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0Abstract
The first part of the thesis studies the properties of fast mode in magneto hydro-

dynamic (MHD) turbulence. 1D and 3D numerical simulations are carried out to

generate decaying fast mode MHD turbulence. The injection of waves are carried

out in a collinear and isotropic fashion to generate fast mode turbulence. The

properties of fast mode turbulence are analyzed by studying their energy spectral

density, 2D structure functions and energy decay/cascade time. The injection wave

vector is varied to study the dependence of the above properties on the injection

wave vectors. The 1D energy spectrum obtained for the velocity and magnetic

fields has 𝐸 (𝑘) ∝ 𝑘−2
. The 2D energy spectrum and 2D structure functions in

parallel and perpendicular directions shows that fast mode turbulence generated

is isotropic in nature. The cascade/decay rate of fast mode MHD turbulence is

proportional to 𝑘−0.5
for different kinds of wave vector injection. Simulations are

also carried out in 1D and 3D to compare balanced and imbalanced turbulence. The

results obtained shows that while 1D imbalanced turbulence decays faster than

1D balanced turbulence, there is no difference in the decay of 3D balanced and

imbalanced turbulence for the current resolution of 512 grid points.

"The second part of the thesis studies cosmic ray (CR) transport in driven MHD

turbulence and is strongly dependent on it’s properties. Test particle simulations are

carried out to study CR interactionwith both totalMHD turbulence and decomposed

MHD modes. The spatial diffusion coefficients and the pitch angle scattering

diffusion coefficients are calculated from the test particle trajectories in turbulence.

The results confirms that the fast modes dominate the CR propagation, whereas

Alfvén, slow modes are much less efficient with similar pitch angle scattering

rates. The cross field transport on large and small scales are investigated next. On

large/global scales, normal diffusion is observed and the diffusion coefficient is

suppressed by𝑀
Z

𝐴
compared to the parallel diffusion coefficients, with Z closer to 4

in Alfvén modes than that in total turbulence as theoretically expected. For the CR

transport on scales smaller than the turbulence injection scale 𝐿, both the local and

global magnetic reference frames are adopted. Super diffusion is observed on such

small scales in all the cases. Particularly, CR transport in Alfvén modes show clear

Richardson diffusion in the local reference frame. The diffusion transition smoothly

from the Richardson’s one with index 1.5 to normal diffusion as particle’s mean

free path decreases from _∥ ≫ 𝐿 to _∥ ≪ 𝐿. These results have broad applications

to CRs in various astrophysical environments".
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0Zusammenfassung

MAGNETOHYDRODYNAMISCHE TURBULENZ UND TRANSPORT KOS-
MISCHER STRAHLUNG

Der erste Teil der Arbeit untersucht die Eigenschaften des schnellen Modus in

magnetohydrodynamischen (MHD) Turbulenzen. Es werden numerische 1D- und

3D-Simulationen durchgeführt, um eine abklingende Fast-Mode-MHD-Turbulenz

zu erzeugen. Die Injektion von Wellenvektoren wird kollinear und isotrop durch-

geführt, um Fast-Mode-Turbulenzen zu erzeugen. Die Eigenschaften der Fast-

Mode-Turbulenz werden durch die Untersuchung ihrer Energie-Spektraldichte, 2D-

Strukturfunktionen und Energieabfall-/Kaskadenzeit analysiert. Die Injektionswel-

lenvektoren werden in verschiedenen Simulationen für unterschiedliche Arten der

Injektion variiert, um die Abhängigkeit der oben genannten Eigenschaften von den

Injektionswellenvektoren zu untersuchen. Das für die Geschwindigkeits- und Ma-

gnetfelder erhaltene 1D-Energiespektrum hat 𝐸 (𝑘) ∝ 𝑘−2
. Das 2D-Energiespektrum

und die 2D-Strukturfunktionen in parallelen und senkrechten Richtungen zeigen,

dass die erzeugte Fast-Mode-Turbulenz von Natur aus isotrop ist. Die Kaskaden-

/Zerfallsrate der Fast-Mode-MHD-Turbulenz ist proportional zu 𝑘−0.5
für verschie-

dene Arten der Wellenvektorinjektion. Es werden auch Simulationen in 1D und 3D

durchgeführt, um ausgeglichene und unausgeglichene Turbulenzen zu vergleichen.

Die Ergebnisse zeigen, dass eine unausgewogene 1D-Turbulenz schneller abklingt

als eine ausgeglichene 1D-Turbulenz, während es bei der derzeitigen Auflösung

von 512 Gitterpunkten keinen Unterschied im Abklingen von ausgeglichener und

unausgewogener 3D-Turbulenz gibt.

Der zweite Teil der Arbeit untersucht den Transport kosmischer Strahlung (CR)

in angetriebenen MHD-Turbulenzen und ist stark von deren Eigenschaften abhän-

gig. Es werden Testpartikelsimulationen durchgeführt, um die Wechselwirkung

von kosmischer Strahlung sowohl mit der gesamten MHD-Turbulenz als auch mit

zerlegten MHD-Moden zu untersuchen. Aus den Flugbahnen der Testteilchen in der

Turbulenz werden die räumlichen Diffusionskoeffizienten und die Diffusionskoeffi-

zienten für die Streuung im Neigungswinkel berechnet. Die Ergebnisse bestätigen,

dass die schnellen Moden die CR-Ausbreitung dominieren, während Alfvén langsa-

me Moden bei ähnlichen Neigungswinkelstreuungsraten viel weniger effizient sind.
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Der Querfeldtransport auf großen und kleinen Skalen wird als nächstes untersucht.

Auf großen/globalen Skalen wird normale Diffusion beobachtet und der Diffusions-

koeffizient wird durch 𝑀
Z

𝐴
im Vergleich zu den parallelen Diffusionskoeffizienten

unterdrückt, wobei Z in Alfvén-Moden näher bei 4 liegt als in der Gesamtturbulenz,

wie theoretisch erwartet. Für den CR-Transport auf Skalen, die kleiner sind als

die Turbulenzinjektionsskala 𝐿, werden sowohl der lokale als auch der globale ma-

gnetische Bezugsrahmen verwendet. Auf solch kleinen Skalen wird in allen Fällen

Superdiffusion beobachtet. Insbesondere der CR-Transport in Alfv’en-Moden zeigt

eine deutliche Richardson-Diffusion im lokalen Bezugssystem. Die Diffusion geht

fließend von der Richardson-Diffusion mit dem Index 1,5 zur normalen Diffusion

über, wenn die mittlere freie Weglänge der Teilchen, _∥ , von _∥ ≫ 𝐿 auf _∥ ≪ 𝐿

abnimmt. Diese Ergebnisse haben eine breite Anwendung auf CRs in verschiedenen

astrophysikalischen Umgebungen.
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1 Fast mode MHD Turbulence

1.1 Introduction
"Turbulence is an ubiquitous phenomena in our lives and our natural surround-

ings. Most of the fluids in the universe are turbulent naturally and therefore the

understanding of such natural phenomena of fluid turbulence is a very intriguing

and necessary problem in the study of fluid dynamics and classical physics. Fluid

turbulence is observed over a wide range of scales in the known universe. On

human scales, fluid turbulence is present in the interior of biological cells and in

the circulatory and respiratory systems of living creatures for example. Fluid tur-

bulence is present in countless technological devices and household appliances of

modern society. On geological scales, fluid turbulence is a part of the planetary in-

teriors, oceans and atmospheres. On astrophysical scales they are present on stellar

scales influencing star formation and other stellar activities and finally extending

to galactic and even supergalactic scales. Inspite of the widespread existence of

fluid turbulence, the problem of turbulence remains to this day the last unsolved

problem of classical mathematical physics".

Laminar flow to turbulence

"Laminar fluids move in an very orderly fashion where fluid elements move in

layers sliding past one another. In laminar flow, the fluid particles follow smooth

trajectories with no mixing with each other. On the contrary fluid turbulence

refers to random disordered motion of fluid elements during a high velocity flow.

Turbulence is characterized by the formation of eddies of a wide range of scales

which are lumps of massive rotating fluid elements formed due to mixing of fluid

elements. The physics of turbulence is governed by the energy transfer across these

different scales of eddy motion. Energy is cascaded from large scale eddies where

energy is injected into the system, called the injection scale 𝐿, to small scale eddies

where there is viscous dissipation. The smallest scale reached by the energy cascade

is called Kolmogorov length [, after which dissipation starts. The length scales

between the driving scales and the dissipation scales of turbulence in which viscous

effects are negligible are called the inertial range of turbulence. This cascade is

primarily because of the nonlinear advective term of the Navier Stokes equations

1



Chapter 1 Fast mode MHD Turbulence

where the nonlinearity is driven by the mode-mode coupling in momentum space.

Turbulence is characterised by a high Reynolds number which indicates the relative

strength of advection of fluid elements over the dissipation of fluid elements in a

hydrodynamic flow governed by the Navier Stokes equations and is given as,

𝑅𝑒 ∼ 𝑢.∇u/(a∇2u) (1.1)

where u is the flow velocity and a is the kinematic viscosity of the fluid. The

advective term (𝑢.∇u) is a nonlinear inertial flow term and is much larger compared

to the viscous damping or dissipation term (a∇2u) for turbulence. If 𝐿 is the driving

scale of turbulence, then the Reynold’s number is given as,

𝑅𝑒 = 𝐿u/a (1.2)

The turbulent interstellar medium (ISM) is turbulent with 𝑅𝑒 > 10
8
. The transition

from laminar to turbulent flow occurs at a 𝑅𝑒 ∼ 3000. Turbulence is characterized

by chaotic changes of transport variables like pressure and flow velocity in space

and time when compared to laminar flows".

Hydrodynamic turbulence

"The first major advance in the understanding of turbulence was due to Andrey

Kolmogorov who in 1941 provided a hydrodynamic theory for incompressible

turbulence (Kolmogorov 1991). This classic theory did not consider magnetic fields

in turbulence. As mentioned earlier, when energy is injected at large scales 𝐿,

large eddies are formed that transfers energy to smaller and smaller eddies. The

large eddies correspond to large 𝑅𝑒 and therefore do not dissipate energy through

viscosity but the energy cascade process continues until the cascade reaches eddies

that are small enough to dissipate energy over eddy turnover time. The Reynolds

number can also be seen as a ratio between the convective time scale and the

diffusive or dissipative time scale. The hydrodynamic cascade of energy is a constant

across all scales of motion,

𝑣𝑙
2/𝜏𝑐𝑎𝑠,𝑙 = 𝑐𝑜𝑛𝑠𝑡 (1.3)

where 𝑣𝑙 is the velocity at the scale 𝑙 for the eddies of size 𝑙 . The cascade time 𝜏𝑐𝑎𝑠,𝑙
at the scale 𝑙 is given as,

𝜏𝑐𝑎𝑠,𝑙 ≃ 𝑙/𝑣𝑙 (1.4)

2



Introduction Section 1.1

This leads to the following expression,

𝑣𝑙 ∼ 𝑙1/3
(1.5)

Kolmogorov’s hydrodynamic theory results in an isotropic power-law energy

spectrum in wave vector space 𝑘 with the following relation,

𝐸 (𝑘) ∝ 𝑘 (−5/3)
(1.6)

Magnetic turbulence and astrophysical implications

Magnetic fields and plasma turbulence are at the heart of all astrophysical fluids.

Plasma turbulence have been observed in the local interstellar medium (Armstrong

et al. 1995) and the Milky Way (Chepurnov, Lazarian, et al. 2010) for example.

Plasma turbulence is characterised by the presence of electromagnetic fields in addi-

tion to hydrodynamic turbulence. Plasma turbulence ranges from km to kpc scales

and plays an important role in various astrophysical processes. The Magnetohydro-

dynamic (MHD) theory is used to describe such highly conducting astrophysical

turbulent fluids. The fluid approximation considers the macro length and time

scales only and ignores the scales comparable to collisional length and time scales.

MHD turbulence is important in explaining several astrophysical phenomena such

as solar wind heating and acceleration (Bruno and Carbone 2013); regulation of

star formation processes (Federrath 2018; Mac Low and Klessen 2004); propagation,

scattering and acceleration of cosmic rays (Jokipii 1966; Lazarian and Yan 2014;

Schlickeiser 2002; Yan and Lazarian 2004; Yan, Lazarian, and V. Petrosian 2008;

H. Yan and Lazarian 2008); removal of angular momentum from accretion disks

(Krasnopolsky et al. 2012); the regulation of heat and mass transfer between dif-

ferent ISM phases; fragmentation of molecular clouds; magnetic reconnection, etc.

The properties of MHD turbulence depend on the underlying modes it is composed

of. The MHD system of equations of a 3D, homogeneous, uniform, isothermal

plasma with a uniform background magnetic field can be separated into the linear

eigenmodes — the Alfvén mode (Alfvén 1942), the slow magnetosonic mode, and

the fast magnetosonic mode (Swanson 1989)".

Magnetic turbulence and IK theory

"The first major step were taken by Iroshnikov and Kraichnan (Iroshnikov 1963;

Kraichnan 1965) in making attempts to describe magnetic incompressible turbu-

3



Chapter 1 Fast mode MHD Turbulence

lence in the early 1960s. This model is isotropic in spite of the presence of the

magnetic fields and predicts 𝑘−3/2
power-law energy spectrum for both velocity

and magnetic fields. However, the assumption of isotropic energy distribution in

wave-vector space was gradually been criticized by many researchers. The under-

standing of MHD turbulence as anisotropic was developing through the theoretical

and numerical works of these researchers (Higdon 1984; William H. Matthaeus

et al. 1983; Montgomery and Turner 1981; Shebalin et al. 1983).

Incompressible MHD, GS95 turbulence

The MHD theory of incompressible turbulence was brought to a new light by

Goldreich and Sridhar in 1995 (P. Goldreich and Sridhar 1995) by reintroducing the

concept of critical balance which is the key concept. The critical balance refers to a

condition where the eddy turnover time, is equal to the period of the corresponding

Alfvén wave. If 𝑙∥ is the parallel eddy scale and 𝑙⊥ denotes eddy scales measured

perpendicular to the magnetic field and 𝑣𝐴 is the Alfvén velocity then the critical

balance is given as,

𝑙⊥/𝑣𝑙 = 𝑙∥/𝑣𝐴 (1.7)

For strong Alfvénic turbulence, a critical balance is reached between the linear

interaction time of wave packets and their nonlinear cascade time. From Eqn 1.7

the following expression can be obtained,

𝑙∥ ∝ 𝑙
2/3

⊥ (1.8)

This result shows scale-dependent anisotropy and reflects the tendency of eddies to

become increasingly more elongated as energy cascades to smaller scales. Therefore

incompressible MHD turbulence becomes anisotropic in nature. One can imag-

ine eddies mixing magnetic field lines perpendicular to the direction of the local

magnetic field. For such eddies, the original Kolmogorov treatment is applicable,

resulting in perpendicular motions scaling as,

𝑣𝑙 ∝ 𝑙
1/3

⊥ (1.9)

These mixing motions induce Alfvénic perturbations that determine the parallel

size of the magnetized eddy. This results in a Kolmogorov like energy spectra in

terms of wave vector component 𝑘⊥ which is perpendicular to the local direction

of the magnetic field.

4



Introduction Section 1.1

𝐸 (𝑘⊥) ∝ 𝑘
(−5/3)
⊥ (1.10)

Incompressible MHD turbulence is composed of the Alfvén modes and the pseudo

Alfvén modes both of which follows the same scaling. Alfvénic turbulence (turbu-

lence consisting of mostly Alfvén modes interacting with each other) is thought to

be quite important in solar turbulence as Alfvén waves have been observed in solar

wind (Belcher and Davis 1971). In the limit of weak turbulence, the zero frequency

modes are essential for the energy transfer, resulting in a cascade in the wave

vectors perpendicular to the local mean magnetic field direction only (Shebalin

et al. 1983). Numerical simulations support the GS95 model (J. Cho, Lazarian, and

E. T. Vishniac 2002; Jungyeon Cho and Ethan T. Vishniac 2000; Maron and Peter

Goldreich 2001).

Compressible MHD, CL02 turbulence

"But real astrophysical environments with plasma turbulence is expected to be

compressible with the additional presence of slow and fast modes which are com-

pressible in nature. Turbulence in the interstellar medium is identified by the

measurement of the density fluctuations in it indicating the presence of compress-

ible turbulence (Armstrong et al. 1995). Studies of compressible MHD turbulence

were performed by Cho and Lazarian (J. Cho and Lazarian 2003; Jungyeon Cho

and Lazarian 2002) which are further decomposed into MHD modes (Alfvén, fast

and slow). Their results confirms that the Alfvén modes and slow modes follows,

𝐸 (𝑘⊥) ∝ 𝑘
(−5/3)
⊥ and fast modes follows, 𝐸 (𝑘) ∝ 𝑘 (−3/2)

. The energy spectrum and

anisotropy of slow modes are quite similar to Alfvén modes. The slow modes are

cascaded by the shear Alfvén modes and are expected to behave like the Alfvén

modes. The mode coupling studies showed that there is not much interaction

between the Alfvénic and magnetosonic waves. Unlike Alfvén mode which prefer-

entially cascades in the field perpendicular direction, fast modes seem to show an

isotropic cascade. Based on this it has been shown that fast modes play a major

role in cosmic ray scattering (Yan and Lazarian 2002; Yan and Lazarian 2004; H. Yan

and Lazarian 2008). Because of the importance of fast mode MHD turbulence in

several astrophysical phenomenas and particularly in CR scattering, the current

aim of the thesis is to study the properties of fast mode MHD turbulence further".

