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Abstract
We prove in this paper an existence result for infinite-dimensional stationary interactive
Brownian diffusions. The interaction is supposed to be small in the norm || - || but otherwise

is very general, being possibly non-regular and non-Markovian. Our method consists in using
the characterization of such diffusions as space-time Gibbs fields so that we construct them by
space-time cluster expansions in the small coupling parameter.
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1 Introduction

Let Q = C(R,R)Zd be the configuration space, and F be the canonical o-field in it. For w €
we write w = (w;i(t));czd er- Suppose we are given the following infinite-dimensional stochastic
differential equation (s.d.e.)

axi(t) = ( - %@'(Xi(t)) FB(0,X) )di +dBi(1) . i€ T te R (1)

where
e ¢ is a suitable self potential, to be chosen in a class that will be defined in Section 2;

e b:C((—0,0], R)Z' SR is a measurable bounded local function, say b(w) = b(wy,), where
wvy = (wi(t))ieag,te]-Tp,0) 18 the restriction of w to a bounded subset Vo = Agx]| — Tp, 0] C
Z% x R of space-time- coordinates, containing the origin;

e 0;, is the space-time translation on § given by (6;+w);(s) = wit;(t + s);
o (B;);cza is a sequence of independent real-valued Brownian motions.

Our aim in this paper is to prove the existence of a stationary weak solution of (1) with possibly
non-Markovian and non-gradient drift in an infinite time-interval.

Such diffusions restricted to a finite time-interval (say [0, 1]), with b(w) = b(w(0)) (Markovian
drift), and when b is the gradient of a smooth Hamilton function, were described as lattice Gibbs
states on C([0, 1], R)Z* first by Deuschel in [5, 6] and later in [3]. We will use here the description
of weak solutions of (1) as space-time Gibbs states on Q. To be more precise, let Q € Ps(2) be
a space-time translation invariant probability measure on (2, F), and b be a given function as
above. We denote by P the reference measure in Ps(2), law of the stationary solution of equation
(1) with b = 0. We make assumptions on ¢ which guarantee existence and uniqueness of such
“free” infinite-dimensional diffusion without interaction P. Under the integrability condition

H(Q) < +o0,

where H denotes the specific entropy of @ with respect to P (see formula (11)), the main result
in [4] was the equivalence of the following assertions:

(i) @ is a stationary weak solution of the stochastic differential equation (1).

(ii) @ is a space-time invariant Gibbs state for a specification which is built on a Hamiltonian
functional H defined on C(R,R)%" and given in (10). This specification is defined as a
perturbation of a reference specification, which in this model consists of stochastic bridges
derived from P.

No existence result of solution of equation (1) was proved in [4].

When the drift b(w) = b(w(0)) is a regular Markovian one, existence and uniqueness of strong
solutions of (1) were proved in [7] and [26]. But it is not clear whether among the solutions there
is one that is time stationary. Furthermore, not having assumed any smoothness on the drift b
and no Markovianity, it is not known whether the s.d.e. (1) admits any weak solution. Indeed,
we show here that a stationary solution of (1) with general drift b can be constructed by cluster
expansion, provided ||b|| is sufficiently small.

Gibbs fields on the trajectory space C(R,R) were introduced in the context of Euclidean
quantum field theory as quasi-invariant measures (see Courréege and Renouard [2], Royer and



Yor [25] and references therein). One of the difficulties in dealing with Gibbs fields on path
spaces comes from the fact that disjoint time regions are not independent under the reference
measure. More recently Betz and Lorinczi [1] used D-L-R approach for constructing P(®);-
processes, and Osada and Spohn [21] used it for constructing a class of Gibbsian non Markovian
real valued stochastic processes. One finds also in [15] and [16] the use of cluster expansion
methods to solve existence problems of Brownian paths under different types of interaction.

In this paper, following the notions introduced by Minlos, Reelly and Zessin in [19], we deal
with Gibbs fields on C(R, R)Zd, that are parametrized by space and time Z¢ x R. Some of these
fields are related with quantum Gibbs states through the Feynman-Kac-Nelson representation
- cf. [20] for a very clear description of the relation with physical quantum models -. The
originality of the model we present here comes from the generality of the Hamiltonian functional
H, which is neither a quadratic or a polynomial one as in [19] (formula (35) or (74)), nor a
bounded functional. It includes a stochastic integral term, and therefore is highly explosive.

The paper is divided into the following sections.

