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Abstract

Concurrent observation technologies have made high-precision real-time data
available in large quantities. Data assimilation (DA) is concerned with how to
combine this data with physical models to produce accurate predictions. For
spatial-temporal models, the ensemble Kalman filter with proper localisation
techniques is considered to be a state-of-the-art DA methodology. This article
proposes and investigates a localised ensemble Kalman Bucy filter for nonlinear
models with short-range interactions. We derive dimension-independent and
component-wise error bounds and show the long time path-wise error only has
logarithmic dependence on the time range. The theoretical results are verified
through some simple numerical tests.
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bound, localisation, high dimensional, filter, nonlinear,
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1. Introduction

With the advancement of technology, we now have access to vast amounts of high-precision
data in many areas of science. It is important to develop robust and efficient tools to combine
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the available data with refined large-scale physical models. This study is known as data assim-
ilation (DA) and typically the goal is to produce accurate real-time estimations of the current
state of the system.

In geophysical problems, the considered models often have vast spatial scales, therefore
millions of state variables are needed to store information at different locations. Such high
dimensionality poses a severe challenge to DA methodologies, since the associated computa-
tions are expensive and direct global uncertainty quantification tends to be erroneous. Over the
last two decades, various computationally feasible approaches have been developed with prac-
tical success [7, 14, 24, 27]. One of the most popular algorithms among these is the ensemble
Kalman filter (EnKF). It has been first derived in [7] and heavily advanced and employed in
the field of numerical weather prediction. To combat dimensionality issues arising due to the
extent of the spatial domain, the so called localisation techniques are often employed for the
EnKEF [9, 26]. The key motivation behind localisation is that many systems exhibit a natural
decrease in spatial correlation. This can guide artificial tunings of the empirical covariance
matrix to avoid spurious correlations.

The empirical success of EnKF has aroused great interest in understanding the underlying
theoretical properties [1, 2, 15, 29]. EnKFs can be interpreted as Monte Carlo implementa-
tions of the Kalman filter [8, 12, 13, 17] which is derived for linear prediction and observation
models. Therefore most theoretical studies of EnKFs assume a linear setting [4, 6, 21, 22, 28].
Existing analysis of EnKFs for nonlinear models concern mostly the boundedness of algorithm
outputs [15, 16, 29], which is not helpful in understanding EnKF performance. The only excep-
tion is a recent work [5], where accuracy and stability results have been derived assuming
abundant and accurate observations. However, the results there do not consider localisation,
and hence they require the sample size to be larger than the state dimension. This is infeasible
in practice.

This paper intends to close the aforementioned gaps, i.e. nonlinearity and high dimension-
ality in filter performance analysis, by investigating a localised ensemble Kalman—Bucy filter
(I-EnKBF). Following [5], we assume abundant and accurate observations are available. Since
most geophysical models are formulated through partial differential equations or their discreti-
sations, the associated prediction dynamics often have a short interaction range. This is often
paired with a short decorrelation length in the localisation technique to reduce the potential
spurious long-range correlations. Under these assumptions, we show that I-EnKBF estimation
error for each component is bounded independent of the overall dimension, both in the sense
of mean square and the moment generating function. Such result does not exist in literature
for DA analysis, based on our knowledge. Some related dimension-independent error analysis
can be found in [21, 28], but the error estimates are implicit and the models are assumed to be
linear. Moreover, we also show the long time path-wise error has a logarithmic dependence on
the time range, which is much weaker than the square root dependence in [5]. All these results
indicate I-EnKBF has stable and accurate estimation skills.

In section 2 the underlying setting is outlined and the considered I-EnKBF will be defined.
Upper and lower bounds for the empirical second moment are derived in section 3.1. Then
point-wise and path-wise bounds for the mean squared error and a Laplace type condition are
derived in section 3.2 in the /; sense, and in section 3.3 in the component-wise sense. We
allocate the proofs of our results in the appendix. In section 4, the numerical sensitivity of
an implementation of the considered 1-EnKBF with respect to the underlying assumptions is
tested for the Lorenz 96 system.
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Throughout the article we assume (|| - ||, (-, -)) denotes the l,-norm with its corresponding
inner product. Given a matrix A € R"*" the l,-operator norm is defined as

[A[] = max [[Ax] = v/ Amax(ATA),

[lxll=1

where A\« denotes the largest eigenvalue of a matrix. The following two matrix norms are
also useful to us:

m
Al = max > |4,
1< &

Al max = ml.?x|[A]i,j|

where both A;; and [A];; denote the entries of the matrix A. The bracket notation is necessary to
denote matrix entries such as [A’l]i, jor[AB];;. Given two symmetric matrices A and B then A =
B implies the matrix A — B is positive semidefinite, which is equivalent to vT(A — B)v > 0 for
all v € R". Given a covariance matrix I' the Mahalanobis norm is defined by ||v||% = vTT" .
Lastly, in order to describe the smallness of certain quantities, we use the big theta notation. In
particular, a quantity a. is O(¢€”), if there is a e-independent constant C > 0 and ¢ > 0 so that
ce’ <a, < Ce.

2. Problem setup

In this paper, we consider a continuous-time filtering problem, formulated by

dX, = f(X,)dr + V20dW,,
dY, = HX,dt + RdB,.

)]

In (1), X, € R represents the system we try to recover. We assume its initial distribution
is given by Xy ~ 7. Its dynamics is driven by a deterministic forcing described by a map
f: RN — RN and a stochastic forcing term v/20dW,. We assume linear noisy observations
Y, € RM of the system are available. In (1), the matrices o and R are positive definite matrices,
and W, € RM and B, € R are independent Wiener processes.

In many spatial models, each model component is representing a state information at one
spatial location. This introduces a natural distance between two indices, which we will denote
as d. As a simple example, For example, if the indices are representing themself on the interval
[1,n], then d(i,)) can be taken as |i — j|. For another example, if the indices are representing
equally spaced points on a length n circle, then d(i, /) be taken as min{|i — j|,n — |i — j|}.

We will use x;(f) to denote the ith component of X;, so X; = [x;(?), ..., xNX(t)]T. We will
also use f; and w;(7) to denote the ith component of f and W,. For notational simplicity, we will
often write x;(7) as x; and w;(f) as w;, whenever their dependence on time is evident. Then the
SDE that x; follows is given by

dx; = fi(X)dr + V2odw;. )

Note that different components are interacting through the drift term, as f;(X;) could have
dependence on x;(#) for j # i. But in many physical processes, such interactions are of short
range, meaning the dependence of f;(X;) on x;(7) decays with d(i, j). More generally, this can
be formulated as

Assumption 2.1 (short range interaction). There is a sequence of Lipschitz constants Fy,
such that for any X = [xy,..., xy,] and X’ = [x}, ..., xy ], the following holds
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Ny
1O = FX] < Fagplx; — X
j=1

To have a single number controlling the overall stability of the system, we will consider the
largest row sum of these Lipschitz constants and define

Nx
Cf = mlaxz Fd(i,]) . (3)

=1

We will assume that Cris a constant independent of the dimension N,. This can be verified if
Fi decays to zero exponentially with increasing k. In section 4, we demonstrate how to verify
assumption 2.1 on the Lorenz 96 model, assuming all components are bounded.