Strength of MHD turbulence observed in astrophysical medium

5



Chapter 1 Fast mode MHD Turbulence

"MHD turbulence regime depends on the Mach number of turbulence . The Alfvénic

Mach number,𝑀𝐴 is defined as the ratio between field fluctuations and the Alfvén

velocity whereas the sonic Mach number,𝑀𝑠 is defined as the ratio between field

fluctuations and the sound speed. For sub-Alfvénic turbulence, 𝑀𝐴 < 1 the tur-

bulence is in MHD regime whereas for super-Alfvénic turbulence, 𝑀𝐴 > 1, the

turbulence becomes hydrodynamic. Subsonic turbulence has been observed in the

hot gaseous environment of a nearby elliptical galaxy (Ogorzalek et al. 2017), in

the HII ionized gas in Orion nebula (Sokolov et al. 2018) and in the cold and dense

gases of infrared dark clouds (IRDC) (Arthur et al. 2016)".

Fast mode MHD turbulence

"These earlier studies on generation of compressible MHD turbulence were carried

out by driving the turbulence with solenoidal forcing (J. Cho and Lazarian 2003;

Kowal et al. 2007; Vestuto et al. 2003; Yang et al. 2018) where the proportion of

magnetosonic modes generated were small. A recent study was carried out by

driving the turbulence more compressively to generate compressible MHD tur-

bulence (Makwana and Huirong Yan 2020). The authors studied how the nature

of forcing changes the mode composition of MHD turbulence. It was found out

that more magnetosonic modes were present in the MHD turbulence upon driving

it more compressively. These high resolution simulations showed the isotropic

nature of fast modes in general throughout the inertial range suggesting no scale

dependant anisotropy again. However in some cases of solenoidal driving and

low𝑀𝐴 turbulence there was a small anisotropic cascade as inferred from the 2D

energy spectrum and the 2D structure function. This was probably because the fast

mode fraction generated was smaller and if the proportion of fast mode is weak

then it is influenced by the other dominant mode properties. They also reported

that the 1D energy spectrum of the fast modes are steeper than 𝑘−3/2
and closer to

𝑘−2
when the fast mode dominates. It was also found out that fast modes do not

show a𝑀𝐴 dependence like Alfvén modes or a dependence in terms of weak and

strong turbulence. In this thesis, the goal is to generate MHD fast mode turbulence

independently or in the absence of other MHD modes such that their properties

can be studied irrespective of other MHD modes."

Balanced vs imbalanced fast mode MHD turbulence

"Another important aspect of fast MHD turbulence is the study of balanced and

imbalanced fast modes. Imbalanced turbulence has astrophysical implications, for

example in the magnetospheres of stars like our sun and compact objects like white

6



Introduction Section 1.1

dwarfs and neutron stars. Turbulence tends to be imbalanced here because it is

mainly generated from central stars and dominated by the outward component. It

is assumed that fast mode is likely to be the culprit in the heating and acceleration

of winds because it dissipates effectively even without the inward component. The

advantage of the fast mode compared to Alfvénic turbulence in the stellar wind

acceleration is that the latter requires the production of counterwaves via reflection

or by some other mechanism. The cascading of the fast mode limits the instability

even in the absence of both damping (Suzuki et al. 2007; Yan and Lazarian 2002;

Yan and Lazarian 2004)".

Cascade rate of fast mode MHD turbulence

Assuming that the fast modes follow the weak acoustic cascade, the cascading time

is given as (Yan and Lazarian 2004):

𝜏𝑘 =
𝜔

𝑘2𝑣2

𝑘

=
𝑣𝑝ℎ

𝑉 2
(𝑘
𝐿
)−1/2

(1.11)

where 𝑉 is the turbulence velocity at the injection scale and 𝑉𝑝ℎ is the phase speed

of fast modes and is equal to the Alfvén and sound velocity for high and low 𝛽

plasma, respectively (Jungyeon Cho and Lazarian 2002).

The cascading rate, a𝑘 normalised by the wave frequency 𝜔 is given as,

a𝑘

𝜔
=

𝑉 2

𝑣𝑝ℎ
2
(𝑘
𝐿
)−1/2

(1.12)

Aim of current study

In this current study, numerical simulations are carried out to study the properties of

fast mode MHD turbulence exclusively by generating them independently of other

MHD modes. The turbulence is not continuously driven so that it decays with time.

The aim is to study the cascading properties of fast mode MHD turbulence through

its energy spectral density and structure functions. The 1D energy spectrum is used

to study if fast mode MHD turbulence follows a spectral dependence of 𝑘−3/2
which

is that of a weak acoustic cascade. The 2D energy spectrum and structure functions

are used to test the isotropic nature of fast mode MHD turbulence generated

through numerical simulations. The energy decay/cascade rate of turbulence is

and its dependence on the wavevectors, 𝑘 is studied where the value of injected

wavevectors are varied over a range in different simulations.
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Chapter 1 Fast mode MHD Turbulence

1.2 Numerical Simulations
The aim is to study the nature of fast mode MHD turbulence generated through

numerical simulations. Only MHD fast mode turbulence is generated in the current

study and it is generated independent of other MHD modes. The fast MHD turbu-

lence generated decays with time because they are not injected by a continuous

driving force. Numerical simulations are carried out to generate fast mode MHD

turbulence by two different methods. One of them is by injecting the wavevectors

in a collinear manner and the other is by injecting the wavevectors in an isotropic

manner. The values of wavevectors are varied in different simulations for each

kind of injection mechanism. Another important part of the study is to distinguish

between balanced and imbalanced fast mode MHD turbulence (Suzuki et al. 2007).

The fast mode turbulence simulation for such comparison is carried out in both 1D

and 3D in this study. 1D simulations are carried out at various resolutions of 128,

256 and 512 for the purpose of comparison. After generating turbulent data cubes,

these data cubes are studied by calculating their energy spectral density, structure

functions and decay rates. These studies are essential to understand the nature of

fast mode turbulent cascade in different scenarios.

"The numerical simulations of fast mode MHD turbulence have been carried out

using state of the art, open source software called PLUTO (Mignone et al. 2007).

The code is used to obtain numerical solutions for fluid dynamics problems and

is particularly targeted towards solving problems in astrophysical fluid dynamics

with high Mach number. PLUTO numerically solves mixed hyperbolic/parabolic

systems of partial differential equations. It solves the conservative laws of MHD

using a variety of finite difference and finite volume approaches based on Godunov

type schemes. These schemes have been developed to handle sharp discontinuities

and high Mach number flows. For the current purpose, the ideal MHD equations

are solved for a fluid with no resistivity, viscosity or magnetic diffusivity. However,

the numerical dissipation from these simulations can not be ignored. The built-in

HLLD Riemann solver (Mignone 2007) is utilized in conjunction with a WENO3

reconstruction scheme (Yamaleev and Carpenter 2009). The time stepping is done

by Runge-Kutta method and it’s third-order method".

"For the current MHD turbulence simulations, the ideal MHD equations are solved

in a box with periodic boundary conditions. A compressible, nonviscous, perfectly

conducting fluid immersed in a magnetic field is considered." The ideal MHD

equations include the continuity equation, the induction equation, the magnetic

divergence free equation and the momentum equation as follows respectively,

8



Numerical Simulations Section 1.2

𝜕𝜌

𝜕𝑡
+ ∇ · (𝜌v) = 0 (1.13)

𝜕B
𝜕𝑡

− ∇ × (v × B) = 0 (1.14)

∇ · B = 0 (1.15)

𝜕𝜌v
𝜕𝑡

+ ∇ ·
[
𝜌vv + (𝑝 + 𝐵2/2) ¯̄𝐼 − BB

2

]
= 0 (1.16)

"The above equations are written in a conservative form where 𝜌, v,B, 𝑝 denotes

the mass density, velocity, magnetic field, and thermal pressure of the fluid respec-

tively." There is no forcing term in turbulence or in other words the source term is

absent in the momentum equation. The isothermal equation of state is used, ie an

isothermal plasma is studied here.

When small amplitude perturbations or waves are introduced in the MHD eqns it

cause deviation from the equilibrium state. Upon adding wave vector fluctuations

to the equilibrium state and only considering small first order terms (neglecting

the higher order terms) linearized MHD eqns are obtained. Upon varying the

perturbations like exp[𝑖 (k·r−𝜔𝑡)], the MHD eqns leads to the dispersion relations

the roots of which has three independent roots corresponding to the three different

types of wave that can propagate through an MHD plasma.

Without loss of generality, if the equilibrium magnetic field B0 is directed along the

𝑧-axis and the wave-vector k lies in the 𝑥-𝑧 plane where \ is the angle subtended

between B0 and k. The MHD equations reduces to the eigenvalue equation,
𝜔2 − 𝑣𝐴

2𝑘2 − 𝑐𝑠
2𝑘⊥

2

0 −𝑐𝑠2𝑘∥𝑘⊥
0 𝜔2 − 𝑣𝐴

2𝑘∥
2

0

−𝑐𝑠2𝑘∥𝑘⊥ 0 𝜔2 − 𝑐𝑠
2𝑘∥

2



𝑣𝑥
𝑣𝑦
𝑣𝑧

 =

0

0

0

 (1.17)

This yields the dispersion relation,

(𝜔2 − 𝑘2𝑉 2

𝐴 cos
2 \ ) [𝜔4 − 𝜔2𝑘2(𝑉 2

𝐴 +𝑉 2

𝑆 ) + 𝑘
4𝑉 2

𝐴 𝑉
2

𝑆 cos
2 \ )] = 0 (1.18)
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Chapter 1 Fast mode MHD Turbulence

One of the root of the dispersion relation is associated with the middle row of

Eqn 1.17 and represents the shear Alfvën wave which involves plasma motion

perpendicular to the magnetic field only. The other roots leads to the magnetosonic

waves namely the fast wave and the slow wave and are associated with the top and

bottom rows of Eqn 1.17.

The dispersion relation for fast modes follows from the second term of Eqn1.18.

𝜔2 =
𝑘2

2

(𝑣2

𝐴 + 𝑐2

𝑠 ) (1 +

√√
1 −

4𝑣2

𝐴
𝑐2

𝑠𝑘
2

∥

𝑘2(𝑣2

𝐴
+ 𝑐2

𝑠 )2

) (1.19)

For the magnetosonic modes, the relation between 𝑣⊥ and 𝑣 ∥ can be obtained from

the bottom row of Eqn 1.17.

𝑣 ∥ =
𝑣⊥𝑘⊥𝑘∥𝑐

2

𝑠

𝜔2 − 𝑘2

∥𝑐
2

𝑠

(1.20)

The simulation setup is explained here next. The simulation box is a cube of length

𝐵𝐿𝑥 = 𝐵𝐿𝑦 = 𝐵𝐿𝑧 = 1. For such a cube, the resolution is defined by the number

of grid points considered in each direction, eg 512. The turbulence is set up such

that the mean magnetic field 𝐵0 is in the 𝑧 direction, which is the global parallel

direction. "The normalization is such that the Alfvén velocity 𝑣𝐴 and the mean

magnetic field 𝐵0 are numerically the same and is 0.1". The initial velocity 𝑣0 is setup

as zero and the initial density 𝜌0 is taken as unity. The sound speed 𝑐𝑠 is 0.1, same

as the Alfvén speed. If a wave propagation vector is denoted by (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧), then
𝑘∥ is along the 𝑧 direction and 𝑘⊥ is along the 𝑥 and 𝑦 direction. The descriptions

of the density, velocity and magnetic field fluctuations are described next which

are added to the mean fields. These fluctuations leads to the formation of turbulence.

The density fluctuation, 𝛿𝜌 obtained from the linearized MHD continuity equation

is,

𝛿𝜌 =
𝜌0

𝜔
(k · 𝛿v) (1.21)

Density fluctuations are then added to the initial constant density, 𝜌0 as follows,

𝜌 = 𝜌0 + 𝛿𝜌 (1.22)

10
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The velocity fluctuation, 𝛿v obtained from the linearized MHD continuity equation

is,

𝛿𝑣𝑥 = 𝑣⊥
𝑘𝑥

𝑘⊥
(1.23)

𝛿𝑣𝑦 = 𝑣⊥
𝑘𝑦

𝑘⊥
(1.24)

𝛿𝑣𝑧 = 𝑣 ∥ (1.25)

Velocity fluctuations are then added to the initial mean velocity field as follows,

v = v0 + 𝛿v (1.26)

The magnetic fluctuation, 𝛿b is obtained by linearizing the MHD induction equa-

tions and is given as:

𝛿𝑏𝑥 = −𝑘𝑧𝛿𝑣𝑥
𝐵0

𝜔
(1.27)

𝛿𝑏𝑦 = −𝑘𝑧𝛿𝑣𝑦
𝐵0

𝜔
(1.28)

𝛿𝑏𝑧 = (𝑘𝑥𝛿𝑣𝑥 + 𝑘𝑦𝛿𝑣𝑦)
𝐵0

𝜔
(1.29)

Fluctuations are then added to the initial mean magnetic field as follows,

B = B0 + 𝛿b (1.30)

With the above simulation setup, the fast mode MHD turbulence generated has the

following properties.

The plasma beta which is the ratio of the plasma pressure to the magnetic pressure

is defined as,

𝛽 ≡ 2( 𝑐𝑠
𝑣𝐴

)2
(1.31)

The value of 𝛽 obtained from the current simulations is 2.

11



Chapter 1 Fast mode MHD Turbulence

The Alfvénic Mach number and the sonic Mach number obtained from the current

simulations is defined and calculated as:

𝑀𝐴 ≡< 𝛿𝑉

𝑉𝐴
>;𝑀𝑠 ≡<

𝛿𝑉

𝑐𝑠
> (1.32)

The symbol “< ... >” indicates the spatial average, 𝛿𝑉 is the rms value of the

turbulent fluctuations. Figure 1.1 shows the evolution of Mach numbers with time

from our numerical simulation".

Figure 1.1: Time evolution of the Alfvénic Mach number,𝑀𝐴 and sonic Mach number,𝑀𝑆

for decaying fast mode turbulence calculated from the current numerical simulations.

In order to study the effect of collinear injection of wave vectors on the generation

of fast mode turbulence the following setup mentioned in Table 1.1 is used. In each

of the simulations counter interacting wave vectors in the opposing directions are

injected in a collinear fashion. In different simulations (Simulation 1 to Simulation

6) the values of the injected wave vectors are increased progressively.
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Wave vectors for collinear injection

Simulation 1

(2,2,2) (3,3,3) (2,2,2) (3,3,3) (2,2,2) (3,3,3)

(-2,-2,-2) (-3,-3,-3) (-2,-2,-2) (-3,-3,-3) (-2,-2,-2) (-3,-3,-3)

Simulation 2

(3,3,3) (4,4,4) (3,3,3) (4,4,4) (3,3,3) (4,4,4)

(-3,-3,-3) (-4,-4,-4) (-3,-3,-3) (-4,-4,-4) (-3,-3,-3) (-4,-4,-4)

Simulation 3

(4,4,4) (5,5,5) (4,4,4) (5,5,5) (4,4,4) (5,5,5)

(-4,-4,-4) (-5,-5,-5) (-4,-4,-4) (-5,-5,-5) (-4,-4,-4) (-5,-5,-5)

Simulation 4

(5,5,5) (6,6,6) (5,5,5) (6,6,6) 5,5,5) (6,6,6))

(-5,-5,-5) (-6,-6,-6) (-5,-5,-5) (-6,-6,-6) -5,-5,-5) (-6,-6,-6)

Simulation 5

(6,6,6) (7,7,7) (6,6,6) (7,7,7) (6,6,6) (7,7,7)

(-6,-6,-6) (-7,-7,-7) (-6,-6,-6) (-7,-7,-7) (-6,-6,-6) (-7,-7,-7)

Simulation 6

(7,7,7) (8,8,8) (7,7,7) (8,8,8)) (7,7,7) (8,8,8)

(-7,-7,-7) (-8,-8,-8) (-7,-7,-7) (-8,-8,-8) (-7,-7,-7) (-8,-8,-8)

Table 1.1: This table lists the injected wave vectors to generate fast mode turbulence in

each simulation. In each of the simulations the wavevectors in the opposing directions

are injected in a collinear fashion. In different simulations the value of the injected wave

vectors are increased progressively.

In order to study the effect of isotropic injection of wave vectors on the generation

of fast mode turbulence the following setup mentioned in Table 1.2 is used. In each

of the simulations the directions of wave vectors are changed in all possible ways

to isotropize the injection. In different simulations (Simulation 1 to Simulation 6)

the value of the injected wave vectors are increased progressively.
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Wave vectors for isotropic injection

Simulation 1

(2,2,2) (-2,2,2) (2,-2,2) (2,2,-2) (-2,-2,2) (-2,2,-2) (2,-2,-2) (-2,-2,-2)

(3,3,3) (-3,3,3) (3,-3,3) (3,3,-3) (-3,-3,3) (-3,3,-3) (3,-3,-3) (-3,-3,-3)

Simulation 2

(3,3,3) (-3,3,3) (3,-3,3) (3,3,-3) (-3,-3,3) (-3,3,-3) (3,-3,-3) (-3,-3,-3)

(4,4,4) (-4,4,4) (4,-4,4) (4,4,-4) (-4,-4,4) (-4,4,-4) (4,-4,-4) (-4,-4,-4)

Simulation 3

(4,4,4) (-4,4,4) (4,-4,4) (4,4,-4) (-4,-4,4) (-4,4,-4) (4,-4,-4) (-4,-4,-4)

(5,5,5) (-5,5,5) (5,-5,5) (5,5,-5) (-5,-5,5) (-5,5,-5) (5,-5,-5) (-5,-5,-5)

Simulation 4

(5,5,5) (-5,5,5) (5,-5,5) (5,5,-5) (-5,-5,5) (-5,5,-5) (5,-5,-5) (-5,-5,-5)

(6,6,6) (-6,6,6) (6,-6,6) (6,6,-6) (-6,-6,6) (-6,6,-6) (6,-6,-6) (-6,-6,-6)

Simulation 5

(6,6,6) (-6,6,6) (6,-6,6) (6,6,-6) (-6,-6,6) (-6,6,-6) (6,-6,-6) (-6,-6,-6)

(7,7,7) (-7,7,7) (7,-7,7) (7,7,-7) (-7,-7,7) (-7,7,-7) (7,-7,-7) (-7,-7,-7)

Simulation 6

(7,7,7) (-7,7,7) (7,-7,7) (7,7,-7) (-7,-7,7) (-7,7,-7) (7,-7,-7) (-7,-7,-7)

(8,8,8) (-8,8,8) (8,-8,8) (8,8,-8) (-8,-8,8) (-8,8,-8) (8,-8,-8) (-8,-8,-8)

Table 1.2: Same as Table1.1. In each of the simulations the directions of wave vectors are

changed in all possible ways to isotropize the injection.