1. Introduction.
2. Infinite-dimensional diffusion as space-time Gibbs states.

3. Cluster representation and cluster estimates

2 Infinite-dimensional diffusion as space-time Gibbs state

First of all we introduce our one dimensional reference process, whose law on C(R,R) is denoted
by W, as the time-stationary solution of the scalar differential equation

du(t) = —%@’(x(t))dt + dw(t) )

where w is a real valued Brownian motion and the self potential ¢ is a C(R, R) function satisfying
the following properties :

1
‘ ‘lim ¢(z) = +o00, and ICy € R such that ¢ =: " — 5(90’)2 <Oy (3)
T|—+00
e ? € L'(R). (4)
0 < liminf ¢"(z) and M > O,/ —dx < 400. (5)
|| —-+oo o|>m ¢ (T)

Property (3) guarantees that, for any given initial condition, a unique non-exploding strong
solution of (2) exists (see Theorem 2.2.19 in [24]). Property (4) is in fact a consequence of the
first part of (5) since the assumption liminf|;_, o ¢"(2) > 0 implies that the measure e~ @) dy
has tails not bigger than Gaussian. It ensures that the measure e~%dx, which is invariant, is
normalizable. Let u(dx) = e #@dx/ [ e=#Wdy denote this unique invariant Probability measure
associated to (2). Property (5) ensures that the process z(t) is sufficiently ergodic against u, in
the sense that its associated semi-group is ultracontractive.



2.1 The infinite-dimensional diffusion

Let  =C (R,R)Zd be the canonical configuration space, and F be the canonical o-field. With
P(2) we denote the space of probability measures on €2, and Ps(£2) is the subset of P(2) consisting
of those probabilities that are invariant for the space-time shift maps (GZ"t)iEzd’teR.

In what follows we let P be the law of the reference non-interacting infinite system, i.e.

P - ®ZdW c PS(Q)

The main object of this paper is an infinite-dimensional diffusion that is obtained by per-
turbing through an interaction a system of independent particles each evolving with dynamics
given by (2): we fix a bounded subset Vy = Agx] — Tp, 0] C Z% x R™, and assume we are given a
measurable bounded Vp-local function b(w) = b(wy,) on C([~Tp,0],R)A?, where this path space
is provided with the topology of uniform convergence, and the corresponding Borel o-field.

We consider the associated stochastic differential system

dXZ(t) = < — %@/(Xz(t)) + b(¢917tX)> dt + dBZ(t) , 1€ Zd, teRT. (6)

Remark that, in the time-stationary situation, we can also consider the above system for any
time t e R.

We recall that a weak solution of the s.d.e. (6) is a probability measure @ on 2 such that the
scalar processes

(300 [ (= 3¢/ + (0.3 ) s

are (Q-independent Brownian motions, where X is the canonical process on Q: X;(t,w) = w;(t)
forweQ,ieZand t € R.

i€Z4

2.2 Its characteristics as Gibbs field

For Q € P(Q2), and G sub-o-field of F, we denote by Q(-/G) a regular version of () conditioned
to G, while Qg denotes the restriction of @ to G. To define space-time Gibbs fields, we need to
introduce different filtrations on the space-time structure. Let )V be the set of space-time volumes
V having the form V = A x I where A C Z% is finite, and I =]ay, az[ is a bounded open interval.
For a space-volume A C Z¢ we define its enlargement A+ and its boundary OA by

AT ={iez%: (Ag+i)NA#0}, and DA = (AT)T\ A.

For a time-volume I =]ay,as[C R we define its enlargement It by I = [a; — Ty, as].
For V.= A x I € V the forward o-field Fy and the backward o-field Fy are defined by

Fy =c{wi(t):i e AT t e I}, and Fy = of{wi(t) : (i,t) € V).
The boundary o-field 0Fy is given by
OFy = Fv N Fy.

For future use, we also let
By = a{wi(t) 11 E A,t S I}.



Now, the reference specification II° we consider is the following kernel based on P :

VYV eV, Ae Fy, Iy (A) = P(A/Fy) P—as. (7)

It is easy to see that, for V = Ax]ay, as[, I1Y is given by

T (w, dw') = @i pygv O () (A1) © Diea W01 (92) (gl (8)

[a1,a2]

where W[:Z;y,ag} is the law of the stochastic bridge on [a;, as] obtained by conditioning W to be
x at time a; and y at time ay. That II° is a space-time specification in the Gibbsian sense has
been proved in [19], Example 2, Section 1.4.2.

On the path level, the interaction functional is given through a potential ® = (®y )y ey which

is defined on a subset €' C Q as follows :

Pryr = 0 if ABicZd:A=i+ A
Blisngwr(@) = — [, b0 w)dwi(t) + 1 [, [b(el,tw)(b(ei,tw)—gp'(wi(t)))]dt otherwise
= — [, b(0iw)dB;(t) + 1 [, b2(6; 4w)dt
(9)

where the process B is defined by

Bilt) = wilt) + » / &/ (wi(s))ds, t €lar, aal,

al

and satisfies that B;(a;+.)— Bj(a;)’s are independent Brownian motions under P. Note that the
potential @ is not defined a priori on the whole €2, but only for w € Q' for which the stochastic
integral [, b(6;w)dw;(t) makes sense (in particular, P(Q) = 1). Anyway @ a,)xs € L*(P),
and therefore is finite P-almost surely. We make the convention that it is always chosen in such
a way that it does not assume the value —oo.

