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1. Introduction

[T]he study of mathematics is, if an unprofitable, a perfectly
harmless and innocent occupation.

G. H. Hardy, A Mathematician’s Apology, p. 74

This thesis is a study of existence and optimality of the Hardy inequality on graphs
which can be seen as a part of discrete quasi-linear potential theory. The first analysis of
such an inequality goes back a little bit more than hundred years when Hardy found an
elegant and simple proof of Hilbert's double series theorem, see [Har20]. Although it is
not mentioned explicitly, the paper contains the essential argument for his then famous
inequality, see [KMPO6] for a detailed historical survey about the origins of Hardy's
inequality.

It was then Landau who proved (in a letter to Hardy, [Lan21]) that the following
inequality is true and the constant is sharp: For all p € (1,0), and all compactly
supported functions ¢ € C.(N) with ¢(0) = 0 we have

o o
> _lo(n) —eo(n=1)P = w(n)e(n)P,
n=1 n=1
where
e [P—1)\"1 N
w'(n) = — | neN.

This inequality was first highlighted in [HLP34] and is referred to as a p-Hardy
inequality on N with p-Hardy weight w''. Since then various proofs of this inequality
were given, where short and elegant ones are due to Elliott [EII26] and Ingham, see
[HLP34, p. 243] and by Lefévre [Lefl9; Lef20] (see also [Hua23b] for an improvement
of the latter). For p = 2, other nice proofs (and, in fact, improvements) were found
recently by Huang in [Hua21] and by Keller, Pinchover, and Pogorzelski in [KPP18a].

As a consequence of one of the main results in thesis, we can show that the classical
p-Hardy weight can be improved. To be more precise, we can prove the following:

Theorem 1.1 Let p € (1,0). Then, for all ¢ € C.(N) with ¢(0) =0,

> o) —e(n=1)P > w(n) o),
n=1 n=1

p=1 p—1
1 p
b))
n

where wj, is a strictly positive function given by

w(n) = (1— (1—,17)%1)191_
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Furthermore, w, is optimal (see Chapter 2 for the definition), and we have for all n € N
w(n) > wH(n).
Moreover, for integer p > 2, we have w(n) = ZkezNo ckn k=P with ¢, > 0.

A proof is given in Appendix A.1. Note that ¢y = ((p — 1)/p)P is the famous p-Hardy
constant.
The original Hardy inequality was generalised to various contexts. In an abstract way,
it can be stated as
E>W,

where E is an energy functional associated with a non-negative (non-linear) operator, and
W is the canonically obtained non-negative functional from a positive weight function
w. The classical choice for W is the p-th power of the £P-norm with weight w. For a
detailed analysis in the continuum, we refer to the monographs [BEL15; KPS17; OKO90;
RS19], and references therein. In the continuum, the domain of £ and W is usually the
set of smooth and compactly supported functions, and in the discrete, the domain is the
set of finitely supported functions.
The two leading questions in this thesis are the following.

= When do we have such an abstract inequality for a sufficiently large class of func-
tions? This leads to various characterisations and is known as criticality theory,
see Chapter 9 and Chapter 10.

= In the case of existence of a Hardy inequality: How “large” can we make w, i.e.,
how do we get an optimal w? This question was proposed first in [Agm82, page 6],
and an answer is given in Chapter 12. The corresponding theory is called optimality
theory.

This thesis is by far not the first paper addressing these two questions, and the main
novelty is the quite general non-linear and non-local setting together with Schrédinger
operators with arbitrary potentials. On general graphs beyond the locally finite setting, we
are only aware of results on the free p-Laplacian in [GHJ21; HM15; KM16; MS23; Mugl3;
SY93a], and we are not aware of any result on general p-Schrédinger operators. Moreover,
the cited papers do not deal with optimality theory, and only [SY93a] contributed to
criticality theory.

Especially, the first question is rather old and many people have contributed to its
solution in various underlying settings, see here a discussion of linear settings in the
notes of [KLW21, Chapter 6]. In the last two decades, criticality theory of local energy
functionals associated with quasi-linear Schrédinger operators with not necessarily non-
negative potential part was studied and many characterisations of criticality in this local
but non-linear setting where shown, see [DD14; DP16; HPR24; PP16; PR15; PT08;
PTO09; PTTO8]. In this thesis, we show the non-local counterparts to these results, see
Theorem 10.1. It generalises the known results associated with quasi-linear standard
Laplacians on locally finite graphs and networks in [KY84; NY76; MY92; Pra04; SY93b;



Yam77; Yam86| and on almost locally finite graphs and networks in [SY93a]. The proof
of Theorem 10.1 can be seen as a profound application of the ground state representation
formula (see Chapter 4) and comparison principles (see Chapter 7).

Answers to the second question are relatively new and rare in comparison. One reason
is that for a long time only the constant in front of the classical Hardy weight was studied
in detail. The most important contributions here are [DFP14] for the local linear setting,
and [DP16; Ver23] for the local quasi-linear setting. Our main result on optimal p-Hardy
weights can be seen as a counterpart of the main result in [Ver23], see Theorem 12.1.
Moreover, it is a quasi-linear generalisation of the seminal work [KPP18b] in the linear
setting on locally summable graphs.

In [DFP14], an optimal Hardy weight w associated with a linear Schrédinger operator
on domains in R? (or on non-compact Riemannian manifolds) was defined first. Roughly
speaking, w is optimal if

= w is critical, i.e., for all w > w the Hardy inequality fails,
= w is null-critical, i.e., the corresponding ground state is not an eigenfunction, and

= w is optimal near infinity, i.e., for any A > 0, the Hardy inequality outside of any
compact set fails for the weight (1 + \)w.

In [DFP14] also a way of obtaining optimal Hardy weights was given. Using a different
approach, the main result and definition of optimality of [DFP14] were generalised to p-
Laplacians, p € (1, 00), on Riemannian manifolds in [DP16]. Recently, for a large class of
potentials (including non-positive potentials), optimal Hardy weights for p-Schrédinger
operators were constructed in [Ver23].

On weighted locally finite graphs, inspired by the approaches from [DFP14; DP16],
a way of obtaining optimal Hardy weights for linear Schrédinger operators with arbitrary
potential parts was given in [KPP18b].

In the present thesis, we show in Theorem 12.1 how to obtain optimal Hardy weights
for p-Schrodinger operators with arbitrary potential term on weighted locally finite graphs
with locally summable boundary, following partially the approaches in [DP16; KPP18b;
Ver23]. To be more specific, we evolve discrete quasi-linear versions of them, to prove
criticality and null-criticality. The main tools in these proofs in [DP16; KPP18b; Ver23]
were a coarea formula and the ground state representation formula. Corresponding dis-
crete quasi-linear versions of both will also be of fundamental importance here.

For proving optimality near infinity, we establish instead discrete versions of results in
[KP20], Theorem 11.1 and Theorem 11.2. Specifically, Theorem 11.1 states a necessary
decay condition of Hardy weights in terms of a certain £!-summability with respect to
weights which are related to positive superharmonic functions. These results are also
valid for arbitrary potential parts.

By a supersolution construction technique, we show how to obtain optimal Hardy
weights for p-Schrddinger operators. This can be seen as a discrete version of results
in [Ver23]. The results in the continuum made use of the chain rule, which does not
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hold on graphs in general. We use instead the mean value theorem to circumvent the
problem.
The main tools towards the main results, Theorem 10.1 and Theorem 12.1, are

= the ground state representation formula (Theorem 4.1),

= the Agmon-Allegretto-Piepenbrink theorem (Theorem 6.1),
» the weak comparison principle (Proposition 7.3), and

= the coarea formula (Proposition 12.10).

In the local theory, the ground state representation is of fundamental importance, see
e.g. [BEL15; DP16; HPR24; PP16; PR15; PT09; PTTO08] for applications. This repre-
sentation is an equivalence between functionals. It states that the p-energy functional
associated with a p-Schrédinger operator is equivalent to a simplified energy functional
consisting of non-negative terms only. For non-local p-Schrddinger operators in the Eu-
clidean space, which includes graphs as a special case, only a one-sided inequality for
p > 2 was known, see [FS08].

The novelty here is that we show a ground state representation formula for non-
local p-Schrodinger operators for all p > 1 in terms of an equivalence between the
corresponding p-energy functional and the simplified energy. We show this statement on
graphs in Theorem 4.1 and Corollary 4.2.

In the statement and corresponding proof, we focus on graphs but since the fun-
damental methods are based on pointwise estimates, also corresponding results in other
non-local settings are valid. To be more specific, our results can also be extended to non-
local p-Schrédinger operators on the Euclidean space in the spirit of [FS08], confer also
with [And+-08; And+09; BF14; CMS18; DKP16; KMS15]. We chose graphs because
they do not have local regularity issues and therefore the presentation is less technical
than, e.g., for non-local p-Schrédinger operators on RY, and fits in the remaining setting
of the thesis.

As a second main tool, we prove an Agmon-Allegretto-Piepenbrink-type theorem, see
Theorem 6.1. It states that the energy functional is non-negative if and only if there is a
positive superharmonic function. Since our p-Hardy weights should be positive weights,
the non-negativity of the energy functional is a natural standing assumption. See [All74;
Pie74; Sul87] for a linear version in the continuum, [Dod84; KPP20b] for a linear version
in the discrete setting, [PP16] for a recent non-linear version in the continuum, and
[LSVO09] for a corresponding result on strongly local Dirichlet forms.

For the proof of the Agmon-Allegretto-Piepenbrink theorem, we need to show the
following basic results on finite subsets of the infinite graph: a local Harnack principle,
a Picone-type inequality, an Anane-Diaz-Saa-type inequality, the existence of a principal
eigenvalue, the existence and uniqueness of solutions to the Poisson-Dirichlet problem,
characterisations of the maximum principle. While these results are known on finite
graphs (see [Amg08; BH09; CL11; HS97a; HS97b; PC11; PKC09]), some adaption is
needed to deal with the possibly infinite boundaries, and so we included these methods for



convenience. These tools are folklore in the linear case, and they are also well understood
in the quasi-linear but local case (see here [HPR24; PP16; PR15; PT08; PT09]).

The third main toolbox is the weak comparison principle, meaning that for two nice
functions u, v, we have u < v outside and Hu < Hv inside a given set V implies that
also u < v inside V. Here H denotes the operator of interest. In the linear setting,
this is equivalent to the weak maximum principle. For non-negative potentials, the weak
comparison principle holds under very mild assumptions on arbitrary subsets of the graph,
see Lemma 7.1, which can be seen as a generalisation of results in [HS97a; KLW21;
Pra04]. However, relaxing the assumption on the potential to possibly negative or sign-
changing potentials seems to tighten the assumption on subsets to compact subsets.
This, however, has also been observed in the local case, see [GS98; PP16].

The fourth main tool is the coarea formula which is a standard tool from geometric
analysis. It relates the weighted p-energy of a function to a weighted integral over
the boundary of the level sets, see [KLW21; KPP18b; KPP20a] for linear Schrodinger
operators on graphs. It seems to be new on graphs in the non-linear case p # 2.

The main parts of the thesis can also be found in [Fis22; Fis23; Fis24; FKP23]. More
specifically,

= in [FKP23], an optimal p-Hardy weight on the line graph N is computed and it is
shown that it is strictly larger than the classical p-Hardy weight. This corresponds
mainly to Theorem 1.1, and Appendix A.1;

= in [Fis23], the ground state representation formula and some characterisations of
p-criticality are obtained. This corresponds mainly to Chapter 4 and Chapter 10;

= in [Fis22], an Agmon-Allegretto-Piepenbrink-type theorem, comparison principles
and the (non-)existence of Green's functions are discussed. This corresponds mainly
to Chapter 5, Chapter 7, Chapter 9 and Chapter 10;

= in [Fis24], the decay and optimality of p-Hardy weights are discussed. This corre-
sponds mainly to Chapter 11 and Chapter 12.

We also want to highlight that this thesis is not a simple collection of the four paper
[Fis22; Fis23; Fis24; FKP23]. In fact the possibility of rewriting and reorganising is used
in several ways. The main changes and additions can be summarised as follows:

= Whereas the mentioned paper state results for the whole graph, we usually show
here the results on subgraphs.

= To make the ideas and statements more accessible and vivid we included a large
number of examples, most of them have not been discussed before in the non-
linear setting. For comparison, we often state the corresponding results from the
continuum.

= Whereas capacities have only be studied for singletons, we state the results here
for arbitrary sets.
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= Whereas Green's potentials have only be studied for delta charges, that is, Green's
functions, we state the results here for arbitrary compactly supported charges.

= We added some more characterisations of criticality in Theorem 10.1. This lead
also to an improvement of Theorem 11.1.

= Chapter 13 about Rellich-type inequalities is new.

Moreover, for some examples we make use of very recent results in [AFS24]. This
text, however, is only focussing on non-negative or trivial potentials, and is not included
in this thesis, which exclusively discusses the possibility of having sign changing or non-
positive potentials. A lot more can be derived (and usually in a much simpler way) if one
is only interested in non-negative potentials. A good example for the arising difficulties
are the comparison principles in Chapter 7.

Every author has a typical reader in mind when preparing and writing a manuscript.
This thesis is written for graduate students who are new to the subject and have only
basic knowledge of functional analysis. Some standard techniques (as e.g. the application
of the comparison principle) are worked out in detail multiple times. The phrases “here
are the details” and “indeed” are used to signalise experts that the techniques in the
corresponding proof have been used before and remaining part of the proof might be
skipped.

The thesis is organised as follows: In Chapter 2, we introduce all necessary definitions
to follow the remaining parts. Thereafter, we explain briefly the leading examples of quasi-
linear Schrodinger operators and graphs. The next four chapters can be interpreted as
the toolbox chapters. Some of the results might be seen as folklore but all of them are
new in our setting and the proofs usually differ from those in the classical linear case.
The toolbox chapters include the ground state representation formula (Chapter 4), the
Harnack inequality and principle, existence and uniqueness of solution to certain Poisson
problem, characterisations of the maximum principle on finite subsets (all Chapter 5),
the Agmon-Allegretto-Piepenbrink theorem (Chapter 6), and weak comparison principles
(Chapter 7). Thereafter, we study the variational p-capacity in detail in Chapter 8. Then,
Green's functions are constructed in Chapter 9 which is the last step before we proof
our first main result about characterisation of criticality in Chapter 10. In Chapter 11,
we have a closer look on decay properties of p-Hardy weights. Using the results of the
two previous chapters, we are finally in a position to show the second main result about
optimal p-Hardy weights in Chapter 12. In Chapter 13, an application in terms of a
Rellich inequality is given. In an appendix we prove a number of elementary estimates
which would have disturbed the flow of reading in the main part. Some open problem
are attached in the main part as well.



2. Preliminaries

Is mathematics ‘unprofitable’? In some ways, plainly, it is not; for
example, it gives great pleasure to quite a large number of people.
[...] Is mathematics ‘useful’, directly useful, as other sciences |[...]
are? [...] | shall ultimately say No, though some mathematicians and
most outsiders, would no doubt say Yes. And is mathematics
‘harmless’? Again the answer is not obvious, and the question is one
which | should have in some ways preferred to avoid.

G. H. Hardy, A Mathematician's Apology, p. 75

In this chapter, we start by introducing graphs. Thereafter, we define quasi-linear
Schrédinger operators on graphs. We end this part by introducing p-energy functionals
and showing a connection to p-Schrédinger operators via Green's formula.

This chapter contains all definitions which are necessary to understand the main
results of this thesis. However, non-standard definitions will be recalled before use in
later chapters.

2.1 Graphs and Schrodinger Operators

Let an infinite set X equipped with the discrete topology and a symmetric function
b: X x X — [0, c0) with zero diagonal be given such that b is locally summable, i.e.,
the vertex degree deg: X — [0, oo] satisfies

deg(x) := Zb(x,y) < 00, x e X.
yeX

We refer to b as a graph over X and elements of X are called vertices.

Two vertices x, y are called connected (or neighbours) with respect to the graph b if
b(x,y) > 0, in terms x ~ y. A subset V C X is called connected with respect to b, if for
every two vertices x, y € V there are vertices xg, ..., Xp € V, such that x = xg, ¥ = X,
and x;_1 ~ x; forall i € {1,..., n—1}. Let denote by 0V ={y e X\V:y~zeV}
the exterior boundary of V. Throughout this paper we will always assume that

X is connected with respect to the graph b.

An important class of examples are the locally finite graphs. Here, a graph b on X
is called locally finite on V if for all x € V

#{ye X :y~x} <.

We now turn to functions: Let S be some arbitrary set. A function f: S — R is
called non-negative, positive, or strictly positive on | C S, if f >0, f >0, f >0on/,
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respectively. We denote the positive and negative part of f by i and f_, respectively;
i.e., fr =fVvO0and f- = —f V0. If for two non-negative functions f1, f>: S — R there
exists a constant C > 0 such that C™1f; <, < Cfy on | C S, we write

fix<fh onl,

and call them equivalent on /. Equivalent functions play an important role in Chapter 4.

A function f € C(X) that is positive on V C X is called almost proper on V if
f~1(1) NV is a finite set for any compact set / C (0,00). Note that this definition
differs slightly from standard definitions of a proper function as we allow u to vanish
infinitely often on V. Moreover, a strictly positive and almost proper function on V is
called proper on V. If f is a proper function on V, then 0 and oo are the only possible
accumulation points of f|y/, and if V is also infinite at least one of them is always an
accumulation point.

Moreover, f € C(X) is called of bounded oscillation on V if

sup  [f(x)/f(y)] < oo.
X, yEV, x~y

In particular, such a function cannot vanish on V.
Proper functions of bounded oscillation play an important role in Chapter 11 and
Chapter 12.

Remark 2.1 (Locally finiteness) If there exists an almost proper function of bounded
oscillation on VU OV C X (where OV might be empty), then the graph is locally finite
on V.

This can be seen as follows: Assume that f is such a function. First note that f > 0
on V U OV since f is of bounded oscillation. Then, being proper on V U 0V implies
that 0 or oo are the only accumulation points of f|yug,. Being of bounded oscillation
implies that neighbouring vertices never reach an accumulation point. Thus, there exists
a compact set in (0, 0o) containing all the images of f|y sy of neighbours of a vertex and
by the properness this implies that any vertex can only have finitely many neighbours,
i.e., the graph is locally finite on V.

The space of real valued functions on V C X is denoted by C(V) and is a subspace
of C(X) by extending the functions of C(V') by zero on X \ V. The space of functions
with compact support in V is denoted by C.(V/). Sometimes it is convenient to speak of
the support of a function f € C(X); this is defined via

supp(f) ;== {x € X : f(x) #0}.

Note that supp(f) C V if and only if f € C(V).

A strictly positive function m € C(X) extends to a measure with full support via
m(V) =3 c,m(x) for V.C X. To emphasise the measure on the vertices, we will
sometimes also speak of a graph as a triple (X, b, m), or as a graph b over (X, m).
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The next fundamental definition is the one of the p-Laplacian. But first, we have to
introduce some notation. For showing the connection to the counterpart in the contin-
uum, we introduce the difference operator V on C(X x X) via

Vi fi=1f(x)—f(y), X,y € X.
Let p € [1,00). For V C X, let the formal space F(V) = Fp ,(V) be given by

F(V):={f € C(X): ) b(x,y)[ViyflP~" < oo forall x € V}.
yeX

Note that F(V) C F(W) for W C V C X, but C(W) C C(V). If V = X we also
write F = F(X).

For 1 < p < 2 we make the convention that [t|P°t =0if t =0, i.e., co-0 = 0.
Then, we can write for all p > 1,

()Y = [t Lsgn(r) = [P 2t teR.

Here, sgn: R — {—1,0,1} is the sign function, that is sgn(t) = 1 for all t > 0,
sgn(t) = —1 for all t < 0, and sgn(0) = 0. We remark that F(V) = C(X) if p=1, by
the local summability assumption on the graph.

Next, we show a basic lemma, which states an alternative representation for the
formal space. There (and for various other estimates in the preceding chapters), we need
the following elementary inequality: we have for all p > 0 that

la+ 6|7 < 2P(lal” +|B]°),  a.BER. (2.1)

This follows from |a + G| < (2max{|a], |B]})? < 2P(|a|’ + |B]P). The constant can
be improved to 2P~ 1 if p > 1.
We set
£°(V) = {f € C(X) : sup |f(x)| < oo}
xeV

The last two statements of the following lemma appeared first in [MS23, Lemma 4.1].

Lemma 2.2 (Properties of the formal space) Let V C X and p > 1. Moreover, set
F(V) = Fpp(V). Then,

F(V)={feC(X): Y bl,y)IfIP < oo forall x € V}.
yex

In particular, Cc(X) C£°(V) C F(V). If f € F(V) and q € [1,00) then fY/9 € F(V).
Moreover, if q € [p,o0), then Fp (V) C F(V). If f € C(X) is of bounded oscillation
onV, then f € F(V).



10 Chapter 2. Preliminaries

Proof. The case p = 1 is trivial. Let p > 1, and denote the set on the right-hand side
by F(V). We obviously have that C.(V) C £>°(V) C F(V). Furthermore, let f € F(V).
Then, using the elementary inequality (2.1), we get for any x € V that

Y b0 [V P <22 (GO Y bOxy) + Y bl y) IF)P).

yeX yeX yeX

The first sum on the right-hand side is finite by the local summability property of the
graph b. The second sum is finite since f € F(V). This shows f € F(V).
Moreover, if f € F(V) we obtain f € F(V) since for all x € V

Z b(x, y) [F()P~L < 2p—1(|f(x)|l’_1 Z b(x,y) + Z b(x,y) \Vx.yﬂp_l) < 00.

yex yeXx yex

The last three statements follow from Hoélder's inequality and the summability condition
on the graph b. O

Now, we are in a position to define the Laplacian: Let m be a measure on X. Then, the
p-Laplace operator L = Lp pmp: F(V) = C(V) is defined via

LF(x) = m(lx) Y b(x,y) (Vay )P, xev.
yeX

Let p > 1. If we have additionally m = 1, b(X x X) C {0, 1}, then L is called
standard p-Laplacian.

Remark 2.3 Following [Mugl3; Pra04; Tak03], there is the following analogy to p-
Laplacians in the continuum: A vector field (or flow) v is a function in C(X x X) such
that v(x,y) = —v(y,x), x,¥ € X. Moreover, define div on the space of absolutely
summable vector fields in the second entry via

(divv)(x) = mgx) Z v(x,y).
yeX

Then, forall f € F,and p > 1,
Lf(x) =div(b|VFP2VF)(x), xeX.

This shows that our Laplacian is a discrete analogue to weighted pseudo p-Laplace-type
operators on manifolds (see e.g. [BKO04]). Note that for p = 2, this is just a weighted
Laplace-Beltrami operator. However, unless otherwise stated, we will usually compare
our theory with results concerning the classical p-Laplacian (see e.g. [Lin19]). See also
[TZ24] for a recent discussion on the two operators on locally finite graphs.

Remark 2.4 The definition of the action of the p-Laplacian to vanish outside of V C X
is an arbitrary choice. It evolves from Theorem 4.1, where we are taking test functions
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only from C.(V). This choice implies that the functions v in Theorem 4.1 can be taken
from the largest possible set, namely F(V/), and that the action of the p-Laplacian outside
of V' does not matter. If we enlarge the set of test functions then we need to be more
careful with the definition of the action of the p-Laplacian outside of V. Then, we might
also reconsider to define the p-Laplacian only weakly. A larger set of test functions
would on the other hand result in a smaller set of functions u to which we can apply our
main results. Since Theorem 4.1 is proven by summing up pointwise estimates, similar
results hold mutatis mutandis when considering other sets of test functions and related
p-Laplacians, see [HM15; Mug13] for definitions of Dirichlet and Neumann p-Laplacians.

Finally, we can define Schrodinger operators as follows: Let ¢ € C(X). Then the
p-Schrédinger operator H = Hp c.mp: F(V) — C(V) is given by

. c(x) (p—1)
Hf(x) := Lf(x) + m(x) (f(x)) : xeV.
The function c is then usually called the potential of H. If ¢ is non-negative, then
H is called p-Laplace-type operator. If ¢ = 0, then H is called free p-Laplacian.
A function u € F(V) is said to be a (p-)solution, ((p-)supersolution, (p-)sub-solution)
on V' C X with respect to H and g € C(V) if

Hu=g (Hu>g, Hu<g) on V.

If g =0 we speak of (p-)harmonic, ((p-)superharmonic, (p-)subharmonic) functions on
V. If a function is superharmonic but not harmonic in V/, we call it strictly superharmonic
in V. If V = X we only speak of super-/sub-/harmonic functions, respectively super-
/sub-/solutions with respect to g.

A function u € F(V), u # 0, is said to be a (generalised p-)eigenfunction to the
(generalised p- )eigenvalue X € R on V with respect to H if

Hu = X (u)P~Y on V.

If u > 0 is an eigenfunction to A € R on V, then X is called (generalised) principal
(p- )eigenvalue on V' with respect to H.

We also need the following definitions which seem to be new on graphs in this
generality but have a long history in the continuum: Let V C X be connected and
K C V be finite. By M(V \ K) C F(V \ K), we denote the set of strictly positive
functions u which are p-harmonic on V' \ K, and which have the following minimal
growth property: for any finite and connected subset I C V with K C K, and any
positive function v € F(V \ K) which is p-superharmonic in V' \ K, we have

u<vonK implies wu<vinV\K.

A function u € M(V \ K) is called positive p-harmonic function of minimal growth at
infinity in V with respect to K.
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If u € M(V), then u is called a global minimal positive p-harmonic function in
V/, or an Agmon ground state. We will see in Chapter 10 that if we have an Agmon
ground state then it is unique up to multiplication with a positive constant, and thus we
sometimes speak of the Agmon ground state.

A function g, € M(V \ {o}) N F(V) which is not p-harmonic in some fixed vertex
o € V is called a (minimal positive) Green’s function in V' at o. If, in addition to that,
Jo satisfies Hg, = 1, on V/, then a Green's function g, in V at o is called normalised.

Positive harmonic function of minimal growth at infinity play an important role in
Chapter 9 and Chapter 10. For p = 2, Agmon ground states and minimal positive Green's
functions for Schrédinger operators on locally summable graphs have been discussed in
[KPP20b].

Remark 2.5 (y-Laplacians and other generalisations) The here presented p-Schré-
dinger operator is a natural quasi-linear generalisation of the classical linear Schrodinger
operator on graphs. However, this is of course not the only interesting choice of a general-
isation. The most popular alternative generalisation might be the fractional Schrodinger
operator, see e.g. [KN23].

We also want to mention, that generalisations of the p-Laplacian have been studied
in the continuum in the past years. Here, the so-called y-Laplacian seems to be the most
popular. Here, ¢ is the derivative of a Young function, and introductions to this topic
can be found in [CSS21; HS01; PRS02; PRS05; PS14]. It would be very interesting to
see if similar results can also be obtained for ¢-Laplacians on graphs. Our unweighted
case corresponds to the choice ¢(t) = (t)<”_1> .p> 1

Another popular generalisation is the A-Laplacian as defined in the monograph
[HKMO6], see also [HPR24]. This operator has also not been touched in the discrete
setting. Here, for our setting, A([x,y], t) =< b(x,y) (t)?"¥ , p > 1. To consider the
A-Laplacian might be a first step towards the weighted ¢-Laplacian.

2.2 Energy Functionals Associated with Graphs

The p-energy functional h = hp ¢ p: Cc(X) — R is defined via
Z b(x,y) |nyf!p+Z Y IF(x)|P
X yex xeX

If p = 2, then the corresponding energy functional is a quadratic form, and called
Schrédinger form.

Remark 2.6 (D) Another natural choice of a domain for h is the set of functions of

finite energy D = Dy ¢ p, which is given by

D= {f e C(X bey|vxyf|p+Z|c IF(IP < oo}
XyEX xeX
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Note that Cc(X) € Dpcp € Dpc,.p € Dpop € F, where the last inclusion follows
from Holder's inequality and the local summability of the graph.

We are mainly interested in estimating h on the set of compactly supported functions,
since the theory presented here does not require specific Banach space techniques and
Cc(X) is dense in C(X). This gives also more flexibility for future applications. Nev-
ertheless, if h is non-negative on C.(X), then a Fatou-type argument shows that h(f)
consists of absolutely converging sums also for f € Dy, ,. The space Dp ., , can be
equipped with a norm naturally, see also Remark 2.13. A first analysis of this space on
graphs can be found in [DKP24]. In the continuum, it has been studied in [DP23].

However, we want to remark that some of the results for h do not only hold in C.(X)
but also for larger domains like D. For instance, in Lemma 2.8, ¢ can also be in D.

As in the continuum or the linear case on graphs, there exists a so-called Green's
formula (or integration by parts formula) which shows a connection between H and h
on Cc(X). The Green's formula seems to be folklore in both worlds. However, for the
convenience of the reader we include a proof here. A similar proof of the Green's formula
for the normalised p-Laplacian, that is m = deg and ¢ = 0, is given in [Tak03].

Let V C X. To shorten notation, we define a weighted bracket (-, )y on C(X) x
Cc(X) via

(f.o)v =) f()px)m(x),  feC(X),peCc(X).
xeVv

Lemma 2.7 (Green’s formula) Let p > 1 andV C X. Let f € F(V) and ¢ € C.(X).
Then all of the following sums converge absolutely and

(HE.0hy = 5 3 b0ey) (VNP (Viyo) + 3 0 (F0)® Y ()
x,yev xeV

+ Y b y) (Vay OV ().
XEV,yedV

In particular, the formula can be applied to f € C.(X), and
h(p) = (Hp, p)v, @€ C(V).

Proof. Since ¢ € C(X), the absolute convergence follows from

D ILFCR(Almi) < 51000l 3 b0 y) IVxy 1P < oo,

xeVv xeVv yex

for any f € F(V). Applying Fubini's theorem, using the absolute convergence of the
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sums and the symmetry of b, we get

ZLf Jo(x)m Z bXY)(nyf)p Y o(x)
xeVv xeV,yeX
Y ) (VNP o) — 5 3 b(%,9) (Vagf) O ()
x yev Xyev
Y by) (Vay NPT (%)
xeV,yeoV
1 _ _
=5 2 bey) (Vay NPV Vepo k3 blxy) (Vay F)P7 ().
x,yeVv xeV,yeoV
The assertions for the Schrodinger operator H follow now easily. O

Green's formula is sometimes taken to define a p-Schrédinger operator weakly. By taking
the test function @ = 1, for z € V C X, we see that the action of a weakly defined
operator agrees with the action of our (strongly) defined p-Schrédinger operator on V.

Moreover, another nice connection between h and H is that p - H is the Gateaux
derivative of h on C(X), and since we will use this observation later several times, we
include the proof here.

Lemma 2.8 (Gateaux derivative) Let p > 1. For all p,9 € C.(X) we have that
o+ 9P € Cc(X) and

d
Eh(w 1 t@b)|t:0 = p(Hp, ¥)x

Proof. The formula follows easily via Green's formula, Lemma 2.7,

T+t =2 Y b0 (V@) (Vi) + ple/m () )
x,yeX

=p ) He(x)$(x)m(x) = p(Hp, ¥)x. O

xeX

Because of Lemma 2.7 (or Lemma 2.8), it is convenient to define

h(o.¥) == (Ho.¥)x. @9 € Cc(X),

see e.g. [SWO04] for a discussion for the p-Laplacian and associated energy on the Sier-
pinski gasket. However, we will not explicitly need off-diagonal entries of the energy, and
thus, stay in the following with the one-entry definition.

If the functional h is non-negative on C.(V), V C X, then h is called (p-)subcritical
in V' if the (p-)Hardy inequality holds true, that is, there exists a positive function
w € C(V) such that

h> |5, on V).
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Here,

1/p
||<p|,,,W:=(Z|<p<x>|"w<x)) C pecx).
xeX

If such a w does not exist, then h is called (p-)critical in V. Moreover, h is called
(p-)supercritical in V if h is not non-negative on V.

Remark 2.9 (History) This classification of energy functionals in terms of sub-/super-
/critical goes back to [Sim80], see also [Mur84; Mur86; Pin88], and is motivated from
the analysis of the energy functional h.

In the special case of non-negative potentials and p = 2, a graph is usually called
transient if h is subcritical in X, and recurrent otherwise, see e.g. [KLW21]. This notation
has its origin in probability theory, see e.g. [Woe09], and goes back at least to [P6I21].
It is also common when studying Dirichlet forms, see e.g. [FOT11; Stu94], whereas
subcritical and critical is used for Schrédinger forms, see [Tak14; Takl16; Tak23; TU23;
Miu23; Sch22]. In a hand waving way, recurrence means that the associated random
walker returns almost surely, and transience means that the random walker escapes any
finite set with positive probability.

Moreover, if ¢ = 0, then a graph is sometimes called p-hyperbolic if h is p-subcritical
in X, and p-parabolic otherwise. This notation has its origin in the geometry of sur-
faces, see here e.g. [AFS24; Gri99; KY84; MR22; MR24a; MR24b; PRS05; PS14; Shi21;
SY93a; SY93b; Tro00; Tro99; Yam77]. By the celebrated uniformisation theorem of
Klein, Koebe and Poincaré in the linear (p = 2)-case, any simply connected Riemann
surface is conformally equivalent to either the sphere (surface of elliptic type), the Eu-
clidean plane (surface of parabolic type) or the hyperbolic plane (surface of hyperbolic
type). Since the sphere is the only one with compact surface, the type problem is to
decide whether a surface is of hyperbolic or of parabolic type. Surprisingly, it could be
shown in the linear case that the recurrence of Brownian motion is equivalent to the
parabolicity of the Riemann surface. Important contributions are here [Ahl52; AS60;
CY75; Den70; Hunb4; Kak53; Nev40; Roy52; Var83].

Remark 2.10 In the literature, there are many closely related Hardy-type inequalities.
We will name two prominent ones.

The first are so-called weighted p-Hardy-type inequalities where one is typically in-
terested in optimising weights on the p-energy functional and p-norm simultaneously, see
here e.g. [Mic99; SRA21] for results on N and Muckenhoupt bounds, or to visualise the
impact of a weight on the p-energy functional, see here [HY24] for locally finite graphs
with a special focus on Z9. A future goal might be to generalise the main results of this
thesis in the weighted setting of [HY24] for locally summable graphs.

Secondly, there are also alternative generalisations of the (p = 2)-energy functional.
Important here are the Sobolev-Bregman forms, also known as p-forms. For p-Hardy-type
inequalities in this context see [Bog+22] and references therein. There, the divergence
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part of the p-energy functional is replaced by

Y b (V) (Vay (07 V) . p e Celx),

X, yeX

We continue with definitions. Closely connected to criticality is the following defini-
tion: A sequence (e) in C.(V), V C X, of non-negative functions is called null-sequence
in V if there exists 0 € V and a > 0 such that e,(0) = a and h(e,) — 0 as n — .

It will be shown in Chapter 10, that h is p-critical on connected V C X if and only
if there exists a unique positive p-superharmonic function (up to multiplies) on V. This
function is p-harmonic on V' and the Agmon ground state of h.

Let h be a p-critical energy functional. We call h (p-)null-critical on V' with respect to
the non-negative function w if the Agmon ground state is not in £°(V, w), and otherwise
we call it (p-)positive-critical on V' with respect to w. Clearly, if V is finite, than any
p-critical energy functional is p-positive critical on V' with respect to any w > 0.

Here, for all 1 < p < o0, V' C X and non-negative functions w on V, we define

PVw) ={feC(X): ) |F(x)]°w(x) < oc}.

xeVv

Note that (£P(X, w), |||l , ) is a reflexive Banach space for p € (1, 00), and a Banach
space for p = 1.
During the thesis the following two quantities will be of fundamental interest: Let
V C X, and define A\o(V) = Ag(V, H) via
h(e)

Xo(V) = inf = inf h(y), 2.2
o(V) 0eCc(V).00 [l0llp m  wecc(v).ligll? =1 (@) (22)

furthermore, the (variational p-)capacity is defined as follows: For all K C V, K finite,

we set
capp(K. V) := ogpecc(\l/n),fcpzl on K he).

These numbers play an important role in Chapters 5, 8 and 10. With a slight abuse of no-
tation A\g(V/) is sometimes called (generalised) principal eigenvalue even though we have
not shown explicitly the existence of a non-trivial positive generalised p-eigenfunction.
However, in Proposition 5.17 and Theorem 10.1, we will see conditions when this is
indeed the case.

The focus of this thesis is on estimates of functionals. It is therefore comfortable to
use the following notation: Any function w € C(X) gives rise to a canonical p-functional
wp on Cc(X) via

wo(p) =) _lo()IPw(x), @€ Ce(X).
xeX
The p-Hardy inequality then reads as h — w, > 0 on C.(X) for some w > 0 on X. If
it is clear that we mean the functional w, and not the function w, we sometimes simply
write w instead of w,.
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We also need the definition of an optimal p-Hardy weight, confer [KPP18b] in the
discrete (p = 2)-setting and [DP16] in the continuum.

The function w > 0 is called an optimal p-Hardy weight on V for the p-energy
functional h in X if

(i) h— wp is p-critical in V,
(i) h — wp is p-null-critical with respect to w in V/,

(iii) h—wp > Aw, fails to hold on C(V \ K) for all A > 0 and finite K C V/, in which
case we say W is optimal near infinity for h.

Optimal p-Hardy weights play an important role in Chapter 12.

Remark 2.11 The definition of optimality evolved historically, see [DFP14; DP16]. It is
natural to ask whether there is a connection between optimality near infinity and null-
criticality. In the continuum, it is shown in [KP20, Corollary 3.4], that indeed, (ii) implies
(iii). Moreover, [DP16, Remark 1.3] states an example that the other implication ‘(iii)
= (ii)’ fails in general.

On graphs associated with linear Schrodinger operators with compactly supported
potential part it is shown in [KPP18b], that (ii) implies (iii) for a special Hardy weight.

Here, we will show in Theorem 11.2, that (ii) implies (iii) for all p > 1, and all possible
potentials if an Agmon ground state is of bounded oscillation and in £P(V, b(x, -)) for all
xeV.

If not stated otherwise, we will always assume that
p € (1,00).

Remark 2.12 (The borderline cases) The cases p € {1, 00} are usually of very differ-
ent nature in comparison to p € (1,00), and mainly not covered in this thesis. Some-
times we explicitly mention the difficulties which usually arise from the fact that |-|¥ is
not strictly convex for p € {1,00}. To understand the two borderline cases will be a
future investigation.

