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Introduction

Consider the first boundary value problem for a second order elliptic equation
with small parameter 0 < ¢ < 1,

leu = eAu+ a1 (z,y)0pu+ as(x,y)0yu = f(z,y), for (x,y)€ (2,
u = g(z,y), for (z,y)€ .

(0.1)
Here, 2 = {(z,y) € R? : 2% + y? < R?} is the disk of radius R with centre at
the origin, A is the Laplace operator in the plane, the coefficients a; and as
are assumed to be smooth functions in a neighbourhood of the closure of (2,
and f, g are smooth functions in the closure of {2 and at the boundary of (2,
respectively. From a priori estimates of the Schauder type it follows that for
every fixed ¢ > 0 problem (0.1) has a unique solution u = wu(z,y;¢e), see for
instance [3, Ch. 3]. We are interested in studying the asymptotic behaviour of
the solution u as ¢ — 0.
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Assume that the dynamical system

T = al(x7y)»
y = ag(x,y), (02)

t > 0, has a unique stationary solution z = 0, y = 0 in 2. We focus on the case
where this solution is asymptotically stable, i.e., the trajectories of the system
point towards the domain {2 and tend to the origin.

It should be noted that boundary value problem (0.1) contains a small pa-
rameter multiplying the highest order derivatives. It is known [12, 4] that the
behaviour of the solution to (0.1) depends on the characteristics of the limit
equation fou = f. The well-known perturbation method for constructing an
asymptotic solution of problem (0.1) starts with a “good” solution of the limit
problem. If such a solution is available, it can be glued together with a boundary
layer constructed by transition to stretched coordinates x’ = y/ex and 3/ = \/ey.
This method falls short of providing an asymptotic solution of problem (0.1),
for under the presence of singular point of the vector field a = (ap,as) the
limit problem fails to possess any “good” solution. Moreover, the approxima-
tion obtained in this way grows exponentially as ¢ — 0, which makes the use
of boundary layer inefficient. Hence, the study of (0.1) requires more advanced
techniques.

Problem (0.1) appears in the study of white noise effect in stability theory
of fixed points of dynamical system (0.2). For this purpose one considers the
perturbed equations in the form of stochastic differential equations

dX; = ai(Xy,Y;)dt + /2 dW},

dY; = ax(Xy,Yy)dt + /2 dW? (03)

under the initial condition Xo = x, Yy = y. Here, W}'(w) and W2(w) are
independent one-dimensional Winer processes defined on a probability space
(X, A, P), where X is arbitrary nonempty set, 4 a sigma-algebra, and P a
probability measure. The solution X;(w), Y;(w) of this system is a stochastic
process which depends on the parameter e > 0. It is well known [11] that
the trajectories of (0.3) leave any bounded domain in R? with probability one.
Hence, there is no stability of the fixed point z = 0, y = 0 under white noise
perturbations. Denote by

To(w) = inf{t > 0: (X,(w),Yi(w)) & 2}

the first exit time from the domain (2. It is of interest to compute the mean
exit time E7g, of stochastic trajectories (X;(w), Y;(w)), when the noise intensity
is sufficiently small, i.e. 0 < e < 1. It is worth pointing out that the solution
of elliptic equation (0.1) is associated with certain probabilistic parameters of
stochastic trajectories. For instance, if f = —1 and g = 0, then u(z,y;¢) =
T (see [10], p. 110). Hence it follows that asymptotic analysis of solution of
boundary value problem (0.1) as ¢ — 0 is of great importance in the research
of dynamical systems (0.2) under white noise perturbation.

As but prime example let us consider boundary value problem (0.1) in di-
mension one, i.e. n =1,
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where 0 < € < 1. The solution is given by

u(z;e) = fé /I exp(s?/2¢) /OS exp(—2%/2¢)dzds.

-1

Using Laplace’s method one finds an asymptotic expansion for the solution as
e — 0. Namely,

u(z;e) = e'/%, %r (1+e+32+0(%),

as € — 0, the expansion being uniform in x in each interval x| < 1 — § with
6 > 0. It should be noted that the solution has a growing exponential in its
asymptotic expansion which does not depend on z in the main term. Apparently,
such intriguing effects can also appear in the two-dimensional case to be studied
below.

Such problems have been investigated using probabilistic methods. In par-
ticular, an exponential estimate for the solution of (0.1) was found in [11] for
the case of f = —1 and g = 0. The work [7] presents a method for obtaining the
leading term of asymptotic expansion of the solution w. In [5], one finds a proof
of this formula for the case of potential vector fields a, and in [9] a proof for
arbitrary vector fields. However, the construction of full asymptotic expansion
for solution (0.1) still remains an open problem.

