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SPECTRAL PROJECTION FOR THE §-NEUMANN PROBLEM

A. ALSAEDY AND N. TARKHANOV

ABSTRACT. We show that the spectral kernel function of the & -Neumann prob-
lem on a non-compact strongly pseudoconvex manifold is smooth up to the
boundary.
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INTRODUCTION

The 9-Neumann problem appears naturally in studying the Dirichlet form for
the Dolbeault complex on a compact complex manifold Z with boundary. More
precisely, one minimizes the Dirichlet norm over the space of differential forms of
bidegree (0,¢q) on Z whose complex normal parts on the boundary of Z vanish.
The Euler-Lagrange equations of this variational problem just amount to the 0-
Neumann problem.

While the differential equation in Z in the d-Neumann problem is a generalized
Laplace equation, the boundary conditions fail to satisfy the Shapiro-Lopatinskii
condition. Hence, the elliptic regularity in Sobolev spaces on Z is violated. The
main a priori estimate for (0, 1) -forms on compact strongly pseudoconvex manifolds
was proved by Morrey, see the references in [Mor66]. When compared with a
priori estimates for elliptic boundary value problems, the estimate of Morrey bears
loss of 1 in the regularity. For differential forms of arbitrary bidegree (0,¢q) with
q > 1 on strongly pseudoconvex manifolds the main a priori estimate was later
proved by Kohn [Koh63] who extended in this way the theory of harmonic integrals
by W. Hodge (1941) and K. Kodaira (1953) to compact strongly pseudoconvex
manifolds.
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2 A. ALSAEDY AND N. TARKHANOV

The 0-Neumann problem initiated readily the study of so-called subelliptic op-
erators which occured intensively in the 1970s and 1980s. In complex analysis this
study was mostly focused upon the regularity of solutions of the d-Neumann prob-
lem in pseudoconvex domains of finite type. For a current survey in this direction
we refer the reader to [BS99].

The most difficult part of [Koh63] is the proof of regularity of solutions up to
the boundary 9Z. This proof was simplified by Kohn and Nirenberg in [KN65].
To this end, they had elaborated calculus of pseudodifferential operators which are
nowadays referred to as classical ones.

The proof of regularity in the 0-Neumann problem raised the problem of con-
structing explicit integral formulas for the solution. A satisfactory theory is nowa-
days available in [LM02]. We also mention an earlier paper [BS91] which studied
estimates for the kernel function of the d-Neumann operator. First steps towards
calculus of pseudodifferential operators relevant to several complex variables were
summarized in [NS79).

For compact strongly pseudoconvex manifolds Z the 9-Neumann operator sat-
isfies a pseudolocal estimate with gain 1 in the Sobolev scale. Combining this
estimate with a familiar argument of topological tensor products shows that the
spectral kernel function of the -Neumann problem is smooth up to the boundary
of Z x Z.

The present paper is motivated by the question of M. Shubin whether the spectral
kernel function of the complex Laplacian under its natural boundary conditions is
still C*° up to the boundary of Z x Z, if Z is not compact. We answer the question
in the affirmative. To this end we prove that a pseudolocal estimate holds even for
non-compact strongly pseudoconvex manifolds. A close result was established in
[Eng01] using different techniques.

The spectral theory of the d-Neumann problem has been previously studied
in [Meti81, BS87] for compact manifolds with boundary. In [MO91], heat kernel
asymptotics are developed for the heat kernel of a general elliptic operator with
non-coercive boundary conditions.

1. THE O-NEUMANN PROBLEM

Let Z be a Hermitian complex manifold of dimension n with C*° boundary 0Z.
We always think of Z as a closed subdomain of a larger Hermitian complex manifold
7' of the same dimension.

Suppose Z is strongly pseudoconvex, i.e., at each point of 0Z the Levi form
restricted to the tangent hyperplane has n — 1 positive eigenvalues. This slightly
differs from the usual notation, for we don’t control 0Z at the points at infinity if
there are any.

