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Evolutive two-level population process and large
population approximations

SYLVIE MELEARD AND SYLVIE RELLY

February 26, 2013

Abstract - We are interested in modeling the Darwinian evolution of
a population described by two levels of biological parameters: individuals
characterized by an heritable phenotypic trait submitted to mutation and
natural selection and cells in these individuals influencing their ability to
consume resources and to reproduce.

Our models are rooted in the microscopic description of a random (dis-
crete) population of individuals characterized by one or several adaptive
traits and cells characterized by their type. The population is modeled as
a stochastic point process whose generator captures the probabilistic dy-
namics over continuous time of birth, mutation and death for individuals
and birth and death for cells. The interaction between individuals (resp.
between cells) is described by a competition between individual traits (resp.
between cell types). We are looking for tractable large population approxi-
mations. By combining various scalings on population size, birth and death
rates and mutation step, the single microscopic model is shown to lead to
contrasting nonlinear macroscopic limits of different nature: deterministic
approximations, in the form of ordinary, integro- or partial differential equa-
tions, or probabilistic ones, like stochastic partial differential equations or
superprocesses.

Key words and phrases : two-level interacting processes, birth-death-
mutation-competition point process, nonlinear integro-differential equations,
nonlinear partial differential equations, superprocesses.

Mathematics Subject Classification (2000) : 35Q92, 60G55, 60G57,
60J68, 60J80, 92D25

1 Introduction

In this paper, we are interested in modeling the effects of natural selection
and adaptation for a multi-cell population. We model a two-level popula-
tion dynamics, resulting from the interplay between individuals submitted
to mutation and competition for resources and their composition in multi-
type cells. The individuals are characterized by an heritable phenotypic trait
submitted to mutation and natural selection and cells in these individuals
influencing their ability to consume resources and to reproduce. The cells



play a parasite role in the sense that the individual death rate can be an
increasing function of the number of its cells (Hypothesis 2.1). In difference
with host-parasite models, the individual duplicates all its cells at reproduc-
tion and the cell repartition of the offsprings in the different types is assumed
to be identical to the one of the progenitor. For instance, in [2], [11], [13],
examples where host fecundity is reduced by the presence of pathogens are
presented. Note that host reproduction rates may also increase with some
types of cells ([12]).

We consider a two-level population model evolving in continuous time. The
first level is composed of individuals governed by a mutation-selection birth
and death process. Moreover each individual is a collection of cells of two
types (types 1 and 2) which have their own dynamics and compose the sec-
ond level. The model can easily be generalized to cells with a finite number
of different types. We denote by ni (resp. by n}) the number of cells of
type 1 (resp. of type 2) living in the individual . This individual is more-
over characterized by a continuous quantitative phenotypic trait x!. The
individual ¢ can be removed or copied according a birth-and-death process
depending on z°,n%,nb. An offspring inherits the trait value of its progeni-
tor except when a mutation occurs during the reproduction mechanism. In
that case the offspring takes instantaneously a new trait value. The death
of an individual can be natural or can be due to the competition exerted by
the other individuals, for example for the fight in sharing food. This com-
petition between individuals is modeling by a competition kernel and will
induce a nonlinear convolution term. Appendix A in [?] summarizes the
long tradition of representation of competitive interactions by competition
kernels. The cells in the individual ¢ also reproduce and remove according
to another birth-and-death process, depending on x%, n, n}. At this second
level, cell competition occurs and depends on the number of cells of each
type.

Our model generalizes the works developed by Dawson and Hochberg [6] and
by Wu [16], [17]. In these papers, individuals and cells follow a branching
dynamics but there is no interaction between individuals and between cells.
Thus all the specific techniques these authors use - as Laplace transforms -
are no more available for our model. In Bansaye and Tran [1], another two-
level stochastic model is studied. These authors introduce an host-parasite
model where the dynamics at the parasite level is much faster than the one
at the host level and they don’t renormalize the first-level dynamics, as we
do.

In our paper, we focus on the behavior of the individual and cell populations
on the long time scale of evolution where phenotypic mutations can be fixed.

In Section 2, we rigorously construct the underlying mathematical model
and prove its existence. Thus we obtain moment and martingale properties



which are the key point to deduce approximations for large individual and
cell populations. By combining various scalings on population size, birth
and death rates and mutation step, the single microscopic model is shown
to lead to contrasting macroscopic limits of different nature: deterministic
approximations, in the form of ordinary, integro- or partial differential equa-
tions (Section 3.1), or probabilistic ones, like stochastic partial differential
equations or superprocesses (Section 4). The study of the long time behavior
of these processes seems very hard and we only develop some simple cases
enlightening the difficulties involved (Section 3.2).

2 Population point process

2.1 The model

We model the evolving population by a stochastic interacting individual
system, where each individual ¢ is characterized by a vector phenotypic trait
value 2! and by the number of its cells of type 1, ni € N ={0,1,2,---}, and
of type 2, né € N. The trait space X is assumed to be a compact subset of
R?, for some d > 1. We denote by Mp = Mp(X x N x N) the set of finite
non-negative measures on X x N x N, endowed with the weak topology. Let
also M be the subset of Mg consisting of all finite point measures:

1
M= {Z(S(wiynzbng), e X, (n],ny) e NN, 1<i<], IGN}.
i=1

Here and below §(;, y,, n,) denotes the Dirac mass at (z,n1,n2). In case where
I = 0, the measure is the null measure.

Therefore, for a population modelled by v = Zle 5@7”3 ni) the total num-
ber of its individuals is (v, 1) = I and, if we denote by n := nj +ny the num-
ber of cells of an individual (irrespective of type), then (v,n) = 331 (ni 4+nb)
is the total number of cells in the population v.

Let us now describe the two-level dynamics. Any individual of the popu-
lation with trait x and cell state (n1,ne) follows a mutation-selection-birth-
and-death dynamics with

e birth (or reproduction) rate B(z,ni,ns),

e the reproduction is clonal with probability 1 — p(x) (the offspring in-
herits the trait z),

e a mutation occurs with probability p(z),

e the mutant trait x + z is distributed according to the mutation kernel
M (x, z) dz which only weights z such that z + z € X,



o death rate D(z,n1,n2) + a(x,n1,n2) Z§:1 Uz — 7).

Thus the interaction between individuals is modeled by a comparison be-
tween their respective trait values described by the competition kernel U.
By simplicity, the mutations parameters p and M are assumed to be only
influenced by the trait z. They could also depend on the cell composition
(n1,n2) without inducing any additional technical difficulty.

Any cell of type 1 (resp. of type 2) inside an individual with trait 2 and cell
state (n1,ng) follows a birth-and-death dynamics with

e birth rate by(z), (resp. ba(z)),

e death rate di(z) + f1(x)(ni1A11 +naAi2), (resp. do(x) + Ba(x)(n1Aer +
nz)\zg)).

The nonnegative parameters A1, A2, A12, Ao1 quantify the cell interactions.
The rate functions by, be, dy, da, 1, B2 are assumed to be continuous (and
thus bounded on the compact set X').

The population dynamics can be described by its possible transitions from
a state v to the following other states:
Individual dynamics due to an individual with trait x and cell state (n, no):

Vo= VA (g ne) With rate B(x,ny,n2)(1 — p(x)) ;

Vo= V= (zn o) With rate D(z,n1,n2) + oz, n1,n2) Z Uz —a7) ;
j=1
Vo= VAt O(pqznng) With rate B(x,ni,ng) p(z),
where z is distributed following M (x, z) dz.

Cell dynamics:

U+ 0(zmi+1,m2) — O(a,n1,ng) With rate bi(z) ;

i

~— ~—

v+ 6(:1:,n1,n2+1) — 6(35’“17”2) with rate ba(x) ;
+ Bi(x)(A11n1 + Azng) ;
+ Ba(x)(A21n1 + Aoana).

v+ 6(:1:,n1—1,n2) - 6(%“17”2) with rate dy (1‘

NEEANEEANEAN
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~— ~—

v+ 6(:1:,711,112—1) - 6(%“17”2) Wlth rate dg(l‘

Let us now prove the existence of a cadlag Markov process (v4)¢>0 belonging
to D(R4, M) modeling the dynamics of such a discrete population. More
precisely, we consider

I(t)
V=Y SN (0N (1)

i=1



where I(t) € N stands for the number of individuals alive at time ¢, X*(¢), ...,
XT®(t) € X describes the traits of these individuals at time ¢ and N (¢), ...,
Nll(t) (t) (resp. Na(t),..., N2I(t) (t)) are the numbers of cells of type 1 (resp.
of type 2) for the individuals alive at time t.