For balanced turbulence, the injected wave vectors are in the opposite direction and

are counter interacting whereas for the imbalanced case all the injected wavevec-

tors are in the same direction. For balanced turbulence the energy is equally

distributed among the counter interacting waves whereas for the imbalanced case

the wavepackets travelling in one direction has more power than wave packets

travelling in other direction. For this study both 1D and 3D simulations are per-

formed to distinguish the nature of turbulence generated in these situations.

In order to distinguish between the nature of balanced and imbalanced turbulence

the following setup is used for a 1D turbulence simulation as presented in Table 1.3.
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Wave vectors for collinear injection in 1D

Balanced

(6,0,0) (7,0,0) (6,0,0) (7,0,0) (6,0,0) (7,0,0)

(-6,0,0) (-7,0,0) (-6,0,0) (-7,0,0)) (-6,0,0) (-7,0,0)

Imbalanced

(6,0,0) (7,0,0) (6,0,0) (7,0,0) (6,0,0) (7,0,0)

(6,0,0) (7,0,0) (6,0,0) (7,0,0)) (6,0,0) (7,0,0)

Table 1.3: This table lists the injected wave vectors to generate fast mode turbulence for the

balanced and imbalanced case in 1D. The wave vectors are injected in a collinear fashion

such that for the balanced case the wave vectors are in opposing direction and for the

imbalanced case they are in the same direction.

In order to distinguish between the nature of behaviour of balanced and imbalanced

turbulence the following setup is used for a 3D turbulence simulation as presented

in Table 1.4.

Wave vectors for collinear injection in 3D

Balanced

(6,6,6) (7,7,7) (6,6,6) (7,7,7) (6,6,6) (7,7,7)

(-6,-6,-6) (-7,-7,-7) (-6,-6,-6) (-7,-7,-7)) (-6,-6,-6) (-7,-7,-7)

Imbalanced

(6,6,6) (7,7,7) (6,6,6) (7,7,7) (6,6,6) (7,7,7)

(6,6,6) (7,7,7) (6,6,6) (7,7,7)) (6,6,6) (7,7,7)

Table 1.4: This table lists the injected wave vectors to generate fast mode turbulence for the

balanced and imbalanced case in 3D. The wave vectors are injected in a collinear fashion

such that for the balanced case the wave vectors are in opposing direction and for the

imbalanced case they are in the same direction.
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To analyze the MHD turbulent data cubes generated, the time evolution of the mag-

netic and velocity fields are analysed from different simulations. This allows one to

study the decay rates and the cascade rates of turbulence. Also the turbulent fields

are studied in the wave number space where Fourier transforms of the data cubes

at any time instant are carried out. The 1D and 2D energy spectrum calculation for

magnetic and velocity fields are carried out to look at the energy spectral density

and anisotropy of the energy cascade. The structure functions of the turbulence is

also calculated and studied to look at the isotropy/anisotropy of the energy cascade.

The steps for calculation of the 1D and 2D energy spectrum with respect to the

wave number of turbulence is discussed here. After the 3D MHD data cubes are ob-

tained, the magnetic field fluctuations (𝑏𝑥 , 𝑏𝑦, 𝑏𝑧) and the velocity field fluctuations

(𝑣𝑥 , 𝑣𝑦, 𝑣𝑧) are calculated from the data cubes by subtracting the mean values of the

fields from the original values of the fields in the data cubes. Next a discrete Fourier

transform of the fluctuations in the data cubes is carried out using the Fast Fourier

transform (FFT) to obtain (𝑏𝑥𝑘 , 𝑏𝑦𝑘 , 𝑏𝑧𝑘) and (𝑣𝑥𝑘 , 𝑣𝑦𝑘 , 𝑣𝑧𝑘) respectively. Next the
energy in the Fourier space in the data cube is calculated by multiplying the Fourier

transformed field from the data cube with the conjugate of itself. The calculation

for energy (𝐸𝑏𝑥𝑘 , 𝐸𝑏𝑦𝑘 , 𝐸𝑏𝑧𝑘), (𝐸𝑣𝑥𝑘 , 𝐸𝑣𝑦𝑘 , 𝐸𝑣𝑧𝑘) is shown in Eqn 1.33 and 1.34 for

the magnetic and velocity fields respectively.

𝐸𝑏𝑥𝑘 = 𝑟𝑒𝑎𝑙 (𝑏𝑥𝑘 ∗ 𝑏∗𝑥𝑘)
𝐸𝑏𝑦𝑘 = 𝑟𝑒𝑎𝑙 (𝑏𝑦𝑘 ∗ 𝑏∗𝑦𝑘)
𝐸𝑏𝑧𝑘 = 𝑟𝑒𝑎𝑙 (𝑏𝑧𝑘 ∗ 𝑏∗𝑧𝑘)

(1.33)

𝐸𝑣𝑥𝑘 = 𝑟𝑒𝑎𝑙 (𝑣𝑥𝑘 ∗ 𝑣∗𝑥𝑘)
𝐸𝑣𝑦𝑘 = 𝑟𝑒𝑎𝑙 (𝑣𝑦𝑘 ∗ 𝑣∗𝑦𝑘)
𝐸𝑣𝑧𝑘 = 𝑟𝑒𝑎𝑙 (𝑣𝑧𝑘 ∗ 𝑣∗𝑧𝑘)

(1.34)

The Nyquist component is an unphysical quantity arising after performing FFT on

the data cubes and is removed. The vector components 𝐸𝑏𝑥𝑘 , 𝐸𝑏𝑦𝑘 , 𝐸𝑏𝑧𝑘 are summed

up to have 𝐸𝑏𝑘 for the magnetic fields and the vector components 𝐸𝑣𝑥𝑘 , 𝐸𝑣𝑦𝑘 , 𝐸𝑣𝑧𝑘
are summed up to have 𝐸𝑣𝑘 for the velocity fields. The corresponding 𝑘𝑥 , 𝑘𝑦, 𝑘𝑧 is

also defined such that 𝑘𝑥 = 𝑘𝑦 = −(𝐿/2) ∗ 2𝜋 to (𝐿/2) ∗ 2𝜋 and 𝑘𝑧 = 0 to (𝐿/2) ∗ 2𝜋

has a mapping with 𝐸𝑏𝑘 and 𝐸𝑣𝑘 and 𝐿 is the number of grid points in the box.

Now the calculation of 1D spectrum 𝐸𝑚𝑎𝑔 (𝑘) and 𝐸𝑘𝑖𝑛 (𝑘)is described here. Lets

consider a list of 𝑘 values are taken from 0 to (𝐿/2) * (2𝜋) . For each k, the \ is
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varied from 0 to 2𝜋 and for each \ , 𝜙 is varied from 0 to 𝜋 which are angles in 𝑘

space and the following relationship holds.

𝑘𝑥 = 𝑘𝑠𝑖𝑛(𝜙)𝑐𝑜𝑠 (\ ); (1.35)

𝑘𝑦 = 𝑘𝑠𝑖𝑛(𝜙)𝑠𝑖𝑛(\ ); (1.36)

𝑘𝑧 = 𝑘𝑐𝑜𝑠 (𝜙) (1.37)

For each \ and 𝜙 the corresponding (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) is obtained from the above equations

and the energy 𝐸𝑏𝑘 (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) and 𝐸𝑣𝑘 (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) is obtained by interpolation. Then
for each 𝑘 the contributions of energy from all (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) are added as \ and 𝜙

are varied and the energy is averaged to obtain (𝐸𝑏𝑘𝑎𝑣𝑔, 𝐸𝑣𝑘𝑎𝑣𝑔). This value is

multiplied by the shell area as follows to get 1D energy spectrum with respect to

the wavenumber.

𝐸𝑚𝑎𝑔 (𝑘) = 𝐸𝑏𝑘𝑎𝑣𝑔 ∗ 4.0𝜋 ∗ 𝑘 ∗ 𝑘 (1.38)

𝐸𝑘𝑖𝑛 (𝑘) = 𝐸𝑣𝑘𝑎𝑣𝑔 ∗ 4.0𝜋 ∗ 𝑘 ∗ 𝑘 (1.39)

Therefore, the 1D energy spectrum is calculated as,

𝐸 (𝑘) =
∫ ∫

𝐸 (𝑘, \, 𝜙)𝑘2𝑠𝑖𝑛\𝑑\𝑑𝜙 (1.40)

Now the calculation of the 2D spectrum 𝐸𝑚𝑎𝑔 (𝑘∥, 𝑘⊥) and 𝐸𝑘𝑖𝑛 (𝑘∥, 𝑘⊥) is described
here. Lets consider a list of 𝑘∥ taken from (0 to (𝐿/4)) * (2𝜋). For each 𝑘∥ , the 𝑘⊥ is

varied from (0 to (𝐿/4)) * (2𝜋). For each 𝑘⊥, the \ is varied from 0 to 2𝜋 and the

following relation holds.

𝑘𝑥 = 𝑘⊥𝑐𝑜𝑠 (\ ); (1.41)

𝑘𝑦 = 𝑘⊥𝑠𝑖𝑛(\ ); (1.42)

𝑘𝑧 = 𝑘∥ (1.43)

For each \ the corresponding (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) is obtained from the above equations and

the energy 𝐸𝑏𝑘 (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) and 𝐸𝑣𝑘 (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) is obtained by interpolation. Then

for each 𝑘⊥, the average of 𝐸𝑏𝑘 and 𝐸𝑣𝑘 is obtained by adding 𝐸𝑏𝑘 and 𝐸𝑣𝑘 for all
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possible values of \ ie integrating over \ to obtain 𝐸𝑏𝑘𝑎𝑣𝑔 and 𝐸𝑣𝑘𝑎𝑣𝑔. For any time

instant, the energy spectral density 𝐸𝑚𝑎𝑔 (𝑘∥, 𝑘⊥) and 𝐸𝑘𝑖𝑛 (𝑘∥, 𝑘⊥) are obtained as

follows,

𝐸𝑚𝑎𝑔 (𝑘∥, 𝑘⊥) = 𝐸𝑏𝑘𝑎𝑣𝑔 ∗ 2.0𝜋 ∗ 𝑘⊥ (1.44)

𝐸𝑘𝑖𝑛 (𝑘∥, 𝑘⊥) = 𝐸𝑣𝑘𝑎𝑣𝑔 ∗ 2.0𝜋 ∗ 𝑘⊥ (1.45)

Therefore, the 2D energy spectrum is calculated as,

𝐸 (𝑘∥, 𝑘⊥) =
∫

𝑘⊥𝐸 (𝑘⊥, \, 𝑘𝑧)𝑑\ (1.46)

where 𝑘∥ = 𝑘𝑧 , 𝑘⊥ =

√︃
(𝑘2

𝑥 + 𝑘2

𝑦) and \ is the angle between 𝑘⊥ and 𝑥 axis.

"The isotropy of the fast modes could be studied by using the structure functions.

The anisotropic structure function is defined as,

𝑆𝐹2(𝑙∥, 𝑙⊥) =< |b(r − (𝑙∥/2) ˆb − (𝑙⊥/2) ˆb⊥) − 𝑏 (r + (𝑙∥/2) ˆb + (𝑙⊥/2) ˆb⊥) |2 >r (1.47)

This function involves an ensemble average over a number of pairs of points, which

are separated by distance 𝑙∥ in the magnetic field parallel direction
ˆb and distance

𝑙⊥ in the field-perpendicular direction
ˆb⊥. The magnetic field direction

ˆb is the local
mean magnetic field. To obtain the local mean magnetic field, for each parallel and

perpendicular distance pair (𝑙∥, 𝑙⊥), a distance 𝑙 =
√︃
(𝑙∥2 + 𝑙⊥2) is first calculated.

Then, a random point is selected in the data cube, and a sphere is taken around this

point with a diameter 𝑙 . The local mean magnetic field direction is calculated by

taking an average of a few (greater than 5) random points located in this sphere. We

have verified that the results do not change when taking more points, which gives

us the local mean field direction
ˆb, and a random unit vector perpendicular to

ˆb is

also constructed,
ˆb⊥. Now we select two points on this sphere that are separated

by 𝑙∥ ˆb+𝑙⊥ ˆb⊥. An ensemble average over thousands of such pairs gives us 𝑆𝐹2(𝑙∥, 𝑙⊥)".
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1.3 Collinear Injection

Collinear injection of wave vectors has been described in the numerical simulations

section where wave vectors in the opposing direction are injected in a collinear

fashion. The 1D energy spectra of the fast mode MHD turbulence for such kind

of injection is presented in Figure 1.2. The figure shows the kinetic and magnetic

energy spectra for different cases where the values of the injection wavevectors

are varied.

Figure 1.2: Energy spectrum of MHD fast mode turbulence for collinear injection. The red

bold lines denotes the spectrum for magnetic energy and the blue bold lines denotes the

spectrum for kinetic energy. The dashed lines are the reference slopes for comparison with

numerical values and has a value of -2. The value of the initial wavevectors are changed

in different turbulent simulations and the corresponding 1D energy spectral density are

presented here. The inertial range of turbulence is denoted by blue vertical lines. The title

of the figures represents the injected values of wavevectors in each simulation.
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For all the numerical simulations with collinear injection, it is seen that the spectral

index of the velocity and magnetic field, has a value of -2.

The 2D energy spectrum for magnetic and velocity fields from the simulations of

decaying fast mode MHD turbulence when wavevectors are injected in a collinear

fashion are presented in Figure 1.3. The distribution of energy in both the parallel

and perpendicular direction could be observed in this figure.

Figure 1.3: The 𝑘 ∥ − 𝑘⊥ wave-number spectrum for the velocity and the magnetic field

for fast mode MHD turbulence when wave vectors are collinearly injected. Results of two

different cases from Table 1.1 are presented here for Simulations 5 and 6. From the figure,

it is seen that energy cascade is mainly along the direction of injection, with little diffusion

in the transverse direction.

20



Collinear Injection Section 1.3

For all the numerical simulations with collinear injection of wave vectors as pre-

sented in Figure 1.3, it is seen that energy cascade is mainly along the direction

of injection, with little diffusion in the transverse direction. This is observed for

various simulations where the injection wave vector values are varied. Figure 1.3

presents energy spectrum from Simulation 5 and Simulation 6 in Table 1.1.

The kinetic energy decay of fast mode MHD turbulence in the case of collinear

injection is presented in Figure 1.4. The decay plots are obtained from Simulations

1 to Simulation 6 in Table 1.1.

Figure 1.4: Kinetic energy decay of fast mode turbulence when injected collinearly and

its dependence on the value of the injected wavevector (see Simulations 1-6 in Table 1.1).

The bold lines represents the numerical values of different decay plots and the broken lines

represents the fitted curves which are used to find the decay/cascade rates further.

It is seen from Figure 1.4 that the kinetic energy of fast mode turbulence when

injected collinearly decays faster for higher injected wavevector. The energy cas-

cade/decay rate is calculated by fitting an exponential decay function in the corre-
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sponding decay plots as shown by dotted lines in Fig 1.4.

The dependence of kinetic energy decay/cascade rate of fast mode turbulence on

different injection wavevectors is presented in Figure 1.5 for collinear injection of

wave vectors.

Figure 1.5: Cascading rate of fast mode turbulence and its dependance on the wavevector,

𝑘 . The waves are injected collinearly initially. The red dots represents the numerical values,

the blue dashed line represents the fitted line through the numerical values and the resultant

slope through the fitted values is closely proportional to 𝑘−0.5
as theoretically predicted.

The blue bold line represents the reference slope of -0.5 which is theoretically predicted

and compared with the numerical values. This result is compared later with the case where

the wavevectors are injected isotropically in Figure 1.10.

It is seen from Figure 1.5 that the kinetic energy decay rate of fast mode turbulence

when injected collinearly is proportional to 𝑘−0.5
as theoretically predicted in Eqn

1.12.
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1.4 Isotropic Injection

Isotropic injection of wave vectors has been described in the numerical simulations

section. Different directions of the injected wavevectors are considered to isotropize

the injection as much as possible. The 1D energy spectra of the fast mode MHD

turbulence for such kind of injection is presented in Figure 1.6. The figure shows

the kinetic and magnetic energy spectra for different cases where the values of the

injection wavevectors are varied.

Figure 1.6: Energy spectrum of MHD fast mode turbulence for isotropic injection. The

bold red line denotes the spectrum for magnetic energy and the bold blue line denotes the

spectrum for kinetic energy. The dashed lines are the reference slopes for comparison with

numerical values and has a value of -2. The value of the initial wavevectors are changed in

different simulations and are presented here. The spectral index observed in this figure has

a value of -2 for all simulations and both kinetic and magnetic fields. The inertial range

is denoted by blue vertical lines. The title of the figures represents the injected values of

wavevectors in each simulation.
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For all the numerical simulations with isotropic injection, it is seen that the spectral

index of the velocity and magnetic field, has a value of -2.

The 2D energy spectrum for magnetic and velocity fields from the simulations of

decaying fast mode MHD turbulence when wavevectors are injected in a isotropic

fashion are presented in Figure 1.7. The distribution of energy in both the parallel

and perpendicular direction could be observed in this figure.

