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INFINITE SYSTEM OF BROWNIAN BALLS WITH INTERACTION :
THE NON-REVERSIBLE CASE.*

MvYRIAM FRADON' AND SYLVIE RELLY? 3

Abstract. We consider an infinite system of hard balls in R? undergoing Brownian motions and
submitted to a smooth pair potential. It is modelized by an infinite-dimensional Stochastic Differential
Equation with an infinite-dimensional local time term. Existence and uniqueness of a strong solution
is proven for such an equation with fixed deterministic initial condition. We also show that Gibbs
measures are reversible measures.

1991 Mathematics Subject Classification. 60H10, 60K35.

INTRODUCTION

The aim of this paper is to construct and analyze an infinite system of interacting hard balls undergoing
Brownian motions in R? and starting from a fixed initial condition.

R. Lang ( [5]) constructed in a pioneer paper the reversible solution of an infinite gradient system of Brownian
particles (i.e. balls with radius 0, that is reduced to points) submitted to a smooth pair interaction. It is a
so-called equilibrium dynamics in Statistical Physics, since this process has a time-stationary distribution. J.
Fritz solved some years later in [3] the non-reversible case, which occurs when the initial distribution is no more
Gibbsian. For this type of systems, the main difficulty comes from a possible explosion (i.e. an infinite number
of particles can enter in a finite volume after a finite time).

On another side, a reversible system of infinitely many Brownian hard balls (without external potential) was
studied by H. Tanemura [9]. He constructs a unique solution to an infinite-dimensional Skohorod type equation
where the hard core situation — balls can not overlap — appears as a local time term in addition to the basic
Brownian motion. The (reversible) initial condition is ditributed like a Gibbs measure associated to the hard
core potential.

In the present paper, the model is a mixture of both Lang’s and Tanemura’s models. We deal with Brownian
motions submitted to the sum of a hard core potential and a smooth finite range pair potential. In [2] we proved
existence and uniqueness of a reversible solution of equation (£), under the condition that the initial distribution
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is Gibbs with a small mean density of spheres. We propose here the construction of a strong non-reversible
solution of (&), in the sense that the initial condition can be any deterministic configuration in a set of allowed
configurations which is clearly identified.

Allthough some techniques in the proof of the main results are similar to those in [2], we adopt a new pathwise
approach for the construction of the solution of (£) which is much finer than in [2], where the time-stationarity
of the solution was used at several places. Moreover we make explicit in Theorem 1.3 the set of allowed initial
configurations, and prove that any Gibbs measure associated with the dynamical interaction carries a.s. this
set.

In section 1 we present the infinite dimensional equation (£) and we state the results. The sequence of
approximating solutions is built in subsection 2.1. Furthermore, we prove in section 2 technical estimates
needed in section 3, for the convergence of the approximations. Finally, section 4 is devoted to complete the
proof of the main results.

1. DYNAMICS AND MAIN RESULTS

1.1. Configuration spaces

The particles we deal with in the present paper move in R?, for a fixed d>2, endowed with the Euclidian
norm denoted by | |. B(y, p) will denote the closed ball centered in y € R? with radius p > 0 and more generally,
for any A C R%, we define

B(A, p) = {y € R? such that d(y, A)<p}

where d(y, A) denotes the Euclidian distance between y and A. The volume of a subset 4 in R? is also denoted
by |A].

The modelization of point configurations may be done in two equivalent ways :
The first possibility is to represent an n points configuration in R¢ as a subset (with multiplicity) of cardinal
n in R?, that is as an equivalence class on (R?)™ under the action of the permutation group %, on {1,...,n}.
The second possibility is to modelize it as a point measure 22;1 d¢, on R?. More generally, the set of all point

i

configurations in R? will be the set M of all point Radon measures on R? :

M = {§ = 2(55% such that I ¢ N, & € R? and for all A compact in R, £(A) < +oo} :
iel

M is endowed with the topology of vague convergence. By simplicity, we will identify any point measure £ € M
with the subset of R? {¢;,i € I'} corresponding to its support and with the representants of this subset in (R%)!,
writing for example €5 = £ N A for the restriction of this configuration to A C R%, ¢n for the concatenation of
both configurations & and 1. M N (R?)™ is the set of all n points configurations.

A function g on M is called C! if for each v € M, y — g(yy) = g(6, + ) is a C'-function on R D,g(xy)
denotes its derivative at y = x.

We introduce the following notations.

For A C R%, Ny is the counting variable on M : Ny (&) = Card{i € N, &; € A}.

For A C R%, B, is the o-algebra on M generated by the sets {Na4 =n}, n € N, A C A, A bounded.

7 (resp. ) is the Poisson process on R? (resp. on A) with intensity measure the Lebesgue measure
dy (resp. dy|a).

For z > 0, 7% (resp. 7%) is the Poisson process on R? (resp. on A) with activity z, that is with intensity
measure z dy (resp. z dy|a).

The particles we deal with in this paper are not reduced to points but are hard balls or spheres of diameter
r, for a fixed r > 0. So the set of allowed configurations is the following subset of M :

A = {¢ € M such that Vi # j |& — &|>r}.
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Remark 1.1. We study here the evolution of a particles configuration under the influence of an interaction
potential with finite range R. Then a fixed particle can interact with at most a finite number N of particles.

N only depends on d and R/r and is clearly bounded by % = (1+2R/r)4.

1.2. Interaction potential and associated Gibbs measures

For a complete description in a general framework of the concepts introduced in this subsection, we refer the
reader to [4].

We are dealing with hard balls with diameter r submitted to the action of a pair potential, which is a function
on R? of class C? with finite range R > r, i.e. satisfying ¢(z) = 0 if |z|>R and ¢(x) = ¢(—x). Due to the hard
core situation the values of p(x) may be chosen arbitrarily for |z| < r. In particular, one can assume without
restriction that ¢ vanishes in a neighborhood from 0 and that V(0) = 0. Since ¢ has compact support, it is
bounded from below : the smallest value of interaction between two particles is given by

@ = inf p(z) <O0.

|| >
If this real constant is zero there exists only repulsion between the balls; if it is negative there exists an attraction
domain around each ball.

The energy of a configuration & € M submitted to the potential ¢ in the compact volume A C R? with the
boundary condition n € M is given by :

1

S Y wEG—g)+ Y. el —m) iféame €A

EA(SM) - 2 &6 €N & €A EAC (1)
+00 otherwise.

(the condition £xnpae € A corresponds to configurations for which £y € A, nae € A and no ball of nje is
overlapping a ball of £4). The energy is well defined since both sums contain no more than %N terms,

see Remark 1.1. Moreover, e~ #A(E) vanishes as soon as the configuration £xnae is not allowed.

We now define the set G(z) of Gibbs measures on A associated to the potential ¢ with activity parameter
z € R*T. For each compact subset A of R, let us define a local density function with respect to the Poisson
Process 73 by :

F7(€lm) = — exp(~Ex(€ln) 2)

z

where the so-called partition function Z2" is the renormalizing constant :

+oo n
z
Zé\,ﬂ :e_ZlA‘ <1+ g _' / eXpEA(ylyn|n)dy1dyn> .
el n: An

Due to the hard core, the above series is only a finite sum and 0 < Z2" < +oo0.