The present paper is devoted to asymptotic analysis of boundary value prob-
lem (0.1) in the spatial case, where the characteristics of limit equation bear
radial symmetry. In other words, the stationary solution of system (0.2) is ac-
tually a proper node. Then equation (0.1) can be written in the usual polar
coordinates (r, ) as

(@2 41710, + 17202 u+b(r)dru = f(r,p), if r<R,
@ . (0.4)
u = glp), if r=RnR,
where b(r) = —r+0O(r?) as r — 0. Since the substitution z = rcos g, y = rsin¢

has a singular point » = 0, there appears an additional boundary condition
[u(0, ¢;€)| < oc.

In the particular case b(r) = —r there is an explicit formula for the solution,
and so we get full information about its asymptotics. The study of this case
allows one to detect a relation between the right-hand side f(r,¢) and the
appearance of exponential growth in the solution. To wit, an exponential growth
in the solution of (0.4) appears only in the case when f(r, ¢) has nonzero average
value. This remark and the construction of asymptotic expansion for solution
(0.4) with b(r) = —r constitute our contribution.

The paper contains five sections. By superposition principle, the general
solution of problem (0.1) splits into the sum of two functions, the first one
satisfying the homogeneous differential equation and inhomogeneous boundary
condition and the second functions satisfying the inhomogeneous differential
equation and homogeneous boundary condition. In Section 1 we study the
boundary value problem in the case where f(r,¢) = 0. Section 2 is devoted to
the case g(p) = 0. In Section 3 we treat in detail the case where b(r) = —r. After
a short conclusion of Section 4 we adduce proofs of main asymptotic formulas
in Section 5.



1 The case of homogeneous differential equation

We first observe that the functions g at the boundary of {2 can be though of as
functions of ¢ € [0, 27| satisfying ¢g(0) = g(27). The arc length at the circle 912
is ds = Rdyp, hence the scalar product in the space L?(952) looks like that at
the unit circle

1 2T
(guh)room = 55 [ 9@MRAIy.
T Jo

We look for a formal solution to boundary value problem (0.4) in the form
of Fourier series -
u(r,pie) = Y, e*UL(re), (1.1)
k=—o00
on the interval [0, 27], r € [0, R] being a parameter. The coefficients satisfy the
boundary value problem

LUy = (5(83 £, — k22 b(r)ar)Uk(r; o) 0, if r<R,
Uk(R; E) = Gk7
|Uk(0;¢)] < o0,
(1.2)

where
o 1 27 ke J
R= oo /0 e "y(p)dy
are the Fourier coefficients of the Dirichlet data. For k # 0 there is an additional
boundary condition at the singular point r = 0, namely U (0;e) = 0. This
condition arises from the claim of continuity of solution.

If k = 0, then Uy(r; €) = G, for the solution of (1.2) is unique. For k # 0, we
are able to estimate the solution of (1.2). Indeed, we shall construct a solution
in the form

Ug(r;e) = 7‘2Gk/R2 + Vi(r;e).

Then Vj, ought to satisfy the boundary value problem

Vi = (E(k274)+2r2)%, if r<R,
Vi(Rie) = 0, (1.3)
Ve(0;e) = 0.

On using the maximum principle for solutions of (1.3) we establish an estimate
for Ug(r;€), to wit

A\ < 2R? o
ma [U(r:)| < (6+ 2z ) Il
for all e > 0. If g € C2, then series (1.1) and its first and second derivatives
converge.

We now construct an asymptotic expansion for the solution of (0.4) in the
case b(r) = —r. To this end we study the behaviour of the terms of series (1.1)
as ¢ — 0. Consider the problem

2
8T2Uk— (f—})&aUk—%Uk = 0, if 7‘<1’27
13 T T (1 4)
Uk(R;€) = Gk, :
|Up(0;6)] < 0.



Since U_g(r;¢) = Uk(r;€), we restrict our attention to those k& which are non-
negative. If k = 2m with a nonnegative integer m, then equation (1.4) has two
linearly independent solutions

%(7'%5) = ]-7
R 2

z°\ dz

nine - [en(Z)E

if m =0, and

m i J 2.
- _ Q2pm,257 r2 1/r
Pan(rie) = (e (3) -2 5(5) )
j=1 1=0

Z bom,25€7
r2i

Jj=0

Yo (15 €)

if m # 0. The coefficients asy, 2; and by, 2; are uniquely determined from the
recurrence relations

Ja2m2jte = 2(5% - m2)a2m,2j,
(G4 Dbomojrz = 2(m® — j%)ban2;
for 7 =0,1,...,m — 1, where azy, 2 and bay, o are arbitrary nonzero constants.

