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Abstract

This thesis deals with Einstein metrics and the Ricci flow on compact mani-
folds. We study the second variation of the Einstein-Hilbert functional on Ein-
stein metrics. In the first part of the work, we find curvature conditions which
ensure the stability of Einstein manifolds with respect to the Einstein-Hilbert
functional, i.e. that the second variation of the Einstein-Hilbert functional at
the metric is nonpositive in the direction of transverse-traceless tensors.

The second part of the work is devoted to the study of the Ricci flow and
how its behaviour close to Einstein metrics is influenced by the variational be-
haviour of the Einstein-Hilbert functional. We find conditions which imply that
Einstein metrics are dynamically stable or unstable with respect to the Ricci
flow and we express these conditions in terms of stability properties of the metric
with respect to the Einstein-Hilbert functional and properties of the Laplacian
spectrum.

Zusammenfassung

Die vorliegende Arbeit beschéftigt sich mit Einsteinmetriken und Ricci-Fluss auf
kompakten Mannigfaltigkeiten. Wir studieren die zweite Variation des Einstein-
Hilbert Funktionals auf Einsteinmetriken. Im ersten Teil der Arbeit finden
wir Kriitmmungsbedingungen, die die Stabilitdt von Einsteinmannigfaltigkeiten
beziiglich des Einstein-Hilbert Funktionals sicherstellen, d.h. die zweite Varia-
tion des Einstein-Hilbert Funktionals ist nichtpositiv in Richtung transversaler
spurfreier Tensoren.

Der zweite Teil der Arbeit widmet sich dem Studium des Ricci-Flusses und
wie dessen Verhalten in der Néhe von Einsteinmetriken durch das Variationsver-
halten des Einstein-Hilbert Funktionals beeinflusst wird. Wir finden Bedinun-
gen, die dynamische Stabilitdt oder Instabilitdt von Einsteinmetriken beziiglich
des Ricci-Flusses implizieren und wir driicken diese Bedingungen in Termen
der Stabilitdt der Metrik beziiglich des Einstein-Hilbert Funktionals und Eigen-
schaften des Spektrums des Laplaceoperators aus.
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Chapter 0

Introduction

The Einstein-Hilbert functional associates to each metric the integral of its scalar
curvature. It is a natural geometric functional because it can be considered as
the mean over all curvatures on a given Riemannian manifold. It first appeared
in the context of general relativity ([Hil15]) since the famous Einstein equations
arise as the Euler-Lagrange equations of this functional. It is also of great
interest in geometry. The famous Yamabe Problem was resolved by solving
the Euler-Lagrange equation of the Einstein-Hilbert functional restricted to the
conformal class of a metric (see [Sch84]).

The Ricci flow is a geometric flow first introduced by R. Hamilton in [Ham82].
It is a kind of nonliner heat equation for metrics that tends to smooth out
irregularities in the metric. For any metric on a given compact surface, the
volume-normalized variant of the Ricci flow starting at the metric converges
to a metric of constant Gaussian curvature. In higher dimensions, the Ricci
flow is much less understood and there are many open problems. On the other
hand, Ricci flow techniques helped to open famous problems from geometry, e.g.
the famous Poincaré conjecture ([Per02; [Per03]) and the differentiable sphere
theorem ([BS09]).

This thesis studies the Einstein-Hilbert functional and its variation at Ein-
stein metrics and the Ricci flow close to Einstein metrics. It can be divided into
two parts where the first part consists of Chapters [2l3] and [] and the second
part Chapters [5] and [f] Throughout, we deal with compact manifolds.

In Chapter[2] we introduce the Einstein-Hilbert functional and we summarize
some well-known facts about its variational theory. The critical points of the
Einstein-Hilbert action, when restricted to metrics of unit-volume, are precisely
the Einstein metrics and they are always saddle points. The second variation
admits a contrasting variational behavior in different directions of changes of
the metric.

Einstein metrics are always local (even global) minima of the Einstein-
Hilbert action restricted to unit-volume metrics in their conformal class. In
contrast, the second variation restricted to the tangent space of the manifold C;
of unit-volume metrics with constant scalar curvature has finite coindex. We call
an Einstein manifold stable if the second variation of the Einstein-Hilbert action
is nonpositive on T,;C;. If this is not the case, we call the manifold unstable.



More precisely, the tangent space of C; splits as
T,C1 = Ty(g - Diff(M)) & tr,; ' (0) N6, (0),

and because the Einstein-Hilbert functional is a Riemannian functional, its sec-
ond variation clearly vanishes at T, (g-Diff(M)). On tr=1(0)Né—1(0), it is given
by f%A g and Apg is a Laplace-type operator called the Einstein operator. The
elements in its kernel are called infinitesimal Einstein deformations because they
correspond to non-trivial curves of Einstein metrics through g.

The Einstein operator (or equivalently, the Lichnerowicz Laplacian) also
appears on various occasions in physics. Solutions of A = 0 are gravita-
tional waves in the Lorentzian case (see [FHO05]). Properties of the Einstein
operator also play a role in the stability of higher-dimensional black holes
(IGHO02; IGHPO3]) which appear in higher-dimensional gravity theories.

In Chapter [3] we study concrete examples. First, we mention some well-
known stable and unstable Einstein manifolds in Section After that, we
study flat compact manifolds and compute the dimension of the space of in-
finitesimal Einstein deformations explicitly in terms of the holonomy (Propo-
sition . Then we discuss the stability properties of products of Ein-
stein spaces and compute the index and the nullity of the quadratic form
h — (Agh,h)r2 on the product in terms of mulitiplicities of certain eigen-
values of the Laplace-Beltrami operator on the factors and of the index and the
nullity of this quadratic form on the factors (Proposition .

Chapter [is devoted to the study of stability under certain curvature assum-
tions. We first mention some results by N. Koiso which imply stablity under
sectional curvature bounds. We then extend these results slightly (Proposi-
tions and . Some eigenvalue bounds on the Einstein operator under
curvature assumptions are given in Propositions and

We also prove some stablity criteria involving a quantity written in terms of
the Weyl tensor (Theorems and . Using an explicit expression of the
Gauss-Bonnet formula for six-dimensional Einstein manifolds, this allows us to
prove a stability criterion in dimension six which involves the Euler character-
istic of the manifold (Theorem . Similarly to our considerations involving
the Weyl tensor, we can prove stablity criterions for Kéhler-Einstein manifolds
involving the Bochner tensor (Theorems and .

The proofs are based on the two Bochner formulas and for the
Einstein operator and on estimates of the curvature action R on symmetric
(0, 2)-tensors.

In the second part of the work, we consider the Ricci flow close to Einstein
metrics. We say that an Einstein metric (M, g) is dynamically stable if any Ricci
flow (in an appropriate form) starting close enough to an Einstein metric con-
verges (perhaps after pulling back by a 1-parameter family of diffeomorphisms)
to an Einstein metric close to (M,g). Furthermore, we call (M,g) dynami-
cally unstable if there is an ancient solution of the Ricci flow, which converges
(perhaps modulo diffeomorphism) to (M, g) as t — —oo.

We build upon results from [GIK02} [Ses06; Has12; HM13]| for Ricci-flat met-
rics and [Ye93] for Einstein manifolds. The interesting point is the following: Al-
though the Ricci flow is not the gradient flow of the Einstein-Hilbert functional,
its behavior close to an Einstein metric is strongly related to the behaviour of
the Einstein-Hilbert functional close to it.



With the use of the A-functional and its variational theory, stability and
instability assertions for compact Ricci-flat manifolds were proven in [Has12}
HM13]. We transfer these results to non Ricci-flat Einstein metrics and use
similar methods to those in [Has12; HM13].

We study negative Einstein metrics in Chapter [5] and positive Einstein met-
rics in Chapter [f] In both cases, the strategy is essentially the same. We
introduce the functionals p4 and v_ on the space of metrics which are non-
decreasing under the Ricci flow variants , , respectively. We consider
their well-known second variation formulas at Einstein metrics. Considering
simplified expressions of these formulas, we see that they are of a similar nature
to the second variation of the Einstein-Hilbert functional.

From these, it is easy to see that dynamical stability implies stablity with
respect to the Einstein-Hilbert functional. The converse direction is much harder
to prove and it is only true under additional assumptions.

In both chapters, we first prove stability /instability results which rely on the
additional assumption that all infinitesimal Einstein deformations are integrable
(Theorems and Theorems respectively). In the posi-
tive case, we also assume that 2u ¢ spec(A) where p is the Einstein constant.
We obtain dynamical stability of an Einstein manifold (M, g) if it is stable with
respect to the Einstein-Hilbert functional and if the smallest nonzero eigenvalue
of the Laplacian satisfies A > 2u. The convergence speed is exponential and we
do not have to pull the flow back by diffeomorphisms. Dynamical instability
holds if one of the two conditions fails.

Then we prove stability /instability results without the integrability condition
and without the assumption 2 ¢ spec(A) (Theorems|[5.5.5] [.5.6/and Theorems
respectively). We then obtain dynamical stability if we assume that
(M,g) is a local maximum of the Yamabe functional and that the smallest
nonzero eigenvalue of the Laplacian satisfies A > 2u. The convergence speed is
polynomial and the convergence is modulo diffeomorphism. We have dynamical
instability if (M, g) is not a local maximum of the Yamabe functional or A < 2.

The central tools are Lojasiewicz-Simon inequalities for the functionals p
and v_. Another importent step is to prove local maximality of the function-
als under the stability conditions mentioned above. In the integrable case, we
furthermore prove transversality estimates which ensure that we do not have
to pull back the flow by diffeomorphisms. The proofs of these three impor-
tant properties mostly rely on Taylor expansion and careful estimates of the
error terms. In the nonintegrable case, we apply a general Lojasiewicz-Simon
inequality proven in [CM12].

From the previous results, it is not clear what to expect when the Einstein
manifold is a local maximum of the Yamabe functional and the smallest nonzero
eigenvalue of the Laplacian is exactly 2u. We give a partial answer to this
question in Section and prove dynamical instability of CP™ (T heorem.






Chapter 1

Mathematical Preliminaries

In this short chapter, we recall some definitions and identities, fix sign conven-
tions for the Riemann curvature tensor and the Laplacian and fix some notation.
Throughout this thesis, any manifold is smooth, compact and connected and its
dimension is at least 3 (unless the contrary is explicitly asserted).

Let M™ be a manifold and g be a Riemannian metric on it. We define the
Riemann curvature tensor (as a (1, 3)-tensor) with the sign convention such that

RxyZ =VxVyZ—-VyVxZ—VxyZ.
As a (0,4)-tensor, the curvature tensor is given by
R(Xa Y; Z; W) = g(RX,YZ7 W)

Let {e1,...,en} be an orthonormal frame. The Ricci tensor is defined as
Ric(X,Y) =Y R(X,e;,e;,Y),
i=1

and the scalar curvature is

scal = Z Ric(e;, €;).

i=1
For any smooth (r, s)-tensor field T', we define
RxyT =VxVyT —VyVxT —VixyT,
and we have the useful identity

[RX)yT](wl,...,wT,Xl,...,XS)

T
= E T(Wla-~-7RY,XWia-~-7WT7X1;-~-7XS>
=1

+) T(wi,.. . wp X1, Ry x X5, X).
j=1



We call this identity the Ricci identity. We will need this identity frequently,
for instance for computing the variational formulas in the appendix. The metric
induces a natural pointwise scalar product on (r, s)-tensors by

n

<T75>: Z T(e;a'”ve;aeju'-'76js)S(e;'k17"'762<T7€j17-'~76j.e)a
01 yeenyins

Ji--ds=1

where {ej,...,e,} is an orthonormal basis at the given point and {ef,..., e’}
is its dual basis. The global L?-scalar product is

(T,S)2 = / (T, S) dV.
M
These induce a pointwise norm and an LP-norm by

|T‘ = <T7 T>1/2’

1/p
Il = ([ i av)
M

Furthermore, we define the C*-norms and the Sobolev norms by

k
1T e =Y sup VT,

i=0 PEM

K 1/2
2
1Tl yywr = <Z HVZTHM) :
i=0
We abbreviate
IT] e = 1T M|y 5

and for k € N, we define the H *-norm as the dual norm of the H*-norm, i.e.

T8
IT|| -+ = sup w
570 1S

For o € (0,1) and k € Ny, we define the Holder norm by

IVET]y = [V*T |
[Tl cre = [Tl o + sup
o o p#q d(p, q)*

Given a metric, we can naturally identify vector fields and 1-forms by the map

P: X(M) — QY (M),
X = (Y = (X,Y)).
This map is called the musical isomorphism. We denote P(X) = X° and

P Y w) = w* where X € X(M), w € QY (M). For any f € C®°(M), we de-
fine the gradient as

gradf = (V).



The Lie derivative of a smooth tensor field T" along a vector field X is given by
d
LxT =— :T
X dt tzogot 9

where ; is the 1-parameter group of diffeomorphisms generated by X. We have
the formulas

Lxf=X(f),
LxY = [XV,Y}7
Lxw(Y)=X(w(Y)) - w(X,Y]),

where f € C®°(M), X,Y € X(M) and w € Q'(M). For any (r,s)-tensor field,
the above formulas extend by the Leibnitz rule, i.e.

£XT(CL}1,... ,wT,Xl,...,XS) :X(T(W17...,wr7X17...,XS)>

—ZT(wl,...,Exwi,...,wr,Xl,...,XS)
i=1

= T(wi,ywp, X1, Lx Xy, X,
i=1

It is furthermore easy to see that for any metric g,
(Lxg)(Y,Z) = g(Vy X, Z) 4+ g(Y,VzX),

where V is the covariant derivative with respect to g.

By SPM, we denote the bundle of (0, p)-tensors which are symmetric in all
entries. We equip SPM with the pointwise scalar product and the L2-scalar
product from above. The divergence is the map §: I'(SPM) — T(SP~IM),
defined by

n
ST(X1,.., Xpo1) ==Y Ve, T(ei, X1,..., Xp 1)

=1

The adjoint map §*: T'(SP~1 M) — T'(SP M) with respect to the L2-scalar prod-
uct is given by

p—1

" 1
ST(X1,...,Xp) = > > VxinT(Xosiy- o, Xpia),
i=0
where the sums 1 4+ 4,...,p + i are taken modulo p. The Laplace-Beltrami

operator acting on functions (which we often just call Laplacian) is defined with
the sign convention such that

Af = —trV2f = V*Vf.

For T, S € I'(S2M), we define their composition as

ToS(X,Y) = zn: S(X,e) T(e;,Y).

i=1



We define an endomorphism R: I'(S2M) — T'(S2M) by

RT(X,Y) = > T(Re, xY,e).
i=1

Note that R is self-adjoint with respect to the pointwise scalar product and the
L?-scalar product. For T' € T'(S2M), we define the Lichnerowicz Laplacian by

A;T = V*VT + Rico T + T o Ric — 2RT.

The Lichnerowicz Laplacian is self-adjoint with respect to the L?-scalar product.

If we wish to emphasize the dependence of the above objects on the metric,
we add a g in the notation, e.g. we write R, instead of R. For first and second
variations of these objects in the direction of h, we use the notation of [Bes0§],
e.g. we write R (h), Ry (h) for the first two variations of the curvature tensor
and similarly for other quantities.



Chapter 2

The Einstein-Hilbert
Functional

This chapter summarizes well-known facts about the Einstein-Hilbert functional
and its variational theory. The facts explained here can also be found in [Bes08};
Sch&9].

2.1 The Definition

Definition 2.1.1 (Einstein-Hilbert functional). Let M be a manifold and let
M be the set of all smooth Riemannian metrics on M. The map

S: M — R,
g— scalg dV
M

is called Einstein-Hilbert functional. Sometimes, it is also called total scalar
curvature.

As an open subset of the infinite-dimensional vector space I'(S?M), M is
an infinite-dimensional manifold. By smoothness, it cannot be modelled as a
Banach manifold but as an inverse limit Hilbert manifold (ILH-manifold). In
the following, we do not need details about IHL-theory so we refer the reader
to [Omo68].

Remark 2.1.2. The Einstein-Hilbert functional is a Riemannian functional, i.e.
for any diffeomorphism ¢ : M — M, we have

S(¢*9) = 5(9),
where ¢*g is the pullback metric defined by ¢*g(X,Y) := g(de(X), dp(Y)).
Remark 2.1.3. In dimension 2, the Gauss-Bonnet theorem yields

S(g) :/ scaly dV, = 2/ K, dVy =4nx (M),
M M

where K, is the Gaussian curvature with respect to g and x(A/) is the Euler
characteristic of M. Thus, the functional is constant on M.



2.2 First Variation

Before we compute the first variation of this functional, we remark that by
compactness of M, the tangent space of M at any metric ¢ is given by

T,M =T(S*M).

Proposition 2.2.1 (First variation of the Einstein-Hilbert functional). Let
(M, g) be a Riemannian manifold. Then the first variation of the total scalar
curvature in the direction of h € T'(S?M) is given by

1
S;(h):/ <S°;ggRicg,h> dv,.
M

g
Proof. By the Lemmas [A 1] and [A72] we have

scaly (h) = Ag(trgh) + d4(d4h) — (Ricg, h)g,

1
AV, (h) = Stxgh V.

Therefore, by Stokes’ theorem,

Sy (h) = /M scall(h) dVy + /M scaly dV;(h)
1
_ /M[Ag(trgh) +8,(65h) — (Ricy, ] dV, + ¢ /M scal, - trgh dV,

1
= —/ (Ricy, h)y dV, + f/ scalg (g, h)y dV,

1
= /M <2scalg - g — Ricy, h> dvy. O

g

Definition 2.2.2 (Einstein tensor). For a given Riemannian metric g, we define
the Einstein tensor G as

1
G = Ric — §scal - g.

Proposition asserts that —G is the L?-gradient of the Einstein-Hilbert
functional.

Corollary 2.2.3. The critical metrics of the Einstein-Hilbert functional are the
Ricci-flat metrics, i.e. the metrics satisfying Ricgy = 0.

Proof. By Proposition the critical points are determined by the equation
1
-Gy = gscalg -g — Ricg = 0.
By contracting, we obtain
n
(5 — 1) scalg = 0
and since n > 3, the scalar curvature vanishes. Therefore,
1
Ricgy = Ricy — §Scalg -g=0.

Conversely, any Ricci-flat metric has vanishing Einstein tensor. O

10



Given some ¢ > 0, we denote
M DM, ={g e M|vol(M,g) =c}.

This is a submanifold of M of codimension 1. By the variation of the volume
element and by compactness, its tangent space at some metric is given by

TyM,. = {h eT(S?M) ‘ / tryh dV, = 0} =:T,(S*M).
M
Corollary 2.2.4. Let g € M be a metric of volume c. Then g is a critical point
of S|m. if and only if Ricy = - g for some p € R.

Proof. A metric g is a critical point of S|4, if and only if the L?-gradient of S
at g is orthogonal to Ty M,. This means that G, = A - g for some A € R. By
contraction,

(l—g)scalg:)\-n
and since n > 3, the scalar curvature is constant. This immediately yields
. 1
Rlcg:Gg+§scalg~g:u-g

for some u € R. Conversely, if Ric, = pu - g, then the Einstein tensor equals
Gg=X-g, where A\ = (1 - %) p. O

Definition 2.2.5 (Einstein manifolds). A Riemannian manifold (M, g) is said
to be Einstein if Ricy = - g for some 1 € R. We call p the Einstein constant of
g. If 4 > 0, we call an Einstein manifold positive, if i < 0, we call it negative.
If p = 0, we call it Ricci-flat.

Remark 2.2.6. Einstein metrics also appear as the critical points of the map

M>g— vol(M,g)%*l/ scaly dV
M

which is the volume-normalized variant of the Einstein-Hilbert functional. Ein-
stein metrics with fixed constant p are the critical points of

M>3g— / (scaly + (2 — n)u) dV,.
M

2.3 Second Variation

To see if the Einstein-Hilbert functional has extremality properties at Einstein
metrics, we now compute its second variation.

Proposition 2.3.1 (Second variation of the Einstein-Hilbert functional). Let
(M, g) be an Einstein manifold with constant p and volume c¢. Then the second
variation of S|am, at g in the direction of h € T,(M,) is given by

1
S"(h) = /M<h, —5 V' Vh+6"5h +3(6h)g

+ (Agtrgh)g_g(trgh)g+égh>g dv,.

N —

11



Proof. Let g; be a variation of g in M, and let h = %|tzogt and k = ;—;h:ogt.
Then by the variational formulas in Lemma

d? ,
/ <th7gt>gt dv;h
M

e
—— [ @ymmy vy~ [ Gy av,
M M

1

+2/ (Gy,hoh), dV, — 7/ (Gy, h)gtrgh dV,.
M 2 M

t=0

Since (M, g) is Einstein, Gy = (£ — 1)scaly - g and

1
n

1 1 1
—5/ (Gg, h)gtrgh dVy = — (n - 2) scalg/ (trgh)? dVj.
M M

Since g; is a curve in M., we have

2
vol(M, g :/ —
( t) Mdt2 o
1/ d ,
=5 ), ], () %)

1 -
= 5 [tk (/200007 ~ ) v,

T d?

t=0

which implies

1 1
—/ (Gg,k)g dVy = — ( - > scalg/ trgk dVj
M no 2 M
1 1

1
__ (n - 2) scal, /Mnh\g — 5 (igh)?) dvy.
By the variational formulas of the Ricci tensor and the scalar curvature (see

Lemma |A.2)),
G'(h) =Ric'(h) — %scal’(h) N %scal -h

:%ALh — 6%(6h) — %VQtrgh

1 1
- g(Agtrgh + 6(0h) — (Ric, h)g)g — iscalg -h
:%V*Vh — Rh — 6*(6h) — %5(5h)g - %V%rgh

1 1 1
- iAgtrgh g+ gtrgh g+ (ﬁ - i)scalg - h,
which yields, after integration by parts,
1 1
—/ (G (R, b aV, :/ (5 V" Vh+85h + 8(3h)g + 5, (ix,h)g
M M

1 1
2 n

By summing up, we obtain the desired formula. O

+ Rh— g(trgh)g +( )scal, - h, b, dV,.

12



Remark 2.3.2. The second variational formula in [Bes08, Proposition 4.55] is
incorrect. There, the factor % is missing in front of the pu(tryh)g-term.

2.4 A Decomposition of the Space of Symmetric
Tensors
To get a better understanding of the complicated looking operator appearing

in (2.1)), we discuss a decomposition of the space of symmetric tensors and we
consider the operator restricted to the components of the decomposition.

Lemma 2.4.1 ([Koi79b]). For any compact Riemannian manifold (M,g), we
have the following L?-orthogonal decomposition

[(S?M) = [C™(M) - g+ 6;(QI(M))} e trg’l(O) N 6;1(0).

If (M, g) is an Einstein manifold but not the standard sphere, this decomposition
can be refined to

L(S°M) = C>(M)-g@6;(Q"(M)) @ tr; (0) N6, (0).
All these factors are infinite dimensional.

Here, tr;*(0) (resp. 6,'(0)) denotes the space of tensor fields, whose trace
(resp. divergence) vanishes at each point in M.
These subspaces can be interpreted geometrically as follows. Let

l9] ={f-glf € C=(M), f >0}

be the conformal class of g. Then the tangent space of this submanifold of
M at g is exactly the first factor of the decomposition above, i.e. elements of
C*(M) - g are conformal deformations of g.

Let Diff(M) be the group of diffeomorphisms on M. It has a natural right
action on M given by (g,¢) — ¢*g. The action of the diffeomorphism group
on g gives a submanifold g - Diff(M) whose tangent space at g is given by the
space of all Lie derivatives of the metric g. We calculate

Lxg(Y,Z)=g9(VyX,Z)+g(Y,VzX)
=Y (9(X,2)) —9(X,VyZ) + Z(g9(Y, X)) — g(VzY, X)
=Y(X*(2)) - X"(VyZ)+ Z(X"(Y)) — X"(VzY)
= (Vy X°)(Z) + (V2 X°)(Y)
= 2(5;X")(Y, Z),
which shows that Ty (g - Diff(M)) is exactly &; (' (M)). This gives a description
of the second factor.

Elements in tr,'(0) N6, '(0) are often called transverse traceless tensors.
From now on, we abbreviate

TT, =tr, ' (0)N 6, " (0),

and we speak of T'T-tensors. Deformations of the Einstein metric g in T7-
directions preserve the volume element and the scalar curvature in first order.
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Therefore, the third factor is often referred to as the space of non trivial volume
preserving and scalar curvature preserving deformations.
From the decomposition above, we obtain

Ty(Me) =Ty(S*M) = [C* (M) - g + 6,(Q1(M))] & TT, (2.2)
for Einstein metrics in general and, if ¢ is not the standard metric on the sphere,
Ty(M.) =T4(5*°M) = C*(M)- g &6, (Q"(M)) ®TT,. (2.3)

Here, C3°(M) = {f € C=(M)| [,, f dV,; =0}.

Remark 2.4.2. The standard sphere is the only Einstein metric which has con-
formal Killing vector fields. We have

1
n—1

f *gst = *(V(Vf) = 72£gradfgst

for any f € C°(S™) with Af = n- f where n is the smallest nonzero eigenvalue
of the Laplacian. More precisely,

C>(8™) - gst N8, (AH(S™) = {f - gst € CF(S") - gt Af =1~ f},

see e.g. [Oba62].

We now investigate the second variational formula of the Einstein-Hilbert
functional restricted to the three components of (2.3). Let h = f - g for some

[ €Cy(M). Then (2.1) yields

5 [ =0 =) av, (24

At this point, we mention the following

Sg(h) =

Theorem 2.4.3 (J[Oba62|). Let (M, g) a compact Riemannian manifold and let
A be the smallest nonzero eigenvalue of the Laplace operator acting on C*°(M).
Assume there exists p > 0 such that Ric(X, X) > p|X|? for any vector field X.
Then X satisfies the estimate

A >
“n—1

Hy

and equality holds if and only if (M, g) is isometric to the standard sphere.

Later on, we often refer to this theorem as Obata’s eigenvalue estimate.

We conclude that Sg|ce(ar).g = 0 and Sf|cee(ary.g > 0 if (M, g) is not the
standard sphere. Therefore, an Einstein metric is always a local minimum of the
total scalar curvature restricted to metrics of the same volume in its conformal
class. For the standard sphere, this is well known and for other Einstein metrics
it is immediate from the strict inequality.

The second variation is easy to investigate when restricted to the second
component of the splitting. Since S is a Riemannian functional, it is constant
on any orbit g - Diff(M). Because §;(Q"(M)) = T,(g - Diff(M)), we therefore
have

S"(h) =0 (2.5)
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for each h € 6 (Q'(M)).
The third component appears to be the most interesting one. For h € TT,

formula (2.1)) yields
1 N o
Sy(h) =~ /M<h,v Vh — 2Rh) dV. (2.6)

Definition 2.4.4 (Einstein Operator). We call the differential operator
Ap =V*V = 2R: T(S?M) — ['(52M)
the Einstein operator.

The Einstein operator is a self-adjoint elliptic operator. By compactness of
M, (Ag+c)~!is a compact operator on L?(S2M) for any ¢ € R in the resolvent
set of Ag. Therefore, by spectral theory, Ag has a discrete set of eigenvalues
{A\n}, n € N, forming a sequence A\; < Ay < ..., and A\, = 00 as n — co. Any
eigenvalue has finite multiplicity.

The Einstein operator is closely related to the Lichnerowicz Laplacian Ay,
which is another self-adjoint elliptic operator acting on I'(S?M). In fact, on
Einstein manifolds, we have the relation

AL:AE+2u~id, (27)

where g is the Einstein constant of ¢g. In addition, the Lichnerowicz Laplacian
satisfies some useful properties.

Lemma 2.4.5. Let (M, g) be a Riemannian manifold and Ay, its Lichnerowicz
Laplacian. Then

Ap(f-g)=(Af)-g, (2.8)
tr(Aph) =A(trh) (2.9)
for all f € C*(M), h € T(S2M). Moreover, if Ric is parallel,
AL (0*w) = 0" (Apgw), (2.10)
6(Aph) = Ag(dh), (2.11)
AL(VEf) = VA(AS) (2.12)

for all f € C®(M), w € QY(M), h € T(S?M). Here, Ay = V*V + Ric is the
Hodge Laplacian on 1-forms.
Proof. Formula (2.8]) follows from an easy calculation. For a proof of (2.9)),(2.10)

and (2.12)), see e.g. [Lic61l pp. 28-29]. Formula (2.11]) is a consequence of (2.10).
O

Lemma 2.4.6. If g is Einstein, the Finstein operator maps 1T, to itself.
Proof. This follows from (2.7) and Lemma [2.4.5| O
Remark 2.4.7. From (2.4)), (2.5), (2.6) and Lemma we conclude the fol-

lowing: If (M,g) is an Einstein manifold but not the standard sphere, the
decomposition

CP(M)-go 85 (Q (M) ®TT,

is orthogonal with respect to the bilinear form induced by S”. In contrast,
the decomposition is not L*-orthogonal since C¢°(M) and §75(Q'(M)) are not
L?-orthogonal.
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2.5 Stability of Einstein Metrics and Infinitesi-
mal Einstein Deformations

Comparing (2.4) and (2.6), we see that an Einstein metric is neither a local
minimum nor maximum of S. But it is a local minimum in its conformal class
and S”|p7 has finite coindex. This motivates the following

Definition 2.5.1 (Stability of Einstein manifolds). Let (M, g) be an Einstein
manifold. We say that (M, g) is stable if its Einstein operator restricted to TT-
tensors is nonnegative. If Ag|pr is positive, we call (M, g) strictly stable. If
Apg|rT contains negative eigenvalues, we call (M, g) unstable. Furthermore, we
call ker(Ag|rr) the space of infinitesmal Einstein deformations.

Due to compactness, ker(Ag|rr) is always finite-dimensional. In the follow-
ing, we will justify the notion of infinitesimal Einstein deformations. We define
an equivalence relation on M as follows: We call g; and go equivalent if there
exist ¢ > 0 and ¢ € Diff (M) such that g2 = ¢ ¢p*g1. Observe that all metrics
in one equivalence class essentially contain the same geometry, since they are
isometric up to rescaling. The quotiont

M/ ~= My [ ~

is called the space of all Riemannian structures. The quotient of the set of
all Einstein metrics under this relation is called the moduli space of Einstein
structures. A local description of the set of Riemannian structures is given by
the slice theorem. For us, the following parts of the theorem are important (see
also [Bes08, p.345] for a more detailed formulation).

Theorem 2.5.2 (Ebin). Let go be a unit-volume Riemannian metric on a com-
pact manifold M. Then there exists a submanifold S, C My with tangent
space

Tgosgo = Tng N 59_01(0)

and a neighbourhood U C My of go such that for any g € U, there exist g € Sy,
and ¢ € Diff (M) such that g = p*g. We call Sy, a slice of the action of Diff (M).

The theorem basicly says that all geometries close to go are contained in the
slice Sy,. Due to rescaling, the analogous assertion of course holds for manifolds
with arbitrary volume.

Now, let g; be a curve of Einstein metrics of volume ¢ through g = gy lying
in the slice §;. Then, since all g, are critical points of the Einstein-Hilbert
functional restricted to M., the function ¢t — S(g:) = vol(M, g;) - scalg, is
constant. We immediately obtain that the scalar curvature (and hence the
Einstein constant) is constant in ¢ and that h = %\t:()gt satisfies the system

. S(gt) _
. (Rlcgt o -gt> =0. (2.13)

By a result of Berger and Ebin (see [Bes08, Theorem 12.30]), this is equivalent
to the system

d
S,h =0, /trth:O, -
g v g g dt

S,h =0,  tryh=0,  Aph=0. (2.14)

16



In other words, h is an infinitesimal Einstein deformation. We conclude that
if ker(Ag|prr) is trivial, the Einstein metric g is isolated in the moduli space
of Einstein structures, i.e. there are no other Einstein metrics close to g except
those of the form c- ¢p*g. On the other hand, it is in general not true that for
any h € ker(Ag|rr), there exists a curve of Einstein metrics tangent to h. In
fact, g can be isolated in the moduli space although ker(Ag|rr) is nontrivial.
Such examples (e.g. the product metric on CP?" x §?) are discussed in [Koi82].

Definition 2.5.3. An infinitesimal Einstein deformation h is said to be inte-
grable if there exists a curve g; of Einstein metrics such that %\tzogt = h.

Remark 2.5.4. Stability properties of compact Riemannian Einstein metrics also
play a role in mathematical general relativity. In [AMII], L. Andersson and
V. Moncrief consider the Lorentzian cone over a compact negative Einstein
manifold. They prove a global existence theorem for solutions of Einstein’s
equations close to the cone under the assumption that the compact Einstein
metric is stable.

Remark 2.5.5. The eigenvalues of the Einstein operator (resp. the Lichnerowicz
Laplacian) acting on TT-tensors are also important for the stability of higher-
dimensional black holes and event horizons in physics, see [GH02; [GHPO03].
There, a stability conditon (which we may call physical stability) on Einstein
manifolds with constant u > 0 is given by

Az—n‘_‘l <4—i(n—1)2)

for the smallest eigenvalue of the Lichnerowicz Laplacian acting on T7-tensors.

2.6 The Manifold of Metrics of constant Scalar
Curvature

On a given compact manifold, there exist many metrics of constant scalar cur-
vature. We introduce the notations

C ={g € M]scal, is constant},
C.=M.NC.

Let ¥: M — C°(M) be defined by ¥(g) = Agscal,. Since M is compact,
C = U=10). Let g € C. By the first variation of the scalar curvature, the
differential of ¥ at g is equal to

ag(h) = dWy(h) = Ay(scall (h)) = Ay(Agtrgh + 54(3,h) — (Ric, h)).  (2.15)

Theorem 2.6.1 (|[Koi79al). Let go € Ci such that scaly, /(n—1) is not a positive
eigenvalue of the Laplace-Beltrami operator. Then in a neighbourhood of go, C1
is an ILH-submanifold of M such that

T,,C1 = ker(ag,) N {h € T(S*M) ‘ / trg,h dV,, = 0} . (2.16)
M

Furthermore, the map (f,g) — f-g from C®(M) x C; to M is a local ILH-
diffeomorphism from a neighbourhood of (1,go) to a neighbourhood of go.
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By rescaling, this local decomposition holds of course for constant scalar
curvature metrics of arbitrary volume. Observe that this assertion holds for all
Einstein metrics except the standard sphere. The local decomposition follows
from the ILH inverse function theorem and the splitting

D(S*M) =C>(M) - g T,C..
If g is an Einstein metric, then g - Diff (M) C C,, and therefore,
5(Q1(M)) = T, (g - DIft (M) C T,C..

By (2.15) and (2.16)), it is easy to see that TT, C T,Cy. Since also the decom-
position

L(S*M) = C®(M) - g & 6;(Q (M) & TT,
holds, we have
T,C. = 6*(QY(M)) & TT,,
and in addition, this decomposition is L?-orthogonal.

Proposition 2.6.2 ([Bes08],Proposition 4.47). Let (M, g) be a metric of con-
stant scalar curvature and volume c such that scaly/(n —1) ¢ spec, (Ay). Then
g is a critical point of S|c, if and only if g is Einstein.

Observe that stability of an Einstein manifold precisely means that the sec-
ond variation of the Einstein-Hilbert functional is nonpositive on T,C.. The
following lemma is quite immediate but is not stated in this form in the litera-
ture.

Lemma 2.6.3. Let (M, go) be an Einstein manifold of volume c. If we have
scalg < scalg, for all g € C. in a small C?-neighbourhood of go, then (M, go) is
stable. Conversely, if (M, go) is strictly stable, there exists a C*-neighbourhood
U of go in the space of metrics such that scaly < scaly, for all g € UNC., and
equality holds if and only if g is isometric to gg.

Proof. Suppose that gy is unstable, then there exists h € TT, C T4C. such
that Sy (h) > 0. By integrating, we obtain a curve g; € C. such that we have
scaly, = ¢ 1S(gt) > ¢ 1S(go) = scaly, for all ¢ € (0,€). Conversely, suppose
that (M, go) is strictly stable, i.e. S” is negative on TT-tensors. Let Sy, be a
slice through gy and consider the set Sg, N C.. This is an infinite-dimensional
submanifold of M and its tangent space through gq is given by TT. The map
g — scal, = ¢719[g] is a smooth functional on S, NC, which is continuous with
respect to the C2-topology. Since gq is a critical point of scal and the second
variation is negative at go, there is a small C?-neighbourhood V C S, NC. such
that scal, < scaly, for all g € V, g # go. By the slice theorem, there exists a C*-
neighbourhood U in M such that any g € C.NU can be written as ¢*g for some
¢ € Diff(M) and g € V. By diffeomorphism invariance, scal, = scal; < scalg,
and equality holds if and only if g = ¢*go. O
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2.7 The Yamabe Invariant

For a smooth metric g on a given compact manifold, we consider

Y (M, [g]) = inf vol(M,g)—/n / scaly dVj,
g€lg] M

where [g] is the conformal class of g. We call this infimum the Yamabe constant
of the conformal class of g. By the solution of the Yamabe problem (which was
solved by Schoen in [Sch84]), it is well known that this infimum is always finite
and that it is realized by a metric of constant scalar curvature. Metrics realizing
this infimum are nessecarily of constant scalar curvature and are called Yamabe
metrics. We now define the Yamabe functional

Y: M =R,
9= Y(M,]g]).
By definition, this functional is conformally invariant. It is also a diffeomorphism
invariant, so Y (p*g) = Y(g) for any ¢ € Diff(M). The Yamabe functional is

continuous with respect to the C2-topology (see [Bes08, Proposition 4.31]). We
call

Y(M) = gsél}i Y (M, [g])

the Yamabe invariant of M. It is well known (see e.g. [LP87, p. 50]) that
Y(Ma [gD S Y(Sna [gst})a

and equality holds if and only if M = S™ and g is isometric to some metric in
[gst]. Thus, we immediately obtain the bound

Y (M) <Y(S").
In particular, the Yamabe invariant of any manifold is always a real number.
Definition 2.7.1. A Yamabe metric g is called supreme if Y (M, [g]) = Y (M).

