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Abstract

The accelerated lifetime model is considered. To test the influence
of the covariate we transform the model in a regression model. Since
censoring is allowed this approach leads to a goodness-of-fit problem
for regression functions under censoring. So nonparametric estimation
of regression functions under censoring is investigated, a limit theorem
for a Lo-distance is stated and a test procedure is formulated. Finally
a Monte Carlo procedure is proposed.
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1 Introduction

We consider a life time model which describes the following situation: By
some covariate X the time to failure may be accelerated or retarded relative
to some baseline. The speeding up or slowing down is accomplished by some
positive function v, and we may write

To

P(X)’

where Ty is the so-called baseline life time and T is the observable life time.
We will assume that T is an absolute continuous random variable (r.v.)
and that the covariate X does not depend on the time. For simplicity of
presentation let X be one-dimensional.
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For statistical application a suitable choice of the function % is important
and the problem of testing v arises. A survey of test procedures for testing ¢
under different model assumptions is given in Liero H. and Liero M. (2008).
The aim of the present paper is to propose a test procedures for testing
whether the function 3 belongs to a pre-specified parametric class of
functions

F = {y|9() = ¢(z8), BeRY. (1)

For data without censoring this problem was already considered in Liero
(2008). In this paper we assume that the independent and identically
distributed life times 7; are subject to random right censoring, i.e. the
observations are

‘/i = min(Ti,C’i), Az = 1(Tz < Cz) and Xi, 1= 1,...,77,

where the C;’s are independent and identically distributed censoring times
with distribution function G. Furthermore we assume that the T;’s and the
C;’s are conditionally independent given the X;’s.

The inference is based on the log transformation of the lifetime model to
a regression model: The conditional expectation of Y = logT given the
covariate X has the form

EY|X=2z)=p - logyp(z) with p= —/logzdSO(z) = E (log Tp),

where Sy is the survival function of the baseline life tirme T, and we can
translate the considered problem into a problem of testing the regression
function in a nonparametric regression model

Y =logT = m(X) + ¢,
where m(z) = u — log(z), and with & = log(Tp) — E(log(Tp))
E(lX=2) =0, and E(}|X =2) = o2

for some 2 > 0. For identifiability we assume 9(0) = 1.
Test problem (1) is translated into the following problem

H: meM versus K: mgM

where .
M = {m|m(;B,p) = —log(:8) + p, B€R%, ueR},
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that is we have to check whether the regression function has a parametric
form or alternatively that this regression is nonparametric.

As test statistic a weighted Ly-distance between a parametric and the non-
parametric regression estimator is proposed. To formulate the corresponding
test procedure one has to investigate the properties of nonparametric esti-
mators for regression functions under censoring. Therefore in Section 2
the nonparametric estimation of the regression function under censoring is
considered. In Section 3 asymptotic properties of the nonparametric regres-
sion estimator are presented; the main result is the asymptotic normality
of the weighted Lo-distance of the estimator. This limit theorem is based
on a so-called asymptotic (conditional) i.i.d. representation of the difference
between the estimator and the regression function. The test procedure is
given in Section 4.

2 Nonparametric estimation of the regression
function under censoring

We start with the a nonparametric estimator for the conditional distribution
function of the transformed r.v. ¥ = log7. Such an estimator was intro-
duced by Beran (1981). On one hand the Beran estimator can be regarded as
an extension of the well-known Kaplan-Meier estimator proposed for models
with censored data without covariates, on the other hand it is an extension
of nonparametric estimators for conditional distributions functions studied
for data sets without censoring. To define the Beran estimator it is useful
to introduce the following functions and their estimators: The conditional
distribution function of the r.v. Z = logV with V = min(T, C) is given by
H(z]z) = P(Z < 2|X = z) and estimated by the kernel estimator

ﬁn(z]m) - Zani(x’Xla"')Xn)l(Zi < Z) (2)

T

where Wy, ; are the kernel weights defined by

1 - X;
wk (555)

17 z—X;\’
b j=1K(‘bn )

ani(w, Xl, . ,Xn) =

Here K : R — R is a kernel function, and b, is a sequence of bandwidths
tending to zero as n — o0o. The symbol ”1” denotes the indicator function.