Definition 1.2. A Probability measure p on M belongs to the set G(z) of Gibbs measures on hard balls with
activity z and associated potential ¢ if and only if, for each compact subset A C R?,

du(€|Bac)(n) = fi(&ln) dri(§)  for p-a.e. n.

Remark that any Gibbs measure in G(z) has its support included in A. Dobrushin proved in [1], using
compactness argument, that there exists at least one element in G(z) when the potential contains a hard core
component. Furthermore the set G(z) is convex and compact. About the cardinality of G(z), remarking that
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the sum of the hard core and the smooth potential ¢ is superstable and lower regular in the sense of Ruelle [6],
we do the following remarks :

- If 2z is small enough Ruelle proved that uniqueness holds. In our case, a sufficient condition would be :
2 < eNETH(|B(0,7)| + [ Lycpy<rll — e ?Wdy) "t

- For z large enough it is conjectured (see [4]) - but still not proved - that phase transition occurs : Card G(z) > 1.

1.3. The stochastic equation (£) and statement of the main results

Let (2, F, P) be a probability space with a right continuous filtration {F;}:>0 such that each F; contains
all P— negligible sets and let (W;(¢),t>0);en be a family of Fi-adapted independent d-dimensional Brownian
motions.

Let us denote C(R™, M) (respectively C(R™,.A)) the set of continuous M-valued (resp. A-valued) paths on
R*, endowed with the topology of uniform convergence on each compact time interval.

Let ¢ be the smooth pair potential with finite range R introduced in the previous subsection. We consider
the following infinite gradient system of stochastic equations satisfied by the Brownian balls :

Fori € N,t € R,

E)9 X0 = X0 +Wi0) — 5 3 [ VelXuts) = Xy(s)ds + 3 [ (6us) = Xy (5))dis o)

JEN JEN
where
o (X;(t),t=0);en € C(RT, A) satisfies | X;(t) — X;(¢t)| = r for =0 and i # j;
e (L;j(t),t=0); jen is a family of non-decreasing R*-valued continuous processes satisfying :

t
L”(O) = 0, Lij = Lji and Lij(t) = / ][|X7,(s)—Xj(s)|=7' dLij(S), L“ = 0
0

A solution of the system (€) with initial condition x € A is a family (X7 (t), Lf;(t),t>0,1, j € N) of processes
such that equation (&) is satisfied with X (0) = «.

The main results of this paper are the following theorems.

Theorem 1.3. The stochastic equation () admits a solution with values in A for any deterministic initial
configuration which belongs to the set A C A defined by A = {x € A : P(Qf NQf) = 1} (sets Qf and QFf
are given in (15) and (23) ). This solution is unique as element of C C C(R™*, A), a subset of paths with some
reqularity defined in proposition 4.4.

Theorem 1.4. If the initial configuration of the stochastic equation (€) is random with distribution p € G(z)
for some z > 0 and u(A) = 1, then this solution is time-reversible, that is its law is invariant with respect to
the time reversal.

exp(2N )
(BT = r?)[B(0,1)]

Proposition 1.5. Let z. be a critical value of the activity given by: z. = . Any Gibbs measure

p € G(z) with 0 < z < z has its support included in A.
Remark 1.6. The existence of a critical value for the activity z is related to the still open problem of percolation

for the hard core continuous system. The critical value z. given here appears for technical reasons in Corollary
2.5, where a percolation type estimate is computed.
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2. APPROXIMATING PROCESSES AND ESTIMATES ON THE PATHS SET

In this whole subsection, | € N* is fixed. To simplify we restrict the study of the paths on the time interval
[0,1]. Tt is obvious that all the results in the sequel hold true on any time interval [0, 7], T>1, up to a change
of constants.

2.1. Construction of approximating processes

We construct the approximating process X' in order that it “essentially” stays in the bounded cube A; =
[—1,1]? (in a sense which will be clear soon). To obtain such a behavior, we introduce in the equation (£) a
supplementary gradient drift V)" which vanishes in a subset of A; and is repulsive outside of A;.

More precisely, for any allowed configuration n € A which support is disjoint to A;, we fix a RT-valued
function 97 on R? which is C? with bounded derivatives and vanishes on each (and only on) y € A; such that
yn is an allowed configuration (see figure 1) , that is

Py =0 o yeh=[-L]"andyne A < yec A =][-11%and d(y,n)>r

2
FIGURE 1. Particles of 75, are represented; the grey area is the domain where 1! vanishes.

We extend the definition of ¥)"" to any configuration n € A by : b7 = wl’m‘f. We also choose the family
(4", such that, for every n € A,

Z/}Rd Lyiny)>o eXP(*T/)l’n(Z/)) dy < 1L (3)

leN~
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For n € A and n € N*, let us now define the n-dimensional stochastic differential equation :

Vie{l,...,n}, for 0 <t <1,
axi0 = awi) - 5( Y VelX0 - X,0)+ Y VelXut) - n))ds

Jimj €AC

(€
VUG (X(0) ~ X ()dLi)

j=1,....n

with L;; = Lj; for all ¢ and j and L;;(¢) = f(f Lx,(s)— X, (s)|=r dLiz(s). (EL) is a n-dimensional stochastic
differential equation reflected in AN (R*)" with gradient drift —3V 34" where

B = X (B by Y elm-a)+ Y e -n). (®)
1=1,...,n jz;;é.:i.,n jmjEAC

Since the drift f%Vﬂfﬂ is bounded and Lipschitz continuous, (£47) admits a unique strong solution for each
initial n-point configuration z € AN (R%)" (see theorem 5.1 of [7]). We denote this solution by X'""(z,.). For
a general initial configuration x € A, we extend the above process as follows :

XU5() = XU Yoy

where n = zpe and n = Card(z N A;). It is an M-valued (not necessarily A-valued) process with initial
configuration x. Particles which are initially in A; move like the (£;7)-dynamics and the other ones stay fixed
outside A;.

The solution of (EL7) with initial distribution /4" is reversible, where ;7 is the finite measure defined on
(Rd)" by
At (.. an) = exp(—=BLT (21, ..y wn)) Ta(zr, ..oy 2n) doy ... da,.

QL denotes the time-reversible law of X" starting from v/ :

Qi = [ Pxinne ) e ) ko),

+oo
The Probability measure u5" on U (RH)™ is defined for Ag x Ay X ---x Ay X -+ by :
n=0
l 2 R
P (Ag x Ay X oo x Ap X -0 ) = 70 ,;) HVT;"(A,L) (5)
+oo  n
here Z17 = 37 2= yn((RY)™) (with th ion ;" ({0}) = 1
where 7 —Z v ((R*)™) (with the convention vy"({0}) = 1).
n=0
+oo
Similarly, consider the Probability measure on U C([0,1], (RY)™) defined by
n=0

— 2244 +oo _p

n_ & Z 2 oln
Qz - Zi,»,] ’I'L' Qn :

n=0
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This Probability measure is time reversal invariant and has a support in A, as a mixing of A-supported measures.

We now want to prove that the probability of trajectories which interact too much, vanishes asymptotically
when [ — +o00. We will use this result to construct the limit of (X%); in the section 3.

Regular paths are w’s such that each particle interacts only with a finite number of particles during a finite
time interval ; X% (w) is then the (unique) solution of a finite dimensional equation. Bad w’s are paths such
that at least one particle interacts with a great number of other ones, either because it moves very fast (see
subsection 2.2), or because it belongs to a large chain of particles where each one interacts with its neighbors
(see subsection 2.3).