To write down the infinitesimal generator of v, we need an appropriate class
of test functions. For bounded measurable functions ¢, f, g1, g2 defined
respectively on R, R%, N and N, ®rg1go i given by

¢f9192(V) = o(<v, fa192 >):¢(/

X xN2

= o ¥ r@atmmmvion,n.do). @)

ni,no€N2

£ (@)g1(n1)ga(na)v(der, dny, dn) )

The infinitesimal generator L of the Markov process (14, ¢t > 0) applied to
such function ¢4, 4, is given by:

L¢fglg2 (V) =
1
> (6, Frge) + F(@')g1(n)ga(nh)) = B(v, forg2)) ) B(a', i, mb) (1 = p(a))
=1
I

+30 [ (60 Frge) + 7'+ Dgr(m)aand) — (0 Finge))) Bl i)
pla')M(a',2)dz
I
+ 3 (000 Fa102) — (2 )gr(nh)ga(n)) — 9((v: fo192))
i=1

(D(a',ny, ) + a2’ g, ny)U * v(a',ny, nj))
I

+ Z (¢(<l/, Fa192) + f(a')(g1(ni + 1) — g1(n}))g2(nd)) — & ((v, f9192>))b1 (')

;1
+ Z (fﬁ((% fa1g2) + F(2)g1(nh)(g2(nb + 1) — ga2(nb))) — o({v, f9192>)>b2($i)n§
I
+) (¢(<V7 Fgrg2) + f(2")(g1(ng — 1) = g1(n1))g2(n3)) — (v, f9192>))
i=1
(di (") + Br(z") (Ann] + Aiznb))ng
I
+ Z (¢(<V’ fa192) + F(2")g1(nh)(g2(nb — 1) — ga(nb))) — o({v, f9192>)>
(da(z") + Ba(2") (A21nf + Ag2nh))nf. (3)

The three first terms of (3) capture the effects of births and deaths of in-
dividuals of the population and the for last terms that of the cells. The



competition makes the death terms nonlinear.

2.2 Process construction

Let us give a pathwise construction of a Markov process admitting L as
infinitesimal generator.

Hypothesis 2.1 There exist constants B, D, G &, U and C and a proba-
bility density function M on R such that for x,z € X, ni,ny € Ry,

B(x,n1,m9) < B ;

D(z,n1,n2) < D (n1+n2) =Dn;
a(z,ni,ng) <a(ng +ng) =an;
U(z) <U, M(x,2z) <CM(z).

Remark that the jump rate of an individual with n cells in the population
v is then upper-bounded by a constant times n (14 (v, 1)) and that the cell
jump rate of such individual is upper-bounded by a constant times n(1+n).
Thus the model presents a double nonlinearity since the population jump
rates may depend on the product of the size of the population times the
number of cells and quadratically on the number of cells. But in fact, all
nonlinear rates decrease the number of individuals or cells so that explosion
is not an issue.

Let us now give a pathwise description of the population process (4)¢>0.

Notation 2.1 We associate to any population state v = Zf:l 6(902-% i)

in M the triplet H'(v) = (X'(v), Ni(v), Ni(v)) as the trait and state of
the ith-individual, obtained by ordering all triplets with respect to some
arbitrary order on R x N x N ( for example the lexicographic order).

We now introduce the probabilistic objects we will need.

Definition 2.1 Let (Q, F, P) be a probability space on which we consider
the following independent random elements:

(i) An M-valued random variable vy (the initial distribution),

(ii) A Poisson point measure Q(ds,di,dz,df) on Ry x N* x X x Ry with
intensity measure ds (Zkzl 5k(di)) M(2)dzdf .

Let us denote by (Ft)e>0 the canonical filtration generated by vy and Q.



Let us finally define the quantities 6i(s), 05(s), 05(s), 0i(s), 0i(s), 0i(s),
0%(s) related to the different jump rates at time s as:

i(s) = BH'(vs-)(1 = p(X'(vs-)));

i(s) — 0i(s) = B(H%us_))p(Xi(us_))W;

+ Bl(Xi(Vs—))(Ni(Vs—)All + N3 (vs—) M2) Vi (
( Vs

+ Ba(X" (vs-) ) (N

);
).

12 Vs—
_)A21 + Ny(vs—)Aa2) Ny (vs—

We finally define the population process in terms of these stochastic objects.

Definition 2.2 Assume Hypothesis 2.1. A (Fi)t>0-adapted stochastic pro-
cess v = (1)1>0 s called a population process if a.s., for allt > 0,

V:l/+/ {6 i(y (v (e Hi<(e— 111 i(s
e (0,8] xN* x X xR 4. (X (s =)oV} (vs ), N3 (vo)) HES (s 1)} {065 () }

+ (5(Xi(ysi)+z’N{/(y57)7N£(us,))1{i§<usf,1>}1{9i(8)§9§9§(s)}

= O (), N (v ), Nj (o)) i< - 10} L 3 (5) <603 (5))

+ <6(Xi(Vs):Nf(Vs)+1»N§(Vs)) - 6(Xi(Vs):Nf(Vs)aN§(Vs))) 1{i5<”5*’1>}1{9§(5)S9§93(5)}
+ <5<Xi<us>,N;‘<us>,N;(us>+1> - 5<Xi(u5),N;(ys),N;(us>)> Li<we- 1)} oi(s)<0<0i()}
+ (5(Xi(us),1v;‘(us)1,N5‘(VS)) - 5(Xi(us),N;(us),N;(ys))> Lic e 1)y {010 <0<03(5)}

+ 5(Xi(ys_),N{(us_),zv;(ys_)q) - 5(Xi(ys_),N;‘(us_),N;(ys_))> 1{i<<us_,1>}1{9g(s)<9<9;(s)}}
Q(ds,di,dz,dd) (4)

Let us now show that if v solves (4), then v follows the Markovian dynamics
we are interested in.

Proposition 2.1 Assume Hypothesis 2.1 and consider a process (v¢)i>o de-
fined by (4) such that for all T > 0, E(supscp({ve, 1)® + (14, n?))) < 4o0.
Then (v¢)i<o is a Markov process. Its infinitesimal generator L applied to
any bounded and measurable maps ¢rg,4, : M = R and v € M satisfies
(3). In particular, the law of (vt)i>0 does not depend on the chosen order in
Notation 2.1.



Proof. The fact that (14):>0 is a Markov process is immediate. Let us now
consider a function ¢y, 4, as in the statement. Using the decomposition (4)
of the measure v; and the fact that

¢fg1gz (Vt) = ¢fglgz (VO) + Z (¢fg192 (VS— + (VS - Vs—)) - ¢f9192 (VS—))v (5)

s<t

we get a decomposition of ¢4, g, ().

Thanks to the moment assumptions, ¢ g, ¢, (¢) is integrable. Let us check it
for the nonlinear individual death term (which is the more delicate to deal
with):

E</(0,t]xN*xXxR+ (6((vs = Oxi(s ) Ni (s ) Nyl ) F9192) — (Vs F9192)))
l{iS<sta1>}1{9§(s)§9§9§(s)}Q(d‘97 dZ7 dZv de))
t
= ]E(/O' <Vsa (¢(<Vsa fglg2> - f(m)gl(nl)gg(ng)) — ¢(<V87f9192>))

(D(z,n1,n2) + a(z,n1,n2) U * Vs(x)))ds).

Since ¢ is bounded and thanks to Hypothesis 2.1, the right hand side term
will be finite as soon as

E(fgg((yt,m + (v, m) (1, 1))) < 0.

Remark firstly that (v,n) < (v,n?). Moreover, we get from n(v,1) <
1/2(n? + (v, 1)) the inequality

{v.n) (v, 1) < 1/2((v,n” + (1, 1)) = 1/2((v, %) + (v, 1)°).