The estimator of the conditional subdistribution function HY (z|x) = P(Z <
z, A =1|X = z) is given by

HY (zle) = Y Whi(z, X1,..., Xn)1(Zi < 2,0 = 1). (3)
i

For the conditional cumulative hazard function A we have for y <7

v dF(slz) (¥ dHY(s|z)
Alvle) = / w0 1= F(s_la) — /_oo 1~ H(s-]a)

where F' denotes the conditional cdf of the transformed ¥ = log7 and
H(s_|z) = limy, H(t|lz), 7z = inf{y|H(y|z) = 1} is the upper bound of
the support of H(-|z). Replacing HV and H by their estimators (2) and
(3) leads to the weighted Nelson-Aalen type estimator for the conditional
cumulative hazard function:

A v dAY(sl)
o) = [ 0 (@

Now from the well-known relation between the cumulative hazard function
and the survival function we obtain as estimator for Sy (y|z) = 1— F(y|z) =
P(Y >yl X =x)

Syatwle) = T] (1 - Aatla)) (5)

t<y

where AAy(tlz) = An(tlz) — An(t — |z) is the jump of A,(|z) at t. An
equivalent form of (5) is

Wh,i(z, X)

Fo(ylz) =1~ zl;ly 1o >>UZ; 2 Zi)Wh,j(,X) o
Aj=1 J

1

Note that for weights W;,_; = % the estimator Fy, is the classical Kaplan-
Meier estimator; for A; = 1 for all 7 the estimator E, is the estimator of the
conditional distribution function, and for W}, ; = % and A; =1 for all 4 the
estimator Fy, is simply the empirical distribution function.

Several authors considered the asymptotic behavior of E,. Consistency of
Er(y|z) is proven for y < 7.

*For simplicity we write X = (X1,..., Xn).



The regression function m(z) = E(Y|X = z) is defined by [ydF(y|z).
However, for the estimation of m and the investigation of the properties of
the resulting estimator the following identities are useful:

m(z) = EY|X =x)
- / ydF(ylz) (7)

_ 1-F(Z-|X) _
- E(l—H(Z_|X) ZA|X_x> (8)

and
1
m(z) = /0 F~ Y (u|z) du (9)
where F~!(ulz) = inf{y|F(y|z) > u}.

To estimate m we replace F(y|z) in (7) by the Beran estimator and obtain
as nonparametric estimator for m

tiun() = / ydFa(yla). (10)

One can show that for this estimator the empirical versions of (8) and (9)
hold, i.e.:

) n 1~ Bo(Zi|) |
M) = Wiz, X) ————L Z;A; 11
() = YWl g 2 (1)
and
1 |
Fon(z) = /0 - (ulz) du (12)

where F(ulz) = inf{y|E,(y|z) > u}. We see that as in the case without
censoring the regression estimator is a weighted average; now, in the case
with censoring an average of the uncensored observations. The weights
depend on the kernel and on the ratio of the Kaplan- Meier estimator and
the empirical df of the observations.



3 Properties of the nonparametric regression esti-
mator

Gyorfi et al (2002) showed that an estimator of this type 2 is Lo-consistent
if the right endpoint of the support of F' is smaller than that of G. We
follow another approach than those authors. We will use a conditional i.i.d.
presentation of the difference between estimator and regression function;
such a presentation is based on the corresponding result for the estimator
F,, which is derived by Akritas and Du (2002). Since this presentation holds
only for y < y*, where y* < sup, 7, we will truncate the estimator (due to
the right censoring):

Instead of m(z) = [ ydF(ylz) we estimate the function

*

m@) = [ yaF). (19)
hade o]
The function m* is estimated by

*

mw=[yMMw (14)

Before we state the results let us formulate the assumptions

A1l The marginal density g of X is bounded on R and twice continuously
differentiable in a neighborhood of a set Z and g(z) > ¢ > 0 for some
cand allz € 7.