Figure 1.7: The 𝑘 ∥ − 𝑘⊥ wave-number spectrum for the velocity and the magnetic field

for fast mode MHD turbulence when wave vectors are isotropically injected. Results of

two different cases from Table 1.2 are presented here from Simulation 1 and 6. The figure

shows that energy is equally distributed along the parallel and perpendicular direction.

For all numerical simulations with isotropic injection of wave vectors as presented

in Figure 1.7, it is seen that energy is equally distributed along the parallel and

perpendicular direction for both magnetic and velocity field where the injection

wave vector values are varied in Simulation 1 to 6 in Table 1.2. This shows that fast
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modes generated by this method is isotropic in nature.

The 2D structure function for magnetic and velocity fields from the above simula-

tions of decaying fast mode MHD turbulence when wavevectors are injected in a

isotropic fashion are presented in Figure 1.8.

Figure 1.8: The 2D structure functions for the velocity field and the magnetic field for

decaying fast mode MHD turbulence when wave vectors are isotropically injected. Results

of two different cases from Table 1.2 are presented here when the initial wave vectors

has values 2,3 (Simulation 1) and 7,8 (Simulation 6). The figure shows extremely isotropic

contours in the parallel and perpendicular directions and therefore fast modes are isotropic

in nature when wave vectors are injected isotropically.

From all the numerical simulations with isotropic injection of wave vectors and as

presented in Figure 1.8, it is seen that the contour lines for both the magnetic and

the kinetic fields extend equally along the parallel and perpendicular directions

throughout the inertial range. This is observed for various simulations where
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the injection wave vector values are varied from Simulation 1 to Simulation 6 in

Table 1.2. This shows the isotropic nature of fast mode MHD turbulence generated

when isotropically injected.

The kinetic energy decay of fast mode turbulence for isotropic injection is presented

in Figure 1.9 for different injection wavevectors (see Simulations 1-6 in Table 1.2).

Figure 1.9: Kinetic energy decay of fast mode MHD turbulence when injected isotropically.

Different coloured line is for different turbulence when the injected wave vectors are varied

(see Simulations 1-6 in Table 1.2). The bold lines represents the numerical values of different

decay plots and the broken lines represents the fitted curves which are used to find the

decay/cascade rates further.

It is seen from Figure 1.9 that the kinetic energy of fast mode turbulence when

injected isotropically decays faster for higher values of injected wavevector.

The dependence of kinetic energy decay/cascade rate of fast mode turbulence on

different injection wavevectors is presented in Figure 1.10 for isotropic injection of
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wave vectors. The energy cacade/decay rate is calculated by fitting an exponential

decay function in the corresponding decay plots as shown by dashed lines in Fig 1.9.

Figure 1.10: Cascading rate of fast mode turbulence and its dependence on the wavevector.

For the isotropic injection case, the red dots represents the numerical values and the red

dashed line represents the fitted line through the numerical values. For the collinear

injection case, the blue dots represents the numerical values and the blue dotted line

represents the fitted line through the numerical values. The blue bold line represents the

reference slope of −0.5 which is theoretically predicted and compared with the numerical

values. In both kind of injections, the cascade rate is found to be closely proportional to

𝑘−
0.5 as theoretically predicted in Eqn. 1.12.

It is seen from Figure 1.10 that the kinetic energy decay rate of fast mode turbulence

when injected isotropically is proportional to 𝑘−0.5
as theoretically predicted in Eqn

1.12. This is valid for both the different cases of injection as found in Fig 1.10.
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1.5 Balanced vs Imbalanced Turbulence
In this section the comparison of cascade of fast mode MHD turbulence is carried

out between balanced and imbalanced MHD turbulence for a particular case where

the injection is collinear. While for the balanced turbulence, the injected wavevec-

tors propagating in one direction has the same power as that injected in the other

direction, for imbalanced turbulence the wavevectors injected in one direction has

more power than that injected from the other direction. The results of the study

are presented for both 1D and 3D turbulence.

Figure 1.11 presents the comparison of energy decay for a 1D simulation between

balanced and imbalanced fast mode MHD turbulence.

Figure 1.11: Energy decay of balanced and imbalanced turbulence in 1D in different

resolutions 128, 256 and 512. The total energy is presented in the left plot and the kinetic

energy in the right plot. The balanced turbulence is denoted by bold lines whereas the

imbalanced turbulence by dashed lines. Different colors represent different resolutions. It

is seen that the imbalanced turbulence decays faster than the balanced one.
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From Figure 1.11 it is seen that the kinetic and total energy decay/cascade in the

imbalanced case is faster than balanced turbulence in 1D. This is similar to the

result obtained by (Suzuki et al. 2007).

Figure 1.12 presents the comparison of energy decay for a 3D simulation between

balanced and imbalanced turbulence.

Figure 1.12: Energy decay of balanced and imbalanced turbulence in 3D. The total energy

is presented in the left plot and the kinetic energy in the right plot. The balanced turbulence

is denoted by blue bold lines whereas the imbalanced turbulence by red bold line. In the

kinetic energy plot, the dashed lines represents the fitted lines corresponding to the bold

lines in case of balanced and imbalanced turbulence. It is seen that there is not much

difference in the decay/cascade between balanced and imbalanced fast mode turbulence in

3D turbulence.

The kinetic and total energy decay as seen from Figure 1.12 reveals that there is

no big difference between the decay/cascade process of balanced and imbalanced

turbulence in 3D when the number of grid points are 512 in unit box length.
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1.6 Conclusion
In this chapter, numerical simulations are carried out to generate fast mode MHD

turbulence and study their properties. The turbulence is generated without any

continuous driving force. The turbulence therefore decays with time. The injection

of wavevectors to generate turbulence is carried out in two different ways. In one

scenario wavevectors are injected collinearly and in the other scenario wavevectors

are injected isotropically. The injected wavevectors are varied in these simulations

to study the dependence of turbulence properties with the injection wavevector.

The fast mode MHD turbulence generated are studied from their 1D and 2D energy

spectrum, 2D structure functions and cascade/decay rates. Also simulations are

carried out to study the difference between balanced and imbalanced fast mode

MHD turbulence in 1D and 3D and in different resolutions. The main results from

the current study are summarized below.

1. 3D fast mode MHD turbulence in the current simulations have a 1D energy

spectrum proportional to 𝑘−2
in contrast to spectral density of weak acoustic

turbulence with a spectral index of -1.5. This is a signature that shocks are

developed in the current fast mode simulations.

2. 3D MHD fast mode turbulence generated from the current simulations is

isotropic in nature as determined from their 2D energy spectrum and 2D

structure functions.

3. The cascade/decay rate of fast mode MHD turbulence is proportional to 𝑘−0.5

in different kinds of wave vector injection.

4. 1D imbalanced turbulence decays/cascades faster that balanced turbulence

but this is not observed in 3D MHD fast mode turbulence from the current

simulations of resolution 512.
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2 Cosmic Ray Transport
in MHD Turbulence

2.1 Introduction
Discovery

The discovery of cosmic rays was first due to Victor Hess in 1912 when he measured

atmospheric ionization using electrometers in his hot air balloon flight experi-

ments which travelled up to an altitude of 5 km above ground level and noted

rising radiation levels with rising altitude. He concluded that the radiation is of

extra-terrestrial origin and is of very high penetrating power which enters from

above into our atmosphere. Speculations were surmounting over the nature of this

radiation. Robert Millikan, who was investigating this radiation, proposed that they

were gamma rays coming from outer space and therefore he called them "cosmic

rays." But in the next decades evidence was mounting that cosmic rays were, in

fact, mostly energetic particles. In the early 1930s, Walter Baade and Fritz Zwicky

proposed that the origin of cosmic rays were due to supernovas. In 1938 Auger

had discovered extensive air showers, which are showers of secondary subatomic

particles formed when primary high-energy particles collide with air molecules in

the upper atmosphere. On the basis of his measurements, Auger concluded that he

had observed showers with energies of 10
15𝑒𝑉 which was ten million times higher

than any known at that time. From the 1930s to the 1950s, cosmic rays served

as a source of particles for high energy physics investigations in cloud chambers,

and led to the discovery of subatomic particles like the antimatter positron and

the heavier lepton muon. A theory of the acceleration mechanism of cosmic rays

through interstellar space was proposed by Enrico Fermi in 1949. According to

him, protons accelerate by bouncing off moving magnetic clouds in shocks which

are generated from supernovae. The highest energy cosmic ray that has ever been

observed is called the "Oh-My-God" particle. This was an ultra-high-energy cosmic

ray (UHECR) detected by the Fly’s Eye camera (HiRes) in Dugway Proving Ground,

Utah, U.S in 1991, with energies around 3 × 10
20𝑒𝑉 . Tracing back high-energy

cosmic rays to their unknown source will advance the understanding of the origin

and evolution of the universe.
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Composition, energy spectrum and origin

Cosmic rays are non-thermal, high energy, subatomic charged particles coming

from outer space, travelling close to the speed of light, to reach earth. Cosmic ray

particles that come from beyond our solar system are extremely energetic (GeV to

EeV) and highly relativistic. They are very stable and travel for millions of years

through our galaxy or from far away galaxies before reaching earth. The cosmic

rays that originate from outside the earth’s solar system are called primary cosmic

rays. Energetic particles from the sun, at a lower energy range (MeV and GeV) also

contribute to the cosmic ray flux on earth. Upon encountering the earth’s surface,

the cosmic rays interact with the nuclei of the air molecules and form a cascade of

secondary lighter particles in the form of an air shower. These are called secondary

cosmic rays and include photons, leptons, and other hadronic components. About

99 % of primary cosmic rays are the bare nuclei of well known atoms and the rest

1 % are solitary electrons. Of the nuclei, about 90 % are observed to be simple

protons, 9 % are alpha particles, identical to helium nuclei and the remaining 1 %

are the nuclei of heavier elements called HZE ions, eg carbon, oxygen, nitrogen,

iron. A very small fraction of stable particles of antimatter, such as positrons and

antiprotons has also been observed in the cosmic ray flux. The primary cosmic

ray flux energy spectrum spans for more than 11 decades in the range of GeV

(10
9𝑒𝑉 ) to EeV (10

18𝑒𝑉 ). The energy and flux of the cosmic rays are related to

their sources or the highly energetic astrophysical events that create them. The

origin and source of the cosmic rays (where they come from) and how they gain

so much high energies are a source of active research in high energy astrophysics.

At low energies, the majority of primary cosmic rays originate from supernova

remnants (SNR) within our galaxy Milky Way and are known as galactic cosmic

rays (GCR), or are solar energetic particles. For the galactic cosmic rays, upon

acceleration by supernova shocks, they follow a diffusive propagation through

the galactic magnetic fields, until they leave the Galaxy or reach earth. At high

energies, the extra-galactic cosmic rays that enter the solar system from beyond our

Milky Way galaxy dominates the highest energy cosmic ray spectrum. The exact

transition energy from galactic to extra-galactic cosmic rays occurs is not very

clear, but it is roughly in the range 10
17
to 10

18
eV, which is also referred to as the

ankle of the cosmic ray energy spectrum. Compared to the high flux of GCR which

is around 1 particle𝑚−2𝑠−1
, the flux of these extra-galactic UHECR are extremely

low and is around 1 particle 𝑘𝑚−2𝑠−1
. Their possible sources are of extra-galactic

origin, such as in the active galactic nuclei, cluster of galaxies, gamma-ray bursts,

and neutron stars.
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Importance of MHD turbulence in CR transport

The transport of primary cosmic rays and dust grains through interstellar, inter-

galactic and intracluster space, their acceleration mechanisms and sources are still

an ongoing subject of research in cosmic ray astrophysics. All of the interstellar,

intergalactic and intracluster medium are filled with astrophysical fluids and are in

the state of plasma. These fluids are mediated by electric and magnetic fields. These

fluids are highly conducting and usually have very high Reynolds number therefore

being highly turbulent in nature. Magnetic turbulence is ubiquitous in astrophysical

systems and ranges in scale from kms to kpc. The study of transport of cosmic rays

through magnetic turbulence which is ubiquitous in astrophysical plasmas could

reveal understanding of fundamental physical processes responsible for particle

scattering, confinement and acceleration. Also it helps to understand the nature

of magnetohydrodynamic (MHD) turbulence itself which is still in progress and

simultaneously linked with the advancement of cosmic ray studies.

Interaction of MHD turbulence with CR

"The propagation, scattering and acceleration of cosmic rays (CRs) and dust grains

in any astrophysical medium is affected by their interaction with turbulent mag-

netic fields (MHD turbulence) in the medium. The scattering of CR is efficient when

their interaction with turbulent magnetic field in the medium satisfies resonance

conditions.

Gyroresonance

Gyroresonance or cyclotron resonance occurs when the interactions between a

charged particle and a plasma wave is such that the wave frequency is a multiple

of the particle’s Larmor frequency:

𝜔 − 𝑘∥𝑣` = 𝑛𝛺 (2.1)

where 𝜔 is the wave frequency, 𝛺 = 𝛺0/𝛾 is the particle’s relativistic gyration

frequency, ` = 𝑐𝑜𝑠\ , \ is the pitch angle of particles and (𝑛 = 0,±1,±2...).

TTD

The scattering of CR is also highly efficient when their interaction with the turbu-

lent fields satisfies a nonresonant condition called transient time damping [TTD].
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TTD results from compressible perturbations only in MHD turbulence and corre-

sponds to 𝑛 = 0 in the gyroresonance condition. TTD occurs when the phase speed

of the magnetic field compression (𝑣 ∥ ≈ 𝜔/𝑘∥) is similar to the particle speed. The

particles undergo several reflections or collisions within the magnetic mirrors and

therefore are able to escape them for scattering and acceleration.

Streaming instability

The third mechanism is called streaming instability which is also an efficient alter-

native for scattering of cosmic rays. When CRs stream at a velocity much larger

than the Alfvén velocity, they can excite slab Alfvénic MHD modes as a feedback.

These, in turn, scatter CRs back. This runaway process is known as streaming

instability. Turbulence could also partially suppress streaming instability due to

the nonlinear interaction with turbulence. The resonant streaming instability is

important for confining cosmic rays with energies up to 100 GeV in the galaxy

(Cesarsky 1980; Longair 1997).

Astrophysical implications

These resonant interactions are responsible for scattering of cosmic rays and

isotropizing them thereby confining the cosmic rays in our galaxy for a longer time.

Efficient scattering is also required for the acceleration of cosmic rays in turbulent

medium. For example in diffusive shock acceleration the scattering back of cosmic

rays into the shock is necessary for the mechanism of first order Fermi acceleration

to happen efficiently (Longair 1997). Also, stochastic acceleration or second order

Fermi acceleration of cosmic rays in a turbulent medium would require efficient

scattering.

Therefore the diffusion of particles both in the parallel and perpendicular directions

to the mean magnetic field controls the penetrations and modulation of solar ener-

getic particles in the heliosphere, the confinement and escape of galactic cosmic

rays and the efficiency of accelerationmechanisms like diffusive shock acceleration."

CR transport studies in slab, composite mode turbulence

As already stated before, the advancement of study of CR transport goes hand in

hand with the advance of MHD turbulence theory. "There was a surge of research

trying to develop models of CR transport in astrophysical turbulence and study CR

pitch angle diffusion and scattering in the 1960s and 1970s. Both quasilinear theory
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(QLT) (Jokipii 1966) and non linear theory (NLT) (Dupree 1966; Goldstein 1976;

Jones et al. 1973; Voelk 1975; Völk 1973) were employed to study CR scattering.

While QLT assumes that the particle orbits are unperturbed, NLT considers pertur-

bations of particle orbits. The nonlinear theories tried to address the problem of

scattering of particles with 90 degree pitch angle correctly which was not possible

with QLT. Numerical simulation also confirmed that there was finite scattering at

90 degree pitch angle (Kaiser et al. 1978).

The transport of cosmic ray perpendicular to the background magnetic field has

been a source of debate for many decades. The first theoretical approach was the

application of QLT to particle transport in a magnetostatic slab model of turbulence

which leads to a field line random walk (FLRW) or normal diffusive behaviour

(Jokipii 1966). Several numerical simulations were carried out in the past decades

to study perpendicular transport. By using test particle simulations Qin et al. 2002

demonstrated that the FLRW-limit is incorrect and perpendicular transport in a

magnetostatic slab model is sub-diffusive. This conclusion was supported theoreti-

cally be invoking a compound diffusion model (Kóta and Jokipii 2000). However,

some other numerical simulations using test particle approach demonstrated that

diffusion is recovered if the slab model is replaced by a slab/2D composite model

(Giacalone and Jokipii 1999; Qin et al. 2002). However the researchers were using

synthetic data for magnetic turbulence. The problemwith such kind of data is that it

is difficult to include scale dependant anisotropy with respect to the local magnetic

field in these turbulence and hence is not a correct model of MHD turbulence like

the GS95 model (P. Goldreich and Sridhar 1995).

In the past two decades, more attempts were made to develop the nonlinear theory

of CR scattering include the nonlinear guiding center theory (W. H. Matthaeus et al.

2003), weakly nonlinear theory (Shalchi et al. 2004), and second-order QLT (Le

Roux and Webb 2007; Qin 2007; Shalchi 2005; Shalchi 2006; Webb et al. 2006). These

analysis were however using the traditional 2D MHD and slab models of MHD

turbulence (Bieber et al. 1988; Pryadko and Vahe Petrosian 1999). In the slab model

of Alfvénic turbulence, only Alfvén waves propagating along an external magnetic

field are considered. The slab model is incompatible for explaining perpendicular

transport, since the particles are tied forever to the same magnetic field lines. These

models were simple and were able to account for the propagation of CR in the solar

wind and the magnetosphere for example."
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CR transport studies in GS95 turbulence

"The most important development in the understanding of MHD turbulence was

due to the GS95 model. The analytical theory of GS95 predicted that Alfvén modes

in incompressible MHD turbulence would have a scale dependant anisotropy. Sev-

eral numerical simulations carried out in the next years (J. Cho and Lazarian 2003; J.