By an exhaustion of V C X, we mean a sequence (V},) of subsets of X such that
Vy C Vie1 CV, n€N, and UnenViy = V.

Remark 2.13 (Potentials) Our main goal is to allow negative values for c. As a byprod-
uct we are usually not able to use standard convexity arguments or methods for monotone
operators. A workaround will very often be the method of approximating the graph by
an exhaustion of X with finite sets and an analysis of the corresponding limit.

Note that assuming ¢ > 0 allows the usage of standard functional analytic tools
which are very similar to the continuous case. For example, if ¢ > 0, then we can use
[Sho97, Proposition 7.6] and get that the subdifferential of h on W1P(X) is a singelton
containing only the p-Laplace-type operator. Here,

WP(X) =2P(X,m)N D
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is equipped with the norm
_ p 1/p
1l = (115 0+ H(F)) .

For more information on such spaces on locally summable or locally finite graphs, see
the recent preprints [MS23; SYZ23; TZ24].

We always explicitly mention the extra assumption that the underlying graph is locally
finite on some V C X.



3. Examples

What we do may be small, but it has a certain character of
permanence; and to have produced anything of slightest permanent
interest, whether it be a copy of verses or a geometrical theorem, is
to have done something utterly beyond the powers of the vast
majority of men.

G. H. Hardy, A Mathematician’s Apology, p. 76

The main concepts and results of this thesis will be made approachable via examples.
Most of the examples are not part of the underlying papers [Fis23; Fis22; Fis24].

We separate the examples into two categories: examples of Schrédinger operators,
and examples of graphs. The most fundamental example will be the free p-Laplacian on
the line graph Ng.

3.1 Examples of Quasi-linear Schrodinger Operators

Here we list three examples of Schrodinger operators — all of them have a significantly
different potential part.

Example 3.1 (Free p-Laplacian) The most important example of a quasi-linear Schro-
dinger operator is the free p-Laplacian, meaning that ¢ = 0. In other words,

Hu(x) = Lu(x) = Z b(x,y) (Vxyu)P~Y ueF xeX.
x,yeX

(

If we take b(X x X) C {0,1} and m = 1, we call it standard p-Laplacian. Explicit
calculations for this operator will appear on various graphs.

Next, we state an example of a p-Laplace-type operator.

Example 3.2 (Generalised harmonic oscillator) One of the most prominent examples
is the model of a harmonic oscillator which has many applications in mechanics. A
possible generalisation to the quasi-linear setting is given by the Schrédinger operator
H with potential part given by c(x) = C,dP(x,0) > 0, x € X, where d(x, 0) denotes
some distance between x and o, and C, > 0 is some positive constant depending only
on p. Hence,

d(x 0)

Qe (W)PY, ueFxeX.

Hu() = 05 2 b (g

xyeX

The following example is about a Schrodinger operator with a negative potential.

19
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Example 3.3 (Generalised hydrogen atom) There are models of the hydrogen atom
via (linear) Schrodinger operators, see e.g. [RS72, p. 304] or [Cyc+87, p. 41]. A possible
generalisation to the quasi-linear setting is given by the potential c(x) = —C,/dP~*(x, 0)
for x € X \ {0}, where d denotes some distance function and C, > 0 is a positive
constant. This defines a Schrédinger operator on X \ {o}, i.e., for all x € X \ {0} and
ue F(X\{o})
1 Cp -1
7 2 bOy) (Vo)™ = s ()

x,yeX

Hu(x) =

(

There are many interesting examples left, like having a-/periodic potentials or a quasi-
linear version of the Laguerre operator (see [Kos21] for the linear Laguerre operator).
Unfortunately, we cannot treat all of them here.

3.2 Examples of Graphs

Here, we state our leading examples of graphs.

Example 3.4 (Standard line graph Ng) The line graph on X = Ng = {0,1,...} is
defined for all x,y € Ng via b(x,y) = 1 if [[x —y|l; = 1 and b(x,y) = O otherwise.
The p-Laplacian is then given by

(Vo’lf)w—l) _o
Lf(ny=4 .m0 1 L=
ﬁ((Vn,nflf)w_ > + (annJr]_ f)<p_ >), n > O

for every f € F = C(Np), and the corresponding p-energy functional is given by
h(@) =) [VanaflP+ ) _c)If(mP, @€ Cc(No).
nENy neNp

Moreover, we often set m = 1.

The standard counterpart in the continuum to the line graph on Ny is obviously the
interval (0, 0o).

Example 3.5 (Euclidean lattice Z%, d > 1) The d-dimensional Euclidean lattice is
given by X = Z9 with b(x,y) = 1 if |[x—y|; = 1 and b(x,y) = O otherwise for
all x,y €29, d e N. If (e,-)fl:1 is the standard base of Z9, then

Q

Lu(x) =

Z (Virsenf)* ™,  feF

m(x p

The standard counterpart in the continuum to the Euclidean lattice is the Euclidean space
RY. However, keep in mind that RY is radial but Z¢ is not. This makes computation on
Z often much more technical.
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We turn to a large class of examples which share some radial symmetry as well,
the model graphs. Thereafter, we pick two important representatives of this class: ho-
mogeneous trees and anti-trees. Model graphs are special cases of weakly spherically
symmetric graphs (where the reference set is just a singleton) which are discussed in
detail in the linear setting in [KLW21].

We need some notation first: The function d: X x X — [0, c0) is called combina-
torial graph distance, if its value is the least number of edges of a path connecting two
given vertices. On model graphs, the underlying distance function will always be the
combinatorial graph distance. Moreover, for some fixed vertex o € X we set

Br(o) ={xe X:d(x,0)<r}, and S,(o):={xeX:d(x,0)=r}.

The inner curvature k_: X — [0, 00) and outer curvature ki : X — [0, o) are defined

via
1

ke(x)=—— > b(xy), x€S:(o), k_(0) = 0.

m(X) yesril(o)

Example 3.6 (Model graph) Let us fix 0 € X. A graph (X, b, m) with potential ¢ is
called model graph with respect to o if kx and ¢/ m are spherically symmetric functions,
i.e., ki(x) = ke(y) and c(x)/m(x) = c(y)/m(y) for all x,y € S,(0) and all r > 0.
The vertex o is also called root. The p-Laplacian of spherically symmetric function
f = f(r) is given by

LF(0) = k+(0) (Vou )™V,

and
LE(r) = ke(r) (Ve )PV + k(D) (Ve PP >0

We remark that if m > C, > 0 on S,(0) for all r > 0, then the graph is locally finite,
see [KLW21, p. 380].

The standard counterpart in the continuum to model graphs are model manifolds or also
harmonic manifolds, see [FP23] for details on harmonic manifolds.

Example 3.7 (Homogeneous regular tree Tq11, d > 2) Let us fix 0 € X. A model
graph is a homogeneous (d + 1)-regular trees, denoted by Tyiq, d > 2, if b(X X
X) ={0,1}, m =1, ki(x) = d for all x € X, k_(x) = 1 for all x # o, and
b(Sr(0) x S/(0)) = {0} for all r > 0.

The standard counterpart in the continuum to these trees are hyperbolic spaces or also
Damek-Ricci spaces, see [FP23] for details on Damek-Ricci spaces.

Example 3.8 (Anti-tree) Let us fix 0 € X, and set s(r) = #S,(o) for all r > 0.
A model graph is an anti-tree of sphere size s, if b(X x X) = {0,1}, m = 1, and
ki(x) = s(r) for all x € S;=1(0).

For anti-trees, we do not know of a standard example in the continuum but as they
are special model graphs, the suggestions above should fit here as well.
The following graph is the standard example of a locally infinite graph.
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Example 3.9 (Star graph) A graph (Ng, b, m) such that for all n,k € Ny we have
b(n, k) > 0 if and only if either n = 0 or k = 0, is called star graph with centre 0. Then,
for all v € F and n € N we have

Lu(n) = br(r:zlg) (Viot)P™V as well as  Lu(0) = mgO) i b(0, n) (Vo nu)P~Y .
n=1
Hence, for any k € Np,
Lu(k)=—-Y_ ZEZ% Lu(n).
n#k

To the best of our knowledge, locally infinite graphs do not have standard counterparts
in the continuum, at least not in the Riemannian sense.

We stick to these examples with the knowledge that many remain untouched in this
work (bipartite graphs, latter graphs, ...). However, too many examples would take the
focus from the general theory, and are left for the interested reader.



4. Ground State Representation

Here, on the level sand,
Between the sea and land,
What shall | build or write
Against the fall of night?

Tell me of runes to grave
That hold the bursting wave,
Or bastions to design

For longer date than mine.

A. E. Housman cited by Hardy, A Mathematician's Apology, p. 77

In the classical linear case, ground state representations are transformations which
use a superharmonic function to turn a quadratic energy form associated with a linear
Schrédinger operator into a quadratic energy form associated with a linear Laplace op-
erator, see e.g. [KPP20b, Proposition 4.8] for such a statement on graphs (or also e.g.
[FLW14; HK11; KLW21]), and e.g. [Dav89, p. 109] for a counterpart in the continuum.
In the linear non-local case, the ground state representation is basically a smart rear-
rangement of summands. It turns out that the situation is way more complicated in the
non-linear case.

In the non-linear (p # 2)-case, we do not have an equality via a transformation be-
tween functionals anymore. But instead, we achieve an equivalence between functionals,
providing that a positive p-superharmonic function exists. The equivalent functional has
the property that it consists of non-negative terms only.

Our representations in Theorem 4.1 and Corollary 4.2 can be seen as the non-
local analogues to the local and non-linear representations in [PR15; PTT08], where
p-Schrodinger operators on domains in RY are discussed.

Applications of our representations are given in Chapter 6, Chapter 10, Chapter 11,
Chapter 12 and Chapter 13.

23
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4.1 The Formula

Let p > 1, and 0 < u € F(V) for some V C X. The simplified energy (functional) h,,
of h with respect to u on C.(V) be given by

hu(@) == ) bl Y)u(x)u(y)(Vxy9)

X, yeX

X p=2
((w0u) 72 95,01+ T g )

= Z b(x,y)(u(x)u(y))p/2|vxyy(p|P. 1+

p—2
0O+ [0()] [Vt )
1/2
x,yeX )

2[Vuyel  (u(x)uly)

where we set 0-co=0if 1 < p < 2.

We state now the main result of this chapter. We call Equation 4.1 ground state rep-
resentation formula, even though it is actually a two-sided estimate. However, this name
was used before in the quasi-linear literature, see [FS08], and shows the connection to
the linear (p = 2)-case, where the representation can be interpreted as a transformation,
see [KPP20b, Section 4.2].

Theorem 4.1 (Ground state representation) Let p > 1 and 0 < u € F(V) for some
V C X. Then, we have

h(up) — (Hu, ulp|P)v < hy(w), @ e C(V). (4.1)

The constants in the equivalence only depend on p. Furthermore, the equivalence be-
comes an equality if p = 2.

Later, if u is p-superharmonic we also often use the functional notation, i.e., we write
(muHu)p(0) = (Hu, ulo])y.

In many applications the function v is assumed to be p-harmonic in V C X. In this
case the representation in (4.1) reduces to

h(up) = hu(), @€ C(V).

A further consequence of (4.1) is, that the corresponding left-hand side is non-
negative, i.e,
h(up) = (Hu,ulel®)y, @€ Cc(V).

This inequality is known as Picone’s inequality, see [AH98; AM16; Amg08; BF14; Fis22;
FS08; MS23; PKC09; Picl0; PTTO08] for applications of this inequality in various con-
texts. Picone's inequality is relevant in Chapter 5 and Chapter 6.

From the inequalities in Theorem 4.1, we get as consequences estimates between the
energy associated with the Schrodinger operator and other functionals, which are usually
also referred to as simplified energies (see e.g. [DP16; PTTO08]). They all are called
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simplified, because they consist of non-negative terms only, and the difference operator
V applies either to u or ¢ but not to the product v - .
We set on C(V),

hui(@) = D bx,y)(u(x)u())”? [Vl
X, yeX

and for p > 2, we define on C.(V)

hup(9) == Y b(x,y)u(x)u(y)|VyyulP~>

x,yeX

(VP(X)H\WN
2

p—2
) Vo0l

Note that hy » is not a p-energy functional. We discuss this more in detail in Remark 4.7.
The following corollary is an immediate consequence of Theorem 4.1.

Corollary 4.2 Let p > 1. If1 < p < 2, then there is a positive constant c, such that
forall 0 < u e F(V)

h(up) — (Hu, ule”)v < cphu1(e), e Cc(V), (4.2)

and if p > 2 the reversed inequality in (4.2) holds true, i.e.,

h(up) = (Hu, ulel’)v = cohua(e), @€ Ce(V). (4.3)

Furthermore, both inequalities become equalities if p = 2.
Moreover, if p > 2, we have for all 0 < u € F(V),

h(up) — (Hu, ulel®)y < hu1(e) + huo(e), @€ Cc(V). (4.4)

The statements in Theorem 4.1 and Corollary 4.2 will follow mainly by pointwise in-
equalities without summation. Then, we will sum over X x X and use Green's formula
to obtain the results. The elementary inequalities are basically given in the upcoming
lemma, Lemma 4.8.

The proof does not include the case p = 1. This is because we use a quantification
of the strict convexity of the mapping x — |x|?, p > 1.

4.2 Some Remarks on the Representation

Remark 4.3 (Comparison with a local non-linear analogue) Let us compare our
ground state representation formula with results in [PTT08]. Similar results associated
with weighted p-Schrddinger operators can be found in [PR15].

Fix p € (1,00) and a domain Q C RY. Let u € Wlé’cp(Q) and let A(u) =
—div(|VulP 2 Vu) be the p-Laplacian on Q. Furthermore, let V € L2(Q). The

loc
corresponding energy functional to the Schrodinger operator A + V' is given by

Q) = /Q VolP +VIplPdx, e CR(Q).
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Then, by [PTT08, Lemma 2.2], we have the following: If u is a positive p-harmonic
function of A 4+ V/ in the weak sense, i.e., [o IVulP™2Vu-Vo+V|ulP~? updx = 0 for
all ¢ € C(£2), then

Q(up) = /Q u? |Vl (u]Ve| + ¢ |Vu|)”‘2dx, 0<peClQ). (4.5)
In particular, for p > 2, we have
Q(up) = /Q Vel + 1 [VulP 2 P2 Vel dx,  0<@eCi(Q).  (46)
In the case of 1 < p < 2, we have by [PTTO08, Remark 1.12] that
[ 1962 (0196l + 0 17u)Pax < [ w2 (96 ax. (47)

Now, we do the comparison: In the continuum, domains of RY are considered. On
graphs, we can take any subset of the graph.

Recall that v is p-harmonic. It is very easy to compare h,(¢) with the right-hand
side in (4.5), see Table 4.1.

Table 4.1: Comparison of the terms in the right-hand side (RHS) of (4.5) with h, ().
RHS of (4.5) hu ()

u? |Vl u(x)u(y) |Vxy 0l
ulVel + @ |Vul | (ux)uy)? Vol + 5(100)] + ley)]) [Vx,yul

This motivates to call the simplified energy h, the analogue to the simplified energy
in the local non-linear case. Note that in the continuum, we only consider non-negative
compactly supported functions ¢, whereas on graphs, we allow ¢ to take negative values.
Thus, the version in the continuum contains hidden moduli of (.

Furthermore, we see that the equivalence (4.6) has the same structure as the equiv-
alence (4.4). For a comparison of h, 1(¢)+ hy,2(¢@) with the right-hand side in (4.6) see
Table 4.2.

Table 4.2: Comparison of the terms in the right-hand side (RHS) of (4.6) with hy1(@) + hu2(@).
RHS of (4.6) hu1 (@) + hu2(e)
uP [Vl? () u(¥))P? [Vypl”
_ _ — -2
P [VulP72 0P 2 [Vl | u(x)u(y) [Vxyul”2 (3(l0(0)] + o)D) [Vey el

Furthermore, we see that the estimate in (4.7) together with (4.5) has the same
structure as the upper bound (4.2).

It should be mentioned that the strategy to prove the ground state representation
in [PTTO8] and here are similar. There, an elementary equivalence is the key ingredient
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and then a Picone identity is used. Here, we use different elementary equivalences and
the Green's formula. However, the proof of the elementary equivalences in the discrete is
technically much harder than the proof of the corresponding one in the continuum. Thus,
the differences above might come from the fact that in the continuum we have a Picone
identity (see [PTTO08, Section 2]) which is established via the chain rule. Whereas in the
discrete, we only have a one-sided Picone inequality. A general version of this one-sided
Picone inequality is discussed in the next chapter, see also [BF14; Fis22].

Moreover, in [PTTO08, Proposition 5.1] it was shown that for p > 2 both summands
in the integral in (4.6) are needed in general for an upper bound. We expect that the
same holds true on graphs, i.e., we expect that both h, 1 and h, > are needed in general
for an upper bound of h.

Remark 4.4 (Discussion of the constants) First of all, let us mention that the con-
stants in Theorem 4.1 and Corollary 4.2 only depend on p.

By comparing Theorem 4.1 with [FS08, Proposition 2.3] and Lemma 4.8 (the lemma
below) with [FS08, Lemma 2.6], we see that ¢, in (4.3) can be stated explicitly as a
minimiser, i.e., for p > 2

o= min_ ((1—t)P—tP+ptP~1) € (0,1].

o= min_ (1= 0P =7 +pt> ) € (0,1
Note that ¢ = 1. By comparison, the constant C, = maxte(oyl/z)((l —t)P —tP 4
ptpfl) € [1,2) is also the best upper bound in (4.2). Moreover, we expect that the best
constants in Theorem 4.1 are between 0 and 2.

Example 4.5 (Free p-Laplacian on N) Here, we calculate the representation for one
of the simplest cases: for the line graph on N from Example 3.4.

It is not difficult to see that u € F defined via u(n) = n(P~D/P is a positive p-
superharmonic function such that Lu = wuP~!, where w is the improved p-Hardy weight
from Theorem 1.1. Let g := p/(p — 1) and a(n) := (1 —1/n)*/9, n € N. Then, the
equivalence (4.1) reads as follows: for all ¢ € C.(N), we have

Y_ (Va1 = w(n)lo(o)l

AZ pl j (e — e(n - 1)

a(n)lw(n)|+\<p(n—1)|(1_ -

- (aW(n) a(n)(n) — o(n — 1)| + . o)

If p = 2, then the equivalence is an equality and gives exactly the result of [KS22,

Theorem 1].
Moreover, Inequality (4.3) (p > 2) in Corollary 4.2 is here

Z|vnn 160" — w(n) PZap/Q(n) (Me(n) —e(n—-1)|°
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for all ¢ € C-(N). By (4.2), the reversed inequality holds for 1 < p < 2.

Remark 4.6 (Alternative Representation) By redoing the proof of Theorem 4.1, we
see that also the following alternative representation is true: Let p > 1, and f > 0 in
some V C X. Then, we have

h(Yf) — (HY, Py < hy(f), 0< e (V) (4.8)
This will be used in Chapter 13.

Remark 4.7 (Simplified Energy Functionals) In the linear case, an application of the
ground state representation formula is to get from Schrédinger forms h with arbitrary
potential part via an equality to a new Schrédinger form h, + (uHu, |-|*) with non-
negative potential part. This new form corresponds then to the graph b, given by
by(x,y) := b(x,y)u(x)u(y), x, y € X, where u is a positive superharmonic function with
respect to the Schrédinger operator associated with h, and has the potential ¢, := vHu,
see [KPP18b; KPP21]. An advantage of Schrodinger forms with non-negative potential
part is that they are Markovian.

For p # 2, the simplified energy h, is not a p-energy functional anymore and the
described method from the linear situation cannot be applied directly. However, there is
a partial workaround via h, 1. By applying Corollary 4.2 for some fixed positive super-
harmonic v in X, we see that there is a positive constant ¢, such that

h(up) < cphu1(p) + (uHu, @l”) @ e Cc(X), pe(1,2].

The right-hand side is a p-energy functional associated with the graph b, given by
bu(x,y) == cob(x, y)(u(x)u(y))P’?, x,y € X, and has the non-negative potential ¢, :=
uHu.

In the case of p > 2, the situation is more complicated because the right-hand side
gets additionally the functional hy, 2, which is not a p-energy functional. Nevertheless,
the following observation has proven to be useful (see [DP16; Fis24]): applying Holder's
inequality to h, 2, we get the existence of a positive constant C, such that

hu,l((p)
hu,3((p)

/P
h(uw)sc,,<hu,1<<p>+( ) hus(@)) + (WHuloP),  p>2.  (4.9)

where

% P
hiale) = Y by (OO Do,
X, yeX

which can be interpreted as a p-energy functional on F for some fixed @ € C.(X). We
will use this estimate frequently in Chapter 12.

Let us close this section with an open problem: It would be very interesting to see
if also other means than our particular choice in the definition of h, of geometric and
arithmetic mean are possible. In particular, having twice the same mean in the formula
would be a possibly future goal.
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4.3 Elementary Inequalities and Equivalences

The next lemma is the most important tool in order to derive the ground state represen-
tations, Theorem 4.1 and Corollary 4.2. It provides us with pointwise estimates which
result in the desired estimates of the energy functionals by summing over all vertices.

Lemma 4.8 (Fundamental inequalities and equivalences) Let 2 € R, 0 < t < 1,
and p > 1. Then we have

la—t]P—(1—t)PY(aP—t) = tla—1P(Jla—t|+1—t)P72 (4.10)

where the right-hand side is understood to be zero if l < p <2 anda=1t=1.
Moreover, we have

la| +1
5
where the right-hand side is an upper bound with optimal constant ¢ = 2, and it is a
lower bound with optimal constant ¢ = 1/2.
Furthermore, if 1 < p < 2, then

tla— 17 <tP?la—1P(Ja—t|+1—t)>7P, (4.12)

la—t|+1—t=t/?la—1]+(1—1) (4.11)

and for p > 2, the reserved inequality holds, i.e.,
tla—1(Ja—t|+1—t)P72> P2 |a— 1P, (4.13)

Moreover, we have the following refinement of the elementary inequality (2.1): for
all p > 0, we have

af + 6P =< (a+pB)P, a,B>0, (4.14)

where the right-hand side is an upper bound with optimal constant ¢, = 21=P jf0 <
p<1landc,=1ifp>1, and it is a lower bound with optimal constant c, = 1 for
0<p<1landc,=2"P forp>1.

A proof is given in Appendix A.2.

We do not claim that the constants we get in (4.10) are optimal. We expect that
they can be improved and that the best constants should be either on the boundary of
[0,1] x R, or at (t,0),(t,t),(t,1), t € [0,1]. Moreover, we expect that the optimal
constants are between 0 and 2.

Also note that the inequalities (4.10) and (4.13) show that we improved an elementary
one-sided result in [FS08] for p > 2.

Moreover, in the case of 1 < p < 2, the ">"-inequality in (4.10) was proven in
[AM16, Lemma 3.3]. However, the basic strategy to prove the remaining inequalities in
(4.10) up to a certain point will be the similar, i.e., we start the proof with the same
substitution and then use the same Taylor-Maclaurin formula (confer this also with the
proof of [Lin90, Lemma 4.2]).

Furthermore, note that (4.10) is false for p = 1 as the left-hand side vanishes for
a> 12>t > 0 but the right-hand side does not. A similar argument can also be made
for (4.12).
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4.4 Proof of Theorem 4.1

Now we prove our main results of this chapter, Theorem 4.1 and Corollary 4.2. The basic
strategy is to use the pointwise equivalences and estimates from Lemma 4.8 and then
sum over all vertices.

Proof (of Theorem 4.1). Let ¢ € Co(V) and 0 < u € F(V) for some V C X. If either
u(x) =0 or u(y) =0 for some x,y € VUV, then

|vx,y(U‘P)|p - (vx,yu)<p_l> Viy(u lol”) = 0.

Moreover, u(x)u(y)(Vx.y©)? = 0. Thus, it remains in the following to consider the case
u(x), u(y) > 0.

Firstly, let u(x) > u(y) > 0 for some fixed x,y € V U OV. Moreover, assume that
©(y) # 0. Then, setting t = u(y)/u(x) and a = @(x)/@(y) in (4.10) combined with
(4.11) results in

’VX.y(U‘PNp - (Vx,yu)p_lvx,y(u lol”)

= u(x)u(y)(Vxy @) (W) u))? [V 0] + leCIl+ el

2
If o(y) =0, then we get the equivalence above if we can show that
1—(1—t)P = t(tV2 + (1 - 1)/2)P72, t = u(y)/u(x) € (0,1].

Using (4.11) with a = 0, we see that t1/2 + (1 — t)/2 =< 1. Moreover, the left-hand side
lies between t — (p — 1)t and the identity on (0, 1]. This shows the claim.
By a symmetry argument, we also get for all x, y € VUOV such that u(y) > u(x) >

Vx,yu)pfz.

Ov
|vx,y(U(p)|p - (vy,xu)pilvy,x(u |(p|p)

= UG ( Ty 02 (WO 2 Vo] + PO LOWG o2

> Vy xu
Note that by Green's formula, Lemma 2.7 for the p-Laplacian L,

D b y) (Vey )P Vi (ulel?) = 23 u(x)Lu(x) [(x)]P m(x).

x,yeVuov xeVv

Summing over all x,y € X with respect to b and using the calculation above yields
then (4.1). O

Now, we can directly continue with proving Corollary 4.2.

Proof (of Corollary 4.2). The proof of (4.2) and (4.3) can simply be read off (4.1).
The inequalities in (4.4) follow easily from (4.1) and (4.14). O

Alternatively, one can also deduce (4.2) and (4.3) from (4.13), (4.12) and (4.10). The
proof can then be mimicked from the proof of Theorem 4.1.



5. General Principles and Inequali-
ties

There are many highly respectable motives which may lead men to
prosecute research but three which are much more important than
the rest. The first [...] is intellectual curiosity, desire to know the
truth. Then, professional pride, anxiety to be satisfied with one's
performance, the shame that overcomes any self-respecting
craftsman when his work is unworthy of his talent. Finally, ambition,
desire for reputation, even the power or the money, which it brings.
[...] So if a mathematician [...] were to tell me that the driving force
in his work had been the desire to benefit humanity, then | should
not believe him.

G. H. Hardy, A Mathematician's Apology, p. 79

Here, we introduce the necessary toolbox to achieve global results as e.g. the Agmon-
Allegretto-Piepenbrink theorem. This will be done by showing a variety of local results.
The actual proofs of the main results will then follow often by a limiting process. To be
more specific, in this chapter we show

= a local Harnack-type inequality and principle,

= a Picone-type inequality,

= an Anane-Diaz-Saa-type inequality,

= the existence of a principal eigenvalue on finite subsets,

= the existence and uniqueness of solutions to the Poisson-Dirichlet problem on finite
subsets,

= characterisations of the maximum principle on finite subsets.

5.1 Local Harnack Inequality and Harnack Principle

Next we show that locally, i.e., on finite and connected sets, our graphs fulfil a so-called
Harnack inequality for non-negative supersolutions. This inequality implies that non-
negative supersolutions are either strictly positive or the zero function, and they do not
tend to infinity in the interior of the graph.

There is a long list of proofs of various Harnack-type inequalities for the p-Laplacian,
see for instance for metric spaces [BB11, Theorem 8.12] where a p-Poincaré inequality

31
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is assumed. The corresponding analogue for linear Schrddinger operators on locally
summable graphs can be found in [KPP20b]. The basic idea of the following proof of the
local Harnack inequality can also be found in [Pra04], where the standard p-Laplacian
on locally finite graphs without potential (i.e., ¢ = 0) is considered, and [HS97a], where
the standard p-Laplacian on finite graphs without potential, is considered.

Thereafter, we show a Harnack-type principle, which is a consequence of the local
Harnack inequality. Note that here, we explicitly use that p # 1. The application of the
Harnack inequality and principle in the main results is also a reason for an exclusion of
the case p = 1.

Lemma 5.1 (Local Harnack inequality) Let p > 1, V C X be connected and f €
C(X). Let u € F(V) be non-negative on V. U8V such that Hu > fuP~ on V. Then,
for any x € V and y ~ x we have

deg(x) + c(x) — f(x)m(x)
b(x,y)

In particular, we have deg+c > fm on V. Furthermore, if u(x) = 0 for some x € V,
then u(x) = 0 for all x € V. UOV. In other words, any function which is positive on
V U OV and p-superharmonic on V is strictly positive on V.

If V' is also finite, then there exists a positive constant C\/ 1y depending only on V/,
H and f, such that

u(y) < (( )11+1)u(x).

maxu < Cyyrminu.
v Ty

The constant Cy ¢ can be chosen to be monotonous in the sense that if f < g € C(X)
then C\/’H’f > C\/,H,g-

Proof. Let V C X be connected and let u € F(V) be such that v > 0 on V U9V and
Hu > fuP~! on V for some f € C(X).
If u(xp) = 0 for some xg € V, then we have

0= f(x0)uP (x0)m(xo) < Hu(xo)m(xo) = Z b(xo, y)u(y)P~t <o0.
yeX

Thus, for all x ~ xp, we have u(x) = 0 and since V is connected we infer by induction
that u(x) =0 for all x e VUV,
Hence, we can assume that u > 0 on V. Because of Hu > fuP~1 on V/, we have

> ey 1)

YEX, Vi yu<0
u(y)\p1
< 5 b(x,y)(l - @) +e(x) — F(x)m(x)
yeX,Vxyu>0
for any x € V. The right-hand side can be estimated as follows:

<Y bxy)+e(x) = F)m(x) < deg(x) + c(x) = F(x)m(x).
yeEX, Vi yu>0
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Let df := deg+c — fm. The previous calculations imply that ds > 0 on V. Now
assume that there is a vertex yp ~ x such that u(x) < u(y). Then the previous
calculations also imply

dr(x)
b(x, yo0)

u(yo)
u(x)

Hence, for all y ~ x we have

b(x. v0) 1Vﬂ§d4mja, u@@ﬁ(( );*+quu)

dr(x)
b(x, y)

Let x € V and y € VUOV. Since V is connected, there is a path x; ~ ... ~ X, in
V such that x; ~ xg := ¥ and x, = x. Then we derive

n—1 ‘ pT11
s =[] ( () o

i=0

UU)S(( );W+qu@)

u(x).

Note that the obtained product does not only depend on V/, H and f but also on x and
v, and the chosen path. The dependence on the path can be overcome by considering
all possible paths in V' such that the starting vertex is connected to y. Taking then the
infimum of all resulting products, we get a function Cy yr: V XV UV — [1,00) which
is still dependent on the vertices but independent of a specific path. As we would like to
get a unifying constant for all vertices, one possibility is to simply take the supremum of
Cvnr(x,y) overall x € V,y € VUOV. However, this supremum might not be finite.
A way to ensure finiteness is to assume additionally that V is finite and x,y € V. Then,
Cvhf = maxyyev Cypr(X,y) < oo which yields the desired statement. Moreover, if
f<ge C(X) then dr > dg and hence CKyH'f > CK,H,g- OJ

Now, we want to prove the Harnack principle. We do this by dividing the statement
into two partial results, Lemma 5.2 and Proposition 5.5. The technical part is extracted in
the following lemma. This lemma has many analogues in other settings, see e.g. [BB11;
GP23; KLW21; KPP20b; KMMO07], and is a standard statement in potential theory.

Let V C X and 0 € V be a fixed reference point. Then, define S} (V) = ST(V, H)
as follows

SHV)={ueF(\V):u(o)=1,Hu>0onV,u>00onVUdV}.

Lemma 5.2 (Harnack Principle) Let VV C X be connected, and (V,,) be an increasing
exhaustion of V' with connected subsets. Let f, € C(V,) such that f, — f € C(V)
pointwise. Let (u,) be a sequence of non-negative functions such that Hu, > fnu,’,’_1
on V), and which converges pointwise on X to some extended function u. Then either
u(x) = oo for all x €V or u is non-negative on X and Hu > fuP~* on V.

Moreover, the set S} (V') is compact with respect to the topology of pointwise con-
vergence.



34 Chapter 5. General Principles and Inequalities

Proof. Let (u,) be a sequence of non-negative functions such that Hu, = ful ™ lin V.
We divide the proof into several cases.

If limy— o0 Un(Xx) = 0o for some x € V. Then, by the Harnack inequality, Lemma 5.1,
we have lim,_o Un(x) = oo for all x € V UOV.

If lim,—oo tn(x) = 0 for some x € V. Then, again by the Harnack inequality,
Lemma 5.1, we have lim,_ . tp(x) = 0 for all x € V UAV. This is, however, a non-
negative harmonic function on V.

Now, let us assume that there exists u € C(X) such that lim,_ . un(x) = u(x) €
(0, 00) for all x € V. By the Harnack inequality, we have u(x) € [0, o) for all x € OV
Without loss of generality, we can assume that u, > 0 on V.

Moreover, assuming Hu, > f,,u,’f1 on V}, is equivalent to

Z b(XvY)(vy,xUn)pil

YEX, Vi yun<0
< Z b(X, Y)(nyyun)pil + (C(X) - fn(X)m(X))Un(X)pil
YEX,Vxyun>0

for any x € V,,. Furthermore, since u, > 0 on V,

o< Y b(X,y)(un(y) B 1)P—1

YEX,Vx.yin<0 Un(x)

< Y s (1= YL ) - AGIme)

Un(x)
YEX,Vxytn>0
< Y b y)+c(x) = f(x)m(x)
YEX Vi ytn>0
< deg(x) + c(x) — fo(x)m(x)
— deg(x) + c(x) — f(x)m(x) < co.

Since (1 — un(y)/un(x))P"'14y-v, u,>0y is dominated by the constant and b(x,-)-
integrable function 1, we can use the liminf-limsup formula of Fatou's lemma for the
divergence part and get for any x € V,,

5 b(x,y)(zgi—l)p_léliminf 5y b(x,y)(Z:g;—l)p_l

neN
YEX, Vi yu<0 YEX,Vx,yun<0

. Un()/) p-1
< "TeSN”pyGX,VZMM b(x.y)(1- e J" "+ 00 — fOm()

< Y ben(1-22) 4 e~ om0,

YEX,Vxyu>0 U(X)

Multiplying both sides with t”~1(x), dividing by m(x) and rearranging yields in a non-
negative function such that Hu > fuP~! on any V, for n large enough. Since (V},) is an
increasing exhaustion of connected sets, we get Hu = fuP~! on V.
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We now turn to the statements for S = S} (V). By the pointwise convergence it
follows from the previous investigations that we get u € S if even (up), isin S.
Furthermore, note that V is connected, so for all x € V there exists a path xg ~
. ~ X, such that xp = 0 and x, = x. Let V = {xp,..., Xy} then we can apply
Lemma 5.1 to some u € S and get that there exists a constant C; > 0 such that
Cx! < u(x) < Cx. Hence S is included in the product space [],cx[Cx!, Cx] which is
compact due to Tychonoff’'s theorem. By the previous part, S is closed and thus, it is
also compact. O

Next, we show that one cannot expect in general that the pointwise limit of positive
p-harmonic functions is also p-harmonic, confer with Lemma 5.2.

Example 5.3 (Harmonic sequence but strictly superharmonic limit) Let us take a
star graph (Ng, b, m), see Example 3.9, and let us assume that ¢ > 0 on Ng. We
will see later that this implies the existence of strictly positive p-harmonic functions on
all finite and connected subsets of Ng, confer Proposition 5.17, and the existence of a
p-superharmonic function on the whole graph, confer Theorem 6.1 and the examples
thereafter.

Hence take a sequence (up) of positive functions with u,(0) = 1, and Hu, = 0
on {0,..., n}. By the Harnack inequality, Lemma 5.1, this sequence has a convergent
subsequence with limit v > 0. But if u would be p-harmonic, then for any k € Ny

clk) ,_ B B m(n) B c(n) ,_
m(k)up 1(k)—Lu(k)——rgm(k)Lu(n)—#ka(k)up Y(n) > o0.

This is a contradiction, and thus u has to be strictly p-superharmonic.

0> —

We continue with a result which seems to be true in every quasi-linear potential
theory. It states that the set of non-negative supersolutions is downwards directed, i.e.,
it is A-stable.

Corollary 5.4 Let p > 1, V C X be connected and let S be a family of functions
s € F(V) which are non-negative on VV U8V and Hs > f(s)"™Y on V for some
f € C(X). Then, the pointwise infimum u of functions in S is also in F(V), non-
negative on VV U8V, and Hu > £ (u)*~Y on V.. Furthermore, if u(x) = 0 for some
x €V, thenu=0onVUOV.

Proof. Apply Lemma 5.2. For a direct proof see [Fis24]. O

From Lemma 5.2 another principle will follow easily (which is sometimes also called
Harnack principle). The corresponding analogue for linear Schrédinger operators on our
general graphs can again be found in [KPP20b].

Proposition 5.5 (Convergence of Solutions) Let V' C X be connected, C > 0 and
0 € V. Assume that we have a sequence (u,), in SZ (V). Then there exists a subsequence
(un, )k that converges pointwise to a function u € SZ (V). Furthermore, assume that
either
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(a) the graph is locally finite on VV U0V, or
(b) the subsequence (V. yup, )k is monotone for all x €V and y ~ x, or

(c) there exists a function f € F(V') such that for all k € N we have V ,u, < Vi ,f
forall x € V and y ~ x, or

(d) we have u,, < uinV UOV.

Then Hup, — Hu pointwise on V' as ny — oo .

Proof. By the previous lemma, Lemma 5.2, the first statement follows easily. Now let
(up,) be a subsequence that converges pointwise to a function u € SJ (V).
Ad (a): If the graph is locally finite we have

. . 1 (p—1)
kl|_>moO Lup, (x) = kl|_>moo i) ),GZX b(x, y) (Vx.ytn,)

1

_ - (p=1) _
— =) yGZX b(x,y) k||_>moo (nyyunk) Lu(x),

since we sum over a finite number of elements. The assertion for the Schrédinger operator
follows now easily.

Ad (b): If (Vxyun, )k is monotone for all x € V' and y ~ x, then we can use the
dominated convergence theorem to interchange summation and limit as above. Note
that (-)?"Y : R — R is monotone increasing.

Ad (c): If Vi yup < Vi, fforall x eV, y~x, and for all k € N for some f € F.
Then we can use again the dominated convergence theorem to interchange summation
and limit.