2.2. Paths with high velocity

We obtain here an estimate of the probability that a particle moves “too fast”. In order to establish such an
estimate, done in proposition 2.2, we first compute the probability of fast motion between two fixed bounded
domains in R%,

For every bounded subsets Ay and A; of R? and every ¢ > 0 and § €]0,1], let Fm(Ao, A1,¢,5) denote the
event “at least a particle goes from Ay to A; with an oscillation greater than € in a time interval smaller than
67, i.e.

Fm(Ag, A1,e,0) ={X €C([0,1],.4), Fist. X;(0) €Ay, X;(1) € Ay and w(X;,0) > e}

where w(X;,0) = sup |X;(t) — X;(s)| is the usual modulus of continuity of the path X; on [0, 1].
[t—s|<d
0<s,t<1

Lemma 2.1. For each Ay, A1 C RY bounded, each ¢ >0, § €]0,1],n € A and n € N*, we have :

Q?f;n(fm(AOaAlag?é))) = /P(Xl7n7n(mﬂ') € fm(A()aAlagvé)) dl/hn(m) (6)
—2N¢ _1,n dyn—1y 1 g2 b

< 4lne 2 ) (RY)"H) < exp | —— (M4, + 14,)e dy
) 56 ) Jra

and

62

. 1 o
QU(Fm(Ao, Arye,6)) < (412 72 ) < exp (5) /]Rd(ﬂf‘“ + La,)e V" dy. (7)

From this lemma proved below, we easily deduce an estimate of the probability, under Qi’”, that a particle
starting from B(0, K) moves too fast. For every K € N* ¢ > 0 and § €]0,1], let Fm(K,e,0) be the following
event :

Fm(K,e,8) ={X €C([0,1],.A) such that i, X;(0) € B(0, K) and w(X;,d) >}
Proposition 2.2. The following upper bounds hold :
VK e N* Ve>0 V6€)0,1] Vne A
— 1 2
Qi (Fm.2,0)) < n Ca VeI, (R 5 oxp (- 55) K

_ 1 2
QUI(Fm(K.2.0)) < = Cy V2 + exp (—@) K

where Cy is a constant depending only on dimension d. Similarly one has :
VK e N* Ve>0 V6€]0,1] Yned
N 1 2
Q"(Fm(K,€,0)) < 246 n e 22 17 (R)"H) < exp (—5—) / e gy
Rd

_ 2
QVN(Fm(K,e,0)) < 246 z e 2NV2 — exp <€—> / eV W) dy
Rd
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Proof. of lemma 2.1

We first need an estimate of Q47 (Fm(Ag, A1, ¢,9)).

Let (X5mm, LLmm) denote the unique strong solution of (£47) starting from 1,7, and recall that the distri-
bution Q%" of Xbmm is time reversible on [0, 1]. By construction, the processes :

1 t
Wilt) = X - XT0)+ 5 / Vi3 (X1 (s))ds
0
t
[ () - X)Ll s), di<n, 0<t<
0 Jj=1,..., n
and
Y 1 /!
Wit) = Xf’”’”uft)fo’”’”(lHi / VL (X (s))ds
1—t

/ (X (s) = X1 (s))dLy" (s), 1<i<n, 0<t<1
1—-t

j=1,...n

are both n-dimensional Brownian motions starting from 0. Remarking that
1 —~ —~
vie 0.1 XMrn(t) = X1 (0) = 3 (W(t) WA —t) - W(1)>

and using the equality in law between (X7 (1 — ), W) and (X' W), we obtain :

Qi{n(]‘-m(Ao,Al,E (5))
Jin s.t. X2 (2,0) € AO,XI’""(JU 1) € 4y and
:/ Pl sup (Wit) = Wils) + W1 —t) =W (1 —8)| > 2¢ | dl?()
(R4) =sl<s
0<s,t<1

< /P(Hign st x; € Ag and w(W;,8) > ) dvh(z)

+ /P (Fi<n s.t. x; € Ay and w(W;, ) > €) dv"(z).
The right hand side is smaller than
n n
Zl/ (x; € Ag) P (w(W;,0) >€+Zl/ (x; € A1) P(w(W;,0) > ¢)
— =1

i=1

<n P(w(Wy,8) >e) (V" (21 € Ao) + V5" (21 € Ay)) .

We know from appendix 5 that

41 g?
102 <= .
P (w(Wq,0) >¢) < 5 exp( 55)

According to the definition (4) of 847, since a particle interacts with at most N other particles (cf remark 1.1) :

ﬂ’f{n(mla e wxn)}wlm(xl) + 2N£+ ﬂi{ﬁl(m% cee 71'71) (8)
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which implies that
Vfl’n (Il S Ao)

- / ][m1€A0 ][.A(:L'la cey xn) e*ﬁf;”(ml,m,xn) dxl T dxn
(Rd)m

<e e ln (@) [ e gy
Ao
and the same result holds for A;. This leads to the estimate :

Qi;n(fm(AOaAlaEaa))
~ 41 m
< eyt (@) G e (< 55) [ (a T ay
]Rd

by summing over n we obtain the desired result :

sz’n(}—m(AOa Ala g, 5)))

efz2dld to n

= Y S QI (Fm( Ao, A=, 8) 0 (RY))

l,

ZZ"i n=1

e—=2"" Xl Ln dyn—1 oW 1 e? —ylm
A —p Z(n_l)! v (R ) e?Ne S exp (—ox ) [ (Tag + La)e " dy

1 g? Ly
< —2Ng) 1 . —ypbm
\(4126 ) 5 exp( —55) /]Rd(]IA°+I[A1)e dy

Proof. of proposition 2.2

O

For jin N, let a; = K41/ % + 5j. The sequence (a;); increases from ag = K + % to +00. Now for Q = Q%"

or Q = QL7 consider

Q(Fm(K,e,0)) = Q (3, |X;(0)|<K and w(X;,0) > ¢)
< Q (3, |X;(0)|<K and w(X;,d) > € and | X;(1)|<ap)
+

oo
+YQ3i, [Xi(0)|<K and a; < |X(1)[<aj41)

j=0
But |X;(0)|<K and |X;(1)| > a; imply that w(X;,1) > a; — K, so this is smaller than
< Q (F, |X:(0)|<K, |Xi(1)|<ap and w(X;,0) > €)

400
—I—ZQ (H’L, |X1(0)|<K, a; < |Xz(1)| < aj4+1 and w(Xi, 1) > aj — K)
=0

Using lemma 2.1 we obtain :

Q(Fm(K,e,0))

1 g2 _ln
SO@Q) 5 exp (-g) /(][B(O,K) +1p(0,a0)e " dy
= 1 52 Ln
+C(Q) ) exp (g(; + 5j)) /(][B(O,K) + 15(0,a,41)~B(0,a))e " dy
=0
1 52 R : = ; b
< 0(Q) 5 oXP (ﬁ) / Ip(0,x) + IB(0,a0) + Zeﬂ Ip(0,x) + Z e Ip(0,0,01)~B(0.ay) | €Y dy
j=0 =0
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with C(QL") =41 n e 2Ne T((RYH) and C(QL7) = 41 z e 2Ne,
Moreover, for j>1 :

s d
e V"W dy < (a41) [B(0,1)] < 3¢ K9 |B(0,1)] max(1 5G+1)  (10)

J =
B(0,a;+1)~B(0,a;) Ve

and similarly :

/ T5(0.00) ¢ %" @) dy < (ag)* |B(0,1)] < 2¢ K% |B(0,1)| max(1, %)d .