In computational models, assumption 2.1 often holds if the spatial resolution is at the same
scale of the spatial correlation length. A large N, indicates that the spatial domain size is large.
It is worthwhile mentioning that, it is also possible to obtain a high dimensional model with a
moderate size spatial domain, if one use very small spatial resolution. But assumption 2.1 is
unlikely to hold in such a setting, and localisation techniques are not meant to resolve such high
dimensionality. One should use dimension reduction techniques instead [21]. The difference
between these two high dimensional settings are discussed in [23, 30].

2.1. Localised ensemble Kalman—-Bucy filter

Here we will consider a deterministic EnKBF first proposed in [2] that has been shown to
ensemble of particles which describe the uncertainty of X,. To run the considered’;l’gorithm,
each of the particle is initialised at a random location from 7y and then driven by the following
dynamics

. . A 1 . _
dX! = f(XHdt + o* PN (X! — X,)dt — EP,HT(RRT)’I(Hdet + HX, dr — 2dY(1)).
)

In (4), the sample mean and covariance are defined by
| & 1 &
X, = MZX,’, P, = mZ(x; — X)X - X)".
i=1 i=1

The posterior distribution of X; conditioned on Y, is then approximated by the Gaussian
distribution N(X;, P,). It is important to mention that for a linear drift f the EnKBF in (4)
converges to the KBF for M — oo. Further a mean-field limit has been derived for the nonlinear
drift scenario [5]. Note that mean field limits of EnKFs for a nonlinear setting have also been
derived in [19].

When the dimension is high, EnKBF is in general ill-defined and it can perform poorly.
This is because of two reasons. First, the rank of P, is at maximum M — 1. Soif M < N,, P; is
singular and its numerical approximated inverse is usually unstable. Second, by random matrix
theory, it is known that if Xf arei.i.d. samples from a Gaussian distribution N (0, P), in order for
the covariance sampler error in /,-norm || P — P;|| to be small, one needs M = O(N,). In other
words, P; is a very inaccurate approximation of the true posterior covariance when M < N,
[28].

In practice, one popular way to resolve the issues mentioned above is to apply covari-
ance localisation. Mathematically, this operation can be formulated as replacing P, in (4) with
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PL = P, o ¢. Here o denotes the component-wise product or Schur product, so the components
of PL are defined as

[PEi; =[P 9} ©)

The symmetric matrix ¢ here is called a localisation matrix. Its components are nonnegative.
They are of value 1 at the diagonal, and decay to zero extremely fast along the off diagonal
direction. One popular choice takes the form of ¢;; = p(@), where p is a function from
(4.10) in [9]

1 1
7sz —+ §X4 —+ §X3 g.xz =+ 1, |-x| < 17
po =9 Ls La 55,50 s 2 jcp<2 ©
12X 2X +8X +3X X+ 3% \|x|\ P
0 2 < x|

where [ denotes the typical decorrelation length, which we assume to be independent of N,.
We will consider again the largest row sum of ¢, and define

Cyi= m?xz bij- (N

We will assume Cy, is a constant independent of the dimension N,. This is true for most practical
localisation matrices including (6).

When the true covariance matrix is spatially localised, P- is a much better covariance esti-
mator, because the localisation operation eliminates spurious long distance correlation errors
[3]. Moreover, the localisation operation improves the rank, so P} is often full rank and invert-
ible. But this is not guaranteed in general. So for the rigorousness of this exposition, we use
the following inversion

Definition 2.2. If all diagonal entries of P; are nonzero, then its diagonal inverse (DI) is
given by
[Pl =[P [Piy=0. Vij=1.....n i#].

Note that it satisfies the following foralli =1,...,n
[PIP)i; =[PP = 1. ®

In the original EnKBF formulation (4), we replace P; with P~ and P, ! with Pj and we obtain
the localised EnKBF (I-EnKBF):

. . R 1 . _
dX! = f(XHdt + oPl(X! — X,)dt — EPZLHT(RRT)*I(HX,’dt + HX, dt — 2dY)).
)

As a remark, the using of P,T simplifies the theoretical derivation in below, since we can verify
that P,T is well defined (see lemma 3.2 below). Meanwhile, it is an open question on how to
generalise our results to other versions of pseudo inverse for P,.
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2.2. Abundant and accurate observations

When the observation sources are abundant, H in (1) can be assumed to be of rank N,, and
there is an H~ € RN+*Ny such that H~ H = Iy,. We can consider the following transformation

X,=c'X, fX)=0"'f0X), Y,=0'H Y, R=0c 'HR,
then X , and 17, follow the SDE in below

dX, = o 'dX, = F(X,)dr + /2dW,,
_ _ _ (10)
dY, = o 'H dY, = 07 'X, + 0 'H RdB, = X,dt + RdB,.

If we apply 1-EnKBF (9) to the transformed system (X, Y,), then the sample mean and
covariance matrices will follow

§12071X,, f)t:U—ZPZ’ ﬁfzaizp}l,
while 131 can be taken as ozP,T. Then the dynamics of each 1-EnKBF particle will satisfy
o~ — e = 1~y ~~ - _ -
dX! = F(X))dr + P{(X! — X,)dr — 5P,L(RRT)”(X;dt + X, dr — 2dY,)
. . 1 . —
= o ' f(X))dr + 0P} (X! — X,)dr — Ea*IP,LHT(RRT)*I(Hx;dt + HX, dt — 2dY))
= ailde .
It is evident that the theoretical properties of X! will be the same as the ones of )?;
Note that (10) corresponds to the original model (1) with 0 = 1 and H = I. This is a much
simplified parameter setting for followup discussion. And from the above derivation, there is

no sacrifice of generality by focussing on it. Under this setting, the I-EnKBF formula will be
simplified as

. . . 1 ) _
dX! = f(XHdt + P{(X! — X,)dr — EP,LQR(X;dt +X,dr —2dY;), Qz:=(RR")..

When the observations are accurate and independent, the observation noise covariance RR" is
a diagonal matrix with small components. We will use € to describe their order. In summary,
we have made the following assumption

Assumption 2.3. Through a linear transformation, we assume (1) is transformed to

dX, = f(X,)dt + V2dw,,
dY, = X,dt + RdB;

Moreover we assume for an € > 0 that Q = ¢(RRT)~! is diagonal, and bounded by constants
Wimind 2 Q =X wnal.

Note that assumption 2.3 implies that RRT = O(¢). In other words we assume that the
squared observation error covariance matrix is of order e.
By replacing 2 with €~ '(), the I-EnKBF formula is written as

. . R 1 . _
dX! = f(XHdt + P{(X! — X,)dr — Z—P,LQ(X;dt + X, dr — 2dY)). (11)
€
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Since X, = ﬁZﬁl X!, the sample mean process follows the following dynamics
LM
dX, = fidt — e 'PFQX, dr — dY)), f,= M; J10.6) (12)

So if we denote AX! = X! — X,, it follows the ordinary differential equation (ODE)

d . . _ . 1 .
G AX = 1)~ fi+ PlAX! — ZP,LQAx;.

