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Abstract

We study resonances for the generator of a diffusion with small noise in R : L. =
—eA 4+ VF -V, when the potential F' grows slowly at infinity (typically as a square root of
the norm). The case when F grows fast is well known, and under suitable conditions one
can show that there exists a family of exponentially small eigenvalues, related to the wells
of F. We show that, for an F' with a slow growth, the spectrum is Ry, but we can find a
family of resonances whose real parts behave as the eigenvalues of the “quick growth” case,
and whose imaginary parts are small.
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1 Introduction

The aim of this paper is to understand, from a spectral point of view, a probabilistic result
obtained by one of us ([Zit08]). This result is the convergence of an “annealing diffusion”, a
process defined by the stochastic differential equation

dXt =\ O'(t)dBt - VF(Xt)dt,

where F': R? — R is a function to be minimized, and the “temperature” o(t) is a deterministic
function going to zero (the “convergence” means that X finds the global minima of F). The
convergence was already known for potentials with a quick growth (the typical case being F' =
|z|* ;a > 1 at infinity); we generalized it to the “slow growth” case (when F behaves like |z|",
with @ < 1). In this case, the classical approach using strong functional inequalities (log-Sobolev,
Poincaré) breaks down, and we had to resort to the so-called “weak Poincaré inequality”.

What we are interested in here is a spectral traduction of this convergence result. In the
“quick growth” case, it is known that the spectral gap of an “instantaneous equilibrium measure”
(equilibrium for a process at fixed temperature o) is related to the depth d of a certain well of
F, so that:

d
Spectral gap at temperature o = exp (—) . (1)
g

This can be used to find the optimal choice of o (namely o(t) = d/log(t)).
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In the “slow growth” case of [Zit0§], the instantaneous measure do not have a spectral gap.
However, in a sense, they behave as if they did: the same choice of the freezing schedule,
o(t) = %, still guarantees convergence.

To be more precise, let us recall here another set of results, focused on the behaviour of the
lower spectrum of the operators
—0cA+VF .V,

when o — 0. In other words, we consider the generators of the original SDE (with a conventional
minus sign), forgetting non-stationarity (o is fixed), but looking at the asymptotic o — 0. Once
more, when F' grows fast at infinity, much is known: using probabilistic ([BEGKO04, BGKO05|) or,
to refine the results, analytic techniques (JHKNO04, [HNO06]), a very precise analysis of the lower
spectrum has already been done (we will recall and use one of these results in theorem . In
particular, these results contain and precise the asymptotic (|1).

In this case, the convergence result for the annealing process can be “seen” on the lower
spectrum of the operators: the optimal freezing schedule is dictated by the asymptotic behaviour
of the lower spectrum, via the constant d in (1)).

Let us remark here that the explicit terms in the asymptotic developments all depend on
“local” properties of F, i.e. its structure on a compact set, and not on the details of its growth
at infinity.

In the “slow growth” case, the spectra are always R™: the simulated annealing process still
converges, but its optimal freezing schedule seems to be disconnected from the spectral properties
of the generators. We prove that, under certain circumstances, it is not, by exhibiting other
spectral quantities with the correct order of magnitude: in other words, we will try to understand
what becomes of the small eigenvalues when we “change” the growth rate of F' at infinity.

We will see that the former eigenvalues give rise to resonances.

Resonances are, in some sense, what remains of eigenvalues when eigenvalues disappear.
We refer to [Zwo99| for a very nice introduction to resonances (with examples from PDEs and
quantum mechanics). Let us give an idea of what resonances are (the precise definition we will
use comes from a different point of view, see remark . They may be seen as singular values,
not of the resolvent map itself (like usual eigenvalues), but of an analytic continuation of the
resolvent map on a certain dense subspace.

To be more precise, for an operator L, the usual resolvent is R(\) = (L — \)~!. Suppose that
o(L) = R4, and consider the map:

A (¢a R)x¢)

For a given ¢, this function may have a meromorphic continuation across the real axis. If the
continuations, for all ¢ in a dense subset, have a common pole at some complex number p (i
lies on the lower half-plane, see figure , this pole is called a resonance.

To prove the existence of such quantities, a possible approach is to deform drastically the
operator and try to move the essential spectrum “out of the way”. Resonances of the original
operator then appear as (complex) eigenvalues of the (non self-adjoint) deformed operator. A
basic example of this technique, called “complex scaling”, can be found in Reed and Simon [RS78|
(sections XII.6 and XIII.10). However, what bothers us in our case is really the part coming
from infinity, and we would like to keep the operator intact on the region where the minima are.
Therefore we will have to resort to the more refined exterior complex scaling (see below for more
remarks on this).



Essential spectrum

Eigenvalues Resonances:
Ai ~ exp(—4) Re(r;) ~ exp(—%)

Figure 1: Resonances

Remark 1. In the sequel, we will define resonances as the eigenvalues of the distorted operator
(cf. section[3.9).

To be able to adapt known results on resonances more easily, we perform a unitary transform
of our operators that turn them into the following Schrédinger operators:

H. = —*A+V, (2)

where )
€

and F is the original probabilistic potential. This correspondance is well known (originally, it
was noted and used to study Schrodinger operators, cf. for example [Car79|; later the reverse
way was also used, for example in [Cat05] to prove criteria for the spectral gap).

We also define

V= % VEP? 3)

The paper is divided in the following way. First we state our hypotheses and the main
result (section [2)). Section [3] describes exterior scaling and how it is used to prove the existence
of resonances: we will define here several auxiliary operators, obtained by putting a Dirichlet
boundary condition on a particular sphere, and modifying further the “outside” part.

In section M] we prove estimates on the decay of eigenfunctions of certain operators, in the
spirit of Agmon. We describe in section [5] the lower spectrum of the interior operator. We need
to show that the exterior part of the operator does not create resonances near the eigenvalues
(which come from the interior part). This is one of the main difficulties; it is done in section |§|,
using symbolic calculus for pseudo-differential operators.

Finally, all these results are put together in section |7, where we establish a “spectral stability”
between the original operator and the modified one, thereby proving the existence of resonances.

Notation. Almost every quantity we will consider will depend on the small parameter ¢ .
For two such quantities a and b, we write a < b if there exists a constant C' such that a < Cb.
This constant may depend on the dimension d, and on the potential F', but not on €. We will

also write a % b if log(a) ~ log(b).
2 Main result
We need two kind of hypotheses on the “probabilistic potential” F' (and on the “Schrédinger

potential” V_): some describe the well structure inside a compact set, the others deal with
behaviour at infinity.



