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Introduction

The index theorem for elliptic operators on a closed Riemannian manifold by Atiyah and
Singer [1] has many applications in analysis, geometry and topology, but it is not suitable for
a generalization to a Lorentzian setting.

In the case where a boundary is present Atiyah, Patodi and Singer provide an index theorem
for compact Riemannian manifolds [2] by introducing non-local boundary conditions obtained
via the spectral decomposition of an induced boundary operator, so called APS boundary
conditions. In [9], Bar and Strohmaier prove a Lorentzian version of this index theorem
for the Dirac operator on a manifold with boundary by utilizing results from [2, 3] and the
characterization of the spectral flow by Phillips [14]. In their case the Lorentzian manifold is
assumed to be globally hyperbolic and spatially compact, and the induced boundary operator
is given by the Riemannian Dirac operator on a spacelike Cauchy hypersurface. Their results
show that imposing APS boundary conditions for this boundary operator will yield a Fredholm
operator with a smooth kernel and its index can be calculated by a formula similar to the
Riemannian case.

Back in the Riemannian setting, Bar and Ballmann [12, 13] provide an analysis of the most
general kind of boundary conditions that can be imposed on a first order elliptic differential
operator that will still yield regularity for solutions as well as Fredholm property for the
resulting operator. These boundary conditions can be thought of as deformations to the
graph of a suitable operator mapping APS boundary conditions to their orthogonal complement.

This thesis aims at applying the boundary conditions found by Bir and Ballmann to a
Lorentzian setting to understand more general types of boundary conditions for the Dirac
operator, conserving Fredholm property as well as providing regularity results and relative
index formulas for the resulting operators. As it turns out, there are some differences
in applying these graph-type boundary conditions to the Lorentzian Dirac operator when
compared to the Riemannian setting. It will be shown that in contrast to the Riemannian case,
going from a Fredholm boundary condition to its orthogonal complement works out fine in the
Lorentzian setting. On the other hand, in order to deduce Fredholm property and regularity
of solutions for graph-type boundary conditions, additional assumptions for the deformation
maps need to be made.

The thesis is organized as follows. In chapter 1 basic facts about Lorentzian and Riemannian
spin manifolds, their spinor bundles and the Dirac operator are listed. These will serve as a
foundation to define the setting and prove the results of later chapters.

Chapter 2 defines the general notion of boundary conditions for the Dirac operator used in this
thesis and introduces the APS boundary conditions as well as their graph type deformations.
Also the role of the wave evolution operator in finding Fredholm boundary conditions is



analyzed and these boundary conditions are connected to notion of Fredholm pairs in a given
Hilbert space.

Chapter 3 focuses on the principal symbol calculation of the wave evolution operator and the
results are used to prove Fredholm property as well as regularity of solutions for suitable graph-
type boundary conditions. Also sufficient conditions are derived for (pseudo-)local boundary
conditions imposed on the Dirac operator to yield a Fredholm operator with a smooth solution
space.

In the last chapter 4, a few examples of boundary conditions are calculated applying the results
of previous chapters. Restricting to special geometries and/or boundary conditions, results can
be obtained that are not covered by the more general statements, and it is shown that so-called
transmission conditions behave very differently than in the Riemannian setting.



Zusammenfassung

Der Indexsatz fiir elliptische Operatoren auf geschlossenen Riemannschen Mannigfaltigkeiten
von Atiyah und Singer hat zahlreiche Anwendungen in Analysis, Geometrie und Topologie,
ist aber ungeeignet fiir eine Verallgemeinerung auf Lorentz-Mannigfaltigkeiten.

Durch die Einfiihrung nicht-lokaler Randbedingungen, gewonnen aus der Spektralzerlegung
eines induzierten Randoperators, beweisen Atiyah, Patodi und Singer (APS) einen Indexsatz
fiir den Fall kompakter Riemannscher Mannigfaltigkeiten mit Rand. Aufbauend auf diesem
Resultat und mit Hilfe der Charakterisierung des Spektralflusses durch Philipps gelangen
Bar und Strohmaier zu einem Indexsatz fiir den Dirac-Operator auf global hyperbolischen
Lorentz-Mannigfaltigkeiten mit kompakten und raumartigen Cauchy-Hyperflachen. Thr
Ergebnis zeigt unter anderem, dass der Dirac Operator auf solchen Mannigfaltigkeiten und
unter APS Randbedingungen ein Fredholm-Operator mit glattem Kern ist und das sein Index
sich aus einer zum Riemannschen Fall analogen Formel berechnen lasst.

Zuriick im Riemannschen Setup zeigen Bar und Ballmann eine allgemeine Charakterisierung
von Randbedingungen fiir elliptische Differentialoperatoren erster Ordnung die sowohl die
Regularitdit von Losungen, als auch Fredholm-Eigenschaft des resultierenden Operators
garantieren. Die dort entwickelten Randbedingungen konnen als Deformation auf den
Graphen einer geeigneten Abbildung der APS-Randbedingung auf ihr orthogonales Komple-
ment verstanden werden.

Die vorliegende Arbeit hat das Ziel die von Bar und Ballmann beschriebenen Randbedingungen
auf den Dirac-Operator von global hyperbolischen Lorentz-Mannigfaltigkeiten zu tibertragen
um eine allgemeinere Klasse von Randbedingungen zu finden unter denen der resultierende
Dirac-Operator Fredholm ist und einen glatten Losungsraum hat. Weiterhin wird analysiert
wie sich derartige Deformation von APS-Randbedingungen auf den Index solcher Operatoren
auswirken und wie dieser aus den bekannten Resultaten fiir den APS-Index berechnet
werden kann. Es wird unter anderem gezeigt, dass im Gegensatz zum Riemannschen Fall
beim Ubergang von Randbedingungen zu ihrem orthogonalen Komplement die Fredholm-
Eigenschaft des Operators erhalten bleibt. Andererseits sind zusitzliche Annahme notig um
die Regularitat von Losungen, sowie die Fredholm-Eigenschaft fiir Graph-Deformationen im
Fall von Lorentz-Mannigfaltigkeiten zu erhalten.

Die Arbeit ist dabei wie folgt aufgebaut. In Kapitel 1 werden grundlegende Fakten zu
Lorentzschen und Riemannschen Spin-Mannigfaltigkeiten, ithren Spinor-Biindeln und Dirac-
Operatoren zusammengetragen. Diese Informationen dienen als Ausgangspunkt zur Definition
und Analyse von Randbedingungen in spateren Kapiteln der Arbeit.

Kapitel 2 definiert allgemein den Begrift der Randbedingung wie er in dieser Arbeit verwendet
wird und fiihrt zudem den sogenannten ”wave-evolution-Operator” ein, der eine wichtige Rolle



im Finden und Analysieren von Fredholm-Randbedingungen fiir den Dirac-Operator spielen
wird. Zuletzt wird der Zusammenhang zwischen Fredholm-Paaren eines Hilbert-Raumes und
Fredholm-Randbedingungen fiir den Dirac-Operator erklart.

Kapitel 3 beschiftigt sich mit der Berechnung des Hauptsymbols des wave-evolution-Operators
und die dort erzielten Resultate werden verwendet um Fredholm-Eigenschaft, sowie Regularitat
von Losungen fiir geeignete Deformationen von APS-Randbedingungen zu beweisen. Weit-
erhin werden hinreichende Bedingungen fiir (pseudo-)lokale Randbedingungen abgeleitet, die
Fredholm-Eigenschaft und Regularitit fiir den resultierenden Dirac-Operator garantieren.
Kapitel 4 zeigt, aufbauend auf den Ergebnissen der Kapitel 1-3, einige Beispiele von lokalen
und nicht-lokalen Randbedingungen fiir den Dirac-Operator. Unter gewissen Einschrankungen
an die Geometrie der zugrunde liegenden Mannigfaltigkeit bzw. den gestellten Randbedingun-
gen konnen Ergebnisse erzielt werden die in den allgemeineren Resultaten der vorangehenden
Kapitel nicht enthalten sind. Zuletzt werden sogenannte Transmission-Bedingungen analysiert
und die Unterschiede dieser Randbedingungen zum riemannschen Fall aufgezeigt.
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1 Preliminaries

1.1 Dirac Operator on Globally Hyperbolic Spacetimes

In this section, we will describe the main setting for this thesis and list some crucial facts for
the Dirac operator on a Lorentzian manifold. For further introduction to Lorentzian geometry
see e.g. [17] and for more information about Dirac operators on Lorentzian spacetimes see
[5,16].

1.1.1 Globally Hyperbolic Manifolds

Assume that M is an even dimensional oriented and time-oriented Lorentzian spin manifold
and that M is globally hyperbolic, i.e. M possesses a Cauchy hypersurface ¥ c M. Further
we assume that all Cauchy hypersurfaces ¥ C M are compact and spacelike. In this case by
([18] Theorem 1.2 and also [19] Theorem 1) the manifold M can be written as

M=RxX

where each X, := {t} X £ ¢ M is a smooth and spacelike Cauchy hypersurface. Further the
metric on M is then given by g = —N2dt> + g; where N : M — R is smooth and positive, and
g: 1s a smooth family of Riemannian metrics on X.

For the boundary value problems discussed in this thesis, we fix two smooth and spacelike
Cauchy hypersurfaces X, ¥, € M, where we suppose that 2 lies in the past of X, and set
M = J"(Z1) N J (Zp). M is a globally hyperbolic spin manifold with boundary and can be
written as:

M = [t;,t] X2

where 11 < tp, {t;} XX = X and {t,} X X = 2. The boundary of M is givenby M = X;UX,,
where both (X1, g;,) and (2, g;,) are closed Riemannian spin manifolds. This is the same
setting for boundary conditions used in [9, 10].

1.1.2 Spinor Bundle

Denote the complex spinor bundle of M by SM — M together with its indefinite inner
product (-,-). For Clifford multiplication on M by a tangent vector n € T.M we write
v(n) : SxM — S, M and it satisfies

Loy(my(w) +y(wy(m) = -2g(u,n)



1 Preliminaries

2. (y(m g, ¢) = (¢, y(M )

for all u,n € M, ¢,¢ € SxM and x € M. Let egp,eq,...e, be a positively oriented
Lorentz-orthonormal tangent frame, where n + 1 = dim(M). The volume form is defined
by ' = i""*3)/2y(eg)y(e1) - - - y(ep) and satisfies I'2 = idgy. This induces a splitting of the
spinor bundle SM = S*M & S™M into +1 eigenspaces of I". By property (1.) of Clifford
multiplication on M, and since dim(M) = n+ 1 is even we have y(n)I" = =I"y(n), hence S*M
and S™M are of the same dimension, and Clifford multiplication maps y(rn) : SM — SiM
forallp e T,M and x € M.

Let £ ¢ M be a smooth spacelike Cauchy hypersurface and by v denote the past-directed
unit timelike vector field along X. The spinor bundle of X can be naturally identified with the
restrictions SX = S*M|y and the positive definite inner product (-, -) of SX is related to the
inner product of SM by (-,-) = (y(v)-,-). For X € T,X, we denote Clifford multiplication
on X by y=(X) : §;X — S,Z and under the above identification it corresponds to iy (v)y(X).
Further Clifford multiplication on X is skew-adjoint, i.e.

(r=(X)€, p) = (&, y=(X)p)

forallé,pe S, 2, X eT,Xand x € .

1.1.3 Dirac Operator

Let V be the spin connection on SM induced by the Levi-Civita connection of M, then the
Dirac operator acting on smooth spinor fields is defined by

n

D = Z ery(ex)Ve, : C¥(M;SM) — C*(M; SM) (1.1)
k=0
where e, eq, ... e, is a Lorentz-orthonormal tangent frame and €; = g(ex,ex) = 1. With

respect to the splitting of SM into +1 eigenvalues of I' the Dirac operator takes the form

D= (g g) : CV(M;S™M) & C(M;S™M) — C=(M;S*M) & C™(M; S~ M)

and throughout this thesis we will focus on the operator
D:C®(M;S™M) — C®(M;S™M).

Along the smooth spacelike Cauchy hypersurface ¥ ¢ M with past-directed timelike unit
normal vector field v the Dirac operator D splits into

D=vy()(V,+iAs - gH) (1.2)

where Ay denotes the (elliptic) Dirac operator of the closed Riemannian manifold £ and H the
mean curvature of X C M.

10



1.1 Dirac Operator on Globally Hyperbolic Spacetimes

1.1.4 Well-Posedness of the Cauchy Problem

For any Cauchy hypersurface ¥ ¢ M we define the L?-scalar product for smooth sections
¢, € C(X;S*M) by

(6. 0)12 = /Z (6. )T

2

and set L2(Z;S*M) = C™(Z; SiM)L . Since M is assumed to be spatially compact, the
manifold M is compact and we can use any positive definite inner product, e.g. (-,-) = (y(v)-,-)
to define L?>(M; S* M) in the same way as above by integrating over the manifold M. For the
last function space needed, consider the norm given by

191170 = lgIsll7. + 1D

and FE*(M; D) = C*(M; SJ—’M)”'”FEO is called the finite energy space. By construction the
Dirac operator extends to a bounded operator

D : FE°(M;D) — L*(M;S™M)
and the restriction map to the Cauchy hypersurface can be seen as a bounded operator
resy : FEQ(M; D) — L*(Z;S™M).

With this we have the following theorem known as well-posedness of the Cauchy problem for
the Dirac operator, see ([9] Theorem 2.1 and [15] Chapter IV).

Theorem 1.1.1. Let M be defined as above and ~. C M a smooth and spacelike Cauchy
hypersurface, then

ress ® D : FEY(M; D) — L*(2;S*M) & L*>(M;S™M)
is an isomorphism of Hilbert spaces.
In particular by restricting this map to the kernel of the Dirac operator we get that
resy : ker(D) ¢ FEOQ(M; D) — L*(Z;S*M)

is an isomorphism and hence the Cauchy problem

D¢ =0
Pls = do. ¢o € L*(Z;S™M)

possesses a unique solution ¢ € FE®(M; D) and is hence well-posed.

11
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1.1.5 Boundary Conditions for D

Recall that M = J* (X)) NJ~(X,) is globally hyperbolic manifold with boundary M = X,U%,
and the restrictions map resy, : FE'(M;D) — L*(Z;S*M) = L*(Z;;SE;). We make the
following definition.

Definition 1.1.2. Under a boundary condition for D we understand a pair (B, B;) of closed
linear subspaces By € L?(21;SX;) and By € L?(Z; S%0).

By restricting the domain of the Dirac operator to sections satisfying these boundary conditions,
i.e.
FEY, 5,(M; D) := {¢ € FE°(M; D) : $Is, € B1, Iz, € B2}

we obtain a closed subspace FE%l BZ(M :D) c FE°(M; D). The Dirac operator subject to a
boundary condition (B, B») is then defined to be the Dirac operator restricted to this subspace

Dg,p, = D'FE%,BZW;D) : FEY 5 (M;:D) — L*(M:;S™M).

1.2 Dirac Operator on Closed Riemannian Manifolds

The manifold M was assumed to be spatially compact meaning that any smooth and spacelike
Cauchy hypersurface £ C M, in particular the boundary components X, %; C M, are
closed Riemannian manifolds. In order to define boundary conditions for D as in definition
1.1.2, we often make use of the Dirac operators Ap, Aj, appearing in the decomposition
of D 1.2, of X9 and X; respectively. In this chapter, we will collect some basic facts for
Dirac operators on closed Riemannian manifolds that will be used throughout this entire the-
sis. For a further introduction to elliptic operators on closed Riemannian manifolds see e.g. [4].

By definition 1.1 the Dirac operator, in this section denoted by A, is a first order differential
operator and as such it extends to a bounded linear operator

A: HN(Z;8%) — HFL(Z; 8%)

where H* denotes the Sobolev space of k-times weakly differentiable sections. The following
results for Sobolev spaces will be crucial for understanding mapping properties of the wave
evolution operator and regularity of solutions for D in 3.2 and 3.3.

Theorem 1.2.1 ([4] Theorem 2.5). Let X be a closed Riemannian spin manifold of dimension
dim(X) = n and k € N, then for any s > 5 + k there is a continuous embedding

HY(2;8%) c CK(Z; 8).