Let F be a Hermitian holomorphic vector bundle over Z’. For ¢ = 0,1,...,n,
we set F1 = F @c A\V9T*(Z’). This bundle is the one we are interested in, since
its sections are the differential forms of type (0,q) on Z’ with coefficients in F.
The operator 0 gives rise to a differential operator O on the F -valued differential
forms by 0r = 1 ® 0.

A Hermitian metric on Z’ induces a volume element dv on Z’. When combined
with a Hermitian metric on F, this allows one to define a conjugate linear isomor-
phism of bundles * : F4 — F by xv = (-,v),dv. Here, F¥ = F' @c \"" " 1T*(Z")
stands for the dual bundle of F9.
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Furthermore, in the space Cgy,,,(Z', F) we can introduce an inner product by
the formula

(u,v) 2z, 70y = //(u(z),v(z))zdv

//(*v,u>z

for u,v € CF,,,(Z', F9). We say that a form u is square integrable on Z’ if the
function (u,u), is integrable with respect to dv. As usual, the space of square
integrable (0, ¢)-forms with coefficients in F on Z’ is denoted by L?(Z’, F1). The

inner product (u,v)r2(z/, 7« actually turns L?(Z', F9) into a Hilbert space with

norm
lull2(z7, 70y =/ (u, u) L2(27, Fa),
as is easy to check.

We now restrict our section spaces and operators thereon to the manifold Z,
thus obtaining

& (2, F),
L1 = L*(Z,F9),

etc. It is obvious that £7 just amounts to the completion of {u € £7: ||lul|z« < o0}
in the norm | - || za.

Let D% be the set of all sections u € £, for which there is a sequence {u, } with
the following properties:

1) u, € LINEY,

2) {u,} converges to u in £%; and

3) {0Fu,} is a Cauchy sequence in L3+

The mapping T : DI — L3t defined by Tu = limdru,, where {u,} is a
sequence with properties 1)-3), is called the maximal operator generated by Or.

Note that T is well defined. Indeed, if {u],} is another sequence satisfying 1)-3),
and f = lim dru/,, then for all g € C°°(Z, F4+1") with a compact support in the
interior of Z we get

(Tu~—f,g) = lim(dru, — dru,,g)
= lim(u, —u},,0%g)
- 0,

whence Tu = f.
We will think of T as an unbounded operator from £? to £4t!, whose domain
is D%.. Since DX contains £9 N E? the operator T is densely defined and closed.
From the lemma of du Bois-Reymond and the uniqueness of a weak limit it
follows that if u € D then Tu = Oru in the sense of distributions in the interior
of Z.

Lemma 1.1. As defined above, T satisfies TD% C D& and T? = 0.

Proof. Assume that u € D% and {u,} is a sequence with properties 1)-3). We set
f, = Oru,. Then Tu = lim f,. And since drf, = 0, we obtain that Tu € D%H
and T'(Tu) = 0. O
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Thus we have the following complex of Hilbert spaces and their closed linear

mappings:
c:0—c0 Lo D Do o (1.1)

The L?-cohomology of the Dolbeault complex on Z with coefficients in JF is just
the cohomology of complex (1.1). More precisely, the cohomology at step ¢ denoted
by H%(L') is defined to be the quotient of the null-space of T': DL — LT over the
range of T: DL — L9,

We now define T%, the adjoint of T, as usual for unbounded operators. Namely,
let D%. be the set of all forms g € £? with the property that there is v € £}
satisfying (T'u,g)ra = (u,v)q—1 for all u € D%fl. We define T*: DY, — L£97! by
T g =v.

The operator T* is well defined because the domain Dgp_l is dense in £771. Tt is
easy to see that if g € DL, NEY then T*g = 5}9, where 5} = *_13}* is the formal
adjoint of Oz.