Because the sample covariance P, = 31531 | AX/(AX))T, we have

d 1
&P, = (F,+ F") 4 (P[P, + P,P}) — Z(P,LQP, + PQPN) (13)

where F, .= ﬁ X —X)(fFXD — fT.

3. Main results

We present our main theoretical results for the I-EnKBF in (9) in this section. To keep the
discussion concise, we allocate the technical verifications to the appendix.

3.1 Wellposedness and stability

Before the accuracy of the filter can be addressed it is crucial to check if the I-EnKBF can blow-
up or collapse. In other words, we will demonstrate that the filter is stable, such that there are
upper and lower bounds for P,. The upper bound is established by the following:

Lemma 3.1. Under assumptions 2.1 and 2.3, suppose P- evolving in time according to (13)
exists, the following holds

2e 30 e
Pl < i 2 ()
Wmin : € )‘max

And for all t > 0, ||P||max < max{||Pollmax> Amax }- It is clear that when C; and wyin are
constants, Amax(€) = O(\/6), . = O(/e).

In [5] the bound depends explicitly on M (as the Frobenius norm is used to derive the bound).
Here a different route is taken which results in a bound independent of M.

To ensure that the filter does not collapse, it is crucial to have a lower bound on the
covariance. This comes as a reverse of lemma 3.1. For this purpose, we denote

HPl”mm = min{[Pl]i,i7i == 17 L] Nx}

It should be noted that || P;||min is not a norm, and we choose this notation just for its symmetry
with [|Py]|max-
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Lemma 3.2. Under assumptions 2.1 and 2.3, suppose P~ evolves in time according to (13),
the following holds for sufficiently small € > 0
€ Wmin€

— Vt>t,=
3>\maxwmaxccj max

HPthin P> )\min = + 3)\min-

€

[|1P¢|lmin = min{|P0||mm, } >0, Vt>0.

2Wmin maX{HPOHmax» )\max}

It is clear that when Cy and wnmin are constants, Amin(€) = O(\/€), t, = O(/e).

Since P,T is well defined as long as || P;||min > 0, using the same proof as in theorem 2.3 of
[5], we can show that the -EnKBF given by (9) has a strong solution:

Corollary 3.3. Suppose the initial ensemble is selected so that ||Pyl|min > 0. Then the I-
EnKBF filter is well defined for all t > 0.

3.2. Error analysis in I norm

As the next step we consider the accuracy of I-EnKBF in terms of the /; norm. Since the filter
estimate with the ensemble mean, the error is its deviation from the truth, ¢, = X; — X,. While
it has already been shown in [5] ||¢||* is of order N,+/€ through tail probability, our new result
extends this estimate to the Laplace transforms. Moreover we show the path-wise maximum
has the logarithm scaling with time, indicating the filter is highly stable in terms of error.

Theorem 3.4. Lete, = X, — X, be the filter error of I-EnKBF (11). Under assumptions 2.1
and 2.3, if .= ¢ — pl = 0 for a constant p > O, then for any fixed ty > 0 there are strictly
positive constants €, c and C such that for every € € (0, ),

(1) Whent > ty, El|le/|* < Cy/eN,.
(2) Forany0 < \ < ce” '/,

limsupE exp(\||e/]|?) < 2 exp(4CAN,\/e).
1—00

(3) Forany T > ty, the following holds

E,

0

sup ||e,|2] < leg||* + CVeN, + Cv/e log(CT/V/e)

to<t<T
Here |, denotes conditional expectation with respect to information available at time
to.

Note that the €'/? scaling is sharp. This can be understood best if one applies the
Kalman-Bucy filter to (1) with fiX) =0, H =1y and R = \/EINX, the posterior covariance
P, follows the ODE 4P, = 2Iy, — e 'P?. It is easy to show that P; will converge to the limit
P.. = \/2¢ly,, which is of order €!/? as well.

3.3. Analysis for component-wise error

While theorem 3.4 provides an estimate ||e;||?, the estimate has a scaling of N, because ||e,||>
is the sum of N, component errors. From theorem 3.4, it is impossible to indicate the error of
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one specific component, or whether this component’s error is independent of the dimension
N,. This section shows that with a stronger structure assumption on the localisation matrix, we
can derive dimension-independent bounds for each individual component.

Assumption 3.5. The localisation matrix ¢ is diagonally dominant. In other words, there
isa g < 1 such that

Z¢i,j <q

JF

Moreover, the interaction between components can be dominated by a constant Cr-multiple
of the matrix structure ¢:

Faij) < Croij Vi, j.

Since F; usually decays to zero quickly in practice, so Cr are likely to be found. Using
lemma A.1 it is easy to show ¢ satisfying assumption 3.5 will have ¢ >~ (1 — ¢)/, meaning
(;3 = ¢ — gl is positive semidefinite. In other words, assumption 3.5 is stronger than assumption
for ¢ imposed in theorem 3.4. In general, ¢ is not always diagonally domain. However, this can
hold if one choose small localisation length /. For example, for the Gaspari—Cohn [9] distance
matrix ¢, it will be diagonally dominant if [ < 1.4. In other words, assumption 3.5 is likely to
hold if the components of model represent spatial information of distant apart.

With assumption 3.5, we can reproduce theorem 3.4 type of result for individual component.

Theorem 3.6. Lete, = X, — X, be the filter error of I-EnKBF (11). Under assumptions 2.1,
2.3, and 3.5, for any fixed ty > 0 there are constants c and C such that for sufficiently small
e >0,

(1) When t > ty, for any index i, E[[e,]?] < Cy/e.

(2) Forany0 < X\ < ce V2 and index i,

limsup E exp(A[e;]7) < 2 exp(4CAy/e).
1—00

.

(3) Forany T > ty, the following holds for all i

E,

0

sup [et]%] < max{[e, 2} + CVe log(T//e).

to<t<T

Here |, denotes conditional expectation with respect to information available at time
to.
4) Forany T > ty,

E,

0
bog<i<T

max sup [e,]iz] < max{[e, |7} + CvV/e log(N, T /\/e).

Remark. If Z,,...,Z, are i.i.d. samples of a Gaussian distribution, a rough estimate of
max;{Z;} is of order logn. And when system has short range interaction, its components are
tend to be independent when they are far apart. Likewise, when a system is stationary, it is
close to independent with it self in a distance past. The filter error process happens to have
both of these two properties. That is why we have the scaling of log(N, T) in claim (4).
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4. Numerical investigation

Lastly the theoretical findings are numerically verified by means of the stochastically perturbed
Lorenz 96 system (L96) [20]. The evolution of each spatial component is given by

dxy(f) = f;(X(0)dt + V2dW,(1)
fors € {1,...,N,}. Here

SX(@0) = (xe41(0) = x42(0)) x5 1(8) = x,(1) + 8, (14)

and spatial periodicity is assumed, i.e., x_;(f) = xy,—1(?), Xo(t) = xn(¢) and xy +1(t) = x1(?).
Numerically generated trajectories of (14) are typically bounded in the [, norm, i.e.,

X0 < C =40 5)

for all s for the Lorenz 96 system. In other words, the solution of (14) is largely indifferent
from a soft-truncated version dX,(r) = f,(X(r))dt + v/2dW,(r), where

FO0) = L <e (Xs1(0) = X5-2(0) X1 (1) — x,(0). (16)
Then note that when || X(1)|| o = C, | fo(X(1)) — f(X'(1)| = |x'(£) — x,()|; when || X()||~ < C,

|FoX(@) = Fs&X @) = (551 = x5-2(0)) x5-1(0) = x5(0) = [(x}41(0) = X _5(0) X}, () — x|
< Qo1 (0 = X x5 1 (O] + [ (ry-1 (1)) — X (D) (0]
+ (5o () = x5 ()] + (x5 (1) = X1 (D)X 2(D)] + [x5(8) — x5(0)]
< Clxgg1 (D) — x4 (O] + Clxs_1 (1) — X, (D] + Clx_5 (1) — x,2(1)|

+ Clx._ (1) — x5 1 (D] + |x(E) — x4(D)].