In particular theorem 1.2.1 states that a section of arbitrarily high Sobolev regularity will
automatically be smooth, i.e.

ﬂHk(z;SZ) = C¥(Z;5Y).
k

12



1.2 Dirac Operator on Closed Riemannian Manifolds

Theorem 1.2.2 ([4] Theorem 2.6 The Rellich Lemma). For k’ < k the natural embedding
L HY(Z;S3) — HX (T;8%)
is compact.

Forx € X, £ € T'X choose a smooth function f : £ — R such that df, = &, then the principal
symbol of A can be calculated via

oa(§)dx = [A(f @) - fASI,

= |-fA¢ - D ¥(e)Ve (f9)
] k

X

=|-fAp+ Z’)’(ek) (fvek¢ +df(ek)¢)]
| X

X

= |-fA¢ + Z (fy(ex)Verd + 7(df)¢)]
k

X

[-fA¢+ fAS +y(df)é],
= [y(df)¢l,
=y(&€) Py

where ¢ € C®(Z;SY). Clifford multiplication satisfies y(£)? = —||£|%>, and since X is a
Riemannian manifold ||&]| # O for all ¢ € T*X, hence o4 (&) is invertible for & # 0. A
differential operator with this property is called elliptic and we have the following result.

Theorem 1.2.3 ([4] Theorem 4.6). Let X be a closed Riemannian spin manifold with Dirac
operator A. Then there exists a pseudo-differential operator P of order —1 such that

AP=id-S and PA=id-S
where S and S’ are smoothing operators. The operator P is called a parametrix for A.

Theorem 1.2.3 in particular implies that any eigenspinor of A has to be smooth, because if
there is a ¢ € L?>(X;SX) and A € C such that A¢ = 1¢, then

¢ =PAPp+S¢
=AP¢p+ S¢
where Py € H'(Z;ST) and S¢ € C*(Z;SX). Hence ¢ € H'(Z;SY) and repeating this
argument shows that ¢ € (), H*(Z; ST) is in fact smooth by theorem 1.2.2.

The last property of the Dirac operator we want to point out in this section is that it satisfies

(Ag,9)2 = (¢, Ap) 2

for all ¢, € C*(XZ;SZ). A differential operator with this property is called (formally) self-
adjoint and we obtain the following decomposition of L?(X; SX) in terms of eigenspaces for
A.

13
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Theorem 1.2.4 ([4] Theorem 5.8). Let £ be a closed riemannian spin manifold with Dirac
operator A. Then all eigenspaces of A are smooth and finite dimensional, further we have that

LA(Z:S3) = @EA(A)
A

is a Hilbert space direct sum decomposition.

14



2 Boundary Conditions and Fredholm
Pairs

2.1 The Wave Evolution Operator

2.1.1 Wave Evolution Operator

Definition 2.1.1. By well-posedness of the Cauchy problem for D the wave evolution operator
is defined via the commutative diagram:

ker(D)
resy, ress,

L*(Z1, %) L*(%,, S%)

The wave evolution operator plays a crucial role in analyzing kernel, cokernel and Fredholm
property of the Dirac operator. A given boundary condition (B, B;) induces splittings of the
corresponding L? spaces on the boundary, upto the choice of complementary subspaces B
and BS.
L*(%, %) = B; @ BS

Note that a canonical choice, since LZ(Zi, §%;) are Hilbert spaces, would be Bl?' = Bl.l. In
general Bf can be any complementary subspace and the sum decomposition need not be
orthogonal. With respect to these splittings the wave evolution operator can be written as

(QB;B1 QBsBe

:Bi®B — B59B
OB,8 QBZB‘I’) PEo 2E 7

where Op,p, = Pp, BS © Q o Pp, B and similar for the others entries. Here and henceforth
Pp,pe denotes the projection map L%(%;, S¥;) — B; induced by the choice of B and the
corresponding sum decomposition.

Lemma 2.1.2 ([9] Lemma 2.4). The wave evolution operator is unitary

Q"0 = Uz, 53, and Q0" = (s, s3,)

Using unitarity of Q and writing both Q and Q" in terms of the splitting given by the boundary
condition (B, B») yields the following set of equations:

O, p;Qns81 + O, 5,085 = sy 2.1)

15



2 Boundary Conditions and Fredholm Pairs

Q'pepe Q5 + Qe s, 0o = g (2.2)
Q858 Qp, pe + O55; Qe pe = g (2.3)
05,8 Qg 5, + 58 Qpes, = 113, (2.4)
Q*BTBE‘QBE'BI + Q*BTBZQBzBl =0 (2.5)
O, 5 Q8555 + Op 5, Opo; =0 (2.6)
QBZBIQ*BIBE + QBngQ*BTBS =0 (2.7)
OB58,Qp, 5, + OB5; Qpep, =0 (2.8)

Note that in the case of non-orthogonal splittings of the boundary spaces
(Q8,8,)" = (Pp,gs 0 Q 0 Pppe)” = (Ppp:)" 0 Q" o (Pp,ps)” # Qp p,

where in the orthogonal case we have (Pp,p:)" = P p: and equality holds.

In order to relate Fredholm property and index of the 6perator entries in the splitting of Q to
the Dirac operator subject to a given boundary condition, we need the following Lemma, see
[13] Proposition A.1

Lemma 2.1.3. Let H be a Hilbert space, E and F Banach spaces, L : H — Eand P : H —» F
bounded linear maps where P is onto. Then Llie(p) : ker(P) — E is Fredholm of index k if
andonlyif L& P: H— E & F is Fredholm of index k.

Theorem 2.1.4. Let (B, By) be a boundary condition for D and the splitting of Q as introduced
above, then the following are equivalent:

1. For some choice of complementary subspaces B{ and B, the operator Q BSB IS Fredholm
of index k.

2. For any choice of complementary subspaces B} and B;, the operator Qpsp, is Fredholm
of index k.

3. The Dirac operator Dp, g, is Fredholm of index k.

Proof. Applying Lemma 2.1.3 to

H = FE°(M; D)
E=L*(M,S M)
F = BS @ B
L=D

P = (Ppcp, oresy,) ® (Ppgp, o ress,)
shows that Dp, , being Fredholm of index k is equivalent to the operator

(Ppep, oresy,) ® (Ppep, o resy,) & D : FE*(M; D) — B & B & L*(M,S™M)

16



2.1 The Wave Evolution Operator

being Fredholm of index k. Now applying Lemma 2.1.3 again, this time with:
H = FE°(M; D)
E =B{®B;
F=L*M,S M)
L= (PB;'B, oresy,) ® (PBng oresy,)
P=D

and combining with the previous equivalence, it follows that D, p, is Fredholm of index k if
and only if the operator

Llxer(p) = (Ppcp, o resy,) ® (Ppgp, o resy,) : ker(D) — B & B)
is Fredholm of index k. First we calculate the kernel of this operator:

ker(L|xer(p)) = {(,0 € ker(D) : resy, (¢) € By, resy,(¢) € Bz}
= {(p € ker(D) : resy, (¢) € By, Q(ressy, (¢)) € Bz}
=~{ueB;: Q(u) € By}
= {M € By : Qpgp (u) = 0}
= ker(Qssp,)

Before looking at the cokernels of those operators we want to show that im(Q BS B,) is closed
if and only if L|xer(p) has closed image.

irn(leer(P))

= {(X’Y) € Bi GBBE : EQD € ker(D) CX= PBTBl (SD|21) , Y = PBSBQ (¢|Zz)}

= {(x,y) € B]® By : Jp € ker(D) : x = Ppep, (¢lz,), ¥y = Ppep, (0 (¢|21))}
= {(x,y) €EB{®B;: y= Opspe(x) + Qpsp, (z) for some z € Bl}
= {(x Opspe(x) + QB;BI(Z)) :x€Bj, z€ Bl}

Now suppose that im(QB;BI) is closed and let x; € B{, z; € B; be sequence
such that (x;, Qpspe(xi) + Opsp, (2z;)) converges to say (x,b). It follows then that
x; — x € B{ and hence Qpcpe(x;) — Qpgpe(x). Since im(Qpcp,) is closed and
QBEBl(z,-) — b - QB;-BT (x) there exists z € By with QB;'BI(Z) =b- QBSBT (x). This shows
that (x;, Opcpe (xi) + Opep, (21)) — (x, Qpspe(x) + Opsp, (2)) € im(Llker(p)) meaning that
im(L|xer(p)) is closed.

On the other hand, if im(L|kerp)) is closed and z; € B; is a sequence such
that Qpcp (z;) converges to say b € BS then there exist x € Bf, z € B
with (0, Qpepe(0) + Opep (z1)) — (x,Qpspe(x) + Opep (2)).  So, now we have

17



2 Boundary Conditions and Fredholm Pairs

(x, Opgpe (x) + Opsp (z)) = (0,b) and it follows that x = 0 and b = Qpsp,(z) mean-
ing that im(QBE-B,) is closed.

To calculate the cokernel of L|yer(p):

coker (Ller(py) = im (Llxer(p)) ™

= {(uv) € B @ B+ (u,x) + (v, Qe (¥) + Oy, (2)) = OV € B,z € By}

= {(u,v) €B{®B: (u+ (QB;BIC)* (v),x) + <(QB§Bl)* (v),z) =0Vx e Bj,z € Bl}

= {(=(0agmr) 0] v cher o)
= ker| (0 |
~ coker (QBgBI)

Since the choice of complementary subspaces B{ and B; was not specified throughout this
proof, it follows that D p, g, being Fredholm of index k is equivalent to Qp<p, being Fredholm
of index k for any such choice. Following the same argumentation, we also have that if Q BSB
is Fredholm of index k for some Bi’ and B; then the same is true for D p, p,, hence, the claimed
equivalences hold. O

Remark 2.1.5. While Theorem 2.1.4 only states that being Fredholm of a certain index is
equivalent for the operators Qpcp, and Dp, p,, the proof also shows that those operators have
the same kernel and cokernel dimensions. Kernel and cokernel for O BSB, can also be directly
computed in terms of B; and B»:

ker (QBgBl) = {x € B : PBng o Q(x) = 0}
={x € B1: Q(x) € By}
= Q"(B2) N B,
= Q0(B1) N B
Corollary 2.1.6. If D g, , is Fredholm, then Q(B1) N B, and Q(By) N By are finite dimensional
and we have that
. ker(Dp,p,) = Q(B1) N By
. coker(Dp,,) = Q(By) N By
. ind(Dp,p,) = dim(Q(B1) N By) — dim(Q(BlL) N le)

Proof. By Theorem 2.1.4 we can choose B{ = By and Bj = By and since Dp, p, is Fredholm
by assumption, Q BLB) is also Fredholm. In the proof of 2.1.4 it was already shown that
ker(Dpg,p,) = ker(QleB,) and Remark 2.1.5 now states that ker(Dp, ,) = Q(B;) N B,. Again
from Theorem 2.1.4 we have that, given Dp, g, is Fredholm, coker(Dp, 5,) = ker[(Q Bt 5)"]
and since the splitting was chosen in terms of the orthogonal complements ker[ (Q B )] =
ker(Qle;) = Q*(By) N By = Q(B}) N By. ]

18



2.1 The Wave Evolution Operator

The proof of 2.1.4 shows that D, g, is Fredholm if and only if the operator
L= (PBTB1 o reszl) ® (PBng o reszz) : ker(D) — B{ @ BS

is Fredholm. Recalculating the image of this operator in the same way, this time in terms of
the adjoint operator Q*, yields:

im(Llker(p))

= {(x’y) € B{® By : Jp € ker(D) : x = Ppep, (¢ls,), ¥ = Prsa, (90|22)}

= {(x,y) € B{®B;: Jp eker(D) : x = Ppep, (0" (¢ls,))» ¥ = Pasa, (90|z.)}
= {(x, y) €EB{®B;: x= QE?BZ(y) + Q*B(I‘Bz(z), for some z € Bg}

= {(QETBS())) + Q*BTBZ(Z)’y) I YEB;, z€ Bz} :

Now the rest of the proof can be repeated as above and we get the following proposition:

Proposition 2.1.7. Let (By, B2) be a boundary condition for D, then D g, g, is Fredholm if and
only if Q7. B, is Fredholm of the same index for some and then any choice of complementary
1

subspaces B¢, Bg.

Now we want to look at what happens to the Fredholm property of the Dirac operator when
we replace a boundary condition (B, B>) by its orthogonal complement (By, By ), Corollary
2.1.6 suggests that, if the corresponding operator is still Fredholm, its index should only differ
by a sign.

Proposition 2.1.8. Let (B1, By) be a boundary condition for D sucht that D g, p, is Fredholm
of index k, then D BB is Fredholm of index —k.

Proof. By Theorem 2.1.4 D BB} is Fredholm if and only if the Operator Q 5, Bt is Fredholm of

the same index, this is again equivalent to its adjoint (Qp, Bll)* = 0% B, being Fredholm. Since
1

D g, B, is Fredholm by assumption, we know by Proposition 2.1.7 that 07, B, is Fredholm of the
1

same index and hence, Op, B is Fredholm with ind(Qp, Bli) = —ind(Q7}. Bz) = —ind(Dp,B,)-
1

O

Proposition 2.1.8 shows that going from a boundary condition (Bj, B,) to its orthogonal
complement (B7, By) conserves Fredholm property of the corresponding Dirac operator while
the index gets a sign. Even though Theorem 2.1.4 suggests that the choice of complementary
subspaces for By and B, is arbitrary, an analogous statement for going from a boundary
condition (Bj, By) to some complementary conditions (B",Bg) is false, as the following
example illustrates.

Example 2.1.9. Set M = [0,1] x S and g := —dt> + i where h is a fixed Riemannian metric
on S! such that vol(S') = 1. For the so called trivial spin structure of S! the Dirac operator A
has eigenvalues Ay = 2wk where k € Z, the Dirac operator on M is given by

D =vy(v) (% —iA).
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2 Boundary Conditions and Fredholm Pairs

So solving the Dirac equation D¢ = 0 for initial condition ¢|x, = u;x where uy is an eigenspinor
on X with Auy = Aguy gives:

iArt

o(t,x) = " ur(x).

Since A; = 27k we have ¢(1,x) = ui(x), hence, Q = id. Now we define so called APS
boundary conditions (see section 2.3.1) for D by setting B1 = X(-x,0)(A), B2 = X[0,00)(A)
where y; denotes the characteristic function of the Intervall /. In other words, the APS
boundary conditions are given by the sum of eigenspaces for the Dirac operator A in the

following way
By = @ E(A)
<0

By = @ Eq(A)

120

and clearly B = B; by Theorem 1.2.4. Using Theorem 2.1.4 it is easy to check that
Dp,p, is Fredholm, in fact B N By = {0} = B N By, hence ind(Dp,p,) = 0. Now let
G : By — B; be an isomorphism (e.g. by mapping eigenspace to eigenspace) then the graph
I'(G) = {x+Gx : x € By} is complementary to both By and B;. On the other hand, Drg)r(c)
is clearly not Fredholm since I'(G) = I'(G) NT'(G) = ker(Dr(g)r(c)) is not finite dimensional.

2.1.2 Fredholm Property for Diagonal Terms

Theorem 2.1.4 provides a method to prove Fredholm property for the Dirac operator with a given
boundary condition (Bj, B;), provided one can show that for some choice of complementary
subspaces B{ and Bj the operator Q Bsp, 1s Fredholm. This again can be done by using the
unitarity of Q where equations 2.1 and 2.3 already give potential candidates for right (left)
inverses of O gc g, modulo compact operators.

Proposition 2.1.10. Let (By, By) be a boundary condition for D and B{, B; some choice of
complementary subspaces, then the following holds:

1. If O, or Oy, p, is compact, then D g, g, has finite dimensional kernel and closed image.

2. If additionally Q BSBS OF Q*BC pe IS compact, then D, p, is Fredholm and
172
ind(D,p,) = dim(Q(B1) N By) - dim(Q(B}) 1 B).