Since Ze*j<2 and Z(\/j +1)¢ e77<2 this leads to :

2
Q(Fm(K,e,0)) < C(Q) % exp< ° > |B(0, K)| 3 x 3¢max(1, \f) a\/5"
Finally
QL(Fm(K,2,8)) <n e ?Neypt (RY)") O % exp ( )
le’n(]:m(K,E,(S)) <ze e~2Ne Cy % exp (_6_(25) K¢

where Cg = 41 |B(0,1)[ 3 x 3 \/gd SUP R+ e=2"/5 max(1, z)der’/6,
An alternative bound for Q(Fm(K,e,0)) may be obtained using the fact that each indicator function is
smaller than 1 :

@(fm(K,s,&)gc(Q)%exp(f) [oew ay
R

This completes the proof.

2.3. Large chains of interacting particles

Recall that two particles interact instantaneously only if the distance between their centers is smaller than
R, the range of the potential ¢. But more generally, a particle can have an influence on several ones during any
small time interval. To modelize this, we introduce the notion of (R + £)-chain of particles.

Definition 2.3. Let z € A and € > 0. Each subset {x1,--- ,2,} of © verifying |z1 — 22|<R+ ¢, - ,|Tpn-1 —
Zn|<R+ € is called an (R + ¢)-chain of particles of x.

Now, let us fix K € N*, M € N* and € > 0 and let Ch(K, M, R + ¢) denote the event that there exists an
(R + ¢)-chain of M particles with one end inside of B(0, K), that is :

Ch(K,M,R+¢)={xe A, a1, - ,xp} subset of z,
|z1] < K and |21 — 22|<R+¢&, -, |tp—1 —zym|<R+ e}

Our aim in this subsection is to estimate the u!7-probability that such a chain exists.

Proposition 2.4. For every M € N*, ¢ >0, € N*, n € A and K € R, we have :

+oo
Ln ( U Ch(K,M,R+ 5)) < (2 1B(0,1)| exp(—2Ny) ((R+ ) — 7"d))Mh1 )
K=1
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From this proposition, we easily deduce the following corollary used in section 2.4.

Corollary 2.5. There exists a critical activity z. = % such that for each z > 0, ¢ €]0,1] and

M e N*,
i z (R+e)d—rd M=t
sup Ssup ‘Ll,é’n U Ch(K,M,Rﬁ“E) g (- W) .
leN* neA Ke1 Zc -r

In particular, for any z < z. there exists € > 0 such that

—+o0
lim sup sup i’” Ch(K,M,R+¢)]|=0.
M—+00 |cN* neA H I(LJI ( )

Proof. of proposition 2.4

Each configuration in (R4)"NCh(K, M, R+¢) has exactly (n+1|\/1)‘ representants in (R?)™ such that (x,_ar41,...,7n)
is a fixed M-uple verifying |z,—p+1| < K and |2p—pr41 — Tn—pmt2|<R+ €, -+, |xp—1 — z,|<R + €. Since
BL (21, ..., 2,) and T4(x1, ..., 2,) do not change by permutation of the z;’s, this leads to :

v (Ch(K, M, R+ ¢))

-1
n! - sl
- m /(]Rd) ][|957L7M+1|<K ( H H1i$i+1<3+6> ][A($1, s 7$n) € B (117...’xn)dx1 e dy
’ " i=n—M+1
Remarking that
Ta(zr, - s2n) < Lgpea_yor La(z, oo 201),

using again inequality (8) and integrating with respect to x,, we obtain :

VL (Ch(K, M, R +¢))

n—2
(n—1)! /
<n L. s K( || Lo<lzim <R+ )]IA(:cl,...,xn,l)
(n=1) = (M = 1)} Jegay ool <EX DL Frsleceelshes

—2Nyp 8L (21, 1)
]ITQM_%_lKR_FEe e 1 » dry---dz

<ne2Ne ((R+ )t —r1)|B(0,1)]) V5" | (Ch(K, M — 1, R +¢))

n

By definition of u" (see (5) )

—z2474 P .
P o v (Ch(K,M,R +¢)) . (11)
Z n>M

pE(Ch(K, M, R +¢)) =

Using the above inequality and iterating the result on M, we obtain :

H(Ch(K, M, R + ))

—22474 n—1
—2N. d d e Z I _
< e M2 (R+¢e)* —r?) |B(0,1)] 7 zn§>M Y Vi (Ch(K,M —1,R+¢)

2 e 2N (R+e)t —r?) |B(0,1)] pb"(Ch(K, M —1,R +¢))
1

<
< (z e~2Ne (R + ) —rh)|B(0, 1)|) )

Since the event Ch(K, M, R + ¢) increases as a function of K

+o0
pbn ( U Ch(K,M,R+ 5)) < (2 [B(0,1)] exp(—2Nyp) ((R+¢)* — rd))M_1 :
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2.4. Estimates on the set of regular paths

Let B(m,a,¢c) denote the following set of bad paths, in which either a particle has a high oscillation in a
small time interval or belongs to a large chain of interacting particles :

Ym e N* Vazl Ve>0 B(m,a,e) = B(m,a,e) UB(m,e)

where

. 1
B(m,a,e) = {X € C([0,1],A), Ji, w(X;, E) > Z and Jt<1, | X;(t)|<a+ 2m2}
and

5 3k € {0,...,m — 1}, there exists an
B(m,e) =4 X €C([0,1],4), (R+e)— chain of particles of X (£)
with diameter greater than m — R — ¢

Let us remark that a — B(m, a, ) is non-decreasing but B(m, a, ) is not monotone as a function of m and e.
Our aim in this section is to estimate the probability of B(m, a,¢) under Q4".

Proposition 2.6. For each m € N* and a>1 :

2
~ ~ €
sup sup QQ”(B(m,a,s)) <z 0 e 2Ne 4 m2d exp <%m)
leN* neA

where the constant C; only depends on dimension d. One also has, for m € N* :

m

sup sup Qi’” (Zg(m,e)) <m (z |B(0,1)] exp(—2Ny) ((RJrE)d frd))[ma]
leN* neA -

If z < z. and € is small enough (depending on z), this implies that the left hand side decreases exponentially
fast as a function of m.

Proof. of proposition 2.6

QU(B(m,a,e) < QL (3 w(Xs, -
m

+ Qiﬂ] <Hla |X1(O)

) > Z and | X;(0)|<a + 3m2>

> a+ 3m? and Jt<1, |X;(t)|<a+2m?).

The second term of the sum is smaller than

“+o0
ZQZZ’” (Fi, a+ (2 + 5)m? < |X;(0)|<a + (34 j)m? and w(X;,1) > jm2) )
j=1
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Thus using proposition 2.2, we obtain :

QL"(B(m, a,¢))

+oo
< QY (fm(a+3m2 ) Zle’n (Fm(a+ (3 +5)m?, jm?,1))

SlH

€
4’
<z Cy e 2N exp (—m) a+3m )

+
L5 s
z Cq e “"2exp

Jj=1

1) (ot G+

2 2 4 .
<20y e 2N (m exp (—;—6 ) (a+3m?)4 + Z] 1exp< I (a+(3+j)m2)d)
<zCpe?Neglalm (eXp (*%m) + Y Texp j2?4) j?
<z Cy e 2Ne gd qd py2d exp (—%m) (1 + Z g eXp( ﬁ)) .