The moment assumptions allow us to conclude and to show that the expec-
tation is differentiable in time at ¢ = 0. It leads to (3). O

Let us show existence and moment properties for the population process.

Theorem 2.1 Assume Hypothesis 2.1.

(1) If E((v,1)) < 400, then the process (v4): introduced in Definition
2.2 is well defined on R.

(ii) Furthermore, if for some p > 1, E((vp,1)?) < +oo, then for any
T < o0,

E( sup (,1)") < +oo. (6)
te[0,T

(i) If moreover E (<Vo,n2>) < 400, then for any T < oo,

E( sup (v, n?)) < +oo. (7)
t€(0,T]



Proof. We compute ¢(< 14,1 >) using (4) and (5) for f = g1 = g2 = 1
we get

¢(< v, 1 >) = ¢(< 1, 1 >)

+/ P(<vs—, 1 >4+1) — (< vs—,1>))1 i (s

(0,t] xN* x X x R4 {( ( ) ( )) {gﬁez( )}

+ (¢(< Vg, 1> —1) — ¢(< Vs, 1 >))1{6§(s)§9§0§(s)}}1{iS(l/57,1>}Q(d87 di,dz,d@)
and for g1(n1) = nq,

< V,ng >=<1y,Nn1 >+

/(o,t]xN*xXxR+ {Nl(ys_) (1{‘9§9§(5)} - 1{9§($)§95‘9§(5)})
+ Ligi(s)<0<0i(s)} ~ 1{eg(s)gegeg(s)}}1{i§<usﬂl>}Q(dsv di, dz, df).

A similar decomposition holds for < v¢,no >.

The proof of (7) and (7) is standard and can easily be adapted from [10]: we
introduce for each integer k the stopping time 7, = inf {t > 0, (14, 1) > k}
and show that the sequence(7y); tends a.s. to infinity, using that

sup  (vs,1) < (v, 1) +/1{i§(u5,1>} Ltg<oi(s)} QUds, i, dz, df),

s€[0,tAT]

and the estimates of moments up to time 7, deduced from the latter and
Hypothesis 2.1 and Gronwall’s lemma.

Further, one may build the solution (14):>0 step by step. One only has to
check that the sequence of jump instants (7)) goes a.s. to infinity as k tends
to infinity, which follows from the previous result.

The proof of (iii) follows a similar argument with 7} := inf {t > 0, (1, n}) > k}.
From

2 2
sup  (vs,ny) < (vo,n7) +/
s€[0,tAT]] (0 AT XN* x X xR+

{(N{(Vs—))Ql{eg%(s)} * <2Nf(’/s—) + 1)1{93(3)9§93(8)}}Q(d57 di,dz, df),

i<y, 1)}

and E ((vy,n*)) < 400 and (i) since 2n1 + 1 < nf + 2, we firstly get, using
Hypothesis 2.1 and Gronwall’s lemma, that

E( sup <Vt,n%>)§C’T.
te[0,TAT}]

Then we deduce that 7 tends to infinity and that E(supsefo 1) <1/t, nf>) < 00.
The same is true replacing ny by no. O
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2.3 Martingale Properties

We finally give some martingale properties of the process (14)¢>0, which are
the key point of our approach. For measurable functions f, g1, g2, let us
denote by Fy, the function defined on Mg by

Frg(v) :=<v, fo192 > .
Theorem 2.2 Assume Hypothesis 2.1 together with IE( (v, 1)3) < 400 and
IE( <1/0,n2>) < +00.

(i) For all measurable functions &, f,g1,92 such that
679192 (V)| + L pgr00 ()| < C(L+ (v, 1)% + (v,n?)), the process

¢
Dfg19:(Vt) = Pfgig.(10) — /0 Lo fg1g,(vs)ds (8)

is a cadlag (Fi)i>o0-martingale starting from 0, where L¢ g, 4, has been de-
fined in (3).

(ii) For all measurable bounded functions f,gi, g2, the process

t
M9 = (. fg192) — <V07f9192>—/0 LFyq(vs)ds (9)

is a cadlag square integrable (Fi)i>o0-martingale starting from 0, where
LFyq(v) =
/ { (Bl nama) (1~ p(e.ma.ma)) — (D(ana,ns) + e, my,mo)U # () )
X xN2
f(x)g1(n1)g2(n2)
+ p(x, n1, n2) B(x, n1, n2) /f(ﬂf + 2)g1(n1)g2(n2) M (z, z)dz

+ f(2)(g91(n1 + 1) — g1(n1)) g2(n2)br (z)n1 + f(x)g1(n1) (g2(n2 + 1) — g2(n2))bz(x)n2
+ f(@)(91(n1 = 1) — g1(1)) ga(n2) (d1 (z) + Br(x) (Ains + Aiznz))m

+ f(@)g1(n1) (92(n1 — 1) = g2(n2)) (da(x) + B2(z)(A21n1 + )\22”2))”2}7/(d$7 dny, dng).
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Its quadratic variation is given by

Mfg
/ / { 1 — p(x,n1,n2))B(z,n1,n2) + (D(x,n1,n2) + a(x,n,n2)U * Vs(rc))>
X xN?
F2(@)g7(n1)g3 (n2)
+ playnn, ) Bomyna) [12( + 2)g%(m)g3(na) M (o, 2)ds

+ 2(2) (91 (n1 + 1) — g1 (1)) 263 (na)br ()na

) )
+ fz(l“)g (n1)(g2(n2 +1) — 92(n2)) 2(2)n2
@) (g1(nm1 = 1) = g1(m1)) g3 (na2) (da () + B1(x) Aima + Aana))m
) (

+ f2(x)gi (n1) (g2(n1 — 1) — 92(”2)) (da(z) 4 B2(x)(A21m1 + Ag2n2))n }
vs(dx,dny, dng)ds.

Proof. The martingale property is immediate by Proposition 2.1 and
Theorem 2.1. Let us justify the form of the quadratic variation process.
Using a localization argument as in Theorem 2.1, we may compare two
different expressions of (4, fg192)%. The first one is obtained by applying (8)
with ¢(v) = (v, fglgg>2. The second one is obtained by applying Itd’s
formula to compute (v, fg1 gg>2 from (9). Comparing these expressions leads
to the above formulation of the quadratic variation. We may let go the
localization stopping time sequence to infinity since E( (vp, 1)3) < 400 and
E ((v9,n?)) < +oo. Indeed, in this case, E((M79);) < +oo thanks to
Theorem 2.1 and to the proof of Proposition 2.1. U

3 Deterministic large population approximations

We are interested in studying large population approximations of our indivi-
dual-based system. We rescale the size of individual population by K and the
size of the cell populations by K respectively Ky. With k = (K, K1, K3),
the process of interest is now the Markov process (Y;*)¢>o defined as

I,i(t)

Zé (f)N (1) E]WF<‘X><R—&-><R-|—)
= (xi, el Tl

in which cells of type 1 (resp. of type 2) have been weighted by K% (resp. by
K%) and individuals by %. The dynamics of the process (X7 (t), Ni (1), N3 (1))
is the one described in Section 2 except some coefficients are depending on
the scaling x as described below.
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The individual dynamics depends on By, px, My, Dy, ok, Us which are
assumed to satisfy the Hypothesis 2.1 of Section 2 for any fixed k.

Notation 3.1 : We say that kK — co when the three parameters K, K1, Ko
tend to infinity.

Hypothesis 3.1 1) There exist continuous functions B, D and o on X X
R4+ x Ry such that

lim ~sup [By(z, K1y, Kayz) — B(x,y1,92)| + | D (2, Kiy1, Koya) — D(x, 1, 92) = 0,
R0 2,y1,y2

lim = sup fov (2, K1y, Koyz) — oz, y1,92) = 0. (10)

R0 z,y1,y2

We assume that the functions B, D and « satisfy Hypothesis 2.1.

2) The competition kernel U, satisfies

Up(x) = U ;jl (11)

where U is a continuous function.

3) The others parameters p, = p and M, = M stay unchanged, as also
the cell ecological parameters: by, = b1, ba, = bo, di,x = d1,do = da,
Bi,x = B1, B2, = P2. The functions p and M are assumed to be continuous
and the functions b;, d; and j; are of class C'.
We assume

T’iZbi—di>0, i€{1,2}.