A2 The kernel K is a symmetric density with compact support; further-
more, it is twice continuously differentiable.

A3 We will need typical smoothness conditions on the functions H(:|-) and
HU(-|). We formulate here for a general (sub)distribution function L:

The derivatives

. 2 9 = ‘ 9 -

exist and are continuous for all y, and all z in a neighborhood of M.

ZInstead of kernel weights considered here they used nearest neighbor weights.



Lemma 3.1 Suppose that A1 and A2 hold and that A8 is satisfied by H
and HY. then

() = m*(z) = Y Whilm, X)n(Z, Ailz) + Rn(z) (15)
=1
with
(2, Ailz) =y*(1 = F(y*|2))E(Zi, Ai, ¥ )

*

_L (1 — F(s|x))é(Zi, As, slx) ds

where

£(Zs, A, s|z) = 1Z; <s,A;=1) /S 1(Z; > w) dHY (wlz)

1-HZlz) ) Q- H(wlz)?
and where

sup Rp(z) = Op ((nbn)"%(logn)%) as n = 0.
el

Based on the presentation given in Lemma 3.1 we will prove the asymptotic
normality of 7, (z) at an arbitrary fixed point = and a limit theorem for
a weighted integrated squared error. Let us consider the conditional i.i.d.
presentation as process and set

An(@) = D Whoilm X) 1(Zi, Aile). (16)

i=1

In a first step we will split A, in a stochastic and in a systematic part:

An(@) = Y Whi(e, X) (7(Zs, Ailz) — E[n(Z:, Ale)| X))

—
zn
+ ) Whyilz, X)EN(Zi, Ailz)| Xi). (17)
i=1
Note that
ik - X,
Wi, i(z,X) = 1l (2 — Xi)



where
1 n
Gn() = ~ > Koz — X))
=1

is the estimator for the marginal density g of the covariate X.
The first part, the stochastic one, is approximated by

1

Ansle) = . 57 2o Kinle=2X) (20 ) — El( 20 S X) - (1)

Using the well-known asymptotic properties of a nonparametric density
estimator it is shown that the stochastic part of A, and the statistic 4,1
have the same asymptotic behavior. The stochastic behavior of A, is
characterized by the covariance function

Cnlz,y) = Cov(Ani(z), An1(y)). (19)

Since this function plays a key role in proving limit theorems and deriving
the corresponding standardizing terms an asymptotic expression for Cp(z, y)
is presented in the following lemma:

Lemma 3.2 Suppose that Al and A2 hold, and H and HY are Lipschitz
continuous with respect to x. Set

" dHY(w|x)
Balv) = /_oo 1~ H(wo)?

and
Yay(5,6) = / Bals A 2)B,(t A 2) dH (2]z)
_ / B,(t A 2) dA(w]z) — / E—I{ﬁ%&(s/\z)d/\(zlx)
dHY(z|z)
" 4 (1= H@))(1 ~ Hly)
Then

) = (0 1 ) (45 x

8



(v20 - PO ) (1 — PO )y ", 97)
- v0-Fl) [ :u — P(H) ey (6" £)
- va-rFuh) [ 1(1 — Fsla))rey (s, v7) ds (20)

+ /—y /—y (1 - F(s]z))(1 — F(t|y))vay(s, t) ds dt) + 0 (n—l)

where K x K denotes the convolution.

The approximating statistic Ap(z) is a sum of i.i.d. r.v.’s. Applying the
central limit theorem we obtain immediately the asymptotic normality at a
fixed point x:

Anl (:E) _&
—-—-——-—Cn($, 2) N(0, 1).