Let ). be the set of Yamabe metrics of volume c¢. Clearly, . C C.. Let g
be an Einstein metric. It is well-known that any Einstein metric is the unique
Yamabe metric in its conformal class (see [Sch89, Proposition 1.4]).

Theorem 2.7.2 (|[BWZ04]). Let (M, go) be an Einstein metric not conformally
equivalent to the round sphere. Then any metric g € C which is C*>“-close to
go is a Yamabe metric.

In other words, Y N Y. = U N C. for a small C>*-neighbourhood U of
go. Moreover, if U is small enough, Theorem implies that a small C?%-
neighbourhood of (1, gg) in C*°(M) x C. is mapped diffeomorphically to U by
(f,g9) — f-g. Since g is Yamabe, we have

Y(f-g)=Y(g) =™ scal,

for f-g € U. This shows that the Yamabe functional is smooth on U, since
g — scaly is smooth on C,.. Using these observations, we can deduce the following
from Proposition [2.6.2
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Corollary 2.7.3. Let (M, go) be an Einstein manifold. If Y (g) <Y (go) for all
g € M in a small C**-neighbourhood of go, then (M, go) is stable. Conversely,
if (M, go) is strictly stable, there exists a C*“-neighbourhood U of go in the
space of metrics such that Y(g) < Y(go) for all g € U, and equality holds if and
only if g is isometric to go.

In particular, we have

Corollary 2.7.4. Any supreme Einstein metric (M, g) is stable.
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Chapter 3

Some stable and unstable
Einstein Manifolds

In this chapter, we study the Einstein operator on particular examples. In the
first section, we mention some well-known examples and classes of stable and
unstable Einstein manifolds. In Section we study the Einstein operator on
Bieberbach manifolds and we compute the dimension of its kernel in terms of
the holonomy. In Section we study the Einstein operator on products of
Einstein spaces.

3.1 Standard Examples

In general, it is very hard to find out if an Einstein manifold is stable or not.
However for some examples, this is possible and for very few examples, it is even
possible to compute the spectrum of the Einstein operator explicitly.

Example 3.1.1 (The flat torus). We consider the Torus T™ = R™/Z"™ equipped
with the flat metric. We consider the Einstein operator acting on the subbundle
tr=1(0) ¢ T'(S2M). This is a trivial vector bundle over 7™ and its dimension
equals n(n + 1)/2 — 1. Since the manifold is flat, A = V*V =A@ ... B Ay
where A is the usual Laplace-Beltrami operator acting on functions. There-
fore, the spectrum of Ag concides with the spectrum of the Laplace-Beltrami
operator on T, so

spec(Aply-1(0)) = {(2m)*(k] + ...+ k2)| ki € Z} .

In particular, since all eigenvalues are nonnegative, (7™, geyr) is stable. The
kernel of Agli—1(p) has dimension n(n 4 1)/2 — 1, since it consists precisely of
the parallel sections in tr~1(0), which are obviously TT-tensors.

Example 3.1.2 (The sphere and the real projective space). The n-dimensional
unit sphere is an Einstein manifold with constant (n — 1). Here, we have the
relation

AE:AL—Q(n—1)7
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where Ay, is the Lichnerowicz Laplacian. The spectrum of A, on the standard
sphere was explicitly computed in [Bou99|. For Ay acting on traceless transverse
tensors, eigentensors were constructed in the proof of [Bou99, Proposition 3.19]
and the spectrum is given in [Bou99, Theorem 3.2]. We immediately obtain the
spectrum of Ag:

spec(Ag|rr) ={k(k+n—-1)| k > 2}.

In particular, (S™,gs:) is strictly stable since all eigenvalues are positive. The
real projective space (RP™,gs) is also strictly stable. The spectrum of its
Einstein operator is

spec(Ag|rr) = {2k(2k +n — 1)| k > 2},
see [Bou99, Theorem 4.2].

Example 3.1.3 (Coverings). Let ¢ : (M,j) — (M,g) be a finite Rieman-
nian covering of Einstein manifolds. If (M, §) is (strictly) stable then (M, g) is
(strictly) stable. This is due to the fact that any TT-eigentensor of Ag on M
can be lifted to a TT-eigentensor of A on M with the same eigenvalue.

Example 3.1.4 (Symmetric spaces of compact type). For most symmetric
spaces of compact type, it is known if they are stable or not. A table collecting
the smallest eigenvalue of the Lichnerowicz Laplacian (from which we obtain the
smallest eigenvalue of the Einstein operator immediately) on such spaces is given
in [CH13| p.15-17]. The only known unstable manifolds in this class are Spin(5),
Sp(n), n > 3, SO(5)/(SO(3) x SO(2)) and Sp(n)/U(n), n > 3. For HP? and
Sp(p+q)(Sp(p) x Sp(q)), it is not known whether they are stable or not. All
other manifolds in this class are known to be stable. From these, the spaces
SU(),n =3, SU(n)/O(n),n >3, 5U(2n)/Sp(n), n = 3, U(p+q)(U(p)xU(q)),
p,q > 2 and Eg/Fy have infinitesimal Einstein deformations.

Example 3.1.5 (Spin manifolds). Suppose now that our manifold (M, g) is
spin. We call a nonzero spinor ¢ a real Killing spinor, if Vxo = ¢X - o for
some ¢ € R. Any Riemannian manifold carrying a real Killing spinor is Einstein
with constant 4c?(n — 1). If ¢ = 0, o is parallel and (M, g) is Ricci-flat. By the
work in [Wan91], [DWWO05|, it is known that such manifolds are stable. The
idea is as follows: Given a real Killing spinor, we associate to each symmetric
(0,2)-tensor a spinor-valued 1-form by

U: T(S2M) =T(T*M ® S),
h—(X — h(X)-0).

Here, S denotes the spinor bundle of (M, g) and h is considered as an endomor-
phism on TM. Now a straightforward calculation shows that if h € T'T,

D? 0 W(h) 4+ 2¢D o W(h) = Vo Ap(h) + n(n — 1)U (h).

where D is the twisted Dirac operator acting on I'(T*M ® S). Since D? is a
nonnegative operator, (M, g) is stable if ¢ = 0.

For the more general case of non-parallel real Killing spinors, stability can
not be derived. We then replace the connection on T*M ® S by a new connection
V defined by Vx=Vx+ =X and obtain the Bochner formula

WoAg(h)=D?*o0U(h) — 3 (n—1)2U(h),
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where D is the Dirac operator associated to V. Thus, the smallest eigenvalue of
Ag|rT is bounded from below by —"T_l 1 where ¢ > 0 is the Einstein constant.
As we will see, this estimate is rather bad compared to the ones discussed in
the next chapter.

Example 3.1.6 (Kahler manifolds). Kéahler-Einstein manifolds with nonposi-
tive Einstein constant are stable. This will be discussed in more detail in Section
4.0l

Example 3.1.7 (Product manifolds). The prototypical example of an unstable
Einstein manifold is the product of two positive Einstein manifolds (M™, g1),
(N™2,gy). Take h =ng-g1 —n1-g2. Then h € TT,, 14, and Agh = —2uh where
w1 is the Einstein constant.

Example 3.1.8 (Other unstable manifolds). From the estimates in [GH02}
GHPO03; (GMO02; [PP84al [PP84b], the following examples are also unstable:

e The three infinite families of homogeneous Einstein metrics in dimensions
5 and 7 in [Rom85} [CDF84; DEVNS4L [PP84b]. They are S! -bundles over
52 x §2 , CP? x 52 and S? x 82 x 82, respectively. These examples are
special cases of the examples in [WZ86].

e A few of the inhomogeneous Einstein metrics on the products of spheres
in low dimensions constructed by C. Bohm in [B6h98§].

In [B&h035], C. Bshm constructed unstable Einstein metrics on the total spaces
of principal torus bundles over products of Kéhler-Einstein manifolds.

All the unstable Einstein metrics from the previous examples have positive
scalar curvature. In contrast, no unstable Einstein metrics with nonpositive
scalar curvature are known (in the compact case). This raises the following

Question ([KWT75; [Dai07]). Are all compact Einstein manifolds with nonpos-
itive scalar curvature stable?

This is not true in the noncompact case since the Riemannian Schwarzschild
metric is unstable (see [GPY82, Sec. 5]).

3.2 Bieberbach Manifolds

Bieberbach manifolds are flat connected compact manifolds. It is well known
that any Bieberbach manifold is isometric to R™/G, where G is a suitable sub-
group of the Euclidean motions E(n) = O(n) x R™. We call such groups Bieber-
bach groups. For every element g € E(n), there exist unique A € O(n) and
a € R™ such that gz = Az + a for all x € R"™, and we write g = (4,a).
There exist homomorphisms r: E(n) — O(n) and ¢t: R® — E(n), defined by
r(A,a) = A and t(a) = (1,a). Let G be a Bieberbach group. The subgroup
r(G) C O(n) is called the holonomy of G since its natural representation on R”
is equivalent to the holonomy representation of R”/G (see e.g. [Cha&6]).

We call two Bieberbach manifolds M; and M. affinely equivalent if there
exists a diffeomorphism F' : M; — My whose lift to the universal coverings
m1: R™ = My, mo: R™ — Ms is an affine map a: R™ — R” such that

Moo= Fom.
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If M, and M, are affinely equivalent, the corresponding Bieberbach groups
G1 and G are isomorphic via ¢ : G; — Ga, ¢(g9) = aga~!. Conversely, if two
Bieberbach groups GG; and G are isomorphic, there exists an affine map « such
that the isomorphism is given by g — aga~! (see [Woll1, Theorem 3.2.2|). The
map « descends to a diffecomorphism F': My — My and M, and M, are affinely
equivalent via F'.

Now we want to determine whether a Bieberbach manifold has infinitesimal
Einstein deformations or not. Any Bieberbach manifold is stable since

(Agh,h)p2 = (V*Vh,h) > = |[Vh|3. > 0.

Furthermore, we see that any infinitesimal Einstein deformation is parallel.

Remark 3.2.1. The following lemma is a consequence of the holonomy principle.
It also follows immediately from [Diel3| Proposition 4.2].

Lemma 3.2.2. Let (M,g) be a connected Riemannian manifold. There exists
a nonzero traceless symmetric (0,2)-tensor field h with Vh = 0 if and only if
the holonomy of (M, g) is reducible.

Proof. Let h be a symmetric and traceless parallel tensor field and consider it
as an endomorphism h : TM — TM. Let p € M and let {eq,...,e,} be a local
orthonormal frame around p such that all e; are eigenvectors of h at each point,
i.e. h(e;) = Aje;. Since h is parallel,

0 =V, (h(e;)) ~ h(Vere))

NE

=Ve,(Aje;) = > h(Texr)

k=1

:(Vei )‘j)ej + )\j(veiej) - Z )\krfjek
k=1

NE

=(Ve, Aj)es + ) (A — AT Hex

~
Il

1
n

=(Ve, \j)ej + (Aj = AT e
k=1,k#j

Since the e; are linearly independant, V¢, A; = 0 for all 1 < 4,5 < n. Thus, the
eigenvalues \; are constant as functions on M. Let now A\ < ... < A; be the
pairwise distinct eigenvalues of h. We obtain an orthogonal splitting

TM = E(\) @ ...® E\).

where F()\;) is the space of eigensections to the eigenvalue A;. Since h is trace-
free, there exist at least two distinct eigenvalues, so the splitting into eigenspaces
is nontrivial. Let now 7 : [0,1] — M be a piecewise smooth curve. Let
Xo € TyoyM and Xy, t € [0,1] be the parallel translated vector field along
~v. Then h(X;) is the parallel translated vector field of h(Xjy) along ~. There-
fore, the eigenspaces of h are preserved by parallel translation along curves,
so the holonomy representation on T, M leaves the eigenspaces of h invariant.
Thus, it is reducible.
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To prove the converse, suppose that the holonomy of (M, g) is reducible.
Let p € M and (E1)p, ... (Ek), be invariant subspaces of Hol,(M, g) such that
(E1)p ® ... ® (Ex)p = T,M. Since Hol,(M,g9) C O(T,M,g,), this sum is
orthogonal. By parallel translation of the (E;),, we obtain a well-defined parallel
splitting 1 @ ... ® Ey = TM. The metric splits as ¢ = g1 @ ... @ g since
these subbundles are orthogonal. Then any combination Zle Aigi, \i € Ris a
symmetric parallel tensor field and its trace vanishes for a suitable choice of the
A O

Corollary 3.2.3. A Bieberbach manifold M = R™/G is strictly stable if and
only if the subgroup r(G) C O(n) acts irreducibly on R™.

Proof. Recall that r(G) is isomorphic to the holonomy of M. Since any infinites-
imal Einstein deformation is parallel, the assertion is immediate from Lemma
5.2.2) O

We now consider the contrary case where the holonomy is reducible. We
then know that the space of infinitesimal Einstein deformations is nontrivial.
We want to compute its dimension. Let TM = FE; @ ... ® Ej; be a parallel
splitting of the tangent bundle into irreducible components. Then a parallel
splitting of the bundle of symmetric (0, 2)-tensors is given by

k k k
I"MoT'M= E oE =P’E e PE 0F;. (3.1)
i,j=1 i=1 i<j

Here, E; is the image of E; under the musical isomorphism and © denotes the
symmetric tensor product. We now want to determine the space of parallel
sections in each of these summands. First suppose that h € T'(®?E;) is parallel.
Considered as an endomorphism on 7'M, it induces an endomorphism h : E; —
E;. By the proof of Lemma its eigensections form a splitting of the bundle
FE;. Since we assumed E; to be irreducible, there can only exist one eigenvalue,
which implies that h = Ag; where A € R and g; is the metric restricted to E;.
Thus, parallel tensors in the component @le ®2E; are of the form

k
h=> Xgi,  MN€ER
i=1
If we assume h to be trace-free, we have the condition
k
> Xidim(E;) = 0.
i=1

We have just obtained a k — 1-dimensional space of infinitesimal Einstein defor-
mations. Now we consider the second component of the splitting (3.1]). Sections
of B} ® £, considered as endomorphisms on 7'M, are sections of End(E; @ Ej)

which are of the form
0 A*
=3 %),

where A € T'(End(E;, E;)) and A* is its adjoint. Any such map is trace-free.
Now if h is parallel, A is also parallel. Therefore, ker(A) and im(A) are both
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parallel subbundles of E;, E;, respectively. Since E;, E; are irreducible, this
shows that A is an isomorphism if it is nonzero. We now want to state nessecary
and sufficient conditions which ensure the existence of such a map.

Fix a point p and consider a linear map A, : (E;), — (E;)p. It is clear
that there exists at most one parallel endomorphism A : E; — E; which coin-
cides with A, at p. Assume that such an A exists and let v : [0,1] — M be
a closed curve starting and ending at p. Then A commutes with the parallel
transport along v and therefore, A, commutes with the holonomy representa-
tion p(Hol,(M,g)) C O(T,M,g,). This is also a sufficient condition. If A,
commutes with the holonomy representation, one obtains a well-defined parallel
endomorphism A by parallel translation along curves.

This condition precisely means that the restricted standard holonomy repre-
sentatios p(Holy(M,g))|s, and p(Holy(M,g))|E, are equivalent via A,. Recall
that two representations py : G — L(V), pa : G — L(W) are equivalent if there
exists an isomorphism ¢ : V' — W such that pa(g) o p = p o p1(g) for all g € G.

Since the representations p(Hol,(M, g))|g, and p(Hol,(M,g))|r, are finite
dimensional and irreducible, the space of linear maps L : (E;), — (E;), com-
muting with these representations is 1-dimensional. This follows easily from a
Lemma from representation theory (see e.g. [NS82, p. 27]).

In summary, we have shown that the dimension of the space of parallel
sections in E ® E7 equals 1 if the holonomy representations restricted to E;
and E; are equivalent and zero otherwise. Summing over all Ef ® B i<y
and using the fact that the representations p : Hol,(M,g) — O(T,M, g,) and
r: G — O(n) are equivalent, we obtain

Proposition 3.2.4. Let (M =R"/G, g) be a Bieberbach manifold and let p be
the canonical representation of the subgroup r(G) on R™. Let

P (p)" @... B ()"

be an irreducible decomposition of p. Then the dimension of infinitesimal Ein-
stein deformations is equal to

l P ..
. _ . ij(i; — 1)
dim (ker(Ap|rr) = —1+ ;:1 i+ ;:1 e

Remark 3.2.5. We show that each of the infinitesimal Einstein deformations
above is integrable. Let M = R™/G be a Bieberbach manifold with the flat
metric g and let h be a parallel tensor field. For small values of ¢, g = g + th
is also a metric. Choose local coordinates such that g;; = d;;. Then the local
coefficients h;; are constant, since h is parallel. Thus, also g; has constant
coefficients with respect to these coordinates, which implies that the Riemann
curvature tensor vanishes. In particular, (M, g;) is a curve of Einstein metrics.

Recall that two Bieberbach manifolds M; and M, are called affinely equiv-
alent if there exists a diffeomorphism F : M; — M, whose lift to the universal
coverings m1: R” — My, mo: R™ — M, is an affine map a € GL(n) x R™ such
that F o m = mg o a. Since 7y, mo are local isometries and « is affine, the map
F is parallel, i.e.

VXF(Y) =dF(Vii. oY), VX € X(Ms),Y € X(M).
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The map F induces an ismorphism F: T'(S?M;) — I'(S?M,) which is defined
as FLh(X,Y) = h(dF~Y(X),dF~1(Y)). Since F is parallel,

VXFh = FENVgt i h, VX € X(Ma).

Therefore, F, maps parallel tensor fields on M isomorphically to parallel tensor
fields on M5. It follows that the dimension of infinitesimal Einstein deformations
only depends on the affine equivalence class of M.

For any n € N the number of affine equivalence classes of n-dimensional
Bieberbach manifolds is finite (see [Biel2]). In dimension 3, a classification
of all Bieberbach manifolds up to affine equivalence is known. In fact, there
exist 10 Bieberbach 3-manifolds where six of them are orientable and the others
are non-orientable. We describe the corresponding Bieberbach groups in the
following. Moreover, we will compute the dimension of infinitesimal Einstein
deformations explicitly. Let {e1, e, e3} be the standard basis of R?, let R(¢p)
be the rotation matrix of rotation of R? about the e;-axis through ¢ and let E
be the reflection matrix at the ej-es-plane, i.e.

1 0 0
e1=1(0], ea=1|1], es=10],
0 0 1
1 0 0 1 0 0
R(p) =10 cos(p) —sin(y) |, E=(10 1 0
0 sin(p) cos(p) 0 0 -1

Let furthermore t; = (1,€;), ¢ € {1,2,3} and I be the identity map. Then the
Bieberbach groups can be described as follows (see e.g. [KKO03]):

generators of G;
G1 | t1,t2,t3

G5 tl,Sl = ([,R%GQ),SQ
GG t17t27t3,a:(Rﬂ—,%61),

B=(~E-Re,L(ez +cg)) and y = (—E, 1(e1 + 3 + e3))
G7 | t1,te,t3 and o = (E, %el)

Gs | ti,ta,s=(I,3(e1 +e2) +e3) and v = (E, Leq)

Gg t17t27t3,a = (Rﬂ—, lel) and ﬂ = (E, leg)

GIO t17t27t3,a = (Rﬂ—, 561) and ﬂ = (E, 5(62 + 63))

2%)ey,I) and a = (Rz, se1)

The manifolds M /G; are orientable if 1 < ¢ < 6 and non-orientable if 7 < i < 10.
Now we extract the generators of the holonomy and use Proposition [3:2.4] to
compute the dimension of ker(Ag|rr):
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generators of r(G;) | dim(kerAg|pr)

[SERNE] “"S; e

T —FE- Rﬂ'? _E}

£
HEE DD

Gy {R.,E}
G | {R+ E}

NN WWN =~ = WOt

This table in particular shows that each three-dimensional Bieberbach man-
ifold has infinitesimal Einstein deformations and hence, it is also deformable as
an Einstein space by our remark above. In fact, the moduli space of Einstein
structures on these manifolds concides with the moduli space of flat structures .
An explicit desciption of these moduli spaces is given in [Kan06, Theorem 4.5].

It seems possible but it is not known if there are Bieberbach manifolds which
are isolated as Einstein spaces.

3.3 Product Manifolds

Let (M, g1) and (NN, g2) be Einstein manifolds and consider the product manifold
(M x N,g1 + g2). It is Einstein if and only if the components have the same
Einstein constant p. In this case, the Einstein constant of the product is also
w. We want to determine if a product Einstein space is stable or not. This was
worked out in [AMI1] in the case, where the Einstein constant is negative. We
now study the general case.

In the following, we often lift tensors on the factors M, N to tensors on
M x N by pulling back along the projecton maps. In order to avoid notational
complications, we drop the explicit reference to the projections throughout the
section.

At first, we consider the spectrum of the Einstein operator on the product
space.

Proposition 3.3.1 ([AMII]). Let AY "N be the Binstein operator with respect
to the product metric acting on T'(S*(M x N)). Then the spectrum of AM*N
is given by

spec(Ag *N) = (spec(A) +spec(Ag')) U (spec(A%) +spec(Ag”))
U (spec(AM) 4+ spec(A)).

Here, A, AY, AM AN denote the connection Laplacians on functions and
1-forms with respect to the metrics on M and N, respectively.

Proof. Let {a;}, {w;}, {h;} be complete orthonormal systems of symmetric
(0, p)-eigentensors (p = 0,1,2) of the operators A}, AM  AM respectively.
Let )\EO),)\El),/\EQ) be the corresponding eigenvalues. Let {3;}, {¢:}, {ki} be

complete orthonormal systems of symmetric (0, p)-eigentensors (p = 0,1,2) of

the operators AY, AN, AN respectively. Let KEO)7 n(l), KJE

i ? be their eigenvalues.
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By [AM11], Lemma 3.1], the tensor products c;k;, B;h;, w; © ¢; form a complete
orthonormal system in I'(S?(M x N)). Straightforward calculations show that

AR (asky) = (A + k) ask;,
AMXN (0, © ¢5) = (AP + ”g‘l))wi © @55
AYN (Bihy) = (610 + AP)Bihy,

from which the assertion follows. O

Lemma 3.3.2. Let (M, g) be an Einstein manifold with constant p. Then the
spectrum of Ag on T'(S?M) can be decomposed as

spec(Ag) = spec(Ag — 2p - id) Uspec ((Ay — p - id)|w ) Uspec(Ag|7rT)
where W = {w € Q(M) | 6w = 0}.
Proof. If (M, g) is not the standard sphere, we consider the decomposition

L(S*M)=C>(M)-g&6;(Q"(M)) & TT,.

Let {f;}, i € Ny be an eigenbasis of Ag to the eigenvalues AEO), where fj is
the constant eigenfunction. Let {w;}, ¢ € N, be an eigenbasis of A; = Ay — pu

acting on W with eigenvalues /\El). Let {h;}, .y be an eigenbasis of Ag|pp with

ieN
eigenvalues )\52). Then {Vf;}, i € N, {w;}, i € N form an eigenbasis of A; on
all 1-forms and {f; - g}, ¢ € Ny, {szi}, 1eN, {6*w;}, i € Nand {h;}, i €N
form a basis of T'(S2M).

If (M,g) = (5", gsp), we obtain a basis, if we remove from {V2fi} the f;
which are the eigenfunctions to the first nonzero eigenvalue of the Laplacian

(c.f. Remark [2.4.2]). By the relation Ay = A — 24 - id and Lemma we
have

which shows that we have obtained a basis of eigentensors of Ag. By Lemma
below, )\7(;1) — ¢ > 0 and equality holds if and only if 6*w; = 0. This finishes
the proof of the lemma. O

Lemma 3.3.3. Let (M, g) be an Einstein manifold with constant p and W as
in Lemma[3.3.9 above. Then

2 * 2 2
Vw2 = 2[[6%w[]” + p llwl| 72

for any w € W. In particular, spec((A1 — p - id)|w) is nonnegative.
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Proof. Let {ey,...,e,} be a local orthonormal frame. Then
Vel = [ Y (Tewle)? av
M
1
= 530 [ [(Vesle) + Veo(en))? = 2Veoe5)Veyle)] dV
2 — I
=2||6*w] -|-/ Zw(ej)vaejw(ei) av
M
:2”5*%2*/ > w(ej)Re, e, wlei) dV
M

=2|6*wl* + [ Y w(e;)(w o Ric)(e;) dV
M

* 2 2
= 2|[07w[]” + p [l 2

and if p is nonnegative, the nonnegativity of Ay — p-id = V*V — 1 - id follows.
If p is negative, Ay — p - id is obviously positive. O

Proposition 3.3.4. If (M, g1) and (N, g2) are two stable Einstein metrics with
w < 0, the product manifold (M x N, g+ h) is also stable.

Proof. By Lemmaand since p < 0, the operators AY  AZX are nonnegative
on all of I'(S2M) if and only if their restriction to TT-tensors is, respectively.
By Proposition Ag *N s nonnegative since the sum of the spectra does
not contain negative elements. O

If (M, g) and (NN, g2) are stable Einstein manifolds with constant u < 0, it
is also quite immediate that

ker(AgXNhT) = keI‘(AAE/[|TT) D keI‘(Agh‘T)

(see [AM11), Lemma 3.2]). We show that if 4 = 0, the situation is slightly more
subtle.

Proposition 3.3.5. Let (M™,¢g1) and (N™2, g2) be stable Ricci-flat manifolds.
Then

ker (AN |pr) =R(ns - g1 — n1 - g2) ® (par(M) © par(N))
@ ker(AY |r1) @ ker (AR 7).
Here, par(M), par(N) denote the spaces of parallel 1-forms on M, N respectively.

If all infinitesimal Einstein deformations of M and N are integrable, then all
infinitesimal Einstein deformations of M x N are integrable.

Proof. By the proof of Proposition the kernel of A%I *N is spanned by ten-
sors of the form «;k;, Bihj, w; © ¢; where oy, w;, by and B;, ¢, k; are eigentensors
of Ag,A1,Ap on M and N, respectively. By Lemma [3.3.2] these operators are
nonnegative, so the eigentensors have to lie in the kernel of the corresponding
operators. Moreover,

ker(A%I) =R-g1® ker(A%|TT)
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and
ker(AY) =R go ® ker(AF| 7).
This shows

ker(Ap*N) =R - g1 @R - g, @ (par(M) @ par(N))
@ ker(AY |77) @ ker(A¥ |77).

The first assertion follows from restricting Af\g/[ *N to TT-tensors. Any deforma-
tion h € R(ng - g1 —nq - g2) is integrable since it can be integrated to a curve of
metrics of the form (g1): + (g2): where (¢g1): and (g2): are just rescalings of ¢y
and go. This of course does not affect the Ricci-flatness of M x N.

Now, consider the situation where h € (par(M) @ par(N)). Let wq,...,wm,
be a basis of par(M) and @1, . . . dm, be a basis of par(N). Suppose for simplicity
that all these forms have constant lengh 1. Then

mi1 M2

h = ZZ%;‘%‘@@-

i=1 j=1

We show that h is integrable. By the holonomy principle, we have parallel
decompositions

mi m2
TM=Eo@PR of), TN=Fao@PR®R ¢),
i=1 j=1
and the metrics Spht as g1 = §1 —+ Z;r;ll Wi (9] Wi, g2 = gg —+ Z;,L:Ql gbj & ¢j-
The metrics §; and §o are also Ricci-flat. The tangent bundle of the product
manifold obviously splits as

T(MxN):E@F@é(RW?)@%(R'(ﬁg)-

i=1 j=1

Observe that g; + go is flat when restricted to
mi ma

G=PR-v)) o PR ).
i=1 j=1

Consider the curve of metrics t — ¢g; = g1 + g2 +th on M x N.

The metric restricted F @ F' does not change and stays flat if we restrict to
G. Thus, g; is a curve of Ricci-flat metrics, so h is integrable.

If h € ker(AY|7r), then there exists a curve of Einstein metrics (g1); on M
tangent to h by assumption. Consequently, the curve (g1); @ g2 is a curve of
Einstein metrics on M x N tangent to h, so h is integrable (considered as an
infinitesimal Einstein deformation on M x N). If h € ker(A¥|7r), an analogous
argument shows the integrability of h. O

Now, let us turn to the case where the Einstein constant is positive.
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Lemma 3.3.6. Let (M,g) be a positive Einstein manifold with constant .
Then

dim(kerAg) = 2 - multa,(2u) + dim(kerAg|rr),

md(AE) =1+ multAO (’I’L’Ijl > + Z 2- rnultAO (/\) + ind(AE|TT),
NE(F211,21)

where multa, (A\) is the multiplicity of A as an eigenvalue of Ay and ind(Ag) is
the index of the quadratic form h— (Agh,h)re2.

Proof. This follows immediately from the proof of Lemma and Obata’s
theorem (Theorem [2.4.3)). O

Proposition 3.3.7. Let (M™,g1), (N"2,gs) be stable Einstein manifolds with
constant > 0. Then

dim(kerAY N |pp) =dim(kerAY |77) + dim(ker AY | 77)

+ multAéu (2u) + multAé\r (2w),
ind(A%XNh“T) =1+ Z multAéu ()\) + Z multAév ()\)

AE(mytyms2n) AE (27 1210)

Proof. We now prove the first assertion. By Lemma AM and AV are
positive. Thus by Proposition [3.3.1]} we have to count the number of eigenvalues
(with their multiplicity) /\EO) € spec(A}), )\Z(-Q) € spec(AM), /@Z(-O) € spec(Ad),
HZ(-Q) € spec(AX) such that )\1(0) + 552) = 0 and )\52) + KJEO) = 0. Consider the
first equation. If /\EO) . /\(()0) = 0, then also /@52) = 0 and the multiplicity of m§2)
is given in Lemma If )\1(0) > 0, then HZ(»Q) < 0. By Lemma m Lemma
and since (M, g;) is stable, /*652) +2u = nl(-o) € spec(AY). We thus have
to find /12(-0) such that )\Z(-O) + &EO)
estimate, we have a lower bound )\1(-0), ml(-o) > = for nonzero eigenvalues of
the Laplacian. Therefore, the only situation which remains possible is that

= 2u for A9 S . By Obata’s eigenvalue

K2

)\1(0) = 2u and /{EO) = lﬁl(()o) = 0. Since eigenvalue zero has always multplicity 1,
(2) (0)
= K

Kk, =

equation /\l@) + K

— 2pu = —2p is of multiplicity 1. Now we do the same game for the
(0

%

) = 0. We obtain, after summing up both cases,

dim(kerAY*N) =dim (kerAY |77) + dim(kerAY | 77)

+ 3mult aar (2p) + 3mult o x (20).
By the formula

multA(IJ\JxN(T) = Z mult yar (A) - multan (k) (3.2)
A+K=T

and by Obata’s eigenvalue estimate,

mult yarxn (2p) = multa (2p) + multay (24).

From Lemma we get the dimension of ker AN *N |77,
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To show the second assertion, we compute the number of eigenvalues (with
multiplicity) satisfiying )\EO) + 1152) < 0 or )\52) + HEO) < 0. Consider the first
inequality. If )\EO) = )\E)O) =0, then HEQ) < 0 and the number of such eigenvalues
(with multiplicity) is given by Lemma If )\EO) > 0, then )\EO) > 2 p and
552) < —-"5u. By Lemma n§2) +2u = ngo) € spec(AY) and /@Z(-O) < Z—ﬁu.

1(-0) = Iiéo) =0 and KEQ)
multiplicity 1. This also implies that A0 < 21t.

Simliarly, we deal with the inequality )\52) —&—ngo) < 0. Summing up over both
cases, we obtain

By Obata’s eigenvalue estimate, = —2u appears with

9

ind(AR> M) =243 > multax (V)43 > multay(A)
AE(mtyms2n) AE(p21:20)

n1 n2
+2- multA(z)u <n1 — 1#) +2- multA(z)v (n2 — 1u) .
By (3.2) and by Obata’s eigenvalue estimate,

> multpan (A) = > multay () + Y multan(N)

AE(0,2p) A€(0,2p) A€(0,2u)

and the second assertion follows from Lemma [3.3.6l O

As we see, products of positive Einstein manifolds are always unstable and
small eigenvalues of the Laplacian enlarge the index of the form

TT 5 h— (AEh,h)L2.

Remark 3.3.8. In particular, if 2p is an eigenvalue of the Laplace-Beltrami
operator on M or N (this holds e.g. for the complex projective space) then
the product metric has infinitesimal Einstein deformations. The non-integrable
infinitesimal Einstein deformations on CP?" x $2 mentioned in Section [2.5] are
of this form.
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Chapter 4

Stability and Curvature

In this chapter, we study curvature conditions which ensure stability of Einstein
manifolds. We build upon work by Koiso ([Koi78; [Koi79b}; [Koi80; Ko0i82; [Koi&3]),
Itoh and Nagakawa ([INO5]).

4.1 Stability under Sectional Curvature Bounds

At first, we mention an important theorem by Koiso, which is a first attempt
to relate stability of Einstein manifolds to curvature assumptions. Because we
also work with his methods later on, we will sketch Koiso’s proof of the theorem
below. Let S2M be the vector bundle of symmetric (0,2)-tensors whose trace
with respect to g vanishes.

Theorem 4.1.1 ([Koi78|). Let (M,g) be Einstein with constant p. Let ro be
the largest eigenvalue of R on traceless tensors, i.e.

I (Rh,h) 2
R BT

h e r(ng)} : (4.1)

Ifrg < max {—u, %u}, then (M, g) is stable. If rg < max {—u, %u}, then (M, g)
18 strictly stable.

Proof. We define two differential operators by

1
Dih(X,Y, Z) :ﬁ(vxh(y’ Z)+Vyh(Z,X) +Vzh(X,Y)),
1
Doh(X,Y,Z) =—=(VxI(Y, Z) — Vyh(Z, X)).
V2
For the Einstein operator, we have the Bochner formulas
(Aph,h)rz = | Dib|72 + 2 Rl 72 — 4(Rhyh) 2 = 2|72 (4.2)
(Aph. h)gz = | Dahllja = pllbll 7z — (Rh,h)re + [[6h]7. (43)

see [Koi78| or [Bes08|, p. 355] for more details. Because of the bounds on ¢ and
dh = 0, we obtain either (Agh,h)r2 > 0 or (Agh,h)r2 > 0 for TT-tensors by

.
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The next step is to estimate 7y in terms of sectional curvature bounds. We
define a function on M by

~w (Rn,n),p
7(p) = sup {Inl%

n e (S§M)p} . (4.4)

Observe that ro < sup,cp 7(p)-

Lemma 4.1.2 ([Fuj79], see also [Bes08|). Let (M, g) be Finstein and p € M.
Let Kppin and Koqp be the minimum and mazimum of its sectional curvature
at p, then

r(p) <min{(n — 2)Kmazw — fo o — nEKmin } -
Proof. Choose 7 such that Ry = r(p)n. Let {e1,...,e,} be an orthonormal

basis in which 7 is diagonal with eigenvalues A1, ..., A, such that A; = sup ||
and Y A\; =0. Then

T(p))‘l (Rn 61761 ZR 6“61,61,6] 6_77 ZKzl)\

where K is the sectional curvature of the plane spanned by e; and e;. Thus,

AL = ZKmax/\i - Z(Kmaa; - Kzl)/\z

i£1 i£1
< —MKae + M Z(Kmax - Kil) (45)
i£1

=((n = 2)Kmaz — 1)A1.

On the other hand,

T(p))‘l = ZK’mznA + Z il — mzn Az

i#£1 i#£1
S _AIK'rrLin + A1 Z(Kﬂ - K’rnin) (46)
i1#£1

which finishes the proof. O
As a consequence, we get two well-known corrollaries.

Corollary 4.1.3. Any Einstein manifold (M,g) with ——pmched sectional
curvature, i.e., its sectional cuvature lies in the half-open mterval (%7 2 1] Kmaz,
is strictly stable

Proof This assumption means that 2nK,,;, > (n— 2)Knaz- Therefore, either
> (n 2) Krnaz or ft < 2nK . In both cases, 7o < supr(p) < § by Lemma
m and Theorem [L.1.1] implies strict stability. O

Corollary 4.1.4. Any Einstein manifold (M, g) of negative sectional curvature
is strictly stable.
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Proof. By Lemma Kpae < 0 implies o < supr(p) < —p and strict
stability again follows from Theorem O

By the last corollary, we obtained a quite strong stability criterion for neg-
ative Einstein metrics. However, the pinching criterion from Corollary
is rather weak, because it is only of use in dimension n < 8. For n > 8§,
any Einstein manifold satisfying the curvature conditions of Corollary is
quater-pinched and thus, by the proof of the differentiable sphere theorem, it is
isometric to a quotient the standard sphere (see [BS09]).