Ad (d): Set vk := u— up,, k € N. Since u, u,, € ST(V), we have vx € F(V).
Moreover, u,, < uin V UV implies Vi yup, < Vi, u+ v(y) for all x € V,y ~ x.
Since vx — 0, we can use dominated convergence and get limy Hup, (x) < Hu(x) for all
x € V. For the other inequality, note that V ,u < V, ,u,, + vk(x) forall x € V, y ~ x.
Similarly as before, we get Hu(x) < limy Hup, (x). O

5.2 Picone and Anane-Diaz-Saa Inequalities

Here, we show an inequality which has many applications, one of them will lead the way
to the desired Agmon-Allegretto-Piepenbrink theorem.

For non-local p-Laplacians on graphs and on RY, Picone's inequality is a consequence
of the ground state representation, see Theorem 4.1. However, this inequality is only a
special case of the representation and and can also be achieved more directly, see [FS08,
Proof of Proposition 2.2] or [AM16, Lemma 2.3]. For the sake of being self-contained,
we show an alternative proof here.
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For p-Schrodinger operators on finite graphs a corresponding inequality is given in
[PKC09, Theorem 4.1] or see [Amg08, Lemma 6.2] for the case of the standard p-
Laplacian. Here, we show a Picone-type inequality generalising the techniques on finite
graphs to infinite graphs.

In the continuum, there exists a so-called (pointwise) Picone identity for the p-
Laplacian, see e.g. [AH98; BF14; PTTO08]. Both proofs of Picone's, the local and the
non-local case, use a pointwise identity resp. inequality. Here, we employ the following
result which also shows, why we cannot hope for an identity in the non-local case in
general (without adding a remainder term). In the local case, one has an identity because
of an application of the chain rule.

Lemma 5.6 (Lemma 4.1 in [PKC09]) Let
f:R3 — R be such that

f(a, b, c)=la—bP +a]” (c — 1)V 4 |pP(1/c — 1)1

Then f > 0 on {(a, b,c) € R3:a,b>0,¢c> O}. Furthermore, f = 0 if and only if
b= ac.

Now we can show easily the following statement, the Picone inequality.

Lemma 5.7 (Picone-type inequality) Let u,v € C(X) such that v(x), v(y) > 0 for
some x,y € X. Then, the following pointwise Picone-type inequality holds,

ul®
yp—1 )

|Vx,yu|p > (vx,y‘/)<p_l> (vx,y

LetV C X, and assume that v > 0 on V. Then for all x € V the following integrated
Picone-type inequality holds,

_ ulP
5 800) (9P — () (70, 0 ) 20

yev

where we allow the sum to be oc.

If V' is connected and u > 0, then equality in the inequality above implies u = Cv
on V for some constant C > 0.

Moreover, u = Cv on V' for some constant C > 0 implies that we have equality in
the inequality above.

In particular, we get for all ¢ € Co(V) and 0 < v € F(V) the following Picone-type
inequality for the divergence part of the p-energy functional,

LS b)) [Vl > (Lv, 120
2 1y X,y(p - ’Vpil V-

X, yeX

Proof. Firstly, we consider u > 0: Applying Lemma 5.6 with a = u(x), b = u(y) and
c = v(y)/v(x) yields the first pointwise inequality. Hence, every summand is non-
negative which gives the second inequality.
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Moreover, if we assume equality and v > 0, then again by Lemma 5.6 this implies
that every summand vanishes. Thus, for a fixed o € V we get for all y € V, y ~ o, that
u(y) = u(o)v(y)/v(o). Set C = u(o)/v(o0). Since V is connected we get u = C v on
V.

Furthermore, if u = C v for some C > 0 then we clearly have equality.

For arbitrary u € C(X), substitute u by |u| and use the reverse triangle inequality.

The latter statement of the lemma follows from Green's formula, Lemma 2.7. O

Remark 5.8 Another proof of Lemma 5.7 can be obtained as follows. By [FS08,
Lemma 2.6] (or using the refinement (4.10)), we have for all p € [1,00), t € [0, 1]
and a € R that

la—tlP > (1-t)P~*(|al” - t).

For p > 1, this inequality is strict unless a =1 or t = 0.

Using this inequality and defining a and t properly, we get the desired pointwise
estimate to prove Lemma 5.7. Indeed, first of all note that if u(y) = 0 for some y € V,
then without loss of generality, we can assume that u(x) > 0, x € X, and we get the
pointwise estimate using the inequality

1>1-aff?(1-a), a>0.

We turn to u(y) > 0 for all y € V. Then, assume that v(x) > v(y) (and by a symmetry
argument we get the other case). Then, set t = v(y)/v(x) and a = u(x)/u(y) and
apply the inequality. This yields in

[V y(uv)]P? > |vx,yV‘p_1 Viy([ul?v).
Setting ¥ = uv, we get the Picone inequality.

The following first consequence of Picone's inequality is a discrete version of [PP16,
Lemma 3.3], see also [DS87, Lemme 2] and [Ana87]. See also [GS98, Lemma 4] and
[PR15, Lemma 3.5] for special cases of this inequality in the continuum. It is an extension
of [PKCO09, Corollary 4.1] to infinite graphs.

The following Anane-Diaz-Saa-type inequality will be used to prove characterisations
of the maximum principle on finite subsets, Proposition 5.17.

Proposition 5.9 (Anane-Diaz-Saa-type inequality) Let K C X be finite. Let u; €
F(K), uy>0o0on K, i=1,2. Then,

L L
<UfU11 - Uguzy uy = uz)k =
p p u1(y) (p—1) () (p—1) (5.1)
xeK,ZyG?K Pl ) (1) = 5) (1 N U1(X)) - (1 N uz(x)) '

Furthermore, if K is connected, then equality implies u; = Cup on K for some constant
C > 0. Moreover, if uy = Cus on K U OK, then we have equality, and the sums are
non-negative.
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The right-hand side in (5.1) is non-negative if for each pair (x,y) € K x 0K one of
the following holds true:

(a) ui(x) = wa(x), or
(b) ni(x)a(y) = ur(y)uz(x), or
(c) ui(x) > ua(x), and ur(x)u2(y) < ur(y)ua(x), or
(d) ui1(x) < ua(x), and ur(x)uz(y) > ur(y)ua(x).
In particular, if p,% € C(K), ¢, % >0o0n K, ie.,, o =19 =0o0on X\ K. Then,

P _ P P _ (P
Lo S (L, L8

If K is connected, then equality implies ¢ = C 1 for some C > 0. Moreover, if o = C
for some C > 0, then we have equality.

Yk > 0. (5.2)

Proof. Set for all x € X
ur(x) — ub(x) ub(x) — uf (x)
uP~1(x) w21 (x)

Note that the finiteness of K implies that the following sums are all absolutely converging.
Thus, we calculate using Green's formula, Lemma 2.7,

Z (Lur ()91 (x) + Lun(x)a(x))m(x)

xeK

P1(x) == 1x(x) Po(x) = 1k (x)

1 _ _
= 5 Z b(X, Y) ((vx,yul)<p b vX,y"-;[/l + (vx,yU2)<p b v)<,y'¢2)
x,yeK

Y ) (Vo) P 100 + (T 1) ()

xEK,yeoK
_1 2 p_ (p—1) uy
= b(Xv)/) |vx,yU1‘ (vx,yu2) v><,y =)
2 uP
x,yeK 2
1 E p_ (p—1) 5
+ b(XvY) |v><,yu2| (Vx,yul) Vx,y 3
2 uP
x,yeK 1
Y By ((Try )PV 100 + (Tay 1) O () )
xXEK,yeoK

Using Picone's inequality, Lemma 5.7, yields in

2 ) b)) (Teyn) P 00 + (Vo 12) Y ()

xEK,yeoK

(p—1) (p—1)
= 2 b(x,y>(uf<x>—u5<x>)((1_“1<y>) _(1_u2(y>) )

xEK,y€K u1(x)
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This shows the first statement. Now we turn to the equality: We have used an inequality,
which might be an equality, Picone's. Thus, we can read of Lemma 5.7 that if K is
connected, we have u; = Cus on K for some C > 0.

Since x — xP, x > 0, is strictly monotone increasing and x — (1 — x)<p_1> . x € R,
is strictly monotone decreasing for p > 1, we get the desired non-negativity of the sum
in the left-hand side in (5.1) if (a)-(d) are fulfilled. Especially, the left-hand side is
non-negative if (a) and (b) are satisfied, which is fulfilled for u; = Cuy on K U OK.

Now we turn to the last assertion of the statement. Since ¢ = 0 =1 on 0K, (b) is
fulfilled on K UOK. Thus, we have an equality in (5.1). This gives the desired result.(]

Remark 5.10 The statement before can be generalised in the flavour of Lemma 3.3 in
[PP16] for shifts of v, i.e., for functions u; + o where o is a fixed constant. Since we
do not need this generalisation here, we omit it.

5.3 Principal Eigenvalues on Finite Subsets

In this section, we have a closer look on finite subsets of X. Since X can be exhausted
by increasing but finite subsets, the following results can be seen as a toolbox.
Let V C X, and recall that A\o(V) = Ao(V, H) is defined via

hlw) _ inf h(p). (5.3)

Xo(V) = inf = n
o(V) 0eCc(V).020 [l@llp m  wecc(V).ligll? =1

The following proposition collects and slightly generalises various results in [PKC09,
Section 3] and [PC11, Section 4]. There, only finite graphs are considered. Confer [PP16,
Theorem 3.9] for an analogue in the continuum. On finite graphs associated with linear
Laplace-type operator such a result is also known as a Perron-Frobenius-type theorem,
see [KLW21, Theorem 0.55].

Proposition 5.11 (Variational characterisation of the principal eigenvalue) Let
the set K C X be finite. Then there exists a positive function @g € C(K), i.e., g =0
on X\ K and ¢y > 0 on K, such that

Hpo = Ao(K) (o) P on K.

The function g is a minimiser of (5.3).

Moreover, assume additionally that K is connected. Then, \o(K) is a generalised
principal eigenvalue on K, that is, there exists a strictly positive generalised p-eigenfunc-
tion wg € C(K) to A\o(K) on K. Furthermore, \o(K) is simple and any generalised
p-eigenvalue X > X\o(K) of H on K does only have eigenfunctions which change sign.

Proof. Let Ao = Xo(K). The set {9 € C(K) : [l¢ll; , = 1} is compact since C(K)
is finite dimensional. Hence, there exists a non-trivial minimiser g € C(K) of h with
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loollp, = 1. Let t € (—1,1) and consider ¢t , = o + t 1, for some fixed z € K.
Then [[Qe.z[l, m # 0 and Xo < h(@e,2)/ ez llp mi e

0< h(‘pt,z) — Ao H‘Pt,z”,ﬁ,m

where the right-hand side has a minimum in t = 0. Hence, using Lemma 2.8,
d _
0= -h(@rz) = Xolloeslllm| = PHE0(2)m(2) = Xop (0o(2)PH m(2).

Thus, Hpo = Ao (90)P on K.

Now we show that ¢g can in fact be chosen to be non-negative on K. By the
reverse triangle inequality, h(wo) > h(|pol), and [lpoll, , = Illolll, - Hence, Ao >
h(lwol)/ llol I}, - Clearly, we have by the definition of Ao that Ao < h(|ol)/ [l1wollI5,
Thus, the non-negative function |@g| € C(K) solves the desired equation.

Now, we assume for the rest of the proof that K is connected. Since ¢ is non-trivial
there exists 0 € K such that |pg(0)| > 0. Thus, by the Harnack inequality, Lemma 5.1,
we get that o] > 0 on K.

We show that X\ is simple: We have seen that if g is an eigenfunction to Ag on K,
then so is |¢g|. Hence, h(po) = h(|pol), which is equivalent to

Z b(x,y) [Vx.ypol” = Z b(x,y) [Vx.y l@oll”.
x,yeK x,yeK

By the reverse triangle inequality we have |V, 00| > |Vx., |@ol| for all x ~ y in K.
This implies that
[Vxy@ol = [Vxy lwoll, x~yinK,
which yields either @y = || on K or wo = — || on K. Altogether, any eigenfunction
to A has constant sign.
Let @1 be another eigenfunction to Ag on K. By the previous consideration, we can
assume without loss of generality that ¢g, ¢1 > 0 on K. Then,

p P p p
Yo — ¥ Y1 — 9
(Lo, %)K + (L1, %)K
©q 2
p
¢ 1 g — ©h ¢ 1 Pl
= (o= )wg . ok + (o - e :pp_10>K
0 1

= 0.

By the Anane-Diaz-Saé inequality (5.2), this implies that ¢g = C ¢; for some C > 0
and hence, \g(K) is simple.

We still have to show that any eigenvalue A > X\o(K) of H on C(K) can only have
eigenfunctions which switch sign. Let € > 0 and assume that 0 < @) € C(K) is an
eigenfunction to A. Then by the Anane-Diaz-Sa4 inequality (5.2), we have

P _ ~pyP PP _ AP
® Erp Erp ®
0 < (Lo, 7O<pp_l 2V i+ (Lo, 7(;,,_1 Dy = (o — X\ of —ePpd)k
0 N

Choosing € small enough leads to a contradiction. O
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A consequence of the previous proposition is the following statement. For a counter-
part in the continuum see [PR15, Lemma 5.1].

Corollary 5.12 Let V' C X be connected and K C V be finite and connected. If
)\0(\/) > 0, then )\0(/’() > 0.

In particular, if h is non-negative on C.(V'), then the principal eigenvalue is strictly
positive on any finite and connected proper subset of V.

Proof. Since V' # K there exists a finite and connected subset K C V' such that K C K.
We clearly have \g(K) > Xo(K) > Xo(V). So, it remains to show that the first inequality

is strict.
By the previous statement, Proposition 5.11, there exist strictly positive eigenfunc-

tions ¢ € C(K) and ¢ € C(K) to the principal eigenvalues A\o(K) and X\o(K), respec-
tively. Furthermore, we have

(o (K) = Xo(K)) el m = hl@) = Xa(K) l0ll}

1 c o1 QP
== P = p—1 ¥
=3 L b Vel + (= 200)) @7 2
yeX
1 . P
- P
= 2xyZ€X b(x,y) [Vxyol” = (LB, )
Assume that A\g(K) = Xo(K), then the calculation above yields
1 p - ¥
= Y b(xy) [Vayol? = (LG, =)k (5.4)
2 X, yeX (pP
By Green's formula, Lemma 2.7, we have for the right-hand side
L P 1 <\ (p— ©P
(Lo, (z,p—1>K ) Z b(x,y) (vx,y(P)<p Y vX,y(z)p—]_
x,yeK
(1) ©P7(x)
PN I =1
xEK,yedK ¥
For all y € OK and x € I, we have
p_ ~\(p—1) (pp(X) _ p_ = p—1 (pP(X) —
|vxy(»0| (ny‘P) @pfl(X) (p(X) (p(X) @pfl(X) 0. (55)

Thus, we have equality in (5.4) for the summands outside of K x K.
By the pointwise Picone inequality, Lemma 5.6, with a = ¢(x), b = ¢(y) and
c=@(y)/@(x), we infer that
P
7o

|vx.y(»0|p - (v><,y(.5)<p_1> vx,y >0, X,y € K. (5.6)
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Hence, by (5.5), we have equality in (5.4) if and only if we have equality in (5.6). By
Lemma 5.6, we have equality in (5.6) if and only if ¢ = C® on K for some constant
C > 0. But since ¢ =0 on K\ K # (), we get a contradiction to the positivity of @ in
K. Hence, \o(K) > X\o(K). O

As a simple consequence, we can show an alternative proof of parts of the local
Harnack inequality, Lemma 5.1.

Corollary 5.13 Let h is non-negative on C.(V), V. C X connected with at least two
elements. Then, deg+c > 0 on V.

Proof. By Corollary 5.12 and since V is not a singleton, we have A\g({0}) > Xo(V) >0
for all vertices 0 € V. Moreover, m(0)X,({o}) = h(1,) = deg(o) + c(0). O

Remark 5.14 (A1) After this short investigation on Xg, it is natural to ask for similar
results on the next eigenvalue A1. For the free p-Laplacian, A1 has been discussed on
finite graphs in [BH09; Ber+17b] and on locally summable graphs in [GHJ21; KM16],
and it would be very interesting to see if this can be generalised to our quasi-linear
Schrédinger operator on locally summable graphs. For results on compact Riemannian
manifolds associated with the free p-Laplacian confer [Vall2a; Vall12b].

5.4 Poisson-Dirichlet Problems on Finite Subsets

Under the additional assumption that h is positive on specific subsets, we can show the
existence of solutions to certain Poisson-Dirichlet problems. This is done next and the
following lemma is a discrete analogue of [PP16, Proposition 3.6 and Proposition 3.7].
The following lemma is needed e.g. in characterisations of the maximum principle on
finite subsets, Proposition 5.17. See also [PKC09] for finite graphs.

Lemma 5.15 (Solutions of Poisson-Dirichlet problems) Let K be finite. Let g €
C(K), and f € C.(X \ K). Furthermore, define

Kr={pe C(X):p="FfonX\K}CCX).
Assume that h(p) > 0 for all ¢ € Kr. Then the functional j = j;: D — R defined via

J(@) = h(p) — p(g. )k, e D,

attends a minimum in K¢. Moreover, any minimiser of j on K¢ solves the Poisson-
Dirichlet problem

Hu =g onK
u =f onX\K.

Furthermore, if f > 0 on OK or g > 0 on K then there exist minimiser which are
non-negative on K.

In particular, if also K is connected, then g > 0 on K and f > 0 on 0K, or g > 0
on K, supp f NOK = {xo} and f(xg) > 0, imply that the minimiser is unique.
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Proof. For all ¢ € Kr with |||, ., = 1 we have for any C > 0,

J(Cp) = CPh(p) — Cp{g. 0)k-

Since h(p) > 0, we have j(Cp) — oo as C — oo, i.e., j is coercive. In particular, if
(¢n) is a minimising sequence of J, it is bounded. Thus, on the closed subset Kf of
the finite dimensional space C(K U supp f), (¢,) has a convergent subsequence which
converges to some g € Kr.

Moreover, since K is finite, ¥ — p(g, ¥)k is a bounded linear functional on C(K)
and thus, continuous. Moreover, also h is lower semi-continuous. Altogether, j is lower
semi-continuous. Hence, —0o < j(¥o) < liMp, o0 j(@n, ) = infuek, j(©).

Now, we show that any minimiser of j on K¢ solves the Poisson-Dirichlet problem.
Let ¢ be such a minimiser. Since for any z € K we have ¢ +t1, € Kf C C.(X) where
t € R, we calculate using Lemma 2.8,

0= 2ilp+t1)],_o = PHe()m(2) — pg(2)m(z).

which shows that ¢ solves the corresponding Poisson-Dirichlet problem.

Let now assume that f,g > 0. For all 9y € K¢ we get by the reverse triangle
inequality, that h(¢) > h(]¥|). Since f is non-negative, we have ¥ = || = f on X\ K,
and || € K. Since g is non-negative, we also get j(¥) > j(|1|). Thus, there exist
minimiser which are non-negative on K.

The uniqueness follows from the Anane-Diaz-Saé inequality, Proposition 5.9. Here
are the details: Let u, v be such that Hu= Hv=g>0on Kandu=v=1f >0on
OK. By either g > 0 on K or f(xg) > 0 for some xg € OK, we get u # 0 # v. By the
Harnack inequality, we get that v, v > 0 on K. Then, (5.1) is fulfilled and we can apply
Proposition 5.9. This gives

C ,q uP—vP c ,.q VP—uP
0§<9—EUP 1 Yk +(g——vP ST K
P _ P
_ p-1 _ p-1y Y TV
- <g(V u )v UP*IVP*1>K <0.

Again by Proposition 5.9, this implies that v = C v on K for some C > 0. If g(x) > 0
for some x € K, then we get immediately from the calculation above that that C =1
and u = v on K. Thus, assume that g = 0 on K and supp f NOK = {xp}. Now Hv =0
on K, and v =f > 0 on 8K, can be rewritten for all x € K as

D b0, y) (Vay V)P + cOOvPHx) = Y blx,y) (v(x) = F(y)) Y

yeK yeoK
= b(x, x0) (v(x) — F(x0)) """
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On the other side, u = Cv, Hu=0and u=f > 0 on OK, implies

(p—1)
D b0 y) (Vo)™ + cOvPHx) = 3 blx.y) (V(X) - f(cy))

yeK yedK

— b(x, o) (v(x) - f(g‘)) ) e

By the monotony of x — (x)®~ on R, we get C = 1. O

Remark 5.16 If we assume in the statement above that K is infinite but ¢ > 0 on K¢
and ¢ > 0 on X, then we can mimic the argumentation in Lemma 5.15 on Sobolev-type
spaces on graphs. Since they are reflexive Banach spaces, and j is lower semi-continuous
and coercive on Ky, we can use [Str08, Theorem 1.2] which yields the existence of a
minimiser.

In the case p > 2, the existence of a solution of the Poisson-Dirichlet problem in
Lemma 5.15 can also be proven differently: One might use the non-linear Fredholm
alternative, see [ADV04, Theorem 12.10], which yields that the restriction of H to any
compact set is surjective. Hence, the Poisson-Dirchlet problem can be solved.

Moreover, note that the lemma can be generalised slightly by considering the set

Kr>={p e Cc(X):9p>fonX\K}

instead of Kr. Since we do not need it in the following, we stay with the special case.

5.5 Characterisations of the Maximum Principle on Finite
Subsets

The basic strategy to prove the Agmon-Allegretto-Piepenbrink theorem, Theorem 6.1,
the existence of Green's functions and potentials, Theorem 9.4 and Theorem 10.1 or
the existence of increasing null-sequences, also part of Theorem 10.1, will be to analyse
increasing exhaustions of finite and connected subsets of X. Adding on every such subset
a potential that decreases as the exhaustion increases, and analysing the corresponding
limit will then yield the proof. Thus, we have to study properties of energy functionals
which are not only non-negative, but strictly positive on a finite and connected subset K,
i.e., Ao(K) > 0. We show here that this is equivalent to the existence of non-negative
superharmonic functions in C(K'). Moreover, A\o(K) > 0 is also equivalent to the validity
of the maximum principle on K.

For the following proposition confer also [PKC09, Theorem 4.2] for finite graphs.
Confer [GS98, Theorem 5] and [PP16, Theorem 3.10] for analogue results in the con-
tinuum. Moreover, we refer to the monograph [PS07] for details and history of the
maximum principle in the continuum.

Let us define what we actually mean by the maximum principle: Let V C X. We say
that H satisfies
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» the weak maximum principle on V if for any function s € F(V/) such that Hs > 0
onV and s > 0 on &8V we have s > 0 on V, and

» the strong maximum principle on V if for any function s € F(V) such that Hs > 0
on V and s > 0 on 8V we have either s >0 ors=0on V.

Proposition 5.17 (Characterisations of the maximum principle) Let K C X be fi-
nite. Consider the following assertions:

(i) H satisfies the weak maximum principle on K.
(ii) H satisfies the strong maximum principle on K.
(i) The principal eigenvalue on K is positive, i.e., Ao(K) > 0.

(iv) For any non-negative function g € C(K) there exists a non-negative function
u € C(K) such that Hu = g on K. This function is a minimiser of the functional
Jg defined in Lemma 5.15 on C(K). The minimiser is unique for g = 0, and can
be chosen to be strictly positive on K if g > 0.

(v) For any non-negative function g € C(K) there exists a unique non-negative func-
tion u € C(K) such that Hu = g on K, which is strictly positive on K if g # 0.

If K is additionally connected, then all assertions are equivalent.
If K is only finite, then (ii) <= (iii)) = (iv), (i) = (i), and (v) = (iv).

Proof. We set A\g = \o(K).

(i) = (i), and (v) = (iv) are trivial.

(ii) = (iii): We prove the contraposition, therefore let us assume that A\g < 0. By
Proposition 5.11, X\g is an eigenvalue of H on K with positive eigenfunction g € C(K).
Let 99 = —qg. Then,

Hipo = Ao (%0)P™Y >0 on K,

and Yo < 0 on K. This contradicts (ii).

(iii) == (ii): We prove the contraposition. Therefore let v € F(K) such that
Hv >0on K, v >0 on 0K and v(xy) < 0 for some x, € K. Let p € Cc(K) = C(K)
be defined via ¢ = v A0 on K. Then, ¢ <0 and pHv < 0 on X. Moreover,

> (VNP Vo) =Y c(x) eI

xeX xeK

Furthermore, for all x € X and y ~ x we have

(Vy V)P 0(x) > (Vi 0) P (),

which implies that

> Hv()e(x) 2 Y He(x)p(x)

xeX xeX
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Altogether, h(p) < 0 which gives A\g < 0.

(i) & (iii) == (iv): Firstly, the existence follows from Lemma 5.15 which is
applicable due to (iii) (note that here f = 0).

Secondly, we show the uniqueness for g = 0: Let 0 < u,v € C(K) be such that
Hu = Hv = g on K. By (ii), we get that these solutions are either strictly positive or
zero on K. If u = 0 then we must have g = 0. If there would be v # 0 such that
Hv = 0, then this would imply Ag < 0 which contradicts the assumption A\g > 0, i.e.,
(iii). Hence, we have uniqueness for g = 0.

Thirdly, if g > 0, then by the discussion before and (ii), we get v > 0 on K for any
0 < u e C(K) such that Hu = g on K.

Now, we additionally assume that K is connected.

(i) = (ii): This is a direct consequence of the Harnack inequality, Lemma 5.1.

(iii) & (iv) = (v): The existence is ensured by (iv) as well as the uniqueness for
g = 0. Since K is connected, we get the uniqueness for g > 0 by Lemma 5.15 which is
applicable because of (iii).

(v) = (iii): By (v), we can assume that 0 < u € C(K) and 0 < g € C(K) be such
that Hu = g on K. Let @g be an eigenfunction to Ao on K. Since K is connected, we
have by Lemma 5.11 that g > 0 on K. Let C = maxyek U(x)/po(x), then u < Cypq
on K and by Proposition 5.9

CPpp — uP

uP — CPyh .
Cr=1ph~!

0<{Lu, o1

)k + (L(Cpo),

C C
< (S PR~ WPk + Do — S, CP - )

= (o, CPyp — uP)k.

Assume that A9 < 0. This implies that we have equality in the calculation before and by
Proposition 5.9, we get that ¢g = Cu for some C > 0. Hence,

0> Aofp_lwgfl = H(Cypo)=Hu=9g>0 on K.
This contradicts the assumption g # 0 and thus \g > O. O

If Ao(K) > 0 for a connected and finite set K C X, then Proposition 5.17 implies
the existence of local Green's functions on K, i.e., if A\g(K) > 0, then for any y € K
there exists a function fo: K — (0, 00) such that

HGf =1, onK.

One of the next tasks is to give a criterion for having a Green's function globally on
the whole graph. We will later see that a global Green's function exists at all x € X if
and only if h is a subcritical energy functional in X.

However, in the next section we do not turn to subcriticality but to non-negativity
and show that the non-negativity of energy functionals is equivalent to the existence of
a globally positive p-superharmonic function.






6. The Agmon-Allegretto-Piepenbrink
Theorem

A mathematician, on the other hand, has no material to work with
but ideas, and so his patterns are likely to last longer, since ideas
wear less with time than words.

The mathematician’s pattern, like the painter’s or poet's, must be
beautiful; the ideas, like the colours or the words, must fit together
in a harmonious way.

G. H. Hardy, A Mathematician’s Apology, p. 84

In this chapter, we turn again to global results and show our next main result (after
Theorem 4.1): a discrete non-linear version of the Agmon-Allegretto-Piepenbrink theorem
for non-negative p-energy functionals associated with p-Schrédinger operators on X.

Agmon-Allegretto-Piepenbrink-type theorems usually state that the non-negativity of
an energy functional is equivalent to the existence of a strictly positive superharmonic
function with respect to the corresponding Schrédinger operator.

Since in [All74; Pie74] such results were proven first, many versions and applications
of this theorem have been established. We note [PP16, Theorem 4.3] for a recent
generalisation in the continuum, [LSV09] for a corresponding result on strongly local
Dirichlet forms and [KPP20b, Theorem 4.2] for a corresponding version for linear (p = 2)-
Schrédinger operators on graphs. We generalise the result in [KPP20b] to p € (1, o)
and to subsets of X.

Theorem 6.1 (Agmon-Allegretto-Piepenbrink-type theorem) Let p > 1 and V C
X. Then the following assertions are equivalent:

(i) The p-energy functional h is non-negative on C.(V);

(ii) there exists a function which is strictly positive in V/, vanishes in X \ V, and is
p-superharmonic in V;

(iii) there exists a function which is strictly positive in V' and is p-superharmonic in V.

Moreover, if the graph is locally finite on the infinite set V/, then the above is also
equivalent to following assertions:

(iv) there exists a function which is strictly positive in V/, vanishes in X \ V, and is
p-harmonic in V/;

(v) there exists a function which is strictly positive in V' and is p-harmonic in V.

49
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Clearly, if the graph is finite, that is, X is finite, then the non-negativity of the energy
does not imply the existence of a positive harmonic function, see [KLW21, Corollary 0.56]
for p = 2 and confer also Proposition 5.17. It is natural to ask whether the implication
(i) = (v) in Theorem 6.1 does also hold for infinite graphs which are not locally finite.
The following two examples show that this is in general not the case. The examples are
motivated by an example for p = 2 in [HK11, p. 185].

Example 6.2 (Star graph and free p-Laplacian) Recall the star graph introduced in
Example 3.9: Let (X, b, m) be a graph on X = Ny such that for all n, k € Ny we have
b(n, k) > 0 if and only if either n = 0 or k = 0. Moreover, set ¢ = 0. Thus, h is
non-negative on C.(Np). For any function u € F, we have for all k € Ny

Lu(k)=—-Y_ ;’EZ% Lu(n).
n#k

Hence, every p-superharmonic function is p-harmonic. This shows that there are graphs
which are not locally finite and for which we have (i) <= (v).

Example 6.3 (Star graph and strictly positive or negative potentials) Consider a-
gain the star graph from Example 3.9, but this time we add a potential ¢ € C(Np) with
fixed sign, i.e. c is strictly positive or strictly negative on Ng. For any non-negative
p-harmonic function u € F, we have for any k € Ny

P = = Y S
n#k

which implies that u = 0. In particular, the generalised hydrogen atom and the gener-
alised harmonic oscillator on a star graph can only have non-negative strictly p-super-
harmonic functions apart from the trivial function. Moreover, in the case of the gen-
eralised hydrogen atom, we do not have a non-negative p-energy functional and thus,
no positive p-superharmonic function at all. This shows, in the case of positive poten-
tials, that there are graphs which are not locally finite and for which we do not have
(i) = (v).

It would be very interesting to have a characterisation of graphs for which the
non-negativity of the p-energy functional is equivalent to the existence of a positive
p-harmonic function. Even in the linear (p = 2)-case this is an open problem. Note that
on RY, we actually have (i) <= (v), see [PT07; PP16].

The following lemma in combination with the Agmon-Allegretto-Piepenbrink theorem
shows that for any graph with critical p-energy functional we have that (i) <= (v). So,
further investigations are needed on non-locally finite graphs associated with subcritical
p-energy functionals.

Lemma 6.4 Let V C X and u € F(V) be strictly positive on V' such that Hu >
guP=t >0 on V for some non-negative g € C(V'). Then, we have

h() > llellb gm =0, @ e Ce(V).
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In particular, h is non-negative on C.(V).
If h is critical in V/, then any strictly positive p-superharmonic function in V is p-
harmonic on V.

Proof. The first statement is a direct consequence of Picone's inequality, Lemma 5.7.
To be more specific, Picone's inequality implies

h(@) > (u'"PHu, lplP)v > (g.]0|")v > 0.

The second statement is now a direct consequence. Indeed, let u be a strictly positive
p-superharmonic function in V. Set w = (Hu)/uP~! > 0. Then we can use the previous
calculation with g = w to derive h > (wm), on C.(V). Because h is p-critical we get
w = 0, and u is p-harmonic in V. O

Remark 6.5 The first statement in Lemma 6.4 can be sharpened and generalised via the
ground state representation, Theorem 4.1, but here the approach via Picone's inequality
is sufficient.

Note that if V' is connected, we get by the Harnack inequality that any positive p-
superharmonic function is strictly positive, and thus the assumption in Lemma 6.4 can
then be weakened softly.

Proof (of Theorem 6.1). (i) == (ii): Firstly, assume that V is connected. Let (K,)
be an increasing exhaustion of V' C X with finite and connected sets, and let 0 € Kj.
Moreover, let H,, be the p-Schrédinger operator we obtain by adding m/n to the potential
c of H, n € N. Then by the definition of A\g in (2.2), for all n € N

Hence, by Proposition 5.17, for any sequence (g,) of positive functions on K, there
exists a unique positive function u, € C(K,) such that H,u, = g, on K.
Fix ng € N. Then, for all n > ng

Hpolin = (1//70 — 1/n)uﬁ_1 +9,>0 on K.

Hence, (un)n>n, is a sequence of p-superharmonic functions on K, with respect to Hp,.
Without loss of generality, we choose g, such that u,(0) = 1 for all n € N (take e.g.
gn = Cp - 1y, Xp € Kj, and specify the positive constant C,, accordingly). Thus, we
have that (Un)p>n, is in SF(Kn,, Hny). Applying the convergence of solutions principle,
Proposition 5.5, we get the existence of a pointwise converging subsequence (up,) to
some U € ST (Kp,, Hn,) for all ng € N. In particular, u is p-superharmonic on K, with
respect to H,, and by the Harnack inequality, Lemma 5.1, we have that v > 0 on Kj,.
Furthermore, we notice that for all x € K,

1
0 < Hpyu(x) = Hu(x) + n—up_l(x),
0
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ie., —uP™l/ng < Hu on K,,. Letting ngp — oo, we get the desired positive p-
superharmonic function on V' with respect H. Since V' is connected, we get by the
Harnack inequality, Lemma 5.1, that this positive p-superharmonic function is strictly
positive in V. By the construction, we get that u = 0 on X\ V, and the first implication
is proven for connected V.

Secondly, if V' is not connected, then we can decompose it in a (possibly finite)
sequence of connected components (V;). By the construction above, we get in every Vj,
that there is a function u; € F(V;) such that u; is strictly positive and p-superharmonic
on Vj, and vanishes on X \ Vj. Hence, we can simply add all uj, to obtain the desired
function. To be more precise, the pointwise defined function u =) _; u; is strictly positive
and p-superharmonic on V/, and vanishes on X \ V.

(i) == (iii): This is trivial.

(iii) = (i): This is ensured by a consequence of Picone’s inequality, Lemma 6.4.

Now, we assume that the graph is locally finite on V.

(iv) = (v): This is trivial.
(v) = (i): This follows also from Lemma 6.4.

(i) = (iv): Here we follow the proof of (i) == (ii) verbatim, where we note that
Hu = 0 follows then from the convergence of solutions principle, Proposition 5.5. U



7. Comparison Principles

The best mathematics is serious as well as beautiful — ‘important’ if
you like, but the word is very ambiguous, and ‘serious’ expresses
what | mean much better. [...] The ‘seriousness’ of a mathematical
theorem lies [...] in the significance of the mathematical ideas which
it connects.

G. H. Hardy, A Mathematician’s Apology, p. 89

In Chapter 6, we have seen that the existence of a positive p-superharmonic function
is equivalent to the non-negativity of the p-energy functional. Now, we want to show
that the existence of a specific positive p-superharmonic function — the so-called Green's
function — is equivalent to the subcriticality of the p-energy functional. Comparison
principles will be the toolbox for the proof of the equivalence.

In the linear case, comparison principles and maximum principles are the same, see
e.g. [KPP20b]. In the quasi-linear setting, we can think of maximum principles as special
comparison principles.

In this section, we show the discrete counterpart to [PP16, Section 5]. Firstly, we
show the comparison principle for p-Schroédinger operators with non-negative potentials,
see [Pra04, Theorem 2.3.2] for the p-Laplacian on locally finite graphs and [GS98; PP16]
for the continuous case. Secondly, we will use a sub/supersolution technique to allow
negative values of the potential terms. Thirdly, we will prove a weak comparison principle
for arbitrary p-Schrddinger operators on finite subsets which can be seen as a discrete
version of [PP16, Theorem 5.3].

7.1 A Weak Comparison Principle for Non-Negative Poten-
tials

The following lemma is the non-linear version of [KLW21, Theorem 1.7], see also [HS97a,
Theorem 3.14] for the standard p-Laplacian on finite graphs, and [Pra04, Theorem 2.3.2].

Lemma 7.1 (Weak Comparison Principle for ¢ > 0) Let V C X and ¢ > 0 on V.
Furthermore, let u, v € F(V) such that

Hu < Hv on V,
u< v on dV.

Assume that (v — u) A O attains a minimum in V. Then, u < v on V.
Moreover, in each connected component of V' we have either u = v, or u < v.

53
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Proof. Without loss of generality, we can assume that V' is connected. Otherwise, we do
the following proof in every connected component of V.

Assume that there exists a x € V such that v(x) < u(x). Since (v — u) A O attains
a minimum in V/, there exists xp € V such that v(xp) — u(xg) <0, and v(xp) — u(xg) <
v(y)—u(y) forally € V. Since u < vondV, weget V,, ,v <V, ,uforally € VUOV.
Furthermore, we have

0 < m(x0)(Hv(xo) — Hu(xo))

- Z b(XOy,V) ((vxo,y‘/)<p_l> - (vxo,yu)<p_1>)
yevuov

+ c00) (V00D = (u(x0))*)

<0,

where the second inequality follows from the monotony of (‘)<p*1> on R, and c(xp) > 0.
Thus, we have in fact equality above.

Since c(xp) > 0, then we get that u(y) — v(y) is a non-negative constant for all
y ~ x. By iterating this argument and using that V is connected, we get that u(y)—v(y)
is a non-negative constant for all y € V U38V. Since u < v on 8V, we conclude that
u=vonV. O

7.2 A Weak Comparison Principle on Finite Subsets

The goal of this section is to derive a similar statement as in the previous lemma for
arbitrary potentials (see Proposition 7.3).

The following lemma is the discrete analogue of [PP16, Proposition 5.2]. The strategy
of its proof is to use Lemma 7.1 for the absolute value of the potential part.