Proof. By equation 2.1 we have that Q”‘B]B(Z,Q;_zggj_z;1 =1- Q*B]B2Q3231, where Q*BleQB2Bl is
compact if either Qp,p, or Qp p is compact, this implies the first statement. The same
argument for equation 2.3 together with Corollary 2.1.6 shows the second statement. O

Remark 2.1.11. The Dirac operator Dp, p, being Fredholm for a given boundary condition

(B1, B>) and given complementary subspaces B, Bj is not equivalent to the off-diagonal
entries in the corresponding splitting of the operator Q being compact.
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2.2 Fredholm Property for Fredholm Pairs

Example 2.1.12. Take the same setting as in example 2.1.9: M =R x S!, g = —dt® + h. We
write

L2(S',SSY) = x(—eo0)(A)

L3(5",SS") = x10.0) (A)

andlet G : L2(S', SS'") — L2(S', SS') again be an isomorphism. This time as boundary con-
ditions choose (B, By) = (I'(G), L3(S', $S')) and B = B, = L(S',8S'), B; = B| =T'(G).
Its not hard to check that as long as G is an isomorphism, B{, B are actually complementary
to By and B; respectively, and in section 2.3 it is shown that D g, g, is indeed Fredholm.

Now looking at the corresponding splitting of Q and its off-diagonal entries we get:

08,8,|8, = OrG)rc)lr) =1d : T'(G) — I'(G)

QB%BTlBT = QLE(SI,SSI)L%(SI,SSI)|L3_(SI,SSI) =1d: L}_(Sl,SSI) 4 L_%(SI,SSI)

these are certainly both not compact, since I'(G) and L2(S', SS!) are not finite dimensional.

2.2 Fredholm Property for Fredholm Pairs

In this section the notion of Fredholm pairs as subspaces of a given Hilbert space is introduced.
It will be shown why this setting is suitable for treating boundary conditions and Fredholm
property for the Dirac operator and how it can be applied to certain types of deformed boundary
conditions called boundary conditions in graph form in section 2.3

2.2.1 Fredholm Pairs

Definition 2.2.1. Let H be a Hilbert space and B;, B, C H closed linear spaces. The pair
(B1, By) is called a Fredholm pair if B; N B; is finite dimensional and B + B; is closed and
has finite codimension. The number

ind(B, By) :=dim(B; N By) —dim(H /(B + B»))
is called the index of the pair.
Remark 2.2.2. For closed subspaces By, B, C H such that H = B; & B; the pair (B, By) is
of course a Fredholm pair. On the other hand, a Fredholm pair (Bj, B,) of a Hilbert space H
can be thought of as being close to a direct sum splitting of H. Meaning that the error, namely

Bi N By and H/ (B + B»), is ”small” i.e. finite dimensional.

The following remark summarizes some elementary properties of Fredholm pairs, that follow
immediately from the definition above.
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2 Boundary Conditions and Fredholm Pairs

Remark 2.2.3.

1. A pair of subspaces (Bj, By) is a Fredholm pair if and only if (B;, By) is a Fredholm
pair, and in this case
ind(Bz, Bl) = ind(Bl, Bz)

2. (Bi1, B2) is a Fredholm pair if and only if (By, By) is a Fredholm pair and in this case

ind(B), By) = —ind(B+, BY)

3. Let B} C Bj bealinear subspace such thatdim(B;/B}) < oo, then (B, B2) is a Fredholm
pair if and only if (By, B;) is a Fredholm pair. In this case

ind(Bl, Bz) = ind(B’ , Bz) + dim(Bl/B’l)

Before Fredholm pairs can be related to the Fredholm property of the Dirac operator with a
boundary condition (Bj, B), a reformulation of this concept in terms of orthogonal projections
is needed. For a proof of the following Lemma see ([6] Lemma 24.3).

Lemma 2.2.4. A pair of closed linear subspaces By, By C H of a Hilbert space is a Fredholm
pair of index k if and only if the operator

. 1

is a Fredholm operator of index k. In this case we have ker(PB§|Bl) = By N By and
coker(Ppy|p,) = B N B;.

2.2.2 Fredholm Pairs and Boundary Conditions

Getting back to the setting of the Dirac operator on a globally hyperbolic spacetime a boundary
condition (Bj, By), where B; ¢ L*(%;;SY;) can be considered as a pair of closed linear
subspaces of a common Hilbert space via the wave evolution operator. More precisely we
consider the pairs (B, Q*B;) and (QBj, B;) as pairs of linear subspaces of L*(2Z;8%) and
L?(%,; §%,) respectively. The following Proposition relates the Fredholm property of those
pairs to the Fredholm property of the Dirac operator subject to the corresponding boundary
conditions.

Proposition 2.2.5. Let (B1, B») a pair of closed linear subspaces where B; ¢ L*(%;; S%),
then the following are equivalent:

1. The pair (By, Q*B») is Fredholm of index k.
2. The pair (QB1, By) is Fredholm of index k.

3. The Dirac operator D, g, is Fredholm of index k.
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2.2 Fredholm Property for Fredholm Pairs

Proof. Assume that (OB, B,) is a Fredholm pair, then QB + By C LZ(Zz; S%») is closed.
Since Q is an isomorphism Q*(QB| + B,) = B| + Q*B, c L?>(X; S¥1) is also closed. Further
we have that Q(B;) N B, = By N Q*(B,) and

Q(B1)* N By = Q(By) N By = By NQ"(By) =By NQ"(By)*

this shows the equivalence of 1. and 2.
Lemma 2.2.4 now states that (Q B, B;) being a Fredholm pair of index & is equivalent to the
operator

Ppilop, : OB1 — B;

being Fredholm of index k. Since Q is an isomoprhism this is the case if and only if the
operator

PgioQlp =0Qpip : B1 — By
is Fredholm of index k, which by Theorem 2.1.4 is again equivalent to the Dirac operator
D p, g, being Fredholm of the same index. O

Definition 2.2.6. If a pair of linear subspaces B; ¢ L?*(Z1;S%), By = L?(Z,; SX,) is such
that Dp, p, is a Fredholm operator, or equivalently if (QBj, B,) is a Fredholm pair, then we
call (By, B») a Dirac Fredholm pair.

In fact, the above proposition 2.2.5 follows from a more general result for the following setup:
Let E, F, Hy and H, be Hilbert spaces and let L : E — F,r; : E — H; be bounded linear
maps. Now, if we assume that r; @ L : E — H; is an isomorphism for j = 0,1 then r;
restricts to an isomorphism r; : ker(L) — H; and we can define a map Q : Hy = H, by the

commutative diagram:
ker(L)

y \
Ho g H,

For the setting described above we have the following propostion, for a proof see [11].

Proposition 2.2.7. Let B; C H; be closed linear subspaces and assume that ro ® ry : E —
Hy @ H, is onto, then the following are equivalent:

1. The pair (B, Q~'B;) is Fredholm of index k.

2. The pair (QBy, By) is Fredholm of index k.

3. The operator (Ppt ©r9) ® (Pgror) @ L: E — By ® By @ F is Fredholm of index k.
4. The operator L : ker(PBé org) N ker(PBll ory) — F is Fredholm of index k.

Remark 2.2.8. By setting E = FEQ(M; D), F = L*>(M;S"M) and H; = LZ(Zj;SZj) as
well as r; = resy; and L = D, we obtain the result of proposition 2.2.5. Also it follows
from Lemma 2.2.4 that in the proposition above another equivalent statement would be the
operator P Bt loB, : @Bo — By being Fredholm of index k. While the proposition only states
equivalence for Fredholm property and index of the involved operators, a straight forward
calculation shows that all these operators in fact have same kernel and cokernel dimensions.
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2 Boundary Conditions and Fredholm Pairs

2.3 Boundary Conditions in Graph Form

2.3.1 APS Boundary Conditions

The Atiyah-Patodi-Singer boundary conditions (APS) play an important role in analyzing
Fredholm property and index of the Dirac operator on a globally hyperbolic manifold. In
[9] Bar and Strohmaier proved Fredholm property for the Dirac operator subject to these
boundary conditions as well as an index formula for this case. Later in this section, APS
boundary conditions will be used to define so called “boundary conditions in graph form” as
deformations of APS boundary conditions, and in section 3.4 we will see how these condtions
relate to certain types of local boundary conditions for the Dirac operator.

Definition 2.3.1. Denote by y* : R — R the characteristic functions of the intervals (0, co)
and (—oo, 0] respectively. The operators Py := x*(A;) : LZ(Zj; S¥;) — L2(EJ~; SX;) are
order 0 pseudo-differential orthogonal projectors and we denote their ranges by L2 (= j38Z;) =
range(x*(A;)).

. The boundary condition (By, B2) = (L2(Z1; SZ1), L2(Z2; S,)) is called APS boundary
condition

. The boundary condition (B1, By) = (L2(Z1;SZ1), L2 (Z); S»)) is called anti-APS or
short aAPS boundary condition.

Remark 2.3.2. Recall that the Cauchy hypersurfaces X/, are closed Riemannian manifolds
and their L?-spinor-spaces split into eigenspaces for the corresponding Dirac operators A; /2.

L*(Z12;8%10) = EBEA}C/Z(AI/Z)
k

Where Ay is an eigenvalue of A and the corresponding eigenspace E, (A) is finite dimensional
and consists of smooth sections. This means every section ¢ € L*(X;SY) can be written as a
sum over all eigenvalues and corresponding eigensections of A

p= ZCM/’A
1

where ¢, € E (A). In this picture APS boundary conditions correspond to deleting all
contributions of positive eigenvalues on one hypersurface, while deleting all contributions of
non-negative eigenvalues on the other.

L2(Z;8%) = {90 e L*(%;8%) 1 = AZOCMA}

L2(2;8%) = {(p € L*(Z;8%) 1 ¢ = Azocmﬂ}
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2.3 Boundary Conditions in Graph Form

2.3.2 Generalized APS Boundary Conditions

Similar to the construction of APS boundary conditions, we can choose characteristic functions
x (ap) and y*(ap) of intervals (—oo,a;) and [a;, o) respectively where aj,a, € R. The
corresponding projection maps y~(a1)(A1) and y*(a)(A,) define closed linear subspaces

range (x~(a1) (A1) = L{_, ., (Z1;SZ1)

range (x*(a2)(Az)) =: Lfaz,m)(zz; S%5)

where, just like before, the first one corresponds to deleting all contributions of eigenvalues
larger than or equal to a1, while the second is deleting all contributions of eigenvalues smaller
than a».

Definition 2.3.3. For aj,a» € R a pair of linear  subspaces
(Lf_ml)(zl;szl),L2 (22;522)) is called Generalized APS or short gAPS bound-

[a2,00)
ary condition. We will sometimes write (2APS(a;), gAPS(a3)) to denote these subspaces.

Based on the fact that APS boundary conditions for the Dirac operator yield a Fredholm
operator ([9] Theorem 3.3), we can now also prove that generalized APS conditions form Dirac
Fredholm pairs. This can be done via the symbol calculus for the wave evolution operator
in section 3 or, if we are just interested in proving Fredholm property and deriving a relative
index formula, by making use of remark 2.2.3.

Proposition 2.3.4. For ay,ap € R the generalized APS boundary condition
(gAPS(ay), gAPS(ay)) is a Dirac Fredholm pair and its index is given by

ind (gAPS(ay), gAPS(ay)) = indaps + sgn(a;) dim(W;) — sgn(ay) dim(W,)
where the finite dimensional subspaces Wy, Wy are given by

Liya,)(Z2:8%2), a2 >0,

_— Ly E1iSZ0), a1 20,
1=
L%az’o)(ZZ;SZﬁ, a» < 0.

5 . and W, =
L[al’o)(zl,SZI), a) < O,

Proof. To apply remark 2.2.3 calculate the quotient spaces

gAPS(a1)/gAPS(0) = L%O,al)(Zl;Sil) for a; >0

gAPS(0)/gAPS(a;) = Lfal,o)(zl;szl) for a; < 0.
Since the Cauchy hypersurfaces X, 2, are closed Riemannian manifolds the eigenvalues of
their corresponding Dirac operators A1, A; are of finite multiplicity and hence these quotients
are finite dimensional. This then implies that (gAPS(a;), gAPS(a»)) is a Dirac Fredholm pair,
as well as the above formula for the relative index. m|

Example 2.3.5. To verify the relative index formula and to get a feeling for the signs that the
correction terms come with, it is convenient to recall the basic setup where M = [0, 1] x S!
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2 Boundary Conditions and Fredholm Pairs

and g = —dt® + h, where & is a Riemannian metric on S! such that vol(S') = 1. As mentioned
in previous examples, the wave evolution operator in this case is just given by the identity

Q=id: L*(S'; 88" — L*(S'; ssh).

Setting the boundary condition to generalized APS (B, B2) = (gAPS(a;), gAPS(a;)) for
some real parameters, say a; > 0 and a» < 0, and calculating the off-diagonal terms in the
corresponding splitting of Q (compare section 2.1.2) gives:

Op,B, = Pp,0Q o Pg, = Pp, o Pp,

hence, range(Qp,p,) = L%az o) (8':88") is finite dimensional and O, 5, is compact. The same

argument shows that in this case Q BB} is compact and by proposition 2.1.10 and theorem
2.1.4 the Dirac operator Dp, g, is then Fredholm. To calculate kernel and cokernel of Dp, g,
apply corollary 2.1.6

ker(Dp,p,) = L azal)(sl;ssl): 0)(51 SS)EBL a)(sl ssh
coker(Dp,p,) = L7, . (S';88")n L(_oo,az)(S‘,SS ) = {0}

and for the index we get
ind(Dp,p,) = dim (L3, (85 88")) +dim (L3, ¢, (5";55"))
or in the notation of proposition 2.3.4 above

ind (Dp,5,) = sgn(ay) dim (W) —sgn(az) (W2) .

2.3.3 Boundary Conditions in Graph Form

Deformations of APS boundary conditions or boundary conditions in graph form represent
deformations of the APS Dirac operator leaving the index unchanged. First we will give a
definition of these boundary conditions and then show how they can be useful to analyze
Fredholm property for local boundary conditions.

Definition 2.3.6. A pair of closed linear subspaces (B1, B2) where B; C L?(%;; SY) is called
a boundary condition in graph form if there are L> orthogonal decompositions

LA (X582 =V, eW @V e W
such that
1. W7, W are finite dimensional.

2. Ve Ww: —L2 )(Z,,SZ)andV+€BW+ L2 )(Z,,SZ)forsomea,eR
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2.3 Boundary Conditions in Graph Form

3. There bounded linear maps G : V; — V| and G, : V;' — V; such that
B, =T(G) ® W{
B, =T(Gy) e W,
where I'(Gp2) ={v+Gypv:ve Vl“_”/z} denotes the graph of G ;.
Remark 2.3.7. For any bounded linear map G : V- — V™ as defined above we have that
V- eV*=I'(G)aI'(G)*
and since forany w =w~ +w* e ['(G)* c V- @ V*

w,v +Gv7)=0 Yv" eV~
S w+Gw,v)=0 Vv~ eV~
S W +G'w,v)y=0 Y eV™

o w =-G'wt

it follows that I'(G)* = T'(-G™). With respect to the splitting V~&V* the orthogonal projection
onto I'(G) is then given by

id 0\(id -G*\™' [ (d+G*G)"' (id+G*G)"'G"
G 0)\G id “\G(id+G*G)! G(d+G*G)"'G*

see ([13] Lemma 7.7 and Remark 7.8).

The previous remark shows that the orthogonal complement of a boundary condition in graph
form is again a boundary condition in graph form, i.e. in the notation of definition 2.3.6 we get

B1L/2 =I['(-G}p) & W),

Using proposition 2.1.8 yields the following result in the case of boundary conditions in graph
form.

Proposition 2.3.8. Let B) = I'(G) ® W and By = I'(G2) ® W, be boundary conditions in
graph form, then (B1, By) is a Fredholm pair of index k if and only if (I'(=G1)*®W[,['(-G})®
WY) is a Fredholm pair of index —k

Starting from the fact that the Dirac operator under APS boundary conditions is Fredholm
we can now analyze when such a graph type deformation of these conditions again yields a
Fredholm operator. See also ([11] Proposition 4.5).

