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Abstract

We consider systems of Euler-Lagrange equations with two degrees of freedom and with La-
grangian being quadratic in velocities. For this class of equations the generic case of the equiva-
lence problem is solved with respect to point transformations. Using Lie’s infinitesimal method
we construct a basis of differential invariants and invariant differentiation operators for such sys-
tems. We describe certain types of Lagrangian systems in terms of their invariants. The results
are illustrated by several examples.
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1. Introduction

Applying the variational principle in mechanics one reduces mechanical problems to systems
of ordinary differential equations (ODEs) of the form
d . dx,-

—L;—L,=0, i=1,...,n, X= .
i nooXi=—

dr M

known as Euler-Lagrange equations. While any scalar second-order ODE has a Lagrangian
representation, for n > 2 there are systems which fail to admit Lagrangians L(t, x, X), x =
(X1, vy Xp), X = (X, ... ,X,). Corresponding criteria for a system of two second-order ODEs
are established in [1].

It is known [2] that the class of equations (1) is closed with respect to point transformations.
That is, any nondegenerate change of variables

r=0tx), X=¢tx), i=1,...,n 2)
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transforms system (1) to a system of the same form

£~ -

li-Ly=0. i=1....n 3)

with possibly different Lagrangian L(f, ¥, X). A point change of variables (2) is called canonical if
the Lagrangian L(7, %, ¥) of the transformed system (3) coincides with the Lagrangian L(t, x, x) of
system (1) written in variables (2). Noncanonical changes of variables are accepted as more in-
teresting [3], since they can transform system (1) into a system (3) with more simple Lagrangian
(e.g., several of its variables become cyclic or the resulting system is decoupled).

If system (1) admits a variational symmetry (or a constant of motion in the case of Hamil-
tonian representation of system (1)), one can reduce the order 2n of the system (1) to 2n — 2.
Solution of the so-called integrable systems which possess sufficient number of constants of
motion can be reduced to quadratures. At the beginning of the 20 th century it became known
from the works of H. Poincaré that the global existence of constants of motion is rather excep-
tional case. Many examples of integrable systems are considered in [4]. In particular, there are
listed integrable natural systems with two degrees of freedom having the Lagrangian of the form
L= %(x% +355) — U(xy, x2).

It should be noticed that such properties of system (1) as the natural form of its Lagrangian,
representation in the form of Liouville system or in decoupled form are not invariant under
arbitrary change of variables (2). As usual, these properties become implicit for the transformed
system (3). A system of Euler-Lagrange equations one obtains in some applications may possess
such hidden properties. The problem of finding the simplest equivalent form for a given system
(1) can be solved with the use of invariants of equations (1).

Transformation (2) is an equivalence transformation of the class of equations (1), i.e. the
most general transformation preserving the form of equations. Two systems (1) and (3) are said
to be equivalent, if there is an invertible change of variables (2) which transforms the systems
to each other. The equivalence problem can be solved using the invariants of the equivalence
transformation group of a given class of equations. Indeed, if systems (1) and (3) are equivalent
with respect to a point transformation (2) then their invariants coincide, i.e.

Lt ®) =L[E5D, j=1,23,.... @)

By invariants of system (1) are meant the invariants of its group E of equivalence transformations.
The invariants of some subgroup of E are called relative invariants of system (1).

The group of transformations may possess infinitely many differential invariants depending
on arbitrary element of the given class of equations and its derivatives,

lj=1y(t,x,% L, Ly, Ly, Ly, Ly, Ly, .., Li.i). ®)

The order of an invariant /; is defined by the highest order of the derivatives of function L which
are involved in /;. The invariant (5) takes the form I; = I;(z, x, X) (just as in equalities (4)) when
we substitute the given function L(#, x, x) into (5). As follows from [5, 6], the infinite set of
differential invariants of the transformation group possesses a finite basis in the sense that an
arbitrary invariant of the group can be obtained from basis invariants by algebraic operations and
invariant differentiations. The operators P of invariant differentiation bear the property that if
I is an invariant of system (1) then DI is its invariant, too. The number of such independent
operators just amounts to the number of arguments in an arbitrary element (function L) of the
given class of equations.
2



The equivalence problem in the case of one dependent variable has been solved for the first-
order Lagrangians [7] and Lagrangians of higher order in [8, 9, 10]. In the present paper we
solve the generic case of the equivalence problem for a system of Euler-Lagrange equations
when n = 2. Furthermore, since most of the systems arising in applications are natural, we
restrict our attention to constructing the invariants for equations with Lagrangians depending
quadratically on velocities x:

d d
ELx] - Lx1 = O, EL)CZ - sz = O, (6)
Lx,x1x1 =0, Lxlxlxz =0, Lx,xzxz =0, szxzxz =0. @)

This problem has not been studied yet. Only for the case of two dependent and two indepen-
dent variables it has been solved with respect to linear changes of variables for the quadratic
Lagrangians with constant coefficients [11]. In [12] for a system of n second-order ODEs some
fundamental relative invariants are introduced and the criteria of its equivalence to the simplest
form ¥ = 0 are obtained. Note that for systems (1) with two degrees of freedom some symme-
try properties (which may be used for their integration) were previously studied in [13, 14, 15].
More precisely, in [13] one deals with Lie point symmetries of autonomous systems (6), (7). The
recent papers [14, 15] are devoted to constructing the Noether type symmetries and first integrals
for those particular systems (6) which are equivalent in a complex domain to a single equation
d*u/de* = f(t,u,du/dt) for a complex-valued function u = x; + ixp, where P2 =-1.

It can be easily shown that the class of equations (6), (7) is closed with respect to the point
transformations of the form

=00, % =etx), X = @, x). ®)

In Section 2 we apply Lie’s infinitesimal method (see its description, e.g., in [6, 16, 17] and
examples of application in [18, 19, 20, 21]) to construct a basis of invariants of the correspond-
ing equivalence transformation group and to compute the operators of invariant differentiation.
Note also that there exist other methods for finding the invariants, namely, Cartan’s equivalence
method [22, 23] and an approach based on using pseudovector fields [24]. In Section 3 we apply
formulas of Section II to specify invariants for some classes of Lagrangian systems. Finally, in
Section 4 we consider several examples showing how the invariants work in solving the equiva-
lence problem.

