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Abstract

This work explores the equilibrium structure and thermodynamic phase behavior of com-
plexes formed by charged polymer chains (polyelectrolytes) and oppositely charged spheres
(macroions). Polyelectrolyte-macroion complexes form a common pattern in soft-matter
physics, chemistry and biology, and enter in numerous technological applications as well.
From a fundamental point of view, such complexes are interesting in that they combine the
subtle interplay between electrostatic interactions and elastic as well as entropic effects due
to conformational changes of the polymer chain, giving rise to a wide range of structural
properties. This forms the central theme of theoretical studies presented in this thesis, which
concentrate on a number of different problems involving strongly coupled complexes, i.e.
complexes that are characterized by a large adsorption energy and small chain fluctuations.

In the first part, a global analysis of the structural phase behavior of a single polyelectrolyte-
macroion complex is presented based on a dimensionless representation, yielding results that
cover a wide range of realistic system parameters. Emphasize is made on the interplay be-
tween the effects due to the polyelectrolytes chain length, salt concentration and the macroion
charge as well as the mechanical chain persistence length. The results are summarized into
generic phase diagrams characterizing the wrapping-dewrapping behavior of a polyelectrolyte
chain on a macroion. A fully wrapped chain state is typically obtained at intermediate salt
concentrations and chain lengths, where the amount of polyelectrolyte charge adsorbed on
the macroion typically exceeds the bare macroion charge leading thus to a highly overcharged
complex.

Perhaps the most striking features occur when a single long polyelectrolyte chain is com-
plexed with many oppositely charged spheres. In biology, such complexes form between DNA
(which carries the cell’s genetic information) and small oppositely charged histone proteins
serving as an efficient mechanism for packing a huge amount of DNA into the micron-size
cell nucleus in eucaryotic cells. The resultant complex fiber, known as the chromatin fiber,
appears with a diameter of 30 nm under physiological conditions. Recent experiments indi-
cate a zig-zag spatial arrangement for individual DNA-histone complexes (nucleosome core
particles) along the chromatin fiber. A numerical method is introduced in this thesis based
on a simple generic chain-sphere cell model that enables one to investigate the mechanism of
fiber formation on a systematic level by incorporating electrostatic and elastic contributions.
As will be shown, stable complex fibers exhibit an impressive variety of structures including
zig-zag, solenoidal and beads-on-a-string patterns, depending on system parameters such as
salt concentration, sphere charge as well as the chain contour length (per sphere). The present
results predict fibers of compact zig-zag structure within the physiologically relevant regime
with a diameter of about 30 nm, when DNA-histone parameters are adopted.

In the next part, a numerical method is developed in order to investigate the role of
thermal fluctuations on the structure and thermodynamic phase behavior of polyelectrolyte-
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macroion complexes. This is based on a saddle-point approximation, which allows to describe
the experimentally observed reaction (or complexation) equilibrium in a dilute solution of
polyelectrolytes and macroions on a systematic level. This equilibrium is determined by the
entropy loss a single polyelectrolyte chain suffers as it binds to an oppositely charged macroion.
This latter quantity can be calculated from the spectrum of polyelectrolyte fluctuations around
a macroion, which is determined by means of a normal-mode analysis. Thereby, a stability
phase diagram is obtained, which exhibits qualitative agreement with experimental findings.

At elevated complex concentrations, one needs to account for the inter-complex interac-
tions as well. It will be shown that at small separations, complexes undergo structural changes
in such a way that positive patches from one complex match up with negative patches on the
other. Furthermore, one of the polyelectrolyte chains may bridge between the two complexes.
These mechanisms lead to a strong inter-complex attraction. As a result, the second virial
coefficient associated with the inter-complex interaction becomes negative at intermediate salt
concentrations in qualitative agreement with recent experiments on solutions of nucleosome
core particles.



Zusammenfassung

In dieser Arbeit werden Gleichgewichtsstrukturen und die thermodynamischen Phasen von
Komplexen aus geladenen Polymeren (Polyelektrolyten) und entgegengesetzt geladenen Ku-
geln (Makroionen) untersucht. Polyelektrolyt-Makroion-Komplexe bilden ein grundlegendes
und wiederkehrendes Prinzip in der Physik weicher Materie sowie in Chemie und Biologie.
In zahlreichen technologischen Prozessen finden sich ebenfalls Anwendungsbeispiele für der-
artige Komplexe. Zusätzlich zu ihrem häufigen Auftreten sind sie aufgrund ihrer Vielfalt
von strukturellen Eigenschaften von grundlegendem Interesse. Diese Vielfalt wird durch ein
Zusammenspiel von elektrostatischen Wechselwirkungen sowie elastischen und entropischen
Effekten aufgrund von Konformationsänderungen in der Polymerkette bedingt und bildet das
zentrale Thema der theoretischen Studien, die mit dieser Arbeit vorgelegt werden. Verschie-
dene Strukturen und Prozesse, die stark gekoppelte Komplexe beinhalten – das sind solche,
für die eine hohe Adsorptionsenergie und geringe Fluktuationen in den Polymerketten cha-
rakteristisch sind –, bilden das Hauptthema der Arbeit.

Basierend auf einer dimensionslosen Darstellung wird im ersten Teil der Arbeit in ei-
ner umfassenden Analyse das strukturelle Phasenverhalten einzelner Polyelektrolyt-Makro-
ion-Komplexe behandelt. Der Schwerpunkt wird hier auf das Wechselspiel zwischen Effekten
aufgrund der Polyelektrolytkettenlänge, ihrer mechanischen Persistenzlänge, der Salzkonzen-
tration und der Ladung des Makroions gelegt. Die Ergebnisse werden in allgemeinen Phasen-
diagrammen zusammengestellt, das das Aufwickeln-Abwickeln-Verhalten der Polyelektrolyt-
kette auf einem Makroion beschreibt. Ein Zustand mit komplett aufgewickelter Kette tritt
typischerweise bei mittleren Salzkonzentrationen und Kettenlängen auf; häufig ist hier die
auf dem Makroion adsorbierte Gesamtladung des Polyelektrolyts größer als die Ladung des
nackten Makroions, d.h. es findet in hohem Grad Ladungsinversion statt.

Äußerst bemerkenswerte Eigenschaften treten auf, wenn eine einzelne lange Polyelektro-
lytkette viele, ihr entgegengesetzt geladene Kugeln komplexiert. In biologischen Systemen
findet man solche Komplexe zwischen DNS, die die genetische Information einer Zelle trägt,
und kleinen, entgegengesetzt geladenen Histonproteinen. Diese Komplexe dienen als effizien-
ter Mechanismus, die große Menge an DNS im Mikrometer-großen Zellkern eukaryotischer
Zellen zu komprimieren. Die dadurch erhaltene komplexe Faser, eine Chromatinfaser, hat un-
ter physiologischen Bedingungen einen Durchmesser von nur etwa 30 nm. Neue Experimen-
te haben gezeigt, dass eine räumliche Zickzack-Anordnung einzelner DNA-Histon-Komplexe
entlang der Chromatinfaser vorliegt. In der hier vorgelegten Arbeit wird eine numerische
Methode vorgestellt, die auf einem einfachen Ketten-Kugel-Zell-Modell basiert und die die
systematische Untersuchung des Mechnismus zur Faserbildung ermöglicht, wobei sowohl elek-
trostatische als auch elastische Wechselwirkungen berücksichtigt werden. Es wird gezeigt,
dass stabile Komplexfasern in Abhängigkeit von der Salzkonzentration, der Kugelladung und
der Kettenkonturlänge eine Vielfalt von Strukturen aufweisen, darunter Zickzack-, Solenoid-
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und Perlenkettenformen. Für physiologisch relevante Bedingungen werden mit dieser Metho-
de für DNA-Histon-Komplexe Fasern kompakter Zickzack-Struktur mit einem Durchmesser
von etwa 30 nm erhalten.

Im folgenden Teil wird eine numerische Methode entwickelt, um den Einfluss thermi-
scher Fluktuationen auf Struktur und thermodynamisches Phasenverhalten der Polyelektro-
lyt-Makroion-Komplexe zu untersuchen. Basierend auf der Sattelpunktsnäherung werden die
experimentell beobachteten Reaktionsgleichgewichte in verdünnten Lösungen von Polyelek-
trolyten und Makroionen systematisch beschrieben. Das Gleichgewicht ist durch einen Verlust
an Entropie für die einzelne Polyelektrolytkette durch die Bindung an das entgegengesetzt
geladene Makroion gekennzeichnet. Diese Größe wurde aus dem Spektrum der Polyelektrolyt-
fluktuationen um das Makroion erhalten und mittels einer Analyse der Normalmoden berech-
net. Hierüber wird ein Phasendiagramm zur Stabilität der Komplexe erhalten, das qualitativ
gute Übereinstimmungen mit experimentellen Ergebnissen aufweist.

Bei höheren Komplexkonzentrationen müssen auch die Wechselwirkungen zwischen den
Komplexen berücksichtigt werden. Es wird gezeigt, dass sich die Struktur der Komplexe bei
kleinen Abständen so ändert, dass positiv geladene Bereiche eines Komplexes mit negativ
geladenen auf einem Nachbarkomplex räumlich korrelieren. Weiterhin können einzelne Poly-
elektrolytketten als verbrückendes Element zwischen zwei Komplexen dienen. Dieser Mecha-
nismus führt zu starker effektiver Anziehung zwischen den Komplexen. In Übereinstimmung
mit kürzlich durchgeführten Experimenten ist als Folge davon der zweite Virialkoeffizient der
Wechselwirkung zwischen Komplexen bei mittleren Salzkonzentrationen negativ.



Chapter 1

Introduction

Complexes formed between charged polymers (polyelectrolytes) and oppositely charged macro-
ions have attracted much attention in recent years due to their vast technological applications
and challenging fundamental aspects.

Perhaps the most striking example of polyelectrolyte-macroion complexes occurs in biology
and in the packaging process of DNA in eucaryotic cells, where large lengths of DNA–a
highly negatively charged biopolymer–is stored inside the micron-size cell nucleus. There
is substantial evidence that electrostatic effects play a prominent role determining various
structural and thermodynamic properties of such complexes. From a theoretical point of view,
electrostatic interactions make polyelectrolyte-macroion complexes a challenging subject for
fundamental research, and on the other hand, give rise to generic properties that are closely
related with several other interesting problems in soft-matter physics. In this chapter, I briefly
discuss some of different aspects of polyelectrolyte-macroion complexes and, in particular,
review biological relevance of these complexes. I will then outline the studies presented in
this thesis, which are centered around the generic electrostatic aspects of these complexes.

1.1 Charged soft-matter: polymers and colloids

Electric charges and electrostatic interactions are ubiquitous in soft-matter and biological sys-
tems. Most of soft materials, such as polymers, colloids and proteins acquire surface charges
(often due to dissociation of surface chemical groups) when dissolved in a polar solvent such
as water. Because soft materials are easily deformed or re-arranged by potentials comparable
to thermal energy, electrostatic interactions caused by permanent (or even induced) charges,
that are typically of long-range and large strength, constitute a prominent factor determining
the behavior and properties of these materials. This makes charged materials central to many
technological applications.

Colloids and polymers are common ingredients of charged soft-matter systems. Smoke,
fog, milk, paint and ink are only a few examples of colloidal systems. Polymers are encoun-
tered in many everyday-life examples such as chewing gum, dough, or egg white. Colloids
comprise tiny solid or liquid particles that are suspended in another medium such as air or
another liquid. An important factor, which makes colloidal solutions in many ways different
from molecular or simple electrolyte solutions (such as sugar or salt solution), is the large
asymmetry in size and mass between the colloidal particles and solvent molecules (or micro-
scopic ions): Colloids are mesoscopic objects with sizes in the range of a few nanometers to
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microns, and are thus characterized by a large total area (i.e. a large fraction of atoms) in
contact with solvent. Therefore, colloidal physics is dominated by surface properties [4].

Polymers, which form another closely related macromolecular system, consist of many re-
peating subunits (monomers) that are chemically connected to form a flexible chain. Flexible
polymers are distinguished by their many degrees of freedom associated with conformational
arrangement of monomers that are easily excited by thermal energy at room temperature.
This gives rise to a diverse phase behavior [185]: Polymer chains can have large extensions in
the solution and be strongly entangled, or even collapse into a compact globular state (and
thus form a colloidal system as it is, for instance, realized in proteins). Depending on their
chemical structure, polymer chains can have a large mechanical stiffness as well, in which case
they behave like rigid rods at length scales smaller than a characteristic persistence length.
Several famous examples of stiff polymers are provided by Nature: actin filaments and mi-
crotubules that are known by their important role in biological processes occurring in the cell
[1].

In recent years, charged polymers, or the so-called polyelectrolytes, and their synthesis
have attracted a lot of attention because of their significant role in the production of cheap,
non-toxic and environmentally friendly materials [10]. In contrast to water-insoluble hydro-
carbon chains, polyelectrolytes typically show high affinity for water and heavy metal ions,
which makes them useful in applications such as super-absorbing diapers, waste water purifiers
and washing detergents and their additives.

Charged systems are typically associated with many-body features: Macroions, such as
charged colloids or polymers, are always surround by neutralizing oppositely charged micro-
scopic ions, called counterions, and also in general by coions. These particles form loosely
bound ionic clouds around macroions and tend to screen their charges. In particular, coun-
terions, that are attracted towards macroion surfaces, predominantly determine static or
dynamic properties of macroionic solutions in many instances. Understanding the interac-
tions between macroions across an ionic medium and their thermodynamic properties requires
an understanding of the ionic clouds first [7].

1.1.1 polyelectrolyte-macroion complexes

In aqueous solutions, polyelectrolyte chains strongly interact with other charged mesoscopic
objects and, in particular, tend to associate with oppositely charged colloids or other globular
macroions. Depending on surrounding conditions (such as salt and macroion/polyelectrolyte
concentration), a fraction of polyelectrolytes and macroions may “react”and form complexes
comprising one or more macroions and polyelectrolyte chains. Examples are furnished by
the complexation of synthetic polyelectrolytes with charged proteins [17, 26], charged plastic
beads [18], gold particles [30, 31], charged micelles [22, 27, 24, 23] or dendrimers [20]. Note
that these complexes are differentiated by the size of the spherical objects, which varies over
several orders of magnitude. Repeated adsorption of anionic and cationic polyelectrolytes on
a macroion can lead to well-characterized multilayers [19].

polyelectrolyte-macroion complexes have numerous applications ranging from fabrication
of polymeric hollow shells [19] and calcium-incrustation-inhibition during the washing process
[21]. An interesting feature is that adsorbed polyelectrolytes can act both as stabilizing and
destabilizing agents in charged colloidal suspensions depending on the effective interactions
mediated by the adsorbed polyelectrolyte layer between the resulting polyelectrolyte-macroion
complexes.
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From a fundamental point of view, polyelectroyte-macroion complexes are interesting in
that they combine the subtle interplay between electrostatic interactions and elastic as well as
entropic effects due to conformational changes of the polymer chain, which gives rise to a wide
range of structural properties. One can distinguish a few limiting cases: Strongly coupled com-
plexes are characterized by a large polyelectrolyte adsorption energy and small fluctuations
effects, while weakly coupled complexes exhibit weak adsorption and thus dominant chain fluc-
tuations. In the former case, which may be realized by highly charged and stiff polymers, one
deals with a flat adsorbed polyelectrolyte layer with pronounced lateral order due to mutual
electrostatic repulsions of the polyelectrolyte segments [40, 48, 49, 64, 66, 67, 68, 69, 43, 44].
In the weak coupling regime, strong fluctuations give rise to a diffuse adsorbed polymer layer
[208, 58, 59, 46, 43, 44]. The studies presented in this thesis primarily focus on strongly
coupled complexes.

Due to strong adsorption effects, strongly coupled complexes exhibit striking properties
such as large overcharging (i.e. adsorption of polyelectrolyte charges more than necessary
to neutralize the macroion charge) [37, 45, 48, 49, 64, 65, 66, 67, 68, 69, 47] and like-charge
attraction [41, 42, 206, 207, 208, 209, 210, 211, 47], which results from structural correlations
(or polyelectrolyte bridging) between highly overcharged complexes. This latter case is closely
related to the like-charge attraction induced by structural correlations due to multivalent
counterions [199, 197, 198, 202, 204, 205]. These aspects will be discussed in more detail in
the forthcoming chapters.

1.2 Biological aspects

In biology, charged polymers and electrostatic effects emerge in many striking examples [9].
Almost all proteins, as well as the DNA and the RNA, are charged polymers. DNA, for
instance, is a long biomolecule with a total length of about two meters in every human cell
which is highly negatively charged: It bears one elementary charge per 1.7Å, which for human
DNA adds up to 1010 elementary charges overall. Yet the DNA is densely packed inside the
cell nucleus with a diameter of about few microns. In eucaryotic cells, this storage process
involves a hierarchical structure, which serves a highly efficient packing mechanism. The main
task here is to compact DNA molecules in such a way that they would be able to efficiently
perform their biological functions in the cell. For this purpose, many portions of DNA must
be accessible to a large variety of proteins such as gene regulatory proteins, RNA polymerases,
transcription factors, etc [1, 2].

On the lowest level of DNA packaging, short segments (about 50 nm) of DNA are tightly
wrapped around positively charged histone proteins with a diameter of about 5 nm. The
resultant complexes are known as nucleosome core particles, which are linked together via
a linker DNA. DNA-histone complexation within the core particles leads to nearly a 7-fold
reduction in the linear size of the DNA molecule. On the next level, the string of nucleosome
core particles fold into a thicker and denser structure, known as the chromatin fiber, which
appears with a diameter of about 30 nm in physiological conditions. This 30 nm fiber under-
goes a series of higher-order foldings ending up at the highly condensed chromosomes (see the
illustration in Figure 1.1). The linear extension of the chromosome is about 104 times smaller
than the contour length of the original DNA molecule. This large packing ratio occurs at
metaphase stage of mitosis (nucleus division), that is before the cell division occurs. In the
interphase stage (i.e. the long stage between one mitosis and the next in the cell cycle), the
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Figure 1.1: DNA packaging in the nucleus of eucaryotic cells involves a hierarchical structure on the
lowest level of which DNA is complexed with histone protein forming nucleosome core particles. A
jointed string of nucleosome forms the chromatin fiber that folds into a 30 nm thick fiber in physio-
logical conditions. Chromatin folds into higher-order structures that eventually end up at the highly
condensed chromosome, whose linear extension is much smaller than the contour length of the original
chain (Figure after Ref. [1]).

packaging ratio will be less (about 250 [2]) and chromosomes are overall less condensed.

There is now mounting experimental evidence which shows that packaging of DNA and
its organization within the cell nucleus play a central role in regulating its functions [2, 145,
146, 147]. Experimental techniques such as electron microscopy and x-ray crystallography
have proved quite successful in defining the detailed structure of nucloesome and to some
extent that of the chromatin fiber [2, 148, 152], although the structure of higher-order folding
levels remains largely unknown and are yet to be elucidated. Recent experimental findings
have triggered a growing theoretical interest in DNA complexes and chromatin structure,
which aim to model the structure and physical properties of these system (see Ref. [50] for
a recent review). The complexation of DNA with histone proteins is believed to be highly
influenced by electrostatic interactions although a variety of other factors of specific origin
are also present and play important roles. Some of these features are briefly reviewed in the
following sections.

1.2.1 DNA

Biochemistry

“All living cells on Earth, without any known exception, store their hereditary information
in the form of double-stranded molecules of DNA [Deoxyribonucleic acid]–long unbranched
paired polymer chains, formed always of the same four types of monomers–A, T, C, G”[1].
Each DNA monomer (nucleotide) consists of two main parts: a sugar (deoxyribose) with
a phosphate group attached to it, and an aromatic base, which may be one of the four
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Figure 1.2: a) Space filling [1] and b) basic structure [2] of the DNA. Each turn of DNA is made up
of 10.5 nucleotide pairs amounting to a pitch size of 3.4 nm. The coiling of the two strands around
each other creates two grooves in the double helix as indicated in the figure. c) A short section of
the double helix viewed from its side, showing four base pairs. The nucleotides are linked together
covalently by phosphodiester bonds. The bases (A, C, G and T) zip two strands of DNA to each other
via hydrogen bonds Ref. [1].

distinct bases adenine (A), guanine (G), cytosine (C) or thymine (T) that encode the genetic
information.

A single strand of DNA (polynucleotide chain) consists of nucleotides joined together by
covalent chemical bonds through the sugars and phosphates, which thus form a backbone of
alternating sugar-phosphate-sugar-phosphate (Figure 1.2). To each sugar, one of the four
bases is covalently bound. A normal DNA molecule is constructed from two such comple-
mentary strands which are bound together in the following manner: To each adenine binds
a thymine (and vice versa) with two hydrogen bonds, and to each guanine binds a cytosine
(and vice versa) with three hydrogen bonds, thereby resulting in a chain with two backbones
which are linked together by complementary A-T and C-G base pairs (bp).

The DNA molecule forms a three-dimensional right-handed double-helical structure in
which the two strands twist around each other such that all the bases are on the inside of
the double helix, and the sugar-phosphate backbones are on the outside (Figure 1.2). This
double helical structure is stabilized by hydrogen bonds between the complementary bases
(and the stacking of base pairs), which are rather weak (as compared with typical covalent
bonds) allowing the two strands to be pulled apart without breakage of their backbones. This
makes the copying of genetic information (e.g., transcription and DNA replication) possible
in living cells [1, 2]. Because each strand of DNA contains a sequence of nucleotides that
is exactly complementary to the nucleotide sequence of its partner strand, each strand can
act as a template for the synthesis of a new complementary strand when presented to an
environment in which all kinds of nucleotides are present.

Physical parameters

Each DNA base pair is of a same width of 0.34 nm (equal to the center-to-center distance
between adjacent nucleotide pairs). The backbones are held an equal distance apart along
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the double helix, which has a diameter of about 2 nm. The planes of base pairs are almost
perpendicular to the helix axis and the twist angle, that is rotation per residue, is 34.3◦.
Therefore, one helical turn is made up of 10.5 nucleotide pairs leading to a pitch size of
3.4 nm. The coiling of the two strands around each other creates two grooves in the double
helix referred to as major groove (of 2.2 nm size) and minor groove (of 1.2 nm size) as indicated
in Figure 1.2. The aromatic bases are planar and can easily be stacked, a process caused by
hydrophobic and van-der-Waals interactions (which amount to about 4-15 kcal per mole of
dinucleotide). On the other hand, each hydrogen bond between bases accounts for about 2-3
kcal/mol [1, 2, 50]. The double helical structure is destabilized at temperatures between 70 ◦C
and 80 ◦C [2] or by externally applied stress [2, 162, 163, 164, 165, 167].

Any bending or twist of the double helix results in a distortion of the equilibrium con-
formation of stacked bases and the backbone, which costs energy and reflects the mechanical

elastic properties of DNA. The bending rigidity of DNA is one of the key factors that will be
taken into account in the investigations presented in this thesis. There is yet another con-
tribution enhancing the bending rigidity of DNA, which stems from electrostatic interaction
between charges on the backbone.

At physiological condition (aqueous solution of pH around 6.5-7.0), a hydrogen atom is
dissociated from each phosphate group of the backbone resulting in two negative elementary
charges per base pair of DNA. This amounts to a very high linear charge density of 5.88
e/nm, which has a huge impact on various physical properties of DNA. In particular, electro-
static repulsion between charges along the backbone leads to electrostatic stiffening of DNA
chain, because they favor a straight conformation for the chain. Unlike intra-helix hydrogen
bonds and van-der-Waals interactions, electrostatic interactions vary with the additional salt
in solvent medium. In physiological conditions, one typically deals with a monovalent salt
concentration of about 100 mM. Coions and counterions generated by dissociation of salt
molecules lead to an effective screening of Coulomb interactions (e.g., in physiological con-
dition, Coulomb interactions decay exponentially beyond a small screening length scale of
about 1 nm–see Chapter 2 and Appendix B).

The bending properties may be quantified effectively by a length scale, referred to as
the persistence length, which will be defined later on a systematic level (see section 2.1.1).
Intuitively, this quantity corresponds to a length scale along the polymer backbone within
which the polymer chain maintains an almost rod-like shape. Beyond this distance, thermal
fluctuation are able to disorient chain segments independently of each other, and thereby, the
overall chain conformation looks like a random coil. For DNA in physiological condition, the
persistence length is about 50 nm [166, 167, 168] (corresponding to about 147 base pairs).
This value decreases with increasing salt concentration down to a purely mechanical value of
30 nm for infinite salt [158, 159, 160, 189].

1.2.2 Proteins

Most of the dry mass of the cell is made from proteins, which execute almost all cell functions.
They play an impressive variety of roles in the cell: Enzymes, for instance, are proteins that
catalyze various chemical reactions within the cell. Proteins embedded in the cell membrane
form channels and pumps that control the exchange of small molecules between interior and
exterior of the cell. Other proteins, such as actin, tubulin, or motor proteins, act as message
carriers between cells or signal integrators within a cell [1]. Specific examples are DNA
polymerase, an enzyme which synthesizes DNA by joining nucleotides together (using a DNA
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Figure 1.3: Proteins consist of a polypeptide backbone with attached side chains. The two ends of
the polypeptide chain are chemically different: the end carrying the free amino group (NH+

3 ) is known
as the amino terminal or the N-terminal, and the one carrying the free carboxyl group (COO−) is
known as the carboxyl terminal or the C-terminal (Figure after Ref. [1]).

template as guide), and DNA nuclease, an enzyme which cleaves DNA.

A protein molecule (or polypeptide) is a polymer made from a long chain of amino acids (of
twenty different types), each linked to its neighbors by a covalent peptide bond–see Figure 1.3.
Attached to the polypeptide backbone are those parts of amino acids that are not involved in
the peptide bond, the so-called side chains, which give each amino acid its unique chemical
properties.

Proteins are by far the most structurally complex molecules known. The long polypep-
tide chain folds into a unique three-dimensional structure due to a variety of non-covalent
intramolecular forces (such as van-der-Waals, ionic or hydrogen bonds) as well as intermolec-
ular forces (such as hydrophobic interactions) that act between the side chains of polypeptides
and the solvent medium (usually water) [1]. This folding process gives rise to globular pro-
teins that have a compact shape with a typically rough surface. Enzymes tend to be globular
as well as histone proteins that will be discussed further below. There are also proteins with
simple elongated structure (fibrous proteins) [1]. Some proteins may assemble to form long
filaments, such as actin filaments (made from the protein actin), which plays a significant role
in biological processes occurring in the cell.

Histone proteins

The proteins that bind to the nuclear DNA of eucaryotic cells are traditionally categorized as
histones and non-histones. Histones are present in large quantities within the cell (with total
mass about equal to that of the DNA or almost half of the mass of proteins in the nucleus).
These are in fact the proteins that are responsible for the most basic level of chromosome
organization, the so-called nucleosome, in which DNA is wrapped around a histone core
(section 1.2.3 below).

The histone core in the nucleosome is an octamer consisting of eight histone proteins,
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Figure 1.4: The central, globular domains of all four core histones have a set of three α-helical regions
(dark shaded boxes labeled α1, α2 and α3) that form a characteristic structure known as the histone
fold (top). L1 and L2 are non-helical loops between the helices. The broken line, light shaded boxes
represent α-helical regions not forming part of the histone fold. The fold domains of H3 and H4
interact in the core particle to form the histone handshake (bottom). The fold domains of H2A and
H2B interact in the same way. The long N-terminals extends out from the core, making the histone
tails (the arrows in the handshake) (Figure after Ref. [2]).

namely, two molecules from each of histones H2A, H2B, H3 and H4. These are relatively small
proteins (with 102-135 amino acids) and each contains an N-terminal (or amino terminal)
“tail”and a tertiary structure known as the histone fold (see Figure 1.4). The histone fold is
typically formed from three α helices, one long and two short, connected by two nonhelical
“loops”. In nucleosome core assembly, the histone folds first bind to each other through
an interaction known as “handshake”, forming dimers of H3-H4 and H2A-H2B. The H3-
H4 dimers combine to form tetramers, which then combine with two H2A-H2B dimers to
complete the octamer core. The high resolution x-ray crystallographic analysis (Figure 1.6)
reveals that the histone core is shaped roughly like a cylinder (or disk), 7 nm in diameter and
5.5 nm height [1, 2, 154]. There is also an axis of two-fold symmetry, the dyad axis, as shown
diagrammatically in Figure 1.6d.

The histone proteins are highly basic, being rich in lysine and arginine amino acids that
are positively charged at about neutral pH. The total number of lysine and arginine amino
acids in a particular complete histone octamer is 216 [32], which is due to 13 lysine and 12
arginine residues in H2A, 20 lysine and 8 arginine in H2B, 12 lysine and 18 arginine in H3
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and 11 lysine and 14 arginine in H4. There are also negatively charged amino acids (aspartate
or glutamate), namely, 9 in H2A, 10 in H2B, 11 in H3 and 7 in H4. Finally, the number of
acetylation (phosphorylation) sites are 1 (1) in H2A, 4 (1) in H2B, 4 (2) in H3 and 4 (1) in
H4 (acetylation or phosphorylation refers to neutralization of a positive charge or addition
of a negative charge, respectively). This amounts to an overall net charge of +106e for the
histone octamer. Such a high positive charge makes histones excellent DNA-binding proteins
as the DNA is highly negatively charged. However, charge regulation effects may reduce the
net charge of the octamer (note that lysine and arginine are rather weak bases and repulsion
between neighboring positive charges as well as the image charge effects may suppress their
complete dissociation in neutral pH). On the other hand, surrounding conditions such as salt
concentration influence Coulomb interactions in such a way that one indeed has to account
for the effective charge of the histone core as will be made clear later on. The histone core
has a rough surface with grooves, ridges and relatively specific binding sites that introduce
additional interactions with the nucleosomal DNA (see below).

The long N-terminal tail of each core histone is a quite flexible chain, which can extend
out from the core region of the nucleosome. These tails contain roughly 50% of the basic
amino acids of the octamer [2, 148, 150, 151], carrying therefore a large amount of positive
charge which can be strongly attracted by DNA or other proteins. It is worth mentioning
that, most of the acetylation and phosphorylation sites of the histone octamer is positioned
in the histone tails, where they are exposed to the enzymes enhancing such modification in

vivo [2, 145, 146, 147]. These modifications are conserved through evolution, and are believed
to play significant role in regulating chromatin function [2]. Although the precise function of
histone tails is yet to be elucidated, experimental results already indicate that they play a
significant role in compaction of the chromatin structure ( section 1.2.4 below).

The histone proteins are among the most highly conserved eucaryotic proteins (with vir-
tually identical primary structures, i.e. amino acid sequence, from one organism to another),
and it seems that even small changes in their structure leads to lethal effects for their function
in the cell [2, 155].

1.2.3 DNA-protein complexes: Nucleosome core particle

Nucleosome is the basic building block of the chromosome, which may be isolated from un-
folded chromatin (obtained, e.g., by exposure of chromatin to reduced salt concentration)
using digestion with particular enzymes, known as nucleases, that cleave the DNA between
the nucleosomes (see Figure 1.5). Each nucleosome contains about 200 base pairs of DNA
and consists of two parts: the chromatosome, a unit of approximately 165 base pairs of DNA
complexed with histone proteins, and the so-called linker DNA connecting consecutive chro-
matosomes to each other. The linker DNA is readily digested by nucleases and its length
may vary depending on the organism or due to processes such as nucleosome repositioning or
chromatin remodeling [2, 92, 93, 94, 95, 96, 97, 98, 50].

A schematic view of the chromatosome is shown in Figure 1.6e. It involves a linker H1
histone protein (or its variant H5), which is believed to occupy a position outside the core
octamer, close to the entry-exit region of the DNA strand wrapped around the histone core.
H1 is positively charged in neutral pH and has a globular core with two relatively long N- and
C-terminal (amino and Carboxyl terminal respectively) tails capable of interacting with both
linker and core DNA. The exact structural relationship between H1 and the nucleosome is
still not clear, but its influence on the overall structure of the chromatin has been examined
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Figure 1.5: The nucleosome core particle is released from chromatin by digestion of the linker DNA
with nuclease, an enzyme that cleaves DNA but leaves the core DNA intact. After dissociation of
the isolated nucleosome into its protein core and DNA, one ends up with the nucleosome core particle
consisting of a length of 146 nucleotide pairs wrapped around the histone core (Figure after Ref. [1]).

in various experiments [116, 123, 142] (see section 1.2.4 below).

Further digestion of chromatosome leads to depletion of the H1 histone and consequently,
about 10 base pairs from each end of the DNA is digested leaving intact the so-called nu-

cleosome core particle (or the core particle)-see Figures 1.5 and 1.6d and e. The detailed
structure of the nucleosome core particle (NCP) has been resolved with high resolution x-ray
crystallography at 2.8Å [148] (see Figure 1.6a and b), and recently at 1.9Å [149]. Within each
nucleosome core particle, a length of 146 base pairs of DNA is wrapped around the histone
octamer in a left-handed helical ramp of about 1-and-3/4 turns with a pitch size of about
2.8 nm. The nucleosome core particle is shaped like a flattened cylinder with a diameter of
11 nm (combined diameter of the core histone octamer and that of the DNA) and a height
of 5.5 nm [2, 148, 149, 151] (Figure 1.6d and e). The nucleosome core particles are highly
conserved in structure and identical for all eucaryotic cells.

DNA-histone interactions

The path followed by the DNA across the surface of the histone octamer is not smooth and
in some regions is more sharply bent than others and as a result, the DNA’s double helix
structure is distorted in the nucleosome core particle. The double helix may be locally over-
wound due to a small increase (up to 0.5 base pairs per turn) in its local twist. It is important
to note that the exact path of the DNA on the histone octamer and its local properties are
highly specific and may vary depending on specific properties of the core histones and the
sequence of the DNA, and thus may differ from one nucleosome to another [2, 106]. (For
instance, note that the A-T-rich sequences in the minor grooves are easier to compress than
G-C-rich sequences, and therefore, each histone octamer tends to position itself on the DNA
so as to maximize A-T-rich minor grooves on the inside of the DNA strand.)

There are 14 regions where the wrapped DNA contacts the histone octamer surface [2, 106,
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Figure 1.6: a) Computer-generated ribbon diagram [148, 2] and b) space filling diagram [148, 1]
showing two different views of the structure of the nucleosome core particle based on X-ray crystallo-
graphic analysis at 2.8 Å resolution [148]. c) Computer-generated ribbon diagram [149, 2] showing the
path of a single turn of the DNA helix around the histone core and histones arrangement within the
core. One complete molecule of each histone is shown, together with parts of the second histone H3
molecule. The histone handshake motif, by which H2A interacts with H2B and H3 with H4, is clearly
seen. Note the variable curvature of DNA as it folds around the histone core. d) A schematic picture
of the nucleosome core particle [2]. The location of dyad axis and dimensions of the nucleosome core
particle are given. e) Schematic view of the chromatosome [2], where possible location of histone H1
is demonstrated. Histone H1 adsorbs 19 base-pairs of DNA, and as a result, chromatosomal DNA
amounts to 165 base-pairs.

148, 149]. These contacts are located where the minor grooves face the octamer surface and
may involve specific bindings and hydrophobic interactions besides the overall electrostatic
attraction between positive charges of histones and negative charges on the DNA backbone.
In particular, at some contact regions there are several direct hydrogen bonds [148]. Though a
reliable quantitative estimate of the binding energies due to contact sites is not yet available,
an indirect method of estimating the mean binding energy (based on competitive protein
binding to nucleosomal DNA [74, 75, 76]) suggests a value of about few kBT per contact
site [74, 75, 76, 50], which is nearly balanced by the energy cost due to the bending of
the DNA around the histone core [50]. An estimate of the binding energy including only
electrostatic and bending effects (i.e. electrostatic self-energy and bending of DNA as well
as its electrostatic attraction with the histone core neglecting other specific effects) leads to
a much larger binding energy of about ∼ 85kBT (measured with respect to an uncomplexed
reference state) for a weak effective histone charge of +20e in physiological salt concentration
(100 mM NaCl) [48, 49, 210]. This huge binding energy suggests a dominant electrostatic
stabilization of the nucleosome core particle. But, strikingly, at low salt (and also at high
salt), the interplay between bending and electrostatic effects reproduces the low-salt expanded
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(or unwrapped) DNA state [40, 48, 49] as observed also in experiments [83, 86, 84, 87, 88, 89,
90, 103, 104, 82] (see below).

A host of different experiments have been performed in oder to understand the mech-
anisms that control the structural stability of the nucleosome core particle. One class of
experiments include investigation of the response of chromatin or subunits thereof to an ex-
ternal mechanical stress [107, 108], that gives insight into DNA-histone interactions (see also
theoretical investigations in Refs. [77, 49, 97, 124, 139]). Interestingly, markedly different
stretching responses are found at low and high salt concentration [107, 108] Another class
of experiments [143, 145, 147, 146, 152, 153, 155, 151] involve chemical modification of the
histones or DNA sequence, which provide insight into the specificity of interactions and allow
to precise alteration of histone core charges (for instance, by acetylation and phosphorylation
of amino acid residues of the histones). This again reflects the relevance of electrostatic in-
teractions, which is confirmed by a third class of experiments that focus on the salt-induced
behavior of the nucleosome core particles as will be briefly mentioned below.

Salt-induced behavior

The influence of salt concentration on the stability of nucleosome core particles has been
considered experimentally using a variety of methods such as sedimentation studies [81, 84,
142], flow birefringence [82], neutron scattering [113], fluorescence [85, 86, 87, 88, 89, 90, 91],
electrophoresis [103], x-ray scattering [212], and osmometry [212]. Some of these results have
been summarized in Ref. [104] giving the following general trends: i) the native structure of
nucleosome core particle remains stable in the range of salt (NaCl) concentrations between
2 mM and 750 mM (including in particular the physiological regime of 100 mM), which
represents a wrapped state for DNA within the core particle; ii) below 1 mM, DNA is partially
unwrapped forming the so-called low-salt expanded state of the nucleosome; iii) at very small
salt concentrations (about 0.2 mM NaCl) an irreversible transition occurs which involves
dissociation of the histone core and the DNA; iv) at salt concentrations beyond 0.75 M,
dissociation of the histone core (including, e.g., dissociation of H2A-H2B dimers from (H3-
H4)2 tetramer) and also histone oligomers from DNA has been observed [85, 91, 104, 105];
beyond 1.5 M, the core particle is completely dissociated into histone oligomers and free DNA.

The strong dependence of the stability of the nucleosome core particles on salt concen-
tration suggests an electrostatic origin for the predominant interactions, because electrostatic
forces are highly influenced (due to a screening mechanism that will be explained later) by
the presence of mobile co- and counterions introduced through the salt. Theoretical studies
[48, 49, 72] have already shown that the experimental findings regarding the salt-induced
wrapping-dewrapping behavior of the nucleosome core particle can be captured within a sim-
ple chain-sphere model that accommodates basic electrostatic and bending factors [48, 49, 72]
(see the overview in Chapter 2). A generalization of these results for a generic charged
polymer-macroion complex is presented later in this thesis (Chapter 3).

In addition, the experimental stability diagram [104] exhibits an association (or complex-
ation) equilibrium between nucleosome core particles with free DNA and free histones in
solution at moderate core particle and salt concentrations [104]. This signifies the role of
thermal fluctuations in the complex formation process at intermediate concentrations, which
is the subject of investigations in Chapter 5 [72].
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Overcharging

On the theoretical side, an interesting aspect of the nucleosome core particle structure is that
the total charge of DNA wrapped around the histone is more than the net charge of the
histone core itself. The total charge of DNA (of 146 base pairs length) is -292e, while the net
charge of the histone core is about +100e as discussed before. Neglecting other effects such
as charge regulation (which can lower the effective histone charge), one ends up with about
-190e overall charge for the core particle complex. Therefore, despite what one might naively
expect, more DNA is adsorbed on the histone core than is necessary to neutralize its charge.
Clearly, the self-repulsion of charged units on the DNA (as well as DNA bending rigidity)
work against its electrostatic attraction to the histone core. Although the adsorption of DNA
on the histone core may be aided by additional specific binding effects (such are hydrogen
bounds [148]), recent theoretical studies exhibit that the overcharging of a charged sphere
by a semiflexible charged chain such as DNA may be driven solely by peculiar electrostatic
effects [45, 37, 65, 66, 67, 68, 69, 48, 49].

The overcharging has indeed emerged as a generic electrostatic mechanism that appears
in a variety of problems such as DNA-lipid complexes and polyelectrolyte multilayer forma-
tion [69]. For the problem of DNA-histone complexation, several overcharging mechanisms
have been introduced in literature including counterion release [45, 54, 55] and structural

correlations [69]. In the former case, the free energy of complexation of a polyelectrolyte
chain with macroion is dominated by the entropy of counterions released upon polyelectro-
lyte adsorption. (Note that counterions may be highly condensed around the polyelectrolyte
or the macroion depending on their charge and surrounding conditions–see Chapter 2.) This
mechanism may be particularly relevant at low salt concentrations and has been discussed in
detail in Ref. [50]. On the other hand, structural correlations arise as a result of the coupling
between electrostatic interactions and conformational changes of the polyelectrolyte chain as
it adsorbs on an oppositely charged macroion [64, 69, 70, 49, 210, 40, 37, 45]. These effects
can lead to an enormous overcharging particularly at high salt concentrations that will be
considered in more detail in the following chapters.

1.2.4 Chromatin

Though a great deal of information has emerged from recent studies of the nucleosome, much
less is known about the higher-order structures to which it gives rise. On the next level of
DNA compaction, nucleosome core particles are linked to each other to form the so-called
chromatin fiber, which has been subject of intense experimental [116, 118, 119, 121, 122, 123,
124, 125, 126, 128, 130] and theoretical [135, 136, 137, 138, 139, 140] works in recent years.
One of the main issues is that how nucleosome core particles are arranged along the chromatin
fiber and what are the underlying mechanisms stabilizing the fiber?