The first ones are in some sense “non degeneracy” assumptions, that were used in the “quick
growth” case ([BEGKO04, BGKO05, [HKN04], to which we refer for more details). To state them,
we need a definition: for a point x and a set A, let C(z, A) be:

inf sup F(v(t))} — F(z),

VeF(UC’A){W[OJ] (v(®))} — F(x)
where the I" is the set of continuous paths joining = to A. The quantity C(z, A) is the “cost” one
has to pay to go from x to A; in other words, this is the height of the energy barrier between x

and A.
In terms of this cost, the assumptions may be formulated as follows:

e [ has a finite number of local minima, zg,...zxy.
e ¢ is the (unique) global minimum.
e there exist critical depths dg = co > dy > - - -dy such that:

C (iEiJrl, {QIJO, ‘e ‘T,L}) = dl

Remark 2. It is natural to set dy = oo: it corresponds to the cost of going from the global
minimum to infinity (where F — oc). Furthermore, we will associate to each potential well an
eigenvalue of order exp(—d;/e): the first eigenvalue 0 therefore corresponds to the global minimum
(the infinitely deep well). Finally, we will have to consider a (simple) case with boundary later
on: we will then introduce a dj), the cost of going from the global minimum to the boundary,
which will describe the lowest lying eigenvalue.

We now state the assumptions on the behaviour at infinity of V. Let us note beforehand
that they seem much more stringent than the “local” ones. However, in the light of the original
probabilistic result, it is already interesting to know what happens in the “reference case” where
F(x) = |z|* at infinity, with 0 < a < 1.

The “exterior scaling” method demands that V, has an analytic continuation somewhere near
the “real axis” R"™. We assume it in a small conic region. To define it, let J(z),R(z) denote the
real and imaginary parts of z € C? (if z = (z1 + Y1, ... x4 + iyq), R(2) is the vector (z1,...24),
and |R(z)] is its euclidean norm in R?).

Hypothesis 1. There exists an angle (say 30y) such that F', as a function on the exterior of a
fized ball, has an analytic continuation to the following subset of C4:

s-{- ()

|z| > Ro, - < tan(QBO)} . (4)
R(2)]
Remark 3. In some references, it is the map r — V(r,w) that is supposed to be analytic (where
V is seen as a multiplication operator on L?). For simplicity, we assume analyticity directly for
F, and therefore for V.. This will also give us estimates on the derivatives of V.

Hypothesis 2. V. has a power-law decay at infinity: there exists v € (0,2), cy, Cy, independent
of €, such that
ey |z]7 < Ve(z) < Cy f2| 7,

outside some fized ball. Its analytic continuation is similarly bounded:
V()] < Cv |27
Moreover, outside this ball, and for any angle w,

V()| = ev Ve(r).



Remark 4. This hypothesis is very strong. However, such bounds do seem necessary if we are
to accurately estimate the deformation V(rg,w) (cf. in particular proposition . The lower
bound on V' is reminiscent of so-called “non-trapping conditions” (cf. remark%/below). The
restriction v < 2 is more natural than it seems: we will see later that, if v > 2, the Agmon
distance between the wells and infinity becomes finite, so the approach should break down. In any
case, this hypothesis covers the reference case F = |z|“.

We now come to the statement of the main result. It uses the distorted operator H(6), which
will be formally defined in the next section (eq. (7).

Theorem 5. There exist 0 = i3, some functions ro(€), S(€) and, for each index i, two functions
Ai(e) and pi(e) € C, such that:

e \; is a Dirichlet eigenvalue for e2A + V. in the ball of radius ro(c),
e u; is an eigenvalue of the distorted operator H(0) (i.e. a resonance of H.),

o these quantities satisfy:

e S(e) goes to infinity.

Therefore, we have identified spectral quantities (resonances) u; with the right asymptotic
behaviour: their real part is of order exp(—d; /), and their imaginary part is much smaller (since
S(e) — 0).

Before we go on to the proof, let us mention that we did not address the problem of a
probabilistic interpretation of the resonances: we only prove that their asymptotic behaviour is
related to the depths of the wells of F', which are in turn related to mean exit times from these
wells.

3 Exterior scaling

The exterior dilation (or scaling) is a technical device that allows one to see resonances of an
operator as an eigenvalue of some (non self-adjoint) dilated operator. Intuitively, the operator is
unchanged inside a large region, but is modified outside it by a change of scale (hence the name).
Let us first use hypothesis [2] to define the region we will use.
1
Definition 6. Let ro(c) = (c—") v,

g

Then ro(e) — oo, and on the sphere 0B(ro(e)), V(x) > e.
This choice of the ball is guided by two constraints:

e It must be far enough from the critical values of F' (we will see later that the Agmon
distance between this ball and the critical points of F' should go to infinity),

e V on the boundary should be large w.r.t the order of the lower eigenvalues (here V = ¢,
whereas the eigenvalues are exponentially small).

The proper way to define exterior scaling is to use polar coordinates.



3.1 The operators in polar coordinates

We express the exterior dilation transformation in polar coordinates. To simplify notations, we
drop here the dependence on ¢ and write rg.
We introduce the change of coordinates:

B(ro)® — [ro,00) X Sp—1

z = (r(z),w(z))

To f we associate f : (r,w) — f(rw), and for any z, f, : w — f(r(z),w).
The Laplacian decomposes as the sum of a radial operator and a spherical operator, as follows:

A1) = o I () ww) + Ausfi(ol). 5)

where Ay p is the Laplace Beltrami operator on the sphere S™~1.
Since we would like the change of coordinates to be unitary in L2, we use a slightly different

choice:
O LQ(B(TO)C) — LQ([’I’(), 00) X Sp—1)

f=0f: (rw) —rm= Y2 f(ry).
In turn, this defines (by conjugation) an equivalence between operators in the two L? spaces. We

also note that the second space can be identified with the tensor product L?([rg, 00)) ® L*(S,—1)-
We look for an expression of A. It is easy to see that % (in polar coordinates) corresponds

to Df(x) = (n—1)/(2r(x)) +w(x)-Vf(z) (in other words, ODO~! = %) An easy computation
yields