It is immediately obvious that @y, (r;¢) = 0(£2™) as £ = r/\/e — 0, because

forl=1,...,m—1.

If £ = 2m + 1 with a nonnegative integer m, a pair of linearly independent
solutions to equation (1.4) is given by means of the confluent hypergeometric
functions ®(p; a, ¢) and ¥(p; a, ¢), namely

rINE/2 .02k
= @(—- ok 1)
(25) 22’ 1)
r2Nk/2 . r2
~ u‘x(f; Yk 1).
(25) 2" 2 +
There are integral representations for the special functions é(p; a, c) and @(p; a,c),
to wit

Dy (r;€)

U (r;e)

T _ F(C) ! ptra—1 c—a—1
@(p7 a, C) = m/o et (]. t) dt,
Ppee) = g [

see for instance [1, 8]. Asymptotic analysis of the integrals shows that @y (r;¢)
is smooth at zero, and it has exponential growth as £ — co. On the other hand,

Uy (r;e) has a singularity at » = 0 and it decreases as & — oco. The behaviour
of solutions in a neighborhood of singular points & = 0 and £ = oo can be



derived from the formal constructions of [6]. Asymptotic solutions are easily
constructed in the form of power series with constant coefficients

Dy (rie)e /2 = Zak,2j€_2j> Wi(r;e) = Zbk,2j§_2j7
j=1 Jj=0

as £ — oo. Substituting these series in (1.4) and equating the coefficients of
the same powers of ¢ give recurrence relations for determining the coefficients,
namely

4(j + 1) — k2

Ak, 2544 Wak,%-&-%
k2 — 4j2

bk,2j+2 G+ bk, 2

for 7 > 0. The coefficients aj 2, by o are arbitrary nonzero constants. In much
the same way we construct an asymptotic solution as & — 0, to wit

Dy(rie) = 52(51,21' ¢ +c195)6%,  Bp(r;e) = & Z Cr2; €Y,
=0 =0
R dia; €7,
=0

where ¢ 95 and ¢y 25, di 2; are constants, k > 1. Each of the constructed series
corresponds to an exact solution, for which that series gives an asymptotic
expansion as § — oo or £ — 0, cf. [6].

The general solution of (0.4) in the case of b(r) = —r is constructed in the
form of linear combination

Ui(r;e) = Cx(e)Pr(r;€) + D (e)Wr(r;€),

U (r;e)

for k € Z. We choose Dy (e) = 0 to exclude singularities at zero. Then Cj(e) is
determined from the boundary condition Uy(R;¢e) = Gy, that is,

CQ(E) = Go,
Ck(e’:‘) = Gk/ék(R, E).
Hence it follows that
Uo(r;e) = Go,
U(rie) = Gre™ B2 (14 0(¢)),
as € — 0, uniformly in r € [¢'/279, R] for any 6 > 0.
It remains to estimate the sum of the Fourier series as € — 0 in order to
get asymptotics of the solution to boundary value problem (0.4). Note that the

maximum principle applies to boundary value problem (1.4) to give an estimate
for Uy(r;e), where k # 0. More precisely, we obtain

3r2 +elk? — 4\)
[r2 — ek?|

for all e > 0 and r € [0; R]. Hence, the solution of (0.4) in the case of b(r) = —r
can be expressed as convergent Fourier series

u(r,p;e) = Go +6(T27R2)/2626Zk¢ﬁk(7“;6). (1.5)
k0

Unlrie)] < " =R2 1, (14



Theorem 1.1 Let f = 0, g € C*(912), and b(r) = —r. Then, for each
e > 0, the solution u € C?(£2) of boundary value problem (0.4) has the form
(1.5) and u(r,@;e) = Go + o(1), as € — 0, uniformly in r € [¢'/>7%; R — 6] and
€ (0,27], for any § > 0.

2 The case of homogeneous boundary condition

As in Section 1, the solution is constructed in the form (1.1). Then its coefficients
fulfill the boundary value problem

IUk(r,e) = Fi(r), for r<R,
Up(R;e) = 0, (2.1)
|Uk(0;e)] < oo,

where Fj(r) are the Fourier coefficients of the function f(r,¢) on the interval
@ € [0,27].
For k = 0, problem (2.1) can be solved explicitly, which yields

1 [ s
Uo(r;e) = E/R 3_169(3)/5/0 ze Ve Fy(2)dz ds

T
with 8(r) = — / b(2)d.
0
If k£ # 0, then there is an a priori estimate for solutions. Note that the
assumption on the continuity of solution u(r, ¢;¢) in the disk {2 implies readily
Ui(0;e) = 0 for all e > 0 and k£ # 0. On using the maximum principle we
immediately obtain

2
e [U(rs2)] < 1o max [Fu(r) (22)
for all € > 0. It follows that the Fourier series (1.1) converges together with the
first and second derivatives.