Under controlled treatment (e.g., exposure to low salt concentration), the chromatin fiber
exhibits a stretched swollen or expanded structure resembling a beads-on-a-string structure
(see Figure 1.7b). The string is DNA and the beads are individual nucleosome core particles
as described before. This structure is also known as the “10 nm fiber”due to the diameter of
about 10 nm of its beads. As the salt concentration increases, the fiber becomes gradually
more folded and compact [116, 123, 105], and eventually at the physiological condition, it
exhibits a thick and dense fiber of diameter about 30 nm, the so-called “30 nm fiber”(Figure
1.7a).
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Figure 1.7: a) Chromatin isolated directly form cell nucleus appears in the electron micrograph as
a 30 nm thick fiber. b) The experimentally unpacked, or swollen, chromatin (10 nm fiber) displays a
beads-on-a-string pattern consisting of linked nucleosomes (Figures after Ref. [1]).

The precise structure of the 30 nm fiber has been subject of much debate in the past
and several different models have been proposed for the arrangement of nucleosomes within
this fiber (see the review in Ref. [50]). These include solenoidal models [2, 50], in which
the string of nucleosomes form a solenoidal structure with the linker DNA bent in between
consecutive nucleosomes, and helical zig-zag or crossed-linker models [2, 50, 122], in which
straight DNA linkers connect consecutive nucleosomes that are located on the opposite sides
of the fiber. In other words, in solenoidal model consecutive nucleosomes (linked by a single
linker DNA) remain side by side (as nearest neighbors), while in zig-zag structure they take
up positions on opposite sides of the fiber helix and the linker DNA joining them bridges
the helical core. These models are constructed mainly based on geometrical considerations
and the available evidence from experiments. Naively speaking, the solenoidal model may
appear energetically unfavorable since the linker DNA in that case must bend sharply between
adjacent nucleosomes. On a systematic level, however, one should account for geometrical
factors as well as the interactions between various components in the system (e.g., histone
core, DNA wrapped around the histones, linker DNA) in order to determine the energetically
optimized form of the fiber (see Chapter 4 of this thesis).

Although existing experimental results on the 30 nm fiber can not yet completely exclude
one of the two models mentioned above in favor of the other [2, 123, 133], substantial evidence
is available which indicates a zig-zag structure at physiological conditions. Images obtained by
electron cryomicroscopy [123, 122, 116] show a zig-zag motif at reduced salt concentrations
and that this zig-zag structure is preserved and becomes more and more compact as the
salt concentration is increased up to the physiological value [123] (see Figures 1.8a-c). A
similar picture is obtained from force microscopy measurements [127, 128, 129]. In this
respect, recent experiments in which single fibers can be stretched using micromanipulation
techniques provide further insight into the detailed organization of the chromatin fiber [108].
Computer simulations [124, 136, 138, 140] and analytical models [137, 139], when compared
with experiments, appear to support the zig-zag model. One of the models used for the 30 nm
fiber is the so-called two-angle model [122], which is purely geometrical and yields a variety of
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Figure 1.8: Electron cryomicroscopy of the chromatin extracted from different organisms in ionic
strength of about 5 mM (a), 15 mM (b) and 40 mM (c) of monovalent salt respectively [123]. d),
e) and f) demonstrate the ionic strength dependence of the structure of H1-depleted chromatin for
monovalent salt concentration of about 1.2 mM , 15 mM and 45 mM respectively [116].

zig-zag conformations depending on two independent variables, namely, the entry-exit angle
of DNA strand wrapped around the histone core and a rotational (dihedral) angle between
axis of consecutive histone octamers along the fiber. This model has also been used to study
mechanical properties of the fiber [137] as well as the influence of short-ranged nucleosome-
nucleosome interactions within the fiber on these properties [137, 139].

The salt-induced swelling of the chromatin indicates that electrostatic interactions play a
crucial role in organization of the fiber [50, 119, 120]. Furthermore, the linker histone H1 (or
H5) [116, 117] as well as N-tails of the core histones [1, 144], which both carry considerable
positive charges, appear to influence the conformation of the fiber, which reflects their possible
interactions with the negatively charged DNA. As mentioned before, the linker histone is
located outside the core particle and “glues”together the entering and exiting strands of the
DNA along a short section giving rise to a “stem-like”structure (see Figures 1.8 and 1.9). This
is believed to be important in the compaction of the chromatin fiber at elevated salt; in the
absence of the linker histone, entering and exiting DNA strands are diverged and displaced
with respect to each other, and as a result, the fiber exhibits an open and loose structure
(see Figure 1.8 d, e and f) [116]. The electrostatic repulsion between the DNA strands in
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Without H1

With H1With H1

With H1

Figure 1.9: A schematic view of the nucleosome structure in chromatin with and without linker
histone as indicated in the graph. As shown, the presence of linker histone glues the two stands of
linker DNA together, giving rise to a stem like structure (shown by arrows). Three different ways of
bringing two DNA linker strands together is demonstrated [123].

the presence of H1 linker is highly screened for increasing salt and, as a result, the entry-exit
angle is expected to reduce, which can explain the compaction of the chromatin fiber with
increasing salt concentration [139]. On the other hand, the cationic histone tails can interact
and complex with the linker DNA, screening their bare electrostatic repulsion, and thus can
aid the compaction of the fiber as well [139] (they can even mediate attractive interactions
between neighboring nucleosomes [1, 157]). The precise role of these various factors has
however remained largely elusive.

1.3 Overview of this work

The central goal in this thesis is to establish unambiguous results based on simple well-defined
models for those aspects of charged polymer-macroion complexes that are mainly associated
with electrostatic effects. I therefore adopt a series of well-defined approximations that incor-
porate electrostatic interactions but also account for elastic contributions and conformational
changes of the polymer chains within a simple chain-sphere scheme.

In Chapter 2, I present the details of the chain-sphere model and discuss the approxima-
tions and theoretical methods involved in the studies presented in the forthcoming chapters. In
particular, I will discuss the so-called ground-state approximation used to investigate strongly
coupled complexes, i.e. complexes characterized by a large polyelectrolyte adsorption energy
and small chain fluctuations. I will explain how ground-state configuration of a single complex
can be classified based on its symmetric properties.
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Chapter 3 concentrates on the structural properties of a single strongly coupled poly-
electrolyte-macroion complex. Here I present a global analysis based on a rescaled (dimen-
sionless) representation of the chain-sphere model. This leads to a generic (universal) phase
diagram characterizing the wrapping-dewrapping transition of a polyelectrolyte chain on an
oppositely charged macroion in a wide range of realistic system parameters. This chapter
therefore generalizes previous studies that concentrate on the structural properties of a com-
plex with parameters chosen appropriate for the DNA-histone system [40, 48, 49]. Emphasize
is made on the interplay between the effects due to the PE chain length, salt concentration,
the macroion charge as well as the mechanical chain persistence length and special attention
is paid to chains with zero mechanical bending rigidity.

In Chapter 4, I consider complex fiber that are formed by a single long polyelectrolyte
chain complexed with many oppositely charged spherical macroions. I develop a numerical
method based on a chain-sphere cell model, which enables one to investigate the mechanism
and stability of complex fibers within the ground-state approximation. The ultimate goal of
this approach would be to model the structure of the chromatin fiber. In the present work,
however, I will concentrate on a simple generic model in which some of the specific structural
details of the chromatin (such as linker histones and histone tails) are neglected.

In Chapter 5, I investigate the thermodynamic stability of complexes formed by one
semiflexible charged polymer wrapped around an oppositely charged sphere by incorporating
thermal fluctuations around the ground-state configuration. Choosing parameters suitable
for DNA-histone system, I determine all conformational eigen-modes and the corresponding
eigen-value spectrum of the complexed chain fluctuations on the sphere, from which the free
energy of complexation (binding) is obtained. This free energy includes the adsorption energy
of the chain as well as the entropy loss chain suffers upon binding to the sphere. Using this I
determine the so-called reaction constant corresponding to the complex formation process in
a solution of charged polymers and macroions. Hence a global complexation phase diagram
as a function of salt and DNA/histone concentration is obtained, which exhibits qualitative
agreement with experimental results.

In Chapter 6, I investigate the effective interaction between two polyelectrolyte-macroion
complexes within the ground-state approximation. It will be shown that at small distances,
the complexes become highly correlated due to structural changes of the polyelectrolyte chains
which leads to an asymmetric binding state (where positively charged patches on one com-
plex match up with negatively charged patches on the other complex) or a bridging state
(where one polyelectrolyte chains bridges between the two complexes). This gives rise to a
strong attraction between complexes and thus a negative second virial coefficient associated
with the inter-complex interaction at intermediate salt concentrations within the range where
stable complexes are formed. These findings agree qualitatively with recent experiments on
nucleosome core particles. I shall demonstrate that a simple screened monopole-dipole model
reproduces these results.
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Chapter 2

Chain-Sphere Model: An overview

This chapter provides an overview of the chain-sphere model and the theoretical methods that

will be used to study polyelectrolyte-macroion complexes in the forthcoming chapters. In partic-

ular, I will discuss the so-called ground-state approximation used to investigate strongly coupled

complexes and explain how ground-state configuration of a single complex can be classified based

on its symmetry properties.

Designing a theoretical model that can account for the characteristic features of polyelec-
trolyte-macroion complexes requires a number of approximations concerning the structural
details and interactions of polyelectrolyte (PE) chains and macroions. The chain-sphere model

[39, 48, 49] has emerged as a first-step model for nucleosome core particles (NCPs) capturing
the main features responsible for the salt-dependent behavior of NCPs as observed in recent
experiments [86, 81, 84, 87, 88, 89, 90, 91, 102]. This model, as I shall review in what follows,
combines the basic electrostatic and elastic aspects of PE-macroion complexes by adopting
a number of simplifications. Yet given those simplifications, establishing a full theoretical
analysis of the complexation process within this model appears to be a challenging problem.
A rigorous analytical theory is still missing, and numerical results have emerged recently
[14, 52, 41, 42, 44, 43, 48, 49, 72, 210].

The main advantage of the chain-sphere model is that it provides a well-defined theo-
retical framework allowing to identify those aspects of PE-macroion complexes, which are
governed by electrostatics. It serves as a generic model and can in principle be adapted for
charged chain-sphere complexes other than nucleosome core particles as long as other spe-
cific structural or interaction effects, which can be included later on as corrections, are not
dominant.

The details of the chain-sphere model and the involved approximations will be reviewed
in Section 2.1. In Section 2.2, I will briefly describe the regime of parameters corresponding
to strongly coupled PE-macroion complexes that are of primary interest in this thesis. I will
then discuss the ground-state-dominance approximation that will be used in Chapters 3, 4
and 6, and then explain how small-amplitude chain fluctuations around the ground-state may
be taken into account as will be addressed in detail later in Chapter 5. Most of the studies
in this thesis make use of numerical methods due to the complexity of the problem at hand.
Here I will give a detailed review of the numerical minimization methods used to obtain the
ground state of a complex (Section 2.3). Finally, I provide a brief review of characterization (or
classification) methods for ground-state phases of a PE-macroion complex [39, 48, 49, 210, 72],
which will be discussed separately in Chapter 3.
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Figure 2.1: Schematic representation of neutral polymer chains with different stiffness properties.
They may be classified as a) flexible (ℓp/L ≪ 1), b) semiflexible (ℓp/L ∼ 1) and c) rigid chains
(ℓp/L ≫ 1) depending on the ratio between chain (bare) mechanical persistence length, ℓp, and its
contour length, L. For a charged chain, the same criterion may be applied by making use of the
effective persistence, which is the mechanical persistence length plus an additional contribution from
electrostatic self-repulsion of charged monomers (see the text and footnote 1). d) The mechanical
persistence length, ℓp, of a neutral chain may be defined as the distance along the chain contour over
which the tangent vectors, T(s), of the chain loose correlation (0 ≤ s ≤ L is the contour parameter).
One thus expects 〈T(s) ·T(s′)〉 ∼ exp(−|s− s′|/ℓp) when averaged over equilibrium configurations [6].
This concept can be generalized for charged chains as well.

2.1 Models and approximations

2.1.1 Polyelectrolyte chain

I describe the polyelectrolyte by an inextensible charged polymer chain of contour length L
that may or may not have an intrinsic (mechanical) bending rigidity. I will conventionally
assume that the PE chain is negatively charged with a uniform charge distribution of linear
density −τe, where e is the elementary charge. For double-stranded DNA, I will adopt the
bare value τ = 5.88 nm−1 corresponding to maximum dissociation of phosphate groups that
gives rise to two elementary charges per base pair of 0.34 nm length. In reality, however, the
actual charge may be reduced from its bare value due to charge renormalization and charge
regulation effects in an ionic solution that will be discussed briefly later in this chapter.

The PE chain may exhibit a range of stiffness properties depending on its chemical prop-
erties, linear charge density and the surrounding conditions such as the salt concentration.
In general, the stiffness of the chain contains charge-independent and charge-dependent con-
tributions. The former is due to the energy associated with the deformation of chemical
bonds in the polymer backbone (in the case of double-helical DNA, one deals with deforma-
tion of hydrogen bonds that stabilize the double helix). This contribution is incorporated
within a semiflexible (or worm-like) chain model using a finite mechanical bending stiffness
or equivalently, a mechanical or bare persistence length ℓp (see the illustration in Figure 2.1).

The charge-dependent contribution to the chain stiffness stems from the fact that the
charged monomers along the polymer backbone repel each other and tend to maximize their
mutual distances leading to electrostatic stiffening of the PE chain [174, 175, 176, 177, 185].
Clearly, this electrostatic contribution is maximum in the absence of salt screening effects,
where charged monomers interact with long-ranged Coulomb interaction. In the presence of
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salt, these interaction are effectively screened (e.g., according to the Debye-Hückel mechanism
[12] as will be discussed later) leading to a smaller electrostatic contribution to the chain stiff-
ness [174, 175]. In the limit of infinite salt concentration, electrostatic effects diminish and one
is left with the bare persistence length ℓp. One can in general define a salt-dependent effective

persistence length, which can be calculated using a variety of methods and approximations
[174, 175].1 In the present analysis, however, I shall include the electrostatic contribution to
the chain stiffness on a systematic level by explicitly including the electrostatic self-energy of
the PE chain (see below).

For DNA, the mechanical persistence length has been determined in experiments as ℓp =
30 nm [166, 167, 168]. I will not include the twist degrees of freedom explicitly when treating
DNA complexes as, for instance, the ends of the DNA chain within nucleosome core particles
are free to rotate. A possible coupling between twist and bending degrees of freedom would
influence the effective mechanical stiffness of the chain. But these effects are included in the
experimentally determined value for the persistence length that will be used here.

Ro Rs

histone octamer spherical model

a) b) c)

condensed

counterions

de-condensed

counterions

Figure 2.2: a) Macroions such as histone ocatmers are modeled as uniformaly charged sphere (top)
with bare radius R0. The chain diameter (bottom) is taken into account using a closest approach
distance Rs (or the effective sphere radius). b) The presence of the mobile counterions of the PE chain
and the macroion (shown by black and gray small spheres) lead to a complex many-body problem,
which is treated using approximate methods. In particular, counterions lead to charge renormalization
effects as they strongly condense around highly charged chains (as well as spheres). For PE chains (c),
these non-linear effects can be treated using a two-fluid model [71] as explained in Section 2.1.4.

2.1.2 Macroion

The macroion is modeled as a sphere of radius R0 with a uniform positive surface charge
density. The charge valency of the macroion is taken as +Z. This is obviously a rough
approximation as the macroion structure in reality may be more complex, e.g., being non-
spherical in geometry and with rough surface structure [1]. The realistic charge pattern may
be non-uniform and discrete as well. For the specific case of histone octamers in NCPs,

1 A Debye-Hückel approximation analysis of the bending rigidity of an isolated and infinite PE chain (using
Eq. (2.4)) yields the effective persistence length of ℓeffp ≃ ℓp + τ 2ℓB/(4κ2) [174, 175]. The first term represents
the bare value while the second term stems from electrostatic self-energy with κ and ℓB being the inverse
Debye screening length and the Bjerrum length as defined in the text. Thus even for a mechanically flexible
chain (ℓp = 0), one may have a large bending rigidity at small κ (small salt concentration).
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experiments have revealed a cylinder-like structure for the histone core, which is 7 nm in
diameter and 5.5 nm height (there are moreover additional flexible histone tails attached to
this core). The histone surface possesses regions, which provide specific binding sites with
the nucleosomal DNA (see Chapter 1 for details) that are neglected within the chain-sphere
model. In actual calculations, I will take the radius of the macroion sphere such that it
accounts for the finite radius of the PE chain as well, i.e. it yields the minimal distance of the
sphere center and the monomer centers, which is denoted by Rs. For the DNA-histone system,
I adopt the value Rs = 5 nm (corresponding to a mean histone radius of about R0 = 4 nm and
DNA radius of 1 nm)–see the illustration in Figure 2.2. The macroion sphere may be assumed
to be rigid (hard core) [48, 49] or semi-rigid (soft core) [210, 72]. Throughout this work, I
will adopt a semi-rigid sphere which excludes the PE chain but still allows small penetration
of monomers into the sphere as will be discussed later.

Note that any conformational changes of the macroion structure, which in proteins such
as histones may occur for very small (e.g., below 0.2 mM) or very large salt concentrations
(e.g., above 0.75 M) [141, 142, 113], are neglected. The most interesting experimental cases
occur however within the intermediate salt regime (including, in particular, the physiological
concentration of 100 mM monovalent salt), where the histone structure remains stable.

2.1.3 Interaction potentials

The following interaction potentials are included within the chain-sphere model considered in
the present work: i) electrostatic interactions between PE chain monomers and the macroion
as well as the electrostatic self-energy of the PE chain, ii) mechanical bending elastic energy
of the PE chain (which is set to zero for mechanically flexible chains), and iii) a soft-core
excluded-volume potential acting only between monomers and the macroion sphere.

Electrostatics

Electrostatic interactions typically result in a challenging many-body problem which can be
tackled only within certain approximations. The complication arises due to the long-range
nature of Coulomb interactions and the fact that the PE chain and the macroion are always
surround by small mobile ions known as counterions and coions. This leads to a coupling
between the degrees of freedom associated with the chain and the degrees of freedom associ-
ated with small ions, which is hard to account for on a systematic level. One thus commonly
employs a number of well-established approximations. Insofar as the strongly coupled PE-
macroion complexes are concerned, one can employ a ground-state-dominance approximation
to describe the PE chain configuration, because chain fluctuations are relatively small due, for
instance, to large effective persistence of the PE chain (see Section 2.2 below and Chapter 5).
In contrast, the fluctuations due to the surrounding ionic atmosphere are quite important and
have to be taken into account. In prticular, they can modify the bare Coulomb interaction
between fixed charges in the system.

On the mean-field level, that is as long as the correlation effects induced by mobile
charges are negligible, one can describe the ionic cloud using the so-called non-linear Poisson-
Boltzmann (PB) theory [11] (see Appendix B). The mean-field description holds for low
valency ions and not too large charges on the macroions and the PE chain. For the DNA
system, for instance, one can safely use it with monovalent salt as verified in experiments
[8, 71] and simulations (see [187] and Refs. therein). While the non-linear PB theory can
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be applied to a variety of relevant problems, for the purpose of the present study (which is
calculation of the optimal path of a PE chain on a spherical macroion), it is at present not
feasible even within numerical approaches, due to the coupling between chain fluctuations
and ionic profile around the chain-sphere complex [15]. I will thus use the linearized form of
the PB theory, the so-called Debye-Hückel (DH) approximation [12], to calculate electrostatic
interactions. The DH approximation becomes progressively more accurate for increasing salt
concentration. A discussion of non-linear electrostatic effects that are not captured within
the DH theory is postponed to Section 2.1.4 below.

The main aspect of the DH theory is that the electrostatic interaction between fixed
charges in solution is screened due to the presence of mobile salt (co- and counter-) ions taking
an exponentially decaying form. In the absence of these effects, the Coulomb interaction (per
kBT ) reads

v(r) =
ℓB
|r| , (2.1)

between two elementary charges fixed at separation r, where ℓB = e2/(4πεε0kBT ) is referred
to as the Bjerrum length [13] (representing the distance at which two elementary charges
interact with thermal energy kBT in a continuum medium of dielectric constant ε). In the
presence of fluctuating salt ions, one obtains the interaction between two fixed elementary
charges at separation r as

vDH(r) = ℓB
e−κ|r|

|r| , (2.2)

where κ2 = 4πℓB
∑

i z
2
i ci is referred to as the inverse Debye screening length. Here ci is the

concentration of the ionic species i of valency zi. For monovalent salt (zi = 1) of concentration
Cs as considered in this work, one has κ2 = 8πℓBCs. In water and under physiological
condition (100 mM monovalent salt, e.g., NaCl, at room temperature), one has ℓB ≃ 0.7 nm
and κ−1 ≃ 1 nm.

Effective Hamiltonian

In order to construct the full Hamiltonian of the chain-sphere model within the Debye-Hückel
approximation, I first parametrize the polymer configuration by the vector field r(s) with
0 ≤ s ≤ L being the contour parameter and choosing the sphere center as the origin. The
effective Hamiltonian (in units of kBT ) may be written as the combination of two terms

H[r(s)] = Hp[r(s)] + Hpm[r(s)], (2.3)

in which

Hp[r(s)] =
ℓp
2

∫ L

0
ds [r̈(s)]2 + τ2ℓB

∫ L

0
ds

∫ L

s
ds′

e−κ|r(s)−r(s′)|

|r(s) − r(s′)| (2.4)

is the self-energy of the chain comprising the mechanical bending rigidity (first term) [6,
185]and the electrostatic self-energy (second term) in units of kBT (note that the mechanical
contribution depends on the chain local curvature r̈(s) = d2r(s)/ds2). Here I implicitly
assume that the PE chain is inextensible, i.e. |ṙ(s)| = 1. The other contribution comes from
the PE-macroion interaction energy, that is

Hpm[r(s)] = − ZτℓB
1 + κRs

∫ L

0
ds

[

e−κ(|r(s)|−Rs)

|r(s)| −Ae−(|r(s)|−Rs)/α
]

, (2.5)
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where the first term represents the electrostatic PE-macroion attraction within the DH theory
(see Appendix B), and the second term represents the soft-core repulsion term characterized
by two parameters A and α for the strength and the range of repulsion respectively.2 I typically
choose A≪ 1/Rs and α < κ−1, which gives an equilibrium sphere-monomer separation about
the sphere radius Rs and guarantee the impenetrability of the sphere.

Note that the self-energy of the PE chain, Hp, tends to straighten the PE chain. In the
absence of the macroion, the minimal energy state of the PE chain is given by a straight line.
While the mechanical bending rigidity term (first term in Eq. (2.4)) is independent of the salt
concentration, the electrostatic self-energy (second term in Eq. (2.4)) becomes smaller upon
increasing the salt concentration. At the same time, the PE-macroion attraction, which works
against the two former contributions and tends to wrap the PE chain around the macroion,
becomes weaker for increasing salt concentration. This transpires that the interplay between
several factors including salt concentration, macroion charge and bare persistence length,
determines the complexation behavior of the PE chain in a complicated manner as will be
demonstrated in detail in Chapter 3.

The foregoing description of interactions involves several other assumptions that are worth-
mentioning here. One is that the presence of solvent is introduced through a homogeneous
dielectric constant (which in the case of water at room temperature is ε ≃ 80). Therefore
image charge effects due to mismatch of the dielectric constant at boundaries are neglected.
Within the present model, the interaction between PE charges is not influenced by the pres-
ence of the salt-excluded region introduced by the sphere. This effect modifies the interactions
on the DH level at most by a factor of two [38, 40, 39]. I have also neglected possible excluded-
volume interactions between chain monomers. Additional effects such as van-der-Waals forces,
hydrogen bonds, solvent-induced interactions [4] and sequence specific binding effects [106, 93]
and structural defects that might occur for the case of DNA [80] are neglected as well.

2.1.4 Non-linear effects: Counterion condensation

The DH interaction potential used in Eq. (2.3)-(2.5) neglects the non-linear electrostatic
effects introduced by the ionic atmosphere around charged objects. On the mean-field level,
these effects are fully incorporated within the non-linear Poisson-Boltzmann theory and may
be introduced on the linear DH level using the approximate charge renormalization scheme
[71]. The difference in geometry of the (linear) PE chain and the (spherical) macroion leads
to qualitatively different behavior for surrounding counterions. For charged cylinders (or line
of charges), Manning [71] and Oosawa [8] introduced an approximation scheme to the full
non-linear problem, which is based on the concept of counterion condensation (see Appendix
B for details).

In brief, one finds that in the presence of an infinite charged cylinder, counterions undergo a
condensation transition, which is regulated by the dimensionless Manning parameter ξ = zτℓB
[71], where z is the counterion valency taken as z = +1 for monovalent salt. For weakly
charged cylinders ξ < 1, counterions dilute away from the vicinity of the cylinder due to
dominant entropic factors. For highly charged cylinders ξ > 1, energetic attraction toward
the cylinder wins and a fraction 1 − 1/ξ of counterions condense around the cylinder and
partially renormalize its bare linear charge density −τ . The counterions are therefore treated
as a two-fluid system of condensed and de-condensed counterions at equilibrium with each

2Taking a soft potential is crucial when investigating thermal fluctuations of the PE chain adsorbed on the
sphere (see Chapter 5 and Appendix E).
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other (see Figure 2.2) [71, 8]. According to Manning [71], one can employ the DH theory in
both regimes of ξ provided that one uses the renormalized charge, −τ∗, of the cylinder as a
boundary condition, that is

τ∗ =











τ ξ < 1,

τ/ξ = 1/ℓB ξ > 1,
(2.6)

for monovalent counterions. Note that the renormalized linear charge density is independent of
the bare charge density. For DNA with the linear charge density of about τ = 5.88 nm−1, one
obtains the Manning parameter of ξ = 4.2 and thus the renormalized linear charge density
of τ∗ ≃ 1.4 nm−1 at room temperature and for monovalent salt. Naively, one may state
that nearly 75% of the DNA charge is compensated by monovalent counterions. It turns out
however that the assumption that condensed counterion “neutralize”the bare PE charge (i.e.
counterions condense into a narrow region around the chain [71]) gives only a crude picture
of the way counterions are distributed around the PE chain, which agrees more closely with
a smooth density profile [187]. Yet, the preceding phenomenological counterion-condensation
scheme can be put on a more rigorous basis using the non-linear PB theory [188].

In brief, the non-linear charge renormalization due to counterion condensation at charged
polymers can be accounted for approximately within the DH approach by adopting the Man-
ning charge-renormaliztion scheme [71, 189, 49]. For the purpose of the present work, the
following remarks are in order.

First, the counterion-condensation effects become highly suppressed at elevated salt, i.e.
for finite Debye screening length, κ−1. In fact, the renormalized charge given by Eq. (2.6)
is obtained in the strict limit of vanishing salt κ → 0 and represents a lower bound for the
effective renormalized charge of a charged line or cylinder. Secondly, this result is valid for an
infinite cylinder, where end effects are absent. For a short cylinder or charged polymer, the
counterion condensation is again suppressed because near the end-points (or at sufficiently
large distances comparable to the polymer length) the form of the electrostatic potential
attracting counterions changes toward that of a spherical object.3 In this case, entropic
effects become relevant and drive counterions away from the charge polymer (see Appendix
B). Finally, in the problem of PE-macroion complexation, counterions are driven away from
the PE chain due to the presence of the macroion. This bring into play the counterion release

effects that have been considered extensively in other works [54, 55, 56, 46, 45].

One expects that for the experimentally relevant case of short chains and finite salt, the
actual values for the PE charge fall into the range defined by the bare charge, τ (as the upper
bound) and the renormalized Manning value (as the lower bound) as long as the mean-field
theory holds. In the present work, I will employ the DH potentials but make use of these
two limiting values for the PE charge in order to obtain an estimate of possible counterion-
condensation effects present in actual systems. A previous single complex study [48, 49]
has already shown that the structural phase diagram of the DNA-histon complexes remain
qualitatively the same when these effects are included.

3Note that a charged sphere can not bind or condense its counterions in the absence of outer boundaries or
salt screening, because entropy gain upon de-condenstion of counterions to infinity grows much faster (∼ ln r)
than the energy loss (∼ 1/r) at large distances, r, from the sphere.
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2.2 Strongly coupled complexes

The investigations presented in the forthcoming sections of this thesis primarily concentrate on
strongly coupled polyelectrolyte-macroion complexes, which have attracted a lot of attention
in recent years [37, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 51, 52]. This is mainly motivated
by the fact that from an electrostatic point of view, the DNA-histone complexes occurring in
the cell nucleus represent a strongly coupled system.

Qualitatively, one deals with a strongly coupled PE-macroion complex, when, for in-
stance, the PE chain is strongly charged (or effectively rather stiff) and the macroion is
highly charged, so that the PE chain forms a flat adsorbed layer on the sphere with pro-
nounced lateral order due to mutual electrostatic repulsions of the PE segments. In other
words, the PE segments become strongly correlated. Electrostatic correlations can trigger a
number of striking properties such as overcharging [37, 65, 66, 67, 68, 69] and inter-complex
attractive interactions [41, 42, 206, 207, 208, 209, 210] that will be discussed within the chain-
sphere model later in the following chapters. The electrostatic adsorption energy of the PE
chain on the macroion is typically quite large, and consequently the thermal fluctuations
of the PE chain are relatively small. Thus strongly coupled complexes fall formally within
the low-temperature regime, where the configuration of the PE is predominantly given by its
ground-state or optimal configuration [45, 48, 49, 61, 62, 66, 67, 68, 69, 60] (see the illustration
in Figure 2.3).

Note that by contrast in the converse limit of weak coupling (that is at high-temperatures
and for flexible, weakly charged chains and macroions with the adsorption energy being
comparable to the thermal energy), fluctuation effects are dominant giving rise to a diffuse

adsorbed polymer layer on the sphere [208, 58, 59, 46, 43, 44]. This regime can be described
using mean-field-like approaches including, e.g., variational and self-consistent techniques [56]
and will not be considered in the present work.

There is another regime of PE-macroion complexes, which is known as rosette regime,
that have been studied extensively in the past [61, 62] and observed also within Monte-Carlo
simulations [63]. They consist of chain configurations which have multiple point contacts with
the macroion sphere and exhibit large low-curvature loops connecting them. These structures
are typically obtained for large persistence lengths (as compared with the sphere radius) and
large chain lengths, but for relatively small adsorption energy, which is not large enough to
bring the whole chain into contact with the sphere. This regime will not be considered in the
present work (see Ref. [50] for a recent review).

2.2.1 Ground-state dominance

To demonstrate the strong coupling regime on a more systematic level, I consider the full
partition function of a single PE-macroion complex, which, within the DH chain-sphere model,
reads

Zc =

∫

Dr(s) e−H[r(s)], (2.7)

with the effective Hamiltonian H[r(s)] being defined in Eqs. (2.3)-(2.5). The above expression
incorporates a functional integral over all possible paths of the PE chain in the presence of
an oppositely charge macroion which are weighted by the so-called Boltzmann weight of each
configuration.

A full analysis of the complexation process based on the full partition function (2.7) is not
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strong coupling weak coupling

Figure 2.3: Schematic representation of various coupling regimes for PE-macroion complexes. In
the strong-coupling regime, due to strong adsorption, the PE chain adopts its ground-state (minimal
energy) configuration. Small fluctuations around the ground-state can be accounted for using a saddle-
point approximation as discussed in the text and in Chapter 5. In the weak-coupling regime, on
the contrary, the PE chain is weakly adsorbed and forms a diffuse layer around the macroion due
to dominant fluctuation effects. The crossover between the two regimes may be controlled by the
mechanical persistence length, chain linear charge density or macroion charge. This trend has been
explicitly observed in recent simulations [43, 44].

yet available. In order to introduce an approximate method applicable in the strong-coupling
regime, one may begin with the DH effective Hamiltonian, H[r(s)], and rescale the spatial
coordinates with a given length λ as r → r̃ ≡ r/λ and s → s̃ ≡ s/λ. One thus ends up with
the rescaled effective Hamiltonian

H[r̃(s̃)] =
ℓp
2λ

∫ L̃

0
ds̃ [¨̃r(s̃)]2 + λτ2ℓB

∫ L̃

0
ds̃

∫ L̃

s̃
ds̃′

e−κ̃|r̃(s̃)−r̃(s̃′)|

|r̃(s̃) − r̃(s̃′)|

− ZτℓB

1 + κ̃R̃s

∫ L̃

0
ds̃

[

e−κ̃(|r̃(s̃)|−R̃s)

|r̃(s̃)| − Ã e−(|r̃(s̃)|−R̃s)/α̃
]

, (2.8)

where other rescaled parameters are defined as R̃s = Rs/λ, L̃ = L/λ, κ̃ = κλ, α̃ = α/λ and
Ã = λA. The length scale λ may be arbitrarily chosen to be the chain contour length L,
the sphere radius Rs, the inverse screening length κ−1, or a combination of other factors that
yields a quantity of length dimensionality.

The strong coupling regime for a PE-macroion complex may be defined as a regime of
parameters where the dimensionless prefactors of the self-energy terms, ℓp/λ and λτ2ℓB, in
the rescaled Hamiltonian (2.8) become sufficiently large, i.e. ℓp/λ > 1 and λτ2ℓB > 1 for a
physically relevant choice of λ. Choosing λ = Rs, these conditions amount to a large effective

(electrostatic plus mechanical) persistence length (incorporated via the self-energy terms)
of the PE chain as compared with the sphere radius. While choosing λ = L yields a more
stringent condition as compared with the former case, with a large effective persistence length
as compared with the chain contour length L.

For the nucleosome core particles, the DNA strand length is about 50 nm (corresponding to
146 base pairs) and the histone diameter is about 5 nm, while the bare mechanical persistence
length of the DNA has been determined as 30 nm [158, 166, 167, 168]. Clearly, the preceding
strong coupling conditions are satisfied for this system given the relatively large persistence
length and linear charge density of DNA.
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Optimal chain configuration

When system parameters satisfy the strong-coupling conditions, the integrand involved in
the functional integral in Eq. (2.7) becomes dominated by the saddle-point of the effective
Hamiltonian (2.3). The saddle-point solution, r∗(s), may be obtained in actual units using
the Euler-Lagrange equation

δH[r(s)]

δr(s)

∣

∣

∣

∣

r∗(s)
= 0. (2.9)

This equation can be used to determine the optimal or ground-state path of the PE chain on a
sphere corresponding to the minimal value for energy or effective Hamiltonian. The optimal
solution r∗(s) can be calculated numerically using a discretization procedure [48, 49, 210, 72],
which will be discussed in Section 2.3 below.

Gaussian chain fluctuations

Small fluctuations of the chain around its optimal configuration may be accounted for using
a saddle-point approximation, i.e. by expanding the Hamiltonian up to the second order
around r∗(s) as

H[r(s)] ≃ H[r∗(s)] +
1

2

∫ L

0
ds ds′ (r(s) − r∗(s))

t δ2H
δr(s)δr(s′)

∣

∣

∣

∣

r∗(s)

(

r(s′) − r∗(s
′)
)

, (2.10)

which gives the so-called Gaussian-fluctuations contribution around the ground state. In-
serting this into Eq. (2.7), one ends up with the partition function of a complex within the
saddle-point approximation as

Zc ≃
√

(2π)3

detH
e−H[r∗(s)], (2.11)

which requires evaluation of determinant of the Hessian matrix

H =
δ2H[r∗(s)]

δr∗(s)δr∗(s′)
. (2.12)

The above procedure allows one to include the effects of thermal fluctuations on the
complexation behavior of PEs and macroions in the strong-coupling regime, which is of key
importance in the thermodynamics of complexation process in dilute solutions [103, 104, 72].
This can be addressed using numerical methods as will be discussed in detail in Chapter 5.

2.3 Numerical minimization method

Analytical minimization of the Hamiltonian (2.3) is difficult in three dimensions, while in two
dimensions only perturbative results are available [40] and no closed-form expression can be
given for the ground-state or optimal chain configuration. Numerical minimization techniques,
however, have been used successfully in the past to study the problem of a single DNA-histone
complex [48, 49]. In this work, I will use a similar numerical minimization method with a
few technical improvements as compared with the previous applications [48, 49]. Previous
methods employ a constrained minimization scheme since the sphere was assumed to be
hard-core, which excludes the DNA chain from a spherical region in space. Here I adopt a
soft-core repulsion (second term in Eq. (2.5)) which can be conveniently adjusted and allows
a minimization method without an additional constraint.
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Figure 2.4: Schematic representation of the discrete model used for numerical study of the chain-
sphere model (see the text). For the sake of representation, the apparent size of the point-like chain
discretization beads (small gray spheres) is enhanced.

2.3.1 Discretization scheme

For the purpose of numerical computations, one needs to use the Hamiltonian (2.3) in a
discretized form. The discretization scheme is shown in Figure 2.4. I discretize the PE chain
of length L usingN+1 beads or discretization points (labeled by i = 0, . . . ,N). This defines N
rigid subunits described by a set of vectors {ui}, where the so-called bond vectors ui = ri−ri−1

have a fixed length, |ui| = ∆, and are specified by their polar and azimuthal angles θi and
φi. (Note that these subunits have no relation with physical monomers of the PE chain.)
In addition to these 2N parameters, the position rP of one bead, say the middle bead with
i = P = N/2, has to be given in order to completely specify the location and conformation of
the PE chain in the presence of the macroion. (I choose the frame of coordinates such that
the origin, O, lies at the sphere center.) This leads to 2N + 3 varaibles. However, due to
the isotropic potential of the sphere, one can fix the O-P line as the z-axis (i.e. by setting to
zero the x− y cartesian coordinates of the reference point P as rx

P = ry
P = 0), which reduces

the number of independent variables to 2N + 1 (see Figure 2.4). Note that the rotation of
the chain around the P-O axis does not change the effective Hamiltonian. This symmetry
introduces Goldeston modes and slows down the numerical minimization procedure, which
may be resolved by fixing the azimuthal angle of the middle bead, φP . One thus ends up with
a minimal set of only 2N independent variables for the PE-macroion system, namely the set
of N polar angles {θi}, N − 1 azimuthal angles {φi} for i 6= P , and the z component of the
reference point P of the chain from the center of the sphere, rP .

Given rP and {ui}, one can calculate the position of the i-th bead, ri, as follows

ri =











rP −∑P−i
j=1 uP−j+1 i < P,

rP +
∑i

j=P+1 uj i > P.

(2.13)

Inserting this discretized representation of ri back into Eqs. (2.3)-(2.5), one obtains the
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following expression for the self-energy of a single PE chain in the units of kBT , i.e.

Hp[{ri}] =
ℓp
∆

N
∑

i=2

{

1 − cos(θi − θi−1) + sin θi sin θi−1

(

1 − cos(φi − φi−1)

)}

+q2ℓB

N−1
∑

i=0

N
∑

j=i+1

e−κ|ri−rj |

|ri − rj|
, (2.14)

and for the chain-sphere interaction, one has

Hpm[{ri}] = − ZqℓB
1 + κRs

N
∑

i=0

[

e−κ(|ri|−Rs)

|ri|
−Ae−(|ri|−Rs)/α

]

, (2.15)

in which q = τL/(N + 1) is the charge of each bead, and ∆ = L/N is the distance between
each two neighboring beads. The total effective Hamiltonian of the chain-sphere system is
therefore given by

H[{ri}] = Hpm[{ri}] + Hp[{ri}]. (2.16)

2.3.2 Minimization scheme

To obtain the optimal set of variables {θi, φi6=P , rP } which minimizes the effective Hamiltonian
(2.16), I employ the quasi-Newton numerical minimization algorithm [3], which is designed to
find the minima of functions in a multi-dimensional space of variables. This method requires
evaluating the gradient vector of the Hamiltonian since at a minimum, the first-order variation
of the Hamiltonian vanishes, i.e.

δH =
N
∑

i=1

dH
dθi

δθi +
N
∑

i=1,i6=P

dH
dφi

δφi +
dH
drP

δrP = 0. (2.17)

Numerically, the minimization procedure starts from an initial point in the space of variables
and takes successive discrete steps in the opposite direction of the gradient in order to reduce
the value of the Hamiltonian as well as the size of its gradient vector till it reaches to a local
minimum. The explicit form of the first-order derivatives of the effective Hamiltonian that
are used in the minimization algorithm are derived in Appendix A.1.

In most cases (especially for a single complex), the symmetries of the optimal (ground-
state) configuration already indicate whether the result corresponds to the global minimum
of the Hamiltonian as will be demonstrated explicitly later. Further checks must be done
to ensure the global stability of the numerically determined structure, especially near the
so-called discontinuous transition points (where several optimal states of the same energy
coexist, Section 2.4), due to the appearance of meta-stable states (local minima). In general,
the meta stable state solution can be resolved using a combination of parameter quenching
and stochastic perturbation methods.

For most of the studies presented in this work, I fix the discretization degree to the optimal
value N = 250, which is a good compromise between accuracy and efficiency. A discussion of
discretization effects is given in Appendix D (see also Ref. [49]).
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Figure 2.5: Numerically calculated ground-state configurations of a PE-macroion complex obtained
for Z = 40 and κ = 0 (fully symmetric phase F), 0.1 (mirror symmetric phase M), 0.2 (asymmetric
phase A) and 0.5nm−1 (rotational symmetry phase R) as indicated on the graph. Other parameters
are chosen consistent with the DNA-histone system (see the text).

2.4 Characterization method: Ground-state symmetries

One generally expects that the ground state of a Hamiltonian system represents a highly
symmetric state. (Symmetries are defined as operations on degrees of freedom which leave
the Hamiltonian of the system unchanged.) This is in fact the case for the chain-sphere model
[48, 49], whose ground state is determined by minimization of the effective Hamiltonian (2.3).

