S. Phase I [136] were created using a different definition of the
energy resolution and are therefore offset. The bad performance at highest energies might be due to the
smaller field of view of the camera of the H.E.S.S. II telescope resulting in more truncated images. The
bad energy resolution at lowest energies is most likely dominated by a high number of two telescope
events.
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(b) Energy Resolution

Figure 4.30.: Energy bias and energy resolution of the model reconstruction in black. The bias is below 10 %
(solid orange lines, one at −10 %, one at 0 % and one 10 %) in the central energy range and the energy resolution
is around 15 % (solid orange line). At low energies the resulting images are too faint to be properly reconstructed
and dominated by two telescope events. At high energies the images get truncated by the camera edge and the
energy and direction reconstruction is getting difficult. The solid grey line shows the best start parameter of
the fit and its clearly seen that the fit improves the energy bias and energy resolution (except near the edge of
energy range of the analysis). The dashed purple lines show the performance of the MAGIC II array [204]. The
dashed blue line shows a basic Hillas analysis for H.E.S.S. Phase I and the dashed red line corresponds to the
performance of the original Model analysis. The last two curves were taken from [136] and were created using a
different definition of the energy resolution and are therefore offset.
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Chapter 4. Model Analysis

4.5.2. Angular Bias & Resolution

To quantify the reconstruction capabilities of a point-source the angular bias and angular resolution are
used. The angular bias is defined as the maximum of the theta distribution, i.e. the maximum of the
distribution of the angular distance of the reconstructed source position to the true source position. It
is assumed that the distribution is radial symmetric around the source position and the maximum of
the distribution should therefore be in the first bin. The result is seen in Figure 4.31a. It is obvious
that the source is reconstructed at the right position in central energy range.
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(b) Angular Resolution

Figure 4.31.: Angular bias and angular resolution of the model reconstruction in black (the solid orange line
indicates a source extension of 0.1 °). The source is always reconstructed at the center of the theta square
distribution (a value of zero indicates that the maximum of the distribution is within the first bin, i.e. the offset
is at most 0.0006 °). The angular resolution is getting better with increasing energy due to the shower images
getting brighter and higher telescope multiplicities. At the highest energies image truncation at the camera edges
start to worsen the angular resolution. The solid grey line shows the best start parameter of the fit and its clearly
seen that the fit improves the angular resolution. The dashed purple lines show the performance of the MAGIC
II array [204]. The dashed blue line shows a basic Hillas analysis for H.E.S.S. Phase I and the dashed red line
corresponds to the performance of the original Model analysis. The last two curves are taken from [136].

The angular resolution is defined as the square root of the 68 % containment radius using the 68
percentile of the θ2 distribution. It is dependent of the energy and of the zenith angle and can be seen
in Figure 4.31b. The performance is compatible to the original Model Analysis one as well as to the
one of the MAGIC II array. At highest energies the small size of the field of view of the H.E.S.S. II
camera starts to affect the performance again.
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For the extraction of the signal of a point source, the size of the ON region has to be estimated using
the so called θ2 cut. Assuming the signal S and background B distributions to be defined as:

S(θ2) ∝ 1

2σ2
exp

(
− θ2

2σ2

)
B(θ2) ∝ kb (4.83)

the number of background and signal events using a cut value θ2
0 can be written as:

NS =

∫ θ20

0
dθ2 S(θ2) ∝ 1− exp

(
− θ2

0

2σ2

)
NB =

∫ θ20

0
dθ2B(θ2) ∝ θ2

0 (4.84)
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Figure 4.32.: Theta square distribution for an exemplary energy bin on the left and the cumulative distribution on
the right. The red and blue lines indicate the 68 % and 71.533 % containment radius around the source position.

The significance is then given by:

Sign(θ2
0) =

NS√
2NB

(4.85)

To find the maximum of this equation, the derivative has to be equal to zero and the resulting equation
and its solution are:

1 +
θ2

0

σ2
= exp

(
− θ2

0

2σ2

)
θ2

0 = −2σ2W−1

( 1

2
√
e

)
− σ2 (4.86)

Here Wk(x) is the generalized Lambert function and the optimal θ2
0 value is:

θ2
0

σ2
= 2.51286 ≡ θ2

0 (4.87)

Therefore, the 71.533 percentile is used as the energy dependent theta square cut value during the
sensitivity calculations, see Section 4.5.4.
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4.5.3. Effective Area

A measure for the detector efficiency is the so called effective area. It can easily be calculated by
multiplying the ratio of the measured gamma-ray events NDet and the simulated gamma-ray events
NSim with the area around the array which was used as an impact zone during the MonteCarlo shower
generation:

AEff(ERec) =
NDet(ERec)

NSim(ERec)
· π · r2

Sim (4.88)
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Figure 4.33.: Effective areas for the different phases of the H.E.S.S. experiment. The read and blue lines
correspond to the effective are for H.E.S.S. Phase I, the former for the original Model Analysis and the latter for
a Hillas analysis (both curves taken from [136]). The black line indicates the effective area for the reconstruction
described in this work. The purple line shows the corresponding curve of the MAGIC II array [204].

It indicates in which energy range the detector is best suited to observe events. The effective area for
the model analysis can be seen in Figure 4.33. It was generated using the official toolkit provided by the
H.E.S.S. collaboration, see Holler [205]. The obtained curve is in full agreement with the expectations.
The adapted Model Analysis performs better than the MAGIC II telescope array in the complete energy
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range. Compared to H.E.S.S. Phase I similar results in the central energy range are obtained and better
results in the low and high energy regime. The dip around 1 TeV is due to the selection cuts on the
error estimates of the fit.

4.5.4. Sensitivity

The sensitivity of the detector is defined by its ability to detect a signal above a certain level of
background. For an IACT experiment the signals are gamma-rays originating from a source with a
specific spectrum. The background consists of protons (and heavier nuclei which are less abundant) and
of cosmic electrons and positrons. To quantify the sensitivity of the detector a point-like gamma-ray
source with a known spectrum is assumed. In gamma-ray astronomy the Crab Nebula is the standard
candle for these kind of comparisons, see Chapter 2. To calculate the sensitivity using (Eq.) 17 of Li
and Ma [185] the number of gamma-ray events NS and the number of background events NB have
to be calculated from MonteCarlo simulations. The size of the point source is defined by an energy
dependent θ2 cut as described in Section 4.5.3. Assuming an observation time of 50 h the theoretical
expected amount of photons for a given energy bin, i.e. an energy range, can be calculated using the
spectrum published in [11].