(n—1)(n—3) n—1

D*f = 5 f+ w-Vf+w-V(w- V)
4r T
(n-1)(n-3), n—-19f  0*f
=T It e
-1 -3 1 -
_(r=lmn=3 4>T(f Vppaf- ALnf

Since Of(r,w) = r®=D/2f(r w),
Appfe(w) =r(z)" " DPAL(Of)(r(z),w).
The decomposition becomes

(n—1)(n—23)
472

We define A = (n — 1)(n — 3) + O"'A O, and finally get

1
—A == —D2 + I + ﬁO_lALBO.
_A—_D>+ 14 (6)
r2

3.2 Exterior scaling

Let 0 € R. The exterior dilation of an operator H is defined in polar coordinates by:

Hy =U(0)HU(9)!



where U(0) f(r,w) = f(rg,w), and rg = 7 + (r — r9)e’. Tt is easily seen that D() = e=?D, and
4(0)= %A Therefore, if H = —£2A + V. (on the outside of the ball), then

A
H(0) = -2 D + 2= + Ve(rg, w). (7)
Ty
We refer to the appendix for the expression of the symbol of this operator.
This modification of the operator is then extended to complex 6 by analyticity (exterior
complex scaling). We will then define resonances to be eigenvalues of H(6) : this coincides with

the definition in terms of continuation of the resolvent, at least for simple complex scaling (cf.
[RS7S]).

3.3 Some operators
We write down some of the auxiliary operators involved here, for future reference.

o H,. = —c?A +V, is the operator we would like to study.

o [ro(s) — HZTO(E) & H*® is the operator with the same symbol, but with a Dirichlet
condition on the sphere of radius ro(g). It decomposes into an interior and an exterior
part.

o H(6) is the exterior dilation of H. (outside the sphere of radius ry(e)).

° Hem(s)(ﬂ) is the exterior dilation of H. ro(e),

4 Preliminary Agmon-type estimates

4.1 The decay of eigenfunctions

The estimates we present here are in the spirit of Agmon’s [Agm82|; we refer to [HS84] and
the online course [Hel95] for details. We will follow the last two references, making only slight
modifications of the arguments.

The estimates we seek are a way to express the following (informal) statement.

Proposition 7. A Schrédinger operator —e2A +V may be approzimated by a sum of harmonic
oscillators (—2A + cq(x — a)?) located at the minima of V. In particular, the eigenfunctions
associated to an eigenvalue coming from an harmonic oscillator at a are concentrated near a.

Remark 8. This informal description is accurate when we study the spectrum below liminf V.
Let us note however two differences between our case and the usual one. The first is that our
V' depends on €. This is what explains the appearance of exponentially small eigenvalues. The
additional difficulty of our degenerate case (where liminfV = 0) is that the spectra of the har-
monic oscillators at the minima is lost in the essential spectrum coming from the behavior of V
at infinity.

We start with the following “basic” estimate.

Proposition 9 ([Hel95], prop. 8.2.1). If Q is a bounded domain in R¢ with C% boundary, V is
continuous on 0 and ¢ is a real valued lipschitzian function on €, then for any u € C*(Q,R)



such that ujpq = 0,

& [ [Vexp(@/e )l do + [(V - Vo) exp(20/e)utdo N
8
:/exp(2¢/€)(—€2Au + Vu)udz.

To prove this with a regular ¢, just set v = exp(¢/c)u in the Green—Riemann formula
J \Vv|2 = — [ Av - v; the general case follows by a regularisation argument.

If we plug a “good” ¢ into this estimate, and apply it to an eigenfunction u, we obtain L?
estimates on the weighted function uexp(¢/e). This will tell us that v must be small when ¢ is
big, or in other words that wu is localized near the small values of ¢.

The “good” ¢ turns out to be related to a new metric, which takes into account the function
V.

Definition 10. The Agmon metric is defined by Vdxz?, where dx? is the euclidean metric on
R?. In other words,

dng () = inf { [ Vra@i @l e y>}

where T'(z,y) is the set of C* paths joining x to y.

Remark 11. In the usual setting, the potential does not depend on c. Here, V. does vary with €;
however, we define the Agmon metric using only V = \VF|2. We could probably drop the metric
entirely and use F instead; we keep it for the sake of intuition and comparison with known results.

This metric degenerates on the minimas of V' (i.e. the critical points of F, cf. (B)), and it
can be shown that:

dag(z,y) > |F(x) — F(y)|,
vydAg(Avy) < V(y),

for any closed set A and almost every y. Once more, we refer e.g. to [Hel95] (sec. 8.3) for details.
The main result of this section is the following rigorous statement in the spirit of proposition

@

Theorem 12 (A rough decay estimate). Let Q be a bounded domain, H = —?>A + V. in Q with
Dirichlet boundary condition. Let A be an eigenvalue of H going to zero (when ¢ — 0), and u
be a corresponding (normalized) eigenfunction. Let M be the set of global minima of V (i.e. the
critical points of F'). Then for any 6 > 0, there exists g and a constant Cs such that:

Ve <eo, |uexp(d(z)/e)ll, + [[Vuexp(d(z)/e)ll, < Csexp(d/e), (9)
where d(x) = dag(xz, M).

Before we turn to the proof of this result, let us mention here that very similar ideas will be
used later when we reconstruct a resolvent from two different parts. Since the operators involved
will be a bit different, we delay that discussion (but see the proof of theorem [33] sectiorf6.6).



4.2 Proof of theorem 12

The proof follows closely the one of Theorem 8.4.1 of [Hel95] (the changes come from the depen-
dance of V' in ¢).
Let 6 be a small number (to be fixed later, depending on 2 and ¢). We use (§)) with V' =V.—A

and ¢(-) = (1 —0)dag(M,-). Since u is an eigenvector, the r.h.s disappears and we get:
g / IV (exp(¢/e)u)|? dz + /(Vg — XA — |Vo|?) exp(2¢/e)udx = 0.
We cut the second integral in two parts, setting Q0 = {2:V > 4§}, Q_ = Q\ Q.

&2 / IV (exp(6/e)u) 2 di + / (Ve — A — |V6P) exp(26/e)u’dc (10)

Qy

. /Q (Ve — A~ |VoP) exp(26/e) ju?de

<sup (|Ve= A= V6P|) | exp2/e)lda
_ Q_

SC’/Q exp(2¢/e)u’dz, (11)

where C' does not depend on ¢ and ¢ (indeed, A goes to zero with e, and |V.| < supg \VF|2 +
esupg |AF| < O, by compactness). We now bound the left-hand side from below.