2. Invariants of systems with quadratic Lagrangian

Suppose that the Hessian of the function L(#, x, x) with respect to the velocities x does not
vanish identically. Then the system (6), (7) is solved with respect to the second-order derivatives
in the form

= il x, %), X = f@xX).
Here the solvability is rather formal, e.g., in the sense of formal power series. In constructing the
invariants of system (6), (7) we use the operator of differentiation by virtue of system (6), (7)
Dy = D; + p1Dy, + p2Dy, + lep1 + f2D[72

and the operators

1 .
D; = Dx,- + E(flpiDp] +f2piD[92)’ i=1,2,
3



where fj, = D), f; and D;, D,;, D, are the operators of total differentiation with respect to ¢,
xj, pj, respectively (e.g., D; = 8; + L,0; + L0, + Z(L,x,aL + L,pﬁL )+ ...and so on). To

avoid confusion, in this section and in the Appendix we use the notation p; = X; for the first-order
derivatives. The following theorem provides a solution of the equivalence problem for systems
of Euler-Lagrange equations with two degrees of freedom.

Theorem 1. For a class of systems (6), (7) with non-vanishing relative invariants jo, Jo, 1o
the following nine fifth-order invariants

P/ Iy ; Jo 20 I , 732 s
1= > 2= T 3= —’ 4= 75 54 5= s
i Io Iy RV i
T Js o2 Iy s Iy Jo
Io="1—=, L="2"0" 8—,/—2, 9= ©
Iy Iy Iy Jo o

form a basis of differential invariants with respect to point transformations (8). The invariant
differentiations are defined by the operators

Dy = ./_1/4D0,
D, = ](1)/213/4151((51612 = bya))D\ + (bray — boaz) Dy

+(b2A1 = biA2)Dy, + (bodz ~ brA)D,, )
D, = Jg/4lgl<(L,,l,,2a2 — Ly, p, @)Dy + (Ly, p, @1 — Ly, p,a2)Ds
H(LpspsA1 = Ly p A2)Dy, + (L Az — L,,l,,zAl)Dpz),
Ds = j(l)/zfolgl((blaz - bya1)D,, + (b1a; - bOaZ)Dp2)9
Dy = Jg/zlgl((Lplmaz — Ly, pa)Dy, + Ly pyatr - Lw,az)D,,z). (10)

Any other differential invariant of system (6), (7) is a function of invariants (9) and their invariant
derivatives.
The proof of Theorem 1 is given in Appendix. Invariants (9) are functions of variables

Jo =Ly Lpyp, = L3 o Io = bo(T3 = T1T3) + by (Tols = T1Ta) + by (I = Tola),
Jo = bl —boby, Ji = Lp,,,zal 2L, p,aiaz + Lplp]ag, Jr = bza% —2biajay + boai,
J3 = (Dp,D5 = Dy, D2Dy)Ly, + (D, D} = D)y, D1 D2)L,,,
Js =Ly (baBy — b1 By) + Ly, p,(boBy — byBy) + Ly, 5, (b1 By — boBy),
Js = Ly, p, (T3 = T4T3) + L, »,(ToT's = T1T2) + Ly, (T] = Tola),
Jo = LpypyEo = 2Ly p, E1 + Ly, p Ea,  J7 = byEg — 2b1E) + boEs,
Js = (Lpyp@1 — Ly, p,2)(baTg = 261y + boly) + (L, p @2 = Ly, pya1)(baT'y — 2b1T5 + bol'3),
Jo = (bray — brax)(Lp,p,T0 = 2L, 5,11 + Ly, p, 1)
+(boaz = byay)(Lp,p, Tt = 2L, p, T2 + Ly, p,T3) (11)

4



depending on relative invariants of the fourth order
1 1 1
@i = 2D>Dy = DDy, by = 7Do(fip, = fop) + gz, = Fip) + 5o = i),

1 1
bo==p1, by=p, PBi= EDofkpi - kapi(flpl + faps) = fixis (12)

where i = 1,2, k = 3 — i, and relative invariants of the fifth order
1 1 1 1
A= g(Doai +ai(fip, + szpk) + zakfkp,»)» By = Dobg + EbO(flpl = fopy) + b1 fop,s

1 1
B\ = Dob; + E(bOflpz +b2fop),  Ba = Doby + by fip, + Ebz(prz = fip)s
Lo=v0, Ti=vy1+24, Ta=v-24A;, I3=vy;,
Voitj-3 = (4DOD,‘Dj - 4D,’DODj - 2DjD0D,')Lp,. + 2Djoix,. + 4D,'Lx,.xf

j 1 2 2
_(_1)]aiﬁpi - 4LX1Xin + E(ijpl[’]flp,' + ZLX/PIPZflpifZP: + LX/[’Z[’Zpr,')
+Lspip JipSip; + Laipipy Fipfap, + Sfip,Jop) + Laipops Jopifop,»

1
Ey=¢g1, Ei= 5(812 +e), Ex=eén,

1 1 . . .
gij=Dja; + aiDp,»(fip,» + gfkpk) + zakfkp,.pj, Lj=12, k=3-i, [=3-] (13)

Theorem 1 solves the equivalence problem for non-degenerate systems (6), (7). The first
assumption jy # 0 means that the Hessian of function L is nonzero. The restrictions Jy # 0 and
Iy # 0 are not so clear. Note only that the invariants by, by, b, coincide with the invariants f’j.
introduced in [12] for systems of second-order ODEs. As it follows from [12], any system with
quadratic dependence of the right-hand side on the first-order derivatives and vanishing invariants
P is reducible by a local transformation (2) to the form ¥ = 0. The condition b% —boby =0

J
seems to characterize systems (6), (7) of sufficiently degenerate form. For example, in the case

1
of natural Lagrangian L = E(p% + p%) — F with real potential function F = F(t, x|, x;) the

condition Jy = O implies that the corresponding system of Euler-Lagrange equations is linear
and decoupled (see Section 3.3).

3. Invariants of some classes of Lagrangian systems

Here we describe the invariants for some classes of easily integrable systems of Euler-
Lagrange equations or systems having standard form.

3.1. Decoupled systems
A system of Euler-Lagrange equations breaks up into two decoupled equations
. -1 1 .2 . .
Ni==g | X 8ix + Xigi| et x), i=1,2,

if the Lagrangian is equal to

1
L= 3 (x%gl(t’ x1) + 58t Xz)) + xic1(t, x1, X2) + Xa02(t, X1, X2) + co(t, X1, X2), (14)
5



the functions cy, ¢, ¢, satisfying
Cayy —Cix, =0, cox, =cCis +8i€i, =12
For a system with Lagrangian (14) the only nonzero relative invariants (11) are
jo=gigs Jo=bi, Iy=-16g1g2b1b1y,b1s,,
where

2
b= 3 D1 (2R + (sf VED)
i=1

Thus, for this system all invariants (9) vanish:

L=0, ..., Iy=0. (15)

3.2. Systems with two cyclic coordinates

If the Lagrangian does not depend explicitly on x;, for some i, then this coordinate is called
cyclic. A system with Lagrangian L = L(¢, X}, X;) has all invariants (11) equal to zero, except for
the invariants jg, Jo, J4 which depend on the variable f only.