The optimal PE configuration (ground state) for a given set of parameters (such as sphere
charge, Z, and Debye screening length, κ−1) can be classified by two spatial symmetries
namely, the mirror symmetry and a two-fold rotational symmetry. For a mirror-symmetric
state, the chain configuration lies in a single plane being thus invariant upon reflection with
respect to this plane (structures which conserve this symmetry and are not planar do not
occur for the ground state as explicitly checked [49]) For a single complex, the rotational
symmetry of the ground state occurs with respect to the axis connecting the chain mid-point
to the sphere center. Typical examples of the two symmetric states are shown in Figure 2.5.
The figure shows the numerically determined ground-state configurations of the Hamiltonian
(2.3) for parameters appropriate for the DNA-histone system, e.g., chain persistence length
ℓp = 30 nm, linear charge density τ = 5.88 nm−1 and contour length L = 49.69 nm (146
DNA base pairs), and choosing the sphere charge as Z = 40. Symmetries of the ground
state change according to the salt concentration as indicated in the figure caption. As seen,
either of these symmetries may be broken or conserved independently by changing the salt
concentration, leading, for the chosen values of system parameters, to a total of four distinct
ground-state phases or symmetry classes (see below). A full analysis of the salt-dependent
behavior of the DNA-histone model system is given in Refs. [48, 49]. A generalized approach
for a generic PE-macroion complex will be given in the forthcoming Chapter 3. Here I will
only focus on the method of classification of the ground state.
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2.4.1 Order parameters

In order to identify the configurational symmetries, two independent order parameters were
defined in Ref. [48, 49], which can reflect the rotational symmetry around an axis and the
mirror symmetry of the chain configuration r(s). The rotational symmetry may be quantified
by

η =
r2(0) − r2(L)

L2
. (2.18)

This quantity vanishes if an axis through the origin can be found, around which the chain
configuration has two-fold rotational symmetry. While, in general, η = 0 does not necessarily
imply two-fold rotational symmetry, for the set of optimal configurations it actually gives a
measure of two-fold rotational symmetry, as has been explicitly checked [49].

The mirror symmetry can be quantified by a different order parameter, σ, that measures
the deviations of the chain configuration from a planar (two-dimensional) structure. It is
defined as

σ =
1

L

∫ L

0
ds ω(s), (2.19)

where ω(s) = Ṅ(s) · B(s) is the so-called torsion associated with the chain curve, r(s), with
the vectors N(s) and B(s) being defined using the tangent vector T(s) = ṙ(s) as

N(s) =
Ṫ(s)

|Ṫ(s)|
, B(s) = T(s) × N(s), (2.20)

for non-vanishing curvature |r̈(s)| (note also that |ṙ(s)| = 1 is assumed within the present
model). If ω(s) = 0 for all s, the curve is planar and lies in the plane of mirror symmetry. For
a non-planar (three-dimensional) ground-state curve, ω(s) 6= 0 for some s [49]. Again there
exist three dimensional PE configurations (σ 6= 0) which possess mirror symmetry but they
are not found as the ground state of the complex [49].

2.4.2 Symmetry classes

Using the two order parameters, η and σ, one can unambiguously distinguish the symmetries
of the ground state configuration for a PE-macroion complex. As mentioned before, there are
four distinct symmetry classes (ground-state phases) that are visualized in Figure 2.5 for a
typical set of parameters. These phases are

– Fully symmetric phase F, where the chain conformation possesses both mirror sym-
metry and the two-fold rotational symmetry around the axis connecting the chain mid-
point to the sphere center. It is thus referred to as the fully symmetric phase (corre-
sponding to order parameters values η = 0 and σ = 0). In this phase, the chain exhibits
an expanded conformation with two open arms; hence phase F is also known as expanded

phase. This phase typically occurs when the self-energy of the PE chain (via its me-
chanical bending rigidity and electrostatic self-repulsion) overcomes the PE-macroion
attraction [48, 49, 72], e.g., for small salt concentration (small screening effects) or small
macroion charge (see Chapter 3).

– Rotational symmetry phase R, in which the chain conformation only has the two-
fold rotational symmetry and the mirror symmetry is broken (i.e. η = 0 and σ 6=
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0). The symmetry breaking is spontaneous and may occur, e.g., by changing the salt
concentration resulting in a wrapped state. Physically, the wrapped state occurs at
intermediate salt concentrations or sufficiently large macroion charge [48, 49, 43, 44, 45,
51, 52, 41, 42] as also observed in recent experiments [17, 18, 19, 20, 21, 103, 104].

– Mirror-symmetric phase M, where the two-fold rotational symmetry is broken and
the chain conformation exhibits a mirror-symmetric planar shape (i.e. η 6= 0 and σ = 0).

– Asymmetric phase A with an asymmetric chain conformation with both symmetries
being broken (i.e. η 6= 0 and σ 6= 0).

Note that M and A typically represent intermediate phases and in the phase diagram, they
occur between phases F and R as will be shown in Chapter 3 (see also Refs. [48, 49, 72]).
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Chapter 3

Strongly Coupled Complexes:
Exploring the global phase diagram

A global analysis of the structural phase behavior of a single strongly coupled polyelectrolyte-

macroion complex is presented based on a rescaled (dimensionless) representation of the chain-

sphere model. This representation yields generic (universal) results that cover a wide range of

realistic system parameters. Emphasize is made on the interplay between the effects due to the

PE chain length and the salt concentration as well as those arising from the interplay between

the PE chain length and the macroion charge that will be summarized in global phase diagrams.

I will also discuss the effects of changing the mechanical chain persistence length with special

attention to chains with zero mechanical bending rigidity.

In this chapter, I will focus on a single polyelectrolyte-macroion complex and examine
structural properties of the complex for a wide range of system parameters such as persistence
length of the polyelectrolyte (PE) chain, chain contour length and linear charge density, salt
concentration of the medium as well as the macroion charge and radius. The main objective
here is to establish generic (or universal) results that can be applied to a whole range of
system parameters within the standard chain-sphere model. To this end, I will employ a
rescaled description which allows for spanning the space of parameters using only a few
independent dimensionless parameters, which are obtained by combining the actual system
parameters mentioned above. The present study generalizes the previous results [48, 49]
obtained for parameters consistent with the DNA-histone complexes, and may in general
be applied to a variety of other polyelectrolyte-macroion complexes as well by identifying
the corresponding relevant dimensionless parameters. This includes, for instance, complexes
formed by mechanically flexible chains with various ratios of chain contour length to macroion
radius, which can be realized, e.g., by synthetic PEs complexed with charged globular objects
of different sizes such as micelles [22, 27, 24, 23], dendrimers [20], plastic beads [18], colloids
[19, 26], latex particles [29] and nanoscopic gold particles [30, 31].

In this chapter, I will primarily focus on strongly coupled complexes and use the ground
state analysis as described in Section 2.2 (I shall return to the effects of thermal fluctuations in
Chapter 5). Special attention will be given here to a system with a mechanically flexible chain,
which has not been considered in previous works [48, 49]. In this case, the chain stiffness is
provided only by electrostatic self-repulsion of chain segments (electrostatic bending stiffness),
therefore the ground-state approximation is still valid for sufficiently highly charged systems.
In this case, the macroion overcharging by the PE chain appears to be more pronounced as
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compared with a typical DNA-histone system [49, 45].

3.1 Dimensionless representation

The Hamiltonian of the idealized chain-sphere model (Section 2.1) for a chain configuration
curve parameterized by r(s) (with 0 ≤ s ≤ L) at an oppositely charged sphere of valency Z
and radius Rs may be rewritten (in units of kBT ) as

H[r(s)] =
ℓp
2

∫ L

0
ds [r̈(s)]2 + τ2ℓB

∫ L

0
ds

∫ L

s
ds′

e−κ|r(s)−r(s′)|

|r(s) − r(s′)|

− ZτℓB
1 + κRs

∫ L

0
ds

[

e−κ(|r(s)|−Rs)

|r(s)| −Ae−(|r(s)|−Rs)/α
]

. (3.1)

As explained before (see Eq. (2.3)), the first term takes into account the mechanical bending
contribution of the chain with bare mechanical persistence length of ℓp, the second term
represents the electrostatic self-energy of the chain, the third and forth terms are chain-
sphere electrostatic attraction and soft-core excluded-volume repulsion. The above expression
for the Hamiltonian introduces several different parameters which all may affect the structure
of a complex. However, since the number of basic units (or physical dimensionalities such
as length, mass and charge) is finite, one may expect that the space of parameters can be
spanned only by a few dimensionless parameters. This is actually the case for a chain-sphere
model as will be explicitly shown below (see also the discussion in Section 2.2).

In order to establish dimensionless representation, I rescale the coordinates with a given
length scale in the system, which is chosen here to be the sphere radius Rs, i.e. I define

r̃ =
r

Rs
, s̃ =

s

Rs
. (3.2)

Employing the above rescaling scheme, we end up with the following rescaled representation
for the Hamiltonian, that is

H̃[r̃(s̃)] =
ℓ̃p
2

∫ L̃

0
ds̃ [¨̃r(s̃)]2 +

∫ L̃

0
ds̃

∫ L̃

s̃
ds̃′

e−κ̃|r̃(s̃)−r̃(s̃′)|

|r̃(s̃) − r̃(s̃′)|

− Z̃

1 + κ̃

∫ L̃

0
ds̃

[

e−κ̃(|r̃(s̃)|−1)

|r̃(s̃)| − Ã e−(|r̃(s̃)|−1)/α̃
]

, (3.3)

where H̃ = H/(τ2RsℓBkBT ), and the key dimensionless parameters are defined as

ℓ̃p =
ℓp

τ2R2
s ℓB

, Z̃ =
Z

τRs
, κ̃ = κRs, L̃ =

L

Rs
, (3.4)

representing the rescaled bare persistence length, the rescaled sphere charge, the rescaled in-
verse screening length and the rescaled chain contour length respectively. (The soft-repulsion
parameters are rescaled as α̃ = α/Rs and Ã = ARs, which are fixed to some appropriate
values and will not be considered as control parameters–see Appendix E).

In order to examine the ground-state properties of a complex defined by the Hamiltonian
(3.3), I employ the numerical minimization method described in detail in Section 2.3, which
makes use of a discretization model as depicted in Figure 2.4. Different ground-state symmetry
classes (configurational phases) are specified using the order parameters associated with the
two-fold rotational symmetry and the mirror symmetry as discussed in Section 2.4.1.



3.2 Phase behavior of a complex: Zero-salt limit 37

Z
~
 = 1.7

Z
~
 = 2.75

Z
~
 = 3.06

Z
~
 = 7.48

Z
~
 = 8.5

Z
~
 = 9.18

Z
~
 = 9.52

Z
~
 = 2.35

F

R A

A

F

A

A

A

F
A

Figure 3.1: Optimal configurations obtained for a mechanically flexible chain (ℓ̃p = 0) with contour

length L̃ = 16.32 in the absence of salt (κ̃ = 0) and for various rescaled sphere charges Z̃. The
coexisting states at Z̃ = 2.754 (phases F and A) and 9.54 (phases A and R) are shown together in a
closed box.

3.2 Phase behavior of a complex: Zero-salt limit

In this section, I first display the real space configuration of a PE-macroion complex for
zero salt concentration with varying sphere charge and describe how the transition between
different ground-state configurational phases occur. This serves as an illustration of how
the generic phase behavior of the PE-macroion complexes are deduced from conformational
changes of the PE chain. I will return to the effects of salt in the next section.

3.2.1 Effects of changing the rescaled sphere charge

In Figure 3.1, I show the PE chain configurations as obtained by minimizing the Hamiltonian
(3.3) for various rescaled sphere charge Z̃ and at fixed rescaled chain length of L̃ = 16.32 and
rescaled inverse screening length κ̃ = 0. Here I set the mechanical chain stiffness equal to
zero, i.e. ℓ̃p = 0. Note that for a sphere diameter of Rs = 5 nm, the present case corresponds
to a chain contour length of L = 81.6 nm (equivalent to 240 DNA base pairs).

For small non-zero sphere charge (e.g., Z̃ = 1.7), the PE chain displays a finite bending
around the sphere due to attraction between opposite charges on the chain and on the sphere.
In other words, the continuous rotational symmetry associated with the ground-state of a free
chain (which is a straight line) is broken and reduces to a two-fold rotational symmetry in
the presence of the external potential of the sphere. The chain conformation thus appears to
be fully symmetric (i.e. with both two-fold rotational symmetry and the mirror symmetry)
representing thus the fully symmetric phase F. In this phase, the long-range self-repulsion of
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Figure 3.2: Overcharging of the PE-macroion complex represented by a) the adsorbed (or wrapped)
PE charge Ũ (see the text) and b) the overcharging degree Γ as a function of the sphere charge Z̃ in
the absence of salt (κ̃ = 0) and for L̃ = 16.32 and 22.4 as indicated on the graph. The thin dotted line
shows the isoelectric line, where Ũ = Z̃, i.e. the effective (net) charge of the complex is zero.

chain segments is still dominant and preserves even at Z̃ = 2.35 (Figure 3.1). At rescaled
sphere charge Z̃ = 2.754, however, the sphere-chain attraction becomes strong enough to
break both rotational and mirror symmetries: at this point, the expanded configuration
(phase F) coexists with an asymmetric three-dimensional configuration (phase A), i.e. both
these states appear as optimal states with the same ground-state energies. This value of the
sphere charge therefore represents the locus of a discontinuous transition, at which both order
parameters η and σ jump from zero in phase F to non-vanishing values in phase A (Section
2.4.1). (The transition point can precisely be localized using the order parameters and the
energy difference as will be made clear later on.) In fact, the simultaneous breaking of the two
symmetries is specific to the salt-free conditions [49], which can be de-coupled to a sequence
of individual symmetry-breakings by introducing salt screening effects as will be shown later.
Note that the transition value Z̃ = 2.754 can be achieved by a combination of parameters,
e.g., with a sphere diameter of Rs = 5 nm and τ = 5.88 nm−1 (corresponding to histone and
DNA parameters), and using the actual sphere charge Z = 81.

By further increasing the sphere charge, the PE chain is continuously pulled onto the
sphere and becomes increasingly more wrapped. At Z̃ = 8.5, the chain wraps about two
turns around the sphere, but it still displays an extended arm. A second transition occurs at
Z̃ = 9.52, where the PE-macroion attraction becomes large enough to completely wrap the
chain around the sphere, which as seen in the figure, displays nearly three complete turns.
This transition is symmetry-restoring and gives rise to a completely wrapped state R with a
two-fold rotational symmetry. This later transition is a discontinuous transition as the two
states A and R coexist at this point (note that the non-vanishing order parameter, η, in phase
A jumps back to zero in phase R–see Figure 3.8). For higher rescaled sphere charge, the chain
configuration changes very little and retains the symmetry class R.

The wrapping transition at large Z̃ gives rise to a highly overcharged PE-macroion com-
plex: at about Z̃ ≃ 10, the total PE charge, τL (in units of the elementary charge e) which
is wrapped around the sphere is larger than the sphere charge, Z, by a factor of about 1.75,
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Figure 3.3: The energy difference between conformational phases F and A, ∆EFA = EA − EF, as
a function of Z̃ for zero salt and various rescaled contour lengths L̃ = 16.3 (diamonds) L̃ = 13.6
(spheres) and L̃ = 9.3 (squares).

i.e. τL/Z = 1.75. Therefore, the overcharging degree defined as

Γ =
Ũ

Z̃
− 1, (3.5)

with Ũ being in general the amount of PE charge wrapped around the macroion in rescaled
units,1 appears to be about Γ = 0.75. In Figure 3.2, I show the results obtained for Ũ and Γ
at various rescaled sphere charges and for L̃ = 16.32 and zero salt concentration (solid line).
The location of the transitions occurring between phases F and A and between A and R is
clearly reflected by the discontinuous jumps in both quantities Ũ and Γ. It is remarkable
that the wrapped PE charge, Ũ , shows a linear dependence on the sphere charge in phase F
and A, which indicates that the wrapping of the PE arm(s) occurs locally and continuously
in each phase, ensuring an almost constant rescaled effective charge, Ũ − Z̃, for the complex.
In phase R, the wrapped PE charge can not increase because the whole chain is adsorbed on
the sphere. For a longer chain (e.g., L̃ = 22.4 shown by dashed line in the figure), the full
wrapping occurs at a larger sphere charge. These results indicate that the location of the
transitions depend on the length of the PE chain as well, which will be considered separately
in Section 3.2.3. As seen, in the present case with salt, the overcharging degree Γ is smaller
than unity. Salt effects can indeed lead to quite large overcharging degrees (Γ ≫ 1) as will
be shown later.

3.2.2 Discontinuous transitions and meta-stable states

It is important to note that discontinuous transitions are typically associated with meta-
stable states that represent the local minima of the Hamiltonian. As the system crosses a

1Note that U may be written as U = τLw, where Lw is the chain lengths wrapped around the sphere. In
rescaled units Ũ ≡ τLw/τRs = L̃w. Here I define a chain bead as wrapped or adsorbed on the sphere if its
distance from the sphere center, r, fulfills r < 1.02Rs.
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shown along with the corresponding ground state configurations (top). The energy difference of these
meta-stable states and the ground states, ∆E, is also given on the graph.

discontinuous transition point (by changing a relevant control parameter), one of the two
global minima of the Hamiltonian, which correspond to two coexisting states at the transi-
tion point, is shifted and becomes a local minimum (meta-stable state) (this local minimum
becomes eventually unstable and disappears). For instance, in Figure 3.1, phase F indeed
persists as a meta-stable state when the sphere charge increases beyond the discontinuous
transition point at Z̃ = 2.754. Denoting the energy of state F with EF and that of the state
A with EA (referring to the minimal value of the Hamiltonian H, Eq. (3.3)), one can identify
the locus of the discontinuous transition using the energy difference ∆EFA ≡ EA − EF. The
results are shown in Figure 3.3 (open diamonds) for zero salt concentration κ̃ = 0 and for the
chain contour length L̃ = 16.3 (corresponding to the configurations shown in Figure 3.1). As
seen, at the transition point (Z = 2.754), ∆EFA vanishes and the two phases coexist; below
this point phase F is stable, i.e. ∆EFA > 0, and above that phase A is stable, i.e. ∆EFA < 0.
In fact, in the range of the rescaled sphere charges Z̃ shown in the graph, both phases F and
A exist; for very small (very large) Z̃, the meta-stable phase A (phase F) disappears.

The location of the transition point varies also with other parameters of the system such
as salt concentration and the chain contour length. The effects of salt concentration for a fixed
chain length has been considered in previous works [48, 49] and is briefly reviewed in Section
2.4 (complementary results will be given later in this chapter). In Figure 3.3, I show the
energy difference for the same set of parameters but with two other smaller rescaled contour
lengths (open circles and open squares). Clearly, the transition point between phases F and
A shifts to smaller sphere charges as the rescaled chain length decreases, meaning that for
shorter chains phase A becomes stable in a wider range of rescaled sphere charges. However,
at sufficiently small contour length (comparable to about L ≃ 2πRs), the asymmetric phase
A completely disappears and the fully symmetric phase, F, turns out to be the only solution
for the ground-state configuration. By scanning various values for L̃ and Z̃ (at fixed κ = 0),
one will be able to sketch a global phase diagram (see below).

At this point, it is useful to note that in addition to the meta-stable states induced by



3.2 Phase behavior of a complex: Zero-salt limit 41

L
~

 = 5.3 L
~

 = 6.1 L
~

 = 8.4 L
~

 = 8.6 L
~

 = 11.6

L
~

 = 15.6 L
~

 = 18.4

L
~

 = 20.4

L
~

 = 22.4

F AR

Rʻ

A

R A

AA

A

Figure 3.5: Configurations obtained for a fixed sphere charge Z̃ = 3.4 and vanishing salt (κ̃ = 0) for
various rescaled PE contour length L̃.

discontinuous transitions, there are additional meta-stable states that may or may not belong
to the four ground-state symmetry classes described in Section 2.4.2 [48, 49]. They correspond
to local minima of the Hamiltonian. Some of these states may be energetically very close to
the ground state suggesting that the role of thermal fluctuations may become important in
those regions of the phase space inducing transitions between these locally stable states (see
Chapter 5). In fact, the meta-stable states show typically more enhanced chain modulation
on the sphere as compared with the ground state. In Figure 3.4, I show two such meta-
stable states (bottom) belonging to symmetry classes A and R that are compared with the
corresponding ground-state configurations (top). In each case, the energy difference, ∆E (in
units of kBT ) with respect to the ground-state configuration is shown as well, which, for the
example shown for phase R (at Z̃ = 10.2, κ = 0 and L̃ = 16.3), amounts to only about 1.4kBT .
This signifies the importance of employing various methods to check for the global stability of
configurations obtained from numerical minimizations (Section 2.3.2) as performed routinely
within the present study.

3.2.3 Effects of the rescaled chain contour length

For very small chain length, one can argue that the chain must be completely adsorbed on the
sphere and adopt a fully symmetric configuration (phase F). In this case, the chain contour
length forms a circular arc which ensures maximum distances between charged segments of
the chain, and hence minimum self-repulsion. This situation is visualized in Figure 3.5 for a
fixed rescaled sphere charge of Z̃ = 3.4 and zero salt concentration κ = 0, when the rescaled
chain length is L̃ = 5.3. Restoring actual units, this length corresponds to L = 5.3Rs, i.e.
somewhat smaller than the circumference of the great circle 2πRs. For the present set of
parameters, the end-point effects come into play for larger chain length (see, e.g., L̃ = 6.1 or
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in actual units L ≃ 2πRs) including deflection of the end segments resulting thus in phase
R, where the mirror symmetry (or two-dimensional geometry of the chain conformation) is
broken but the two-fold rotational symmetry still holds.

By further increasing the chain length, a sequence of phase changes is found in which
the chain is eventually dewrapped. This is because the self-repulsion between chain segments
grows with the contour length and can not be overcome by the chain-sphere attraction. This
is shown in Figure 3.5, where I obtain partially wrapped configurations corresponding to the
asymmetric configurations A for intermediate L̃, and expanded configurations at large L̃,
which (unlike the standard expanded state F) possesses only a two-fold rotational symmetry.
The symmetry class of this latter phase coincides with that of phase R, but in contrast, here
the chain is only partially wrapped around the sphere. For this reason, I will refer to this
symmetry class as R′. In the figure, I show two coexisting states of A and R′ at L̃ = 22.4.
For even larger chain contour length, the Coulombic self-repulsion contribution becomes the
dominant factor, and hence, the sequence of phases terminates in the expanded-chain state
F (not shown).

In Figure 3.6, the overcharging degree, Γ (Eq. (3.5)), is shown for the same set of param-
eters as in Figure 3.5 and for various L̃. As seen, Γ shows pronounced variations in different
regions, and in particular, the following features are evident: in phases F and R, Γ increase
rapidly and in a linear fashion with L̃ reaching a sharp peak (maximum wrapping) at about
L̃ ≃ 8.5 (L = 42.5 nm for a sphere radius of Rs = 5 nm) within phase R, where an overcharg-
ing degree of 1.4 is obtained. In fact, the peak at about L̃ ≃ 8.5 coincides with the transition
point between phases R and A. In phase A, Γ exhibits a plateau-like behavior with a value
of about Γ = 0.8. When the transition to phase R′ sets in (L̃ ≃ 22.4), Γ suddenly jumps to a
smaller value, and thereafter, slowly decreases due to the dewrapping of the chain from the
sphere.
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and for a mechanically flexible chain (ℓ̃p = 0).

3.2.4 sphere charge–chain length phase diagram

In the preceding sections, I focused on conformational changes of a strongly coupled complex
in the absence of salt (κ = 0) and for a mechanically flexible chain (ℓp = 0). I illustrated
how transitions between various symmetry classes may be controlled by the rescaled sphere
charge, Z̃, and the rescaled chain contour length, L̃. In order to obtain extensive information
regarding the effects of Z̃ and L̃, I fix other parameters as κ = 0 and ℓp = 0, and consider
various scans of the space of parameters by changing either of Z̃ and L̃.

The result is a global phase diagram in terms of the rescaled sphere charge and the
rescaled chain contour length, which is shown in Figure 3.7. Various configurational phases
are indicated in the figure, where the symbols show the transition points and the intrapolating
lines represent the phase boundaries. Note that the graph spans actual chain lengths up to
L = 150 nm and actual sphere charges up to Z = 300 when DNA-histone parameter are
chosen, i.e. Rs = 5 nm and τ = 5.88 nm−1.

As seen, both at sufficiently small chain length and at small sphere charge, the ground-state
configuration is given by the fully symmetric phase F as required to minimize the self-repulsion
of chain segments. Short chains in phase F (i.e. for L̃ < 5.57) are highly adsorbed, while
long chains take an expanded conformation with two open arms. The asymmetric phase A is
obtained for intermediate to large chain lengths, while the fully wrapped phase R is obtained
at small to intermediate values of chain length. Both phases appear only for sufficiently large
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sphere charge, that is for Z̃ > 1.63 (corresponding to Z > 48 for the DNA-histone system).
The highest degree of overcharging as discussed in Section 3.2.3 occurs at intermediate values
of chain length and sphere charge, i.e. at the transition line between phases R and A. This
region is also accessible experimentally.

The transition line between phases F and R at small L̃ (the dashed horizontal line L̃ =
5.57) represents a continuous transition, i.e. the order parameters vary continuously (see
Figure 3.8) and there are no coexisting states at the transition points. Other transition lines
are, however, associated with discontinuous changes of the order parameters, as shown in
Figure 3.8. The phase boundary between R and A at intermediate chain lengths, L̃RA(Z̃),
and the phase boundary between A and R′ at large chain lengths, L̃AR′(Z̃), where the two-
fold rotational symmetry is spontaneously broken (restored), shows linear dependence on the
sphere charge, Z̃. An important point to be noted here is that the mirror symmetry phase M
(Section 2.4.2) is not observed in the present phase diagram. As mentioned previously, this is
because in the absence of salt, the mirror symmetry and the two-fold rotational symmetry of
the ground state are broken simultaneously, and they may be decoupled only by introducing
a finite Debye screening length, as observed also in previous studies [49].

In the following section, I turn to the influence of the salt concentration and mechanical
bending rigidity.

3.3 Phase behavior: Salt effects

In Figure 3.9, I show configurations that are obtained as ground states at fixed rescaled sphere
charge Z̃ = 1 and rescaled chain length L̃ = 20.4 but for various salt concentrations. The
previously examined zero-salt limit is depicted as well exhibiting expectedly the expanded
state F. As the salt concentration increases, the chain deflection grows but the geometrical
symmetries remain intact until κ̃ = 0.5, where a continuous transition to the mirror symmetry
phase M occurs as a result of the two-fold rotational symmetry breaking. In phase M, one of
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Figure 3.9: Optimal configurations obtained for various salt concentrations by fixing macroion charge
at Z̃ = 1 and choosing a mechanically flexible (ℓp = 0) PE chain with contour length L̃ = 20.4.

the arms grows in length at the expense of the length of the other arm, a process that clearly
diminishes the electrostatic repulsion between the two arms. Further increase in the salt
concentration triggers wrapping of the PE chain around the sphere from one end (generating
an asymmetric state A). Note that at large salt concentration the Debye screening length
becomes quite small, e.g., at κ̃ = 5, one has a screening length of κ−1 = Rs/5 that is 20%
of the sphere radius, which allows the chain segments to get closer to each other. Hence the
free end is pulled upon the sphere and a highly wrapped conformation is formed from the
other end. As seen, the number of turns increases as long as there are enough free segments
to be adsorbed. Eventually, a highly ordered helical structure is formed in the fully wrapped
state R. At κ̃ = 5.5 (which for Rs = 5 nm corresponds to κ = 1.1 nm−1), phases A and R
coexist as shown in the figure. This regime coincides with the physiologically relevant salt
regime of about 100 mM monovalent salt, where highly wrapped states have been observed
in complexes of DNA and histones in recent experiments as discussed elsewhere [103, 48, 49].
For a mechanically flexible chain with ℓp = 0, phase R remains intact with increasing salt as
the bending rigidity which can induce dewrapping of the chain at high salt is missing (see
Section 3.3.1 below).2

An interesting feature is that the lateral spacing between two successive turns decreases
and the helical structure of the wrapped chain becomes more compact with increasing salt
[38, 40, 39, 50]. Hence the compact chain wrapping can result in a highly overcharged complex
in phase R. The results for the overcharging degree, Γ, Eq. (3.5), are shown in Figure 3.10
(symbols with solid line) as a function of the rescaled inverse screening length κ̃ and for
parameters corresponding to the configurations in Figure 3.9 (ℓ̃p = 0, Z̃ = 1 and L̃ = 22.4).
As seen, Γ linearly increases with κ as the chain becomes progressively more wrapped around
the sphere, and saturates to a constant value in phase R. Strikingly, the complex is found
to be overcharged with an effective charge up to twenty times larger than the bare charge
of the sphere! Such a large overcharging is possible only in the presence of strong screening

2Note that for a mechanically flexible chain, ground-state approximation does not hold at very high salt as
thermal fluctuations become relevant and may even cause dewrapping of the chain.
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effects, where electrostatic interactions are very short-ranged (compare with Figures 3.2 and
3.6). Note that the variation of L̃ only affects the saturation behavior of Γ (i.e. it occurs at
smaller or larger salt for smaller or larger length respectively), while the slop of the linear
increase and other features are not affected (data not shown). The slope of the linear increase
decreases for chains with non-zero mechanical persistence length and the saturation regime
for Γ occurs at higher salt concentration (Figure 3.10, dashed line).

It is interesting to examine how salt-induced transitions described above change with other
parameters, such as the sphere charge, Z̃, and the chain contour length and its persistence
length. The κ−Z phase diagram was investigated for the DNA-histone system throughly in
the past [39, 48, 49] (see Chapter 2). Here I concentrate on the features induced by changing
the rescaled contour length and the chain stiffness.

3.3.1 salt concentration–chain length phase diagram

I investigate the conformational changes of a PE chain complexed with a macroion by chang-
ing the salt concentration for a wide range of chain contour lengths, L̃. The ground-state
configurations are determined numerically and the transition points are located by consider-
ing symmetry changes of the complex. The results are summarized in a κ̃− L̃ phase diagram
shown in Figure 3.11 for fixed rescaled sphere charge Z̃ = 1 and vanishing mechanical per-
sistence length ℓp = 0. Note that in actual units and assuming the DNA-histone parameters
as Rs = 5 nm and τ = 5.88 nm−1, the current graph covers the regime of chain lengths up
to L = 125 nm, and the inverse screening lengths up to κ = 1.4 nm (Z̃ = 1 corresponds to
Z = 29.4).

As discussed in detail before, the short-chain regime L̃ < 5.57 is dominated by the fully
symmetric phase F for the full range of κ̃, while intermediate and large chain length regimes
show more complex structures corresponding to symmetry phases R and A. As seen in Figure
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Figure 3.11: Phase diagram in terms of the rescaled inverse screening length κ̃ and the rescaled PE
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to be unity (Z̃ = 1).

3.11, the wrapped chain state is stable only for intermediate to large salt concentrations, i.e.
inverse Debye screening length of κ̃ > 1 and intermediate chain lengths. For larger chain
lengths, the self-repulsion of the PE chain becomes considerable, deriving the dewrapping of
the chain and leading to phase A and evetually, for very large L̃, to expanded phase F (not
shown in the graph). Likewise, at small salt concentrations, the self-repulsion factor dominates
as electrostatic interactions are long-ranged and one obtains the expanded complex phase F
for the whole range of L̃. If the chain’s mechanical persistence is finite, one would obtain
an additional dewrapping transition to phase F at high salt as all electrostatic contributions
diminish (see Section 3.4 below).

Unlike the zero-salt situation discussed before, here the two-fold rotational symmetry and
the mirror symmetry are decoupled, and I obtain a narrow intermediate region with only
mirror-symmetric ground-state configuration (phase M). Therefore, for a sufficiently long
chain length L̃ > 5.57 (corresponding to L = 27.85 nm or about the length of 82 base pairs
of DNA), one can capture all four symmetry classes (for the present choice of Z̃ and ℓp) by
changing the salt concentration (compare with Figure 3.7).

Note that the phase boundaries represent discontinuous (continuous) transitions as in-
dicated by solid (dashed) lines. The transitions between phases F and M, that involves
spontaneous breaking (restoring) of the two-fold rotational symmetry is found to be contin-
uous. The same conclusion applies to the phase boundary between phase M and asymmetric
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Figure 3.12: Optimal configurations obtained for various mechanical persistence lengths for the PE
chain. Other parameters are explicitly indicated on the graph.

phase A, where the mirror symmetry is broken (restored). The interesting feature is that
these phase boundaries, i.e. L̃FM = L̃(κ) and L̃MA = L̃(κ), show little dependence on the salt
concentration. On the contrary, the phase boundary between phases F and R, as mentioned
before (Section 3.2.4), shows no dependence on the chain length. While, a linear dependence
on the salt concentration is found for the chain lengths which marks the transition between
phases A and R.

3.4 Phase behavior: Mechanical stiffness effects

So far I considered only a complex formed by a single spherical macroion and a mechani-
cally flexible PE chain (with mechanical persistence length ℓp = 0) in the strong coupling
regime, where ground-state analysis is expected to be valid. As discussed in Chapter 2, the
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effective bending stiffness of a PE chain results from both mechanical and electrostatic con-
tributions. Therefore, for instance, in the low-salt regime, where electrostatic interactions are
long-ranged, the PE chain behaves effectively as a semiflexible chain even if the mechanical
bending rigidity of the chain is set to zero. In fact, it is only in a certain regime of parameters,
where mechanical bending rigidity begins to play a role as I shall demonstrate below.

In Figure 3.12a, the optimal configuration of a complex is shown for two different regimes
of mechanical persistence length ℓp and for zero salt concentration κ = 0. Clearly, the
chain conformation is affected little when ℓp is increased by two orders of magnitude from
ℓp/Rs = 1 up to ℓp/Rs = 100. Therefore, the results presented previously for sufficiently
small κ, and in particular those with κ = 0, remain qualitatively unaffected by introducing
a finite mechanical persistence lengths. In order to demonstrate the interplay between salt
effects, I show in Figure 3.12 a selection of significant configurational changes in the presence
of salt as the mechanical persistence length changes. In Figure 3.12b, the sphere charge is
fixed at an intermediate value of Z̃ = 3.4, the chain length is fixed at L̃ = 13.6 and the inverse
screening length at κ̃ = 1.5 (corresponding to Z = 100, L = 68 nm and κ = 0.3 nm−1 for
the DNA-histone system). At low ℓp, the complex configuration falls into the fully wrapped
phase R, which remains intact even at ℓp/Rs = 6, which is a large persistence length as
compared with the sphere radius (choosing Rs = 5 nm as suitable for histone proteins, one
has here ℓp = 30 nm, which coincides with the bare mechanical persistence length of DNA).
As the mechanical persistence length increases, a discontinuous transition to the asymmetric
phase A occurs, which persists even up to ℓp/Rs = 100 (very stiff chain), reflecting thus a
large PE-macroion attraction. But as clearly seen, the chain turns open gradually as the
mechanical persistence length increases. A similar behavior is shown in Figure 3.12c for
a larger salt concentration (κ̃ = 2.5) and chain contour length (L̃ = 20.4), where at small
persistence lengths, the chain shows a highly wrapped conformation. This figure clearly shows
the process in which mechanical chain stiffening gradually opens up the wrapped chain by
reducing the number of chain turns around the sphere.

To demonstrate the dewrapping transition, I choose a smaller macroion charge of Z̃ = 0.51
and a larger salt concentration of κ̃ = 3 (in actual units, Z = 15 and κ = 0.6 nm−1 for DNA-
histone system) as shown in Figure 3.12d. In this case, at small persistence lengths, the chain
adopts the asymmetric configuration A and thus upon increasing ℓp a sequence of transitions
occur giving rise to phase M (see, e.g., ℓp/Rs = 20) and the expanded phase F (see, e.g.,
ℓp/Rs = 50).

3.5 Conclusion

In this chapter, I considered the structural phase behavior of complexes formed by one poly-
electrolyte chain and an oppositely charged sphere within the chain-sphere model and on the
ground-state level. I employed a rescaled representation in order to obtain generic results
that can be applied to a large variety of systems by mapping the actual system parameters
(such as chain persistence length, contour length and linear charge density, sphere charge and
radius as well as the salt concentration) to a small set of dimensionless parameters.

As main results, I derived global phase diagrams that represent the effects due to variations
in these rescaled parameters, in particular, those due to changes in rescaled chain length,
rescaled macroion charge and rescaled inverse Debye screening length (salt concentration). It
was shown that variations in these parameters can trigger a wrapping transition in a number of
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different ways. For instance, increasing the sphere charge for an intermediate range of chain
lengths leads to a fully wrapped state in which the macroion is overcharged by excessive
adsorption of the PE chain. But this can occur for rescaled chain lengths L̃ = L/Rs > 5.57,
and a minimum rescaled sphere charge of Z̃ = Z/(τRs) > 1.63 is required as well for a
mechanically flexible chain at zero salt. By increasing the salt concentration, however, the
wrapped state appears to be stable in a wider range of chain lengths. Note that increasing the
chain length in general does not favor wrapping because of the self-repulsion between charges
on the chain. At elevated salt concentration, electrostatic interactions are screened and one
reaches a highly compact wrapped state, where as shown, the PE chain may wrap around
the sphere in several complete turns. This leads to a highly overcharged state, in which the
net (absolute) complex charge may exceed the bare sphere charge by more than an order of
magnitude. The wrapped state for fixed Z̃ = 1 and a mechanically flexible chain can occur
again for chain lengths L̃ = L/Rs > 5.57, and a minimum rescaled inverse screening length
of κ̃ = κRs > 1 is required as well.

Note that the regimes of parameters considered in the present study do not cover the well-
known rosette solutions, which consist of chain configurations with multiple point contacts
with the sphere and large low-curvature loops connecting them. These structures are typi-
cally obtained for large persistence lengths (as compared with the sphere radius), large chain
lengths, and for relatively small adsorption energy (note that the present strongly coupled
PE-macroion complexes represent a very large adsorption energy). The rosette structures
have been characterized in detail in the past [61, 62] and observed also within Monte-Carlo
simulations [63].



Chapter 4

Complex Fibers

The structure and stability of complex fibers, formed by complexation of a single long poly-

electrolyte chain and many oppositely charged spherical macroions, are investigated numerically

and at the ground-state level using a chain-sphere cell model. The electrostatic and elastic con-

tributions are taken into account in the same way as described in the preceding chapters. Two

different models of constrained and unconstrained optimization are introduced, which differ in

the way they account for conformational changes of the polyelectrolyte chain. The results indi-

cate a variety of helical structures including zig-zag, solenoidal and beads-on-a-string patterns

for the complex fiber depending on the parameters such as salt concentration, macroion charge

and chain length per macroion. At about physiological salt concentration, zig-zag patterns are

found as stable structures when DNA-histone parameters are adopted and the macroion charge

is properly adjusted. The differences between the results obtained from the two optimization

models and their possible application to the chromatin fiber structure will be discussed in detail.

Recent years have witnessed a growing interest in the structure and phase behavior of large
polyelectrolyte-macroion clusters, in which, for instance, a single long PE chain is complexed
with many oppositely charged spheres [20, 22, 28, 29, 41, 42, 47].Perhaps, the most striking
example is realized in biology, where a huge fiber is formed by complexation of a long DNA
chain with histone proteins, giving rise to the prominent chromatin fiber. The biological
background for the chromatin fiber and its physical relevance were briefly reviewed in Chapter
1 (see also Ref. [50]). As pointed out therein, the fundamental unit of the chromatin is known
as the nucleosome consisting of about 200 base pairs of DNA associated with a globular histone
octamer. The nucleosome has two main parts: i) the nucleosome core particle (or the core

particle) comprising 146 base pairs of DNA wrapped in a 1-and-3/4 left-handed helical turn
around the histone octamer, and ii) the linker DNA, which connects adjacent core particles to
one another. There is an additional component known as linker histone H1 (or its variant H5),
which binds to the DNA and the histone octamer in such a way that it brings the entering
and exiting strands of DNA together along a short distance forming a stem-like structure.
The role of linker histone will be discussed further below (see also Chapter 1).

In vitro experiments have revealed striking salt-induced conformational changes for the
chromatin fiber: at very small salt concentration, the fiber structure is swollen displaying an
open beads-on-a-string pattern as individual core particles become highly separated from each
other; the resultant fiber is known as the 10 nm fiber because of the nearly 10 nm diameter of
the core particle. As the salt concentration increases, the fiber becomes more and more folded
and finally within the physiologically relevant regime (around 100 mM NaCl), it exhibits a



52 4. Complex Fibers

thick and dense fiber of diameter about 30 nm, known as the 30 nm fiber, which is believed
to be formed from a zig-zag arrangement of nucleosomes (in fact, even at salt concentrations
as small as, e.g., 5 mM monovalent salt, the fiber is found to exhibit a zig-zag pattern, which
is preserved and becomes more compact with increasing salt concentration–see Figures 4.1a,
b and Chapter 1). This behavior indicates that predominant electrostatic mechanisms are
involved and influence the organization of the chromatin fiber. This is further supported by
the evidence that upon changing the charge of the core particle (e.g., by removing histone
N-terminal tails that carry a large fraction of the octamer charge, or by removing the highly
charged linker histone), the compact fiber structure is altered and, for instance, shows a loose
expanded state in the absence of the linker histone.

This behavior has inspired various analytical and numerical studies, whose primary aim
has been to explain the structure [116, 117, 122, 123, 125] and mechanical properties [108, 124]
of the 30 nm chromatin fiber. These models incorporate a number of different approaches
(including purely geometrical two-angle models [122, 137] and its improvements due, e.g., to
short-ranged or electrostatic interactions within the fiber [138, 139]).They employ different
levels of approximation, and yet their results emerge to be generally consistent with exper-
imental findings and in terms of the structure, they seem to agree with the zig-zag model
for the 30 nm chromatin fiber. From a fundamental point of view, this transpires that it is
useful to examine the structural properties of charged polymer-sphere fibers based on simple
models but on a more systematic level by incorporating generic interactions and geometrical
constraints. Hence, one may be able to distinguish the generic aspects of the fiber formation
from those associated with more specific structural details as found in realistic systems such
as chromatin. This constitutes the main purpose of studies presented in this chapter.