Vi—A— Vo[> =V — %EAF — A= (1=0)%|Vdag(x, M)|?
2V—%EAF—)\—(1—5)2V
> —%eAF —A+6(2-0)V.
Forxe Q. ,V > 4. By compactness, AF is bounded, so that:
Vo= A= |Vol* 2 8%(2-0) + C(e),
where C(g) goes to zero. For e sufficiently small, (depending on §),
Vo= A—|Vo|* > %

We inject this in < to obtain:

52/|V(exp(¢/8)u)|2dm+52/

exp(2¢/e)u*dx < C/ exp(2¢/e)u*dx
a
We add § [, exp(2¢/e)u?dx on both sides to get

82/|V(exp(¢/5)u)|2dsc+52/exp(2¢/s)u2dx

<(C+ 52)/ exp(20/e)u’dx



On the r.h.s, we bound the ¢ from above, and incorporate 0 into (a new) C:

2 / IV (exp(6/e)u)? d + 82 / exp(20/c)udz

<C exp
Q_

2(1 —0)
3

2(1 - §)

dag(z, M)) u?da

< C’eXp ( sup dAg(va)> P
Q_

since u is normalized. The continuity of da4, of V and a compactness argument shows that we
can choose ¢ small enough to ensure:

2dAg(x,/\/l) < 5/3

on _ (which depends on 5) In words, the only places where V' can be small is on small balls
near its minima. The estimate becomes

g? / IV (exp(¢p/e)u)|* da + &2 / exp(2¢/e)uldx < Cexp (3‘1) .

It is now easy to obtain the bound we seek. Indeed, we may choose 6 such that

dsupdagy(z) < 3/3,
Q

(here we use strongly the fact that our domain is bounded), and £72 < C'exp(d/(3¢)). Remem-

bering that ¢ = (1 — 0)dag(-, M), we obtain:
/exp(QdAg(x)/s)uz(x)d:z: < S%exp <5> .
5

The bound on [ |V(exp(dAg(azt)/a)u)|2 is obtained similarly.

5 The lower spectrum of the interior operator
We are now in a position to describe the bottom of the spectrum of the operator Hi”’(g). Let

dy = 00,dy,ds, ...,dyN be the critical heights of the potential F.
Theorem 13. There exist a dj > di, N + 1 functions Ao(€), A1(€), ..., An(g) such that:

Ao(e) = O(e=%/*)

where S C [Ce, 00).
We proceed in two steps:

e we begin by showing the following decomposition:
o(H"®)=8,U8,

where S is a set of at most N + 1 eigenvalues, and S C [Ce, o).

e then we study S; more precisely, and prove the theorem.

10



Figure 2: The partition of unity

5.1 A rough division of the spectrum

This step is mainly a rewriting of known arguments (for the case where the ball does not depend
on ¢), where we keep track of the dependance on the outside. In particular, we draw heavily on
the presentation of [CFKSR&7], chapter 11.1 (note that our ¢ is their 1/), we take h = |[VF|* and
g = AF, and multiply the whole operator by €2 = A72).

The main idea is to compare H;O(E) (in the growing ball) with the operator HY in a fixed

ball B(R), which contains all minima of V. We first choose an R’ such that:
inf {dag(x, M),z € B(R")°} = dj, > d, (12)

where d; is the highest barrier of potential; and V. > Ce when R’ < |z| < r¢(g). Then we take
R> R (e.g R=R +1). Welet d, =d; for 1 <i< N: the d will give the rates of decrease of
the exponentially small eigenvalues of HE.

Following [CFKS87], we introduce a partition of unity:

1=J3+ J3, (13)

where Jj is localized outside the fixed ball, and J; inside (see figure .
By the IMS localization formula, we have

H* = JoH]*® Jy+ WHO g — 2 3 (V)2 (14)
i=1,2
Now, the choice of the radius ro(e) of the growing ball (cf. definition [6)) ensures that for some
C, V. > 2Ce on Supp Jy. Since —A is positive, we have in terms of quadratic forms:

1
Jo (—EQA +3 |VF|* — EAF) Jo > CeJZ. (15)

In words, the operator localized between the fixed ball and the growing ball has a spectrum
bounded below by Ce.

Since the operators are local, we have for any ¢ € L%(B(rq(¢))): JlHZO(E)quﬁ = 1 HEJ,¢.
Fortunately, the low-lying spectrum of H* is well-known.

Theorem 14. The spectrum of HE is given by:
O-(H'LR) = {/’LUa”'?NN}USa
where
. in d;
V1<i<N, p,~exp|l——>=],
€

po(e) = O(e>®), and S is included in [Ce3/?,00) for some constant C.

11



Results in this spirit date back at least to Freidlin and Wentzell’s [FW98]; in this special form
it can be found in [HNO6]. The 3/2 exponent is not optimal (the statement holds if it is replaced
by any quantity which is o(e)).

Let E be the span of the N + 1 first eigenvalues of H?, P the orthogonal projection on E,
and K the restriction of H* to E. Then

JLHE — LW KJ, > Ce3/2 2,
Let K = J K J;. If we now plug and the last equation into (T4), we get:

HZO(E) — K >C3? - C'e? > 032,

where C' and C” are constants, and Rank(K) < N + 1.
This is enough to conclude the first step. Indeed, H

;0(5) — K has no spectrum in the interval
(0,0”53/2). It is known that a perturbation by an operator of finite rank can only create as
many eigenvalues as its rank in such an interval (cf. e.g. [BehT78]). Therefore, H; °(*) has at most

N + 1 eigenvalues in (0, Ce3/2).

5.2 Approximation of the low-lying eigenvalues

We precise the approximation of the previous paragraph and show that the first N +1 eigenvalues
of HZO(E) are in fact near the ones of H/*.