3.3. Standard form of a natural system
Most of the systems arising in mechanics have the form of a system with Lagrangian

1
L= E(;‘cf +X3) = F(t,x1,%2) (16)
in some coordinates. Such a system has the invariants

L=0, L=0, I1=0, I= JO‘S/“(FX,XZDO(FM, ~ Frn) + (Frp, — Fx]x,)DoFm),

Is =401 (s = Fan P + P = FrnoFo )
Ie=0, =0, Ig=0, Iy=0,
where
Jo=Fi +(Fuy —Fuu)'/4, Do =0, + 110y + 120y,
Ip=4F 0 (F2 o = Fone Frion = 2w + Frnn Froon)

+2(Fx1x1 - szxz)(Fxlxlxlszxzxz - Fxlxlszx|x2x2)~

Therefore, any system (6), (7) reducible by a transformation (8) to the standard form with La-
grangian (16) should have zero invariants Iy, I, I3, Ig, I, Ig, Iy, invariant /s depending on ¢, x1,
X, only, and invariant I; depending linearly on x;, X;.

Remark. Suppose I; = 0 for the system with Lagrangian (16). If we split this equality by
powers of X, X, we obtain three relations which imply that either F,,, = 0, and then this system
is decoupled, or Fy,y, — Fy,x, = 2cFy,y, (if Fy,,, # 0), where c is a constant. From this equality
it follows that I5 = 0, too. Therefore, the function F(z, x;, x;) has the form

F=F(t,x;+(c+ VC2+1))C1)+F2(I,X2+(C— VC2+1))C1)

and the corresponding system of Euler-Lagrange equations becomes decoupled in the variables
Fi=x+x1(c+ (=) Ve + 1).
6



4. Examples of equivalent systems

We now consider a few examples, which illustrate application of the invariants of Euler-
Lagrange equations to solving the equivalence problem.
Example 1. The Hénon-Heiles system [26]

g1 + wiq1 = bq% - aq%, gr + wrq2 = —2aq1q2, a,b,wi,w, = const, (17

has the Langrangian

1, 1
L= (a1 +4 - 014 — 23) = aqig5 + 3bq;

and, when b # a, the invariants

h=0, =0, L=0, L=a(a+bai- g +2ws -0y,

(a+b)VJy
Is= ————, =0, =0, Ig=0, Iy=0,
5 20— a)g 7 8 9

where Jo = (a +b)*q} +4a*q3 + (a + b)(w: — w1)q1 + (w2 — w1)*/4. System (17) may be reduced
to a decoupled form if it has invariants of the form (15). It is readily seen that system (17) has
vanishing invariants Iy, Is when b/a = —1, w, = wy, in which case system (17) breaks up in the
variables ¢q; + ¢, as it is noticed in [26].

The latter relation on the parameters of the system specifies one of the three integrable cases
where g satisfies a fourth-order ODE corresponding to the stationary solution of the Sawada-
Kotera equation [27, 28]. Here we have established that this is the only case when the system
reduces to a decoupled form after a transformation of the form (8).

Example 2. The paper [29] studies a three-dimensional system whose maximal superinte-
grability depends on the existence of an extra constant of motion for the two-dimensional system
with Hamiltonian

L, 15\ F@
= 5(Pr+r—z”w)+7-
For the potential

k
sin? Ay ’

FW) = k = const, k#0, AEN, (18)
[29] gives an explicit expression of this extra first integral.
Here we consider the corresponding system of Euler-Lagrange equations

F@) .. 2. F'@

f=r¢2+2r—3, =—si - — (19)

1 .
with the Lagrangian L = 5(? + r2y%) — r2F(y). It has the invariants

82y d VG
Il = 07 12 = 07 13 = 07 14 = &7 IS = _¢5
\/ﬁ@é“ 20,

16:0, 1720, 1320, 1920,
(20)



where

d
D = (MBy+ 22 -8 +36:2, @, = 3x“/3ydy

—+ XM+ 40)y — (x* + 2047 + 64),

1 2
Oy = —(x*y —2x2 =)D + =(2x*3y — X2 — 4)Dy,
X X

F’ F 1/3 F’ 2/3
= y=F" -=] .
TE Y (F4) (F)

Let us find the conditions under which the invariants I4, I5 of system (19) vanish and, therefore,
necessary condition of its reducibility to a decoupled system holds. These conditions become
sufficient if we find a suitable change of variables (8) which transforms the system to a decoupled
form.

The condition @, = O represents an Abel equation of the second kind with general solution
given by

Cix*2x* Py — X —4) + C,(2x* Py — ¥* = 16)*Dy = 0, C,,C, = const.
In the variables ¥, F this equality takes the form
C1F*QFF"” = 3F% —4F%) + C,2FF” = 3F* = 16F>*((F" — 8F)*> + 36F"*) = 0. (21)

Equation (21) can be easily integrated for certain values of parameters Cy, C,.
If C, = 0 then the resulting equation 2FF” — 3F’?> — 4F? = 0 has the solution

1
(c1siny + cp cos )2’

FQy) = c1,Ccp = const. 22)
It is not difficult to see that in the variables

x1 = r(cy Siny + ¢ cos ), X2 = r(cy cosy — ¢y sinyy)

system (19), (22) breaks up into two decoupled equations

2 2
vo_ 2(cl + CZ) o 0
X =—, x) =0.
X

If C; =0, C, = 1 then (21) reduces to the equation 2FF” — 3F’> — 16F? = 0, which has the
solution
1

Fy)= (c1sin 2 + ¢ cos 24)2°

c1,Cp = const. (23)
In the variables

y; = r(K;cosy — ¢y siny), Kj=ci+(=1Y [+, j=1,2, 0 #0
system (19), (23) takes the form

2
”o_ 2I(l

2

’ 2K2

| 3 2
1

v



When ¢, = 0, system (19), (23) breaks up into
1 1
7 = >3 L =533
! Zsz? 2 ZC%Z%

"o ’”

in the polar coordinates z; = rcosy, z, = rsiny.
In the general case a change of variables which reduces system (19) to a decoupled form
can be found in two steps. The system (19) is first reduced to the system with the Lagrangian

1
L = 5(Zf + z’%) - (zf + z%)’lF(arctan 2»/z1) in the polar coordinates. And then one can use the

remark of Section 3.3.

Note that potential (18) satisfies equality (21) only for the parameter values A = 1 and A = 2.
This example and the previous one demonstrate that the integrability of a Hamiltonian system is
not related directly to the separability of the corresponding system of Euler-Lagrange equations.