I will thus address charged (infinite) complex fibers formed by a single long polyelectrolyte
chain (PE) and many oppositely charged spheres (macroions) within a simple chain-sphere

cell model. This model incorporates basic electrostatic and elastic bending contributions
from conformational changes of the PE chain as well as interactions between individual PE-
macroion complexes (“core particles”) within the fiber in a systematic manner. (Note that as
before electrostatic effects are accounted for using the linear Debye-Hückel theory.) I present
a numerical method that allows to determine energetically optimal fiber structures using a
minimization scheme that takes into account internal degrees of freedom associated with the
conformation of the complexed PE chain and positions of macroions along the fiber. The
organization of the PE chain on individual macroions are not thus externally imposed, but
rather obtained as a result of the optimization procedure; hence this approach may be referred
to as unconstrained or full optimization model. As a main result, I demonstrate that a large
variety of helical structures arise within this generic model including, for instance, beads-on-
a-string, zig-zag, and solenoidal patterns depending on a few basic system parameters such as
salt concentration, macroion charge, and chain length per macroion. Other parameters (such
as chain persistence length and its charge density as well as the sphere diameter) will be fixed
according to the DNA-histone parameters throughout this study.

The ultimate goal of the present approach is to provide a detailed electrostatic model
for the chromatin fiber, yet in the present study, no attempt is made as to explicitly incor-
porate specific structural details associated with realistic chromatin structure such as linker
histone, core histone tails, specific binding effects or the precise shape of the histone octamer.
Therefore, when comparing with chromatin, the present results should be used with caution,
since they are primarily concerned with a generic complex fiber. Additional structural details
associated with chromatin can be considered as improvements upon the present chain-sphere
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cell model in future studies. Note, in particular, that within the unconstrained optimization
model, the wrapping structure of the chain around individual macroions is not fixed and can
vary so as to minimize the effective Hamiltonian of the fiber. This can be thought of as a
simple model mimicking linker-histone-depleted chromatin. As explained above, the linker
histone “glues”together the entering and exiting strands of the DNA and also stabilizes (“seals
off”) the internal structure of the DNA in the core particle. This latter effect can be mimicked
in a simple way using a constrained optimization scheme, in which the core complex structure
is fixed to the optimal structure of an isolated complex (with a chain length of 146 DNA base
pairs), and only the relative orientation of core particle complexes can vary. This leads to a
number of significant changes as will be discussed below.

The predicted optimal fiber structure shows a helical form, whose diameter and compact-
ness (e.g., number of macroions per unit length along the fiber axis) are strongly influenced by
the salt concentration. In particular, at low salt concentrations, the unconstrained fiber model
shows a highly swollen beads-on-a-string pattern of diameter about 10 nm. Upon increasing
the salt concentration, the degree of chain wrapping around the sphere increases resulting in
more compact and thicker patterns and at the physiological concentration, the optimal fiber
shows a zig-zag structure with diameter of 30 nm, which is consistent with experimental re-
sults. Further increase in salt concentration leads to highly wrapped individual chain-sphere
complexes and thus very compact solenoidal structures for the fiber. The periodic structure of
the fiber and dipolar distribution of core particle complexes will be examined afterwards and
a two-angle phase diagram in the sense of the two-angle model [122, 137] will be constructed
based on the numerically determined optimal structures.

The 30 nm fiber obtained within the unconstrained optimization model shows however a
rather small density (number per unit length) of macroions along the fiber, i.e. about one
macroion per 10 nm (see Figure 4.4 below), which is comparable with the nucleosome density
at relatively small salt concentration where the chromatin still has a 30 nm diameter (Figure
4.1a) [123]. At physiological concentration, the histone density along the chromatin fiber is
larger and appears to be about 6 histones per 10 nm. Such a large density of macroions
within the fiber is in fact generated by the constrained optimization model, which predicts
quite dense 30 nm fiber structures. Interestingly, in this case, the entering and exiting strands
of the PE chain form a cross pattern (producing a small entry-exit angle as compared with
the unconstrained model results), which resembles the stem-like pattern proposed in Refs.
[116, 123, 122] (see Figures 4.1 and 1.9). This indicates that the present approach is indeed
able to generate experimentally relevant structures by adding more features to the basic chain-
sphere cell model, such as including linker histone H1, which will be modeled explicitly in the
future.

4.1 Chain-sphere cell model for complex fibers

The model used here for the study of complex fibers is based upon the chain-sphere model,
which was discussed in detail in Chapters 2 and 3. The single-complex chain-sphere model
consists of a single semiflexible charged polymer (PE) complexed with a single oppositely
charged sphere (macroion). Here I use this model to describe an infinite complex fiber, which
is made from complexation of a single long PE chain with many macroions. As before,
I restrict the discussion to strongly coupled complexes and thus employ the ground-state
approximation corresponding to strong adsorption of PE chain on each sphere (Section 2.2).
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Figure 4.1: Salt induced behavior of an H1-intact chromatin fiber. a) and b) are structures obtained
by electron cryomicroscopy (Bednar et al. [123]) of the chromatin extracted from chicken in monovalent
salt concentration of about 5 mM and 15 mM respectively. c) and d) show a 3D constructed model of
a 9-nucleosome segment of a chicken chromatin fiber imaged at about 5 mM and 80 mM respectively
[123]. e) and f) are models of (uniform) chromatin fiber based on a two-angle description introduced
by Woodcock et al. [122] using the mean linker entry-exit angle measured form micrographs [123, 122];
angles are 85◦ in e and 45◦ in f. g) and h) are fiber models obtained by constrained minimization of
the effective Hamiltonian of the fiber, which includes electrostatic interactions explicitly (see Sections
4.1.4 and 4.5) with 200 base pairs of DNA associated with each macroion sphere along the fiber. The
fiber in g is obtained for inverse Debye screening length κ = 0.5 nm−1 (corresponding to about 23 mM
of monovalent salt) and sphere charge valency Z = 40 (see Section 4.5). The parameters in h are
κ = 1 nm−1 (corresponding to 100 mM monovalent salt) and Z = 100.

The main idea here is to apply a cell-model approach by describing the complex fiber in terms
of identical unit cells, each containing a piece of PE chain associated with a single macroion.
The same PE strand links the adjacent unit cells to each other. One can think of each unit
cell as two parts: i) the core particle complex comprising a single macroion sphere and the PE
chain segment which is complexed with (or adsorbed on) the sphere, and ii) the linker chain
connecting adjacent core particles to each other–see Figure 4.2. (Note that in the language of
the chromatin fiber, the unit cell corresponds to the nucleosome comprising the nucleosome
core particle connected to neighboring core particles via linker DNA.) The detailed structure
of the PE-macroion complex is assumed to be the same within all unit cells. Using this
scheme, the structure of the complex fiber may be deduced by focusing on a single unit cell
as will be shown later. Although this cell model greatly simplifies the study of the complex
fiber, its predictions for the optimal fiber structure (i.e. the way unit cells or core particles
are arranged along the fiber) are non-trivial and display a diverse phase behavior depending
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on the precise structure of the core particle complex as well as the inter-complex interactions
and the geometrical constraints (see below). In what follows, I first introduce the geometry
of the present model and the interaction potentials included, and then discuss the numerical
minimization method used in the study of unconstrained complex fibers.

4.1.1 Main unit cell

The complex fiber is constructed within the cell-model approach by replicating a single unit
cell, referred to as the main unit cell, infinitely many times such that the connectivity and
smoothness of the PE chain is preserved and the overall Hamiltonian of the system is mini-
mized. In order to demonstrate this procedure, I will first describe the main unit cell (Figure
4.2).

Each unit cell consists of a piece of PE chain of length Lc with linear charge density
−τ (in units of the elementary charge e), bare mechanical persistence length ℓp, complexed
with a uniformly charged sphere of radius Rs and charge valency Z within a salt solution
of concentration Cs (the inverse Debye screening length is κ = (8πℓBCs)

1/2 for monovalent
salt). Although the present model is quite general, in making explicit calculations, I set the
parameters appropriate for the DNA-histone system, i.e. by choosing τ = 5.88 nm−1 (two
elementary charges per DNA base pair of length 0.34 nm), ℓp = 30 nm and Rs = 5 nm, while
Lc, Z and κ can vary as system control parameters. The reason for choosing such numerical
values for the DNA-histone system is discussed in Chapter 2. Likewise, to characterize the
total length of the PE chain within each unit cell, I will use the language of DNA base pairs
by representing the chain length per unit cell (or per macroion) in equivalent number of
DNA base pairs (referred to simply as base pairs), i.e. Nbp = Lc/(0.34 nm). As before, I
will employ a discretization scheme in order to parametrize the chain conformation, which is
required for the purpose of numerical optimization methods introduced later.

The PE chain is discretized using N + 1 discretization points or beads of charge valency
q = τLc/(N + 1) located at positions {r0

i } with i running form 0 to N . (Note that the
super-index 0 denotes the location of beads in the main unit cell.) This amounts to N rigid
subunits for the PE chain within each unit cell described by bond vectors u0

i = r0
i − r0

i−1,
each of a fixed length |u0

i | = ∆. The bond vectors are specified by two polar and azimuthal
angles, namely, θi and φi in the same way as described in Figure 2.4 for a single complex (see
also Eq. (2.13)). The location of the macroion center in the main unit cell is given by R0,
which is chosen as the origin of frame of coordinates, i.e. R0 = 0. I conventionally discretize
each natural DNA base pair into two discrete subunits. Therefore, N (which in general has
no connection with the number of actual monomers) is simply twice the number of the base
pairs Nbp, and for sufficiently large discretization degree, one has monovalent chain beads,
q = 1, when DNA linear charge density is adopted.

4.1.2 Unit cell replication

Given the structure of the PE-macroion complex within the main unit cell (which may be
obtained in turn from a minimization method as discussed later), one can construct a complex
fiber by attaching a copy of the main unit cell (image unit cell) to it such that the linker chain
tangentially connects the two unit cells and no kink is formed at the boundaries (see Figure
4.2). This means that the last bond vector, u0

N , of the chain in the main unit cell (labeled by
super-index 0) is chosen the same as the first bond vector, u1

1, of the successive image unit
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χ

a) b) c)

Figure 4.2: Cell model for a complex fiber: a) Each unit cell consists of a single PE-macroion
complex the precise configuration of which may be obtained from a numerical minimization method.
b) Two adjacent unit cells (which are identical in configuration) are linked together such that they
share a common tangent (or bond) vector at the unit cell boundary. Formally, this is performed using
a combined translation and rotation transformation (see the text). c) By repeating this procedure
the whole complex fiber is constructed from a main unit cell. Within the full minimization scheme,
all degrees of freedom associated with a single unit cell (that is chain beads location as well as the
boundary rotational angle χ) are varied so as to find the optimal configuration minimizing the full
effective Hamiltonian of the fiber.

cell (labeled by super-index 1).
Formally, this replication procedure is established using a translation and a rotation trans-

formation. The translation vector is simply given by T = r0
N−1 − r0

0. By translating all the
points in the main unit cell by this vector, an image chain configuration is generated (speci-
fied by the image bead positions {r1

i }), which shares a common bead with the original chain
configuration (specified by main bead positions {r0

i }), that is r0
N−1 = r1

0. The same trans-
lation is performed for the macroion sphere in the main unit cell. Next, I rotate the newly
constructed (image) unit cell around this common bead such that the two vectors u0

N and
u1

1 coincide. Here I introduce a new angular degree of freedom, which is rotation around this
common boundary bond vector, i.e. I let the image unit cell rotate around this bond vector
by an angle χ (see Figure 4.2) so as to allow the system to energetically optimize its structure
with respect to this degree of freedom as well (see Section 4.1.5 below). The full rotation
matrix (around the common boundary bead r0

N−1 = r1
0 of the two unit cells, which brings the

bond vectors u0
N and u1

1 onto one another and then rotates the image unit cell around this
common bond vector by an angle of χ) is denoted by E.

The rotation matrix E is given by

E = BXA (4.1)

with the matrices A, X and B defined as follows

A =







− sinφ1 cosφ1 0
− cosφ1 cos θ1 − sinφ1 cos θ1 sin θ1
sin θ1 cosφ1 sinφ1 sin θ1 cos θ1






, (4.2)

X =







cosχ − sinχ 0
sinχ cosχ 0

0 0 1






, (4.3)
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B =







− sinφN − cosφN cos θN sin θN cosφN

cosφN − sinφN cos θN sinφN sin θN

0 sin θN cos θN






, (4.4)

where θ1 and φ1 are the polar and azimuthal angles of u0
1 and θN and φN are the po-

lar and azimuthal angles of u0
N . Note that the matrix E is only a function of the angles

{χ, θ1, φ1, θN , φN}.
The position of the i-th bead of the PE chain in the first image unit cell, r1

i , is obtained
formally from the positions of the chain beads in the main unit cell as

r1
i = E · (r0

i − r0
0) + r0

N−1. (4.5)

Thus, one needs the position of three beads (labeled by i, 0 and N − 1) from the main unit
cell to determine each bead position in the image unit cell. I perform the above transla-
tion/rotation procedure recursively for a given chain configuration in the main unit cell and
for a given χ-angle, and thereby obtain the positions of the PE chain beads in the secondary
image unit cell (labeled by super-index 2), {r2

i }, from those of the first image unit cell, {r1
i },

and so on. Similar transformation is used for the macroion position.
In general, the position of the i-th chain bead and the sphere center in the k-th unit cell

(labeled by super-index k), that is rk
i and Rk respectively, are obtained as

rk
i = E · (rk−1

i − rk−1
0 ) + rk−1

N−1 (4.6)

Rk = E · (Rk−1 − rk−1
0 ) + rk−1

N−1, (4.7)

which fully characterize the overall configuration of a complex fiber. This scheme for con-
structing a complex fiber is shown schematically in Figure 4.2. Note that this replication
method can also be used within other numerical methods such as Monte-Carlo simulations.

The resultant fiber obtained from this replication procedure can exhibit a wide range
of structures as dictated by both the structure of the unit cell, the angle χ, as well as all
interactions involved. It may or may not show periodic helical structures (i.e. structures with
discrete translational symmetry). In fact, as it will be shown later (Section 4.7), the optimal
structure are nearly periodic, i.e. they do not show exact (rational) periodicity but may be
described by a distribution of periodicities with a sharp peak around a mean value.

4.1.3 Two-angle description

Note that the arrangement of macroions along the fiber within the present model may also be
described using a two-angle description in the spirit of the two-angle model presented in Ref.
[122] for the chromatin fiber. For the sake of comparison, I define two independent angles,
referred to as the entry-exit angle, ψ, and the dihedral angle, ξ, which are similar but not
identical with the angles defined in Ref. [122].1

Let us assume that an = Rn − Rn−1 is the connecting vector between two successive
macroion spheres, where Rn is the position of the n-th sphere. The entry-exit angle, ψ, is

1In particular, the entry-exit angle in Ref. [122] is the angle formed between the entering and exiting DNA
linkers, while in the present model, these two strands may be displaced due to the chain wrapping-dewrapping
process, and a different definition is thus required. The situation is somewhat different when the wrapped
chain structure is fixed on the macroion as will be discussed within the constrained optimization model in
Section 4.5.
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Figure 4.3: A schematic view of two-angle representation of macroion positions along the chromatin
fiber. Each two successive spherical macroions, labeled by n− 1 and n are connected to each other via
the vector an. The entry-exit angle ψ is defined as the complementary angle between vectors an and
an+1, as demonstrated in the graph. On the other hand, each three consecutive macroions, labeled by
n− 1, n and n+ 1, define a plate with normal vector bn. The dihedral angle ξ is defined as the angle
between two such normal vectors bn and bn+1 (see the formal definitions in the text).

defined from the angle between two such consecutive connecting vectors, an and an+1, i.e.
(see Figure 4.3)

ψ = π − cos−1
(

an · an+1

|an||an+1|

)

. (4.8)

The dihedral angle, ξ, the angle by which four consecutive spheres are out-plane, is deter-
mined by calculating the angle between the normal vectors of two planes, one identified by
spheres Rn−1, Rn, Rn+1 and the other identified by Rn, Rn+1, Rn+2, respectively. Explicitly,
one has

ξ = cos−1
(

bn · bn+1

|bn||bn+1|

)

. (4.9)

with bn = an × an+1. For a perfect helical structure, which is the case in the present model,
ψ and ξ are independent of n.

4.1.4 Intra-fiber interactions

The two-angle model is based on purely geometrical considerations [122, 137]. More elaborate
chromatin fiber models have also been developed, which consider excluded-volume interactions
as well as bending rigidity of the linker DNA combined with a short-ranged phenomenological
interaction between nucleosomes [138, 139]. The core particle complex is often modeled effec-
tively neglecting thus its precise structure. The simplicity of assembling PE-macroion fiber in
the present chain-sphere cell model, however, enables one to consider the detailed structure of
the PE chain on macroions and its bending energy cost, and incorporate electrostatic inter-
actions (as well as excluded-volume interactions) between all charged components, i.e. chain
beads and macroions within the fiber. These contributions are included in the same way as
described for a single chain-sphere complex in Chapter 2, i.e. electrostatic interactions are
considered on the linear Debye-Hückel level (thus effectively modeling salt screening), the me-
chanical bending rigidity and electrostatic self-energy of the PE chain are explicitly included,
and macroions are modeled as semi-rigid spheres using a short-ranged soft potential. (The
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approximations involved in this approach and their possible justification have been discussed
in detail in Chapter 2.)

Because the infinite complex fiber is obtained by replicating identical unit cells, one can
focus on the effective Hamiltonian per unit cell, which can be written as

H = Huc +
M
∑

k=1

H0k
I , (4.10)

where Huc gives the self-energy of the main unit cell, and H0k
I accounts for the interactions

between different unit cells. In the second term, I have used a cut-off M , i.e. account for
the interaction between M consecutive unit cell, which is typically chosen as M = 5. (As
explicitly checked, the results are not influenced by changing M , which in most cases is
justified by the fact that electrostatic interaction are highly screened in the presence of salt.
Note that for low salt, the highly expanded state of the unit cell, results in a large effective
distance between two adjacent cells, therefore, the choice of M = 5 is still a good choice.)

The self-energy of main unit cell may be written in discretized form (Section 2.3.1) as

Huc =
ℓp
∆

N
∑

i=2

{

1 − cos(θi − θi−1) + sin θi sin θi−1

(

1 − cos(φi − φi−1)

)}

(4.11)

+ q2ℓB

N−1
∑

i=0

N
∑

j=i+1

e−κ|r0
i
−r0

j
|

|r0
i − r0

j |
− ZqℓB

1 + κRs

N
∑

i=0

[

e−κ(|r0
i
|−Rs)

|r0
i |

−Ae−(|r0
i
|−Rs)/α

]

(in units of kBT ), where the first term is the bare mechanical bending rigidity contribution, the
second term gives the screened electrostatic repulsion between chain segments, the third term
involves screened chain-sphere attraction as well as the soft-core repulsion (which is specified
by a repulsion range, α, and strength A, which are fixed at typical values of A = 0.014 nm−1

and α = 0.02 nm–see Section 2.1.3 and Appendix E).

The interaction between the main unit cell and the k-th image unit cell, H0k
I , may be

written (in units of kBT ) as

H0k
I = q2ℓB

N
∑

i=0

N
∑

j=2

e−κ|r0
i
−r

k
j
|

|r0
i − rk

j |
− ZqℓB

1 + κRs

[ N
∑

i=0

(

e−κ(|r0
i
−Rk|−Rs)

|r0
i − Rk| −Ae−(|r0

i
−Rk|−Rs)/α

)

+
N
∑

i=2

(

e−κ(|rk
i
|−Rs)

|rk
i |

−Ae−(|rk
i
|−Rs)/α

)]

+
Z2ℓBe

2κRs

(1 + κRs)2
e−κ|Rk|

|Rk| , (4.12)

where, as explained before, rk
i and Rk denote the position of the i-th chain bead and the

sphere center in the k-th image unit cell, respectively (note that the first two beads i = 0, 1
for the k-th image unit cell are counted as the last beads of the (k−1)-th cell since they share
a common boundary vector as explained before). In Eq. (4.12), the first term corresponds
to repulsion between chain segments in the main unit cell and those in the k-th image unit
cell, the second term involves screened electrostatic attraction and soft-repulsion between PE
chain in the main unit cell and the sphere in the k-th image unit cell, where the third term
indicates exactly the same interaction between PE chain in the k-th image unit cell and the
sphere in the main unit call. The last term represents screened electrostatic repulsion between
the spheres in the two unit cells.
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4.1.5 Numerical method: Unconstrained (full) minimization model

In order to study the organization of the fiber for various system parameters, I employ the
so-called ground-state-dominance approximation, which, as discussed in Chapter 2, is valid
for strongly coupled PE-macroion complexes. One thus seeks the optimal or ground-state

configuration of the fiber minimizing the effective Hamiltonian (4.10) with respect to all
degrees of freedom, i.e. those specifying the overall PE conformation and the additional unit
cell rotation angle, χ. This amounts to 2N + 1 independent degrees of freedom. Recall from
Chapter 2, that the chain configuration (within the main unit cell) is specified by the set of
variables {θi, φi6=P , rP }, where θi and φi6=P are bond vectors polar and azimuthal angles and
rP is the z component of the position of the middle bead of the chain P = N/2 (measured
from the sphere center); φP (azimuthal angle of the subunit or bond vector uP ) is fixed in
order to remove Goldestone modes associated with a trivial rotational symmetry around the
z axis connecting the sphere center to the middle bead P.

Due to a large number of free variables, this minimization clearly requires a numerical ap-
proach, which is implemented using the quasi-Newton minimization algorithm [3] (see Section
2.3). The quasi-Newton method finds the minimum of the Hamiltonian using its first-order
derivatives; at the minimum the first-order variation of the Hamiltonian vanishes, i.e.

δH =
N
∑

i=1

(

dH
dθi

δθi +
dH
dφi

δφi

)

+
dH
dχ

δχ+
dH
drP

δrP = 0, (4.13)

where the azimuthal angle φP is excluded. In Appendix A.2, I present the details of calcula-
tions for derivatives of the Hamiltonian as used in the minimization algorithm.

4.2 Salt-induced structural changes of the fiber

In this section, I investigate the dependence of structural properties of the complex fiber on
the salt concentration. Here I concentrate on a system with fixed macroion charge valency
Z = 15 and fixed total length of the PE chain per unit cell (or per macroion), which is chosen
to be Lc = 68 nm equivalent to the length of Nbp = 200 base pairs of DNA. This value falls
within the experimental range [116, 123]. The effects due to the chain length and macroion
charge will be considered in the forthcoming sections. Recall that the salt concentration
enters via the Debye inverse screening length, κ, which is varied here between κ = 0 (no
salt) and 1.5 nm−1 and thus, in particular, spans the physiologically relevant range of about
κ = 1 nm−1 (corresponding to 100 mM monovalent salt).

In this section, I will only consider the full (unconstrained) minimization scheme as ex-
plained before (Section 4.1.5). Therefore, the length of the chain wrapped around the sphere
is not fixed and can change according to various intra-cell and inter-cell interactions. The
results display a variety of optimal helical fibers visualized in Figures 4.4 and 4.5, which reflect
drastic structural variations by changing the salt concentration in the system.

4.2.1 Overall behavior for various salt concentrations

The optimal (or ground-state) fiber configuration takes a number of different geometrical
architectures, which can be distinguished as beads-on-a-string (Figures 4.4a, b, g), zig-zag or
crossed-linker (Figures 4.4d, 4.5a-e), loose solenoidal (Figures 4.4c, e, f) and also compact
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a)
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Figure 4.4: The optimal spatial configuration of the complex fiber as obtained from the full mini-
mization of the Hamiltonian (4.10) for macroion (sphere) charge valency Z = 15, total chain length
per unit cell (per sphere) of Lc = 68 nm (equivalent to 200 DNA base pairs) and for various Debye
inverse screening lengths (from top to bottom): κ = 0 (a), 0.1 (b), 0.2 (c), 0.3 (d), 0.4 (e), 0.5 (f)
and 0.6 nm−1 (g). Shown fiber structures are classified as: beads-on-a-string structure (a, b and g),
loose solenoidal structure (c, e, and f) and zig-zag structure (d). In a-f, the PE chain wraps less than
a complete turn around the sphere.

solenoidal structures (Figures 4.5f, g). These types of patterns have also been identified
within other recent studies based on different models for the chromatin fiber [122, 137, 138].

As seen in the figures, the degree of complexation of the PE chain increases with increasing
salt concentration as a larger length of the chain is wrapped around each sphere. As discussed
in Chapter 3, the highly wrapped state occurs at intermediate salt concentration and results
from the growing dominance of electrostatic chain-sphere attraction against the chain (elec-
trostatic and bending) self-energy (as will be shown later, core particles are highly overcharged

by the PE adsorption much in the same way as a single isolated complex is overcharged at
intermediate salt regime.)

At vanishing salt concentration (Figure 4.4a), the PE chain takes a straight-line shape
and macroions are merely attached to the chain. Such an extended (unwrapped) structure
reflects the dominant electrostatic self-energy of the PE chain as charged units interact with
long-ranged Coulomb interaction (Chapter 3). But interestingly, the distribution of spheres
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a)
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Figure 4.5: Same as Figure 4.4 but for Debye inverse screening lengths (from top to bottom): κ = 0.7
(a), 0.8 (b), 0.9 (c), 1 (d), 1.1 (e), 1.2 (f) and 1.5 nm−1 (g). The structures demonstrated here are
zig-zag structure (a-e) and compact solenoidal structures (f and g). The PE-chain completes its second
turn around each sphere for κ = 1.2 (f).

around the chain is periodic and their centers lie on different angular locations around the
chain. The entry-exit angle (ψ-angle) here is ψ ≃ π (Section 4.5). As the salt concentration
and thereby, the chain complexation degree increases, the entry-exit angle of the chain on
a sphere decreases. This triggers formation of more compact structures (or thicker fibers)
as seen in Figure 4.4. For inverse screening length in the range of κ = 0.3 to 0.6 nm−1

(Figures 4.4d-g), the fiber structure shows an anomalous behavior, i.e. the diameter of the
fiber decreases and the projected distance (along the fiber axis) between neighboring sphere
centers increases, which is due to the fact that the chain completes its first turn around the
sphere (as a result, the entry-exit angle becomes again close to ψ ≈ π for κ = 0.6 nm−1). Upon
further complexation of the chain (Figures 4.5a-e), the fiber thickness tends to increase and
the spheres become more densely packed (the entry-exit angle decreases). These properties
will be quantified in the following section.

Note that in the range of Debye screening lengths κ = 0 (zero salt) up to about κ =
0.5 nm−1 (25 mM monovalent salt), the PE wrapping around macroions is less than a complete
turn and thus these configurations may be considered locally as beads-on-a-string structures,
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d||

DF

Figure 4.6: Schematic representation of the fiber diameter, DF, and the projected center-to-center
distance, d||, of consecutive spheres along the fiber axis. The central fiber axis is shown by a horizontal
solid line.

although for non-vanishing salt, the fiber takes an overall zig-zag or loose solenoidal structure
with rather large diameter as compared with the sphere size (see Figure 4.5 c, d and e). In
fact, for higher sphere charge, the chain is wrapped more strongly around the macroion even
for small κ, leading to different structures that will be discussed later in this chapter. The
beads-on-a-string structure observed in vitro for chromatin at low ionic strength (the so-called
10 nm fiber) is more closer to the result obtained from the present model at κ = 0.6 nm−1,
where spheres are almost aligned and the angle between entering and exiting chain strands
in each core particle is ψ ≃ π.

4.2.2 Structural analysis of the fiber: Summary of results

Beside the overall architecture of the complex fiber, one is interested in geometrical character-
istics of the fiber and the way they vary with the salt concentration. Some of the characteristic
parameters that are considered here are as follows (see Figure 4.6):

- The fiber diameter, DF, which refers to the diameter of the smallest outer cylinder
co-axially enclosing the fiber.

- The projected center-to-center distance, d||, of consecutive spheres along the central
fiber axis, which gives a measure of compactness of the fiber when compared with the
fiber diameter.

- The entry-exit angle, ψ, and the dihedral angle, ξ, as defined in Section 4.5.

At the end of this chapter (Section 4.7), I return to the periodic behavior of the fiber (i.e.
whether the local structure of the fiber is repeated periodically along its axis), and also
consider the local distribution of charges, which may be specified, for instance, by local
dipole moments of the core particles. The latter gives insight into the internal interactions
and orientational correlations between core particles within the fiber. For the moment, it is
important to note that the optimal fiber structure obtained from the energy minimization
method is not necessarily a simple helix with a single periodicity, but in general displays
multiple periodicities depending on the way spheres are organized along the fiber backbone
as will be made clear later on.
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In what follows, I will focus on the diameter and compactness of the fiber and present a
ξ − ψ phase diagram as the salt concentration varies (the sphere charge and the total chain
length per sphere are fixed as Z = 15 and Nbp=200).

Geometry

In Figure 4.7 a and b, I show the results for the projected distance between neighboring sphere
centers, d||, together with the outer fiber diameter, DF, as a function of salt concentration.

As seen, the projected distance takes a maximum value of about d|| = 70 nm at zero salt
concentration and then falls off in a non-monotonic fashion to quite small values of about
sphere diameter d|| ≃ Rs = 5 nm, when inverse screening length (salt concentration) exceeds
κ = 1 nm−1 (100 mM NaCl) reflecting a dense fiber with a density of about two spheres
per 10 nm along the fiber axis. This regime, as seen from the optimal configurations in
Figure 4.5, exhibits compact solenoidal structure. The non-monotonic behavior of projected
distance with salt concentration displays a local minimum and a local maximum at inverse
screening lengths of about κ = 0.3 nm−1 and κ = 0.6 nm−1, respectively. These extrema in
fact correspond to extrema in fiber diameter, DF, which shows an almost opposite trend as
compared with the projected distance when the salt concentration is varied (Figure 4.7b). At
zero salt, the outer fiber diameter is roughly twice the sphere diameter, i.e. DF = 20 nm. It
changes rapidly at small salt concentration with κ, reaching a maximum and then a sharp
minimum at an intermediate salt concentration of about κ = 0.6 nm−1, where the projected
distance exhibits a local maximum. The minimum fiber diameter at this point is about 10 nm
(equal to the sphere diameter), hence at κ = 0.6 nm−1, the complex fiber shows its largest
projected distance to diameter ratio d||/DF = 4. As seen in Figure 4.4g, the fiber takes
an almost one-dimensional beads-on-a-string structure in this region nearly resembling the
so-called “10 nm fiber”pattern observed for chromatin fiber in vitro (see Figure 1.7) [1].

Interestingly, over the range of intermediate salt concentrations between κ = 0.8 and
1.3 nm−1 (corresponding to 60-160 mM monovalent salt), the fiber diameter remains almost
unchanged at about DF = 30 nm (reflected by a plateau-like region in Figure 4.7b), although
the fiber structure changes from zig-zag to solenoidal pattern. The chain wrapping in this
region amounts to about 1-and-3/4 turn, that is close to the structure of the nucleosome core
particles in chromatin at intermediate salt concentration about the physiological range [123,
116, 122]. In fact, the experiments reveal that the chromatin fiber exhibits a dense structure
in this regime with a diameter of about 30 nm, the so-called “30 nm fiber”. The present
results, which predict a stable 30 nm complex fiber at intermediate salt, thus represents a
trend consistent with experiments. The resultant fiber however has a different local structure
and a lower density of spheres (number of spheres per unit length along the fiber axis) as
compared with the experimentally observed 30 nm fiber due to the fact that in the present
model, the chain configuration within the core particle (and the conformation of entering and
exiting chain) can change subject to interactions with other units; while in the experiments
with H1-stabilized linker histone, the core particle configuration is almost fixed (and the
entering and exiting strands form a stem-like pattern). As will be shown later, the constrained
minimization model can improve these aspects of the modeled fiber to some extent.

For large salt concentrations (beyond κ = 1.3 nm−1), the fiber diameter rapidly increases
but the projected distance between spheres as well as the overall solenoidal form of the fiber
(see, e.g., Figure 4.5f) remain intact. At κ = 1.5 nm−1, the tightly packed arrangement of
spheres along the fiber is reflected by a very small ratio d||/DF = 0.077.
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Figure 4.7: a) The projected distance of neighboring sphere centers along the fiber axis, d||, and
b) the fiber diameter, DF, as a function of inverse screening length. The macroion charge and chain
length per unit cell are fixed as Z = 15 and Lc = 68 nm.

Overcharging

It is useful to consider the local structure of the core particles within the fiber in more detail. A
closer view of the unit cell of the fiber is shown in Figure 4.8a for different salt concentrations.
Here I introduce two quantities that measure the degree of PE chain wrapping around each
macroion in the fiber, namely, the adsorbed PE charge, U (that includes only those chain
beads that are within distances less than or equal to 1.02Rs from the sphere center), and the
net charge of the core particle defined as U −Z. Both quantities are shown in Figure 4.8b as
a function of κ.

The unit cell configurations clearly show that the PE chain becomes gradually more
wrapped around the sphere upon increasing the salt concentration amounting to more than
two complete turns at high salt (κ = 1.5 nm−1). As seen from Figure 4.8b, the adsorbed PE
charge increases almost linearly with the salt concentration and reaches a plateau-like region
at high salt in agreement with the behavior observed for a single isolated complex as shown in
Figure 3.10. (The saturation at high salt is due to the finite and fixed length of the PE chain
in each unit cell that is here 200 DNA base pairs.) Note that for the chosen parameters here
(with sphere valency of Z = 15), the core particle is always overcharged, that is U − Z > 0.
The overcharging degree Γ = (U − Z)/Z becomes quite large at intermediate salt, such that
the net complex charge becomes more than twenty times larger in magnitude than the bare
sphere charge.

The figures here clearly display how the entry-exit angle, ψ, changes with salt concentra-
tions as a result of the wrapping process, which in turn affects the overall structure of the
fiber.

Energetics

Another important quantity which can provide more insight into the physical stability of the
complex fiber is the fiber binding energy, ∆E = EF − E0, which is defined as the difference
between the energy of a complex fiber per unit cell, EF, and that of an infinite free PE chain
per unit cell (which in this case contains a straight PE chain of length Lc). Note that the
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Figure 4.8: a) The local structure of the core particles within the numerically determined optimal
fiber for sphere charge valency Z = 15 and various Debye screening length as indicated in the graph.
The total length of the PE chain per unit cell is fixed as Lc = 68 nm (Nbp = 200). The increase
in the number of PE chain turns around the macroion is clearly demonstrated. b) Number of chain
beads (circles) that are attached to the sphere (i.e. within the distance 1.02Rs from the sphere center
where Rs = 5 nm is the sphere radius) as a function of inverse screening length. Note that each bead
is monovalent, thus this number equals the PE charge adsorbed on the sphere. Diamonds show the
net charge of the complex, i.e. the sphere charge −Z plus the PE charge adsorbed on the sphere. At
vanishing salt, the sphere charge is already nearly compensated by the adsorbed PE segment and thus
for larger salt, the sphere is strongly overcharged.

energies here refer to the ground-state energies, that is the minimum values of the complex
fiber Hamiltonian (4.10), which are determined numerically. For an isolated PE chain, the
optimal configuration is a straight line and the energy consists only of the mechanical and
electrostatic self-energy contributions (see, e.g., Eq. (2.4)).

The results for ∆E, are shown in Figure 4.9 as a function of κ. Intuitively, one might
expect that the binding energy decreases with increasing salt due to stronger screening of
the electrostatic intercations. But as shown, the data indicate a non-monotonic behavior for
∆E: At small salt, the binding energy is positive and large indicating that fiber formation
is not favored from an energetic point of view; recall that for vanishing salt, spheres are at
minimum contact with the PE chain (Figure 4.4a), and strongly repel each other by long-
range Coulomb interactions. At small finite salt concentrations (about κ = 0.2nm−1), the
binding energy vanishes and then becomes negative beyond this value.

The binding energy shows a rather flat minimum at intermediate salt regime (about
κ = 0.8nm−1), which indicates the highest energetic stability for the predicted zig-zag 30 nm
complex fiber in the physiologically relevant salt regime. This is one of the main results for the
unconstrained optimization model. Here, the model predicts ∆E ≃ −40 (in units of kBT ),
a large binding energy as compared with the thermal energy (see Ref. [50] and the Refs.
therein). Recall that at intermediate salt the core particles are highly overcharged and there
is a large repulsive interaction between them. But at the same time, electrostatic interactions
become strongly screened, so that at high salt, core particles can be packed in a solenoidal
fiber (Figure 4.5e and f). (In this regime, inter-particle correlations begin to play a role as
negative charges on one core particle tend to face positive charges on the next core particle
in some regions of the fiber that will be discussed later on.)
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Figure 4.9: The binding energy of the fiber (defined as the difference between the optimal value of
the Hamiltonian (4.10) per unit cell and the reference state of the system which is taken to be an
infinite single isolated PE chain in the absence of spheres per unit cell, which in this case contains a
straight PE chain of length Lc) is shown as a function of inverse screening length for fixed Z = 15 and
Lc = 68 nm (Nbp = 200).
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Figure 4.10: a) The two-angle phase diagram for various κ at fixed macroion charge valency Z = 15
and fixed chain length per unit cell Lc = 68 nm (Nbp = 200). The values of κ associated with each
point is indicated on the graph (in units of nm−1). The zig-zag structures (upper left corner), beads-
on-a-string structures (upper right region), and compact solenoids (lower right region) are specified by
closed ellipses and for each case a characteristic structure is shown.
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4.2.3 Two-angle phase diagram

As already mentioned in the section 4.1, the structure of the fiber can be described in terms
of the entry-exit angle, ψ, and the dihedral angle, ξ [122]. By calculating these two angles
for the fiber structure for various salt concentrations, one can sketch a two-parameter ξ − ψ
structural phase diagram. The result is shown in Figure 4.10 for fixed sphere charge Z = 15
and fixed chain length (per unit cell) ofNbp = 200. Open circles give the two-angle coordinates
associated with the numerically calculated optimal configuration at a given inverse screening
length κ (indicated as numbers on the graph).

The phase diagram indicates that the angle ψ determines the compactness of the fiber,
while ξ determines its structural class, e.g., being zig-zag or solenoidal. At small salt concen-
trations, these angles vary rapidly with the salt concentration, which, as mentioned above, is
a consequence of the chain wrapping process. At high salt most of the free length of the chain
available in a unit cell is already wrapped and thus the angles vary weakly. The parameter
which varies more dramatically with κ is ψ. As seen, ψ-angle never becomes smaller than
π/4, due to excluded-volume interactions [137], while ξ spans the whole 0 < ξ < π interval.

The beads-on-a-string patterns are found at the boundaries of the diagram with entry-
exit angles roughly in the range 3π/4 < ψ < π. While the compact solenoidal structures
appear in the lower-left corner, that is with small dihedral angle 0 < ξ < π/4 but large
entry-exit angle 3π/4 < ψ < π. One may thus distinguish a compact solenoidal phase, which
is roughly indicated by a closed ellipse on the lower-right corner of the graph. The 30 nm
zig-zag structures obtained at intermediate salt regime typically appear on the left part of
the graph, that is for π/4 < ψ < π/2 and typically large ξ > π/2.

4.3 Effects of sphere charge on the fiber structure

As discussed in Chapter 2, the sphere charge within the present model is treated as an effective
parameter, that is, it does not necessarily represent the bare charge of the macroion (or histone
proteins in the case of chromatin). In realistic conditions, the macroion charge may be shifted
from its bare value due to the non-linear effects such as charge renormalization and charge
regulation. In fact, the optimal configurations obtained within the present model are most
comparable with the in vitro chromatin structure [116, 122, 123, 125] when the sphere charge
is about Z = 15 (as chosen in the preceding sections), and κ is chosen within the physiological
range around κ = 1.0 nm−1. In other words, Z may be used as a fitting parameter as will be
discussed further below.

In order to bring out the structural changes induced by the sphere charge, I show in Figure
4.11a, the optimal fiber configurations for somewhat large value of the sphere charge Z = 40
and for several different salt concentrations. Chain length per unit cell is fixed as Nbp = 200.
The striking difference with the case of Z = 15 (Figures 4.4 and 4.5) is that at intermediate
salt regime, the fiber shows compact solenoidal (e.g., for κ = 0.6 nm−1) or compact beads-on-
a-string (e.g., for κ = 1.0 nm−1) patterns. While at lower ionic strength, the fiber typically
displays loose solenoidal or swollen zig-zag patterns. The results for the fiber diameter (Figure
4.11c) and the projected sphere-sphere distance (Figure 4.11b) explicitly show that both
quantities are about the sphere diameter DF ≃ d|| ≃ 10 nm for large κ; while the zig-zag
fiber for κ = 0.4 nm−1 shows a diameter of 30 nm. The global patterns obtained for Z = 40
are distinctly different from those obtained in experiments, which indicates a 30 nm diameter
fiber with zig-zag form.
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Figure 4.11: a) Optimal complex fiber structures for various inverse Debye screening length κ as
indicated on the graph (for fixed Z = 40 and Nbp = 200). The resultant structures are loose solenoidal
and beads-on-a-string for κ = 0.2 and 0.3 nm−1 respectively, swollen zig-zag for κ = 0.4 and 0.5 nm−1,
compact solenoid for κ = 0.6 nm−1, and compact beads-on-a-string for κ = 0.8 to 1 nm−1. b) shows
the diameter of the fiber DF as a function of κ for the same parameters as in (a). c) demonstrates
the projected distance d|| as a function of κ for the same parameters, i.e. Z = 40 and Nbp = 200. It
indicates that the zig-zag structure obtained at κ = 0.4 and 0.5 nm−1 is quite loose, with d|| ≃ 20 nm.
Maximum projected distance is obtained for the swollen beads-on-a-string structure at κ = 0.3 nm−1,
where d|| ≃ 40 nm.

These differences are directly caused by difference of the local structure of the core particles
between the two cases with Z = 15 and Z = 40. As shown in Chapter 3, by increasing the
macroion charge at fixed salt concentration, the PE adsorption on the sphere becomes more
enhanced resulting thus in a different structure for the entering and exiting strands of the PE
chain in a core particle. For comparison note that for Z = 40, the PE chain already wraps
at least a complete turn around the sphere for κ > 0.1 nm−1, while for smaller sphere charge
Z = 15, a complete turn occurs only beyond κ = 0.5 nm−1 (see Figure 4.8).