Moreover, the Stokes theorem tells us that the elements of DZ.., which are smooth
up to the boundary of Z, satisfy certain conditions on 0Z. We write these in the
form n(g) = 0 on 0Z, where n(g) is the complex normal component of g, cf. Section
3.2.2 in [Tar95]. The equality n(g) = 0 means that the coefficients of g at each point
of 07 satisfy a homogeneous system of linear equations, the latter varying smoothly
over 0Z.

Lemma 1.2. T*D%. ¢ D&.' and T*2 = 0.

Proof. Indeed, if g € D4, and u € Dgf2 then by the very definition and Lemma
1.1 we get

(Tu, T*g) a1+ = (T(Tu),9)ra
0.
Therefore, T*g € DL, and T*(T*g) = 0, as desired. O

Let us introduce an operator L on £7 with a domain Df , which has the property
that if w € D} N €7 then Lu = Au, where A = 5}5}- + 5;5} is the Laplacian of
the Dolbeault complex on Z’ with coefficients in F. Namely, write D} for the set
of all u € D ND4.. with the property that Tu € D%fl and T*u € D%_l. Then the
operator L: D} — L9 is defined by

Lu=T"Tu+TT"u,

cf. § 4.2 in [Tar95].

The d7 -Neumann problem on the manifold Z in the L? setting consists in the
following: Given a section f € L£9, when is there u € D] such that Lu = f, and
how does u depend on f7

The weak orthogonal decomposition is actually the first step in solving the O -
Neumann problem. Set

H?={ueDiNDL. : Tu=T"u=0},

forq =0,1,...,n. Since the operators 1" and T™ are closed, H? is a closed subspace
of L. Denote by H: L4 — H? the orthogonal projection of £? onto H9.

Lemma 1.3. uw € H? if and only if u € D] and Lu = 0.
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Proof. If u € H? then obviously u € D! and Lu = 0. If Lu = 0 then (Lu,u)zqa = 0,
and since

(Lu,uw)ga = | Tl Zoer + [T ull 70—
we have u € H9. O

Lemma 1.4. The operator L is selfadjoint, and (L + 1)~1 exists, is bounded, and
is everywhere in L9 defined.

Proof. Since T is a closed operator and the domain of T is dense, the same is also
true for T*, and (T*)* =T.

It follows that the operators (TT* + 1)~! and (T*T + 1)~ exist, are bounded,
selfadjoint and defined everywhere in £7, cf. [RS52, 118].

We now easily verify that (L + 1)~! exists, is bounded, is everywhere defined,
and is given by the formula

(L+) =TT+ 1) '+ (T"T+ 1) —1,
which completes the proof. (I

Corollary 1.5 (weak orthogonal decomposition). The range of L is orthogonal to
HY, and

L7 =MH'® LDY, (1.2)
where LD} denotes the closure of LDY in L£9.

Proof. This follows immediately from the selfadjointness of L and Lemma 1.3. O

In particular, if LDY is closed then we arrive at the “strong orthogonal decom-
position”
L9=H'eT*TD] & TT*DI. (1.3)

2. THE J-NEUMANN OPERATOR

Definition 2.1. Let LD{ be closed and f € L9, then f = H f + Lu where u € D .
The Jr -Neumann operator N: £L9 — DY is defined by Nf = u — Hu.

Note that N is well defined. Indeed, if also f = Hf + Lu’ where v’ € D} then
L(u — ') = 0 whence

(u—Hu)— (v —Hu') = (u—u')— H(u—1u)
= 0.

We summarize the properties of the 0z -Neumann operator. They generalize
those of the Green operator from the Hodge theory, for the 7 -Neumann problem
itself stems from the desire to extend the Hodge theory to the case of manifolds
with boundary.

Lemma 2.2. Suppose LD? is closed. Then the OF -Neumann operator N has the
following properties:
1) N is bounded, selfadjoint, HN = NH = 0, and we have the orthogonal
decomposition
f=Hf+T'TNf+TT*Nf (2.1)
forall f e L9,
2)If f € DY and Tf = 0 then TN f = 0. If moreover LDqL'H is closed then
TNf=NTf.
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3) If f € D, and T*f = 0 then T*N f = 0. If moreover LD%_l is closed then
T*Nf=NT*f.