Example 3. The paper [30] deals with the generalized nonlinear Schrédinger equation
Uy — iAgUgy + Q3try — iN|uPu + ay|ulPu, + asu(lu®), =0, N,a; = const, a3 #0. (24)
As usual, its particular solution is sought in the form
u = r(t)exp(e(r) —kt), T=x-vt, k,v=const (25)

Substituting (25) into (24) leads to the system of two third-order ODEs for (), ¢(r). Once
integrated, for the functions (1), ¢(1) = ¢’'(1) — ap/3a;s it takes the form of two second-order
ODEs

1
rr’’ — E(r'2 +3r%¢%) + By + B)r* + Bar* +¢ =0, ¢ = const,

rd” +3°¢ + 31 —rd + (AB11° + 2Bar)d — Bar’ — Bar = 0, (26)
where
2 3
a a ag v N  apa; k  vag 2aq
= > = -, == T T > = = =— 4+ — - —.
Po 2a;3 P das B2 6a§ 2a;3 Ps as 3a§ Bs as 3a§ 27ag

When 3y = 0, this is a system of Euler-Lagrange equations with Lagrangian
3 1 1 1
L=2¢r” +r/'¢) + =r*¢> — (Bir* + Por® + O)p + —Bar* + —pur?
2 2 4 2
having the invariants

S(rq)’Fo + o' (Fy — Fo))

=0, L=0, =0, IL4= ,
A/ 5/4
2 —r2J0

4o N-r2Fy\J,
Iy = AR R li=0, h=0, I=0, I=0,

r(15¢3(5F1 —2F,)— FoF, — Ff)

where
3
Jo = Z¢(F1 —Fy), Fi =300 —20B81¢ + 1Bsr* + 3Bs — 12¢c¢r2,

Fo=15¢> = 7B3r* = 3B4, F» =30¢> — 4081r%¢ + 218517 + 3Ba.
9



The invariants of system (26) with Sy = 0 satisfy the conditions listed in Section 3.3. It is readily
verified that in the variables

x1 = Vr(l = rg), xa = i Vr(l + r¢),
2

i~ = —1, equations (25) assemble into a system with Lagrangian of the form (16). But note that
in the variables y; = /7, y» = r*/?¢ the system has more simple (real) Lagrangian

L=1v1YV l 3.-5 _l 5 -3 l 8 l 4
=Vt 2yz(,81y1 +Boy1 +ey7) + Sﬁsy, + 4ﬁ4y1-

The invariants Iy, I5 of system (26) cannot be equal to zero. Hence, the system does not reduce
to a decoupled system.

Example 4. The paper [31] studies the following two families of Hamiltonians H;, H,
and K, K; which define two-dimensional generalisations of the second Painléve transcendent
(k = const):

Hi = P{(Qy— Q1 — 1)) +202P1 Py + P3 + 2P1(0] — 1 + hQ2) + 2P2(Q1 0> + 110> + 1)
+2KQ1,
Hy = Q2P + 2P Py + 2P1(Q10a + 1102 + 1) + 2P2(Q5 — Q1 + 1) + 2kQa,

1 _
K, = 5(611 -q)! (17% — P = P12 + 212q) + 11) + p22qs + 272 + ‘1'1)) - k(q1 + q2),

1 _
K; = 5(611 -q)"! (61117% — @apt = p1+ P2+ @p12q; + 212q1 + T1)
—qlpz(Zq% +27yq7 + T])) + kq19>.

Here, for Hy, t; is an independent variable and ¢, is a parameter. For H», ¢ is a parameter and 7,
is an independent variable. In a similar manner 71, 7, are thought of with respect to Hamiltonians
K1, K>.

The Lagrangian

1. . 1 . .
Ly = 30100 = 70003 +(Q1 + 03 = 30102 = 10> = 20(Q1 = O3 — 11)
+02(03 - 2010, — 1) = %Qa, 1=,

corresponds to the Hamiltonian H,. In this case the system of Euler-Lagrange equations

. 1.
01 =503 +2(1-301 = 03 + 1)) + 432105 + 1(Q1 + 03) + 102 = ),

02 =420, -301Q + 11 Q> - 1) @7
has the invariants
2050301 = (505 + 002 + 02)
V=6(0: @)%

16 = 0, 17 = 0, Ig = 0, 19 = 0, (28)

=0, L=0, L=0, L

3 50, V-0,
1003 +20010> + 410> + 2t

Is =

where ® = 503 - 2(50; + ;)02 — 2t.
10



It is readily seen that the necessary condition of reducibility to the standard form (16) is
fulfilled. Indeed, in the variables y; = Q; — Q% /4, y2 = O, system (27) reduces to a system with
Lagrangian

- 3

Ly = y13p + 1(3y5 — 4y)) — g)’g +(5y1 + 1)ys +2Qty1 = 3yT + 1+ £ = 26y,
and in the variables x; = Q1 — Q3/4 + 0, x, = i(Q1 — Q5/4 — Q,), where i? = —1, it becomes a
system with Lagrangian (16).

On using the invariants one can easily show that system (27) is equivalent to the system of
Euler-Lagrange equations, which corresponds to the Hamiltonian K;. This is the system with
Lagrangian

1 2 L.
A= 5(a1 = 42)(G1 = §0) + 5241+ g1 + Q192 + 5 + TG + Taq1 +7T/2)
1
+5Q0 + g1+ Q192+ 43 + T3 + Tag2 + T/D) + K1+ q2), T=T1,

having the invariants

21 2 . SN . .

L =0, L=0, L=0 I= (10(g1 + g2)°(q191 + q242) :(q14+ @) +q+ 612)’
V=6(q1 + q2)>/*¢>/

5(q1 + ¢2) - (q1 + q2)8'"*

10(q; + 54792 + 50143 + 43) = 8ol + o) = T
Ie=0, =0, Ig=0, Ihb=0, ¢= S(qf + q%qz + qlqg + q%) +4715(q1 + g2) + T.