Now I set the salt concentration equal to the typical physiological concentration with
κ = 1 nm−1 and the chain length as Nbp = 200 and vary the sphere charge Z (Figure 4.12a).
The global structure of the fiber drastically varies with small changes in the sphere charge
and, as seen from the data in Figures 4.12b and 4.12c, it evolves from a 30 nm diameter
zig-zag pattern to a thick solenoidal (with diameter of DF = 55 nm), and then to a compact
10 nm diameter beads-on-a-string structure.

These results indicate that in order to obtain structures most compatible with the exper-
imentally observed zig-zag chromatin pattern at intermediate salt concentrations [116, 122,
123, 125], one must set the sphere charge at about Z = 15 within the present unconstrained-
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Figure 4.12: a) Optimal complex fiber structures obtained for various sphere charge valency at fixed
κ = 1nm−1 and fixed length per unit cell (Nbp = 200). The obtained structures show zig-zag pattern
for Z = 15, thick solenoid for Z = 17 and 20, and a beads-on-a-string structure for Z = 23 and above.
b) shows the diameter of the fiber DF as a function of Z for the same parameters as in (a). For Z > 23
it falls into the 10 nm beads-on-a-string fiber. For Z < 23, large diameter indicates thick solenoidal
structure. c) shows the projected distance d|| as a function of Z, which drops to a small value of
d|| = 10 for Z > 40. The rage of variation of d|| is relatively small, i.e. between 10 and 16 nm.

optimization model. For larger Z, one obtains compact beads-on-a-string structure, while for
smaller Z, the PE chain actually does not complete 1-and-3/4 turns around the sphere as
expected for the nucleosome core particles within the chromatin.

In Figure 4.13, I show the two-angle phase diagram for Z = 40 and various κ (a) and for
fixed κ = 1 nm−1 and various Z (b). In the former case (a), both the entry-exit angle and
the dihedral angle typically span intermediate values at small salt concentration and at high
concentrations, ξ tends to π as the spheres tend to align.

4.4 Effects of chain length on the fiber structure

So far I have considered the effects of salt concentration and sphere charge on the structure of
the complex fiber at a fixed length of the chain per unit cell. In this section, I will address the
effects due to changes in the length of the PE chain per unit cell of the fiber for a fixed sphere
charge, Z = 15, and at fixed salt concentration. As before, I represent the chain length per
unit cell, Lc, in terms of equivalent number of DNA base pairs, Nbp, each of length 0.34 nm.
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Figure 4.13: The ξ-ψ structural phase diagram for the study of the effects of sphere charge at fixed
Nbp = 200. a) shows the phase diagram for Z = 40, and various inverse Debye screening lengths κ.
The corresponding values of κ are explicitly indicated on the graph (in units of nm−1). The compact
beads-on-a-string (top right) and the solenoidal (middle right) regions are specified by closed loops and
in each a characteristic structure is shown. The structures of other three isolated points are also given.
b) The phase diagram for varying Z at fixed κ = 1nm−1. The corresponding values of Z are indicated
on the graph. Thick, loose solenoidal region (bottom right) as well as compact beads-on-a-string region
(top right) are shown by closed loops.

4.4.1 Overall behavior for various chain lengths

I change Nbp in the range of 50 to 240 base pairs and, for the moment, fix the inverse Debye
screening length as κ = 0.8 nm−1 and the sphere charge valency as Z = 15. At this salt
concentration, the fiber was shown to be most stable from an energetic point of view (Figure
4.9) and exhibits a 30 nm zig-zag fiber (Figure 4.5).

The numerically calculated optimal fiber structures for various Nbp are shown in Figure
4.14. For relatively large chain length per unit cell, the overall structure changes weakly with
the length and exhibits, for the parameters chosen here, the zig-zag pattern. This is because
the structure of the core particle (i.e. the conformation of the chain wrapped around each
sphere) is nearly independent of the chain length in this regime. Note that for Nbp > 200,
almost 120 base pairs of the PE chain are adsorbed on each sphere, and the rest serves as the
linker chain. As the chain length decreases down to the length adsorbed on the sphere, i.e.
Nbp = 120, the diameter of the zig-zag fiber reduces to that of the macroion sphere displaying
a compact 10 nm fiber with a beads-on-a-string structure.

For smaller chain lengths, there is practically no linker chain present and the core particles
will thus be located very close to each other. As seen in the figure, the fiber structure evolves
to a compact solenoidal pattern with decreasing chain length, quite similar to the behavior
obtained for large κ in the preceding sections. Meanwhile, the number of chain turns around
the sphere decreases such that, for instance, for a total chain length of Nbp = 50 base pairs
per unit cell, only half a turn of the chain is on the sphere as shown in the figure.

The general behavior of the fiber configuration as a function of PE-chain length per unit
cell remains qualitatively the same at different salt concentrations. I show a selected set of
numerically determined optimal configurations in Figure 4.15 for the inverse Debye screening
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Figure 4.14: Optimal fiber configurations obtained from the full minimization of the Hamiltonian
(4.10) for fixed inverse screening length κ = 0.8 nm−1, fixed sphere charge valency Z = 15, and
increasing total chain length per unit cell as indicated in the graph for each structure, in the units
of DNA base pairs (bp). The resultant structures are zig-zag structure for Nbp = 240 down to 150,
compact beads-on-a-string for Nbp = 140, 120 and 50, and compact solenoids for Nbp = 100, 90 and
70.

length κ = 0.4, 1 and 2 nm−1. As discussed in Chapter 3, the total length of wrapped
chain around the sphere is predominantly determined by the sphere charge, Z, and κ. For a
complex fiber with Z = 15, it amounts to 63, 136 and 185 base pairs for κ = 0.4, 1 and 2 nm−1

respectively, when a sufficiently large amount of base pairs are available. The chosen range
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Figure 4.15: Same as Figure 4.14 but for a) κ = 0.4 nm−1, b) κ = 1.0 nm−1 and c) κ = 2.0 nm−1.
The total chain length per unit cell is indicated in the graph. Shown structures are loose solenoids
in (a), zig-zag structures in (b), compact zig-zag for Nbp = 160 in (c), compact beads-on-a-string
Nbp = 220 in (c), and compact solenoid for Nbp = 180, 200 and 240 in (c).

of total chain length per cell are reasonably larger than the wrapped length for κ = 0.4 and
κ = 1 and thus one observes the loose solenoidal and the zig-zag patterns respectively (Figure
4.15a and b). For κ = 2nm−1, however, some of the adsorbed base pairs have to dewrap for
small chain lengths Nbp < 185. The zig-zag structure is no longer stable for this value of κ,
and as shown also before (Section 4.2), compact solenoidal structures are obtained (Figure
4.15c). This is due to the fact that within the core particles, the PE chain wraps almost two
complete turns around the sphere, and therefore, the entry-exit angle, ψ, is almost equal to
π.

4.4.2 Summary of results for different chain lengths

Geometry

In Figure 4.16a and b, I show the results obtained for the fiber diameter, DF, and the projected
center-to-center distance between two consecutive spheres, d||, as a function of the chain length
per unit cell, Nbp (in units of DNA base pairs) for several different salt concentrations. As
seen the fiber typically shows a small diameter of the order DF = 10 to 20 nm for short chain
length (Nbp < 150) and at intermediate salt concentrations. In this regime, the projected
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Figure 4.16: a) The projected distance of neighboring histone centers along fiber axis, d||, and b)
the fiber diameter DF as a function of chain length per unit cell, Nbp, for various salt concentrations:
κ = 0.4 (circles), 0.8 (diamond), 1.0 (triangle-ups) and 2.0 nm−1 (triangle-downs). Both functions
show an overall decreasing behavior with decreasing Nbp, although there are anomalous behaviors,
e.g., for κ = 0.4 nm−1 (in Nbp = 200) and κ = 0.8 nm−1 (in Nbp = 180).

∆E

Nbp

Figure 4.17: Schematic view of the ensemble with fixed number of macroions adsorbed on a fixed
length of PE chain. The relevant control parameter here is the linear density of adsorbed macroions
on the PE chain (1/Nbp), and the energy function to be minimized (on the ground-state level) is the
binding energy per unit length of the PE chain, ∆E/Nbp.

distance, d||, varies in the range d|| = 5 to 10 nm reflecting tightly packed spheres within the
fiber.

Energetic behavior

So far, I have discussed the configurational changes associated with the length of PE segment
per unit cell. But assume that we have a solution of long polyelectrolytes in equilibrium
with a solution of spherical macroions. The question is: What would be the linear number
density of macroions attached to the (infinitely) long polyelectrolyte chain, and what would
be the structure of the resultant fiber? Clearly, a complete answer to this question requires
a full thermodynamic study by considering the full free energy in an appropriate ensemble.
But within the ground-state-dominance approximation, one can address this questions on the

energetic level, i.e. strictly neglecting the entropic effects and approximating the free energy
with the energy.

In order to investigate the stability of the system, one should calculate the energy density.
In an ensemble consisting of fixed number of macroions adsorbed on a fixed, large length of
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Figure 4.18: a) Binding energy of the complex fiber per PE chain unit length as a function of the
concentration of adsorbed macroions on the chain 1/Nbp for different values of κ indicated in the
graph. b) Binding energy of the fiber per unit cell as a function of Nbp for κ = 0.8nm−1 and Z = 15.
The inset shows details of the same graph for the range of 140 ≤ Nbp ≤ 240. Note that ∆E represents
the optimal value of the Hamiltonian (4.10) per unit cell measured with respect to the reference state
of the system which is taken to be the energy of a single isolated PE chain per unit cell, which contains
a straight chain of length Nbp.

PE chain, I will consider the PE as the container and minimize the energy per unit length of
PE chain. The relevant control parameter is the linear number density of attached spheres
to the long PE chain, i.e. 1/Nbp (see the illustration in Figure 4.17). This ensemble refers to
a system where the macroions are depleted from the solution and, e.g. the concentration of
adsorbed macroions is larger than the concentration of macoions in the solution.

For this I consider the fiber binding energy per length, ∆E/Nbp = EF/Nbp − E0/Nbp,
where the first term is the energy of a complex fiber per unit length of the PE chain, and the
second term is the energy of a free PE chain per unit length. Recall that ∆E is defined as the
binding energy of a complex fiber per unit cell, which is the difference between the energy of
a complex fiber per unit cell, EF, and that of an infinite free PE chain per unit cell (which in
this case contains a straight PE chain of length Nbp), E0. ∆E/Nbp is shown in Figure 4.18a
for κ = 0.8 nm−1 and Z = 15 as a function of adsorbed macroion density, 1/Nbp, and ∆E is
shown in Figure 4.18b for the same parameters as a function of Nbp (in this former graph, I
also show the results for κ = 0.4, 1 and 2 nm−1 at large Nbp). Recall that the former case is
suitable for a fiber with fixed number of adsorbed macoions on the PE chain.

As seen for κ = 0.8 nm−1, ∆E/Nbp appears to have two minima at intermediate values
of macroion density, i.e. one at about 1/Nbp = 0.01 (Nbp = 100), where the fiber exhibits a
compact solenoidal structure, and the other minimum at about 1/Nbp = 0.008 (Nbp = 120),
where a compact beads-on-a-string structure is obtained as discussed before. Also ∆E/Nbp

shows an overall convex behavior between 1/Nbp = 0.01 and the limit of infinite dilute (no
macroion adsorbed) PE chain 1/Nbp = 0. In order to examine stable structures in the ther-
modynamic sense, one should consider a systematic common-tangent construction. Although
the present results represent only energetic of the fiber formation process, a naive common-
tangent construction (broken line in Figures 4.18a) suggests a phase separation between two
phases of complex fibers: one phase rich in compact fibers with small chain length per unit
cell (1/Nbp > 0.01) and the other phase rich in un-complexed PE, i.e. with Nbp → ∞ (note
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that for infinite chain length per unit cell, the optimal structure is fully expanded due to
large self-repulsion of chain segments as discussed in Chapter 3). In between, the energy
has a non-monotonic behavior with values higher than the the common-tangent line, which
indicates a region with meta-stable structures within an ensemble of various optimal fiber
structures. This indicates a “gas-liquid”type phase “coexistence”along the fiber, i.e. a part
of the PE chain forms a dense complex fiber with macroions with linear number density of
macroions 1/Nbp ∼ 0.01 (the “liquid”phase) in “coexistence”with the rest it consisting of
the un-complexed PE chain (the infinite dilute “gas”phase). One expects that adding the
entropy of macroions would lead to a more dilute fiber (“liquid-phase”). A complete study of
this phase separation type phenomenon will be considered in the future. Another interesting
problem that one can study is the complex fiber in equilibrium with a solution of macroions,
where one has to take into account the chemical potential of macorions, since the number
of adsorbed macroions is no longer fixed. This may leads to a completely different phase
diagram, where may be able to indicate the binding-unbinding phase transitions.

The binding energy per unit length of chain is also shown in Figure 4.18b for other values
of salt concentration. Note that the data corresponding to κ = 0.8nm−1 lies below the other
data, i.e. for this range of Nbp, the energy of optimal fiber is minimum for κ = 0.8nm−1.

In Figure 4.18b the binding energy per unit cell ∆E as a function of length of PE-
chain is shown. Here also there appear two minima at intermediate values of chain length,
i.e. one at about Nbp = 100, with a compact solenoidal fiber, and the other minimum
at about Nbp = 120, where a compact beads-on-a-string structure is obtained as discussed
before. The behavior of ∆E, however, needs a closer attention since it shows a shallow local
minimum at Nbp ∼ 170 (see the inset). As discussed in the previous section, the optimal
structure corresponding to this local minimum (e.g. for Nbp = 170) exhibits a zig-zag pattern.
Therefore, if a stabilizer transforms this shallow local minimum to a deeper minimum or a
global minimum, this can affect the stable phase in the large chain-length regime favoring
thus zig-zag fibers. The first suggestion for a stabilizer in the case of chromatin would be a
linker histone, which will be considered in the future works.

4.4.3 Two-angle diagram for various lengths

In Figure 4.19, I have sketched a two-angle diagram summarizing structural changes of the
fiber with chain length per unit cell in terms of the entry-exit angle, ψ, and the dihedral
angle, ξ. Here κ = 0.8 nm−1 and Z = 15 are fixed.

Recall that in the case with varying salt concentration (Figure 4.10), the ψ-angle spans
the range π/4 < ψ < π, while the dihedral angle covers the whole range of 0 < ξ < π.
But as seen in Figure 4.19, the optimal configurations are mostly gathered in the boundaries
of the graph. The resultant zig-zag patterns for large chain lengths are concentrated on the
upper-left corner of the graph, that is with large dihedral angles (typically ξ > π/2) and small
to intermediate entry-exit angles (π/4 < ψ < 5π/8). While the beads-on-a-string structure
are located in the upper-right corner displaying large entry-exit angles (ψ > 3π/4) and large
dihedral angles (ξ > 3π/4). Note that the beads-on-a-string patterns are obtained both
with very small chain length per unit cell (e.g., Nbp = 50), where the chain is only partially
wrapped around the sphere, and also with intermediate chain lengths 100 < Nbp < 150 (see
also Figure 4.14). There is a narrow range of chain lengths 50 < Nbp < 100, where fiber
adopts a compact solenoidal form, with 0 < ξ < π/2 and ψ being distributed around 3π/4.

Note that the transition between zig-zag and beads-on-a-string structures involves an
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Figure 4.19: Entry-exit and dihedral angles diagram for various chain length per macroion. The
corresponding values of Nbp is indicated on the graph. The zig-zag region (top left), beads-on-a-string
region (top right) and compact solenoidal region (bottom right) are shown by closed loops.

increasing entry-exit angle ψ which maximizes the distance between adjacent spheres (min-
imizing their repulsion), while ξ changes only weakly. In contrast, the transition between
beads-on-a-string and compact solenoidal structures involves large variations in ξ and small
variations in ψ.

Another point to be noted is that the case with chain length Nbp = 180 that exhibits
a zig-zag pattern is isolated from the zig-zag-dominated area in the graph. This anomalous
behavior reflects the local minimum in the binding energy of the fiber as discussed above.

4.5 Constrained optimization model: a step toward chromatin

When applied to chromatin, the present chain-sphere cell model should be considered with
caution. There are several components in actual chromatin structure with specific nature
which are not captured within the present approach as discussed in detail in Chapter 1. One
of the relevant factors that affects the chromatin structure is the so-called linker histone

H1, a cationic protein which is believed to act near the entry-exit region of the DNA at the
nucleosome. It brings together the two strands of the DNA that enter and exit the central core
particle [116, 123] (see also Chapter 1). In in vitro experiments, H1 histone can be removed
by exposing the system to high salt concentrations (about 0.6 M), and washing the solution
in order to remove dissociated linker histone. In such H1-depleted cases, the chromatin fiber
appears to be rather open and loose (i.e. with low number of histones per unit length along
the fiber) [116]. While in the presence of H1, the fiber is relatively dense and moreover, the
nucleosome structure is stabilized, that is no unwrapping or sliding of the DNA on the histone
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Figure 4.20: In constrained optimization model, the conformation of the chain in each unit cell is
fixed and only the rotational angle χ can vary. The core particle complex (a) consists of a chain
segment of length equivalent to 146 DNA base pairs, whose configuration is obtained from numerical
minimization in the case of single isolated complex. The core particles are linked together with straight
linker chain (b) of various length. The replication procedure (c and d) is the same as explained in
Section 4.1.

octamer is possible [123]. As a result, the number of base pairs complexed with the histone
octamer is fixed.

The full minimization scheme described in the preceding sections may thus serve as a
naive model for chromatin without the linker histone effects as there is no constraint as to
fix the amount of chain adsorbed on the sphere (which is determined by the minimization
procedure and varies depending on system parameters). However, to construct a model closer
to the chromatin fiber with linker histone, I also consider a variant of the preceding model,
in which a constrained minimization scheme is employed.

For this purpose, I fix the structure of the chain complexed with the sphere within each
unit cell according to the optimal (ground-state) configuration of the chain in an isolated
complex, which is obtained separately from a minimization method as explained in previous
chapters. For this I use a chain length equivalent to 146 base pairs of DNA (corresponding
to the chain length in stabilized nucleosome core particle), and then connect the entering and
exiting strands with straight linker chains of arbitrary length. This makes a single unit cell
for the fiber which can be constructed by replicating this unit cell using the transformation
method explained in Section 4.1.2–see Figure 4.20. In this case, there is only a single degree
of freedom, that is χ, which can be varied in order to find the minimum of the effective
Hamiltonian of the fiber as discussed before (see Sections 4.1.4 and 4.1.5).

It is however important to note that this constrained model for the fiber does not explicitly
include the linker histones effects as, for instance, the PE chain strands are far apart at the
entry and exit regions. Yet as it will be demonstrated below, this revised model indeed gives
dense fibers that resemble the 30 nm chromatin fiber more closely both in the overall pattern
and density of core particles along the fiber.

4.5.1 Optimal configurations for various sphere charge

In Figure 4.21, I show several structures obtained from constrained minimization for the
inverse screening length κ = 1 nm−1 and for small to large sphere charge Z. The PE chain
length per unit cell here is fixed at Nbp = 200. Clearly, the compactness of the fiber is less
sensitive to changes in the sphere charge, in main part due to the fact that the conformation
of individual core particle complexes are fixed. As a result, the entry-exit angle of the PE
strand changes weakly as compared with the unconstrained minimization case. Yet as seen,
the fiber becomes denser for large sphere charge: for Z = 15 the number of sphere per 10 nm
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Figure 4.21: Optimal fiber configurations obtained from the constrained optimization model for
various sphere charge Z as indicated on the graph but for fixed inverse screening length κ = 1 nm−1

and the PE chain length per unit cell Nbp = 200. The sphere density (number of macroions per unit
length along the fiber axis), d−1

|| , the binding energy, ∆E, and the fiber diameter DF are given in the

graph for each fiber. The corresponding local structure of the fiber unit cell is shown on the right.

length along the fiber axis is about three (sphere density is d−1
|| = 0.35 nm−1) and for Z = 100,

there are five spheres per 10 nm (sphere density d−1
|| = 0.5 nm−1).

In order to understand the underlying mechanism behind the compaction of the fiber
with the sphere charge, I consider the binding energy of the fiber, ∆E, i.e. the energy of the
optimal configuration measured with respect to the reference state of a free straight PE chain.
While for Z = 15, the binding energy is positive, it becomes highly negative for larger Z as
indicated on the graph, i.e. ∆E = −580.3. This in fact reflects effective attraction between
core particle complexes within the fiber, which results from correlations between positive and
negative patches on each core complex as may be seen already in the spatial configurations.

Note also that the diameter of the fiber is quite stable and is about 30 nm, that is
about the diameter of the H1-intact 30 nm chromatin fiber in the physiological salt regime
(i.e. κ ∼ 1 nm−1). In fact, the striking point here is that within this simple model the
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Figure 4.22: Same as Figure 4.21 but for fixed sphere charge Z = 100 and 40 and various salt
concentrations as indicated on the graph.

entering and exiting strands of the PE chain form a cross pattern as explicitly shown by
focusing on a single unit cell in Figure 4.21 (on the right). This situation (that resembles the
experimentally stem-like pattern for the DNA in a nucleosome) is only obtained within the
constrained minimization and leads to a small entry-exit angle2, and thus a rather compact
fiber. The fiber density at large Z is actually very close to the experimental chromatin value,
i.e. about 5-6 histones per 11 nm.

2The entry-exit angle is a result of the PE-chain structure on the macroion core, which is by itself a function
of Z and κ.
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4.5.2 Optimal configurations for various salt concentration

In Figure 4.22, I show configurations with fixed Z and changing the salt concentration. As
seen for Z = 100, the structure of the fiber becomes expanded for small κ, which is direct
consequence of electrostatic repulsions between spheres, which become stronger at smaller
salt concentration. The density of the fiber reduces to about one sphere per 10 nm and the
fiber diameter increases to about 40 nm for smaller κ as indicated on the graph.

As explained before, the sphere charge should be taken as an effective (or fitting) parameter
within the present model, because the true sphere charge may be regulated in experiments
depending on the pH, or it may shift from the bare value due to charge renormalization effects
in a salt solution. In fact, within the present model, the most relevant fiber configurations
(that resemble the chromatin fiber best) are obtained by changing Z according to the salt
concentrations. This may be thought of as a fitting procedure since the effective sphere charge
is expected to depend on κ. To make this point clear, note that the fiber configurations for
Z = 100 and low κ do not show zig-zag patterns as expected from chromatin experiments
[116, 117, 123, 122, 125]. But zig-zag patterns at small κ may be recovered by taking a smaller
value for sphere charge Z.

In Figure 4.22, I also show the optimal fiber structures for Z = 40 and two different values
for κ. For instance, at κ = 0.5 nm−1, the fiber shows a zig-zag form at this value of the sphere
charge unlike the case with Z = 100.

4.6 Conclusion and discussion

In this chapter, I present a systematic numerical approach for investigating the structural
properties and energetic stability of complex fibers, that are formed by complexation of a long
polyelectrolyte chain with many oppositely charged spheres. The complex fiber is described
using a chain-sphere cell model, in which the detailed structure of the PE chain (locally
wrapped around individual spheres) as well as interactions between various components are
taken into account. These interactions include screened electrostatic interactions (using linear
Debye-Hückel potential) of charged units, the bending elasticity of the PE chain as well as the
excluded-volume interactions between the PE chain and spheres. Here I choose parameters
consistent with the DNA-histone system (e.g., using DNA charge and persistence length and
a sphere diameter of 5 nm) as discussed in Chapter 2, but vary salt concentration, the sphere
charge, and chain length per sphere as control parameters.

I focus on the optimal structure of the fiber, i.e. the structure which minimizes the
effective Hamiltonian of the system. This amounts to a ground-state analysis, which, as
explained in previous chapters, is expected to be valid for strongly coupled complexes. Two
different schemes are used for the optimization (minimization) procedure: i) unconstrained
(or full) optimization, and ii) constrained (or rotational) optimization. In the former case,
I treat position of all chain beads within the fiber as degrees of freedom in addition to an
independent degree of freedom that defines rotation of two adjacent unit cells (core particles)
with respect to each other. This case therefore represents a many variable analysis. In the
latter case, the conformation of the PE chain on each macroion sphere is fixed to that of an
isolated PE-macroion complex. Two such complexes are then linked one by one to form a
fiber with the help of straight linker chains and the only degree of freedom in this case is the
relative rotation of unit cells (core particles) around the linker chain. In both cases, a variety
of optimal structures are obtained for the fiber including, in particular, the zig-zag patterns.
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There are however qualitative differences between the two models as explained below.
In unconstrained minimization, the PE conformation is free to change on the sphere, i.e.

upon changing the salt concentration or the macroion charge, the PE chain in each core
complex may become increasingly more wrapped or dewrapped. As a result, the entry-exit
form of the PE strand varies accordingly leading to dramatic changes in the overall fiber
structure. As shown, the optimal fiber structure shows beads-on-a-string pattern at low salt:
At vanishing salt, the spheres touch the highly expanded PE strand over a short section, which
increases with salt leading to thick loose (or open) solenoidal patterns. At about the inverse
screening length κ = 0.6 nm−1, the chain is already wrapped around the sphere for almost
a complete turn. In this case, the spheres are aligned and form a fiber of diameter about
10 nm, which resembles the swollen 10 nm chromatin fiber. For salt concentrations within the
physiological regime, zig-zag patterns are found as optimal structures and the fiber diameter
is about 30 nm; this diameter and the fact that the fiber form is zig-zag in physiological regime
agree with experimental trends on chromatin, although the unconstrained model predicts a
qualitatively different core particle structure due to the lack of linker histone. In fact, the
entering and exiting strands are displaced and divergent in this case and thus, the density of
spheres appears to be typically small (i.e. about one sphere per 10 nm along the fiber axis).
For higher salt concentrations, the chain wrapping degree still increases and the spheres
become highly packed along the fiber backbone (for fixed chain length per sphere) leading to
compact solenoidal structure. I have also studied the role of sphere charge and chain length per
sphere and their influence on the fiber structure. As shown, by increasing the sphere charge
at physiological salt concentration, fiber undergoes a series of dramatic structural changes
(including transitions between zig-zag, solenoidal and beads-on-a-string patterns) as the PE
chain becomes increasingly more wrapped around individual spheres, leading eventually to a
10 nm fiber consisting of highly packed and aligned core particles. As shown, zig-zag patterns
are obtained as stable structures within the physiologically relevant regime, i.e. κ ∼ 1 nm−1,
when the sphere charge valency is chosen close to Z = 15. This may be thought of as a fitting
procedure in order to obtain structures closer to the experimentally observed zig-zag patterns
for chromatin at intermediate salt concentration, because, as explained before (Chapter 2),
macroion charge should indeed be taken as an effective (or fitting) parameter within the
present model.

In the second approach (constrained optimization model), the core particle structure is
fixed and only the relative rotation of core particles (unit cells) is allowed in order to minimize
the fiber Hamiltonian. As shown, for large sphere charge and within the physiological salt
regime, the fiber shows zig-zag pattern and sphere densities of about 5 spheres per 10 nm
length along fiber axis. The structure as well as the fiber density and diameter in this case
agree more closely with experiments on 30 nm chromatin [123, 122, 125] and also with the
predictions of the two-angle model proposed by Woodcock et al. [122]. Yet it is important to
note that the linker histone effects (or other factors such as histone tails) are not yet explicitly
incorporated within the present model. Interestingly, the dense zig-zag pattern results from
the fact that the entering and exiting strands form a cross pattern leading to a small entry-
exit angle (the form of the entry-exit strands in this case becomes close to the stem-like form
expected in the presence of the linker histone).

Note that, strictly speaking, the present results are obtained for a generic charged chain-
sphere complex fiber and its direct comparison with the 30 nm chromatin fiber (which involves
additional structural and specific details) should be considered with caution. Yet the approach
presented in this chapter provides a systematic numerical method for investigation of complex
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fibers in the limit of strong electrostatic coupling (i.e. where thermal fluctuations are rather
small), which can be easily applied to more sophisticated models as well. In particular,
it can be extended in the future studies so as to analyze the chromatin structure. The
predictions of the constrained optimization model already indicates that further improvements
upon the present model leads to more relevant results when applied to chromatin. Explicit
incorporation of the linker histone constructs an interesting problem for future research.

Another interesting problem is to study the response of the fiber to an externally applied
stress. Recent experiments have shown that the response of the chromatin to an external
mechanical stress can provide more insight into the DNA-histone interactions and the detailed
conformation of the fiber [50] (see Chapter 1). This problem has been considered in several
recent theoretical studies [49, 97]. Finally, one may also consider an inhomogeneous fiber
in which the linker length may vary from one unit cell to the other. In this case, as shown
within the two-angle models for chromatin [122], the fiber may exhibit overall deformations
and large-scale conformational fluctuations.

4.7 Supplementary information: Details of structural analysis

of the complex fiber

In this section, I present a more detailed study of the local complex fiber structure, and in
particular, discuss the periodic properties of the patterns obtained by unconstrained opti-
mization model. I will also consider the distribution of local dipole along the fiber. Here I
concentrate on a case with fixed sphere charge Z = 15 and fixed chain length per unit cell
Nbp = 200.

4.7.1 Fiber axis

In order to determine the geometrical properties of the fiber structure such as its diameter,
projected sphere-sphere distance and periodicity, one needs first to determine the fiber axis,
which can be calculated using the numerically determined (optimal) positions of spheres.

The position vectors of the sphere center along the fiber are denoted here by Rn =
(xn, yn, zn) with n = −∞, . . . ,∞ being the sphere numbering label (recall that within the
present minimal cell model, the consecutive spheres are in equal center-to-center distances
from each other). Although, the fiber takes in general a helical structure, the sphere positions
Rn do not necessarily define a simple helix in space (described with a single periodicity).
When the frame of the reference is chosen such that the fiber axis lies on z-axis (natural
frame), the projected coordinates of sphere centers may be written as

xn = f(n), yn = g(n), zn = h(n), (4.14)

where h(n) is a linear monotonically increasing function of n, and f(n) and g(n) are in
general given in terms of superposing periodic functions of n. Note that, in present study, n
is an integer number, therefore a single helix defined above is exactly periodic only when its
frequency, ω, is a rational factor of π. However, here I give the analyses for a general case of
real n.

Within the minimization procedure described in Section 4.1, the z-axis is initially fixed
and thus the resultant optimal fiber axis may be in general displaced from the origin and
elongated in a different direction as compared with the z axis. Thus the numerically obtained
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components xn, yn and zn have both periodic and linear components, which are combined
linearly via a three-dimensional rotation matrix and possibly also a translation in space.

The axis of the fiber (which is defined to be a straight line of the same distance from all
sphere centers) may be achieved simply from the xn, yn and zn data by averaging out the
periodic component over a long range of n. What remains, i.e. xn, yn and zn, are nothing
but the fiber axis coordinates parametrized by n. To illustrate this point, consider a simple

helix (sinωn, cosωn, n) of unit radius, periodicity ω−1 and unit pitch in its natural frame of
reference. The helix axis is specified by the guide vector (0, 0, 1). In a general coordinates
frame, which may be related to the natural frame by a rotation matrix R̂ and a translation
(x0, y0, z0), the helix is specified by

xn = R11 sinωn+R12 cosωn+R13n+ x0,

yn = R21 sinωn+R22 cosωn+R23n+ y0,

zn = R31 sinωn+R32 cosωn+R33n+ z0,

and the fiber axis in this frame reads

xaxis = R13n+ x0,

yaxis = R23n+ y0,

zaxis = R33n+ z0,

where Rij are different components of R̂. Clearly, this axis can be obtained from (xn, yn, zn)
expressions above merely by averaging over or a sufficiently large range of n that yields

xn = R13n+ x0,

yn = R23n+ y0,

zn = R33n+ z0. (4.15)

I use this procedure to locate the fiber axis in a fixed frame of reference. Given the fiber axis,
one can easily determine the fiber diameter, DF, from the distance of spheres from the axis,
and the projected center-to-center distance, d||, of spheres along the axis.

4.7.2 Periodicity

The periodic structure of the fiber is reflected in the behavior of the sphere center position
Rn = (xn, yn, zn) as a function of n. But as will be shown explicitly later, one typically ob-
serves a complex behavior that reflects a multiple-periodic structure (e.g., a “beating”periodic
pattern). A close inspection (using Fourier analysis) reveals a discrete distribution of wave-
lengths centered sharply around a given wavelength. In general, therefore, the fiber can not
be described by an exact periodicity (because first the ratio between various wavelengths in-
volved is not a rational and moreover the sphere positions form a discrete set), but only an
approximate (or apparent) periodicity may be found (see below).

To characterize the periodic structure of the fiber, I shall make use of the difference
functions ∆xn = xn − xn−1, ∆yn = yn − yn−1, etc., because the linear component of position
coordinates (as discussed in the preceding section) is cancelled out in these quantities.

I will then employ discrete Fourier transformation methods to identify the characteristic
periodicities wavelengths of the fiber from these difference function (one can concentrate, e.g.,
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on ∆xn since all different components lead to the same result). For this I choose a discrete
set of data, say {∆xn} with n = 1, . . . ,Ns for large number of spheres Ns. Fourier transform
with respect to the numbering label n is defined as

∆x̃s =
1√
Ns

Ns
∑

n=1

∆xn exp

(

2πi(n − 1)s

Ns

)

, (4.16)

where s, the so-called mode number, is the Fourier conjugate of n and takes the discrete set
of values s = 0, . . . , Ns − 1. Note that

λ(s) =
Ns

s
(4.17)

represents the wavelength associated with the mode number s defining the structural spectrum
of the fiber. The squared Fourier amplitude,

I(s) = |∆x̃s|2, (4.18)

plotted as a function of s, which will be referred to as the spectral density, reflects structural
periodicity of the fiber of which explicit examples will be given later. If the fiber can be
described by a single periodic function, one obtains a single peak in I(s) at for instance s∗
characterizing a unique periodicity (or wavelength) for the fiber λ∗ = Ns/s∗. Due to the
discrete nature of the data, this peak is accompanied by a symmetric Fourier peak located at
1 − (s∗/Ns).

An exact periodicity, λP, is defined as the number of spheres along the fiber after which
∆xn is repeated, i.e. upon translation n→ n+ λP we obtain the same data as

∆xn+λP
= ∆xn. (4.19)

In general however this relation holds only approximately, i.e. an approximate periodic be-
havior may be found within a finite section of the fiber by including a sufficiently large number
of spheres (I consider typically Ns = 500 spheres). The location of the peak in I(s) does not
directly yield this periodicity when several superimposing periodic functions are involved. To
obtain λP, one in fact needs to filter the information regarding low-wavelength contributions
to the spectral density I(s). In position space, this procedure may be done by choosing a
subset of original {∆xn} data, i.e. as {∆xk}, where k = [n/K]. Here the bracket sign denotes
the integer part of its argument and K = 1, 2, 3 . . . is a given integral number. Clearly, ∆xk

only picks up every K-th data point, which in Fourier space corresponds to filtering out the
wavelengths smaller than K. The filtered spectral density associated with {∆xk} reads

IK(s) =

∣

∣

∣

∣

1
√

[Ns/K]

[Ns/K]
∑

k=1

∆xk exp

(

2πi(k − 1)s

[Ns/K]

)∣

∣

∣

∣

2

k = [
n

K
] , n = 1, . . . ,Ns. (4.20)

This procedure can be repeated for various K by choosing a sufficiently large number of
original data points Ns. I use the following procedure to obtain λP: I first identify the
mode number, s∗, where the original spectrum I(s) = IK=1(s) exhibits a peak. I shall then
filter the spectrum using K = [Ns/s∗] because this peak is typically dominated by the low-
wavelength periodic structure of the fiber. The resultant spectrum shows a new peak at
some mode number s∗∗, which yields the approximate (or apparent) periodicity of the fiber
as λP = Ns/s∗∗. In most cases, the results can be checked explicitly by examining the actual
fiber structure.
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4.7.3 Orientational order of core particles

Another interesting point regarding the organization of the complex fiber is the orientation
of core particles along the fiber. As shown before, the core particles are typically highly
overcharged and have a finite local dipole moment due to their highly asymmetric charge
distribution. This quantity can be used to determine the relative orientation of core particles
along the fiber. For a core particle located at Rn, the local dipole moment is defined as

Pn = q
∑

i

(ri − Rn) (4.21)

(with q = 1 in the present case), where the sum runs only over those PE beads (labeled
by i) that are in contact with the sphere (conventionally defined as beads with distances
|ri − Rn| < 1.02Rs from the center).

The orientation of each local dipole moment may be specified by the polar and azimuthal
angles, θd

n and φd
n respectively, that are measured with respect to a fixed frame of reference

in space (with the z-axis passing through the mid-point of the PE segment lying on a given
sphere–see Section 4.1). The dipole orientations reflect the nature of interaction between
various core particles on the dipolar level. As will be shown, the dipole moments (or a given
component of them) may be oriented parallel to each other reflecting short-range correlations
along the fiber or may be anti-parallel.

In the following sections, I discuss the periodic and dipolar structure of the fiber for a
selected set of parameters in more detail.

4.7.4 Low salt regime κ = 0.2nm−1

I begin with a rather small salt concentration corresponding to Debye screening length κ =
0.2 nm−1 (see Figures 4.4c and 4.23a), where the numerically calculated fiber shows a loose
solenoidal structure.

In order to demonstrate the periodic behavior of the fiber for κ = 0.2 nm−1, I show the
difference sphere position projected along x axis, ∆xn = xn−xn−1, in Figure 4.23b. The ∆xn

data show that the location of spheres in the fiber does not follow a simple helix structure as
given by Eq. (4.15), but it rather indicates a triple-helix for the fiber structure, i.e. sphere
centers lie on three intervening (discrete) helices of roughly the same periodicity. In other
words, a given sphere labeled by n0 defines a simple helix together with a series of spheres
labeled by n0 +3n for integral number n. There are three such helices. This may also be seen
directly from the conformation of the fiber in Figure 4.23b.

In Figure 4.23c, I have shown I(s), defined in Eq. (4.18), which is obtained from the data
in Figure 4.23b using Ns = 500 spheres along the fiber. As seen there is a peak (containing
several mode numbers) centered at s∗/Ns = 0.33, which is accompanied by a symmetric
Fourier peak at 1 − (s∗/Ns). This peak yields a wavelength of about λ(s∗) = Ns/s∗ = 3.0
which in fact reflects the low-wavelength structure of the fiber, that is the existence of three
intervening helices (note that there is also a peak corresponding to the zero mode s = 0).
As may be seen from Figure 4.23b, there is an approximate periodicity, λP, which appears
to be indeed much larger than the value given by the peak location s∗. Information due to
small wavelengths may be filtered by choosing the cut-off K = [s∗/Ns] = 3 that is equivalent
to including only every third point. The spectrum IK=3(s) now reflects the high-wavelength
structure of the fiber with a sharp peak centered at 3s∗∗/Ns = 0.024 as shown in Figure 4.23c.
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Figure 4.23: a) The optimal complex fiber configuration obtained from the unconstrained optimiza-
tion model for κ = 0.2 nm−1 and with sphere charge Z = 15 and fixed chain length per unit cell
Nbp = 200. b) The difference sphere center location along x axis, ∆xn = xn − xn−1, as a function of
the sphere site number n. c) The spectral density of the ∆xn data obtained with no mode-filtering,
labeled with K = 1, and with filtering of wavelengths smaller than 3 (in units of the projected sphere-
sphere distance), labeled with K = 3; see Eq. (4.20). The peak location in the former case specifies
the multiplicity of the helical structure of the fiber (here composed of three helices) and the later case
exhibits a peak at the value corresponding to the approximate (apparent) fiber periodicity. d) The
schematic view of local dipole moments of the core particles distributed along the fiber backbone (see
Eq. (4.21)). e) and f) show the polar and azimuthal dipole angles, θdn and φd

n, respectively (with
respect to a fixed frame in space).

I thus obtain the approximate periodicity of the fiber as λP = Ns/s∗∗ = 125 in units of the
projected distance, d||, between centers of neighboring spheres. This amounts to a very large
scale which can be resolved only when a sufficiently large number of spheres are taken into
account.

In Figure 4.23d, I have schematically shown the orientation of local dipole moments of
the core particles as defined via Eq. (4.21), and shown the orientation angles of each local
dipole moment, θd

n and φd
n, in Figures 4.23e and f as a function of the sphere site label n.

The periodic structure of the fiber shows up also within these graphs. The data for θd
n clearly

show that among each three subsequent dipoles, two of them have z components in the same
direction while the third dipole has a z component in the opposite direction, as may be seen
also from Figure 4.23d.

The dipole orientations reflect repulsive dipolar interactions. One should also note that
the sphere is already highly overcharged with the adsorbed PE segment (Section 4.2.2), and
thus the monopole interactions between different core particles are also highly repulsive.

4.7.5 Intermediate salt regime κ = 0.8nm−1

I now consider the regime of intermediate salt concentrations and focus on the fiber structure
for inverse screening length κ = 0.8 nm−1 (see Figures 4.5b and Figure 4.24a), where the
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Figure 4.24: Same as Figure 4.23 but obtained for κ = 0.8 nm−1.

optimal structure is found to display a zig-zag pattern.

In this case, the sphere centers positions in Figure 4.24b display two sub-helices, which may
also be seen from the fiber configuration itself. Therefore the fiber represents a double-helical
structure. The spectral density of ∆xn data reveals a peak centered at about s∗/Ns = 0.48
corresponding to a wavelength of λ(s∗) = Ns/s∗ = 2.08, which reflects the double helical
structure. Using the filtering procedure with a cutoff K = 2 (see Eq. (4.20)), a long-
wavelength peak is found at 2s∗∗/Ns = 0.044, which gives an approximate periodicity of
λP = 45 in units of the projected sphere-sphere distance, d|| (Figure 4.24c).