Proof. 1) The equalities HN = NH = 0 and formula (2.1) follow immediately from
the definition of N.

Further, by the Closed Graph Theorem there exists a constant ¢ > 0 such that
if u € D} is orthogonal to H? then we have |[Lul|zs > c|lul|za. Applying this to
N f, we obtain

1

INFlee < LN e
1
= = Hfles
C
1
< Il
C

Hence N is bounded. -
Finally, the selfadjointness of the Ox-Neumann operator follows immediately
from Lemma 1.4 because

(Nf.g)ea = (Nf,Hg+ LNg)ca
(Nf,LNg)ca

= (LNf,Ng)ca

= (fi,Ng)cs-

2) Let f € D}. Then from (2.1) and Lemma 1.1 we get T*TNf € D7, and
Tf =0 implies TT*TN f = 0. Hence it easily follows that TN f = 0.

If also LD?™ is closed then for any f € DL we have Tf = TT*TNf on the
one hand, and T'f = TT*NTf on the other hand. Hence L(TNf — NTf) = 0,
and since TN f — NT f is orthogonal to H9t! we deduce that TN f — NTf = 0, as
required.

3) The proof is analogous to that of part 2). O

The Laplacian A is well known to be an elliptic differential operator on Z’. Hence
it follows that the harmonic differential forms u € H? are infinitely differentiable in
the interior of Z, and the 9 -Neumann operator N, if exists, preserves the interior
regularity.

Beginning with its classical forms, the Dirichlet norm has been an important
technical tool in studying the Oz -Neumann problem. Given any u,v € DI NDiL.,
the Dirichlet inner product of these differential forms is defined by

D(u,v) = (Tu, Tv) parr + (T u, T*0) pa-1 + (u,v) za,

and the Dirichlet norm is D(u) = \/D(u,u).

The space Di. N D%, with the Dirichlet norm is a complete (Hilbert) space. It is
denoted by D9.

Since D(u) > ||u||ze for all uw € DY there exists only one selfadjoint operator S
with a domain DY C DY, such that if u € D and v € DY then

D(u,v) = (Su,v)ca. (2.2)

The following lemma gives a useful description of the operator L because our
estimates will be in the norm D(u).
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Lemma 2.3. The equalities hold D} = D% and L = S — 1, where the operator S
is defined by (2.2).

Proof. If u € D} and v € DY, then D(u,v) = ((L + 1)u,v)zq is fulfilled. Hence by
the uniqueness of S, we have S = L + 1. O

3. COMPLETELY CONTINUOUS NORMS

Let ||-||; and || - || be two norms on a vector space £. We will say that the norm
I - |l is completely continuous with respect to the norm || - ||2 if every sequence in
L which is bounded in the norm || - ||; has a convergent subsequence in the norm

- ll2-

Lemma 3.1. If the norm D on D7 is completely continuous with respect to || - || za
then H? is finite dimensional.

Proof. Observe that if u,v € H? then D(u,v) = (u,v)zq. Suppose that the dimen-
sion of H? is infinite. Then there exists an infinite sequence {u, } of orthonormal
elements in H?. Since D(u,) = ||uy||ze = 1 the sequence {u,} contains a con-
vergent subsequence. But this is at variance with the fact that if v # p then

oty =l o = V2. O

Lemma 3.2. If the norm D on D7 is completely continuous with respect to || - || za
then there exists a constant ¢ > 0 such that for all u € D? orthogonal to HY, we
have

1Tl Zors + 1T ullZ0-s > ellullZa
Proof. Consider the Hilbert space £971 x £371 which is equipped with the norm

1F 0 = (1120 + [0]1200)

Let M : D9 — L£3*! x £971 be the mapping defined by Mu = {Tu, T*u}. Note
that M is a closed operator.

We will prove that the range of M is closed. Suppose that MD? is not closed.
Then there exists a sequence {u,} in D?, such that lim Mu, = {f,v} and {f,v} &
MD1.