The associated Hamiltonian is defined on Q' for V.= A x I by

Hy(w)= Y Qaxglw)=-> [ / b(6; 1w)dB;(t) — % / b2(«9i7tw)dt] , weQ.  (10)

ANAZD ient 1 1

We observe that ® and H are space-time translation invariant, and that Hy is Fy-measurable.
We can now define for V€ V, w € Q the specification Hg (w,.) as the following Probability
measure on ) with support included into €/

1 (0, du) { 025%1“’(“/) exp(—Hy (W) (w, dw’)  if 0 < ZH (w) < 400

otherwise,

where

2w = [ expl(~Hy ()T (v, )
is the (0Fy-measurable) normalization factor.

Definition 1 A probability measure QQ on ) is said to be a space-time Gibbs state with specifi-
cation I if there exists a subset Q' C Q such that Q(Y) = 1, H is well defined on ' and, for
allV €V and A € Fy

Q(A/Fv) =TI{(A) Q- as.



The set of space-time Gibbs states for II* will be denoted by either G(IT) or G(H,T1°).
Moreover we let G¢(IT*) denote the set of space-time invariant Gibbs states, i.e.

Gs(IT") = G(T1") N P4(Q).
For @ € Ps(€2) we also define its specific entropy with respect to P by

H(Q) = / WQ/B s, P(/B)is,) dQ (1)

where h(-;-) denotes the relative entropy between two measures,

By = Byoyxo,1]

and
B~ =c{wi(t): (t<0,icZ or (0<t<1andi<0)}

Here we use as order in Z? (denoted also by ”<”) the lexicographic order.
Let us now enounce the key point on which our existence theorem is based (it is a condensed
version of Proposition 1, Theorems 1 and 2 in [4] ).

Proposition 2 Let Q € Ps(Q) be a weak solution of the s.d.e. (6). Then Q € Gy(II*) where the
Hamiltonian H is given by (10). Reciprocally, if Q € Gs(TI) is such that H(Q) < +oo, then Q
is a weak solution of the s.d.e. (6).

2.3 The Existence theorem
We are now able to state our main result.

Theorem 3 If the drift b has a norm ||b||e sufficiently small, then there exists a stationary
weak solution @ of the s.d.e. (6) . This Probability measure @ admits a cluster expansion and
s invariant with respect to space-time translations. Moreover it satisfies the property of short
range correlations, i.e. for every A C Z% finite, I bounded interval of R and F,G : Q — R
Faxi-measurable, we have

lim - QF(G 0 0;,4)] = Q(F)Q(G).
|4 t| —=+o0

The proof of this theorem is based on the following convergence result.
Without loss of generality, we may assume that Ag = {i € Z¢ : |i| < ro}. Define, recursively,
Ani1 = A}, Moreover, let I(n) be an increasing sequence of bounded intervals whose union is

R. Note that V,, = A,, x I(n) C 74 x R is an increasing sequence of bounded sets which tends to
Z% x R as n tends to infinity. Finally, for n € Q, we define 77(”) by

(n) (1) = 7 (t) for t > inf I(n)
L | ni(infI(n)) otherwise.

Lemma 4 Let QQ,, be the Probability measure on 2 defined by :
Qu(dn) = exp [~ Hy, (n™)] Pdn).
If, for each local bounded measurable function F,
lim Qu(F) =: Q(F),

then the weak limit Probability measure Q belongs to G(II17).



Proof : For n € Q, we write ny the restriction of 1 to (i,t) € V. Observe that

Qu(dn) =T (0%, dn) ZL], (nf?) Pis,.. (dvg ),

since H?/n (ng:s), dn) = H?/n (nve,dn). Moreover, by Girsanov Theorem, it is easy to check that

[ 20 P () = 1.

Thus, @y, is a mizture of the local specifications H‘I}'n (nve,dn). The conclusion then follows as in
Proposition 1 in [19]. O

The next section is devoted to the proof of the convergence of ), which is based on the
method of cluster expansion.

3 Cluster representation and cluster estimates

3.1 The cluster representation of statistical sums

The different steps of the proof to obtain a cluster representation of the measures @), are the
same as in [19] Section 4. The new difficulty comes in the next subsection for the computation
of the cluster estimates since the Hamiltonian functional is highly non regular.

The main idea is to discretize in time the volume V,;, to have a better understanding of the
local structure of Q,,. After having performed the discretization, the typical strategy in cluster
expansion is to expand the partition function

Zn—/kmﬂ—memU}PMm,

that in our case equals 1, due to the P-martingale property of exp —Hy;, (1). The cluster estimates
for the integral above are, however, exactly what is needed for our purposes. Let a > 0 be a real
number which we will choose later and Z, C R the one-dimensional time lattice with step length
a. We let, for j € Z, I; = [ja, (j + 1)a]. Moreover, we let

73 =74 % 7,

be the space-time lattice with scale a for the time. We call temporal edge in

Z4F1 a pair of the form (i,1;), i € Z%,j € Z . The points (i, ja), (4, (j + 1)a) are called the
vertices of the edge.