4) Similarly to (11), the interaction rates between cells satisfy

?ja

Ajj = i,7 € {1,2}. (12)

Remark that Hypothesis 3.1 1) means that at a large scale K, the indi-
viduals are influenced in their ecological behavior by the cells if the number
of the latter is of order K for cells of type 1, resp. of order Ky for cells of
type 2. On the other side the Hypothesis 3.1 2) may be a consequence of a
fixed amount of available resources to be partitioned among all the individ-
uals. Larger systems are made up of smaller interacting individuals whose
biomass is scaled by 1/K, which implies that the interaction effect of the
global population on a focal individual is of order 1.

Example 3.1 (i) If K; = K> and if the individual rates B,, D,, a,, depend
on x,n1,n2 by the proportion of cells of type 1, then (10) is satisfied.

(ii) Assume that K; = Ky = K and that the functions By, Dy, v, depend
on the weighted total number of cells % (ny + no).
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3.1 A convergence theorem

We assume that the sequence of random initial conditions Y converges in
law to some finite measure vy € Mp(X x Ry x Ry) when k£ — co. Our aim
is to study the limiting behavior of the processes Y. as k — oc.
The generator L" of (Y/*);>0 is easily obtained by computing, for any mea-
surable function ¢ from Mp(X x Ry x Ry) into R and any u € Mp(X x
Ry xRy),

LA (1) = DB, (B(YF))i=o.

In particular, similarly as in Theorem 2.2, we may summarize the moment
and martingale properties of Y for any fixed k.

Proposition 3.1 Assume that there exists p > 3 such that E((Yy, 1) +
<Yoﬁay% +y§>) < +o00. Then

(1) For anyT >0, E (Supte[o,T} (Y[, 1)P + supyepo (Y, i + ?J%>> < +o00.
or any measuraoile obounaea junciions f,dgi, gz, € Process
2) F ble bounded functions f th
M:,fg —
t
0 foge) — 0 S [ [ {(Bule K. Ka) 1 - p(o)
0 XxRi

— (Du(z, K1y, Koya) + a(z, Kiy1, Kaya) U 3@“(%%&2)))
(@) g1(y1)g2(y2)
+ () Be(z, K191, Ko2y2) /f(il? +2)g1(y1)92(y2) M (, 2)dz

+ f(2)(g1(y1 + [;) —g1(y1))92(y2) b1(x) Kiy

+ f(@)g1(y1) (92(y2 + ! ) — 92(y2)) ba(z) Koyo

K>

+ f(2)(g1(y1 — [;) —g1(y1))92(12) (dl(w) + Bi(z)(Ayr + Alzyz))Klyl

+ f(2)g1(y1) (g2(vn — L) — 92(12)) <d2($) + B2(x)(A21y1 + >\22y2))K2y2}

Ko
Yif(d.’I], dy17 dy2) ds (13)

is a cadlag square integrable martingale starting from 0 with quadratic
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variation

~ t
055y = e [ [ (Bt Ko )0 3t
+ (Di(, K1y, Kaya) + aw(a, Kiy1, Koya) U * }Zﬁ(fﬁayhyﬂ))
£ () g% (11) 95 (y2)

+ p() Bulz, Kryr, Koyn) /f%c + )6 (1) g2 (y2) M (x, 2)dz

+ f2(z) (g1(y1 + I;) - gl(yl))2 95 (y2) bi(x) Kin

;2) - 92(y2))2 ba(z) Koy

+ f2(z) (g1(y1 — I;) - gl(yl))2 95(y2) (d1(m) + Bi(x)Miy1 + )\12y2))K1y1

+ (@) gt (1) (92032 +

+ (@) gt (1) (92(y2 — ;2) - 92(3/2))2 (dz(ﬂﬁ) + Ba(x) (A21y1 + >\22y2))K2y2}

Y (dz, dyy, dys) ds. (14)
We can now state our convergence result.

Theorem 3.1 Assume Hypothesis 3.1. Assume moreover that the sequence
of initial conditions Y € Mp(X x R2) satisfies sup, E((Y§,1)?) < +o0
and sup, E((YF, v2 + y3)) < +oo. If Y converges in law, as k tends to
infinity, to a finite deterministic measure vy, then the sequence of processes
(Vi) o<t<T converges in law in the Skorohod space D([0,T], Mp(X x R2)),
as k goes to infinity, to the unique (deterministic) measure-valued flow v €
C([0,T], Mp(X x R2)) satisfying for any bounded and continuous function
f and any bounded functions g1, g2 of class C’bl,

(vt, fg192) = (vo, fg192) +/0 /XxRi {(B(f'?,yhyz)(l —p(x))
— (D@ y1,32) + @,y 52) U xvu(@,y1,92)) ) F(@)g1 (1) 92 (v2)
+ p(e) B yr. v2) /f(:v T+ 2)M(z, 2)dz g1 (91)g2(v)

+ f(x) [gi(yﬁgz(yz)bl(w) y1 + 91 (y1) 95 (y2)ba () y2

— g1 (y1)92(y2) (dl(x) + B1(@) (A1 + )\12?/2))91

— g1(y1)95(y2) (dz(x) + Ba(z)(Ao1y1 + )\22y2))y2} }Us(dﬂﬁ, dyy, dyz) ds.
(15)
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Note that for this dynamics, a transport term appears at the level of cells.

Remark 3.1 e A solution of (15) is a measure-valued solution of the
nonlinear integro-differential equation
0
i (B(1=p) — (D+ a Ux*wv))v + Bpog x M — Vy(cv)L6)
with cal(z,y) =y (7“1(:6) — B1(:17)(>\11y1 + >\1292))
ca(z,y) == ya (r2(z) — Bo(z) (A21y1 + A22y2)) (17)

Thus, the existence of a weak solution for Equation (16) is obtained
as corollary of Theorem 3.1.

e We deduce from (15) the limiting dynamics of the total number of
individuals:

(v, 1) = (wo, 1)+

t
/ / (B —D—-—aUx v5>vs(d:(:,dy1,dy2) ds, (18)
0 JaxrZ

while the total number (v, y;) of cells of type i at time ¢ is obtained
by taking f =1,9:(y) =y,9; =1 (i # j) in (15) :

(vt, i) = (vo, vi)

t
+/ / (B —D—-aU *Us)yi vs(dx, dyy, dys)ds
0 JXXRZ

+/0 / ((bi(iﬂ) —di(x))y; — Bi(x)( Ny + Aijl/j)?/i)%(d%dyl, dyzz dj
19

Proof. The proof of the theorem is obtained by a standard compactness-
uniqueness result (see e.g. [7]). The compactness is a consequence, using
Prokhorov’s Theorem, of the uniform tightness of the sequence of laws of
(Y/®,t > 0). This uniform tightness derives from uniform moment esti-
mates. Their proof is standard and we refer for details to [15], [10] Theorem
5.3 or to [5]. To identify the limit, we first remark using (14) that the
quadratic variation tends to 0 when K tends to infinity. Thus the lim-
iting values are deterministic and it remains to prove the convergence of
the drift term in (13) to the one in (15). The drift term in (13) has the
form f&(}gﬁ,A“(}gﬁ)(fgng»dS and the limiting term in (15) has the form
fg (vs, A(vs)(fg192))ds. (The exact values of A" and A are immediately
given by (13) and (15)).
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Thus, let us show that if Y is a sequence of random measure-valued pro-
cesses weakly converging to a measure-valued flow Y and satisfying the
moment assumptions

sup E(sup(Yy*, 1)*) + sup E(sup(Y*, %)) < +o0, (20)
K t<T K t<T

then (Y}*, A%(Y/")(fg192)) converges in L' to (Y;, A(Y:)(fg1g2)) uniformly
in time ¢ € [0,7]. We write

(Y5 AR ) (far92)) — (Y, AYe) (for92)) = (V35 A(Y) (farg2) — AY)(fg192))
+ (V7 AYS) (for92) — ALY (for92)) + (Vi = Vi, A(Y2) (f9192))- (21)

The convergence of the first term to zero follows from Hypothesis 3.1 and
(20) and from the following remark, that for C}-functions g; and go, the
terms 1
K; (gi(yi %) gi(yi)) + 9i(yi)

1
converge to 0 in a bounded pointwise sense, which allows us to apply the
Lebesgue’s theorem.
The convergence of the second term to 0 is immediately obtained by use of
(20), since the functions a and U are continuous and bounded.
The convergence of the third term of (21) is due to the weak convergence
of Y* to Y. We know that for all bounded and continuous functions ¢, the
quantity (Y —Y;, ¢) tends to 0. The function A(Y;)(fg1g2) is a continuous
function which is not bounded because of linear terms in y and 3?. Thus
we need to cutoff at a level M replacing y by y A M. The remaining terms
are proved to go to 0 using (20). Hence we have proved that each limiting
value satisfies (15).