The local dipole moments in this case tend to take anti-parallel orientations (Figure 4.24d)
as seen from the θd

n-angle of spheres in Figure 4.24e, which in fact shows that there are wide
periodic regions in which the z component of the dipoles flip-flops in opposite directions as
one moves from one sphere to its immediate neighbors. The polar angle changes almost by an
amount equal to π (Figure 4.24f). The opposite orientation of dipole moments again reflects
repulsive interactions on the dipolar level which adds up with the already repulsive monopole
interactions between overcharged core particles.

4.7.6 Intermediate salt regime κ = 1.0nm−1

For still larger values of the inverse Debye screening length, e.g., at κ = 1.0 nm−1, the optimal
fiber configuration shows a somewhat less ordered structure in terms of the sphere center
locations along the PE chain (Figures 4.5d and 4.25a). This may be seen more clearly from
the ∆xn data in Figure 4.25b, which still however reflects the appearance of a double-helical
structure.

To establish this fact on a quantitative level, I consider the spectral density with no
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Figure 4.25: Same as Figure 4.23 but obtained for κ = 1.0 nm−1.

filtering, i.e. I(s) as shown in Figure 4.25c. It exhibits a peak in the high-mode-number
range at s∗/Ns = 0.456, corresponding to a small wavelength of λ(s∗) = 2.19, which indicates
the double-helicity of the fiber. I thus use a filtering procedure with K = 2, i.e. including only
every second sphere, to find the periodicity of the fiber at longer wavelengths, which shows
up in the form of a low-mode-number peak at 2s∗∗/Ns = 0.132 (Figure 4.25c). This yields an
approximate periodicity length of λP = Ns/s∗∗ = 15 in units of the projected distance. As
seen the periodicity of the fiber is markedly reduced for this salt concentration.

The z component of the local dipole moments flip-flops in opposite directions from one
sphere to its immediate neighbors while the azimuthal angle shows a periodic behavior be-
tween 0 and 2π with the average of π and in periodic ranges comparable to the periodicity of
the fiber (Figures 4.25d-f).

4.7.7 Moderate salt regime κ = 1.2nm−1

I now consider a moderate salt concentration with inverse screening length of κ = 1.2 nm−1. In
general in the large salt regime, the optimal fiber is found to fall within the compact solenoidal
structures (see Figure 4.5e, f and 4.26a), where the projected distance of neighboring sphere
centers is quite small as compared with the fiber diameter.

The location of spheres within the fiber in this case roughly follows a simple (single) helix
as it is evident from the configuration shown in Figure 4.26a. Equivalently, the difference
sphere location in x direction, that is ∆xn = xn − xn−1 plotted in Figure 4.26b, coincides
nearly with a simple periodic curve, which immediately gives the periodicity of the fiber.
The spectral density data show a peak located at s∗/Ns = 0.132 yielding the periodicity
λ(s∗) = Ns/s∗ = 7.57 in units of the projected distance d||.
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Figure 4.26: Same as Figure 4.23 but obtained for κ = 1.2 nm−1.

Interestingly, the local dipole moments of core particles on the fiber exhibit a short-ranged
correlation, i.e. they tend to orient parallel to each other and in the same direction in small
periodic domains composed of a few core particles (Figure 4.26d). This is seen clearly from
the polar angle of the dipoles shown in Figure 4.26e, which indicates the appearance of two
distinct domains with opposite dipole orientation; but in each domain dipole moments have
almost the same z component. The azimuthal angle is almost constant in each domain but
varies by an amount equal to π from one domain to the other.



Chapter 5

Thermodynamic Stability of
PE-Macroion Complexes

I investigate the thermodynamic stability of complexes formed by one semiflexible charged poly-

mer wrapped around an oppositely charged sphere by incorporating thermal fluctuations around

the ground-state configuration. Choosing parameters suitable for the DNA-histone system, I

determine all conformational eigen-modes and the corresponding eigen-value spectrum of the

complexed chain fluctuations on the sphere, from which the free energy of complexation is ob-

tained. This free energy includes the adsorption energy of the chain as well as the entropy

loss the chain suffers upon binding to the sphere. Using this I determine the so-called reac-

tion constant corresponding to the complex formation process in a dilute solution of charged

polymers and macroions. Hence a global complexation phase diagram as a function of salt and

DNA/histone concentration is obtained, which exhibits qualitative agreement with experimental

results.

In the preceding chapters, I focused on examining the structure and conformation of
strongly coupled complexes consisting of a highly charged polyelectrolyte (PE) chain and
oppositely charged spherical macroions. As demonstrated, these complexes exhibit a flat
PE layer adsorbed on the sphere with pronounced lateral order due to mutual electrostatic
repulsion of the PE segments. The strong PE adsorption energy and the large effective
(electrostatic plus mechanical) bending rigidity of the PE chain allow one to employ ground-
state analysis to investigate the structure of these complexes, neglecting thus the effects due
to thermal fluctuations (Chapter 3). Fluctuation effects become large and dominant for
weakly coupled complexes, that is at high-temperatures and for weakly charged chains and
macroions, where the adsorption energy becomes comparable to the thermal energy giving
rise to a diffuse adsorbed polymer layer on the sphere as investigated in several other studies
[58, 59, 37]. For strongly coupled complexes, which are considered in the present work,
fluctuation effects are relatively small but it becomes particularly important to examine these
effects when the thermodynamics of the complexation process in a solution of macroions and
PE chains is of concern. Here one has to incorporate chain fluctuation effects in order to obtain
both chain adsorption (complexation) and desorption (de-complexation) behavior. Despite
numerous studies on strongly coupled complexes on the ground-state level, the role of thermal
fluctuations has not yet been analyzed in a systematic fashion.

Leaving aside kinetics of adsorption, the key issues here are: i) what is the reaction
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constant of complex formation, and ii) what is the phase behavior of the mixed solution of PEs,
spheres and complexes as a function of concentration of different species. Recent experiments
on nucleosomal core particles (NCPs) have in fact addressed the DNA adsorption process
on histone proteins in dilute NCP solutions [83, 113, 88, 89, 90, 103, 104]. An association
(or complexation) equilibrium has been observed between free (unassociated) DNA chains
and histones in solution with the complexed ones in the range of small to moderate salt
concentrations [103, 104]. It is shown in particular that at higher salt, a larger concentration
of histones is required to form complexes, reflecting the role of electrostatic interactions in this
process. Understanding this behavior has received less attention in the previous theoretical
works and in particular, the reaction constant of complexation is not known. Note that
the reaction constant for a bimolecular reaction has units of an inverse volume: for simple
reactants, this volume depends on the range of the binding potential (or, in the quantum limit,
on the thermal wavelength) and arises from mutual vibrations of the binding partners in the
product. When a flexible polymer binds to a sphere, the interpretation of this inverse volume
factor is less obvious and requires determining the full entropy loss upon binding of the chain,
as will be made clear later on. Note that simulations, which have been successfully used for
the study of the complexation equilibrium between spheres and moderately charged polymers
[51, 52, 44, 47], face a severe and fundamental problem for parameters corresponding to the
strongly coupled complexes (such as DNA-histone complexes): Here the binding energies
are much larger than kBT , and the PE stiffness induces pronounced free energy barriers,
so that astronomically large simulation times would be needed to observe spontaneous de-
complexation. Similar problems occur in many other complex many-body systems; a solution
is provided recently by the so-called metadynamics [53].

In this chapter, I will study the effects of thermal fluctuations on the structure of a
strongly coupled PE-macroion complex within the chain-sphere model introduced before.
As the main result, I will determine the thermodynamic stability and phase behavior of
such complexes in solution as a function of salt and PE/macroion concentration. Here I
will consider only complexes formed by one sphere and one charged semiflexible chain and
do all explicit calculations for parameters corresponding to the well-studied nucleosomal core
particles. But the methods presented here can in principle be used for any strongly complexed
polymer-particle system.

Thermal fluctuations of the PE on the macroion will be examined using a normal-mode
analysis and based on a saddle-point approximation that incorporates small-amplitude fluc-
tuations around the optimal path (ground state conformation) of the chain. By identifying
all normal modes of chain fluctuations and determining their corresponding eigen-values (the
spectrum of fluctuations), the free energy of complexation is determined, which incorporates
the energy gain as well as the entropy loss associated with the complexation of the PE chain.
I will then derive the relation between this free energy and the reaction constant, which in-
troduces the law of mass action for the PE-macroion complexation. This allows to sketch the
complexation diagram as a function of salt and PE/macroion (or DNA/histone) concentra-
tion which shows qualitative agreement with the experimental phase diagram [103, 104]. Here
I will focus on dilute solutions of macroion and PEs and thus neglect interactions between
different complexes, which will be studied separately in the forthcoming Chapter 6.

As discussed in Chapter 2, the present model accounts for the electrostatics effects on the
linear Debye-Hückel (DH) level and thus neglects non-linear effects due to charge regulation
and charge renormalization [56] (neglecting, as a result, also counterion release effects [54, 55]).
These factors shift the effective charge of macroions and the effective linear charge density of



5.1 Ground-state of a single complex 93

PEs from their bare values. The influence of non-linear effects on the resulting phase diagram
can be examined within the present model by considering the macroion charge and the chain
linear charge density as effective parameters within the DH theory. I will thus vary macroion
charge and consider both bare and fully renormalized PE charge as predicted by Manning
for an infinite chain as the upper- and lower-bound values for the actual PE charge (see
Chapter 2). As will be shown, a reduced macroion or PE charge leads to a more enhanced de-
complexed phase since the chain adsorption energy decreases but qualitative features remain
the same.

The organization of this chapter is as follows: In Sections 5.1, I briefly recall the details
of the model used in the present work and the results for the ground-state conformational
phases of a complex that were discussed in detail in Chapters 2 and 3. In Section 5.2, I
obtain a general free energy expression for a dilute solution of PEs and macroions and derive
the law of mass action governing the complexation process. The complexation free energy is
calculated explicitly in Section 5.3 using a normal-mode analysis of chain fluctuations that
are analyzed in detail for various ground-state phases. In Section 5.4, I present the predicted
complexation phase diagram of PEs and macroions.

5.1 Ground-state of a single complex

Review of the model

As discussed before (Chapter 2), the polyelectrolyte chain is modeled as a semiflexible chain
of length L, linear charge density −τe and persistence length ℓp. The macroion is a semi-rigid
sphere of radius Rs and opposite charge Ze. The Hamiltonian for the PE chain in units of
kBT consists of electrostatic and bending contributions

Hp[r(s)] =
ℓp
2

∫ L

0
r̈2(s) ds+ τ2ℓB

∫ L

0
ds

∫ L

s
ds′

e−κ|r(s)−r(s′)|

|r(s) − r(s′)| , (5.1)

where r(s) specifies the chain configuration and s its contour. The Bjerrum length ℓB =
e2/(4πεε0kBT ) is about ℓB ≈ 0.7 nm in water and at room temperature, and κ =

√
8πℓBCs

is the inverse screening length associated with monovalent salt concentration Cs. The PE-
macroion interaction reads

Hpm[r(s)] = − ZτℓB
1 + κRs

∫ L

0
ds

[

e−κ(|r(s)|−Rs)

|r(s)| −Ae−(|r(s)|−Rs)/α
]

(5.2)

contains the electrostatic contribution (first term) and a soft repulsion term (second term),
which is characterized by strength A and range α (chosen as A ≪ 1/Rs and α < κ−1–see
Section 2.1.3 and Appendix E for details). The Hamiltonian of a chain-sphere complex is
obtained by combining the above two expressions, i.e.

Hc = Hp + Hpm. (5.3)

In this chapter, I choose parameters suitable for DNA-histone complexes, i.e. L =
49.64 nm corresponding to 146 base pairs of DNA, ℓp = 30 nm as the mechanical persistence
length of DNA (obtained in the limit of high salt and not including electrostatic stiffening
effects, which are incorporated explicitly in the present model), Rs = 5 nm as the effective
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Figure 5.1: Numerically calculated ground-state configurations of a complex fall into four symmetry
classes: fully symmetric or expanded phase F, mirror symmetry phase M, asymmetric phase A and
rotational symmetry or wrapped phase R. Here they are obtained for Z = 40 and inverse Debye
screening lengths κ = 0, 0.1, 0.2 and 0.5nm−1 respectively.

histone radius (which also includes the radius of DNA–see Section 2.1.2), and in most calcula-
tions τ = 5.88 nm−1 corresponding to the maximum dissociation of phosphate groups in the
case of DNA. The true histone charge is regulated depending on the pH, and charge renor-
malization shifts the effective sphere and PE charges from their bare values [55]. Hence Z and
τ are parameters that approximately include both charge regulation and renormalization. I
will return to this point later in Section 5.4.

In order to proceed the continuum chain model is discretized into N rigid subunits ui

(bond vectors) of fixed length ∆ = L/N , each characterized by a polar and an azimuthal
angle θi and φi as explained in detail in Chapter 2 (see Figure 2.4). The minimization of Hc

is performed numerically in the configurational space of all subunit angels by taking typically
N = 250 discretization subunits.

Ground-state phases

Ground-state conformations of the chain fall into four symmetry classes, see Figure 5.1b,
where typical structures are shown for different salt concentrations and fixed sphere charge
Z = 40. The fully symmetric phase F (for κ = 0) exhibits two-fold rotational symmetry
around the axis connecting the mid-point of the chain to the sphere center and also mirror

symmetry, i.e. the chain has a planar two-dimensional structure. Phase M (for κ = 0.1 nm−1)
only has mirror symmetry; in the asymmetric phase A (for κ = 0.2 nm−1) both symmetries
are broken, and in phase R (for κ = 0.5 nm−1), the chain only exhibits rotational symmetry.
In agreement with experiments, the highly condensed phase R is only stable for intermediate
salt concentrations, which can be traced back to a subtle interplay between electrostatic
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repulsion between PE segments (which is most pronounced at low salt concentrations) and
the mechanical bending rigidity (which becomes stronger than the electrostatic attraction
between sphere and PE at high salt concentration) [48, 49]. For both low and high salt
concentration, the PE exhibits a rather elongated conformation.

5.2 Complexes in solution: Complexation free energy

I now consider a solution of PEs, charged spheres and complexes formed by one PE and
one sphere (generalization to complexes formed by more than one sphere or PE is straight-
forward). I assume that these three components are in equilibrium and with total con-
centrations of Cm, Cp and Cc for macroions, PEs, and complexes respectively (I assume
Cp = Cm = C0 is constant). The complexation of PEs and macroions is driven by strong
electrostatic attraction between them, while entropic gain due to both conformational and
translational degrees of freedom of the PE chain favors desorption or de-complexation. In
order to describe the equilibrium maintained by these two competing contributions, I will
consider the total free energy density (that is the free energy per unit volume) of the solution,
Ftot. In the dilute limit , one can write this latter quantity (in units of kBT ) as

Ftot = −Sm − Sp − Sc + CpFp + Cc∆F , (5.4)

where the ideal translational entropy density for free PE chains (of concentration Cp −Cc) is

Sp = −(Cp − Cc) ln(Cp − Cc) + (Cp − Cc) (5.5)

with similar expressions for the translational entropy density of free macroions, i.e.

Sm = −(Cm −Cc) ln(Cm −Cc) + (Cm − Cc), (5.6)

and for complexes as
Sc = −Cc lnCc + Cc. (5.7)

Here ∆F represents the chemical potential of a complex (see below), which will be referred to
in what follows as the binding free energy or complexation free energy. Fp represent chemical
potential of a single PE chain, which in the dilute limit is dominated by the internal free
energy of the chain. Note that the above approximate expressions are valid as long as the
typical distance between complexes is larger than the Debye screening length.

Minimizing the free energy Ftot with respect to the concentration of complexes, Cc, gives
the law of mass action for the complexation “reaction”as

K ≡ Cc

(Cp − Cc)(Cm − Cc)
= e−∆F , (5.8)

whereK is the so-called equilibrium constant. Assuming equal total concentration of macroions
and polymers, Cm = Cp = C0, I obtain

Cc ≃ C2
0 e

−∆F (5.9)

from Eq. (5.8) in the low concentration limit C0 exp(−∆F) ≪ 1. Inserting this back into the
free energy expression (5.4), I find

Ftot ≃ 2C0(lnC0 − 1) + C2
0 exp(−∆F). (5.10)
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This equation is indeed equivalent to the first terms of a standard virial expansion for the PE-
macroion solution, where the coefficient of the last term represents the second virial coefficient
associated with different species and depends on effective pair interactions between PEs and
macroions (see Appendix C.2 for details). The contribution due to PE-PE and macroion-
macroion interactions are however negligible as compared with the PE-macroion interaction,
since the latter amounts to a strongly attractive interaction. Hence, one can associate the
term e−∆F approximately with the second-virial of PE-macroion interaction. The explicit
second-virial expression in Appendix C.2 shows that

∆F = Fc −Fp, (5.11)

where Fp and Fc are defined as

Fp = − ln

[

4π

∫ 1

−1

N−1
∏

i=1

d cos θi

∫ 2π

0

N−1
∏

i=1

dφi e
−Hp

]

, (5.12)

Fc = − ln

{

4π

∫ ∞

0
r2P drP

[(

2π

∫ 1

−1

N
∏

i=1

d cos θi

∫ 2π

0

N−1
∏

i=1

dφi e
−Hc

)

− e−Fp

]}

, (5.13)

with Hc = Hp + Hpm being the complex Hamiltonian, and Hp and Hpm being single PE
Hamiltonian and the PE-macroion interaction as given in Eqs. (5.1) and (5.2) respectively.

Note that Fc and thus ∆F as defined above have logarithmic volume units, ∼ lnV , as
required by dimensional analysis of the law of mass action Eq. (5.8). In order to proceed
with a dimensionless representation of free energies, I rescale the integrand in Eq. (5.13) by
the volume of a sphere,

V0 =
4

3
πR3

s , (5.14)

and thus redefine Fc as

F̃c = − ln

{

3

R3
s

∫ ∞

0
r2P drP

[(

2π

∫ 1

−1

N
∏

i=1

d cos θi

∫ 2π

0

N−1
∏

i=1

dφi e
−Hc

)

− e−Fp

]}

. (5.15)

As a result, the law of mass action (5.8) is rewritten as

K ≡ Cc

(Cp − Cc)(Cm − Cc)
= V0 e

−∆F̃ , (5.16)

where now ∆F̃ = F̃c −Fp is obtained from Eqs. (5.12) and (5.15). In what follows, I will use
this dimensionless representation to calculate F̃c and ∆F̃ .

5.3 Nomal-mode analysis of chain fluctuations

The integrals in (5.12) and (5.15) are taken over degrees of freedom associated with a free and
a complexed chain respectively. For the free chain, I arbitrarily fix the direction of one bond
vector and the remaining 2N −2 degrees of freedom are represented by a vector xp = {θi, φi}.
For the complex, the 2N degrees of freedom are xc = {θi, φj 6=P , rP }, where rP is the distance of
the chain middle bead (P = N/2) from the sphere center and I have eliminated the azimuthal
angle of this bead since it constitutes a Goldstone mode (see Chapter 2).
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Since the mechanical persistence length of the DNA (∼ 30 nm) is comparable with its
length (∼ 50 nm), thermal fluctuations of the chain around the ground state are small. Thus
the integrals in Eqs. (5.12) and (5.15) can be approximated by a saddle-point expansion
around the ground state as explained in Section 2.2. To this end, I expand the Hamiltonians
Hp and Hc up to second order around the ground-state configuration of a single free chain,
which is a straight line and will be denoted by x∗

p, and that of a complex x∗
c respectively. Note

that for a complex, the optimal or ground-state configuration, x∗
c , is calculated numerically

as before. For a complex, I write

Hc(xc) = H∗
c +

1

2
(xc − x∗

c)
t H′′

c (xc − x∗
c), (5.17)

where H∗
c = Hc(x

∗
c) is the ground-state energy with ∂Hc/∂x

∗
c = 0, and

H′′
c =

∂2Hc

∂x∗
c∂x

∗
c

(5.18)

is the Hessian matrix. A similar expansion is used for the single PE fluctuations. The elements
of the Hessian matrix are calculated explicitly in Appendix A.

Using these expressions, the integrals in Eqs. (5.12) and (5.15) reduce to coupled Gaussian
integrals, which can then be calculated by diagonalizing the Hessian matrix according to

y = Atx, (5.19)

where A is the unitary matrix containing the orthonormal eigen-vectors of the Hessian. I
obtain the eigen-vectors numerically [3] by solving the eigen-value problem

H′′A = AΛ, (5.20)

where Λ is a diagonal matrix containing the corresponding eigen-values λn of the Hessian
matrix. In the space of new variables y, the Gaussian integrals in Eqs. (5.12) and (5.15)
factorize. Since the width of the Gaussian integrands, given by the inverse eigen-values
∼ λ−1

n , is narrow, one can extend the integration boundaries to infinity. Within the saddle-
point expansion, the complex and the single-PE free energies are obtained as

F̃c = H∗
c + F (1)

c , (5.21)

Fp = H∗
p + F (1)

p , (5.22)

where the Gaussian-fluctuations corrections to the ground-state energy of an individual com-
plex, H∗

c , and that of a single PE chain, H∗
p, are then obtained as

F (1)
c = −

2N
∑

n=1

ln

(√

2π

λc
n

)

− ln

(

8π2
2N
∑

n=1

(Ac
2N,n)2

λc
n

)

(5.23)

F (1)
p = −

2N−1
∑

n=2

ln

(
√

2π

λp
n

)

− ln(4π), (5.24)

respectively, where λc
n and λp

n denote the corresponding eigen-values (see below). These terms
incorporate the entropy due to internal degrees of freedom of free PE chains and individual
complexes. Note that the translational entropy of free PE chains, free macroions and that of
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Figure 5.2: a) The first four distinct eigen-modes of free PE chain fluctuations for κ = 5 nm−1.
b) Eigen-value spectrum, λp

n, of a single PE chain of length L = 49.6 nm for three different salt
concentrations. The inset shows the electrostatic contribution, λp

n − λ0
n, without the mechanical part,

λ0
n. c) Different contributions to the free energy of a free PE chain as a function of κ. The main set

shows the fluctuations correction term, F (1)
p , as a function of κ. The inset shows the ground-state

energy term, H∗
p, corresponding to the minimum of the Hamiltonian (a straight chain), as a function

of κ.

complexes (from center-of-mass coordinates) are separately accounted for in the free energy
density expression (5.4).

Before proceeding further with the calculation of the free energy, it is useful to examine
the normal modes and fluctuation spectrum of a PE chain around its ground-state both when
it is free in the solution and when it is complexed with a macroion.

5.3.1 Normal modes of a free PE chain

In Figures 5.2a and b, I show the eigen-value spectrum of a free (uncomplexed) PE chain,
that is λp

n, as a function of the mode number n, for three different salt concentrations, and
visualize the first four distinct eigen-modes.

Note that the spectrum of a neutral semiflexible chain reads

λ0
n = 4(Nℓp/L) sin2((n − 1)π/4N) (5.25)

for odd and
λ0

n = 4(Nℓp/L) sin2(nπ/4N) (5.26)

for even values of the mode number n = 2, . . . , 2N−1, reflecting the two-fold degeneracy of the
spectrum (I discard the trivial zero-modes n = 0 and 1 for the free chain). λ0

n represents only
the mechanical contribution to the spectrum. The electrostatic contribution to the spectrum
is given by λp

n − λ0
n, which is shown in the inset of Figure 5.2a. It depends logarithmically
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Figure 5.3: a) The first ten eigen-modes of fluctuations around the ground-state phase F (for Z = 40
and κ = 0 nm−1) shown from the side or top views as indicated on the graph. Chain vibrations are
shown with both positive (thick curve) and negative (thin curve) amplitudes, which are enhanced for
the sake of representation. b) The spectrum of chain fluctuations in phase F for Z = 20 compared
with that of a free PE chain for different inverse screening lengths κ = 0 (full line), 0.1 nm−1 (dashed
line) and 0.2 nm−1 (dot-dashed line).

on n [178, 179, 180, 181, 182, 183, 184], but exhibits a rather small correction to the neutral
limit due to the high mechanical rigidity of the PE chain ℓp = 30 nm.

In Figure 5.2c, I consider the contributions to the internal free energy of a single PE chain,

namely, the leading ground-state energy term, H∗
p, and the fluctuations correction term F (1)

p

as defined in Eqs. (5.22) and (5.24). Recall that this latter quantity represents the (negative)
entropy of fluctuations associated with internal degrees of freedom of the PE chain. The
comparison between these two quantities will also give us a measure for the regime of validity
of the saddle-point approximation.

As seen, both contribution decrease for increasing κ. The ground state energy tends
to zero in the neutral limit κ → ∞, while fluctuations contribution tends to a constant
corresponding to the entropy of fluctuations of a neutral semi-flexible chain. The behavior of

F (1)
p therefore indicates that with growing electrostatic screening, the chain fluctuations and

thus the chain conformational entropy increases. In fact, H∗
p and F (1)

p curves cross each other
at about κ = 4 nm−1 (for the chosen set of parameters here, i.e., ℓp=30 nm, τ = 5.88 nm−1

and discretization degree N = 250). The saddle-point approximation thus breaks down for
a single chain beyond this value as chain fluctuations dominate and higher-order corrections
(beyond Gaussian fluctuations) become relevant.

5.3.2 Normal modes of a complexed PE chain

In the complex phases, the eigen-value spectrum of chain fluctuations, λc
n, exhibits more

features. In general, the two-fold degeneracy present in the spectrum of an isolated chain is
broken in the case of a complex due to the spatial inhomogeneity introduced by the presence
of the sphere’s central attractive potential.
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Figure 5.4: a) Several eigen-modes of fluctuations around the ground-state phase M (for Z = 40
and κ = 0.1 nm−1). The corresponding mode number n is indicated on the graph. b) The same as a)
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Extended phase F

In Figure 5.3a, the first ten eigen-modes of fluctuations around the expanded phase F are
visualized (for Z = 40 and κ = 0) which explore all possible symmetries: modes n = 4 and 8
preserve the full symmetry of the ground state, that is both mirror symmetry (amounting to
a planar configuration) and the two-fold rotational symmetry, while modes n = 3, 7, 9 and
10 break both symmetries. The modes n = 2, 5 and 6 are non-planar but keep the rotational
symmetry. Note that these modes show either in-plane (in the plane of the ground-state
configuration) or normal-to-plane (normal to the plane of the ground-state configuration)
vibrations. In the former case, fluctuations may cause vibrations normal to the sphere surface
(also penetration or detachment of beads from the sphere), which are energetically costly.
These fluctuations thus typically constitute higher order modes (large n). It is interesting to
note that the excited states for n = 3, 9 and 10 exhibit a three-dimensional chain conformation
but still possess mirror symmetry with respect to the plane perpendicular to the ground-state
configuration plane. This situation is not found for the ground-state configurations (see
Chapters 2 and 3) but it is observed also among meta-stable states [44, 43].

In Figure 5.3b, the spectrum of phase F for Z = 20 and different values of κ, that is κ = 0,
0.1 and 0.2 nm−1, is shown and compared with the spectrum of a single PE-chain with the
same values chosen for κ (note that the chain spectra are not distinguishable in the scale of
the graph–see also figure 5.2b). For κ = 0, the spectrum of the complex roughly coincides
with the spectrum of the free PE chain, reflecting the fact that the complex ground state in
this case has a shape quite close to a straight line. As κ becomes larger, complexation degree
increases and deviations from the free chain spectrum become larger. Interestingly for smaller
mode numbers, the complex eigen-values are smaller and thus fluctuations are more enhanced
as compared with a free PE chain, while at high mode numbers the complex eigen-values are
typically larger.
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Asymmetric phases M and A

In Figure 5.4a, I show several eigen-modes of chain fluctuations for Z = 40, κ = 0.1 nm−1,
where the ground state exhibits the conformational phase M, that is the rotational symmetry
of chain configuration is broken, but the mirror symmetry still holds. Note that the low energy
fluctuations, as shown in the figure, display mainly vibrations tangential to the sphere surface;
there is also a fixed node on the sphere surface, which separates the “tail”and the “head”part
fluctuations. Figure 5.4b shows the eigen-modes around a ground state configuration for
Z = 40 and κ = 0.2 nm−1, which exhibits the asymmetric phase A. This case displays more
complex eigen-modes due to the non-planar form of the ground state conformation.

In Figure 5.5, I compare the spectra of Gaussian-fluctuations around the symmetry classes
F, M and A that are obtained for Z = 40 and κ = 0, 0.1 and 0.2nm−1 respectively. As seen,
low-energy modes are more easily excited in phase M as compared with other phases because
it has smaller eigen-values typically for n < 300. This is related to the fact that phase M
occurs for higher salt concentrations as compared with phase F. In general, one expects that
chain fluctuations become stronger at higher salt, but on the other hand, the wrapping process
as will be shown later suppresses the fluctuations at intermediate salt concentrations, e.g.,
within phase A. As a result, the intermediate phase M appears to be more favorable from an
entropic (or fluctuations) point of view as compared with all other phases displaying typically
larger entropic contribution (smaller free energy contribution) from fluctuations around the
ground state (Figure 5.7a below).

For higher-order modes (n > 300), eigen-values rapidly increase with the mode number n
due to energetically costly vibrations in the direction normal to the sphere surface. This effect
appears to be more dramatic in phase M, while, for instance, in phase A, the structure of
the head part (segments in contact with the sphere) is three-dimensional and allows stronger
tangential vibrations.
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Figure 5.6: a) Eigen-modes of chain fluctuations around the ground-state phase R (for Z = 40 and
κ = 0.5 nm−1). b) The fluctuations spectrum of phase R (with Z = 40) compared with that of an
isolated PE chain for different inverse screening lengths κ = 0.5 (solid curve), 1 (dot-dashed curve)
and 2 nm−1 (dotted curve). The inset shows the same graph for mode numbers n < 150 in logarithmic
scale. c) The spectra for κ = 0.2 (dot-dashed curve) and 0.4 nm−1 (dashed curve), which belong to
the symmetry class A, and for κ = 0.5 nm−1 (solid curve), which belongs to the symmetry class R.
All spectra are obtained for Z = 40.

Fully wrapped phase R

In the fully wrapped phase R, the eigen-modes typically correspond to tangential vibrations
for small n as shown in Figure 5.6a. Figure 5.6b shows the spectrum of fluctuations in phase
R for Z = 40 and three different values of κ = 0.5, 1 and 2 nm−1, which are compared with
the spectrum of a single isolated PE chain in the same salt concentrations. The eigen-value
spectrum differs drastically from the isolated PE chain and is quite insensitive to changes in
salt concentration, which reflects the fact that the ground-state conformation varies weakly
with the salt concentration.

In order to examine the general dependence of the eigen-values, λc
n, on the mode number,

n, I compare the spectrum with that of a PE chain in the inset of Figure 5.6b, where all
spectra are plotted on logarithmic scales for small n (n < 150). It is seen that for small n,
the slopes of the complex and the isolated chain curves are almost the same, but they have
different intercepts. Thus the surprising result is that for small n, the dependence of the
spectrum of a complex in phase R to n is nearly the same as the dependence on n of the
spectrum of a PE chain.

In Figure 5.6c, I show the spectrum for κ = 0.2 nm−1 and κ = 0.4 nm−1 with Z = 40,
which both have the symmetry class of A, and for κ = 0.5 nm−1 with the same Z, which has
the symmetry class of R. By increasing κ, the wrapping transition occurs between phase A
and phase R; therefore the spectrum of phase A tends to that of phase R.
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5.3.3 Fluctuations contribution

Now I will consider the fluctuations contribution to the complexation free energy. Recall that

fluctuations contribute to the free energy via the second-order correction terms F (1)
c and F (1)

p

as defined in Eqs. (5.23) and (5.24) for a free PE chain and a complex respectively. Note that
the binding free energy ∆F̃ = F̃c −Fp, Eq. (5.11), is only due to internal degrees of freedom
and may be written as

∆F̃ = ∆H∗ + ∆F (1), (5.27)

comprising adsorption energy due to the difference in ground-state energy of a complexed
chain and a free PE chain,

∆H∗ = H∗
c −H∗

p, (5.28)

and the fluctuations correction term,

∆F (1) = F (1)
c −F (1)

p , (5.29)

which is a measure of the chain entropy loss upon complexation with the macroion. In what
follows, I shall compare various contributions to the binding free energy as a function of salt
concentration.

Figure 5.7a shows the ground-state energy contribution, H∗
c , and the fluctuations contri-

bution, F (1)
c , of a complex as a function of κ for fixed Z = 40. The inset shows the detailed

behavior of F (1)
c on logarithmic κ scales, where boundaries between different symmetry phases

are included. The phase sequence is determined by minimizing the free energy Fc in the com-
plexed phase. The shift of these phase boundaries as the Gaussian-fluctuations correction

F (1)
c is added is quite small.

As seen, for small to moderate salt concentrations, the fluctuations correction is smaller
than the ground-state energy, but it becomes larger beyond a typically large value of κ ≃
3 nm−1, meaning that the present saddle-point approximation, which considers small-amplitude
fluctuations around the ground state, breaks down at very high salt concentration. The ex-
perimentally relevant regime of salt concentrations (corresponding to κ ∼ 0.5 − 1.5 nm−1)
is, however, within the regime of validity of the saddle-point approximation. The results in

the inset indicate that F (1)
c exhibits non-monotonic and quite complicated behavior with salt

concentration. This behavior results from an interplay between the screening of electrostatic
interactions for growing salt (which enhances chain fluctuations as discussed for a free PE
chain in Figure 5.2c) and the structural changes of the complex due to the chain wrapping
process (which suppresses chain fluctuations).

In the expanded chain phase F, the fluctuations contribution to the free energy mono-
tonically decreases with increasing salt concentration until it undergoes a discontinuous tran-

sition to the planar asymmetric phase M at about κ = 0.08 nm−1. F (1)
c takes its global

minimum close to the continuous-transition boundary with the asymmetric phase A at about
κ = 0.12 nm−1 (it also has a local maximum close to the boundary with phase F). Therefore,
the asymmetric phases A and M at about κ = 0.12 nm−1 exhibit larger entropic contribution
as compared with other ranges of the salt concentration. In other words, fluctuations are
more enhanced in this region. Note that as salt concentration increases, the ground state
energy monotonically decreases with κ (main plot in Figure 5.7a) as more chain segments

become adsorbed on the macroion. But the decreasing behavior of F (1)
c with κ indicates

that the entropy of fluctuations increases until the complex undergoes a transition to phase
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Figure 5.7: a) Ground-state and fluctuations contribution H∗
c and F (1)

c to the complex free energy

as a function of κ for Z = 40. The inset shows F (1)
c on a logarithmic κ scale. b) Binding free energy

∆F = ∆H∗+∆F (1) together with the separate ground-state and fluctuations contributions, ∆H∗ and
∆F (1), as a function of κ for Z = 40. The inset shows ∆F (1) on a logarithmic κ scale. Solid (dashed)
vertical lines show discontinuous (continuous) transitions between different complex symmetry phases.

A. However, as κ increases within phases A and R, the free energy of fluctuations, F (1)
c ,

increases and reaches a global maximum around κ ≃ 0.7 nm−1 in phase R.1 This reflects a
decreasing fluctuations entropy in this regime, since the structural changes of the chain lead
here to a tightly wrapped conformation around the sphere. By further increasing the salt
concentration in phase R, the chain structure remains almost unchanged (until very large
values κ ≃ 10 nm−1 where it again undergoes a dewrapping transition [48, 49]). The growing
salt screening leads to stronger entropic effects (smaller free energy) from fluctuations that

explains the decreasing behavior of F (1)
c in phase R.

Now I turn to the binding free energy, ∆F̃ = F̃c − Fp = ∆H∗ + ∆F (1), which can be
calculated numerically using Eqs. (5.28) and (5.29) as a function of the salt concentration.
The contribution from the ground-state energy differences between complex and free chain,

∆H∗ = H∗
c − H∗

p, and the difference in fluctuations correction, ∆F (1) = F (1)
c − F (1)

p , are
separately shown in Figure 5.7b as a function of κ together with the total binding free energy
∆F̃ for a fixed sphere charge Z = 40. The ground-state contribution ∆H∗ is dominant and
highly negative at small to moderate salt, thus favoring the complexation due to electrostatic
attraction between the sphere and the PE chain. The fluctuations contribution ∆F (1) on the
other hand is positive, reflecting the conformational entropy loss as the PE binds and wraps
around the sphere. Note that the binding or adsorption energy decreases in magnitude for
increasing salt screening, while the fluctuations contribution, ∆F (1), tends to a finite constant
value (in the neutral limit κ→ ∞, the PE chain dewraps to a straight line conformation and
thus both contributions tend to zero). For larger κ, fluctuations dominate and render the
saddle-point approach an invalid approximation.

The results for ∆F (1) in the inset of Figure 5.7b indicate that the entropy loss upon
complexation of a free PE chain with macroion remains almost constant with increasing

1It is noteworthy that the plateau region observed in phase A (Figure 5.7, inset) corresponds to the values
where the PE chain makes its second turn around the sphere.
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volume; for Rs = 5 nm, one has Cmax
0 ≃ 3.2 mM.

salt concentration in the expanded-conformation phase F and in the fully wrapped phase R
(note that ∆F (1) is obviously larger in the latter case). This is expected since the shape of
the ground state in phase F is quite close to that of a free chain for small κ, and that in
phase R the ground state configuration is quite insensitive to changes in salt concentration.
Roughly speaking, the saturated value for large κ > 1nm−1 in phase R may be regarded as
the conformational entropy difference of a neutral semi-flexible chain when it is free and when
it is constrained in a wrapped state around a sphere.

5.4 Complexation phase diagram

Given the binding free ∆F̃ calculated in the preceding section, one can use the law of mass
action derived in Section 5.2 to determine the PE-macroion “reaction”equilibrium and the
overall phase behavior of a solution of PEs and macroions within the present model.

The reaction equilibrium between complexed and uncomplexed chains and spheres does of
course not give rise to a true phase transition in the system. I heuristically define the boundary
between complexed and uncomplexed regimes to occur when half of the spheres have reacted
to complexes. From the law of mass action Eq. (5.16) this complexation boundary follows as

C0 =
2 e∆F̃

V0
, (5.30)

where ∆F̃ is obtained using Eqs. (5.23) and (5.24). In Figure 5.8a, I show this line for fixed
sphere charge Z = 40, which separates the regime dominated by uncomplexed spheres and
PEs (lower region) from the complexation regime (upper region). The complex regime itself
consists of the four different symmetry phases, including the expanded phase F at low salt
and the fully wrapped phase R at elevated salt, in qualitative agreement with experiments
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[103, 104] and previous calculations [48, 49]. In particular, the transition between the fully
and partially wrapped R and A phases occurs at a salt concentration of about Cs = 10 mM,
which is close to the experimental value [103, 104].

The calculated complexation line agrees with the experimental trend obtained for NCP
solutions [103, 104], that is for higher salt, a larger sphere concentration is required to form
complexes. The slope of this line is however larger than the experimental value. In fact,
the complexation boundary varies with the effective parameters of the present model, that
is the sphere charge valency and the PE linear charge density, which vary depending on the
surrounding condition (e.g., charge-regulation and charge-renormalization effects). So far I
have chosen the linear charge density of the PE chain consistent with maximum linear charge
density of DNA, i.e. τ = 5.88 nm−1, and typically used Z = 40 for the macroion (histone)
charge valency. As discussed before, the maximum charge renormalization occurs for a free
infinite rod-like PE chain in the zero-salt limit, where the standard Manning result gives the
effective PE charge of τ∗ = 1/ℓB ≃ 1.4 nm−1 [55] for monovalent counterions as considered
here.

In Figure 5.8b, I show the results of the present model for τ = 5.88 and various Z, and
also for the maximally renormalized PE charge density, τ = 1/ℓB , and Z = 40. As seen, the
complexation boundary becomes flatter for decreasing sphere charge Z (open symbols). In
fact, the appropriate value of Z could be fitted by matching the experimental complexation
boundary. The filled symbols in Figure 5.8b obtained for sphere charge Z = 40 and the PE
linear charge density τ∗ = 1.4 nm−1 also show a reduced slope when compared with curves
obtained using the bare PE charge (Figure 5.8a). Since the renormalized PE charge is for
finite salt in between τ and τ∗ [56], the resulting complexation line constitutes an upper limit
of the effects expected in the presence of non-linear charge-renormalization.

5.5 Conclusion and discussion

In this chapter, I present an extensive analysis of fluctuations effects on the structure and
phase behavior of strongly coupled polyelectrolyte-macroion complexes. For these complexes,
the adsorption energy is large and fluctuations around the ground-state path of the PE chain
on the macroion are relatively weak, such that a normal-mode analysis based on a saddle-
point approximation can be used to characterize the chain fluctuations. These results therefore
extend the ground-state analysis considered in Chapter 3 and also in previous works [48, 49].

As a main result, I have determined the global thermodynamic phase behavior of a solution
of PEs and macroions that includes both the complexation- and decomplexation-dominated
phases. This is accomplished by evaluating entropic effects due to chain fluctuations. As
shown, the association (or complexation) equilibrium constant of a PE-macroion solution can
be determined from a law of mass action in terms of the binding (or complexation) free energy
of a PE-macroion complex, which comprises the adsorption energy of the chain on the sphere
as well as the chain entropy loss upon complexation. This quantity can be obtained in terms
of the spectrum (eigen-values) of fluctuations of a free chain and a complexed chain, which
are determined here explicitly for parameters corresponding to a DNA-histone system (in
nucleosomal core particles).

The behavior of chain fluctuation spectrum is analyzed for different salt concentrations
spanning various symmetry classes of a PE-macroion complex. At low salt, the complex
ground state adopts an expanded conformation with two open arms for the PE chain, which
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thus exhibits an eigen-value spectrum close to that of a free PE chain. As the salt con-
centration increases, fluctuations become enhanced due to stronger screening of electrostatic
interactions (between chain segments and chain with the sphere). Meanwhile, the confor-
mational symmetries of a complex vary and affect the fluctuations in different ways: for
increasing salt, first phase F undergoes a discontinuous transition to the planar asymmetric
phase M, which then undergoes a continuous transition to the non-planar asymmetric phase
A and eventually to the fully wrapped phase R. This wrapping process suppresses chain fluc-
tuations and therefore competes with the screening effects. As a result, strongest fluctuation
effects (largest complex entropy due to chain fluctuations) are obtained at the boundary be-
tween phases M and A. The wrapping process dominates at larger values of salt concentration
leading to a reduced fluctuations entropy in phase R. In both phases R and F, the PE chain
displays an almost constant entropy loss upon complexation with the sphere.