After some transformations we obtain from Lemma 3.2 for z = y

ol 7) == (9(a)) (K » K)(0)

L PO — Ay RO
< [7 00PN - Al ) o i + o)
:%K;sz(x) -+ o(n—l). (21)

with Az(s;5*) = [¥ (1 — F(t|z)) dt and &% = (K * K)(0).
Hence
Vb Any (z) 5 N(0, p*(z)57). (22)
Since gn(z) is consistent,
Ani (z) = Op((nb)™}/?)
and

gn(x) — Egn(z) = OP((nb)~1/2)



we obtain
(An(@) = > Whi@, X)E(na(Zi, Ai)1Xs)) — Ami(2)
i=1

= @) L0 0 (i,

Hence
Vnb (An@c) - ZWm<x,x>E<nm(zi,Ai)lm) 25 N(0, p*()?). (23)
i=1

Now, to characterize the systematic part of the deviation define

_[* dHY(t|z) s H(tlz) dHY (t|x)
Bis,o) = /_ool—H<t|x) o (- H(@)?

and

s dHY(t|z) s H(t|z) dHY (t|x)
B = [ wam L A Ay

Using standard techniques for the investigation of a bias we obtain the fol-
lowing asymptotic expansion for the term Y i, Wyi(z, X)E(nz(Z;, A)| X):

> Whilm, X)E(ma(Zi, A)|Xi) = b B(z) pa(K) + op(b}), (24)
i=1
where
B(z) = % (y*(l - F(y)Bi(y*,z) - / " (1= P(9)B(s,) ds) +
1 v
5 (y*(l — F(y*)Ba(y", ) - /_ _(1=F(s)Bafs,2) ds)

and po(K) = [ 42K (u) du.
If b5 — 0

Va3 Wil X)E(e(Zi, A)1X3) = op (nb)?) = op(1),

i=1

in other words, the systematic part is asymptotically negligible.

10



If nb — ¢ > 0 we have
Vb Y Wei(@, X)E(ne(Zi, As)| Xs) — /e B(x)
i=1
and
Vb An(@) > N(VeB(@)ua(K), £ (2)”). (25)

By Lemma 3.1 we conclude from the asymptotic behavior of Ay, (z) to that
of 7} (xz) — m*(z) and formulate the following theorem:

Theorem 1 (Asymptotic normality at a fixed point) Under the as-
sumptions giwen above and by, — 0 and nb, — oo

(i) If nb3 — 0 then

V/nby, ((z) = m*(z)) > N0, 52 p*()) (26)
with
B L[, . . dHY(s|z)
Pe) = (@)™ [ 60 - Fle) - A0 T g

(i) Ifnbd — ¢ >0 then
V/nby (1(z) — m*(z)) 2 N(VeB(z)uz(K), pX(z)s?).  (27)

Remark: Consider the case without censoring. Using integration by parts
we obtain for y* =0, H=HY = F

/ A2(s dF (islr)))? = Var (Y|X =z) = o2

Thus, in this case Theorem 1 coincides with the well-known limit theorem
stating asymptotic normality of nonparametric kernel regression estimators.

The asymptotic normality at a fixed point characterizes the local behavior.
For testing the formulated hypothesis it seems to be better to use a global

11



deviation measure. So, let us consider the integrated squared difference,
weighted by a known function a with a(z) = 0 for z ¢ I:

Qn = /(ﬁ%;l(w) — m*(z))?%a(z) dz.

Heuristically speaking this is an infinite sum of squares of asymptotically
normally distributed r.v.’s. which are asymptotically independent as b,
tends to zero. Thus Q,,, properly standardized, converges in distribution to
the standard normal distribution.