Once more, the intuition is simple: the N eigenvectors of H}* will be shown to be quasimodes
(i.e. approximate eigenvalues and eigenvectors) of HZT o(&) Therefore, a classical result in spectral

theory will tell us that near each eigenvalue of HE, there is one for H: °(®) and this will prove
theorem [13]

Let us now be more precise. By theorem we know that the IV + 1 exponentially small
eigenvalues of H are such that:

n d;
V1<i<N, u(e) B exp (;) (16)

for any 4. Let ¢; be the corresponding normalized eigenfunctions. We would like to consider
them as approximate eigenfunctions for H; o(e) However, ¢; has no reason to be in the domain
of H*®) (because A¢;, seen as a distribution on B(ro(c)), will have a singular part on dB(R)).
Our approximate eigenfunction will therefore be ¢; = x¢;, where x is a cutoff function (we may

take x = Ji, where J; was defined above ) We will show

role) 7 ~ dy — 9o
H," ) = Mgy + 0 | exp | — . ; (17)

where 77232 is a normalized version of 1;. Once this is shown, the proof is complete: indeed, this
implies

/ o
U(HZ-TO(E))H [/\i—C'gexp (_dog 6) A\ + Csexp (—dOE 5)} #0

([Hel95], prop. 5.1.4). The asymptotics of \; ensure that these intervals are disjoint (for e small
enough), and the error is negligible with respect to the main term e~*:/¢. Since we already know
that, below Ce, the spectrum of H;"(E) is discrete and contains at most N + 1 points, it follows

that there each of these N + 1 eigenvalues must be located in one of these intervals. Thanks to
(16), this concludes the proof of theorem
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We now establish (7). We first show the bound for 1;.
H* gy — Ny = H* O xops — Nixoi
= xH[*Dp; — Nixes + [H]*', X6
On the support of x, H, "(6)@ is well defined and equals \;¢;. Therefore

H*y; — Ny = [H]*, X]o
= 762 [Aa X](rbl
= 22V Vo — 2(Ax) i

Taking norms, we get

2
| 7@ = xaws || < 40 1939l + 22 (203

We now use the fact that ¢; is small when we are far from the critical points of V', therefore on
the support of Vx and Ay. More precisely,

2
l6:(Ax) 5 < exp <Sinf (d(x)) /5>) [sseterve
upp x 2
< Cexp <_infSuPp xgd(x) - 5) ’

where the second bound follows from the decay estimate for the fixed operator (equation @)
By a similar argument (using the other part of (9) to bound V¢), we get:

infsupr d(.’l?) - (5>

HHTO(E)% — At

2
< Csexp (—
2 €

The definition of R’ and d}, (equation (12)) implies:

2 d —
2§069Xp<— : 5)7

|7 =

9

and the desired bound is proved, for the non-normalized functions ;. However, since ¢; is
normalized and localized inside the fixed ball, similar arguments show that ||¢;|| > 1/2 for small
€. This concludes the proof of , and theorem [13|is proved.

6 Bounds on the exterior resolvent

6.1 The general strategy

We prove here that the exterior part of the dilated Dirichlet resolvent is regular in the neigh-
borhood of the small eigenvalues. We are interested in a bound on R (6, z) when z is on a
contour around one of the eigenvalues \;. Since )\; is exponentially small, the contour is in a
small neighbourhood of 0, and since 0 is in the essential spectrum of HP(#), the best bound we

can hope for is of the type:
const

Aj

170, 2)]| <

The following result will be enough for our purpose.
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Theorem 15. Let A; be the exponentially small eigenvalues of the interior operator (cf. Theorem
. Let n > 0. There exists 0 = i3, c,,C, independent of €, such that, if |z — X\;| < ¢\,

1R20.5)] <
J

The main problem to show such a bound is the behaviour at infinity. We investigate it by
using techniques of pseudo-differential operators. However, these techniques are mainly known
when the symbol of the operator depends smoothly on the parameters (which is not the case here,
since we put a Dirichlet boundary condition on a sphere). Therefore, we will work separately on
the two “boundaries” of our domain. Let xq, x1 be a partition of unity, where xq is 1 on the ball
B(ro(e)) and x1 = 1 at infinity (the cut-off functions will be defined later, cf. fig[6.6). We will
define two auxiliary operators Hy and Hi:

e The operator “at infinity”, Hy, will be defined by pseudo-differential operator theory (cf

section ,

e We define Hy with a Dirichlet condition on the sphere, but without degeneracy at infinity,
and bound its resolvent (section [6.5).

Once these two steps are done, we construct an approximate resolvent by gluing Ry and Rj,
considering R = xoRo + x1R1. We finally deduce a bound on the true resolvent (section [6.6)).
We begin by preliminary estimates on V.

6.2 Some estimates on F and V

Let us gather some consequences of the hypotheses on F. Recall that F' is analytic in a region
of C¢ defined by equation . Consider the following subset of C:

R ={r,|r| = ro,arg(r) < tan(28).} .
The following subset of R? is contained in the analyticity region for F:
{rw = (w1, war,...wpr), T € C,w € Sﬂgfl,r € R} )

Therefore, for each w, f/w,s ;7 — V.(rw) is analytic in R. The exterior scaled potential Vjy(z),

for x = rw, coincides with V. (rg), where 19 = 7o + (r — 7). We will only consider imaginary
0, and let 6 = if5.

Proposition 16. The following development holds, for small 8 = J3(0):

Vr =ro(e), V(ze) =V(re,w)=V(r,w)(1+0(p)), (18)
where the O(8) takes complex values, but does not depend on &,r,w. Moreover, on the region
V(r) <2X,

) 0
V(zg) = V(r,w) +iB(r —ro) 5 V(r,w)(1 + O(F)), (19)
Remark 17. Note that, given the growth rates of V, and the fact that ro(e)(e) is polynomial in
e and \;j(e) exponentially small, ro(g) is much smaller than r if V(r) = X;. We will take € small
enough so that:

V(r) <2\, = r—role)>-r

N | =

14



Figure 3: The analyticity region of the map V., and the relevant Cauchy contours.
The function V is analytic in the whole sector of angle 35, (light grey angle). Therefore, the
distance between a generic point in the colored sector (where the 74 live, for § < 285) and the non
analyticity region is at least AC = AB + BC'. Since BC = (rq — Rp) tan(3/), and AB = (r —
ro)sin(By), AC > (r — Rp) sin(8p). So the circle centered in ry with radius (1/2)(r — Rp) sin(5o)
is entirely contained in the analyticity region.

Proof. These bounds are given by the Taylor approximation of V(ry) for small 6. The strong
hypotheses on V guarantee that, for small 3 independent of x, the first terms of the development
are the main ones. To see it, we first prove

f/u/:,e (TZ(I)

Lemma 18. For o < (3, < Cr=772, where the constants

do not depend on w,e.