Therefore, assumption 2.1 is fulfilled with Fq; 5 = 0 for d(i,j) > 2 where d(i,j) = min{|i —
Jls li+n—jl.|j + n — i|}, and (16) has only short range interactions. While we will only sim-
ulate (14) in below, we expect the associated filter behaviour will be similar to the one in (16).
Further the entries of the localisation matrix ¢ are set to

oy
¢i,j=p< (ll ]))

using the Gaspari—Cohn function (5) for p and setting the localisation radius to / = 1.4. Note
that this choice of localisation radius ensures that ¢ is diagonally dominant, i.e., assumption
3.5 is fulfilled. It is important to note that this choice is not necessarily the optimal® value for
the considered system yet the chosen value is sufficient to obtain reasonable MSE values of
the expected order. Further we choose the model noise variance to be ¢ = 1 and the obser-
vation operator H to be the identity matrix which is in line with assumption 2.3. Three test
scenarios are considered to numerically verify the sensitivity of the I-EnKBF with respect to
the dimension N,, time interval size T and the measurement error e.

3 Here optimality can for example be associated with the lowest MSE.
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Increasing measurement error ¢ Increasing T
0.45 T T T 0.4 T
041 ——time-averaged mean squared error
—_ i 172 0.35
0.35 reference line of order e
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measurement noise variance ¢'’? T

Figure 1. Time-averaged MSE as a function of the measurement error variance € is
displayed in the left panel. The right panel displays the estimated sup;cjo 77 e; for varying
T.

4.1. Sensitivity with respect to e

In the first test scheme, the expected filtering error is approximated via a time-averaged MSE
for different measurement error values

e € {0.003 125, 0.00625,0.025,0.05,0.1}.

In order to emulate a continuous setting the steps size is chosen to be df = 10~ and the number
of steps 107. The dimension of the state space is set to be N, = 40, which is a standard choice
of the Lorenz 96 model. The 1-EnKBF is implemented with M = 10 ensemble members. The
results are displayed in the left panel of figure 1. Note that the MSE is normalised with respect
to the dimension, i.e., is divided by N,. The test run confirms that the numerical growth rate
with respect to an increasing € is in line with theoretical order of the expected error derived in
claim (1) of theorem 3.4.

4.2. High dimensional testcase

In the second test scheme, the robustness with respect to state space dimension is investigated.
In particular we consider the case where the number of ensemble members M is comparatively
small and kept fixed for increasing dimensions. Thus the imbalance between ensemble size
and dimension of the state space grows with increasing N,. More precisely we run the filter
for N, € {40,240, 440, 640, 840, 1040} with M = 10 and € = 0.003 125. The resulting time-
averaged MSE after 10° steps with step size dt = 10~ are displayed in the left panel of figure 2.
As state in claim (1) of theorem 3.4 the error grows linearly with N,. Further we numerically
verify that the time-averaged error of the individual components, i.e.,
T

> ledi@) a7

=1

N —

are dimension independent (see right panel of figure 2) as stated in claim (1) of theorem 3.6.
Note that we fixed the considered component of the state vector to be i = 11 while other index
choice produces largely the same results.
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Increasing Nx Increasing Nx for one component

60 0.2
—e—time averaged mean squared error
50 | ——reference line of order N ' 1 0.15|
40 - 1 0.1
30+ ] 0.05 9
D
20 01
——time averaged mean squared error
10t -0.05 — reference line of order ¢''?
. . . . 0.1 . . . .
40 240 440 640 840 1040 40 240 440 640 840 1040
Dimension of state space N Dimension of state space N

Figure 2. Time-averaged MSE as a function of the state dimension N, is displayed in
the left panel whereas the time-averaged MSE for one fixed component for increasing
N, is shown in the right panel.

4.3. Uniform error for bounded time interval

In the final test scheme, we consider a setting with a growing number of steps 10° to 107 for
a fixed step size dt = 10~° resulting in filter runs for different time values 7 € {10,...,100}.
Note that the step size is set to be slightly larger than in the previous examples so that the range
of considered T values is more interesting. Further the measurement error variance is set to
€ = 0.01 and the dimension of the state space is N, = 40. We simulate the filtering process 30
times and record the filter error e/(¢),j = 1, ..., 30, for each simulation. We plot the averaged
path-wise /-square error up to 7, which is

30
1 ;
— J(£)|2
302 s el
J=

in the right panel of figure 1. The dominating part® C/¢ log(CT/+/€) of the theoretical order
of claim (3) of theorem 3.4 is plotted as a reference slope.

Note that the numerically obtain error is in line with the theoretical order and thus is
verifying the logarithmic dependence of the uniform bound on time 7.

5. Conclusion

In this paper, the earlier derived stability and accuracy results for the EnKBF are extended for
systems with N, > M via localisation. Further the upper bound for the covariance is inde-
pendent of the number of ensemble members M and the derived path-wise bounds have a
better scaling with respect to the time 7. Moreover it is shown that the accuracy in the indi-
vidual components is independent of the state dimension N, and a Laplace type condition is
obtained. Natural extensions include partially observed processes and misspecified drift func-
tions f(x;, \) with unknown parameter A. Moreover the presented ideas can be used for the
analysis of properties of multilevel ensemble Kalman filters [10, 11] or of consistent filters,

% For the considered Ny, e and 7, the other dominating component Cy/eN, is not large but can of course become
significant for N, > 0.
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such as the ensemble transform particle filter [25] or the feedback particle filter [31], for finite
number of ensemble members.
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Appendix A. Proof for filter wellposedness and stability

A.1. Matrix norms and Riccati equation
To start, we have several norm inequalities which are utilised in this paper.

Lemma A.1. Forany N x N matrix A, the following holds

[Allmax < [IA]], (18)
Al < VAl [JAT]]- (19)

Proof. Inequality (18) follows via

Al = max|IAL | = max|feffAe;| < 4],

where [e;]; and ¢; are the ith and jth standard Euclidean basis vector. Inequality (19) follows
from [23] lemma B.2. O

Lemma A.2. Let P, Q and ¢ be positive, symmetric and semidefinite N, X N, matrices and
[¢];; = 1 foralli. Then

(1) Foralli, [(P o $)Qli; = [P(Q o 9l

) IfP < Q,thenPo¢p < Qo ¢.