Theorem 2.3.9. Let (B, By) be boundary conditions in graph form as defined in definition
2.3.6, then there exists an € > 0 such that the Dirac operator Dp, g, is Fredholm, provided that

1. Gy or Gy is compact or
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2 Boundary Conditions and Fredholm Pairs

2. IGill - IG2ll < €
In this case the index is given by
ind (Dp,,) = ind (gAPS(a1), gAPS(ay)) + dim W} — dim W] + dim W5 — dim W

Before we begin the proof of Theorem 2.3.9 note that Bir and Strohmaier already showed in
([9] Lemma 2.6) that for APS boundary conditions and an orthogonal splitting of the L? spaces
on the boundary

L*(251S%) = L0 (Zi: S%) @ L, ) (%3 5T0)

O+ Q4+

the off-diagonal terms Q_;, O, are compact and hence the Dirac operator is Fredholm under
these boundary conditions.

(Q__ Q_+) (- 000)(2]75'21) ®L 000)(21 SZ]) - L( ooO)(ZZ’SEZ) oL OW)(Z2’S22)

In the case of the above theorem we are working with graph type deformations of generalized
APS boundary conditions and proposition 2.3.4 shows that the Dirac operator under these
conditions is also Fredholm.

Now while proposition 2.1.10 states that compactness of these off-diagonoal terms in the
splitting of Q is sufficient for the Dirac operator being Fredholm, we already saw in remark
2.1.11 that even though the Dirac operator might be Fredholm subject to some boundary
conditions, compactness for the off-diagonal terms in the splitting of the wave evolution
operator is not necessarily given.

During the proof we will be using the fact that for generalized APS conditions and a corre-
sponding orthogonal splitting of the L? spaces on the boundary,

QenpS(ar) eAPS(a)  DeAPS(@)eAPS(an) |, o APS(41)@gAPS (a1)* — gAPS(a2)*®APS (a2)
OoAPS(a2)*gAPS(ar)t O gAPS(a2)gAPS(a1)*

the off-diagonal terms QoaAps(a,)gAPS(a;) AN Qg APS(a2)+gAPS(a;)+ are still compact. This can be
seen by just a slight modification of the proof by Bér and Strohmaier and will also be explained
more detailed in section 3.2 corollary 3.2.2.

proof(on 3.9). Start with the case where WIJ'/2 = {0} and V| = L2 (21,521) Vi o=

[a ) (22,522) Let Gy : V[ — V1 , Go VJr — V be bounded hnear maps and set

B, =T'(Gy2). We split the wave evolution operator with respect to an orthogonal splitting
of the L? spaces relative to the graph type boundary conditions on both boundary components:

L*(21/2;5%172) = T(G1p2) @ T(=G7 ).

Then using lemma 2.2.4 or theorem 2.1.4, we have to show that Qpcp, : ['(Gy) —» I'(-G}) is
a Fredholm operator with the required index. Since the maps

id+Gy: V] - T'(Gy)
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2.3 Boundary Conditions in Graph Form

id-G5:V, - TI'(-G)
are isomorphisms, this is equivalent the the operator
L= PVZ* o QBgBl o (id+G1) . Vl_ — V2_

being Fredholm of the same index. Now switching to the splitting L>(Z;; S%;) = V- @V and
by remark 2.3.7 the operator L can be written explicitly in terms of the maps Q and G;. To
shorten the notation we abreviate fori = 1,2: [i] := (1 + G:fGi)‘l.

L=(id o)( 21 ‘[2]G2)(QV£V1‘ szvr)( (1[G )(id)
_Gz[z] GE[Z]GZ QV;V( QV2+V1+ Gi[1] Gl[l]G’;‘ G,

= [2] (Qv;v; + Qv vy G1 + GaQyyy + GaQuy:Gi ) [11(1+ GY).

The maps [1], [2] and (1+G7) are isomorphisms, which means that the operator L is Fredholm
if and only if Qv;v-+ QV2—V1+G1 + GszgV; + G2QV2+V1+G 1 is Fredholm, in this case their indices
coincide.

Since V;* and V3" represent generalized APS boundary conditions, the operators Qv; v+ and
Qy;v;- are compact by the preceding remark. If either G; or G is a compact map then
G2QV2+V1+G1 is also compact and because QVE Vo is a Fredholm operator L will also be Fredholm
of the same index.

If both G| and G, are not compact, then there exists an € > 0 such that for

1G20v:v:Gil < G2l Quzve NG| < IGAIIlIG2 ] < e

the operator QV{ vo+ Gsz;WGl is Fredholm of the same index as QVZ—V]—.

For the general case where Wl—/2 # {0}, we still have

Vi@ Wy =L, (Z1;5%) and  VieWy=Li  (;5%)

for some aj,a; € R and bounded linear maps G : V| — V1+ , Go V2+ — V. The graph
of such a map I'(G) can be considered as the graph of a map G : L%_oo al)(Zl;SZl) -
L%al o) (Z13SZ1) just by setting

Gi(v+w)=Gi(v) for v+weVi@W] =L, (Z1;5%)

and similarly for 52 : L%az 00)(22;522) — L%_Oo az)(Ez;SZz). The first part then states,

provided condition 1. or 2. is satisfied, that (F (5 1), F(éz)) is a Fredholm pair with the same
index as (gAPS(ay), gAPS(a»)), and comparing both graphs we get

F(Gl)/F(Gl) _ (DG + Wl_)/F(Gl) =Wy
and —
F(Gz)/F(GZ) _ (T(G2) +W; )/F(Gz) = W;.
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2 Boundary Conditions and Fredholm Pairs

W and W7 are finite dimensional. Hence by remark 2.2.3, (T'(G1), I'(G»)) is a Dirac Fredholm
pair and

ind (T(G),T(Gy)) = ind (r(é’l), r(c’;‘z)) — dim Wy — dim W}
= ind (gAPS(a1), gAPS(ay)) — dim W| — dim W;.
For the full boundary condition By = T'(G) ® W', B, = I'(G2) ® W, we then get
Burp=wr and  Bipy=w;
and applying remark 2.2.3 one more time yields
ind(By, B;) = ind (gAPS(a1), gAPS(ay)) + dim W{ — dim W| + dim W, — dim W;.
i

To end this section, we want to discuss if the two conditions from theorem 2.3.9 could be
dropped or relaxed. Firstly, it is not hard to set up an example to show that deformations via
arbitrary bounded linear maps G and G in the sense of boundary conditions in graph form
don’t necessarily yield Dirac Fredholm pairs.

Example 2.3.10. Set M = [0, 1] x S' and g = —dt* + & where £ is such that vol(S') = 1. For
the trivial spin structure of S! the Dirac operator A has eigenvalues A; = 2rk for k € Z and
the wave evolution operator is given by Q = id as discussed in example 2.1.9.

Further let ¢; € L>(S'; SS') be the eigensection Agyx = Ay ¢y, ||@k|| = 1 and define a bounded
linear map G by setting:

G : L*(S'; 88" — L*(s'; ssh
Pk = Pk

Now to get graph type boundary conditions, we choose V_/2 = L%—oo,O)(S I.ssh, v n =

1
L{y.00)(S':S81), W}, = ker(A), W}, = {0} and

Gi:=Gly-: V] — Vf and G2 :=Gly; : V; — V;.

In this case we have GG, = GG = id and both graphs actually coincide I'(G) =T'(G»).

For the Dirac operator with boundary conditions (B1, B;) = (I'(G1),I'(G3)) to be Fredholm a
necessary condition given by corollary 2.1.6 would be that Q (I'(G1))NI'(G»2) = T'(G)NI'(G>»)
is finite dimensional. Since this is clearly not the case here Dp, g, can’t be Fredholm.
Theorem 2.3.9 still tells us that rescaling say G; ~» y - G by a sufficiently small factor vy,
gives a Dirac Fredholm pair. In this particular case it is not hard to see that any y # 1 does the
trick.

Now we also want to give an example for a boundary condition in graph form where the norm
product ||G]|||G2]| is “not small”, but the compactness assumption from theorem 2.3.9 still
provides that the resulting Dirac operator is Fredholm.
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2.3 Boundary Conditions in Graph Form

Example 2.3.11. Take the same setting as example 2.3.10, let V; C V5 be a finite dimensional
subspace and set
G1 = lel— . Vl_ — V1+

Gy V2+ —V, st G2|‘72+ = G|‘72+ and GZl(V;)J_ =0.

For this case, we have that I'(G ) NI'(G,) = F(G2|‘~,2+) is finite dimensional, since by definition
G is a finite rank operator and hence compact, we get Dirac Fredholm pair (I'(G1),I'(G>))
by theorem 2.3.9.

The norm product ||G||||G2|| = 1 remains unchanged and in fact by again rescaling G, ~»
v - G, it can be made arbitrary large without changing the fact that G, is compact and without
losing Fredholm property for Drg,)r(G,)-
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3 The Symbol of Q

The wave evolution operator discussed in section 2.1 is known to be a Fourier integral operator.
Bir and Strohmaier used this fact in [9] to prove compactness of the off-diagonal terms in a
splitting with respect to APS boundary conditions by calculating the principal symbol of Q
and composing with the APS projectors. For completeness, we will repeat the calculation
of the principal symbol of Q as a Fourier integral operator and give a simplified version of
the result. For a detailed proof see [9] Lemma 2.6 and for general information about Fourier
integral operators see e.g [7] or [8].

3.1 The Principal Symbol of Q

Remark 3.1.1. The wave evolution operator is given by the formula
Q=Res,oDoT op

where Res,, denotes the restriction map onto X, D : C®(M;S™M) — C®(M;S*M) the
Dirac operator and S Clifford multiplication by the unit, normal, past-directed, timelike vector
field.

The operator 7 : C*(Z;8%)) — C*(M;S™M) denotes the solution operator to the initial
value problem

DDu =0, ulg, =0, (Vyu) g, = f.

The operators Res;, and 7 are Fourier integral operators and their canonical relations are
described in ([9] Theorem A.1). The canonical relation of Q as the composition of those
operators, also explained in [9], is given by

CQ = {((y’ T]), ()C,é:)) € T*Zl XT*ZZ | (y7 77) ~ (X,é:)}

13 9
~

where the relation can be described as follows: If (y,17) € T*X; then there are precisely
two lightlike co-vectors 7= = ¥||n|[v’+7 € Ty M such that 775, = 5. The lightlike geodesic y;;
withy;(0) =y, ¥;;(0) = 7= (here tangent and co-tangent vectors are identified via the metric g)
intersects X at exactly one point, say y; (s*) = x*(y,n) € X and y; (s*) = E(y,n) € .M
again gives a lightlike co-vector. Then ((y,7), (x,£)) € Cg if and only if (x, &) = (x%, £f[s,).

Before calculating the principal symbol of Q, it is useful to relate Clifford multiplication on M
to the principal symbol of the APS projectors P., since they naturally appear in this calculation
and will allow us to write the result in a short and simplified form.
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3 The Symbol of Q

Lemma 3.1.2. Let X; C M be a Cauchy hypersurface and A, : C®(%;; SZ;) — C*(Z;; S%)
its Dirac operator and let P¥ : L*(%;;S%,) — L2(%,;S%,) be the APS projectors onto the
positive/negative spectral part of A;, then the following maps coincide:

p+(&)B: S Mls, — S*M]y,
FREN" Y (£%) - S™Mls, — STM5,

where & € T*Y,, & = F||&|V° + &, v denotes Clifford multiplication on M and p. is the
principal symbol of P*.

Proof. The APS projectors on X; can be calculated through the Dirac operator A; via P, =
%(1 + |’%|). The principal symbol of A; is given by Clifford multiplication on X;, 074, (¢) = ¥;(£)
and hence,

p+(&)B =3 (1 + iyutf(ﬁr))ﬁ
= 3117 I€1B £ By (£)B)

= 31€17" UI€1B F ¥(£))
= 7311171 (FIEIB +7(£))

= SIEN" v (£9).
O
Lemma 3.1.3. The principal symbol of the wave evolution operator Q is given by
q(y,m,x%,E5) = pu(ENBLY, ) o pn)B
=T(, e e5)P= (1)
for ((y,m), (x*,€%)) € Co. Here “=” means equality up to a scalar factor and F(iy,n,xi,gi)

denotes parallel transport along the lightlike geodesic *y,;—' (see Remark 3.1.1) connecting y and
x*

Note that multiplication by S is understood as a map S*M — S¥M, while parallel transport

F(iynxi o SYM — ST M conserves the chirality splitting. Identifying S*M|y, = S%; to

apply p+, we get that g(y, n,x™, £*) in fact yields a map S,2; — Sy+ .

Proof. The wave evolution operator is given by Q = Res,, o D o 7}, o B and its principal symbol
can be calculated as the composition of symbols

q(y,m,x*, &) =1es, (EF) 0 05 (EF) o 1, (y,m, x*,E%) o B for (y,n,x*, &%) € Cp.

Using [9] Theorem A.1 and neglecting scalar factors we get:

(](y’ TI9 xi’ fi) = y(gi)r(iy,n,xi’fi)ﬁ

Lemma3.1.2

= pu(ENBTY,, e oo B
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3.2 APS Boundary Conditions

proving the first line of the statement. To get to the second part, we use the fact that Clifford
multiplication is compatible with parallel transport meaning that
Y(Ei)r(iy,n,xi,fi) - F(iy,n,xi,fi)y(ﬁ)'

Using this compatibility and lemma 3.1.2 again shows that

‘I(y’ n,xia gi) = ny,n,xi,fi)y(ﬁ)ﬁ
= T e e0)P= (1B

=7 ey

3.2 APS Boundary Conditions

The wave evolution operator Q : L*(Z1;8%)) — L*(Z,;SX,) is an isomorphism (see section
2.1) while the APS projectors P* are pseudo differential operators of order zero, with principal
symbol calculated above. In order to show compactness for off-diagonal terms in an orthogonal
splitting for APS boundary conditions, Bér and Strohmaier ([9] Lemma 2.6) calculated the
principal symbol of the composition P*Q P~ (and P~QP*) showing that it vanishes, meaning
those operators map H*(Z1; SX;) — H**!(Z,; SZ,) continuously and are hence compact. By
proposition 2.1.10 this then implies that the corresponding Dirac operator D apg is Fredholm.

Theorem 3.2.1 (Bér, Strohmaier). The Dirac operator with APS boundary conditions, By =
P~ (L*(21;S%)) and By = P~ (L*(20; S%2)), is Fredholm.

The original proof of this statement can be found in ([9] Theorem 3.2). Since all neces-
sary symbol calculations have already been done above, the proof will be repeated here for
completeness.

Proof. The principal symbol of the composition P*QP~ =: Q,_ can be calculated as the
composition of symbols

G- (3,17, X5, %) = po(€5)q (v, 11, x*, %) p-(n).
Substituting Lemma 3.1.3 for the principal symbol of Q, we get
G- (310,35, E%) = p(EF)p(E)BTY,, = e8P~ (1)
= p+(ENT,, = g5y P (M)p- (1)

which have to be shown to vanish for both possible relations between the points (y,7n) and
(x*, £F). For the pair (y,n), (x*, &%) we have

p+(§i)r(+y,,7,x+,§+) p+(77)p—(77) =0
[

=0
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3 The Symbol of Q

while for the pair (y,n), (x7,&7) we get
p+(E)p-(§7) BT, - e~ BP-(1) =0

————————
=0

and hence g,_(y,n,x*,£%) = 0. m|

From the above statement, it is actually easy to get Fredholm property for generalized APS
boundary conditions, already proved in proposition 2.3.4 as well. Since for any a € R the
projectors P~ : L?(2;SX) — L2(Z; %) and P, : L*(Z;S%) — L2 oo, )(Z SY) only differ by
a smoothing operator Im(P~ — P) = L% (2;8%) fora < Oor Im(P -P)) = L2 (Z SY)
for a > 0. This implies that the principal symbols p~ and p, coincide, and hence the proof
above, showing compactness for off-diagonal terms of Q, can be repeated unchanged.

Corollary 3.2.2. Let aj,a; € R and B) = ( (Z1:SZ)), By = L2 (22;8%,) be
generalized APS boundary conditions, then the oﬁ dlagonal terms of Q m t;ze orthogonal
splitting of the boundary spaces, P; QP and P, QP are compact and the Dirac operator
Dp, B, is Fredholm.