Is =

It is not difficult to see that they coincide with invariants (28) of system (27) if

t=-7/2, Oi1=qiqx+c, Qr=¢qi+qs, c=const,

01 = -2qQg1 +q142), 02=-2(1+¢), H =-212-5c. 29

Substituting (29) into (27) shows that this transformation relates the corresponding systems of
Euler-Lagrange equations with each other if and only if ¢ = —7,/2.
Similarly one can consider the Lagrangian

.2 S ep
=%_%+(QI—Q%—QQ2+¢2)(Q1—Qi—f)

+(02 = 0102 — 10> — 1)(Q3 = 20102 — 1) — 2kQy, =1,

corresponding to the Hamiltonian H, and the Lagrangian

L,

1 Booa
Ar = (g1 - qz)[—2 - l-kq1q
q1 q2

1 1 1 _ 1 B
+(611 - EQIC]Z(QI +q2) - ZQz(qg +7)+ g(Tz + 6111)) (CI? +7q1 + E(Tl - 6121))
. 1 1 2 1 -1 3 1 -1
+142 - quqz(ql +q2) — qu(ql +7)+ g(Tl +q, )| +7q + E(Tl -q,)]

11



where T = 7, corresponding to the Hamiltonian K;. Their invariants are too cumbersome and
so are not given here. But similarly to the case of Lagrangians L, and A, the systems of Euler-
Lagrange equations with Lagrangians L; and A, are related to each other by transformation

t=7/2, Qi=qiq2—7/2, Q2=q1+q2, 1 =-211. (30)

Comparing (29), (30) one readily sees that the relations

T T1 )
Hh=—, h =——, = - —, = +
1=5. h 5 01 =qq2 > O =q1+q
define transformation which relate with each other the Euler-Lagrange equations corresponding
to the Hamiltonians H;, H, and K, K;.

5. Conclusion

Integration of nonlinear equations proves to be a complicated problem. Applying invariants
of a given class of equations allows one to reduce it to finding an equivalent equation with known
solution or an equation being more simple for integration. The invariants may be effective also
when we need to prove nonequivalence of two given equations or their irreducibility to a special
form.

In the present paper a basis of invariants of Euler-Lagrange equations (1) is constructed when
n = 2 and the Lagrangian has quadratic dependence on velocities. With a number of examples
it is shown how the invariants can either facilitate the integration of a given system or prove the
inefficiency of some known method for constructing an analytical solution of the system. Note
that the equivalence problem for the more general class of Euler-Lagrange equations with n > 2
degrees of freedom remains open.
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Appendix A. Proof of Theorem 1

To prove the statement of Theorem 1 we use Lie’s infinitesimal method [6, Chapter 7]. In the
calculations presented here, we used the symbolic package Maple for some tedious computations
and checking the results obtained. The invariants of system (6), (7) are found from the condition
of their invariance under the infinitesimal operator

X =& (t, x)0; + &1(t, x)0y, + &E(t,x)0x, +1(t, X, p, L, Ly, Ly, Ly, Ly, ..., Lpp)0L (A1)

corresponding to the group E of equivalence transformations of system (6), (7). When extended
to the derivatives p; = X;, X; and to the derivatives of L with respect to t, x = (x,x2), p =
(p1, p2), operator (A.1) should leave invariant the system (6), (7). If we set (29,21, 22,23,24) =
(t, x1, x2, p1, p2), then the coordinates &3, &4, &5, &g of extended operator (A.1)

4 j k
X =noL+ Z (f 0z + ;0L + Z (77 KO, + Z NikiOL, ..., )) + &50x, + €60,
0 =0 1=0
12



are calculated by the standard prolongation formulas [6]

d d d d d L d _d . d
&= d_t§] —Plafo, & = E& —Pza-fo, &= 553 - xldtfo, &6 = dtcf4 xzdtcfo~
In order to calculate the coordinates 1, 17k, 7 we regard L as dependent variable and z, ..., 24
as independent ones, thus obtaining
4 4
nj= Dz/ﬂ - Z Lz;Dzjfi’ Njk = Dynj— Z LZ/Z/DZkgi?
i=0 i=0
4
N = Dy — Z LoDy Jok,1=0, ... .4 (A.2)
i=0
Action of X on system (6), (7) and substitution of %1, ¥2, Ly, p,p,5 --- » Lp,p,p, by virtue of this

system provide six determining equations. On equating the coefficients of the same powers of
the third and fourth-order derivatives of L in these equations one obtains the conditions

77in = O, an,z/- = 0, l,] = O’ . ’4’

ie. n = n(t, x, p, L). Then equating the coefficients of the same powers of the first- and second-
order derivatives of L yields the conditions

gOX,' = 09 nLL = O’ NpiL = 0’ 7717,-17, = 0’ l!] = 132

Substituting & = 7(¢), n = Fo(t,x) + p1Fi(t,x) + paFa(t, x) + LF3(¢, x) into the determining
equations and equating the coefficients of p;, L, L., j = 1,2, one immediately obtains

FOx/_szz()’ leg_FZ,n:Oa F3x,-:0’ Fy+71,=0, j=1,2.

Therefore, with a function ¢ = {(¢, x;, x;) and a constant ¢, the operator of the equivalence
transformation group of system (6), (7) is given by

2
X =13+ ) (5,»0, X1, %00, + Eju + Pi(Epe, —T) + Ps—jij3,/)3p,)
j=1

+( + p1l + p2ls, — L(ti + €)1 (A.3)

An arbitrary element L of system (6), (7) and its invariant (5) do not depend on variables ¥;, ¥5.
So, here one needs merely an extension of operator X to the velocities p; = ;. The function £ and
constant ¢ in operator (A.3) result from the known fact that the multiplication of the Lagrangian
by a non-zero constant and the addition of the total derivative of a function of ¢, x to L do not
alter the corresponding system of Euler-Lagrange equations.

The fifth-order invariants of system (6), (7), which depend on 191 variables

t, .X, p’ L, Lt9 LX& Lp’ Ltt’ lea Lxx, Ltp, pra Lpp9

thta e LX[)[)? Lmt’ D) Lxxppa Lmtta e Lxx,\:pp’ (A4)
are found from the invariance condition X/ = 0. We assume that all derivatives L,,p are
equal to zero, so the collection (A.4) does not include the derivatives Ly,,, Lippps Lxppps Lpppp

Litppps - - - »Lppppp- (Hereinafter we use the notation Ly, for all third-order derivatives of L with
13



respect to p1, pa, L,,p, for those of the fourth-order, and so on). Write X for a fifth-order exten-
sion of operator (A.3)

J

4 k 1 m
X =X+ Z (njaLz/- + Z (njkal‘z/-zk + Z (njklaL:/:kzl + Z (njk]maLz/-sz,:m + Z njk[m”al‘z/-zk:,:m:n ))))’
Jj=0 k=0 n=0

=0 m=0

with coordinates calculated by formulas (A.2) and

4 4

Njkim = Dz, Mjia = Z L: o2 Dz, &is  Mjmn = De, M jiam — Z L. zzzna Dz is (A.5)
i=0 i=0

Jk,l,mn = 0,...,4. From (A.2), (A.3), (A.5) it is not difficult to see that the operator X
depends linearly on arbitrary functions ¢, €, &, T and their derivatives up to the sixth order. On
the other hand, an invariant / depends neither on these functions nor on their derivatives. Hence,
according to the theory of invariants of infinite transformation groups [6], the relation X/ = 0
should be split by these functions and their derivatives. This gives rise to a homogeneous system
of linear first-order partial differential equations

Xo()I =0, Xi(EDI=0, ..., Xps3(8°7/0I =0, (A.6)

where every operator X; is the coefficient of some derivative in X (which is displayed in the
parentheses). The functionally independent solutions of system (A.6) provide all independent
differential invariants of system (6), (7) up to the fifth order.