Our next concern will be the asymptotics of constructed solution u(r, ;)
as e — 0. Let f € C?(£2). Then, for any k > 0, the Fourier coefficient F},(r)
possesses asymptotics

Fy(r) = rlkl (Fk,o +rFp.+ O(T2)) ,

as r — 0.
Note that if b(r) = —r, 6(r) = r?/2 and Fy(r) does not vanish identically,
then Uy(r;e) has exponential growth as e — 0. To wit,

oo 3
wWaj el

Up(r;€) = —cle) e /% fooTa

=1
as ¢ — 0, uniformly in r € [81/2757R — 0], for any § > 0, where

cle) = Foo+e?V2rFy1 +O0(e),
w2 (2_] - 2)”



The remaining coefficients Uy (r; ) with k # 0 fulfill inequalities (2.2). Further-
more, there is an available estimate for the remainder of the Fourier series

U(r,¢;e) — Up(r;e) = O(e ™) (2.3)

as € — 0, uniformly in (r,¢) € (2.
We denote by (f(r,¢)) the average value of the function f(r,¢) on the
interval [0, 27], i.e.

2
e =5 [ 1re)e = o).
T Jo
Theorem 2.1 Suppose that b € C'[0, R] and f € C'(2), g =0. Then, for
any ¢ > 0, the solution u € C%*(2) of boundary value problem (0.4) has the
form (1.1). If moreover (f(r,p)) is different from zero, then the solution has
asymptotics

2
o) = bRy EFo0 1 1/2
u(r, pie) = e RO(R) ( +0(e )),

as & — 0, uniformly in r € [eY/27° R — 8] and o € (0,2n], for any & > 0.

If (f(r,¢)) = 0, then Uy(r;e) = 0 and it is necessary to analyse the behaviour
of U(r;e) as € — 0 to construct asymptotics of the solution. A rough estimate
O(e™1) follows from the maximum principle. However, this estimate can be
specified in the particular case b(r) = —r by evaluating the asymptotics of the

Fourier coefficients Uy(r;¢), as € — 0. To do this, one ought to investigate
certain Laplace-type integrals, see [2].

3 The case of right-hand side of zero average
value

Using variation of constants, one easily obtains a particular solution Vi (r;e) to
inhomogeneous differential equation (2.1). That is

1" 2 S
Vo(rie) = g/o s te® /25/0 ze”* P Fy(2)dzds = 0,

for Fy(r) = 0. If k # 0 then

Vi(rse)
= Py(r;e) / ze_z2/25Fk(z)Wk(z;5)dz — Wy (r E)/ ze_ZQ/QSFk(z)@k(z;s)dz.
R 0
The solution of (2.1) with b(r) = —r is constructed in the form
Uk(rie) = Vi(r;e) + Cr(e)Pr(r;€) + Dy (€)W (15 €), (3.1)

for k € Z. Once again we set Dy () = 0 to exclude singularities at zero. Then
Co(e) =0 and

. R R
Ck(e) i (R E)/ ze™% 122 B (2)®p(2;€) dz
0

= Pp(Rie)



for k # 0. Formula (3.1) allows one to derive asymptotics of the Fourier coeffi-
cients Uy (r;¢), as € — 0 (see Section 5). More precisely, we get

Uk(r;e) =Ine ka,j (ryr—7el/? 4 Z Jk,j(r)r’jajp, (3.2)
i=2 =2

as & — 0, uniformly in 7 € [¢'/279; R—§], for any § > 0. The coefficients oy ;(r)
and 7, ;(r) are bounded functions of r € [0, R].

Theorem 3.1 Let b(r) = —r. Suppose f € C*(£2) has zero average value
on the interval [0,27] and g = 0. Then the Fourier coefficients of the solution
u € C%(2) to boundary value problem (0.4) have asymptotics (3.2) uniformly
inr €[V R~ 6] for all § > 0.

4 Conclusion

We construct an explicit formal solution of Dirichlet problem (0.1) and establish
its asymptotic character, as ¢ — 0. If (f(r,)) # 0, then the solution grows
exponentially, as € tends to zero. If (f(r,¢)) = 0, then the solution has power-
logarithmic asymptotics.