Lemma 7.2 (Sandwiching lemma) Let K C X be finite. Let 0 < ge C(K),0< f €
Cc(X \ K) such that Ao(supp f U K) > 0. Moreover, let u,v € F(K), such that

Hu<g<Hv onkK,
u<f<v on OK Usupp f,
0<u<v on K.

Then there exists 0 < w € C(K Usupp f) such that

Hw =g on K,
w="f on OK Usupp f,
u<w<v on K.

Moreover, assume that K is connected. Then, g > 0 on K, or suppf N 0K = {xp} and
f(xo0) > 0, implies that w is unique.



7.2. A Weak Comparison Principle on Finite Subsets 55

Proof. Let K := K Usuppf, and
V={welCK):0<u<w<vinK},

and consider G: K x V — R defined via

G(x, w) ::g(x)+2-;7_((j:))~wp_1(x)20, xeK we,

where c_(x) =0V (—c(x)),x € X. Since A\o(K) > 0, we can use Lemma 5.15, and get
the existence of w € C(K) such that

{Hc

where Hic| == Hpc|pm- Let T:V — D, Tw = w. Then T is monotone. Indeed, let
wi, Wwo €V, wp < wo, then for x € K,

=G(-,w) in K,
f on X\ K,

3

(7.1)

)
Il

H|C‘(TW1(X)) = G(X, W1) < G(X, WQ) = H‘C|(TW2(X)),

and Twy =f =Twsyon X\ K. By Lemma 7.1, we get Twy; < Tw; on K.
Moreover, if w € F(K) is a subsolution of

{Hw —g inkK 72)

w=f onX\K,

then, Hjqw(x) = Hw(x) + G(x,w) — g(x) < G(x,w) for x € K and hence, w is a
subsolution of (7.1). Furthermore, Tw is a solution of (7.1) and by Lemma 7.1 we get
w < Tw on K. Hence,

HTw=g+2- %‘((w)“’—1> —(Tw)* V)< g, onK,

and Tw is a subsolution of (7.2).

Analogously, we get that if w is a supersolution of (7.2), then T w is a supersolution
of (7.2) and Tw < w on K.

Define the sequences (up), (vn) as follows: vy = u, up = T(up—1) = T"u and
vi=V,Vy=T(Vh_1) =T"v. Then u < u, < v, <vforall n €N, i.e., both sequences
are monotone and bounded, and thus they converge pointwise monotonously on X, say
to Uso and V.o, respectively. Using the Harnack principle, Proposition 5.5, for monotone
and dominated convergence we infer

. c_ . _ _
Hux = nIme Hu, =g+ 2? nlbmoo((“”—l)<p n_ (un)<” 1)) —g onk,

and analogously, Hv,, = g on K. Thus, Uy, and v, are candidates for w.
The uniqueness follows now from Lemma 5.15. O
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Note that in the case of ¢ > 0, the local statement of Lemma 7.2 can be obtained
globally using properties of Sobolev-type spaces, i.e., of reflexive Banach spaces.

The following proposition is a discrete analogue of [PP16, Theorem 5.3], confer also
[GS98]. Recall that by Corollary 5.12, we get from h > 0 on C.(X) that A\o(K) > 0
for every connected and finite subset of X. We highlight also that the proof of the
proposition needs that the Harnack inequality can be applied to the smaller set, and
thus, we first have to consider connected components of our finite set K.

Proposition 7.3 (Weak comparison principle for finite subsets) Let K C £ C X,
where K and K are finite, and \o(K) > 0. Moreover, let v € F(K) be such that
Hv >0on K andv >0 on 0KUK\ K. Let u € F(K) such that

Hu < Hv onK,
u<v ondKUK\K.

If either
(a) v e C(K)=C.(K), ie., supp(v) C K, or
(b) ue C(K), Hu>0on K, and u>0on 0KUK\ K,

then u < v on K.

Proof. If ¢ > 0 on K and arbitrary on X\ K then the statement follows from Lemma 7.1.
Thus, we can assume without loss of generality, that ¢ # 0 on K.

Assume, initially, that K is also connected.

Note that Ag(K) > Xo(K) > 0. By the strong maximum principle, Proposition 5.17
((iii) = (ii)), we conclude that either v =0 or v > 0 on K. If v = 0 on K, then
by the connectedness of K, we can apply the Harnack inequality, Lemma 5.1, and get
v =0on KUOAK, and thus, Hv = 0 on K. Hence, Hu < 0 on K and u < 0 on 9K.
Applying the weak maximum principle to —u, we get that t < 0 on K.

Now assume that v > 0 on K and define C = 1V (maxk u/ mink v), then using the
assumptions on u and v, we see that u < C v and C~lu<vin KUOBK. Moreover, by
Proposition 5.17, we can assume that Hv > 0.

Firstly, assume that (a) holds. Furthermore, let 0 < g := Hv and f := v on X, and
consider for a function ¥V € F(K) the problem

Hv =g inK,
eI (7.3)
v=rFf on X\K.

Then Cv is a supersolution of (7.3). By Lemma 7.2, there exists a unique solution
w € C(K) of (7.3) such that < w < Cvon K and w = v on X \ K. Again by the
strong maximum principle, w = 0 or w > 0 on K. If w = 0 on K, then arguing as
above, we get that w = v =0 on 0K and also t <0 on KUOK. If w > 0 on K and
w = v = 0 on OK, then we have uniqueness of the solutions by Proposition 5.17, i.e.,



7.2. A Weak Comparison Principle on Finite Subsets 57

w = v and hence, t < vin K. If w > 0on K and w = v > 0 on 0K, then we have
uniqueness of the solutions by Lemma 7.2, i.e., w = v and hence, v < v in K.

Secondly, assume that (b) holds. The proof is similar to (a), but here are the details:
Let g :== Hu and f := u on X, and consider for a function i € F(K) the problem

i=f onX\K. (7.4)

{HUzginK
Then C~'u is a subsolution of (7.4). By Lemma 7.2, there exists a unique solution
w € C(K) of (7.3) such that C"'u < w < von K and w = u on X\ K. By the strong
maximum principle, w =0 or w > 0 on K. If w = 0 on K, then arguing as above, we
get that w = u =0 on 0K and also v < 0 on K U 9K which is a contradiction to (b).
If w> 0on K and w = u = 0 on OK, then we have uniqueness of the solutions by
Proposition 5.17, i.e., w = v and hence, u < vin K. f w>0on Kandw =u >0
on OK, then we have uniqueness of the solutions by Lemma 7.2, i.e., w = u and hence,
u<vinK.
Now, let K be possibly disconnected. Then, we can apply the previous consideration
to every connected component of K. This yields the result. O

Remark 7.4 We say that the strong comparison principle holds true for h, if the condi-
tions in Proposition 7.3 imply v < v on K unless u = v on K.

In the linear case, i.e., p =2, it is shown in [KPP20b, Lemma 5.14], that the strong
comparison (= maximum) principle holds true for non-negative h on any finite subset
(confer with Proposition 5.17). For p # 2 it is not known if the strong and the weak
comparison principle are equivalent (apart from the trivial case v = 0 where it is a
consequence of the Harnack inequality). In the continuum, a very nice discussion is
given in [FP11, Section 3].

However, if ¢ > 0 on a connected and finite K, then Lemma 7.1, says that the
strong comparison principle holds true for h. So further investigations are needed on not
non-negative potentials and v # 0.

We come back to this notion of strong comparison in Proposition 9.3 in the context
of minimal growth.






8. The Variational Capacity

What parts of mathematics are useful? [...] Euclidean geometry, for
example, is useful in so far as it is dull — we do not want the
axiomatic of parallels, or the theory of proportion, or the
construction of the regular pentagon.

One rather curious conclusion emerges, that pure mathematics is on
the whole distinctly more useful than applied. A pure mathematician
seems to have the advantage on the practical as well as on the
aesthetic side. For what is useful above all is technique, and
mathematical technique is taught mainly through pure mathematics.

G. H. Hardy, A Mathematician’s Apology, p. 133

As the name suggests, there are many different capacities. A good overview is the
monograph [BB11], where many of them are discussed in detail in the quasi-linear free
Lapacian setting on specific metric spaces which include also metric graphs; see also
[Maz11] for various p-capacities on RY. First results go at least back to Choquet. The
variational p-capacity has been studied intensively for the free p-Laplacian on Riemannian
manifolds, see e.g. [HKMO06; Tro99; Tro00]. For results on local p-Schrédinger operators
connecting variational capacity and criticality see [PT07; PT08; PT09]. Results for the
standard p-Laplacian on locally finite graphs can be found in [Pra04]. The capacity
on finite graphs has also been investigated in detail, see e.g. [HS97a] and for a recent
interpretation as a curvature in the linear and finite setting, see [DL22]. The here
presented results are new for p-Schrdédinger operators on general graphs. The capacity
of singletons, however, has been studied briefly by the author in [Fis22].

The weak comparison principle allows us to prove the statement that if the capacity
vanishes at some vertex, it vanishes at all vertices. Using this result, we can obtain a
Green's function globally in the next chapter.

8.1 Basic Properties

Here we show a detailed analysis of the variational capacity. Most of the results seem to
be folklore for the free p-Laplacian, but are new for arbitrary p-Schrédinger operators on
graphs; especially there are new on not locally finite graphs.

Recall from Section 2.2 that the (variational p-)capacity is defined as follows: For all
K CV C X, K finite, we set

capp(K,V)= inf h = inf h(p).
pr(K, V) L (v) L (v)
p=1on K p=1on K

where the second equality follows from the reversed triangle inequality. Let us set
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capy(x,V) = capy({x},V) for x € V. Note that

cap,(K,V)> inf h
Ph( )_wEICC(V), (v)
@>1on K

with equality if ¢ > 0 which follows from h(0V @ A 1) < h(yp) for all ¢ € C(V) in
this case. However, the right hand-side is often used as a definition of capacity, see e.g.
[Tro99]. Taking the left-hand side as a definition yields many small necessary changes in
auxiliary lemmata as e.g. Lemma 5.15 (confer Remark 5.16), but adds no insight on the
theory.

Moreover, for all W C V C X we set

cap,(W,V):=  sup  capy(K,V).
KCW.K finite

The following simple properties show, in particular, that the capacity is an outer
measure.

Lemma 8.1 (Properties of the capacity) Let p € (1,00). Let h > 0 on C.(V) for
someV C X and let W CV; CV, W; CV, ieN. Then the following properties hold:

(a) the inner capacity equals the outer capacity, i.e.,

cap,(W,V) = Wcirq/fcv capp (Y, V);

(b) capy(0,V) =0;
(c) the capacity is monotone, i.e.,

(ca) if Vi C V4 then cap,(W, Vi) = capp(W, 2),
(cb) if Wy C W, then cap, (Wi, V) < cap,(Wa, V),
(cc) if ho > h on Cc(V) then cap, (W, V) > cap,(W, V),

(d) the capacity is subadditive, i.e.,

capp(W1 UWa, V) < capy(Wh, V) + capp(Wa, V),

(e) the capacity is countably subadditive, i.e.,

caph(U Wi, V) < anph(W,-, V):
i=1 i=1

(f) we have equality for monotone limits of exhaustions with respect to the limiting set,
i.e., if (V) is an increasing exhaustion of V/, and (W;) is an increasing exhaustion
of W, then

lim capp(W, Vj) = capy(W, V) = lim cap,(W;, V);
1—00

1—00
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(g) we have equality for pointwise converging potentials with respect to the limiting
potential, i.e., if (c,) is a sequence of potentials such that ¢, — ¢ pointwise, with
corresponding p-energy functional h, > 0 on C.(V), then

lim capy, (W, V) = cap,y(W, V),
n—oo

(h) the capacity of non-negative potentials is determined on the boundary, more pre-
cisely, for K UOK C V finite and ¢ > 0 on K, we have

cap,(KUOK, V) = cap, (0K, V).

Proof. Ad (a): This follows as in [Pra04, Proposition 3.1.5]. Here are the details: We
clearly have “>" since the right-hand side is an infimum. For “<", let € > 0, and
take Y D W such that cap,, (Y, V) < infyycycy capy(Y, V) + €. Moreover, for all finite
K C Y, we have cap,(K,V) < Caph(\A/,V). Since W C Y, we get by taking the
supremum of all finite K € W, cap,(W.V) < capy(Y,V). Taking € — 0 yields the
desired inequality.

Ad (b) and (c): This is clear since 0 € C(V') and by the monotonicity of the infimum
and supremum.

Ad (d): Without loss of generality, assume that the right-hand side is finite. Firstly,
assume that W, i = 1,2, are finite. Let € > 0. Then there are 0 < ¢; € C.(V) such
that ¢; =1 on W; and h(yp;) < cap,(W;, V) +¢€, i =1,2. By a case analysis, we see

(Vay (01 V ©2)[P < |Viy1|” + [Vieywol?, xyeX
Hence,

capp(W1 UWs, V) < h(p1 V @2) + h(p1 A p2)

< h(p1) + h(w2)
< cap,(W1, V) + cap,(Wh, V) + 2¢.

Taking € — 0 finishes the proof for finite W;, i =1, 2.
Now assume that W, i = 1, 2, are arbitrary subsets of V. Let € > 0. Then there are
Ky CWi UWs, and K € W4 N W5 such that

capy(Ky, V) > cap,(Wy UWA, V) — ¢, capy(Kn, V) > cap,(Wi nWh, V) —¢.
Moreover, set K1 = (W1 N Ky) U Kn and K2 = W, N Ky. Using 8.1 (cb), we infer

cap,(Wy UWs, V) + cap,(W1 NWh, V) < cap,(Ky, V) + capy(Kn, V) + 2¢
< capp(K1, V) + capp(Ksz, V) + 2¢
< cap,(Wy, V) + cap,(Wh, V) + 2¢.

Letting € — O finishes the proof.
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Ad (e): This is a consequence of (d) and follows via induction. A direct alternative
proof can be adapted from [Pra04, Proposition 3.2.1].
Ad (f): Let us focus on the first equality. By (ca), we have for all i € N

capy(W, Vi) = cap,(W, Vig1) = capp(W, V) > 0.

Thus, (cap,(W,V;)) is a decreasing sequence bounded from below. Let € > 0 and
choose a finite set K C W. Moreover, there is ¢ € Cc(V) such that ¢ = 1 on K
and h(yp) < cap,(K,V) + €. Since ¢ is compactly supported and (V}) is an increasing
exhaustion of V there is iy € N such that for all j > fy, we have ¢ € CC(\/J-). Hence,
capy(K,Vj) < h(yp) < capp(K,V) + €. Letting € — 0, taking the supremum and the
limit yields the result.

Very similarly to the first equality one can prove the second one. The proof is therefore
omitted.

Ad (g): This follows from the Harnack principle, Lemma 5.2.

Ad (h): By (cb), “>" holds. Let € > 0, then we can find ¢ € C.(V) such that p =1
on 0K and h(p) < cap,(0K,V) + €. Consider ¥ € C(V) defined via ¢ = ¢ on X\ K
and ¥ = 1 on K. In particular, ¥ = 1 on K U8K. Observe that |V, ,¥|” < |V, 0"
for all x,y € X. Since ¢ > 0 on K, we get

cap,(KUOK, V) < h(¥) < h(p) < cap,(0K,V) +¢.
Letting € — 0 yields the result. O

We belief that (d) can be improved as follows: the capacity might be strongly sub-
additive (also known as submodular), i.e.,

cap, (W1 UWs, V) + cap,(Wy NWa, V) < capy (Wi, V) + capy(Wa, V).

8.2 Consequences of the Comparison Principle

Here, we prove the main result of this chapter. For capacities of singletons with respect
to the whole graph and without the connection to the generalised principal eigenvalue,
the following has been proven in [Fis22].

Proposition 8.2 Let V C X be connected and non-empty, and let h > 0 on C.(V). If
there is some non-empty set Wy C V' such that cap,(Wy, V) = 0 then cap,(W,V) =0
for all W C V/, and also \o(V') = 0.

In particular, if h is subcritical in V/, then cap,(W, V) > 0 for all non-empty W C V.

Proof. We divide the proof into several steps.

We start with showing that cap,(Wp, V) = 0 for some non-empty Wy C V' implies
Xo(V) = 0. The preamble ensures, per definitionem, that for all finite and non-empty
Ko C Wy, we find a sequence (¢,) such that 0 < ¢, € C.(V), vo = 1 on Ky
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and h(w,) — 0. Thus, @, # 0, and we can consider ¥, = @,/ [|@nll) . Hence,
lnllp.m =1, ¥n € Cc(V) and () — 0, which implies Xo(V) = 0.

Now we show in two steps that cap,(Wp,V) = 0 for some Wy C V implies
cap,(W,V) =0 for all W C V.

Firstly, we turn to the case where V is infinite. By Lemma 8.1 (cb), we have
for any finite subset Ko C Wy that cap,(Ko, V) = 0. Let (K,) be an increasing
exhaustion of V' with finite and connected sets starting with Ky. Since h > 0 on C.(V),
we have using Corollary 5.12 that A\o(K,) > 0 for all n € Np. Thus, we can use
Lemma 5.15 and get the existence of a function ¢, € C(K,) which minimises h on
Kno = {w € C(Kp): @ =1o0n Ko}. By Proposition 5.17, we get that ¢, > 0 on
K,. By the weak comparison principle, Proposition 7.3, we get that (¢,) is increasing.
Moreover, using Lemma 8.1 (f) we have

0 = capy(Ko, V) = lim cap,(Ko, Kn) = lim h(gn).

Furthermore, for any y € V, there exists ng such that y € K, for all n > ng. Then,
using that (1/¢n(¥))n>n, is bounded and decreasing, we compute using Lemma 8.1 (f),

h
0 < capp(y,V) = lim capy(y, Kn) < lim E,(p”) =0

n—oo pp(y)

Thus, capy(y,V) = 0 for any y € V. Moreover, for any set W C V, we obtain via
Lemma 8.1 (e) using that V is countable,

0 <capp(W,V) <> capy(x,V) =0.
xeVv

Secondly, assume that V is finite, and A\g(V) = 0. If V is a singleton, then there
is nothing to prove. Hence assume that V' has at least two elements x # y such that
V' \ {x} and V \ {y} are connected. Thus, Ao(V \ {x}) > 0 and Xo(V \ {y}) > 0 by
Corollary 5.12. Now set K, =V \{z} for z € {x,y} and n > 1 as in the case of infinite
V. Thus, we get by the monotonicity of the capacity that cap,(o,V) =0 for all 0 € V.
Since the capacity is countably subadditive, we get cap, (W, V) =0 for all W C V.

We are left to show that subcriticality of the p-energy functional implies positivity
of the capacity. Let now h be subcritical in V/, then there exists 0 € V such that
w(o) > 0 for some non-negative function w € C(V), and h > w, on C.(V). Thus,
capp(o,V) > w(o) > 0. Assume that there is non-empty set Wy C V such that
cap,(Wp,V) = 0. Then, by the first part, cap,(o,V) = 0, which is a contradiction.
Hence, cap,(W, V) > 0 for all W C V. O

Remark 8.3 (Alternative proof) Here we want to show an alternative proof without a
case analysis but which is more technical. The proof is inspired by the proof of the Agmon-
Allegretto-Piepenbrink theorem, Theorem 6.1, and the proof before in Proposition 8.2.
Here are the details:

If V is a singleton, then there is nothing to prove. By Lemma 8.1 (cb), we have for
any finite non-empty subset Ko C Wy that cap,(Kp, V) = 0. Let (K,) be an increasing
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exhaustion of V' with finite and connected sets, and let Ko C K;. Moreover, let H, be
the p-Schrédinger operator we obtain by adding m/n to the potential ¢ of H, n € N,
with p-energy functional h,. Then, for all n € N

>\O(Kn, Hn) > 1/” >0, Caphn(KO, Kn) > m(KO)/n > 0.

In particular, h, > 0 on Ko :={p € C(K,) : ¢ =1o0n Koy}, and by Lemma 5.15, we
get the existence of a positive function ¢, € C(K,) which minimises h, on K, i.e.,
hn(wn) = capp, (Ko, Kn). Furthermore, this function solves H,p, = 0 on K, \ Ko,
©n,=00n 0K, and ¢, =1 on Kp. Fix ng € N. Then, for all n > ng

Hioon = (1/n0 — 1/n)@h™t >0 on Ky, \ Ko.

Hence, (¢¥5)n>n, is a sequence of p-superharmonic functions on K, \ Ko with respect to
Hp,. By the weak comparison principle, Proposition 7.3, we get that (¢,) is increasing.
Moreover, using Lemma 8.1 (f) and (g), we have

0 = capy(Ko, V) = lim capp, (Ko, Kp) = lim hn(n).

Furthermore, for any y € V/, there exists ng such that y € K, for all n > ng. Then,
using that (1/©n(¥))n>n, is bounded and decreasing, we compute using Lemma 8.1 (f)
and (g),

| _h
0 < capy(y, V) = lim capp,(y. Kn) < lim_ Jf%) -
n

Thus, capy(y,V) = 0 for any y € V. Moreover, for any set W C V, we obtain via
Lemma 8.1 (e) using that V is countable,

0 < capy(W,V) < Z capy(x,V) =0.
xeVv

This shows the claim.

Remark 8.4 (Ao = 0 but subcritical) Inspired by Proposition 8.2, one might wonder
if a vanishing principal eigenvalue implies criticality. This is not the case as the following
example shows: It is well-known (at least for p = 2) that on the Euclidean lattice Z9,
d > 2, we have XO(Zd) = 0. But Z9 is p-critical if and only if d < p. Confer also with
Corollary 9.13 and Example 10.9.

A consequence of the previous proposition is the following statement.

Corollary 8.5 Let V C X be connected. If h is subcritical in /' with corresponding
positive Hardy weight w € C(V'), then w can be chosen to be strictly positive on V.

Proof. By Proposition 8.2, we have that cap,(x,V) > 0 for all x € V. Moreover,
capp(x,V)-1x, x € V, is a possible w since cap,(x, V) [p(x)|P? < h(p) for all ¢ € C.(V).
Furthermore, let ay > 0 such that } ., ax =1, then also } ., axcap,(x,V) -1 is
a possible w (which is bounded from above pointwise by the first possible weight and
thus the sum is convergent), and thus w can chosen to be strictly positive on V. O



9. Global Results for Subcritical and
Critical Energy Functionals

| have never done anything ‘useful’. No discovery of mine has made,
or is likely to make, directly or indirectly, for good or ill, the least
difference to the amenity of the world. [...] | have just one chance of
escaping a verdict of complete triviality, that | may judged to have
created something worth creating. And that | have created
something is undeniable: the question is about its value.

G. H. Hardy, A Mathematician’s Apology, p. 150

The main result of this chapter deals with the (non-)existence of a particular p-
superharmonic function, the normalised Green's functions. The definition is recalled
from Chapter 2 next. On Euclidean spaces, the following notion of positive harmonic
functions of minimal growth was introduced in the linear case in [Agm82], and was then
extended to weighted p-Laplace-type and weighted p-Schrédinger equations in [PP16;
PR15; PTO7; PT08]. This notion is new on graphs for p # 2. In the linear (p = 2)-
case on graphs, Agmon ground states and Green's function have been discussed for
Schrédinger operators in [KPP20b].

Let V C X be connected and K C V be finite. A function u which is p-harmonic on
V' \ K and strictly positive on VU3V is called positive p-harmonic function of minimal
growth at infinity in V with respect to K, if for any finite and connected subset L C V
with K C K, and any positive function v € F(V'\ K) which is p-superharmonic in V'\ K,
we have

u<vonkK implies wu<vinV\K.

The corresponding set of positive p-harmonic functions of minimal growth at infinity in
V with respect to K is denoted by M(V \ K).

If ue M(V), then u is called a global minimal positive p-harmonic function in V.

If ue M(V\{o})N F(V) for some 0 € V and u is not p-harmonic in o, then u is
called a (global minimal positive) Green's function in V' at o. If, moreover, Hu = 1, on
V/, then the Green's function u at o is called normalised.

Let 0 < @ € Co(V). If u e M(V \'suppep) N F(V) and u is not p-harmonic in
supp @, then u is called a (global minimal positive) Green's potential in VV with charge
©. If, moreover, Hu = @ on V/, then the Green’s potential v is called normalised.

65
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9.1 Minimal Growth At Infinity

We will discuss some properties of functions of minimal growth at infinity here. In this
section, let V C X be connected, and K C V be finite and non-empty.

Note that M(V \ K) € M(V \ K) for all finite K C K C V. On the other
hand, the inverse inclusion seems to depend on the strong comparison principle, confer
Subsection 7.2. To show this, is one goal of this section.

We start with showing that the non-negativity of h implies the existence of a function
of minimal growth at infinity, Lemma 9.1. This lemma needs some notation, which is
also needed in the lemmata thereafter. Thus, while introducing the notation, we show
here the proof of it before stating the result.

Without loss of generality we only need to consider the case K C V. Firstly, as-
sume that V is infinite. Let h be non-negative on C.(V), and let v be a positive
p-superharmonic function in V' which exists by the Agmon-Allegretto-Piepenbrink theo-
rem, Theorem 6.1. Corollary 5.12 implies that X\o(K) > 0 for any finite and connected
K C V. Let (K,) be an increasing exhaustion of V' with finite and connected sets such
that K C Kp. Let u € C(K) be an arbitrary positive function, i.e., supp(v) € K and
u > 0on K. By Lemma 5.15 there exists a positive solution u, € C(K,) of the following
Dirichlet problem

Hw =0 in Ky\K,
w=u inK.

By the weak comparison principle, Proposition 7.3, and the strong maximum prin-
ciple, Proposition 5.17, (u,) is a monotone increasing sequence. Let us set C =
maxyek (U(x)/v(x)) > 0, then again by the weak comparison principle, u, < Cv on V.
Define the pointwise limit B

u” = lim u, > 0.
n—oo

Applying the weak comparison principle once more, we see that u* does not depend on
the choice of the exhaustion. By the convergence of solution principle, Proposition 5.5,
we get HuK =0 on V \ K.

If v > uon K, then by the weak comparison principle, Proposition 7.3, v > up, on
any K,, n € N. Thus, v > 0¥, and v € M(V \ K).

Secondly, if V' is finite then on any connected component C of V \ K, we have
Xo(C) > 0. Hence, we apply Lemma 5.15, and can define u< directly without the
limiting process from the first case.

In total, we have shown the following (confer with corresponding statement in the
continuum in [PP16, Theorem 5.7]).

Lemma 9.1 Let h > 0 on C.(V) where V. C X is connected. Then, M(V \ K) is
non-empty for all finite and non-empty K C V. Specifically, u¥ € M(V \ K).

The converse statement (that is, if there is a positive function of minimal growth
at infinity (with respect to all non-empty K), then the p-energy functional has to be
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non-negative), seems to depend on the spectral gap phenomenon, see [DP23; LP19] for
results in the continuum.

Similarly, one shows the following lemma. Confer [PR15, Lemma 9.4] for similar
statements in the continuum.

Lemma 9.2 Let h > 0 on C.(V) where V C X is connected. Let K C V be finite and
non-empty. Let u € C(V) be a positive function that is p-harmonic on V' \ K. Then
ue M(V\ K) if and only if u = u* for any finite and connected K C K C V.

The following result is the discrete analogue to [PT08, Proposition 5.2]. Recall the
definition of the strong comparison principle from the remark in Section 7.2: h fulfils the
strong comparison principle on a finite and connected K C X if and only if the conditions
in Proposition 7.3 imply v < v on K unless u = v on K.

Proposition 9.3 Let h > 0 on C.(V) where V C X is connected and infinite. As-
sume that the strong comparison principle holds true for h on any finite, non-empty
and connected subset. Let K C K C V be two finite and non-empty sets such that
there is I C W C V connected and finite. Assume that there exists a positive function
ue M(V\K)nC(V) which is p-harmonic in V \ K. Then u e M(V \ K).

Proof. The case K = K is evident. Thus, assume that K C K. Moreover, let W C W C
V be two finite and connected sets such that K C W and £ C W. Since u € M(V\K),
we have using Lemma 9.2, that u = u™. Hence, in particular, u = u™ on V \ W.
Since W is finite, we also have v =< u"" in W. Using the weak comparison principle,
Proposition 7.3, and an exhaustion argument, it follows that v < vV in V' \ W.
Set
eV i=max{e>0:eu<dinvV\W}.

Then, since K € K and u € M(V \ K), we have 0 < € < 1. Assume that we do
not have equality, i.e., assume that €V < 1. Then, since €Vu < v" in V\ W and
eWu < u" in W, we get by the strong comparison principle that éVu < v in W, \ W
for every increasing exhaustion (W) of V with finite and connected sets. Therefore,
there exists £ > 0 such that (1 +£)e"V < 1 and (1 +£&)e"u < u™" on W\ W, and thus
on VAW. Hence, (1+&)eWu < u™" on V\W, but this a contradiction to the definition
of éV. Thus, u= u" in V\ W, and therefore, u € M(V \ K). O

9.2 Existence and Properties of Global Green’s Functions

We want to show that h is subcritical in a connected set V C X, then a normalised
minimal positive Green's function exists in V. Recall that a p-energy functional is called
subcritical if the p-Hardy inequality holds. This implication is actually an equivalence,
and the missing implication will be shown in Chapter 10. Also, we will see later in
Corollary 10.3, that h is subcritical in every proper subset of X if it is non-negative on
Cc(X). Thus, on proper and connected subsets, we show that we always have a Green's
function. Recall the notation wj, = [|-[| ,,. Moreover, the definition of a Green's function
is recalled at the beginning of this chapter.
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Theorem 9.4 (Green’s Functions) Let p > 1 and V C X be connected and non-
empty. If h is subcritical in V, then a normalised Green'’s function G, exists at all o € V,
is unique, is given by
1
m(o) >t
G N A S {o}(y),
o(¥) (cap,,(o,V)) ut?r (y)
where ul®} is the pointwise limit of solutions u, of the Dirichlet problem defined in
Section 9.1 with value 1 at o, and for all 0 € V we have

%
im h(uy) = Pro V)
n—o0 m(o)
Furthermore, if c(0) = 0, then G, is not constant.

Proof. By Corollary 8.5 and since h is subcritical in V/, there exists a strictly positive
function w € C(V) such that h > (wm), on Cc(V), i.e., w - mis a Hardy weight. Let
(K,) be an increasing exhaustion of V' with finite and connected sets, and take Ko C Kj.
We get from Corollary 5.12 that A\o(K,) > 0 for any K,, C V. By the lemma about the
solutions of Poisson-Dirichlet problems, Lemma 5.15, we get the existence of a positive
function u, € C(Kp,) which is harmonic on K, \ Ko, u, = 1 on Kg, and which minimises
hon Kno:={p e C(Kp):p=1o0n Kp}.

Note that for all t € R, we have (1 — t)u,+ tlk, € Kpo. By the definition of being
a minimiser, the function t — h((1 — t)u, + tlk,) has derivative zero at t = 0. Thus,

0= %h((l —Bupt tli)| = —ph(un) +p Y Hun(x)m(x).

t=0 x€Kp

Rearranging and using that h is subcritical in V' yields

> Hun(x)m(x) = h(un) > w(0)m(o) > 0.
x€Kp

Here we need that Kj is a singleton to continue. Thus, in the following, we assume
that Ko = {0} for some o € V. Hence, u, is strictly superharmonic on Ky = {o},
and in particular superharmonic on K,. Because of u,(0) = 1, we get by the Harnack
inequality that uj is strictly positive on K. By the characterisations of the maximum
principle on finite subsets, Proposition 5.17 '(iii) == (iv)’, we have the existence of a
unique positive solution v, € C(K,) such that Hv, = C, - 1,, where the constant is
given by
Cn = capp(0, Kp)/m(o) = 0.

Hence, u, = v, and u, uniquely minimises jc,.1, on C(K,). Clearly, (C,) is a decreasing
sequence. Since obviously

cap(o,V) = inf h(p) > inf p > w(o)m(o) > 0,
(o V)= it b(@)z it [l = wlohm(o)
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we get
capy(o,V)
> 7
Ch > mo) = w(o) > 0.
Furthermore, note that
Hu, = Hupy1 =0 on Ko\ {o},
Up < Unpt1 on (Kn+1\ Kn) U{o}.

Since A\o(K, \ {0}) > Xo(Kp) > 0, we can apply the weak comparison principle, Propo-
sition 7.3, and get that (uy) is increasing pointwise on V.

Since for all n € N, we have u,(0) = 1, we can apply the convergence of solutions
principle, Proposition 5.5, and get that the pointwise limit v exists, and Hu, — Hu on
V' pointwise as n — oo.

Another application of the weak comparison principle shows that v is independent of
the choice of the sequence (K}), i.e., u is uniquely determined.

Since Hup, = Cpl, on Kp, we infer using Lemma 8.1 (f) that Hu = limp00 Cplo =
capp(o,V)1,/m(0) on V. By Proposition 8.2, we get from cap,(o,V) > 0, that
capp(x,V) > 0 for all x € V. Thus, we can do this construction for all x € V.

We define for every o € V' the function G,: V — (0, 00) via

m(o) )pll

capy(0,V) u(y),

Go(y) = (
and have a function which satisfies HG, = 1, and thus, a candidate for the desired
normalised Green's function.

We show now that G, € M(V \ {0}): Let 0 € K C V, where K is finite and
connected. Let 0 < v € F(V \ K) be p-superharmonic on V' \ K and v(0) > u(o) = 1.
Since u is independent of the choice of the exhaustion, we can assume that there is an
n € N such that K, = K. Then by the weak comparison principle, Proposition 7.3,
v > up on every connected component of K, \ {o}, and thus, on K, for every n € N.
Hence, v > u on V. Using the (p — 1)-homogeneity, we get that G, € M(V \ {o}) is a
normalised Green's function.

The last statement can be seen as follows: It is obvious, that a function f which is
constant for all x ~ o € V, is L-harmonic in {o}. Since LG,(0) = HGo(0) = 1, we
conclude that G, is not constant. O

Remark 9.5 In the linear case, it is known that a Green's function can not only be
obtained via an exhaustion argument as presented here, but also via certain limits of
semigroups and resolvents, see [KPP20b]. It is an open question if a similar result can
be obtained for p # 2 (and at least ¢ > 0). For an introduction to non-linear semigroups
associated with p-Laplacians on graphs see [Mugl3].
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9.3 Examples of Green’s functions

Here we show some examples of Green's functions with respect to free p-Laplacians on
various graphs. We also state the corresponding Green's function for the counterpart in
the continuum before the example. The calculations show that finding an explicit Green's
function on a graph is highly non-trivial in general, in particular if one is interested in
p-Schrédinger operators in general.

Let us start with the most simple example: the free p-Laplacian on N.

Example 9.6 (Free p-Laplacian on Ny and N) Recall the standard line graph on Ny
from Example 3.4 with ¢ = 0. Firstly, observe that on this graph a function f € F =
C(Np) is p-(super-)harmonic if and only if f is 2-(super-)harmonic by the monotonicity
of (')<p_1>. In other words, if f is a p-superharmonic function on N. Then, for all n > 0,
we have

vn,n—lf > vn—‘,—l,nf,

with equality if f is p-harmonic in n. This can be interpreted as a discrete concavity-type
inequality. Since a necessary condition for a Green's function on 0 is to be positive and p-
harmonic on N, and motivated by the inequality above, a first candidate is u(n) = cin+c
for some constants ¢;, ¢ > 0. Then, u is clearly p-harmonic on N but p-subharmonic
at 0. Thus, it is not possible to normalise v such that Lu = 1g, and v > 0.

We will see in the next chapter that the specific choice of v was actually not so
important: a normalised Green's function cannot exist on the whole standard line graph.
However, the situation changes if we consider different weights (see Example 9.7), or
subsets. The latter will be done next.

Let us consider a second example: Take v, € C(Np) defined pointwise via vx =
Ino\{o.... ky for fixed k € No. Then, Lvx(n) = 1x41(n) for all n > k. By the weak
comparison principle, Lemma 7.1, it follows that v is a normalised Green's function at
k+1on No\{O,...,k}QNo.

On (0, o0), the p-superharmonic function are exactly the concave functions (indepen-
dently of p), and therefore also here a candidate for a Green's function with respect to
the origin 0 is given by u(x) = c1x + ¢ for some constants ¢;, ¢, > 0, but this function
does not seem to be of minimal growth at infinity.

Recall, for comparison, that the positive minimal Green's function of the free p-
Laplacian on RY, d > p, with respect to the origin 0 is radial and is given by

G p—1 (p=d)/(p—1)
0(|X|) — ‘X| P '
P/ D

where wy is the volume of the unit sphere SY~! in RY, see [Lin19, p. 39] or [FP23, p. 24].

Next we show how to obtain a Green's function on model graphs. For comparison, the
Green's function of the p-Laplacian of a d-dimensional non-compact harmonic manifolds
with respect to the origin 0 is given by

o0 dt
GO(d(X, O)) = /d(x,O) (wdf(t))l/(p_l)'
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where f denotes the volume density, d(x, 0) is the Riemannian distance from x to 0 and
wy is the volume of the unit sphere S~ in RY, see [FP23, p. 25].
We also use the following boundary notation: for every r > 0 and o € X, we set

8B, (0) = > b(x, ),

x€5,(0).y€Sr+1(0)

i.e., OpB,(0) denotes the total edge weight between spheres of radius r and spheres of
radius r + 1 with respect to the root 0 € X. It should not be mixed up with 0B,(0)
which is the set of all vertices outside of B,(0) which are connected to a vertex inside
of B,(0).

Example 9.7 (Free p-Laplacian on model graphs) The following can also be found
in [AFS24]. Recall the definition of a model graph from Example 3.6. We show that, if

00 m(o) 1/(p-1)
; (abBr(o)) <o Pk

then a normalised Green's function to the free p-Laplacian exists and is given by

o m 1/(p-1)
Go(x) = Go(r) = ) _ (abB(:()o))

k=r

x € 5.(o0),r>0.

Indeed, since G, is a spherically symmetric function and the graph is a model we get
that

B OpBo(o) 1
HGo(0) = mlo) = oy ByBo(0) ~
and, for r > 0,
LG(r) = ki (r) k_(r) _o

dpBr(0)  8pB,_1(0)
The minimal growth near infinity follows from the weak comparison principle for non-
negative potentials, Lemma 7.1.