We have now to prove the uniqueness of the solution v € C([0,T], Mp(X x
R?)) of (15). Our argument is based on properties of Lotka-Volterra’s flows.
Firstly we need the following comparison lemma.

Lemma 3.1 If u; is a non negative function with positive initial value and
satisfying for some a,b € RY the inequality

VE>0, —u < aup —bu?,
ot © = Tt
then 0 < supus =:u < 4o0.
>0

Moreover 0 is an absorbing value: if uy, = 0 then for all t > to,us = 0.

Proof. of Lemma 3.1. Let us define Uy as solution of the associated logistic
equation

oU;

5 = Ui - VU2, Uy = up.
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Then %(U ug) > a(Uy — ug) — b(UZ — u?). With &; := U; — uy it holds

0
aét ((I — b(Ut + Ut)>(5t, 50 = 0.

Let us show that ¢ — §; increases, and therefore is positive. For ¢ = 0, since
5 =0, 2 5 |t —o > 0. Thus §; > 0 in a neighborhood of 0.
Let define tg := sup{t > 0: §; = 0}. If {9 = +o0o the problem is solved.
If not, U, = uy on [0,p]. Let us now define ¢ := inf{t > ¢y : 6; < 0}. If
t1 = +oo the problem is solved. If t; < 400, by continuity J;, = 0 and
then %h:h > 0. Thus, in a small time intervall after ¢, d; would increase
and be positive, which is a contradiction with the definition of ;. Therefore
t — &; increases and stays positive, which implies that

0 <w:=supu; <suplU; < +o0.

>0 >0
O

Let us now recall some properties of the Lotka-Volterra’s flow involved in
the cell dynamics.

Lemma 3.2 Let ty € [0,7T), z € X and y = (y1,y2) € R2 be given. The
differential equation

0
ot
where ¢ defined in (17), admits in R2 a unique solution t — OoY(t) =
(gpio’ly( ), (piO’Qy( )). Moreover the mapping (z,t,s,y) — oz (t) is C° in x €

X and C® int,s,y € [07T}2 X Ri and is a characteristic flow in the sense
that for all s, t,u,

GV(t) = lF(t),  where 2 = P2V (u). (23)

Proof. of Lemma 3.2. Since the coefficients ¢; are of class C' and thus
locally bounded with locally bounded derivatives, the lemma is standard
(cf. [3]) as soon as the solution does not explode in finite time. The latter
is obvious, since the quadratic terms are non positive. Indeed, the functions
(y1,y2) are dominated by the solution (z1, z2) of the system

0 .
&zi(t) =ri(x)zi(t) — Bi(zx)\iz; ; z:(0) =y, i=1,2,

y(t) = c(x, y(t), t € [to, T, with y(to) =y (22)

and we use Lemma 3.1.
The flow clearly satisfies

SO0 = yrexp ( [ 10 = @) (a1 (9) + Mz 5)) )

0
t

G20 = o ([ (rao) = o) Qar () + A 230 )

0
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which proves (23), a deterministic version of the Markov property. O

The proof of uniqueness will be based on the mild equation satisfied by any
solution of (15). Let us consider a function G defined on X x R? of class
C' on the two last variables and for any x € X, let us define the first-order
differential operator

oG oG
EG(CL‘,y) = Cl(x7y)87yl(x7y) =+ CQ(may)%(may) =cC- vyG (xvy)v (24)

where the notation - means the scalar product in R2.
Then the function G(s,t,z,y) := G(x, 5" (t)) satisfies

0 ~ 0
-~ — S,y L A8y
atG(Sath)y) VyG(xa%% (t)) ath (t)
= oz, 0z¥ (1) - VG, 03 (1))
= LG(z,03"(t) = LA(s,t,2,y). (25)

Let us fix t > 0. We deduce from (25) and from the flow property (23) that
G satisfies the backward transport equation:

%é + LG =0, Vs <t with Gt t,z,y) = G(x,y). (26)

We now write (15) applying the measure v; to the time-dependent func-

tion (s,x,y) — G(s,t,x,y) where G(z,y) = f(z)g(y) and obtain the mild
equation

g = rgodrans [ f { (Bl - po)
~ (D(ayn, ) + ol ya,0) U vy, ) ) F()g o 02 (0) +
p(x)B(:E,yl,yg)/f(a:—F z)gogoi’f_z(t)M(x,z)dz}Us(d:c,dyl,dyg)ds. (27)

(The last term involving 2g o ¢3¥(t) + Lg(3?(t)) vanishes by (26).)

Let us now consider two continuous functions v and v in C([0,T], Mp(X x
R?)) solutions of (15) with the same initial condition vy. Then the difference
of both solutions satisfies

=t = [ [ {](Ba-pe)- D)o
+p(z)B /f(:v +2)g 0. ()M (x, Z)dZ} (vs(dw, dyy, dy2) — Vs(d, dyy, dy2))

—a(z,y1,y2) f(x)g o vy?(t) (U * V5Us(dx, dy1, dy2) — U * 0505(dx, dyy, dyg)) }ds.



19

The total variation norm of a measure v is denoted as usual by ||v||7y. Since
all coefficients are bounded as well as the total masses of vy and vy, it is easy
to show that there exists a constant Cp such that

t
ot — il < Crr / s — Bl ds,
0

which implies, by Gronwall’s Lemma, that v and v are equal . U
Let us now prove that if the initial measure has a density with respect to
Lebesgue measure, then there exists a unique function solution of (16). That
gives a general existence and uniqueness result for such nontrivial equations
with nonlinear reaction and transport terms, and a nonlocal term involved
by the mutation kernel. The existence takes place in a very general set of
L'-functions.

Proposition 3.2 Assume that the initial measure vg admits a density ¢g
with respect to the Lebesque measure dxdyidys; then for each t > 0, the
measure vy solution of (16) also admits a density.

Proof. Let us come back to the equation (27) satisfied by v. Using basic
results on linear parabolic equations, we construct by induction a sequence

of functions (¢"), satisfying in a weak sense the following semi-implicit
scheme: (;5’0”1 = ¢o and

@ so) = ontasdon+ [ [{(Ba-sensege s

p(@)B /f(x+z)goso;:%Z(t)M(x,z)dz}asz(x,yl,y2>

— (D+a Uxeh)) f()go e ()65 (o1, yo) | dodyrdyads. (28)

Thanks to the nonnegativity of ¢¢ and of the parameters B, p, 1 — p, and
applying the maximum principle for transport equations (cf. [3]), we can
show that the functions ¢™ are nonnegative. Taking f = g = 1 and thanks

to the nonnegativity of the functions ¢"™ and to the boundedness of the
coefficients we get

t
sup |¢" 1 < ldoll + Cr / sup |62 11 du,
s<t 0 u<s

where the constant C7 does not depend on n and can be chosen uniformly
on [0,T]. By Gronwall’s Lemma, we conclude that

supsup |6} [[1 < [[gol € (29)
n t<T
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Let us now prove the convergence of the sequence ¢" in L>([0,T], L').
A straightforward computation using (28), (29), the assumptions on the
coefficients and similar arguments as above yields

t
sup 037 = 620 < o [ (sup ™1 — o0 -+ sup ot - 611 ),
s<t 0 u<s u<s

where Cy is a positive constant independent of n and ¢ € [0,7]. It follows
from Gronwall’s Lemma that for each t < T and n,

t
sup 671 = 21 < Cs / sup |67 — 60| ds.
s< 0

u<

We conclude that the series ), supcqo 1 Pt — @71 converges for any
T > 0. Therefore the sequence of functions (¢"),, converges in L>([0, T, L*)
to a continuous function ¢ — ¢; satisfying

sup [|¢efl1 < [|ollr <.
t<T

Moreover, since the sequence converges in L', the limiting measure
o1(x,y1, y2)dxdy1dys is solution of (27) and then it is its unique solution.
Hence, that implies that for all ¢,

ve(dz, dyr, dy2) = ¢i(x, y1,y2) dedyidys.