Moreover, the theoretical expected amount of protons and electrons can also be obtained using their
known spectra [206, 207]. The obtained distributions of number of particles versus energy need to be
folded with the energy response function of the reconstruction being used. In addition, for each energy
bin the amount of particles has to be multiplied with the detection efficiency of the given particle type
in the respective energy bin using the effective area and the assumed detector volume (the area of the
circle defined by the maximum impact distance used during the simulations), see Section 4.5.3. After
applying all these steps the flux level at which a source is detected with 5σ can be calculated for each
energy bin.

The resulting curve produced using the sensitivity script from Holler [205] is shown in Figure 4.34. For
a detailed description of the calculation of sensitivity curves the reader is asked to consult Holler [18].
The resulting differential sensitivity is below expectations. It is only marginal better than the reference
curve for the MAGIC II experiment [204] indicating a problem with the event reconstruction. In the
low energy regime the H.E.S.S. Phase II array is dominated by low multiplicity events and the poor
reconstruction of those events might explain the reduced sensitivity. Another explanation could be a
problem in the calibration of the data because the Model Analysis is very sensitive to correct calibration
values. The heterogeneous nature of the current detector, i.e. the CT5 telescope is part of almost any
event that triggers the array to its very low dead time and huge mirror area, might also negatively
effect the sensitivity. Further investigations are necessary but were beyond the scope of this work.

In the next Chapter the adapted Model Analysis will be applied to real data and the resulting
performance will be compared to the MonteCarlo expectations.
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Figure 4.34.: Differential sensitivity curves in units of the Crab Nebula. The black line indicates the sensitivity
for the reconstruction described in this work using the sensitivity calculation from Li and Ma [185]. The grey
line uses the same input data as the black line but calculates the sensitivity using the simple formula NS/

√
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instead. The purple line shows the corresponding curve of the MAGIC II array [204] using the simple formula.
The performance of the adapted Model Analysis is not as good as expected from the effective area shown in
Figure 4.33.
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Experience is simply the
name we give our mistakes.

Oscar Wilde

5
Crab Nebula Observations with H.E.S.S.

In March 2013 the Fermi-LAT detected the second brightest flare of the Crab Nebula up until now [95].
Between 56355 and 56359 MJD the Fermi-LAT switched to a pointed target of opportunity observation
mode and during this time period an increase of the flux above 100 MeV of almost a factor of 6 was
detected. As during the other HE gamma-ray flares of the Crab Nebula, only the synchrotron component
of the Nebula itself varied. The Crab Pulsar and the inverse Compton component of the nebula were
found to be constant and on the same level as during the brightest flare in April 2011 [88]. The spectrum
of the Crab Pulsar is best described by a power law with a sub-exponential cut-off whereas the inverse
Compton spectrum follows a smoothly broken power law in the range of the Fermi-LAT measurements.
The spectrum of the synchrotron component is assumed to follow a power law. Mayer et al. [95] showed
that the flux of the synchrotron component of the Crab Nebula during the flare in March 2013 was
(4.05± 0.08) · 10−6 cm−2s−1 with a photon spectral index Γ = 3.09± 0.03 and extended up to energies
of about 700 MeV.

Including the constant components of the Crab, the total flux in this energy band is found to be
(6.21± 0.08) · 10−6 cm−2s−1. The best-fit position of the maximum emission region during the flare was
found to be spatially coincident with the Crab Nebula. The pulsar itself did not show any unusual
behaviour [95]. The temporal evolution of the Crab flare as seen by the Fermi-LAT is shown in Figure 5.1
for a fixed time binning of 6 h. The contemporaneous observations of other experiments in different
wavelengths are shown as well. However, up until now only the VHE gamma-ray experiments VERITAS
[100] and H.E.S.S. [208] have published their results after the Fermi-LAT publication.

The Fermi-LAT results published in Mayer et al. [95] show a flux doubling on a time scale of one
Bayesian block bin as well as an overall increased flux level. To search for rapid flux changes, a Bayesian
block analysis [209] of the same data set was done and the resulting light curve together with the
evolution of the spectral index are shown in Figure 5.2. The shortest time scale for variability found
using this approach is 5 h and compatible with previous findings. The peak flux of the Crab Nebula
detected using the Bayesian block analysis is (12.5± 0.8) · 10−6 cm−2s−1 which is almost six times larger
then the average quiescent flux. This corresponds to a factor of ≈ 20 for the synchrotron component
alone (assuming constant flux levels for the pulsar and the IC component).

As seen in the bottom panel of Figure 5.2, the spectrum of the synchrotron component hardens with
increased flux levels. Mayer et al. [95] showed that the spectral energy distributions (SEDs) shown in
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Chapter 5. Crab Nebula Observations with H.E.S.S.

Figure 5.1.: Total HE gamma-ray flux of the Crab Nebula and Pulsar binned in 6 h time intervals in blue. The
synchrotron component was fitted while the average flux for the pulsar and the IC component were fixed. The
contemporaneous observation windows of experiments in other wavelengths are overlaid in color. Figure taken
from [95].

Figure 5.3 for the 13 different Bayesian blocks are best described by a power law with an exponential
cut-off. For the brightest block, the cut-off is found to be at 484+409

−166 MeV compatible with the cut-off
reported in Buehler et al. [88] of 375± 26 MeV.

The contemporaneous observations of the Crab Nebula by the H.E.S.S. Phase I array were published
in H.E.S.S. Collaboration et al. [208] and will now be presented in detail. Moreover, the event
reconstruction algorithm for H.E.S.S. Phase II presented in Chapter 4 is applied to real data and first
results will be shown.

5.1. H.E.S.S. Phase I Observations

At the beginning of March 2013 the H.E.S.S. II telescope was still in its commissioning phase and
science data taking was not yet possible. Therefore, when the H.E.S.S. observations of the Crab Nebula
were triggered by an Astronomer’s Telegram1 (ATel) from the Fermi-LAT collaboration [210], the
H.E.S.S. II telescope was not yet fully operational and only included in the science data taking for one
28 min run on the 12th of March. Due to bad weather the H.E.S.S. Phase I array started data taking
on the 6th March, only two days after the ATel. In total, ten observation runs were taken during and
shortly after the pointed target of opportunity observation mode of the Fermi-LAT on the Crab Nebula
was triggered. The list of the daily binned full data set can be seen in Table 5.1. The list of runs
consists of four runs using the full H.E.S.S. Phase I array and six with one missing telescope each. For
one run CT1 was excluded due to too many broken pixel in the camera, for one run CT3 was not used
for observation due to tracking problems and for the other runs the CT2 camera was malfunctioning.