4.2 Extensions of Koiso’s Results

Now, we want to prove stability under weaker conditions than in the Corollaries
13 and 1.4 Unfortunately we cannot go further than replacing the strict
inequalities in the assumptions by weak inequalities. Then we immediately get
Ag|rr > 0. Furthermore, we will see that the existence of infinitesimal Einstein
deformations imposes very strict conditions on the structure of the manifold.
We first need a technical lemma.

Lemma 4.2.1. Let (M™,g) be Einstein with constant u and p € M. Suppose
that

r(p) = (n = 2)Kpaz — p = 1 — K pin. (4.7)

Here, r(p) is the function defined in and Kpae, Kmin are the mazximal
and minimal sectional curvatures of planes lying in T, M, respectively.

Then (M, g) is even-dimensional. Let ) € (S2M), be such that Ry = r(p)n.
Then n has only two eigenvalues A\, —A and the eigenspaces E(X\), E(—\) are
both of dimension m = n/2. Moreover, K(P) = K4z for each plane P lying
in either E(X) or E(=\) and K(P) = Kpin if P is spanned by one vector in
E(X\) and one in E(—X).

Proof. Let 1) € (S2M), be such that Rh = r(p)h. As in the proof of Lemma
let A1,..., A, be the eigenvalues of n (with A; = max |\;|) and let K;; be
the sectional curvatures with respect to the corresponding orthonormal basis.

By (4.7), we see that equality must hold both in (4.5) and (4.6)), i.e.

- Z(Kmax - K’Ll)Al = )\1 Z(Kmaz - Kz ) (48)
i#£1 i#1

and

Z(Ki — Komin)Xi = M1 Z(Kn — Koin)- (4.9)

i#1 i#1

From , we get that either \; = —\; or K;; = K4, Whereas implies
Ai = A1 or Kij = K,y for each 4. Thus there only exist two eigenvalues A and
—A which are of same multiplicity since the trace of 1 vanishes. In particular,
(M, g) is even-dimensional.

Let P C T, M be a plane which satisfies one of the assumptions of the lemma.
We then may assume that P is spanned by two vectors of the eigenbasis we
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have chosen. If P C E(\) or P is spanned by two vectors in E(X), E(—\),
respectively, we may assume e; € P. Then the assertions follow from the above.
If P C E(—)\), we may replace 7 by —n and the roles of F(\) and E(—\)
interchange. O

Now we are able to improve Corollary [I.1.3] by considering the case where the
manifold is weakly (n — 2)/3n-pinched.

Proposition 4.2.2. Let (M, g) be an Finstein manifold such that the sectional
curvature lies in the interval [(n — 2)/3n,1] - Kimaz, Kmaz > 0. Then (M, g) is
stable. If kerAg|rr is nontrivial, M™ is even-dimensional. Furthermore, there
exists an orthogonal splitting TM = & & F into two subbundles of dimension
n/2. The two C*°(M)-bilinear maps

I:T(&) xT(&) = T(F), (X,Y) = pre(VxY)
and
II:T(F) xT(F) = T(&), (X,Y) = pre(VxY)

are both antisymmetric in X and Y. Moreover, the sectional curvature of a
plane P is equal to Kpqe if P either lies in £ or F. If P = span{e, f} with
e€& and f € F, then K(P) = Kpin.

Proof. Let p be the Einstein constant. Because of curvature assumpions, p >
%(n —2) Kz OF po < 2nK iy at each point. In both cases, the function r from
Lcmma satisfies r < %u. Thus, rg < %u

and Theorem implies that (M, g) is stable. Suppose now there exists
h € kerAg|rr, h # 0. Then by ,

0= (Agh,h)pz = | Dih|72 +2p |[h]72 — 4(h, RR) 2
> 0+ 2p|h) 72 — 2u |[Al|7 = 0.

Therefore, D1h = 0 and (Rh, h)p = §|h|2 for all p € M. The second equality
implies that

= %(n — D)Koz = 2nKpin
and
r(p) = (n = 2)Kpaz — pp = pt = nKpmin.
Thus, Lemma applies and at each point where h # 0, the tangent space

splits into the two eigenspaces of h, i.e. T,M = E,(A\)®E,(—\). Since D1h =0,
we have

veih(eja ek) + Vejh<eka ei) + vﬁkh(eia ej) =0

for any local orthonormal frame {es,...,e,}. By considering h as an endomor-
phism h: TM — TM,

g(VEih(ej)7ek) + g(vE]‘h(ek)7 ei) + g(VEkh(ei)7 ej) =0 (410)
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for 1 < 4,4,k < n. Choose an eigenframe of h around some p outside the zero
set of h. We compute

(Ve hiej),er) = (Ve (h(ej)), ex) — (M(Ve,e5), ex)
= (Ve,(Njej) en) — Y (AT er), ex)

l
= (Ve Ajes, en) + (A Ve.ejren) = Y (Ui Ner, ex)
1

= (Ve, )85k + NT0 — Al

R
where ); is the eigenvalue of e;. Now we rewrite (4.10)) as
(A = AT 4+ Ak = )5+ (A = AT,
= —(Ve, \j)djk — (Ve Ak)Oki — (Ve Ai)dij
If we choose i = j = k, we obtain

0=—3(V,\).

(4.11)

Since A\; = %)\, it is immediate that A\ is constant and it is nonzero. Thus, we
obtain a global splitting TM = £ & F where the two distributions are defined
by

E=J B0,  F= E(-N.
peEM peEM
By Lemma[£.2.1] the assertion about the sectional curvatures is immediate. To
finish the proof, it just remains to show the antisymmetry of the maps I, 11,
respectively.

Let {e1,...,e,} be the eigenframe from before. Suppose that ei,...,e, /2
are local sections in £ and e,,/241, ..., €, are local sections in F. Choose i, j €
{1,....n/2}, k € {n/2+1,...,n}. Then \; = X\; = A\, A\ = —X\ and
yields

0 = 2AT}; — 2AT%, = 2\(T%, + T4, (4.12)

since the right-hand side of (4.11]) vanishes for any i, j, k. Now consider the map
I. Tt is easy to check that I is C°°(M)-bilinear in both variables. We have

n n
I(ei,e5) = pre(Ve,ej) =prr (Z F?jek> = Z F?jekv (4.13)

k=1 k=n/2+1

and by (4.12)), we immediately get I(e;,e;) = —I(e;, e;). Similarly, antisymme-
try is shown for I1. O

Now let us turn to the case of nonpositive secional curvature.

Definition 4.2.3. Let (M, g) be a Riemannian manifold and let {e1,...,e,}
be an orthonormal frame at p € M. Then K;; = R;;;; is the sectional curvature
of the plane spanned by e; and e; if + # j and is zero if ¢ = j. We count the
number of j such that K; ; = 0 for a given iy and call the maximum of such
numbers over all orthonormal frames at p the flat dimension of M at p, denoted
by fd(M),. The number fd(M) = sup,¢,, fd(M), is called the flat dimension
of M.
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Proposition 4.2.4 ([Koi78|). Let (M, g) be a non-flat Finstein manifold with
nonpositive sectional curvature. Then (M, g) is stable. If ker(Ag|rr) is non-
trivial, the flat dimension of M satisfies fd(M), > [5] at each p € M.

If in addition, a lower bound on the sectional curvature is assumed, we obtain
stronger consequences of the existence of infinitesimal Einstein deformations:

Proposition 4.2.5. Let (M, g) a non-flat Einstein manifold with nonpositive
sectional curvature and Einstein constant p. If Kpin > %u, then (M,g) is
strictly stable. If Kpin > %,u, then (M, g) is stable. If kerAg|pr is nontrivial,
then M is even-dimensional and we have an orthogonal splitting TM = &€ & F.
Both subbundles are of dimension n/2. The C°°(M)-bilinear maps

I:T(&) xT(&) = T'(F), (X,Y) = pre(VxY)
and

II:T(F) xT(F) = T(&), (X,Y) = pre(VxY)
are symmetric. Moreover, K(P) =0 for any plane lying in £ or F.

Proof. Since the sectional curvature is nonpositive but not identically zero, the
Einstein constant is negative. Now we follow the same strategy as in the proof
of Proposition @ If Kiyin > %,u ,sthen r, < —p and by Proposition
(M, g) is strictly stable. If K, > %u and h € ker(Ag|rr), we obtain from

(4.3) that

0= (Agh,h) 12 = | Doh72 — pllh|72 — (b, Rh) 2
—ulhl3z + p|]3e = 0.

Y

Consequently, Doh = 0 and r(p) = Kpae — 0 = pt — nKpin. Again by Lemma
there is a splitting T, M = E,(\) @& E,(—\) at each point p € M where
h # 0 and E,(+\) is the n/2-dimensional eigenspaces of h to the eigenvalue
£, respectively. Evidently, (M, g) is even-dimensional. We will now show

that A is constant in p. Let {ej,...,e,} be a local eigenframe of h such that
e1,. . en2 € E(A) and e,/511,...,6, € E(=A) and let \; = ... = A, 2 and
Anj241 = ... = A be the corresponding eigenfunctions. Since Dah =0,

(/\j — )\k)F?j — (N — /\k)Fi‘cj = —(Vei)\j)éjk + (Vej)\i)éik (4.14)

for 1 < 4,5,k < n. Choose i # j and j = k such that e;, e;, e lie in the same
eigenspace. Then by (4.14]),

0=V,

and since A; equals either A or —\, the eigenvalues of h are constant in p. A
splitting of the tangent bundle is obtained by TM = £ & F where the two
distributions are defined by

E=JEW, F=J EEN.

pEM pEM

The flatness of planes in € and F follows from Lemma [£.2.I] It remains to
show the symmetry of I and I1. Let {ej,...e,} an orthonormal frame such
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that e1,...,e, /2 are local sections in £ and e, /241, ..., e, are local sections in

F. Leti,je{l,...n/2} and k € {n/2+1,...,n}. By (4.14)),
k k _
2AT, — 22T, = 0

and since

I(ej ej) = Z I}ek, (4.15)
k=n/2+1

I is symmetric. The symmetry of I] is shown by the same arguments. It is
furthermore easy to see that both maps are C*°(M)-bilinear. O

Remark 4.2.6. By symmetry of the operators I and I7, the map (X,Y) — [X,Y]
preserves the splitting TM = £ & F. Thus, both distributions are integrable by
the Frobenius theorem.

It is not known whether the pinching assumptions of Proposition [£:2.2] can
be further improved. We conclude this section with some eigenvalue estimates
for the Einstein operator.

Proposition 4.2.7. Let (M, g) be a Riemannian manifold of constant curvature
K. Then (M, g) is stable. If K # 0, it is strictly stable. Let \ be the smallest
eigenvalue of Ag|rr. It satisfies the estimate

A>max{2(n+1)K,—(n —2)K}.

Proof. The stability properties of constant curvature metrics have been shown in
Section[3.2)and the Corollaries and[£.1.4] It remains to show the eigenvalue
estimates.

For constant curvature metrics, the Riemann curvature tensor is given by

RxvZ =K(g(Y,Z)X —g(X,Z)Y) and we have u = (n — 1)K for the Einstein
constant. The action of the cuvature tensor on traceless tensors is given by
Rh(X,Y) = —Kh(X,Y). Now, Bochner formula (4.2) yields
(Agh,h)ge = | Dahll2e + 240 B2 — 4k, R s
> 2(n + 1)K ||h|[3.

and from (4.3)), we obtain

(Agh,h)z2 = | Dahl[7. — p|[B]| 72 — (h, Rh) 2
~(n—2)K [|h]|7. . O

v

Remark 4.2.8. For nonnegative K, this lower bound is optimal. It is achieved on
the torus and the sphere, see Examples and For hyperbolic spaces,
this is not known but should be numerically computable.

Proposition 4.2.9. Let (M,g) an Einstein manifold with constant y and sec-
tional curvature K > 0. Then the smallest eigenvalue of Ag|rr satisfies

A > —2pu.

Moreover, equality holds if and only if the holonomy of (M, g) is reducible.
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Proof. By curvature assumptions and Lemma To < SUPuen T(P) <
where ¢ and r(p) are defined in (4.1) and (4.4)), respectively. Therefore,

(Agh,h) = |Vh[72 — 2(Rh, h) 2 > —2ulh|32

and equality implies that & is parallel. By Lemma[3.2.2] the holonomy of (M, g)
is reducible. Conversely, if (M, g) has reducible holonomy, the metric splits as
g = g1 + g2 and a tracefree linear combination ag; + g2 is an eigentensor of
Ag|rr to the eigenvalue —2pu. O

Remark 4.2.10. If the holonomy is reducible, (M, g) is locally isometric to a
Riemannian product (M7, g1) X (Ma, g2). This follows from [Bau09l Satz 5.6].
In particular, the sectional curvature cannot be positive in this case.

From the previous proposition we can deduce the following assertion for the
Lichnerowicz Laplacian:

Proposition 4.2.11. Let (M, g) be an Einstein manifold with nonnegative sec-
tional curvature. Then the Lichnerowicz Laplacian is positive semidefinite on
['(S2M) and span(g) C kerAr. Moreover (M, g) has reducible holonomy if and
only if span(g) C kerAyp,

Proof. Obviously, the Einstein constant p is nonnegative. If (M, g) is Ricci-flat,
it is flat by our curvature assumptions and the Lichnerowicz Laplacian coincides
with the connection Laplacian. In this case, the assertion follows from Lemma
322l We assume p > 0 from now on. We know that A preserves on each
component of the splitting

D(S2M) = (C®(M) - g+ 6*(Q"(M))) & TT.

By Proposition [£:2.9) and since A, = Ag + 2 - id, Ay is nonnegative on TT
and has nontrivial kernel if and only if (M,g) has reducible holonomy. On
the first component of the splitting, A, acts as the Laplace-Beltrami operator
(c.f. Lemma and the kernel is given by R - g. Also by Lemma [2.4.5
the spectrum of Ay on §*(Q'(M)) is contained in the spectrum of the Hodge
Laplacian Ay = V*V + p - id on 1-forms. Since p > 0, Ay is positive so Ay is
positive on §*(QL(M)).

O

Remark 4.2.12. Under the conditions of Proposition [1.2.9|and [£.2.11] we see that
the kernel of the Lichnerowicz Laplacian consists precisely of symmetric parallel
(0,2)-tensors. We have computed their dimension in terms of the holonomy, see
Proposition

Remark 4.2.13. The nonnegativity of Ay under these conditions also follows
from the results in [Bar93l Section 2]. A charcterization of the kernel is not
given there.

4.3 Stability and Weyl Curvature

We have seen that constant curvature metrics and sufficiently pinched Einstein
manifolds are stable. This motivates to prove stability theorems in terms of the
Weyl tensor which measures the deviation of an Einstein manifold of being of
constant curvature.

42



Definition 4.3.1. Let h and k be two symmetric (0, 2)-tensors. The Kulkarni-
Nomizu product of h and k is the (0, 4)-tensor given by

(h o k)(X,Y,Z,W) = h(X,W)k(Y, Z) + h(Y, Z)k(X,W)
— WX, 2)k(Y,W) — h(Y,W)k(X, Z).

Any Kulkarni-Nomizu product has the same symmetries as the Riemann tensor,
ie.

(ho k)XY, Z,W) = —(ho k)(Y,X,Z,W) = —(ho k)(X,Y,W, Z),
(h® k) (X,Y,Z,W) = (h® k) (Z,W,X,Y),
(ho k)XY, Z, W)+ (ho k)(Y,Z,X, W)+ (h® k)(Z,X,Y,W) = 0.

Recall that on a metric g with constant curvature K, the Riemann tensor is
given by R = %(g ® g). With this notation, we now can formulate the Ricci
decomposition of the Riemann curvature tensor. Let Ric’ = Ric — %scal g
be the traceless part of the Ricci tensor. Then the Riemann curvature tensor
(considered as a (0,4)-tensor) can be decomposed as

B scal 1 . 0

and this composition is orthogonal in the sense that

2 2

1
R2: W2 Sca.
IR = [W]" + 72“”71)(9@9)

1
+ ’“(Rico o g)

(see [Bes08| p. 48]). We call the tensor W, defined by equation , the Weyl
cuvature tensor. It has the same symmetries as the Riemann curvature tensor.
Moreover, any trace of W vanishes. It also has a nice behavior under conformal
transformations. Suppose that the metrics g, g are conformally equivalent, i.e.
g = f- g for some smooth function f > 0. Then the corresponding Weyl tensors
are related by W = f - W, c.f. [BesOS, p. 58].

If (M, g) is Einstein with constant y, then Ric” vanishes and (4.16)) simplifies
to

R=W+ -1 j909) (4.17)

2(n—1

Define W;; := Wi(e;,ej,¢ej,¢e;) for a chosen orthonormal frame. By , we
have Wi; = Kij — (n”fl) for @ # j where Kj; is the sectional curvature of the
plane spanned by e; and e;. Thus, the coefficient W;; measures how the sectional
curvature of the plane spanned by e; and e; differs from its mean. The sectional
curvature is constant if and only if all W;; and the whole Weyl tensor vanish.

We define the action of the Weyl tensor on I'(S2M) by

Wh(X,Y) =Y h(We, xY,e),

i=1
where {e1,...,e,} is an orthonormal frame and

I WxyZ,W)=W(X,Y,Z,W).
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By (4.17)), the action of the curvature tensor on traceless tensors decomposes as

= Xn: h(Rei,X}/a ei)

—Zh e xY, € +7Z{h (X,Y)e;,e;) —h(gle;, Y)X,e;)}

n

=D h(We, xV.e) + % {g(X,Y)trh — h(X,Y)}

Lemma 4.3.2. Let (M, g) be any Riemannian manifold and let p € M. The
operator W : (S2M), — (S2M), is trace-free. It is indefinite as long as W, # 0.

Proof. First we compute the trace of |47 acting on all symmetric (0, 2)-tensors.
Let {e1,...,e,} be an orthonormal basis of T, M. Then an orthonormal basis
of (S?M),, is given by

1
i) = —=er Oe, 1<i<j<n,
M(ij) V2 j J
where ©® denotes the symmetric tensor product. Simple calculations yield
Wniizy nejy) = —Wigiie
Thus,
. 1 &
oW =% Wna,nap)=— D, Wigi= 3 > Wi =0
1<i<j<n 1<i<j<n i,j=1

because the Weyl tensor has vanishing trace. Since (Wg)” = > Whijr = 0,
the restricion of W to (S_gM )p has also vanishing trace. Suppose now that the

operator 474 vanishes, then all W;;;; vanish. By the symmetries of the Weyl
tensor, this already implies that W, vanishes. This proves the lemma. O

To study the behavior of this operator, we define a function w : M — R by
W,
w(p) = sup (Wn 277>p
nl3

Thus, w(p) is the largest eigenvalue of the action W: (S2M), — (SzM),.
Lemma [£.3.2) implies that the function w is nonnegative.

The decomposition of R allows us to estimate the smallest eigenvalue of Ag
acting on TT-tensors in terms of the function w. From , we obtain

(Agh,h) = | Dih|7z + 2 IIhHiz — 4(Bh, h)

ne (SjM)p} . (4.18)

> o2, + 4L Al — 4(17h, )
2 2
—4 - |h|* dV,
> o /Mw e av,
n+1
= dlhulo | 12,
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and similarly from (4.3),

(Aph,h) = ||Dahl|ze = p|All7e — (Rhh)

ll, o
> bl + 2 s — (W, B)
n—2 2
>t e = [ e v,

n—2 2
> 0222 il 1nl

Proposition 4.3.3. Let (M,g) be Einstein with constant p and let \ be the
smallest eigenvalue of Ag|pr. Then

n—+1 n—2
A2 max {27 — ]yl b
n—1 n—1

As a consequence, we have

Theorem 4.3.4. An FEinstein manifold (M, g) with constant p is stable if

1 —2
]y < max { o~
o0 2(n—1) n—1

If the strict inequality holds, (M, g) is strictly stable.

We now give a different stability criterion which involves an integral of the
function w. The main tool we use here is the Sobolev inequality which holds
for Yamabe metrics.

Proposition 4.3.5 (Sobolev inequality). Let (M, g) be a Yamabe metric in a
conformal class and suppose that vol(M, g) = 1. Then for any f € H*(M),

n—1 2 2 2
2> - 2 .
AT VS22 > seal {II£II3, — 1132 } (4.19)

where p = 2n/(n — 2).

Proof. This follows easily from the definition of Yamabe metrics, see e.g. [[S02].
O

Remark 4.3.6. The inequality holds if f is replaced by any tensor T" because of
Kato’s inequality

V|T]| < VT, (4.20)

As remarked in [LeB99, p. 329], any Einstein metric is Yamabe, so the Sobolev
inequaliy holds in this case.

Theorem 4.3.7. Let (M,g) be an FEinstein manifold with positive FEinstein
constant p. If

L on+1 [4(n—1) !
fullers < pevoliag, g PEL(SRZ 1) )

then (M, g) is stable. If the strict inequality holds, (M, g) is strictly stable.
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Proof. Both sides of the inequality are scale-invariant, see Lemma [.3.§ below.
Therefore, we may assume vol(M,g) = 1 from now on. First, we estimate the
largest eigenvalue of the Weyl tensor action by

(Wh, h) e g/ lw||h? dV
M

< wll s [[1B o sin2

2
= [[wl| n2 (1Al 2n/(n-2)
n—1

< n 4— ||Vh h .
<l (4 ORI + Il

We used the Holder inequality and the Sobolev inequality. With the estimate
obtained, we can proceed as follows:

(Agh,h)p2 = | VA3, — 2(132h h) e

= VA + 2L Bl — 201, B
n—1 2 2
> VA + 2L 0l 2 il yes (4T VRIS + 01
n—1 2 1% 2
(18t |w||mz) ORI + 2 (25 = e ) 101

The first term on the right hand side is nonnegative by the assumption on w.
It remains to estimate ||Vh||2LQ. This can be done by using (4.2). We have

IVAIE: = 1DrhlZe + 20 (12 = 2(2h, h)e
> 20 Bl 72 + 2 ]2 = 2(Wh, ),
n °
= QME ||hH%2 —2(Wh, h)r2

P TPt _n-1
= o s~ 2 e (4W(n_ .
n

n 2 —1 2
=2 (g = Nl ) I = 8- ol IO

IR + ||h||§2>

and therefore, ||Vh||2LQ can be estimated by

—1
2 n n—1 2
IhI > 2 (un . |w||m) (1 ps il ||w||m/2) a2

Combining these arguments, we obtain
n—1 n
(Agh,h)p2 2{2 <1 - 8m ||w||Ln/2) <Mn—1 - ||w||Ln/2> .

—-1
n—1 o’ 2
<1 + SW ||w||Ln/2> +2 (_1 - |w||L"/2> } IAll7 -

The manifold (M, g) is stable if the right-hand side of this inequality is nonneg-
ative. It is elementary to check that this is equivalent to

il < s (G +1)
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The assertion about strict stability is also immediate. O
Lemma 4.3.8. The L"/2-Norm of the function w is conformally invariant.

Proof. Let g,g be conformally equivalent, i.e. g = f - g for a smooth positive
function f. Let W and W be the Weyl tensors of the metrics g and §, respec-
tively. We have trzh = f~'tryh for any symmetric (0, 2)-tensor. Thus,

2 _ Q2
SZM = 52M,

so the operators W and W are acting on the same space of tensors. It is well-
known that W = f - W when considered as (0,4)-tensors. Therefore,

(Whyh)g = f~3(Wh,h),.
Furthermore, we have
B2 = FER vy = £

We now see that the largest eigenvalue of the Weyl-tensor action transforms as
W= f~lw and

~12/n _ ~n/2 - n/2 _ 2/n
Hw”an(g) - /Mw d% - /Mw d‘/g - ||w||Ln/2(g)7
which shows the lemma. O

Corollary 4.3.9. Let (M,g) be a Riemannian manifold and let Y ([g]) be the
Yamabe constant of the conformal class of g. If

lulnrsy < V(D g (S +1) (422

any Finstein metric in the conformal class of g is stable.

Proof. Suppose that g € [g] is Einstein. By Lemma [1.3.8]

Hd}HLn/?(g) = ||w||m/2(g)~
We know that ¢ is a Yamabe metric in the conformal class of g. By the definition

of the Yamabe constant, the Einstein constant of g equals

H= E : Y([g]) ’ VOI(Ma 9)2/n’

which yields

n n+1 4(n—-1 !
Lr/2(g) < - vol(M, 9)2/ : ’ <n( )) + 1) :

@] 3 —1)

The assertion now follows from Theorem [4.3.7] O

Now we give upper estimates for the values of the function w:
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Lemma 4.3.10. Let (M, g) be FEinstein and p € M. Let Wyym = min Wijj;
and Wiz = max Wij,; where the minimum (resp. mazimum) is taken over all
orthonormal bases of T,M. Then

Proof. For the sake of completeness, we give the proof although it is completely
analogous to the proof of Lemma Let x be an eigenvalue of W and choose
n € (S2M), such that Wn = kn. Choose an orthonormal basis {e;,...,e,}
of eigenvectors of 7 with eigenvalues Aq,..., A, such that \; = sup|\;| and
> A; =0. Then

kA1 = kn(er,er) = (Wn)(er,er) = ZW(ei,eheheg‘)h(@j,@i) = ZWilli)\i-

.3

Thus,

KA =Y Winazdi = 3 (Winaz — Witni) A

i#1 i#1
S _AIWma;E + A1 Z(Wmam - Willi)
i#£1

= (n - 2)Wmaw)\17
where we used the fact that W is trace-free. Furthermore,

KA = Z WninAi + Z(Willi — Winin) i

i£1 i#£1
< = AMWihin + A1 Z(Willi — Whin)
i#£1
= *nWminAla
which finishes the proof. O

Observe that Wipin = Kpmin— 725 and that Wae = Kinee — 25 for Einstein
manifolds with constant p. By using the Cauchy-Schwarz inequality, we have

Lemma 4.3.11. Let (M, g) be a Riemannian manifold. Then
w(p) < Wl (4.24)

There are also attempts to prove stability criterions involving an eigenvalue
estimate of the Weyl curvature operator. Recall that by its symmetries, the
Weyl tensor can be considered as a self-adjoint operator acting on 2-forms by
defining

(W(XAY),ZAW)=W(,X,Z,W).

We call W: T'(A2M) — T'(A2M) the Weyl curvature operator. Let w(p) be its
largest eigenvalue at p € M.
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Theorem 4.3.12 ([IN03]). Let (M,g) be a compact, connected oriented Fin-
stein manifold with negative Finstein constant p. If

sup w(p) < —L, (4.25)
pEM n — 1

then (M, g) is strictly stable.

However, the proof uses the very rough estimate

Winae < W(p). (4.26)

In fact, the Theorem follows directly from combining Theorem [.3.4] Lemma
[4.3.10| and (4.26)). Therefore, it seems not convenient to formulate stability
criterions in terms of the Weyl curvature operator because we find no direct
way to estimate w(p) in terms of w(p) without using (4.26)).

4.4 Isolation Results of the Weyl Curvature Ten-
sor

In the last section, we have shown that an Einstein manifold is stable if its
Weyl tensor is small enogh in a certain sense. The smallness of the tensor was
expressed in serveral ways. However, we have to be careful. There exists various
results (see [Mut69; [Sin92} [GL99; IS02]) which state that if the Weyl tensor of
an Einstein metric is small enough, it vanishes identically. A strong result of
this form is the following

Theorem 4.4.1 ([IS02]). Let (M, g) be a compact connected, oriented Einstein-
manifold, n > 4, with positive Einstein constant u and of unit-volume. Then
there exists a constant C(n), depending only on n, such that if the inequality
Wl pns2 < C(n)np holds, then W = 0 so that (M,g) is a finite isometric
quotient of the sphere.

More precisely, they put C(n) as

C(n)_{ 4&7—_21)0” if4<n<9,

20, if n > 10.
The constant C),, appears in the estimate
(W, W}, W)| < CH WP,
and {W, W} is a (0,4)-tensor quadratic in W which appears in the formula
0=V*VW +2uW + {W,W}.

We are interested in the value of C,,. Therefore, we compute the coordinate
expression for {W,W}. On any Einstein manifold, we have VW = VR since
the difference R — W is a parallel tensor. Moreover

ViWikim + ViWiitm + ViWijim =0,
VWi =0,
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where the components of W are taken with respect to an orthonormal frame.
The first equation is just the second Bianchi identity and the second equation
follows from contracting the first. Using these two properties, we obtain

> A{=ViWikim + (V3 = Vi) Wikim — (Vi = Vi) Wijim } = 0.

By the Ricci identity and the first Bianchi identity,
Z(V?jfvii)wiklm

K2

= Z {Rjiianklm + Rjik:nWinlm + Rjianiknm + RjimnWikln}

i,n
:/’('ijlm + Z {WjiknWinlm + Wjianiknm + WjimnWikln}
"
+ H(ijlm + Wikjm + Winkij)
:/inklm + Z {szkannlm + Wjianiknm + WjimnWikln} .
An analogous formula is valid for (VZ, — V%i)Wiﬂm. Therefore,
0= V'V + 2uW + {W, W},

and {W, W} consists of six summands of the form Zm WiiknWinim- It s
immediate that

[({W, W}, W)| < 6|W?, (4.27)

so C,, = 1/6 is an appropriate choice since (4.27) seems to be not far away from
the optimum. This yields

n(n—2) .
Wil > { BA@-pk  dsn<9, (4.28)
| iw if n > 10.

Recall Theorem There, we proved stability for a small L™/?-norm of the
function w. From Lemma we conclude that a positive Einstein manifold
of unit volume is stable, if

IWllpnse < g 2&*_1” <f$_;§ + 1) : (4.29)

A comparison of the last two inequalities shows that there exists a small gap

where the inequality (4.29)) works.
By different techniques, Gursky and LeBrun proved a gap theorem for the

Weyl tensor, which only holds in dimension 4. For any oriented Riemannian 4-
manifold the Weyl-tensor orthogonally splits as W = W+ +W =~ where W+, W~
is the self-dual (resp. anti-self-dual) part of the Weyl tensor.

Theorem 4.4.2 ([GL99]). Let (M, g) be a compact oriented Finstein 4-manifold
with scal > 0 and W+ # 0. Then

12
/|W+|2 dvz/ A v,
M M 6

with equality if and only if VW = 0.
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Here, we translated this result to our norm convention for curvature tensors
which differs from the one in [GL99| by a factor 1/4. By changing orientation,
the roles of WT and W~ interchange and we see that the same gap theorem
also holds for W~. Therefore, if W* #£ 0,

2
) scal _ 8 o
W[5 > [ 25 dv = volarg) 3
If W # 0, either W or W~ is not vanishing, so the same gap holds for ||| ;..
By passing to the orientation covering, we see that the same gap also holds
for non-orientable Einstein manifolds. This gap is much larger than the one
proven by Itoh and Satoh. If (M, g) is of unit-volume, we have |[W||;. > 1/5u

while (4.28)) yields ||[W{| ;. > §. In fact, it shows that stability criterion (4.29) is
useless in dimension 4, since this requires the Weyl tensor to satisfy ||W]| . < &.

4.5 Six-dimensional Einstein Manifolds

In this section, we compute an explicit representation of the Gauss-Bonnet for-
mula for six-dimensional Einstein manifolds. We use this representation to
show a stability criterion for Einstein manifolds involving the Euler characteris-
tic. The generalized Gauss-Bonnet formula for a compact Riemannian manifold
(M, g) of dimension n = 2m is

= /
M)=—0—~L— v, dV.
The function ¥, is defined as
U= Y sgn(0)sgn(T) Ro(1)o2)r(1)7(2) - - Ro(n-1)a(n)r(n-1)r(n):
o, TESH

where the coefficients are taken with respect to an orthonormal basis (see e.g.
[Zhu00]). In dimension four, this yields the nice formula

1
X1 = o [ (W +15e? - UP) av (1.30)
327 M
(see also [BesO8 p. 161]). Here, Sc = M?C%g ® g is the scalar part and
U = n£2Ric0 ® g is the traceless Ricci part of the curvature tensor. Due to

different conventions for the norm of curvature tensors, formula (4.30) often

appers with the factor 8% instead of 32% On Einstein manifolds, we have

U = 0 and the Gauss-Bonnet formula simplifies to

X(M) = 32—; /M (|W2 + 2“2> dv (4.31)

where p is the Einstein constant. As a nice consequence, we obtain a topological
condition for the existence of Einstein metrics which is due to Berger.

Theorem 4.5.1 ([Ber65|). Fvery compact 4-manifold carrying an Einstein met-
ric g satisfies the inequality

x(M) = 0.
Moreover, x(M) =0 if and only if (M, g) is flat.
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Another consequence of is the following: Let (M, g) be of unit volume.
Then there exists a constant C' > 0 such that, if 4 > C - /x(M), the Weyl
curvature satisfies |[W|| . < $u. This implies stability by Theorem and
Lemma Unfortunately, the same condition on the Weyl tensor already
implies that it vanishes, as we discussed in the last section. Thus, the assertion
is of no use here.

In dimension six, an explicit representation of the Gauss-Bonnet formula is
given by

xX(M) .

38473
— 24Ric”Ric* Ry — 24Ric; R*™™ Rjpim + SR Ry R ™
—2R7M R, ™ Ry} AV

/ {scal® — 12scal|Ric|? + 3scal|R|*> 4 16(Ric, Ric o Ric)
M

(see [SakTll, Lemma 5.5]). When (M, g) is Einstein, this integral is equal to

]. 77 nm
X(M) =t /M{24u3 — 6ulRP + 8RN Ry R

— 2R R, Ry } dV.

(4.32)

Lemma 4.5.2. If (M, g) is a compact Einstein manifold with constant p,
HVRHiZ — /M{4RijklRZ_7rkL nRjnlm + 2RijklRijmanlmn + 2M|R|2} dv.

Proof. This is [Sak71l (2.15)] in the special case of Einstein metrics. O

Note that we translated the formulas from [Sak71] to our sign convention
for the curvature tensor.

Proposition 4.5.3. Let (M,g) be an Einstein siz-manifold with constant .
Then

1

X(M) = =00

14 144 .
/ ——p|W? = 2]VW 2+ —p® + 48t (W?) ¢ dV.
vl 5 25

Here, W3 =WoWo W, where W is the Weyl curvature operator acting on
2-forms.

Proof. By Lemma (4.32) can be rewritten as
38413y (M) = /M{24M3 — 10u|R|* = 2|VR[> — 6RM R, /™ Ry } dV.

Moreover, VW = VR because the difference R — W = Sc is a parallel tensor.
Thus,

38473y (M) = /M{24u3 — 10p|R|* = 2[VW|* — 6R7™ R, ™" Ry dV'}
_ /M{24u3 — 104(|Scf? + [W2) — 2]VW |2 — 6RH R, ™ Ry} dV
3 12#2 2 2 ijkl mn
= 24/,(, — IO/J, T + |W| — Q‘VW‘ — 6RY Rij Rklmn av
M

_ / {(—104|W[2 — 2]VW [ — 6RIMR, ™ Ry} dV:
M
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Now we analyse the last term on the right hand side. Recall that the Riemann
curvature operator R and the Weyl curvature operator W are defined by

(RIXAY),ZAV)=R(Y,X,Z,V),
W(XAY),ZAV)=W(Y,X,Z,V).

Let {e1,...,es} be a local orthonormal frame of TM. Then {e; Ae;}, i < j is
a local orthonormal frame of A2M. A straightforward calculation shows

Z RijklRijmanlmn =—48 Z RijklRijmanlmn

B4k, l,m,n i<j,k<lm<n
—482g R(ei Nej))),ei Aej) = 48trR3,
1<J

where the coefﬁcients of R are taken with respect to the orthonormal frame. The
decomposition of the (0,4)-curvature tensor induces the decomposition
R=W 4L ldA2M ThlS yields

3

3 _ 3 2 [l L
48trR* = 48 {tr(W )+35tr(W )+325trW+ 125tr(1dA2M)}

144
—48tr(W3)+— W ? + 5 1 .

Therefore, we have

144

36 .
o 1+ Eu|W|2 + 48tr(W*)} dv

3847y (M) — /M{—10M|W\2 VWP +

14 144 A
- / 2w —ovw + 128 4 age i)y av,
MO 25
which finishes the proof. O
Theorem 4.5.4. Let (M,g) be a positive Einstein siz-manifold with constant
w and vol(M) = 1. If

1 1272 .32 R
— <144 — 2) p? < 3843y (M) — 48/ tr(W?3) dV,
25 5-11 M

then (M, g) is strictly stable.

Proof. By the Sobolev inequality,
2 5 2 2
IWliLs < o VW2 + W2 -

Therefore we have, by Proposition

f 14 14
34T (M) = ——p||[W|3. — 2||[VW]7. + 2—# +48

14,

4
/ (W3) av
b M
12 144 o
<——u||WHL2 VWG + i’ +48 | (i) av
25 vV

< ——ulWiis + o=

+ 48/ tr(W3) d
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Now if u satisfies the estimate of the statement in the theorem, we obtain

12 144 .
H IWI3s < 2—5u3 — 38473y (M) +48/ tr(W3) dv
M

.72.32 ) 2 92
<%3 1(144127 3)312u7 3

=5 M T o5 5112

5 52112/
which is equivalent to

7-3
[Wlgs < 51t

By Theorem and Lemma [4.3.11} (M, g) is strictly stable. O

Remark 4.5.5. Mind the fact that this stability criterion is not ruled out by
isolation results.