At this point the above corollary provides no new information compared with propostion 2.3.4.
However, the mapping property P, QP, : H k(21;821) — H1(Z,; §%,) becomes relevant
for discussing regularity of solutions in the following section.

3.3 Regularity for Boundary Conditions in Graph Form

So far, we only discussed Fredholm property and relative index formulas for the Dirac operator
under certain generalizations of the APS boundary conditions. In ([9] Theorem 3.5), it is
also proved that for APS boundary conditions the solution space ker(D aps) C FEOAPS(M ;D)
consists of smooth sections only. In this section, we will explain the strategy of this proof
and see to what extend it can be generalized to the boundary conditions introduced in this thesis.

3.3.1 The Kernel of QBEB1

For any boundary condition By C L*(Z1;8%), B, € L*(X,,S%,) and any choice of comple-
mentary subspaces B{, B5, such that L*(%;,S%) = B; @ B;, the kernel of the Dirac operator
D, g, subject to these boundary conditions can be identified with ker(Q BS B,) =B1NO*(B)
via the restriction map onto X;. This identification is independent of whether (B, B;) is a
Dirac Fredholm pair, i.e. whether the kernels of Dp p, and Q BSB, are finite dimensional or
not. Now we want to relate regularity of the kernel of ker(Q BS B,) to that of the corresponding
Dirac operator. This is done by the following Lemma see also [9] corollary 2.7.

Lemma 3.3.1. Let (B}, By) be a boundary condition for D, then with respect to any splitting
L*(%;;8%) = B; @ B¢, we have

keI‘(QBgBI) C C°°(21;521) (=1 ker(DBle) C COO(M;S+M)
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3.3 Regularity for Boundary Conditions in Graph Form

Proof. Since the restriction res;, : FE°(M;D) — L*(Z1;SX;) maps ker(Dp,p,) —
ker(Q BS B,) isomorphically, we have that

ker(Dp,p,) € C™(M;S™M) = ker(Qpsp,) C C7(Z1; SZy).

For the other direction note that if ¢ € ker(Q B B,) is smooth, then the corresponding solution
to the Dirac equation ¢, where D¢ = 0 and ¢|x, = ¢, lies in FE*(M; D), as defined in [9]
chapter 2, for any s € R by well-posedness of the Cauchy problem for D ([9] Theorem 2.1.).
In particular, ¢ can be considered as a section

M=[t,n] XX —> SM
¢ — ¢(t,x) € SZ’I’X)M

that is smooth in the second argument and continuous in the first. Now the Dirac equation for
¢ implies that
Vy¢ = (-iA + 5H)¢

and since H and coefficients of A; depend smoothly on ¢, the right-hand side is of the same
regularity as ¢, implying that ¢ (¢, x) is actually C' in the first slot. Differentiating this equation
again and iterating the argument, shows that ¢(z, x) depends smoothly on ¢ and is then contained
inC®(M;S*™M). m|

Remark 3.3.2. Note that in Lemma 3.3.1 the choice of complementary subspaces B, B is
not specified and in fact the statement holds for any such choice. This is due to remark 2.1.5
and the fact that the kernel of O BSB, can be expressed as

ker(Qpsp,) = Q(B1) N By = B1 N Q" (By)
and is hence independent of the complements BY, Bj.

However, having this freedom of choice in the splittings of L?(Z; SX;) and L?(Z5; §%,) will
turn out to be useful and simplify proving regularity for graph-type boundary conditions in
section 3.3.2.

Remark 3.3.3. In previous sections we discussed possible ways to obtain Fredholm property, in
particular finite kernel dimension, for the Dirac operator subject to some boundary condition.
So far no statement about regularity for solutions, namely elements of the kernel of D, to
the Dirac equation was made, and in fact Dp,p, having finite dimensional kernel for some
boundary condition does not imply regularity in any way. Conversely, since Qpcp, is a
bounded operator, its kernel is a closed subspace of L2(21 ;8Z1) and if it is smooth it will
always automatically be finite dimensional as well. This means that a smooth solution space
ker(Dp,p,) € C*(M;S~M) for the Dirac operator subject to some boundary condition already
implies for its kernel to be finite dimensional.
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3 The Symbol of Q

3.3.2 Graph-Type Boundary Conditions

In order to show smoothness for the kernel of the Dirac operator Dp, p,, it suffices to show
smoothness of ker(Q BS B,) by Lemma 3.3.1. Note that this correlation is independent of the
choice of complementary subspaces B{ and B, and if it is true for some complements, it
is true for any such choice. This freedom of choosing complementary subspaces to a given
boundary condition (Bj, By) translates to the choice of projection maps L?(Z;; SX;) — B;
and will prove useful when treating graph-type boundary conditions in this section. For now
note that at this point, we already have all the necessary ingredients to conclude smoothness
of ker(DgaPs(a;)gAPS(ay)) for generalized APS boundary conditions (and in particular for APS
boundary conditions).

Proposition 3.3.4. Let aj,a; € R and (By, By) = (gAPS(a1), gAPS(ay)) generalized APS
boundary conditions, then ker(Qpcp,) C C®(Zy;8%y).

Proof. In corollary 3.2.2, it is shown that for generalized APS boundary conditions the
off-diagonal terms in the splitting of the wave evolution operator Qp,p, and Qpspc map
H*(Z;8%1) — H*1(Z,; S%,). Using this mapping property together with the unitarity of Q
we have for u € ker(Qgggl) (Lemma 2.1.2):

u= Q*BlBQQBZBlu'
Since Q*Ble is at most of order 0, this implies that u € C*(Z1; S%). O

In particular the above proposition holds for APS boundary conditions, i.e. a; = a; = 0 (see
definition 2.3.3) and smoothness for the solution space of the Dirac operator with generalized
APS boundary conditions follows directly from lemma 3.3.1.

Corollary 3.3.5. Let aj,a; € R and (B, B;) = (gAPS(ay), gAPS(ay)) generalized APS
boundary conditions, then ker(Dp,p,) € C*(M;S*M).

In order to make the symbol calculus of Q work for boundary conditions in graph form, we
need to make some further assumptions on the deformation maps G| and G5, defining the
boundary conditions in definition 2.3.6. First, remember that theorem 2.3.9 only guarantees
Fredholm property for the resulting Dirac operator if either G; or G| is compact or if the
norm product ||G]|||G2]| is small, and we have also seen counterexamples for non-compact
deformations where not even the kernel of Dp, p, is finite dimensional for certain graph-type
boundary conditions. Due to this fact, for the following statement compactness of one of the
deformation maps will still be required, since having smooth kernel would otherwise directly
imply it also is finite dimensional, see remark 3.3.3.

Further, we will require the maps G|, G, to be pseudo-differential operators so that they
have a well defined principal symbol that can then be used to calculate principal symbols of
projection maps onto the boundary condition, and eventually the symbols of Op,, and Q;? B¢

as compositions of those operators.

Theorem 3.3.6. Let By, By be boundary conditions in graph form as defined in definition
2.3.6. Further assume that G and G, are pseudo-differential operators of order zero where
G or Gy is compact. Then D, p, is Fredholm and ker(Dp,p,) € C*(M;S*M).
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Proof. Step 1: Assume that the boundary conditions are given by graphs By = I'(Gy),
B, = T'(G») for bounded linear maps

Gy : L2(%);5%1) — Li(Z);5%)),

Gy : L2(29;8%)) — L*(2;5%)

and that G is compact. Then define the following projection maps onto the boundary conditons
Pr(G, = P_+GP_: L*(21;5%1) - I'(G))

PrG,) = Py + GoPy 0 L*(22;S%0) — I'(Ga)

where P, denote the APS projectors onto Li(Zl/z; S$X1/2). The maps Pr(g, are indeed
projections, since P%(Gl) =(P_-+GP.)>*=P>+P_G\P_-+G P2 +G|P_G|P_=P_+G,P_
where P_GP_ = 0since G| maps L2(2Z1;SZ;) — Li(Zl; $Z1) and similarly for Pr(g,). For

the kernel we get:

ker(Prg,)) = {x € L*(Z;8%)) : P_x = -G P_x}
={x € L*(Z;8%)) : P_x =0}
= L3(21;S%)

and similarly
ker(Pr(G,)) = L2(Z2; SX,).

Since P, and G, are pseudo-differential operators of order zero, the projections Pr(g,), Pr(c,)
are also pseudo of order zero with principal symbols

pPr G, =pP-+81p-=p-

Pr(G,) = P+t 82D+

because G is assumed to be compact and where p., g1/ denote the principal symbols of P.
and G, respectively. Making use of lemma 3.1.3, we can calculate the principal symbol of

the operator Qp,5, = Pr(G,QPr(c,) to get

4B.B> = PI(G2)4PT(Gy) = (P+ + &2P+)pPU=Bp— = (p+ + g2p )T Fpap-

where p.p_ = 0 for the first possible sign and (p, + g2p+)p—- vanishes for the second one.
In conclusion we have gp,p, = 0 and hence Qp,p, is compact. Now by the same reasoning
as in proposition 3.3.4 follows ker(Qpsp,) € C*(X;;SZ;) and lemma 3.3.1 implies that also
ker(DBle) - COO(M; S+M)

For the case where G is the non-compact mapping while G, is compact, the same arguments
can be applied to the operator Q;l B, instead. The principal symbol of this operator then
vanishes for the same reason as above and we still have ker(Q BS B,) € C*(Z1;SZ;). Note here
that in proposition 3.3.4 it is sufficient for one of the operators Qp,p, and Q*B1 B, 1O improve
regularity, since both always are of order zero at most.
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Step 2: Suppose we have a splitting of the boundary spaces of the form
L*(Z1;8%) = L%_oo,al)(zl;SEl) ® L%al,oo)(zl;SEl)

L*(%y;8%,) = L%_oo,az)(zz; S%) @ L%az’oo)(SZz; S3)

where a1, a; € R and G, G, are maps
G : L%_m’al)(Zl;Szl) - L%al,m)(z:l;SZl)

G,: L? (27;8%,) — L%az’m)(szz; $35).

(=00,a2)
The boundary conditions are still given as graphs of these maps, i.e. By = I'(G|) C
L*(21;82) and By = I'(G,2) € L%*(%,;S%,). Projection maps onto these boundary con-
ditions are given by
Ppy = P-oa)) + G1P (- a))

Pp, = Plgy00) + G2P[ay,00)

Here for some interval I ¢ R, P; : L*(Z; SX) — L%(Z; §%) denotes the orthogonal projection
onto the corresponding spectral subspace.
Suppose that a; < 0 then define the map G| : L2(Z;5%;) — L%(Zl; S%p) by

51 = P+G1P(_m’al)

and define a boundary condition by B = F((~}1). As a projector onto B), we can use
Pg = P_+ G P_similar to the projections used in Step 1. The difference

PEl —Pp =P+ GIP— - (P(—OO,LH) + GlP(—OO,al))

= P_ = Pooay +G1P- = G1P(_coay

= Pla,0) + PsG1P(_co.a)) — G1P(co.a)

= Plaj.0) + P+G1P(-c0,a) = (P+ + Play,0)) G1P (-0
= Pla;.0) = Pa,0)G1

is then compact because P, ) is a compact operator and hence, the principal symbols
PB, =D, coincide.
Suppose that a; > 0, then we set

G :=G\P_: L*(21;5%)) — L2(Z1;8%))
B =T(Gy)
Pg =P_+GP-

and the difference

Pg, = Pp, = P+ G1P- ~ (Pa) + G1P (o))
=P_ - P(—oo,al) + GlP_ - GlP(-oo,al)
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3.3 Regularity for Boundary Conditions in Graph Form

= —Plo.ay) + G1 (P~ = P(coay))
= —P10,a) = G1P[oa))

is again a compact operator such that the principal symbols pp, = pg coincide. The same
arguments can be applied to the second boundary component to show that pg, = pz, for any
ar € R.

Calculating the principal symbol of QOp,,, we get

4B:B; = PB,4PB, = PB,49Pg, = 4B,B, = 0

and consequently a smooth solution space ker(Dpg,p,) € C*(M;S*M) by Step 1 of the proof.

Step 3: For the general case of boundary conditions in graph form, we have splittings of the
boundary spaces
L*E;SE) =V, oW, @ Vi @ W;
L*(Z:8%) =V, oW, @ VS @ W;
where V" @ W, = L%_oo o (Zis SZ), Vi @ W = Lfa, o) (Zi3SZ7) (i = 1,2) for some ay, a2 € R
and the Wli/2 are smooth and finite dimensional. The boundary conditions are given as
B =T(G))® W1+
B, =T(Gy)® w5

where
Gi:Vy - V/

Gy: Vi - V.
We define projection maps onto the graphs of G| and G, by
PF(Gl) = PV( + G1PV1*
Prc,) = PV2+ + GzPV;
and projections onto the boundary conditions B and B, by
PB] = PF(Gl) + PW1+
P32 = PF(GZ) + PWz_'

Similar to Step 2, further we can find maps G and G acting on the generalized APS boundary
spaces by setting

Gi:=GPy-: L} (Z1:8%) > L2 (21:5%)

(=0,ay) [ay,00)

Gy = GoPy; i LT, (32;8%) — L, .\ (52; SZ2)
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and define corresponding projection maps

PrG,) = Plewa) + G1P(—coa))

P, = Plazeo) + G2Play00)-

Calculating the difference of these projections yields

PrG,) = P = P(ecoa) + 51P(_m,al) — Pr(c,) — Pw:
= Plocoan + 61P(—°°,al) — Py; = G1Py; — Py
= Pw; = Pw: + G1Py; P(-coa)) = G1Py;
= Py — Py

hence a compact operator, since W;—“/2 are assumed to be smooth and finite dimensional. The

analogous statement is true on the second boundary component, because

PrG,) = P8, = Playe) + G2Play,0) = Pr(Gy) = Pw;
= Play,0) ¥ G2Pgy,00) — PV2+ - GzPV2+ - PWZ_
= PW; — PW’; + G2PV2+P[a2,oo) — G2PV2+

= Pw; — Pw;

which is again a compact operator. In conclusion, we have that on the principal symbol
level the projections pg, = pp Gy PB: = PGy and the maps G|, G, are of the same
type already discussed during Step 2 of the proof. Combining all the steps, then yields
ker(Dp,p,) € C*(M;S*M) for the general case of graph type boundary conditions. O

Theorem 3.3.6 makes use of the fact that the mapping property Qp,p, : H*(Z;;SZ;) —
H k“(Zz; S%,) implies smoothness of the ker(Q BS B,) and consequently, also of ker(Dp,p,)
as stated in lemma 3.3.1 and proposition 3.3.4. Note that while regularity for ker(Qp<p,) and
ker(Dp, p,) are always equivalent (for any choice of complementary subspaces B{, BS) by
lemma 3.3.1, the inverse implication on the mapping properties of Qp,p, (i.e. compactness of
this operator) is not true in general, but rather depends on the choice of complements. This
can be easily seen by looking at the ultrastatic case (compare example 2.1.9):

Let M = [0, 1] x §' and g = —dt® + & a metric such that vol(S') = 1 and Q = id. Assume we
have a pseudo-differential operator mapping

G2 L) (813881 = LT, 4 (8';SSh)

and define the boundary conditions By = L{___ 0)(SI;SSI), B> = I'(G»). By theorem 2.3.9
we know that Dp, p, is a Fredholm operator (here G| = 0 is compact) and by theorem 3.3.6
we have that ker(Qpep,) is smooth (for any choice of complementary subspaces B, B;) and

consequently ker(Dp,p,) C C*(M;S"M). This is because for Bf = L%O oo)(SI;SSI) and
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3.4 (Pseudo-)Local Boundary Conditions

B; = L%_w,o)(S 1, §S1) the proof of theorem 3.3.6 shows that the operator Q,p, is compact
mapping H¥(S'; §S') — H*1(S!;SSh).

Alternatively, we could also choose BS = I'(G2)* = I'(=G}), of course without changing any
results on Fredholm property or regularity of the Dirac operator Dp g,. However trying to
apply the methods used to proof theorem 3.3.6, requires calculating the principal symbol of
0,8, = Pr(c,QP- = Pr(g,)P-, where the orthogonal projection onto I'(G») is given by
remark 2.3.7:

Pr(g,P- = (id+ G3G2)™' P, + (id + G3G2) ™' G5 P-
= (id+ G3G2) ™ (P+ + G5P_).