1http://www.astronomerstelegram.org
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5.1. H.E.S.S. Phase I Observations

Figure 5.2.: Red data points correspond to the total Crab flux levels derived using the Bayesian block method in
the upper plot whereas blue points show the orbit-binned light curve. The bottom panel shows the time evolution
of the spectral index of the synchrotron component of the corresponding Bayesian blocks in the upper figure with
respect to the all-time average spectral index of the synchrotron component of the Crab Nebula. Figure taken
from [95].

Although the first night of observations was during the period of highest emission of the flare, the
Fermi-LAT telescope never observed at the same time as the H.E.S.S. array. At the beginning of all
nights at which the Crab Nebula was visible for the H.E.S.S. array at high zenith angles, the line of sight
of the Fermi-LAT to the Crab was obstructed by the Earth. Therefore, the H.E.S.S. observations are
not truly contemporaneous but close enough considering the smallest observed time scale of variability
of 5 h.

For the reconstruction of the Shower Parameters and the data analysis the H.E.S.S. Analysis Package2

(HAP) was used. The multivariate analysis of Ohm, van Eldik, and Egberts [170] was used for gamma-
hadron separation applying ζ standard cuts for signal extraction. For background estimation, the
Reflected Background and the Ring Background techniques were used. The former for the spectral
analysis and the latter for the generation of sky maps. The significance was calculated using (Eq.) 17 in
Li and Ma [185]. The results of this analysis are also shown in Table 5.1. The independent cross check
was performed using the Model Analysis for the H.E.S.S. Phase I array as published in de Naurois and
Rolland [136] and yielded compatible results. Contrary to other H.E.S.S. Phase I publications (see [11]),
the systematic error on the flux normalization (i.e. the error on the energy estimation) was found to be
30 % when comparing the results of the two independent calibration chains used by H.E.S.S.

2Internal version number hap-12-03-pl02

87



Chapter 5. Crab Nebula Observations with H.E.S.S.

Figure 5.3.: Spectral energy distributions for the 12 different Bayesian blocks shown in Figure 5.2 for the
synchrotron component of the Crab Nebula. The first block is not shown due to limited statistics. The solid lines
indicate the best fit power laws whereas the dashed lines correspond to the best fit power laws with exponential
cut-off. The dotted lines show the average synchrotron component. Figure taken from [95].

A dead time corrected live time of 4.4 h was obtained for the complete flare data set resulting in 754
excess events from the target region in total. For the spectral shape of the energy distribution of the
Crab Nebula during the flare a simple power law and a power law with exponential cut-off were tested.
Due to the limited statistics above 10 TeV of the data set in question, it was not possible to distinguish
between the two models. Cross checks with a fake flare data set of Crab Nebula observation runs taken
at other points in time with the same telescope multiplicities and zenith angles showed the same limiting
statistics. Therefore, the model with the least amount of free parameters was chosen to describe the
shape of the energy distribution of the Crab Nebula in an energy range from 0.681 TeV to 46.46 TeV.
Consequently, all energy distributions were fitted with a simple power law. Table 5.2 lists the results of
those fits. All obtained results are compatible with the previously published values in Aharonian et al.
[11]. The spectrum of the full flare data set, a simple power law fit and the exponential cut-off power
law from Aharonian et al. [11] as a reference, are shown in Figure 5.4.

To check for deviation of the spectrum obtained during the Crab Nebula flare and the one previously
published, a χ2-test was done. The spectrum from Aharonian et al. [11] can be seen as the null
hypothesis to test for deviations above 1 TeV, 5 TeV and 10 TeV. A conservative approach is to assume
canceling systematics, i.e. the systematics do not increase the difference between the two spectra and
therefore do not create a "fake" deviation. Lobanov, Horns, and Muxlow [98] showed that for a flare in
the MeV energy band a corresponding flux increase above several tens of TeV is expected. The resulting
χ2/ndf (number of degrees of freedom) values of 32.6/31, 15.7/14 and 5.0/7 indicate no significant
deviation of the two spectra. To properly take the low statistics of four ON and one OFF event in the
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Date MJD Tlive Zmean NON NOFF Excess Sign.
2013 56300 (s) (deg.) σ

03-06 57.8 3181 54 202 498 175 20
03-07 58.8 3152 52 223 455 198 23
03-08 59.8 3155 53 184 460 159 19
03-09 60.8 4827 55 199 557 169 19
03-13 64.8 1596 54 62 173 53 11
full set - 15911 54 870 2143 754 42

Table 5.1.: Analysis results of the daily binned full data set of the H.E.S.S. Crab flare observations of March
2013. Given are the Modified Julian Date, the live-time Tlive, the mean zenith angle Zmean, the number of ON
and OFF events, the excess and the significance. Table reproduced from [208].

last bin of the flare spectrum into account, a likelihood profile was calculated as described in Rolke,
López, and Conrad [211]. The deviation of the point with the highest energy in the spectrum of the
flare data set with respect to the spectrum published in Aharonian et al. [11] was found to be 2.5σ
which includes neither systematic nor statistical uncertainties on the spectrum from Aharonian et al.
[11].

Date I0 (1 TeV) Index Flux > 1 TeV Flux > 5 TeV
2013

03-06 3.5± 0.5 2.6± 0.1 1.89± 0.19 0.11± 0.03
03-07 4.2± 0.4 2.8± 0.1 2.37± 0.21 0.08± 0.03
03-08 3.5± 0.5 2.6± 0.1 2.24± 0.21 0.18± 0.04
03-09 3.3± 0.5 2.7± 0.1 1.76± 0.18 0.12± 0.03
03-13 5.2± 1.4 3.4± 0.3 2.06± 0.36 0.06± 0.05
full set 3.8± 0.2 2.7± 0.1 2.14± 0.10 0.12± 0.01

Table 5.2.: Results of the spectral analysis for the observation dates shown in Table 5.1. The normalization at
1 TeV (I0) is given in units of 10−11 cm−2s−1TeV−1 and integral fluxes above 1 TeV and above 5 TeV in units of
10−11 cm−2s−1. The spectral shape assumed during the fit is a power law and the given errors are statistical only.
The estimated systematic errors are 30 % for all fluxes and 0.1 for spectral indices. Table reproduced from [208].