Example 9.8 (Free p-Laplacian on homogeneous trees T411, d > 2) Recall the
definition of homogeneous trees in Example 3.7. Note that m = 1 in this example. Here,
we have 0,B,(0) = d". Hence, a Green's function at o is given by

1\ K/ (P=1) d—r/(p—1)
) p>1.

GO(r):kZ(d S
=r

Example 9.9 (Free p-Laplacian on anti-trees) Recall the definition of an anti-tree
with sphere size s in Example 3.8. Note that m = 1 in this example. It is not dif-
ficult to see that 0,B8,(0) = s(r)s(r + 1), confer e.g. [KLW21]. Hence, if it exists, a
Green's function at o is given by

o 1 1/(p—1)
Go(r):kZ:r(S(k)S(k—l—l)) < 00, p>1.
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It is not difficult to see that the series converges for p < 2 if s(k)s(k+1) > k for k € N.
Furthermore, if s(k) = d* if k is even and 2 < d € N, and s(k) = 1 if k is odd, then
forall p > 1,

1 00 1\2k/(p=1) 1 d@r+2)/(p-1)
GO(I’) _ {df —I;/2(Z)k:r+1 (H) —d 21 a2/ I € 2No
- d?r p—1
2m, r e 2N0 + 1
We also want to give examples for not having a Green's function. We will see in

Chapter 10 that this is equivalent to the criticality of the associated p-energy functional.
There, some additional examples are given. Nevertheless, let us mention the following.

Example 9.10 (Free p-Laplacian on star graphs) By Example 6.2, we know that on
a star graph with the free p-Laplacian, every p-superharmonic function is p-harmonic.
Hence, there cannot exist a normalised Green’s function on the whole graph.

Example 9.11 (p-Laplace-type operators on star graphs) Consider a star graph. If
we add a potential ¢ such that h is subcritical (e.g. any positive potential ¢ > 0), then
a normalised Green's function Gg with HGy = 1 exists by Theorem 9.4. Then, similar
as in Example 6.3, we calculate

o

-3 et
Moreover, by direct calculation, we also see that HGp(n) = 0 for n > 1 is equivalent to

Go(0) (1)
Go(n) 1) '

c(n) = b(0, n) (

9.4 Bounds for the Principal Eigenvalue

We close this chapter by showing upper and lower bounds for A\g(V),V C X. These
results go under the name Barta's inequality, see [Bar37] for the original paper by Barta,
[Amg08, Theorem 7.1] for the corresponding version for standard p-Laplacians on finite
graphs or [AH98, Section 2.2] for p-Laplacians on the Euclidean space. A linear version
of Barta's theorem for finite graphs can be found in [Ura99, Theorem 2.1]. For the linear
case in the continuum see e.g. [NP92] and references therein.

Proposition 9.12 (Barta-type inequality) Let V C X.
(a) If h>0 on C.(V) and u € F(V) such that u > 0 on V, then,

Hu(x)

;E\f/ uP=1(x) — < Ao(V),
(b) If ¢ € Cc(V) such that ¢ >0 on V/, then
Hep(x)

Mo(V) <sup ————.
o(V) < sup p =10
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Proof. Ad (a): Let | = infyey Hu(x)/uP~1(x). Since h > 0on Cc(V), we have A\o(V) >
0. Hence, the case | < 0 is trivial. If / > 0, then we can use Picone’s inequality or
Lemma 6.4 with g = | to get

h(o) > 1-llellpm.  ©€Cc(V).

This implies A\g > /.
Ad (b): Let us set S = sup,cy Ho(x)/@P~1(x). Then, Hp < S@P~! on V. Hence,

h(e) = (Hp. o)v < S [0} -

Thus, we get A\o(V) < infuec (v).p0 on v N(@)/ 0l <°S. O

p,m =
Barta's inequality has the following simple consequence.

Corollary 9.13 Let V C X be connected and let h be non-negative on C.(V'). Then we

have
¢ capp(x, V)

< <
0= (V) < xlgv m(x)

Proof. If his critical in V/, then clearly A\o(V) = 0 = capp(x, V) for all x € V.

Let h be subcritical in V/, and let K, be an increasing exhaustion of V' with finite
subsets. Furthermore, let uy, be the positive solution of the Dirichlet problem on K, with
value 1 at 0 € V as defined in the proof of Theorem 9.4 with limit u. Then, we can
apply Proposition 9.12 (b), and get

Hup(x)  Hup(o) Hu(o)  capy(o,V)

Mo(X) < sup = =
o(X) xeko URTEH(X)  ub o)  uP~i(o) m(o)
since Hu, is only positive at 0 in K. O

Remark 9.14 (Cheng’s Eigenvalue Comparison Theorem) Since Cheng published a
comparison theorem for the principal eigenvalue of the linear (p = 2)-Laplacian on a ball
in a manifold in [Che75], many improvements and generalisations followed. The proof
strongly used curvature bounds and Barta’s inequality. On infinite graphs an analogue
result is given in [Ura99] where the curvature bounds are interpreted as bounds on the
vertex degree. We believe that this result for p = 2 and m = deg, b(X x X) C {0, 1},
can be extended to all p > 1 and all measures, at least for model graphs.






10. Characterisations of Criticality

[A] chess player may offer the sacrifice of a pawn or even a piece,
but a mathematician offers the game.

G. H. Hardy, A Mathematician’s Apology, p. 94

In this chapter, we will discuss the notion of criticality in detail. For the history of
this notion see [Pin07, Remark 2.7] or [KPP20b, Section 5]. There it is stated that in
the continuum it goes back to [Sim80] and was then generalised in [Mur86; Pin88]. On
locally summable weighted graphs, [KPP20b] is the first paper discussing criticality in the
context of linear Schrodinger operators. See also [KLW21, Chapter 6] (and references
therein) for corresponding results for linear Laplace-type operators on graphs.

Non-negative energy functionals associated with Schrodinger operators seem to divide
naturally into two categories: the ones which are strictly positive, i.e., for which a Hardy
inequality holds true, and the ones which are not strictly positive, i.e., for which the
Hardy inequality does not hold. In the linear (p = 2)-case, there are surprisingly many
equivalent formulations to the statement that the Hardy inequality does (not) hold, for
graphs confer [KPP20b]. For p = 2 and ¢ = 0, this is exactly the division of graphs
into transient and recurrent graphs. Inspired by the theory of Riemann surfaces, graphs
with (sub-)critical p-energy functional with respect to the free p-Laplacian are also called
p-parabolic (resp. p-hyperbolic), see Remark 2.9 for more details.

Using our developed ground state representation formula and comparison principle,
we will see that many of the characterisations in [KPP20b] remain characterisations also
if p=#£2.

Let h be a functional which is non-negative on C.(V), V C X. Recall that, the
functional h is called (p-)subcritical in V if the p-Hardy inequality holds true in V/, that
is, there exists a positive function w € C(V) such that

h(p) > wp(p), @ € Cc(V).

If such a positive w does not exist, then h is (p-)critical in V. Moreover, the functional
h'is (p-)supercritical in V/ if h is not non-negative on C(V'). Recall that we set w,(p) =
(w/m, lol”)v = lloll5,,, for @ € Cc(V).

Before we can state the main result of this section, we recall the following definition:
A sequence (e,) in Cc(V), V C X, of non-negative functions is called null-sequence in
V if there exists 0 € V and a > 0 such that e,(0) = o and h(e,) — O.

Theorem 10.1 (Characterisations of criticality) Let p > 1. Assume that h is non-
negative on C.(V), where V' C X is connected and non-empty. Then the following
statements are equivalent:

(i) The p-energy functional h is critical in V.

75
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(ii) For any (or equivalently, for some) o € VV and a > 0 there is a null-sequence (ep,)
in V' such that e;(0) = o, n € N.

(i) The capacity vanishes everywhere (or equivalently, somewhere), i.e., cap,(W, V) =
0 for all (or, for some) W C V.

(iv) For all positive (or equivalently, for some) p-harmonic functions u in V/, the sim-
plified energy h,, is critical in V.

(v) For any positive p-superharmonic function u € F(V) in V' and any null-sequence
(en) inV there exists a positive constant C such that e,(x) — ¢ u(x) for all x € V
as n — oo.

(vi) There exists a strictly positive and p-harmonic function u € F(V) in V' that van-
ishes on X\V, and a null-sequence (ey) in V such that e,(x) — u(x) for all x € V
as n — oo.

(vii) There exists a strictly positive and p-harmonic function u € F(V) in V' that van-
ishes on X\ V, and a null-sequence (e,) in V' such that e,(x) / u(x) for all x € V
as n — oo.

(viii) there exists a unique function (up to multiplies) which is positive and p-super-
harmonic in V, and this function is strictly positive and p-harmonic in V' and
vanishes at X \ V.

(ix) There exists an Agmon ground state, i.e., a global minimal positive p-harmonic
function, in V.

(x) There does not exist a normalised Green's function for any (for some) x € V.
That is, there does not exists a function 0 < u € M(V \ {x}) N F(V) such that
Hu=1,.

(xi) There does not exist a normalised Green's potential G, in V' for any (for some)
charge 0 < ¢ € C(V) with suppw C V. That is, there does not exists a function
0<ue MV \suppp)N F(V) such that Hu = .

Theorem 10.1 is one of the main results of this thesis. It merges results from [Fis22;
Fis23; Fis24] and also generalises them to subsets of X. Moreover, the characterisation
with Green's potentials has only been mentioned in a remark in [Fis22] and the proof
of (xi) is therefore new, as well as the consideration of general capacities of sets apart
from singletons (iii). Also the statement (vii) about increasing null-sequences is new. In
[Fis23], this was shown only for p > 2 (where it follows easily from the Markov property
of the simplified energy). For completeness, we show this argument afterwards. That we
can always find an increasing null-sequence, also simplifies arguments in the subsequent
chapters.
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We want to remark that, under the assumption of ¢ > 0, way more characterisations
can be obtained in our quasi-linear locally summable setting, see [AFS24]. It would be
very interesting to see if some of them can be generalised to arbitrary potentials.

We divide the proof of this main theorem into two subsections. In the first subsection,
we show some more general auxiliary lemmata, and in the second subsection, we show
the equivalences.

10.1 Subcriticality on Subsets

Before we show the characterisations, we want to proof a list of technical results. First
we show that if h is non-negative in C.(V UOV) then h cannot be critical on any subset
of V/, see Corollary 10.3. The next statement extracts the technical part.

Proposition 10.2 Let p > 1, V C X be connected, and h be non-negative on C.(V).
Assume that there is a function u € F (V') which is positive in \V U0V, p-superharmonic
in V' and there is a vertex o € OV such that u(o) > 0. Then, h is subcritical in V.

Proof. Without loss of generality, we can assume that V' # (). By the Harnack inequality,
Lemma 5.1, we have that u is strictly positive in V.

Assume that h is critical in V. Note that then u is p-harmonic in V, which is a
consequence of Lemma 6.4. Take x, € V with x, ~ o, and set w, = 1, /n for n € N.
Then, by the definition of criticality in V' we have the existence of a sequence (¢,) in
Cc(V) such that

0< h(‘Pn) < |(pn(Xo)|p/nv pc Cc(v)- (10-1)

By the reversed triangle inequality, we can assume without loss of generality that ¢, > 0
on V for all n € N. Furthermore, we can normalise ¢, such that ¢,(x,) = 1 for all
n € N. Then, (¢,) is a null-sequence of hin V.

Using the ground state representation, Theorem 4.1, we get

h(u) = h(uy) — (muHu)p(¥) < hu(¥) 20, e Cc(V).

Let us define 9, € C.(V) for all n € N via ¢, = ¢,/u on V wherever u is strictly
positive and 1, = 0 otherwise. Then, (¢,) is a null-sequence of h, in V.
Firstly, let p > 2. Since (¢,) is a null-sequence of h, in V, we have

U(X)U(Y)|vx,y'¢n|2—>0, X,y eVUIV, x~y.
In particular, since u > 0 on V U {0}, we have

"/}n(Y): |vo,y'¢n| — 0, yeV,y~o.

But this is a contradiction, because ¥,(x,) = 1/u(x,) > 0 for all n € N.
Secondly, let 1 < p < 2. Since (¥,,) is a null-sequence of h, in V, we have for each
(x,y) € (VU{0})? x ~ y either



78 Chapter 10. Characterisations of Criticality

(i) [Vxy¥nl =0, or
(i) |Vx.y¥n| = o0, or

(iii) (¢n(X) + ¢n(Y)) |vx,yu| — 00.

Since Vo, ¥nl = ¥n(x) = 1/u(x,) > 0 for all n € N and 0 ~ x, € V, we see that
neither (i) nor (ii) can apply for the pair (0, X,). Because of

1
(¥n(0) + Pn(X0)) [Voxul = —— [Vox,ul €0, 00),
u(xo)
also (iii) cannot apply. Hence, we also have a contradiction in the case of 1 < p < 2.
Thus, (@) cannot be a null-sequence of h in V/, and therefore the strict inequality
in (10.1) does not hold, i.e., h cannot be critical in V. O

Comparing Proposition 10.2 and Theorem 6.1, we obtain the following result.

Corollary 10.3 Let V C X and o € OV If h is non-negative in C.(V U {o}) then his
subcritical in V.

Proof. If h is non-negative in C-(V U {0}), then by the Agmon-Allegretto-Piepenbrink
theorem, Theorem 6.1, this implies the existence of a function which is strictly positive
and p-superharmonic function on V U {o}. Thus, we can use Proposition 10.2, and get
that h is subcritical in V. O

Remark 10.4 Corollary 10.3 has the following interpretation for p = 2 and ¢ = O:
Given any connected graph, the induced graph on any proper subset is then a graph with
boundary and thus transient.

By Corollary 8.5, we know that any subcritical energy functional has a strictly positive
p-Hardy weight. If we know a little bit more about the lower bound, we get a connection
to Ao(V), V C X. This is specified next. In the case of finite V, it gives another charac-
terisation of the maximum principle and continues Proposition 5.17. By Proposition 8.2,
the statement is not surprising but it gives an example of a p-Hardy weight.

Proposition 10.5 Let V C X. Then the following holds:

(a) If \o(V) > 0, then h is subcritical in V' with strictly positive p-Hardy weight
w = Xo(V)-m.

(b) If h is subcritical in \/ with p-Hardy weight w such that infy,(w/m) > 0, then
Xo(V) > 0. Moreover, if K C X is finite and h is non-negative in C.(KU{o0}) for
some o € 0K, then X\o(K) > 0.

In particular, if h is non-negative in C.(X), then A\o(K) > 0 in every finite subset K C X.
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Proof. Ad (a): If Xo(V) > 0, then for any ¢ € Cc(V) we get that h(¢) > Ao(V) [l@l[} -
Defining w = Xg(V) - m, we have a possible strictly positive p-Hardy weight, and h is
subcritical in V.

Ad (b): Since infy(w/m) > 0, we have

he) . infy (w/m) l@l},m

Mo(V) = in — > in
oV) 0eC OO0} [[@llp 5 — weCc(X)\{0} lellp.m

= ir\}f(w/m) > 0.

The second statement can be seen as follows: Indeed, if K is finite and h is non-
negative in C.(K U {0}), then by Corollary 10.3, h is subcritical in K. Thus, by
Corollary 8.5, there is a strictly positive p-Hardy weight w on K. Since infx(w/m) =
mink(w/m) > 0, we can apply the first statement in (b), and get the desired assertion.

The last statement follows also from Corollary 10.3 because if h is non-negative in
Cc(X) it is also non-negative in C(K U {o0}) for any o € OK. O

The following lemma is the discrete analogue of [PP16, Proposition 4.11].

Lemma 10.6 Let p > 1 and V C X be connected. Assume that there exists a function
u € F(V) that is strictly positive on \/, vanishes on X \ V, and is p-superharmonic on
V. Furthermore, assume that there exists a null-sequence (e,) in V' such that e,(0) = a
for some o € V and o« > 0. Then, e, — (a/u(0))u pointwise on V as n — oco. In
particular, for all (x,y) € V x V we have V4 ,(e,/u) = 0 as n — oc.

Proof. By the Agmon-Allegretto-Piepenbrink theorem, Theorem 6.1, the assumption on
u is equivalent to the non-negativity of h on C.(V).

Let 0 € V and a > 0 be arbitrary. Set ¢, := e,/u. Then, by the ground state
representation, Theorem 4.1,

0 < hy(pn) < h(en) — (muHu)p(wn) < h(e,) — 0, n— 0o. (10.2)

Firstly, let p > 2. Then, (10.2) implies |V @, — 0 for all x,y € V, x ~ y. Since V is
connected, we have for any x € V an integer k € N such that x =x3 ~ ... ~ xx = 0.
Thus, we obtain

k—1
n“%rgo ‘,Dn(X) - nmmm(; vXf-><f+1"p"’ + (pn(O)) = a/u(o).
=

Rearranging, yields e, — (a/u(0))u pointwise on V' as n — oc.
Secondly, let 1 < p < 2. Then equation (10.2) implies either
(i) [Vxynl — 0, or
(i) |Vx.y@n| = o0, or

(ii)) (@n(x) 4+ @n(¥)) [Vl = o0
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for each (x,y) € V x V, x ~ y. We show that (i) and (iii) cannot apply: Using
the triangle inequality, it is easy to see that (ii) and (iii) are equivalent for the pair
(x,0) € V x V with x ~ 0. They are also equivalent to e,(x) — oo for x ~ 0. Set

Ba(x,0) = (UOX)U(O) M2 Vol + 1/2(10a(0)] + [on(0)]) [Vt

Then using Hélder's inequality with 5= 2/p > 1, and § = 2/(2 — p), we calculate
b(x, 0)(u(x)u(0))f [Vs.ot00l”

(5(x, 0)(U()u(0)) V000l 98-2(x,0)) - (b(x, 0)¥E(x, o))
c1(p) - hi (n)
(5% 0)((UG)u(0))E [Tro00l? + calp)(on () + (@/4P(0)) [Vtl?)) *
c1(p) - i (n)
(56 O (WENU(OE [Vrprl? + caP)0a () + (02/02(0)) [V oul”) +1)

c1(p) - hi (@n) - (B0x. 0) (((u(x)u(0)) + c3(p)) IV.o@al” + ca(p)) +1)

2—p
2

IN

IN

IN

IN

where ¢;(p), i < 4, are positive constants depending only on p (and not on n). Since
b(x, 0), u(x), u(o) are also independent of n and strictly positive, we can rewrite the
inequality above as

Vso@nl” < CL(p) - B2 (00) - (IVx.000l” + Ca(p)),

for some positive constants C;(p), i = 1,2. Since h,(¢,) — 0 as n — oo, we conclude

that |V« o@n| — 0, and (e(x)) does not converge to oo for all x ~ 0. Hence, (ii) and

(iii) cannot apply for all x ~ o, and only (i) holds true for all x ~ o. Thus, we can

continue as in the case p > 2 to get that e,(x) = (a/u(0))u(x) for all x ~ 0, x € V.
Arguing similarly, we have for all y ~ x ~ 0, y € V, that

¥y x0al? < CL(p) - B2 (0n) - (IVy x@nl? + Ca(p) [0n(x)IP + C3(p))

for some positive constants C;(p), i < 3. Thus, as before, (ii) and (iii) cannot apply
for all y ~ x ~ o, y,x € V, which results in e,(y) = (a/u(o))u(y). Since V is
connected, we get by induction that e,(y) — (a/u(0))u(y) for all y € V. This proves
the statement for 1 < p < 2. Il

10.2 Proof of Theorem 10.1

Here, we prove the characterisations of criticality.

Proof (of Theorem 10.1). Ad (i) = (ii) ‘for all': Let w, = 1,/nforo € V and n € N.
Then by the criticality of h in VV we have the existence of a function e, € C.(V) such
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that h(en) < (wp)p(en). By the reverse triangle inequality, we have h(|e,|) < h(e,) and
thus, we can assume that e, > 0. By assumption, we have that h is non-negative in
Cc(V), and therefore we get

0 < hiey) < (Wn)P(en) = e,’,’(o)/n.

Hence, we can normalise e, such that e,(0) = a for any a > 0. Altogether, h(e,) <
aP/n and (e,) is a null sequence in V.

Ad (ii) ‘for alll' = (i): Let (e,) be a null-sequence in V' with e,(0) = o > 0 for
some o0 € V. Let w > 0 on X such that h(¢) > w,(p) for ¢ € C(V). Then,

0= n||—>nc10 h(ep) > nli_)moo wp(en) > nIi_}moo w(o)eh (o) = w(o)aP.

Since 0 € V is arbitrary and o > 0, we get w =0 on V.

Ad (iii) 'for all" <= (iii) ‘for some’: This is Proposition 8.2.

Ad (ii) <= (iii): This follows immediately from the definitions. In particular, (ii)
‘for all' < (ii) 'for some".

Ad (i) <= (x) ‘for some’ <= (iv) ‘for all": This follows from the ground state rep-
resentation, Theorem 4.1. Note that the existence of such a strictly positive p-harmonic
function is ensured by the Agmon-Allegretto-Piepenbrink theorem, Theorem 6.1, together
with Lemma 6.4.

Ad (ii) 'for some’ = (v): This is Lemma 10.6.

Ad ((i) & (ii) & (v)) == (vi): The assumption ensures the existence of a strictly
positive p-superharmonic function v in V' via the Agmon-Allegretto-Piepenbrink theorem,
Theorem 6.1. By Lemma 6.4, the criticality of h in V' implies that any strictly positive
p-superharmonic in X is a strictly positive p-harmonic function in V.

By (v), any null-sequence converges to a constant multiple of u. The existence of a
null-sequence is ensured by (ii). This shows (vi).

Ad (vi) = (i): By Lemma 6.4, 0 < h(e,) — 0. Hence, his critical.

Ad (v) & (vi) == (viii): This is trivial.

Ad (i) = (x) & (xi): If his critical in V, then by Lemma 6.4, every positive
superharmonic function in V' is harmonic in V. Hence, there cannot exists a Green's
function nor potential in V.

Ad (viii) = (x) & (xi): By assumption, there cannot exists a Green's function nor
potential in V.

Ad (ix) = (x) & (xi): Assume that 0 < u € C(V) is a global minimal positive
p-harmonic function in V. Furthermore, assume that there exists a normalised Green's
function or potential in V/, that is in particular, a positive function v € F(V) N C(V)
such that Hv > O on V.

Let K C V be finite, non-empty and connected, and set € = maxyex {u(x)/v(x)}.
Since u is a global minimal positive harmonic function in V, and eu < v on K, we have
eu < von V\ K. Moreover, we have eu # v, since otherwise v would be harmonic,
which is a contradiction. Thus, there exists a finite and connected subset K of X and
€ > 0 such that (14 &)eu < v on K. But since u is a global minimal positive harmonic
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function, we get (1+€)eu < v on V, and in particular, on K, which is a contradiction to
the maximality of € on K. Hence, we cannot have a positive and strictly p-superharmonic
function on V/, and thus, we cannot have a normalised Green's function nor potential.

Ad (viii) = (ix) & (vii): Firstly, we show (ix). By (viii), there is nothing to prove
for K = () or V being a singleton. Denote by u the Agmon ground state on V. Take
an arbitrary increasing exhaustion (K,) of V' with finite, non-empty and connected sets,
and some o € K;. Without loss of generality, we can assume that u(o) = 1.

Let us do once again our standard trick: let H, be the p-Schrodinger operator we
obtain by adding m/n to the potential c of H, n € N, with p-energy functional h, (which
should not be mixed up with the simplified energy h, — the simplified energy does not
appear in this part). Then, for all n € N,

Xo(W, Hp,) >1/n >0, D#£WCV.

By Proposition 5.17, we get the existence of a sequence (v,) in C(K,) such that
Hnvp = gn on K, for any 0 < g, € C(K,). Assume that 0 < g, — g pointwise. Then,
by Proposition 5.17, v, > 0 on K.

If vp(o) — 0 as n — oo, then by the Harnack inequality, Lemma 5.1, v, — 0 on
V' which is a contradiction unless g = 0. However, O is not a positive function. This
motivates to consider Wy 1= V,/Va(0) and Jn := gn/vE (0) instead.

Note that (Wp)np>n, is in ST (Kp,, Hn,) for any n > ng € N. This implies by the
Harnack inequality also that wj,, cannot converge to co. Thus, by the Harnack principle,
Lemma 5.2, (w,) converges pointwise to some w € ST (K, Hy,) for all np € N, and
0 < Hpow(x) = Hw(x) + wP~1(x)/no for all x € K,,,. Letting ng — 0o, we see that
the limit w is positive and p-superharmonic on V. By (viii), this is a contradiction unless
w = u. Note that this implies the convergence of (g,) to O.

Now, let K C V be finite, and V € F(V \ K) be a positive p-superharmonic function
on V\ K and u < 7 on K. Without loss of generality, we can assume that g,, and thus
Gn, is only supported in K1, and K1 C K. Then for any € > 0 there exists n. such that
for all n > ng, we have HV > Hw, = 0on K,\ K, and 0 < w,, < (14+¢)7 on KUV\ K,,.
On any connected component of K, \ K, we get by the weak comparison principle that
wp < (14+€)VonV\K forany n € N. Thus, u < (1+¢€)V7 on V\ K. Lettinge — 0
we obtain u < ¥ on V' \ K. This shows (ix).

Let us turn to the proof of (vii). Our first candidate of an increasing null-sequence
is (wp). Let us try to apply the weak comparison principle, Proposition 7.3. Obviously,
wp < wg on X \ Kp, and k > n. Moreover, for all x € K,,, and k > n,

- - 1 1 _
o) = Htn () = 30000 = 300 ~ (7= 1| w00
Because of wy € ST (K,, Hp), let us now choose the specific function g, = 1,. By the
weak comparison principle, Proposition 7.3, (v,) is increasing, and by the first part, it
converges pointwise to oco. Then, there is a subsequence (§p, ) such that for all x € Kj,,

) - 300 < 5 - ) w0,
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Thus, (w,,) is increasing by the weak comparison principle.

By construction, 0 < gp, w,, — 0-u = 0 pointwise on V. Hence, there is a decreasing
sub-subsequence (gnh Wnkl). Thus, we conclude with the aid of Green's formula and
monotone convergence,

0 < h(wp, ) < hn, (Wn, ) = (Gn,,, W, )v =0, n— oo.

This proves (vii).

Ad (vii) == (vi): This is trivial.

Ad (x) = (i): This is Theorem 9.4. Since in this theorem a Green's function is
constructed via the capacity ‘for any’ and ‘for some’ are equivalent.

(x) ‘for some’ = (xi) ‘for some’ and (xi) ‘for all' = (xi) ‘for some’: This is
obvious.

Ad (xi) ‘for some’ = (i): The following proof is very similar to '(viii) = (ix) &
(vii)" but the parts where we get contradictions interchange in some sense. We show the
contraposition. Here are the details: We use the same notation for H, and h,, as above.

Fix 0 < ¢ € Cc(V) with supp@ C V. Take an arbitrary increasing exhaustion (K)
of V with finite, non-empty and connected sets, and suppp C Ki. Since h > 0 on
Cc(V), we get \o(W, Hp) > 1/n > 0 for every n € N and non-empty W C V. By
Proposition 5.17, we get the existence of a sequence (v,) in C(K},) such that H,v, = ¢
on K,. Since v > 0, we can assume that v, > 0 on K,,. Note that H,vx > H,v, = @
on K, for all k > n. By the weak comparison principle, Proposition 7.3, we get that (v,)
is monotone increasing. Set w, := v,/v,(0) for some o € Kj \ supp .

Firstly, if (v,(0)) is bounded, then by the Harnack principle, Lemma 5.2, we get that
Vs, converges pointwise to a function v and Hv > ¢. Since (Vv,) is increasing, we can
apply the convergence of solutions principle, Proposition 5.5, and get that H,v, = Hv,
i.e., Hv = .

Now, let K C V be finite such that suppp C K, and V € F(V \ K) be a positive
p-superharmonic function on V' \ K and v < ¥ on K. Then for any € > 0 there exists n;
such that for all n > n,, we have H,V > Hpv, > 0on K\ K, and 0 < v, < (1+¢€)V on
KUV \ K,. On any connected component of K, \ K, we get by the weak comparison
principle that v, < (1 +¢€)V on V\ K for any n € N. Thus, v < (1 +¢€)7 on V \ K.
Letting € — 0 we obtain v < V on V' \ K.

Secondly, if v,(0) — oo as n — oo, we consider instead the sequence (w,). Then, as
in the proof of ‘(viii) == (vii)’, we can construct a null-sequence which is a contradiction
to the subcriticality of hin V.

This finishes the proof. O

Remark 10.7 We give an alternative proof for having an increasing null-sequence in
the case p > 2 if his critical in V: Let p > 2, and let (e,) be a null-sequence such
that e,(0) = u(o) for some o € V, and e, — u. Consider the sequence (e, A u),
where A denotes the minimum. We show that it is a null-sequence. Indeed, since for all
a,B,v € R, we have

la Ay =B AY| <|a—0],
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we conclude,
0 < h(e, Au) =< hy(u e, Au)) =h,(u"te, A1) < h,(u"te,) =< h(ep).

Thus, h(e, A u) — 0, and en(0) = u(o) > 0, i.e., (e, A u) is a null-sequence. Since
en — u, we conclude that (e, A u)  u. Hence, there exists a monotone increasing
subsequence of (e, A u), and this subsequence is also a null-sequence and converges to
u.

Sadly, this simple argument does not hold if p € (1, 2), and thus we did a workaround
via the maximum and comparison principles in the proof of (vii).

We end this section by giving a connection between the p-energy functional associated
with the graph b, and the p-energy functional associated with the graph b,, where
bu(x,y) = b(x, y)(u(x)u(y))P/? for 0 < u € F.

Corollary 10.8 Letp>1,and0<u € F.
(a) If p> 2 and u is a ground state of h, then 1 is a ground state of h,, 1.

(b) If1 < p<2and hy,z is critical in X, then h(-) — (u*=PHu, |-|P) is critical in X.

Proof. Ad (a): Recall that a ground state is p-harmonic, i.e., uHu = 0. Moreover, h
is critical. Then, by the ground state representation, Corollary 4.2, we have that h, 1 is
critical. Since 1 is a p-harmonic function with respect to the Laplace operator associated
with h, 1, it is a ground state.

Ad (b): This is a direct consequence of the ground state representation. O

10.3 Examples of Subcritical and Critical Energy Functionals

In Section 9.3, we have calculated Green's functions on various graphs. By Theorem 10.1,
we see that the corresponding p-energy functionals are all subcritical. However, we want
to have a closer look on some examples.

Example 10.9 (Z%) In [Mae77] it is shown that Z9 is subcritical for d > p with respect
to the free p-Laplacian. There, a flow is constructed to get the implication via a Kelvin-
Nevanlinna-Royden characterisation of p-subcriticality (see [AFS24]). In [Mae77], it is
also shown that Z9 is critical for d < p (by explicitly calculating the resistance which is
the reciprocal of the capacity).

Obviously, the generalised harmonic oscillator on Z¢ is subcritical for any d € N (take
the positive potential as a p-Hardy weight). Moreover, the generalised hydrogen atom
on Z9 is supercritical for d < p (since the potential is non-positive). Confer Example 3.2
and Example 3.3 for the definition of the generalised harmonic oscillator and hydrogen
atom, respectively.
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Example 10.10 (N) The following observation can also been found in [FKP23]. Con-
sider the p-energy functional h on N with potential part ¢ = —w, where w(n) =
L(n®P=1/P)/n(P=1)*/P \We show the existence of a null-sequence (¢y) with ©(0) = 0,
©(1) = 1 and @y converging pointwise to u(n) = n(P~1/P confer Theorem 10.1. We
choose

Iogn)

Ny = Uy with PYn(n) =0V (1 — log NV

forn, N € Nand u(n) = nt/a. By the ground state representation formula, Theorem 4.1,
we have

h(u) < hy($) =2 u(n)u(n+ 1)V nr19]?

[ + [9(n+ 1)
2

p—2
: ((U(H)U(n+ 1))2 (Vi1 + IV n1ul ) -

We employ u(n) = n'/9 and the definition of @y, 1y to obtain

Zn”llog (1+ ) Zn—llogp2())

where we used a(B + v)" < C(aB" + ay") for all o,6,y > 0, r € R and some
C = C(r) to split the sum into two sums, |(0V &) — (0VB)| < |aa — G| forall o, B € R
and [n" — (n+1)"| < n"~! for r € (0, 0), see e.g. [KLW21, Lemma 2.28]. Now, using
log(1+1/n) <1/n and again a(B +v)" < C(afB" + ay"), we infer

C
h(pn) = hy(Pn) < log® N

hu(Pn) < (log N +1log?” ' N) -0, N — oo

which finishes the proof.

In particular, any p-energy functional with pointwise larger potential is subcritical, e.g.
the functional associated to the free p-Laplacian or the generalised harmonic oscillator
are subcritical.

Note that w is a strictly positive function given by

A s\ “1\*1
W(n):(l—(l—n) ) — (1+n) —1) >(pp) vt

Confer the appendix for a proof of the inequality.

Example 10.11 (Model graphs) The following can also be found in [AFS24]. Recall
the definition of a model graph from Example 3.6, and the existence of a Green's function
on a model graph in Example 9.7. We show that, if

= 00,

Z - (@5, T
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for some o € X, then there exists a null sequence (e;,), and the model graph associated
with the free p-Laplacian is critical, confer Theorem 10.1. Note that the Agmon ground
state is then the function which is 1 everywhere.

Consider a sequence (¢,) of spherically symmetric functions in Co(X) such that
©n(x0) =1 and p,(x) =0 for every x € S,(0), r > n+ 1. For such a sequence we get

h(‘ﬂn = Z b(X Y) |vxy(Pn = Z Z b(X Y) |vxy(pn|

XyEX r=0 xeS,(o)
Y€Sry1(0)
1
fZ > DY) IVrr10nl’ =5 ) IVrr10nl” 05B1(0).
r=0 xeS,(o) r=0
YE€Srt1(0)

We define e,(x) = en(r) such that e,(0) =1 and

Cn
(8B, (0)) /-1

~(Llmml ]

r=0

en(r)—en(r+1)=

with

It follows that e, ' 1 and, using the previous computation,

n P

h(en):; bB(r )(GbB (O))p/(p 5 =cP 150 n— oo

Hence, we have our desired null-sequence, and h is critical.

Example 10.12 (Star graphs) We have seen already in Example 9.10, that the p-
energy functional to the free p-Laplacian is critical since all positive p-superharmonic
functions are p-harmonic, and thus, there cannot exist a normalised Green’s function.

10.4 Liouville Comparison Principle

Here, we show a consequence of the characterisations of criticality and the ground state
representation which is usually referred to as a Liouville comparison principle, confer
[Pin07, Section 11] and references therein for the linear case. For the counterpart in the
continuum see [PR15, Theorem 8.1], or [PTT08, Theorem 1.9], and for applications in
the continuum see e.g. [Ber+20; FP23].

Proposition 10.13 (Liouville comparison principle) Let p > 1, g € R, and V C X
be non-empty and connected. Let b and b be two graphs on X, and c, ¢ € C(X) be two
potentials. Let denote h and h the energy functionals with corresponding Schrédinger
operators H := Hp ¢ mp and A := H: respectively. Assume that the following
assumptions hold true:

b,c,m,p’
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(a) h is critical in VV with Agmon ground state u € C(V).

(b) h > 0 on C.(V), and there exists a positive p-subharmonic function ii € C(V)
with respect to H on V.

(c) There exists a constant a > 0, such that for all x,y € V. we have
bI(x, y)u(x)u(y) > o b9(x, y)a(x)a(y).
(d) There exists a constant 3 > 0, such that for all x,y € VV we have for p > 2,

2(1—q) ~2(1-q) . ~
b ez (x, y)u(x)u(y) = Bb e (x,y)i(x)i(y),
and the reversed inequality holds for 1 < p < 2.

(e) There exists a constant y > 0 such that for all x,y € V. we have for p > 2,
1-q ~1-g .
be=2(x,y) [Vxyul = v br=2(x,y) Vx|,

and the reversed inequality holds for 1 < p < 2.

Then the energy functional h is critical in \VV with Agmon ground state .

Proof. By Theorem 10.1, there exists a null-sequence (e,) with respect to h such that
e, — U pointwise as n — oo. Denote ¢, = e,/u on V, n € N. From the ground state
representation, Theorem 4.1, we get h(e,) =< h,(¢,) for all n € N. Hence, using (c)
and (e), we infer h,(¢p) > 'ylﬁg(wn) for some constant «y; > 0. By (b), the calculation
before, and the ground state representation, we get for some constants 2, y3 > 0 that

0< E(ﬁ(pn) < 'Y2F7ﬁ((pn) < y3h(e,) = 0, n — oo.

Thus, ({,) is a null-sequence for h in V and by Theorem 10.1, h is critical in V. Since
©n — 1, we get i, — i, and by Theorem 10.1, i is the ground state. |






11. Decay of Hardy Weights

There are two things at any rate which seem essential, a certain
generality and a certain depth, but neither quality is easy to define
at all precisely.

G. H. Hardy, A Mathematician's Apology, p. 103

Let us investigate how large a Hardy weight might be in a neighbourhood of infinity.
We will see that the decay of Hardy weights is closely connected with the decay of
functions of minimal growth near infinity. The counterpart in the continuum is [KP20,
Theorem 3.1 and Theorem 3.2], and [HPR24, Theorem 7.9]. In the following the potential
can again be arbitrary. We want to mention that we follow here mainly [Fis24, Section 3].

We set degyy (x) := 3,y b(x,y) for W C X and x € X.

Theorem 11.1 (Decay of Hardy weights) Let V' C X be connected and non-empty,
and h be non-negative on Co(V). Let W C V be a non-empty set, and K C V be a
finite non-empty set.

(a) Assume that h is critical in \VV with Agmon ground state u € C(V)NLP(V\W, degyy)
such that sup,cw,yev\wx~y U(X)/u(y) < oo. Then for any Hardy weight w on
V\ W, we have

w e 1V \ W, uP),

ie, ueP(V\W, w).

(b) Assume that h is subcritical in V/, and that there are only finitely many edges
between V' \ K and K. Let v € M(V \ K). Then for any Hardy weight w on V,
we have

w € LV, vP).