The present results for the complexation reaction equilibrium agree qualitatively with
recent experiments on NCP solutions [103, 104] indicating larger macroion concentration to
form complexes at higher salt concentration. In agreement with previous results, PEs and
macroions react to tightly wrapped complexes at moderate salt concentration (about 10 mM
monovalent salt), while at low salt, they form expanded complex states. However, as I show,
the effective parameters within the present model, namely, the macroion and the PE charge
can influence the values of the equilibrium constant, or in other words, the slope of the
complexation equilibrium line, although the general trend remains still the same, suggesting
that non-linear effects (such as counterion condensation [186, 187, 189, 71]) do not induce
qualitative changes. Non-linear effects however, become small at moderate to high salt (e.g.,
at about the inverse screening length κ ∼ 1 nm−1), where the Debye-Hückel approximation
used here is expected to become accurate. Examining non-linear effects such as counterion-
release [54, 55] on a more systematic level forms an interesting direction for future research.

The analysis of reaction equilibria in terms of a normal-mode analysis holds potential
for all strongly bound and kinetically trapped complexes, where direct simulation methods
are hampered. It can also be performed in the framework of Molecular Dynamics or ab-

initio simulation techniques and thus be modified to include solvent effects and more realistic
force-fields as well.
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Chapter 6

Inter-complex Interactions

I investigate the effective interaction between two polyelectrolyte-macroion complexes within

the ground-state approximation. It will be shown that at small distances, the complexes be-

come highly correlated due to structural changes of the polyelectrolyte chains which leads to an

asymmetric binding state (where positively charged patches on one complex match up with nega-

tively charged patches on the other complex) or a bridging state (where one polyelectrolyte chain

bridges between the two complexes). This gives rise to a strong attraction between complexes

and thus a negative virial coefficient associated with the inter-complex interaction at interme-

diate salt concentrations within the range where stable complexes are formed. These findings

agree qualitatively with recent experiments on nucleosome core particles. I shall demonstrate

that a simple screened monopole-dipole model reproduces these results.

The adsorption of polyelectrolytes (PEs) on oppositely charged spherical macroions is
of interest for such diverse applications as fabrication of polymeric hollow shells [19] and
calcium-incrustration-inhibition during the washing process [21]. An interesting feature is
that adsorbed PEs can act both as stabilizing and destabilizing agents in charged colloidal sus-
pensions depending on the effective interactions mediated by the adsorbed PE layer between
the resulting PE-colloid complexes. A number of experimental studies [23, 29, 24, 25, 36, 30]
investigated the structure and stability of these complexes and elucidated the conditions (in
terms of salt concentration, polymer length and its charge fraction) under which complexes
form, but also demonstrated the importance of controlling the interactions between com-
plexes. One important question is whether it is possible to have stable complexes which repel
each other and how to control the inter-complex interaction without loosing the stability of
the complexes themselves. In the preceding chapter, I showed that highly charged macroions
and PEs can associate into complexes that form a thermodynamically stable phase in the low

concentration regime. In this chapter, I will use the chain-sphere model to address the inter-
actions between these complexes which come into play at high concentrations of macroions.

The interaction between complexes has also been considered in previous works using ana-
lytical methods for the case of many spheres bound to a single PE [45, 68] and for a single PE
bridging two spheres [206]. A system of two spheres and two PEs was recently investigated
using simulations [207] and field theoretic methods [208], while large-scale simulations tackled
the problem of many spheres with a number of PEs in the presence of salt ions [41, 42, 47].
(Recent simulations have also considered the role of semi-flexible charged chains modeled as
histone tails bridging between two oppositely charged spheres [157].) An interesting result
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is that for strongly coupled PE-macroion complexes, the inter-complex interactions may be-
come attractive due to structural correlations induced by the highly ordered polymer layer on
macroion surfaces [66, 69, 64, 67]. Given that such complexes are typically highly overcharged
by the adsorbed PE, this result thus indicates an effective correlation-induced attraction be-
tween two like-charged objects which constitutes a general field of high interest in current
investigation of charged systems [197, 198, 199, 200, 201]. Another related mechanism, which
has been observed in the simulation of highly charged PEs and macroions [47, 41, 42, 208],
is the PE bridging between two or more macroions that results in an effective attraction
between complexes as well. Both these mechanisms evidently occur at sufficiently high con-
centration of complexes, where a phase instability has been predicted to occur indicating
a phase separation in the system due to the formation of a large aggregate of complexes
[41, 42, 66, 69, 64, 67].

On the other hand, the interaction between strongly coupled PE-macroion complexes
has been considered experimentally in the biologically relevant context of nucleosome core
particles (NCPs) [212, 213]. It has been shown that the effective interaction between NCPs
can become attractive giving rise to a negative second virial coefficient for the NCP solution.
In this case, however, the underlying mechanism for attraction between two NCPs is not yet
completely understood and the role of electrostatic interactions and specific effects such as
histone tails is yet to be elucidated [157].

Motivated by these observations, I shall study two PE-macroion complexes using the
chain-sphere model and within the ground-state approximation, where fluctuations around
the optimal PE configurations are neglected. Using parameters relevant for DNA-histone com-
plexes, I determine the interaction between complexes for the full range of sphere distances
and salt concentrations taking into account PE configurational changes and thereby, I cal-
culate the second-virial coefficient associated with the complex-complex interaction. It will
be demonstrated that attractive inter-complex forces can result from an interplay between
electrostatic contributions and configurational changes of the polyelectrolyte chain, which
leads to structural correlations between two complexes at sufficiently small separations. As
will be shown, the attraction (or correlation) mechanism includes asymmetric binding of the
two complexes or chain bridging between the complexes depending on system parameters
such as macroion charge and the salt concentration. As a result, the second virial coefficient
becomes negative at intermediate salt concentrations (displaying also a minimum at about
physiological salt concentration), which qualitatively agrees with recent experiments on NCPs
[213].

The present results thus predict precipitation of PE-macroion complexes for intermediate
salt concentrations and at sufficiently high complex concentrations. I will also determine the
repulsion-dominated regime, where complexes are formed and stay solubilized in solution.
Note that these two regimes occur in different salt concentrations and have similar features to
the salting in and salting out phenomena [203]. I shall then present a simplified phenomeno-
logical model in terms of the complex net charge and its dipole moment, which reproduces
these findings and can be used for predicting the phase behavior of more general systems.

6.1 The two-complex model

I shall employ a chain-sphere model similar to what was introduced in Chapter 2, in which the
PEs are modeled as semi-flexible chains of length L = 49.64 nm (corresponding to 146 base
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pairs of DNA) with a bare mechanical persistence length of ℓp = 30 nm (which corresponds
to the persistence length in the absence of electrostatic interactions as realized at very high
salt concentrations [48, 49]). The spheres are semi-rigid with an effective radius Rs = 5 nm
(roughly equal to the sum of the histone and DNA radii) and valency Z. The PE line
charge density is fixed here at τ = 2/0.34 nm−1 corresponding to maximal dissociation of two
charges per DNA base pair. I use for all electrostatic interactions the linearized Debye-Hückel
theory as explained in Chapter 2. The neglect of nonlinear effects connected with counter-
ion condensation makes quantitative comparison with experiments questionable at low salt
concentrations; however, charge renormalization was shown to leave the qualitative features
of the complexation phase diagram unchanged [48, 49] (see also Chapters 2 and 5).

I consider two polyelectrolyte-macroion complexes at a centre-to-centre distance of D from
each other. The effective Hamiltonian of this system may be written as

Htot =
2
∑

i=1

Hp[ri] +
2
∑

i,j=1

Hpm[ri,Rj ] + Hmm(R1,R2) + Hpp[r1, r2], (6.1)

where Hp is the (electrostatic and mechanical bending) self-energy of the PE chain (in units
of kBT ) in both complexes (labeled by i, j = 1, 2),

Hp[ri] =
ℓp
2

∫ L

0
ds [r̈i(s)]

2 + τ2ℓB

∫ L

0
ds

∫ L

s
ds′

e−κ|ri(s)−ri(s
′)|

|ri(s) − ri(s′)|
, (6.2)

and Hpm includes the interaction between the PE chains and the spheres, i.e.

Hpm[ri,Rj ] = − ZτℓB
1 + κRs

∫ L

0
ds

[

e−κ(|ri(s)−Rj |−Rs)

|ri(s) − Rj |
−Ae−(|ri(s)−Rj |−Rs)/α

]

, (6.3)

where ri(s) specifies the configuration of the PE chain in complex i and Rj gives the position
of the sphere center in complex j. The first term in Eq. (6.3) describes the electrostatic
PE-sphere attraction, the second term is a soft short-ranged PE-sphere repulsion with α =
0.02 nm and A = 0.012 nm−1 (see Chapter 2 and Appendix E for details). Finally the
electrostatic repulsion between the two PEs is given by

Hpp[r1, r2] = τ2ℓB

∫ L

0
ds

∫ L

0
ds′

e−κ|r1(s)−r2(s′)|

|r1(s) − r2(s′)|
(6.4)

and between the two spheres at a separation D = |R1 − R2| by (Appendix B)

Hmm(R1,R2) =

(

ZeκRs

1 + κRs

)2

ℓB
e−κD

D
. (6.5)

Similar to the calculation made for a single complex, I focus on the ground-state properties
of this system, which is expected to be valid for chain lengths not much longer than the
persistence length as is the case in the present study. For a given set of parameters, I
numerically determine the ground-state (or optimal) PE configurations that minimize the
total energy Htot using numerical minimization methods on a discretized model of the chains
(the number of discretization points for each of the PE chains is taken here as N = 250). The
details of the numerical minimization method is explained in Chapter 2 and Appendix A.3.
Hence, the configurational changes of the chain as well as the effective interaction between the
optimal complex configurations are determined as a function of the distance between spheres,
D, and for given sphere charge Z and inverse Debye screening length κ.
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c)
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D = 10.8nm

d)b)

D = 12.8nm

e) f)a)

D = 14nm

Figure 6.1: Ground-state configurations for sphere charge Z = 100 and inverse screening length

κ = 2 nm−1 for various sphere distances D. At D = 12.8 nm the symmetry between the two PEs is

continuously broken, at D = 10.8 nm a discontinuous bridging transition takes place (d), where the

two shown configurations coexist.

6.2 Configurations and symmetries

In Figure 6.1, I show a few ground-state configurations for fixed sphere charge (Z = 100)
and fixed salt concentration (with κ = 2 nm−1) for varying sphere-sphere distance. For large
distances, the complexes exhibit the same chain configuration as in the case of a single isolated
complex (Chapter 2), since the surface separation between spheres is much larger than the
screening length (κ−1 = 0.5 nm in the Figure). At D = 12.8 nm, the symmetry between
the conformation of the chains on both spheres is broken (i.e. the two PE conformations are
dissimilar) and for even smaller distances D < 10.8 nm, a bridging conformation is found in
which one PE is bound to both spheres. Note that at D = 10.8 nm, the non-bridging and
bridging states coexist, i.e. they are both obtained as the optimal configuration of the system
with the same energy.

The configurational changes of the chains in fact indicate a series of configurational phase
transitions induced by mutual interactions between complexes, which can be characterized
by considering suitable order parameters as will be discussed below. In general, one can
distinguish a symmetric phase, where both complexes show the same structure, from an
asymmetric phase with dissimilar structures for the two complexes. An extreme example of
such symmetry breaking is the bridging phase.

6.2.1 Order Parameters

To categorize the conformational changes upon approach of the complexes, I define the order
parameter

∆Pi = |Pi| − |P0| (6.6)

for each complex i = 1, 2, which is the difference between the (in general D-dependent) dipole
moment of one complex,

Pi = τ

∫ L

0
ds (ri(s) − Ri), (6.7)

and that of an isolated complex, P0. By construction, ∆Pi is zero when D is infinity. In Figure
6.2a-c I show ∆P1 and ∆P2 for fixed sphere charge Z = 100 and various salt concentrations as
a function of the sphere distance D. One observes two symmetric phases denoted by S and S′,
where ∆P1 = ∆P2, and an asymmetric phase denoted by A, where ∆P1 6= ∆P2. Note that in
the symmetric phase S, one has ∆P1 = ∆P2 = 0 because the structure of each complex is the



6.2 Configurations and symmetries 113

10 20 30 40 50
0

500

1000

1500

D [nm]

 ∆P

S'A

-50

0

50

100

150

D [nm]

 ∆P

A S

10 11 12 13 14
-100

0

100

200

300

D [nm]

 ∆P

11 12 13 14

-1

1

3

5

B A S

A S

a) b)

c)

10 11 12
0

0.2

0.4

0.6

0.8

1

D [nm]

ηB

B A

d)

S

10 12 14 16 18 20 22

Figure 6.2: Dipole moments ∆Pi, Eq. (6.6), of both complexes for fixed sphere charge Z = 100 as a

function of the sphere separation D for inverse screening lengths a) κ = 0.16 nm−1, b) κ = 0.40 nm−1,

and c) κ = 2.0 nm−1. d) Bridging order parameter ηB for Z = 100 and κ = 2.0 nm−1.

same as the structure of a single isolated complex, but in phase S′, one has ∆P1 = ∆P2 6= 0
since the inter-complex interaction is sufficiently large to perturb their internal structure.

In order to quantify the amount of bridging, I define the bridging order parameter as

ηB =
2
∏

i=1

Ki(R1,R2)Ki(R2,R1), (6.8)

with Ki(Rα,Rβ) being defined as

Ki(Rα,Rβ) = |(ri(0) − Rα)2 − (ri(L) − Rβ)2|/D2. (6.9)

This quantity will be zero only if one end of a given PE chain lies on one sphere while the
other end is located on the other sphere, thus forming a bridge. In all other cases ηB is finite,
and it thus allows to identify the bridging phase B. In Figure 6.2d, I show ηB as a function
of the center-to-center distance D for Z = 100 and κ = 2 nm−1. The discontinuous bridging
transition at D = 10.8 nm is clearly recognized.

Note that the transitions between different phases may be continuous or discontinuous
(as indicated in the figure with dashed and solid vertical lines respectively), which reflect
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Figure 6.3: Energy of the two-complex system (in units of kBT ) within full optimization (solid line)
and constrained, rotational minimization [210] (broken line) for Z = 100 and a) κ = 2 nm−1 and b)
κ = 0.40 nm−1. In a) the transition between phases B and A at D = 10.8 nm is discontinuous, while
the transition between phases S and A is continuous. In b) the transition between the symmetric S
and asymmetric A states is continuous and the bridging phase is not present.

continuous or discontinuous changes in the order parameters. A discontinuous transition can
be identified also from the effective Hamiltonian of the system, Eq. (6.1), which exhibits two
stable minima corresponding to coexistence of two different optimal structures (see below).

6.2.2 Interaction energies

The interaction energy as a function of distance D for Z = 100 and κ = 2 nm−1 is shown in
Figure 6.3a and for κ = 0.4 nm−1 in Figure 6.3b. Here the values at D = ∞ (two isolated
complexes) have been subtracted as the reference state energy. Note that the energies refer
to the minimal value of the two-complex Hamiltonian (6.1) as obtained from the numerical
minimization method. The solid lines denote results from a full optimization of the PE
configurations, while the broken lines denote the results from constrained optimizations where
the PE conformation on each sphere is fixed to the one in the isolated complex case (D = ∞)
and only the orientation of the complex may vary.

Figure 6.3a corresponds to configurations at large salt concentration that are visualized
in Figure 6.1. The discontinuous bridging transition at D = 10.8 nm is clearly identified
by the crossing of the energy of the bridging and asymmetric phases. The bridging phase
is stable for smaller separation and becomes meta-stable for larger separation. The meta-
stable solution of the asymmetric phase disappears at separations smaller than D = 10.6 nm.
Note also that here the difference between the rotationally constrained minimization (broken
line) and the unconstrained unbridged energy is small and unresolved at the resolution of
the figure. Both methods give a strongly attractive interaction at small distances, although
different mechanisms are involved, that is bridging within the full minimization scheme and
asymmetric binding within the constrained minimization.

For small salt concentration (Figure 6.3b), it is seen that the bridging phase B disappears,
but an attractive inter-complex interaction still occurs within the asymmetric phase A at
small separations. The transition between the symmetric (S) and asymmetric (A) phase
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Figure 6.4: Phase diagram for two PE-sphere complexes as a function of the inverse Debye screening

length κ and spheres center-to-center distance D for a) sphere charge Z = 40 and b) Z = 100, featuring

symmetric, S and S′, asymmetric, A, and bridging phases, B. Black (gray) lines denote discontinuous

(continuous) phase boundaries. Shown are actual configurations calculated in the respective phases.

at D = 16 nm is continuous. Here both full optimization and constrained optimization
lead to an attractive force between two complexes, though only the former case (solid line)
gives a negative effective interaction energy contribution which at contact is of the order of
Htot = −29. The attraction in this case is merely due to changes (structural correlations)
in the relative orientation of the chains, representing an asymmetric binding mechanism (see
also Figure 6.1).

I also considered the possibility of complexes consisting of two spheres and one PE or two
spheres with more than two PEs. Since the binding energy of a single PE-sphere complex is
H = −319 in Figure 6.3a and H = −1112 in Figure 6.3b, it is clear that unbinding of a PE
from the complex is not favored. Likewise, adsorption of an additional PE is unfavorable due
to the high negative net charges of the complexes. The present results should therefore be
relevant to mixtures of spheres and PEs of not too different and not too low concentrations.

6.3 Phase diagram

I summarize the structural results in the D − κ phase diagrams shown in Figure 6.4 for two
sphere charges Z = 40 (a) and Z = 100 (b). Results from constant-κ scans are denoted
by open circles, the lines are guides to the eyes. The continuous (discontinuous) transitions
between different phases is indicated in the figure by gray (black) lines. The general trends
that emerge are as follows: i) at large sphere separations the symmetric phase S prevails, ii)
at small distances the bridging phase B is stable at intermediate to large salt concentration,
and iii) at intermediate distances and predominantly at intermediate to small salt concentra-
tions, small κ, the asymmetric phase A is found. For very small salt concentration, i.e. for
long-ranged Coulomb interactions, the second symmetric phase S′ appears, in which the con-
formation of PE chains are similar, but each complex exhibits a configuration different from
that of an isolated complex with a large relative dipole moment (caused by extending PE tails)
as shown in Figure 6.4. It is important to keep in mind that individual complexes are stably
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Figure 6.5: The rescaled second virial coefficient B̃2 = B2(1 + |B2|)/|B2| as a function of κ a) for

Z = 40, b) for Z = 100. Shown are results for the full optimization (solid lines) and rotational

constrained optimization (broken lines). Horizontal gray lines denote the hard-core limit.

wrapped in the salt range 0.42 nm−1 < κ < 10.0 nm−1 (0.16 nm−1 < κ < 25.2 nm−1 ) for
Z = 40 (Z = 100) and also show a complex evolution of morphology as the salt concentration
is changed (Chapters 2 and 3) [48, 49].

6.4 Second virial coefficient

As already seen from the optimal configurations in Figures 6.1 and 6.4, two chain-sphere
complexes can become highly coupled at small separations in the bridging and asymmetric
phases. In these regimes, PE chains on different spheres adapt their orientation and confor-
mation in such a way that opposite charges from different complexes face each other. This
reflects structural correlations between complexes at small distances, which emerge as a result
of the inter-relation between electrostatic and bending contributions as the system finds its
optimal (ground-state) configuration. These effects lead to an effective attraction between
the two complexes at small distances as seen from the interaction energy curves in Figure
6.3. Note that both complexes are typically highly overcharged (e.g., with a total negative
charge of up to 200e for Z = 100 given the DNA charge density τ = 5.88 nm−1). The present
results therefore resemble the attraction mechanism obtained for like-charged macroions in
the strong-coupling limit, which arises from structural correlations in the counterionic layers
on opposite macroion surfaces [198, 199, 69]. These effects can induce phase instability in
solutions of PE-macroion complexes at sufficiently high concentration [41, 42, 66, 69, 64, 67]
and may lead to a negative second virial coefficient for the solution [212, 213].

Thus, in the final step, I calculate the second virial coefficient B2 associated with the
inter-complex interaction, which is defined as

B2 =
2

3
π(2Rs)

3 + 2π

∫ ∞

2Rs

dDD2(1 − e−Htot(D)). (6.10)

The first term in Eq.(6.10) is the hard-core contribution. The second term is due to inter-
complex electrostatic interaction, Htot(D), which is obtained by numerical optimization of
the chain configuration at a given D as discussed before. The connection with the osmotic
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pressure P of a solution of PE-macroion complexes (such as nucleosome core particle [213])
of concentration Cc is furnished by the relation (see Appendix C.1)

P

kBT
= Cc +B2C

2
c + O(C3

c ). (6.11)

In the limit of large salt concentration, the electrostatic contribution disappears and B2

tends to the purely hard-core result. On the other hand, for vanishing salt concentration, the
integral in Eq. (6.10) diverges. Therefore, since B2 takes very large negative and positive
values, I present the rescaled quantity B̃2 = B2(1 + |B2|)/|B2| (on a logarithmic scale for
the function in the parentheses) in Figure 6.5 for a) Z = 40 and b) Z = 100. The solid
lines are obtained by full minimization of the energy functional (where thus the internal PE
conformation changes as the sphere separation decreases), and the broken lines show the
results from the constrained minimization (where the PEs are fixed to the conformation of
an isolated complex and only mutual rotation is allowed). As expected, the unconstrained
optimization always gives a lower value for B2. The pronounced difference between the two
curves in Figure 6.5a is caused by PE bridging, which is quite prominent for Z = 40 (see
Figure 6.4a) because here the PE-sphere binding energy is smaller in magnitude. The main
feature is that B2 has a minimum at intermediate salt concentrations, which is consistent
with the general experimental trend [212].

It is worth-mentioning that the high negative value of the second virial coefficient is not
due to the bridging phenomena, since constrained optimization also gives a negative second
virial coefficient, but it is due to the correlations of negative and positive charges on opposite
complexes. Nonetheless, bridging gives also a highly negative B2 when the correlation effects
fade at high salt concentration (see Figure 6.5a).

The minimum value for B2, for both values of Z, happens at κ−1 ≃ 1 nm, which is of
the order of the wave length of charge modulation on the surface of the complex. This also
corresponds to the salt concentration at which a minimal sphere charge is needed to obtain
a wrapped state [48, 49]. In experiments also the minimum of the second virial coefficient
occurs at about this salt concentration, although the value of B2 is smaller. Within the
present model, smaller absolute values for B2 may be recovered by taking a smaller sphere
charge in the range 10 < Z < 20.

6.5 Monopole-dipole model

The results so far were obtained for a very specific choice of parameters, namely 146 base
pairs of DNA wrapped around histone proteins. The qualitative behavior of the second virial
coefficient in Figure 6.5 is however more general, as follows from considering a much simplified
monopole-dipole model. For this I replace the PE-sphere complexes by spheres of diameter
2Rs, with one charge Q = Z − τL in the middle and two opposite charges q and −q along
a straight line through the center and at a distance b from the sphere surface, as shown in
Figure 6.6d. The net charge Q is fixed such as to match the net charge of the complexes
studied before. The parameters q and b are fitted to reproduce the dipole moment P of an
isolated complex and the interaction energy between two complexes at contact, H(2Rs). This
way the simplified model will correctly reproduce the interaction between complexes both at
large and small separations. I use the fitting of q and b at an intermediate salt concentration
κ = 1 nm−1 because in this range the attraction is most pronounced. I obtain for Z = 100
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Figure 6.6: Results obtained for the simplified monopole-dipole model which consists of hard spheres

with a central charge Q and two charges q and −q at a certain distance b from the sphere surface, see

d). Interaction energies for Q = −190, q = 8.9, b = 0.4 nm (fitted to mimick a DNA-histone system

with Z = 100 as explained in the text) for a) κ = 0.3 nm−1, b) κ = 1.0 nm−1, and c) κ = 5.0 nm−1.

The parallel and antiparallel dipolar configurations (solid and broken lines, respectively) compete for

stability. e) Shown is the rescaled second virial coefficient B̃2 = B2(1 + |B2|)/|B2| as a function of κ

for Q = −190, q = 8.9, b = 0.4 nm (corresponding to the case of PE-sphere complex with Z = 100,

solid line) and Q = −250, q = 9.3, b = 0.62 nm (corresponding to Z = 40, broken line).

(with a contact energy H(D = 2Rs) = −31.25 at κ = 1 nm−1) the values Q = −190, q = 8.9,
b = 0.4 nm, and for Z = 40 (with H(D = 2Rs) = −14.02) the values Q = −250, q = 9.3,
b = 0.62 nm.

In Figure 6.6, I show energies from this simplified model as a function of the distance, D,
for Z = 100 and a) κ = 0.3 nm−1, b) κ = 1 nm−1, c) κ = 5 nm−1 using screened Debye-Hückel
(DH) potentials between all charges. Two competing dipole configurations are found, namely
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one where the dipoles are colinear and parallel (solid lines), which is stabilized by attraction
between charges q and −q, and one where the dipoles are colinear and antiparallel (broken
lines), which is stabilized by attractions between charges q and Q. In the range of small
to intermediate salt concentrations (0.245 nm−1 < κ < 1 nm−1 for Z = 100), the parallel
configuration is preferred at small separations and the anti-parallel configuration is dominant
at large separations as follows from the interaction energies shown in Figure 6.6a. For large
salt concentrations (Figure 6.6b and c), the parallel dipolar configuration is preferred, while
at very small salt concentrations (not shown), anti-parallel configuration is dominant. Note
that by construction the energy at contact in Figure 6.6b agrees with the result from the
previous sections.

Using again Eq.(6.10) for calculating the second virial coefficient B2, I obtain the results
in Figure 6.6e for Z = 40 (broken line) and Z = 100 (solid line). By construction, they fit
the results in Figure 6.5 accurately at the salt concentration κ = 1 nm−1 where the model
parameters q and b were fitted. But besides that, the shape of the curves are quite similar,
showing that at least the constrained minimization is well represented by the monopole-
dipole model. For small salt concentrations (small κ), the monopole-monopole repulsion
dominates and leads to a positive and diverging coefficient B2. For large salt concentration,
all electrostatics are screened and one is left with the usual hard-core second virial coefficient.
At intermediate salt concentrations, the quite large attraction at contact, H = −14.02 for
Z = 40 and H = −31.25 for Z = 100, leads to an enormous contribution to the second-virial
coefficient and explains its large and negative values. The almost kinked functional form
of the curves in Figure 6.6e is caused by the non-linear relation between B̃2 and B2. In
principle, the monopole-dipole model could be generalized to include higher-order multipole
moments and also polarization effects (which would be a way of including the bridging effects
seen in Figure 6.5), but it seems clear that it has the minimal complexity to reproduce the
non-monotonic behavior of the second-virial coefficient obtained within the more complicated
PE-sphere complexation.

6.6 Conclusion and discussion

Within the ground-state analysis of a chain-sphere model that takes the conformational
changes of PEs complexed with oppositely charged spheres into account, I have examined
the effective interaction between two PE-macroion complexes. As shown, the second-virial
coefficient B2 associated with the complex-complex interaction becomes negative at interme-
diate salt concentration, while it remains positive both for small and large salt concentrations.
This holds even when the complexes have a rather large net charge. The negative values can
be traced back to an asymmetric (or mosaic) binding of the two complexes, in which positively
charged patches on the first complex surface match up with negatively charged patches on
the second complex and thus give rise to a short-ranged but strong attraction1. The typical
salt concentration where this binding is expected to be maximal occurs when the screening
length is of the order of the charge-modulation wavelength on the complex surface. In this
regime, the second virial coefficient has a minimum, which for the parameters chosen for the
DNA-histone system roughly coincides with the physiological monovalent salt concentration
of 100 mM. Bridging of PE from one sphere to the other further increases the inter-complex

1Similar effects are observed for the interaction between two proteins with discrete charge patterns[197,
198, 202, 204, 205].
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attraction, but is not needed for obtaining negative values for B2.
A simplified monopole-dipole model can reproduce these findings. To first order in a

virial expansion in terms of the concentration of complexes, Cc, the low-concentration branch
of the demixing spinodal is given by Cc = −1/B2 which signals a local instability towards
precipitation. It is shown that this spinodal can be crossed by changing the salt concentration,
while complexes themselves are stable in a much wider range of salt concentration.

The present results are in qualitative agreement with experiments on nucleosome core
particles although experiments indicate that histone-tail rearrangements at different salt con-
centrations may be considerable and play a role as well [212] 2. These effects have recently
been studied using numerical simulation [157].

The present results should also be relevant to mixtures of spheres and PEs as long as the
concentrations are not too different. The concentrations also should not be too low, otherwise
the mean distance of complexes becomes far more than the screening length and therefore
more than the range of the effective interaction.

2Experiments done in high concentrations of nucleoesome core particles reveal a variety of structures such
as bilayers and hexagonal phases[172, 173, 214, 215, 216]. In order to have a theoretical understanding of such
systems, one has to use a liquid crystal approach [217, 218].



Appendix A

Numerical Minimization:
Derivatives of effective Hamiltonian

As explained in the text, the ground-state configuration of PE-macroion complexes is obtained
using a numerical minimization scheme based on a discretized model (see Chapter 2). The
minimization method makes use of the so-called quasi-Newton algorithm [3], which requires
evaluation of the first derivatives of the effective Hamiltonian of the system in order to locate
the minimum of the Hamiltonian in the multi-dimensional space of variables.

In this appendix, I will derive these derivatives for all different systems that are studied
in this thesis, i.e. a single PE-macroion complex (Chapters 2, 3 and 5), two interacting
complexes (Chapter 6) and many complexes forming a fiber (Chapter 4). I will consider both
full minimization schemes (in which the optimal state is obtained by minimization with respect
to all degrees of freedom of the chain-sphere system) as well as constrained (or rotational)
minimization as introduced in the study of complex fibers (Chapter 4). In the constrained
minimization, the chain configuration on the sphere is fixed to the configuration in an isolated
complex, and as specified in the text, only the relevant angular (rotational) degrees of freedom
of the system are changed in order to find the optimal configuration.

For the calculation of chain fluctuations in Chapter 5, one needs the second derivatives or
the so-called Hessian matrix of an isolated complex, which will be derived at the end of this
appendix.

A.1 Isolated complex

The discretized effective Hamiltonian (in units of kBT ) of an isolated complex is given by
Eqs. (2.14), (2.15) and (2.16), i.e.

H =
ℓp
∆

N
∑

i=2

{

1 − cos(θi − θi−1) + sin θi sin θi−1

(

1 − cos(φi − φi−1)

)}

+ q2ℓB

N−1
∑

i=0

N
∑

j=i+1

e−κ|ri−rj |

|ri − rj |
− ZqℓB

1 + κRs

N
∑

i=0

[

e−κ(|ri|−Rs)

|ri|
−Ae−(|ri|−Rs)/α

]

, (A.1)

where the first two terms refer to the mechanical and electrostatic self-energy of the charged
polymer, and the third term is the combined electrostatic attraction and the soft-repulsion
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between the macroion and the charged polymer. As discussed in Chapter 2, the above Hamil-
tonian depends of a minimal set of 2N independent variables (with N being the dicretization
degree), namely, the polar and azimuthal angles, {θi, φi6=P }, of the bond vectors {ui} used
to discretize the chain conformation (Section 2.3.1), and rP which is the z component of the
vector, rP , connecting the sphere center (origin O) to the mid-point of the polymer, P (the
middle bead labeled P = N/2). Recall that the z-axis lies on the O-P line and that the
azimuthal angle of the middle subunit uP is fixed in order to remove Goldeston modes. Also,
the position vector of each dicretization bead, ri, is calculated form {uj} and rP as

rk =











rP −∑P−k
i=1 uP−i+1 k < P,

rP +
∑k

i=P+1 ui k > P.

(A.2)

Thus the first-order variation of the above Hamiltonian can be written as

δH =
N
∑

i=1

dH
dθi

δθi +
N
∑

i=1,i6=P

dH
dφi

δφi +
dH
drP

δrP . (A.3)

Each of the derivatives in the above equation can be formally written as

dH
dγ

=
∂H
∂γ

+
N
∑

l=0,l 6=P

3
∑

ν=1

∂H
∂rl,ν

∂rl,ν
∂γ

, (A.4)

where rl,ν is the ν-th Cartesian component of the vector rl and γ can be any of the independent
variables {θi, φi6=P , rP }. In what follows, I determine dH/dγ for all these variables. Note that
everywhere in this section, the azimuthal angles {φi} are considered always for i 6= P , which,
for the sake of simplicity of notation, is not explicitly mentioned.

Using the effective Hamiltonian (A.1), the partial derivatives ∂H/∂rl,ν is obtained as

∂H
∂rl,ν

= −q2ℓB
N−1
∑

i=1

N
∑

j=i+1

gij (ri,ν − rj,ν)(δi,l − δj,l) +
ZqℓB

1 + κRs

N
∑

i=0

(fi − ki) ri,νδi,l (A.5)

where gij , fi and ki are defined as

gij =
(1 + κ|ri − rj |)e−κ|ri−rj |

|ri − rj |3
, (A.6)

fi =
(1 + κ|ri|)e−κ(|ri|−Rs)

|ri|3
, (A.7)

ki =
A

α

e−(|ri|−Rs)/α

|ri|
. (A.8)

Derivative with respect to rP

The derivative of effective Hamiltonian (A.1) with respect to γ = rP , that is dH/drP , simply
equals the partial derivative with respect to rP . Thus using Eq. (A.5), I obtain

dH
drP

=
ZqℓB

1 + κRs

N
∑

l=0

(fl − kl) rl,3. (A.9)
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Derivatives with respect to θm and φm

The total derivatives with respect to θm and φm in Eq. (A.4) (obtained by setting γ = θm

and φm) can be calculated as follows.
First note that the partial derivative of the Hamiltonian (A.1) with respect to the polar

angle θm and the azimuthal angle φm are given by

∆

ℓB

∂H
∂θm

=
N
∑

i=2

{

sin(θi − θi−1)

(

δi,m − δi−1,m

)

+

(

1 − cos(φi − φi−1)

)

×(cos θi sin θi−1δi,m + sin θi cos θi−1δi−1,m)

}

(A.10)

∆

ℓB

∂H
∂φm

=
N
∑

i=2

{

sin θi sin θi−1 sin(φi − φi−1)(δi,m − δi−1,m)

}

. (A.11)

On the other hand, the partial derivative of ri,ν with respect to θm and φm can be written
using the chain rule as

∂rl,ν
∂θm

=
∂rl,ν
∂um,ν

∂um,ν

∂θm
(A.12)

(with a similar expression for φm), where um,ν denotes Cartesian components of um. Using
Eq. (A.2), one obtains

∂rl,ν
∂um,ν

=











−Θ(m− l − 1)Θ(P −m) l < P,

Θ(l −m)Θ(m− P − 1) l > P,
(A.13)

where Θ(x) denotes the step function, i.e. Θ(x) = 1 for x ≥ 0 and zero otherwise. The deriva-
tives of um with respect to θm and φm are obtained (using the definition of the discretized
model in Chapter 2) as

∂um

∂θm
= ∆







cos θm cosφm

cos θm sinφm

− sin θm






, (A.14)

∂um

∂φm
= ∆







− sin θm sinφm

sin θm cosφm

0






. (A.15)

For the sake of convenience, in what follows, I use the notation Cν
m,θ = ∂um,ν/∂θm and

Cν
m,φ = ∂um,ν/∂φm. Combining Eqs. (A.13), (A.14) and (A.15) with Eq. (A.5), I obtain

P−1
∑

l=0

3
∑

ν=1

∂H
∂rl,ν

∂rl,ν
∂um,ν

Cν
m,θ = −Θ(P −m)

{m−1
∑

l=0

3
∑

ν=1

[

− q2ℓB

N
∑

i=0,i6=l

gli (rl,ν − ri,ν) +

+
ZqℓB

1 + κRs
(fl − kl) rl,ν

]

Cν
m,θ

}

, (A.16)

N
∑

l=P

3
∑

ν=1

∂H
∂rl,ν

∂rl,ν
∂um,ν

Cν
m,θ = Θ(m− P − 1)

{ N
∑

l=m

3
∑

ν=1

[

− q2ℓB

N
∑

i=0,i6=l

gli (rl,ν − ri,ν) +

+
ZqℓB

1 + κRs
(fl − kl) rl,ν

]

Cν
m,θ

}

. (A.17)
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The same relations hold for derivatives with respect to φm by replacing Cν
m,θ with Cν

m,φ in the
above equations. Combining Eqs. (A.10) and (A.11) with Eqs. (A.16) and (A.17), one can
obtain the total derivatives with respect to θm and φm to be used in Eq. (A.4).

A.2 Complex fiber

Generalizing the formalism introduced in the previous section to a complex fiber as defined
in Chapter 4 is straight forward. The discretized Hamiltonian of the complex fiber (in units
of kBT ) reads

H = Huc +
M
∑

k=1

H0k
I , (A.18)

where Huc is the self-energy of the main unit cell,

Huc =
ℓp
∆

N
∑

i=2

{

1 − cos(θi − θi−1) + sin θi sin θi−1

(

1 − cos(φi − φi−1)

)}

(A.19)

+ q2ℓB

N−1
∑

i=0

N
∑

j=i+1

e−κ|r0
i−r

0
j |

|r0
i − r0

j |
− ZqℓB

1 + κRs

N
∑

i=0

[

e−κ(|r0
i
|−Rs)

|r0
i |

−Ae−(|r0
i
|−Rs)/α

]

,

with {r0
i } being the position of polymer beads (with i = 0, . . . ,N) in the main unit cell

(recall that the center of the sphere in the main unit cell is taken as the origin). H0k
I gives

the interaction energy between the main unit cell and the k-th image unit cell, i.e.

H0k
I = q2ℓB

N
∑

i=0

N
∑

j=2

e−κ|r0
i
−rk

j
|

|r0
i − rk

j |
− ZqℓB

1 + κRs

N
∑

i=0

[(

e−κ(|r0
i
−R

k|−Rs)

|r0
i − Rk| +

e−κ(|rk
i
|−Rs)

|rk
i |

)

− A

(

e−(|r0
i
−Rk|−Rs)/α + e−(|rk

i
|−Rs)/α

)]

+
Z2ℓBe

2κRs

(1 + κRs)2
e−κ|Rk|

|Rk| , (A.20)

where {rk
i } and Rk denote the position of the polymer beads and the sphere center in the

k-th unit cell respectively, that is

rk
i = E · (rk−1

i − rk−1
0 ) + rk−1

N−1, (A.21)

Rk = E · (Rk−1 − rk−1
0 ) + rk−1

N−1, (A.22)

with the rotation matrix E being defined in Chapter 4. The independent variables are the
same as introduced in the previous section for an isolated complex but with the addition of an
angular degree of freedom, χ, representing the rotation angle of each unit cell. The first-order
variation of Eq. (A.18) is

δH = δHuc +
M
∑

k=1

δH0k
I . (A.23)

The first term is not a function of χ, as the self-energy of each unit cell is similar to that of
an isolate polymer-macroion complex (comapre Eqs. (A.1) and (A.19)). This term has been
calculated in the previous section. The second term is calculated as follows

M
∑

k=1

δH0k
I =

M
∑

k=1

[ N
∑

i=1

(

dH0k
I

dθi
δθi +

dH0k
I

dφi
δφi

)

+
dH0k

I

dχ
δχ+

dH0k
I

drP
δrP

]

, (A.24)
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where as before the azimuthal angle of the middle discretization subunit of the chain (labeled
by P = N/2) is fixed and thus excluded in the series above (not indicated explicitly). In
general, the total derivative dH0k

I /dγ (where γ may be chosen either of θi, φi6=P , χ or rP ) can
be written as

dH0k
I

dγ
=
∂H0k

I

∂γ
+

N
∑

l=0

3
∑

ν=1

(

∂H0k
I

∂r0l,ν

∂r0l,ν
∂γ

+
∂H0k

I

∂rk
l,ν

∂rk
l,ν

∂γ

)

+
3
∑

ν=1

∂H0k
I

∂Rk
ν

∂Rk
ν

∂γ
. (A.25)

Note that in the first term in parentheses, one must exclud the term with l = P = N/2. In
what follows, I give the results for all partial derivatives present in the above equation.

Partial derivatives of rk
l,ν and Rk

ν with respect to γ

I will first consider the term ∂rk
l,ν/∂γ. For k = 0, full calculation of this term is given in

previous section (Eqs. (A.12) and (A.13)). For k 6= 0, however, the results can be obtained
from the recursive relation

∂rk
l,ν

∂γ
=

3
∑

µ=1

[

∂Eνµ

∂γ
(rk−1

l,µ − rk−1
0,µ ) + Eνµ

(∂rk−1
l,µ

∂γ
−
∂rk−1

0,µ

∂γ

)]

+
∂rk−1

N−1,ν

∂γ
. (A.26)

Using the above relation, one can numerically calculate the derivatives of rk
i with respect to

θi, φi6=P , rP and χ. For this purpose, one only needs the derivatives of r0
i with respect to

these parameters, which have been calculated previously, as well as the relevant derivatives
of the matrix E (see below).

Note that term ∂Rk
ν/∂γ is also calculated via the same recursive relation, i.e.

∂Rk
ν

∂γ
=

3
∑

µ=1

[

∂Eνµ

∂γ
(Rk−1

µ − rk−1
0,µ ) + Eνµ

(

∂Rk−1
µ

∂γ
−
∂rk−1

0,µ

∂γ

)]

+
∂rk−1

N−1,ν

∂γ
(A.27)

with R0
1 = R0

2 = R0
3 = 0, since the center of the sphere in the main unit cell is chosen as the

origin of the Cartesian system.