To further test for variations in the flux level during the Crab flare observations, night-wise integral
fluxes were calculated above 1 TeV and 5 TeV as shown in Figure 5.5. Higher energy thresholds were
found to be non-restrictive due to too low statistics. A fit of a constant to the night-wise integral fluxes
resulted in an average flux of (2.0 ± 0.1) · 10−11 cm−2s−1 with a χ2/ndf of 6.1/4 for the 1 TeV light
curve. For the 5 TeV threshold the fit of the average flux is (0.11± 0.1) · 10−11 cm−2s−1 with a χ2/ndf
of 1.2/4. No significant deviation of the average flux level obtained from the one in Aharonian et al.
[11] was found ((2.26± 0.08) · 10−11 cm−2s−1 and (0.14± 0.01) · 10−11 cm−2s−1 respectively).

The highest flux levels measured by the Fermi-LAT for the Crab flare in March 2013 were during the first
night of the observations with the H.E.S.S. array. An event number based upper limit calculation using
the method described in Rolke, López, and Conrad [211] cannot be used to obtain upper limits on the
integral flux enhancement above 1 TeV and 5 TeV. The reason is that a plain cut in reconstructed energy
does not take the energy response (migration and resolution) into account and the spectrum published in
Aharonian et al. [11] was obtained using a different analysis and during different observation conditions.
Instead, pairs of integral flux values from the 2006 and 2013 spectras are calculated (F2006 and F2013) by
integrating the response corrected spectral functions above the respective energy thresholds. Comparing
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Figure 5.4.: Spectrum of the Crab Nebula for the full flare data set represented by the black points. The solid black
line shows the best fitting power law model and the grey shaded area corresponds to the 1σ error butterfly. The
dashed blue line represents the exponential cut-off power law from Aharonian et al. [11]. Figure taken from [208].

the two values of a pair automatically takes energy migration and efficiencies correctly into account.
No significant deviation was found and conservative 95 % confidence level upper limits where calculated.
They are defined as F2006 + 2σ where σ is the quadratic sum of the statistical and systematical errors.
For an energy threshold of 1 TeV, the upper limit is found to be 3.66 ·10−11 cm−2s−1. The corresponding
flux enhancement factor limit is < 1.63 with respect to the integral flux published in Aharonian et al.
[11] and < 1.78 for an energy threshold of 5 TeV.

The expectations for an enhanced signal during the flare of the Crab Nebula in March 2013 for VHE
gamma-rays depends on the cause of the flaring component in the HE regime. As seen in previous flares,
the synchrotron component in this regime hardens (see Figure 5.3). The reasons for this can either be a
change in electric or magnetic field lines which would not change the expected flux of inverse-Compton
(IC) photons at very high energies, or an enhanced production of electrons and positrons. In the latter
case, an IC photon flare induced by the ambient scattered photons is expected in the VHE regime.
Due to the fact that the observed synchrotron photon energies are greater than the maximum possible
energy gained through shock-acceleration for electrons and positrons [103], a mild Doppler boosting of
the observed photons is expected [212] or a completely different acceleration mechanism like magnetic
reconnection [108]. Assuming an observation angle θ and a Lorentz factor Γ the resulting relativistic
Doppler factor is given by:

δ = [Γ(1− β cos θ)]−1 (5.1)

Using this Doppler factor, the maximum energy of the IC photons in the Klein-Nishina limit (the
electrons producing the IC photons scattered on the ambient, predominantly optical, photons and the
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Figure 5.5.: Night-wise integral flux values for energy thresholds of E > 1 TeV (red circles) and E > 5 TeV (blue
squares) in units of the corresponding integral flux obtained from the spectrum published in Aharonian et al. [11].
The error bars depict the 1σ statistical errors. Colored dashed lines correspond to the fit of a constant to the
respective light curve and the colored hatched and dotted areas mark the 1σ error contours. The magenta colored
triangles show the integral flux ratio of the synchrotron component of the Crab Nebula detected by the Fermi-LAT.
The solid magenta line indicates the corresponding all time average. Figure taken from [208].

Klein-Nishina limit becomes important above electron energies around ≈ 30 GeV [213]) is:

EIC = 1.5 PeV · δ0.5 · (ESyn/100 MeV)0.5 · (B/mG)−0.5 (5.2)

with B being the average magnetic field in the emission region and ESyn the energy of the synchrotron
component.
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The highest expected signal in the VHE gamma-ray regime is at the level of tens of TeV, for details see
Lobanov, Horns, and Muxlow [98]. At lower energies, the expected signal in the VHE regime is greatly
depending on the expected flux at energies below 100 MeV. The HE synchrotron component therefore
has to be extrapolated to lower energies which is error prone [113, 212] and the expected contribution
to the VHE signal is significantly smaller. Assuming that the flaring component follows a power law
of the form fν ∝ ν−α, the VHE IC component will scale with f ICν /fSynν ∝ (δ/B)1+α [214, 215]. The
non-detection of variability in the Crab flare data set taken with the H.E.S.S. experiment in March
2013 and the contemporaneous flux measurements of the Fermi-LAT experiment limit the relativistic
Doppler factor to δ ≤ 100(B/122µG). The results are in agreement with the non-detection of a flaring
VHE component as reported by Aliu et al. [100] and results from previous flare observations by other
VHE experiments [216]. Previous claims by Bhat et al. [217] and Bartoli et al. [102] seem unlikely
in the light of the results presented here. However, high angular resolution observations of the Crab
Nebula do not reveal any evidence for particles moving with a a speed v > 0.5c (which could explain a
Doppler boosting of the particles towards our line of sight). Alternatively, the Doppler boosting could
originate from a region close to the termination shock and the gamma-ray variability could originate
from the optically resolved knot which is 0.6 ′′ displaced from the pulsar [116].

5.2. H.E.S.S. Phase II Observations

The adapted Model Analysis for H.E.S.S. Phase II can be applied to real data obtained from Crab
Nebula observations with the full five telescope array. Following the triggered ToO observations of the
Crab Nebula during its flare in the HE regime in March 2013, one five telescope observation run was
taken. However, the CT5 telescope was still in its commissioning phase and the weather conditions
were poor, i.e. several clouds moved through the field of view during the 28 min of the run and therefore
it was not used for the publication. Nonetheless, the analysis results obtained with the adapted Model
Analysis for this run will be presented in the following.