Set u!, = w, — Hu,, then u] are orthogonal to H? and lim Mu,, = {f, v}.
If ||u} ||z« are bounded then D(u!) = (|[Mul||> + ||ul|%,)/? are bounded, too.
Then by hypothesis {u,} has a convergent subsequence with a limit u, and since
M is closed then Mu = {f,v} which contradicts the assumption that {f,v} &
MD?. Thus by choosing a subsequence, if necessary, we may actually assume that
lim ||ul, ||z« = o0.

Now set U, = ul/||u,||ce. Then lim||MU,| = 0 and D(U,) are bounded.
Therefore {U,} has a convergent subsequence {U,, } such that

limU,, = U,
limMU,, = {0,0}.

Hence MU = 0 so that U € H4. Since U, is orthogonal to H? we have U = 0, but
|U,||ca = 1. This contradiction proves that the range MDY is closed in £It1x L3471,

Let R be the restriction of M to the orthogonal complement of H? in D9. Then
R is one-to-one and has a closed range. By the closed graph theorem, the inverse
R™! is bounded. Hence there is ¢ > 0 such that |Rul||*> > ¢||u||%,. This proves the
lemma. (]
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Theorem 3.3. If the norm D on D? is completely continuous with respect to the
norm || - || za, then LD} is closed.

Proof. By Lemma 3.2, there exists ¢ > 0 with the property that for all u € Df
which are orthogonal to H? we have

(Lu7 u)ﬁq >c HUH%‘H

so that ||Lul|za > cljul|za-

Set f = lim Lu,,. We may assume that u, are orthogonal to 1%, and then ||u, ||z
are uniformly bounded. Therefore, {u, } has a subsequence whose arithmetic means
converge, cf. [RS52, 32, 38] Denoting this limit by u, we get f = Lu, which
completes the proof. ([

The question of when the norm D on DY is completely continuous with respect
to the norm || - ||z«, is very difficult in the general case and it requires special
consideration. We present some consequences here.

Corollary 3.4. Suppose the norm D on D? is completely continuous with respect
to the norm || - ||za. Then the Or -Neumann problem is solvable at step q in the
sense that there exist operators H and N in L% with properties 1)-3) of Lemma
2.2.

Proof. This follows immediately from Lemma 2.2 and Theorem 3.3. (]

For compact manifolds with boundary Z the subspace H is usually of infinite di-
mension. So by Lemma 3.1 the Dirichlet norm D may not be completely continuous
with respect to the norm | - || o on DY. However, the following result holds.

Theorem 3.5. If the norm D on D' is completely continuous with respect to the
norm || - ||z then LDY is closed.

Proof. Tt suffices to prove that there exists a constant ¢ > 0 with the property that
ILfllzo > c||fllzo for all f € D which are orthogonal to H°.

First, if u € DY then Tw € D' and Tu L H'. By Lemma 3.2, we readily deduce
that

IT*Tullzo = [ LullZo
c|[TulZ:.
Further, since f 1 H° then by the weak orthogonal decomposition (1.2) we see

that f € LDY. Hence, for each € > 0 there is u € DY such that || f — Lu|| o < e. It
follows that

Y

1120 < (Lu, fleo +e |l fllco
< NTullex ITfller + el £l co
1
< 2 ILulleollLfllo + el fllco
<

1 1
SIsleolEleo +e (£ 127+ 5ler ).

Since € can be made arbitrarily small by choosing Lu close enough to f we obtain
ILfllzo = ¢|lf|lzo, which concludes the proof. O

The next result immediately follows from Lemma 2.2 and Theorem 3.3. Recall
that H° = ker T°.
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Corollary 3.6. Suppose the norm D on D! is completely continuous with respect
to the norm || - ||z1. Then f = Hf + T*NTf for any section f € D%, where
H: L% — HO is the orthogonal projection.