We call contour on the interval I; a sequence of Ag-connected temporal edges 77 of the
following type :

v = A0 1), (im, 1)}

where Ag-connected means that, for k = 1,...,m—1, (igs1+Ao) N (ix +Ao) # 0. If the meaning
is clear, then we write sometimes k € 77 instead of (k,I;) € 47.

For every set B of temporal edges we denote by [B] C Z&+! the set of vertices of the elements
of B. For example, [{(i,1;)}] = {(i, ), (i,j + 1)} C Z4+L.

We now assume that the time interval I(n) which appears in @, is of the form

N—-1
I(n) =[-Na,Na| = |} I,
j=—N

7



where N = pn for some p € Z, p > 0.
We define the transition density ¢;(z;y) of the one-dimensional reference process x(t) solution
of (2) with respect to its invariant probability measure p by the following equation :

W(x(t) = dz/zo = y) = qi(a;y)p(d).
Since the process x(t) is Markovian, we have :

W(-/x(ja) = y;,5 = =N,...,N) = @ W/ ().

Let also denote by y, the (2N + 1)[A,2|-dimensional vector (yi;)(i j)en, ox{-N,.. N}, Where
|Apt2| is the number of elements in A,19; let also 0I(n) = {inf(I(n)),sup(I(n))}. With these
notations, and after having noticed that Hy; (7)) depends only on 7;(t), i € Apyo, t € I(n), one
can write the partition functions Z,, as follows

Zp =: /Q/QeXp [—an("?("))] H?\n-s-le(n)(w’dn)PiBAn+2xaI(n)(dw)
— /RAMQ(QNH) Zn(Yn) iJ\—I 2 Qa(Yij+1;Yi5) ®]i€—/i\7+21v w(dy; ;) (12)
jsz,Tl.J,eri
where
Zulom) = [ xp [~H, ()] © ien o WESO ). (13)
Q j=—N,...N

Since the Hamilton functional Hp; is additive with respect to the time interval I,

—Nl

o (yn) H —Hp,x1,( ())} iAWY (dny).
j=—N,.N

For a step length of the time-lattice a sufficiently large, I;' = [ja—To,(j +1)a] C I;_1 UI; and
the coefficient Z,(y,) decomposes into the following product of integrals :

j=N-1
Zn(yn) = H / eXp HAan ( (n ))} Richnis W]yji;jl—lvyi,j (dm)Wijimyi,jﬂ(dm)

le

= H /Q TT oxp [~ @psnnet, (1) @ien,pn WET 2 () W1 (difid)
k€An+1

For simpliﬁcation, let us denote by

Pr () = Pryng)x; (n™).

We first analyze the product on the space-lattice in the last expression, in order to exchange it
later with the integration on ().

IT ep=®e;m) = ] <1+exp(—¢)k’j(n))_1)

k€An+1 k€EAn+1

= 1+ 3 [T (en(-ax;0m) 1)

L kel

— Y Y 1 I (expl-tusm) —1) (15)

s21 0yl m=1keyd,



where the summation ), takes into account all non empty subsets of A1, and the summation

Zyj 7] takes into account all maximal “Ao connected” components of (L, I;), id est
10

L I;) = {(k, 1),k e L} = .-+ Uys and this decomposition is the finest one such that
(L, 1 J ’Y1 7 p

... ,fyﬁ are disjoint sets satisfying for m # m’,(7#, + Ao) N (7], +Ag) = 0 - in an obvious way,
v+ Ao = {(k,I;), k = k' + i where (K',I;) €47 and i € Ao} -. So

le

Z / (1+Z Z H H (eXp (I)k ]( )) )>®i€An+2Wijmll’yi’j (dni)Wijmyi’jH(dni)'
- s>1 ] B ,Y]m 1k€’ym
(16)
To avoid an excessively heavy notation, we do not write the condition that the contours
appearing in the sum above are formed by temporal edges of the type (i,I;), with i € Ay41.
Before inserting the expression (16) into (12), we analyse the time-product :

Il wWiivy) = 11 (1 + qa(Yij+13Yij) — 1)

j=—N,..N-1 j=—N,..N-1
= 1+> ] (Qa(yi,jJrl;yi,j) - 1)
T I]'ET

= 1+> ) ﬁ 11 <Qa(yi,j+1§yi,j)_1) (17)

p2lri. riu=lIer)

where the summation ) _ is over all non ordered collections of intervals of the type I; included in
I(n) and the summation Zr;’... i is over all pairwise non intersecting collections of consecutive

(connected) time intervals 7% = (I;, Ij41,..., j4,). The 7¢’s, called temporal series, are then the

connected components of 7 and can also be represented by the following collection of temporal
edges:

Té = {(i7Ij)7 ce (iv Ij+r)}'