5 Appendix

Here we compute asymptotic estimates for the solution Uy(r;e) of boundary
value problem (2.1), as e — 0. All asymptotic series written here are uniform
with respect to the parameter r € [51/2*5,}% — 4], where § > 0 is an arbitrary
small number.

We rewrite Uy (r;¢) as

Ui(r;e) = Pp(r;e) (J,f(r; g)+ Ck(a)) + Wy (r;e) (J,i((); ) — J,i(r;s)) ,
where ,
Ji(r;e) = /& 26_22/25Fk(z)¢k.(z;5)dz,
Ji(r;e) = /R zefzz/Qst(z)LPk(z; g)dz.

The functions J}(r;e) and J2(r;e) are Laplace-type integrals bearing asymp-
totic estimates

Ji(rie) = D ona(rE?,
=1

JR(rie) = e 2N B(re?,

=1

as £ — oo. The coeflicients B ;(r) are linear combinations of Fj(r) and its
derivatives, in particular,

Bra(r) = —r2Fu(r),
Bra(r) = fbk72r2Fk(r)fr3F,é(r),



etc., while
;
ag,(r) = ak,217"2l/ A7 (2)dz.
R

The functions ay;(r) and B, (r) are bounded. The construction of asymptotic
expansion of J}(0;¢) is slightly more complicated. Let k = 2m with a nonnega-
tive integer m. Then, using an explicit representation for the integrand, we find
that

‘]21771(07 E) = Z Agm?zjé‘j + j%m(f)ferlv
j=1

where
~ R .
Aom2; = _a2m,2j/ Zl_g]Fzm(Z)d%
0
~ m J R/VE 1+2(Im|—j+1) _
']21m(€) = ZGQW,ZjZ/O 2ll' 7F27n(\/gz)€722/2 dZ = O(l)7

j=1 1=0

as € = 0. Here, Fy,, (1) = 2™ Fy,, (r) = O(1), as 7 — 0.
If K =2m + 1, then

Fi(2) = 2I* (Z Fri2 + Fk,rt+1(2))7
1=0
where FJ, 1 1(2) = O(2"t1) as z — 0. Furthermore, we get

N
By (z;6) = /2 ( Z ar ;€% + ék,N-‘rl(f))»
j=1

where @ x4 1(€) = O(E72V72), as € — oo. Tt follows that

Jom11(058) = Ii(e) + I3 (e) + Ii(e) + I (e),

where
1 - f |k|+1 le ak2'5j
— +1+ 2]

]k(g) = _ZFk,l/O z ZszZ7
=0 j=1
- ! |k| 15 <

i) = — Fkl/ 2RI @kN-s-l(f)dz,
N R .o~

HONES _Zak,mel/ A2 B (2)dz,
=1 0

r = = z
Ii(e) = —/0 Z‘kHle,nJrl(z)@k,NJrl(%)d'za

N >1andn > 0.
For each [ > 0 we choose N; = [(I +k + 1)/2] in I}(). Then

Na
ItEe) = D Mo,
i=1

10



where \jo; are constants. We consider the terms of IZ(¢) with [ = 2p and
[ =2p+1, to wit

R
= z
1'2 _ / ZQ\mH—2p+2@ = \dz
k,2p E,|m|+p+2
0 Ve
o0 (o @]
_ +p+3/2 2|m|+2p+2 5
= elmberd (/ _/ )5 EEPERG) gp2(€)dE
0 R/\e
o0
= vgpe M2 N e
j=|m|+p+2
and
2
Ii opia

R
_ 2\m|4+2p+3 5 z
—/ z st,\mH—p-!—Q 7 dz
0 €

1 R/\/e -
VA R e
0 1

_ +p+2 j
= (Vk2pt1 + pk2pr1 Ing) ™2 4% Ak,j€
j=|m|+p+3

The coefficients A j, Vi j, ftk,2p+1 can be computed explicitly and they do not
depend on e. This gives an asymptotic estimate for the sum

Ite) + I (e) = lnaZﬂk,jsjﬂ + ZX}CJ‘E]./2,
j=2 j=2

as € — 0. In I}(¢) and I}(e) we choose N = N,,_q for n > 1. Then

Np_1

12(8) + IIA:(E) = Z :\k,QjEj + O(ENn—le)’
j=1

as e — 0, n > 1. Thus, we arrive at an asymptotic estimate for J3,, ;(0;¢)
o0 o0
J21m+1 (07 5) - lIlE Z A2m+1,j5]/2 + Z B2m+1,j€]/27
j=2 j=2

with some constants Asp,41,; and Bojy41,; independent of €. From this the
desired asymptotic expansion for U (r;e) follows.
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