Defining the constant C’; equal to Cy 8d (1 + Zjﬁf j%exp (—%)) < 400 we obtain

B 2
QY(B(m,a,e)) < z C e N2 g m2d exp (—%m) :

‘We now have to find a similar estimate for

= there exists an (R + €) — chain of particles
l,n —Olm —
@ (B(m, E)) @ <3k €{0,...,m =1}, of X(£) with diameter greater than m — R—¢ )

Thanks to the stationarity of QL", this probability is smaller than

m—1 i (z e A there exists an (R + €) — chain of particles
P i " of x with diameter greater than m — R —¢) /)~
It is necessary to have at least [z-] + 1 particles ( [z] denotes the integer part of x) to construct a chain

of length greater than m — R — ¢ where each particle is at distance smaller than (R + ) from its neighbors.
Thus the above quantity is smaller than m ul” ( };ozol Ch(K [R+a] +1,R+ 5)) . Due to proposition 2.4, this

is bounded from above by

==

m (2 |B(0,1)] exp(—2Ng) (R +¢)® —rd)) 7]

3. CONVERGENCE OF THE APPROXIMATIONS

The aim of this section is to prove the convergence of the sequence (X%); to a limit process X°**. We shall
check in the next section that X% is a solution of (&).

We fix z € A. As usual for infinite-dimensional stochastic equations, we study X l’“‘(w) for each w in a set
QF C Q and prove that the set Q2 \ Qf is negligible.

For each p € N* and [>p — r + 1, let m(p,!) and a(p,) denote the following integers :

m(p,l) = [\/Z —p— r} -1 and a(p,l) = p+m(p,l). (12)
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Remark that
alp, 1) +m(p,)> +1<1l—r (13)
and
vC >0 Za(p,l)d m(p,1)% e~ < oo (14)
1

Let 1/N denote the set {1,1/2,1/3,---} of real numbers € such that 1/¢ € N. Let us now define the set Qf as
follows :

2%

{w € Qst. Jdgg € 1/N Ve<eg Vp € N* 3, € N*, Vi=l
X4 (w, ) & B(m(p,1),a(p,1),e) and X' (w,-) & B (m(p,1),a(p,1),e)} (15)
liminf () Tminf {X" & B(m(p, 1), alp,1),)} N {X"1 & B(mip, 1), alp,1),€)} -

pEN* o

Proposition 3.1. For every x € A, everyw in Qf and every i € N, the sequence of processes (Xfx (w, t), Lijz (w,t),j €

N, t € [0,1])ien~ elements of C([0,1],R?xRY) converges in the sense of uniform convergence of continuous paths
to a limit denoted by (X;*"(w,t), Lj;""(w,1),j € N,t € [0,1]). Moreover, this sequence is stationary : for any
reAweQf,ieN

3y VIl XM (W, ) = X0 (w,-) on [0,1], and ,Vj € N Lé’jz(w, ) =L (w,-) on [0,1].
Proposition 3.2. For each Gibbs measure i € G(z) with z < z. one has / P(Q) du(x) = 1. This means
M
that defining A by A= {x € A, P(QF) =1}, one has
Vz<z. VpegG(z) uA) =1

Proof. of proposition 3.2
Let us fix 4 € G(2). We want to prove that [, P(Q~\ Qf) du(z) = 0. By definition of
PN Q)

l,x
_p (Vso € 1/N, Je<eo Ip € N* Vlp € N* 1y, ;,z : gﬁﬂﬁﬁ’?ﬂ(?’ﬂﬂ frl) : )

<> P(limsup{Xl’“‘ € B(m(p,1),a(p,1),e) UB (m(p,l - 1),a(p,l - 1),5)})

e<eg pEN* =00

for all g € 1/N. Thanks to Borel-Cantelli lemma, this vanishes as soon as there exists g € 1/N such that for

all e<eg and p € N*

+oo

> [ P € Bm(p0).alp0).) UBmlp.l - D.alp,l = 1),2) dufe) < 6. (16)
A

l=p+2

We shall show (step 1) that for I € N* and A = [—1,1]%, the following inequalities hold :

sup | [ PO € O)dua) - [ @2’7(@)@@)\ < [ sw | [ rauting g - [ dit) dutn)
OcF |JA A A [IfISTIJA A 17
. ZA,n ( )
wed  sw | [ @) dualngagn) - [ 1@ die) <2(1- 20
Ifl<t /A A Zy
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and (step 2) that

i -
vneA 0<1- P < z exp(—2Nyp) /d Lyin(y)>o0 exp(—""(y)) dy. (18)
z R

Inequality (18) and assumption (3) on 1" imply that

+oo A
Z/A <1 — ZZl’” ) dp(n) < +oo.
=1 z

Then for each p and [ fixed, we choose © = B (m(p,1),a(p,l),e) U B(m(p,l —1),a(p,l —1),e). Thanks to (17)
and (18), in order to prove (16), we only have to prove that

Jep € 1/N Ve<eg VpeN*
+oo
Z /Qlﬁ ) (p,l),s)UB(m(p,l—1),a(p,l—1),5)) dﬂ(n)

= p+2

0 Z /Ql’” l? p.1),£) UB(m(p,1 1)@)) dp(n) < +oo.

l=p+2

By proposition 2.6, this is smaller than

+oo 2
_oN 5
/z C e Ne E alp, ) m(p,1)* exp (——96m(p,l))

l=p+2
2

Fap, = 1 (ot = 10 exp (= Som(pd = 1)) dut)

/ Z m(p,1) (2 |B(0,1)] exp(—2Ny) ((R+¢e)* _rd))["ﬁé%i)]

l=p+2
m(p,l—l)]

m(p,l—1) (= |B(0,1)] exp(—2Ng) (R +e)* — D) Lau(y).

Thus we only have to prove that

+o00 2

Jep € 1/N Ve<egy VpeN* Z a(p, ) m(p,1)* exp <%m(p,l)> < 400
l=p+2
I _ [m(pal)]
and Z m(p,1) (2 |B(0,1)] exp(—2Nyp) (R+e)* —r%)) F7 " < +o0.
l=p+2

The first series converges for each € € 1/N and each p € N* thanks to (14). The second one also converges
thanks to (14), as soon as (2 |B(0,1)| exp(—2Ny) (R +e0)? —r?)) < 1, which is true for gy small enough
when z < z.. It remains to prove (17) and (18).

Step 1 : Proof of (17)

Let us fix I € N* and A = [~1,1]%. For each event © on C([0, 1]), by definition of Q\" :

/PX“”G@)du() /AQ“’( )dp(n)
/ / P(Xb#18e € ©) du(a|nae) du(n / / P(XP1Card®) (1 ) € ©) dub(2) du(n).
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If zn € A then P(Xb1CardX) (g ) € ©) = P(Xh®M¢ € ©) and since this quantity is smaller than 1, we obtain :

l,x L, ) — L
‘/PX € O)du(x /Q ( dun‘ /A Sup, /Af(fv) dp(z|nae) /Af(CC) dp" ()

Since p1 € G(2), using the conditional density of 1 with respect to 7% and the definition of 1/, one has for each
f: A— R bounded by 1 :

‘/A f(x) dp(xinae) — /Af(x) b ()

dp(n).