To obtain a high statistic data set to properly verify the performance of the adapted Model Analysis,
a set of 25 five telescope observation runs on the Crab Nebula is used. The average zenith angle of
these observations is ≈ 48.2 ° compared to a zenith angle of 52.9 ° for the flare run. The calibration
coefficients used for this analysis are still preliminary as are the pointing corrections (used to correct
camera and telescope structure deformations). The autofocus mechanism of the H.E.S.S. II telescope
was not used either and the camera was focused on a distance of ≈ 10 km (for details see [159]). This
corresponds to the same focus as used by the smaller telescopes and the MonteCarlo simulations.

Unfortunately, the distributions of the fit errors for MonteCarlo simulations and real data differ (see
Section 4.4 and Figure 4.24). Therefore, the results shown in this Chapter were produced without these
cuts. However, it should be possible to calculate cuts using real data distributions as input obtaining
the same performance improvements. Due to lack of time this was not done during the course of this
work.

To test the proper calibration of the data and the gamma-hadron separation, the distribution of the
MRSG for gamma-like and all events are compared to the ones obtained from MonteCarlo simulations
as shown in Figure 5.6. The distributions for real data events are slightly shifted to the right, indicating
a problem with the calibration of the data, i.e. the pedestal width, ADC to p.e. coefficient, etc. are
not perfectly understood. A possible solution is to increase the δ value from Section 4.3.1 to adjust
for the slightly different shower images. However, an in-depth understanding of the calibration of the
instrument is necessary for a properly working Model Analysis and could not be obtained during the
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Figure 5.6.: Reduced Scaled Goodness distributions for the five telescope Crab flare run (CT1 in orange, CT2 in
violet, CT3 in green, CT4 in red and CT5 in blue. The solid black line is the MRSG). MonteCarlo distributions
corresponding to the same observation conditions as during the data taking of the run are shown on the left.
The real data distributions (right side) appear to be slightly shifted to the right and therefore less gamma-like
events are expected. The step in the gamma-like distribution of MRSG is due to the energy dependent cut on the
MRSG.

course of this work because the final calibration procedures for the H.E.S.S. II telescope were not yet
available at the time of the writing of this thesis.

To verify the validity of the reconstruction and to check for artificially created features due to hardware
malfunctions in the cameras or software problems, the acceptance maps for gamma-like and background-
like events are used. The distribution of the events in the Nominal System and RaDec J2000 System for
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Figure 5.7.: Gamma-like and background-like acceptance maps in the Nominal System for the two Crab Nebula
data sets. The lack of statistics in the single run flare data set is obvious. The hole in the flare acceptance maps
is due to the exclusion of the target region for acceptance calculation (normally the acceptance is averaged over
multiple runs and, due to the different wobble offsets, no holes in the acceptance maps are present).

the two data sets behave as expected and show a radial symmetrical behaviour. Figure 5.7 represents
the acceptance for gamma-like and background-like events in the Nominal System. For the flare data
set a live time of 28.8 min is obtained which reduces to 26.8 min after dead time correction. For the 25
Crab Nebula runs the live times sum up to 6.87 h and 5.22 h after dead time correction.

To check for a signal beyond the background rate in the source region, so called θ2 histograms are used.
The squared angular distance of the reconstructed source position with respect to the target position is
calculated and filled into a histogram. The resulting distributions for the Ring Background technique
are shown in Figure 5.8. As expected the Crab Nebula is only detected with 5.3σ in the flare data set.
For the full data set the obtained significance is 35.7σ yielding a clear detection of the Crab Nebula.
Using the uncorrected live time of the full data set, an estimate for the integral sensitivity I can be
obtained. A 50 h live time observation is assumed and the minimum flux for a 5σ detection of a source
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Figure 5.8.: θ2 distributions obtained using the Ring Background technique for the Crab flare observation run
and the full data set. Black lines together with the green filled area correspond to the events in the signal region
whereas red points correspond to background events.

in units of the integral flux of the Crab Nebula is calculated using the obtained significances:

I =
5σ

35.7σ
√

50 h√
6.87 h

(5.3)

The resulting real data integral sensitivity for an average zenith angle of 48.2 ° is 5.2 % of the integral
flux of the Crab Nebula. Using a dedicated MonteCarlo production at a zenith angle of 50 ° results in a
MonteCarlo integral sensitivity prediction of 6 % which is in good agreement with the observed data.

Moreover, the extension of the Crab Nebula can be fitted and compared to the MonteCarlo expectation
of the point spread function. The resulting value for the full data set is an R68 of 0.19 ° which is of the
same order as the R68 obtained from MonteCarlo simulations (50 ° zenith angle) which is in between
0.15 ° and 0.2 ° in the central energy range.

Another test of the validity of the analysis is to plot the number of excess events versus the live time.
The resulting curve is expected to increase linearly, any deviation indicates time variability or a problem
in the calibration, reconstruction or analysis software. Additionally, the significance should increase
with the square root of the live time. Both distributions are shown in Figure 5.9 and are in good
agreement with the expected behaviour.

As a final step excess and significance maps using the acceptance maps shown in Figure 5.7 can be
calculated. The obtained maps in the RaDec J2000 System are shown in Figure 5.11. A point source
at the position of the Crab Nebula is clearly seen. The best-fit position of RA = 05h34m31s ± 2s and
DEC = 21°58 ′48 ′′± 26 ′′ for the flare and RA = 05h34m31.2s± 0.5s and DEC = 22°18 ′00 ′′± 8 ′′ for the
full data set is in good agreement with the known position of the Crab Nebula at RA = 05h34m31.97s

and DEC = 22°00 ′52.06 ′′ considering the still preliminary pointing corrections. The flare data set
clearly has poor statistical quality due to the bad weather conditions and the reduced data taking
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Figure 5.9.: Evolution of the excess and the significance versus time in black for the full data set of five telescope
Crab Nebula observation runs. The distributions follow the expected shape (shown as the dashed red lines).

efficiency due to on going commissioning work (e.g. uncertain calibration values). However, no artifacts
are seen in either of the maps that would indicate abnormal behaviour.
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Figure 5.10.: Distributions of the significance test statistics of the significance maps shown in Figure 5.11 together
with a Gaussian fit. The Gaussian shape of the distributions are obvious. The flare run is again clearly lacking
statistics and shows abnormal behaviour around −2. The full data set is in perfect agreement with the expectations
and is described by a Gaussian centered at zero with a width of unity. The red lines corresponds to the data
without the contribution of the source whereas the black lines includes the source.
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To quantify the validity of the significance maps the distribution of the contents can be fitted by a
Gaussian. If the background is well understood, the mean of the Gaussian should be zero and the
width should be unity. For the flare data set the fitted values are −0.260 ± 0.013 for the mean and
0.8964± 0.0072 for the width and for the full data set the mean is found to be −0.071± 0.013 and the
sigma is 1.0004± 0.0099 as seen in Figure 5.10. The too small width of the distribution of the flare run
is most likely due to lacking statistics and problems combined with the preliminary calibration and the
acceptance calculation for a single observation run. However, the distribution of the full data set is in
perfect agreement with the expectations.