(3) HPO (b”max = ||P||max = maxi{[P]i,i}

@) [|Po ¢l < |[Po¢lli < Cy||P|lmax, where Cy = max; 3 j[di;l-

Proof. claim (1). Just note that

[((Po )0l = ZPi,k¢i,ka,i = ZPi,k¢k,iQk,i = [P(Q o ®)]i.
X X
O

Proof. claim (2). Due to the linearity of the Schur product, it suffices to show that 0 < P o ¢.
This is known as the Schur product theorem, which can be verified using the following identity,
which holds for all N,-dimensional vectors u, with D, being the diagonal matrix where its
diagonal entries are the same as u:
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U (P o ¢)u = tr(PD,¢D,) = tr(PIDy¢% ¢ D,P?) > 0.
O

Proof. claim (3). Since P is a positive semidefinite matrix for each i and j, it follows that
(lei — ej, P(lesi — e))) = ([edis Pledi) — 2([e]i, Pej) + (ej, Pej) > 0,
where [¢,]; and ¢; are the i and jth standard Euclidean basis vector. This implies

2([e/]i, Pej) < (ledi, Pledi) + (e, Pej) < Zm?X[P]"”"

In other words in a positive semidefinite matrix the maximal values are reached on the diagonal.
Note that the Schur product P o ¢ is a positive semidefinite as well, so it is maximal matrix
entries are also assumed on the diagonal. Since ¢ is set to [¢];; = 1 for all i the Schur product
does not alter the diagonal entries of P thus ||P 0 ¢||max = || P||max-

0

Proof. claim (4). Recall that inequality (19) implies ||A|| < ||A]]; for any symmetric matrix

A which yields the first half of claim (4), since P o ¢ is symmetric. The other half can be
obtained by

1Po gl < 1P ooy = max

> 6iiPi
J

< m?XZ|¢i,_/’|||PHmax = C4||P||max-
j

O

In this paper, we often concern Riccati type of stochastic equation. In particular, we are
often interested in finding bounds for the maximum entry of the solution. To do so, we employ
acomparison principle, which generates bounds by comparing with another ODE. In particular,
we have the following lemma.

Lemma A.3. Suppose X, = [x1(¥), ..., x,(t)] jointly follows an ODE, %X, = F(X,). Let
my = max, ;< {Xi()}, where n' can be smaller than n. Let i, be the smallest index i such
that x;(t) = m,. Suppose there is a continuous function g(x, t) such that for any t > 0,

d
axir(t) < g(-xix(t)7 t)'

Suppose y, satisfies %y, = gy, 1) + 0o for a fixed 6o > 0 and yy > my, then the following
hold

(1) Forallt > 0, y, > m.
(2) Suppose g(x,t) = g(x) = — fxz + bx + a — &y, where a, b, ¢ are constants. Let

2.2
AE:=2\/b—6 + % — 9.
4¢2 c

If yo > 0, then y, < max{A,yo} for all t > 0. Moreover, when t > t. = 5= = O(\/e),
v <A
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(3) Suppose z; is a process such that 0 < z; < D for all t > 0, and z, < A¢ for t > t., where
A, t, are positive quantities of order O(,\/€). Suppose g(x,1) = a\/—xz, — gxz, -y -
0o, where «, 3,y are all positive constants. Then if yy < 0,

2 c
< —min VOl» 5 <> =< ( » Vt>0
yl\ 1 {| O| 2D Z/BD}

Moreover |y,| > c. forall t > t, + % = O(\/€), where

2
R v A
Cei= mm{QgﬂAg’ SﬂAE} = 0(e).

Proof. claim (1). Let t; = inf{¢ > 0,y, < m,}. By continuity of m, and y;, #; > 0. Suppose
t, is finite, then y;, = my, . Therefore

d d
g i (1) < 8(xi, (0.11) = gy, 11) = -y(0) — do

This indicate for sufficiently small § > 0,

1 1
Xy (11— 0) > xi, (11) = 08(xiy (1), 11) — 5000 > y(t1) — 0g(V(11), 11) + 5000 > y(11 — ).
This contradicts with the definition of #,. Therefore t; = oo. ]
Proof. claim (2). First we denote the root of g(x, ) + do = 0 as

be b2z ae

TNt
Itis easy to check thaty, > 0 > y_, while A, =y, — y_. Note that g(x) + dp < O wheny, >
A, > yy. Soy, is decreasing when y; is above A..

Next note that y, is the solution of a Riccati differential equation. The solution to the Riccati
ODE is given by has the explicit formulation

— y_ C —Vy_
e T S) <U) (20)
Ve — Y+ € Yo — Y+

If yo < y4, it is easy to check that (20) always take negative value, meaning y, < y4 < y4 —
y_ = A forall > 0. When yp > y4 and ¢ > t,, from (20) leads to

50 (S0 ) 52
Yo=Y+ €
0y <yp —y- =24/85 + 4 =6(/e). O
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Proof. claim (3). Note that g(x,7) + do < 0 when |x| < min {%, 5}%%}* so y; will be

decreasing if it is above — min {a’z—D, ﬁ } This leads to the first part of the claim.

Next note that when 0 > x > —c. and ¢ > t,, g(x,1) < —%. So y, will be decreasing with
rate at least % when 0 > y, > —c. and t > t,, this leads to our claim.
O

A.2. Upper bounds for sample covariance
Proof of lemma 3.1. Recall that P, is positive semidefinite, therefore by lemma A.2

HPl”max = max{[Pt]i,i’i = 17 L) Nx}7

where the components of P, follows an ODE (13). Therefore, in order to apply lemma A.3
claim (1), it suffices to investigate the ODE deriving the component with the maximal value.
Suppose at time 7, [P;]ix = ||P;||max for certain k. Considering the time evolution of [P-];
given by (13), it is given by

d

1
1Pk = [Fe o Fllc+ (PP, + PP} lcx — 5o [PYOP + POP e (21)

First note that [F;]ix = 375 >_,(xk — X)(fi(X}) — fi), where by assumption 2.1 we have

M M N
. — 1 . . 1 & . .
A = Tl < 35D LAKD = DI < 37 Faealxi — -
=1 =1 I=1
This leads to
R
[Filkx < 37— 1; i — Xkl feXD) — fil
< o Z]'—dkl |xk — x||x) — x|
S (M_l)Mijlm ey | X — X (| X7 — X
Ny i m i j
< Z]: Zi,mlxk — xp'|? Zi,j|xl - x;|2
SN M - ) MM — 1)
Ny
< Z]:d(k,Z)[P;]k,k < Cr[P ik (22)

=1
Also, note that [PjP,]k,k = [Pj]k,k[P,]k,k = 1 due to definition 2.2, so
[PIPJix = 1. (23)

Lastly, we have

Ny Ny
[PrOPYix = Y [PkiilPlix = Y [PIR0ii = Quxl Py = wininl PRy
i=1 i=1

(24)
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Insert (22)—(24) to (21), we find

d Wi
Pk < 2Co [Pk +2 = ?[P,]i,k.

Therefore lemma A.3 claim (1) applies with

g(x,0) =2Crx +2 — @xz.