Then, inserting expressions (16) and (17) into (12), we obtain

z,= |
RIAn+2l(2N+1)
j=N-1

H /(”Z Z H 11 (exp Y ))—1)> Qi WET 0 (dn) W27 (dig)

S>1 17 7"/5m lke'Ym

11 (1+Z > H 11 (Qa(yi,j-i—l?yi,j)_l)) ® iehnin M(dyij).

i€Anyo p>1 i, riu=lTer] J==N,.,N

So,

n_1+z > HKFZ, (18)

where the last summation is taken on all non ordered collections of pairwise non intersecting
aggregates I, an aggregate I" being a non empty collection

F:{ry{l,...,fyssﬂ' N



of Ag-connected contours and temporal series satisfying : for m # m/, (%jn +Ap)N ('yf%, +Ay) =92
and for u # v/, 7, N7}, = @. Moreover, B,, is the set of aggregates corresponding to the volume
Vo, ie. I'= {'y{l, e ,'ygs; 7'1“, ..., '} € By, if the temporal edges in the y}{" are of the form (i, 1)
with @ € A, 41, I; C I(n), and the ones in the T]ik are of the form (4, I;) with i € Ay 49, I; C I(n).

The decomposition (18) is called a cluster representation of the statistical sum Z,, and the
coefficient K is given by the following expression :

S
Kr = /H/ H (eXP(_(I)k,jm(U))—1> Dyenim i, W}!j;jyfl—l,yi,jm(dm)Wij;jmvyi,ij(dm)

m=1 Q kE’anm
p
I 11 (qa(yiu,jJrl;yiuJ) - 1) ®(i,)err) Mdyi;) (19)
u=1 IjGTqiu

where T is the set of all temporal edges which compose T

3.2 The cluster estimates

The following proposition is the key point of the convergence proof of the measures @,, .

Proposition 5 Under a suitable choice of the time scale a there ezists some constant A(g) which
tends to 0 as € goes to 0 such that, if the norm ||b||oc of the interaction is smaller than e, the

weight Kr of the aggregate T' = {~]",. .. ,'ygs;Tfl, e ,T;p} satisfies the estimate :
K| < AT (20)
where |T| = |['| is the number of temporal edges which compose T.

Proof of Proposition 5 : To estimate the coefficient Kr defined by (19), we need to commute
several times integration and products. To this aim, the following abstract integration lemma,
which generalizes Holder inequalities, will be very useful. It is proved in [20] Lemma 5.2 :

Lemma 6 Let (uy).ex be a family of Probability measures, each one defined on a space E,,
where the elements x belong to some finite set X. Let us also define a finite family (f;); of
functions on Ex = XzcxEy such that each f; is X;-local for a certain X; C X , in the sense that

file) = fileyx,), for e = (ex)zex € Ex.

Let p; > 1 be numbers satisfying the following conditions :

1
VeeXx, ) — <1 (21)
X;Sx Pi

Then

/ H fz Qzex d,ua:
Ex

)

/pi
<I1( i AP B dns) (22)

10



Lemma 6 allows us to exchange the second product with the integral over €2 in the expression
(19). Let us define

K(y)) = / H (exp(—q)kvj(n)) — 1) R 1A, ng!ji;jl—lvyi,j(dni)Wiji,jvyi,j+1(dni).
kEYh
Then, by Lemma 6 applied to X = fy,jﬁ—i—Ao, X, =i+N,, E; =C(R,R), p; = Wf;f{l(@Wf;’j’yi’jH,
fi=exp(—®; ;) — 1, we get
K@) < ] knyvn) (23)
kEYh,
where

1/p
P i,i—1,Yi,5 1,55Yi,j
kk,j(yn) = (/Q (exp(—@;w-(n)) — 1) ®i€k+Ao lejl,—ﬁ 1,Yi,j (dnz)W[i JoYi,5+1 (dnz)>

and p; is an even natural number greater than |Ag|, in such a way that the condition (21) holds:

for every fixed 7
1 (A
Hk,k+Ag2i}|—=—<1
P1 1

So, returning to (19), we obtain

S p
|Kr| = ‘/ T E@TT T @aivistiving) = 1) @4 M(dyi,j)‘
m=1

u=1 Ij GT&“

IN

s p
/H I %kim@n) TT T la@insrisvins) = 1 @0 jpem #ldyig) — (24)

m=1 kevinm u=1 IjGTqiu

Applying once more Lemma 6, we obtain

1/p
x| < IT 11 </ﬂ<k,jm(yn)”l B(i,j)ek+Aox {jm—1.m.m+1} M(dyz‘,j)>

P 1/p2
H H </‘Q(1(yiu,j+1§yiu,j) - 1|pZM(dyz‘u,j)M(dyz‘u,jnLl)) (25)

u=1 I]' ET&U

where p; and py have to satisfy the adapted condition (21) : for every fixed (k, ja)