—z|A| too
e z
= = [Fme) + > g/ Flynae) Talynae) exp | = > oyi—y)— > elyi—n;) | dy
Z n=1 '~ JA" 1<i<j<n 1<i<n
n; EA°
—22474
(& i,
aareal FAUS +Z ) / " Flynae) e 7" ® Ty (y) dy]

Note that 37(y) = Z oy —y;)+ Z ©(y; —n;) for any y € A" verifying ynac € A, because 5" (y;) = 0
1<i<j<n 1<ign
n;j €A
for each ¢ in this case. Thus the above quantity is equal to

djd
e—z|A\ e—22%

Z?’n Zim

efz2dld +oo P

djd
too o | e—zlAl e—22%1

_pbn
W - 7l Fymae) Ta(ynac) e By (y) dy

An

n!

f(nae)

n=1

oy, T 8) €D (La0) — LaCyme) T ) dy

1L nl
Zz 1 nt

dj;d
Recall e 218 = ¢=2271% and

zhn = e—?IAl

™= z" i
1+ Z ~ / La(ynae) e "W dy]
< e 2 Z / e=B"W) gy
n' Rd)w

_ zln
=7,".

We then obtain :

f@) dp(alnae) — | flz) dpl"(x)
/. /. |

—z|A| —z2%4 —z2%4

e~ e e

ez|A‘Z;\ﬂ7 + —
zZ"

<

Am
ez2dldzl,n - ez\A|zA,n‘ —9(1— Zz
? ? Zlﬁl
z

Z?J] Ziﬂ]

and (17) is proven.
Step 2 : Proof of (18)
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This final step of the proof of proposition 3.2 is straightforward, simply using the definitions of Z\", Zé\’"
and b7 :

1= B = DS 2 fy Lal€rn ) € C) (L= [T Ty e () 6o
g% :i% 2_' f(Rd)n Ta(&1s---56n) P (61 m) (Z?:l ][wl”'(&)>0) d&y - - dén
<«leﬂ 2 [ a6 € exp(—2Ng) e P (Eanntn)
y Lyprn(ery>o0 d€y -+ dén
~eady

400 Zn—l

< 02 7 G V(R exp(—2Ng) foa Lyrngyso exp(—0b7(y)) dy

<z exp(—2Ny) /Rd Lyingyyso exp(=9""(y)) dy .

O

In order to prove proposition 3.1, we need the following lemma which states that, for nice trajectories only
a finite number of other particles interacts with each fixed particle. Thus dynamics (£) reduces to an infinite
number of SDE involving only a finite random number of particles up to time 1.

Lemma 3.3. Let us assume that the path X € C([0,1]) does not belong to B(m, p+m, ) for some e € 1/N*, some
m € N* and some p € N*. Fork in{0,1,---,m—1} we define Ji,(X) as the set of indices i € N such that either
|Xi(£)|<p+m?—km+R+e or X;(£) belongs to a (R+¢)-chain of particles which intersects B(0, p+m?—km+
R+¢). Then the following inclusions hold : {i € N, |X;(0)|<p} C Jm-1(X) C -+ C Jpgp1(X) C Jp(X) C ---

Particles of Ji(X) stay around the origin in the following sense :

Eok41
Vi € Jp(X) Vte[g,%] 1Xi(6)] < p+m®+m 1.

They stay also far away from the others :

%} 1X,(t) — X;(8)] > R+ <. (19)

Vie Ju(X) Vidde(X) Vie] 5

Y

2=

Proof. of lemma 3.3
The set J;(X) is defined as the set of indices i € N such that X;(£) belongs to B(0, p+m? — km + R+ ¢)
or is connected to B(0, p+ m? — km + R+ ¢) by some (R + ¢)-chain of particles of X (£); thus

k
Vi & Ji(X) |Xj(g)|>p+m2—km+R+5
and f L
Vi€ Je(X) Vi & Ju(X) [Xi( ) = X() > R+e.

Since X ¢ B(m,p+m,¢) then X (£) does not include any (R + ¢)-chain of particles with diameter greater than
m—R—¢e:

Vi € Jp(X) |XZ-(%)|<(p+m2—km+R+€)+(mfRf€):p+m27(k—1)m (20)

Again since X & B(m, p+m,¢), no particle of X entering B(0, p + m + 2m?) moves for more than 7 during a
time interval of length % :

X0 - %00 > R

Vie Ju(X) Vj&(X) Vte] 5

)

3=

C Jo(X)
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and

k+1 €
m

Vie (X)) Vte] ] IX;t)| <pt+m?—(k—)m+-<p+m?+m+1.

)

3=
N

Moreover

k+1 3
Vi ¢ Ju(X) |Xj(%)| > pbm? —km+ R+ 22> ptm? — km

using (20) this leads to
JE€IX) = j&Je1(X)
which implies the decreasing property of the sets Ji(X).
Now, using once more the small velocity property of X, we see that

1 X:(0)|[<p = IXi(l)Iéerimép+m2—(mfl)m+R+s = i€ Jn_1(X)

and the proof is complete. (I

Proof. of proposition 3.1

In this whole proof, z € A, w € QF and p € N* are fixed; we also fix a corresponding £ € 1/N as in the
definition of QF and an [>ly associated to w, €, p as in the definition of QF. So m(p,!) and a(p,!) are fixed too
;for simplicity they will be denoted by m and a.

Since X% (w,-) € B(m, a,e) and X'T1%(w,-) & B(m, a,) with a = m + p, the results obtained in lemma 3.3
hold for X'*(w,-) and X*+1:%(w,-). In particular, recalling (13) we have for each k in {0,1,--- ,m — 1} :

k k+1
Vi e Jo(XH®(w,:) Vte [, %} X < p+m?Pam4+1<l—r = pHT(XPT() =0
and since
k k+1
Vi€ (XM (w, ) Vi g Je(X"(w, ) VEE [, %} I XP7(t) — X)) > R+ %

no interaction is possible during the time interval [%, k;rl—l} between the particles of Ji,(X"®(w,-)) and the other

particles. In this case equation (£;7) verified by X'*(w) during the time interval [£, ££L] reduces to the
following equation (€ (k, Jy, X'*)) for the indices i € Jx (X" (w, ")) :

k

k 1 [t
X[ (w,t) = Xf’x(w,EHWi(w,t)*Wi(w%)*5 . Z Vso(Xf’””(w,S)*Xj»’x(w,S)) ds
m jETe (X1 (w,))

t
Iz I, lx
+/ Y (X (w,s) = X (w,5)) ALY (w, 5) - (21)
m JEJR (XL (w,"))

k+1

For the same reasons, the equation (£!*1) verified by X'+1:%(w, ) during the time interval [%, o

the following equation (€(k, Ji, X'*1®)) for the indices i € J (X% (w, ")) :

] reduces to

k k
X wt) = X (w, ) + Wi, ) - Wilw, —)
1 ! I+1,z +1,x
) Z Vo(X; (w,5) = X; (w, s))ds

eI (X ()
t
I+1,x I+1, I+1,
+ /. > (X (w,8) — X[ (w, 8)) LT (w, ). (22)
e (XL (w,0))
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But since X% (w,0) = X% (w, 0) = z and L"*(w,0) = L% (w, 0) = 0, sets Jo(X 5% (w, -)) and Jo(XH1(w,-))
are equal and equations (21) and (22) coincide for kK = 0. The strong uniqueness of the solution then implies :

1
vt € [0, E] Vi, j € Jo(X"(w,-)) = Jo(XH12(w, )
X (w,t) = X (w,t) and LY (w,t) = LTV (w, 1)

and because J1 (X (w, ) C Jo(X"*(w, ) (and idem for J; (X'*1:%(w,-))) this in turn implies that J; (X"*(w, ")) =
Ji(XH1%(w, ). But again, since

. . 1 1 . 1 1
Vij € S(X" 0, )) = AX () X, ) = X, ) and L (w0, ) = L (w0, )

equations (21) and (22) coincide for k = 1, and the strong uniqueness implies Xf’x(w,.) = Xf“’x(w,.)
(and Lé’jx(w, ) = Léjl’x(w, ) on [, 2] for i in Jy (X' (w,)) = Ji(X'"T1®(w,-), which in turn implies that
Jo (X (w, ) = o (X (w, ).