Let 09 = 1, lemma A.3 claim (2) yields the result of this lemma. ]

A.3. Lower bounds for sample covariance
Proof of lemma 3.2. The proof is similar to the one of lemma 3.1, but we need to change
sign, because

7||Pthll’l == max{i[Pt]i,i’i = 1’ DY Nx}

By lemma A.3 claim (1), we assume at time ?, ||P;||min = [P;]xx and investigate the ODE that
—[Py]xx follows. It is given by the inverse of (21). Following same procedures prior to (22),
we have

Zi,m|x§c —xp? Zi,j|x§ - x{|2
MM — 1) MM — 1)

Nx
[Filix = *Z Fakn > —Crv/[Pikl| Pl |max  (25)
=1

(23) remains the same. Finally recall that in (24), we have

Nx

Ny
[PrQP s =D P16k i < wimnax sl Pkl P llmax < Winax ColPlik|[Prllmax-— (26)
i=1 i=1

Insert (23), (25) and (26) into (21), we find

d wmax
*&[Pt]k,k < 2Cf\/*(*[Pt]k,k)HPz”max + TCCb”Pthax[Pz]k,k -2
So we can apply lemma A.3 claim (3) with o = 1 and
wmax
g(xv t) = 2Cj *x”Pthax + chﬁx[Pz]k,k -2

This gives us the claimed result. 0

Appendix B. Proof for filter error analysis in I norm

B.1. Evolution of component-wise error

Before we prove the statements of theorem 3.4 we consider the following auxiliary lemma
which will be used several times throughout the remainder of the paper.
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Lemma B.1. Let [e,]; be the jth component of the filter error e,. Then the following holds

J
dle)} < [ —auled] — 26" [P o Glyledde; + Y Faaplledil + B | di + dIM,];.
i=1 i#j
(27
In (27), M, is a N, dimensional martingale with components being
dIM,]; = 2V2[e] ;dW; — 26 /2[e,],PLQ/2dB] ;.

In (27), oy and B, are two real valued processes given by

;=2 p||P,|| min — Cr—1,
By = CH|Pllmax + 2 + € " Chwmax | P | max-

By lemmas 3.1 and 3.2, the following holds for all t > 0
a = o =—-Cr—1,

6, < B = C; max{||Po|lmax> Amax } + 2 + e’lCéwmax max{||Po||2 a0 Mo} = O ).

max?

When t > t., these bounds can be further improved to

a, =26 pAmin — Cr—1= O(ef%),

WV

a;

Br < Bi=CiAmax + 2+ € ' Cowmax Amax = O(1).
Proof. Recall the evolution of X; and X; are given by dX; = f(X,)dr + v/2dW, and
dX, = fudr — e 'PQX, dr — dY,) = fidt — ¢ 'PEQ(X, dr — X, dt — /eQ~'/dB,).
The evolution of the error e, = X; — X; is given by the difference between the two, namely
de; = (f(X)) — f1 — € 'P"Qe,) dr + V2dW, — ¢ /2P0 /24B,.
The jth component of this differential equation is given by
dle; = (fiX) — f; — ¢ '[P-Qe 1 pdr + V2dW; — e /2 [PFQ/2dB],,

where 7_,- denotes the jth component of f;. Ito’s formula implies that
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dle,? = (2(fiX) — Fj— € '[PXQeple; + 2 + ¢ [PFQPY ) de

+2V2[e,); dW; — € 1/22[e,];[P-Q"/2dB] ;. (28)

To continue, note that

|Fi(X) — fillled;| =

el

1< .
XD — = fi(XD| |
J M; J

S

1 )
< XD — fixh|led)]

i=1

3

S

1 . _
< Y AED) = HEDIedi] + /XD — HEDed)].

i=1

3

(29)
By assumption 2.1, the second part of (29) can be bounded easily by
Ny Ny
1) = [ el < FaapliXe — Xdillled;l =D Fag.plleddil el
i= i=1

1 1
< S CrlledP + 2;fd<l~,p|[e,]i|2. (30)

To bound the first part of (29), we note by assumption 2.1 and Cauchy Schwarz,

1 M M.N, o
17 2 6@ = HED < D0 X = Kl
i=1 ik=1

Ny ]__ M
dk,)) i _ Y
<\ LTy - T

i=1

\/— CHM — D[P s < CfHPl”max (31)

Then multiplication with |[¢,];| with (31) yields

1 M
M; |f}(Xt f](Xl)H 6‘1]] 3 MZ |f](Xt f](Xl)|)2 | ez]]|2

< §C§‘||Pt||max - §|[€t]j|2-

Plug these into (29), we find

- 1 1 1 1
|fj(Xt) - fj”[ez]j| < EC?‘”Pt”max + §|[€t]j|2 + ch|[@t]j|2 + Ezfd(i,ﬁ|[ez]i|2- (32)
i~
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Next, we deal with [P-Qe,]; in (28). Define ¢ := ¢ — pI and obtain the following equality
Ny Ny N
[PrQel; = > [P0 ¢l Quiledi = plPi; Qe+ Y [Pro ¢liifideddi.  (33)
i=1 i=1

Also note that

[PLQPL);; = ZQ# [P} < |\P,|\maxwmax2¢?,j<czwmaxHP,H%W. (34)

Plug (32)—(34) into (28), we obtain

Nx
dles < | (14 Cp=2¢p||Plmin)lels = 267 [P o bl jilelile]

i=1
+ Zfd(i,1)|[ez]i|2 + C?f”Pt”max +2+ EilcéwmaXHPtHﬁlax dr
i#]
+22[e,];dW; — 267 2[e,],[PLQ'2dBY . (35)

B.2. Two technical lemmas

Lemma B.2 (Gronwall’sinequality). Suppose a real value process u, satisfies the following
fort > ty and constants o and [3:

du, < (—aw, + B)dr + dM,

Jor some martingale M,. It follows that for any t > ty

Eiu: < uyy exp(—olt — to)) + g(l —exp(—a(t — 1p))).

When « and (3 are both positive, we have further that

Ezouz < uyy exp(—a(t — 1)) + g

Proof. Consider u'; = exp(a(t — to))u,. Then its evolution follows
du) = au, dt + exp(a(t — t9)) du, < exp(a(t — 1)) + exp(alt — 1p))dM,.

Integrating both hands from 7y to ¢, then take conditional expectation we have

Eyytt; = uj, + g(exp(a(t — 1)) — D).

This leads to our claim. ]
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Lemma B.3. For a positive random variable X, if there are constants A > 2,B > 0 such
that P(X > M) < A exp(—AM) + exp(AB — AM) holds for all M > 0, then

1 +log 2A

E[X] < \

+ B.

Proof. Note that if we let C = §log A + B, which is the point the quantile upper bound
takes value 1,

00 00 C
]E[X]:/ P(X>x)dx:/ P(X>x)dx+/ P(X > x)dx
0 C 0

00 C
< / (A + exp(AB)) exp(—Ax)dx + / 1dx
c 0

A+ exp(AB)

1 4 log(A + exp(AB))
3 .

exp(—AC) + C = 3

Finally, since A < A exp(AB), exp(AB) < A exp(AB), so log(A + exp(AB) < AB +log2A. [

B.3. Proof of theorem 3.4

Proof. claim (1). Note that ¢ > 0 and thus Zi,/'[Pt o é]j,,»[e,]i[e,]j > 0,and ), Faij < Cy.
So utilising lemma B.1 and summing over all j on both sides of (27) yields

dlle]* < (Cr — av) |le||* dt + Ny, dt + d M, (36)
where the martingale is given by
Nx
dM; = Z 2V2[e) AW, — 2r 2 [e,) [PEQ/2dB); = 2v/2ef AW, — 2r~'/2e] PEQ/2dB,.
J=1
For t € [0, t.], (36) can be further upper-bounded by
dl|e|* < (Cf — a*) lle/||* dt + N, 3" dt + dM..
Employing Gronwall’s inequality, there is a constant D such that

exp((2Cy + D) — 1
2Cf +1

Elle., ||* < exp((2C; + DLIE|eo]|* + N, 3* =0@.