< Cr=771, and ’f/‘xe(rm)

This follows from the estimates on V and analyticity. Indeed, f/w,g is analytic in a conical
region of angle 35y. Therefore, for any ry, with 8 = i and o < 20y, the circle centered in ry
with radius (r — Ro)sin(fy)/2 is contained in the cone (cf. figure [6.2). Apply Cauchy’s formula

on this circle: ~

~ 1 V,.e(z
VU_/,7E(7".9) = 7/ w,s( )
2im circle # T

On this circle, |z| > r/2 so V,,. < 2Cyr~7, and |z —r| = (1/2)(r — Ry)sin(fy). For ¢ small
enough, since Ry is fixed and r is bigger than ro(¢) (which is larger and larger), we have r — Ry >
7/2. Therefore V, _(rg) < Cr=7~!, and the first claim is proved (for v < 23,). We now repeat

the reasoning with f/“’,)s instead of V,,.: since we know how to bound IN/UQE on the cone of angle

23y, we deduce bounds on f/u',’ . on the smaller cone of angle 3,.This concludes the proof of lemma

K|
Let us go back to the proof of (18). The first-order Taylor expansion of V (ry) reads:

g s
Vie(rg) = V(1) +/ i(r —ro)e' V) (ria)da.
0

Using the upper bound on ‘N/‘L’,,E (previous lemma) and the lower bound on \N/w’e (hypothesis), we

see that ‘rf{:’a(rm) < C|V(r)| (where C does not depend on ¢, 3). This shows (I8).

The second bound follows from the Taylor expansion up to order 2, using lemma [1§ and
remark H to bound V[, from above, and hypothesis 2 to bound V[, _ from below. O

We also need to bound partial derivatives with respect to the cartesian coordinate x;.

15



Proposition 19. Each partial derivative of V' is smaller by a factor of 1/r. More precisely,
05 Ve ()| S ()71 [V(a)]
when r > 1g(g).

Proof. We use the same ideas as in the proof of lemma Let 2 be such that r(z) > r¢. Suppose
we freeze the coefficients xo, ... x4, and consider the map:

x> Vo(a,...zq).

This function ¢ has an analytic continuation to a region that contains a circle of radius of order
r(x). Using the Cauchy formula on this circle, and the a priori upper and lower bounds on the
analytic continuation of V', we prove the claim. O

6.3 The resolvent “at infinity” — symbol bounds
6.3.1 The strategy

Following the strategy outlined in section [6.1], we start by defining the operator H;. We obtain
H; by modifying the original operator in two ways. First, V; is replaced by a function V; . such
that:

e Vi = V. on the support of xi.
e Vi . is smooth and greater than Ce inside the ball B(ry(¢)).

The second condition may be imposed since by definition of the radius R(¢), V > Ce on the
boundary of the ball.

Remark 20. For notational convenience, and since the problematic behaviour of the operator
comes from the part where Vo = Vi o, we will write Vi, or even V, instead of Vi .

The other modification is in the kinetic term. To define it, we let h(z,&;€,6) be the symbol
of the exterior-scaled Dirichlet operator (an explicit expression is given in equation ) We
modify h near the boundary to make it smooth: let s, be a smooth cutoff function supported
near B(ro(e)) and with value 1 on the ball (cf. figure for a precise definition), we define the
smoothed symbol

hs(x,&€,0) = x(x)o(=A) + (1 = x(z))o(=As).
Adding the scaled potential, we obtain:

hi(x,&;2,0) = hs(x, €) + Vo(x).

This function is, for each z, polynomial in £ (of order 2). Therefore, it defines by quantification
(cf. section [8.1]in the appendix) an operator H;.
The main idea is to construct an approximate resolvent by the following formula:

1
— ) tx .
(Hl Z) Op(hl—z>

Remark 21. This idea is behind the classical construction of a parametrix (c¢f. appendiz).
However we need here an explicit L? control (not only smoothing), therefore we will use explicit
expressions of the remainder, given in terms of oscillatory integrals (cf. theorem in the
appendiz).
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To apply regularity results from WDO theory, we need estimates on the symbol and its
derivatives.

Proposition 22. For some 0 = if3, there exists constants ¢,C and c, (independent of €,x,€)
such that, when z is on a small circle around X\ = X\;(g) (z = \;(1 + c.e™))

VE,(E,&, |h1(1'7§)—2| ZCI’H&X(M(:L’,{%A) (20)

le]
02001(.9)] = ()" (190 (VLo + Trcr) + (L [€)* 1) (21)

la]+|B] _
ags 1 roylel Mz, &)V
92 % hi(z,§) — )\’ =¢ 7;0 ( r ) max (M (z,€), \)' " (22)

where M (z,¢) = max(V; (z), €2 [€]).
This is proved in the following sections (6.3.2}[6.3.3)).

The next step is to use the pseudo-differential theory to obtain operator bounds:

Proposition 23. 1. The approzimate resolvent G = Op (1/(h1 — 2)) is “almost” bounded by
1/A: for allp > 0,
161 S Cyry 7. (23)

2. The same estimate holds for the real resolvent (Hy — z)fl.

This is proved in section

6.3.2 The lower bound

In this section we prove proposition 22] Note that it is enough to show a lower bound on
|ha1(z,&) — A| (from which the desired bound follows, up to a change of ¢, and c). Recall that

hy =X = hs(x, &) + Vi(z) — A

= 2262 (x(a) + (1 - x(x))) (21)
201 _ T ﬁ_e—za 2 o 2
#e=x(o) (5 =) (16 + 2(0?)
+ Vi(zg) — A

where x(x) is 1 for r <rg and 0 at infinity.

We use different arguments for different regions of (z,£). Let us begin by an informal ex-
plaination before we go into details. In the “interesting” regions (x sufficiently large), hy — A
should behave in first approximation like its real part, which looks like

e 20222 L Vi(x) — A

So when V' is large enough with respect to \;, we can use this real part and positivity to get the
desired bounds.

When V is approximately A, or even smaller, the real part will not give us the bound.
Therefore, we multiply by €2’ (to move the kinetic part back to R), and bound the imaginary
part of (approximately) ¢??(V; — \). The result then follows from the development of V.

Note that we keep the £2£2 as a term in the maximum, so as to deal with the “large £” regions
when we consider derivatives later on, but most of the trouble comes from the potential part.