By induction, we thus obtain that for all k € {1,...,m — 1}, Jy(X"*(w,)) = J.(X*1%(w,-)) and

k41 A A A
Vi, j € Ju(X " (w,-),t €0, L], X7 (w,t) = X (w,t) and LY (w,t) = LT (w, 1),
m

Using the inclusion chain {i € N, |z;|<p} C Jpp—1(X) C -+ C J1(X) C Jo(X) which holds for X = X% (w, )
and X = X*1%(w, ) because X' (w,0) = X'*1%(w,0) = x, we obtain that Xf’m(w, -) and Xf“’x(w, -) are equal
on [0, 1] for #’s such that |z;|<p and the same result holds for (Lﬁ’f(w, -))i,; and (Lijl’x(w, -))i,; because both
local times coincide if j in Jo(X"%(w,)) and identically vanish otherwise.

Since p may be chosen arbitrary large, proposition 3.1 is proven.
O

4. REMAINING PROOFS

The main Theorems 1.3, 1.4 and 1.5 are now direct consequences of Propositions 4.1, 4.4 and 4.5 enounced
and proved in this section.

In order to prove these propositions, we need some more notations. We first fix x € A. For m € N*, a>1 and
e € 1/N fixed, let Q%(1m,a, <) be the set of w’s such that X% (w, ) does not belong to B(ﬁz, a, ) for an infinite
number of indices [ :

O (i, d,¢) = {w €Q :¥peNIAzp, Xw,.) ¢ B(m,a, g)} = limsup{X’® ¢ B(m, a,e)}

l—+oc0

We also define

0f

{w €Qs.t. Ve € 1/N for p large enough and for an infinite number of I’'s X' & B(p, R, E)}

= () liminf Q%(p, R, e) (23)
p—-+o0

e€1l/N

We have the following result :

Proposition 4.1. For every x € A and w € Qf NQY, the process (X% (w,.), Ly (w,.)) satisfies equation (£)
with X°%(w,0) = x. Thus, for anyx € A={{ € A: P(Q5NQ5) =1}, the process (X7, L") is a solution
of (&) with initial condition x.

Moreover for each z < z. and p € G(z) p(A) = 1.
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Before proving this proposition, we first establish some useful results on Q(m, a,¢) and QF.

Lemma 4.2. Let p be a Gibbsian measure in G(z). For each ¢ € 1/N, m € N* and a=1, one has

— 2
/ P(Q% (i, d,€)%)du(z) < 2 C eV g% 2 exp <%m) .

As corollary
/P(Qﬁf)du(x) =1.
Lemma 4.3. For each m € N*, a>1 and € € 1/N one also has
Yw e Q% (m,a,e)  X%(w,-) € B(m,a,e)
and consequently
Vee A YweQ¥ Veel/N 3Fpg st Yp=py X% (w,-) &B(p,R,e) .

Proof. of lemma 4.2
By definition of Q(m, a,s) one has

O (17, a,e)° = hmmf{wert X (w -)eé(m,a,g)}.

l—+o0

By Fatou lemma

/P(Q”(m,d £)%)du(z hmmf/P (X5 (w,-) € B(m, a,e))du(z).

l—+00

Using inequality (17) (see the proof of proposition 3.2 step 1) applied to the event © = B(ﬁz, a, &) we obtain the
following bound :

[ P dnta) < it [ Qe dut+2 [ (1222 autor

thus by proposition 2.6

/P@Wm&dﬂWW)

/2Ny ~d ~2d e . . Z?’n
< Az Cl e Y2 a% m*® exp ~og™ du(n)+2lilgrnoo i 1- 70 du(n)

A
Inequality (18) implies that lim (1 - = ) du(n) = 0 thus
l=+00 J 4 sz

/P(Qx(m,d,e)c)du(x) <z 0 e Ve gt i exp <—m>

Replacing m and a by p and R in the above inequality, we obtain :

+o00o
Ve € 1/N > / P(Q%(p, R, )%)dp(z) < +oc.
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By Borel-Cantelli lemma, this leads to :

Ve € 1/N /P(limsup Q%(p, R, e))dpu(x) =0

p—-+o0

and consequently

/P((Q‘f)c)du(x) = /P( U limsupQ”(p, R,)*)dp(z) = 0.

e€l/N ptoo

Proof. of lemma 4.3
According to proposition 3.1

VeeA VweQf VieN dpeN Vizly, X%w,)=X""(w,-)on[0,1].
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Consequently, for + € A and w € Q%(1m,d,e) N QF and for i € N, there exists an (>l such that X% (w,-) &

B(m,a,e), ie.

1
X% (w, ) = XM (w,) on [0,1]  and  w(X " (w, ), _KZ or Vi<1, | X1 (w,t)| > a + 2m? .

Thus

—_

VeeA YweQ¥(m,a,e)NQy VieN wX " (w,-), —)<Z or Vi<1, | X% (w,t)| > a+ 2m?.
By definition of Q7
Vee A YweQiNnQ] Veel/N Fpgst. Vpo=po we Q%(p,R,e).

So

Vee A YweQinQ] Veel/N dpgst. Vpozpy VieN

) 1 )
WX (w,1), )< or Vi, X7 (w, 1)] > Rt 20
p

that is
Ve A YweQEnNQ? VYeel/N 3pgst. Vp=py X%w,:) & B(p,R,e).

Proof. of proposition 4.1
Let us fix p € G(z) for some z < z.. As corollary of Proposition 3.2 and lemma 4.2,

/p(Qg N Q%)du(z) = 1.

This proves that for p-almost every  in A, P(Q§ N Q) = 1 and then u(A) = 1.
We fix an = € A such that P(QF N Q7)) =1 and w € QF N Q7.