When acting on sections of F° = F, the differential operator 9 has injective
symbol. Since
HO={uecL'NCX(Z° F): dru =0},
where Z° stands for the interior of Z, the operator H? is a generalisation of the
classical Bergman projector. Corollary 3.6 gives HY =1 — T*NT.

4. PSEUDOLOCAL ESTIMATES

The regularity of the 97-Neumann operator near the boundary of Z is a much
more delicate problem. It initiated the study of non-elliptic boundary value prob-
lems, thus motivating a development of pseudodifferential theory, cf. [KN65]. Kohn
proved in [Koh63] that if Z is a compact strongly pseudoconvex manifold then the
norm D on DY is completely continuous with respect to the norm || - ||z« for all
g =1,...,n. Moreover, the 07 -Neumann operator preserves the regularity up to
the boundary in the scale of Sobolev spaces H*(Z, F?), with s = 0,1,..., in the
sense that f € H*(Z, F?) implies Nf € H*(Z, F%). Kohn’s original approach was
considerably simplified in [KN65] in a very general framework via elliptic regulari-
sation.

One says that a subelliptic estimate of order £ > 0 holds for the 07 -Neumann
problem at step ¢ in a neighbourhood U of a boundary point 20 € 9Z if there is a
constant ¢ such that

llull e (z,70) < ¢ D(u) (4.1)
for every smooth form u which is supported in Z N U and satisfies the boundary
condition n(u) =0 on 0ZNU.

The systematic study of subelliptic estimates in [KN65] provides the following
“pseudolocal estimate.”

Theorem 4.1. Let Z be a compact pseudoconvexr manifold with C*° boundary.
Suppose a subelliptic estimate (4.1) holds in a neighbourhood U of a boundary point
20, Pick arbitrary functions p,v € ngmp(U), such that ¥ =1 in a neighbourhood
of the support of ¢. Then, for every non-negative s there is a constant C with the
property that

N fllrst2s(z,70) < C I f 1= z,70) + [ fll o)
forall f € LTN H*(U, F9).

Proof. See Theorem 4 and Remark 6.2 in [KN65]. This result is actually mentioned
in [BS99], cf. Theorem 8. O

For a compact strongly pseudoconvex manifold Z, a subelliptic estimate (4.1)
with e = 1/2 holds in a neighbourhood of every boundary point, provided 1 < g < n.
It follows that for such manifolds the 07 -Neumann operator is continuous from
H*(Z,F9) to H*TY(Z, F9).

If Z is not compact then the O -Neumann problem on Z need not be solvable
in the sense that the range LD? is closed in £%. In order to guarantee the normal
solvability one has to arrange the problem with the points at infinity. As usual, this
would require pseudodifferential analysis in weighted Sobolev spaces. Still, we may
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try to maintain the pseudolocal estimate of Theorem 4.1, thus showing the local
regularity for the 0x -Neumann problem on a non-compact strongly pseudoconvex
manifold Z.

Corollary 4.2. Assume that U is a neighbourhood of a boundary point 2°, V a
relatively compact open subset of U, and s a non-negative integer. If u € D}
satisfies Lu € H*(U, F?) then u € H**Y(V, F9) and

lull gs+1 (v, 70y < C (|| Lull gs v, 70y + lull 2, 79))
where C' depends on U, V and s but not on u.

Proof. In case the closure of V' does not meet 0Z the assertion follows from the in-
terior regularity of the 9 -Neumann. Hence we can assume that V is small enough,
for if not, we shrink it. Since each boundary point of Z possesses a neighbourhood
whose closure is a compact strongly pseudoconvex manifold, we can assume with-
out loss of generality that U is a compact strongly pseudoconvex manifold with
C®° boundary. It is convenient to choose U sufficiently small, so that the harmonic
spaces on U be trivial.

For every ¢ = 0,1,...,n, choose a parametrix G¢ of the Laplacian A? on Z'.
This is a classical pseudodifferential operator of order —2 and type F? — F9¢ on
Z'. The Schwartz kernel Kgq of G? is a C* section of the bundle F? X F? away
from the diagonal of Z’ x Z’.