We state here two results we will need in the proof. The first one concerns the symbol of D2.
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Proposition 24. The derivatives of the symbol of D? admits the following bounds:

1 1 27|ﬁ‘
agafa(DQ)’ < Oy max ( |g> : (25)
rle r

for all multi-indices «, B. (The derivatives are 0 if |3] > 3).

The expression of o(D?) is shown in the appendix. The bounds come from the homogeneity
in z and “polynomialness” in £.

The second result we need is the following elementary lemma, on the sum of “almost real
positive” numbers.

Lemma 25. If a,b are two complex numbers with arguments in —w/4,7/4, then |a+b] >
max(|al, [b])-

We are ready to tackle the first case, when V is larger than A\. We need a safety margin, and
we define:

cv
_ 26
¢ = o0y (26)

First case: V(r) > (1 4+ cg)\. Let us slightly rewrite hy:

m=a=tex ((x@)+ 50 -aw) ) (21)

(] (0 ) o(0?)

6
+ V1 (1’3) - A
= %K, + Ko+ P.

The first kinetic factor K is a convex combination of 1 and the complex number :—z, the latter
0

having small argument (for small beta, independent of £,7p,7), and a norm bigger than 1:
therefore, |arg(e2¢?)| < m/4, and |22 K, | > £2¢2.
For the potential term P we use the development (18). So
Vi(zg) =A=V(r)(1+0(3)) = A
= (V(r) = )1+ 0(9)).

Since A < ﬁV(r), V(r)—=A = 1$5-V(r). Therefore, for 3 small enough, and for some constant
¢, |[V(zg) — 2| > ¢V (r) and |arg(V(zg) — 2)| < 7/4.
Finally, | K| is small, in modulus, with respect to one of the two other terms. Indeed, equation

entails:

BV (r) i L >,
cp g i J¢) > L,
|]] This, combined with lemma shows that |hy — A| > ¢ max(e2 [¢]*, |V (2)],|A]), as an-
nounced.

1 2
| K| < 5CnBe® max (T, |§|) < (28)

This “positivity” argument still works in a slightly different setting. Indeed, if V() < (14c¢g)A
but e2|¢[° > A, then |P| = [V (zg) — A| < csA(1 4+ O(3)) < 2¢5e2¢2 (make O(3) smaller than 1);
and | K| < ¢Be2|¢|* (thanks to eq. [98)). So

1 1
|h1 = Al = [*¢°K1 + K> + P| > §£2§z—cﬁ52§2—20552§2 > (5—06—205) max (g2 [¢]%, A), (29)
and the lower bound holds (since c¢g and 3 may be taken small).
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Second case: V(r) < (1 + cg)A. Note that this in this region, r is much bigger than 7y,
therefore x is 0. We will even take € small enough so that

ro(€) < cs
ro Q(CN + 1)0\/ '

(30)
Let us multiply the symbol by e’
2
0 -0 =6+ 22 (5 1) (16 4 0(D2) + ¥ () - 2. (3D
Ty

We develop the last product for small 3 (recall # = i3). Since ¢’ =1+ 2i3(1 + O(p)),
(V(xg) = A) = V(wg) — A+ 2iB(1+ O(B)(V () — A).

We develop the first V(zg) to the second order (using (19), which holds in this region) and the
other to the first order (eq. (18)). This yields

e (V(zg) —X) =V (r) = A+iB(r —ro)V'(r) (L + O(B))
+2iB(V(r) = A)(1+ O(B))

=V(r)=A+iB((r—ro)V'(r) +2(V(r) = A)) (1 + O(B)). (32)
The correction term in the kinetic part can be shown to have the following development:
r? 2irg
(L -1) = 225+ 00 (33
Ty
We return to h; — A, and focus on its imaginary part. We use the notation z; = 2o if

J(21) = J(22). Plug the developments and into (31), and dismiss real parts:

% (hy = A) = 2622 (Ig + o(DY)) (1+ 0(8))
+ i ((r = o)V (1) + 2V (1) = X)) (1+O(8))
=i8(1+0(8)) (22 (& + (DY) + (= 1r)V'() +2(V() = X)) (34)

Now,

(DQ)‘ < (1+ Cy)max (|§|2 , %2) (cf. (25)). Since on the one hand, r=2 <77 <

CyV(r) < 2Cy A, and on the other hand we may suppose €2 |¢]> < A (cf. the discussion that
leads to eq. (29)), we obtain thanks to eq. (30):

,
\O%mw+dD%ﬂs%x
We claim that the second term in is bounded below:
[(r —7ro)V'(r) +2(V(r) — N)| > csA (35)

Indeed, if V' > \/2, 2(V(r) — A) < 2¢gA, and (r —ro)V'(r) < 5V'(r) < ;321 < 303)\ (using the
negativity of V', the bounds on V and the definition of cs) This implies B3). If V < A /2,
the V(r) — A term suffices to show the bound (the V' term being negative).

Getting back to , we obtain

[ha = M)l

Since in this case, A > &% |¢?],

(20) is finally complete.
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Remark 26. Fquation is a kind of “non-trapping” condition. It says that V'(r) is “negative
enough” with respect to V. Informally speaking, a classical particle in that potential should escape
to infinity (and not get trapped).

6.3.3 Bounds on derivatives

We have seen in detail how to bound the symbol from below. Bounding the derivatives is then
mainly a technical problem, and uses the same ideas as before. Therefore, we only give a brief
outline of the proofs.

Recall the decomposition of h(z,£). We have already seen the behaviour of the derivatives
of o(D?) (cf. 25)) and V. The a-derivatives of y, satisfy:

107 (Xsm)| < Calrgrgt1(2).
Using the explicit expression of ry, one can see that there exists constants such that

o (:z _ 62.9)’ <c, (%O)HIQ\.

0

The effect of x-derivatives on V has already been seen: intuitively, each derivative gains a factor

of 1/r (cf. proposition [I9)
The bounds on the {-derivatives are even simpler, due to the polynomial character of the
symbol. All these estimates imply the bound on 8;‘8? hy.

To bound the derivatives of ¢ = 1/(h — z), remark that 838?9 is a sum of terms of the
following type:

I, (swron)”
(h—z)t=n;

where n; € N, a; and §; are multiindices, and ) . njo; = a, Zj n;B; = 8. We may now use the
bound (21)) on each term. Denote by n the sum Y n; < |a|+ |3]. All the (ro/r)* terms coming
from (21)) recombine to give (ro/r)*!, and the same kind of arguments on the 3 derivatives show

the bound (22).