O

We have thus proved that the nonlinear integro-differential equation (16) ad-
mits a unique weak function-valued solution as soon as the initial condition
¢o is an L'-function, without any additional regularity assumption.

3.2 Stationary states under a mean field assumption and
without trait mutation

This part is a first step in the research of stationary states for the deter-
ministic measure-valued process (v¢,t > 0) defined above. We firstly remark
that equation (18), which determines the evolution of the total number of
individuals ¢ — (v, 1), is not closed if the functions U, B, D or « are not con-
stant, which makes the problem very hard. In this section we consider the
simplest case where the individual ecological parameters B and D and the
cell ecological parameters b; and d; are constant and where the mutation
probability p vanishes. Moreover, we work under the mean field assump-
tion, that is the competition/selection kernel U is a positive constant. We
consider two different cases corresponding to different selection rates a.
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3.2.1 Case with constant selection rate

Let us assume that the selection rate « is a positive constant. In this case,
the mass equation (18) is closed and reduces to the standard logistic equation

t
(v, 1) = (vg, 1) —i—/o (vs,1)((B — D) — aU(vs, 1)) ds, (30)

whose asymptotical behavior is well known: the mass of any stationary
measure Voo satisfies

(B — D){Voo, 1) = alU (oo, 1)2.
Either R := B — D < 0 and there is extinction of the population, that is
tlg—noo<vt7 1) = (vso, 1) = 0.

Or R > 0 and the mass of the population converges to a non degenerate
value

. R
tlgrnoo(vt, 1) = (Voo, 1) = U

(31)
Furthermore, the convergence of the mass holds exponentially fast: due to
(30),
&@t — Voo, 1) = —aU({vy, 1) (v — v, 1).
Thus (Ut — Voo, 1) = (Vg — Voo, 1) 7Y Jo(vs,1) ds (32)
which vanishes exponentially fast.

Assume R > 0 in such a way that the mass of the population does not
vanish. In what follows we will need the following notations:

(0,T) = sup{u, 1) < +00
t

and

a:=supoy(< +o0) where oy :=R—aU(v, 1) =—alU (v — voo, 1).
t

Let us now consider the weak convergence of the measures v; towards the

stationary measure v, which is concentrated on the equilibrium state of

the Lotka-Volterra dynamics.

Applying equation (15) to any bounded smooth function g(y) = g1(y1)g2(y2),
0 0 dg

9 _ 99 Y9

8t<vt’g> = a{ve, 9) + <Ut,7“1916y1 +7‘2Z/28y2>
0
0

0
— (v, 5187;1 (AM1y1 + A2y2)y1 + ﬁzTgQ (A21y1 + A22y2)y2)
= (v, g) + (v, Lg) (33)
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where the differential first order operator £ = ¢ - V is the same as in (24)
but without dependence on the trait . Using the flow of Lotka-Volterra
equation (see (22)), we represent the mild solution of (33) as

o) = [ go @i+ [ [ goerpuidnas @1

R

Let us firstly recall the long-time behavior of the Lotka-Volterra system (22)
in case where the coefficients ¢; don’t depend on z.

Lemma 3.3 (Champagnat [4], Annexe A). Any solution of

%yl ) = vt (r1 = B (v (t) + Mi2ya(t)))
%yQ(t) = ya(t) (r2 — B2 (A2111 () + A22y2(t))) (35)

2

with initial condition in (R%)* converges when t tends to infinity to a limit

r1 ro B1A12r2—PB2 2271 BaA21ri—B1A1172
me {(31)\11 ’ O)’ (0’ BaAaz )’ (51520\12)\21*)\11)\22)’ /@152()\12>\21*>\11>\22)) }
Except in the case where AagaA11 < A12A21 (inter-specific competition stronger

than intra-specific competition), the equilibrium is globally asymptotically
stable.

Therefore we obtain the following convergence result.

Proposition 3.3 Assume AooA11 > Ai2Xo1. The deterministic measure-
valued process vy converges when t tends to infinity - in the weak topology -
towards the singular measure concentrated on the equilibrium state w of the
associated Lotka-Volterra dynamics:

. R
Jm v = s Oy

where 7 is defined in Lemma 3.3.

Proof. First, the Lotka-Volterra flow ¢%¥(t) converges as t tends to infinity
and for all y, towards the given value m given by Lemma 3.3. Since the test
function g is continuous and bounded and vy has a finite mass, Lebesgue’s
dominated theorem implies that the first term in the right hand side of (34)
converges:

lim [ g0 @) widy) = [ limg o ¢ (0)vo(dy) = g(x) (e, ).
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Secondly, as already seen in (32), the mass (v, 1) of the total population
converges exponentially fast to its equilibrium size, that is «a; converges
exponentially fast to O:

Jde> 0,3y, Vs>tyg as<e .

Therefore the second term in the right hand side of (34) can be disintegrated,
for ¢ larger than tp, in the sum of two integrals over [0,?o] and [to,t]. The
control of the integral over [t,t] is simple:

t
/ Qg / go gps’y(t) vs(dy) ds
to Ri

which is as small as one wants, when tj is large enough.
On the compact time interval [0, to] the following convergence holds:

e “ds

t
< (v, 1)sup |g(y)|
Yy to

to to
lim/ Qs / go®¥(t)vs(dy)ds = / Qs / lim g o *Y(t) vs(dy) ds

= o) [ [ s

Therefore for large time ¢ > g, (v, g) is as close as one wants to

to
o) 1) () [ e [ on(dy)ds = g() (. )

For ty large enough, this last quantity is close to

R
009 1)=— 57r7 .
9(r) (vmes 1) = - {6r.9)
This completes the proof of the weak convergence of the measures v;. O

Remark 3.2 The stationary state is a singular one even if the initial mea-
sure vg has a density: the absolute continuity property of the measure vy is
conserved for any finite time ¢, but it is lost in infinite time.

Convergence of the number of cells

First we prove the boundedness of the number of cells of each type and the
boundedness of its second moment. To this aim, we compare the multitype
dynamics with a dynamics where the different types do not interact, which
corresponds to two independent monotype systems.

Lemma 3.4 Suppose that for any i, Bidi > 0. If (vo, 1) + (vo,y?) < +00
then supysq (ve, y2) < +o0.
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Proof. Let us firstly prove that sup;q (v, y:) < +oo.
At time t = 0, (vo,y;) < (o, 1) + (vo,y?) < +00. Moreover, equation (19)
reads now

%(Un yi) = (R—aU(v, 1) +b; — di)(vr, vi) — Bi(Nia(ve, u2) + Nij{ve, yiy;))
< (o + by — di) (v, yi) — Biii(ve, yi)
i Aii
< (g + b — di) (v, yi) — 5&71><Uhyi>2
< (@t i) (o) — D25 ()2, (36)
(v, 1)

This inequality is a logistic one in the sense of Lemma 3.1. Therefore one
deduces that the number of cells of type 7 is uniformly bounded in time:

sup(vg, y;) < oo, i =1,2.
>0

By (15) applied with f =1, g1(y1) = ¥?, g2 = 1, one obtains

0

a@t’y% = (v, y3) + 2r1 (v, yi) — 26 (>\11(vt73/11)’> + )\12<Ut7y%y2>>
< (o4 2r1) (v, y3) — 281001 (v, 9

1
§<%+wmwﬁ%4mm655mmﬁ
1
< (a+2r) (o, yt) — 2811 e (vg, y7)*
since

<Ut7 y%>2 < <Ut7 y%><’Ut, y1>

This inequality on (v, y?) is of logistic type as (36). Lemma 3.1 implies

<U7 y%> = Sup<vt7 y%> < +o00.
t>0

The same holds for (v,y3). O

Proposition 3.4 If (vg,y;) < +00 and (vo,y?) < +oo, then the total num-
ber of cells of each type per individual % stabilizes for t large:

hm <Ut7yi>

t—+oo (v, 1)

= 7.