The solution of system (A.6) is found in several steps. First we consider the subsystem of
equations (A.6) with three operators X;(£1) = dy,, X2(&2) = 0y,, X3(1) = 0, and 85 operators

X174(0°¢/01°) = B1,s X1744,(0°L|OF DX ) = O, + PjOLus -+ »

X195(0°¢/0x%) = p1ay, ey X201(0°¢10x5) = POL s -
Xo014j(0°¢/01%) = =Ly, - - - » Xa58(8°7/01°) = (p1Ly, + poLy, — L)y, (A7)

xyxpxpxpxp t

j = 1,2, being the coefficients of the sixth-order derivatives of /, &, &, 7 in X and acting
on 21 variables Ly, Ly, ---» Lywxx- Only 21 of these operators are independent and the
remaining 64 operators are represented as their linear combinations. In the space of variables
(A.4) the subsystem of equations (A.6) with operators X;, X,, X3 and (A.7) has 167 functionally
independent solutions

p7 L, Ll" L)C9 Lp’ Ltl’ ] Lppa L[tt7 R ] prp,

Ltttt’ et Lxxpps Lttttp, R Lxxxxp’ Ltftpp, ] Lxxxpp'

In these variables the next 64 operators in system (A.6) (the coefficients of the fifth-order

derivatives of ¢, &, &, 7 in X) become

X110(8°¢/0P) = 01, X010+J(D°L/0x)) = D,y + PjOL, + Oy s -+ s

S 5
}(130+j(a g]/at ) = _LPjaL//u - Ll’ll’/al‘nupl - LPijaLmlpz’ ttt

2
Xl73(05T/at5) = _Laer + Z pi(LPiaLnn + LI’]PiaLmrpl + LﬂipzaLmrpz )? .] = 1’ 2,
i=1
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acting on 45 variables Ly, Ly, ... Lyxexs Lunps - -+ » Lxxxxp. Note that 19 of these operators
are linear functions of the remaining 45 operators and the subsystem of the corresponding 64
equations (A.6) has 122 independent solutions

ps Ly Liy Loy Ly, Ly <.y Ly, Lty - s Lupp,
Liips - s Lixxps Lupps Lixpps Laxpps Lustpps -+ 5 Luxxpp-

Further we consider the subsystem of 46 equations (A.6) with operators
Xea(0'/01") = 81, Xoas (8L /0P0x)) = Oy, + PiOL, + 0Ly > - s
X704 1(0%¢101*) = =Ly 81, = Lp,p, 01,0y, = LppsOLyyys > J=1.2,

2
X109(84T/at4) = _LaLm - Z piX79+i + LPlPlamelp] + LPIPZamepz + LP2P28mezpz’
i=1
acting on 60 variables Ly, ..., Ly, Lups - 5 Lixxps Lutpps -+ » Laxxpp- As 76 independent
solutions of this subsystem we can take
P, L’ LT’ Lx’ Lpa Lth e ’Lpp’ Ltfp’ lepa Lxxpa LI‘pp? prp’ thpp’ lepp7 Lxxpp’
Bi, Ai, To, Ty, T, T3, &j, & = DiJs = J3j5' Dijo,  i,j=1,2,
where the variables B;, A;, Iy, I't, Iz, I's, &;; are defined by formulas (13). For the sake of
symmetry one can add here a variable By which is related to By, B, by the equality L,,,, By —

2Ly p,B1 + Ly, p, B> = 0.
In these variables the subsystem of 31 equations (A.6) with operators
X33(8°¢/00) = Or,., X3 j(8°C/9°0x)) = O, + PO, + 01,5 - s
X42+j(83§j/6[3) = _L[’/aL/z - LPIPjaan] - LP/[’Zaanz’ et ] = 1’ 2’

2
3 3y
Xe3(0°1/0r) = —Ldy, - Z PiXarsi + Lpp, 01, + LpipOLyy s + Lpapy O,y s

i=1

has 45 functionally independent solutions

ps L, Ly, Ly, Ly, Lip, Lyp, Lyp, Lipp, Lipp,

bi, a;, J3, By, A, To, T'y, Ip, T3, &35, 6, 1, j=1,2, (A.8)
where b;, a;, J3 are defined by (11), (12). It is also convenient to add a variable by satisfying
Ly,p,bo = 2L, 5, b1 + Ly, p, b2 = 0.

The next 18 operators of system (A.6) act on first 26 variables (A.8) only. These are

X14(&) = 0, Xiawj(i) = Or,, + 0L, + 0, » X17(0xx) = P1OL, + 0L,

Xi8(xx,) = p10L,, + P20, +01,,, +0L,,, X19(uy,) = p20r,, + 0L,

X19+j(§jn) = _ijaL, - Lplpjaer - ijpzaL,,,z,

X014j(&jx) = p1Xoo + Ly (p1X1a — Xi5) = Lp,p, (01, +201,,, ) — Lp)p, (0L, +01L,,,)

X034 j(§j1x,) = p2Xo1 + Ly (p2X1a — Xi6) = Lp,p; (01, + 91, ,,)) = Lp;p,(0L,,,, +201,, ),

Xo54(&jn) = —Lp;X17 = Ly, p; (P01, , +201,,,) = Lpp,(p10L,, +00L,, )
2

X074 j(Ejxiny) = —Lp; X1s — Z Lyp(p20L,,, +pidL,, +0L,,, +20L, ,.)
i=1

X29+j(€jxpxs) = —Lp; X19 — LPIP/(pZaszm +0L
15
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j = 1,2, having 27 independent invariants
p’ L7 L[)a Lpp7 bi’ ai7 ‘]37 Bi’ Ai’ rOa Fl? an r39 8ij7 €i7 l’J = 1a2' (A‘IO)

In these variables (where we add By and by for symmetry), the remaining 12 operators of
system (A.6) look like