Fix any z in the interior of U and denote by CY(z,-) the unique solution of the
07 -Neumann problem

ACY(z,-) = in U,
n(Cz,-)) = n(x"'Kga(z,)) on OU, (4.2)
n(0rCi(z,-)) = n(dr* ' Kga(z,-)) on oU

in U. The kernel

o

Kq(za ) = *71KG‘7 (Za ) - Cq(z7 )
gives a parametrix of the dr-Neumann problem at step ¢ in U in the sense that
the Green formula

U(Z):/ (”(U)J(é}K(’(A-)))cﬂL(N(éfU)J(K"(Zw)))cdSJF/(A%Kq(z,-))c dv
oUu U

(4.3)
holds for all w € H2(U, F?) up to a term Su, where S is a smoothing operator on
U. By t(f) is meant the complex tangential component of f on dU, cf. Section
3.2.2 in [Tar95].

Formula (4.3) is actually valid for all u € L?(U, F?) with Au € L*(U, F9). In this
case the values n(u) and n(0ru) on QU are interpreted in a weak sense. To make it
more precise it suffices to assume that the neighbourhood U is small enough. Using
a local fundamental solution of A on Z’ we find a differential form uy € H?(U, F?)
which satisfies Aug = Au in U. Obviously, the traces of n(ug) and n(drug) on
AU are well defined. Furthermore, the difference v = u — ug lies in L?(U, F9) and
satisfies Av = 0 in U. Hence both n(v) and n(drv) possess weak limit values
on U, cf. [Roi96] and elsewhere. We set n(u) = n(ug) + n(u — ug) on U, and
similarly for n(0rug).

Having disposed of this preliminary step, we can now return to the proof of the
estimate. Let u € D] be an arbitrary form with Lu € H*(U, F?). Write Ny for the
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0r -Neumann operator on the manifold U. By Theorem 4.1, u’ = Ny Lu belongs
to H*T1(U, F9) and satisfies

[0/ || o1 w70y < C" || Ll e U, 9 (4.4)
where C’ is a constant independent of u. Since
Av = Lu in U,
n(u') = 0 on U,
n(drv') = 0 on 09U,

the difference v’ = u — u' lies in L?(U, F?) and fulfills Au” = 0 weakly in the
interior of U. Moreover, both n(u”) = n(u) and n(dru”) = n(dru) vanish on
0Z NU. Applying (4.3) yields

u(2) :/ (n(u"),t(0F K (2,)))¢ + (n(0Fu”), LK (2, )¢ ds
oU

up to a term Su’. It follows that v’ € C=(V, F9).

Since V CC U, there is a function y € C°°(U) which is equal to 1 in a neighbour-
hood of QU \ &Z and vanishes near V. By the Stokes theorem, the above formula
transforms to

() = / (", AGCK (2,)))c dv + Su”
U
for all z € V. Hence

" | ggs+1 v, 70y < C" (Null 2,70y + 10| 22U, F4)) (4.5)

with C” a constant independent of u. Combining (4.4) and (4.5) completes the
proof. ([

Perhaps, there is a direct proof of Corollary 4.2 using Theorem 4.1 but we have
not been able to do this.

5. SPECTRAL PROJECTION

By Lemma 1.4, the operator L in £? is selfadjoint, and (L + 1)~! is defined on
all of £4. If the operator (L + 1)~! is compact then the spectrum of L consists of
at most countable many eigenvalues A; > 0 which have no accumulation point but
+00. However, (L+1)! fails to be compact for non-compact strongly pseudoconvex
manifolds Z.

By the spectral theorem, for L there exists a unique orthogonal resolution F,
t > 0, of the identity on £, such that

p(L) = /io o(t)dE;

for all admissible functions ¢ on R. It is easy to see from this that the spectrum of L
coincides with the union of the sets of points of increase of all functions (Eu, u) za,
where u € £9.