To summarize, the Crab Nebula is reconstructed at the correct position in the sky for both data sets.
The small offset in declination for the full data set is most likely attributed to the preliminary pointing
corrections. The significance of the detection of the Crab Nebula is compatible with the expectations
from MonteCarlo simulations. This is also true for the extension of the source which is compatible with
a point-like source. No unusual behaviour of the Crab Nebula has been seen in the flare or the full data
set. The background in the sky maps appears to be well understood for the 25 five telescope runs. To
properly quantify the flux of the Crab Nebula, detailed studies of the systematics of the reconstruction
are necessary, especially of the energy migration, and were not part of this work. Nonetheless, it was
shown that the adapted Model Analysis works with real data obtained with the H.E.S.S. Phase II array
and the results look promising.
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Figure 5.11.: Excess maps for the flare run on the upper left and the full data set on the upper right. The
corresponding significance maps are shown below. The flare run maps were generated using the Template
Background technique which yields better results if only one run is analysed compared to the Ring Background
technique used for the full data set. The Crab Nebula is clearly reconstructed as a point source at the expected
position. No artifacts are visible in the maps of the full data set. The flare run excess maps lacks in statistic as
indicated by the low number of events per bin.
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Rachael Bermingham

6
Conclusion

During the course of this work, the adaption of the most advanced shower reconstruction technique used
by the H.E.S.S. collaboration, to the needs of the hybrid, five telescope array of H.E.S.S. Phase II, was
described in detail. The performance of the reconstruction was verified using MonteCarlo simulations
and its capabilities were demonstrated using real data obtained during observations of the Crab Nebula.
The analysis of the data taken during the flare of the Crab Nebula in March 2013 was described and its
implications discussed in detail.

The semi-analytical model used by the original Model Analysis for H.E.S.S. Phase I could be adapted to
the different mirror and camera layout of the H.E.S.S. II telescope. The verification using MonteCarlo
simulations of gamma-ray air showers showed that the differences between model generated showers
and MonteCarlo generated showers are acceptable (i.e. below 10 % in the central energy range). A
modified approach to the implementation of the fitting algorithm and the gamma-hadron separation
was implemented and its performance was validated using MonteCarlo simulations. The resulting
performance curves, for example the effective area and sensitivity curves, look promising and prove
that the adapted shower reconstruction can achieve similar or better results compared to the one of
H.E.S.S. Phase I and other hybrid shower reconstruction techniques. These performance predictions
were validated using 25 observation runs taken on the Crab Nebula with the full five telescope
H.E.S.S. Phase II array and showed good agreement.

The fraction of events that only trigger two telescopes increased from Phase I to Phase II. Combining
this fact with the poor starting parameters for the Model Analysis, obtained for those events from a
basic Hillas analysis, will reduce the performance. This is especially true at lower energies. Further
investigations whether those events are to be rejected in general or if cuts on the error of the fit
are able to elevate the problem are necessary. Moreover, improvements to the semi-analytical model
are both possible and necessary. For example, the lookup tables used during the generation of the
model templates are too sparse and need to be regenerated with higher statistics. The effect of the
azimuth angle is not yet part of the model generation process either. The over all performance of the
reconstruction method still needs improvement to ascertain the full potential of this advanced shower
reconstruction technique and a full integration into the H.E.S.S. software framework is still missing and
remains to be done.
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Significant parts of the work presented here rely on a working MonteCarlo simulation chain, especially
a proper detector simulation. Changing the existing software framework and collecting all necessary
detector parameters are crucial to properly integrate H.E.S.S. II into the simulation chain. Applying
major alterations to a software that has grown over the course of ten years is a challenge and has been
achieved with minimal changes for most parts of the MonteCarlo simulation chain. Nonetheless, some
parts of the code had to be rewritten as a basis for further developments with the next generation
IACT experiment, CTA [15], in mind. Special care was taken to ensure multi-threading capabilities of
the code in order to use the full potential of modern multi-core CPU architectures. Future software
developments to include SIMD (single instruction multiple data) operations are necessary and should
be included, for example, in the Linear Tables which would increase the performance of the software.

By now there are several multi-wavelength observations of Crab Nebula flares seen in HE gamma-rays.
No counter part in any other energy range has been found so far. The contemporaneous observations of
the flare in March 2013 with the H.E.S.S. array were presented in detail and the implications from the
analysis of the data were discussed. The non-detection of a flare in the VHE gamma-ray regime and
the resulting upper limits help to understand the possible origins of these flares. The presented results
are in good agreement with results published by the VERITAS collaboration and contradict previous
detection claims by the Argo-YBJ experiment.

Together with the limited energy resolution, the resulting limits on flux variations are not yet strong
enough to exclude some of the suggested acceleration mechanisms. However, with the next generation
IACT experiment on the horizon, a significant step towards understanding these HE gamma-ray flares
can be made. The superior effective area at highest energies achieved by CTA by using a large number
of small sized telescopes spread over a huge area, will increase the sensitivity by more than an order
of magnitude compared to current third generation IACT arrays. With an energy resolution below
10 % [15], a detection of flux variations during one of the next flares might be possible. At least the
resulting upper limits will be significantly better than those obtained now. If a flare would be detected
by the CTA array, the better angular resolution might help to narrow down the region from where these
flares originate. All in all the prospects of CTA are excellent and interesting times for VHE gamma-ray
astronomy lie ahead of us.
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A
Appendix

A. Linear Tables

The evaluation of an arbitrary n dimensional function F (~x) with ~x = (x1, x2, . . . , xn) is a common
problem in many fields in physics. To save computing time the function F (~x) can be replaced by a
model M(~χ). It uses an n dimensional grid of points ~P as a lookup, each representing a precomputed
value of the function F (~P ) with a linear interpolation between grid points. These points form an n
dimensional array which describes the behaviour of the function F (~x). For this work the so called
Linear Tables developed by [136, 201] are used for this purpose. They were reimplemented and improved
using for example the BOOST multi-array library [190] and the C++11 standard [218].