Partial derivatives of the rotation matrix E

The rotation matrix E is given by (see Chapter 4)

E = BXA (A.28)

with A, X and B defined as follows

A =







− sinφ1 cosφ1 0
− cosφ1 cos θ1 − sinφ1 cos θ1 sin θ1
sin θ1 cosφ1 sinφ1 sin θ1 cos θ1






, (A.29)

X =







cosχ − sinχ 0
sinχ cosχ 0

0 0 1






, (A.30)

B =







− sinφN − cosφN cos θN sin θN cosφN

cosφN − sinφN cos θN sinφN sin θN

0 sin θN cos θN






. (A.31)
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This shows that E is a function of χ, θ1, θN , φ1 and φN only. Therefore, only the derivatives
of E with respect to these parameters are non-zero, which are obtained as

∂E

∂χ
= B

∂X

∂χ
A,

∂E

∂θ1
= BX

∂A

∂θ1
,

∂E

∂φ1
= BX

∂A

∂φ1
,

∂E

∂θN
=

∂B

∂θN
XA,

∂E

∂φN
=

∂B

∂φN
XA, (A.32)

where

∂X

∂χ
=







− sinχ − cosχ 0
cosχ − sinχ 0

0 0 1






, (A.33)

∂A

∂θ1
=







0 0 0
cosφ1 sin θ1 sinφ1 sin θ1 cos θ1
cos θ1 cosφ1 sinφ1 cos θ1 − sin θ1






, (A.34)

∂A

∂φ1
=







− cosφ1 − sinφ1 0
sinφ1 cos θ1 − cosφ1 cos θ1 0
− sin θ1 sinφ1 cosφ1 sin θ1 cos θ1






, (A.35)

∂B

∂θN
=







0 cosφN sin θN cos θN cosφN

0 sinφN sin θN sinφN cos θN

0 cos θN − sin θN






, (A.36)

∂B

∂φN
=







− cosφN sinφN cos θN − sin θN sinφN

− sinφN − cosφN cos θN cosφN sin θN

0 0 0






. (A.37)

Partial derivatives of the interaction Hamiltonian H0k
I

Finally, partial derivatives of the interaction Hamiltonian in Eq. (A.25) can be calculated in a
straight forward manner and in the same way as the partial derivatives of an isolated-complex
Hamiltonian were calculated. The derivatives with respect to r0l,ν and rk

l,ν are

∂H0k
I

∂r0l,ν
= −q2ℓB

N
∑

j=2

G(r0
l , r

k
j ) (r0l,ν−rk

j,ν)+
ZqℓB

1 + κRs

[

F (r0
l ,R

k)−K(r0
l ,R

k)

]

(r0l,ν−Rk
ν), (A.38)

∂H0k
I

∂rk
l,ν

= −q2ℓB
N
∑

i=0

G(r0
i , r

k
l ) (r0i,ν − rk

l,ν) +
ZqℓB

1 + κRs

[

F (rk
l ,0) −K(r0

l ,0)

]

rk
l,ν , (A.39)

where 0 denotes the origin and

G(ri, rj) ≡ (1 + κ|ri − rj |)e−κ|ri−rj |

|ri − rj |3
, (A.40)

F (ri,R) ≡ (1 + κ|ri − R|)e−κ(|ri−R|−Rs)

|ri − R|3 , (A.41)

K(ri,R) ≡ A

α

e−(|ri−R|−Rs)/α

|ri − R| , (A.42)
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are the generalized forms of gij, fi and ki given in Eqs. (A.6)-(A.8). The derivative of H0k
I

with respect to Rk
ν is given as

∂H0k
I

∂Rk
ν

=
ZqℓB

1 + κRs

N
∑

i=0

[

F (r0
i ,R

k) −K(r0
i ,R

k)(r0i,ν −Rk
ν)

]

− Z2ℓBe
2κRs

(1 + κR2
s )

(1 + κ|R|)e−κ|R|

|R|3 .

(A.43)
The only remaining partial derivative, i.e. the first term in Eq. (A.25), is zero (∂H0k

I /∂γ = 0)
except for γ = rP , which can be obtained from Eq. (A.38) by setting r0l,ν = rP .

A.3 Two interacting complexes

The Hamiltonian of two interacting complexes (Chapter 6) consists of two parts: i) the self-
energy of each complex (containing the interaction between each of the polymers with the
sphere that is associated with it), and ii) the interaction between polymers and spheres in
different complexes. It can be rewritten in discretized form (and in units of kBT ) as

H =
2
∑

l=1

Hl
s + H(1,2)

I (A.44)

with Hl
s (for l = 1, 2) being the same as Eq. (A.1), i.e.

Hl
s =

ℓp
∆

N
∑

i=2

{

1 − cos(θl
i − θl

i−1) + sin θl
i sin θl

i−1

(

1 − cos(φl
i − φl

i−1)

)}

(A.45)

+ q2ℓB

N−1
∑

i=0

N
∑

j=i+1

e−κ|rl
i
−r

l
j
|

|rl
i − rl

j |
− ZqℓB

1 + κRs

N
∑

i=0

[

e−κ(|rl
i
−Rl|−Rs)

|rl
i − Rl|

−Ae−(|rl
i
−Rl|−Rs)/α

]

,

and the interaction part, H(1,2)
l , as

H(1,2)
I = q2ℓB

N−1
∑

i=0

N
∑

j=0

e−κ|r1
i
−r2

j
|

|r1
i − r2

j |
− ZqℓB

1 + κRs

N
∑

i=0

[

eκRs

(

e−κ|r1
i
−R2|

|r1
i − R2|

+
e−κ|r2

i
−R1|

|r2
i − R1|

)

− AeRs/α
(

e−(|r1
i−R2|)/α + e−(|r2

i −R1|)/α
)]

+
Z2ℓBe

2κRs

(1 + κRs)2
e−κ|R1−R2|

|R1 − R2|
, (A.46)

where sub- and super-indices 1 and 2 refer to the polymer/sphere belonging to complexes 1
and 2 respectively. The independent variables of the two-complex system are {θl

i, φ
l
i} (the set

of polar and azimuthal angles of the two polymers) as well as the the mid-point coordinates
of each polymer, rl

P (with P = N/2), which specify the location of polymers with respect
to macroions. The distance between two charged spheres is fixed. Therefore, the system is
described by 4N + 6 independent variables with respect to which one has to minimize the
effective Hamiltonian (A.44). One thus needs the derivatives of the Hamiltonian with respect
to these variables to be used within the quasi-Newton minimization algorithm. Derivatives of
Hs are the same as those already presented for an isolated complex (Section A.1). Derivatives
of the term HI are similar to the results given in the preceding section for H0k

I . Note that
one can write the first-order variation of the Hamiltonian as

δHI =
2
∑

l=1

{ N
∑

i=1

(

dHI

dθl
i

δθl
i +

dHI

dφl
i

δφl
i

)

+
3
∑

ν=1

dHI

drl
P,ν

δrl
P,ν

}

, (A.47)



128 A. Numerical Minimization: Derivatives of effective Hamiltonian

where, in general, the Hamiltonian’s total derivative with respect to a given variable γl reads

dHI

dγl
=
∂HI

∂γl
+

N
∑

i=0,i6=P

3
∑

ν=1

∂HI

∂rl
i,ν

∂rl
i,ν

∂γl
. (A.48)

The term ∂rl
i,ν/∂γ

l has been calculated previously (see, e.g., Eq. (A.13)), and the derivatives

of HI with respect to γl are zero except when γl is chosen as rl
P . This derivative can be

calculated from the following relation, i.e.

∂HI

∂rl
m,ν

= −q2ℓB
N
∑

j=1

G(rl
m, r

l′
j ) (rl

m,ν − rl′
j,ν) +

ZqℓB
1 + κRs

[

F (rl
m,R

l) −K(rl
m,R

l)

]

(rl
m,ν −Rl

ν),

(A.49)
where the functions G, F and K are defined in Eqs. (A.40)-(A.42).

A.4 Hessian matrix

In this section, I calculate the Hessian matrix of the effective Hamiltonian of an isolated
PE-macroion complex, which is used in Chapter 5 to evaluate the entropic contribution from
small-amplitude fluctuations of a complexed chain around its ground-state configuration. The
Hessian matrix contains second-order derivatives with respect to degrees of freedom of an
isolated complex. This requires more involved calculations (using the expressions obtained in
Section A.1 for the first-order derivatives) and thus I present here only the final formulae for
the elements of the Hessian matrix. Using the symbol γm for the angular degrees of freedom
of a chain θm and φm, the elements of the Hessian matrix have the following form

d2H
dγmdγn

,
d2H

dγmdrP
,

d2H
d2rP

, (A.50)

where

d2H
dγmdγn

=
∂2H

∂γm∂γn
+

3
∑

ν=1

N
∑

l=0,l 6=P

[

∂H
∂rl,ν

∂2rl,ν
∂γm∂γn

+
3
∑

µ=1

N
∑

h=0,h 6=P

∂2H
∂rl,ν∂rh,µ

∂rl,ν
∂γm

∂rh,µ

∂γn

]

,

(A.51)

d2H
dγmdrP

=
N
∑

h=0

N
∑

l=0

3
∑

ν=1

∂2H
∂rl,ν∂rh,3

∂rl,ν
∂γm

, (A.52)

d2H
d2rP

=
N
∑

h=0

N
∑

l=0

∂2H
∂rl,3∂rh,3

. (A.53)

The partial derivatives of the Hamiltonian are explicitly written as

∂2H
∂θm∂θn

=
ℓp
∆

N
∑

i=2

[

cos(θi − θi−1)(δi,m − δi−1,m)(δi,n − δi−1,n) +

+

(

cos θi cos θi−1δi,mδi−1,n − sin θi sin θi−1δi,mδi−1,n + cos θi cos θi−1δi,nδi−1,m

− sin θi sin θi−1δi,nδi−1,n

)(

1 − cos(φi − φi−1)

)]

, (A.54)
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∂2H
∂θm∂φn

=
ℓp
∆

N
∑

i=2

[

cos θi sin θi−1 sin(φi − φi−1)δi,m(δi,n − δi−1,n)

+ sin θi cos θi−1 sin(φi − φi−1)δi−1,m(δi,n − δi−1,n)

]

, (A.55)

∂2H
∂φm∂φn

=
ℓp
∆

N
∑

i=2

[

sin θi sinφi−1 cos(φi − φi−1)(δi,m − δi−1,m)(δi,n − δi−1,n)

]

. (A.56)

The terms ∂rl,ν/∂γm and ∂H/∂rm,ν have been evaluated before. Here I first consider the
term ∂2rl,ν/∂γm∂γn, which is obtained as

∂2rl,ν
∂γm∂γn

= 0 for m 6= n, (A.57)

but for m = n, one has

∂2rl,ν
∂γm∂γ′m

=











Sν
m,γ,γ′ Θ(m− l − 1)Θ(P −m) l < P,

Sν
m,γ,γ′ Θ(l −m)Θ(m− P − 1) l > P,

(A.58)

where Sν
m,γ,γ′ is the second derivative of the ν-th component of um with respect to γ and γ′,

which may be θm or φm, that is explicitly,

Sm,θ,θ =
∂2um

∂θ2
m

= ∆







− sin θm cosφm

− sin θm sinφm

− cos θm






,

Sm,θ,φ =
∂2um

∂θm∂φm
= ∆







− cos θm sinφm

cos θm cosφm

0






,

Sm,φ,φ =
∂2um

∂φ2
m

= ∆







− sin θm cosφm

− sin θm sinφm

0






.

I consider now the term ∂2H/∂rl,ν∂rh,µ, which is obtained as

∂2H
∂rl,ν∂rh,µ

= −q2ℓB
N−1
∑

i=0

N
∑

j=i+1

[

Ghj (ri,ν − rj,ν)(ri,µ − rj,µ)(δi,l − δj,l)(δi,h − δj,h)

+ gij (δi,l − δj,l)(δi,h − δj,h)δν,µ

]

+
ZqℓB

1 + κRs

[

(Fh + Kh) rh,νrh,µ + (fh + kh) δν.µ

]

δl,h. (A.59)

where the functions Gij , Fi and Ki are defined as

Gij ≡ −e
−κ|ri−rj |

|ri − rj|5
{

3(1 + κ|ri − rj|) + κ2|ri − rj|2
}

(A.60)

Fi ≡ −e
−κ(|ri|−Rs)

|ri|5
{

3(1 + κ|ri|) + κ2|ri|2
}

(A.61)

Ki ≡ −A
α

e−(|ri|−Rs)/α

|ri|3
{ |ri|
α

+ 1

}

, (A.62)
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and the functions gij , fi and ki have already been introduced in Eqs. (A.6)-(A.8). The last
component which needs to be calculated in order to complete the evaluation of the Hessian
matrix is the following derivative (see Eq. (A.51))

∂rl,ν
∂γm

∂rh,µ

∂γn
=















































Θ(m− l − 1)Θ(P −m)Θ(n− h− 1)Θ(P − n)Cν
m,γCµ

n,γ l, h < P,

−Θ(m− l − 1)Θ(P −m)Θ(h− n)Θ(n− P − 1)Cν
m,γCµ

n,γ l < P < h,

−Θ(n− h− 1)Θ(P − n)Θ(l −m)Θ(m− P − 1)Cν
m,γCµ

n,γ h < P < l,

Θ(l −m)Θ(m− P − 1)Θ(h − n)Θ(n− P − 1)Cν
m,γCµ

n,γ l, h > P,
(A.63)

where Cν
m,γ has the same definition as, for instance, in Eq. (A.16) (see also Eqs. (A.14) and

(A.15)).



Appendix B

Electrostatic Interactions in an
Ionic Mixture

In vacuum, fixed charged objects (macroions) interact via Coulomb electrostatic interactions.
In an ionic mixture, the interaction between macroions is modified due to the presence of small
mobile ions, known as counterions (of the opposite charge) and coions (of the same charge as
macroions). These microscopic ions may result from dissociation of surface chemical groups
of macroions in an aqueous solution, or may come form dissociation of additional electrolyte
or salt molecules in the solution. They form loosely bound ionic clouds around macroions and
tend to screen their charges. In particular, counterions, that are attracted towards macroion
surfaces, predominantly determine static or dynamic properties of macroionic solutions in
many instances [7]. Understanding the effective interaction between macroions across an
ionic medium requires an understanding of the ionic clouds first. This however appears to be
a challenging task from a theoretical point of view, since the long-range nature of Coulomb
interaction typically leads to a complex many-body problem, which can be treated only within
certain approximations.

A common theoretical approximation to study electrostatic interactions in an ionic mix-
ture is to employ mean-field approximation. This amounts to neglecting fluctuations (and
correlation effects) in the ionic atmosphere, that is focusing only on the mean resultant elec-
trostatic potential from small ions and macroions. The mean-field theory, known also as
Poisson-Boltzmann (PB) theory [11], can be established on a systematic level by means of a
saddle-point approximation [11, 200]. In the following section, I derive the PB theory using
a simple heuristic argument. The PB theory involves a non-linear equation (the so-called PB
equation) for mean electrostatic potential, which can be solved analytically only for a few
special cases. In certain conditions, the non-linear PB equation can be approximated by a
linear equation, the so-called Debye-Hückel (DH) equation [7, 12], which makes it possible to
develop analytical methods for more complex systems such as polymer-sphere interactions as
considered in the present work. The DH approximation and its non-linear improvement for
the case of charged polymers will be discussed later in this appendix.

While the mean-field theory proves to be a quite useful approximation, it breaks down
in the situation where electrostatic correlations among mobile ions become important. This
occurs particularly when multivalent counterions are introduced, which are strongly attracted
towards macroions and form highly correlated layers on their surfaces. Counterion-induced
correlation effects go beyond the scope of the present work and further details can be found,
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e.g., in Refs. [199, 200, 201].

B.1 Mean-field theory

Consider a classical charged system consisting of fixed macroions of charge distribution σ(r)e
in an ionic mixture (electrolyte) of n different ionic species. The solvent is treated as a
continuum medium of dielectric constant ε at temperature T , and small ions are taken as
point-like particles. This amounts to neglecting the solvent structure, image charges due to
dielectric mismatch on the boundaries, and excluded-volume effects due to finite size of small
ions. The ionic species i (with i = 1, . . . , n) is present with bulk concentration of ci and charge
valency zi. In equilibrium, the mean-field theory may be deduced simply by combining two
basic relations, namely, the Poisson equation governing the mean electrostatic potential field,
Ψ(r), in space and the Boltzmann distribution that determines the number density profile of
ions, ρi(r), in the presence of macroions.

The Poisson equation reads

∇2Ψ(r) = −σ(r)e

εε0
−

n
∑

i=1

zieρi(r)

εε0
, (B.1)

which is supplemented by the Boltzmann distribution for ionic species i as

ρi(r) = ci Ωi(r) exp(−zieΨ/kBT ). (B.2)

Here Ω(r) is a geometry function that takes into account the presence of hard walls and
specifies the space accessible to mobile ions. The prefactor ci may be related to the bulk con-
centration of ions assuming that at large distances from macroions the electrostatic potential
vanishes. The Poisson-Boltzmann (PB) equation thus reads

∇2Ψ(r) = −σ(r)e

εε0
−

n
∑

i=1

zie

εε0
ciΩi(r) exp(−zieΨ/kBT ), (B.3)

which involves a non-linear term (second term on the right hand side) that accommodates
many-body features: local density of ions which determines the local electrostatic potential
is adjusted itself by the electrostatic potential via the exponential Boltzmann factor.

B.2 Debye-Hückel theory: linearization approximation

For small electrostatic potentials, namely, |zieΨ/kBT | < 1, the PB equation may be linearized
by expansing the non-linear term up to first order in Ψ as

n
∑

i=1

zici Ωi(r) e
−zieΨ/kBT ≃

n
∑

i=1

zici Ωi(r) −
n
∑

i=1

z2
i ci Ωi(r)

(

eΨ(r)

kBT

)

. (B.4)

Assuming that ions are present everywhere in space, i.e. Ωi(r) = 1, and defining the rescaled
electrostatic potential Ψ̃ = eΨ/kBT , one finds the Debye-Hückel (DH) equation as

∇2Ψ̃(r) = −4πℓBσ(r) + κ2Ψ̃(r). (B.5)
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Note that here I have assumed electroneutrality condition in the bulk, i.e.
∑n

i=1 zici = 0. The
inverse Debye screening length, κ, is defined via

κ2 = 4πℓB

n
∑

i=1

z2
i ci. (B.6)

The DH approximation is expected to be valid for not too high electrostatic potentials, which
is typically the case for moderate to high salt concentration and not too high surface charges
on macroions. For highly charged macroions such as DNA and at low salt, the DH theory is
not valid in the vicinity of the macroion surface, where there will be an excessive accumulation
of counterions. For charged polymers, these non-linear effects can be accounted for within
the DH frame work using a phenomenological approach (see below).

It is useful to consider the solution of the DH equation for a few standard cases.

Point charge

For a fixed elementary point charge located at the origin with the distribution σ(r) = δ(r),
the DH equation may be written as

∇2Ψ̃(r) − κ2Ψ̃(r) = −4πℓBδ(r), (B.7)

which can readily be solved using the standard Fourier transformation techniques yielding
the so-called Green’s function of the DH equation as

Ψ̃(r) = vDH(r) ≡ ℓB
e−κ|r|

|r| . (B.8)

This is nothing but the screened Coulomb potential of a fixed charge in the presence of
screening salt ions in the medium. At distances smaller than the Debye screening length κ−1,
the electrostatic potential is Coulomb-like, but beyond this range, it falls off exponentially
with distance from the central charge.

Charged sphere

For a single charged sphere with charge valency Z and radius R (centered at origin), the DH
equation may be written as

∇2Ψ̃(r) − κ2Ψ̃(r) = −ZℓB
R2

δ(|r| −R). (B.9)

This equation can be solved easily in polar coordinates assuming that no salt is present inside
the sphere (i.e. including the second term on the left hand side only for |r| > R) and that the
electrostatic potential vanishes at infinity.1 The result for the mean electrostatic potential
may be cast into a point-charge form as

Ψ̃(r) = Z∗ℓB
e−κ|r|

|r| , (B.10)

1Effects due to the discontinuity in salt concentration across the macroion surafce are neglected here.
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where the prefactor, Z∗ (DH effective charge), reads

Z∗ =
ZeκR

1 + κR
, (B.11)

as used in the chain-sphere interaction potential in the text (see, e.g., Chapter 2).
For a sphere radius of R = 5 nm and charge Z = 15, the DH approximation (valid for

Ψ̃ < 1) is expected to become accurate for κ > 0.22 nm−1. For higher sphere charge, a larger
salt screening is required.

Charged cylinder

For a single infinite charged cylinder with linear charge density −τe and radius R, the DH
equation may be written as

∇2Ψ̃(r) − κ2Ψ̃(r) =
2τℓB
R

δ(r −R), (B.12)

where r denotes the radial distance from the central cylinder axis. Assuming that the salt
is present only outside the cylinder (r > R), one can solve the above DH equation [7, 12]
obtaining

Ψ̃(r) = − 2τℓB
κRK1(κR)

K0(κr), (B.13)

where K0 and K1 are modified Bessel functions.
In the zero-salt limit κ → 0, one can recover the standard (unscreened) potential Ψ̃(r) =

2τℓB ln(r/R) (assuming also that the potential is zero at the cylinder surface, i.e. Ψ̃(R) = 0).
Note that this result approximately holds within distances smaller than the screening length,
i.e. for R < r < κ−1. For larger separations, the potential decays exponentially with distance
since the Bessel functions behave as K0(x) ∼ K1(x) ∼ exp(−x)/√x.

B.3 Counterion condensation at charged cylinders

At equilibrium, counterions tend to diffuse away from macroions in order to maximize the
entropy of the system, while at the same time, they are attracted energetically toward the
macroion surfaces.

In the presence of a charged cylinder (or line), both competing mechanisms (that is the
counterion energetic attraction and the “entropic repulsion”) scale like ∼ ln r with the radial
distance from the cylinder axis, r. This leads to a threshold binding-unbinding process, which
is known as the counterion-condensation transition at charged cylinders. On a single-particle
level, this threshold behavior can be characterized using the single-counterion interaction
energy, U/(kBT ) = 2(zℓBτ) ln(r/R) = 2ξ ln(r/R), with an infinitely long cylinder in an outer
confining cylindrical box of radius D > R. Here ξ = zℓBτ is the Manning parameter with +z
being the counterion valency and −τ the cylinder linear charge density. The single-particle
partition function may be written as

Z1 = 2π

∫ D

R
r dr e−2ξ ln(r/R) ∼

∫ ǫ

0
dy e−2(ξ−1)y, (B.14)

where I have used a logarithmic transformation for the radial coordinate as y = ln(r/R),
and defined ǫ = ln(D/R) [187]. The relevant infinite-volume limit (infinite-dilution limit)
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for cylinders is determined by this factor as ǫ → ∞, where Z1 may remain finite or diverge
depending on the Manning parameter ξ: For ξ < 1, Z1 diverges and the single-particle distri-
bution function, ρ1(r) ∼ exp(−2ξ ln r)/Z1, tends to zero reflecting complete de-condensation

of counterions. For ξ > 1, on the contrary, Z1 remains finite indicating condensation of coun-
terions, which adopt a finite density profile at the cylinder (the condensation is not complete
in the sense that a fraction of (neutralizing) counterions always escapes to infinity [71]). The
above argument suggests a critical threshold of ξ∗ = 1 for the counterion-condensation tran-
sition, which has been confirmed by more systematic approaches including mean-field theory
(see e.g. Ref. [188]) and extensive Monte-Carlo simulations [187]. The critical Manning
parameter corresponds to a critical linear charge density of

τ∗ =
1

zℓB
. (B.15)

Note that a similar divergency occurs at ξ∗ = 1 for a thin charged line, i.e. when the
cylinder radius tends to R → 0 (even in a finite confining box). But clearly, in this case,
the single-particle partition function is divergent above the critical Manning parameter (ξ >
ξ∗ = 1). Manning interpreted this divergency as a counterion condensation process onto the
charged line, which reduces the effective linear charge density of the line to its critical value
[71]. Assuming that the total number of counterions in the system is given by the global
electroneutrality condition as Nci/L = τ/z (with L being the cylinder or line length), it
follows that a fraction αM = 1 − 1/ξ of counterions (Manning fraction) has to condense on a
highly charged line (τ > τ∗) in order to bring its effective (or net) linear charge density down
to the critical value τ∗. This process is generally known as charge renormalization. A more
accurate derivation of the Manning’s phenomenological theory for counterion condensation
can be found in Ref. [71], where a two-fluid model (based on a mean-field approach that
accounts for many-body effects as well) has been developed by partitioning counterions into
two population, namely, condensed counterions (within a thin layer on the cylinder surface
or on the charged line) and de-condensed counterions (forming a diffuse cloud in the bulk
and in equilibrium with the former layer). Within the frame work of the PB theory, a similar
conclusion can be reached for a cylinder of finite radius as discussed in Ref. [188], although
in this case, the so-called condensed counterions form a smooth and extended density profile
in the vicinity of the charged cylinder.

Strictly speaking, the critical counterion condensation behavior emerges only at an in-
finitely long cylinder or line. For finite cylinders of length L, one can distinguish two regimes
of radial distances, namely, r < L, where the cylindrical symmetry assumed above (and
the results for the threshold behavior) approximately holds, and r > L, where counterions
experience an almost-spherically-symmetric potential, and thus tend to diffuse away.2

As discussed before, in the presence of salt, the counterion-cylinder attraction decays
exponentially at large distances beyond the Debye screening length, r > κ−1, while it is almost
logarithmic at smaller distances from the cylinder axis. Therefore, the threshold counterion
condensation, that emerges as a result of the interplay between entropic and energetic factors,
can occur at a charged cylinder only in the zero-salt limit κ−1 → ∞ (or equivalently κ→ 0).
The limiting nature of the counterion condensation has been discussed by Manning [71],
which reveals that for finite salt concentration, the condensed fraction is always smaller than

2Note that in the presence of a charged sphere, the entropic factor (that grows as ∼ ln r) is much stronger
than the counterion-sphere attraction (∼ 1/r), and thus counterions always de-condense in the absence of
confining boundaries or salt screening effects.
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the limiting (zero-salt) value αM = 1 − 1/ξ and moreover, the convergency to this value is
logarithmically weak as κ tends to zero. (Such a weak logarithmic convergency to the critical
limit is already indicated by Eq. (B.14) above since the upper limit of the integral depends
on the logarithmic size factor ǫ = ln(D/R).)

It is therefore important to keep in mind that for finite salt concentrations and for short
PE chains (as considered in the present work), the effective (renormalized) charge of the PE
chain lies somewhere between the two limits: the upper limit which is set by the bare linear
charge density τ (no charge renormalization), and the lower limit which is set by the Manning
limiting value τ∗ = 1/(zℓB) (maximum charge renormalization).



Appendix C

Virial Expansion

In this appendix, I discuss the standard virial expansion for a simple fluid, and then generalize
the same method to obtain a low-concentration expansion for a complex fluid consisting of
charged polymers and macroions as used in Chapter 5. (Here I use a simple method to derive
the virial expansion. Rigorous derivation of these results can be found in literature [5].)

C.1 Simple fluids

Consider a system of N identical spherical particles that interact via pair potential v(r) (in
the units of kBT ). The partition function of this system reads

ZN =
1

N !

[

∏

i

∫

dri

λ3
t

]

e
− 1

2

∑

i6=j
vij , (C.1)

where vij = v(ri − rj) and λt is the thermal wavelength. To proceed further, I make use of
Mayer functions as

fij = e−vij − 1. (C.2)

The partition function may thus be rewritten as

ZN =
1

N !

[

∏

i

∫

dri

λ3
t

] N
∏

j=1

N
∏

k=j+1

(1 + fjk). (C.3)

Because the particles are indistinguishable, one can expand the integrand in powers of f as

ZN =
1

N !

[

∏

i

∫

dri

λ3
t

](

1 +
N(N − 1)

2
f12 + . . .

)

, (C.4)

which can be simplified further as

ZN =
1

N !

V N

λ3N
t

(

1 +
N(N − 1)

2V

∫

dr [e−v(r) − 1] + . . .

)

(C.5)

where r = ri − rj represents the distance of any two particles. Finally the free energy density
of the system (in units of kBT ) can be written as

FN

V
= − 1

V
lnZN = c ln(cλ3

t ) − c− ln

[

1 +
N(N − 1)

2V

∫

dr (e−v(r) − 1) + . . .

]1/V

, (C.6)
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where c = N/V is the particle concentration. Here I have used lnN ! ≃ N lnN − N in the
thermodynamic limit N → ∞. The last term of the above equation can be expanded as

− ln

[

1+
N(N − 1)

2V

∫

dr (e−v(r)−1)+ . . .

]1/V

≃ − ln

[

1+
N(N − 1)

2V 2

∫

dr (e−v(r) −1)+ . . .

]

.

(C.7)
Using this relation, the free energy density of the system in the low concentration limit is
obtained as

FN

V
= c ln(c λ3

t ) − c+B2 c
2 + . . . , (C.8)

where

B2 = −1

2

∫

dr [e−v(r) − 1] (C.9)

is referred to as the second virial coefficient of the system, which incorporates the inter-particle
interactions on the leading order.

C.2 Complex fluids: Mixture of polymers and macroions

In Chapter 5, I employed a virial expansion in order to investigate the reaction equilibrium
between charged polymers and macroions in the low-concentration limit. The virial expansion
for this system can be obtained as follows.

Consider a solution of N2 charged spherical colloidal particles (macroions) and N1 charged
polymers, each consisting of N+1 monomers, that are confined in a volume of V . The solvent
is considered to be a continuum medium, containing small mobile ions (additional salt) as well,
which are accounted for only through the effective interaction between two fixed elementary
charges in this ionic medium, v(r). Likewise, the effective interaction between two monomers
is denoted by vmm, and between two spheres by vss, and between a sphere and a monomer
by vsm. The position of the first monomer of the polymer i is given by vector Ri (with
i = 1, . . . , N1). The relative position vector of the other N monomers with respect to the first
monomer are given by riν (denoted by Greek indices, e.g., as ν = 1, . . . ,N). The position of
the center of macroion j is given by Dj (with i = 1, . . . ,N2) confined in the volume V . The
solvent is considered to be a continuum medium.

The effective Hamiltonian of such a system can be written (in units of kBT ) as

Htot =
N1
∑

i=1

N
∑

ν<µ

vmm(riν − riµ) +
N1
∑

i<i′

N
∑

ν,µ=1

vmm(riν − ri′µ + Ri − Ri′)

+
N1
∑

i=1

N2
∑

j=1

N
∑

ν=1

vsm(riν + Ri − Dj) +
N2
∑

j<j′

vss(Dj − Dj′). (C.10)

Using the above Hamiltonian, the partition function of the solution is written as

Ztot =
1

N1!N2!

∫ N1
∏

i=1

dRi

∫ N1
∏

i=1

{dr}i

∫ N2
∏

j=1

dDj

[ N1
∏

i=1

e
−
∑N

ν<µ
vmm(riν−riµ)

]

×
[ N1
∏

i<i′

e
−
∑N

ν,µ
vmm(riν−ri′µ+Ri−Ri′)

][N1,N2
∏

i,j

e−
∑N

ν
vsm(riν+Ri−Dj)

]
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×
[ N2
∏

j<j′

e−vss(Dj−Dj′ )
]

, (C.11)

where the integrals are taken over all degrees of freedom of macroions and polymers. In
particular, {dr}i refers to all internal degrees of freedom of polymer i, which can expressed
in terms of internal polar and azimuthal angles as will be specified later (Chapter 5).

I now introduce Mayer functions associated with monomer-monomer, monomer-sphere
and sphere-sphere system as follows

fmm
ii′ = e

−
∑

ν,µ
vmm(riν−ri′µ+Ri−Ri′) − 1, (C.12)

f sm
ij = e−

∑

ν
vsm(riν+Ri−Dj) − 1, (C.13)

f ss
jj′ = e−

∑

ν
vsm(Dj−Dj′ ) − 1. (C.14)

The partition function can be expanded up to the first order in f as

Ztot =
1

N1!N2!
ZN1

1

∫ N1
∏

i=1

dRi

N2
∏

j=1

dDj

[

1 +
N1
∑

i<i′

fmm
ii′ +

N1,N2
∑

i,j

f sm
ij +

N2
∑

j<j′

f ss
jj′ + O(f2)

]

, (C.15)

where Z1 is the (internal) partition function of a single polymer labeled by i, i.e.

Z1 =

∫

{dr} e−
∑

ν<µ
v(rν−rµ)

, (C.16)

where I have dropped the polymer label i. By inserting the definition of Mayer functions and
performing the necessary integrations and taking into account the fact that macroions and
polymers are indistinguishable, the partition function can be written in the low concentration
regime as

Ztot ≃ 1

N1!N2!
V N1+N2ZN1

1

[

1 +

+
N1(N1 − 1)

2V
Z−1

1

∫

dR

∫

{dr}
(

e
−
∑

ν,µ
vmm(rν−rµ+R) − 1

)

e
−
∑

ν<µ
vmm(rν−rµ)

+
N1N2

V
Z−1

1

∫

dR

∫

{dr}
(

e−
∑

ν
vsm(rν+R) − 1

)

e
−
∑

ν<µ
vmm(rν−rµ)

+
N2(N2 − 1)

2V

∫

dR

(

e−vss(R) − 1

)]

. (C.17)

By introducing the following second virial coefficients for the three different types of interac-
tion potentials present in the above partition function

Bpp
2 = −1

2

∫

dR

[

1

Z1

(∫

{dr} e−
∑

ν,µ
vmm(rν−rµ+R)

)

− 1

]

, (C.18)

Bsp
2 = −1

2

∫

dR

[

1

Z1

(∫

{dr} e−
∑

ν
vsm(rν+R)

)

− 1

]

, (C.19)

Bss
2 = −1

2

∫

dR [e−vss(R) − 1], (C.20)

corresponding with polymer-polymer, polymer-sphere and sphere-sphere respectively, one ob-
tains

Ztot =
V N1+N2

N1!N2!
Z1

[

1 − N1(N1 − 1)

V
Bpp

2 − 2N1N2

V
Bsp

2 − N2(N2 − 1)

V
Bss

2

]

. (C.21)
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Finally the free energy, Ftot = − lnZtot, is calculated from the above expression as

Ftot

V
= (Cp lnCp −Cp)+ (Cm lnCm −Cm)+Bpp

2 C2
p +Bss

2 C
2
m +2Bsp

2 CpCm −Cp lnZ1 (C.22)

where Cp = N1/V is the concentration of polymers and Cm = N2/V is the concentration of
macroions.

In the present study, I primarily focus on a system with like-charged polymers and liked-
charged macroions, while charged polymers and macroions are oppositely charged. In this
case, the second virial coefficient associated with the polymer-macroion interaction, which is
attractive, is much larger that the second virial coefficient associated with macroion-macroion
and polymer-polymer interaction. This justifies neglecting Bmm

2 and Bss
2 against Bsm

2 in the
low-concentration regime. For a system of equal concentration for polymers and macroions,
Cp = Cm = C0, one thus finds

Ftot

V
= 2C0(lnC0 − 1) + C0Fp + 2Bsp

2 C
2
0 . (C.23)

in which Fp = − lnZ1 is the internal free energy of one polymer chain.
As explained in Chapter 5, the complexation reaction in the dilute limit can be studied by

treating the charged polymer and macroion solution as a mixture of two (ideal) species that
can interact with each other and associate into a third species (product), i.e. the complexes
of concentration Cc. The free energy of a dilute solution may thus be written as

Ftot

V
= (Cp −Cc) ln(Cp − Cc) − (Cp − Cc) + (Cm − Cc) ln(Cm − Cc)

−(Cm − Cc) + Cc lnCc − Cc + CpFp + Cc∆F , (C.24)

where the last term represents the chemical potential of a complex and Fp is that of a polymer.
Minimizing the above free energy expression with respect to the concentration of complexes,
Cc, gives the law of mass action for Cp = Cm = C0 as

Cc

(C0 − Cc)2
= e−∆F , (C.25)

which can be solved for Cc yielding Cc = C2
0 exp(−∆F) in the limit of low concentrations

C0 exp(−∆F) ≪ 1. Inserting this result into the preceding free energy, one obtains

Ftot

V
= 2C0(lnC0 − 1) + C0Fp + C2

0e
−∆F . (C.26)

Comparison between Eqs. (C.23) and (C.26) shows that ∆F can be associated with the
second virial coefficient of the polymer-macroion interaction as

e−∆F = 2Bsp
2 = −

∫

dR

[

1

Z1

(∫

{dr} e−
∑

ν
vsm(rν+R)

)

− 1

]

, (C.27)

which reproduces Eq. (5.11) in the text.



Appendix D

Notes on Discretization Effects

In the numerical studies used in this thesis, I have employed a discretization method by
representing a continuous polyelectrolyte (PE) chain with a discrete set of N rigid subunits
of fixed length ∆, where the contour length of the chain L = N∆ is fixed (see, e.g., Chapter
2). Clearly, in the limit N → ∞, one recovers the continuum limit. The results obtained with
a finite number of dicretization points depend on N . The goal is to take a large value for N
such that the discretization effects are minimized. This is however limited in practice since
large N renders a large computational time.

Here I use two quantities to examine discretization effects: i) the energy difference between
an isolated complex and an isolated PE chain as reference system, i.e. ∆H∗ = H∗

c−H∗
p, and ii)

the difference between the Gaussian-fluctuations entropic contribution, ∆F (1) = F (1)
c −F (1)

p

(due to chain fluctuations around the ground-state), of a complex and that of a free PE
chain (see Chapter 5). These quantities are calculated for various number of discretization
degree, N , and shown in Figure D.1 as a function of N for a typical set of parameters used
in the present study (corresponding to 146-base-pair DNA complexed with histone proteins),
i.e. chain persistence length ℓp = 30 nm, chain contour length L = 49.64 nm, chain linear
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Figure D.1: The binding energy of a chain to a macroion, ∆H∗, shown as a function of the discretiza-
tion degree,N (see the text for parameters). The inset shows the difference in the Gaussian-fluctuations
correction term, ∆F (1).
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charge density τ = 5.88 nm−1, sphere radius Rs = 5 nm, sphere charge Z = 40. The salt
concentration is set to zero, i.e. κ = 0.

For large enough N , one expects that both quantities tend to a saturated constant value
corresponding to the continuum-limit results. In fact, as seen in the graph, variations of
∆H(0) with N is quite small, e.g., when N increases from N = 100 up to N = 500, there is
only about 0.1% relative change in ∆H(0). For ∆F (1) the saturation appears to be weaker,
but the dependence on N is still quite weak (a change of about 10%). Note that larger N
means a more complicated energy landscape and as a result, a slower minimization routine.
Therefore as a compromise between numerical accuracy and reasonable computational time,
I have chosen N = 250.



Appendix E

Notes on Soft-Core Potential

In the chain-sphere model, I use a repulsive short-ranged potential in order to exclude the
polyelectrolyte chain from the spherical region introduced by the macroion. This soft-core
potential is taken in the form of an exponentially decaying function, i.e. as ∼ A exp[−(r −
Rs)/α], where r is the distance from the sphere center of radius Rs, and A and α represent the
strength and the range of this potential respectively (note that α represents the thickness of
the penetration layer and, hence, the softness of the sphere). These two latter quantities are
chosen such that the penetration of the chain into the sphere remains small as compared with
the sphere radius, mimicking thus a rigid sphere. The chain penetration is influenced by other
parameters such as salt concentration and one needs to specify an appropriate regime for the
strength and range of the soft potential in terms of charge parameters. Before proceeding
further, I emphasize that taking a soft sphere is advantageous as compared with a hard-core
sphere used in previous studies [48, 49] in that i) one can account for the chain fluctuations
on the sphere because small chain penetrations into the sphere are allowed, and ii) one can
relax the hard-core constraint and thus the use of a constrained minimization method.

Consider a single chain bead (or particle) of charge valency q in the vicinity of an oppositely
charged sphere of valency Z. The bead-sphere interaction (in units of kBT ) is written as

V1 = − qZℓB
1 + κRs

[

e−κ(r−Rs)

r
−Ae−(r−Rs)/α

]

, (E.1)

where the first term corresponds to the screened electrostatic attraction and the second term is
the soft repulsive potential. The competition between these two terms lead to an equilibrium
position for the bead (energy minimum location), r∗, which determines the effective radius
of the sphere. Note that I have chosen the strength of the soft potential to be proportional
with the charge parameters, q, Z and ℓB in such a way that the location of this minimum
is independent of these parameters. I choose A ≪ 1/Rs (e.g., typically A ≃ 0.01 nm−1 for
Rs = 5 nm) such that the soft-repulsion is not dominant at the contact with the sphere. But,
on the other hand, take α within the range α < 1/κ such that the chain penetration remains
small (see below).

In inset of Figure E.1, I plot V1 as a function of r, for Z = 70, q = 1.16, Rs = 5 nm,
A = 0.012 nm−1 and varius values of α and two different values of κ. The three curves related
to κ = 1 nm−1 show very little shift in the position and the value of the interaction energy
minimum. But for κ = 5 nm−1, both the value and the position of the minimum of energy is
dramatically changed, therefore for κ = 5 nm−1, α = 0.1 nm is not a good choice. Acceptable
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Figure E.1: The range of acceptable values of α for different κ. The inset shows the interaction energy
of one bead with a sphere of charge valency Z = 70 (Eq. (E.1)) for different values of κ and α. The
full line, dashed line and dot-dashed line are obtained for κ = 1 nm−1 but with different α = 0.02, 0.05
and 0.1 nm respectively. The dotted curve is the interaction energy for κ = 5 nm−1 and α = 0.1 nm.

values of α are conventionally chosen such that the distance of the potential minimum from
the sphere center lies within the range |r∗ −Rs| < 0.02Rs. The results are shown in the main
set of figure indicating acceptable (valid) and unacceptable (not valid) ranges of α in terms
of κ. The threshold value for α (dashed curve) is roughly proportional with κ−1. In most of
cases considered in this thesis, I have chosen the value of α as α = 0.02 nm, which as seen
from the graph, lies in the acceptable range for small to quite large values of κ.
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[96] I. M. Kulić and H. Schiessel, Phys. Rev. Lett.91, 148103 (2003).
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