4.6 Kahler Manifolds

Here, we prove stability criterions for Kéhler-Einstein manifolds in terms of the
Bochner curvature tensor, which is an analogue of the Weyl tensor.

Definition 4.6.1. Let (M,g) be a Riemannian manifold of even dimension.
An almost complex structure on M is an endorphism J : TM — T'M such that
J? = —idypy. If J is parallel and g is hermitian, ie. g(JX,JY) = g(X,Y),
we call the triple (M, g, J) a Kéhler manifold. If (M,g) is Einstein, we call
(M, g,J) Einstein-Kéhler.

If J is parallel, R(X,Y)JZ = JR(X,Y)Z and we get an additional symme-
try for the (0,4)-cuvature tensor, namely

R(JX,JY,Z,W)=R(X,Y,JZ,JW) = R(X,Y, Z,W).

We say that R is hermitian. The bundle of traceless symmetric (0, 2)-tensors
splits into hermitian and skew-hermitian ones, i.e. SgM = H, & Hs, where

Hy={heS;M|hX,Y)=h(JX,JY)},
Hy={heS;M|h(X,Y)=—-h(JX,KY)}.
Stability of Ké&hler-Einstein manifolds was studied in [Koi83; IN05; [DWWOQT].
We sketch the ideas of [Koi83| in the following. It turns out that the Einstein
operator preserves the bundle splitting I'(H;) & I'(H3). Therefore to show that
a Ké&hler-Einstein manifold is stable it is sufficient to show that the restriction
of Ag to the subspaces I'(H;) and I'(Hs) is positive semidefinite, respectively.

In fact, we can use the Kahler structure to conjugate the Einstein operator to
other operators. If h; € Hy, we define a 2-form by

(X, Y)=h10J(X,Y) = hi (X, J(Y)).
We have

Apd = (Aghi)o J+2ug, (4.33)
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where Ap is the Hodge Laplacian on 2-forms and pu is the Einstein constant.
Since Ay is nonnegative, Ag is nonnegative on I'(Hy), if u < 0. For hy € Hs,
we define a symmetric endomorphism [ : TM — T M by

gol =hyol,

and since I.J + JI = 0, we may consider I as a T19M-valued 1-form of type
(0,1). We have the formula

go (Acl) = (Agha)o . (4.34)

where A¢ is the complex Laplacian. Thus, the restriction of the Einstein oper-
ator to I'(H2) is always nonnegative, since A¢ is. As a consequence, we have

Corollary 4.6.2 ([DWWO0T7]). Any compact Kihler-Einstein manifold with non-
positive Finstein constant is stable.

Remark 4.6.3. This is not true for positive K&hler-Einstein manifolds. The
product of two positive Kéhler-Einstein manifolds is unstable.

Using and (4.34)), dim(kerAg|rr) can be expressed in terms of certain
cohomology classes (see [Ko0i83| or [Bes08| Proposition 12.98|). Moreover, inte-
grability of infinitesimal Einstein deformations can be related to integrability of
infinitesimal complex deformations (see [Koi83; IN05]).

We discuss conditions under which a Kihler-Einstein manifold is strictly
stable in the nonpositive case and stable in the positive case. This can be
described in terms of the Bochner curvature tensor which has similar properties
as the Weyl tensor.

Definition 4.6.4 (Bochner curvature tensor). Let (M, g, J) be Kéhler and let
w(X,Y) = g(J(X),Y) be the Kéhler form. The Bochner curvature tensor is
defined by

scal
B=R+ - >% —4
+2(n+2)(n+4){g®g+w®w wRw}

1
—m{Ric@g—F(RicoJ)@w—Q(RicoJ)®w—2w®(RicoJ)}

(see e.g. [IKO4, p. 229]).

The Bochner curvature tensor posesses the same symmetries as the Riemann
tensor and in addition,

B(JX,JY,Z,W) = B(X,Y,JZ,JW) = B(X,Y, Z,W),

> B(X,eie,Y) =0.

i=1
If (M, g) is Kahler-Einstein, the Bochner tensor is

_
2(n+2)

where 4 is the Einstein constant (see e.g. [IK04; IN0O5] and mind the different
sign convention for the curvature tensor). This implies the relation

B=R- {0 g+wdw—4wRw},

4
/’L |X|4.

B(X, J(X), J(X), X) = R(X, J(X), J(X), X) = —
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In particular, if the Bochner tensor vanishes, the holomorphic setional curvature,
i.e. the sectional curvature of all planes spanned by X and J(X) is constant.
The Bochner tensor acts naturally on symmetric (0, 2)-tensors by

éh(X,Y) = Z B(ei,X,Y,ej)h(ei,ej),

1,j=n

where {e1,...,e,} is an orthonormal basis. Let
B,

For Kahler-Einstein manifolds with negative Einstein constant, it was proven
by M. Itoh and T. Nakagawa that they are strictly stable if the Bochner tensor
is small.

Theorem 4.6.5 ([IN05|). Let (M, g,J) be a compact Kdhler-Einstein manifold
with negative Einstein constant . If the Bochner curvature tensor satisfies

supb™ (p) < —p , (4.35)

P n+2
then g is strictly stable.

However, an error occured in the calculations and the result is slightly dif-
ferent. Therefore, lets redo the proof. By straightforward calculation,

(Rh,h) = (Bh,h) — {|h\2 BZhez,e] J(e), J(e;)}.  (4.36)

In particular,
2 2 H 2
Rhy,h1) = (Bhy,h 2———|h
(Rh1,h1) = (Bhy,hq) + n—|—2| 1]
for h; € Hy and
2 2 H 2
Rho, ho) = (Bho, ho) —4———1h
(Rha, ha) = (Bha, ha) n+2| 2|

for ho € Hs. By (4.33 , Apg is positive definite on I'(H;) so it remains to
consider the part in F H2 By .7

(Apha, ha) 2 = | Dahal 7 — pllhall7e — (ha, Rho)p2 + [|6hall7. .

> —p|hol72 — (he, Rho) 2

> —M||h2Hiz = (h2, Bha) 2 + — [[ha|l7»
n- +

> —p Hh2||L2—SUPb ()||h2\|L2-

n+2
Remark 4.6.6. Theorem is true if we replace (4.35)) by

n—2
supb™(p) < —p

— (4.37)
p
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Now, let us turn to positive Kéhler-Einstein manifolds. We will use Bochner
formula . Unfortunately, we cannot make use of the vector bundle splitting
SEM = H; ® H>. In order to apply , we need the condition A = 0, which
is not preserved by the splitting into hermitian and skew-hermitian tensors. Let

b(p) = sup { <?;7|j7> ‘ ne (SgM)p} : (4.38)

Since the trace of the Bochner tensor vanishes, B (SzM), — (52 M), has also
vanishing trace (this follows from the same arguments as used in the proof of
Lemma [4.3.2). Thus, b is nonnegative.

Theorem 4.6.7. Let (M,g,J) be Kdhler-Finstein with positive Einstein con-
stant p. If

bl < =2
2(n+2)

then (M, g) is stable.
Proof. Let h € TT. By (4.36)) and the Cauchy-Schwarz inequality,
. 2 I 2
Rh,h) < (Bh,h) +2——|h|*.
(Rh, ) < (Bhy) + 2
Using (4.2]), we therefore obtain
(Agh,h) gz =||Dihl2s + 2 1|22 — 4(h, Bh) 12
2 - I 2
>2p |72 — 4(h, Bh) L2 — Sm 1772
n—2 2 2
22— 1llzz = 4116l L IR -
Under the assumptions of the theorem, Ag|rr is nonnegative. O
We also prove a stability criterion involving the L™/ 2-norm of b:

Theorem 4.6.8. Let (M, g,J) be a positive Kdihler-Einstein manifold with con-
stant p and vol(M, g) = 1. If the function b satisfies

(n-2) (4n-1) '
1Bl sz < pu- 2(n + 2) (n(n+2) - 1) ’

then (M, g) is stable.

Proof. The proof is very similar to that of Theorem Let h € TT. By
assumtion, (M, g) is a Yamabe metric. Thus, we can use the Sobolev inequality
and we get

(Bhby: = [

(Bh, h) g/ b|h|? dV
M M

2
< bl sz (121 20 2

4(TL—1) 2 2
< 2 AN 2 2 .
< Pl (2L R + Il
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By the above,

(Aph,h) 12 = ||Vh|72 — 2(Rh,h) 2

2 . 4p 2
> [VhIZs — 208, Ry — L 2,
2 4(n—1) 2 2 4p 2
> [VAIE: = 21bl0s (e VRIS + s ) = =25 Al
8(n—1) 2 2 Ap 2
= (1= 2 W ) VA = 200l A0 — =225 A

The first term on the right hand side is nonnegative by the assumption on b.
To estimate \|Vh||2L27 we rewrite (4.2) to get

IVAlZ2 = [DihlZe + 20 |l 72 — 2(h, Rh) 12
n 2 o
> 2" W)} — 2(h, Bh)

n 2 4(7?,* 1) 2 2
2 2 bl = 20l (e TR + ).

Thus,

n 8(n —1 -1
IVl > 2 (u _ ||b||W) (1 " ()) A2,

n+ 2 un(n —2)
n 8(n—1)
2 > - o 2 - T aN n/2
e > {2 (15 = ) (1= 005

8n—1)\ " 4
(1+<”’)) 2 e — }||h|iz,

un(n —2 n+2

By combining these arguments,

and the right-hand side is nonnegative if the above assumption holds. O

By the Cauchy-Schwarz inequality, we clearly have
b(p) < |Blp. (4.39)

Remark 4.6.9. As for the Weyl tensor, there also exist isolation results for the
L/2-norm of the Bochner tensor, see [IK04, Theorem A]. The methods are
similar to those of [IS02] and for the constant C,, appearing in formula (24) of
[IK04], the value 1/6 (as in Section seems to be not too far away from the
optimum. A criterion combining Theorem and is not ruled out by
these results, if n > 5. If n =4, B =W~ (see [IK04, p. 232]). Then Theorem
applies and this criterion is ruled out.
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Chapter 5

Ricci Flow and negative
Einstein Metrics

5.1 Introduction

The Ricci flow was first introduced by Hamilton in [Ham82]. In this section,
we summarize some facts about Ricci flow which are relevant to the rest of the
chapter. More details can be found in many introductory textbooks (see e.g.
[CK04; ICCGT07; ICCGT08; Breldl).

Definition 5.1.1. Let M™, n > 2 be a manifold. A curve of metrics g(t) is
called Ricci flow if it is a solution of the initial value problem

d
at?
It is well known that for a given metric gg, there exists a short time interval
[0,¢) and a Ricci flow [0,¢) 3 ¢ — ¢(t) starting at g(0) = go. Observe that
the Ricci flow starting at an Einstein metric gg with constant p is given by
(1 —2tu)go- So in the positive case, the manifold shrinks till it collapses at time
t= i In the negative case, it expands for all time. Ricci-flat metrics remain
unchanged under the flow. The Ricci flow is not a gradient flow in the strict
sense but it can be interpreted as a gradient flow of the functional

(t) = —2Ricy(y), g(0) = go. (5.1)

Ag) = feci’g"f(M) /M(scalg + |Vf|§)eif avj (5.2)
Jur e avy=1

on the space of metrics modulo diffeomorphisms. In fact, the first variation of
A is given by

Mg)' (h) = —/M<h,Ricg +V2f,)ge o vy, (5.3)

where f; is the minimizer realizing A(g). Since X is diffeomorphism invariant,
its first variation vanishes on the space of Lie derivatives. In particular,

N9) (V2 ;) = 3A6) (Egaar, ) = .
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Therefore,
Ag) (—2Ric,) = 2/ [Ricg + V2 fy|2e 7 dV, >0,
M

which shows that A is nondecreasing along the Ricci flow.
Remark 5.1.2. By substituting w? = e, (5.2)) becomes

Ag) = e Cigof(M) /M(scalgw2 +4|Vw|2) dV,. (5.4)
[y w? dVy=1

This shows that A(g) is nothing but the smallest eigenvalue of the elliptic oper-
ator Hy, = 4A, +scaly. In particular, if the scalar curvature of g is constant, we
have A(g) = scal, and the corresponding minimizer satisfies w = vol(M, g)~1/2.

As remarked above, the stationary points of the Ricci flow are precisely the
Ricci-flat metrics and Einstein metrics remain stationary up to rescaling. It is
therefore natural to ask how the Ricci flow behaves close to Einstein metrics.
This question was discussed in the Ricci-flat case in [GIK02 [Ses06; Has12;
HM13| whereas the general Einstein case was discussed in [Ye93].

By work of Sesum and Haslhofer, the following was shown:

Theorem 5.1.3 ([Ses06],[Has12]). Let (M, grr) be a compact Ricci-flat metric
and suppose, all infinitesimal Finstein deformations are integrable. Then the
follwing are equivalent:

(i) For every neighbourhood V of grr in the space of metrics there exists a
smaller neighbourhood U C 'V such that the Ricci flow starting in U stays
in Y for allt > 0 and converges to a Ricci-flat metric for t — co.

(i1) The Einstein operator is nonnegative on TT-tensors.

We call property (i) dynamical stability and (ii) linear stability. A central
tool in Haslhofer’s proof of this theorem is the A-functional and its behavior near
Ricci-flat metrics. In [Has12|, an instability assertion is included: If neither the
above cases of above do occur, then there exists an ancient (i.e. it exists since
t = —o0) Ricci flow g(t), t € (—o0,0] such that g(t) — grr as t — —oc.

Recently, Haslhofer and Miiller were able to get rid of the integrability as-
sumption.

Theorem 5.1.4 (JHM13|). Let (M,grr) be a compact Ricci-flat manifold. If
grr is a local mazimizer of X, then for every C*-neighbourhood U of grr there
exists a C*-neighbourhood V such that the Ricci flow starting at any metric
in V exists for all time and converges (modulo diffeomorphism) to a Ricci-flat
metric in U.

As above, [HM13] also includes an instability assertion: If the above assump-
tion does not hold, there exists an ancient Ricci flow ¢(t), ¢ € (—o0,0] which
converges modulo diffeomorphism to grp as t — —oo.

Remark 5.1.5. The maximality of A can be characterized by the assertion that
there exist no metrics of positive scalar curvature close to grr (see [CHIO4,
p. 4]). It is also equivalent to say that grp is a local maximum of the Yamabe
functional. This is for example the case on any compact flat manifold and on
the K3-surface.
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Here, we give two classes of examples where this is the case.

Example 5.1.6 (Ricci-flat K&hler manifolds). By [LeB99|[Theorem 3.6|, any
compact four-dimensional Ricci-flat Kéhler manifold (M, J, g) is supreme, i.e. it
realizes the Yamabe invariant of M.

Example 5.1.7 (Manifolds with parallel spinors). By [DWWO05], any compact
simply-connected manifold admitting a parallel spinor is a local maximum of
the Yamabe functional.

Our aim now is to characterize dynamical stability for general Einstein met-
rics in the spirit of [Has12i [HM13|. In this context, we consider dynamical
stability with respect to certain normalized variants of the Ricci flow which
leave Einstein metrics unchanged. From the results in [Ye93|, dynamical sta-
bility follows if the Einstein operator Ag is positive on traceless tensors. We
will prove dynamical stability under weaker assumptions and we will also prove
instability theorems.

We will deal with functionals which are nondecreasing under these normal-
ized Ricci flows. They are called Ricci entropies. It turns out that we have to
use different functionals for positive and negative Einstein manifolds. Therefore
we will treat both cases separately, although the strategy is basically the same.

In this chapter, we consider the Ricci flow close to negative Einstein mani-
folds. Without loss of generality, we may restrict to the case where the Einstein
constant is equal to —1. Such metrics are stationary points of the flow

g(t) = —2(Ricg(t) + g(t)). (5.5)

This flow is homothetically equivalent to the standard Ricci flow. In fact,

is a solution of ([5.5)) starting at go if and only if g(¢) is a solution of (5.1]) starting
at go-

Definition 5.1.8 (Dynamical stability and instability). Let (M, gg) be an Ein-
stein manifold with constant —1. We call (M, gg) dynamically stable if for every
neighbourhood U of gg in the space of metrics there exists a smaller neighbour-
hood V C U such that the Ricci flow starting in V stays in U for all ¢ > 0
and converges to an Einstein metric with constant —1 for ¢ — oco.

We call (M, gg) dynamically stable modulo diffeomorphism if for each solu-
tion of starting in V), there exists a family of diffeomorphisms ¢, t > 0
such that the modified flow ¢} g(t) stays in U for all ¢ > 0 and converges to an
Einstein metric with constant —1 for t — oo.

We call (M, gg) dynamically unstable (modulo diffeomorphism) if there ex-
ists an ancient Ricci flow g(t), ¢t € (—o0,T] such that ¢g(t) — gg as t - —o0
(there exists a family of diffeomorphisms ¢y, t € (—oo, T such that ¢ g(t) = gr
as t — —o0).

Furthermore, from now on we call an Einstein manifold (M, gg) Einstein-
Hilbert stable if it is stable in the sense of Definition 2.5.1] i.e. the Einstein
operator is nonnegative on T'T-tensors. If this is not the case, (M, gg) is called
Einstein-Hilbert unstable.
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5.2 The Expander Entropy

Let (M, g) be a Riemannian manifold and f € C*°(M). Define

W+(g,f):/

y B(|Vf|2 +scal) — f| e~ T av.

This is a simpler variant of the expander entropy W, (g, f,o) introduced in
[FINO5].

Lemma 5.2.1. The first variation of Wy at a tuple (g, f) equals
1. 1 1
W (h,v) = /M[—§<RIC—|- V2f— (~Af = 5|V + Sscal = g, h)
1 1
—(=Af - §|Vf|2 + §Scal — f+vle ! av.
Proof. Let gs = g+ th and f; = f + tv. We have
d 1
$|t:0W+(9taft) Z/M[§(|Vft|3t +scaly,) — fil'e™ dV
1 1
+/ [Z(|Vf]? +scal) — f](—v + =trh)e™ dV.
) 2
By the variational formula of the scalar curvature,
1 _
| 15V scaly) )~y av
1
:/ (=5 Vfa Vi) + (Vf,Vo))e l dv
M
+/ [%(Atrh + 8(6h) — (Ric, h)) —v]e~ av.
M
By integration by parts,
/ (Y, Voye ! dV:/ (Af + [VF2)ve ! av
M M
and
1 1
/M 5 (Atrh + §(dh))e=f av = /M 5[trhA(e—f) + (b, V?(e= )] av
1
:/ SErh(=AF = V1) + (h, =V f + V@ Ve aV.
M
Thus,
1 _ 1 .
[ 15V, scaly) = e v = [ [ h VA + Ric+ (Af +[V5P)g)

M
+ (Af +|Vf]? = v)e~ ) av.

The second term of above can be written as

/ [1(|Vf|2 +scal) — f](—v + 1trh)e_f dv
M 2 2

1.1 1 _
= [ 155UV AP + scal) = flg. ) = (3172 + scal) ~ Flele™ aV.
M
By adding up these two terms, we obtain the desired formula. O
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Now we introduce the functional
peg) = i { W) ] recxan. [ erav=il. 5o
M

It was shown in [FINO5L Thm 1.7] that given any smooth metric, the infimum
is always uniquely realized by a smooth function. We call the minimizer f,.
The minimizer depends smoothly on the metric. It satisfies the Euler-Lagrange
equation

1 1
—Afy = IV + sealy — £y = e (9): (5.7)

This can be seen as follows: If f, realizes the infimum, then W (0,v) = 0 for
all v € C°°(M) with (v,e™/9)2 = 0 because of the constraint [,, e~fs dV = 1.
This is exactly the case when —A f, — %|Vfg|2 + %scalg — fg = cfor some ¢ € R.
By integration by parts, one shows that

c= / (Afg - %IVfgl2 + %scal - fg> e dV = Wilg, fy) = 14 (9).
" (5:8)

Remark 5.2.2. Since W4 (¢*g, ¢*f) = W4(g, f), the functional p, (g) is invari-
ant under diffeomorphisms, so p(p*g) = py(g) for any ¢ € Diff (M).

Lemma 5.2.3 (First variation of uy). The first variation of uy(g) is given by

a0 () = =3 [ (Ric-+ g+ V21, me o av. (5.9)

where f, realizes py(g). As a consequence, pi4 is nondecreasing under the Ricci

flow (5.5)).
Proof. By Lemma and (5.7),

) (1) = [ |5 (Rie+ 92 = us@)gs ) = Gurl) + 1o 7 v (510

where v = £|;—ofgren. Due to the constraint [, e~/s dV, = 1, we have
(v,e fa) 2 = %fM trh dV. Inserting this in l) yields the first variational
formula. By diffeomorphism invariance,

1

1+(9) (V2 fo) = 5 (9)(Laraay, 9) = 0.

Thus, if ¢g(¢) is a solution of (5.5)),
S(a®) = [ Ricyqy +9(6) + Vo2 Vi 2 0
at I\ = " 1€9(t) T 9 O g(t) = Y

which proves the lemma. O

Remark 5.2.4. We call metrics gradient Ricci solitons if Ric, + V2f = cg for
some f € C°(M) and ¢ € R. In the compact case, any such metric is already
Einstein if ¢ < 0 (see [Caol0), Proposition 1.1]). By the first variational formula
of py, we conclude that Einstein metrics with constant —1 are precisely the
critical points of p4 .
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Lemma 5.2.5. Let (M, gg) be an Einstein manifold with constant —1. Fur-
thermore, let h € 6,.(0). Then

(Z) ng = IOgVOI(M7 gE);

(1) fli=ofgp+tn = 3trgph,
(iii) gli=o(Ricgpren + 98 + th+ Ve, fopten) = 5Ah,
where Ag is the Einstein operator.

Proof. By substituting w = e~ /2, we see that Wy, = e fs5/2 is the minimizer
of the functional

__ 1
W(w) = / 2\Vw\2 + gscale +w?logw? dV
M

under the constraint
w2 =1.

By Jensen’s inequality, we have a lower bound

W(w) > 1 inf scal(p) — log(vol(M, gg)), (5.11)
2 peEM

which is realized by the constant function wg, = vol(M, gr)~1/? since the scalar
curvature is constant on M. This proves (i).

To prove (ii), we differentiate the Euler-Lagrange equation in the di-
rection of h. We obtain

0= (~AfY — S(IVIPY + Lscall — ' = ~Af'+ L(A(trh) + 8(0h) + trh) — f°
= (A4 1)+ A+ 1)t

Here we used that fg, is constant and dh = 0. Since A + 1 is invertible on the
space of smooth functions, the second assertion follows. It remains to show (iii).
By straightforward differentiation,

1 1
(Ric + g 4+ V2f) = SALh = 5" (oh) - §V2trh +h+ (V) fou + V()

1 1_, 1, 1
= 3Arh = S V2th+ h+ 5 Vitrh = S Aph.

Here we used (i) and (ii). O

Proposition 5.2.6 (Second variation of ). The second variation of 4 at an
Einstein metric with Ricy, = —gg 1is given by

—% fi (Agh,h)y AV, if h e 671(0),

i (gm)" () = {07 if h € 3%(Q1(M)),

where f denotes the averaging integral, i.e. the integral divided by the volume.

64



Proof. Since p1 is a Riemannian functional, the Hessian restricted to §*(Q*(M))
vanishes. Now let h € §71(0). By the first variational formula and Lemmam

d2
pi(ge)’(h) = —=|  pe(ge +th)
t=0
1
= / (Ric + g + V2f), hYe~/ dV
2 u
_ 1 ][ (Agh, h)
=371 (e
Recall that Ap preserves 6-1(0). Thus, the splitting §*(Q*(M)) & §=1(0) is
orthogonal with respect to /] . O

With this formula, we easily prove

Corollary 5.2.7. Let (M, gg) be an Einstein manifold with constant —1. Then
dynamical stability (modulo diffeomorphism) implies Einstein-Hilbert stability.

Proof. We have seen that p, is nondecreasing under and that py is in-
variant under diffeomorphisms. Thus, (M, gg) is nessecarily a local maximum
of py, if it is dynamically stable (modulo diffeomorphism). Consequently, the
second variation of p is negative semidefinite. The assertion now follows from

Proposition [5.2.6] O

5.3 Some technical Estimates

In this section, we will establish bounds on 4, f, and their variations in terms
of certain norms of the variations. These estimates are needed in proving the
main theorems of the next two sections.

Lemma 5.3.1. Let (M,gg) be an Einstein manifold such that Ric = —gg.
Then there exists a C*“-neighbourhood U in the space of metrics such that the
minimizers f, are uniformly bounded in C*“, i.e. there exists a constant C > 0
such that || fg|l q2. < C for all g € U. Moreover, for each € > 0, we can choose
U so small that ||V fyl|qo <€ for allg € U.

Proof. As in the proof of Lemma (i), we use the fact that

oY 1
pe(g)= inf W(g,w)= inf/ 2|Vw|* 4+ =scalw? + w?logw? dV (5.12)
weC> (M) M 2

under the constraint
[wl[g =1.

There exists a unique minimizer of this functional which we denote by w,. We
have wg = e fo/2 and wy satisfies the Euler-Lagrange equation

1
28wy + iscalgwg — 2wy logwy = p4(g)wg. (5.13)

We will now show that there exists a uniform bound [jwg| e < C for all
metrics g in a C%“-neighbourhood U of gg. First observe that by ( -,

1.
2| Vgl 2 < pe(g) = Crvol(M, g) — 5 Jnf, scaly (p),
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since the function z — xlogx has a lower bound. Testing W with the constant
function w = vol(M, gs)~1/? yields

i (g) < 1 Sél]\p4 scaly(p) — log(vol(M, g)). (5.14)

Using these estimates, we see that the H'-norm of w, can be estimated by
quantities, which are uniformly bounded on Y. By Sobolev embedding, we
obtain a uniform bound on ||wgl|;2n,m_2). Let p = 2n/(n —2) and choose some

g slightly smaller than p. By (5.13) and elliptic regularity,
[wgllyr2.e < Collwg logwgl| o + llwgllq)-

Since z +— xlogz grows slower than x — 2? for any 8 > 1 as x — 0o, we have
the estimate

[[wg logwy|| L, < Cs(vol(M, g)) + [lwg]| s -

This yields an uniform bound |lwg|ly;2., < C(g). By Sobolev embedding, we
have uniform bounds on |Jw,l|;,  for some p’ > p and by applying elliptic regu-
larity on (5.13), we have bounds on [Jwgl|y 2., for every ¢’ < p'.

Iterating this procedure, we obtain uniform bounds |[lwyl|y;., < C(p) for
each p € (1,00). Again by elliptic regularity ,

”wg”cz,a < O4(||wg Ingcho,u + ||wg||co,a)
< Cs[(lwgllgo.a )™ + lwgll co.a)

for some v > 1 and for sufficiently large p, Sobolev embedding yields
[wgllco.o < Cs llwgllyyrn < Co - Cp).

Therefore, we have a uniform bound on ||wg||2..-

Next, we show that the C*®-norms of fq are uniformly bounded. First, we
claim that we may choose a smaller neighbourhood V C U such that for g € V,
the functions wg are bounded away from zero (recall that any w, = e~ 19/ is pos-
itive). Suppose this is not the case. Then there exists a sequence g; — gg in C*®
such that min, wy, (p) — 0 for i — oo. Since ||wy, || s2.. < C for all 4, there exists
a subsequence, again denoted by wg, such that wy, — ws in C2%" for some
o’ < a. Obviously, the right hand side of converges. By the estimates
and , we see that also the left hand side of converges. There-
fore, wo, equals the minimizer of W(gE,w), SO Woo = Wy, = vol(M,gg)~/2.
In particular, min, wy, (p) — vol(M, gg)~/? # 0 which contradicts the assump-
tion. Now we have

[fgllcz.c = l[=21og(wg)ll .o < C(loginfwg,1/(infwy)) [[wgll 2.0
< C(loginf wy,1/(inf wy)) - Cs - C(p)

and the claim shows that the right hand side is bounded.

It remains to prove that for each € > 0, we may choose U so small that
IVfsllco < e We again use a subsequence argument. Suppose this is not
possible. Then there exists a sequence of metrics g; — ¢ in C?>® and some
€0 > 0 such that for the corresponding f,,, the estimate ||V fy, |0 > €o holds
for all i. Because of the bound || fy||s2.. < C, we may choose a subsequence,
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again denoted by f; converging to some foo in €2 for o/ < a. By the same
arguments as above, fo = fg, = —log(vol(M)). In particular, ||V fg,|o0 — 0,
a contradiction. O

Lemma 5.3.2. Let (M,gg) be an Einstein manifold such that Ric,, = —gg.
Then there exists a C*-neighbourhood U of gg in the space of metrics and a
constant C' > 0 such that for all g € U, we have

4 4
dt dt

< Clhllcze
02.a

<Clhly, i=12
Hi

fg+th
t=0

fg+th
t=0

Proof. Recall that f, satisfies the Euler-Lagrange equation
1 1
—Af - §\Vf\2 + 55031 = f=p4(9).
Differentiating this equation in the direction of A yields
. .1 . 1 . .
—Af = Af + 5hgradf,gradf) — (Vf, V) + Fscal = f = i (9):

By Lemma [A-3] and Lemma [A-2] the variational formulas for the Laplacian and
the scalar curvature are

: 1
Af = (h,V?f) — (6h + 5 Ve, Vf),
scal = A(trh) + 8(8h) — (Ric, h).
Because A + 1 is invertible, we can apply elliptic regularity and we obtain

s < €1+ 07

0,
. . 1 1 . _
<G H<VJWJ‘>HC0 L HOU||=AS + Sh(V] V) + gscal = iy (9)
’ 0,
. . 1 1 . )
< CIV£llgo Vf”co LHO|-Af+ §h(Vf,Vf) + iscal — fis(g)
' 0«

By Lemma we may choose U so small that ||V ||~ < € for some small
e <min {C; ', 1}. Then we have

A= e <] = 219N

v

2. C0.a

. 1 1 .
SCOL||-Af+ gh(ny V) + §Sca1 — fi+(g)

CO,a
< (Callfgllcza + C3) [Pl g2.e -

The last inequality follows from the variational formulas of the Laplacian, the
scalar curvature and py. By the uniform bound on || fg|| ;2. , the first estimate
of the lemma follows. )

Similarly, we can estimate the H’-norm of f. Again by elliptic regularity,

[4].. < aija+ i

<Cy H(Vf, Vf>HL2 +Cy

Hi—2

—Af+;MVﬁVﬂ+;®M—ﬂAmH

Hi—2

< CallVEleo

VfHL2 +Cy

SAf + GV + gl = (o)

Hi—2
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Choosing U such that |V f|| oo < € for some € < min {C; ", 1}, we obtain

a-alf|. < |4, - colvsics | ¥4

L2

<Cy

~Af + VL) + gl = s o)

< (G5 [[fllgza + Co) [l i -

The last estimate is clear from the variational formulas if H*=2 = L2. In the
case H'"2 = H~1, we test the integrand with an H!-function ¢ and find that

Hi—2

: 1 1. .
(—Af+ SV V) + gscal = i (9), )z < (Cs (| ll oz + Co) 1hll g o -

Therefore, the H~'-norm can be estimated as above. O]

Proposition 5.3.3 (Estimate of the second variation of py). Let (M, gg) be
an Einstein manifold with constant —1. Then there exists a C*“-neighbourhood
U of gg and a constant C > 0 such that

%jlt s,t=0u+(g +th+sk)| < Cllhllg [kl
forallgel.
Proof. By the formula of the first variation,
d? d| 1 . ) y
sdi s,t:oMJr(g + th 4 sk) = “ds|_,2 /M<R1Cgs + gs — V2 f,. h)g.e Foe dV,

=1+ 2)+06),

and we estimate these three terms separately. The first term comes from differ-
entiating the scalar product:

(D] = ‘/M<Ricg +9— V2], koh)ge s dV,

< (4 ||Ricg + g — V2f9||co He_f”HCo [Pl 2 1]l 12

< (Co+ Cs || fllg2.a) exp(—min fo) [[Rf| 2 [|F]] 2
< Cal[hll g IF]l g1 -

These estimates hold since |Ricy+g| and exp(— min f;) are uniformly bounded in
a small C%®-neighbourhood of gz. The second term comes from differentiating
the gradient:

=3 [ (5

(Ricy, + gs — V2£,.), h> e~ fs av,

s=0 g
1
=13 /M(Ric’ + k= (V) fg = V21 h)ge T dvg‘
1

1
= 5/ <2ALk§*(5k);VQtrkJrk(VQ)’ngQf;,efgh> dvj,
M g

< Cs [kl o [Pl 511 11 fgll 2. €xp(— miin f)
< Co [kl gz 1All s -
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The first inequality follows from integration by parts, Lemma [A73 and Lemma
the second from the uniform bound on the f;. The third term appears
when we differentiate the measure:

1 . 1 _
@1=3 [ ey +0- V0, (<1 + juuk) e av,

: . 1
< Cr ||Ricy + g — V24| o exp(—min f,) 2] 12 || f2 + Stk
L2
< G [[h| g B g1 -
Here, we again used Lemma [5.3.2)in the last step. O

Lemma 5.3.4. Let (M, gg) be an Einstein manifold with constant —1. Then
there exists a C**-neighbourhood U of g and a constant C' > 0 such that

d2

dtds < Clhllgoa Ikl g, i=1,2.

Hi

fg+sk+th
t,s=0
Proof. In the proof, we denote t-derivatives by dot and s-derivatives by prime.
Differentiating (5.7]) twice yields

~Af = Aff = Nf = N'f + h(gradf,gradf') + k(grad f, grad )

(V) (V) gacal — = i

By elliptic regularity, we have
|7

where

\Jid

<af@+ns

<OVl

L ACUIA s, (5.15)

H Hi—

(A) = —Af = N'f = N f + h(gradf, grad f') + k(gradf, grad f)
—(V, V) + %séall — .

Now we consider the occurent second variational formulas of the Laplacian and
the scalar curvature. By Lemma [A75] they can be schematically written as

ANf=Vk«hxVf+kxVhxV],
scal = V2k s« h+k * V2h + Vk * Vh+ R+ k % h.

Here, * is Hamilton’s notation for a combination of tensor products with con-
tractions. Now, Lemma [5.3.3] integration by parts and the Holder inequality
yield

. 1.
HA’f+28cal — i,

< Col|hllgz.a 1Kl -
2

Hi—

For H*=2 = L2, this is clear, for H*~2 = H~! this follows again from testing
with an H'-function. For the remaining terms

(B) = —Af' — A'f + h(gradf, gradf’) + k(gradf, gradf) — (Vf, Vf')
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such an estimate follows from the first variational formula of the Laplacian and

the estimates we already developed for f and f’ in Lemma In fact, we
even have

(B2 < Callhllgza Ikl g

so that the desired type of estimate holds in any case. We obtain

(Al iz < Callllgz.a 1Kl i -

Since ||V f||co can be assumed to be arbitrarily small, we bring this term to the
left hand side of (5.15)) and obtain the result. O

Proposition 5.3.5 (Estimates of the third variation of u). Let (M, gg) be an
FEinstein manifold with constant —1. Then there exists a C>*-neighbourhood U
of gg and a constant C > 0 such that

3
2
5| elat )] < LAl hlcn.
forallgel.

Proof. We have, by the first variational formula,

d3

1 d?
pTE py (g +th) =

—o 2 dt?

/ (Ric + g + V2 f,, hye™ av
t=0+J M
1 . 2 " —f : 2 3\ —f

=3 M((Rlc—i—g—l—v fq)' hye™? dV —3 M(RlC—i—g—i—V fg,h)e ) dV

1
-5 /M<Ric + g+ V23fy, hy(e ™l av)’ +2 /M<(Ric +g+V2f,) hoh)e ! dV
— Ric+ g+ V2f,) k(e ! dV) +2 | (Ric+ g+ V2f,, hoh)(e ! dVY,

g 7

M M

where h3 = h o h o h. Straightforward calculations show that

1
(e=! av) = <—f’ + 2trh) el av,

2
(=T avy’ = [—f” ~ Sl (—f’ " ;trh> ] e av,
1

1
(Ric+ g+ V2f,) = iALh — 6*(6h) — §V2trh +h— (V) fy = V21

By these calculations, it is quite obvious that we can estimate the last five terms
of above by C ||h||?{1 ||| 2.0 using the Holder inequality and the estimates for
/" and f” we developed in Lemma and Lemma It remains to deal
with the first term which contains the second derivative of the gradient of p .
We have the schematic expressios
(Ric 4+ g)" = V?h* h+Vh* Vh+ Rxh*h,
(Vng)// — (V2)Hfg + Q(VZ)/f; + VQJ;;/
=V/f*Vhxh+Vf «Vh+Vf
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see Lemma[A-3]and Lemmal A5 From these expressions we obtain, by applying
Lemma [5.3.2] and Lemma again,

[ (R g+ V21 et av] < C I il

Note that we have to use integration by parts for the V? f;’ -term to obtain an
upper bound containing an H'-norm. O

5.4 The integrable Case

In this section, we prove dynamical stability and instability theorems for neg-
ative Einstein manifolds under the technical assumption that all infinitesimal
Einstein deformations are integrable. For all results in this section, we suppose
that this condition holds.