For one of the n dimensions i of the grid, a set of bi bins, in a range from Minxi to Maxxi , is used
forming a n dimensional hypercube with the grid point ~P at its center. The bin’s content is used by the
model M(~χ) to represent the function F (~x) in this region. In total an amount of btot =

∏n
i bi bins are

used for the model M(~χ). A coordinate transformation function T (~x) is used to convert a coordinate ~x
to a grid coordinate ~χ of the underlying array of the model. The coordinate transformation for a given
dimension is independent of the other dimensions and can, therefore, be calculated separately:

~χ = T (~x) = T (x1, x2, . . . , xi) =
(
χ1(x1), χ2(x2), . . . , χi(xi)

)
(A.1)

A visualization of a two dimensional grid for equally spaced points can be seen in Figure A.1.

A.1. Linear Interpolation

To reduce the amount of points needed to sufficiently describe the function F (~x) in a certain range,
therefore saving computing time, disk and memory space, the Linear Tables use a linear interpolation
between grid points. Given a coordinate ~x, with a corresponding grid coordinate T (~x) = ~χ for which
the interpolated value I(~x) has to be found the n dimensional linear interpolation can be broken down
into a one dimensional linear interpolation for each dimension. Looking at the one dimensional case
this resolves to finding the two grid points PLeft and PRight, called Bin Pair, that enclose the grid
coordinate χ = T (x). The linearly interpolated value using the weight function W is than given by:
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Figure A.1.: Grid of a two dimensional Linear Table. The left and the lower axes are the grid coordinates, the
x and y dimension contain 10 bins each. The right and the upper axes are the corresponding real coordinates.
The black points indicate the grid points, i.e. the center of a bin. The red star indicates an example coordinate
for which the interpolated value should be calculated. The purple point is the nearest grid point to the example
coordinate. The green shaded area indicates the four hypercubes which grid points will be used for the interpolation.
The red lines denote the distances in grid coordinates with the higher weight whereas the yellow lines are the
distances in grid coordinates with the lower weight. The length of each line is indirectly proportional to the weight
it represents.

I(x) = WLeft ·M(PLeft) +WRight ·M(PRight) (A.2)

WLeft =
T (x)− PLeft
PRight − PLeft =

χ− PLeft
PRight − PLeft (A.3)

WRight =
PRight − T (x)

PRight − PLeft =
PRight − χ

PRight − PLeft (A.4)

For the n dimensional interpolation the amount of distinct grid points P that are used during the
interpolation is equal to 2n, the next neighbour pairs in every dimension, and the resulting formula is:
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In =WLeft
n · In−1(. . . , PLeftn ) +WRight

n · In−1(. . . , PRightn )

=WLeft
n ·

[
WLeft
n−1 · In−2(. . . , PLeftn−1 , P

Left
n ) +WRight

n−1 · In−2(. . . , PRightn−1 , PLeftn )
]
+

WRight
n ·

[
WLeft
n−1 · In−2(. . . , PLeftn−1 , P

Right
n ) +WRight

n−1 · In−2(. . . , PRightn−1 , PRightn )
]

=WLeft
n ·WLeft

n−1 · . . . ·WLeft
0 · I(PLeft0 , . . . , PLeftn−1 , P

Left
n )+

WRight
n ·WLeft

n−1 · . . . ·WLeft
0 · I(PLeft0 , . . . , PLeftn−1 , P

Right
n )+

WLeft
n ·WRight

n−1 · . . . ·WLeft
0 · I(PLeft0 , . . . , PRightn−1 , PLeftn )+

WRight
n ·WRight

n−1 · . . . ·WLeft
0 · I(PLeft0 , . . . , PRightn−1 , PRightn )+

. . .

WLeft
n ·WLeft

n−1 · . . . ·WRight
0 · I(PRight0 , . . . , PLeftn−1 , P

Left
n )+

WRight
n ·WLeft

n−1 · . . . ·WRight
0 · I(PRight0 , . . . , PLeftn−1 , P

Right
n )+

WLeft
n ·WRight

n−1 · . . . ·WRight
0 · I(PRight0 , . . . , PRightn−1 , PLeftn )+

WRight
n ·WRight

n−1 · . . . ·WRight
0 · I(PRight0 , . . . , PRightn−1 , PRightn )

(A.5)

It is obvious that the dimensional ordering of the interpolation is not important and the interpolation
formula can be implemented recursively in C++.

A.2. Gradient Information

In addition to the linear interpolation also the gradient information between neighbouring grid points
can be calculated. Using the notation from Appendix A.1 the gradient for the one dimensional case is
given by:

dI(x)

dx
=
M(PRight)−M(PLeft)

PRight − PLeft (A.6)

It is constant in between two grid points, therefore no weights are needed. For the n dimensional case
the calculation of the gradient can also be done recursively. Given two dimensions i and k of the n
available dimensions, the following equality is important for the gradient at a certain grid point:

dI(. . . , xi, xk)

dk
= . . . ·WLeft

i . . . · I(. . . , PLefti , PRightk )− I(. . . , PLefti , PLeftk )

PRightk − PLeftk

+

. . . ·WRight
i . . . · I(. . . , PRighti , PRightk )− I(. . . , PRighti , PLeftk )

PRightk − PLeftk

= . . . ·
[(

WLeft
i · I(. . . , PLefti , PRightk ) +WRight

i · I(. . . , PRighti , PRightk )

)
−

(
WLeft
i · I(. . . , PLefti , PLeftk ) +WRight

i · I(. . . , PRighti , PLeftk )

)]
·(

PRightk − PLeftk

)−1

=
dI(. . . , xk, xi)

dk

(A.7)
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It does not matter whether the gradient is calculated before, after or in between the interpolation of
the grid points, i.e. the n dimensional gradient formula using Equation (A.7) can be written as

dIn(~x)

di
=WLeft

n ·WLeft
n−1 · . . . ·WLeft

0 · dI(PLeft0 , . . . , PLeftn−1 , P
Left
n )

di
+

WRight
n ·WLeft

n−1 · . . . ·WLeft
0 · dI(PLeft0 , . . . , PLeftn−1 , P

Right
n )

di
+

WLeft
n ·WRight

n−1 · . . . ·WLeft
0 · dI(PLeft0 , . . . , PRightn−1 , PLeftn )

di
+

WRight
n ·WRight

n−1 · . . . ·WLeft
0 · dI(PLeft0 , . . . , PRightn−1 , PRightn )

di
+

. . .