1 1
X30(1y) = =2(bo0p, + b10p, + b205p,) — E(alaAl +ax0s,) + —13(3312 —0gy))s

X&) =01, Xs5(4y) = @L,,l +p10L, Xe(lw,) =01, + PzaL,
X7(&1p) = 0p,,  Xg(€xp) = 0y,
Xo(€1e) = P10y, = Lpd1, = 2L, . — LpupOi,. . — body + bsdy, — 21,
184, — 230y, — Bodg, + Bad, — 24184, — Asda, — 3oy, — 21101,
—I'20r, —3€110;,, — 281205, — 282105, — €220, — 3€10¢, — 2620,
XioEa) = P10y, — Lpdr, = 2Lppsdi, = Lypdr, = 2b1dy, — badh,
1204, — 2B\, — Badp, — Ardy, — 3T1dr, — 2Tadr, — T3,
—(&12 + €21)0¢;, — €22(0g, + Ogy)) — €20,
X11(61x,) = p20p, = Lp, 01, = Ly, p, 01, ,, = 2Lp, 1,01, — boOb, — 2b10p,
104, — BoOp, —2B10p, — A104, —I'00r, — 2I'10r, — 3120,
—£11(0g), + Ogy,) — (€12 + £21)0¢,, — €10,
X12(62x,) = p20p, = Lp, 01, = Ly p,01,,,, = 2Lp,p, 01, + D00, — b20p, — a10,,
—2a,0,4, —2J30;, + BoOp, — B20p, — A104, — 24204, — I'10r, — 2I'20r,,
=3I30r, — €110g,, — 281205, — 28210¢,, — 3€220,,, — 2€10¢, — 3620,

X13(Tt) = —L(?L + L,,]plﬁL + LplpzaL + Lp2p2(9L + 13(9]3

P1P1 P1P2 P2P2

+Z( pidy, — 2bidy, — 3By, — Aida, + € +Zr2,ﬂ 0., )
J=

Xo(e) = =LdL = Lp,p,01,,, = Lp:p,0L,,,, = Lpnp,0L,,,, = J30,
2 2
— Z (L[JiaL,;, + a,»c’ia[ + Ai(')A[ + e,-[ia. + Z(F2i+j_3ar2[+j_3 + Eijag[j)). (All)
i=1 =1

The subsystem of nine equations X;I = 0, (Xg — X12)I = 0,7 = 4,...,8,10,11,32, has 18
functionally independent solutions (11) and

2 2
Jio = A1 —a1Az,  Ji1 = 3By - 2a1mE + ajEs,

Jio =ae —are, Ji3=(Lpp,a1 — Ly p,a2)e + (Lp1p1a2 =Ly pa1)e,
Jig = (Lpzpzal — LplpzaZ)Al + (Lplplaz plpzal)Ag + —(sz() —2b1B; + byBy),
J
JIS =&1 — €1 + ﬁ(szo - 2b131 + bOBZ). (Alz)
0

In these variables, the remaining three operators (A.11) take the form

X9 + X12 = —4j00j0 - 6[0610 - 8]]611 — 6]20]2 - 4]38]3 - 2.]46]4 - 8]56]5
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—6J60;, — 4J70;, — 8J30,, — 8190, — 6J100,,, — 10J110;,, — 81120y,
—10J130,,, — 8J1490;,, — 4J150,5,

Xi3 = 2jo0j, —4Jo0y, — 410y, + J10), — 2020, + J30,, — 4040, — J50, + J6d,
—2J70;, —2J30;, —2J90;, — J100s,, + J1207,, + 2J130,,,

Xo = ~2jodj, — 2008y, — 3918y, — 2128y, — J3dy, — Jady, — 3050y, — 20685, — J2d),
=3J30,, — 3J90;, — 2J1001,, — 3J110y,, — 2J120,,, — 3J130,, — 3J140,,, — J150,,,.

Operators Xg + X, and X;3 have 16 independent invariants

. Iy . Ji . J> : J3 ) J4

W==5s70 U=5373 LTS5 B W=7z
N A N VI

is = Js ie = Jo = J7 iy = Js io = Jo i = Jio

- —7 - —7 7 - ._7 - —7 - —’ l - —7

D e Y N 7

. Ji . Ji . Ji3 . Jia . Jis

W= %3555 W="T7357 W= 5535 =257 U= "T"57- (A.13)
JO/ ‘IO/ J(Z)JO/ ]0/ J()/ ]OJO JOJO/

The remaining operator X, has 15 invariants

L= k=1,23,5...,10,14,15, L=i, I == 1=111213. (A.14)

1o Iy

In order to obtain an arbitrary invariant of system (6), (7), we need to find the operators of
invariant differentiation. According to the theory of [6, Chapter 7], the coefficients i; of an

4
invariant differentiation operator O = Z WD, satisfy

j=0
4
Xy, = Z wiD.&, j=0,....4, (A.15)
i=0
where we continue to designate (29, ... ,z4) = (¢, X1, X2, p1, p2) and &, ... , &4 are the coefficients
of operator (A.3) at the partial derivatives d;, ... , d,,, respectively. We assume that the functions

¥ j depend on variables (A.4) and, similarly to the invariance criterion XI = 0, the equalities
(A.15) should be split by functions ¢, &, &, T and their derivatives. This yields a system of
linear first-order partial differential equations which contains the nonhomogeneous equations

X =vo, Xoyn =y, Xuyr =yo, Xs¥o =0, XYz =¥¢1, Xiyr =y,

X jr = Y3,  Xioejthx = Y,  Xiz¥r = =Y,  Xiowj¥x = Yo,

Xo1+j = Y1 + prvo,  Xoswjtbi = Yo + pao,  Xos+jbr = pr,

Xo74 Wk = p21 + priva,  XoowjWr = pavva, X = —pjtho,

Xiso=vo, j=1,2, k=2+] (A.16)
the remaining equations of the system being homogeneous. Hence it follows that ¢ is a function

of variables (11), (A.12), the functions ¢, Y, depend on variables (A.10) and ¢, ¥4 depend on
variables (A.8). Note that operators (A.9), (A.11) act on the right-hand sides fi, f> of system (6),
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(7), solved with respect to X1, ¥, and their derivatives f;,, as follows:

Xig+j =0y,  Xo14j =205, +2p10y5, Xozij =205, +2pr0y,

Xos4j =2p10p, + P10y, Xorej= 2p20y, +2p1dy,, +2p1p20y;,

Xoo4j = 2920y, + P30y, =12, Xs=—-pidy, — p2dy, =0y, — g,

Xo = fi0f + f1p,05,, — fopOp,» X2 = /205 = fip, 01, + fop 0%, »

Xio = /10, + f1p,Op,, = 0, ) + (fip, = f2.)0p,,,

X1 = 205 + fop,Op,, = 0p,.) + (fop, = [1p)0,,»

Xi3 = =2/10f = 2120, = fip,01,, = 19,01, = F2p1Ops, — F2p: 0, - (A.17)
Taking into account (A.17), we see readily that the system for ¢, ..., ¥4 has five independent

solutions corresponding to operators (10). These are

1) one solution of the form g # 0, ¥; = p o, Youj = fitho, j = 1,2, where o = 151/4;