Since (id + G;Gz)_1 is an isomorphism, the operator is compact if and only if (PJr + G;P_) 1s
compact. Hence we would have to show that

(p++8&p-)=0

for the principal symbols of P. and G, which would imply that g5 = g> = 0 making G itself
a compact operator.

3.4 (Pseudo-)Local Boundary Conditions

The methods used in section 3.3.2 can in principle also be applied to the general case of pseudo-
local boundary conditions, if one can show compactness for the corresponding oft-diagonal
terms in the splitting of the wave evolution operator. In this section we want to derive a
principal symbol equation that guarantees Fredholm property and smoothness of solutions for
the corresponding Dirac operator and look at examples of pseudo-local boundary conditions
satisfying this equation.

3.4.1 Pseudo-Local Boundary Conditions

Definition 3.4.1. We call a closed linear subspace B; ¢ L*(%;; SY;) a (pseudo-)local boundary
condition if there is a projection Pp : L*>(X;; SE;) — B that is a (pseudo-)differential operator
of order zero.

Having a (pseudo-)local boundary condition, or more precisely a (pseudo-)local projector
onto the boundary condition, allows using the principal symbol calculation (compare section
3.3.2) for the operators Qp,p,, Qzl B, (O analyze Fredholm property and regularity for the
corresponding Dirac operator. The following proposition gives a sufficient condition for a
general pseudo-local boundary condition to imply those properties for the Dirac operator.

Proposition 3.4.2. Let (B, By) be pseudo-local boundary conditons for D with order zero
pseudo-differential projection maps Pp,; : L?(%;; S¥;) — B;. Then the Dirac operator D BB,
is Fredholm and ker(Dp,p,) C C*(M;S*M), provided that

P (E0)P=(ED)BTY, ) 2 o) BPB (1) = P, ()T, = ey P+ (P, (1) = 0
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3 The Symbol of Q

for all ((y,n), (x*,&%)) € Co. Here pp,, pp, denote the principal symbols of Pp, and Ppg,
respectively.

Proof. By proposition 2.1.10 and proposition 3.3.4, it is sufficient to show that the operator
OB, p, has vanishing principal symbol, i.e. maps HK(Z;;8%) — H1(Z,, S%,) and is hence
compact. Since the principal symbol of Q,p, = Pp,0Pp, is given by composition of symbols
we can use Lemma 3.1.3 to get

48,8, = PB,qPB, = P, (EX)P<(EX)BTY, 2 o) BPB, (M) = P, (E0)T, 2 po) P (M), ()
O

Even though proposition 3.4.2 in principle provides a way to check for Fredholm property
and regularity of Dp,p, given a pseudo-local boundary condition, it might be hard to do
so in practise. This is due to the appearance of the parallel transport ny,n,x*, £) connecting
(y,nm) and (x*, &%) via a lightlike geodesic and is required to analyze the principal symbol
and the canonical relation Cy itself. While specific assumptions on the geometry of M could
help dealing with this parallel transport, its mapping properties are not obvious for a general
geometry.

The proof of the statement that Daps is a Fredholm operator (see theorem 3.2.1) relies on
the appearance of p. in the principal symbol of the wave evolution operator Q (see section
3.1), where p. denote the principal symbols of the APS projectors P.. There, the fact that
P.P_ = P_P, = 0andconsequently p.p_ = p_p; = 0yields compactness for the off-diagonal
terms in the splitting of Q. Actually the statement for the principal symbols alone would be
sufficient for the proof to go through without having P,P_ = P_P, = 0 on the L?-projection
level.

Corollary 3.4.3. Let (By, By) be (pseudo-)local boundary conditions for D, then the Dirac
operator D, p, is Fredholm and ker(Dpg,p,) C C*(M;S*M) provided that

1. pipp, =0and pp,p- =0, i.e. P,Pp, and Pp,P_ are compact, or
2. p_pp, =0and pp,p+ =0, i.e. P_Pp, and Pp, P, are compact.

Proof. Since the principal symbol combinations p.pg, and pg,p_ or p_pp, and pp, p, vanish
by assumption, we get for the principal symbol in the off-diagonal term of Q

P (ENP+(ET) BT, v enBPE () =0 and pp, (€L, — ) P-(M)p5, (1) =0
[

N——————
:0 =O
or
P, (E)P-(E)BLY, - e BPB (M) =0 and pp,(ENTT | o vy P+(M)P5, (1) = 0.
———— ————
:O =0
The claim then follows from proposition 3.4.2. |
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Corollary 3.4.3 basically states that (pseudo-)local boundary conditions still yield a Fredholm
operator with a smooth solution space as long as these boundary conditions are “’close” to the
APS (or aAPS) boundary conditions, in the sense that P, Pp, and Pp,P_ are compact (close
to APS conditions) or P_Pp, and Pp, P, are compact (close to aAPS conditions). Note that
choosing (pseudo-)local boundary conditions (Bj, B>) in a way such that P, Pp, and Pp,P_
are compact, implies that (B, L2(Z; SZ)) and (B,, L% (Z;; SZ,)) might not be complements
anymore but are still Fredholm pairs. Compare section 2.2, where Fredholm pairs were
introduced as being “close” to direct sum splitting of a Hilbert space. However, it is certainly
not enough for a boundary condition (B, B;) that (B, L%(Zl;Szl)) and (Bo, L2(25;5%5))
are Fredholm pairs for the Dirac operator Dp,p, to be Fredholm. This can also be seen by
looking at the ultra static example discussed at the end of the previous section:

If we have M = [t1,12] X S', g = —dt® + h such that Q = id and any isomorphism
.72 1. ¢¢l 2 1. ¢¢l
G: L(_m’o)(S ;887 — L[O’m)(S ;SSY)
we can define boundary conditions
B;:=T(G) and B,:=T(G™).

Then we have splittings L>(S'; SS") =T'(G) @ L%O o) (S, Sssh = Lf_oo 0 (S, 8sHer(G™,
and by remark 2.2.2 (Bj, LE(Zl ;821)) and (B3, L%(Zz; S%,)) are certainly Fredholm pairs.

On the other hand, Dp,p, cannot be a Fredholm operator, since by corollary 2.1.6 we have
ker(Dp,p,) = Q(B1) N B, =I'(G), which is infinite dimensional.

While this example shows that being a Fredholm pair with APS conditions is not “close”
enough for corollary 3.4.3 to hold, boundary conditions satisfying the assumptions can be
found by changing the Dirac operators A, A, of the boundary components £; and X, to any
operators adapted to D in the sense of [12] section 2.2 (see also [13]).

Corollary 3.4.4. Let M=[t1, t:] X2, g = —N>dt+g; be our usual setup of a globally hyperbolic
spin manifold with compact spacelike Cauchy hypersurfaces ¥, = {t} X ¥ with boundary
YU,

By A\, Aj, we denote the Dirac operators A; : C*(Z;; SZ;) — C®(Z;;8%;) of Z1 and X
respectively.

For any hermitian maps h; € End(SX;) we define operators

A,‘(hl') = A,’ + hi
and boundary conditions

(B (h1), B3 (h2)) := (x=(Ai1(h1)), x=(A2(h2))).

Then the Dirac operator DBT(hu)B§(hz) is Fredholm with

ker(DBT(hl)Bg'(hz)) C COO(M;S+M) and ind (DBI_(hl)B;(hz)) = —ind (DB’I'(hl)Bz‘(hz)) .
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Proof. Note that the Dirac operators A; are first order elliptic, self-adjoint operators on compact
Riemannian manifolds ¥;. By adding a hermitian map 4; € End(SZ;), the resulting operator
A;(h;) remains elliptic and self-adjoint. This guarantees that spec(A;(k;)) C R is real and
discrete and L?(Z;; S¥,;) splits as a direct sum of eigenspaces for A;(h;) (compare 1.2.4).
Orthogonal projections onto the boundary conditions are given by

_1 A;(hi)
Pysainy) = 3 (1 + |Ai(h,»)|)
and since the operators A;(/;) and A; only differ by a zero order term, their principal symbols
Oa;(h;) = 04, conincide. Hence, the principal symbols of the projection maps

Px*=(Ai(h) = P=

are the same as those of the APS projectors P.. Then calculating the principal symbol of
OB, B, yields the same result as for APS boundary conditions

quBl = qt¢ = 0’

the same is true for QB% Bt Hence, the operators Qp,p,, QBé pL are compact mapping

HF (Z1;8%) - H k+1 (225 8%,) and the statement follows from proposition 2.1.10 and propo-
sition 3.3 .4. O

Remark 3.4.5. The Definition of boundary conditions (By(h1),B(hy)) =
(x+(A1(h1)), x+(A2(hy))) in corollary 3.4.4 could as well have been made with char-
acteristic functions for ¥ (- 4;)» X[a;.c0) fOr intervals (—oo, a;), [a;, o) C R and a; € R, similar
to the definition of gAPS boundary conditions as generalizations of APS conditions (see
section 2.3.2).

This shift in the ”cut” of the spectrum is already included in the choice of maps /;, meaning
that

X(~ooa;) (Ai (i) = x—(A;i(h; — a;))
Xlago0) (Ai(hi)) = x4 (Ai(hi — a;)).

3.4.2 Local Boundary Conditions

Local boundary conditions were already defined as a subclass of pseudo-local boundary
conditions in definition 3.4.1, an equivalent definition can be given as follows:

Definition 3.4.6. Let 8| C SX| and B, C SZ; be smooth subbundles, then we call (B, By) :=
(L*(Z1; B1), L*(Z5; B5)) local boundary conditions for D.

There is a connection between local boundary conditions for the Dirac operator as defined
above, and boundary conditions in graph form discussed in section 3.3.2. The following
Lemma gives sufficient conditions for a local boundary condition to be expressable as a graph
over APS boundary conditions, see also [12] Theorem 7.20 and [11] Proposition 4.9.

46



3.4 (Pseudo-)Local Boundary Conditions

Lemma 34.7. Let B, C X, B, C X be smooth subbundles and (B,B;) =
(L*>(Z1;B1), L*(Z2, Bo)) the corresponding local boundary condition. Then the following
statements are equivalent:

(i) (B1, B2) can be written as boundary conditions in graph form, i.e. there exist L*-
orthogonal splittings

L*(Z;8) =V ieW eView' (i=1,2)

as in definition 2.3.6 and bounded linear maps G\ =V — VI and G, : V{ — V; such
that B| = VVJr o I'(Gy) and B, = 5 ©® I'G»).

(ii) Fori = 1,2, for every x € Z; and ¢ € T\Z;, ¢ # 0, the fiberwise orthogonal projection
map Pg). : (SZ;), — (B))x restricts to an isomorphism from the eigenspace to the
negative (i = 1) or positive (i = 2) eigenvalue of io s, (&) onto (B;)y.

Proof. First note that the fiberwise projections P(g;) mentioned above extend to orthogonal
projection maps
Pg 1 LX(2:5%) — L} (2 B))

and by ([12] Thm 7.20) statement (ii) is then equivalent to the operators
Pg, — Plaoo)(Z1) 1 L*(Z15SZ1) — L*(Z1;S%))

Pg, — P(_oa)(Z2) 1 L*(Z; $%0) — L*(Z2;5%,)

being Fredholm for some and then any a € R. Here P, )(21) and P(_w 4)(Z2) denote the
orthogonal projections onto L%a,oo)(zl; S%1) and L%_oo 2) (X5 8%)).

To show that (1) implies (i1) note that given statement (1) is true, we have that B = W1+ ol'(G)) =

L?>(Z;; By) and hence, Pp, = Pg, for the orthogonal projection maps. First assume that
Wi =W/ ={0}and V[ = L2 ](21,521) for some a € R. By remark 2.3.7, with respect

to the splitting L?(Z1;S%) = V ® V', the projection maps Pp, = Pr(g,) and Py are then

given by
) ) -1
0 0 id 0)({id -G*
PVr:(o id) and PBI:(G O)(G id)

recra=le -6, ulle G )
o[l 3-fe. alle, )

_(id 0)[(id -G
“lo -id/{6i id

and we get
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which is an isomorphism and in particular a Fredholm operator.
Now for the general case of a graph type boundary condition, we have an orthogonal splitting

L*EpSE) =V, oW, eV oW,
where W are finite dimensional and the deformation map G| maps
G:Vy - V.
Again, by remark 2.3.7 we have that
VieVi=[(G)eI'(G)" =T(G)) &I'(-G))

where all the splittings are still orthogonal. Hence, the orthogonal projection on a boundary
condition By = I'(G1) ® W{ can be written as

Pg, = Prg,) + Py:.
Further we know by definition 2.3.6 that L%a’oo) (21;8%1) = V] ® W and hence
Pla,e0)(21) = Pys + Py
and the difference Pp, — P[4,)(Z1) is then given by
Pp, = Plaeo)(Z1) = Prg)) — Py;.

By the calculation above this restricts to an isomorphism V| & V" — V" @ V| and since we
have L*(Z; S%)) = VieWw,e Vfr < W1+ where W;—' are finite dimensional, it is still a Fredholm
operator mapping L?(Z;SZ;) — L*(Z;SX)).

Now to prove that (ii) implies (i), we start with a local boundary condition 8; C SZ; on
21 and construct a decomposition of L?*(Z;;S¥) and a deformation map G as in definition
2.3.6. Since (i1) is assumed to be satisfied, we have a Fredholm operator P, — P, where
Bi = L?>(Z1; B1) and P, denotes the APS projector onto the non-negative part of the spectrum.
Now set

W = Bi N0 Ly (215 5%) V= (WH* 0 L7y ) (2155%)
Vi :=P_(B)) Wy = (V)*n L% 0)(Z155Z1)

—0Q,

By construction, we then have V| & W[ = L%_m 0(Z1:SZ1) and VI & W = L%O o) (Z13SZ1).
To show that Wli are finite dimensional for w € WI', we have

(P, ~ P)(w) =w —w =0

by definition of W7, hence W1+ C ker(Pp, — P) which is finite dimensional since Pp, — P, is
Fredholm. For w € W} and x € L?*(Z; 8X)) we calculate

(w, (Pg, = P(0)) 2 = (w, P ()2 = (w,  Pa(x) )2 =0

—_——— ——
eVl_ EL%O ) (leszl)
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where we used that by construction W C (V)" as well as W C L%_Oo 0)(21; S%1). This

shows that W is contained in ran(Pp, — P,)* which is again finite dimensional since Pp, — P,
is a Fredholm operator.

To construct the deformation map G, we define another subspace U := (Wfr )+ N By, then we
get By = Wi @ ((Wy)* n By) since W] C B; by definition and consequently B; = W} & U.
The map P_|p, : By — V| is surjective by construction and has kernel

ker(P_|g,) ={x € By : P_x =0}
={xeB: xe L%O,m)(ZI;SZI)}
= B N L) (Z1;SZ1)
= Wi*
hence, P_|y : U — V[ is an isomorphism. Further, we have that (W))* = V| @

L%_Oo 0)(21;521). Because V" C ran(P,) and L%_OO 0)(21;S21) c ker(P,), it follows that
P, maps (W/)* — V[ and since U c (W), it also maps U — V. The composition

(Plv)™! P
G :V; U Vi

is then a bounded linear map. Since B| = W;r @ U as mentioned above, all that is left to show
is that U = I'(G) to conclude the proof. This can be seen as follows:

I'G1) ={x+Gix|xeV}
={P_.u+GP_u|uecU}
={P_u+P,(P_ly) ' PuluecU
={(P-+Pul|ucU}
=U

A boundary condition By on X can be treated similarly by interchanging V* for V7, W for
W3 and P for Py. O

Since Lemma 3.4.7 shows how local boundary conditions on 2 and/or X; can be related to
graph type boundary conditons discussed in 3.3.2, we want to look at an example of a local
boundary condition satisfying the assumptions of the Lemma.