For t > t,, (36) can be further upper-bounded by
dlle||* < —a|les]|* dt + N B. dt + dM..

Employing Gronwall’s inequality, we find that with oy = o, — Cp,
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Elle|* < Eller, ||* exp(—al(t — £.)) + —— *ﬁ* (1 — exp(—al,(t — 1.))). (37)

*

Since a = o, — Gy = O(e"/?), B. = O(1), and ¢ 'exp(—Ae /%) = o(1) for any X > 0, so
we have proved for claim (1). ]

Proof. claim (2). First we note the quadratic variation of the martingale term M is given by

d . .
3 M) =8lle? + 4 Q2 Pre | < 8 + A wma [P |D e

So by Ito’s formula on exp(\||e;||*), the following holds with o/, = o, — Cy,

d exp(Ale]*) < (—Aaj|le]|* + AB:N)dr + AdM) exp(Alle]*) + %Az exp(Aler[|*)d (M), dt
< (lledl® + ABN) exp(Ae|)dr + X exp(Afe]|*)d M.
where
= a| — 4N — 2 2wpae | PE|12
By lemmas 3.1 and 3.2, we have forall7 > 0
=% <7 = AM2Cs + 1) 4+ 4N + 22 w0 C max{|| Po|[7 0 A -+

and fort > ¢,

!

«
* -0 —1/2 )
8 + Acmax C2 N2 €

max

A<\ =

1
Vi 2 A, — AN = 2 W Co Ay = 5)\04;.

For t < t,, by Gronwall’s inequality we have
E exp(A[fe:, [|*) < exp((7" + AB*No)r.) exp(Alleo||*). (38)
And whent > t,,
1
d exp(\|e||*) < (ABN, — EAague,Hz) exp(\||e/||P)dt + X exp(\||e||*)dM..

(39)

Note that when Ao/, [le/[|* < AB.N,,

4N, S,
expOef) < exp ()
we obtain
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1., 4AN, 5.
(ABLNy — EAa*Hezﬂz) exp(A|le/]|?) < —AB.N, exp(\|le;||) + 2A\B.N, exp < p > .

!
*

Otherwise, when %)\ai lle:||> = AB.N,, we have

1 1
(ABNx — Emilletl\z)eXP(AIIEtHZ) < *Zmilletllz exp(Aler]|*) < —ABN. exp(Ale|).

In summary, we always have

/
*

1 4)\N, B,
(AN, — 230l e exp(Ned]) < ~AB.N, exp(he|®) + 203N, exp ( 8 ) .
(40)

Inserting (40) in (39) yields

4NN, [,

/
*

d exp(\|e/]|?) < | =AB.N, exp(\||e]|?) + 2AB.N, exp ( )}dt + X exp(\||e||*)dM,.

After applying Gronwall’s inequality and (38) we obtain the following
4A\N, B
Elexp(Aller]|*)] < exp(—AB.Ny(t — t.))Elexp(Aller, [|)] + 2 exp <T5>

/
*

<““(“+AWMMA@Mammkm@eOM+zapCNWi)

When t — oo, this leads to claim (2):

4)\N, B,
limsupE exp(\le/]|?) < 2 exp ( ,ﬁ ) :
1—00

*

Proof. claim (3). We consider function
1 !
g8(x) = (\B:Nyx — EAa*x) exp(Ax)

By finding the critical point, it is easy to see

2e

268N, 1 o,
gm<g(5, —)
« A

*

2 BN, _
xp< of ) =:G, =0('?

*

Combine this with (39), we find
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d exp(\|e/]|?) < G.dt + X exp(\|e/||HAM], Vi > t..
So by Dynkin’s formula, if we let 7 = min{z: t > 1, ||e,||* = M}, then
TAT
E,, expMlerns ) < exp(Ale |2 + ]E/ G. dr < expO\|eg |2 + G.T.
To

By Markov inequality we have

Ey, exp(\lerar )
exp(AM)

P( max |lel|* = M) = Py (|lern,||* = M) <
to<t<T

/N

ﬂex 2PN,
2e P !

*

- /\M) + exp(Al e [I* — AM).

Then by lemma B.3,

1 28.N, 1 o' T
2< - 4V x - *
B lerl? < 5+ 227 4 S1og (%

*

1
5+ leall

We take A = A\, = @(e’%) to obtain our claimed result. ]

Appendix C. Proof for component-wise filter error analysis

C.1. Component-wise Lyapunov weights

In order to bound [e,]? in long time, it is necessary to build a Lyapunov function for it. The
main challenge here is that dynamics of [¢,]7 is coupled with the error of other components.
The idea is here to find a weight vector v’ so that E; = >~ ; v'[e,]} is a Lyapunov function. The
design of v' happens to relate to the structure of ¢, and can be expressed as the Green function
of a Markov chain.

LemmaC.1. Underassumption3.5. Let T be a random variable of geometric-q distribution,
that is

PT=n=0-qgq¢ "', n=12,....

Consider a Markov chain X, on the points {1, ...,N,}. Its transition probability is given by

1 ..
5@',]’ e

1 .
1'— 5:£:¢Mj J =1

J#

P(X1 = jIX, = i) =

Fix anindex i € {1,...,N,}. Define vector vl, where its components are given by
T
I@ =E j{: lxk:j }(122 j) .
=1
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Then v’ satisfies the following properties
(1) v’] >0, Vjand in specificvi > 1—gq.
(2) For all indexj, 217&_;¢j,lvf <ot

@) Y, o

Proof. claim (1). Since 21{:1 1x,—; > Oas., so v§ > 0. Moreover,

T
=E <Z Ly, =i
k=1

X, = i) > E(lr=1x,=i|Xi=i)=1—¢.

O
Proof. claim (2). Next, by doing a first step analysis of Markov chain, we find that
. 1 .
V== Limi+q 1= ¢u|vi+ Zw, 1)
1%; 1z
Since ) 120 < g < 1, we have
VEDIT
I#]j
O
Proof. claim (3). We sum (41) over all j and obtain
SSi-a *q>+qZ 1= *Z% R
J=1 1#1 =1 1#j
SR —q+sz > i
=1 ] J#l
Therefore we have
Ny Ny
A=Y vh< Y (1= duvi<1—g
=1 =1 J#l
which leads to our claim. O

C.2. Proof of theorem 3.6

Proof. claim (1). Recall that lemma B.1 has shown that

dle)} < [ —ouled? =267 [P o Gl jledide; + Y Faplled;* + B | de +dIM,];.