Cho, Lazarian, and E. T. Vishniac 2002; Jungyeon Cho and Lazarian 2002; Jungyeon

Cho and Ethan T. Vishniac 2000; Maron and Peter Goldreich 2001; Müller and

Biskamp 2000) confirmed that Alfvén modes in MHD turbulence has scale depen-

dant anisotropy consistent with the analytical theory of GS95. Around the same

time, analytical studies of CR scattering in incompressible MHD turbulence with

GS95 spectrumwere carried out using QLT. Due to the anisotropy of such turbulence

the pitch angle scattering of CR was found to be extremely low (Chandran 2000).

Another attempt was made by (Lerche and Schlickeiser 2001) to study CR scattering

in anisotropic MHD turbulence". Numerical simulations were carried out to test

the nonlinear theory in incompressible GS95 type turbulence (Beresnyak et al. 2011).

CR transport studies in CL02 turbulence

"The above studies however did not consider compressible turbulence into account.

A more accurate description of MHD turbulence was obtained by Cho and Lazar-

ian (J. Cho and Lazarian 2003; Jungyeon Cho and Lazarian 2002) by considering

compressibility in turbulence. The MHD turbulence in these studies were also

decomposed into Alfvén, fast and slow modes. While the Alfvén and slow modes

are anisotropic, fast modes are relatively isotropic in nature. The fast modes were

suggested to follow an acoustic type of cascade (J. Cho and Lazarian 2003; Jungyeon

Cho and Lazarian 2002). Using the quasilinear theory (QLT) in such tested model of

turbulence (J. Cho and Lazarian 2003), Yan and Lazarian for the first time showed

that compressible fast modes are responsible for most of the scattering of particles

(Yan and Lazarian 2002; Yan and Lazarian 2004). However QLT has some shortcom-

ings. It cannot treat the scattering of particles with 90 degree pitch angle. It can also

not account for the perpendicular transport of particles. A further development of

CR transport was made using the nonlinear theory (NLT) by Yan and Lazarian (H.

Yan and Lazarian 2008) which also showed that fast modes are responsible for much

particle scattering compared to the other MHD modes. The contribution of TTD

by compressible modes obtained were more prominent from NLT. The NLT also

addresses the issue of perpendicular transport of cosmic rays and super-diffusion

of CR upon interaction with small scale eddies of turbulence (Lazarian and Yan

2014; H. Yan and Lazarian 2008). Numerical simulations were carried out to test
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the nonlinear theory in compressible CL02 type turbulence (Xu and Huirong Yan

2013).

Aim of current study and possible future extensions

In this thesis, CR test particle scattering is studied in numerically tested models of

MHD turbulence. "The test particle approach is a conventional numerical method

for studying CR of negligibly small density in which case the collective effects are

not considered as important. However, in real astrophysical environments, CR

density is not actually small and the CR pressure could be dynamically important.

Nevertheless, the test particle limit provides a firm ground for future research into

the more general and difficult problem of mutual interaction of CR and MHD fluid".

The focus of study in this thesis is to build up on the previous numerical simulations

of CR transport in MHD turbulence (Beresnyak et al. 2011; Xu and Huirong Yan

2013) and carry out further detailed analysis of CR transport in decomposed com-

pressible MHD turbulence that directly confronts the nonlinear theory (Lazarian

and Yan 2014; H. Yan and Lazarian 2008)" with regard to CR scattering and perpen-

dicular transport. The scattering of cosmic rays under the influence of different

MHD modes are studied, along with the dependence of CR scattering on to the

initial pitch angle of CR. The perpendicular transport of CR is studied in both large

scale and small scale eddies. The analysis is done with respect to both global and

local magnetic fields. CR transport in both sub-Alfvénic and superAlfvénic turbu-

lence is studied. Importantly, CR of various mean free paths and their transport is

also the basis of this study.

In the current thesis the back reaction of cosmic rays to the MHD turbulent fluid is

not considered. This kind of mechanism leads to a process called streaming instabil-

ity which could be a very important mechanism for CR scattering (R. Kulsrud and

Pearce 1969) with energy below 100 GeV. The feedback of CRs on turbulence, in

the form of gyroresonance instability (Huirong Yan and Lazarian 2011), could also

be additionally studied and all these problems opens up scoped for future research

in CR transport.
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2.2 Review of theory on particle transport in test
model of turbulence

In this review section a brief overview of the conclusions from Quasilinear Theory

(QLT) and the Nonlinear Theory (NLT) is provided. An important aspect of per-

pendicular transport addressed by the NLT is also discussed. Most of the content

presented in this section is from (Lazarian and Yan 2014; Yan and Lazarian 2002;

Yan and Lazarian 2004; H. Yan and Lazarian 2008).

CR SCATTERING FROM QUASILINEAR THEORY:

The results from applying QLT to CR transport in compressible MHD turbulence

is summarised below:

1) "CR scattering due to Alfvén and slowmode turbulence is inefficient andmarginal.

Due to the anisotropic nature of such modes, resonant interaction of CR with Alfvén

and slow mode turbulence through gyroresonance is suppressed very much and

therefore CR scattering due to such MHD modes becomes negligible (Chandran

2000; Yan and Lazarian 2002; Yan and Lazarian 2004). CR scattering due to Alfvén

and slow modes are similar because they have similar anisotropic structure and

scaling relations. For very high energy CRs(> 10
8𝐺𝑒𝑉 ) Alfvén mode scattering

can not be neglected."

2) "CR scattering due to fast modes is very efficient and is the dominant scattering

mechanism when energy is injected at large scales. Gyroresonance with fast modes

is the principal mechanism that scatters CR (Yan and Lazarian 2002). Unlike Alfvén

modes, fast modes suffer viscous and collisionless damping, but still it dominantly

contributes to CR scattering".

Limitations of QLT:

"The QLT describes CR dynamics in a local magnetic field system of reference

and the key assumption of QLT is that the particle’s orbit is unperturbed. While

QLT provides simple physical insights into scattering, it is known to have problems".

1) "QLT has problems in treating scattering of cosmic rays when their momentum is

nearly perpendicular to the magnetic field (Felice and R. M. Kulsrud 2001; Goldstein

1976; Jones et al. 1973; Owens 1974; Voelk 1975; Völk 1973). It fails in treating 90
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degree scattering which could be addressed with the NLT. The contribution of TTD

is improperly treated in QLT".

2) "QLT does not take into account the diffusion of CR that follow wandering

magnetic lines. This problem of addressing the perpendicular transport of cosmic

rays at small scales (Kóta and Jokipii 2000; W. H. Matthaeus et al. 2003) is addressed

with the NLT".

CR SCATTERING FROM NON LINEAR THEORY:

The NLT is an improvement over the QLT and takes into account the perturbations

in particle’s orbit. Thus it is able to account for both the problems of perpendicular

transport and 90 degree scattering along with considering the important process of

TTD scattering.

"The results from applying nonlinear theory to CR transport in incompressible and

compressible MHD turbulence is summarised below. It is seen that the nonlinear

effects are very important for the scattering of cosmic rays".

1) "The overall CR scattering is dominated by the TTD interaction with compressible

fast modes, especially at large pitch angles and up to 90 degrees. CR scattering due

to TTD interaction is negligible at small pitch angles. Nevertheless the overall CR

scattering is still largely due to TTD mechanism in comparison to gyroresonance

mechanism. The contribution of TTD interactions in CR scattering is a important

consequence of the NLT. There is a difference between the results obtained from

QLT and NLT at large pitch angles".

2) "The contribution of gyroresonance in CR scattering occurs at small pitch angles.

CR scattering due to gyroresonance of incompressible Alfvén MHD turbulence is

marginal. The fast modes dominates the gyroradius interaction in comparison to

Alfvén modes. Even though the overall contribution of GR to CR scattering is less,

it should be important for confining the CRs at small pitch angles. The results for

gyroresonance scattering are the same as obtained from QLT and NLT".

4) "The fast modes contributes majorly to the overall CR scattering in our galaxy

for example in the warm interstellar medium(WIM) and the galactic halo".

PERPENDICULAR TRANSPORT AND RICHARDSON DIFFUSION OF CR
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"The perpendicular transport of cosmic rays with respect to mean magnetic field

is explored here. The relevance of such studies is related to many astrophysical

environments for example our heliosphere and our galaxy where a mean magnetic

field is present. Cross field transport is still debatable and yet to be confirmed even

though it is fundamentally important. Many studies have proposed that CR cross-

field transport is subdiffusive in nature. (Getmantsev 1963; Kóta and Jokipii 2000;

Mace et al. 2000; Qin et al. 2002; Webb et al. 2006). The observations of solar ener-

getic particles in the heliosphere contradict the above theory (Perri and Zimbardo

2009). Their analysis reveals that the propagation of energetic ions accelerated at

the solar wind termination shock corresponds to superdiffusive transport. This is

the first direct experimental evidence of ion superdiffusion in space plasmas. The

solar energetic particle fluxes measured at different heliocentric distances indicate a

faster diffusion process perpendicular to the solar magnetic field than subdiffusion

(Maclennan et al. 2001)".

"The QLT faces serious difficulties in explaining CR propagation perpendicular

to the mean magnetic field. Recent calculations of CR perpendicular transport

have been based on the NLT of CR transport in tested GS95 model of turbulence

(H. Yan and Lazarian 2008). This study has shown that subdiffusion does not apply

,and instead, CR cross-field transport undergo normal diffusion on large scales and

superdiffusive on smaller scales less than the injection scale of turbulence. It follows

from the GS95 theory that the displacement squared in the perpendicular direction

to the mean magnetic field is proportional to the third power of the distance along

the magnetic field for superdiffusion (Lazarian 2006; Lazarian and Ethan T. Vishniac

1999; Lazarian and Yan 2014; Narayan and Medvedev 2001; H. Yan and Lazarian

2008)".

In the following paragraphs, "the perpendicular diffusion of CR upon interaction

with small scales eddies, less than the energy injection scale, 𝐿 of turbulence is

discussed in particular. The turbulent magnetic fields diverge over scales less than

𝐿 (smaller scales) and undergo the phenomena of Richardson super-diffusion. The

magnetic fields lines undergo random walk and normal diffusion above the energy

injection scale 𝐿 (larger scales). CR transport in small scale Alfvénic turbulence

is described for both sub-Alfvénic and super-Alfvénic conditions. CR with both

_∥ > 𝐿 and _∥ < 𝐿 are considered. This explains CR propagation and acceleration

in a variety of astrophysical environments".
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Perpendicular Diffusion of CR with 𝝀∥ > 𝑳 along wandering magnetic field
lines :

"When the mean free path, _∥ of CR is greater than the energy injection scale, L

of MHD turbulence, the CRs undergo a streaming motion along magnetic fields

and their diffusion perpendicular to mean magnetic field is determined by the

divergence of magnetic field lines. The cosmic ray trajectories trace magnetic field

lines and therefore the divergence of CR trajectories is identical to that of magnetic

field".

"Let us consider first strong turbulence with𝑀𝐴 < 1 (subAlfvénic). The divergence

of the field lines starts at points displaced by vector 𝑙 . This displacement increases

as one moves a distance ’s’ in arc length along the field line passing through the

two points. The change in separation is given by the following equation,

𝑑l(𝑠)
𝑑𝑠

= ˆb(Z ′(𝑠)) − ˆb(Z (𝑠)) (2.2)

where l(𝑠) = Z ′(𝑠)−Z (𝑠) and ˆ𝑏 = 𝐵/|𝐵 | is the unit tangent vector along the magnetic

field line. From this equation, one derives the following equation(Lazarian and Yan

2014),

𝑑𝑙⊥
2

𝑑𝑠
∼ 𝐷⊥(𝑙) ∼ 𝐿( 𝑙⊥

𝐿
)4/3𝑀

4/3

𝐴
(2.3)

The solution of the above equation is given as,

𝑙2

⊥ ∼ 𝑠3

27𝐿
𝑀𝐴

4
(2.4)

From the above equation it is seen that the perpendicular diffusion has a depen-

dence of 𝑀4

𝐴
instead of 𝑀2

𝐴
in the classical studies(Jokipii and Parker 1969). This

signifies a stronger suppression of perpendicular diffusion by magnetic field. As

is seen for Richardson diffusion it is required that scales 𝑠 are less than the tur-

bulent injection scale 𝐿. Numerical simulations by (Xu and Huirong Yan 2013)

validate this result for incompressibly driven turbulence. The Richardson law in

terms of magnetic field separation in time was confirmed with numerical simula-

tions involving many time frames of the drivenMHD turbulence (Eyink et al. 2013)".

"Now lets look at turbulence with superAlfvenic Mach no i.e. MA > 1. At scales

larger than the Alfvénic scale 𝑙𝐴 the dynamics of magnetic field is dominated by
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hydrodynamic turbulence. For scales smaller than 𝑙𝐴 the turbulence is of GS95-

type with the injection scale of L = lA and the injection velocity VL = VA. The

separation of magnetic field lines is given as,

𝑙2

⊥ ∼ 𝑠3

27𝐿𝐴
∼ 𝑠3

27𝐿
𝑀𝐴

3
(2.5)

where the𝑀3

𝐴
dependence reflects the fact that the GS95 cascade starts at 𝑙𝐴 rather

than at the injection scale of turbulence 𝐿. The reason for this is that the magnetic

fields at scale less than 𝑙𝐴 are stiffer and are not bent by hydrodynamic turbulence.

Therefore, from the above discussions, streaming CRs move along the diverging

magnetic field lines and undergo superdiffusion. For subAlfvénic turbulence i.e.

𝑀𝐴 < 1 the superdiffusion is present perpendicular to magnetic field in the range of

perpendicular scales [𝑙𝑚𝑖𝑛, 𝑙𝑡𝑟𝑎𝑛𝑠]. For super Alfvénic turbulence with𝑀𝐴 > 1, the

superdiffusion of CRs streaming along magnetic field lines experience anisotropic

superdiffusion which is present perpendicular to the magnetic field at the scales

less than 𝑙𝐴".

Perpendicular Diffusion of CR with 𝝀∥ < 𝑳 along diverging magnetic field
lines :

"When the mean free path, _∥ of CR is less than the energy injection scale, 𝐿 of

MHD turbulence, the CR instead of streaming or moving ballistically diffuse or

scatter more. The superdiffusion in this case is also different from the case when

the _∥ is greater than 𝐿, due to multiple scattering.

When CR of such small _∥ compared to 𝐿 encounters large scale eddies (scales

≫ 𝐿), the perpendicular diffusion coefficient in the global frame of reference for

subAlfvénic𝑀𝐴 (𝑀𝐴 < 1) is given by (Lazarian and Yan 2014; H. Yan and Lazarian

2008),

𝐷⊥ ≈ 𝐷∥𝑀𝐴
4

(2.6)

This involves a random walk process of CR with a time step of 𝐿2/𝐷∥ . This result is
also similar to the diffusion of thermal particles obtained from thermal conduction

(Lazarian 2006).

When CR of such small _∥ compared to 𝐿 encounters smaller eddies (scales less

than 𝐿), the perpendicular displacement and parallel displacement with respect
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to the mean magnetic field for subAlfvénic𝑀𝐴 is given as(Lazarian and Yan 2014)

respectively,

𝑙⊥
2 ∼

(𝐷∥𝛿𝑡)3/2

27𝐿
𝑀𝐴

4, (2.7)

𝑙∥
2 ∼ (𝐷∥𝛿𝑡), (2.8)

When CR of such small _∥ compared to 𝐿 encounters smaller eddies at scales less

than the Alfvénic scale 𝑙𝐴, i.e. for scales [𝑙𝑚𝑖𝑛, 𝑙𝐴], the perpendicular displacement

with respect to the mean magnetic field for superAlfvénic𝑀𝐴 is given as(Lazarian

and Yan 2014) respectively,

𝑙⊥
2 ∼

(𝐷∥𝛿𝑡)3/2

27𝐿
𝑀3

𝐴 (2.9)

From Eqn. 2.7 and Eqn. 2.9 it is seen that the perpendicular displacement exhibit su-

perdiffusive behaviour, even though the rate of superdiffusion is reduced compared

to that of Richardson diffusion in case of _∥ > 𝐿. While it is known that Richardson

growth is proportional to 𝑡3/2
, it is expected that for the current situation, the

diffusive propagation of CR is proportional to 𝑡3/4
".

2.3 Numerical setups

CR TEST PARTICLE SIMULATIONS AND LORENTZ FORCE

In the current study, "test particle simulations are carried out in the presence of

MHD turbulence to trace the trajectories of CRs. Since the relativistic particles

considered in the current study have speed much larger than the Alfvén speed, the

magnetic fields are considered as stationary, and the electric fields in the turbulent

plasma are neglected for the study of CR transport. The particle motion is governed

by the relativistic Lorentz force equation given by,

𝑚𝛾
𝑑v
𝑑𝑡

= 𝑞(v × B) (2.10)

where q, m and v represents the charge, mass and velocity of the particles, respec-

tively. 𝛾 is the Lorentz factor and B is the turbulent magnetic field. The Larmor

radius of the particle is,
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𝑟𝐿 =𝑚𝑐2𝛾/𝑒𝐵0 (2.11)

The particle trajectory tracer follows the Bulrisch Stoer method (Press et al. 1986).

The periodic boundary conditions are adopted. The CR diffusion coefficients are

calculated from the particle trajectory data".

Brief description of Bulirch Stoer algorithm

The Bulirsch Stoer (BS) algorithm is chosen to solve the ordinary differential equa-

tions (ODE) governing the trajectories or motion of relativistic cosmic rays. "The

BS method is well suited to ODEs which contains smooth functions and have no

singular points inside the interval of integration. The BS method is a very efficient

method to obtain high accuracy numerical solutions to ODEs with minimal compu-

tational effort relative to other commonly used methods".