We first use the fact that w € QF. For € € 1/N smaller than ¢y corresponding to w in the definition of QF,
for each p € N* and I>p + 1 greater than Iy associated to w, €, p, we have X" (w,-) & B(m(p,1), p+m(p,1),¢).
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Lemma 3.3 and inequality (13) then imply, as in the proof of proposition 3.1(i), that |Xf’x(w,t)| <l —r for
t € [0,1] and for i’s such that |x;|<p. Equation (€.") then reduces to the simpler equation :

Yw e QENOT Vpe N Fipst. Vizly Vist. |z|<p Viel0,1]

Xlxwt—xz Wi(w,t) — = Vo (X (w, s) — X (w, 5)) ds
()+<)/OJGZN“D()]<)) o

/ Z (X" (w, 5) b 5w, 8)) dLﬁ’jx(w,s).

jeN

Since w belongs to 2f too there exists ¢ € 1/N* and pg such that w € Q% (p, R, ¢) for each p=po. Let us fix such
a p. Since w € O%(p, R, €), there exists an infinite number of indices [ such that X'*(w,-) & B(p, R, €). Remark
that R+ 2p?>p + £p+ R so for I's such that X"*(w,-) € B(p, R, <) we have :

VieN |zl<p = vtelo,1] |Xf’x(w,t)|<p+ip

25
ViEN ful>p+ptR = Vee[01] |X[(w,0]>p+ 1o+ R (25)

Equation (24) holds for these indices [ provided [>lp(w, p,e) and IZp + 1 and in this case we may replace the
sums over j € N by sums over {j, |z;|<p+ 5p + R}, due to (25) :

Ywe QFNQT Veel/N Jpgs.t. Vp=po

for an infinite number of I’s and for all 7 s.t. |z;|<p vt € [0,1]

X5 (w,t) = x5 + Wilw, t) f—/ Z V@(Xf’x(w,s)fX;’z(w,s)) ds
{7: |11‘<P+2/’+R}

o[ (01 (0,5) = XU (w,5)) ALl (025)
0 G |m]\<p+2p+3}

(26)

Since the set {j : |z;|<p + §p + R} is finite, using proposition 3.1 we can choose [ large enough such that (26)
holds and c
. lx 00,T
Vj such that |z;|<p + Ep—i— R X7 (w, ) = X7 (w, ) on [0,1].

Consequently
YweQFNQY Veel/N Fpgst. Vp=po Vist. |z|<p VE€[0,1]
Xt = r b Wi t) =2 [ Y Ve ) - X ) ds
) O jlas|<pt5ptR (27)
+ o (X (w,s) = X2 (w, 8)) ALY (w, 5)

O jlz;1<p+5p+R

On the other hand, since w € Q% (p, R, ¢) for each p=pg, lemma 4.3 leads to X% (w, ) & é(p, R,¢). As already
remarked for X" (w, ), this implies that it is equivalent to sum over j € N or over {j, |z;|<p + Sp+ R} in the
above equation :

Ywe Q5 NQY Veel/N Elpost Vo=po Vist. |z<p Ve 0,1]

X0 (w,t) = i + Wilw, t) — 5/ D V(X0 (w,s) = X0 (w, 5)) ds
JjeN

/ Z (X7 (w, 8) = X°%(w, ) ALy (w, 5)

JjEN
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ie.
YVwe QF Ny VieN Vtelo,1]
1 [t
X220 (w, t) = z; + Wiw, t) — 5/ ZV@(X?’x(w,s) — X7 (w, 5)) ds
0 jen
t
+/ D (X (w,s) = X% (w, ) AL (w, 5) -
0 jen
This prove that X°7 is a solution of (£) starting from z. O

Proposition 4.4. The process (X;°“(t), Ly “(t),i,7 € N,t € RY) is the unique solution of equation (€) with
initial point x € A inside the class of paths C defined as follows :

X € C(R*, A) belongs to C if there exists € > 0 and p € N* such that for all p,mo € N* there erists an
integer m>=mg, a sequence 0 =ty < t1 < -+ <ty = 1 in Q verifying tp4+1 — tkgi and bounded open sets

Co,C1,- -, Cpr—1 in R which satisfy

B(0,p+m) C Cpy—1 C B(Cpr—1,6) C Chyy—a C -+- C B(Ch,e) C Cy C B0, p+ m +mP)
R
and vk € {0+ ,m' =1} d({X;(u),j € N u € [tr, tusa]}, 0C1) 25 + Z
Proof. of proposition 4.4
We first check that for w € QF, X°*(w,-) € C. To this aim, we choose ¢ = gg<R as in the definition of
Q% and p = 2. For each p and mg in N*, one may find [>lp(w, p,€) large enough to have m(p,l)>mo. Then
m=m(p,l), m =m, t = % and

k R—i—e)

R+e¢ 00, T
Ck:B(O,p+m2—km+ 5 )u U ))B(Xi e

’L‘EJ}C(XOQ*":(LA),-
are convenient choices : recall that lemma 3.3 and the proof of proposition 3.1 imply that

00, . kE k+1 R €0
X * —— >— 4+ —
d({ p (u),jEN,ue[m, - ]},ack) 2—1-4
and that B(Cy,e) C B(0,p+m2—(k—1)+m+ 5 +¢) C Cr_1.
The proof of uniqueness is then a direct generalization of the proof of uniqueness for hard core potential

made by Tanemura [9], Lemma 5.4; so we omit it. O

Proposition 4.5. If the initial configuration of X% is random with distribution u € G(z) , then this solution
is time-reversible, that is its law is invariant with respect to the time reversal.

Proof. of proposition 4.5
We have to prove that for any T € [0,1], for fi,..., fr bounded continuous functions on M with compact
support and for ¢y, ..., € [0,7)

k k
/ E (H fi(X”vx(tm) dp(x) = / E (H Fi(XooH(T — u))) dp(x) (28)

But X°% is, by construction, the weak limit of X'®. Then equality (28) holds if the following equality holds :

k

k
Jim [ E <1:I1 FilXPe(t:) - i[[lfxxlv“’(T - u))) dp(z) =0
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Like in the proof of proposition 3.2 step 1 (cf inequalities (17) and (18)), we go back to Q4" which is reversible :

k k
‘/E (H fixb () = [ (1 - tz‘))) dp(x)

i=1

k
. l,n
. Ail;[lfz( Hfz )) dQL"(X) dp(n)
k n
+2 Z_l;[lggglfi(ﬁ)l /A<1 ZZ") dp(n)

where A = [~[,1]%. The first term of the right hand side is equal to 0 and the second term tends to zero as I
tends to infinity.

O

5. APPENDIX : ESTIMATE OF THE PROBABILITY OF FAST OSCILLATION
FOR BROWNIAN MOTION

Proposition 5.1. If W is a one-dimensional Brownian motion on (Q,F, P) then for every e > 0 and every
d €]0,1]

41 g2
W.8)> < = -
P(w(W,d8)ze) < 5 €XP ( 55)

Proof. We first use Doob’s inequality applied to the submartingale exp(2W (-)?/5s¢) and then the Gaussian
property E(exp(aW (1)?)) = 1/4/1 — 2a to obtain

2 2
P@ssso, W0 = P s en) > eph)
2 2 2
< exp(—%)E <exp(%)) = \/gexp(—%) (29)

Now using the translation invariance property of the Brownian motion and inequality (29) one obtains :

P(w(W,8)2¢) = P | sup [W(t) = W(s)|>e

[t—s|<6
0<s,t<1
<P( {og 28‘5 38‘5 300, 1] Hse[i,i—i—g[ﬂte[ss—i—é sit. (t)—W(s)|>e)
< {%%) <35€[ 5[31?6[ 5—}—5[5.‘5. W (t) — >>
8 6 94 € 3
< (S ° 2. c 3¢
< 5+1>P<Els€[0 S[3te 0,2 (st W) or (D) 4>
8 yety 29:2 8
< (2 _zz Z 2= =2
s (5“) g\/geXp( 5165 T V(55 95)>
41 (_E_)
S 75 PR
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