The existence of a Hardy weight on V' \ W is ensured by Lemma 11.7. Moreover, the
technical assumptions in the preamble of (a) are fulfilled if the subgraph (V, blyxv) is
locally finite. Also note that for any finite K C X, degk is a finite measure on X by the
local summability condition on b.

Recall the definitions of null-criticality and optimality near infinity: If h — w, is
critical in V' with Agmon ground state u, then h — w,, is null-critical with respect to w
if u¢ £P(V,w), and w is optimal near infinity for h if h — w, > Aw, fails to hold on
Cc(V\ K) for all A > 0 and finite K C V.

Here, we will show in the following theorem, that null-criticality implies optimality
near infinity for all p > 1, and all possible potentials if the graph is locally finite and the
ground state is smooth enough. It can be interpreted as a corollary of Theorem 11.1 (see
Section 11.2 for a proof).

89
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Recall that a function f € C(X) that is strictly positive on V' C X is called of
bounded oscillation on V' if sup, ,ey .y, F(X)/f(y) < 0.

Theorem 11.2 (Null-criticality implies optimality near infinity) Let VV C X be con-
nected and non-empty. Let h — w, be null-critical with respect to w > 0 in V' with
Agmon ground state u in C(V) NLP(V, b(x,-)) for all x € VV, and of bounded oscillation
in V. Then w is optimal near infinity for h.

Proof. Let u be an Agmon ground state of the critical p-energy functional h — w, in
V. We show the contraposition: Assume that w is not optimal near infinity in V/, then
there exists 4 > 1 and K C V finite, such that h — - w, > 0 on Co(V \ K). Thus,
(h—=wp) —(u—1)wp, > 0on Cc(V\K), ie., (u—1)w is a p-Hardy weight for h—w, on
Cc(V \ K). By the assumptions, we can use Theorem 11.1 (a), and get w € £*(V, uP).
The latter is equivalent to u € £P(V, w), and therefore, h — w,, is not null-critical. O

Note that the technical assumptions minimise if the subgraph (V, b|y «\/) is locally finite.
Moreover, u € C(V)N£P(V, b(x,-)) for all x € V if and only if u € C(V) N Fp pr1(V).
Furthermore, Fp p1(V) C Fpp p(V), see Lemma 2.2.

Next, we will prove Theorem 11.1. But, firstly, we turn to some preliminary convexity-
type results which are also of interest in its own.

11.1 Convexity-type Results

First, we show a Poincaré-type inequality. This is the discrete counterpart of [PT07,
Theorem 1.6.4], see also [HPR24; PR15; PP16].

Lemma 11.3 (Poincaré inequality) Let VV C X be connected and non-empty. Assume
that h is critical in \VV with Agmon ground state u. Then, there exists a strictly positive
function w on V' such that for every ¢ € Co(V') with (u,)y # 0 there exists a positive
constant C = C(%) such that

Clwp(p) < h(p) + Cllp. )vIP. @ eC(V).

Proof. We divide the proof into two steps.
1. Claim: For all non-empty W C V there exists a strictly positive function w € C(V)
such that

wp() < h(p) + (mlw)p(e), @ € Cc(V).

Note that the right-hand side is a p-energy functional which we denote by h. Then,
clearly, A is non-negative on C.(V). Moreover, h > (mly), on Cc(V), ie., his sub-
critical (with p-Hardy weight m1p). Since h is subcritical in V such a w exists by
Corollary 8.5.

2. Claim: Let u be an Agmon ground state of the critical p-energy functional h on
V. For every 9 € Cc(V) with (u,¢)x # 0, there exists a positive constant C = C(¢)
such that for all finite and non-empty K C V/, we have

(mlk)p(p) < C(h(w)+ (0. Y)vIP), e (V).



11.1. Convexity-type Results 91

Assume that the inequality above is wrong. Then there is a sequence (¢,) in C(V)
such that h(p,) — 0, (@n, ¥)v — 0, but (Mlk)p(wn) = a € (0,00]. Thus, since
K is finite and non-empty, there exists 0 € K and € > 0 such that for all nx > ng,
©n (0) > €. Set ex = @p,/n(0) for all nx > ng. Then, (&) is a null sequence
of hin V. Thus, ex — Cu by Theorem 10.1 for some positive constant C. Since
(ex, ¥)y — Clu, )y # 0, we have a contradiction, and the second claim is proven.
Now, applying both claims yields the result. O

Next, we prove a convexity-type result. An alternative proof using Lemma 11.3 can
be found in a preprint of [Fis24]. The counterpart in the continuum can be found in
[PTO7, Proposition 4.3].

Proposition 11.4 Let ¢y, ¢ be two potentials such that co # ¢1 on a connected and
non-empty subset V. C X. Denote the corresponding p-energy functionals by hg, h1,
respectively. Furthermore, define for all t € [0, 1]

he(w) = thi(v) + (1 = t)ho(w), @ € Cc(X).

Let h; be non-negative on C.(V), i = 0,1. Then ht is non-negative on C.(V) for all
t € [0, 1]. Moreover, hy is subcritical in \/ for all t € (0, 1).

Proof. The proof follows the ideas from its counterpart in the continuum. Here are the
details: Clearly, hy is non-negative on C(V/) for all t € [0, 1].

If ho is subcritical in V' with Hardy weight wy, then, h:, t € [0, 1), is subcritical in V/
with Hardy weight (1 — t)wp. Analogously, we can argue if h; is subcritical in V.

It remains the case that both hg and h;y are critical in V. Denote by ug and up the
corresponding Agmon ground states normalised at some o € V. Assume that for some
t € (0,1) also h¢ is critical. Then by Theorem 10.1, h; has an Agmon ground state
ur on V normalised at 0 € V' and a null-sequence (e,) on V, such that 0 < e, — u;
pointwise on V. We show that this results in a contradiction.

We claim that ¢y # c¢; implies that u; cannot be a multiple of u; or u»>. Indeed,
let H: be the p-Schrédinger operator associated to hy, t € [0, 1], and assume that
ur = Cug for some C > 0. Since u; is an Agmon ground state for t € [0, 1], we have
0 = Heup = tHyup + (1 — t)Houy = tCP~1Hiug on V. Hence, up is also a global
p-harmonic function for H; on V. Since ug(0) = 1 = u1(0), we have by the uniqueness
of the Agmon ground state (up to multiplication by a constant) that vy = u;. But
this yields, cluffl = —mLuy = —mLug = cougfl = couffl, ie., co = cy on V.
Interchanging the role of 1 and wug yields the claim.

Let (e}) be a null sequence for h; converging pointwise to ¢, t € [0,1]. Then
he(et) — 0 implies hi(el) — 0 and ho(el) — 0. Hence, (e}) is a null sequence
for both h; and hg. By construction, this sequence converges pointwise to u; and ug,
and also u;. But since ¢y # c¢1, we have that vy cannot be a multiple of 1y or wo,
and get a contradiction. Therefore, h; does not admit an Agmon ground state and by
Theorem 10.1, it is subcritical in V for t € (0, 1). O
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A consequence of the previous proposition is given next. For the counterpart in the
continuum confer [PT07, Proposition 4.4] or [PP16, Proposition 4.19].

Corollary 11.5 Let V C X be connected and non-empty, and let h be subcritical in V.
Let w € Cc(V) such that w(x) < O for some x € /. Then there exists T, € (0, c0) and
T_ € [—00,0) such that h+ t - W, is subcritical in V' for t € (7—,T4), and such that
h+ Ty - w, is critical in' V.

Proof. By Corollary 8.5, there is a strictly positive Hardy weight w associated with h on
V. Thus, (w+t-w)p(e) < h(p) + tw,y(p) for all ¢ € Cc(V). Since w > 0 on V, and
W is compactly supported, we get that w 4+t - w > 0 on V for sufficiently small values
of |t|. Let

S:={teR:h+t- W is subcritcal in V}.

By the previous proposition, Proposition 11.4, S is an interval. Let denote by 7, and
T_, the right and left boundary point of this interval, respectively.

We show that 7 < +o0: Since there is x € V such that w(x) < 0, we have
Wp(1x) < 0 and thus, h(1y) + t - Wp(1x) < O for sufficiently large t.

We show that 7— = —oo can be obtained: Assume that w < 0 on V/, then w,(¢) <0
for all ¢ € C.(V), and thus for all t <0, we get t € S.

We show that h + 7. W, is critical: Clearly, h + T4 W, is non-negative on C.(V).
Assume that h+ 74w, is subcritical, i.e., 74 € S. Arguing as in the beginning, we see
that for sufficiently small € > 0, we get that h + (7} + €)W, is subcritical. But this
contradicts that 74 is the right boundary point of the interval S. O

The following result can be seen as the counterpart of Corollary 11.5 for critical
p-energy functionals. Confer [PT07; PP16; PR15] for the local case.

Corollary 11.6 Let V C X be connected and non-empty, and let h be critical in \VV with
Agmon ground state u € C(V).

(a) Assume that w € £°(V) and there exists T4 € (0,00] such that h + T4 - W,
is non-negative in Cc(V'). Then, for any null-sequence (e,) of h in V, we have
liminf 00 Wp(en) > 0.

(b) Assume that w € C.(V') and W,(u) > 0. Then there exists T, € (0, oo| such that
h+t- W, is subcritical for all t € (0, T4).

Proof. Ad (a): By Proposition 11.4, h+ t - W, is subcritical for all t € (0, 74). Thus,
we can use Corollary 8.5, and get the existence of a strictly positive p-Hardy weight w
associated with the p-energy functional h+t- w,. Let (e,) be an arbitrary null-sequence
of h such that e, — C-u > 0 for some positive constant C, which exists by Theorem 10.1.
By Fatou’s lemma, we infer

t- Iinm%iorlf Wp(en) = Iimioréf h(en) + Iinnlioréf t-Wp(en)

> “nrligéf Wp(en) > CP - wp(u) > 0.
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Dividing by t > 0 yields (a).

Ad (b): The strategy is as follows: If there is T4 € (0, 00] such that h+ T4 - W, is
non-negative in C-(X), then by Proposition 11.4, we get that h+ t - W, is subcritical for
all t € (0, 74).

Thus, let us assume that such a 74 € (0, o] does not exists. We will show that this
leads to a contradiction. Hence, we assume that for all t > 0, there exists @; € C(V)
such that

h(pe) + t - Wp(pe) <O. (11.1)

By the reversed triangle inequality, h(¢:) > h(|@¢|). Thus, we can assume without loss
of generality that ¢; > 0. Since h is non-negative on C.(V), it follows from (11.1), that

W(0¢) < 0. (11.2)

In particular, by Inequality (11.2), we have supp(¢;) N supp(w) # 0.
Let Yr == ot/ [oell5 1 . Then, using that w is bounded on V/, we get

supp w

lim t - W < v) - lim t- ; =0
tl‘% WP(th) = Sgp(W) tm) Hd}t”l’vlsuppv"/

Since h is non-negative on C.(V') we obtain using (11.1) and the calculation above,
< i < | - W =
0 < lim h(¢pe) < lim - Wp(Y) = 0.

Thus, h(:) — 0 as t — 0.

Since W is finitely supported and since supp(@:) Nsupp(w) # () for all t > 0, we
have that for some o € supp(W), there exists € > 0 and a subsequence (v¢;,) of the net
(¥¢) such that 9, (0) > €, and t, — 0 as n — oo.

Let ¥, 1= ¥y, /P, (0), then h(,) = (1/9:,(0))Ph(t,) — 0 as n — oo. Hence,
(¥p) is a null sequence of h, and thus, ¥, — Cu for some positive constant C. By the
assumptions on w, we thus have

nIme Wp(Yn) = CPW,(u) > 0.
This contradicts (11.2). O

We continue with an observation which is basically a consequence of Lemma 11.3.
Confer [PTO07, Proposition 4.2], or [PP16, Proposition 4.18] for the counterpart in the
continuum.

Using a different and more technical method, it is shown in Corollary 10.3 that if h
is non-negative on C.(V U {0}) for some V C X and o € OV then h is subcritical in V.
This clearly makes following lemma, Lemma 11.7, redundant. However, for convenience,
we give a short argument based on the Poincaré inequality, Lemma 11.3, here.

Lemma 11.7 Let W C V C X be both connected and non-empty.
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(a) If h is non-negative on C.(V'), then h is subcritical in W .
(b) If his critical in W, then h is supercritical in V.

Proof. If his subcritical in V/, then Corollary 8.5 implies that we have a Hardy weight w
which is strictly positive in V. Thus, taking w - 1y, we have a Hardy weight on W, and
h is subcritical in W.

Let h be critical in V with Agmon ground state v € C(V). Take 0 € V \ W. By
Lemma 11.3, there exists a strictly positive function w on V and a positive constant C
such that

Clwy(p) < h(p) + Cl{p Lohv[P = h(w), @ e Cc(W).

Thus, h is subcritical in W. This proves (a). The second statement (b) is just the
contraposition of the first one if h is non-negative on C.(W). O

11.2 Proof of Theorem 11.1

Proof (of Theorem 11.1). Let us mention that there is nothing to prove for W =V or
K = V. Hence, in the following, we assume that W C V or K C V.

Ad (a): Let h be critical in V. Then, by Theorem 10.1, there is a null sequence (e,)
in V such that e, — u pointwise, where u € C(V) is the Agmon ground state of hin V.
By Lemma 11.7, we have a p-Hardy weight w on V \ W, i.e.,

wp(p) < h(p), p € Cc(V\W).

By Fatou’s lemma, we have
wp(ulyw) < liminf wy(enly\w)-
Thus, we have to show that the right-hand side is finite. We calculate using Theorem 4.1,

wp(enlw) < h(enlyw) = hu(enly\w /u).

Moreover,
e, |2
hu(enly\w/u) = Z b(XvY)U(X)U(Y)‘VXVYUn
x,yeV\W
. en((X)) + en((Y)) P2
u(x u
(WO |V 22| + [V
er(y)
4+2. b(x, y)u(x)u 3
> bxyulx) W26

xeW,yeV\W

12 enly) |1 enly) P2
((weou- S 3 =0 9
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This first sum on the right-hand side can be estimated from above by h,(e,/u). Since
hu(en/u) < h(ep) — 0 as n — oo, we only need to discuss the second sum. Here

we have, using that u satisfies sup. ey cv\wx~y U(X)/u(y) < oo, the existence of a
constant C;, > 0 such that

e2(y) 12 en(y) 1 en(y) p—2
XGW§V\W P ((“(X)“(”) ) T2 ) Ve
_ uG) ((u0\ 2 Jueo 1\
‘XeW,yZeV\W”(X’”uw)((u<y>) a0 1) &)
<G ) by =Co ) eby)degw(y).
xeW,yeV\W yevVA\W

We can assume by Theorem 10.1 (vii) that e, < u. Since we have by assumption
u € LP(V\ W, degy ), we proved (a).

Ad (b): Let h be subcritical in V' with corresponding Hardy weight w, i.e., h—w, > 0
on Cc(V). Let v e M(V \ K) for some finite K C V.

Using Corollary 11.5, there is a potential w € Cc(K) = C(K) such that h — W,
is critical in V. Let denote the Agmon ground state on V' of h — w, by u. Hence,
ue MV)C M(V\ K) with respect to h. Furthermore, since u and v are minimal
on V' \ K and on the finite set K there always exists a constants C > 0 for the strictly
positive functions v and v such that v < Cv, we have v < v on V' \ K.

Since for all p € Co(V \ K)

(h—wp)(p) = h(p) = wp(p) = wp(L\ k),

w is also a Hardy weight for h — W, on C.(V \ K). Thus, we can use the first part, and
get that w € £2(V \ K, vP) = £ (V \ K, uP) = £1(V, uP). O






12. Optimal Hardy Weights

Some measure of generality must be present in any high-class
theorem, but too much tends inevitably to insipidity. [...] We do not
choose our friends because they embody all the pleasant qualities of
humanity, but because they are the people that they are. And so in
mathematics; [...] Here at any rate | can quote Whitehead on my
side: ‘it is the large generalization, limited by a happy particularity,
which is the fruitful conception.

G. H. Hardy, A Mathematician's Apology, p. 108

Here, we will derive optimal Hardy weights for subcritical p-energy functionals with
arbitrary potential part. This will be achieved by the virtue of a coarea formula, Propo-
sition 12.10 in Section 12.2. Moreover, we will need the technicality that roots of super-
harmonic functions are also superharmonic. This is discussed in Section 12.1. The proof
of the main result, Theorem 12.1, is given in Section 12.3. We start proving optimal-
ity by showing criticality in Section 12.3.1, and show null-criticality and optimality near
infinity in the two succeeding sections. The proofs of the criticality and null-criticality
work mostly along the lines of the proofs of [KPP18b] and [DP16; Ver23], by either
generalising from p = 2 to p € (1,00) or by using discrete non-local versions of local
methods in [DP16; Ver23]. The proof of the optimality near infinity is instead inspired
by results in [KP20], confer also Theorem 11.1 and Theorem 11.2.

Our main result tells us now how to find optimal Hardy weights. An associated
version in the continuum is given in [Ver23, Theorem 1.1]. Recall that by the Harnack
inequality, Lemma 5.1, a positive p-superharmonic function is strictly positive.

Recall that a function f € C(X) that is positive on V C X is called almost proper on
Vif f71(1) NV is a finite set for any compact set / C (0, 00); and if f is almost proper
and strictly positive on V/, it is called proper on V. Moreover, if f is strictly positive on
V, then f is of bounded oscillation on V' if sup, ey iy, f(X)/f(y) < co. Also recall
that the existence of a strictly positive proper function of bounded oscillation on V U oV
implies that the underlying graph is locally finite on V.

Theorem 12.1 (Optimal Hardy weights) Let V C X be infinite such that (V, b|yx\v)
is locally finite on V. Let h be a subcritical p-energy functional in \V/ with arbitrary
potential c, corresponding p-Schrédinger operator H := Hy, ¢ p m, and p-Laplacian L :=
Lb,p,mr p > 1.
Suppose that 0 < u € F(V)NC(V) is a proper function of bounded oscillation on
V such that Hu > 0 on V/, where H := Hp.cp-c.p.m» and Cp = (p/(p — 1))PL.
Furthermore, assume that Lu € £*(V, m), u € £»~*(V, c_), and

(a) u takes its maximum on V/, or there exists S > 0 such that for all x € V with
u(x) > S we have Lu(x) <0, and

97
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(b) u takes its minimum on V/, or there exists | > 0 such that for all x € V with
u(x) < I we have Lu(x) > 0.

Then,
H(ulP=1)/p)
u(P*1)2/P '

multiplied with m is an optimal p-Hardy weight of h on V.

w =

Note that a proper function of bounded oscillation on an infinite graph cannot have both,
a maximum and a minimum.

We remark that a sufficient condition for Lu € £X(V,m) is Hu € ¢*(V, m) and
u € £P~1(V.|c|) by the triangle inequality. Moreover, if Hu € C.(V) —in other words, 1 is
p-harmonic outside of a finite set with respect to H, then the conditions Hu € £1(X, m),
(a) and (b) are satisfied. In [KPP18b], where the case p = 2 was investigated, the
assumption is that v should be harmonic with respect to H. Hence, in a certain sense
the assumptions here generalise the result in [KPP18b]. Furthermore, if 0 < c € C.(V),
then the conditions u € £°P71(V, ¢) and (b) are satisfied.

In addition to that, we remark that in the linear (p = 2)-case no multiplication of
the potential with a constant C» is needed, see [KPP18b]. There, a discrete chain rule
of the square root was applied which remains unknown for p # 2. However, also for
a quasi-linear counterpart in the continuum (that is [Ver23, Theorem 1.1]), the same
constant is needed.

The assumption Hu > 0 on V is used to get H(uP~1/P) > 0 on V and thus,
w > 0 on V, see Proposition 12.5. Alternatively, this condition can be replaced by
H(uP=1)/P) > 0 on V without any changes in the proof. However, the last condition
might be more difficult to verify in concrete examples.

As a corollary, we get optimal Hardy weights to Laplace-type operators. A corre-
sponding version in the continuum is given in [DP16, Theorem 1.5].

Corollary 12.2 (Optimal Hardy weights for non-negative potentials) Let V C X
be infinite such that (V, bl x\) is locally finite on V/, p > 1. Let h be a subcritical
p-energy functional in \VV with non-negative potential c and corresponding p-Schrédinger
operator H, and p-Laplacian L. Suppose that 0 < u € F(V)NC(V) is a proper function
of bounded oscillation on \VV with Hu > 0 on V' and Lu € £*(V, m) such that

(a) u takes its maximum on V/, or there exists S > 0 such that for all x € V with
u(x) > S we have Lu(x) <0, and

(b) u takes its minimum on V/, or there exists | > 0 such that for all x € V with
u(x) < I we have Lu(x) > 0.

Then,
/-/(L,(p—l)/p)
BT CEI

multiplied with m is an optimal p-Hardy weight of h on V.
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Proof. Note that C, > 1 in Theorem 12.1. Hence, Hu > Hu > 0, and we can apply
Theorem 12.1. 0

Remark 12.3 (Green'’s functions) It is shown in Theorem 9.4 that whenever h is sub-
critical in X there exists a Green's function g,: X — (0, 00) for every 0 € X with the
property that Hg, = 1,. Thus, g, is a strictly positive p-superharmonic function that is
harmonic outside of a singleton. Hence, Green's functions are natural candidates for the
function v in Theorem 12.1 and Corollary 12.2.

Also note that there exist graphs associated with subcritical energy functionals whose
corresponding Green's functions do not vanish at every boundary point: Take, for in-
stants, the standard line graph Ny from Example 3.4 with ¢ = 0 and m = 1. On N,
this graph is subcritical, and a positive minimal Green's function G; on 1 is given by
G1 =1 on N and G1(0) = 0, confer with Example 9.6. Note that G is still of bounded
oscillation but not proper. Moreover, since LG?J*l)/p = 1; on N, the corresponding
formula does not result in an optimal p-Hardy weight on N. Another example of a tree
with this property is given in [Woe00, p. 240].

But before we start, we note the following discrete version of [Ver23, Lemma 2.35].
Recall from Chapter 11 that £P(X, b(x,-)) = Fpp+1({x}) for some fixed x € X, i.e.
ue C(V)ner(V, b(x,-)) for all x € V if and only if u € C(V) N Fppt1(V) for some
VvV CX.

Lemma 12.4 (Versano’s lemma about adding potentials) Let VV C X be connected
and non-empty. Assume that h admits an optimal p-Hardy weight w on V/, and h — w,
has an Agmon ground state in C(V') N4P(V, b(x,-)) for all x € V/, which is of bounded
oscillation in V. Let w € C(X) be such that w > —e-w onV for somee € [0,1). Then,
w + w is an optimal p-Hardy weight of h+ w, in V.

Proof. Firstly, h+ w, is non-negative on C(V') because of w > —ew on V, and w > 0
is a p-Hardy weight of hin V, ie, h—wp > h—ew, > h—w, > 0on C (V). Since
(h+wp) — (W+w), =h—w, on Cc(V), also the right-hand side is critical in V' with
the same ground state u. Moreover, because of (W + w),(u) > (1 — e)wp(u) = oo,
the functional (h + wp) — (W + w), is null-critical with respect to w + w. Thus, by
Theorem 11.2, w 4+ w > 0 is an optimal p-Hardy weight of h+ wp in V. O

Morally, this lemma tells us that sign changing and non-positive potentials are of
particular interest. And once, we found an optimal p-Hardy weight for some p-energy
functional, we get a family of optimal p-Hardy weights by simply adding certain potentials
at the weight and the functional.

12.1 Supersolution Constructions

One particular crucial step in the proof of Theorem 12.1 will be to show that for a
given positive and superharmonic function, certain roots of this function is again super-
harmonic. It turns out that for positive potentials, this can be deduced from standard
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techniques, see Proposition 12.7. However, for arbitrary potentials a slightly modified
Schrédinger operators has to be considered. This is shown next. In this section, we also
consider the case p = 1.

The following result can be seen as the discrete counterpart to [DP16, Lemma 2.10]
and [Ver23, Corollary 3.6] and uses the mean value theorem to circumvent the use of the
chain rule, confer also with [HK14, p. 350] and [KLW21, Section 2.3].

Proposition 12.5 (Supersolutions via the mean value theorem) Letp > 1 and u €
F({x}) for some x € X. Let @ € C2([inf{X}U3{X} U, supgquaixy Ul, R) be an increasing
and concave function, i.e., @', —@" > 0. Then, we have

L(wou)(x) = (¢ 0 u)(x))"~ Lu(x). (12.1)
In particular, if u(x) # u(y) for some y ~ x and @ is strictly increasing, then the
inequality in (12.1) is strict.
Moreover, if either

(a) u(x) > 0, and we have that ¢(a) > o - a- ¢'(a) for some o > 0 and all a €
[inf{x}ua{x} U, SUP{x1ua{x} LI], and also Hb'apﬂ,cyp’mU(X) >0, or

(b) Hu(x) > 0, and we have c(x) = 0, or ((¢ o u)(x))P~Y = ((¢' o u)(x))PL, or
sgn c(x) = sgn(((w 0 u)(x)) P~V = ((¢' 0 u)(x))P7L).
Then, H(p o u)(x) > 0.
In particular, if u(x) > 0, and also Hy go-1.c p mt(x) = O for some q > 1, then

H(u'/9)(x) > 0. If, in addition to that, u(x) # u(y) for some y ~ x, then we have
H(u™9)(x) > 0.

Proof. By the mean value theorem, for all z, y € X, there exists £ € [u(z)Au(y), u(z)V
u(y)] such that
VZ,_)/((p © U) = (pl(g)vz,yu-
Thus, for this fixed x € X,
-1
MEOL(@ o u)(x) = 3_ blx,y) (¢/(€)Tayu) "
yeX
Since ¢’ > 0, we obtain
=) bY@ (V)P = Y b0, y)(@(6))P (V)P
Y:Vyxyu>0 Y:Vx,yu<0
Moreover, because of —¢” > 0, we can estimate as follows

=) by (@ (U(x))PTH (Vi u)P

Y:Vxyu>0

= Y B (W) )P

Y:Vxyu<0
= m(x)(¢'(u(x)))"~* Lu(x).
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This shows (12.1).
Ad (a): Using the extra assumption on ¢ and v, and (12.1), we get for all x € V

c(x) ( (o u)(x) ))

H(w o u)(x) = ((¢' o u)(x))P~" (LU(X) +

m) | (o)
> (@ 0 )(x))P! (Lu(x) n ;((XX)) - <au<x)>"—1) |

This shows (a).
Ad (b): If we add and subtract instead of multiplying the missing potential part, we
get using (12.1),
c(x)

H(pou)(x) 2 (¢ 0u) ()" Hu(x) + o5 (((9 0 n)(0) P = (¢! 0 ) ()7

By the assumptions on ¢, u and ¢, the right-hand side is non-negative.
The last assertion follows from (a) by setting ¢ = (-)*/9 and a = g for some g > 1.0J

Note that in the case of ¢ > 0 and ¢ = (-)1/9 for some g > 1, it is sufficient to have
Hu >0 on V instead of Hj, jo-1.c p mtt > 0 on V.
Moreover, a corresponding result for p-subharmonic functions goes as follows.

Corollary 12.6 Let p> 1,V C X, and u € F(V). Let ¢ € C?([infx u, supx u],R) be
an increasing and convex function, i.e., @', " > 0. Then for all x € V we have

L(pou)(x) < ((¢" o u)(x))P~ Lu(x).
In particular, if u is p-subharmonic with respect to L on V/, then so is ¢ o u.
Proof. Mimic the proof of Proposition 12.5. (I

Next, we want to show a similar result as Proposition 12.5 for a not necessarily
differentiable function . As a downside, we will need to assume that the potential
is non-negative. This is a discrete version of [HKMO06, Theorem 7.5], see also [BB11,
Section 9.8].

Proposition 12.7 Letc >0onV C X and p > 1. Let u € F(V) be positive on X and
p-superharmonic on V. Let further ¢: (0,00) — [0, 00) be an increasing and concave
function. Then @ o u is also p-superharmonic in V.

In particular, the functions u*/9, q > 1, are p-superharmonic on V.

Proof. By the Harnack inequality, see [Fis23], u is strictly positive on V. If ¢ is concave
and increasing, then we have the following identity for all t € (0, )

p(t)=inf{at+p: a,.BeR,a>0,ar+ B> (1) forall T € (0,00)}.

Since ¢ > 0, we have B > 0. Moreover, because of ¢ > 0 and u > 0 on V, we get
H(au+B) > 0on V. Since pou is the infimum of a set of non-negative p-superharmonic
functions it is by Corollary 5.4 also non-negative and p-superharmonic. U
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Remark 12.8 We note that in the case of ¢ = 0 on V/, the same proof holds for an
increasing and convex function ¢: (0, 00) — R. Then, in the definition of such a function
via supporting lines the number 3 might be negative.

Moreover, in the case ¢ = 0 on V/, we also have that log u is p-superharmonic on V
with respect to L if u > 0 is p-superharmonic on V' with respect to L.

12.2 Coarea Formula

Here we follow the ideas in [KPP18b, Subsection 2.3] (or [KPP20a, Lemma 9.3.5]) for
p = 2 and extend them to p > 1. Additionally, we weaken the assumptions from the
linear (p = 2)-case slightly. This generalised coarea formula can also be seen as the
discrete analogue of the coarea formula in [Ver23|.

We will also use the following boundary notation: For V C X we denote

BV :={(x,y) e Vx X\ V:b(x,y) >0},

i.e., OV contains all directed edges from the interior boundary of V to the exterior
boundary 8V. Furthermore, for any function u € C(X), we define the coarea function
g=9y: (infxu,supyx u) — [0, oo] via

g(t) = Y bx,y)(Viyu)P . (12.2)
X, yeX
u(y)<t<u(x)

Note that a strictly positive proper function on an infinite set cannot take both
simultaneously, its maximum and its minimum since either 0 or oo is an accumulation
point. Moreover, note that on a finite set any strictly positive function on that set is
proper.

Lemma 12.9 (Stokes-type formula) Let p > 1, and V C X be non-empty. Let 0 <
u e F(V) be non-constant on VV U3V and almost proper on X. Let g = g, denote the
coarea function. Then, for any t1, to € (infx u,supx u) such that t; < t, the set

Wet, ={xeW:t;1 <ulx) <t}
is finite for any W C X, and
g(t) —g(t) = Y Lu(x)m(x) + > b(x, ) (Vxyu)Pt (123)
XVt 1 (xY)EB((X\V)1;.15)

where both sides may take the value +oc.
In the following assume that u = 0 on X \ V, ie., u € C(V). Furthermore, in the
case of infinite V/, assume also
sup  (u(x) —u(y)) < supu(x) — inf u(x), (12.4)
X, y€V.x~y xeV xeV
then g((infx u,supx u)) C (0, ).
Moreover, assume additionally that Lu € £*(V, m), and
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(a) u takes its maximum on V/, or there exists S > 0 such that for all x € V/ with
u(x) > S, we have Lu(x) < 0; and

(b) u takes its minimum on V/, or there exists | > 0 such that for all x € V' with
u(x) < I, we have Lu(x) > 0.

Then, also g <1 on X.

Proof. For t > 0, define for any W C X, W; :== {x € W : u(x) > t}. Let t1,tr €
(infx u,supx u) with t; < to. Then, Wy, ¢, = Wy \ Wh,. Since u is almost proper on
X, the set W, ¢, is finite for any W C X. Therefore, the characteristic function 1y,
of Vi 1, is in Ce(V).

Let us abbreviate the notation further by writing

bu(x,y) == b(x,y) (Veyu)PV, xyeX

Since u € F(V), we can apply Green's formula, Lemma 2.7, which yields

> Lu)m(x) =) 1y, ()Lu(x)m(x)

XGth,tQ xeX

1
=5 Z bu(x, ¥)Vxylvi o, = Z bu(x,y).

X,y€X (x.y)EW, 1,
Notice that for t; < tp, both g(t1) and g(t>) share the sum over the set
{(x,y) e X x X :uly) <t <th<u(x)}.
Thus, we conclude

g(t)—g(t)= > buxy)— Y bu(xy)

x,yeX X, yeX
u(y)<ti<u(x)<t t1<u(y)<t2<u(x)
= ) b+ Y bhuxy)
X, yeX X, yeX
u(y)<ti<u(x)<ts ti<u(x)<t2<u(y)
= Y blxy)+ > bu(x,y),
(Xry)eévfl,l‘z (X,y)Gé((X\V)tva)

together with the observation before, this shows (12.3).

We turn to g > 0: Since u is non-constant and X is connected, 8X; is non-empty
for all t € (infx u,supx u), i.e., g > 0 on (infx u,supx u).

Now assume that v € C(V), and we show that g < co: If V is finite, then u(x) >t
only finitely many times and only for x € V. Since u € F(V), g < co. If V is infinite,
then firstly note that u € C(V) implies ((X \ V)¢.t,) = 0. By using (12.3), and
since V4 1+, is finite for all t1, to € (infx u,supx u), we have g(t;) < oo if and only if
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g(t2) < oo. Secondly, note that by Inequality (12.4), there are t1, to € (infx u, supx v)
such that to — t1 > supy yeyxy, (U(x) — u(y)). For the choice of these t1, t2, there
is no vertex in V;, = Xt, that is connected to a vertex outside of V4, = X;,. Hence,
OV, = OVi, NO(X\ Vi 1) 5

Moreover, we observe that for any W C X, we have (x,y) € oW if and only if
(y,x) € 8(X \ W). Hence, we have by the considerations before and the definition of
b, and the assumption v € F(V) that

9(t2) = Y o buxy) < Y bl y) [Vt < 0.
(x,y)€8Vi, NB(X\Viy 1)) (x.y)E8VA, 1,

Thus, g < oo on (infx u,supx u).

Next, we show the boundedness of g under certain additional assumptions. The lower
bound follows from (a), (b) and (12.3). Here are the details: Indeed, assume it takes its
maximum on V/, then u~([a, maxy u]) is finite for all a > 0 by the almost properness
of u. Hence, by (12.3), g changes its value only finitely many times, and thus g < 1
in [a, maxy u]. A same argument holds, if u takes its minimum instead. If u does not
have a maximum, then g might converge to zero as t goes to supy U = supx u. By
(a) and (12.3), g is increasing in a neighbourhood of supy, u = supx u, and thus cannot
converge to zero. By using (b) instead, a similar argument applies, when u does not
have a minimum.

The upper bound follows if we additionally assume that Lu € £*(X, m). Then, (12.3)
and (a) yields for all t; < t, with tp > S if u does not have a maximum and t, = maxy u
in the other case,

g(t)) =g(t)+ > Lu(x)m(x) < g(t2) + Y [Lu(x)| m(x) < oo

XEVH 1y xeVv
The calculation for (b) is similar. O

We remark that many of the latter additional assumptions in Lemma 12.9 are satisfied
if Lu € C.(X), and the existence of a suitable S and / are then trivially satisfied.
Furthermore, if u > 0 on V, then Inequality (12.4) is equivalent to
u(x u(x
sup Q < sup Q
xyeV,xmy U(Y)  xyev u(y)
Now, we proof a formula to translate calculations and estimates of infinite sums over
graphs to one dimensional integrals — the so-called coarea formula. This formula will be
of fundamental importance in the proof of Theorem 12.1.

Proposition 12.10 (Coarea formula) Let p > 1, and 0 < u € C(V). Let the function
f: (infu,supu) — [0, 00) be Riemann integrable. Then

1 u(x
=Y b(xy) (Vaeyu)®™Y
5 (x.¥) (Vxyu) / (

x,yeX u(y)

) sup u
F(t)dt :/ F(t)g(t) dt, (12.5)

nfu
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where both sides can take the value +o00, and g = g, is the coarea function given by
(12.2). Assume further that Lu € £*(V, m), and

(a) u is almost proper and non-constant on VV U0V,
(b) supy yev sy (U(x) — u(y)) < supxey u(x) — infxey u(x) in the case of infinite V,

(c) u takes its maximum, or there exists S > 0 such that for all x € V with u(x) > S,
we have Lu(x) <0, and

(d) u takes its minimum, or there exists | > 0 such that for all x € VV with u(x) < I,
we have Lu(x) > 0.

Then, g < 1.

Remark 12.11 Let v and f be as in Proposition 12.10 with f being continuous, and

assume u(x) # u(y) for all x ~ y with either x € V or y € V. Then, we can use the

mean value theorem and get that there is 0x., € (u(x) A u(y), u(x) V u(y)) such that
[ £ (1) dr

_ July)
) =4 —uty

Thus, the coarea formula can be reformulated as
sup u

5 X Bl FO) = [ f(Da(n)de

X,y eX infu

Proof (of Proposition 12.10). Let t > 0. As in the previous lemma, Lemma 12.9, we
define X; = {x € X : u(x) > t}. Let 1, , be the characteristic function of the interval

Ly = (u(x) A u(y), u(x) Vv u(y)].
Observe that (x, y) or (y, x) are in Xt = Xi X X\ Xt if and only if t € I, ,,. Using this

and Tonelli’'s theorem, we derive

u(x)
> b(x,y) (Viyu) PV /() f(t)dt

x,yeX uly
sup u
-y b(x,y)|vx,yu|P—1/ F(E) L, (1) dt
X.yeX infu
sup u )
= [ X ) Vel Ly (0
infu x.yeX
sup u
:2/ () Y b(x,y) [VayulP ! dt
infu (X,y)EéXt
sup u
:2/ F(1) Y bx.y) (V)P H dt
infu (X,y)EéXt

since u(x) > u(y) for (x,y) € 0X;. This shows the first part of the theorem. The
second part follows from Lemma 12.9. U



106 Chapter 12. Optimal Hardy Weights

12.3 Proof of Theorem 12.1

12.3.1 Criticality

We start with an auxiliary lemma. The lemma introduces a cut-off function which has

its origin probably in [PSO05] where it was successfully used for the p-Laplacian on R¢.

In [DP16], it was used to show criticality of p-Schrodinger operators in the continuum,

and in [KPP18b] the same function was used to show criticality for linear Schrédinger

operators on graphs. However, this cut-off function is one particular choice but others are

possible as well to prove the following main results, take e.g. partially linear functions.
Let n € N and define the cut-off function ¥, [0, c0) — [0, 1] via

Iog(t)) ) log(t)
log n [ log n

1 ;](t)—Fl[%,n](t)-i— (2— ) 1[,7'”2](1'). (12.6)

Yn(t) = (2+ 1

Clearly, ¥, /1 pointwise as n — oo. Moreover, we have the following estimate.