The operator Py := FE\;o9 — F) is an orthogonal projection of L£? onto the
corresponding eigenspace of L. The spectral function E; of L is thus a ‘sum’ of Py
over all A < t, i.e.,

E, = /O - Pudm()) (5.1)

where m(\) is a non-decreasing function on R.
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For any interval I = [a, b], the operator E; := E,— E, is an orthogonal projection
in £9. It commutes with L, i.e., the equality E;L = LE; holds on the domain of
L. We see that L keeps invariant the range of Ej.

By the spectral kernel function of the operator L4 is meant the Schwartz kernel
Kpa of the operator E{. This is an element of D'(Z’ x Z', F4 K F?') with support
in Z x Z, such that

(Efu,v)z = (Kga,v @ u)zxz
for all u € C,,,(Z, F9) and v € C,,,(Z, F1').

Taking liberties one writes

Efu(z) = / (K (2, ), u)c (5.2)

for u € C,,(Z, F?). We next show that the integral makes sense for all distribu-

comp

tions u € £4(Z', F9), i.e., for all generalized sections of F?¢ with compact support
in Z.

Theorem 5.1. The spectral kernel function of L9 is infinitely differentiable up to
0Z, i.e., Kga € O.(Z x Z, FIR F7).

Proof. Since

CX(Zx Z,FIRFY) = Cp(Z,F)R,Coo(Z,F)

=+
3

Ly(EH(Z', F), Crse(Z, FY)),

the last equality being a consequence of the Schwartz kernel theorem, cf. for in-
stance [Tar95, § 1.5.1], it suffices to show that E; extends to a continuous map
of £,(Z',F7) to C.(Z,F7). If we prove that E; extends to a continuous map of
He oo (Z, F?) to Hi (Z,F7) for each non-negative integer s, the assertion readily
follows.

As mentioned, E; is an orthogonal projection in £7. It follows that E;E; = E;
and E} = E;. Using the connection between the adjoint and transposed operators,
we arrive at the formula

E,=FE, + ' Ex. (5.3)
If By maps L?(Z,F?) continuously to H; (Z,F?), then the transpose E; maps
H 5, (Z, F?) continuously to L*(Z, F'). Hence the equality (5.3) allows one
to extend E; to a continuous map of H;,.(Z,F9) to H} (Z, F?). We are thus
reduced to proving that E; maps L?*(Z, F?) continuously to H; .(Z,F9) for each
non-negative integer s.

To this end, pick an arbitrary form u € £2. Using formula (5.1) for F;, we easily
find

¢
L? Etu:/ A’ Pyudm(A)
0—
and

IL* Bvul|Za

t
/ 1A Pyl 2, dm()
< 2| Buld,

which is due to the Pythagor theorem. Applying Corollary 4.2 we conclude that
Ew e HY (Z,F9).
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To estimate a seminorm of Fyu in H (Z, F9), we fix a relatively compact open
set V C Z. Choose relatively compact open sets Vi, ..., Vs in Z with the property
that

VccU cc...ccUs.

We now appeal to Corollary 4.2 to successively estimate the norm of Pyu in
H*(V, F?), namely

IPxullgs(v,rey < Cs (ILPul| gs—1 (v, 70y + [[Paull 2 vy, 74))
< Cs MPaullgs-1 (v, 7oy + | Pavll 2y, 79))

and similarly

| Pxull o5, 70y < Cs—j M Paullgs-5-1(v;,, .70y + [ Paull 2,40, 79))

for each j = 1,...,s — 1. Substituting these estimates into each other, we easily
obtain
S
| Paul| s (v,7ay < const(s) (Z)\])HPAU”LZ(US,F‘!)
j=0
<

const(s) ( i )\j) | Pru| za
=0

whence

IN

t
/ 1Pyl g1 (v ey dim(N)
0_

< const(s) /Ot (i)\j)HP)\uHLq dm()\)

=0

| Bl s (v, 7

< Clullza-

Here, the constant C' depends on s, V and t but not on uw. This completes the
proof. O
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