Example 3.4.8. (Chirality Conditions) Let Z be a closed Riemannian spin manifold with Dirac
operator A : 'SE — I'SX and suppose we have a smooth unitary involution # € 'End(SX)
sucht that

hooa(§) =-oa(§)oh V&eTX.

where o4 denotes the principal symbol of A. Since 4 is unitary, it is diagonalizable and
because 7% = id we know that it has eigenvalues +1 splitting SX = E_;(h) & E;(h) into an
orthogonal direct sum of the corresponding subbundles.

Now let ¢ € T2 for x € X, then (ioa(&))? = ||€]1%, (ioa(€))" = xios(€) and hence
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SxZ = E_1(h)y ® E1(h)y = E_jg(ica(§)) © Ejg(ioa(&)) splits into the direct sum of the

+||€|| eigenspaces of iog4(&). Since ios (&) and h anti-commute, we see that "‘T||A§(”§) restricts

. 2
to amap Ey(h), — E+(h), and because ("T”*‘f('f)) = id we have that E_;(h), = E{(h), are

actually isomorphic. In the same way it follows that E_ ¢ (ica(€)) = E |z (ica(&)) and hence
all of these eigenspaces are of the same dimension, namely half the dimension of SZ,.

The fiberwise orthogonal projections onto the eigenspaces E.j(h), are given by m.(x) =
%(1 + h,) and for ¢ € E_j¢(ioa(&)) we calculate:

A, (09 = L £ ho)g

| el
_ — ioca(é)
= 515 h) e
= -7z (x)¢

hence
.(x)p=01_(x)p=0An.(x)p =0 ¢ =0.

Thus, the restrictions 7. (x)| E_j ¢ (ioa(¢)) AT injective and for dimensional reasons they are then
isomorphisms 7. (x)|£_ . (ioca()) © E-|l¢) (ica(§)) — Exi(h)y. By the same calculations one
can show that the projections 7, (x) also yield isomorphisms when restricted to £z (ioa (£)).
So in conclusion, we have shown that the local boundary conditions 8~ := L*(Z; E_;(h))
and B* := L?*(X; E1(h)) satisfy condition (ii) from lemma 3.4.7 and can be considered as
boundary conditions in graph form as in definition 2.3.6.

Remark 3.4.9. Condition (ii) in Lemma 3.4.7 actually reads differently for each of the bound-
ary components X; and %,. This is due to considering graph-type boundary conditions as
deformations of APS boundary conditions, i.e. B; as a graph over L%_DO 0) (21;8%)) and B, as

a graph over L%O oo)(22; S$2%,). Of course, one could equally well consider graph-type defor-
mations of aAPS boundary conditions by interchanging the roles of £ and X, in 3.4.7 (ii), as
proposition 2.3.8 already suggests.

However, the example above shows that for chirality conditions defined by a unitary involution
h; € End(SZ;) anti-commuting with o4, both 8 and B;" can be considered as graph-type
deformations of L%_oo O)(Zi; S%;) and L%O Oo)(Zi; SZ%;) simultaneously. We will come back to
this fact and how it affects Fredholm propérty of the resulting Dirac operator when discussing
an example for such a unitary involution map in chapter 4.

To end this chapter, we will deduce Fredholm property and regularity of the solution space of
the resulting Dirac operator for local graph-type boundary conditions by applying the results
of theorems 2.3.9 and 3.3.6.

Corollary 3.4.10. Let B; ¢ S and B> C S, be smooth subbundles and By = L*>(Z1; B),
B = L?(X2; B,) the corresponding local boundary conditions. Further assume that condition
(ii) from lemma 3.4.7 is satisfied for both B and B,, we write

APS; = L{_, (i3 5%)
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and
APS} = L, o) (i3 SZi)

Jfor the APS boundary subspaces. Then the Dirac operators D g 4 Ps} and D ps; g, are Fredholm
with index

ind(DBlAPSE) = ind(DApS) + dlm(Wf) - dlm(Wl_)
ind(DAPSl_Bz) = ind(DAps) + dlm(Wz_) - dlm(W;)
Where the correction terms are given by

W} := B N APS® Wi = (P_(B1))* NAPS]
W; := By NAPS; W = (P4(B2))* N APSY.

Proof. Since condition (ii) from Lemma 3.4.7 is satisfied for subbundles 8B, 8, by assumption,
we can apply the Lemma to get splittings

L*(Z;S%) =V, e W, @ Ve W}
where
V- @ W, =APS; and V@ W' = APS’

together with bounded linear maps
G :V{ >V and G,:Vy -V,

such that
B, =T(G)) & Wi" and B, =T(Gy) @ Wy

are boundary conditions in graph form. Setting (B;, APS}) or (APS], B;) as boundary
conditions, condition 1 from theorem 2.3.9 holds, since either G; = 0 or G, = 0 and is hence
compact. The corrections terms for the index formula also given in theorem 2.3.9 can then be
taken directly from lemma 3.4.7 above. O

In order to get regularity for the solution space with theorem 3.3.6 more information on the
deformation maps G, G; is needed. However, in the case of chirality conditions explained in
example 3.4.8 the deformation map can be easily calculated and the regularity theorem applies.
This will be shown in the next chapter.
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As a first application of the results for graph-type boundary conditions and their interplay
with local boundary conditions, we will discuss so called chirality conditions, introduced in
example 3.4.8. These boundary conditions are defined via unitary fields of involutions Ay, h»
along the boundaries X1, 2, and restricting to the +1 eigenspaces of these maps.

4.1 Chirality Conditions

We start with a special case of the involution maps 4;, assuming they are anti-commuting with
the Dirac operators A; instead of just anti-commuting with their principal symbol. This setting
is more restrictive than just asking for this condition to hold on principal symbol level. For
example it directly implies that the spectrum of A; has to be symmetric.

Corollary 4.1.1. Let h; € End(SZ;) be smooth unitary such that
]’li o Ai = —Ai o hl’.

where A; denotes the Dirac operator of the boundary component ¥;. Then for By :=
L*(Z1;E (hy)) and By := L*(Zp; E_1(hy)) the Dirac operators D aps; and D aps-p, are
Fredholm and for their indices we have

ind(DBlApS;) + ind(DBf-Apsz) =2-ind(Daps) + dimker(Ay)
ind(Daps;B,) + ind(DAPS;B;) =2 -ind(Daps) — dimker(A»).
Additionally, the solution spaces
ker(Dp,aps;) € C7(M; S*M) and ker(Daps-p,) € C*(M;S™M)
consist of smooth sections only.

Proof. The statement of the resulting operators being Fredholm and the relative index formula
follows directly form corollary 3.4.10, since B and B; can be written as graph-type boundary
conditions by lemma 3.4.7. To prove regularity for the kernels of those operators, we calculate
the deformation maps G| and G,. Since h; and A; anti-commute by assumption, we have for
¢ € Ea(A))
Ai(higa) = —hi(Aipa) = —A(hipa)

and since hl2 = 1, we get that h; restricts to an isomorphism #4; : E (A;) — E_ (A;) between
eigenspaces for the Dirac operator A;. Since L?(Z;; SX;) splits into eigenspaces of the Dirac
operator, we have that

L*(Z58%) = ... ® E_j,(A) @ E_, (A) @ ker(A) ® E; (A) @ Ep(A) ® ...
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and consequently
LA*(Zi:8%) = ... @ E_,(A) @ E_y,(A;) @ ker(A;) ® h; (E_p, (A) @ hi (E-1,(A)) & ...

Thus, we can write any section ¢ € L%(X;; ;) as a linear combination of eigensections for
A; in the following way

p= Z(am—ak + Brhid_y,) + do

k=1
where the ¢_,, denote eigensections of A; to eigenvalues —A; (multiplicity counted) and
¢o € ker(A;). Now we require ¢ to be a —1 eigensection for 4; simultaneously and get

- Z(akqﬁ—zk +Brhig-2) — do = h; (akd-a, + Brhid_a,) | + hido
P =1

= Z(akhiﬁb—zk + Brd-a,) + hido
k=1
and hence, if ¢ is a —1 eigensection for h;, we have that oy = -} and h;¢g = —¢o:

$=¢o+ Z(ak¢—ﬂk —aihid_y,)
k=1

= go+ ) k(1 - h)g_y, (4.1)
k=1

On the other hand, any ¢ of this form derived above is a —1 eigensection for h; and thus,
E_1(h;) can be written as a graph type deformation in the following way. Since h; maps
ker(A;) — ker(A;), we can define

W; = E—l(hilker(Ai)) VViJ' = (VV,-)J‘ker(Ai)

and get
ker(A;) = W; & W

where the direct sum is orthogonal. Hence, we have an L2-orthogonal splitting of the boundary
space given by

L*(25S0) = L) (512 SE) @ W; @ Wit © Ly (313 5%0).
By setting

Vi = LY ) (i3 SZ0) Vi = Wi e Ly, (55 SZ))
W = {0} Wr:=W,

this yields a sum decomposition

L*(Z;82) =V, eW, oV oW

54



4.1 Chirality Conditions

where V. @ W, = L%_Oo 0 (ZisSZ) and VF @ W = L%O o) (Zi3 SZ;) as required in definition
2.3.6. For the deformation map we choose

Gi = —hilv-

to get L>(Z;; E_1(hy)) = T(Gy) @ W¥ by (4.1). Hence, L*(%; E_1(hy)) is a graph-type
boundary condition where the deformation map G; = —h; is given by a pseudo-differential
operator of order zero and the statement follows by theorem 3.3.6. A similar construction
shows the statement for the +1 eigenspace of 4;.

To calculate the index of those operators, theorem 2.3.9 states:

ind(DBlApsz) = ind(DApS) + dlm(WlJ') - dlm(Wl_)
= ind(Daps) + dim(E_1 (A [ker(a,))) — 0
and
ind(D g apst) = ind(Daps) + dim(Ey (h1lker(a,))-

Hence, by combining the two we get

ind(Dp, aps;) + ind(Dpraps:) = 2 - ind(Daps) + dim(E_; (A1 lker(a;))) + dim(E (A1 lker(a, )
=2 ind(DAps) + dimker(Al)

and ind(D aps; 5,) +ind(D APS; B;) is calculated by a similar argument. |

Now, to allow for a more general situation, we assume that the involution map 4; and the Dirac
operator A; only anti-commute on principal symbol level and reprove the statement using the
result above.

Corollary 4.1.2. Let h; € End(SZX;) be smooth, unitary involutions, such that
hiooa,(§) = —oa, (&) ohy VEET'L,

where o4, denotes the principal symbol of the Dirac operator A;, i.e. oa,(§) corresponds to
Clifford multiplication by the co-vector &. As boundary conditions we define

Bf = L*(Z;; E+ ()

the L*-closure of the subbundles corresponding to eigenvalues +1 of h;. Then the Dirac
operators
Dp:aps;, Dptaps;» Dapstps, Daps;p:

are Fredholm operators and have smooth kernels.

Remark 4.1.3. Note that all the boundary conditions in corollary 4.1.2 are pairs of APS
conditions APS;" and eigenspaces of the unitary involutions L*(Z;; Exq(hy)). Since these
eigenspaces of h; can be considered as graph type deformations of either APS* or APS™, the
order of the pairings is not really important and the proof of the statement remains basically
the same. For simplicity, we will prove the statement for the Dirac operator D sps- B The
other three combinations then follow by a similar argument.
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Proof. In contrast to the proof of corollary 4.1.1, now it is not clear how to write the boundary
conditions B as deformations of APS boundary conditions for the Dirac operators A;, since
the anti-commutation now only holds on the principal symbol level and not necessarily for
the operators themselves. However, we can switch from the Dirac operators A; to adapted
operators A; on the hypersurfaces that we define by

A= A; - I hi, At

where {h;, A;} = h;A; + A;h; denotes the anti-commutator. The principal symbol of the
anti-commutator term computes to:

O{hj,Aiy = OhiA; ¥ O Ay

= /’l,‘O’Ai +0'A,-hi
= hiO'Ai - hiO-Ai
=0

where we used that the operators are assumed to anti-commute on the principal symbol level.
This shows that in fact the added term %{h,-, A;}h; is of order 0 as a whole, since A; is an order

zero operator. Note that A; is still an elliptic operator on the Riemannian manifold %; and,
since h; is assumed to be unitary and satisfy hl2 = 1, it is still formally self-adjoint. Hence,

the spectrum of A; is real, discrete, and its smooth and finite dimensional eigenspaces form a
basis for L? exactly like for the Dirac operator A;.

LZ(Z,'; SE,') = ... E,LZ(A‘,,') &%) E/L] (g,) &) ker(gi) D E/ll (Avl) &%) E/lz(gi) ..

Now we can check that 4; and the adapted operator A; actually anti-commute on the operator
level as well:

Aih; = Aih; - %(Aihi +h A h?
1 1
= inhi - thAi
1 1
= §Aihi + jhiAi — hl'A,'
= —hiA; + 3hi(Aih; + hiAi)h;
= —hA;.

By the proof of corollary 3.4.4, we get that B;" are graph-type deformations of APS (or aAPS)
boundary conditions for A; and hence, projections P B+ ONto Bl?—“ can be chosen such that P B P

or Pp: f’;’ is compact, where 1’31.i denotes the APS projectors for Ay

This is due to the proof of corollary 4.1.2, where these projection maps were constructed
such that im(PBl;fp;lfL) C ker(g,') making it finite dimensional and hence, the combination of
operators compact and smoothing.

Now since the adapted operators were obtained by adding only zero order terms to A;, the
principal symbols o4, = oyy coincide and the same is true for the principal symbols of the

+
i

APS projectors 1;:5 =p
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For now fix the boundary condition to the pair (APS7, B;). Then, in order to prove the statement
by lemma 3.3.1 and proposition 2.1.10, it suffices to show that the principal symbols of Q B} APST
and QZPST(B;)C
chosen such that

vanish. Note that the projection map Pp:(pr)e onto B = L?(Z0; E((hy)) is

ker(Ppgr(gpe) = (B3) = x ™ (A2).
The composition of this map with the APS projector Py o P yields a compact map, since
on principal symbol level we get

PB(BY)e © Py = PBi(B) © P, = 0.

Lemma 3.1.3 then shows the compactness of Q BIAPS] and O and hence the statement.

APS*(B)*
The other combinations of boundary conditions follow by a simila12r argument through treating
the chirality condition as a deformation of the appropriate APS subspace and repeating the

principal symbol calculation for the off-diagonal terms of the wave evolution operator Q. 0O

So far, we can only apply chirality conditions to one component of the boundary X; U X,
while leaving APS boundary conditions, or a compact deformation of APS, on the other part.
This is due to theorem 2.3.9 and examples 2.3.10 and 2.3.11, showing that deforming APS
boundary conditions on both ends of the boundary simultaneously, will in general not yield a
Fredholm operator anymore. In the following section, we will discuss special cases where two-
sided deformations, i.e. chirality conditions on both ends, can be seen to still yield Fredholm
operators.

4.2 Warped products

In an earlier example 2.3.10, we saw that the assumptions of theorem 2.3.9 cannot just
be dropped without potentially losing Fredholm property of the resulting operator. On
the other hand, two-sided and non-compact deformations of boundary condition can still
yield Fredholm operators (with smooth kernels). In 2.3.10 this was done by directly
computing the wave evolution operator Q and defining boundary conditions accordingly, now
we want to show that similar computations are still possible in a more general geometric setting.

Assume the spacetime M is given by a cylinder over the compact Riemannian manifold (X, /)
M=1[0,1]xZ

and that the metric on M is
g =—dt®+ f(t)h

where f : R — R is a smooth and positive function. Any spinor field ¢ € I'(SZy) can then
be extented to a spinor field on M via parallel transport along #-lines:

Y (1) =150 € T(SZ,).

Here Tttf denotes point wise parallel transport from %;, to 2, along the ¢-axis. With this setup
we have the following theorem (see [16])
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Theorem 4.2.1 (Bir, Gauduchon, Moroianu). For any smooth spinor field ¥ on Xy we have

1 f(20) (t0) ,
2/(10)
The plan is now to use this result to solve the Dirac equation on M and eventually calculate the

wave evolution operator. For this to work, we first need to verify that the above identity indeed
holds at any point s € [0, 1].