The BS method combines the ideas of numerical integration and extrapolation

method. In the Bulirsch-Stoer method, the integrations are done by the modified

midpoint method, and the extrapolation technique is called Richardson’s extrapola-

tion. "A single Bulirsch-Stoer step moves point 𝑥 to 𝑥 +𝐻 , where 𝐻 could be a large

distance and not necessarily infinitesimal. This single step is a grand leap consisting

of many (e.g., dozens to hundreds) substeps of modified midpoint method, which

are then extrapolated to zero stepsize."

The numerical integration is carried out using the modified midpoint method. In

this method, the advancement of the vector of the dependant variable 𝑦 (𝑥) from a

point 𝑥 to a point 𝑥 + 𝐻 is carried out in a sequence of 𝑛 substeps, each of size ℎ.

The size of the each substep is given as,

ℎ =
𝐻

𝑛
(2.12)

The equations governing the modified midpoint method are as follows,

𝑧0 = 𝑦 (𝑥) (2.13)

𝑧1 = 𝑧0 + ℎ𝑓 (𝑥, 𝑧0) (2.14)

𝑧𝑚+1 = 𝑧𝑚−1 + 2ℎ𝑓 (𝑥 +𝑚ℎ, 𝑧𝑚) (2.15)
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for𝑚 = 1, 2, ..., 𝑛 − 1

𝑦 (𝑥 + 𝐻 ) ≈ 𝑦𝑛 =
1

2

[𝑧𝑛 + 𝑧𝑛−1 + ℎ𝑓 (𝑥 + 𝐻, 𝑧𝑛)] (2.16)

"The 𝑧’s in the above equations are intermediate approximations which advances

in steps of ℎ whereas the final approximation to 𝑦 (𝑥 + 𝐻 ) is denoted by 𝑦𝑛. This

method is primarily a centered difference or midpoint method, except at the first

and last points which gives it the name modified midpoint method."

"The modified midpoint method is a second-order method. It has an advantage

over the second order Runge-Kutta (RK2) in that it calculates only one derivative

per step ℎ instead of two required in RK2 method."

"The important consequence arising out of Eqn 2.16 which makes the modified

midpoint method particularly useful for the BS technique is that the error in 2.16

contains only even powers of the stepsize ℎ when expressed as a power series in ℎ.

𝑦𝑛 − 𝑦 (𝑥 + 𝐻 ) =
∞∑︁
𝑛=1

𝛼𝑖ℎ
2𝑖

(2.17)

where 𝐻 is a constant, and ℎ changes by varying 𝑛 in Eqn 2.12. The usefulness of

the even power series is that by ignoring the higher-order terms, two orders of

accuracy can be gained. For example, when 𝑛 is even, and 𝑦𝑛/2 denote the result of

applying Eqn 2.12 and Eqn 2.16 with half the number of steps, 𝑛 → 𝑛/2, then,

𝑦 (𝑥 + 𝐻 ) ≈
4𝑦𝑛 − 𝑦𝑛/2

3

(2.18)

is fourth-order accurate. This is similar to the result obtained from fourth-order

Runge-Kutta, but requires only about 1.5 derivative evaluations per step ℎ in-

stead of Runge-Kutta’s evaluations of 4 derivatives. It is sometimes called the

Gragg–Bulirsch–Stoer (GBS) algorithm because of the importance of a result about

the error function of the modified midpoint method, due to William B. Gragg."

Therefore, to summarize, "the modified midpoint method by itself is a second-order

method and is therefore generally inferior to fourth order methods like RK4 but as

discovered by Gragg, the error of a modified midpoint step of size 𝐻 , consisting of

𝑛 substeps of size ℎ = 𝐻/𝑛 each, and expressed as a power series in ℎ, contains only

even powers of ℎ which makes the modified midpoint method extremely useful

to the Bulirsch–Stoer method as the accuracy increases two orders at a time. The
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other important advantage of this method is that it calculates one derivative per

substep compared to other methods of similar accuracy which calculates more

derivatives per substep."

" Bulirch and Stoer proposed a sequence of separate attempts to advance the interval

𝐻 which is made of increasing values of 𝑛, the number of substeps.

𝑛 = 2, 4, 6, 8, 12, 16, 24, 32, 48, 64, 96, ..., [𝑛 𝑗 = 2𝑛 𝑗 − 2], ... (2.19)

For each step, it is not known in advance how far up this sequence would go. After

each successive 𝑛 is tried, a polynomial extrapolation is attempted which returns

both the extrapolated values and the error estimates. If they are not satisfactory,

the 𝑛 is increased. If they are satisfactory, the next step is pursued with 𝑛 = 2 as

the beginning".

MHD TURBULENCE DATA CUBES

The MHD turbulent data cubes that have been used in the test particle simula-

tions to study cosmic ray transport and obtain the current results in the thesis

are described below. Two kinds of MHD turbulence data cubes are used in which

one of them has been more solenoidally driven and the other one has been more

compressibly driven. The driving force of turbulence is continuous such that the

turbulence reaches a steady state with time.

Solenoidal driven turbulence(CL Code, PENCIL Code)

"3D MHD simulations are performed to generate turbulence data cubes using two

types of MHD codes: the one based on (Jungyeon Cho and Lazarian 2002) (Let’s

call it the CL code); the other with PENCIL codes
1
. The turbulence data cubes

are set with 𝐿3

𝑏𝑜𝑥
= 512

3
resolution, energy injection scale 𝐿 ∼ 0.4𝐿𝑏𝑜𝑥 . The 3D

turbulences are driven by solenoidal forcing. Upon the full development of MHD

turbulence, snapshots of turbulence are employed in the test particle simulations.

The external mean magnetic field is modulated to produce MHD turbulence with

different Alfvénic Mach number𝑀𝐴, defined by:

𝑀𝐴 ≡< 𝛿𝑉

𝑉𝐴
>∼ 𝛿𝐵

𝐵0

(2.20)

1 Please see http://pencil-code.nordita.org for details.
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Here the quantity 𝛿𝑉 is the turbulent velocity field, 𝑉𝐴 is the Alfvénic velocity, the

symbol “< ... >” indicates the spatial average, 𝛿𝐵 and 𝐵0 are turbulent and average

magnetic field, respectively. The𝑀𝐴 values of the generated turbulence data cubes

from CL and PENCIL method are listed in Table 2.1. CR transport in decomposed

MHD modes is also considered. Based on the method described in (J. Cho and

Lazarian 2003; Jungyeon Cho and Lazarian 2002), the 3D MHD turbulence from

PENCIL is decomposed into three eigenmodes, Alfvén, slow and fast. While the CL

type turbulence is not decomposed into MHD modes, the PENCIL type turbulence

is decomposed into MHD modes. The energy of the magnetic fluctuations for the

decomposed modes are normalized to the same amplitude as the total turbulence

data cubes in this case. Hence the decomposed modes and the total turbulence have

the same𝑀𝐴 for studying test particle simulations in MHD turbulence generated

from PENCIl".

Solenoidal Driving

𝑀𝐴 for simulations in whole turbulence data

0.44 0.56 0.65 0.83 1.28 1.40 1.54

𝑀𝐴 for tests in decomposed turbulence data

0.40 0.50 0.65 0.68 0.73 0.80 0.91

Table 2.1: This table lists the Alfvénic Mach numbers of turbulence data cubes employed in

our simulations. The first row are whole turbulence data cubes (CL) and not decomposed.

The second row are the data cubes with decomposition performed (PENCIL).

Compressible driven turbulence

"Compressible 3D MHD simulations were performed to generate turbulence data

cubes using the PLUTO code (Mignone 2007). The PLUTO code solves the ideal

MHD equation with no explicit resistivity or viscosity but only numerical dissi-

pation. The equation of state considered here is isothermal. The 3D turbulences

are driven by a constant forcing mechanism. Upon the full development of MHD

turbulence, snapshots of turbulence are generated which in turn are employed in

the test particle simulations".

"The simulation box is a cube and has length dimensions 𝐿𝑥 = 𝐿𝑦 = 𝐿𝑧 = 1

and are set with 𝐿3

𝑏𝑜𝑥
= 512

3
resolution, energy injection scale 𝐿 ∼ 0.4𝐿𝑏𝑜𝑥 . The

normalization is such that the Alfven velocity 𝑣𝐴 and the mean magnetic field 𝐵0
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are numerically same. The mean field 𝐵0 is in the 𝑧 direction, which is the global

parallel direction".

"The driving of turbulence is carried out by using a readily available forcing module

in PLUTO which drives turbulence by adding a force F𝑡𝑢𝑟𝑏 in both the momentum

and energy equations. This force follows the Ornstein-Uhlenbeck(OU) process

which is a stochastic differential equation governing the evolution of the force F𝑡𝑢𝑟𝑏

given as",

𝑑F𝑡𝑢𝑟𝑏 (k, 𝑡) = F𝑡𝑢𝑟𝑏
0

(k)𝑃Z (k)𝑑𝑊 (𝑡) − F𝑡𝑢𝑟𝑏 (k, 𝑡)𝑑𝑡
𝑇

(2.21)

"In the above equation, 𝑑F is the force which is added at every time step to the

existing force F𝑡𝑢𝑟𝑏 (k) at wavevector k. The compressive and the solenoidal parts

of the force are separated by the projection operator 𝑃Z (k).

𝑃Z (k) = Z𝑃Z (k) + (1 − Z )𝑃Z (k) = Z𝛿𝑖 𝑗 + (1 − 2Z )
𝑘𝑖𝑘 𝑗

𝑘2
(2.22)

The forcing is purely solenoidal if Z = 1 and the forcing is purely compressible when

Z = 0. An intermediate value of Z gives a mixture of solenoidal and compressive forc-

ing. The forcing is such that 𝑘𝑚𝑖𝑛 = 1 and 𝑘𝑚𝑎𝑥 = 3 where the 2𝜋 factor is neglected".

"MHD turbulence with different Alfvénic Mach number𝑀𝐴 has been generated for

compressible driving Z = 0.1. The Mach number is varied by varying the energy

injected in turbulence. CR transport in decomposed MHD modes are considered.

Based on the method described in (Jungyeon Cho and Lazarian 2002), the 3D MHD

turbulence is decomposed into three eigenmodes, Alfvén, slow and fast. The energy

of the magnetic fluctuations for the decomposed modes are normalized to the same

amplitude as the total turbulence data cubes. Hence the decomposed modes and

the total turbulence have the same𝑀𝐴".

Compressible Driving

𝑀𝐴 for tests in decomposed turbulence data

0.24 0.5 0.6 0.7 0.75 0.81 0.86

Table 2.2: This table lists the Alfvénic Mach numbers of turbulence data cubes generated

by compressible driving using PLUTO employed in our simulations. These are the data

cubes with decomposition performed.
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2.4 CR scattering and pitch angle diffusion
This section presents the results from the scattering experiments performed nu-

merically using an ensemble of charged particles with a specific pitch angle as the

initial conditions in MHD turbulence. The scattering experiments were carried

out in different MHD modes of MHD turbulence and of various 𝑀𝐴. The pitch

angle is defined as the angle between the particle’s velocity vector and the local

magnetic field vector. The pitch angle changes with time as the charged particles

interacts with MHD turbulence which leads to the pitch angle scattering process.

The change of the pitch-angle cosine (` − `0) is traced for a short interval of time

to keep the deviation of ` small (Beresnyak et al. 2011) where `0 is the initial pitch

angle cosine. The pitch-angle diffusion coefficient 𝐷`` is obtained for an averaged

ensemble of charged particles using the following definition,

𝐷`` =<
(` − `0)2

2𝑡
> (2.23)

In the following subsections at first the study of the dependence of CR scattering or

the CR pitch angle diffusion coefficient 𝐷`` is carried out in different MHD modes

by varying the initial pitch angle (`0) in each simulations. Next the study of the

dependence of CR scattering or the pitch angle diffusion coefficient 𝐷`` is carried

out in different MHD modes by varying the initial gyroradius (𝑟𝐿) or energy of

particles in each simulations. CR scattering is expected to behave differently in

different MHD modes as discussed earlier in the review section. CR scattering is

also expected to behave differently as the initial pitch angle is varied in different

numerical simulations. The results of these numerical tests directly confronts the

theoretical predictions made by the nonlinear theory (H. Yan and Lazarian 2008).

Most of the results presented next have already been published in the following

paper (Maiti et al. 2022) as part of the current thesis work and hence some of the

statements are quoted from this paper.

2.4.1 Pitch angle scattering vs initial pitch angle
"CR pitch angle scattering is studied here by injecting CRs into MHD modes with

the same initial pitch angle `0 but random initial positions. The initial pitch angle

cosine `0 is varied from 0 to 1 with an interval of 0.05. 10000 particles are used for

each test run. The simulations are performed for a few particle gyro periods so

that the pitch angle deviation is small (i.e., the root mean square deviation of pitch

angle cosine is between 0.01 to 0.1)".
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Pitch angle deviation vs initial pitch angle

The pitch angle deviation (` − `0)2
with time as CR propagates in Alfvén mode of

MHD turbulence is presented in Fig 2.1 for𝑀𝐴 ∼ 0.9. In this figure the pitch angle

deviation is presented for different values of initial pitch angle cosines `0 as the

initial pitch angle is varied from 0 to 90
◦
.

Figure 2.1: Pitch angle deviation for CRs in Alfvén mode of MHD turbulence with𝑀𝐴 ∼ 0.9.

The x axis represents the time, 𝑡 of CR propagation. The y axis represents the pitch angle

deviation, (` − `0)2
. Different lines represents pitch angle deviation for different initial

pitch angle labelled in degrees. The horizontal red denotes the line when the deviation of

the pitch angle cosine squared is 0.01.

It is seen from Fig 2.1 that pitch angle deviation increases with time as CR propa-

gates through MHD turbulence. The pitch angle deviation increases as the initial

pitch angle is increased in each simulation. At longer times this deviation saturates

and becomes constant as is seen in Fig 2.2.
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Pitch angle deviation vs Mach number

The variation of pitch angle deviation (` − `0)2
with time as CR propagates in

Alfvén mode of MHD turbulence is presented in Fig 2.2 for two different cases when

extra artificial scattering is introduced in the CR propagation to increase pitch angle

scattering and the case when there is no extra artificial scattering introduced. For

the former case, the𝑀𝐴 of MHD turbulence is varied to see it’s effect on pitch angle

deviation. In all these simulations with artificial scattering mechanism introduced

or not and different𝑀𝐴, the results from the same initial `0 are compared.

Figure 2.2: Pitch angle deviation for CRs in Alfvén mode of MHD turbulence comparing

cases where extra artificial scattering is introduced (solid lines) against when there is no

extra artificial scattering (broken lines). For extra artificial scattering scenario the 𝑀𝐴

is varied and represented by different colors of solid line for different 𝑀𝐴. For each 𝑀𝐴,

different curves of the same colour represent deviations for different `0.

It is seen from Fig 2.2 that pitch angle deviation are greater for the case where extra

artificial scattering is introduced obviously compared to when there is no extra
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artificial scattering introduced. For the case when artificial scattering is introduced

the pitch angle deviation increases upon increasing the𝑀𝐴 of turbulence. For each

𝑀𝐴 as the initial pitch angle increases the pitch angle deviation also increases.

Scattering in various MHD modes

"The pitch angle diffusion coefficients and their variation with initial pitch angle

cosines is presented in Fig 2.3 for the three MHD modes: Alfvén, slow and fast". In

this case, there are no artificial scattering introduced.

Figure 2.3: Pitch angle diffusion coefficients for CRs in differentMHDmodes with𝑀𝐴 ∼ 0.9.

The x axis represents the initial pitch angle cosine, `. The y axis represents the pitch angle

scattering coefficient normalised by the gyrofrequency, 𝐷``/𝛺 . Different symbols represent

different MHD modes: Alfvén (red), slow (blue) and fast (green).

"The result agrees well with the prediction of the nonlinear theory in Yan, Lazarian,

2008 (H. Yan and Lazarian 2008). Compressible modes contribute to particle scatter-

ing through both gyroresonance and resonant mirror (transit time damping, TTD)
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interaction, the latter of which only operates with compressible modes. Alfvén

modes, on the other hand, only scatter particles through gyroresonance. This is

why slow modes are slightly more efficient in scattering particles despite that they

have the similar anisotropy as Alfvén. In comparison to the anisotropic Alfvén and

slowmodes, the scattering with the isotropic fast modes are more efficient. It should

be noted that the inertial range in the current MHD simulations is limited. The

interstellar turbulence cascade spans more than 10 decades (Armstrong et al. 1995;

Chepurnov and Lazarian 2010). CRs experience, therefore, much more anisotropic

Alfvénic turbulence on the resonant scales, which are 6-7 orders of magnitude

smaller than the turbulence injection scale (∼ 100𝑝𝑐) in interstellar medium. This

indicates the role of fast modes in scattering CRs is even more prominent in the

Galactic ISM".

Mean free path calculation

"The pitch-angle scattering determines the diffusion of CRs parallel to the magnetic

field. By inserting 𝐷`` from our simulation into the following equation, the parallel

mean free path of CR (_∥) can be calculated (Earl 1974)":

_∥
𝐿

=
3

4

∫
1

0

𝑑`𝑣 (1 − `2)2

𝐷``𝐿
(2.24)

The parallel mean free paths obtained from the pitch angle scattering coefficients

for various𝑀𝐴 are presented in Table 2.3.

𝑀𝐴 0.68 0.73 0.8 0.91

_∥ 2.5 2.1 1.4 0.9

Table 2.3: The obtained mean free path from the pitch angle diffusion coefficients is listed

in the table. It is seen that the mean free path obtained from pitch angle scattering diffusion

coefficients where no extra artificial scattering is introduced has values greater than the

injection length 𝐿 of MHD turbulence.