12
{(K,5), (K" + Ao, Iyr) 3 (K, ja)}|— + — <1,
PL P2

which is equivalent to
2| Ag| 2
—+—< 1L
P1 P2

The choice (p1, p2) = (4|Agl,4) is a possible one and we will take it. Then

iu|

s Jm P
|KF| S Mlz:mzl |'Ym |M2z:u:1 |T“

11



where Mf Aol is an upper bound independent of k and j of

/ /Q (exp(—q);w’(n))—1>4|A0‘®z‘€k+Ao WL (dg )W (i) (i -1 )y ) (i 1)

= [ (expt-estm = 1) ( TT aaulon(G+ D)~ Da)))” Siern, W)
i€k+Ao

— [ (o) = 1) (T oG+ D)l — Da))) Pl

i€k+Ao

and Ms is an upper —bound of

1/4
( / (dalyi @) — 1>4u<dy>u<dx>> | (27)

Lemma 7 If |bl|s < € and for a time unit a sufficiently large, we have

) 1/(4]Ao])
(L(Gva@k,j(n))—l)““( TT aselm(G+ Da)im((G — V)a)) 1P<dn>> < Cell?

i€k+Ao

where C' is a positive constant independent of k,j and n.

Proof of Lemma 7 : First note that under assumption (5) given in section 2 on the interaction
of the one dimensional reference process W, its semi-group is ultracontractive and, in particular,
qi(z;y) converges, when ¢ tends to infinity, towards 1 uniformly in = and y -the precise rate will
be computed later to estimate My, see (29) -. So, for ¢ large enough, ¢;(x;y) is bounded from
below uniformly in  and y by some strictly positive constant, that is :

JA > 0,3ag € RY,Va > ag,Vz,y, qu(z;y) "' < A

We now have to estimate for a large enough the 4|Ag|-moment of (e~®#7 —1) under the Probability
P. To simplify, let us use the notation p =: 4|Ag].

(e <) (T sl + DG = 1)) Pl

i€k+Ao

1
<Al [ ( / Dy j(m)e 1 Wdr)” P(dn)
and
1 p
[ ([ twstmemsar) pan)
0
:/@kyj(n)p/ 67(71+"'+Tp)q>k»j(’7)d7'1...dTpP(dn)
Q [0,1]°
= / / @;w(n)pef(TlJr"'JrTﬂ)q”“’j(”)P(dn)dﬁ ...dr,
0,17 Jo
dP

— /['0 l]p deS(Z)|Z:T1+'~~+7—pd7'1 . dTp (28)
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where
8@w=/e2%ﬂmpwm
Q

is the Laplace transform of the r.v. @ ;. Extending S to complex numbers, we have, for any r
such that S is well defined on B(z,r),
dr !

P
—S8(z)] <= S()|.
e {cecjlclf)z\:r}‘ ©l

But, for { =z + iy, =,y € R,

|5(<)| < /Q‘e@k,j(n)‘p(dn) :\/Qexq’k,j(n)P(dn).

To bound this exponential moment of ®; ; under P, we will use the fundamental property that,

for each A C Z¢ finite and a; € R the process (exp(—H Ax}al,az[)) is a P-martingale for

a2>a1
the filtration (Fpx)a; az))as>a;- In particular, exp(—®g ;) is the value at time (j + 1)a of a

P-martingale which equals 1 at time ja. So we have

2 2

; n B, €z n r-—x n
00 —exp (o [ DB - G [ DO de) exp (T [ D00 )ar)
I; I; I;

where the first term in the product of the R.H.S. is the value at time (j + 1)a of a P-martingale
which equals 1 at time ja.

To bound (independently of 7) the second term in the product of the above R.H.S. note that,
since x is the real part of a complex number ¢ satisfying |( — (71 + -+ + 7,)| = 7, = is bounded
above by p+r. So

2

2
- 2 (n) < (p+r1) 2
exp ( 5 /Ij b* (0 1 )dt) < exp (72 aHbHoo).

This implies that,

4 2
swp 180 < exp (LI )
{CeC[¢—z|=r}

[ (o [ ot % [ 026u0) P

J I;
+7)?
< e (L ap)2.).

Returning to (28), we obtain for r > 0,

o p p' p+r 2
/Q<6 <1>k,](77)_1> P(dn) < ﬁexp<( 5 ) aHngo)

p!
< Zexp (2albl% 1?).

Since this last upper bound holds for any r > p, we choose the r which minimizes the R.H.S.,
and obtain

9 \ P/2
/ (ef@k,j(n) — 1>pP(d’l7) < plexp(p/2) <%>
Q P

CPa’’? b5

IN

13



Taking now the time scale a(e) = 1/¢ and being p > 1, we obtain the desired bound of Lemma
7. O

Let us now give a bound called Mz (e) for the expression (27), when the time scale a tends
to infinity with the rate a(e) = 1/e. We work under the assumptions (5) given in section 2 on
the interaction of the one dimensional reference process and will now use the ultracontractivity
of z(t). So, to compute the rate of convergence to 0 of

/ (412 (3 ) — 1) uldy)a(d)

as a function of ¢, we will directly bound |q;/.(y;z) — 1| uniformly in = and y, using similar
arguments as in the appendix of [4] :

sup |qi(y; o) — 1| = sup [q1 * (qr—2 — 1) * q1(y; )|
y,tER y,tER

< sup/sup a1 * [gi—2 — 1|(y; w) g1 (w; ) p(dw).
Tz€R yEeR

where ¢; * g5 is defined by

q * qs(y; x) = /qt(y; w)qs(w; ) p(dw).