5.4.1 Local Maximum of the Expander Entropy

In this section we will prove a criterion which ensures that an Einstein manifold
is a local maximum of the expander entropy. For the proof, we will use the
slice theorem stated in Chapter [2| and we use an explicit construction of the
slice. Moreover, we use Taylor expansion and with the estimates of the previous
section, we are able to control the error terms.

Theorem 5.4.1 (Ebin-Palais (|[Ebi70])). Let M be a compact manifold and
M the space of metrics on M. Then for each go € M, there exists a C*°-
neighbourhood U such that each g € U can be written as g = ©*g§ for some
@ € Diff(M) and § € Sy, = (g0 + 6,,'(0)) NU.

We call Sy, an affine slice. Now let g be an Einstein metric with constant
—1 and let
& ={g9€8,, |Ric; = ag for some a € R}

be the set of Einstein metrics in the affine slice near gg. Moreover, let
P ={g € Sgp | Ricyg = —g}.

If we assume that all infinitesimal Einstein deformations of g are integrable,
£ (and hence also P) is a manifold near gg and the tangent spaces at gg are
given by

TgESZR'gE@ker(AEITT)y TgEP:kGI'(AE‘TT),
see [Bes08| Proposition 12.49] for more details. Note also that
P ={g €& vol(M,g) = vol(M,gr)}

by the observations in Section By Lemma (i), fq is constant for any
g € P and thus, py(g) = @ — log(vol(M, g)) is constant on P. For the
proof of maximality, we further need the following decomposition of the space
of divergence-free tensors:
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Lemma 5.4.2. Let (M, gg) be an Einstein manifold with nonvanishing constant
w. Then we have the L%-orthogonal decomposition

5,2(0) = Cyp (C=(M)) & TT,,,

where Cy,, : C°(M) — T'(S?M) is defined as Cy, (f) = (Af — pf)ge + V2f.

Proof. We first check the L?-orthgonality. Let f € C°°(M) and h € TT,,.
Then

(CgEf7 h‘)L2 = (Af - /J/fa trh)L2 + (v2f7 h)L2 =0+ (vfa 5h)L2 =0.
Now we show that Cy, (C*(M)) C 6,1 (0). Let f € C°(M). We then have

§(Cypf) =0((Af — pf)ge + V)
= —VAf+uVf+56V2if.

Let {e1,...,en} be a local orthonormal frame. By the Ricci identity,

6(CQEf)(ez) = inAf + :uveif + 6v2f(€i)

-

(Vgigej,ej - vg]‘,ei,e]‘)f + /’LVelf

<.
Il
—

.

I
-

VR(ejvei)ij + uVe, f

J

=—puVe, [ +pVe, f=0.
Since also TTy,, C 6,,'(0) and the decomposition I'(S* M) = §*(Q' (M))®4,,! (0)
is orthogonal, it suffices to prove

[(S?M) = §*(QY(M)) @ C,,,(C®(M)) © TTy,.

Let h € T(S2M). Because of Lemma we can write h = f - gg + 0*w + h
where f € C°(M), w € QY(M) and h € TT. By Obata’s eigenvalue estimate,
A — p is invertible for any Einstein manifold with constant p # 0. Thus,
h=f-gg+6w+h
=(A =) g5+ V2 +0"(w = V) +h
=Cyp(f) + 8" (W —=Vf)+h,

where f = (A — p)~!f. This shows the assertion. O

Theorem 5.4.3. Let (M, gg) be an Einstein manifold with constant —1 which
is Einstein-Hilbert stable. Then there exists a C*“-neighbourhood U of g such
that py(g9) < py(gg) for all g € U. Moreover, equality holds if and only if g is
also an Einstein metric with constant —1.

Proof. We first show that the second variation of u4(gg) is nonpositive. By
the second variational formula in Proposition [5.3.3] it suffices to show that the
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Einstein operator is nonnegative on §,!(0). By Lemma we have the L2-
orthogonal decomposition

8,2 (0) = Cyp (C=(M)) & TT,,,

9E
where Cy,: C®(M) — d,,1(0) is defined as Cy, (f) = (Af + f)ge — V2f. On
TT, Ag is nonnegative by assumption. Recall that Ay, = Ag — 2 -id on an
Einstein manifold with constant —1. We thus have

AECgE (f) = ALCQE(f) + 20913 (f)
= AL((Af + Nge + V*f) +2C,, (f)
= (AAf) + (Af))gs + (V2AS) +2Cy,(f)
= Cyp(Af +2f).

Here we used Lemma We see that Cy, (f) is an eigentensor of Ag with
eigenvalue \ if and only if f is an eigenfunction of the Laplace-Beltrami operator
with eigenvalue A — 2. Therefore, Ag is positive on Cy, (C*(M)).

Next, we show that 14 (g) < py(ge) on the affine slice (g + 6, (0)) NU
and equality holds if and only if g € P. Let (5g_El (0) =T4,P ® N where N is the
L?-orthogonal complement of Ty, P in 69_; (0). By the above arguments, 1’/ (9x)
is negative definite on V. We consider the map

E:PxN-—S

ge>»

(g, h) — g+ h.

By the inverse function theorem for Banach manifolds, this is a local diffeomor-
phism around (gg,0) if we temporarily enlarge the involved spaces to C%<-
spaces. However, each metric in P is smooth. This follows from the fact
that ker(Ag|rr) = T,,P is smooth by elliptic regularity and the arguments
in [Has12, Proposition 3.6] and [BesO8, Theorem 12.49|. Therefore, each C*%-
metric in Sy, near gg is of the form §+ h and is smooth if and only if h is
smooth. By Taylor expansion,

_ _ _ 1 d? _ _
pe@+h) = ne(9)+ 2| (@t + 525 (g +th) + R(g,h),
t=0 t=0
1 3
1 1 d
R(g,h) = = —t+=t? ) —pui (g +th)dt.
@ = [ (51452 gausia+m
Now, we claim that there exists a constant C such that forallg € Pand h € N,
d? _
Dol welgrth) < i (5.16)
t=0

We define the projection map
pr: M x N = T'(S?M)

which maps a tuple (g, h) to the projection of h onto the second factor of the
splitting 0% (Q'(M)) @4, 1(0). Let h = pr(g, k). Recall that the second variation
is only nonzero on the second factor. Therefore,

d> 1 o
& GAth) = —— / Agh,hy dV;
dt2 t=01u+( ) 4V01(M, g) M< E > g (5 17)
1 1 '
Avol(M, 9) /M< gh, by AV + Avol(M, g) /M< 8w, §"w) dV,
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where w is a 1-form satisfying h = 6*w 4+ h. We now deal with the first term of
the right hand side. Since at (Ag)y, is positive definite on N, we have

* 2 >
((AE)gEh, h)LQ(gE) =€ ||Vh||i2(gE) + (1 — 6)(V Vh — mRh, h)LQ(gE)
Z C2 ||h||f'—11(gE) )

where € > 0 is sufficiently small. By Taylor expansion,
((AE)§h7 h)Lz(g) :((AE)QEh7 h)Lz(gE)

1
d
+/0 71 (BE)gs+1(g—9m) s W) L2 (9-+4(5—9)) -

We have
% tfo((AE)ng’"“ h)r2(g+ik) =(Aph, h)rz = 2(Aph, ko h)ra
+ %(AEIL (trk)h) 2,
and by Lemma

Aph =V2kxh+Vk+xVh+kxV2h +Rxkxh.
We arrive, using integration by parts, at an estimate of the form

d

T ((AB)grtrh, h)2(greny < Ca ||kl ga (|| g1 -

t=0

Thus,
2 _
((Ap)gh, )2 = Co [R5 g,y — C3 119 = 9l c2 1Pl -

Therefore, if we choose the C%“-neighbourhood small enough, we have a uniform
upper estimate on the first term of (5.17)). The second term can be estimated
from above by

1

- A * * < * L.
o . (A5 dV < Cullul

By Lemma below, we can choose, given any € > 0, the neighbourhood U
so small that

167wl g < €llPll e

and this implies inequality (5.16)). By Proposition we have the uniform

estimate
IR(g, h)| < Cs |1l gone |10 371 -

This yields

_ C
pe(@+h) < palg) = 5 Il + Cs hllga [1h1f7 - (5.18)
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Therefore, if we choose the C?*-neighbourhood small enough, the negative term
in dominates and we obtain the desired inequality. Equality implies h = 0
which means that g € P. On P, p is constantly equal to u4(9g).

By the Ebin-Palais slice theorem, every g € U can be written as g = ¢*g for
some ¢ € Diff(M) and g € S. By diffeomorphism invariance,

pt(9) = s (9) < by (9g),

and equality holds if and only if g = ¢*§, where § € P. This implies that g is
also an Einstein manifold with constant —1. O

Lemma 5.4.4. Let gg and N,w, P as above. Then for every e > 0, there exists
a C?*“-neighbourhood U of gg such that for allg €U NP, h € N,

||6*wHH1(g) <e ||h||H1(g) :

Proof. Let h = djw,+ pr(g, h) be the g-dependant decomposition of h according
to the splitting I'(S*M) = 6;(Q'(M)) ® 6, (0). Then we have

Soh = 5467wy,

The 1-form w, decomposes as wy = V fq + @y, where f; € C>(M) and ©, €

6, (0). By straightforward calculation, one sees that

1
8485y = 8403V fy + 8,0505 = (V'V)V fy + 5 (V7Y = Ric)w,.

This shows that 40, acts as an elliptic operator on both parts of the decom-
position, since on Einstein manifolds, V*V and V*V — Ric = Apg preserve
both subspaces. Since d,0;w, = 0 implies d;w,; = 0, we may choose wy to be
orthogonal to the kernel of d,6;. Therefore, by elliptic regularity,

185wg |5 < NlwgllZge < IV Foll%a + g3
<G !|5g53Vfg||iz

< Cs ||8g0504][ 7. = Cs 135152

+C2 ||595;‘Dg||i2

In the last inequality, we used the fact that the decomposition
Q' (M) = V(C™(M)) @6, (0)

is L2-orthogonal. We calculate

d
7 18g+tkhl17 2 (g g ey =2(8"hs 6R) 2 — / k((6Rh)E, (5h)%) dV
t=0 M
1
+ 7/ |6R|?trk dV.
2 )
By Lemma [A-3]

8'h=Vk*xh+kxVh,

(0]



and thus, we get

4
dt

2 2
i 10g+ekPl L2 (g 4ery) < CallPlir gy 1Rl e gy -

Therefore by Taylor expansion,

1
d
2 2 2
||59E+kh||L2(gE+k) = /0 dt ||6g+tthL2(g+tk) dt < CS ||h||H1(g) ||k||02,a(g) .

Finally, if we choose the neighbourhood U so small that

g — grllgea < e(Cs-C5)7!

forallge U NP,
* 2 2 2 2
[05ws |1 < Calldghllzs < Cs- Cs ||hll3n llg — 9Bl cea < €l

which proves the lemma. O

5.4.2 A Lojasiewicz-Simon Inequality and Transversality

This subsection is devoted to the proof of two theorems which are essential
ingredients in the proof of dynamical stability in the next section. Here we use
the slice theorem and a certain 2-parameter expansion. The error terms can be
controlled by the estimates we developed in Section [5.3

Theorem 5.4.5 (Optimal Lojasiewicz-Simon Inequality for p ). Let (M, gg) be
an Einstein manifold with constant —1. Then there exists a C**-neighbourhood
U of gg and a constant C > 0 such that

It (9) — p4 (g2)|V/? < C|[Ric+ g + V2 fy]| .
forall g e U.

Later on, this theorem will ensure that the Ricci flow converges exponentially
as t — oo.

Theorem 5.4.6 (Transversality). Let (M, gg) be an Einstein manifold with
constant —1. Then there exists a C**-neighbourhood U of gr and a constant
C > 0 such that

IRic + gl ,» < C'[[Ric + g+ V2| .
forallgeU.

This theorem ensures that the Ricci flow does not move too excessively in
gauge direction. We will conclude that the flow converges in the strict sense
without pulling back by a family of diffeomorphisms.

Proof of Theorem[5.].5 and Theorem[5.].6 By diffeomorphism invariance, it
suffices to prove both theorems on a slice in the space of metrics. As before, we
work on the affine slice Sy, =U N (gr +3,,(0)). As in the previous section, let

P ={g € Sy, | Ricy = —g},
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and let N be the L%-orthogonal complement of Ty, P in 5;}31 (0). Then every
metric g € Sy, can be uniquely written as g = g+ h with g € P and h € N,
provided that i/ is small enough. Taylor expansion yields the estimates

(G + h) = 11 ()] < Cr[[hll3p2
IRicgsn + g+ hll7> < Co [Ih]52

In order to prove the two theorems, it therefore suffices to show
. _ 2 2
|Ricgen + G+ h+ V2 farn| > > Cs bl

for some appropriate constant C'3. To obtain this estimate, we need a few
lemmas.

Lemma 5.4.7. Let F(s,t) be a C?-function on 0 < s,t < 1 with values in a
Fréchet-space. Then

F(1,1) = F(1,0) + %It:oF(o,t) - /1(1 —t) 52 F(0,t)dt
0

Proof. See [Has12, Lemma 4.3]. O

Lemma 5.4.8. Let g=g+ h € S, as above. Then we have the 2-parameter
expansion

1
Ric, + g+ V2f, = §<AE)gEh/ + 01 + Oy,

where

1 2
d
O1 Z/ (1- )dtQ (Ricgytth + gE + th+ V2 fgpiem)dt,

0
0O, = ——(Ri (5
2 0 A det( 1Cyp+s(g—gm)+th
+ gJE + 5(§ — gE) + th/ —+ v2f9E+s(§_gE)+th)det.
Proof. We apply Lemma [5.4.7) to the map
F(s,t) = RngE+S(g—gE)+th +9E8 +s(g—9gE) +th+ v2f0E+S(g—gE)+th

and use Lemma (iii). O

Lemma 5.4.9. Let g = g+ h € S;, as above. Then there exists a C*%-
neighbourhood and a constant C' > 0 such that

101l 2 < Cl[hllgza 1Pl 42
102l 2 < Cllg — gell2e Pl g> -

hold in this neighbourhood.
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Proof. Let dot be t-derivatives and prime be s-derivatives. Put k = g — gg. By
Lemma and Lemma we have

(Ricy +g) ' = V2k*h+ Vk*Vh+k*V?h+ R*kx*h,
(Vi)' =Vkxh«Vf+k«Vh«Vf+Vf «Vh+VkxVf+Vif.

The estimate for O follow from the Holder inequality, Lemma[5.3.2land Lemma
The other estimate is shown analogously. O

Let us now continue the main proof. By Lemma and since (Ag)g,|n is
injective, we have

. _ 2 1
|Ricgin + 3+ h+ V2 fain] 2 [(AE)gphl72 — (01 + 02, (Ag)gsh)
2
>Cy ||hllgz = Cs(|O1ll g2 + 102l 22) 12 1= -
If we choose the neighbourhood small enough, Lemma yields
. _ 2
|Ricgsn + 3+ b+ V2 fainl| . = Co k]l

which finishes the proof of both theorems. O

5.4.3 Dynamical Stability and Instability

Lemma 5.4.10 (Estimates for t < 1). Let (M, gg) be an Finstein manifold with
constant —1 and let k > 2. Then for all € > 0 there exists a § > 0 such that if
llgo — gEllor+2 < 6, the Ricci flow starting at go exists on [0, 1] and satisfies

9E

lg(t) — gmllcx <e
for all t € ]0,1].

Proof. The Riemann curvature tensor and the Ricci tensor evolve under the
standard Ricci flow as ;R = —AR + R % R and 0,Ric = —ARic + R * Ric (see
e.g. [Brel0]). Under the flow §(t) = —2(Ricy) + g(t)), they evolve as

OR=—-AR+ R+ R—4R, OiRic = —ARic + R = Ric.

The additional term —4R comes from rescaling whereas the evolution equation
for the Ricci tensor does not change because of scale-invariance. Therefore, we
get the evolution inequalities

IN

—A[V'RI* + Y Ci;|VIR||V/R||V'R],

=0

O V' R|?

2:|V*(Ric + ¢)|* < —A|V*(Ric + g)|* + Z Ci;| V=T R||VPRic|| V! (Ric + g)|.
j=0

Here, all covariant derivatives, Laplacians and norms are taken with respect to
g(t). By the maximum principle for scalars (see e.g. [CCGT08, Theorem 10.2]),
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there exists a K(K,n,k) < oo such that if g(t) is a Ricci flow on [0, 7] with
T <1 and

sup [Ryw)lgy < K, sup |V' Ry(o)lg0) < K
peM peM

for all t € [0,T] and @ < k, then

sup [V' Ry () ly() < K

peM
for all t € [0,7] and i@ < k. Again by the maximum principle, there exists for
each € > 0 a (¢, K,n, k) > 0 such that, if

sup |V*(Ricg(o) + 9(0))[g0) < b
peM

for all i < k, we have

sup |V'(Ricg() + g(t)) o) < €
peM

for all t € [0,7] and ¢ < k. If we choose the e-neighbourhood small enough such
that the C*-norms with respect to g and g(t) differ at most by a factor 2,

% lg(®) —9ellcr = |2(Ricgq) + g(t))Hc_g;E < 4||(Ricg@) + g(t))Hc_g(t) '
Let § > 0 be small enough and let
K =sup {[|Ryllcg 19 = g5llcs < e} +sup{IRyllcy |9 — gmllcprz < 3}
Let K = K(K,n, k), 6 =6(K,é n,k) and 6; < § be so small that for
llgo — 9E|\c§g2 <4y,
we have

. . €
sup |V*(Ricg, + go)lg(0) <6, lgo — 9Ellcr <+,
peEM,i<k 9 — 4

and the Ricci flow starting at g satisfies

; €
sup V*(Ricy iy + g(t <é€=———.
(p,t)eMx[O,T],i§k| (Ricy(o )l 16(k+1)

Let T € [0, 00] be the maximal interval such that the Ricci flow starting at go
exists on [0,7) and satisfies

l9(t) —gpller <€
IE

for all ¢ € [0,T). Suppose that T' < 1. Then
Td
lg(t) = gellcr < llgo — gEllcn +/ 2 19(#) = gellcy_dt
9B 9E 0 t 9E

T
<llao—gelley, +4 [ [[(Ricyy +(0) o,

<O+HAk+1ES S

which contradicts the maximality of T O
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Lemma 5.4.11. Let g(t), t € [0,T] be a solution of the Ricci flow (5.5) and
suppose that

sup ‘Rg(t)‘g(t) <77t vt € [0, 7).
peEM

Then for each k > 1, there exists a constant C(k) such that

sup |VkRg(t)|g(t) < C(k) LT YR2 vt € (0,T].
peEM

Proof. This is a well-known result for the standard Ricci flow. For the sake of
completness, we redo the proof of Hamilton in [Ham95, Theorem 7.1] which also
works for the flow (5.5). From the evolution equation ;R = — AR+ R*R—4R,
we obtain the evolution inequality

k
OVFR* < —A|VFR]> = 2|V*'RI> + Y Cix|VIR||V*/ R||V*R|.
j=0

We will now use the |V**1R|?-term we omitted in the proof of the previous
lemma. In particular, we have

O RI?
Oi|VR|?

—A|R|* = 2|VR[]* + Cy|R)?,
—A|VR|? — 2|V2R|* + 2Cy |R||[VR|*.

<
<
Let now F' be the function

F =t|VR|* + A|R|?,
where A is some large constant. We have

OF < —AF + (C1t|R| — 2A)|VR|? + CL A|R?.

By assumption, |R| < T~! and tT < 1. Thus, if we take 24 > C1,

OF < —AF +C5T7°.
Since F(0) < C4T~2, the maximum principle yields

F<COT24+tCsT3<CsT2

for t < T. By definition of F', we thus have
tlIVR]> < F < CsT72.

This shows the assertion for £ = 1. Now we proceed by induction. Suppose
that the lemma holds for a fixed k € N. Then by the evolution inequalities and
induction hypothesis,
O|VER? < — A|IVFR2 — 2|VFIR1?2 + CsT 37k,
6t|vk+lR|2 < - A‘Vk+1R|2 _ 2|Vk+1R|2 + C’7T71|Vk+1R|2
+ CyT 2| VFHLR|t—(k+1)/2
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From

T72|vk+1R‘t7(k+1)/2 < (Tfl |vk+1R|2 + Tf3tk+1)7

DN |

we obtain
O[VFHIR2 < — AIVFFIR2 4 CoT VFHIR|? 4+ CyoT 3¢5+
Now we define
Fip = |V 4 A VFRP?,
where Ay is some large constant. Then
O Fy, < —AFj + (C1tT ™1 — 24,)|VFHIR? 4+ Clo AT 37,
and if ¢t < T and Ay > 2C1q,
O Fi, < AFy, + Ci3T 3¢,
Since Fy(0) < C14T7~2t7%, the maximum principle yields
F, < Cl T2t " 4+ CisT 3t " < Oy T2,
where we used ¢t < T'. Thus,
tIVMIR? < By, < CisT 2t F,
and the induction step is completed. This proves the lemma. O

Remark 5.4.12. For a given Ricci flow g(¢), the previous lemma and a bootstrap
argument imply the following: Suppose we have a uniform bound

sup [Ry)lgy < K VE€[0,T].
peM

Then for each k > 1 and 6 > 0, there exists a constant C(k,d) such that

sup |VFRyplg) < C(k,8) - K Vt e [8,T].
peEM

Theorem 5.4.13 (Dynamical stability). Let (M,ggr) be a compact Einstein
manifold with constant —1 which is Finstein-Hilbert stable and satisfies the in-
tegrability condition. Let k > 3. Then for every C*-neighbourhood U of g,
there exists a C*+2-neighbourhood V C U of gg such that the following holds:
For any metric go € V the Ricci flow starting at go stays in U for all time.
Moreover, the Ricci flow converges to some FEinstein metric goo € U with con-
stant —1 as t — oco. The convergence is exponentially, i.e. there exist constants
C1,C5 > 0 such that for allt > 0,

”g(t) - gOO”Cg’fE < Cleiczt.
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Proof. We write B* for the e-ball around gz with respect to the CZ;E—norm.
Without loss of generality, we may assume that & = B* and € > 0 is so small

that Theorems [5.4.3] (.4.5] and [5.4.6] are satisfied. By Lemma [5.4.10, we can

choose V so small that any Ricci flow starting in V exists on [0, 1] and stays in
85/4 up to time 1.

Let now go € V be arbitrary and T € (1, 00) be the maximal time such that
the Ricci flow starting at go exists on [0,7") and stays in U for all ¢t € [0,T).
Then

IN

T
d
lott) = gelles, < oV~ gelley, + [ 5 lott) = geley, de
9E 9E 1 9IE

€

T
1 +/ ||2(Ricg(t) + g(t))HCk dt
1 9IE

IN

T
T IRicy + 9(0)ox, dt
1 g(t)

IN

Here we assumed that e is so small that the C*-norms defined by g(t) and gg
differ at most by a factor 2. By Remark we have uniform bounds

sup | V' Ry)lg(t) < C(i) vt € [1,T).
peEM

By interpolation inequalites for tensors (c.f. [Ham82, Corollary 12.7]), we there-
fore get, if we fix some 8 € (0,1),

[Ricy) + 9(8)|| e < Cs |Ricgqy +9(t)] i < CsCi [Ricgy +9(8)]|72
g(t) g(t) g(t)

Here [ > k is some sufficiently large number and Cg is the constant from Sobolev
embedding. Suppose that ¢(t) is not an Einstein metric with constant —1 (oth-
erwise the flow is trivial). Then by Theorems|5.4.3] |5.4.5[and [5.4.6| and the first
variation of u.y,

L1 (o) — e (9m)™ = Dl (900)) — i (o) P>~ S (o(1)

14 (9(1) — ps (gp) P21 /M Ricg(ry + 9(t) + V2 foqu[Pe ™10 dVyq

Hence by integration and monotonicity of y4 along the flow,

T T
| IRicyo + o)lcs, < Co [ Riey + 007, a

g(t)
< Cslps (9(1) — ps (gm)| 77 (5.19)
€
< Cs|p+(90) — pt (g2)P/% < R

provided we have chosen V small enough. We thus obtain
lg®) = gslles <5
g —9E C-‘IICE = 27
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which contradicts the maximality of T". Therefore, T'= oo and for all ¢ > 0, we
have

lo(®) — ey <e.
o0

/ 19Dl dt < oo.
0 9B

It follows that g(t) — goo as t — oo. Along the flow, we have, by Theorem
5.4.5, — & |1+ (9(1) — p4-(98)| > Colpi1-(9(t)) — p1+(9)|- Thus,
4 (9(t2)) — i (gm)| < e 2"y (g(11)) — pi(gm)],

which shows that iy (geo) = p14+(gr) and by Theorem Ricg,, = —goo- The
convergence is exponential since for t; < o,

lgts) = g(t2)llex  <Crlus(9(tr)) — p(gm)/?

s
<Cre” 29" |, (g0) — p+(9E)),

where the first inequality follows from arguments as in (5.19). The assertion
follows from ty — oo. O

Theorem 5.4.14 (Dynamical instability). Let (M, gg) be an Finstein mani-
fold with constant —1 which satisfies the integrability condition. If (M,gg) is
Einstein-Hilbert unstable, there exists a nontrivial ancient Ricci flow emerging
from it, i.e. there is a Ricci flow g(t), t € (—00,0] such that lim;—,_ o g(t) = 9.

Proof. Since (M, gg) is Einstein-Hilbert unstable, it cannot be a local maximum
of py. Let gi — gg in C* and suppose that u, (g;) > ui(gg) for all i. Let
gi(t) be the Ricci flow starting at g;. Then by Lemma gi = gi(1)
converges to g in C*~2 and by monotonicity, p1(g:) > py(g9r) as well. Let
€ > 0 be so small that Theorems m and both hold on B 2. Theorem
(.45 yields the differential inequality

@ 1 (000)) ~ 4 (92)) 2 s (1(8)) — s (g))

from which we obtain

(4 (96(1) = - (9E)e ™ < (e (94(s)) — ps (9m), (5.20)

as long as g; stays in Bg; 2. Thus, there exists a time ¢; such that

lgi(t:) — gEllcr-—2 = €
Now observe that Lemma [5.4.10] holds if we replace 1 by any other time. Thus,
t; — 0o because g;(t;) — g in C*~2 if t; was bounded. By interpolation,
. . B
|[Ricg,5y = 9i(t)]| gua < Ca [|Ricy, ) — 0i(®)][ 2 (5.21)

for some 8 € (0,1). By Theorems and we have the differential
inequality
d

. B
%(N-&-(gi(t)) — 14(98))?? = Cs |Ricg, ) + i (1)]| 2 » (5.22)
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if uy(gi(t)) > py(gr). Therefore, by the triangle inequality and by integration,

€= |lgi(ti) — 9Bl cr—2 < G — 9Ellcr-2 + Calp+(gi(t:)) — M+(9E))ﬁ/2- (5.23)
Now put g5 (t) := g;(t +t;), t € [T3,0], where T; =1 — t; — —oco. We have

llgi(t) — 9Ellcr-—2 <€ vt € [13, 0],
9;(T;) = gg in cF2.

Because the embedding C*=3(M) C C*~2(M) is compact, we can choose a
subsequence of the g7, converging in CZIZ;3(M X (—00,0]) to an ancient Ricci

flow ¢(t), t € (—00,0]. From taking the limit ¢ — oo in (5.23)), we have € <
Cy(p4(9(0)) — py(gr))?/? which shows that the Ricci flow is nontrivial. For

T; < t, we have, by (5.21) and (5.22),

195 (T3) = 5 (8) | rs <Cs(ps(gs(t + 1)) — py ()7
<Cs(pr(9i(t:) — pr(gm)) P2 = Coet.

Thus,

lge = 9@®)llcr-s <llge — g (Ti)llor-s + Coe™" +1lgi (1) = g(t)ll s -
It follows that ||gr — g(t)||cx—s — 0 as t — —oc. O

Remark 5.4.15. All known compact negative Einstein manifolds are Einstein-
Hilbert stable (see e.g. [Dai07]). Moreover, no nonintegrable infinitesimal Ein-
stein deformations are known in the negative case. Therefore, all known exam-
ples are dynamically stable by Theorem [5.4.13

It would be very interesting to generalize these theorems to the noncompact
case. Stability of the hyperbolic space under Ricci flow was studied in [SSS11]
Bam1l]. The more general case of symmetric spaces of noncompact type was
studied in [Bam10|. There, the nonnegativity of the Einstein operator plays an
important role.

5.5 The Nonintegrable Case

The integrability condition we assumed is a strong condition and one cannot
expect that it holds in general. Luckily we were able to get rid of this condition.
In this section, we prove dynamical stability and instability theorems without
the integrabilty assumption. In contrast to the previous results, we obtain
convergence modulo diffeomorphism and the convergence rate is polynomially.

Recall that the integrability condition was nessecary in proving Theorems
[543 [5.4.5] and [5.4.6] In this section we prove analogoues of Theorems
and 5451

5.5.1 Local Maximum of the Expander Entropy

Here we give a different characterization of local maximality of py. We use
the local decomposition of the space of metrics stated in Theorem [2.6.1] and
the observation that the p-functional can be explicitly evaluated on metrics of
constant scalar curvature.
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Theorem 5.5.1. Let (M, gg) be a compact Finstein manifold with constant —1.
Then gg is a mazimum of the .y -functional in a C*-neighbourhood if and only
if g is a local mazimum of the Yamabe functional in a C**-neighbourhood. In
this case, any metric sufficiently close to gg with pi(g) = p4(gg) is Finstein
with constant —1.

Proof. Let ¢ = vol(M, gg) and write

C = {g € M]scal, is constant},
C. = {g € Mi|scal, is constant and vol(M, g) = c}.

scalg

—2E ¢ spec, (Ayy), Theorem asserts that the map
O: C*(M) xC. - M
(v,9) = v-g

Since

is a local ILH-diffeomorphism around (1, gg). Recall also that any metric g € C
sufficiently close to gg is a Yamabe metric.

By the proof of Lemmam (1), the minimizer f5 realizing p4 (g) is constant
and equal to log(vol(M, g)) if g € C. Thus, p(g) = iscal; — log(vol(M, g)). If
gE is not a local maximum of the Yamabe functional, there exist metrics g; € C,,
gi — gg in C%“ which have the same volume but larger scalar curvature than
gr- Thus, also p4(g;) > py(gr) which causes the contradiction.

If g is a local maximum of the Yamabe functional, it is a local maximum of
14 restricted to C.. Any other metric g € C,. satisfying u+(g) = p+(gg) is also
a local maximum of the Yamabe functional. In particular, g is a critical point
of the total scalar curvature restricted to C. and the scalar curvature is equal
to —n. By Proposition g is an Einstein manifold with constant —1. For
- g, where o > 0 and g € C,. sufficiently close to gg, we have

| _
(- g) = iscala.g — log(vol(M, « - g))

1 . _
= %Scalg — log(a™/?vol(M, g))

< 5 scalg,, — glog(a) —log(vol(M, g))
n (1

=5 (& +lox(@) ) ~ log(wol(M, )
n

< —5 — log(vol(M, gg)) = n+(98),

which shows that gg is also a local maximum of p restricted to C and equality
occurs if and only if @« =1 and p4(g) = p+(9r)-

It remains to investigate the variation of uy in the direction of volume-
preserving conformal deformations. Let h = v - g, where g € C and v € C*(M)
with [;, v dV; = 0. Then

d

p t:0u+(g +th)

1
= /M<Ric§ + g, hye fo dv

1
= _7][ (scaly +n)v dV =0,
2 /M
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since f5 is constant. The second variation equals

d2

2 4 (g + th)

t=

N = @

d . _ —fa
y / (Ricgpen + g+ th + V7 fapin, B)gene I7" dVgign,
t=0J M
1 d . _ 2
= 5 % (Rngthh + g + th + v f§+th)’ h d‘/;}
M t=0 g

1 1
+][ (Ricg + g, ho h)z dV; — 57[ (Ricg + g, h) <_f/ + 2trh> dv.
M M

By the first variation of the Ricci tensor,

1
”][ (Ric’ + h, h) dV;
2 M

= 1][ LALh— 57 (6h) — 29%0eh,n ) av, - ﬁ][ v? dV,
2 ]\ 2 2 2 Ju

-1
:_”2 ][ |Vv|2dV§—g][ v? dVj.
M M

By differentiating Euler-Lagrange equation (|5.7)), we have

1
(A+1)f = 5((71 —1)Av — scalyv). (5.24)
Thus,
1 d 2 —f3 1 ’
—= — . s dV = -4 Af -
5 /M <dt tZOV fq+th,h>e av 3 ][M frvdv
:lf (AH)f’-vdV—l][ fovdv
2 Ju 2 Ju
= 1][ [(n — 1)Av — scalzv]v dV — 1][ v av.
4 /m 2 Ju

Adding up, we obtain
(RiC!j_;,_th +3g+ th + v2f§+th), h> e_f§ dV@

1/<d
2 [ \dt|,_, ,

1 9 1 scalg 9 1][ ,
= 4][M|VU| avj 2<n—|— 5 )][MU av 5 Mf vdV

2
<= Crllvll

and this estimate is uniform in a small C?®-neighbourhood of gi. Here we have
used that by (5.24), the L?-scalar product of f' and v is positive. Given any
€ > 0, the remaining terms of the second variation can be estimated by

/M<Ricg +g,hoh)ge s dV; = (scaly + n) ][M v? dV <e HUHig
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and
1 o ;1 L
—5 [ (Ricg +g,h) | —f;+ strh | e /o dV;

scal; +n n
:797][ U(ffé+7v> av < ez,
2 M 2

provided that the neighbourhood is small enough. In the last inequality, we
used [|f'[|;2 < C2||v]| 2 which holds because of (5.24) and elliptic regularity.

Thus, we have a uniform estimate

d2

_ _ 2
p7) p (g +tvg) < =Cs v -

t=0

Let now g be an arbitrary metric in a small C?%-neighbourhood of gg. By the
above, it can be written as g = 0 - g, where (7,g) € C>®(M) x C4, is close to
(1,9r). By substituting

- f0dV; _ ][ _
= s J — d,.
v Fodv, g ( v Vg>g,

we can write g = (1 + v)g, where g € C is close to gg and v € C3°(M) is close
to 0. Thus by Taylor expansion and Proposition [5.3.5]

(9) = ()+1d2 (+t)+/1 L ) (7 + tvg)dt
w(9) = (9) 4 55| melgrteg) {3 5t ) gk (g+1tvg
2 2
< pi(98) = Ca ol + Cs vl gz 0111 -

Now if we choose the C“-neighbourhood small enough, 4 (9) < pu(gg) and
equality holds if and only if v =0 and p4(g9) = p4(gr). As discussed earlier in
the proof, this implies that g is Einstein with constant —1. O

5.5.2 A Lojasiewicz-Simon Inequality

For proving a gradient inequality in the nonintegrable case, we need to know
that p4 is analytic. To show this, we use the implicit function theorem for
Banach manifolds in the analytic category mentioned in [Koi83| Section 13].
Such arguments were also used in [SW13| for a result similar to the below
lemma.

Lemma 5.5.2. There exists a C*“-neighbourhood U of gg such that the map
g+~ iy (g) is analytic on U.

Proof. Let H(g, f) = —Ayf — %|Vf\2 + %scalg — f and consider the map
L: M x C29(M) — C%(M) x

(g,f)H( ][ H(g, f gE,/ fdvgl).

Here, COO‘ = {f € 0% (M |fM fdvy, = 0} his is an analytic map
between Banach manifolds. Observe that L(g, f) = ( 0) if and only if we
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have H(f,g) = const and [, e~/ dV, = 1. The differential of L at (g9z, fys)
restricted to its second argument is equal to

dLgp 1, (0,0) = (—(AgE +1)v +][ v dV, —][ v dV> .
M M

The map dLg,, 5, |c2a(ar) 2 CP*(M) = C9:*(M) X R is a linear isomorphism
because it acts as —(A,, + 1) on C2:* and as —id on constant functions. By
the implicit function theorem for Banach manifolds, there exists a neighbour-
hood U € MP and an analytic map P: U — C*%(M) such that we have
L(g,P(g)) = (0,0). Moreover, there exists a neighbourhood ¥V C C%%(M) of
fgs such that if L(g, f) = 0 for some g € U, f € V, then f = P(g).

Next, we show that f, = P(g) for all ¢ € U (or eventually on a smaller
neighbourhood). Suppose this is not the case. Then there exists a sequence
g; which converges to g in C?% and such that f; # P(g;) for all i. By the
proof of Lemma | fg:l 2. is bounded and for every o’ < a, there is a
subsequence, again denoted by f,, converging to fg, in cze' . We obviously
have L(gi, fg;) = (0,0) and for sufficiently large ¢ we have, by the implicit
function theorem, f,, = P(g;). This causes the contradiction.