Lemma 12.12 Let 0 < B < o < o0, and Y, be the cut-off function defined in (12.6),
n € N. Then,

[Vapwn|” _ Jg 771 WA(DI" dt

CRIEE (127
and there is a positive constant C such that for all g > 1,
(/7 = BM9)° (3(1n(@) + [¥aBID)” _ - p/a-pin /a [Wa(8)P . (12.8)
(a—pB)P-t - 5 t

Proof. The inequalities are clearly satisfied if o < 1/n2 or B > n?, since the left-hand
sides and the right-hand sides vanish then. Thus, we can assume in the following that
a>1/n?and B < n°.

Ad (12.7): Firstly, we briefly show that

Vapglog

< —=
Vap¥n < logn

This can easily be obtained by a case analysis. Note that

log(n*/t)
logn

log(n°t)
logn

PYn(t) = 1[%'%](1')4—1[%'”](1')4- l[n,n2](t)v teR.
The cases o, 6 € (0, n] and a, B € [1/n, 00) can also be obtained from [KPP20a]. The
remaining cases follow immediately from the formula above.

Secondly, we show that

va,ﬁwn pf]_
oty mra =
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Indeed, by the fundamental theorem of calculus, we obtain

Vas¥n J5 ()t [oNn rde — (9N 1/t dt

_ _ ng_l(ﬂ) Bv1/n? Bvn
Jo e ()P de [t ()P dt [_‘j‘vAll/n’; 1/tdt + [gvAn”2 1/tdt
< logP~*(n).
Using the first two results together with
Vaglog p 1
- 9'(B) 5
we derive at
-2
|ch,5'¢n|p o |va,[3'¢)n‘p Va,ﬁ"l/n ) va,ﬁwn

(a=p)Pt [F P L lp(0)Pdt  Ja—BP 2 (a—B) [5 tP L Yh(1)Pdt
|Va,5 Iog‘p_2 Vaplog

~ logP (n) |a — BIP* (e — B)
1

e

-logP~*(n)

<

This proves the first inequality.
Ad (12.8): By substituting t = 3/a < 1, and since t — (1 —t1/9) /(1 — t) is strictly
monotonously decreasing as t > 0 increases, we have
(al/a —pl/a)p
(a =By

Moreover, it is not difficult to see that there is a positive constant C such that

1—tl/a

— p/qu.(
« 1t

)p < gPla—p.

(30l + @) < [ e (0P et
B

The key to the above inequality is that the left-hand side is always smaller than 1, and
the right-hand side is equivalent to log(n) in the case of @ > 1/n? and B < n?, and to
zero elsewhere. In the latter case also the left-hand side vanishes.

Using (a —B) < a (and a > 1/n?, B < n?, 0 < B < a), we derive at

(/e _ﬁl/q)p(%(|¢n(a)| + |¢n(5)\))p <C
(- PP [Tt ga(e)lPde —°

ap/q—p(a _ 5) < Cpap/q—p+1_

This proves the second inequality. Il

Using the latter lemma and the coarea formula, we will show next that certain p-
superharmonic functions will give us weights w such that the resulting p-energy functional
h—w, is critical. Recall that F(V)NC(V) = C(V) if the graph is locally finite on V C X.
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Proposition 12.13 (Criticality) Let V' C X be connected and non-empty such that
(V, blyxv) is locally finite on V/, and let c be an arbitrary potential. Define H := Hyp, ¢ p.m
with corresponding subcritical p-energy functional h and p-Laplacian L. Suppose that
u € F(V)nC(V) is a positive function on V/, proper and of bounded oscillation on V/
with Hu > 0 on V/, where H := Hp,gp-1.c.p.m» and q := p/(p —1). Furthermore, assume
that Lu € £(V, m), and

(a) u takes its maximum on V/, or there exists S > 0 such that for all x € V with
u(x) > S we have Lu(x) <0, and

(b) u takes its minimum on V/, or there exists | > 0 such that for all x € V' with
u(x) < I we have Lu(x) > 0.

Then h — (wm),, is critical in V, where w := H(u/9)/u(P=1)/4.

Proof. By the Harnack inequality, Lemma 5.1, u > Oon V. We set v := u1/9. Because of
Proposition 12.5 (a), v is strictly p-superharmonic with respect to H on V. Furthermore,
by the definition of w, the function v is a positive p-harmonic function with respect to
H—-winV, ie, Hr = wvP lon V.

The strategy of the proof is to construct a null-sequence on V' with respect to h —
(wm), which converges pointwise to u. By Theorem 10.1, this then implies that h —
(wm), is critical on V.

We take the cut-off function 9, : [0, co) — [0, 1] defined in (12.6) and set e, € C(V)
via

en =1Y%povonV.

If V is finite then, clearly e, € Co(V). If V is infinite, we also have e, € C.(V), since
supp(¥,) C (0,00), and supy u = oo or infy u = 0 by the properness assumption
on u. Obviously, e, 1 pointwise on V as n — oo. So, we are left to show (h —
(wm)p)(ves) = 0 as n — oo.

Using (4.9), we get for some positive constant Cp,

hv,l(en)v 1< p<L2,

hv,l(en) + (2;:;7%::;)2/phv,3(en)v p>2.

(h=(wm)p)(ven) < Cp- {

We will show that the right-hand sides vanish as n — oo.
We compute

hoien) = Y b(x, y)(u(x)u(y))P?? Ve’
X, yeX

u(x)
- Z b(x,y) |vayu|p_2 (Vxyt)an(x,y) (/( | tP |‘Pln(f)|p dt) '
u(y

x,yeX



12.3. Proof of Theorem 12.1 109

where (r-1)/2
(U(X)U(Y)) P |Vx,yen‘p

(Vo P2 (Vo) ful) o= [ (£)° dit

an(Xry) =

whenever the denominator does not vanish and a,(x, y) = 0 otherwise.
Using (12.7), we obtain (assuming without loss of generality that u(x) > u(y),
otherwise we use a symmetry argument)

an(x,y) <

(u(x)u(y))P~1/2 < (UX

uP=1(y) T x~y

since u is of bounded oscillation on V.

We use this estimate and apply the coarea formula with £(t) = tP~1 [/ (t)|". Note
that the assumptions of the corresponding proposition, Proposition 12.10, are fulfilled.
Therefore, there exist positive constants C; and C; such that for all n € N

u(x)
hoa(en) < Co Y b(x,y) [Vayul”? (Viyu) ( [ tP ()] dt)

X, y€X )

sup u
< le tP= |4 (8)]° dt
i

nf u

1 \P [ (rde [ dt 2C
ol [
log n s t n t logP~* n

The term on the right-hand side tends to 0 as n — oco. Thus, for 1 < p <2, (ve,) is
indeed a null-sequence for (h—(wm),),, which implies by the ground state representation
formula the criticality of the functional h — w.

We are left to analyse the case p > 2. Here we calculate

u(x)
hv,3(en) = Z b(XvY) |vx,yu|p72 (Vx,yu)é(X-Y) (/ 7t |(Pn(t)|p dt) )

X,yEX (Y)

where
7 (et

an(x,y) =

Vo P> Vgt f$) 72 [wn(2)1P dt

whenever the denominator is non-zero and 3,(x, y) = 0 otherwise.

Using (12.8) with g = p/(p—1), we obtain (assuming without loss of generality that
u(x) > u(y), otherwise we use a symmetry argument) that there is a positive constant
C3 such that

dn(x,y) < Cau®(x) = C3 < o0,
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Then, we can use again the coarea formula but this time with f(t) = t =1 |4,(t)|". Thus,
there exist positive constants C», C3, C4 such that

hy1(en) + (hy1(en))? (hy3(en))?

26,
~ log”"tn
p—2
2G5 ) u) z
+ () (G X by (Va2 Vi / £ g (t)]P dt
log n x,yeX u(y)
°C + 2C2 )i (C /Suputlwz ()P o|t)pp2
N |ng71 n Ingil n 3 infu n ’
Since . )
/ t [Yn ()P dt < / t~1dt < logn,
infu 1/n
we conclude,
. < log” L n + C4|Og(p—1)-2/p 0 iog”In + 0g®* 7P -0, n— oo.
This shows the statement. 0

12.3.2  Null-criticality

In the present subsection we prove the null-criticality of h — w), for a specific w under
some familiar constraints, confer [KPP18b] for p = 2.
We need the following elementary inequality.

Lemma 12.14 For allp,g>1 and 0 <3 < a < oo, we have

(al/q _ 5l/q)p - ap/q—pﬁ
(a =@yt fF1/tdt =  q»

Proof. If B = 0 there is nothing to prove. Thus, assume 8 > 0 in the following. Because
of

loga — log3 , 1
—— =" <o = —,
P I (8) 5
we have 3
a_
J5 1/tdt 2
Moreover, substituting t = 3/a < 1 yields
1 1 1
(alfa —pHla)p — gqP/a—p. (1_t /q)p
(a—pB)P 1-t
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Let g(t) = (1 — t1/9)/(1 — t). Then it is easy to see that g is strictly monotonously
decreasing for all t > 0. Moreover, by L'Hépital’s rule it follows that

th(l)nl] g(t) = lim g(t) = 1/q.

Combining this with the inequalities before yields the result. (I

Now we can show the main result of this subsection.

Proposition 12.15 (Null-criticality) Let V C X be connected and infinite such that
(Vi blyxv) is locally finite on V. Define H := Hp, c.p,m with corresponding subcritical
p-energy functional h and p-Laplacian L. Suppose that 0 < u € F(V)NC(V) is a proper
function of bounded oscillation in VV with Hu > 0 on V, where H := = Hp gp-1.cpm and
q := p/(p —1). Furthermore, assume that we have Lu € £*(V,m), u € £P~1(V, c_),
and

(a) u takes its maximum on V/, or there exists S > 0 such that for all x € V with
u(x) > S we have Lu(x) <0, and

(b) u takes its minimum on V/, or there exists | > 0 such that for all x € V' with
u(x) < I we have Lu(x) > 0.

Then, the p-energy functional h— (wm), with w := H(uY/ @) /(uP=1/9) is null-critical
in V' with respect to wm.

Proof. By Proposition 12.13, we know that h — (wm), is critical on V with Agmon
ground state /9. We have to show that (wm),(u*/9) = oo

Moreover, by Theorem 10.1 (vii), there is a null sequence (e%/q) to h — (wm),
on V which converges pointwise and monotone increasing to u/9. Hence, we have
h(el/9) — (Wm)p(e,,/q) — 0 as n — oo. If we can show that h(el/?) — oo, then also
(wm)p(ex'?) — 0o. Since 0 < et/ < /9, this would imply (wm),(ut/9) = oco.

If c(x) > 0 for some x € V, then the potential part at x of the p-energy functional
can be bounded from below by 0. Because of u € £°~1(V, c_) and 0 < e%/9 < /9, the
potential of the negative part of ¢ remains finite for all n € N. Altogether, we only have
to consider the divergence part. Denote K, ;== supp e, € Cc(V). We have

Z b(x, y) ‘ny l/q‘ Z b(XvY))Vnyeg/q)p

x,yeX X, yeEKp,UOK,

By Lemma 12.14, we have whenever e,(x) # en(y) for x € K, with x ~ y
1/q
‘ny ‘ o1 en(y)

= | =
lvx.yen|p_2 (Vx.yen) fec;,n((yx)) 1/tdt qP xeKnxey €n(X)

a(x,y) =

n-
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Otherwise, we estimate a by 0 from below. Since K, is finite, e, is almost proper on V/,
and non-constant on K, U 0K,. We apply the coarea formula (Proposition 12.10) with
f(t) =1/t. Thus, we get

en(x)
S b (Vayed P =S b0 y)alx,y) (Vayen) PV / 1/tdt
X, yEK,UOK, X, yEK,UOK, en(y)
en(x)
> Cy 3 bxy) (Vayen) ™ [ Tyt
X, yev en(y)
- maxx,, €n
> ¢, / 1/tdt,
mink, €n

where C,, is a positive constant. Since u is of bounded oscillation, lim,_ssc Cn € (0, 00).
By the properness of u and since V is infinite, we have that 0 or oo are accumulation

points of v in V/, and therefore firS#SVuu 1/tdt = oo. Consequently, (wm),(u'/9) = c0.0]

12.3.3 Optimality Near Infinity

Here, we finally prove Theorem 12.1. Because of Proposition 12.13 and also of Propo-
sition 12.15, we are only left to show the optimality near infinity. This, however, is a
consequence of Theorem 11.2.

Proof (of Theorem 12.1). Proposition 12.13 and Proposition 12.15 imply that the func-
tion w = H(uY9)/uP~1/9 ¢ = p/(p — 1), multiplied with m is a p-Hardy weight
such that h — (wm), is null-critical with Agmon ground state u'/9.

Furthermore, since u is proper and of bounded oscillation, also u!/9 is it. Thus, we
can apply Theorem 11.2 and get that wm is indeed an optimal p-Hardy weight. O

12.4 Examples of Optimal Hardy Weights

Example 12.16 (N) By Corollary 12.2, we see that the Hardy weight w on N obtained
in Example 10.10 and given by
p=1 p—1
1 P
(1 ¥ ) - 1)
n

p=1\ P—1
W(I”I)Z:(l—(l—:’)p) —
>(p_1)l31 = wh(n),

p | np

is not only an improvement of the original p-Hardy weight w' but also optimal. It is
shown in [FKP23] that w'’ is the leading term of a Taylor expansion of w. By Versano's
lemma, Lemma 12.4, we also get an optimal p-Hardy weight for the generalised harmonic
oscillator for free. Moreover, if the potential of the generalised hydrogen atom is close
enough in terms of Lemma 12.4, we also get an optimal p-Hardy weight in this case.
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On RY, p # d, with the free p-Laplacian, the classical Hardy weight W (x) = ((p —
1)/(p|x|))P is an optimal p-Hardy weight on R?\ {0}, see [DP16, p. 4] which follows
by taking simply the Green's function on RY as reference function. Hence, for d = 1,
we have an significant difference between the continuous and discrete model in terms of
the p-Hardy weights. The optimal p-Hardy weight on (0, 00) is only the first term of the
Taylor expansion of the optimal p-Hardy weight on N.

Example 12.17 (T441, d > 2) Recall the Green's function from Example 9.8 of the
homogeneous regular tree Ty11. Here, we have G,(r) = Cp - d*r/(pfl), r > 0 for
some constant C, > 0. The Green's function G, is proper and of bounded oscillation.
Obviously, also the remaining conditions in Corollary 12.2 are fulfilled. Hence, an optimal
p-Hardy weight is given by

(d+1)(1—d~V/P)PL, r=0
w(r) =
d(1—d-1/Pyp=1 _(gt/P —1)P=1  r>0.

Note that for p = 2, this is the result obtained in [BSV21, Eq. (1.3)], confer also with
[KPP20a, Example 9.3.11]. Moreover, this optimal weight is constant for r > 1 and does
not converge to zero. In the case of p =2, w(r) for r > 1 is exactly the bottom of the
£?-spectrum of the free Laplacian on Ty, 1.

Real hyperbolic spaces H(RY) are often considered to be a counterpart in the contin-
uum to homogeneous trees. Here, similar results were obtained, see [Ber+17a; BGG17]
(or for the closely connected Damek-Ricci spaces see [FP23]). However, using the ana-
logue method from [DP16], one can show that the weight in the continuum is larger
than a similar positive constant and converges exponentially fast to it. Hence, this is
somehow the reversed observation than between N and (0, 00).

Moreover, it would be nice to obtain a p-Hardy weight on T441 which converges
to d(1 — d~1/P)P=1 — (d¥/P — 1)P~1 slower than in the example before (which would
necessarily mean that the new weight is smaller at 0). An approach for p = 2 can be
found in [BSV21]. We believe that the main idea can be generalised to p € (1, c0) but
it remains a subject of current research.

The calculation on Ty11 can be generalised easily to all subcritical model graphs.
This is done next.

Example 12.18 (Model graphs) Recall the p-Laplacian of locally finite model graphs
from Example 3.6, and the Green's function G, from Example 9.7, if it exists. If this is

the case, Theorem 12.1 can be applied. Setting g = G((Jp_l)/p, we calculate
p—1
o) [k (1-43) r=o,
W(r) = W B k 1 g(r+1) p-1 k g(r-1) 1 Pt >1
L0 (1) e (S -r) T ezt

Hence, the function wm is an optimal p-Hardy weight.
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Example 12.19 (Free p-Laplacian on Z9, d > p) The flows constructed in [Mae77;
Pra04] implicitly define functions u which satisfy the assumptions in Corollary 12.2. Thus,
an optimal p-Hardy weight is given by w := Lu(p_l)/p/u(p_l)z/”.

A downside of the main result of this chapter is that it cannot be applied to non-
locally finite graphs as e.g. the star graph. It is natural to ask if the formula also yields
optimal weights in this case. Next, we shown an example that this not the case if the
formula in Theorem 12.1 is used with Green's functions on star graphs.

Example 12.20 (Star graphs) Even though, we cannot apply Theorem 12.1 on a star
graph, we can calculate the formula and check by hand if it satisfies all desired properties.
Recall the star graph from Example 3.9. Let us add any potential ¢ such that h is
subcritical (e.g. take a positive potential ¢ > 0). We also calculated the corresponding
normalised Green's function Gg implicitly in Example 9.11. Recall that HGg = 0 and
Go > 0 on N implies

(p—1)
Go(0) _ 1) 1 k €N. (12.9)

c(k) = b(k, 0) (Go(k)

Hence, by defining ¢ and b properly, we get a proper Green's function of bounded
oscillation (take e.g. c(k) = 1/k3, b(k,0) = 1/k? for k € N). Furthermore, by the
equality above and since Go € F, we get Go € £°~1(X, |c|) which, in turn, implies
LGg € Zl(X, m). Moreover, for k > 1,

(p=1)/pf 1y _ G(pil)Z/p(k) Go(0) | (P~ 1)/P (p—1)
HGSP™ (/<)_0mT b(k,0) 1—(Go(k)) + c(k)

Hence, our candidate for a weight w is defined on N via

B G(()P—l)/P(O)
G(()P_l)/P(k)

' GC()P—l)Q/P(k) m(k)

N A e i ) R IO B
— m(k) Gk (Go(k)_ )

(p—1)
b(0, k) (1 ) + c(k)

Clearly, w > 0 on N. Note that this defines also the value at 0 implicitly.

The natural candidate for a ground state of h — (wm), is u = Gépfl)/p. Recall
that v € F by Lemma 2.2. Let us set ¢, = 1jg 5 -t for n € N. Then 0 < e, " u as
n — oo, and (e,) is a good candidate for a null-sequence. Note that Hu(k) = Hep(k) =
w(k)el 1 (k) = w(k)uP~1(k) for all 0 < k < n. Hence,

(h—(wm)p)(en) = (Hen, en)n, — (Wm)p(en)
= (Hen(0) = Hu(0))u(0)m(0)

o (p—1)
=uP(0) ) b(O,k)(l—(l—ZEg;) )

k=n+1
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Let us assume that ¢ > 0. By Equation (12.9), we get that u(0) > u(k) for all k € N.
Moreover, by the local summability of the graph, we get

o0 p—1 00
> b(O,k)(l—(l—:IEg;) )g > b(0,k) < 0.

k=n+1 k=n+1

Since 1 — (1 — u(k)/u(0))P™* > 0, we can use the theorem of dominated convergence,
and get (h— (wm),)(ep) — 0 as n — oo. Hence, h — (wm), is critical with Agmon
ground state u.

Let us turn to the null-criticality: if we show that u ¢ £°(Ng, wm), then h— (wm),
is null-critical with respect to wm. Since e, ,/ u, we have (wm)y(e,) 7 (wm)p(u).
Since (ep) is a null sequence of h— (wm),, it suffices to have a look at h(e,). Here, we
calculate

h(en) = (Hen, en>No = i Hen(k)en(k)m(k)
k=0

= ib(o,k)|vo,ku|”+ i b(0, K)u(0)P + > c(k)uP(k).
k=0 k=0

k=n+1

By Example 9.11, the third sum converges monotonously to m(0) € (0,c0). By
Lemma 2.2, we have u € F = F},, since Go € Fp . Moreover, by the same lemma,
u € Fp pt1, which implies that the first sum remains finite as n — oo. Furthermore, since
the graph is locally summable also the second sum stays finite. Hence, u € £°P(Ng, wm),
and the corresponding functional is positive-critical.

Therefore, the formula of Theorem 12.1 applied to a Green's function on a star graph
does not result in an optimal weight.

In Example 12.3, we have seen an example of a non-proper Green's function of
bounded oscillation on N which does not yield an optimal p-Hardy weight. Hence, also
the properness seems to be a natural requirement for obtaining optimal weights via the
supersolution construction.

Remark 12.21 There are also other techniques known to obtain Hardy-type inequalities
than via the supersolution construction together with the coarea formula and ground
state representation formula as presented here. Two promising methods can be found
e.g. in [Bog+22; FP23; BSV21] and references therein. So far these are only applied to
settings in the continuum or to homogeneous trees. To find the corresponding versions
on general graphs are ongoing research projects by the author. See also [Dav99; Hua23a]
for reviews of some (other) methods in the continuum.

12.5 Applications

Here, we briefly discuss two simple applications of the Hardy inequality, an uncertainty-
type principle and a Rellich-type inequality. Both follow easily by using also Holder's
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inequality. In the next chapter, Chapter 13, we continue the discussion of Rellich-type
inequalities.

12.5.1 Heisenberg-Pauli-Weyl-type Inequality

The famous Heisenberg-Pauli-Weyl uncertainty principle is a direct consequence of the
Hardy inequality. It asserts, roughly speaking, that the position and momentum of
a particle can not be determined simultaneously. For further information confer e.g.
[BEL15, Subsection 1.6] for a detailed discussion in the Euclidean space, [KO09; KO13;
Kril8] for Riemannian manifolds, or [Ber+20, Section 3] for a recent version in the
hyperbolic space.

Assume that h is subcritical in X with p-Hardy weight w. Then by the Holder and
Hardy inequality, we derive for all ¢ € C.(supp(w))

Y el = > (WP [e() P (WP (x) [e(x)])

x€esupp(w) x€esupp(w)
(p-1)/p b
<| > wVPH)e(x))P (ZW(X)IW(X)IP)
x€supp(w) xeX
(p—1)/p
<[ X eI er /P (p)
x€supp(w)

This is a quasilinear version of the Heisenberg-Pauli-Weyl inequality on graphs.
For the special case of the line graph on X = Ny discussed in Example 10.10, we
thus obtain by taking the optimal Hardy weight
p—1

w(n)'—(l—(1_1)ppl)p_1_ (1+1)p_1)P—1 neN
= - - : :

the following sequence of inequalities on C.(N)

1/p

(p—1)/p
> lpn)P < (Z w /=D () Iw(n)l”)

neN neN

oo
Z |vn,n—1(P|p
n=1

b (p—1)/p o0 1/p
< E : (Z nP/(P=1) |‘P(”)|p) : (Z |Vn,n—1<P|p) ,

neN n=1

where the second inequality follows from the comparison with the classical p-Hardy weight
wH(n) = (1= (1=p))P-(1/n"),neN.
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12.5.2 A First Rellich-type Inequality

Another inequality which has attracted a lot of attention is the Rellich inequality. For
more details on the history and generalisations of this inequality in different settings, we
suggest the papers [Ber+20; KPP21; KO09; KO13] and the monograph [BEL15], and
references therein.

Assume that h is subcritical in X with strictly positive p-Hardy weight w. Then by
the Hardy inequality, Green's formula (Lemma 2.7), and the Holder inequality, we obtain
for all ¢ € Cc(supp(w))

> wx) [e(x)[P < h(p) = (Hp, @) x = (How P, ow/P)g 00
xeX
(p—1)/p

<| 2 weTH0 He(x) P e el
x€esupp(w)

This implies the Rellich-type inequality

> w)lex)P < Y weHR) [He(x)|P PV g e Co(supp(w)).

xeX xesupp(w)

We have to admit that classical Rellich inequalities have different powers of the Hardy
weight on both sides of the equation. This, however, needs more effort.

For the special case of the line graph on X = Ny discussed in Example 10.10, we
obtain by taking the classical p-Hardy weight w', and optimal p-Hardy weight w from
the previous subsection,

(22) 2 (B2 < S wio ot

p neN neN

~1/(p-1) /(p—1) P . /(p—1)
< Y w e emP e < (2] L.

neN

for all ¢ € C-(N), where

Lo(n) = Z (Vome) P~ neN.

m:|n—m|=1

In the next chapter, we have a closer look on Rellich-type estimates.






13. Rellich-Type Inequalities

For my own part | have never once found myself in a position where
such scientific knowledge as | possess, outside pure mathematics, has
brought me the slightest advantage.

It is indeed rather astonishing how little practical value scientific
knowledge has for ordinary men, how dull and commonplace such of
it as has value is, and how its value seems almost to vary inversely to
its reputed utility.

G. H. Hardy, A Mathematician's Apology, p. 117

In 1953, Rellich showed in lectures given at the New York University (which were
published posthumously in [Rel69, Theorem 11.7.1]) and explained in an ICM talk in 1954
[Rel56, pp. 247-249] that for all smooth and compactly supported functions ¢ which
vanish at the origin of RY, d # 2, the following is true with sharp constant:

d?(d — 4)? ©(x 2
/ |Ap(x)]? dx > (16 ) / o A)r‘ dx.
RY R x|

Such inequalities were also found in different setting and are usually referred to as Rellich-
type inequalities, see e.g. [DHI8] for linear operators in LP, p # 2.

In the preceding subsection, Subsection 12.5.2, we achieved a Rellich-type inequality
by a simple application of Holder's and Hardy's inequalities. Also have a look at the
references there, for more background information on this inequality. Let us also mention
the recent contributions [BGG17; Caz21; DP16; GKS22; Gup23; HY24; Rob18]. We
want to highlight that all Rellich-type inequalities we are aware of are associated with
linear Schrédinger operators or fractional Laplacians.

The goal of this chapter is to give a quasi-linear generalisation of [KPP21]. Note
that in the linear case, we have a certain symmetry in Green's formula and an equality in
the ground state representation which we lose if p # 2 and which was used in [KPP21].

The following theorem is the quasi-linear generalisation of [KPP21, Theorems 2.3
and 6.1]. Note that the following specific constant from the ground state representation
formula becomes important: In this chapter let us denote by C, the smallest strictly
positive constant such that

h(up) = (Hu, ulp|®)v < Cohu(w), @ e Cc(V),0<ue F(V),VCX

Recall from Remark 4.4 that we have explicit bounds for C,, if p € (1, 2].

Theorem 13.1 (Rellich-type inequality) Let h be subcritical on V' C X with strictly
positive p-Hardy weight wm on V. If there is a function f > 0 onV andy € (0, 1) such
that for some (all) 0 < ¢ € C.(V), we have the weak p-eikonal inequality

Cp ho(f) < y(wm),(epf).

119
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Then, for this (all) 0 < ¢ € Cc(V) we have

—1y (FPm)(x) -
2 MG s )P iy 2 (L= P00 [Nl (wm) ()
xeV xeVv

Proof. The main idea of this proof is to use the ground state representation formula in
an unusual way (see Remark 4.6), then the rest follows naturally. Here are the details:
Applying the alternative ground state representation formula (4.8), we get

(Hp, fP)y > h(pf) — Cphw(f)-
By the Hardy inequality and the weak p-eikonal inequality, we obtain
h(pf) = Coho(F) = (1 =) [l wm
On the other side, by Hoélder's inequality, we obtain with ¢ := p/(p — 1),
(Ho, fP)y = (Holsuppoo P w2 0f wl/P)y
< [[HOLsupp ol g mrow-1/6-0 = 10T | wm -

Altogether,
-1
||H(Plsupmp”q,mfpw—l/(pfl) >(1-7) ||<Pf\|ﬁ,wm '
i.e.,

y m(x)fP(x)
Wl/(P—l)(X)

> (1= o) f )PP mx)w(x). O
xev

Z |H<P(X)1sur3p<p(x)|p/(p71
xeV

Note that f = 1 yields the Rellich-type inequality from Subsection 12.5.2.
An immediate consequence is the following, confer with the linear version in [Rob18]
and [KPP21, Corollary 1.3]. Recall that we fixed C,.

Corollary 13.2 (Robinson-type inequality) Let h be subcritical in V' C X with strictly
positive p-Hardy weight wm on V. Set q := p/(p — 1). Assume that there exists
v € (0, 1) such that for all 0 < ¢ € C.(V), we have

Cp hp(w) <yl

wPm *
Then, for all 0 < ¢ € Cc(X) we have

—1
HHWlSUDD(PHq.qu(P*” > (1 - fY) H(pHngpm '

Proof. Take f = wl/9 in Theorem 13.1. O
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Next, we will discuss a special case of Theorem 13.1 which somehow has a closer
connection to the results on manifolds and local operators. However, it excludes many
choices of the function f, as f needs to be small and without large oscillation in a certain
sense. These two restriction arise from the non-locality. On the other hand, we will
see afterwards, that if we know somehow simple p-Hardy weights, then examples can be
deduced easily from it.

For the next result we need the following auxillary lemma. We want to mention that
the constant in the lemma is not optimal.

Lemma 13.3 Forall p > 2 and o, 8 > 0, we have
aBlo —BlP~? < 2P 3(a + BP).

Proof. The inequality is fulfilled if o or 3 vanish. Thus, we can assume that o, 3 > 0,
and we have |a — B| < a+ 3. Dividing by a”, we see that the inequality above holds if

t(1+ t)P~2

p—3
T < 2P72, t > 0.

f(t) =

We show now that (1) = 2P~3 is the maximum. Note that

(1+1)P3

O ="y

(1= tPT 4 (p—1)(t — t7)),
and thus, " > 0 on (0,1), " < 0 on (1,00), and /(1) = 0. Hence, f takes its
maximum at 1, and the statement is proven. O

In the next statement, we make use of the following notation: For all f € F(V),
vV CX, .
VY () =3 > b(x,y) [Vayfl?,
yev
and for p > 2

wa (x) = % Z b(x,y)

yev

( [FO)+ ()
2

p—2
) Vay 2

By Hélder's inequality, the term [Vf[{, is finite for all f € F(V), V C X. Again by
Holder's inequality, the term |@f‘c is finite for f € F(V) NLP(V, m).

The motivation for this notation comes from the counterpart in the continuum. Note
that for ¢ = 0, we simply have h(p) =3, . |Vo|% for ¢ € D. Recall that C, is fixed.

Corollary 13.4 Let h be subcritical on V' C X with strictly positive p-Hardy weight wm
on V. If there is a function f > 0 on V and v € (0,1) such that f satisfies the two
pointwise p-eikonal inequalities on V/

Co IV, < yfPwm, onV and for p > 1,
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and 3
Cp|Vf}C < yfPwm, onV and for p > 2.
Then, for all 0 < ¢ € C.(V) we have
- Pm)(x _
> M0 Laupp o)/~ L) (1ol 5 () ()P (wm) ().
xeV WP (X) xeVv

Proof. By the classical Young inequality, we have o(x)o(y) < 1/2(p?(x) + ©?(v)).
Using this observation and the elementary inequality (2.1), we get

1
ho1(F) <Y @P() VAL (x) < v 1efllwm:
xeVv P

By Corollary 4.2, Cphy(f) < Cphy 1(f) for p € (1,2] and some positive constant Cj,
(recall that C,, is fixed); and for all p € (2, 00)

Cohyp(9"P) < Ch(hp1(9"P) + hy2(g"P)).
Since ¢ > 0 and by Lemma 13.3, we obtain for all x,y € X

e(x)p(y) [p(x) — (¥)|P~% < 2P73(pP(x) + 9P (¥)).

Hence,
N ~ /2 2p—3
ho2(g"P) <2P73 % ©P(x) |V91/”( () <v—ll@fllpwm-
xev v Cp
Putting both together, we see
(14+2°73)C,
Cph(g"P) < "L 10|} -

P
(14+20-3)C), . .
Choose 7 such that Y——c— < 1. Applying Theorem 13.1 finishes the proof. O
We want to remark that in the linear case we have C, = 1 and we only have one point-
wise eikonal inequality. Hence, Corollary 13.4 reduces then to [KPP21, Theorem 1.1].
Let us close the main part of this thesis by discussing two examples.

Example 13.5 (N) Here, we want to show how to obtain a generalisation of the classical
Rellich inequality on N. We know from Example 10.10 that the free p-Laplacian on the
standard line graph is subcritical. We also calculated an optimal p-Hardy weight w. In
the appendix, we show that w(n) > (p — 1)?/(pn)P =: wy. The latter is known as the
classical p-Hardy weight on N. Set f = w!/9 with ¢ = p/(p — 1). Recall that m =1 in
this example. Moreover, (f°w)(n) = n””, and for n € N

)

nP’ n—1\PP n+1\"
p - _ _ _
it =" (|- () ]+ ()
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as well as

2

~ _1p nP
|Vf‘N0 (n) — 7

) ()

2 2

1+(2"#)p)"2‘1_(nt1)p

Hence, for n large enough, say n > ng, we can apply Corollary 13.4 and also Corollary 13.2
to obtain for some constant -y € (0,1) and all ¢ € C(N),

Lo(n)ls, n)|9 o(n)|P
y o es - ey O
n>ng n>ng
Example 13.6 (T4+1, d > 2) Recall from Example 12.17 that the optimal p-Hardy
weight w on Ty41, d > 2 associated with the Green's function is constant for r > 0.
Let us choose f = r9 for some g > 0. By similar calculations as in the example before,
we see that we can apply Corollary 13.4 for r large enough, say r > rp > 0. Hence, here
we get for some constant -y € (0,1) and all ¢ € Cc(Ty+1), and g > 0,

Z |L(p(r)1supp(p(r)|p/(p_1) P9 > (1 — )P/ (P= 1)y P/(P=1) (1) Z lo(r)|P rPa.

r=ro r=ro






A. Elementary Estimates

Pure mathematics, on the other hand, seems to me a rock on which
all idealism founders: 317 is a prime, not because we think so, or
because our minds are shaped in one way rather than another, but
because it is so, because mathematical reality is built that way.

G. H. Hardy, A Mathematician’s Apology, p. 130

A.1 Proof of Theorem 1.1

By Example 12.16, it is obvious that the weight from Theorem 1.1 is optimal. Also the
statement for integer p is clear. We only have to show that w > w'. This is shown
next and can also been found in [FKP23].

In fact, for fixed p € (1, 00), we analyse the function w: [0, 1] — [0, o0)

w(x) = (1—(1—X)1/q)p_:l _ ((1+X)1/q_1)p—1

for x € [0,1/2] and x = 1, where g € (1, 00) is such that 1/p+ 1/q = 1. Specifically,

we show
(>>(X)p
Wi X — .
q

The case x = 1 is simple and is treated at the end of the section. The proof for x < 1/2

is also elementary but more involved. We proceed by bringing w,, into form for which we

then analyse its parts. This will be eventually done by a case distinction depending on p.
Recall the binomial theorem for r € [0,00) and 0 < x <1

(14 x) = i (/:) (£1)kxk

where (() =1,(7) =rand (;) =r(r—1)---(r —k+1)/k! for k > 2 which is derived
from the Taylor expansion of the function x — (1 £ x)". Applying this formula to the
function w from above we obtain

o[£ ] (e ()

k=1
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To streamline notation we set
1/q k
9(x) = qZ (k+1)

Note that since q(l{q) =1 and q)(lﬁq)‘ < 1 for k > 2, we have 0 < |g(£x)| < 1 for

0 < x < 1/2. Thus, we can apply the binomial theorem to (1 + g(j:x))pf1 in order to
get

w9 = [£) 7 (1 st0p - (000
- (;)P—l (i (p; 1) (9"(—x) ~ 9”(X)))

n=0

_ (X)p_l ((Dzl)(g(—x)—g(x)Hi (pgl)(g”(—X)—g”(X)))

q

Thus, we have to show that the second factor on the right hand side is strictly larger
than x/q. Using g = p/(p — 1) we compute the first term in the parenthesis on the left
hand side

(77 ot - g(x))—q<p—1>Z(k1f1) (0% =

_ q(p—l)(l/zq)(l/q— D (o Hq(P—UZ( 1/q ) ((—x)% — xk)

k+1
:g_zp Z (1/0) k

ke2N+1

X
= —+ Ep(x),
g )

with

Ep(x)=-2p > _ ( )xk>0

ke2N+1

since —2p 1/9) < 0 for odd k and x > 0. So, it remains to show that for the term
k+1

Fol) =) (p; 1) (9"(—x) — ¢"(x))

n=2

we have for 0 < x < 1/2

Ep(x) + Fy(x) > 0.
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Specifically, we then get with the substitution x = 1/n

p—1
wy(n) = w(l/n) = ( L ) (1+Ep(1/n)—|—Fp(l/n) .

1 H
nq nq (nq)p ~ " ()

for n > 2.

Remark A.1 It is not hard to see that F, > 0 whenever p € N is integer valued. Indeed,
g(—x) > g(x) as all terms in the sum g(—x) are positive since —(,fﬁ) > 0 for odd k,
while the terms in g(x) alternate, (they are positive for even k and negative for odd k).
Moreover for positive integers p the binomial coefficients (pgl) are positive. Thus, the

Hardy weight we computed is larger than the classical one for integer p.

Let us now turn to the proof of
Ep(x) + Fp(x) >0

for pe (1,00) and 0 < x < 1/2.
We collect the following basic properties of the function g which were partially already
discussed above and will be used subsequently.

Lemma A.2 Forp € (1,00) and 0 < x < 1/2, we have
—1<g(x) <0< —g(x) <g(—x) <1.

Proof. The function g is given by g(x) = g 3o (iﬁ)xk. Since g > 1, the coefficients

by = q(;ﬁ) are negative for odd k and positive for even k. Furthermore, the sequence
(|bg|) takes values strictly less than 1 and decays monotonically. Thus, the asserted
inequalities follow easily. ]

We distinguish the following three cases depending on p for which the arguments are
quite different:

= p lies between an odd and an even number with the subcases:
® p€E[300)
e pe(1,2]

= p lies between an even and an odd number.

Here, for a, b € N, we say that p is between a and bif a < p < b.