"This calculation will be further cross-checked with the parallel diffusion discussed

in the next section".
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2.4.2 Pitch angle scattering vs particle energy

The dependence of pitch angle scattering or pitch angle diffusion coefficient on

the energy or gyroradius 𝑟𝐿 of CR as it propagates through various MHD modes in

MHD turbulence with𝑀𝐴 ∼ 0.9 is presented in Fig 2.4.

Figure 2.4: Pitch angle diffusion coefficients for CRs in differentMHDmodes with𝑀𝐴 ∼ 0.9.

The x axis represents the gyroradius 𝑟𝐿 or the energy of the particles. The y axis represents

the pitch angle scattering coefficient normalised by the gyrofrequency, 𝐷``/𝛺 . Different

symbols represent different MHD modes: Alfvén (red), slow (blue) and fast (green).

It is seen from Fig 2.4 that the scattering frequency normalized to the gyration

frequency is proportional to the Larmor radius i.e. it is constant with energy as

𝛺𝑟𝐿 = 𝑣 ≈ 𝑐 . The same results have been obtained in (Beresnyak et al. 2011) earlier.

However it was reported from their numerical simulations that at larger energies

scattering becomes less efficient which they attributed to experiencing less mirror

force at high energies. This transition occurred at at around 𝑟𝐿/𝐿 ≈ 0.1. The MHD

turbulence they studied were incompressible in nature. The results from the current
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simulations in compressible MHD does not show such lowered scattering effects or

transition around 𝑟𝐿/𝐿 ≈ 0.1.

2.5 CR spatial diffusion
"Cosmic rays have varied mean free paths (_∥) depending on different astrophys-

ical scenarios through which they are travelling. Ultra high energy cosmic rays

(UHECR) and high energy galactic cosmic rays (GCR) in molecular clouds or inter-

planetary turbulent medium have mean free path greater than the energy injection

scale of MHD turbulence in the medium ie _∥ > 𝐿. On the other hand the mean

free path for most galactic cosmic rays are smaller than the energy injection scale

in the turbulent medium ie _∥ < 𝐿. In this study both these scenarios are explored

with mean free path of cosmic rays greater and less than the energy injection scale".

"The CR spatial diffusion is strongly dependent on the transportation scale, i.e.,

larger or smaller than the magnetic coherence length of the turbulence (at the injec-

tion scale 𝐿 for the current simulations). Hence, the calculations will be separated

for the two cases and presented in the next two subsections."

2.5.1 CR transport on large scales
The results from numerical simulations carried out to study CR transport in large

scale eddies of MHD turbulence is presented here. The _∥ of cosmic rays is varied in

the current simulations for _∥ > 𝐿 and _∥ < 𝐿. Whereas earlier simulation (Xu and

Huirong Yan 2013) studied only _∥ > 𝐿 case, the _∥ < 𝐿 is presented here for the first

time. Additionally, we extend the study of the earlier simulations from sub-Alfvénic

to super-Alfvénic turbulence for the first time. Most importantly the numerical

simulations of CR transport are carried out in different decomposed modes in MHD

turbulence namely the Alfvén, slow and fast mode in addition to the total mixed

mode of MHD turbulence for the first time. Earlier simulations of CR transport

were carried out in the total data cube which was solenoidally driven and contained

a mix of all MHD modes and were not decomposed into individual MHD modes.

The diffusion coefficients are calculated for CR transport in different scenarios not

only in the global frame of reference but also in the local frame of reference from

where mean free path of CR can be calculated. Earlier studies used the global frame

of reference only for calculation of diffusion coefficients (Xu and Huirong Yan 2013).
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Description of simulation setup

"Two thousand particles are used for each of the current simulation of CR transport

in MHD turbulence data cubes of varying𝑀𝐴". Earlier simulations (Xu and Huirong

Yan 2013) used a thousand particles for calculations of diffusion coefficients in large

scale eddies. "The initial position and initial pitch angles for CRs are set as random

with large scale transport. The simulations are run in total turbulence and decom-

posed MHD modes with different Alfvénic Mach numbers. The simulations are

carried out for thousands of particle gyro periods until a normal diffusion regime

is reached".

The evolution of the particle trajectories and the corresponding magnetic fields

are noted down. The spatial diffusion coefficients can be calculated from this data

in both directions perpendicular and parallel to the mean magnetic field. The

diffusion coefficients for CR transport can be calculated in both the global and

local frame of reference. In the global frame of reference the mean magnetic field

direction is considered whereas in the local frame of reference the local magnetic

field direction is considered. Compared to earlier studies where diffusion coef-

ficients were calculated only in the global frame of reference, the current study

extends the calculations to the local frame of reference. The calculation of mean free

path from the parallel diffusion coefficients should be in the local frame of reference.

Calculation of diffusion coefficients

The diffusion coefficient calculated in the global frame of reference is presented

here. The position vector is given by ®𝑅(𝑥,𝑦, 𝑧) and the corresponding magnetic field

vector is ®𝐵(𝐵𝑥, 𝐵𝑦, 𝐵𝑧). The direction vector along the magnetic field line vector

®𝐵 is denoted by
®𝑏. The distanced travelled by particles along the magnetic field

direction is considered as the parallel direction and denoted by 𝑑∥ .

𝑑∥ = ®𝑅 · ®𝑏 (2.25)

The distance travelled by particles across the magnetic field direction is considered

as the perpendicular direction and is denoted by 𝑑⊥.

𝑑⊥ =

√︃
(𝑥2 + 𝑦2 + 𝑧2) − 𝑑2

∥ (2.26)

The parallel diffusion coefficient (𝐷∥) is calculated as,
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𝐷∥ =<
(𝑑∥ − 𝑑∥0)2

2𝑡
> (2.27)

The perpendicular diffusion coefficient (𝐷⊥) is calculated as,

𝐷⊥ =<
(𝑑⊥ − 𝑑⊥0)2

2𝑡
> (2.28)

In the local frame of reference the
®𝑏 is in the direction of the turbulent field lines

and in the global frame of reference the
®𝑏 is in the direction of the mean magnetic

field line which in the current simulations is in the 𝑥 direction. In global frame of

reference the "diffusion coefficients reduces to,

𝐷⊥ =<
(𝑦 − 𝑦0)2 + (𝑧 − 𝑧0)2

2𝑡
> (2.29)

The parallel diffusion coefficient (𝐷∥) is calculated as:

𝐷∥ =<
(𝑥 − 𝑥0)2

2𝑡
> (2.30)

The parallel mean free path of particles _∥ is related to 𝐷∥ by,

_∥ = 3𝐷∥/𝑣 (2.31)

The _∥ calculated this way is comparable to those obtained from 𝐷`` in Eq. 2.24.

The mean free path in the simulations is large, _∥ > 𝐿, due to the limited numerical

resolution and therefore limited inertial range. The regime _∥ > 𝐿 corresponds to

the transport of ultra high energy CRs and high energy Galactic CRs in molecular

clouds. On the other hand, the mean free path for most Galactic CRs is smaller

than the energy injection scale ( _∥ < 𝐿). In order to study this regime, more scat-

terings are artificially introduced in the test particle simulations. In each time step

of particle motion, the pitch angle scattering is artificially boosted by a constant

factor to bring the mean free path below the injection length of turbulence. The

higher the boosting factor is, the less is themean free path obtained for the particles".

Diffusion on global scales for 𝝀∥ > 𝑳

"In this section, the calculations for the diffusion of CRs on large scales beyond

the inertial range are presented. As demonstrated by the simulation, the ensemble-
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averaged square distance of the particles should exhibit linear growth over time,

i.e., normal diffusion. Fig 2.5 demonstrates the parallel and perpendicular distance

for CR propagation in sub-/super-Alfvénic turbulence. The particle running is in

the regime where the mean free path is greater than the energy injection scale".

Figure 2.5: Mean square distance traveled by the particles vs. time. Both sub-Alfvénic

(𝑀𝐴 = 0.8, magenta) and super-Alfvénic (𝑀𝐴 = 2.67, cyan) turbulence are presented. The

y axis represents the mean square distance < (𝑑 − 𝑑0) >2
of CR transport normalised by

the box length, 𝐿2

𝑏𝑜𝑥
. The particle running is in the _∥ > 𝐿 regime. The x axis represents

the gyro periods 𝑡 ∗𝛺 . The parallel and perpendicular distances obtained from numerical

simulations are represented by bold and dashed line, respectively. The particles have shown

normal-diffusion. The diffusion becomes isotropic in the super-Alfvénic turbulence.

"It is noted that in Fig 2.5, the parallel diffusion is much larger than the perpen-

dicular diffusion for𝑀𝐴 = 0.8 but they are equal to each other for𝑀𝐴 = 2.67. This

difference demonstrates the anisotropy presented in sub-Alfvénic turbulence but

the super-Alfvénic turbulence is almost isotropic".
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Diffusion on global scales for 𝝀∥ > 𝑳 and 𝑴𝑨 dependence

"The dependence of the perpendicular diffusion coefficient on Mach number is

presented in Fig. 2.6 for both total turbulence data cubes and the Alfvén modes".

Figure 2.6: The perpendicular diffusion coefficient with _∥ > 𝐿 in MHD turbulence of

various𝑀𝐴. The results are obtained for the Alfvén and the whole turbulence data cubes.

"The relation between the diffusion coefficients and Alfvénic Mach numbers is

fitted by a power-law:𝐷⊥ ∝ 𝑀
Z

𝐴
. By taking into account the anisotropy of the

Alfvénic turbulence, (H. Yan and Lazarian 2008) demonstrated that the relation

between perpendicular diffusion 𝐷⊥ and 𝑀𝐴 should have the power-law index

Z = 4 instead of the 𝛼 = 2 scaling calculated by (Kóta and Jokipii 2000). As

is demonstrated by Fig 2.6, the index Z is 3.5 for Alfvén modes and 3.3 for total

turbulence data, respectively. Both results are more in favor of the YL08 calculation".
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Diffusion on global scales for 𝝀∥ < 𝑳

"CR propagation with mean free path smaller than the injection scale, is further

considered which is the case for all Galactic CRs. Simulations are executed with

the artificial scattering included as aforementioned".

"Fig 2.7 compares the ensemble-averaged square distance of the particles when the

mean free path is greater or smaller than the injection scale. In this regime, all the

current simulations have made sure that the running time is sufficient and normal

diffusion is observed. The ensemble-averaged square distance of the particles

should exhibit linear growth over time, i.e., normal diffusion".

Figure 2.7: The same as Fig. 2.5 but for both CRs with _∥ > 𝐿 and with _∥ < 𝐿 in total

turbulence data and Alfvén modes with𝑀𝐴 =0.73. After introducing artificial scattering,

the transport becomes more isotropic compared to no artificial scattering.

"To perform parallel and perpendicular diffusion coefficients, the range when the

linear growth is observed in the time evolution figure is considered. In this regime,
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it is expected that the ratio between perpendicular and parallel diffusion coefficients

(𝐷⊥/𝐷∥) will follow an𝑀4

𝐴
dependence (H. Yan and Lazarian 2008). The dependency

of the diffusion coefficients on Mach numbers is presented in Fig 2.8 for _∥ < 𝐿.

The diffusion coefficients are compared for both the Alfvén modes and the total

turbulence".

Figure 2.8: The ratio between perpendicular and parallel diffusion (𝐷⊥/𝐷 ∥ ) when _∥ < 𝐿.

Transport of particles in both the whole turbulence (blue) and Alfv́en modes (red) are

presented. The fitting lines and power-law indices are marked in the legend.

"As demonstrated in Fig 2.8, the fitting index is 3.65 for the total turbulence data

cubes and 3.83 for Alfvén modes".

"For both regimes where the CR mean free path is larger and smaller than the

injection scale, the results from Alfvén modes are closer to the expected index

Z = 4 (YL08) than those from total turbulence data cubes. This is due to the con-

tributions from the magnetosonic modes in the total turbulence data cubes. The

current calculations show that the CR perpendicular diffusion on large scale is

61



Chapter 2 Cosmic Ray Transport in MHD Turbulence

strongly dependent on the Alfvénic Mach number, and it is essential to consider

the anisotropy of MHD turbulence when modelling CR propagation".

Diffusion coefficient for CR transport on local scales and mean free path
calculation

In this section, the calculations for the diffusion of CRs on large scales in the

local frame of reference are presented. As demonstrated by the simulation, the

ensemble-averaged square distance of the particles should exhibit linear growth

over time, i.e., normal diffusion. Fig 2.9 demonstrates and compares the parallel

and perpendicular distance for CR propagation in both the global and local frame

of reference for𝑀𝐴 = 0.8.

Figure 2.9: Mean square distance traveled by the particles vs. time in sub-Alfvénic (𝑀𝐴 =

0.8) turbulence in both global and local reference frame are presented. The particle running

is in the _∥ > 𝐿 regime. The parallel and perpendicular distances obtained from numerical

simulations are represented by bold and dashed line respectively.
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The anisotropy in diffusion reduces when calculations are made in the local frame

of reference. In this frame the parallel diffusion reduces a bit and perpendicular

diffusion increases.

The parallel mean free path of particles _∥ is related to 𝐷∥ by _∥ = 3𝐷∥/𝑣. The
parallel mean free path is obtained from both the global and local frame of reference

and compared with the mean free paths obtained from the pitch angle scattering

coefficients and presented in Table2.4.

𝑀𝐴 0.68 0.73 0.8 0.91

Global, (from 𝐷∥) 5.4 3.5 1.9 1.2

Local, (from 𝐷∥) 4 2.6 1.5 0.8

Local, (from 𝐷``) 2.5 2.1 1.4 0.9

Table 2.4: The obtained mean free path from the diffusion coefficients is listed in the

table. The mean free path obtained from the spatial diffusion coefficients are calculated

and compared in both the global and local frames of reference. The mean free path is also

calculated from pitch angle diffusion coefficient and compared with the above. It is seen

that the mean free path obtained from pitch angle scattering coefficient is closer to mean

free path obtained from spatial diffusion coefficient in the local frame of reference.

It is found out that the mean free path calculated from parallel spatial diffusion

coefficient, 𝐷∥ in the local frame of reference is closer to the mean free path

calculated from the pitch angle diffusion coefficient, 𝐷`` which is in the local frame

of reference.

2.5.2 Perpendicular Transport on small scales
"In this section, the particle transport on small scales is discussed within the inertial

range. The time evolution for the perpendicular transport can be fitted by a power-

law:

𝑑⊥ ≡< (𝑦 − 𝑦0)2 + (𝑧 − 𝑧0)2 >1/2∝ 𝑡𝛼 (2.32)
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Richardson diffusion

The Richardson diffusion describes the explosive growth of the separation of par-

ticles in turbulence medium, as inferred from fluids experiments many decades

ago (Richardson 1926). Richardson law is equivalent to the Kolmogorov spectrum.

Therefore Richardson diffusion is also expected in MHD turbulence since the per-

pendicular spectrum of Alfvénic turbulence has a Kolmogorov scaling (P. Goldreich

and Sridhar 1995). The Richardson diffusion in MHD turbulence was confirmed

with high resolution numerical simulations by (Eyink et al. 2013). Following the

Richardson diffusion of magnetic field lines, CRs also undergo superdiffusion on

the scales below the injection scale with the index over time 𝛼 = 3/2 (Lazarian and

Yan 2014; H. Yan and Lazarian 2008)".

Description of Simulation setup for CR perpendicular diffusion calculation

" For the study of CR transport on small scales, test particle simulations are per-

formed in MHD turbulence data cubes with CRs being initially grouped together

into beams. The simulation box has 512
3
cells. This box is divided into 64 equally

sized cubes of size 128
3
cells. From the center of each of these cubes, a beam

is launched parallel to the local magnetic field. The starting points of the beam

particles are uniformly distributed around the center of each cube with a separation

of 1 cell unit among them. The CRs in each beam are very closely spaced and their

initial pitch angles are set at zero so that it could be analyzed how the particle

separation diverges with time. For a particular Mach number, the test particle simu-

lations are done in different MHD modes as well as the total turbulence data cubes.

There are two reference frames in the current simulations: the global reference

frame, defined by the mean magnetic field of the turbulence data cube, and the local

reference frame, defined by the mean magnetic field along the particle trajectory.

The evolution of perpendicular CR transport in this work is calculated in both the

global and the local frames of reference. The particle position, velocity and the

magnetic field at the corresponding position are recorded at each time instance

from test particle simulations. The values of the perpendicular distance is obtained

by averaging over all combinations of pairs of particles within individual beams

and then over all the beams." The calculations of the perpendicular distance in the

local reference frame is carried out in two different ways by considering the local

magnetic field in two different ways that is explained below.

Description of calculation of perpendicular distance
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Let us consider a pair of particles within a beam. Let particle 1 has position vector

®𝑅1(𝑥,𝑦, 𝑧) and corresponding magnetic field ®𝐵1(𝑥,𝑦, 𝑧) and particle 2 has position

vector ®𝑅2(𝑥,𝑦, 𝑧) and corresponding magnetic field ®𝐵2(𝑥,𝑦, 𝑧). The direction vector

along the magnetic field line vector ®𝐵1 is denoted by
®𝑏1 and along the magnetic

field line vector ®𝐵2 is denoted by
®𝑏2. The average local magnetic field direction of

the two particles is given by,

®𝑏 =
( ®𝑏1 + ®𝑏2)

2

(2.33)

The average local magnetic field direction can also be considered for all the particles

in a beam where n denotes the number of particles in a beam.