We immediately get that pi(g) = H(g, P(g)) is analytic on U since H and
P are analytic. O

Theorem 5.5.3 (Lojasiewicz-Simon inequality for py). Let (M, gg) be a Ein-
stein manifold with constant —1. Then there exists a C>*-neighbourhood U of
gE in the space of metrics and constants o € [1/2,1), C' > 0 such that

l14(9) = 14 (ge)|” < C||Ricg + b+ V2 fy| . (5.25)
forallgelU.

Proof. The proof is an application of a general Lojasiewicz-Simon inequality
which was proven in [CM12|. Here the analyticity of 4 is crucial.

Since both sides are diffeomorphism invariant, it suffices to show the inequal-
ity on a slice to the action of the diffeomorphism group. Let

Sgr =UN{ge +h|hed, [ (0)},

and let fiy be the pi-functional restricted to Sy,,. Obviously, fi is analytic since

fi+ is. The L2-gradient of i, is given by Vi (g) = —1(Ricg + g + V2 fy)e o,

It vanishes at gg. On the neighbourhood U, we have the uniform estimate

Vs (1) = Vi (g2)ll g2 < Crllgr — gall g » (5.26)

which holds by Taylor expansion and Lemma m The L?-gradient of ji is
given by the projection of V. to d;,}(0). Therefore, (5.26) also holds for Vi
The linearization of jiy at gg is (up to a constant factor) given by the Einstein

operator, see Lemma, (iii). By ellipticity,
Ap: (0,1(0)7" = (3,007

9E 9E

is Fredholm. It also satisfies the estimate |Aghl| ;> < Co ||h]] .
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By [CMI2, Theorem 6.3], there exists a constant o € [1/2,1) such that
i (9) = 14 (9e)|” < IVi4(9)ll L2 for any g € Sy, Since

Vs (9)ll 2 < Vit (9)ll 2 < Cs||Ricg +h+ V2 fyl| 2,

(5.25) holds for all g € Sy,. By diffeomorphism invariance, it holds for all
geu. O

Remark 5.5.4. Because the Lojasiewicz exponent o € [1/2,1), the convergence
rate will be polynomially. Exponential convergence only holds if o = 1/2.

5.5.3 Dynamical Stability and Instability

The proofs of the following stability /instability results are, up to some modifi-
cations, of the same nature as the proofs in the integrable case.

Theorem 5.5.5 (Dynamical stability modulo diffeomorphism). Let (M, gg) be
an Finstein manifold with constant —1. Let k > 3. If gg is a local mazimizer of
the Yamabe functional, then for every C*-neighbourhood U of g, there exists a
CHF+2_neighbourhood V such that the following holds:

For any metric go € V there exists a 1-parameter family of diffeomorphisms
ot such that for the Ricci flow g(t) starting at go, the modified flow ¢} g(t) stays
i U for all time and converges to an FEinstein metric goo with constant —1 in
U ast — co. The convergence is of polynomial rate, i.e. there exist constants
C,a > 0 such that

l0Fg(t) = gooller < C(E+1)7%

Proof. Without loss of generality, we may assume that & = B¥ and € > 0 is so
small that Theorems [5.5.1] and [£.5.3 hold on .

By Lemma we can choose a small neighbourhood V such that the
Ricci flow starting at any metric g € V stays in 85/4 up to time 1. Let T' > 1
be the maximal time such that for any Ricci flow g(t) starting in V, there exists
a family of diffeomorphisms ¢; such that the modified flow ¢} g(t) stays in U.
By definition of T" and diffeomorphism invariance, we have uniform curvature
bounds

sup IRg(t)‘g(t) <Cy Yt € [0,T).
pEM

By Remark [5.4.12) we have

sup |V' Ry lgy <C(1)  Vte[1,T). (5.27)
peM

Because [, satisfies the equation —Afy — 1|V fy|? + 1scal, — fy = pi(g), we
also have

sup [V fyiylgry < C(1), VWt e [1,T). (5.28)
peM
Note that all these estimates are diffeomorphism invariant.
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We now construct a modified Ricci flow as follows: Let ¢, € Diff(M), ¢t > 1
be the family of diffeomorphisms generated by X (t) = —gradgy ) fy(+) and define

a(6) = {g(t), te[0,1], (5.29)

Fg(t), t>1.

The modified flow satisfies the usual Ricci flow equation for ¢ € [0, 1] while for
t > 1, we have

9 5(t) = 01 (9() + 97 (Lx 9 ()

dt
= —2p; (Ricg(t) +g(t)) — 2¢f (V2fg(t))
= —2(Ricy) + G(t) + V7 fz0))-

Let 77 € [0,T] be the maximal time such that the modified Ricci flow, starting
at any metric gg € V, stays in i up to time 7”. Then

T/
1T") = gllcg, <1300 =gellen + [ 3]y

T/
€ 2
<7+ 2/1 lg®ll e, dt,

provided that U/ is small enough. By the interpolation inequality for tensors

(see [Ham82, Corollary 12.7]), (5.27) and (5.28), we have
L 2 1-n
ls®llce, < Cella®lpz
for n as small as we want. In particular, we can assume that
0:=1—0(14+n)>0,

where o is the exponent appearing in Theorem By the first variation of
Kt s

d N TR INTE NI
s a0) 2 s [0l 15005

By Theorem and Theorem [5.5.3] again,

e @04 (9 = Ol 30) — s (9] s (3(0)

> Caler (3(6) — o) |0 301" [l6co)ly”

> Ca§0)s,,

Hence by integration,

)
[ 150l dt = Gl 001 = e 02) < e (60D = sl < 5,
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provided that V is small enough. This shows that ||g(T") — gellcx < € so T’
IE

cannot be finite. Thus, T'= co and §(t) converges to some limit metric g, € U
as t — oo. By the Lojasiewicz-Simon inequality, we have

d ~ —20
$|u+(g(t)) — py(gm)|' 27 > Cs,
which implies

11 (G(t)) — ps(98)| < Cr(t + 1) 71,

Here, we may assume that o > % because the Lojasiewicz-Simon inequality also
holds after enlarging the exponent. Therefore, piy(goo) = 4 (9E), SO goo is an
Einstein metric with constant —1. The convergence is of polynomial rate since
for t1 < to,

- - _ __6
13(t1) = (t2)llon < Csluy (§(t1)) — py(9m)|” < Co(tr +1) 721,
and the assertion follows from ¢5 — oo. O

Theorem 5.5.6 (Dynamical instability modulo diffeomorphism). Let (M, gg)
be an FEinstein manifold with constant —1 which is not a local mazximizer of
the Yamabe functional. Then there exists an ancient Ricci flow g(t), defined on
(—00,0], and a 1-parameter family of diffeomorphisms py, t € (—00,0] such that
wig(t) = g ast — —oo.

Proof. Since (M, gg) is not a local maximum of the Yamabe functional, it cannot
be a local maximum of pu,. Let g; — gg in C* and suppose that we have
w4 (gi) > po(gp) for all i. Let g;(¢) be the modified flow defined in (5.29),
starting at g;. Then by Lemma Gi = gi(1) converges to gg in C*~2 and
by monotonicity, p(g;) > py(gg) as well. Let € > 0 be so small that Theorem
h holds on B’;C_ 2. Theorem [5.5.3| yields the differential inequality

d et —20
a(l@(gi(ﬂ) —py(gr)' 7% > —Cn,
from which we obtain

1

[(104(G5() = p4-(90))' 27 = Cu(s = )] 721 < (u1(Gi(s)) — p+(98))

as long as §;(t) stays in By 2. Thus, there exists a t; such that
19i(ti) — 9Ellcr-2 = ¢,
and t; — oo. If {t;} was bounded, §;(t;) — gr in C*~2. By interpolation,
[ Ricg, o) = 80| s < Co [Ricz, ) — auC0)]| "

for n > 0 as small as we want. We may assume that 6 =1 —o(1 +n) > 0. By
Theorem , we have the differential inequality

d

G @) = e (95))” > O |Ricg, 0+ HO||L."
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if 114 (9:(t)) > p+(9g). Thus,
e = 13i(t:) = 9ullcr-2 <113 — 9l iz + Calns (3i(t:) — ps-(9))°. (5.30)
Now put g3 (t) := gi(t + t;), t € [T3,0], where T; = 1 — t; = —oo. We have
197 () = gBllcr—2 <€Vt [T,0],
3 (T;) — gg in CF2,

Because the embedding C*~3(M) c C*~2(M) is compact, we can choose a

subsequence of the §f, converging in Cf *(M x (—00,0]) to an ancient flow

g(t), t € (—o0,0], satisfying the differential equation
g(t) = —2(Ricgy + G(t) + V> f301))-

Let ¢4, t € (—00,0] be the diffcomorphisms generated by X (t) = gradg ) f3
where ¢y = id. Then g(t) = ¢;§(t) is a solution of (5.5). From taking the
limit ¢ — oo in (5.30)), we obtain € < Cy(u+(g(0)) — ti4(gg))P/? and therefore,
the Ricci flow is nontrivial. For T; < t, we have, by the Lojasiewicz-Simon
inequality,

1G3(T3) — 35 W)l en-s <Ca(p (it +t:)) — pr(9g))°

<Cy[—Cut + (g (Gi(t:)) — ps(gr))20] " %1
<[~Cst + Cy] 7T

Thus,

- s _ 6o
lge — G(t)|cr-a <llge — 33 (T3) | gn—s + [—Cst + Cg] 71
+ 1195 () = ()l gr-s -

It follows that |[gr — §(t)||cx—s — 0 as t — —oo. Therefore, (p; ')*g(t) — gr
in Ck=3 as t — —oo. 0O

Remark 5.5.7. The previous theorems in particular imply the following: Any
compact negative Einstein metric is either dynamically stable or dynamically
unstable modulo diffeomorphism and this only depends on the local behaviour
of the Yamabe functional.

On manifolds with Yamabe invariant Y (M) < 0, it is well-known that any
metric realizing the Yamabe invariant is Einstein (see e.g. [And05]). From The-
orem [5.1.4] Remark and Theorem [5.5.5] we thus obtain

Corollary 5.5.8. Let M be a manifold with Y (M) < 0. Then any metric on
M realizing the Yamabe invariant is a dynamically stable Einstein manifold.
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Chapter 6

Ricci Flow and positive
Einstein Metrics

6.1 Introduction

In this chapter we prove analogous stability and instability results to those in
Chapter [5] for positive Einstein manifolds.

To deal with positive Einstein manifolds we use a different variant of the
Ricci flow which is defined by the differential equation

. . 2
g(t) = —2Ricyq) + - <][ scalg(y) dVg(t)> g(t). (6.1)
M

It has the property that the volume is preserved under the flow. If g(t) be a
solution of (6.1), then

d 1 .
—vol(M, g(t)) =5 /M trg(t) dVyq)

dt
:/ [—scalg(t) + (][ scalg(y) dVg(t)>} AV = 0.
M M

We now translate the definition of dynamical stability and instability to positive
Einstein metrics and with respect to (6.1).

Definition 6.1.1 (Dynamical stability and instability). Let (M, gg) be a pos-
itive Einstein manifold. We call (M, gg) dynamically stable if for every neigh-
bourhood U of gg in the space of metrics there exists a smaller neighbourhood
V C U such that the Ricci flow starting in V stays in U for all ¢ > 0 and
converges to an Einstein metric as ¢ — oco.

We call (M, gg) dynamically stable modulo diffeomorphism if for each solu-
tion of starting in V), there exists a familiy of diffeomorphisms ¢;, t > 0
such that the modified flow @} g(t) stays in U for all ¢ > 0 and converges to an
Einstein metric as t — oo.

We call (M, gg) dynamically unstable (modulo diffeomorphism) if there ex-
ists an ancient flow g(t), t € (—oo,T] such that g(t) — gg as t — —oo (there
exists a family of diffeomorphisms ¢;, t € (—oo,T] such that ¢;g(t) — gr as
t — —00).
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Remark 6.1.2. The reason why we do not deal with the flow

g(t) = _2(Ricg(t) - g(t))v (62)

which is the natural analogue of (5.5, is that its stationary points are never
dynamically stable. Let ¢ € R. If gg is an Einstein manifold with constant 1,
the solution of (6.2)) starting at (1+ ¢)gg is given by (1 + ce?)gg, which clearly
diverges as long as ¢ # 0.

It is well known that the standard sphere is dynamically stable. This was

proven in [Ham82] for n = 3 and in [Hui85] for n > 4. We have also already seen
that it is Einstein-Hilbert stable. Therefore we assume throughout the chapter

that (M7 g) 7é (Snvgst)'

The stability /instability conditions are quite simliar as in the negative case.
However, the situation is slightly more subtle because a condition on the spec-
trum of the Laplace operator comes into play as we will see.

6.2 The Shrinker Entropy
We define the Ricci shrinker entropy which was first introduced by G. Perelman
in [Per02]. Let

1

Wf(g,f»T):W

/ [7(IVf|Z + scaly) + f —nle™! dV.
M

For 7 > 0, let

p—(g, ) = inf {W(g, fi7)

fe COO(M),W/M el av, = 1}.

For any 7 > 0, the infimum is realized by a smooth function. We define the
shrinker entropy as

v-(g) =inf{u_(g9,7) [ 7> 0}.

If A(g) > 0 (see (5.2)) for the definition), then v_(g) is finite and realized by some
74 > 0 (see |[CCGT07, Corollary 6.34]). In this case, a pair (fg,7,) realizing
v_(g) satisfies the equations

T2Af + |Vf|? —scal) — f+n+v_ =0, (6.3)
W /M fe v = g Yo, (6.4)

see e.g. [CZ12| p. 5].

Remark 6.2.1. Note that W_(¢*g, ¢* f,7) = W_(g, f,7) for ¢ € Diff(M) and
W_(ag, f,at) =W_(g, f,7) for a > 0. Therefore, v_(g) = v_(a - ¢*g) for any
¢ € Diff(M) and « > 0.

Proposition 6.2.2 (First variation of v_). Let (M, g) be a Riemannian mani-
fold. Then the first variation of v_ is given by

v—(9)'(h) = —W /M <Tg(RiC +V2f,) — %g, h> et v,

where (fg,7,) realizes v_(g). Consequently, v_ is nondecreasing under any so-

lution of .
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Proof. A proof of the first variational formula is given in many papers, see e.g.
[CZ12, Lemma 2.2]. By scale and diffeomorphism invariance,

V—(g)/(VQfg) =V- (g)/(ﬁgradfg) =0,

et (-1 f st ) 0) =0

Therefore, if g(t) is a solution of (6.1)), the time-derivative of v_(g(¢)) is equal
to

2

274(1) : 1 -
W /M ‘Rlcg(t) + vzfg(t) _ 2Tg(t)g(t) e fat) qu(t) > O, (65)
which finishes the proof. O

The critical metrics of v_ are those which satisfy Ric+ V2 f, — i g=0. We
call such metrics shrinking gradient Ricci solitons. Any positive Einstein metric
(M, gg) is a stationary point of . Since equality must hold in , it is
a shrinking gradient Ricci soliton and because f,, is nessecarily constant, the
pair (fg,, Ty, ) satisfies

1
Tgp = 57

n
fue = log(vol(M, gi)) — & (log(2m) ~log(w),  (6.6)
where p is the Einstein constant.
Lemma 6.2.3. Let (M, gg) be a positive Einstein metric with constant u. Then
(i) 4 li=0Tg+tn = 5 f trh dV.
If 6h = 0 and [, trh dV =0, then
(ii) gli=0fgn+n = 3trh,
(iii) gili=0(Tgprin(Ricomren + V2 fopiin) — 3(95 + th)) = £ Agh,
where Ag is the Einstein operator.

Proof. The first variation of 7 at shrinking gradient Ricci solitons was computed
by Cao and Zhu (see [CZ12, Lemma 2.4]). It is given by

d [y (Ric, h)e=Ts dV
dt|,_ ot T e I-eTs dV
—o Jyyscal - e=fa dV

This is (i) in the case of positive Einstein metrics. To compute (ii), we differen-
tiate equation (6.3)) at g and we obtain

T7(2Af" —scal’) — 7'scal — f' = 0.

Since fM trh dV = 0, 7/ vanishes and since dh = 0,

lAf' — f' = 7scal’ = 7(A(trh) — ptrh) = — (Atrh — utrh).
W

1
2p
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By Obata’s eigenvalue estimate, uA — 1 is invertible and (ii) follows. The proof
of (iii) is done by straightforward computation. By using 6h = 0, 7/ = 0 and
(ii),

(r(Ric + V°1) — 59

1
7(Ric’ + V2f) — 3"

1 . 1o2 o2 ) o L
T(2ALh—5 (0h) = 5V?txh + 5V trh) oh

11 1
= — ~Aph— -

ou2-t 3"
—i(Ah 2h)—iAh O
= 1 L H =1 Eh.

Before we continue computing the second variation on Einstein manifolds,
we first remark that the splitting of ;! (0) C I'(S*M) proven in Lemma m
can be refined to

5_1(0) =R-gp® CgE (C;Z (M)) D TT9E7

9E

and this splitting is again orthogonal. Recall that Cy, (f) = (Af —uf)ge+V2f
and that Cy® (M) denotes the space of smooth functions with [, f dV,, = 0.
The whole space of symmetric (0, 2)-tensor fields splits orthogonally as

[(S°M) =6 (Q' (M) BR - gg ® Cy,, (Co2 (M) & TTy,.

The second variation of v_ on shrinking gradient Ricci solitons was already
computed in [CHIO4 [CZ12]. The decomposition above allows us to state it
in a simpler form. Moreover, the formula simplifies because we only treat the
Einstein case.

Proposition 6.2.4 (Second variation of v_). The second variation of v_ on a
postive Einstein metric (M, gg) with constant p is given by

— & fo(Bph,h)y AV, if h € Cap(C2(M)) ® TT,,,

v_(gg)"(h) = {07 ifheR-gg &6 (QYM)).

Proof. By scale and diffeomorphism invariance, v_(gg)” vanishes on the sub-
space R-gp ®6*(Q'(M)). Now let h € Cy, (C52 (M))®TT,,. Note that 6h =0
and [, trh dV = 0. By Lemma (iii),

d2
dt?

40
dt|,_o (4mT)n/2

1 / 4
B (47TT)TL/2 M dt

= ,i (Agh,h) dV.
mJ

v_(gg+th) =
t=0

1
/ <7'(Ric +V3f,) — =g, h> e~ o qv
M 2

1
(T(Ric + V2 f,) — §g)7 h> e~ o qv
t=0

Moreover, since the Einstein operator and the Lichnerowicz Laplacian satisfy
the relation Ay, = Ag+2p-id, Lemma implies that the Einstein operator
preserves the subspaces Cy, (Cgo (M)) and TT,,. Thus, the splitting of above
is orthogonal with respect to v_(gg)”. O
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Corollary 6.2.5. Let (M, gg) be a positive Einstein manifold with constant .
Then dynamical stability (modulo diffeomorphism) implies Einstein-Hilbert sta-
bility. Moreover, it implies that the smallest nonzero eigenvalue of the Laplacian
satisfies the bound A > 2u.

Proof. We have seen that v_ is nondecreasing under and that v_ is in-
variant under diffeomorphisms. Thus, we have that (M, gg) is nessecarily a
local maximum of v_, if it is dynamically stable (modulo diffeomorphism). The
second variational formula implies that the Einstein operator is nonnegative on
Cyp(Coo(M)) ® TTy,,. Einstein-Hilbert stability follows from definition. More-

over, for any f € Cg% (M), Lemma implies

Ap(Cyu(f)) = (AL = 2p)(Cy (f)) = Cyp (A = 211) ).
Since we excluded the case (M, g) = (5™, gst), we conclude from Lemma [2.4.1]
that Cy,: C29 (M) — I'(S?M) is injective. Thus, A — 2y is nonnegative on
Cgs (M), which proves the eigenvalue bound. O

Definition 6.2.6. An Einstein manifold (M, gg) is called linearly stable if

v_(ggr)” is negative semidefinite. A linearly stable Einstein manifold is called
neutrally linearly stable if v_(gg)” (h) = 0 for some h € C,,(C>2 (M)) & TT,,.

9E

6.3 Some technical Estimates

This section contains similar technical estimates to those in Section £3l We
prove estimates on v_(g), fy, 7, and their variations in terms of norms of the
variations. Compared to Section more technical effort is needed because
we have to deal with a coupled pair of Euler-Lagrange equations satisfied by

(fgaTg)'

Lemma 6.3.1. Let (M, gg) be a compact Einstein manifold. Then there exists
a C**-neighbourhood U of gr such that the minimizing pair (f,,7,) realizing
v_(g) is unique and depends analytically on the metric. Moreover, the map
g— v_(g) is analytic on U.

Proof. We again use an implicit function argument. We define a map H by
H(g, f,7) =7(Af + |V f|?> —scal) — f +n. Let
ceon={sectean| [ g, =o}.
Define
L: MY x C2(M) x Ry — Co(M) xR xR,
(ga fa T) = (Lla L2> L3)a

where the three components are given by

Ll(g,faT) :H(gvfaT)_ Z\/IH(g7f7T) quEa

1
L2(gvf77-) :W/Mfe_f d‘/fi_g+][MH(gafaT) d‘/!]a

1

L3(g7f7T) = (471_7_)”/2 /M 67f d‘/g — 1.
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This is an analytic map between Banach manifolds. We have L(g, f,7) = (0,0,0)
if and only if there exists a ¢ € R such that the set of equations

T(2Af + |Vf|? —scal) — f+n=c, (6.7)
1 _ n
)72 /M fe=t av — 5 =6 (6.8)
1 Qv =
=m /M efav =1 (6.9)

is satisfied. Now we compute the differential of L at (gg, fy5,7y,) restricted
to R = C**(M) x R. We use the splitting C*>*(M) = C»*(M) x R via
f=(f—fy fdVys, £, [ dVgy) to write

dL 1 C2*(M) x RxR— CO*(M) xR xR

gEvng7T9E)|R

as the matrix

%A -1 0 0
dL(gE:ngngE)|R = 0 _ng _nlu’(f(]E + 1)
0 -1 —n

Here, we used to compute the matrix. This is an isomorphism since the
map %A —1:C*(M) — CJ:*(M) is an isomorphism and the determinant of
the 2x 2-block is equal to —nu # 0. By the implicit function theorem for Banach
manifolds, there exists a neighbourhood U C ME> of gr and an analytic map
P:U — C**(M) x Ry such that L(g, P(g)) = 0. Moreover, there exists a
neighbourhood ¥V € C%%(M) x R, such that for any (g, f,7) € U x V, we have
L(g, f,7) =0 if and only if (f,7) = P(g).

Now, we prove that on a smaller neighbourhood U; C U, there is a unique
pair of minimizers in the definition of v_ and it is equal to P(g). Suppose this
is not the case. Then there exist a sequence g; of metrics such that g; — gg in
C?*“ and pairs of minimizers (fy,,7,,) such that P(g;) # (fi,7,,) for all i € N.
By substituting wgi = e~ foi | we see that the pair (wg,, Tg,) is a minimizer of the
functional

~ 1

W_(gi,w,7) = Er=mE /M[T(4|Vw|2 + scal,w?) — log(w?)w? — nw?] dV,,

under the constraint m / Y w? dV,, = 1. It satisfies the pair of equations

—Tg; (4Ang + Scalgi wgi) -2 log(wgi)wgi + nwy, tr- (gi)wgi, = 07 (6'10)

1 n
" (dnr, )2 /M wy, logwy, dVy, = 5 TV- (9i)- (6.11)

We have an upper bound v_(g;) < C; by testing with suitable pairs (f, 7). In
fact, by choosing f = log(vol(M,g;) - (27”)_"/2) and 7 = ﬁ, where p is the
Einstein constant of gg, we have

—n/2
1 2
v_(g;) < 5, Sup scaly, —n + log (VOI(M7 gi) - <W> ) . (6.12)
[ 1
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Therefore,

1

7 /M [T (4| Vwg, | + scalgiwgi) - log(wgi)wgi - nwi] dvy, < Ch.
Now, we show that there exist constants C', C's > 0 such that Cy < 75, < Cs.
Suppose this is not the case. By |[CCGT07, Lemma 6.30], we have a lower

estimate

n
v_(9i) = pn—(9i,79.) > (19, — DA(gi) — 5 log 7, — Ci(gi)

Y]

(g, — 1) inf scal,, — glog T, — Cs

v

n
(Tgi - 1)05 — 5 IOg’Tgi - 06-

Here X is the functional defined in (5.2), Cs > 0 and Cy(g) depends on the
Sobolev constant and the volume. Now if 7, converges to 0 or oo, v_(g;)
diverges, which causes the contradiction. Observe that we also obtained a lower
bound on v_(g;).

Next, we show that [[Vwyg,||;. is bounded. Choose € > 0 so small that
24+ 2e< % By Jensen’s inequality and the bounds on 7,

1
/M w; log wgi dVy, == /M w_gi log wif vy,

1 ) 1 .

Sz [wg, |72 log <w|2 /M wit? de)

gillL2

1

:7(47”-91')”/2 10g ((47”-91')”/2 / ng% dvg@>
€ M

SC7 log (/ w?]j—QE dVgl> + Cg.

M
By the Sobolev inequality,
€ 2 2 €
[ v, <ColI Vg s + g )

<Cy(|[Vuwy,||7» + Cro) .

In summary, we have

1
C1 > CORE /M[T(4|ngi

> C11 ||Vawg, |32 — Crz log(||[ Vi,

24 Scalgiw;) - log(w;)w; — nw?] dV,

QLQ + C1o) — C13,

which shows that ||[Vwg,|| ;. is bounded.

Now we proceed with a bootstrap argument similar to the proof of Lemma
(3.1 By Sobolev embedding, the bound on |lwg, ||, implies a bound on
lwg, || ;2n/(n-2y- Let p = 2n/(n — 2) and choose some ¢ slightly smaller than

p. By elliptic regularity and (6.10)),

W2.a < 014(ngi 10g Wg;

La + ||w9i

”wgi Lq)'
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Since for any 3 > 1, |zlogz| < |z|® for |z| large enough, we have

”wgq‘, logwgi La < C15(V01(M’ gl)) + ngl Lp < Clﬁ + ngl

Lp -

Thus, [|wg,|ly2, < C(g). Using Sobolev embedding, we obtain bounds on
lwg, || for some p’ > p. From the again, we have bounds on [lwg, [|};2,.
for any ¢’ < p’. Using this arguments repetitively, we obtain ||wg, [y2.. < C(q)
for all ¢ € (1,00). Again by elliptic regularity,

|wg, ||l g2.a < Crr(|lwg, logwy,

< Cis((Jlwg,

Ccoa T ||wgi coya)

(jo,ayY + [Jwg,

C(J,a)
for some v > 1. For some sufficiently large ¢, we have, by Sobolev embedding,
ngi Hco,a < Ci ||wgi ||W1,q < Co-C(g)-

We finally obtained an upper bound on [[wyg, || ;2. Thus, there exists a subse-
quence, again denoted by (w,,,7,,), which converges in C%*', o/ < a, to some

limit (Weo, Too ). We have, by (6.12)),
V*(gE) > zlifgo V*(.gi) = il_i)n;)wf(giawnggi) = W*(gE7wOO7TOO) > V*(gE)a

and therefore, (Weo, Too) = (Wyy, Ty ) because the minimizing pair is unique at
gr by . Moreover, by resubstituting,

(fnggi) - (fOO’TOO) = (ng’TgE)

in €%, Because the pair (f,,,7,,) satisfies and (6.4), L(gi, fg:,74.) = 0
and the implicit function argument from above implies that P(g;) = (fg,, 74,) for
large i. This proves the claim. In particular, we have shown that the constant
¢ appearing above is equal to —v_(g). Since the map g — (fy,7,) is analytic,
the map

g v_(g) = —15(2Af, + |V fy|* —scaly) + f, —n
is also analytic. This proves the lemma. O

Lemma 6.3.2. Let (M, gg) be a positive Einstein manifold. Then there exists
a C?*°-neighbourhood U in the space of metrics and a constant C > 0 such that

d d .
Hdt fg+th SO||h||CQ>Ota Hdt fg+th SC”hHHlv 7':0’1727
t=0 C2a =0 Hi
d
at| Tath < Clh| g
t=0

Proof. We obtain these estimates by deriving an Euler-Lagrange equation and
using elliptic regularity. Recall that in a small neighbourhood of gg, the pair
(fg:7q) realizing v_(g) is unique and satisfies the pair of equations

T(2Af + |Vf|? —scal) — f+n+v_ =0, (6.13)
1 gy
(47r7)"/2/M ferldV =2 +v.. (6.14)
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Now we differentiate (6.13]) and we obtain

T(2Af 4+ 2Af—h(gradf, gradf) + 2(V f,V f) — scal)

) , (6.15)
+7(2Af + |Vf|* —scal) — f+v_=0.
Using l , we can compute 7 in terms of f and f We have
21 :
L2 [y feldv\" Jor fe= dv
4 n bl +v_ b +v_
and
(fM fe=! dV) (= fet dv+ 4 [, ftrhe™f dv
PR 2 tV- (6.17)
B v [y fetdv
CETA

Now we can seperate the terms of (6.15) which contain f. Then we have
(2rA — 1)f + QAf + [V? - scal)/ F-fdV +2r(VVf)+(x) =0,
M

where
—2/n %—1
:% <g + V_> ( M f@if dv) (1 - f)eifv
(*) :T(QAf — h(gradf, gradf) — séal) +
1 (W) (5 [y fiche=s av o[ e dv>

_|_7
g g 3+

2mn

Now we define an integro-differential operator D by
Dv := (27'A—1)U—|—G/ F-vdV +27(Vf, V), (6.18)
M

where
G = 2Af + |V f|? — scal.
Now, we can rewrite as
Df + (%) = 0. (6.19)

On gg, we have that f = const, 7 = F= % and G = —npu so

1
2u nu f-vol(

that D is equal to

1 1-f
Dg,v = (NA_1>U_f MU dVyy-
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Observe that this operator acts by multiplication with some nonzero constant
on constant functions and as (£A — 1) on functions with vanishing integral.
Therefore by Obata’s eigenvalue estimate, D, is an invertible operator and we
have the estimates

[llcz.a < Crl[Dggvllgoa — lollgi < Col[Dggvllyis, i=0,1,2.

We show that these estimates also hold in a small C%“-neighbourhood of gz.
We separate F' = Fy + Fy and G = Gy + G1 where Fy, Gy denote the constant
parts (with respect to the underlying metric) of the functions F, G respectively.
Then we have

Dv =(27A - 1)v+ Go/

FQ'UdV+G1/ FO"UdV
M

M
+Go/ F1~'UdV+G1/ Fy-vdV +27(Vf, Vo).
M M

By Theorem[6.3.1] the mappings g — Fo, F1, Go, G1 are smooth mappings from
a C?*“-neighbourhood of gg to C%*(M). Therefore,

D()U:(QTA—l)’U-i-Go/ Fy-vdV
M
is also invertible for g close to gg. For a fixed € > 0,

[0l g2.e < Cs

(27’A71)’U+G0/ Fo-vdV
M

C0.«

< Cs HDUHCOvQ + Cs Go/ Fi-vdV + G1/ Fi-v dV+2T<Vf, VU>
M M

C(J,oz
< C3 || Dol go,a + €|v]| g2,a

in a sufficiently small C>®-neighbourhood of ¢, since the C®“-norms of F;, G,
and Vf are small there. Provided that we have chosen e small enough, we
obtain

[vll g2 < CallDvll o,
and similarly,
||,U||Hi §C5 ||D/U||Hi*27 7;:071727
in a small neighbourhood of gg. Now, we have

17].... <cs|ps] ... B2 olitlon.. < Cx llca.e

The estimate of () follows from the variational formulas for the Laplacian, the
scalar curvature, the v_-functional and the Holder inequality. Analogously,

1] . = cs il
for i =0, 1,2. Finally, from (6.16) and (6.17),
[#1< Co |||, + Crolhllzz < Cra lhla

which finishes the proof. O
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Proposition 6.3.3 (Estimate of the second variation of v_). Let (M,gg) be
a positive Finstein manifold. There exists a C*-neighbourhood U of gr such
that

d2

@ V_(g+th+8k)

s,t=0

< CllAll g (o]l s

for all g € U and some constant C' > 0.

Proof. We use similar arguments as in the proof of Proposition [5.3.3] Put
u = ﬁ and Vv_ = 7(Ric + V2f) — %g so that the first variation of v_ is

v_(g)(h) = — /M<Vu_, Ryu dv.

As before, we use dot for t-derivatives and prime for s-derivatives. Then

2
d _4 / (Vv_,h)u dV
ds s=0J M

:_/ (Vv_), hyu dV+2/ (Vv_, ko hyu dV
M

—/M<vu,,h>(u avy'. '

By standard estimates and Lemma we even have
2 [ ko av| < il e,
M

\ [ b avy| < ca i 4,

By the variational formula of the Ricci tensor and the Hessian and Lemmal[6.3.2]
again,

[y av| < Calil e 1

which finishes the proof. O

Lemma 6.3.4. Let (M, gg) be a positive Einstein manifold. Then there exists
a C?°-neighbourhood U of gr and a constant C' > 0 such that

d2
dtds

<Clhllgoe Kl g, i=1,2.
Hi

Jo+sk+th
0

t,s=

Proof. We again deal with the Euler-Lagrange equations satisfied by the pair
(f 9> Tg):

T2Af + |Vf|? —scal) — f +n+v_ =0, (6.20)
1 gy
(47r7)"/2/M feldvV =2 +v.. (6.21)



Differentiating twice yields
T(2A"f + 2Af" + 2A"f + 2Af' — 2h(gradf, gradf’)
—2k(gradf, gradf) + 2(Vf, V') + 2(Vf, V') — scal )
+7(2A"f + 2Af + 2(V [,V f') — k(grad f, grad f))
+7'(2Af + 2Af +2(Vf,Vf) — h(gradf, gradf))
+# (2Af + |V f[* —scal) — f/ + i/ =0.

Using (6.21)), we can compute 7 in terms of f/, f and f':

(6.22)

2_9o . ’
o _12/2 . [ fe=av Jo fe=l av [y fe=tdv
drn \(n %—i—y_ %4—1/_ %4—1/_

L2 futetav UL fe T av)
4 n 5+ 5+

We seperate the term containing f’ and estimate all others. By Lemma m
and the first variation of v_, the first of the two terms has an upper bound of
the form C'[|h||,- ||k||;-. Let us consider the second term more carefully. We
have

.1

(fM fe=! dV) _ g feavy’ LW [y fe v

T A (5 +0F
[y ferlav)y +v ([, fe=f av)y + v ([, fe= ! av)
3o P

and
( fe! dV) = [ 10=DF+(F =i + 50 - fukle av
M M
+% /M(1 — f)f'tthe™F av + i /M(trh trk — 2(h, k)) fe= ! dV.

Thus,

_y 21 B oy
12 (foe dv> [y, A= h)f'e dV+(A)7

4mn %—&-V, %—&-V,

where (A) counsists all terms which contain at most first derivatives of f. By
Lemma[6.3.2] the first variational formula of v_ and Proposition [6.3.3] we have
the estimate

(A < ClAll Lz (K] L2 - (6.23)

Now we consider (6.22) again and separate the terms which contain f’. Then
we obtain

Df'+(B) =0,
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where D is the differential operator defined in (6.18]) and

(B) =1(2A'f —scal) + &/ + (A) - (2Af + |V f|? — scal)
+ 7(2A f + 2Af" — 2h(gradf, grad f') — 2k(gradf, grad f) + 2(V f, Vf'))
+7(2A'f + 2Af + 2(Vf,Vf') — k(grad f, gradf))
+ 7 (2Af + 2AF + 2(Vf,Vf) — h(gradf, gradf)).

In the proof of Lemma we have shown that D : H® — H*~? is an isomor-

phism if we are in a small neighbourhood of gg. From the first two variational
formulas of the Laplacian and the scalar curvature, Lemma [6.3.2] Proposition

(6.23)) and the Holder inequality, we thus have

and the proof is finished. [

Jé/

w=C|P7

e = ClBllgri-2 < Cllbfl e 1Kl e

Proposition 6.3.5 (Estimates of the third variation of v_). Let (M, gg) be a
positive Einstein manifold. There exists a C*“-neighbourhood U of g such that

d3
hﬁ

u@+mﬂscmﬁwwma
t=0

for all g €U and some constant C' > 0.

_f,,L/Q and Vv_ = 7(Ric + V2f) — 1¢. Then

(47T)

/(Vv,,h>u av
t=0J M

:_/ (Vo_Y', hyu dV—6/ (Vo_,hohohyudV
M M

Proof. We again put u =

2

dt?

dS

p7Es v_(g+th) =—

t=0

f/ (Vo_, h)(u dV)"+2/ (Vo) hoh)u dV
M M
+2/M<Vv_,hoh>(u av)' — /M<(Vv_) Jh)(u dV)'.