We start with investigating the case of p lying between an odd and an even number.
To this end we consider two subsequent summands as they appear in the sum given by
Fp and show that they are positive. Indeed, the sum in F, starts at n = 2 but we also
consider the corresponding term for n = 1.
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Lemma A.3 Let p be between an odd and an even integer. Then, for all 0 < x < 1/2
and odd n € 2N — 1

(p_ 1) (9"(=x) = 9"(x)) + (p_ 1

. n+1)(gn+1(_x)_gn+l(x)) > 0.

Proof. Let p be between an odd and an even integer. We first consider n < p—1. In the
case k < p—1, we have (pzl) > 0. So, the statement for n < p—1 follows directly from
Lemma A.2 as |g(x)| < 1for 0 < x <1/2. Observe that n+1<p—1forn<p-—1
and n € 2N — 1 as p is between an odd and an even integer.

On the other hand, for odd n € 2N — 1 with n > p — 1,

") =) =

n - n+1) —

From Lemma A.2 we know that g"T1(x) > 0 > g"(x) for odd n € 2N —1 and 0 < x <
1/2. We obtain

(p; 1) (9"(=x) = g"(x)) + (51 1) (" (=) = 9" ()
- (* e |2
"0 o= |(520)

(23l = i)

) ' (6" (—x) — g™ (x))

AV

gn+1 (—X)

V

v

0,

where the last inequality follows from 0 < g(—x) < 1 for 0 < x < 1/2 thanks to
Lemma A.2. O

With Lemma A.3 we can treat the case of p > 3 lying between an odd and an even
number. This is done in the next proposition.

Proposition A.4 Let p > 3 be between an odd and an even integer. Then, for all
0 < x <1/2 we have Fp(x) > 0 and

Ep(x) + Fp(x) > 0.
In particular, w(n) > w'(n) for n > 2.
Proof. We can write F,(x) =Y 22, (°-1)(9"(=x) — ¢"(x)) as

A0 =5 ) (0 - )

by ((pﬁl)(g"<—x>—g"<x>)+(p_l)(g”W—X)—g”“(X))

n+1
nE€2N+1 -
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By Lemma A.3 the terms in the sum on the right hand side are all positive. Furthermore,
(pgl) >0 for p > 3 and g(—x) > |g(x)| by Lemma A.2. Thus, also the first term on
the right hand side is positive as well and f, > 0 follows. From the discussion in the
beginning in the section we take E,(x) > 0 for 0 < x < 1/2. The "in particular* follows
from the discussion above Lemma A.2. O

Note that we cannot treat the case 1 < p < 2 in the same way since the sum in F,
starts at the index n = 2. Hence, there is still a negative term (pgl) (6%(—x) — °(x)).
We deal with this case, 1 < p < 2, next.

We denote the Taylor coefficients of x — g(—x) by ay, i.e.,

o0 =a3_ (1) (0= acxt
k=1 k=1

oo 1 oo
9x)=q)_ (kiql)xk = kZ:lak(—l)kxk_

k=1

The function Ej(x) = —2p ) jcong1 (,}ﬁ)xk is odd and, therefore, we have
o0
Ep(x)=2(p— 1)) aopp1x>".
n=1

Furthermore, recall that E,(x) > 0 for x > 0, since —2p(,}i‘71) > 0 for odd k.

Lemma A5 Letp>1and0< x <1/2. Then,

4 (p+1) 5
9(=x) +9(x) < 5 T
Proof. We calculate using a» > a, for n > 2, the geometric series, x < 1/2 and the

_ (p+1)

specific value of the Taylor coefficient a> = q(l/q) 6p2

3

x2. O

o0 2

_ 2k X 8 o-_4 (p+1)
g(_x)+g(x)2k§_132kx §2321_ 5 < §32X =9 72
With the help of this lemma and Lemma A.3 we can treat the case p € (1, 2].

Proposition A.6 Let p € (1,2]. Then, for all 0 < x < 1/2, we have
Ep(x) + Fp(x) > 0.

In particular, w(n) > w'(n) for n > 2.
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Proof. We show E, + F, > 0 and deduce the “in particular” from the discussion above
Lemma A.2. By Lemma A.3 we have for all 0 < x < 1/2

A0 =5 ) (0 - )
+ ne;ﬂ ( (p; 1) (9"(—x) — g"(x)) + (Z; 1) (9" (=x) = 9" (x))

2751 (20 - 200)

222 (o0 + 909) (£ + )
2 -2 1 —

29'(pl)ggp+) (E P X) . x2

> éE,,(x) N g (p— 2)(pp—31)(p+ D 3

where we used the definition of Ep, i.e., (p — 1)(g(—x) — g(x)) = Ep(x) + 2 2=1ly and

Lemma A.5 which is justified since E,(x) > 0 and p —2 < 0. Moreover, in the Iast step

we estimated the coefficient of the first term in its minimum in p =1 and x = 1/2.
Now, we use the representation of £, as a power series to estimate

E0)=-20 Y ( )kZ_Zp(l/q)Xe.:(p—l)(p+1)(2p+1)X3.

3
ke2N+1 4 12p

Putting this together with the estimate on F, above, we arrive at

.8 2 (p=2)(p-1)(p+1) 3

Ep(x) + Fplx) 2 SEp(x) + 5 -
o (8lp=Dlp+1)p+1) 2 (p=2)(p-1)(p+1)
— 19 12p3 9 p3
_10(p—10(p+1)
27p3
This finishes the proof. O

Hence, it remains to consider the case of p between an even and an odd integer for
which we need the following three lemmas.

Lemma A.7 Let p,q > 1 such that 1/p+1/q =1 and k > 2. Then,

= C"(kfl)' - pk<k1+ DRECE 1)1k(k+1)'
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Proof. We calculate using 1/p+1/g=1

'( 1/q )‘_ (1-1/9)(2-1/9)3—1/q)---(k —1/q)
TMNe+1)|~ (k +1)!
1 (1+1/p@+1/p)---((k—1)+1/p)
 pk(k+1) (k—1)!

i o2 o) o) e

Lemma A.8 Let p,q € (1,00) such that 1/p+1/qg=1 and k € N,k > p. Then,

g2

Proof. Let n € N be such that n —1 < p < n. Moreover, let v = p— (n—1), ie,
1—v=n-—p,so, v €][01]. Since k > p and n, k € N, we have that kK > n and
therefore,

'(p—l)‘ (P=1(p=2)---(p=(=1))(p—n)---(p— k)

k KI
(2 () ) 1
clle=ttemm)_st=m 1 _Gb g
Lemma A.9 For0< x<1/2 and q> 1, we get
g(—x) < (9= 1;25267 -Y,
Proof. We calculate using ax > ay for k > 2
g(—X)=q( (léq) +Z‘(klj/tq2) k)x
<o|( TNl
S (FRIGIE
_(g-1BEg-1) 0
6G>2 '

With the help of these lemmas we can finally treat the case where p lies between an
even and an odd number.
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Proposition A.10 Let p € [2,00) be between an even and an odd integer. Then, for
all 0 < x <1/2 we have

Ep(x)+ Fp(x) > 0.
In particular, w(n) > w'(n) for n > 2.

Proof. Clearly, we have (pgl) > 0 for n < p and for n € 2N. Since we have g(—x) >
|lg(x)| by Lemma A.2, we obtain for the first n < p terms and the terms for even n in
Fp(x) that

75 )0 - g"0) 20

Note that E,(x) = 2(p — 1) Y 0% aop1x2™ > 2(p— 1) Y 0%, app+1x2™*1 since the
coefficients ax are positive. With the observation made at the beginning of the proof,
this leads to

B+ R0 > Y (20 D+ (P (070 - )

ne2N+1,n>p

We continue to show that all the terms in the sum are strictly positive which finishes
the proof. To this end note that for n > p with n € 2N + 1, we use g(—x) > |g(x)|,
Lemma A.2, as well as (p;l) < 0in the first step and the estimate on (p;l), Lemma A.8,
and the estimate on g(—x), Lemma A.9 in the second step in order to get

(p;l)(gn(_x)_gn(x))22(p;1)gn(_x)2_(q;1) (q_lggiq_l) Xn

We use the estimate on a,, Lemma A.7,

n

2(p—1 ">2———
(p=1)anx" qn(n+1)X

Next, we put these two estimates together and find that the minimum in the coefficient
is clearly assumed at g =2 since p>2 > q

p—1
200 -1+ (7 1) (6700 - 9700)
n
S 9 1L (g1 ((a=DGg-D\7 .,
~“\agn(n+1) 4 6g2
1 1(3\" 1 1
> _ — — — n > _ n O,
- (n(n+1) 2 (8) )X - (n(n+1) 2”+1)X ~
where the positivity follows by a simple induction argument. This concludes the proof by
noticing that the “in particular” part follows from the discussion above Lemma A.2. [
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In summary, the above considerations yield
Ep(x)+ Fp(x) >0

for p € (1,00) and 0 < x < 1/2. By the discussion at the beginning of the section this
yields w,(n) > WA”(n) for n > 2.

We finish the section by treating the case n = 1 which corresponds to x = 1. With
this we finally conclude that w(n) > w'(n) for all n > 1.

Proposition A.11 Let p € (1,00). Then, w(1) > w'(1).

Proof. Recall that w(1) = 1 — (21=%/P —1)P~1 and w/ = (1 — 1/p)P. By the mean
value theorem applied to the function [1,2] — [1,2171/P], t — t'=1/P we find

21-1/p 1 < 1—1_
p

Therefore,
g 1\P! 1\"
wo(1) —wH(1)>1-[1-= —(1==] .
p(1) = wp (1) ( p) ( p)

Now the function 9: (1,00) — (0,00), p — (1—1/p)P"t + (1 —1/p)” is strictly
monotonically decreasing because

1 p—1\" p—1
Vo= 2 (222) (o wea [252) 42 <o
(=55 (5= (@p-Dog [
since 6: p — (2p — 1)log(p — 1)/p is strictly monotonically increasing and we have
limp—o0 6(p) = —2. Hence, we conclude

w(l) —w(1) >1-9(p) >1-— lim %(t) = 0.
—
This finishes the proof. (I

In summary, we have shown the desired strict inequality in Theorem 1.1.

A.2 Proof of Lemma 4.8

This section can also be found in [Fis23]. Before we can proof Lemma 4.8, we need the
following quantification of the strict convexity of the mapping x — [x|°, p > 1. In the
following lemma, (-, -)r» denotes the standard inner product in R”.

Lemma A.12 (Lindqvist’s lemma, Lemma 4.2 in [Lin90]) Let a, b € R". Then, for
all p > 2 we have

|a” = b > p|blP~ (b, a = b)rn + cpla — bI”,
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where c, = 1/(2P71 —1) > 0. If 1 < p < 2, then

la— bJ

alP — [b]P > p|b]P~2(b,a— bYpr + Cp— o,
P (lal +b[)2=»

where ¢, = 3p(p — 1)/16 > 0, and the fraction is interpreted to be zero if a= b = 0.

In the previous lemma, the constant ¢, does not seem to be optimal. However, this is
not important for our further investigations.

Proof (of Lemma 4.8). Ad (4.10): Recall that we have to show that for p > 1,
la—tlP— (1 —t)P YlalP —t) < tla—1]°(la—t|+1—t)"2, acRO<t<1.

The strategy of the proof is as follows: We start with some simple special cases for which
the equivalence can be shown very easily. Thereafter, we do a substitution to bring the
equivalence in a simpler form for the remaining cases. Then, we divide R into the three
intervals [1, +00), (t, 1), and (—oo, t] for some t € [0, 1]. In the two intervals [1, +00)
and (—oo, t], we then distinguish between proving lower bounds and upper bounds, as
well as having p > 2 or 1 < p < 2. In the remaining interval (¢, 1), we show that we
can deduce the equivalence from the validity of the equivalence in [1, +00).

1. The three cases t € {0,1}, a=t, and p =2: If p = 2, then it is obvious that
we have equality for all a € R and t € [0, 1].

An easy computation shows that we have indeed equality for t € {0, 1}.

If a=t, we have to show that for all p > 1

—(1=t)P7L(tP —t) < t(1 — t)P.
Thus, let us consider the function

R L G N e
a(t) = t(1—t)P 1t

If 1 < p <2, then tP71 >t for t € (0, 1), and thus, q is decreasing. If p > 2, we have
tP~1 <t for t € (0,1), and q is increasing. Moreover, by L'Hépital’s rule g(1) = p— 1.
Hence, for p > 2 we have 1 = g(0) < q(t) < g(1) =p—1and for 1 < p < 2, we have
p—1=q(1) <q(t) < q(0) =1.

2. The remaining cases t € (0,1), a # t, and p # 2: We do the following
substitution: Set o := (a — t)/(1 — t), then we have to show that

la(l—t)+t]P—t _ tla—1)
1—t T (la| +1)2p

|af” (A1)

We will do this by considering the following three cases separately
= a>1,

= 1>a>0,and
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= o <0.

Furthermore, let

CJa(l-t)+tP -t Ja+t(l-a)ff -t

fa(t) 1—t 1—t

Note that 7,(0) = |a|P.
2.1. The case o > 1: The basic strategy is to use the Taylor-Maclaurin formula.

Thus, let us calculate the first and the second derivatives with respect to t. Note that
for a > 1, we have |a + t(1 — a)| = a + t(1 — ). Hence, we calculate

_ _ -1 _
£1(t) = p(1—a)(a +1t£1t a))P 1 N f{ti'

and using a + t(1 —a) =06+ 1, where B := (o — 1)(1 — t) > 0, we get
£1(t) = p(p—1)(1 - 04)12(_01t+ t(l-a))P? L PA- OL)(OL(J; 7f_(1t)—2 a))Pt -1
ACIRAD
1—t (1-1t)2

_ -2
= e =B (o - e 17 - o7

—2p(a—1)(1 - t)(a+ t(1 - a)) +2(a + t(1 - a))2) _ 21(1__tzr)3t
-2
- (ﬁ(1+_11;3 (P(P —1)B> —2pB(B+1) +2(8 + 1)2) - (1_2t)3
-2
_ ([21+_153 (—(p — D@2 -p)B+2(2-p)B+ 2) e (A.2)
_9B)-2
G

where
9B) = ((p—1)(p—2)8°+2(2-p)B+2)(B+1)"2  B=>0.

Let us analyse g(B) for 8 > 0. Then, ¢'(B) = p(p — 1)(p — 2)(B + 1)?~3B2, which is
positive for p > 2 and negative for 1 < p < 2. Hence, g(0) = 2 is a minimum for p > 2
and a maximum for 1 < p < 2. This implies that for all t € (0, 1)

f”(t) <0 fl<p<?2,
* >0 if p> 2.

Now, we apply the Taylor-Maclaurin formula

fa(t) = fa(0) + tf5,(0) + /t(t — 5)f"(s)ds.
0
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Since f,(0) = aP, we have

la(l—t)+tP—t

|Oé|p 1—+¢ = fa(0) — fu(t)
= —tf2(0) — [t(t —s)fy(s)ds (A.3)
0

=t((p—1)aP —paPt+1) - /Ot(t —s)f2(s)ds.

This term will be analysed in the following for upper and lower bounds and different
values of p.

2.1.1. Lower bound for 1 < p <2 and o > 1: Then f/ <0 on (0,1). Thus we
conclude from (A.3),

la(l—t)+t]P =t

p
(6
[« T3

> t((p—1)aP — paP~t +1).

Using Lindqvist's lemma, Lemma A.12, with b = and a = 1, we see

t(a —1)2

-1 o -2
t((p— 1o —pa?t +1) = t(1 -0 —pafPa(l = @) = Cor Ty

This is the desired lower bound in (A.1) for 1 < p <2 and o« > 1.
2.1.2. Upper bound for p > 2 and o > 1: Then fJ > 0 on (0,1). Thus we
conclude from (A.3),

la(l—t)+tP -t
1—t

P — <t((p—1)a” — paP~t +1).

Hence, it remains to show that there exists C, > 0 such that
((p— 1) — paP~t +1) < Cpla — 1)} (a+1)P2.
For any positive constant C, we have using (1 +a 1)P72 > 1,
jlo) = aP~? ( ((p—1)a? — pa+a®P) — Chla —1)*(1+ a_l)p_2)
< oc”_2(((p —1)a? — pa+a® ") = Cpa — 1)2)
= a”’2((p —1-Cp)a?+ (2Cp — p)a+a? P — Cp).
Let g(a) == (p—1—Cp)a® + (2Cp — p)ar + a®P — Cp, for o > 0, then
g'(@)=2(p—1-Cpla+(2C, —p) — (p—2)a' P

has a root at &« = 1. If we can show that g is concave on [1, oc], then g(1) =0 is a
maximum. Since

g () =2(p—-1-Co)+(p—2)(p—1)a P <2(p—1-Cp)+(p—2)(p—1),
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g is concave on [1, o0] for all C, > p(p — 1)/2, we found a possible constant such that
Jj(a) < 0. In other words, we have the desired upper bound for p > 2. However, it is
obvious that the constant can be improved.

2.1.3. Upper bound for 1 < p <2 and a > 1: For 1 < p < 2, the function |-|”_1
is concave on (0, c0), thus

la(1—t)+t|P 1> 1 -t L+t
Using this estimate in the left-hand side of (A.1), we get

la(l—t)+tP -t

p
a
[ T3

<tlaPt—1)(a—1) (A.4)

Define for oo > 1,
g(a) = (a+1)> PPt -1)—a+1,

then
gl@)= (Pt —Da®> Pl +a > P-a+1
% 5 _ p
= (a—a2_”)kgo ( B )a_k—a+1.

Since for all Kk € 2N, 1 < p <2 and a > 1, we have

2=p) 2=pP\ k-1
<
( B )a +(k+1)a <0,

we get forall 1l <p<2anda>1,

g(a) < (a—a2_p)(1+%) —a+1

=R2-p)+1-a?>P—-(2-patP=l(a).
Since '(a) = (2—p)((p—1) —a)a?<0fora>1land 1 <p<2 we get
g(a) < Il(a) <I(1)=0.
Thus, using that g < 0 on [1, oo] results in (A.4) in

(a—1)?

(Otp—l _ 1)(0{ — 1) S m

This results in the right-hand side of (A.1) with constant 1.
2.1.4. Lower bound for p > 2 and o > 1: For p > 2, the function |-|P~! is convex
on (0, ), thus
la(l—t)+tP 1< (1-t)aP P+t
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Using this estimate in the left-hand side of (A.1), we get

la(l—t)+t]P =t

p
(6]
(] 1%

> t(aP P —1)(a—1) (A.5)

Define for a > 1, and some constant C, > 0,

ole) = 01 ~1 = o~ 1)+ 172

then
/ _ .p=2 1ip-2 1,p-3 1
J@)=a"P2(p-1-GCo((1+=)""+(p—2)(1+=)" (1= 2))).
a a a
If p > 3, then
> aP 2 (p—1-Cp(2P2 + (p—2)2P73)).
Choosing C, =237P(p—1)/p, we get ¢’ > 0 on [1,00). In particular,
g(a) = g(1) = 0.
Thus, for p > 3,
(Pt —1)(a—1) > Cpla —1)%(a +1)P72. (A.6)

If 2 < p <3, then
g(a) >aP2(p—1-Cp(2P 2 +p—2)).
Choosing Cp, = (p—1)/(2P72 + p—2), we get ¢’ > 0 on [1,00). Thus, for 2 < p < 3,
(Pt —1)(a—1) > Cpla—1)*(a+1)P2. (A7)

Applying (A.6) and (A.7) to (A.5), results in the right-hand side of (A.1).
Moreover, this was the last puzzle stone to show (A.1) for o > 1 and all 1 < p < 0.
2.2. The case 0 < a < 1: We have shown that (A.1) holds for all @ > 1 and
t € (0,1). Then it holds in particular for s =1 —t, i.e.,

Cas+1-5P—(1-5) _ (1-s)(a—1)

P
o S = (ol + 12,

Now, for any a > 1 let 3 := 1/a € (0,1). Then, we get by multiplying both sides with
BPs/(1—s),

BL-s)+s”—s _ s(B—1)?
l-s “ (Bl + 1)

81" —

which is the desired equivalence.
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2.3. The case o < 0: Set B := —a. Then, substituting into (A.1), we have to
show that for all 3 > 0 and t € (0, 1),

B —t)—tP—t  t(B+1)
1—t (Bl +1)%r

BI” - =t(B+1)". (A-8)

We have

— 1 — p_
R )]

IB(1—t) —t]”
11—t

BI” —
where
6:(6) = T (B0 - )+ 0P~ 1BA- 1) —tP). >0, te(0,1)
Before we continue with the estimates, let us note that
9:>0 and g;>0.
The first inequality can be seen as follows: let v > 0. Firstly assume that v > t. Then,

e --or=2 ¥ (F)(5) 0

ke2N—-1

Secondly, if v < t, then a similar calculation can be done to get the desired inequality
(factor t out of the sum and use the binomial theorem).
Note that for all p > 1,

g:B)=p(IBL—t)+tIP 1 —1B(1—t) — t|" Tsgn(B(1 — t) — t)) > 0.

Now we continue with showing (A.8): By the first parts of the proof, i.e., the proof
of (A.1), we have that for all G > 0,

BA—t)+tP—t  t(B—1)

P _
o e (e

(A.9)

The strategy for the upper bound will be as follows: Clearly, (3 —1)? < (B +1)? for
all B > 0. If we apply this estimate to (A.9), we are left to show that also

9:(8) < Cpt(6+ 1),

for some positive constant C,, in order to show the upper bound in (A.8).

Let us turn to the strategy for the lower bound: It is obvious, that there does not exists
a positive constant C,, such that (6—1)2 > C,(B+1)? since the left-hand side has a root
at B = 1. However, fix 0 < € < 1, then we clearly have for all G € (0,00)\ (1 —€,1+¢€)
that (8 — 1)? > C, (8 + 1)? for some constant C,. > 0. Since g > 0, we have the
desired lower bound of (A.8) using (A.9) in (0,00)\ (1 —¢,1+¢).
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For the lower bound, we are left to discuss the compact interval [1 —¢,1+¢]. On
this interval, we clearly have (G + 1)P < 1. The equivalence (A.9) shows in particular
that the corresponding left-hand side is positive. Thus, we are left to show that there
exists Cp ¢ > 0 such that

gtsz’et on [1_5,1+8]

2.3.1. Lower bound for 1 < p < 2 and 3 = —a > 0: By the discussion before
we only have to show that g > Cpct on [1 —¢€,1 +€]. Since g; > 0, we have for all
Bell—e1+¢],

6:(8) > 9:(1 ) = (1)1~ 1) + P — (1)1~ 1) — 1),

Using Lindqvist's lemma, Lemma A.12, we get with a = (1 —¢)(1 —t)+ t and b =
(1 —¢€)(1—t)— t] that
|al? = |bP > p[(L—e)(1 =) =t (1 =&)L = t) + t = [(1 —&)(1 — t) — t)
(-1 —t)+t—|1—e)(1—1t)—t])°

M- -t +t+|Q-e)1—t)—t]) " (A10)
f(1—¢e)(1—t)—t>0,ie,te(0,(1—¢€)/(2—¢)), the latter reduces to
. . . - p—1 (2t)2
—p((l e)(1—1) t) (2t)+Cp(2(1_€)(1_t))2_p
_ t
—t (2p((1 —g)(1-t)-1t)° 1 —1-4Cp(2(1 T t))pr )
Using this, we get
1—e)(1—t)—t)"" 4C, t
9:(B) 2 9:(1—¢e) > t (Qp(( 8)(1 - t) ) TRa—err (- t)3“’) '

Since t — ((1—e)(1—1t)— t)p_l/(l — t) is continuous on [0, (1 —€)/(2 —¢€)], strictly
positive on [0, (1—€)/(2—¢)) and hasaroot at t = (1—¢)/(2—¢€), and t — t/(1—t)3"P
is continuous and strictly positive on (0, 1), has a root at t = 0, we conclude that there
is a positive constant which bounds the sum from below on [0, (1 —¢)/(2—¢)] C [0, 1].

If (1—¢e)(1—t)—t<0,ie,te((l1—¢€)/(2—¢),1), then (A.10) reduces instead
to

(2(1—e)(1 - 1))
(2t)>-» '

=p(-1 -1 -t +t)PTT—e)(1 - 1)+ Cp
Using this, we get

(—(1—e)(1—t)+t)""
t

,1—t
t3=p

9t(B) > g:(1—¢) >t [2p(1—¢) +2PCp(1—¢)
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Since t — (—(1—€)(1— t)—l—t)p*l/t is continuous and strictly positive on ((1—¢)/(2—
€),1] and vanishes at t = (1 —¢)/(2 —€), and t — (1 — t)/t37P is continuous and
strictly positive on ((1 —¢€)/(2 —€),1) (and is only zero at t = 1), we conclude that
there is a positive constant which bounds the sum from below.

This shows the desired lower bound for 1 < p < 2 and 38 > 0.

2.3.2. Lower bound for p > 2 and 3 = —a > 0: As in the case for p < 2, it
suffices to show that g > t-Cp. > 0 on [1 —€,1+ €]. Since g; > 0, we have for all
Bell—e1l+¢g],

1

9:(6) = ge(1— &) = T (1= )1 = ) + 17 ~ |1 )1~ 1) — t]")

Using Lindqvist's lemma, Lemma A.12, we get with a = (1 —¢)(1 —t)+ t and b =
(1 —¢)(1—t)— t|that

jalP = [bIP > pl(1—e)(1—t) =t ((1—e)1—t)+t—[(1—e)(1—t) —t])
FCl(1—e)1—t)+t—|1—e)1—1t)—t]|". (A1l)
If(1—e)(1—t)—t >0, ie, te (0 (1—¢)/(2—¢)), the latter reduces to
o=2tp((L—e)(1— 1) — t)" T 4+ Cp(20)P.
Using this, we get
!

(1-e)(1—t)—t)" L opC p—1

1—t Pl—t ]

9:(B) > g:(1—¢) >t |2p

Since t > ((1—€)(1—1t) — t)pfl/(l —t) is continuous on [0, (1 —¢)/(2 —€)], strictly
positive on [0, (1—€)/(2—¢)) and vanishes at t = (1—¢€)/(2—¢), and t — tP~1/(1—1)
is continuous and strictly positive on (0, 1), and vanishes at t = 0, we conclude that
there is a positive constant which bounds the sum from below on [0, (1 —€)/(2 — €)].

If(1—¢e)(1—-t)—t<0 ie,te((1—¢€)/(2—¢€),1), then (A.11) reduces instead
to

= p(~1 =) 1 =)+ t)PTH2(1 —e)(1 — 1)) + 2°C,(1 — £)P(1 — 1)P.

Using this, we get

9:(B) > 9:(1 —¢€)
(—(1—e)(1—t)+ )P
t

-1
p(L—1)P
t

>t |2p(1—¢) +2PCph(1 —¢)

Since t — (—(1—€)(1— t)+t)p71/t is continuous and strictly positive on ((1—¢)/(2—
€), 1] and vanishes only at t = (1—¢)/(2—¢), and t — (1 — t)P~1/t is continuous and



142 Appendix A. Elementary Estimates

strictly positive on ((1 —€)/(2 — €),1) and vanishes only at t = 1, we conclude that
there is a positive constant which bounds the sum from below.

This shows the desired lower bound for p > 2 and 8 > 0, and we are left to show
the upper bounds.

2.3.3. Upper bound for 1 < p<2and p>2, and 3 = —a > 0: It remains to
show that g:(B3) < Cpt(B + 1) for all 3 > 0.

Recall that by the convexity of ||°, we have

a|P — |b|P < plalP?a(a—b), abeR.
leta=pG(1—t)+tand b=|B(1—t)—t
9:(B) < p(BA—t)+ )P HBA - 1)+t —|B(1—1t) —t]).

SinceB(1—t)+t<B+1land (B+1)P 1< (B+1)Pforall 3>0,1< p< oo and
t €10, 1], we get

, then we get by the convexity that

L <p(B+1)PBA-t) +t—[B(1 1) —t]).

If B(1—t) > t, then B(1 —t)+t—|B(1—t)—t] =2t. If B(1 —t) < t, then
B(l—t)+t—|B(1—1t)—t|=26(1—1t) <2t. Thus, we get altogether,

9:(B) < 2pt(6 + 1)".

This finishes the proof of (A.8) and moreover, it also finishes the proof of (4.10).
Ad (4.11): The assertion follows by a simple case analysis. Here are the details: Let

la] + 1
-1
2

ftic(a)::Ct1/2|a—1|—|—(1—t)(C )—|a—t|, aeR.
We have to show that f;c > 0 for all t € [0,1] and C > 2, fi ¢ < 0 for all t € [0, 1]
and 0 < C < 1/2, and for every C € (1/2,2), the function f. ~(-) changes sign.

1. The cases t € {0,1} and a = t: For t = 0, we have

c-2

—=(lal + 1),

fo.c(a) =

which is non-negative for C > 2 and strictly negative for C < 2. If t = 1, then
fc(a) =(C—-1)la—1],
which is non-negative for C > 1 and strictly negative for C < 1. If a = t, then

2t12 4t 41
frc(t)=(1- 1) (c;*—l),

which is non-negative for C > 2, non-positive for C < 1/2 and changes sign from
negative to positive as t increases in 1/2 < C < 2. Hence, it is easy to see that f ()
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changes sign for any 1/2 < C < 2 and an appropriate choice of t by evaluating f; ¢ at
0,t and 1.

2. The remaining cases t € (0,1), a # t: Note that for a ¢ {0,t,1}, we can
calculate the derivative, i.e.,

flc(a)=C t12sgn(a—1) + %(1 — t)sgn(a) —sgn(a — t).

We have for all t € (0,1) and C > 2,

—Ct1/2+%t+%§0 for a < 0,
) —Ct?2 -S4+ 2E >0, for0<a<t,
(a) =
tC —Ct1/2—%t+%§0 fort <a<l,
Ctt2-St+552>0, fora>1.

If 0 < C <1/2, then ft/,C has opposite sign on every subinterval.

Hence, f; ¢ has two extrema, one at a =0 and one at a = t. If C > 2, the extrema
are minima, and if 0 < C < 1/2, the extrema are maxima. By the computations in the
first case and since

C CcC-2

f, =Ct? - Zt4 ==
t.c(0) 5 + 5

which is non-negative for C > 2 and non-positive for 0 < C < 1/2, it follows that f; ¢
is non-negative if C > 2 and non-positive if 0 < C < 1/2 for all t € [0, 1] and we have
shown that the right-hand side in (4.11) is an upper bound for every C > 2, and lower
bound if 0 < C < 1/2.

Ad (4.12) and (4.13): We will show these inequalities similarly as we showed (4.10).
Recall that we have to show that

tla—1P <tPPla—1P(Jla—t|+1-1t)>P,  1<p<2,
and
tla—1P(a—t|+1—t)P2>tP2la—1P,  p>2.

Note that the inequalities basically come from the fact that for t € [0, 1], we have
tP/2 > t for 1 < p < 2, whereas tP/2 < t for p > 2. Here are the details:

1. The three cases t € {0,1}, a=t, and p = 2: If p = 2, then it is obvious that
we have equality for all a€ R and t € [0, 1].

An easy computation shows that we indeed have equality for t € {0, 1}.

If a = t, then note that t € [0, 1] implies t?/2 > t for 1 < p < 2, and tP/2 < t for
p > 2. This immediately yields the desired inequalities.

2. The remaining cases t € (0,1), a # t, and p # 2: We consider the cases
a>t and a < t separately.

2.1. The case a > t: Here, we have to show that

tla—12 <tPlPla—1P(a+1-2t)>"",  1<p<2 (A.12)
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as well as
tla—12(a+1—-2t)P2>tPPla—1P, p>2. (A.13)

Firstly, consider the case 1 < p < 2. We clearly have a+ 1 — 2t > a— 1. Thus,
(a+1—2t)2P > (a—1)2P. Moreover, t < tP/2 for t € (0,1). This shows the
inequality (A.12).

Secondly, consider the case p > 2. Because (a+1—2t)P~2 > (a—1)P~2 as well as
t>tP/2fort € (0,1), we get the desired inequality (A.13).

2.2. The case a < t: Note that a < t < 1. Thus, we have to show that

t(1—a)> <tPlP(1—a)P(1—a) P,  1<p<2
as well as
t(1—a)%(1 —a)P™2 > tP/?(1 — a)P, p>2.

Since t < tP/2for1 <p<?2andt>tP/2forp>2 we get the desired result.

Ad (4.14): Recall that there we assume that p > 0. The desired inequality is clearly
fulfilled if & = B8 = 0. Thus, assume that both do not vanish at the same time. Setting
t =a/(a+0), then (4.14) is equivalent to

f(t)y=tP+(1—-1t)P =<1, t€[0,1].

If 0 < p < 1, then f has a minimum at 0 and 1, and a maximum at 1/2. If p > 1,
then f has a maximum at 0 and 1, and a minimum at 1/2. Since f(0) = f(1) = 1 and
f(1/2) = 2'=P, we finished the proof. O

A.3 Estimates for the Simplified Energy

We have seen that a very useful toolbox in achieving the characterisations of criticality
or the optimality of p-Hardy weights is the ground state representation formula. Here,
we show additional estimates of the simplified energy h, 1 which were not used in the
main part but are of interest in its own.

The proof of the following statement is motivated by a related estimate for the
fractional p-Laplacian in [AB17; AM16]. In the two papers, the associated statement is
proven in the special case where the function u below is a radial Green's function with
respect to 0 on the punctured space RY \ {0}.

Proposition A.13 Let p > 1, p € Cc(X), 0<u € F,V :=suppu, and ¥ = up. For
any € > 0 we have

hui(9) > (1—2pe) Y bx,y) [Vaey¥|?

X, yeV
—2(qe) P (Lu, u 0Py +2(4E) 7 WLV 12 geg,,

+(q8) P Y b(x,y) (Vi) P (u(y) [P = u(x) [o(y)IP).  (A.14)
x,yeVv
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In particular, if c =0 and u > 0 on X, and u is p-harmonic on X, then (A.14) reduces
to

hu1(@) > (1 —2pe)h(uyp)

+(ge)P Y blx.y) (Vay ) (u(y) [0 (x)I” — u(x) lo(y)[P). (A.15)
X, yeX

Moreover, we have the following upper bound for the simplified energy,

hu1 () < (pLep, uP)x + % > b(x,y) (Vay0) PV (0(x)uP(y) = o(y)uP(x)).

x,yeX
(A.16)
Proof. Let 9 = uyp, then we can write for all x,y € suppu =: V,
’l/J 4
(uC) ()P Vol = (u(x)u(y))P/? Viy

_ [uly) —v)ux)”
(u(x)u(y))r/?
p/2
- (583) / (Viy® — 0(y) Vi ulP = f(x,y).

Hence, interchanging the role of x and y in the previous calculation results in

hui(@) = Y b0, y)(u(x)u(y)?? V0l

x.yeX
:% = b(X,y)f(X'y)Jr% > b, y)f(y.x).
x,yeV P
Moreover, define
Q(x,y) = (u(x)u(y))P/?

uP(x) + uP(y)

Then, 1/Q(x,y) = (u(x)/u(y))?’? 4+ (u(y)/u(x))P/?, and Q(x,y) < 1/2. The latter
can be seen e.g. by the geometric-arithmetic mean inequality.
Furthermore, we get from the convexity of x — [x|P, p > 1, easily that

lalP > |blP +p|blP2b(a—b), abeR.
Setting a =V, , ¥ — @(y)(Vxyu) and b =V, , ¥, we get for all x,y € V,
fx.y) 2 2Q(x,¥)f(x,y)

> 2Q000) (90”190 =PIV b1 (Vs 9) (09 ,))
> 2000 (53 ) " (1817 = 219,87 )] V)
= QQ(XW(%)W Vs ¥l =20 [V 91 (1) [Vl
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where the latter inequality follows from

uy)\pr2 _  uP(y)
en35) = ooy <t

and an analogue inequality holds for f(y, x). Let us apply the Young inequality, that is
ab<al/q+ bP/pforalla,b>0and g=p/(p—1), to

JOGy) = [V ¥P o) Vsl
and Jj(y, x), respectively. Thus, we get for some ¢ > 0, and ¢ = p/(p — 1), via
a = (g8)/9|V,y """ and b= (qe) /7| U |9, u] that

(ge)t~
p

p
J.(X,)/) §5|vx,y"mp+ |‘p(y)|p|v><,yu|p-

We get altogether,

hus9) =3 3 bOICay) 5 3 bl y)f(y. )

x,yev x,yeV
Q(x.,y)

> b(x, y) Vxy®¥l”

leZeV Q(x.y)

—p Y b y)(i(xy) +i(y.x))

x,yeVv

> Y b y) [Vay¥lP —2pe ) b(x,y) [Vey %]

x,yeVv x,yev

—(qe)'P Y b(x,y) [Vayul? (le) 1P + lo(x)[P).

X, yeVv

Moreover, the latter sum can be written as follows,

> b y) [Vsyul® (lp()IP + [p(x)]°)

x,yev

= > b6, y) (Vay )P~ (u() 0P = u(y) [o(¥)[P)

iyeiv b(x, ¥) (Vay ) P~ (u(x) lo() 1P = u(y) [o(x)]?)
=2 %GU(X) [(x)1P ; b(x, ¥) [Vxy P2 Vi yu

— ZEX b(x,y) (ny,ytl)“’_1> (v eGP = u() le()I)
=2 é u(x) le(x)|P Lu(x)m(x) — 2 ; [%(x)[” degx\v (x)

— > b Y) (V)P (u(y) [0 = u(x) lo(y)IP)

x,yeVv
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This proves (A.14). The second inequality is obvious. To prove the third inequality, that
is (A.15), let us use again Young's inequality. Thus, 2(u(x)u(y))P/? < uP(x) + uP(y).
Moreover, by similar calculations as before, we see

huse) < 5 3 b AP () +0P() V0P

X, yeX
1 _
= (Lo, wP)x + 5 3 b0 y) (Vxy®)? ™ (000 () = 0() P (x)),
X, yeX
which is the desired result. O

By Picone's inequality, Lemma 5.7, or the ground state representation, we know that
2(Lu, ulelP)y <3, ey b(x, ¥) [Vx,y®¥|” which simplifies formula (A.14) minimally.

Moreover, in the case of p > 2, we might use Estimate (4.3) with constant ¢, > 0
in combination with (A.15) to obtain for 0 < € # —(c, ' —1)/2p,

1-p
o) > 2T T 600 (T () o) o0 o)),
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