WLeft
n ·WLeft

n−1 · . . . ·WRight
0 · dI(PRight0 , . . . , PLeftn−1 , P

Left
n )

di
+

WRight
n ·WLeft

n−1 · . . . ·WRight
0 · dI(PRight0 , . . . , PLeftn−1 , P

Right
n )

di
+

WLeft
n ·WRight

n−1 · . . . ·WRight
0 · dI(PRight0 , . . . , PRightn−1 , PLeftn )

di
+

WRight
n ·WRight

n−1 · . . . ·WRight
0 · dI(PRight0 , . . . , PRightn−1 , PRightn )

di

(A.8)

Note that Wi is not part of the product of the weights because it is not part of the gradient formula for
a single grid point, see Equation (A.7).

An exemplary five dimensional Linear Table can be seen in Figure A.2. It was filled using the following
equation:

M(x, y, z, k, l) = x2 + y3 + z4 + k2l2 (A.9)

To reduce the complexity of the example, only the k variable is changed. As expected the behaviour of
the function is quadratic. The total gradients behave like the partial gradients ∂M

∂k .

A.3. Dimensions

Each dimension i of a Linear Table is defined by the following attributes:

• Number of bins bi

• Minimum value Minxi

• Maximum value Maxxi

• Bin distance di(χi) for a given grid coordinate χi

• Behaviour of the Linear Table at the edges of the domain

• Symmetry of the dimension, i.e. axially symmetric around zero or not
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Figure A.2.: Example of interpolated values and corresponding gradients for a five dimensional Linear Table
filled using Equation (A.9). Only the value of the fourth dimension is changed while the others are fixed. The red
lines are the positions of the grid points in the fourth dimension. The interpolated values and gradients behave as
expected.

While the first three attributes are self explanatory, the other require some further explanation. A
dimension can either use equally spaced bins, a so called Linear Dimension, i.e. the bin distance di
is the same for all the bins in the dimension i or the bin distance is arbitrary and needs to be stored
separately, a so called Non-Linear Dimension. The latter is more computing intensive because next to
the coordinate transformation also the bin distance has to be calculated every time an interpolated
value is accessed. Therefore, using Non-Linear Dimensions should be avoided as much as possible.

For the behaviour of a dimension at the edge of its domain the following options are available:

Zero Interpolated value and gradient are zero outside of the domain of the Linear Table.

Constant The value of the last bin is returned as the interpolated value. For the interpolated gradient
the gradient of the last Bin Pair is used.

Extrapolate The gradient together with the bin distance of the last Bin Pair is used to extrapolate
the value at the requested position outside of the domain of the Linear Table. As the gradient,
the one of the last Bin Pair is used.

The different behaviours can be seen in Figure A.3; a smaller Linear Table is added to a bigger Linear
Table to show the different behaviours at the edges of the smaller Linear Table.
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(a) Bigger input table (b) Smaller input table

(c) Zero behaviour (d) Constant behaviour (e) Extrapolate behaviour

Figure A.3.: Example Linear Tables to show the different behaviours at the edges of a dimension. The two input
tables are shown in the upper row with the left one being significantly bigger than the right one. In the lower row
the three possibilities for different behaviour are plotted. The resulting images look as expected, i.e. zero, constant
and extrapolating.

A dimension can be axial symmetric around zero. As a result only the positive part of the Linear Table
has to be stored, therefore disk and memory space are saved. The symmetry is taken care of during the
coordinate transformation T (~x) where the sign of the gradient has to be inverted in the negative part
of the Linear Table.

The behaviour, the symmetry and the choice of the bin distances used (linear or non-linear), can be
freely combined in any possible way for any dimension. For example a two dimensional Linear Table
with a Linear Dimension in the first and a Non-Linear Dimension in the second, is possible. In addition
both dimensions can have a different behaviour at the edges of their respective domain and one can be
axially symmetric while the other is not.

A.4. Features

A Linear Table can store arbitrary data types. During this work the primitive data type double was
chosen for increased precision. Moreover, it is also possible to create Linear Tables of Linear Tables,
i.e. the ability to save different sized Linear Tables at specific grid points of the outer Linear Table. For
example, the Linear Table shown in Figure A.2 is effectively a three dimensional Linear Table of two
dimensional Linear Tables. This flexibility is used to further save disk and memory space. Note that
the base data type of all Linear Tables has to be the same though. The Linear Tables can be combined
at arbitrary depth, i.e. Linear Tables of Linear Tables of Linear Tables and so on.

For ease of use, the four basic arithmetic operations, addition, subtraction, multiplication and division
are supported by Linear Tables as long as either the base data type or a Linear Table of the same type
and dimension is used.

In addition to the arithmetic capabilities of a Linear Table, it is also possible to create projections of a
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Linear Table for a given dimension in a certain bin range. This can be used to create either slices or
Linear Tables with an reduced amount of dimensions in an easy and generic way.

Another feature of the Linear Table is, that they can be smoothed in a given bin range ri for each
dimension i using one of the three implemented smoothing kernels. All kernels add the value of the bin
they are applied on to all bins in a hypercube around the current one with an extension of ±ri in each
dimension and a custom weighting factor (this is not the weighting factor introduced in Appendix A.1).
The different smoothing options are:

Constant A fixed weighting of 1 is used.

Linear A linearly decreasing weight from 1 at the center of the hypercube to 0 at its edges is applied
to the current value of the bin.

Gaussian A Gaussian centered at the current bin with a 99.9 % containment radius equal to ri is used
to determine the weighting factor.

During the smoothing operation the total integral of the Linear Table is preserved and no content is
lost at the edges of the Linear Table.

Moreover, a dedicated plotting framework for Linear Tables with one, two or three dimensions has
been written using the ROOT plotting facilities of TH1, TH2 and TH3 histrograms. All plots like
Figure A.2 or Figure A.3 of Linear Tables have been created using this framework in a generic way.

A.5. Implementation

The Linear Tables make full use of the object-orientated approach of the C++ language. They
are implemented in a generic way using C++ templates [218] and BOOST multi-arrays [190] and
can therefore store different data types, even other Linear Tables, see Appendix A.4. There is only
one generic n dimensional implementation of a Linear Table class and one generic n dimensional
implementation of a Linear Table of Linear Tables. They share a common base class to avoid code
duplication where possible. The GoogleTest unit test framework [219] is used for almost 100 % code
coverage with unit tests to ensure proper functionality of the Linear Tables.
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