Further computations, standard estimates and the Lemmas and yield
an upper bound of the form C ||h||?{1 ||| o2.o for each of these terms (see also
the proof of Proposition |5.3.5|). O

6.4 The Integrable Case

As in Section we prove stability /instability results under the assumption
that all infinitesimal Einstein deformations are integrable. Additionally, we
assume that 2u (where p is the Einstein constant) is not an eigenvalue of the
Laplacian. These conditions are assumed to hold throughout this section.
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6.4.1 Local Maximum of the Shrinker Entropy

In this subsection, we prove the analogue of Theorem with the same meth-
ods. We use a similar notation to that in Subsection £.4.1l Let U be a small
C?%“.neighbourhood of a positive Einstein metric g and let

Sy =UN (g5 + 6, (0))
be an affine slice of g in the space of metrics. Let
& ={g¢€S8,, | Ricg = ag for some a € R}
be the set of Einstein metrics in the affine slice near gg. Let
P = {g € & | Ricy = g} = {g € € | vol(M, g) = vol(M, g)}

where p is the Einstein constant of gg. If we assume that all infinitesimal
Einstein deformations of gg are integrable, £ is a manifold near gg and the
tangent space at gg is given by

Typ€ =R-gp ® ker(Ag|rr).
For any g € &,
v_(g) = log(vol(M, g)) + glog(scalg) + g(l —log(2mn)),

and thus, v_ is constant on P. By scale invariance, it is also constant on &.
Let N be the L?-orthogonal complement of T,,& in 6, (0). Then by the
implicit function theorem, every g € S;, can be written as g = g + h, where
g€ &and h € N. Since P (and hence also £)) only contains smooth elements
as was already discussed in Section [5.4.1] g is smooth if and only if h is smooth.

Theorem 6.4.1. Let (M,gg) be a positive Einstein manifold with constant
. Suppose that gg is Einstein-Hilbert stable and that the smallest nonzero
eigenvalue of the Laplacian satisfies X > 2u. Then there exists a small C%<-
neighbourhood U C M of gg such that v_(g) < v_(gg) for all g € U. Moreover,
equality holds if and only if (M, g) is also Einstein.

Proof. We first show that the second variation of v_ vanishes on T;,,€ and is
negative definite on V. The tangent space of the slice S, splits as

04 (0) =R g & Cy, (CJL (M) & TT,,,

9E

On R - gg, the second variation vanishes whereas on C,,(C5e(M)) ® TT,,,
it is defined by —mA g. By the proof of Lemma , we have that
Ap(Cypf) = Cgp((A—=2u)f) for f € Cg5 (M). The assumption on the spectrum
—74WOI(1M’QE)AE is negative on Cy, (Cg}‘; (M)).
By Einstein-Hilbert stability, the second variation is negative on T7T-tensors
orthogonal to kerAg|rr and vanishes on kerAg|rr.

Now, we prove that gg is a local maximum on S, and the maximum is only
attained on £. By Taylor expansion,

L

of the Laplacian ensures that

v—(g+th)+ R(g,h),
t=0

_ 1 1,\ d®




where g € £ and h € N. As in the proof of Theorem [5.4.3] one shows that there
are uniform bounds
d2

3| v=(g+th) < —=Ci bl

t=0
R(g,h) < Cs ||Bl o 1B 371 -

Therefore, if we choose the C%“-neighbourhood small enough, we have that
v_(g+ h) < v_(g) = v—(gr) and equality holds if and only if h = 0. By
the slice theorem, any metric ¢ € U can be written as g = ¢*(g + h) where
p € Diff (M), h € N and g € €. Thus,

v-(9) =v-(g+h) <v_(9) =v-(9s),

and equality holds if and only if g is Einstein. O

6.4.2 A Lojasiewicz-Simon Inequality and Transversality

In this subsection, we prove analogoues of the results in Subsection |5.4.2

Theorem 6.4.2 (Optimal Lojasiewicz-Simon inequality for v_). Let (M, gg)
be a positive Einstein manifold with constant p. Then there exists a C>%-
neighbourhood U of gg and a constant C > 0 such that

1
74(Ricy + VQfg) - 59

v_(9) —v-(gp)'/* < C 5

L2
forallgel.

Theorem 6.4.3 (Transversality). Let (M,gg) be positive Finstein manifold
with constant n. Then there exists a C*®-neighbourhood U of gr and a constant
C > 0 such that

1
HRicg - (][ scalg dV) g

forallgel.

<C

1
74(Ricy + szg) — 59
L2 2

L2

Proof of Theorem[6.4.9 and Theorem[6./.3 By diffeomorphism invariance, it
suffices to prove these two inequalities on an affine slice in the space of metrics.
Let Sy, N and € be as above. Then every g € Sy, can be written as g = g+ h
where g € £ and h € N. By Taylor expansion and the Lemmas and

lv_(g+h) —v_(g)| < Ci ||hl3
2

. 1 _
HRlcngh - (][ scalgip dV) (g+h) < Cq ||hHiIz ,
L2
so it remains to show
. 1,
Tgrn(Ricgin + V2 fgrn) — 5(9 +h)|| = Cslhllg:- (6.24)
L2

107



We put Vv_(g) = 74(Ric+ V2 f,) — %g. Then by Lemma and Lemma

(iil), we have

1
—(Ag)ggh + 01+ 02,

Vv_(g+h) = m

where
! d?
O, = /(1 ) 5 Vv_ (g + th)dt,

O; = / / @VU 9 + (g — gg) + th)dtds.

By standard estimates and Lemmas [6.3.2] and [6.3.4]

101112 < Clihllgza (1Pl 2 5
102[l > < Cllg = gullcae 1Al 52 -

By the eigenvalue assumption, (Ag)gy, |~ is injective. Thus,

IVv-(g + h)ll7= = (Ap)gshl7z = (O1 + Oz, (Ap)gsh) + 01 + 02|72

6,2 I
2
> Cil|hllgz = Co([On][ 2 + (|02 2) 1]l 2 -

Therefore, if the neighbourhood is small enough, we obtain (6.24]). O

6.4.3 Dynamical Stability and Instability

Lemma 6.4.4. Let (M, gg) be a positive Einstein manifold. For each ¢ > 0
there exists § > 0 such that if ||go — 9E| cre2 < 0, the Ricci flow starting
at go exists on [0,1] and satisfies

l9(t) = gullor <€
for all t € 10,1].
Proof. The Riemann curvature tensor and the Ricci tensor evolve under the

standard Ricci flow as ;R = —AR + R x R, 0;Ric = —ARic + R * Ric. Under
the normalized Ricci flow, we have the evolution equations

4
atR:—AR—f—R*R—i—(][
n M

scal dV) R
1

0:Ric = — ARic + R * Ric,

at% <fM scal dV) g :% (][ <Ric % <fM scal dV) -g,G> dV> g
2 (f star) (e L (f s av) ).

where G is the Einstein tensor. Let Ric’ = Ric — % (fM scal dV) g. We then
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obtain the evolution inequalities
DIVIRP < ~AIVRE + 3 Oyl R|IV I RIVR| + Ca (sup [R)IV'RP,
peM

Jj=1

O|V'Ric’]> < —A|V'Ric’]> + > Cy;(sup [ V7 R||V'/Ric|)| V'Ric”.
eM

j=0 P

Now one uses the maximum principle for scalars. The rest of the proof is exactly
as in Lemma [5.4.10) O

Lemma 6.4.5. Let g(t), t € [0,T] be a solution of the Ricci flow and
suppose that

sup |Rg(t)|g(t) <77t vt € [0, 7).
peM

Then for each k > 1, there exists a constant C(k) such that

sup IVERy |9ty < C(k) - T717F/2 v e (0,T).
p

Proof. By the evolution equation ;R = —AR + R * R+ 2(f, scal dV)R, we
have the evolution inequality

i—1
O|V'R|> < — A|V'R] = 2]V R + ) " Cy|V/ BR[|V R||V'R|
j=1
+ Cy1(sup |R|)|VIR|?.
peEM

The lemma is shown by induction on k. This works exactly as in the proof of

Lemma 5.4.11] O

Remark 6.4.6. As in Remark we obtain uniform bounds of all derivatives
of the curvature along the Ricci flow on [4, T], if the curvature is bounded on
[0, T7.

Theorem 6.4.7 (Dynamical stability). Let (M, gg) be a compact positive Ein-
stein. manifold with constant u which is Finstein-Hilbert stable. Suppose that
the integrability condition holds and that the smallest nonzero eigenvalue of the
Laplacian satisfies A > 2u. Let k > 3.

Then for every C*-neighbourhood U of g in the space of metrics, there exists
a C**2_neighbourhood V such that the Ricci flow, starting at any go € V, stays
inU for all time and converges to an Finstein metric goo € U. The convergence
s exponentially, i.e. there exist constants Cy,Cs > 0 such that for all t > 0,

Hg(t) - gEHCE,E < 0167C2t.

Proof. As above, we denote by BE the e-ball around gg with respect to the
C§E—norm. Without loss of generality, we assume that & = B* for an € > 0 so
small that Theorems [6.4.1} [6.4.2] and [6.4.3] hold on ¢/. By Lemma [6.4.4] we can
choose V so small that any Ricci flow starting in V stays in Bf/4 up to time 1.
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Let now T > 1 be the maximal time such that any Ricci flow starting in V stays
in U for all ¢ < T. By definition of T, we have uniform curvature bounds

sup |Ry)lg) < C1 vVt € [0,T),
peEM

and by Remark [6.4.6]
sup |V Ry lgiy < CGE)  VEe[1,T), Vi>0.
peM

Assume that € > 0 is so small that the C*¥-norms defined by gg and g(¢) differ
at most by a factor 2. Then we have

A

T
d
I9(T) = g5l < o) =seley, + [ 5 o)) =Dy,

€ T 0
Z +4/1 HRng(t)

By interpolation (c.f. [Ham82, Corollary 12.7]), using the bounds on |V‘R],

IA

dt.

k
Cowy

B
.0 . 0 ;0
[icso .., < Cof[Rickol], < Ricso]
g(t

for some 5 € (0,1) and C > 0. Here, | > k is some constant such that Sobolev
embedding holds. By Theorems [6.4.1} [6.4.2] and [6.4.3]

_d
dt

v (1) — - (ge) /% = Slo (9(0)) v (9) P2 v (o(1)
> Caly—(9(t) = v—(g2)|”* 7 [V (=)0 [

) B
-, > i

Ric? ’
9O || ~x
Cotr)

Hence by integration,

T

/ |RicSe|| , dt < Crlv-(9(1) = v-(92) /2

1 Ce

£
16’

provided that we have chosen V small enough. This shows that T" = co. Since
Jar lg@ller dt < oo, g(t) converges to some limit g, as t — co. By Theorem
9E

we have | (g(t)) — v_(gr)| 2 Cslv_(g(t)) — v_(gn)|- Thus,
v_(g(t)) = v_(gp)| < %" lv_(g0) — v_(gm)I,

which shows that v_ (g~ ) = v_(gg) and by Theorem Joo 18 Einstein. The

convergence is exponential, since for ¢ < %o,
lg(t1) = g(t2)llcx < Colv-(g(tr)) — v-(g5)|""?

_csp
< Coe™ 2 "v_(g0) — v(gm)|*"*.

< Crlv_(g(0)) — v_(gu)|?"? <

The assertion follows from ¢5 — oo. O
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Theorem 6.4.8 (Dynamical instability). Let (M, gg) be a positive Einstein
manifold with constant p which satisfies the integrability condition. Suppose
that 2u ¢ spec(A). If (M,gg) is Einstein-Hilbert unstable or we have that
(251, 2p) Nspec(A) # O, there exists a nontrivial ancient Ricci flow emerg-
ing from it, i.e. there is a Ricci flow g(t), defined on t € (—o0,T], such that
lim o g(t) = g5.

Proof. Under these conditions, (M, gg) cannot be a local maximum of v_. Let
gi — gg in C* and suppose that v_(g;) > v_(gg) for all i. Let g;(t) be the
Ricci flow starting at g;. Then by Lemma gi = gi(1) converges to

gr in C*~2 and by monotonicity, v_(g;) > v_(gr) as well. Let ¢ > 0 be so
small that Theorems and both hold on B’zf . Theorem yields

the differential inequality

%(l/—(gi(t)) —v-(9g8)) = C1(v-(9:(t)) — v-(98)),
from which we obtain
(v—(gi(t) = v—(95))e”" ™) < (v_(gi(5)) = v—(9m)), (6.25)
as long as g; stays in ng 2. Thus, there exists a t; such that
9i(t:) — gBllor—2 =,

and t; — co. If t; was bounded, g;(t;) — gg in C¥~2. By interpolation,

B
-0 .0
|Rich. 0| oy < Co |[Rich ], (6.26)

for some 8 € (0,1). By Theorems and we have the differential
inequality
d 8/2 o |°
- (gi(6) = v-(98)"2 = Gy ||Ricf, |
if v_(g;(t)) > v—(ggr). Thus by the triangle inequality and by integration,
€= g:(t:) = gmllor—2 <113 — gmllor—2 + Calv—(gi(t:)) — v—(g98))*"*. (6.28)
Now, put gf(t) := ¢;(t + t;), t € [T},0], where T; =1 — t; - —oco. We have
lgi () —gellcr-» <€ VtelT;,0]
gi(T;) = gp in C*2,

(6.27)

Because the embedding C*~3(M) C C*~2(M) is compact, we can choose a

subsequence of the gf, converging in Cf'_*(M x (—00,0]) to an ancient Ricci

flow ¢g(t), t € (—0,0]. From taking the limit ¢ — oo in (6.28]), we have that
€ < Cy(v_(g(0)) —v_(gg))?/? which shows that the Ricci flow is nontrivial. For

T; < 't, we have, by (6.26]) and (6.27),
193 (T3) = g3 (V)| s <Cs(v—(gilt +t:)) — v—(g))"/?
<Cs(v—(gi(t:)) = v—(g))"/?eS" = Coe™.
Thus,
lge = 9@)llcr-s <llge — (T s + Coe ™" + I3 (8) = 9(t) | cims -
It follows that ||gg — g(t)||ck-s — 0 as t — —o0. O
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Remark 6.4.9. In contrast to the negative case, many examples satisfying the
assumptions of Theorem are known. We already discussed some Einstein-
Hilbert unstable examples (see e.g. Example . In fact, there are also
examples of Einstein manifolds which are Einstein-Hilbert stable but do not
satisfy the eigenvalue assumptions from above, e.g. HP™ for n > 3 (c.f. [CH13]).

Remark 6.4.10. The condition on the Laplacian spectrum appearing in Theorem
6.4.7| also plays a role in other contexts. Let (M, g) be Einstein with constant
p > 0. The identity map on (M, g) is stable as a harmonic map if and only if the
smallest nonzero eigenvalue of the Laplacian on an Einstein manifold (M, g) sat-
isfies A > 2u (see [Smi75, Proposition 2.11]). The same condition on the Lapla-
cian spectrum also ensures that simply-connected irreducible symmetric spaces
of compact type are stable with respect to the functional g — fM |R|"/2 dv
restricted to its conformal class (c.f. [BM12] pp. 1-2]).

Recall also that this condition appeared when we discussed the spectrum of
the Einstein operator on product spaces, c.f. Proposition [3.3.7]

6.5 The Nonintegrable Case

As in the negative case, we are also able to get rid of the integrability condition
here. We prove analogues of Theorems [6.4.1] and [6.4.2] The proofs of these
theorems are very similar to the proofs of Section [5.5]

6.5.1 Local Maximum of the Shrinker Entropy

Theorem 6.5.1. Let (M, gg) be a positive Einstein manifold with constant .
If g is a local mazimum of v_, it is a local mazimum of the Yamabe functional
and the smallest nonzero eigenvalue satisfies A > 2u. Conversely, if g is a local
maximum of the Yamabe functional and A > 2, then gg is a local maximum of
v_. In this case, any other local maximum is also an Einstein metric.

Proof. Let ¢ = vol(M, gg) and recall the notations

C = {g € M|scal, is constant} ,
C. = {g € M|scal, is constant and vol(M, g) = c}.

Since we excluded the case of the sphere, Obata’s eigenvalue estimate implies
that =

nalglE ¢ spec(Ay, ). Thus, the map

®: C°(M) x C. — M,
(v,9) = wv-g

is a local ILH-diffeomorphism around (1, gg). We first evaluate v_ on the space
of constant scalar curvature metrics. Let g be a metric of constant scalar cur-
vature and consider the pair

n

f =log(vol(M,g)) + glog(scalg) - glog(%m), T=

2scaly’

This pair satisfies the coupled Euler-Lagrange equations (6.3]) and (6.4) and the
constraint in the definition of v_. If g is close to gg (in C*%), the pair (f,7)
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is close to (fgy,Tgy). Therefore, by the implicit function argument used in the
proof of Lemma (f,7) is the pair realizing v_(g), provided that g is close
enough to gg. In other words, (f,7) = (75, f3). In particular, f; is constant.
Thus,

v_(g) = log(vol(M, g)) + glog(scalg) + g(l —log(2mn)).

By the monotonicity of the logarithm and scale invariance of v_, gg is a local
maximum of the v_ restricted to C if and only if gg is a local maximum of the
Einstein-Hilbert functional restricted to C.. Since all constant scalar curvature
metrics in a sufficiently small neighbourhood of gg are Yamabe metrics, this is
equivalent to the assertion that gg is a local maximum of the Yamabe functional.
If gg is a local maximum of v_ on all of M, the eigenvalue bound follows from
Corollary [6.2.5]

We now investigate the behavior in conformal directions and use the eigen-
value assumption. Let g be of constant scalar curvature and h = vg for some
v € C3°(M). Then

1 : 1_ e
v(g)(h) = = — /M <Tg<R1<rg +V2fg) — 29,h> e~fa av;
g

n 1
=4 (" Ric,— >g,v5) dV,
][M<2scalg g 297U9> g
n n)
-4 (2™ yay, =o.
][M(2 2 g

The second variation is equal to

d2
—| v_(g+th)
dt?|,_,

o / d
B 47TT§ M dt =0

1
_ —][ v scaly dV —][ (r(Ric + V(') — ~vg,vg) dV,
M M 2

. 1 s
Tg+th(RICg+th + VQngh) — 5]17 h> e fa dVg

= (Eanwg) — 6760g) — BV ) + 21 - og,vg) Vg
£ WA
_ ]lM <T (;(Av)g +(1-5) v+ v2(f’)> - ;vg,v§> dv;

—_ 4 n _ _ _ ™M\ y2 204N va d
= ][M2(2scalgAv v)vdV ][MT<<1 2)VU—|—V(f),vg> dv.

We first deal with the terms containing the Hessians of v and f’. Differentiating
the Euler-Lagrange equation

TAf +|Vf|* —scal) —g+n—v_ =0
in the direction of h = vg yields

(217A = 1) f" = 7'scaly + Tscal]

= 7'scaly + 7((n — 1)Av — scalyv).
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Here we use the fact that f; is constant since g is of constant scalar curvature.

3 _ n
Since 75 = Feeal;

ro (A1) (scal, + B (P A -
fﬁ(scalA 1) <Tscalg+2<scalA 1)1}).

Because of the assumption on the spectrum of gg, we were allowed to take the
inverse of 2~ A — 1 for g close enough to gg. Moreover,

scal
Af’zﬁ( " A—l)_l (n_lA—1>Av.

2 \scal scal

Thus,
- ][M T <(1 - g) Vv + v2(f’),vg> dv
o ][M (1-3)av+ar)var

_n _n A gy (A
_QScal][M((l Q)Avd‘_Q(scalA 2 <scaulA 1)AU>UdV'

Therefore, the second variation is equal to

2
%h:ov_(g +th) = —][ Lv-v dV, (6.29)
£ M

where L is the linear operator given by

L:”( " A—l)
2 \ 2scalg
-1 _
a 2S7Zal ((1 a g) At g (ﬁA B 1) (anllA a 1) A)
-1
= Gt ) Gt ) Gt )

If the smallest nonzero eigenvalue of the Laplacian is greater than 2%31, the
operator L: C5°(M) — C2°(M) is positive. By assumption, this is certainly
true in a small neighbourhood of gg in the space of constant scalar curvature
metrics. By continuity, if € > 0 is sufficiently small,

7][ Lv-vdV:fe][ |Vv|2de][(LfeA)v~vdV
M M M

2 2
—€ ||Vl = Cy vl

_02 ||UH?‘11 )

VASVAN

and this estimate is uniformly in a small neighbourhood. Let now g € M be
an arbitrary metric in a small C?“-neighbourhood of gg. By the above, it can
be written as g = ¥ - g, where (7,g) € C>®°(M) x Cgy, is close to (1,gg). By
substituting

5—f0dV;

W7 9= <][”dV§) 9,
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we can write g = (1 +v)g where g € C is close to g, and v € Cg°(M) is close
to 0. By Taylor expansion and Proposition [6.3.5

1 a2 o b 1o\ &
u,(g):y,(g)—f—iﬁt_oy,(g+tvg)+ ; §—t+§t %V,(g—ktvg)dt
Coyo2 2
< v (g8) = 2ol + G Joll o o

<v_(9g),

provided that the neighbourhood is small enough. If ¢ = (1 + v)g is another
local maximum of v_, then v = 0 and ¢g € C is a local maximum of the total
scalar curvature restricted to C4. Here, d = vol(M, g). By Proposition g
is Einstein. O

Remark 6.5.2. If (M, gg) is a local maximum of the Yamabe functional and we
have the weak inequality A > 2u, then it is in general not true that it is a local
maximum of v_. A counterexample will be given in Section

Corollary 6.5.3. Let (M,gg) be a compact positive Einstein manifold with
constant . If gg is a local mazimum of the Yamabe invariant and X\ > 2u, any
shrinking gradient Ricci soliton in a sufficiently small neighbourhood of gg is
nessecarily Einstein.

Proof. This follows from Theorem [6.5.1] and the fact that shrinking gradient
Ricci solitons are precisely the critical points of v_. O

6.5.2 A Lojasiewicz-Simon Inequality

Theorem 6.5.4 (Lojasiewicz-Simon inequality). Let (M, gg) be a positive Ein-
stein manifold. Then there exists a C*® neighbourhood U of gi and constants
o€[1/2,1), C >0 such that

v (g) ~v-(gr)|” < C |[r(Rie, + V2f,) ~ 29

(6.30)
L2

forallgelU.

Proof. Since both sides are diffeomorphism invariant, it suffices to show the
inequality on a slice to the action of the diffeomorphism group. Let

Sgr =UN{ge+h|hed, (0)}.

Let 7_ be the v_-functional restricted to Sy,. Obviously, 7_ is analytic since
v_ is. By the first variational formula in Lemma the L2-gradient of v_
is (up to a constant factor) given by Vv_(g) = [r(Ricy + V2f,) — sgle fo. Tt
vanishes at gg. On the neighbourhood U, we have the uniform estimate

IVv_(91) = Vv(g2)ll 1> < Cllgr — g2/l i, (6.31)

which holds by Taylor expansion. The L?-gradient of #i_ is given by the projec-
tion of Vr_ to (59_;(0). Therefore, QD also holds for Vi_. The linearization

of _ at gg vanishes on R- g and equals —mAE on the L?-orthogonal
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complement of R-gg in d4,, (0), see Proposition Let us denote this operator
by D. By ellipticity,
D: (8,2 (00" = (5,2 (0)7"

9gE gE
is Fredholm. It also satisfies the estimate |[Dhl|;» < C'||h| 2. By Theorem
[CM12| Theorem 6.3], there exists a constant o € [1/2,1) such that the inequal-
ity [v_(g) —v_(9r)|” < |[[VD_(9)| - holds for any g € S,,. Since

)

- . 1
IV (9)ll 2 < [[Vv-(9)ll 12 < C||7(Ricg + V*fy) — 39

L2
(5.25) holds on all ¢ € S,,. By diffeomorphism invariance, it holds on all
geu. O

6.5.3 Dynamical Stability and Instability

In order to consider dynamical stability in the nonintegrable case, we have to
deal with another variant of the Ricci flow, which is given by the differential
equation

. . 1
g(t) = —2R1Cg(t) + 7_9(15). (6.32)
Ty(t)

This can be considered as the gradient flow of v_ on the space of metrics modulo
diffeomorphism. Suppose we have a solution g(t) of §(t) = —2Ric,), then a

solution g(¢) of (6.32)) is given by

st =o' ([ t eyt )

where v : [0,T) — R is some positive function statisfying the integro-differential
equation

o10) = =00) (7))

with initial condition v(0) = 1. In this subsection, we prove dynamical stabil-
ity /instability results with respect to (6.32).

Lemma 6.5.5. Let (M, gg) be a positive Einstein manifold. For each ¢ > 0
there exists 6 > 0 such that if ||go — gE||ce+2 < 9, the Ricci flow starting
at go exists on [0,1] and satisfies

lg(t) = gellor <€
for allt €10,1].

Proof. From the well-known evolution equations ;R = —AR + R % R and
0:Ric = —ARic + R * Ric for the standard Ricci flow, we derive the evolution
equations

2
dR=—-AR+R*R+ -R,
T

0:Ric = —ARic + R * Ric,

1 8t7' 1 1
0—g=—2Tg4 = (—2Ric+ -
t27'g 27’29 + 2T ( et Tg>
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for the flow (6.32)). From these, we obtain the evolution inequality

i—1
O|V'R|* < —A|V'R|* + § Ci;IV'R||V" I R||V'R| + Cio <|R| + T) |VIR?

j=1

for the Riemann tensor. For Ric — % g, we have

2
O

2
e (R||Ric +

1
< -A ‘Ric ——g
2T

1
Ric — —
e 27'9

8,57 . 1
o) [Fe- 309

2
1 1 1 1
< —A|Ric — —g| + C [ |R||Ric| + — |Ric — —g| | |Ric — —y¢|,
27 2T 27 27

where we used Lemma for the estimate |9;7| < C|Ric — 5-g|. For higher
derivatives, we have

i 1
\% (RIC - 27_g>

2 2

O

<-A ‘vi (Ric - 1g>
2T

+Y_ Cij|VIR||V'Ric|
j=0

i (s 1
v (RIC—%Q)‘.

The rest of the proof is exactly as in Lemma [5.4.10| and uses the maximum
principle for scalars. O

Lemma 6.5.6. Let g(t), t € [0,T] be a solution of the Ricci flow and
suppose that

1 _
sup |Ryp)lgiy + —— <T™"  Vte[0,T).
peM Tg(t)

Then for each k > 1, there exists a constant C(k) such that

sup [VF Ry |y < C(k) - T4 vt e (0,T].
pEM

Proof. By the evolution equation ;R = —AR + R x R + %R, we have the
evolution inequality

i—1
O|V'R|> < — A|V'R] = 2]V R + ) " Cy|V/ BR[|V R||V'R|

Jj=1

1 .
+ Cio <R| + T) |VIR|?.
The proof follows from induction on ¢ exactly as in Lemma [5.4.11] O

Remark 6.5.7. As in Remark [5.4.12|for the flow (5.5]), we obtain uniform bounds
of all derivatives of the curvature along the Ricci flow (6.32) on [d,T] if the
curvature and + are bounded on [0, T7.
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Theorem 6.5.8 (Dynamical stability modulo diffeomorphism). Let (M, gg) be
a compact positive Einstein manifold with constant u and let k > 3. Suppose
that g is a local maximizer of the Yamabe functional and the smallest nonzero
eigenvalue of the Laplacian is larger than 2u. Then for every C*-neighbourhood
U of gi, there exists a C*t2-neighbourhood V such that the following holds:

For any metric go € V, there exists a 1-parameter family of diffeomorphisms
w¢ and a positive function v such that for the Ricci flow starting at go,
the modified flow pig(t) stays in U for all time and converges to an Einstein
metric goo th U as t — co. The convergence is of polynomial rate, i.e. there
exist constants C, o > 0 such that

lerg(t) = goollcr < C(E+1)77

Proof. Without loss of generality, we may assume that & = B* and that ¢ > 0
is so small that Theorems [B.5.1] and [6.5.4] hold on U.

By Lemmal6.5.5 we can choose a small neighbourhood V such that the Ricci
flow, starting at any metric g € V stays in 35/4 up to time 1. Let T > 1 be
the maximal time such that for any Ricci flow g(¢) starting in V, there exists a
family of diffeomorphisms ¢; such that the modified flow ¢} g(t) stays in U. By
definition of 7" and by diffeomorphism invariance, we have uniform curvature
bounds

sup |Rg(t)|g(t) < Ch vt € [0,7),
peEM
‘Tg(t)| < Cy vt € [0,7).

By Remark we have
sup |[V' Ry lgy <C(1)  Vte[1,T). (6.33)
peM

Because f,4) satisfies the equation 7(2Af 4 |V f|? —scal) — f +n+v_ =0, we
also have

sup |Vlfg(t)|g(t) < é(l) vt e [1,T). (6.34)
peEM

Note that all these estimates are diffeomorphism invariant.
We now construct a modified Ricci flow as follows: Let ¢, € Diff(M), ¢t > 1
be the family of diffeomorphisms generated by X (t) = — grad, ) fo() and define

3(0) = {g(t% telfo1], (6.35)

eig(t), t>1.

The modified flow satisfies the usual Ricci flow equation for ¢ € [0, 1] while for
t > 1, we have

d ~ * [ - *
290 =2t (1) + @i (Lxng(t)
=@} (—QRICg(t) + g(t)) — 2¢; (V2fg(t))
Tg(t)

. 1
= —2Ricy(y) + —g(t)+ VQfg(t).
Tg(t)
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Let 77 € [0,T] be the maximal time such that the modified Ricci flow, starting
at any metric gg € V, stays in U/ up to time ¢. Then

T/
13(T") = gzllor <15(1) - gellon + / 15| e dt

T/
<5t [ 1l ae
1

By interpolation (c.f. [Ham82l, Corollary 12.7]), and (6.34)), we have

15l < Cs Hé(ﬂH;"

for n as small as we want. In particular, we can assume that 6 := 1—o(14+n) > 0,
where o is the constant appearing in the Lojasiewicz-Simon inequality [6.5.4] By
the first variation of v_,

d _ 147
G- @) = Ca g =" ] ,="

By Theorem and again Theorem

L 5(0) v (gm)l” = Bl (3(0)) — v (gm) " S (5(0)
> Cslv—(a(1) = v—(92)| "l @) 2" 0]
> Ce |9l

Hence by integration,

| Ol cudt < gl @0) = v (95)” < G- @(0) = v-(a)) <

»-lk\m

provided that V is small enough. Thus, T’ = oo and §(t) converges to some limit
metric goo € U as t — co. By the Lojasiewicz-Simon inequality, we have

Ly @) ~v-(ge) 7 2 O,

which implies

lv—(9(t)) —v-(g9r)| < Cs(t +1) 2T

Therefore, v_(goo) = v—(gE), S0 goo is an Einstein metric by Theorem
The convergence is of polynomial rate, since for t; < ts,

13(t1) = g(t2)llox < Colv—(G(t1)) — v—(gp)|* < Cro(ty +1)" 71
The assertion follows from t5 — o0. O

Theorem 6.5.9 (Dynamical instability modulo diffeomorphism). Let (M, gg)
be a positive Einstein manifold that is not a local maximizer of v_. Then there
exists a nontrivial ancient Ricci flow g(t), t € (—o0,0] and a 1-parameter family
of diffeomorphisms ¢, t € (—o0,0] such that ©;g(t) = g ast — oo.
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Proof. Let g; — gg in C* and suppose that v_(g;) > v_(gg) for all i. Let §;(t)
be the modified flow defined in , which starts at g;. Then by Lemma
gi = gi(1) converges to gg in C*=2 and b, monotomcl‘cy7 (gz) > v_(9g) as
well. Let € > 0 be so small that Theorem 4 holds on Bk . Theorem [6.4.2
yields the differential inequality

d

S (§(0) — v (gp)) 2 = =0,

from which we obtain

(- (Gi(8)) = v—(gE))' 77 = Ci(s — )]

< (v-(gi(s)) —v-(9B))
as long as g;(t) stays in 8122—2. Thus, there exists a ¢; such that
19:(t:) — gBllcr—2 =€,

and t; — oo. If {t;} was bounded, §;(t;) — g in C*~2. By interpolation,

16:8)]| e < Co || ()|

for n > 0 as small as we want. We may assume that § =1 —o(1+7) > 0. By
Theorem [6.5.4], we have the differential inequality

%(Vf(fh(t)) —v_(9g))" > Cs ||g:(t H ;

if v_(g:(t)) > v—(gg). Thus,
e =1g:(ti) = gl ci-2 < 113i = gEllcr-2 + Calv—(3i(t:)) — v—(gp))’.  (6.36)
Now put g3 (t) := gi(t + t;), t € [T3,0], where T; = 1 —t; = —oo. We have
1G5 () — 9Ellcr— <€ VL€ [T;,0],
G (T3) = gp in CF72.

Because the embedding C*~3(M) C C*~2(M) is compact, we can choose a

subsequence of the §;, converging in Cﬁ)cs(M X (—00,0]) to an ancient flow

g(t), t € (—o0, 0], which satisfies the differential equation

1
27T5(1)

g(t) = -2 (Ricm - g9(t) + szgm) :

Let ¢, t € (—00,0] be the diffeomorphisms generated by X(t) = gradyq) f5(1),
where ¢ = id. Then g(t) = ¢} g(t) is a solution of (6.32)). From taking the limit
i — oo in (6.36)), we have ¢ < Cy(v_(g(0)) — v_(gg))?/? which shows that the
Ricci flow is nontrivial. For T; < t, the Lojasiewicz-Simon inequality implies
137 (T3) = 5 (V)| g-s <Calv—(Gilt + ) — v-(g))°
<Cil=Cat + (v (@a(t) — v-(gp))' 7] 77
<[~Cst + Ce] 7.
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Thus,

- s 0
lge — G(t)|lcr-s <llge — 35 (Ti)| cr-s + [~Cst + Cg] 71
+ 1195 () = gl gr-s -

It follows that ||gr — §(t)||qr-s — 0 as t — —oo. Therefore, (p; ')*g(t) — gr
in C*=3 as t — —oo which proves the theorem. O

Remark 6.5.10. We hope to generalize Theorems [6.5.8] and [6.5.9] to the case of
shrinking gradient Ricci solitons, i.e. we want to characterize dynamical stability
and instability of them in terms of the local behavior of v_.

6.6 Dynamical Instability of the Complex Pro-
jective Space

Theorem [6.5.1]is rather unsatisfactory, because we cannot completely character-
ize the maximality of the shrinker entropy in terms of the local behavior of the
Yamabe functional and an eigenvalue assumption. In fact there are several ex-
amples of Einstein manifolds (including (CP", gs;), see [CH13|) which are local
maxima of the Yamabe functional but to which we cannot apply Theorem [6.5.1
because 2u (where p is the Einstein constant) is exactly the smallest nonzero
eigenvalue of the Laplacian.

In this section, we prove an instability criterion for such Einstein metrics.
The idea is simple but its realization needs a long calculation. It consists of
explicitly computing a third variation of the shrinker entropy.

Proposition 6.6.1. Let (M, gg) be a positive Einstein manifold with constant
u and suppose we have a function v € C*°(M) such that Av = 2u-v. Then the
third variation of v_ in the direction of v - gg is given by

d3
—=| v-(gp+tv-gp)= (3n—4)][ v® dV.
dt3|,_, M
Proof. Put u = ﬁ. By the first variation, the negative of the L?(u dV')-

gradient of v_ is given by Vv_ = 7(Ric + V2f) — £, so

dt

v_(gg +th) = —/ (Vv_, hyu dV.

t=0 M

Since (M, gg) is a critical point of v_, we clearly have Vv_ = 0. Since v is a

nonconstant eigenfunction, [,, v dV = 0. Thus by Lemma 7/ vanishes.
Recall from that 75, = ﬁ and fy, is constant. Therefore, by the first
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variation of the Ricci tensor,

1, !
VL =7'ugp + 5 (Rid + VE(f) =

:i (;AL(’U : gE) - 6*(5(1) . gE) — %VQtI‘(’U . gE) + VQ(f/)> . v QQE
:i (;Av -gg + (1 _ g)VQU + VQ(f/)> v 'ZgE
=5 ((1-5) Vo v).

To compute [/, we consider the Euler-Lagrange equation

T(2Af +|Vf|*> —scal) — f+n+v_ =0. (6.37)
By differentiating once and using 7/ = 0 and v/ = 0,
i(QAf’ —scal') — f' =0
24 ’

and by the first variation of the scalar curvature,

(iA - 1) f= iscal' :i(A(tr(v gg)) +00(v-gr) — (Ric,v - gg))
1
:@((n — 1) Av — nuv).

By Obata’s eigenvalue estimate, %A — 1 is invertible. By using the eigenvalue
equation, we therefore obtain

f = (f - 1) . (6.38)
Thus,
Vv =0, (6.39)

and therefore, the third variation equals

d3
e u,(gE—i—tv-gE):—/ (V" v gg)u dV.
t=0 M
Since 7,4, = 2% and 7 =0,

1
V' =—7" g+ E(Ric + V2 ).

The function w is constant since f is constant. Thus, the 7”-term drops out
after integration. We are left with

d3

1
7 v_(gg +tv-gg) = _Z/ ((Ric 4+ V2f)" v - gg)u dV. (6.40)
M

t=0
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We first compute Ric”. Let g, = (1 + tv)gg and vy = 1175+ Then gy = U Gt

and %\tzovt = —v2. By the first variation of the Ricci tensor,
d_. 1 * 1
%Rlcgt = §AL(Ut cgr) — 0%0(vg - g) — §V2tr(vt - gt)
1
= 5[(Avt)gt —(n— Q)VQUt]»
and the second variation at gg is equal to
d? d 1
- Ric +tv- = — *[(A’l}t)gt - (TL - 2)V2vt]
dt?|,_,  TFTTIE T dt|, 2
1
=5[(A"v + AQ) + Av-v)gp — (n - 2)(V*)'v = (n = 2)V*(v")]
1

=3[0 95, 9%0) = (30 - g5) + 5 Vtx(0 - 9p), Ve) g

1
+ (—Av-v +2|Vo]?)gg — (n —2) <2Vv|29E -Vo® V’U)
+ (n —2)(2V?v - v + 2V ® V)]
n 2 n 2
=— (572> |Vl gEf(Av~v)gE+3(571)V0®V1)+(n72)v v-v

=— (g — 2) |Vv|?gp — 2uvigp + 3 (g — 1) Vv ® Vo + (n—2)V- v,

where we used the first variational formulas of the Laplacian and the Hessian
in Lemma Let us now compute the (V2 f)”-term. Since f,, is constant,

d2

@ v2ng+tv-gE = V2(f/’) + 2(v2)/fl

t=0

= V(") = Voa Vf —Vf & Vo+ (VI Vu)gp.