2) two solutions of the form ¥y = 0, ¥ = 0, Y = 0, Y3 # 0, Y4 # 0, where for (3, 4) one
can take the functions j(l)/zJOIO‘1 (bia, —bsay, bia; —bgay) and Jg/zlal (Lp,p,a2—Ly,p,a1, Ly, p,a1—
LPlplaZ);

1
3) two solutions of the form o = 0, 1 # 0, Yo # 0, Yoy j = x;j + E(fj,,llf/l + fip,¥2), where
Xox1 = x1, Xix1 = x2, Xiox2 = x1, X12x2 = x2, X13xj = —xj» X32x; = ¥/2, j = 1,2, and other

operators (A.9), (A.11) act on y, x> homogeneously. The functions (1, ¥, 1, x2) satisfy these
conditions, if they are equal to jé/2J3/4161 (bray — bray, biay — boaz, boAy — b1Ay, byAr — b1A7)
5/4 5
or Jo/ Io1 (Lpyp,a2 = Ly,p,ar, Ly, pyar = Ly, p, a2, Ly, p, At = Ly, p, Ao, L, p Az — Ly, p, Ay).
It is not difficult to see that the relative invariants iy, i, i3 in (A.13) are of the fourth order.
The operators of invariant differentiation (10) act on them as follows:
. . . 1. - 1. .
Doiy = 6ir4,  Doiz = 6i7 ' (inirs — Liro) + 51114, Doiz = iy5,
N - P ez 1l .
loD]ll = 11115 — 1117 — hlg + §(11l8 + 3l1]5 + 121()) - 21311 1(]1 1l2114 + l2l1[)),
o . - .- . - . Dl
i0D1iy = =2iy1 — lelo +ix(Is — 2i7) + (I) — 4i3)iro + i3i; " (i6 — i14)
R ol . T .
+§12l1 l(hlg + l1]5 + 12]0) + 21311 ](211110 - l2l14) + 21213112(11114 + lzllo),
R . I, - L
ioDyiz = iy (Iiya — iaig3) + 3 YLy + 3iIs + i Do),
3 - - _
ingil = 2(i11 + i3i10 - i1i6) + giligl(llig + 3i1]5 + i2]0),
_ 1 - - -
io@ziz = —Ili15 —iyi7 — ipiyg + g(]] (2i8 + 3i9) + 13i1]5 + 3i2[0) + 2i3i1_1(]1i14 + izilo),
o . 1, -, L= o = 350, 3.,
10D213 = -3+ §l312 (1119 + 31115 + lz[()), loD3l] = 21113 - le, 102)312 = —lelz,
1 3 1 5 - 1
i0Dsiy = —7ivks,  igDaiy = =7iris,  i0Daiz = S} = 765 = 2Nis,  ioDais = —7iais,

where Iy, I, I are related to the invariants iy, iy, i, is by the equalities

2.0 D I T 2 s DN T T s T
[1 +i; =1, 2iyipi5 = 12(10 +lg—lgl9)+10([1l9+11]5), 2iyipig = 11(15 +lgl9—19)+15(1118+1210).
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From the above relations we deduce that the action of operators D3, D, on iy, i, i3 is expressible
in terms of i}, iy, i3. In much the same way one obtains similar relations for the fifth-order
invariants (A.13). Therefore, the action of operators D3, D, on invariants (A.14) does not yield
any other invariants. The relations with Dy, D, D, mean that from the nine relations

Dy = iy Dyix — iniy* Dyig,  k=1,2,3, 1=0,1,2,

one can find the values of Dyiy, Diiy, Drip and six invariants Iig, ..., I15 in terms of other
invariants /1, . .., I. Hence, the invariants /g, ..., ;5 are not basis ones, for they can be obtained
by algebraic operations and invariant differentiations from invariants (9). It remains to show
that all invariants of the sixth and higher order can also be obtained by these operations from
invariants (9), which, therefore, form a basis of invariants of system (6), (7).

Note that 15 invariants (A.14) depend on the fifth-order derivatives of L via 14 variables B;,
Ai, Y0, Y1, Y2, V3 €ij» €, 1, j = 1,2. These 14 variables involve the derivatives in the following
way

1. 1.
By ~ ZJOI(LPIPILszpz - LpzszmPlPl ), By~ zjol(Lplszmpzpz - LpzsztffPIPz)’

1
Ai ~ g(Lttxlpipz - Lttxzplpi), Y2i+j-3 ~ Lttx,-p,-pp Eij ~ thlx‘,vp,-pz - th,-xzplpi,

€ ~ Ly xixipops = 2Lxixiopipr + Lioopiprs b7 =1,2, (A.18)
and, together with 13 variables

p, L, Ly, Ly, biy a;, J3, i=1,2, (A.19)
they form a set of independent invariants of the operators Xy, Xi, X2, X3, X14, ..., Xos3. In the

27 -dimensional space of variables (A.18), (A.19) 12 operators (A.11) have 15 invariants (A.14).
Their invariant differentiations yield invariants, which depend on the sixth-order derivatives of L
via 26 variables

DoBi, DoA;, Doysirjz, DiAi, Di(yi +3A1) ~ Di(y2 —343), Djyaisj-s,
Daysip ~ Diysic1, Djeij, Drgjy ~Dign, Dig, Dig ~ Dse, (A.20)

i,j = 1,2. It is not difficult to determine the number of these invariants, namely in the 53 -
dimensional space of variables (A.18)—(A.20) 12 operators (A.11) have 41 independent invariants
and 26 of them are of the sixth order.

On the other hand, one can obtain the sixth-order invariants from the invariance condition
XI = 0. On extending operator (A.3) to the sixth-order derivatives of L and splitting the equality
XI1=0 by functions ¢, &1, &, T and their derivatives up to the seventh order we arrive at a system

Xo(©)I =0, X &DI=0, ..., X3(3'7/0t)I =0,

where 103 operators (81422) are represented as linear functions of the remaining 265 operators.
Hence, in the 306 -dimensional space of variables

t, x, p, L, L, Ly, Lp’ Ly, ... ,Lxxxpp, Ly - - ,Lxxxxpp

this system has 41 functionally independent solutions. Fifteen of them are invariants of the fifth
order and 26 are of the sixth order. This coincides with the number of independent invariants
of the sixth order obtained by invariant differentiations of the fifth-order invariants. Similar
reasoning extended to higher orders shows that all independent invariants of the n -th order can
be obtained by invariant differentiations from invariants of the (n — 1)-th order, n > 6. Therefore,
invariants (9) form a basis. This completes the proof.
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