By Theorem 1.4 in [13] under assumptions (5), the semigroup associated to x(t) is ultracontractive,
i.e. it maps L?(u) into L>(u); so there exists C7 > 0 such that

supqi * |gr—2 — 1(y;w) < Chll(gr—2 — 1)(5w)|l 12y
yeR
So

sup i) 1] < Crswp [ au(wio)(ar-2 — 105 w)2gn(do)
y,7€R z€R

CElw— (g2 = 1) 0)l 2wy | 2 )

Now, is it known that ultracontractivity implies L?-contractivity. Thus, denoting by a the
spectral gap,

IN

< e g (w) — U2
L2 ()

[(gt—2 — D) (5 w0)|| 2w = ||@—2(5w) — /Qt—Q(Z§ w)p(dw)

which implies

1/2
sup |q(y;z) — 1| < Cfe 79 (//(ql(x,y) — 1)2u(dx)u(dy)> (29)

z,yeR

which converges exponentially to zero as t tends to infinity. Then, there exists a constant Cy
such that, for € small enough,

1/4
</(ql/g(y; ) — 1)4u(dy)u(dx)> < Che@/F <yl

Introducing this last estimate together with Lemma 7 into inequation (26) we obtain the following

cluster estimate :
|Kr| < C3 /21, (30)

This concludes the proof of Proposition 5 with A(e) = £!/2.
g
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3.3 The cluster expansion of the measures (),

As usually when techniques of cluster expansions are used (cf. [18]) the representation (18) of Z,
and the estimates (20) allow to obtain in a canonical way an expansion for the measures @,. In
our particular situation, the expansion of @, is very similar of that computed in Section 4 of [19]
for polynomial interaction. Nevertheless, by care of completeness, we sketch here the important
steps of this method.

We shall now get a representation for the integral [ FpdQ,, where Fp is a local bounded
measurable function on 2 localized on B, and for n large enough, B is included in the set B,, of
all temporal edges of V;, = A,, x I(n).

First we formulate some important consequence of the cluster representation (18).

Let 7 be a finite set of temporal edges and let us introduce the partition function

v
Zr=1+ » [lxr,

I1,..,y =1

where the summation is taken over all non ordered non empty collections {I'1,...,I',} of pairwise
non intersecting aggregates I'; such that I'; C 7, and K, is defined by (19).
For any set of temporal edges 7" D 7 we define

Zns
T’ m\T
= — 31
7= (31)
where T is the set of edges which have common points with edges from 7.
The following lemma, which can be found in [18], Chapter 3, holds :
Lemma 8 For € small enough,
i) there exists a constant Cy > 0 independent on T and 7' such that
7] < Cy 27! (32)
i1) the following expansion holds :
-
=1+ > D-(5) |] Kr, (33)

where the summation is over collections = of aggregates I'; such that = is connected, T N
ULy # 0 and U;T; C 7. The coefficients D, (Z) do not depend on 7' and the serie is
absolutely convergent.

iii) there exists a limit for the expansion (33) when 7' tends to the set of all temporal edges in

d+1
Za
-

fr=lm =1+ Y D3 ][] &, (34)

T2 E={I1,...,.Ty} Ie=
iv) there exists a constant C5 > 0 such that the following estimate holds :

9l7|

‘f;— _fr| < Cs 2d(r)

(35)

where d (T, T,C) is the length of the smallest path which goes from T to the complement of
7' in 24+
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v) there exists a constant Cg > 0 such that the following estimate holds : for 11, 7o C 7'

‘f;-llUTQ — I f;'\ < Cg 3ImIHIml ) (g)dlrm)
and (36)
‘leUTQ - f7—1 . ng‘ < CG 3‘Tl‘+|72\)\(€)d(71,7'2).

We now return to the expansion of the integral of the functional Fz. We have
[ Fua@n = [ Fan) exp [~y 0] Plan
Q
=: Z,(Fp)
which has the following representation :

Z Ko(Fp) (1 + Z H KD) (37)

O={T} _ E={Iy}  TueE
I'CBy T';CBn\(BUO)

and, modifying in the right way equation (19),

Ko(Fp) =

[ [ #ato (H IT (e~ ) 1T T (o sorn 1)
mlkegnm ulIETZu

Dicd +, Wiiimf I ()W (i) @ ey 1M(dYig)-

From (37) and (33) we find

/FB dQ, =

2K
(S

= Y Ko(Fp)Dp s(E) [] Kr.
0,=

I'e=

(FB)fBU@

Using estimates (32) and (34), we can conclude that for € small enough (which implies A(e) small
enough) the above serie converges absolutely and uniformly in 7, so that

lim [ FpdQ, = > Ko(Fs) fsue
S

VaZd xR
/ Fp dQ.