We already know that f' = (5 —1)v by (6.38). To compute f”, we differentiate
(6.37)) twice. By (6.39), v/ = 0. Since also 7" = 0 as remarked above, we obtain

0= —7"scal + T(2Af + |V f|* —scal)” — f”

6.41
— Pk AL 2N (R - seal — . (o-40
% I I 2p
Because Av = 2uv,
1
N ~to-0.9%7) = (80-9) + Vo), V1)
BE38 /™ 4)[— o n 6.42
= (2 1)[ vAvY — ( Vv—&—?Vv,Vvﬁ (6.42)

(3 1) - (3-wet]

Next, we compute scal”. As above, let g; = (1 +tv)gg and v; = 1%, Then by
the first variation of the scalar curvature,

d
%Sca‘lgt :Atrgg + 56(9:&) - <Rng“ gilt>

=(n — 1)Av; — scalg, v;.
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The second variation of the scalar curvature at g is equal to

d2

Eh:oscalgEHv.gE

d
= a\tzo[(n — 1)Av; — scalg, vy

=(n—1)[Av — AQ@")] — nu - v —scal'v

=(n—1)[(v-ggr, V*) — (6(v-gg) + %Vtr(v gE), Vo) + A(v?)]

+np-v? — [Atr(v- gg) +06(v - gr) — (Ric,v - gg)]v
=1 |-Av-v— (2= 2 o — 2
=(n—-1) [ Av-v (2 1) [Vul® +2Av - v — 2| V| }

+2np-0v% — (n—1)Av-v

:—(n—l)(

2

]

) |Vo|? + 2un - v2.

By (6.38), |[V(f')]* = (% —1)?|Vv|?. Thus, we can rewrite (6.41) as

1

(G

(16.42])

"
TN

1
A — 1) " =r"npu — ;(2A’f’ +|V())? - %scal”)

_ %[,Q(n — 2?2 (g _ 1)2 V|2 + (g - 1)2 Vo|?

n—1/n 9 9

5 <§+1> [Vul® — pnv?]
=7"np — 1 (=3n + 4)uv® + én _3 Vo2 =: (A)
. 1 5 : (A).

Since iA — 1 is invertible, we can rewrite the above as

By integrating,

1
"=(ZA-=1)"1A).
f (u 17 (4)
1 1
UdV:—ﬂ M((sz) ’U'9E> av

(V2(f"Y = VoaVf —Vf @Vu+ (Vf Vogrv-gg) dV

][M <V2(f”) —(n-2)VoeVu+ (g - 1) IV|?gE, v - 9E> AV

2

A"+ 1(n — 2)2|Vv2v} av

) (

1
—5- | (V2f)".v-gg)
20 o
1
20 S
oz 1
2
p— 1 [
20
1
20 S i
—_— 1 [
20 Jar L

Now we insert the definition of (A).

1

o

-1
1
A—l) Av+§(n—2)2|V1}\2v av

1
—2u(A)v + §(n - 2)2|Vv|211} av.

Since the term containing 7"/ drops out
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after integration, we are left with

1
*ﬂ <(V2f)/l,’v : 9E>u av =
M
1 3 1, 2
-5 (—6n + 8)uw +§(n +n—2)|Vo|*v| dV.
M

By the second variation of the Ricci tensor computed above,

1 1
—— [ (Ric",v-gg)u dV:——][ (Ric",v - gg) dV
20 Jor 2u Jm
1 n
—— o [0 (5 -2) IVoP
s, (5 —2) 9ol

— 2unv® 4 3 (g - 1) |Vo|?v — (n — 2)Av - v?] dV

1 n? Tn 9
=—— — = - —4(n—1)m?| av.
o s {( 5 + 5 3) Voo —4(n — Dpv® | dV.

Adding up these two terms, we obtain

d3
dt3

) 1
v (g+tv.g) BED 5 ][ [(—10n + 12)0® + 4(n — 1)|Vo[2] dV.
M

t=0

By integration by parts,

1 .
/ |Vo|2v dV:f/ Av - v? dV:u/ v3 dv,
M 2 /m M

and therefore, we finally have

dS
—= u,(g+tv-g):(3n—4)][ v* av,
dt3|,_, M
which finishes the proof. O

Corollary 6.6.2. Let (M, gg) be a positive Einstein manifold with constant
w. Suppose there exists a function v € C®°(M) such that Av = 2pv and
fM v3 dV #0. Then gg is not a local mazimum of v_.

Proof. Let ¢(t) = v_(grg + tv - gg). By the proof of the proposition above,
©'(0) = 0, ¢’(0) = 0 and ¢ (0) # 0. Depending on the sign of the third
variation, ¢(t) > ¢(0) either for ¢ € (—¢,0) or t € (0,¢). This proves the
assertion. O

Because the eigenfunctions on CP"™ can be constructed explicitly, we are
able to find an eigenfunction satisfying the above condition. Thus we obtain

Theorem 6.6.3. The manifold (CP™, gs), n > 1 is dynamically unstable mod-
ulo diffeomorphism.

Proof. Let u be the Einstein constant. We prove the existence of a function
v € C®°(CP™) satisfying Av = 2uv and fCP” v3 dV # 0. First, we rewiev
the construction of eigenfunctions on CP™ as explained in [BGMTIl, Section
I C]. Consider C"*! = R*"*+2 with coordinates (21,...,Tni1,Y1s--->Yni1)
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and let z; = x] +4y;, Z; = x; — iy; be the complex coordinates. Defining
0., = %( dy,) and 0z, = £(0,, —10,, ), we can rewrite the Laplace operator
on C"T1 a

n+1

A=-4)"0, 00;.
j=1

Let Py i, be the space of complex polynomials on C"*! which are homogeneous
of degree k in z and z and let Hj ; the subspace of harmonic polynomials in
Py ;.. We have

2
Pir=Hpp ®r°Py_1 1.

Elements in Py are S'-invariant and thus, they descend to functions on the
quotient CP™ = §2n*1 /81 The eigenfunctions to the k-th eigenvalue of the
Laplacian on CP™ (where 0 is meant to be the 0-th eigenvalue) are precisely
the restrictions of functions in Hy, ;. Since 2 is the first nonzero eigenvalue, its
eigenfunctions are restrictions of functions in H ;.

Let hl(z, 2) = 2129 + 2921, hQ(Z, Z) = 2923 + 2329, hg(Z, 2) = 2371 + 2123 and
let v be the eigenfunction which is the restriction of h = hy + ho + hg € Hj 1.
Note that h is real-valued and so is v. Then v? is the restriction of

h3 € P3,3 = H3,3 D 7”2H2)2 D T'4H1’1 (&5) TGHO’O. (643)

We show that [gs,.1 h® dV # 0. At first,

3
5= h3+3> hj-hi+6hy-hy-hs.
=1 i#l

Note that f g2n+1 h$ dV = 0 because h; is antisymmetric with respect to the
isometry (z1,21) + (—21,—21). For the same reason, fsznﬂ hy - h3 dV = 0.
Similarly, we show that all other terms of this form vanish after integration so
it remains to deal with the last term of above. Note that

hi-hy - ha(z,2) = 2021 P22l + Y lz0)]?22 (2) %0 s)-

o€S3

Consider |z1]|%2222. This polynomial is antisymmetric with respect to the isom-
etry (z2,22) — (i - 22,4 - Z2) and therefore,

/52 . |z1]%2325 dV = 0.
n

Similarly, we deal with the other summands. In summary, we have

/ R? dV:6/ hi-hy-hs dV:12/ |21]?|22]?|23]% dV > 0,
S2n+1 S2n+1 SZn+1

since the integrand on the rlght hand side is nonnegative and not identically
zero. We decompose h3 = Zj o hj, where h; € r%2IH; ;. Since the re-

strictions of the h; to S?"T! are eigenfunctions to the 2j-th eigenvalue of the
Laplacian on S?"*1 (see [BGMT1], Section III C]), we have that hg # 0 because
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the integral is nonvanishing. This decomposition induces a decomposition of

v3 = Z?:o v; where v; is an eigenfunction of the i-th eigenvalue of A¢pn and

vo # 0. Therefore, [~,, v3 dV # 0.
By Corollary (CP™, gst) is not a local maximum of v_ and thus, it is
dynamically unstable modulo diffeomorphism by Theorem [6.5.9]
O

Remark 6.6.4. In contrast to the above, (CP™, g4;) is dynamically stable with
respect to the Kéhler-Ricci flow, see [SW13].

Remark 6.6.5. It is conjectured (c.f. [Caol0]) that the only linearly stable
simply-connected4-dimensional positive Einstein manifolds are (S™,gs) and
(CP™, gst). If this conjecture holds, the above theorem implies that the round
sphere is the only dynamically stable Einstein manifold in this class.

Remark 6.6.6. There are some other neutrally linearly stable Einstein metrics
where 2u € spec(A), see [CHIJ|. It seems likely that there we can find eigen-
functions with eigenvalue 2y such that [ v v3 dV #0.
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Appendix A

Calculus of Variation

Here, we prove the variational formulas we used throughout the thesis.

Lemma A.1. Let w,£ € QY (M) and T, S € T'(S>M). Then the first variation
of the induced scalar products and the trace are given by

d
& <OJ7 €>Q+th = _h(wﬁa é‘ﬁ)7
t=0
d
@ <Ta S>g+th = 72<T7hOS>g,
t=0
a trg+thT = —<7"7 h>g
t=0

Furthermore, the first variation of the volume element is given by

d

1
% d‘/g-i-th = Etrgh . dVg

t=0

Proof. We use local coordinates. The first formula follows from

dt (g+th)w& = —hw&; = —higFiwgh¢;.

t=0

The second formula follows from

d

(g +th)" (g + thy" ;.S = —h" ¥ TS — gV h¥' TS
t=0

= _2gljgkmnksjlglnhnm
= —2¢" " Ty (h 0 S) .-
The variation of the trace follows from

4
dt

(g + th)ijTij = —hijTij = —gkigljhleij.
t=0
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Finally, we compute the first variation of the volume element and we obtain

d

d
7 v =—

77| det((g+ th)i;)]'2dx

t=0

_1 -124
_2 det(glj> dt

t=0

B [det((g + th)ij)]dx

1 1
:§trhdet(gij)1/2dx = itrh- dv. O

Lemma A.2. Let (M, g) be Riemannian manifold and denote the first variation
of the Levi-Civita connection in the direction of h by G. Then G is a (1,2) tensor
field, given by

9(G(X.Y),2) = L(Vxh(Y,2) + Vyh(X, Z) ~ Vzh(X,Y).

The first variation of the Riemann curvature tensor (as a (1,3) and as a (0,4)-
tensor), the Ricci tensor and the scalar curvature are given by

d
T I RxyZ =(VxG)(Y, Z) — (VyG)(X, Z),
t=0
d 1
2| Born(X,Y, Z,W) :§(V§{7zh(Y, W) + V3 wh(X, Z) = V3 zh(X, W)
t=0

—~ Vi wh(Y,Z) + h(RxyZ, W) — h(Z, Rx y W)),

d : 1 * 1
o Ricgen(X,Y) :iALh(X,Y) — 8 (6h)(X,Y) — 5vg(,yurh,

t=0

scalgrip =Ag(trgh) + 04(d4h) — (Ricg, h)g.
t=0

dt
Proof. The difference between two connections is a (1,2)-tensor field, so G is.

We do the computations at some point p and use normal coordinates with
respect to g centered at p. First, we have

d

1
gt Iy = igkl(aihjl + Ojhit — Okhij)

t=0

1
= igkl(vihjl + Vjhi — Vihij;).

For the (1, 3) curvature tensor,
4 Ry = 4 (0T, — 93Ty, + TjiL, — TiTS,)
dt J dt|,_y " J J
= 8iGYy — 0;GYy,
= V;GYy — VGl
For the (0,4) curvature tensor,
d d

T R = T

t=0

(glmRijk:m) :hlmRijkm + glm(le_y]Lf - V]G:']z)
t=0

t=0

1
:]’leRi]’km + i(v%hkl + V?kh]l - v;lh]k)

1
— i(v?ihkl + v?khil — v?lhik)-
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By the Ricci identity,
1 2 2 1 m m
i(vijhkl — Viihu) = —§(Rijk Pt + Ry ™ hiem),

which yields

d

1
o Biaw = 5(Vihi = Vihix = Vighi + Vihix + him Rigp™ = Rijy ™ hom).

t=0
The first variation of the Ricci tensor is

a
dt

RiCjk = dt

t=0

Rijki :ViG;‘k - VjGZ:k
t=0

1 .
:iglm(v?jhkm + vzgkhjm - szmhjk)

1 .
- igzm(viihkm + v?khim - V?mhik)
Again by the Ricci identity,

1

59 (ijhk;m - vflhkm) - _59 Rijk; hnm + iRlcj hkm7

and

1 . 1 .
*gzmvgkhjm = *gzmvfkhmg‘

1 .
§gzm(vz2khmj - V%ihmj + viihmﬂ

2 2
1 im n n 1 imy72
=39 (Riim hng + Ry honn) + 59 Viilimg
= §R1Ck mj + 59 sz‘j hn — ivk(éh)j-

By rearranging the terms from above,

d 1, .
7| Ricik :5(_gzmv§mhjk + Ric} hnj + Ric] g — 29" R} 1 him)
t=0

1 1

— i(Vk(éh)j + Vj(éh)k) — §ijtrh
1 1

=580k, — §*(6h) 1 — §v§ktrh.

The first variation of the scalar curvature is

d
scal = —
t=0 dt

7 t:O(g IRic;) = — h¥Ricy; + g ]a tZORlcij

= — h"Ric;; + Atrh + 5(6h). O
Lemma A.3. The first variation of the Hessian and the Laplacian are given by

d

1
| VR f == S [Vxh(Y gradf) + Vy h(X, grad ) = Veraagh(X,Y)],

t=0
4
dt

Agiinf =(h, V2 f) — <5h + %Vtrh, Vf> .
t=0
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The first variation of the symmetrised covariant differential and the divergence
of a 1-form w are given by

d 1
dt‘ Ogaent(X,Y) = = S [Vxh(Y,w?) + Vy h(X, ) = Vosh(X, V)],
t=0
—|  dgrinw =(h, Vw) — 0h(w?) — = (Vtrh,w).
dt|,_, 2

Proof. We first prove the last two formulas. We again use local coordinates. Let
w be a 1-form. Then the first variation of its symmetrised covariant differential
is given by

7 t:0(5 w)ij = 7 .2 (ale + O0jw; — (Fij + Fﬁ)wk)
1
=—- 59 YVihji + Vihi — Vihig)w

by the first variation of the Levi-Civita connection. The first variation of the
divergence is given by

4
dt

d

t:0(5w)= = (97 (8" w)iz)

t=0

= h"(8"w)i; + g”gkl(V hji + Vihi = Vihij )i
o hl] (vw)w kl(éhl + Vltrh)wk

Since V2f = 6*(Vf) and Af = §(Vf), the first two formulas follow from the
others by putting w = Vf. O

Lemma A.4. Let h be a (0,2)-tensor field. Then we have

d
% Vg—i—tk:h :k' * Vh + Vk' * h,
t=0
d
% 6g+tkh =k xVh+ VEk x h7
t=0
d
o (AL)grexh =k * V2h +V2kxh + Vk+*Vh+ R*kxh,
t=0
% (Ag)grixh =k + V2h +V?k+ h 4+ Vk* Vh + R+ k % h.
t=0

Here, x is Hamilton’s notation for a combination of tensor products with con-
tractions.

Proof. The variation of the covariant differential of a (0, 2)-tensor field & in the
direction of k is given by

d d
dt|,_ Vil =

i o (Oihjk — T huy — Thphyy)

t=0

1
= Eglm(vikjnz + iji’m - vmkij)hlk

1
- iglm(vikkm + Vikim — vmkik)h]’l,
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which yields

d

7 (9" ihj)

t=0

d
Shy, = — —
o dt

- d
=h"V;hj, + gwﬁhzovih]‘k

, 1 ..
=k"V;hji, — §gmglm(vikjm + Vjkim — Vimkij) bk

1 ..
- 59”9lm(vikkm + Vikim — Vimkix)hji.

To compute the last two formulas, we first compute the first variation of the
Hessian on (0, 2)-tensors. Schematically, the local expression is of the form

Viihir = 0;(0jhpt + (T % h)ji) + (L % V)i

We now use normal coordinates with respect to g centered at some fixed point

p. Then
d d d
- (Vihi) =0; (( T) * h) + <<|t—OF) * Vh)
dtf,_o " dt|,—g ki dt ijkl

= Vi((Vk‘ * h)jkl) + (Vk? * Vh)ijkl
= (V2k* h)ijrr + (VE * Vh)ijn.

For the connection Laplacian, we have

d \ _d

w2 ),
il (9"Vihi)

t=0
. o d
= K9V — g7 a\t:O(nghkl)
= (k* V2h)p 4+ (V2 s h)j + (Vk % V)i

By Lemma[A'2] the first variational formulas for the Riemann curvature tensor
and the Ricci tensor are of the form

d
T Rijer = (V% h)ijir + (R * h)ijrr
t=0
d . 1 * 1 2
% tZORICij = §ALhij ) ((Sh)” - §Vij(trh),

= (VQ * h)ij + (R * h)U

Therefore, the variation of the Lichnerowicz Laplacian in the direction of k is

given by

d d . . : :

—_ (ALh)w = — (V Vh — Ricoh — hoRic— 2Rh)lj

dt|,_q dt|,_q

= (k*V?h)ij + (V2kx h)ij + (Vkx VRh)j + (R kxh)yj.

Similarly,

d d o

— Agh); =— *Vh —2Rh);;

dt t:O( E )] dt t:o(v \% R )J

=(k* V2h)i; + (VZk % h)ij + (Vk* Vh)i; + (R* k% h);;. O
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Lemma A.5. The second variations of the Hessian, the Laplacian, the Ricci
tensor and the scalar curvature have the schematic expressions

d d

T s,t:@vf’“k“hf =kxVh*Vf+Vk*xhx*Vf,

d d

L2 Agraksnf =k s VhxVf+ VkshsVf,

ds dt 5.=0

d d . 9 9

_—— Ricgtskqtn =k * Vh+Vk*xh+VE*xVh+ Rx*kx*h,
ds dt s,t=0

d d 9 9

—_—— scalgtskyin =k * V'h +V7kx h+Vk+« Vh + Rk h.
dsdt|,,_

Proof. We first compute the second variation of the Hessian in the direction of
h and k. Using Lemma [A73] and Lemma [A4] we obtain

d d ) d
sa| Nl =g >

1
(_gkl<vihjl + thil — Vlh”)akf>
s=0

s,t=0

1
= §kkl(Vihjl + thil - Vlh”)ﬁkf) + Vk * h * Vf

=k*Vh«Vf+VEkxhxVf.
Therefore, using Lemma again, the second variation of the Laplacian is
given by
d d
4@ Af =— dd
dsdt|, o ds dt

d

tio(gijV?j )
- d o d

= pi 2 kil 2 p_ i 7
ds S:Ov”f A7 t:OV”f 97 ds

=kxVh*xVf+VkxhxVf.

2
Vi f

s,t=0

4
dt

Now we are able to compute the second variation of the Ricci tensor in the
direction of i and k. By Lemma [A7T] Lemma[A-3] and Lemma[A4]

d d d 1 1
L2, moRicy; = (ALhi- 5 (Gh)i; — v;%(trh))
ds dt T ds| g \2 ! 7ot
1,d d d
=57 A i — \ * ij (= ij
2(d3 oo L)h J (ds 8206 )(6}1’) J 6 (dS 8:05}1’) J
1,d ) 1,

=(k * V2h)ij + (V2k* h)ij + (Vk* Vh)yy + (R b * h)y;.

For the scalar curvature, we therefore obtain, using Lemma [A72]

dd dd y
— —|g4—0scal = — — Y Ric, ;
ds dt =5 = T s,t:o(g ici;)
d d d d
= kY| Ricy —h¥—| Ric;+g¢7——|  Ric
difyg 0 T s | L s,y
=k*V2h+V2kxh+Vk*xVh+ Rxkx*h. O
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Index

(.,.)r2, L?-scalar product, EI
(E;)p, fiber of the bundle E; at p,
_ Ck,oc o .
(6,,2(0)¢"", space of C** divergence-
free tensors , [88]
*, Hamilton’s notation, [69} [132]
1-parameter family, [2]
B, Bochner curvature tensor,
C>° (M), space of smooth functions on
M, [6]
Cge (M),
Ck:2(M), space of C*“-functions on
M, [97]
k,a
Che (M), [97]

Cy, & map,

D, twisted Dirac operator, [22]

D1, a differential operator,

D>, a differential operator,

FEg, an exceptional Lie group,

Fy, an exceptional Lie group, [22]

G, Einstein tensor, [10]

G, first variation of the Levi-Civita con-
nection, [I30]

H, a differential operator, [60]

H (M), Sobolev space of functions on
M, A5

H;, space of hermitian tensors, [4]

H,, space of skew-hermitian tensors,
5%

Hj, 1, set of harmonic polynomials in
Pk,ka @

Hol,(M, g), Holonomy of (M, g) w.r.t.
p, 25

J, almost complex structure, [54]

K, Gaussian curvature, [J]

K, sectional curvature, [36]

K, maximal sectional curvature,

Knin, minimal sectional curvature,

L(V), space of linear maps on V/,

L?(S?M), space of L%-sections of S?M,

M™, a manifold with dimension n,
O(n), orthogonal group,
01, an error term, [77]
O3, an error term, [T7}

Py, 1, set of homogeneous polnomials of
degree k in z and z, [126]

R, Riemann curvature tensor, [j

S, Einstein-Hilbert functional, [9]

S, spinor bundle, 22]

SO(n), special orthogonal group,

SU(n), special unitary group,

SZM,

S™, sphere,

SP M, bundle of symmetric (0, p)- ten-
sors over M, [7]

Sim, symmetric group, [51]

Se, scalar part of R, [5]]

Sp(n), symplectic group,

Spin(n), spin group,

TM, tangent bundle of M,

TT, transverse traceless tensors,

T o S, composition of symmetric (0, 2)-
tensors, [7]

T", torus, 2]

Ty M, tangent space of M at g, [I]

U, traceless Ricci part of R, [B]]

U(n), unitary group,

W, Weyl curvature tensor, [43]

W, self-dual part of W,

W, anti-self-dual part of W,

Wma:ca @

Wmin7

X(f), derivative of f along X, [7]

X", flat of X, [6]

Y, Yamabe functional,

Y (M), Yamabe invariant of M,

Y (M, [g]), Yamabe constant of [g],

Y ([g]), Yamabe constant of [g],

[.,.], Lie-bracket of vector ﬁelds

[g], conformal class of g,

CP™, complex projective space,
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A, Laplace-Beltrami operator, [7]

Ay, Laplacian on functions,

A1, connection Laplacian on Q(M),

A, complex Laplacian, [55]

Apg, Einstein operator, [T5]

Ap, Hodge Laplacian,

Ay, Lichnerowicz Laplacian,

T, space of smooth sections of a vector
bundle, [7]

Fg (SZM)a

Ffj, Christoffel symbol,

HP™, quaternionic projective space,

A2M, bundle of 2-forms,

QY (M), space of 1-forms on M, El

par(M), space of parallel 1-forms on
M, [30

RP™, real projective space,

|-llcx, C*-norm, EI

[|llc#.e, Holder norm, [6]

||l zz+, Sobolev norm of L2-type, [6]

[|.||», LP-norm, [6]

[|-[lwx.», Sobolev norm, [f]

oy, differential of g — Agscalg,

x (M), Euler Characteristic of M, |9

8, divergence, [7]

§*, adjoint of 4, [7]

§71(0), space of divergence-free (0, 2)-
tensors, [I3]

dij, Kronecker delta, 26]

dim, dimension, [25]

dV, volume element, [6)

f, averaging integral,

grad f, gradient of the function f, |6}

R Riemann curvature operator

W, Weyl curvature operator,

ind, index of a quadratic form, [32]

ker, kernel of an operator,

A(g), Perelman’s A-functional,

(.,.), pointwise inner product, 6}

BE e-ball w.r.t. the C;“E-norm,

C, set of metrics of constant scalar cur-
vature, [I7]

C., set of metrics of constant scalar cur-
vature and volume c,

&, set of Einstein metrics in a slice,

Lx, Lie derivative along X, [7]

M, the set of smooth Riemannian met-

L. rics, O
ME™" | set of C**-metrics,

M., set of smooth metrics with volume
[

P, set of Einstein metrics with fixed
constant in a slice,

Sy, slice of the metric go, [T6]

W+ (ga f)v

W+ (gv f7 0)7

W_(g, f,7),

Y., Yamabe metrics of volume c,

X(M), vector fields on M, [6]

é, Bochner curvature action on S?M,
00)

}OE, curvature action on S?M,

W, Weyl curvature action on S?M,

End, endomorphism bundle, 25|

dx, Euclidean volume element,

pr, projection map, [39]

span, linear span,

i+ (g), expander entropy,

- (9,7),

multa (A), multiplicity of A as an eigen-
value of A, [32]

V, covariant derivative, [7]

V¥, k’th covariant derivative, El

v_(g), shrinker entropy,

©, symmetric tensor product, [25]

w, sharp of w, EI

®, tensor product,

w(p),

®, Kulkarni-Nomizu product,

9;, directional derivative, [I30]

0y, , directional derivative, [126]

p(Q), representation of G,

Ric, Ricci tensor,

Ric?, traceless Ricci tensor,

scal, scalar curvature,

spec, spectrum, [21]

spec, , positive spectrum, @

T4, minimizer realizing v_(g),

Diff(M), group of diffeomorphism of
.

fd(M), flat dimension of M,

td(M),, flat dimension of M at p,

tr, trace, [7]

tr=1(0), space of traceless symmetric
(0, 2)-tensors,

.|, pointwise norm,

|.|p, pointwise norm at p,

vol(M, g), volume of (M, g),
b(p),
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b*(p),
dF, differential of F,

fq, minimizer realizing A(g),

fq, minimizer realizing py(g),

fq, minimizer realizing v_(g),

g, Riemannian metric,

gr, Einstein metric,

grF, Ricci-flat metric,

Jeukl, flat metric on T,

gst, standard metric on S™, RP™, CP™,

e
r(p),
To,

w(p),
1-form, [6] [15] 22} 28130} 42 [74} [132]
[L18] [I19]

1-parameter family,
1-parameter group, [7]

2-form, [48] 52 [54]

2-parameter expansion, [70} [77]

adjoint map, [7] [25]
affine equivalence class, [27]

affine map, 23] [24]

affinely equivalent, [23] [26]

analytic, [87] [88] [97] [98] [L00]

ancient, [2} [60, [6T} B3} B4} [P1H93] [T}
20

averaging integral, [64]

Banach manifold, [73] [87] [88] [98]
Bianchi identity

first, 0]

second,
Bieberbach

group, 23] 27]

manifold,
bilinear, [T5] B8H41]
black hole, 2] [I7]
Bochner curvature tensor, [2} [54-506]
Bochner formula, 2] 22] B8] (1] [57]
bootstrap, [R1] 99

C?-topology,

Cauchy-Schwarz inequality, [48] [57] [58]
codimension, [I1]

cohomology class, b5

coindex,

compact embedding,

complex coordinates, [126

complex projective space, [33] [[21]
conformal, [85] [[13]
class, 1 13 03 16 15 5 7 22
transformation,
conformally

equivalent, [T9] [43] [A7]

invariant, [T9] [47]
connection, 22} [T30]

Levi-Civita, [I30]
constant curvature, [AIH43]

constant scalar curvature, [T} [T7HI9} 84}

11 2H]1 4]

contraction, [IT] [69] [132]

covariant derivative, [7] [78]

critical, [T} [I0} [IT] [16] [I8} [63] [85} [O5]
[TT5} [T21]

determinant, [98]
diffeomorphism
group, [7} [13} B8, [TTH]
invariance, [I8] 19} (9} [63} [75}
1 597, 107, [LT5}
differentiable sphere theorem, [T}

B7
differential equation, [02] 03] [I16] 120]
differential inequality, [83] 1] [IT1] [I20]
differential operator, [I5] [35} [I07]

Dirac operator, 22} 23]
distribution

of the tangent bundle, [39H4T]
divergence, [7} [[3]

divergence-free, [7]]
dual basis, [0]

EE

eigenframe, [39

eigensection, [24] 29
eigenspace, [24] 37 [38
eigentensor, [22]
eigenvalue,
eigenvector, [24]
Einstein

constant, [I7]

equation, [T}, [I7]

manifold,

metric, [T1]

operator, [2} [I5]

tensor, [I0] [I0§|
Einstein-Hilbert functional, [T} [0]
elliptic regularity, [66] [67} [69} [73] [75]

B7 09} [100]

137



ellipticity, 88| [I16]
endomorphism, [24] 25]
Euclidean motions, 23]
Euler characteristic, [2} 0} (1]

Euler-Lagrange equation, I} [63H65] [67]
86} ©7} [T00} 103} [112} [113} [122]

event horizon, [T7]

evolution equation, [78] [I08 109
[LI6} [IT7]
evolution inequality,

expander entropy, [62] [71]

first variation

of 1. 3 5, 69, [0

of v 0 [03, [0 [115 (T3

of 7,

of the covariant differential,

of the divergence,

of the Einstein-Hilbert functional,
10

of the Hessian,
of the Laplacian, [67} [T0}
123} [137]

of the Levi-Civita connection,
152
of the Lichnerowicz Laplacian, [133]

of the Ricci tensor, [86] [103]
[I23} [130} [131} [133]

of the Riemann curvature tensor,

[L30} [133]
of the scalar curvature, E @ @
[T05}, [122} [130} [131]

of the symmetrised covariant dif-

ferential,
flat, 1} 23 2
flat dimension, 39 [40]

Fréchet-space, [77]
Frobenius theorem,

Gauss-Bonnet formula, [2| 51} (2]
Gauss-Bonnet theorem, [J]
Gaussian curvature, [I} [9]

general relativity, [T 17
generator

gradlent l

gradlent RlCCl sohton .

shrinking, [95] [T15] [12]]
gradient flow,

gravitational wave,

Hoélder inequality, @ @ @ @ IF_TZL

harmonic map, (112

hermitian, [54] [57]
holonomy: £} 21 23, 25, 27 T 2
principle, 24} [3T]
reducible, [24] 25| [41] 42]
representation, [24] [26]
homogeneous,

hyperbolic space,

identity map,
ILH
diffeomorphism,
inverse function theorem,
manifold, [9]
submanifold, [I7]
theory, 0]
implicit function theorem, [87] 08
100!
indefinite, [44]
index of a quadratic form, [2} [32] [33]
induction,
infinite-dimensional, [J]
infinitesimal complex deformation,
infinitesimal Einstein deformation,
I
inhomogeneous,
integration by parts,
integro-differential equation,
integro-differential operator, [101]
interpolation, [82] [83] 00} 01} 110} 1]
inverse function theorem,
inverse limit Hilbert, [9]
irreducible,
isometric, 23]
isometry, [126]
isomorphic,
isomorphism, [24] [88] 98]

Jensen’s inequality, [64]

Kéhler manifold, [54]
Kéhler-Einstein manifold, [2]
Kato’s inequality,

kernel,

Kulkarni-Nomizu product, [£3]

L?-orthogonal

complement, [73] [77], [106]
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decomposition, [T3] [15} 18] [72} [73]

A-functional,
Laplace-Beltrami operator, 2] [7]
Laplacian, [7]

complex, [55]

connection, 28] A2} 133

Hodge, [17] (42 55|

Lichnerowicz, [8] [15] [17] 22} [42] [96]
Leibnitz rule, [7]
Lie derivative, [7]

of the metric,
linearization,
linearly independant,
local isometry,
locally isometric, [42]
Lojasiewicz exponent, B9
Lojasiewicz-Simon inequality, [3] [76]

BT} B2 [107 [TT5} [TT9} [T20]

Lorentzian cone,

maximum principle, [788T] 109} 117]
minimizer, [59], [63} [65] [66} [85], 98] [L00]
moduli space
of Einstein structures, [16} 17} 2§
of flat structures, 2§
modulo diffeomorphism, [2]
65, B4} 89}, P11 {93} 07} [TT8} [TT9]
monotonicity, 82} [83] 01} I3} T20]
p4-functional, [63]
multiplicity,
musical isomorphism, [6]

negative semidefinite,
non-orientable,
norm, [G]

C*, [g]

LP,[6

Holder, [§

Sobolev, [f]
normal coordinates, [I30} [I33]
v_-functional, [94]
nullity of a quadratic form, [2]

Obata’s eigenvalue estimate,

(72} b6} (02} [T12} [T22]
Obata’s theorem,

operator
compact, [T5]
elliptic,

Laplace-type, [2]
orientable, [27]
orientation covering, [51]

oriented, [49] [50]
orthogonal splitting, 24} [38] [40] [96]

parallel
decomposition, [31]
section, [21]
splitting, 25]
tensor field, 26} 27]
translation,
plane, @
Poincare conjecture,
polynomial, [126]
harmonic, [126]
positive definite, [74]
principal torus bundle, 23]

product, 2 21} 23| 28] BT} 33} [42} [IT2]
projection, 28] [73] [88] [I15]

pullback metric, [9]
quater-pinched, [37]

Real projective space,
reflection matrix, 27]
representation, [26]
resolvent set, [T5]
Ricci

decomposition, [43]

entropy, 6]

flow,

identity, [6]

tensor, [f]

Ricci-flat, 2} B} [I0} [T} 30, BT} B2} 9}

Riemann curvature operator,
Riemann curvature tensor, E|
Riemannian covering, 22|
Riemannian functional, 2] [9]
Riemannian metric, ]

Riemannian Schwarzschild metric, 23]
Riemannian structure,

right action,

rotation matrix, 27]

scalar curvature, [f]

scalar product, [6]
L2 [g]
pointwise, [0]
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scale-invariance, [46] [78] 05 [06] [106]
second variation

of 11+ [ 55 12

of v 7 [103 [0

of the Einstein-Hilbert functional,

[T} 4 18]
of the Hessian,
of the Laplacian, [69] [105]

of the Ricci tensor,
of the scalar curvature, [69] [I05]

24 [134]
sectional curvature,
pinched,
self-adjoint, [4g
sequence, [66] 88} O8]
shrinker entropy, [04] [121]
simply-connected, [61] 112} [127]
skew-hermitian,
slice, [76] 115
affine, 7T (73 76, 100
slice theorem, [T6] [71] [75} [107]

Sobolev
constant, [99]
embedding, 100} [110
inequality, [45] @ |5_§|7 b7 99
spectral theory, [T5]
spectrum, [21} 28] [30] @2} [I12] 114
sphere, [B3, 1] 18] 19} 21} 23 P
o4} 127
Spin manifold, 22]
spinor, [22]
Killing, 22]
parallel, 22]
spinor bundle,
stable,
dynamically, [2} [60] [61] BT} [89} 03]
[7} 109} 11§
Einstein-Hilbert, [61} BT} [07]
linearly, [60] [97]
neutrally linearly, [07]
physically,
strictly, [16]
standard basis, [27]

stationary, [60], [0

Stokes’ theorem,
subbundle, [26] [38] [40]
subgroup, [23]

subsequence, [66], [88] [120]
supreme metric, [I9] 20} [61]

symmetric space

E

of compact type, 22|

of noncompact type,
symmetric tensor, [7]
symmetric tensor product, [25] [44]

tangent space, [I0} [71], [100]
Taylor expanswn . @ @ @ @
B7 B8} [106} [T07}, [TT5]

tensor field, ]

tensor product, [69} [132]
third variation
of Kt @
of v [[05 21 123
torus, 21}, ]
total scalar curvature, [0} [I0] [I4] [85]
1 10|
trace, [I3} 129
traceless tensor, [24] [35]

transverse traceless tensor, [I3]
triangle inequality, [84]

T'T-tensor, [13] [17] 35 [44]

TT-tensors, 2]

universal covering, @ @
unstable,
dynamically,

(93] (11}, [TT9, [125, [127]
Einstein-Hilbert, [61} [83]

vector field, [6]
conformal Killing, [14]

volume, [14] [16], [18] 03]
element, [IT] [13] [129]

normalized,
preserving, 85

unit, [T}, [I6] 50} (2]

Weyl curvature operator,
Weyl curvature tensor, 2] (42144 (A7
62 B4
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