Proof. Due to Proposition 3.3, the family of measures (v;); converge
weakly towards vs,. Moreover, by Lemma 3.4, the second moments of v; are
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uniformly bounded. Therefore y; is uniformly integrable under the family
of (v : t > 0) which leads to :

lim <Utayi> == < lim Ut7yi> = <vooayi>-

t—+o0 t—+o0

0

Let us underline the decorrelation at infinity between cell and individual
dynamics.

3.2.2 Case with linear selection rate

Suppose now that the selection rate o does not depend on the trait x but is
linear as function of the number of cells of each type :

Jai, a0 €]0,1],  a(z,y1,y2) = iy + a2y =: - y.

With other words the selection increases linearly when the number of cells
increases.

The new main difficulty comes from the fact that the mass equation is no
more closed :

t
(ve, 1) = (vg, 1) +/ (vg, 1>(R — Ulvs, o - y>) ds, (37)

0

which has as (implicit) solution

<Ut, 1> = <U0, 1>€_ fJ (U<'Us70é'y>—R)dS' (38)

For this reason, unfortunately, we did not succeed in proving the convergence
in time of (v, 1). Nevertheless, we can conjecture some limiting behavior of
the process.

Conjecture: The deterministic measure-valued process v; converges for
large time ¢ towards the following stationary value

. R
lim v = Voo 1=

t—+o00 U(agm + agms) O(mma): (39)

where m = (71, m2) is given in Lemma 3.3.

In this case too, the asymptotic proportions of the cells of different types
per individual would become deterministic and independent.

Some partial answers
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e Equation (37) implies that any stationary measure v, should satisfy
(Voos 1)(R — UV, ¢ y}) =0.
Then, either (v, 1) = 0, that means the extinction of the individual
population holds, or
B-D R
u U

which describes a constraint between the limiting number of the dif-
ferent types of cells.

(Voo 0 - Y) = (Voo, 1Y1 + 2Y2) = (40)

e Boundedness of the number of cells.

Lemma 3.5

(vo,yi) < +00 = sup (v, y;) < +0o0.
t>0

Proof. The number of cells of type i satisfies

0

a(Ut,yz) = (R+ri) (v, yi) — U, yier - y) (vg, 1)
—Bi(Nii(ve, ) + Nij(ve, yiy;))
< (R4 ri) (v i) — U (v, )’
which reduces to the monotype case solved in Lemma 3.1. O

o Identification of a unique possible non trivial equilibrium.

Applying Equation (15) to f = 1, gi(y;) = e *¥ and letting ¢ tend
to infinity, we remark that the Laplace transform L. (z) of any non
vanishing stationary state v, should satisfy

RLoo(2) = Uveo, 1) (Voo, (- y)e™*Y)
2
- Z 2 (Mvoo, yie = Y) — Bi (Nii(voo, Y€ Y) 4+ Nij (Voo, yiyjefz'y») =0
=1

(with the natural notation j for the type index different from i)

0L 0L
= RLOO + ULOO(O)(aszl —+ o 822 )
2
OLiss 9L &Loo
+ ; (Zﬂ“i 7(9% + z; 5 (Aii 78212 + )\ij 821823 )) =0 (41)

with usual boundary conditions

OLoo
821'

LOO(O) = <UOO7 1>7 (0) = _<UOO7yi>'
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The unique non trivial solution of this p.d.e. is

Lo (2) = (Veo, 1) e_ﬁ'z,

where (voo, 1) = a[,];r and where 7;, the equilibrium proportion of cells

of type ¢ in the global population, has to be equal to the equilibrium
proportion given in Lemma 3.3: © = 7.

Local stability of the non trivial equilibrium vo := % O(m1,ma)-

Although we cannot control the convergence of (v, 1) to a positive
number, we can analyze the stability of the nontrivial stationary state
Uso in the following sense.

Stability of the mass around its positive stationary value %

Let start with vo = veo + €0(¢, ), Where € is small and ((1,¢) € R%r.
(From the mass equation (37) one obtains for ¢ small :

%(%;U = <vt,1>(R—U(vt,a-y>)
>~ ((voo, 1) + &) (R = Ulves, - y) —eU v+ €)
o~ —sz:i + o(e).

This quantity is negative for small e, which implies the stability of the
mass around its positive stationary value.

Stability of the number of cells of each type around its limit value if
max(ry,r2) < R

We prove it only for the type 1. From (19) we get an expansion in ¢
of the variation of the global number of cells of type 1 for small time :

0
§<Ut73/1>

= (v, y1) (R +71) = Ulveyr a - y)(ve, 1) — Br (Mo, y7) + Mz (vr, y1y2)
~ ((voo, 1) +€G1) (R+71) = U((vos, y1 - y) + eCr v - €) (U0, 1) + €)
—B1 (M1 (o0, Y1) + M2 Voo, y132)) — eB1(AM1(F + A12G1G2)

e((R+m1)G = Ulvasspray) = UG o (i, 1)
—B1(MiCE + >\12C1C2)> +o(e)

= P1((1,¢) + o(e)
where pl(yl, y2) < Pi(yp) for all yo > 0, with
Pi(X) = —(Uai(vso, 1) + f1A11) X2 + (R+711)X — Uay i (ves, 1).

As second degree polynomial P; is negative if its discriminant is non
positive. This condition is fulfilled when

(R+71)? — 4U 173 {(Vo0, 1) (Ut (ve, 1) + B111) < 0.
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It is true as soon as
(R+7)>—4R* <0< r < R.

Thus if max(ry,r2) < R, the number of cells of each type is stable
around its limiting value.

4 Diffusion and superprocess approximations

As in the above section we introduce the renormalization x = (K, K1, K2)
both for individuals and for cells. Moreover we introduce an acceleration of
individual births and deaths with a factor K" (and a mutation kernel My
with amplitude of order K"/? ) and an acceleration of cell births and deaths
with a factor K (resp. K3).

We summarize below the assumptions we need on the model and which will

be considered in all this section.

Hypothesis 4.1 : 1) There exist continuous functions I', B, D, on X’ X
R4 x R, such that

ny N9 ny n9
B = K"T'(x, —, —) + B(z, —, —);
:‘@(x7n17n2) (*T? K17 KQ) + (;U’ Kl’ K2)a
ny n»2 ny n9
D = KTz, =, ~2) + D(z, -+, =2);
:‘i(xanlanQ) (CIZ’, Kla K2) + (.1'7 K17 KQ),
s, mm2) = ol 7, 22 (42)

The function I' is assumed to be bounded and B, D, « satisfy Hypothesis
2.1.
2) As before, the competition kernel satisfies

where U is a continuous function which satisfies Assumption (H1).
3) The mutation law z +— My (z,z) is a centered probability density on

2
X — z. Its covariance matrix is o(z) Id, where o is a continuous function.
Kn 1%

We also assume that

lim K" sup/|z|3MK(:c,z)dz =0.
K—o0 T

The parameter p,, stays unchanged: py(z) = p(x).
4) At the cell level, we introduce Lipschitz continuous functions b;,d; on X
and a continuous function 7 such that

bik(x) = K;vy(x) + bi(x);
dig(x) = K;ivy(x) +di(z), 1=1,2. (43)
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The interaction between the cells is rescaled according on their type :

J

i,je{1,2}. (44)

The other parameters stay unchanged: 1, = 31, f2,x = Ba.
5) Ellipticity: The functions p, o, v and I" are lower bounded by positive

constants and o /pI" and /7 are Lipschitz continuous.

As in Section 3, we define the measure-valued Markov process (Zf)i>0 as

R(t) Ni (@)
(xi(0), e Tst)

i=1

We may summarize as in Proposition 3.1 the moment and martingale prop-
erties of Z".

Proposition 4.1 Assume that for some p > 3, E(ZF, 1)P+(Z§,y3+v3)) <
+o00. Then

(1) ForanyT >0, E (supte[o,TﬁZf, 1)3 + supyepo,r) (28, yi + y§>) < +00.