®𝑏 =
( ®𝑏1 + ®𝑏2 + ®𝑏3 + .... + ®𝑏𝑛)

𝑛
(2.34)

The separation distance vector
®𝑑𝑟 between the pair of particle is given by,

®𝑑𝑟 = ®𝑅1 − ®𝑅2 (2.35)

The parallel separation distance between a pair of particle is given by,

𝑑∥ = ®𝑑𝑟 · ®𝑏 (2.36)

The parallel separation vector can be calculated in the global frame of reference

where the magnetic field direction is considered as the mean magnetic field direc-

tion. The parallel separation vector can be calculated in the local frame of reference

where the magnetic field direction is considered as the local fluctuating magnetic

field direction. As mentioned above, the particle separation is recorded for all com-

binations of pairs of particles within a beam. Eqn 2.36 can be calculated for each

pair of particle considering average of the local magnetic field of the pair of particles

using Eqn 2.33. Eqn 2.36 can also be calculated for each pair of particle consid-

ering average of the local magnetic field of all the particles in a beam using Eqn 2.34.

The perpendicular separation distance between the pair of particle is given by,

𝑑⊥ =

√︃
𝑑𝑟 2 − 𝑑2

∥ (2.37)

These distances for all combinations of particles in a beam is averaged. Finally the

separation distance is averaged for all beams considered in the simulation.
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Chapter 2 Cosmic Ray Transport in MHD Turbulence

Comparison of different methods for perpendicular distance calculation

The perpendicular distance 𝑑⊥ is plotted against the propagation time of the CRs

in Fig. 2.10 from both the methods described above.

Figure 2.10: Perpendicular transport of CRs on small scales. The y axis represents the

perpendicular distances normalised by the box length (𝑑⊥/𝐿𝑏𝑜𝑥 ) and the x axis represents the
CR gyro periods (𝑡 ∗𝛺 ). The perpendicular distances obtained from numerical simulations

in local reference frame are represented via method 1 (green lines) and method 2 (red lines).

The horizontal lines in the plots represents the inertial range of turbulence. The red dashed

lines represents the reference line for super diffusion with a slope of 1.5.

It is seen from Fig 2.10 that following both the above methods of calculating perpen-

dicular separation in the local frame of reference, the results are indistinguishable

in the inertial range. So the first method is adopted in the analysis of perpendicular

transport that is present henceforth.

CR superdiffusion in CL turbulence
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CR spatial diffusion Section 2.5

"The perpendicular distance 𝑑⊥ is plotted against the propagation time of the CRs

in Fig. 2.11 for sub-Alfvénic and super-Alfvénic total turbulence data".

Figure 2.11: Perpendicular transport of CRs on small scales. The y axis represents the

perpendicular distances normalised by the box length (𝑑⊥/𝐿𝑏𝑜𝑥 ) and the x axis represents the
CR gyro periods (𝑡 ∗𝛺 ). The perpendicular distances obtained from numerical simulations

are represented in the global (blue lines) and the local (red lines) reference frame. The

horizontal lines in the plots represents the inertial range of turbulence. The yellow lines

represents the reference line for normal diffusion with a slope of 0.5.

"The results are fitted with Eq. (2.32). Fig 2.11 demonstrates the CR transport in

the two reference frames: all cases can be fitted with the index close to 𝛼 ∼ 1.5 in

the local reference frame; whereas for global reference frame, 𝛼 is only close to 1.5

at super-Alfvénic cases, decreasing substantially and close to 1 for sub-Alfvénic

cases".

"In Table 2.5, the comprehensive fitting indices are listed for the CR superdiffusion

in total MHD turbulence data cubes with the Alfvénic Mach number ranging from
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0.44 to 1.54. The fitting index is close to Richardson-diffusion 𝛼 ∼ 1.5 for all

data measured in the local reference frame, which is in line with the theoretical

expectations since the global magnetic field generally differs from local magnetic

fields in turbulent medium".

𝑀𝐴 0.44 0.56 0.65 0.83 1.28 1.4 1.54

Global 0.95 1.1 1.2 1.15 1.25 1.3 1.6

Local 1.3 1.45 1.5 1.5 1.35 1.45 1.7

Table 2.5: The obtained super-diffusion index 𝛼 is listed in the table. The diffusion coeffi-

cients are calculated and compared in both the global and local frames of reference. CR

undergo super-diffusion and the slope obtained is closer to 1.5 in the local reference frame.

CR superdiffusion in PENCIL turbulence

"The perpendicular transport on small scales from decomposed MHD modes is

further studied. As an example, Fig. 2.12 demonstrates how the fitting index for the

time evolution of the perpendicular transport in different MHD modes is obtained.

Both local and global reference frames are used in the current calculations".

Figure 2.12: The same as Fig. 2.11, but with𝑀𝐴 ∼ 0.73 and results in decomposed modes

included for comparison.

"Turbulence data cubes with Alfvénic Mach numbers ranging from 0.4 to 1.0 are

considered and the fitting power-law index 𝛼 are presented for total and decom-
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posed modes in Table 2.6. Superdiffusion is generally observed in all the current

tests. From Table 2.6, it is observed that the particles in decomposed Alfvénic modes

are the closest to the Richardson diffusion (index 𝛼 = 1.5) in the local reference
frame compared to the other modes. In global magnetic reference frame, the in-

dices deviate further from the Richardson diffusion as expected. It implies that the

observed superdiffusion index can vary determined by the modes composition as

well as the Alfvénic Mach number of the local turbulence".

𝑀𝐴 0.4 0.5 0.65 0.68 0.73 0.8 0.91 0.97

Global MM 0.8 1.0 1.1 1.1 1.1 1.2 1.15 1.15

Global AM 1.1 1.65 1.3 1.3 1.3 1.35 1.3 1.4

Global SM 0.95 1.3 1.3 1.1 1.2 1.3 1.2 1.3

Global FM 1.1 1.2 1.1 0.9 1.25 1.25 1.6 1.4

Local MM 1.2 1.5 1.6 1.4 1.4 1.5 1.4 1.4

Local AM 1.5 1.5 1.5 1.5 1.5 1.5 1.5 1.6

Local SM 1.6 1.4 1.3 1.3 1.4 1.4 1.3 1.3

Local FM 1.55 1.7 1.1 1.3 1.4 1.4 1.7 1.4

Table 2.6: The same as Table 2.5 but the comparison extends to decomposed MHD modes.

AM represents Alfvén mode, SM represents slow modes, FM represents fast mode and MM

represents the total data cube. “Global” and “Local” represent the magnetic reference frame

in the calculation. CR undergoes super-diffusion in decomposed Alfvénic modes and are

the closest to the Richardson diffusion (index 𝛼 = 1.5) in the local reference frame compared

to the other modes.

CR super-diffusion in sub-Alfvénic turbulence at higher resolution

"The perpendicular transport on small scales from decomposed MHD modes in

higher resolution data cube is also presented here. The resolution of the data cube

used here is 1024 compared to 512 used in our earlier simulations. The MHD

turbulence data cubes used here are generated from PLUTO and compressibly

driven".
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Fig 2.13 demonstrates how the fitting index is obtained for the time evolution of

the perpendicular transport in different MHD modes. The local reference frames

are used in this calculation.

Figure 2.13: Perpendicular transport of CRs at small scales in a high resolution MHD

data cube (1024). The MHD cubes are obtained from PLUTO upon being driven more

compressibly and are decomposed. The turbulence has𝑀𝐴 ≃ 0.86. The y axis represents the

perpendicular distances normalised by the box length 𝑑⊥/𝐿𝑏𝑜𝑥 and the x axis represents the

CR gyro periods (𝑡 ∗𝛺). The perpendicular distances obtained from numerical simulations

are represented in the local reference frame for the various MHD modes. The horizontal

lines in the plots represents the inertial range of turbulence. The yellow lines represents

the reference line for normal diffusion with a slope of 0.5.

In Fig 2.13 superdiffusion is observed in all the modes. The particles in decomposed

Alfvénic modes are the closest to the Richardson diffusion (index 𝛼 = 1.5) in the

local reference frame compared to the other modes. The fast modes has a higher

index probably due formation of shocks in fast modes.
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Comparison of PSD of turbulence and PDF of test particles

"Figure 2.14 shows the power spectral density (PSD) of the turbulence data and

the probability density functions (PDFs) of the test particles launched in the same

turbulence data cube versus the distance r between them at different time snapshots".

Figure 2.14: Left) The power spectrum density of turbulence data Right): The Probability
distribution of test particles launched from the same turbulence data cube vs. the distance r at
given time snapshots. The fitting is consistent with Kolmogorov spectrum index h=1/3.

"The distribution fits well to an exponential form, i.e., 𝑃 ∝ 𝑒𝑥𝑝 (−𝐶𝑟 (1−ℎ)); the
index h = 1/3 is the Kolmogorov scaling, consistent with the Richardson diffusion

(Hentschel and Procaccia 1984)(Eyink et al. 2013)".

"The calculation for the𝑀𝐴 dependence of the super diffusion 𝑑⊥
2/𝑡3

of particles on

the scales smaller than the turbulence injection scale is studied next. It is expected

that for sub Alfvénic turbulence the dependence is 𝑀4

𝐴
and for super-Alfvénic

turbulence the dependence is 𝑀3

𝐴
(H. Yan and Lazarian 2008)(Lazarian and Yan

2014)".
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CR super-diffusion in sub-Alfvénic turbulence with varied 𝑴𝑨

Fig. 2.15 demonstrates the CR perpendicular diffusion in Alfvén modes in sub-

Alfvénic regime. The diffusion coefficients are calculated in both the local and

global reference frames.

Figure 2.15: Superdiffusion of particles with _∥ > 𝐿 in Alfvén modes. The blue line is the

fit in the global reference frame. The red line shows the fit for the data points obtained in

the local reference frame.

"The fitting power-law index in the local reference frame (4.34) is closer to the

theoretical expectation𝑀4

𝐴
than that in the global frame (4.84)".

72



CR spatial diffusion Section 2.5

CR super-diffusion in super-Alfvénic turbulence

Fig 2.16 shows the perpendicular diffusion,𝑑⊥ evolution with time in super Alfvénic

turbulence for the total data cube and decomposed MHD modes. The 𝑀𝐴 of the

turbulent data cube is 2.11. The inertial range of MHD turbulence starts from 𝐿𝑀−3

𝐴
.

The MHD mode decomposition is only performed within the inertial range.

Figure 2.16: The perpendicular transport of CR in super-Alfvénic turbulence𝑀𝐴 = 2.11

and at small scales calculated in local reference frame. The turbulent data cubes used here

are from PENCIL. Super-diffusion is observed in Alfvén modes with power-law index close

to 1.5 within the inertial range represented by horizontal lines. The green dashed line

represents the superdiffusion slope whereas the black dashed dotted line represents the

normal diffusion slope.

The time evolution of perpendicular transport is fitted with Eq (2.32) when the

particles are within the inertial range (indicated by black lines). The CRs in the

decomposed Alfvén modes have shown the super-diffusion with power-law index

1.5. The contributions from magnetosonic modes result in the slightly different
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power-law index obtained in the total turbulence data (1.4).

CR super-diffusion in super-Alfvénic turbulence with varied 𝑴𝑨

Fig 2.17 represents 𝑀𝐴 dependence of the perpendicular diffusion at the local
reference frame in different super Alfvénic turbulence.

Figure 2.17: The same as Fig. 2.15, but with super-Alfvénic turbulence. The turbulent data

cubes used here are from PENCIL. The calculation is done in local reference frame. The

orange dots represents the values of diffusion from numerical simulations. The blue line

shows the fit for the data points obtained in the local reference frame.

"The super-diffusion on small scales 𝑑⊥
2/𝑡3

in the local reference frame show a

dependence of𝑀3.1
𝐴

in the current calculations, close to the𝑀3

𝐴
theoretical relation".
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Perpendicular diffusion of CR for 𝝀∥ < 𝑳 and 𝝀∥ > 𝑳

"The results from the study of the dependence of the super-diffusion on the mean

free path _∥ of the particles is presented next." The MHD turbulence cubes used

here are from PENCIL.

Fig 2.18 compares the super-diffusion of CRs with mean free path _∥ larger or
smaller than the turbulence injection scale 𝐿, respectively.

Figure 2.18: The same as Fig 2.12, but including CRs with _∥ > 𝐿 and _∥ < 𝐿 propagating

in Alfvén modes. The fitting index is 1.5 for _∥ > 𝐿 and 0.75 for _∥ < 𝐿 in the local reference
frame.

"The CR transport shows Richardson diffusion in the local reference frame, i.e.,

with an power-law index of 1.5 when _∥ > 𝐿 and reduced to 0.75 when _∥ < 𝐿, in

line with the theoretical expectation. The mean free path is reduced by introduc-

ing more artificial scattering in simulations and the super-diffusion index reduces
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tending towards normal diffusion as artificial scattering is increased more."

Particle trajectories of CR for 𝝀∥ < 𝑳 and 𝝀∥ > 𝑳

"The 3D trajectories of the particles in the MHD turbulence data are presented in

Fig 2.19."

Figure 2.19: 3D trajectories of particles launched from a beam. They experience super-

diffusion because of Richardson diffusion of magnetic fields in turbulence. The rate of

superdiffusivity, the 𝛼 index, depends on the ratio of mean free path to the injection scale.

See also Fig 2.20.

"Three beams are launched from three randomly selected positions. The (red) beam

with larger mean free path (_∥ ≃ 15𝐿) exhibits superdiffusion guided by magnetic

field lines. In contrast to hydrodynamic system, the spread is substantially smaller,

consistent with earlier study (Eyink et al. 2013). On the other hand, the (green)

beam launched with mean free path (_∥ ≃ 0.9𝐿) displays more stochasticity, in line

with diffusion/random walk process. The blue beam has an intermediate mean free
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path (_∥ ≃ 1.5𝐿) and shows a characteristics in between."

Diffusion index variation with varying 𝝀∥

"Fig 2.20 displays the diffusion index 𝛼 of CRs as a function of mean free path _∥
in the local reference frame."

Figure 2.20: The diffusion index 𝛼 vs. _∥ in the local reference frame. The diffusion index

changes smoothly from 0.5 corresponding to the normal diffusion regime in the case of

_∥/𝐿 ≪ 1 to 1.5 when _∥/𝐿 ≫ 1 in correspondence to Richardson diffusion.

From Fig 2.20 it is seen that the diffusion index is dictated by the ratio of _∥ to
the injection scale L. It changes smoothly from 0.5 corresponding to the normal

diffusion regime in the case of _∥/𝐿 ≪ 1 to 1.5 when _∥/𝐿 ≫ 1 in correspondence

to Richardson diffusion. For _∥/𝐿 ≫ 1, CRs undergo a streaming motion along mag-

netic fields and their diffusion perpendicular to mean magnetic field is determined

by the divergence of magnetic field lines. The cosmic ray trajectories trace magnetic

field lines and therefore the divergence of CR trajectories is identical to that of

77



Chapter 2 Cosmic Ray Transport in MHD Turbulence

magnetic field. Richardson diffusion of CR is obtained in small scale sub-Alfvénic

turbulence. With reduced mean free path, CR undergo reduced super-diffusion

until a normal diffusion regime is reached. Particularly the super-diffusion becomes

0.75 when _∥ ∼ 𝐿.

PDF of particles with varying 𝝀∥

Fig 2.21 compares the probability density functions (PDFs) of the test particles

versus the distance 𝑟 between them at different time snapshots as shown in Fig 2.14

for both the case where mfp is greater than and less than L.

Figure 2.21: The probability distribution of test particles vs. the distance r at given time

snapshots for 𝑚𝑓 𝑝 > 𝐿 and 𝑚𝑓 𝑝 < 𝐿. While for 𝑚𝑓 𝑝 > 𝐿 the pdf is exponential for

𝑚𝑓 𝑝 < 𝐿 the pdf is normal distribution.

For mean free path,_∥ less than the injection length,𝐿 the distribution fits the

normal Gaussian form when compared to the exponential form for mean free

path,_∥ greater than the injection length,𝐿.
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2.6 Conclusion
In this chapter, "test particle simulations have been carried out to study the diffusion

of CRs in different MHD turbulence. The particles are considered with mean free

path _∥ both larger and smaller than the injection scale 𝐿. The MHD turbulence

data cubes range from sub-Alfvénic to super-Alfvénic regimes. The test particle

simulations are also performed in the three MHD modes (Alfvén, slow and fast),

decomposed from the MHD turbulence data cubes. The CRs propagating within and

beyond the inertial range are investigated. The test particle results are examined

in both the local and global reference frames. The main results from the current

study are summarised below."

1. "The pitch angle scattering test of CRs for different MHD modes shows that:

while the pitch angle scattering in Alfvén and slow modes show similar

diffusion coefficients, the fast modes differ and are much more efficient in CR

scattering. The pitch angle scattering in compressible modes is both due to

gyroresonance and transit time damping (TTD). For fast modes, the transit

time damping works at higher pitch angles only whereas gyroresonance

whose contribution is much less than TTD works at lower initial pitch angle.

For Alfvén modes, only gyroresonance occurs. The scattering frequency

normalised by the gyration frequency is proportional to the Larmor radius."

2. "Cross field transport of particles is normal diffusion on large scales. The

ratio between perpendicular and parallel diffusion coefficients is close to the

𝑀4

𝐴
dependence. The mean free path of particles could be calculated in the

local frame of reference from the parallel spatial diffusion coefficients and is

similar in value to that calculated from the pitch angle diffusion coefficients".

3. "Particles undergo superdiffusion on scales smaller than injection scale of

turbulence. The super-diffusion rate 𝑑2

⊥/𝑡3
has shown a strong dependence

on the Alfvénic Mach number".

4. "Richardson super-diffusion is well recovered (1.5 for _∥ > 𝐿) and reduceswith

the decrease of _∥ . In particular, the super-diffusion index becomes 0.75 for

_∥ ∼ 𝐿 and normal diffusion is recovered when _∥ ≪ 𝐿 in the local magnetic

reference frame with Alfvén modes decomposed from simulated turbulence

data. The actual observed superdiffusion index also varies depending on the

modes composition and Alfvénic Mach number of local turbulence".
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