=1 J#i
(42)
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Recall that q~5 = ¢ — pl. In the following, we use P;; to denote the (j,i)-th component of P;.
Then by Cauchy Schwartz and Young’s inequality

—2[P, 0 ¢l lediled); = —26;:Pjiledile]; < —20 /P jled\/Piiled:
< ¢ij(Pyjle]; + Piiled]),  forj#i.

Then note that

—2P;iiiled; + > diPided] < (g — 2)Piile)] < —Piel;,
i#]

so (42) leads to

dleJ; < [ D (Faip + € '¢iPiple]; — auled; — € 'Pisle; + B | df +d[M];.  (43)
J#i

We denote the vector E, = [e3, €3, ... ex]”. Further we define vector v, of which the compo-
nent is given by lemma C.1. Denote

El = (W ,E), M = ,M,).

Then the SDE of E; can be bounded by a linear combination of (43), which is

Ny
dE; <> | —awilel? — e WiP; el = Y duPuel) + > _viFagnei | + B+ dM;
j=1 #j I#j

—Z —aile]; — e WP led; =Y i Piled)+ D Fagoviled] | + B+ dM;

j=1 I#j I#j

Ny

Z — o) [e, v + CF¢]1U1 e] ) + B+ dML (44)
Ny

Z —a; + CRyjled; + B+ dM] = (=i + CPE] + f; + dM;. (45)

We have used claims (2) and (3) of lemma C.1 at (44) and (45).
Between time O and ¢,, recall the upper bound in lemma B.1, apply Gronwall’s inequality

EE! < exp((Cr — a™)t,) (EE{) + ﬁ) .
€ C}_ . Oé*

Then after 7., for any ¢, apply Gronwall’s inequality
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B

EE! < exp((Cr — a.)t.)EE! +
¢ a,—Cr

B

o, — Cr’

< exp(Crt — ote — o (t — 1)) (EE{) + p ) +
Cr—a*

Recall that in lemma B.1, o, = O(e /2), Bx = O(¢ 1), ax = B, = O(1). So if ¢ > 1y, for
certain constants ¢ and C

~(Crt—a'te = .t = 1)) > ce % EEy < max{|le ()P} Y _vi < C,
J

P e, P <o
C]—‘ — o Ay — C]—‘
Therefore when € is small enough, IEE; < 2C+/€, which is our claim (1). ]

Proof. claim (2). First recall the individual martingale driving E! is given by

dM; = vjV/Bled AW, — 2uje” Ple [P 2dB].
J

The corresponding quadratic variation is bounded by

Ny N. N.

d ) X . X ) X

g MO =8 leliwp® +4e> (v;)z[ez]ﬁlz [PE, [0
j=1 j=1 =1

Ny Ny
<8 lediv) + dwmaxe | Prll > viledd] < 4B,E;.
=1 j=1

Denote o, = oy — Cr, (which is slightly different from the one in the proof of theorem 3.4)
then recall from (45) we have

dE} < —d/E.dt + B,dt + dM..
By Ito’s formula on exp(\E!), we have
d exp(\E!) < (—%/\a;Ef +4XB)dt + AdM?) exp(AE!) + %Az exp(AEDd (M),
< (—%(Aa; — AN B)E! + AB,) exp(\EDdt + A exp(AENdM:. (46)
From time O to 7, by lemma B.1,
a=a,—Cr>a" —Cr, B <p,

by Gronwall’s inequality, for all i
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. 1 1 .
E exp(AE] ) < exp(te(—i)\(a* —Cr) 228" + iAB*)) exp(Amax{[e/(0)*}) < co. (47)
When ¢ > t., lemma B.1 further shows that
a=a,—Cr>d.=a,—Cr, B <p..

!
Consider A < A\, = g7, then

1 a1
—5 (. —4NB) = — .

Then for z > . and A < A, we have the following upper bound from (46)
. 1 . . . .
d exp(\E}) < <—Z)\a'*E§ + )\ﬁ*) exp(AE;)dr + X exp(AE;)dM,. (48)
When € is small enough, ol > 0. Then if g AaE} < AB.,

1 ; . 1 .
(Z/\oa;E; + /\ﬂ*> exp(AE}) + §>‘O/* exp(AE]) < 2A\0. exp(8)\S./d).

If AL El > AB,,

1 : X 1 .
(Z/\oa;E; + /\ﬂ*> exp(AE}) < fg)\o/* exp(\E}).

In summary, we always have
1 ; ; 1 .
(—4)\0/*Ej + )\B*) exp(AE}) < —g)\a; exp(AE}) + 2B, exp(8ASB./c).

Plug this into (48), we have

. 1 . . .
d exp(AE)) < <8>\O/* exp(AE)) + 2A0. exp(8)\ﬂ*/o/*)) dr + X\ exp(AE))dM,.
(49)
So Gronwall’s inequality and implies for ¢ > ¢,
. 1 ; X
E exp(\E}) < exp <§)\o/*(t - tE)) E exp(\E; ) + 16% exp(8)\f./al)

The first term on the right converges to zero as t — oo because of bound (47). We have our claim
(2) because of 3, = O(1), &/, = O(e~/?), moreover E! > vi[e,]? = (1 — g)[e;]? by lemmaC.1
claim (1).

O

Proof. claim (3). We consider function

g(x) = (i/\a;x + )\ﬁ*> exp(\x)
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and by finding the critical point, it is easy to see

48, 1\ . (4B
g(x)\g<a* )\> 4@exp( o ) =: G,.

Plug this into (48), we find for all £ > 1,

d exp(\E") < G.dt + \ exp(AEH)dM..

So by Dynkin’s formula, if we let 7; = min{z: E! > M}, then
) ) TNT )
E,[exp(AE}, )] < exp(AEL) + By [ / G.df] < exp(\E!) + G,T.
To

Recall that E’ vj [e,] >(1-— q)[e,]iz. By Markov inequality

M .
P sup{e,]} —— | <P| sup E; > M
1o<t<T —q 10 <t<T

< E exp(AEL,,)
exp(AM)

o, T ONGH
Ze exp( o, Um0y q))

N

; M
+exp<)\Elo((1 A (1—q)>'

Note that Ej = Z]]Vil vile,]; < max;[e,]3. Then by lemma B.3, we have

1 44 1 T
E 1< - —1 u 2
[losggT{[et], H T—on + 70— + 5 log < > > +mlaX[ezo]_,

We have claim (3) because (3, = O(1), o, = (e~ /?) and taking A = A\, = O(e~/?). O

Proof. claim (4). We note

P <mlax sup {[e]7} > ) ZP< sup {[e/];} > Mq)

to<t<T to<t<T
Ny
< E Pl sup E; > M
i—1 to<t<T

Ny i
< Z E exp(AE7,,)

— exp(AM)

Nea,.T 4)B,
< 1o eXp< o —((1—g¢g )/\)( q)>

; M
+ N, exp </\E,0 —((1 - a_ q)) .
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Then by lemma B.3 and Eﬁo < 21}/;1 vifen ] < max;{[e,]5}

1 485, 1 N, T
E, max s 21 L + +—1lo ( al )+lo N, + ma 2
omix wp el S Tgn T —g TR 8 Mo mpcdleal;)
We take A = A\, = @(e’%) to obtain our claimed result. [l
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