1 t
toAtTtol//O tol//()-

dr|,_,

Corollary 4.2.2. For any smooth spinor field € T'(SZy) we have

d /., /(@)
a (TloAthtOwO) Zf(l) toAt tolﬁo
Proof.
d
o t N
— A = — A
dt s Tt le‘Olr[/O dt — TY Tt fT Ttolr//O
to s t__s
=1, —| T AT T Y0
s dl‘t _, t st
_ 1 f(S) l()
BT IC

O

With corollary 4.2.2, we can make an ansatz T:OA;T;OWO = \/;—&0 for some i/ € I'(SZg) such

that A, Yo = Yo and hence, we get Tf"A,Tfowo = J}((’;’ Ay Wo. Shifting the first parallel

1
vV f(to)

transport to the right side of the equation then yields

AzT;tOlﬁO =4 ]}((t;)) TttOAzolﬁO

Now suppose we choose o € I'(SX) to be an eigenspinor for A;, i.e. A;o = Ay for some
A € spec(Ay,). The above identity then reduces to

Al = AL At g (4.2)
showing that parallel transport of an eigenspinor ¢y € ['(SX) to an eigenvalue A results in an

eigenspinor Tfolpo e I'(S%,) to the eigenvalue A(¢) := ,/J}((tf))/l

To calculate the wave evolution operator, we can make use of the splitting for the Dirac operator
on M given by 1.2:
Dw = —ﬁ (Vy + lAt - %Ht) lp

which for our case simplifies to

Dy =-8 (Vat +iA; — %%) v
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4.2 Warped products

where n = dim(Z). Now we want to solve the Cauchy problem

Dy =0 (4.3)
Yls, = ¥o 4.4)

where ¥ is an eigenspinor for Ay and to the eigenvalue 1. Again, we make an ansatz by setting
¥ = h(t)7{yo for some smooth function /. Applying the Dirac operator to this ansatz yields:

B (Va, +iA; - gﬁ—) h(t)thwo = = (h(r) +ih(NA\ 2D — L0, <r>) LA
where we used that
Vato=0 and  Aziyo = K Az,
The Cauchy problem then reduces to solving the following ODE for the function & : [0, 1] — C:
h(r) = (—m i 5}”—) h(1)
h(0) =1
Again we can make an ansatz h(r) = exp(u(t)) where u(t) is such that
[

[© , n
(1) = —id\7ey + 350
u(0) =

This equation will be solved by

u(t) = ~iAy7(0) /0 TA=dé + $1og(/(0) - § log((0)

and plugging this in back into our ansatz for A(¢) yields
t
h(t) = ex (—m\/f(()) / L
P NG
w/% exp ( i\ f(0) / Ff(f df)

In conclusion, the solution to the Cauchy problem 4.3 is given by

- §log(f(0)))

v =1 exp( NGO / Wdf) o

and consequently, the wave evolution operator maps

10 ) 7@

Qo =\ 5 exp( ) 7010 (4.5)
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where A1Qu0 = 5400 = A(1)Q¥o. (4.6)

Since both L?(Zg; SZo) and L*(X;; S1) split into direct sums of eigenpaces for their respective
Dirac operators Ag, A, we get the following mapping properties for Q:

L*(20;8%0) = ...Ep,(A)) & Ep,(A)) & ker(Ag) ® E;(A)) & Ep(Ag)...
Y N O R S
L*(Zi38%) = . Ei,m(A) @ Ei (A1) @ ker(A)) & Epu(A) @ Epay(An...

where A (1) = %/lk. With this knowledge about the wave evolution operator, we can start

to construct and analyze boundary conditions for the Dirac operator, first take a look at the
chirality conditions from section 4.1.

Example 4.2.3 (Chirality Conditions). Let 4y € End(SXy) be smooth and unitary such that
hoo Ag=—Ap o hy
then we can define /; € End(SX) by setting
hy = T& hoT?.
First we can check that

I )
= Té hor? Té hoT?
_ 1320
= TohyTy
_ 1.0
=TT

=1

hence h is an involution. To check that /; also anti-commutes with the Dirac operator Ay, we
apply to an eigenspinor ¢ (1), A1¢a1) = A(1)P 1) of Ay and calculate:

Arthigaay = A1ty ho T?¢ﬂ(l)
~———
€E (0)(Ao)

~———
€E_4(0)(Ag)
—_—
€E_a1)(A1)

= —-A(D)h1da1)
= —h1A1da).

Define boundary conditions for D by

By = E_1(ho) = I'(=ho) ® E_1(holker(a,))
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4.2 Warped products

By = E{(hy) =T'(h1) ® E1(hilker(a))

where we view h; as maps L (Zl,SZ) — L2 (Z,,SZ) compare equation 4.1.

Corollary 4.1.1 now states that combmatlons (Q(APS ), B1) and (Q(By), APSY) yield
Fredholm pairs and consequently, the Dirac operators subject to these boundary conditions
will also be Fredholm. In the geometric setting of this section, the combinations (B, B1)
and (B, By) will also yield Fredhom operators. This can be seen by looking at the mapping
properties of Q established above.

Before the boundary conditions can be written in the style of 4.1, we need to fix orthonomal
bases for L?(Zo; SXo) and L?(Z;; S1). This can be done in the following way:

Start with an orthonormal System on L*(Zo; SX() consisting of eigenspinors to negative
eigenvalues and elements of the kernel of A;

1 k
.. ¢—/I39 ¢—/127 ¢—/119 ¢0’ ey ¢() .
—————
dimker(Ag)

Since hg anti-commutes with Ay, we get eigenspinors for positive eigenvalues of Ag by applying

ho to the eigenspinors of negative eigenvalues. Furthermore, these elements will still form an
orthonormal system, because /g is also assumed to be a unitary involution. Hence

By Dy B Dl - - ¢]5, hop-2,> hod-a,, hod-as5 - - -
|
dimker(Ag)

defines an orthonormal basis for L*(Zg; SZg). Now to fix a basis on L?(Z1; SZ;) we make use
of the mapping properties of Q establisehd above. Namely Q maps eigenspace to eigenspace
isomorphically and Q is always unitary, hence we get an orthonormal basis on the second
boundary component by setting

001, Q_1y, Qb2 OBpys - - ., Q5. Qhod_1,s Qhod—a,, Qhod—iss - - -

~—_—
dimker(Aj)
where A1Q¢_1 = —\[KPAQP_1, A1Q¢) = 0 and A1Qhop_1 = \| K A0Qho¢ 4. Note that

this construction is compatible with our definition of 4 in the following sense:

If we start with an orthonormal system on L*(Z;; SX;) given by

023, 0P 2y, QP—2,, Qs - - -, OB
N——
dimker(Ay)

and then proceed similar to the construction on Xy by applying /; to get an orthonormal basis

QP23 QP QD0 Qs - - - 0P, h1 QP13 QO P_ 2y, 11O, . .
—_—
dimker(Ay)
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the result remains the same. This is because by definition of 4#; and 4.5, we have
n 1
_ 1y 0 [f() _aaJdeom 1 1
hQ¢_) = Ty hOTl 7(0) exXp ( 1Ay f(0) /O 6 dnf) T d_
n 1
S : 1 1, 01
= \/Fa5 exp|—id 0 dé | 1o hoti 7,
@ P( Vf()/o T §) 00T T 8-

n 1
_ [rm ,
=\ 508 exp(—z/l\/f(O) /0 %df)réhoqb_ﬁ
= Qhop-,.

Now we can use 4.1 to write down the boundary conditions By and B; in the following way:

S~——
eE_ (h()|ker(A0))

W € By oy = $o +Zak(1_h0)¢—ﬂk
=1

veBioy= g+ a(+h)0¢ .
— k=1
€E1 (hilker(ay))

Then we apply the wave evolution operator to an element of By

Y € Bo= QU = Qo+ ) ax(Qp_s, — Qhod-y,)

k=1

= 0¢o+ ) | ar(Qp_1, — MQ%_1)
k=1

=Qdo + Z ap(1—h1)Q¢_y,
=1

and see that
Qy € By @ a; =0Vk and Qo € E1(hilier(a,)-

Assuming Qo € Ey(h lker(a,)» We get

Qo = h1Q¢o
= Qhogo
=—-0¢o
hence ¢9 = 0. In conclusion, this calculation shows that Q(Bgp) N B; = {0} and since

By = E(ho), By = E_1(h1), the same computation also yields that Q(By) N By = {0}. In
fact Q(By)* = B making (Q(By), B1) a Fredholm pair. Finally, proposition 2.2.5 states that
Dp,p, is a Fredholm operator (in this case of index 0).
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Remark 4.2.4. The above example shows a case of boundary conditions obtained by non-
compact deformations, via the maps /¢ and %, of APS conditions on both boundary compo-
nents, which is not generally covered by theorem 2.3.9. For the particular choice of boundary
conditions above, the index of the resulting operator is 0. But the same computations can be
used to show that by using /¢ and /4 as deformation maps for generalized APS conditions on
Yo and X respectively, i.e.

By = 1—‘(—hO|L%700 7‘10)(20;520)
B, = F(hllLﬁalgm)(ZuSZO)

where ag, a; > 0, to obtain a non-trivial index for the resulting Dirac operator. In the notation
above we would get
ind(Dp,s,) = —dim(L}_, , 1(Z0;5%o)).

To end this section we show another possibility to construct two-sided, non-compact deforma-
tions of APS boundary conditions that will still preserve Fredholm property for the resulting
Dirac operator.

Example 4.2.5. In the same setting used throughout this section we can write down the
eigenvalues (multiplicity repeated) for the Dirac operator A; (in an ascending order):

A3 A, A1, 0,00, A1, A0, A5 . .
~———
dimker(Ay)

and choose a corresponding set of normalized eigenspinors

1 k
LA ¢/l,3a ¢/l,27 ¢/1,|9 ¢0, ey ¢09 ¢/1], ¢/12’ ¢/l39 L]
N————
dimker(Ay)

where in this case the spectrum does not need to be symmetric as in the previous example. This
set of eigenspinors forms a basis for L?(2Z;; $%) and we define a map G : L? (Z1;8%) —

(_00»0)
L%O O0)(21; S%1) by setting
0 leven

Gi(¢a,) = {(ml Jodd

Now we write down eigenvalues of A;

dimker(A3)

L]

where A; = O]

A; and corresponding eigenspinors

7. 7. 7. 71 Tk ¥ 7. 7.
s ¢/l_3a ¢,1_2’ ¢/1_1’ ¢O’ LIRIE) ¢0, ¢/11, ¢/12, (]5/13, e
—————
dimker(A3)
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where we set (];21 = Q¢,, and define a deformation map G, : L%O 00)(22;522) -
L%_oo,o)(ZZ; S%,) by
Ga(G7) = 0 [ odd
2P ¢y, leven

The boundary conditions we want to examine are now given by the graphs of the maps we
defined above B; = I'(G), B, = I'(G,). Since both G| and G, are non-compact, Fredholm
property for the Dirac operator is not automatically ensured by theorem 2.3.9, since the wave
evolution operator has already been calculated above, we can use this result to compare these
boundary conditions anyway.

An element of the boundary condition Bj is given by
yeB oy= Z (ak (¢/L(2k—l) + ¢/12k—1) +:8k¢/12k)
k=1
and applying the wave evolution operator to such an element yields

e QB) b= (@ (001 oy + Q0 ) + B0 )

D5 T

(ak ( ~/T_<zk—1> + (5’7%—1) +ﬁk(5’12")

>~
Il

1

On the other hand, an element of the boundary condition B; can be written as

Y eEB oY= (50 +Z (d/k ((5/le + ‘5/1721() +ﬁ~k¢§/12k—l)
eker(Aj) =

note here that (&17(2](71) + &5, s (day +bay). 41, and é,,, , are linear independent for all
k,l1,m,n € N. Hence Q(B;) N By = {0}, and in the same way we get Q(By) N By = {0}.
Proposition 2.2.5 then states that Dp, g, is a Fredholm operator of index 0. As in the previous
example this construction can be extended to forming graphs over generalized APS boundary
conditions to construct Fredholm operators of any given index.

4.3 Transmission Conditions

In this section we assume the following setting: M = [t, ;] X X is a globally hyperbolic spin
manifold of even dimension with compact and spacelike Cauchy hypersurfaces, and the metric
g = —N2dt + h, is such that h:, = h;,. Hence, the closed Riemannian manifolds (%, h;,) =
(%4,, hy,) can be naturally identified along with their spinor bundles S, = S%;,. Instead of
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defining a boundary condition for D by choosing closed subspaces By ¢ L?(Z,,; S%;,) and
By € L*(%,,;S%,,), we want to define it as a closed subspace B € L?(Z;,; SZ;,) X L2 (2,3 SZ4,)
of the product. In this particular setting, we can proceed as follows

(p.9) eBo p=¢

i.e. asectiony € FEY(M;S~M) satisfies the boundary condition B if and only if |z, =¥ls,.
This boundary condition is called Transmission conditions and Biar and Ballmann have shown
that in a Riemannian setting, it can be understood as a graph-type deformation of APS boundary
conditions making D p a Fredholm operator with ind(D g) = ind(D aps), see [13] example 7.28.
For our Lorentzian setting the situation is different and we get the following statement.

Proposition 4.3.1. Let (M,g) = ([t1,t2] x £,-N?dt + h;) such that h,, = h,, and B C
L2(Z,; 8%,) X L*(Z,,; SZ,,) where (¢, ¢) € B & ¢ = ¢, then if Dy is a Fredholm operator
its index is ind(Dpg) = 0.

Proof. First we use Lemma 2.1.3 with

H = FE°(M; D)
E=L*(M;S M)
F=B*

L=D

P = Pp: o (resy, Xresy, )

to get that Dp is Fredholm of index k& if and only if the operator
D& (PBL o (reszrl X resztz)) : FE°(M:; D) — L*(M;S"M) ® B*
is Fredholm of index k. Applying the Lemma again with

H = FE°(M; D)

E =B*

F=L*M,S M)
L=Ppio (res;l X resztz)
P=D

yields that this equivalent to the operator

Ller(p) = (PBl o (resy, X resztz))‘ker(D) : ker(D) — B+

being Fredholm of index k. To calculate the kernel of this operator:

ker(Llker(p)) = { € ker(D) : Pp:(¢ls, . ¥ls,) = 0}
={y eker(D) : (¢¥l3,.¥ls,) € B}
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= (¢ eker(D) : Yly, = vl }
= {¢p € L*(,:5%,,) : ¢ =00}
=ker(Q - 1).
Assuming that Dp and equivalently L|irp) is Fredholm, we can calculate its cokernel as

isomorphic to the orthogonal complement of its image. Note that any element (¢, ¢) €
L2(%,,;8%,,) X L2(%,,; S%,,) can be decomposed as

(0. 0) = 3((¢, ) + (¢, 9) + (0 — b, ¢ — ¢))

€eB eB+

and consequently

irn(leer(P)) ={(¢—-d,0—9) € LZ(ZM;SZH) X LZ(ZQ;SZQ) . ¢ =09}
={(¢ - 0¢.Q0— ) : ¢ € L*(%,:5%,)}.

For the cokernel we then get

coker(Llker(p) = {(1t.—p1) € B : (11,0 — Q) + (—11, Q¢ — @) = 0 Yo € L*(Z;,; SE,,)}
= {(u.—p) € B*: (u, 0 — Q) =0Vgp € L*(%,,;S%,,)}
= {(u.—p) € B*: (u—Q*u, ) =0V € L*(%,,;S%;,)}
= ker(Q* - 1)
=ker(Q - 1)

where we used unitarity of Q for the last equality. In conclusion, we have that if Dp is
Fredholm, then ker(Q — 1) is finite dimensional and

ind(Dg) = ind(L|ker(p))
= dim(ker(leer(P))) - dim(COker(leer(P)))
=dimker(Q — 1) — dimker(Q — 1)
=0.

O

Remark 4.3.2. While it was shown in [13] that in a Riemannian setting transmission conditions
will always yield a Fredholm operator with the same index as APS, in the Lorentzian setting
the Dirac operator D g with transmission conditions need not be Fredholm at all. This can be
seen easily by looking back at example 2.1.9 where the manifold was constructed such that
Q = id and consequently, ker(Q — 1) is infinite dimensional.
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