The functional Fg — [ FpdQ is linear bounded and positive on the algebra of bounded local
functions. Then there exists a unique probability measure () such that

Q= lim

Vo 1Zd xR

By computing the cluster expansion for [(Fg — Fpo6;;) dQ, we can also conclude that @
is space-time shift invariant.
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Furthermore, the fact that () satisfies the property of short range correlations is a consequence
of a cluster representation for

/ Fi, FidQy, — / Fi, dQ, / FidQ,

and (36).

By Lemma 4 and Proposition 2, in order to complete the proof of Theorem 3, we only have
to show that the measure () we have just constructed has a finite specific entropy with respect
to P. We first note that the map Q—H(Q) is well defined by (11) for all @ € P(2), and it is

lower semicontinuous. In particular,

H(Q) < hrnnian(Qn) < Sng(Qn) (38)

Under @, and for ¢ € I(n), the canonical process is a weak solution of the s.d.e.

dX;(t)
dX;(t)

[~/ (Xi(t) + (B, X)) dt + dBy(t)  for i € Ay
—%w( ())dt+dB() for i @ Apyr.

Consider the o-field )
B~ =o{wi(t): (t<0,i=0)or (t<1,i#0)}.

We may assume that n is large enough so that [0,1] C I(n) and ({0}7)" C A,. By the same
argument of Lemma 2 in [4],

M *1ex ' W™ dB: _112,w(n)
ap (/B I = 2 P | 2 [ psanw - [ el |

where Z(n) is a normalization factor. - Let us remark that P(-/l%‘)“g1 (w) = W[Ugol(]o)(), where

Wig,q is the law on [0,1] of the one dimensional reference process W defined in (2) conditioned
to be z at time 0.- Define

H(Qn) = / W(Qu(-/B ) 50: P(/B)ys,) d Qo

It is the local entropy defined by Féllmer et al. in [10] definition 2.1. Since B~ C B, by Jensen’s
inequality, H(Qn) < H(Qy). Thus, we are left to show that H(Q,,) is bounded in n. But

Q= [ | % [ / b0 "B - & / 1b2<el-,tw<">>dt] 40, ~ [ log Z(m)dQ,. (39

ie{0}t

We analyze separately the two summands in (39).
Using the fact that

Bi(t) = B;(t) — /0 tb(el,sw(m)ds, i€ {0},

are independent Brownian motions under Q,,, we get
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/ !Z [/01 b(6; 1w ™)dB; (t) ;Ale(ei’tW(n))dtu a0,

ic{0}+

_ / 3 [ /0 ' b(,gi’tw(”))dBi(t)—k% /0 1b2(9i,tw(”))dtu dQ

| i€{0}T

_ / ) % / 1b2(¢9i7tw("))dt] dQ,
0

| i€{0}+
< [Aol[IblI3.

Moreover,

dP(-/B )3,

> [ /0 1 b(0;10"))dB; (t) — % /O 1 b2<9i,tw<">>dt}

ie{0}+

o) — —log /!

_/ Z [/01 b(ei,tw(n))déi(t) - %/01 bQ(ei,tw(n))dt]

Lic{0}+

IN

dP(-/B7) s,

1 1
= - / > [ / b(ez-,tw@))de-(t)jL% / b2(0i,tw("))dt} dP(-/B7 )5,
Liefoy\foy =70 0

1 1 .
+5 [ [ oPontiart/E g,
0

/ LG{O}JF\{O}

1 ! A
+§// b? (0o, ™)dt dP(-/B™) 5,
0

where we have used the fact that By(-) is a Brownian motion under dP(-/B~). Thus, proceeding
as above,

- / log Z(n)dQ,

IN

/ 1 b(ei,twm))dBi(t)} dP(-/B7 )5,
0

IN

1
; 1
[ S| pueanin)| a5 s .+ bl (o)
iefopr\{o} =7
_ 1 2
= 5lbli:
The last equality is due to the fact that the first term in the R.H.S. of (40) vanishes; indeed :
P(dw/B7)5, Qu(dw) = Wi (dwo) Qn(dw)
= Wit (dwo) exp |~ Hy, ()] P(dw)
= W (dwo) exp [—an (w(”))] W (dwo) (da) @30 W (dew;)
= exp |~ Hy, (o) W (do)p(de) @0 W ()

= Qn(dw) s

18



which implies that the stochastic integrals under B;’s have a dP(-/ 3_)| B, dQy- mean equal to 0.

This completes the proof. [J

Acknowledgements. The authors are grateful to M. Sortais who pointed out a mistake ap-

pearing in a first version of this paper.
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