(2) For any measurable bounded functions f, g1, g2, the process

M9 = (ZF fo1g0) — (28, Fg192)
/ / { B D—a U*Zﬁ)f(x)gl(yl).%(?ﬂ)
XXR2
9@ (K774 B) [ (o +2) = F()a1(n)a() Mz 2)dz

+ f(2) (g1(y1 + i) —91(11))92(y2) (K1y(z) + bi(x)) K1y

K;
+ f(@)g1(y1) (92(y2 + ;2) — 92(y2)) (Koy(z) + ba(z)) Koy
+ f(2) (g1 (1 — I;) — 91(11)) g2(y2) (K1v + di + B1(y1 11 + y2h12)) K1
+ f(2)g1(y1) (92(y1 — ;2) — 92(y2)) (K27 + da + Ba(y1Xa1 + y2A22)) Kng}

Z5(dx, dyy, dy2) ds (45)

is a cadlag square integrable (F;)e>o-martingale with quadratic varia-
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tion

t
(M"I9), = ]1(/ / . {(2K’7F—I—B+D+a U*Z:)
0 JAXRL
F2()g3 ()95 (v2)

+ p(a) (KT + B) / (Fla+2) — F(2)*Mrc (@, 2)dz g2 (5192 (2)

+ £2(2) (g1 + é) — 1())? En) (Kin(x) + by () Kiws

+£2(@) gBn) (g2(y2 + é) — ga())? (Kar(2) + ba(2)) Koy

+ (@) (9101 — I;) —g1(1))? g3(w2) (Kw(w) + di ()

+ Bi(x)(y1 A1 + yz)\lz)) Ky

+ 2 (@) gt (1) (92(y2 — ;2) — g2(1))? (Kw(x) + da()

+ +B2(x) (y1A21 + y2>\22))K2y2}

Z%(dz,dy1,dys) ds.  (46)

We assume that the sequence of initial conditions Zf converges in law to
some finite measure (y. Let us study the limiting behavior of the processes
Z% as k tends to infinity. It depends on the value of n and leads to two
different convergence results.

As before we denote by r; the rate b; — d;.

Theorem 4.1 Assume Hypothesis 4.1 and n €]0,1[; suppose that the initial
conditions Z € Mp(X x R2) satisfies sup, E((Z§,1)%) < +oo. If further,
the sequence of measures (Z§). converges in law to a finite deterministic
measure wo, then the sequence of processes (Z})o<i<T converges in law in
the Skorohod space D([0, T), Mp(X xR%)), as k goes to infinity, to the unique
(deterministic) flow of functions w € C([0,T),LY(X x R%)) weak solution
of

9 2

et = (B —D—aUx wt)wt + A, (po Fwt) + Ay(ywe) — Vy - (cwy).(47)
Remark 4.1 One obtains the existence and uniqueness of function-valued
solutions of (47) even if the initial measure wy is a degenerate one without
density.

Proof. The proof follows the same steps as the one of Theorem 3.1 except
that the mutation term will lead to a Laplacian term in f since the mutation
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kernel is centered and the mutation steps converge to 0 in the appropriate
scale. We first obtain the tightness of the sequence (Z*) and the fact that
each subsequence converges to a measure-valued flow w € C([0,T], Mp(X x
R?)) satisfying for bounded C*-functions f, g1, g2,

t
(wt, fg192) = (wo, fg192) +/0 /X - {(B(l“;@/l,m)

— D(z,y1,y2) — alz,y1,y2) U *ws(z,y1, yz))f(x)gl(yl)gQ(yg)
+p(x)o? (@)D (2, y1,y2) & F(x) 91(y1)92(y2)
+ f(x)Vg1(y1)92(y2) (ﬁ(w) — Bi(x) (1A + y2>\12)) Y1

+ f(2)g1(y1)Vga(y2) <7’2(33) — Ba(x)(y1A21 + y2>\22)) Y2

+ f(@)y(x) (Agi(y1)g2(y2) + 91(y1) A g2(y2)) }ws(dw, dy1,y2) ds. (48)

We can also apply w; to smooth time-dependent test functions h(t,z,y)
defined on Ry x X x R% . That will add a term of the form (dsh, ws) in
(48).

Let us now sketch the uniqueness argument. Thanks to the Lipschitz con-
tinuity and ellipticity Hypothesis 4.1, the semigroup associated with the
infinitesimal generator

A=pa®T Ay +v L0y +c- Y,

admits at each time ¢ > 0 a smooth density denoted by ¢®¥(¢,-,-) on X xRi.
That is, for any bounded continuous function G on X x R2, the function

Gt ,y) = / Wt 2y VGl of o' dyf

satisfies 5
EG = AG; G(0,-,-) =G.

Thus (48) applied to the test function (s, z,y) — G(t — s, z,y) leads to
the mild equation: for any continuous and bounded function G,

t
(wt, G) = (wy, G(t, )+ / (wg, (B—D — aU x ws)é(t —s,-)) ds
0
= [ e [ ey u(de.dy) di'dy
XxRi XxRi

t
+ /G(a:', y’)/ / (B—D —aU ws) (x,9) V™Y (t — s, 2",y Yws(dz, dy)dsdz’dy’.
0
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It is simple to deduce from this representation the uniqueness of the measure-
valued solutions of (48). Moreover, by Fubini’s theorem and (H3) and since
sup;<p(we, 1) < +00, one observes that

(w, G) = / G2,y YHy (2!, v )dx' dy
/'\f><RfL

with H € L>([0,7],L*(X x R%)). Thus for any ¢ < T, the finite measure
wy is absolutely continuous with respect to the Lebesgue’s measure and the
solution of (48) is indeed a function for any positive time. 0

If » = 1 the limiting process of Z" is no more deterministic but is a random
superprocess with values in C([0,T], Mp(X x R%)).

Theorem 4.2 Assume Hypothesis 4.1 and n = 1. Assume moreover that
the initial conditions Zfj € Mp(X x R2) satisfy sup, E((Z§,1)?) < +oo.
If they converge in law as k tends to infinity to a finite deterministic mea-
sure (o, then the sequence of processes (Zf)o<i<T converges in law in the
Skorohod space D([0,T], Mp(X x R2)), as k goes to infinity, to the contin-
uous measure-valued semimartingale ¢ € C([0,T], Mp(X x R?)) satisfying
for any bounded smooth functions f, g1, go:

M9 = (G, fg192) — (Cos F9192)

_/Ot/XXR2 {(B—D—a U*Cs)f(x)gl(yl)gz(W)

+ () ()T (2, y1,y2) 2 fF(2)g1(y1)g2(y2)
+ f(2)Vg1(y1)g2(y2) (7“1($) — Br(x)(y1 A1 + y2>\12)> Y1

+ f(2)91(y1) Vg2 (y2) (7“2(39) — Ba(x)(y1A21 + yz)\22)) Y2

T P @) (Dgr (1) galye) + 91 (1) D galye)) }cs<dx, dys, dys) ds (49)

is a continuous square integrable (Fi)i>0-martingale with quadratic variation

t
(M79), :/o /X . 21 (w, y1, y2) £2(2) 93 (1) 95 (y2) G (daw, dyy, dy) ds.

Proof. The convergence is obtained by a compactness-uniqueness argu-
ment. The uniform tightness of the laws and the identification of the limiting
values can be adapted from [10] with some careful moment estimates and
an additional drift term as in the proof of Theorem 3.1.

The uniqueness can be deduced from the one with B = D = a = 0 by us-
ing the Dawson-Girsanov transform for measure-valued processes (cf. The-
orem 2.3 in [8]), as soon as the ellipticity assumption for I' is satisfied.
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Indeed,

t 2
E / / (B “D-aUsx gs) Co(dz, dyy, dys)ds | < +oo,
0 JAXRZ

which allows us to use this transform.

In the case B = D = o = 0 the proof of uniqueness can be adapted from the
general results of Fitzsimmons, see [9] Corollary 2.23: the Laplace trans-
form of the process is uniquely identified using the extension of the mar-
tingale problem (49) to test functions depending smoothly on the time like
(s,z,y1,y2) = Yr—sf(x,y1,y2) for bounded functions f (see [9] Proposition
2.13).
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