Using the method proposed by Hall (1981) for proving the asymptotic
normality of the integrated squared error of kernel density estimators one
can show the following limit theorem

Theorem 2 (Asymptotic normality of the ISE) Under the assump-
tions formulated above and nb, — oo and n%bn — 0

Qu = [i@) ~ m@)ala) oo

nb/%(Q, — en) = N(0,12)
with

fl

en(g, H,HY; K, a,b,) = (nbn)"lnz/p2($)a(x) dz

€En

v? = V¥(g,H,HY;K,a) = 2/{1/p4(x) o?(z) dz

with k1 = [(K * K)?(z) d=.

4 Formulation of the test procedure

Let us apply the limit theorem for the Lo-type distance of the truncated es-
timator from the truncated regression function to formulate a test procedure
for testing the hypothesis m € M.

The alternative is characterized by the nonparametric estimator /. Sup-
pose the null hypothesis is true. The hypothetical function m*(-;9) is
unknown. Firstly, one has to estimate the unknown parameter ¥. There

12



are several proposals in the literature to do this; we refer to Tsiatis (1990),
Ritov (1990) or Bagdonavicius/Nikulin (2001). The basic idea is to replace
the unknown cumulative hazard function by an efficient estimator depend-
ing on ¥ and to estimate this unknown parameter then by the maximum
likelihood method. The authors show that under suitable assumptions the
resulting estimator is \/m-consistent, i.e.

Jn (@n - 19) = Op(l) asn— oo (28)

The next step is to determine m*(+; 19) With the estimator 3 the Breslow
estimator for the cumulative hazard function of the unobservable r.v. Ty is
constructed as follows:

s [t AB%(sB)
Ano(t; ) = /0 1~ Hpo(s-; B)

where
N ~ | R
Huo(t:0) = Z} 1(Vo; <t)
1=
is the empiricixl distribution function of the estimated hypothetical baseline
observations Vo; = Vio(X;, B), and

N A e o
H(6:8) = ;}:11(%1' <t,Ai=1)
=
is the corresponding estimator of the subdistribution of the uncensored
observations. Then the baseline survival function is estimated by

So(t; B) = ] — Ako(s; B))

and the hypothetical truncated regression function by

*

At d) = — /y y dSo( Vap(z; B))

—00

/ey*w(wzﬁ)l T )
= - og = (11¥4
0 P(x; 6)

v y(z;0) N s /o *' -
= —/0 log zdSo(z) + log¢(z; B) (So(ey ¥(z; B)) - 1) .

13



We see, for y* — oo the function m*(z; 1§) converges to

—Aﬂ%m%w—MMam=ﬂ—mwmm=mmm

The test procedure has the following form: The hypothesis m € M, that is
1 € F is rejected if the estimated Lo-distance

@=/mmwmmmmmw

satisfies the inequality

~

N v R
Qn > Zl—a——17§ + en
T0n
where 21_, is the (1 — a)-quantile of the limiting distribution and é, =
en(Gn, Hn, HY, K, a,b,) and 92 = v2(§y, Hy, HY, K, a) are the estimated
standardizing terms.

4.1 A proposal for a Monte Carlo procedure

Finally a Monte Carlo method for determining empirical p-values of the test
procedure is proposed. The aim of this method is to generate data

(Vi Xiy A}), r=1,...,R, i=1,...,n

according to the hypothetical model. Based on these data the test statistics
in, ceey Qm, cees Qn g are computed and from their empirical distribution
the p-value is determined.

The data can be constructed as follows:

1. Let /3 the estimator for 3 based on the original data. Construct the

Breslow estimator Ao(-; B) for the cumulative baseline hazard function.
Then

So(t:8) = [ (1 — Ako(s; B)).

s<t

2. Generate data Tf;,. from the estimated survival function So(t; B) and
set
ng’r

9(X; B)

* —
ir
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3. Estimate the distribution function of the C; by the weighted Kaplan-
Meier estimator G, and generate censoring variables C}. from the
estimated survival function G,,.

4. Finally set

V;‘ = min(ﬂtwczikr)’ A:‘r = 1(T:;' < C:r)’ X';k'r =X
As of yet this MC procedure is only a proposal and further investigations
should be pursued.
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