6.4 The resolvent at infinity — operator bounds
6.4.1 An estimate on Op(1/(h; — z))

We now turn the symbol bounds of the previous section into bounds for operators in L?. We
begin by proving the first item of proposition namely the bound on G = Op (1/(hy — 2).

Let x be a (non negative with positive L? norm) bump function, in the product form y =
Xz Xe, where |z|, || are less than 1 on Supp x.

Proposition 27. The symbol g satisfies the following bounds.
e\ if |8 < 1d/2],

a5l |
/ o5 35 g‘ x(@ —k,§ = l)dzd§ {E_Qd)\—2—5+d/2 if |d/2] < |8l < |d/2) +1

Proof. (Note that x is choosed independently of e, therefore the theorem applies uniformly for
every epsilon). We use the bound on the derivatives of g = 1/(h — A). Let Q be one of the
terms in this bound:

(36)

M ()" 18172

Q= Mz, O N
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We need to control the following quantity:

[, 1QP ko~ ot
We integrate on two different regions and consider:
= [ 10 ycaenta - k&~ Dot (37)
s = [1QF Lvscreoxo — b~ Do (39)

Let us consider A; first. On the region of integration, M (z,¢) = £2£2, and we replace the max
in the denominator by a sum:

(52{2)2n_|ﬁ|
A1 3 /I§ ()\+52£2)2+2nxdxd5'

We carry out the integration w.r.t.  (on a bounded set, independent of €), which leaves us with:

2¢2)2n—6]
A g /§(>\(€+c‘:‘2)€2)2+2”x£(l BILS

When ¢ is large, the integrand is small, so it is enough to consider the case I = 0. In that case,
using polar coordinates for £, we get:

2¢2\2n—|g| 1 2,.2)2n—|p|
Ay §/ A 9 :/ Ot 22)7n (e ri=ldr.
1€ 0

<1 (A +€2€2)2+2n )\+52T2)2+2n

If |8] < |d/2], we bound r~281+4=1 by =1 in the numerator. Then we change variables and let
uw=reA"/2. An easy computation then shows that:

u4n—3

2—2|8|y—2 >
Al SJ e A /0 7(1 n u2)2+2n du.

Since n > 1 (there is at least one derivative), the integral is finite and A; is bounded by the r.h.s.

of (36).
When § € [|5/2],5/2] + 1], the same change of variables leads to

4n—2|8|+d—1

< 2-9ipy\—a-|plra2 [ WP
A Se A /0 TERTIRED du.

The power of u in the numerator is between 4n — 3 and 4n + 1, therefore the integral is finite
and A; is once more bounded by the r.h.s. of

To bound A, we use the fact that the set of & s.t. €262 < V has volume at most e~V %/2,
Therefore, for each x,
) V2n7\ﬁ\+d/2
/§|Q| 1V>52§2Xa:(x - k)Xf(§ - Z)df < W-

Since |B] < d/2 + 1, the r.h.s. is bounded (for any V(x)) by A~2. Since the integration in z is
on a bounded volume, A, is bounded by C/A\%. This ends the proof of proposition O
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The estimates of proposition for the classical derivatives of g, entail similar ones for
fractional derivatives:

Proposition 28. Let s and s’ be real numbers, d/2 < s < |d/2]+1, s’ = |d/2] +1. The symbol
g satisfies the following:
/ﬂl— ”1—Aa“%<xanx—h§—nﬂdwﬁ<A (remdr®, (39)

uniformly in k, 1.

With this symbol control, we can apply theorem [42|in the appendix, and show the first part
of proposition with n = s — d/2. Note that 7 can therefore be made arbitrarily small.

Proof. To prove proposition we need to interpolate the bounds for integer derivatives to
obtain those for fractional derivatives.

Lemma 29. For u € S'(RY) and s > 0 define the Sobolev norm:

Jull? = [ €21+ el de

Let Hy be the corresponding Sobolev space. Then, if u € H, N\ H, 11 for some integer n, it is also

in Hy for s € [n,n+ 1], and:

2 1—
ey < el ™ Ml

Proof. Decompose the integrand: a(€)2(1 4 |£[2)® = a(€)2~(1 + |€]*)*~# x a(€)*(1 + [€]*)5,
and apply Holder’s inequality with p = 1/(s —n), ¢ = 1/(n+1—35), « = 2(s —n) and § =
(n+1)(s—n). O

Now, we would like to bound:
! 2
Au = [ 0= 8720 = 823 (gl Ox(a ~ ko = D) dade,

for an s in (d/2,|d/2] + 1). Suppose for example that d is even. The same resaoning as in the
lemma gives the interpolation:

d/2+1—s 4s—d/2
As ’<Ad/2s Ad/2+ls (40)

Since d/2,d/2 + 1 and s are integers, the quantities on the right hand side can be controlled
using only classical derivatives:

Agpw<C Y /aaaﬁ gx)’ dwdg

la|<s,|B]<d/
< CZCa,B/Xa

where the X, g are (norms of) derivatives of x. Since Supp(Xa.3) C Supp X, and x may be chosen
such that the x, g are bounded, we may apply the estimates of proposition |§_7|, and obtain:

2
. g‘ dade,

Agjae S Ce7?IN72

In the same way, one can derive a bound on Ag/341 . Interpolating between these two bounds,
thanks to (40), gives the result. 0O
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6.4.2 Bounds on the inverse (Op(h; — z))fl

We prove here the second item of proposition [23] going from Op(g) = Op((hy —2)~1) to Op(hy —
2)~1, we use the symbolic calculus. Let us write down the expansion of (h; — z) o g given by
theorem [40| (in the appendix). Since the derivatives of order 3 of hy with respect to £ all vanish,
the remainder r3 is identically zero, and:

(h = 2)og =143 0i(h —2)Di(g) + 3 0 (b — 2)D¥g. (41)

i 1,3

The operators appearing in the r.h.s. can now be bounded in L?, using the same arguments as
before (i.e. bounds on the derivatives of their symbol in a local L? space):

Proposition 30. The remainders R;, R;; are bounded, and for all n > 0,
[0p(R)II S A5 [|Op(Ryzll S A7

Proof. We follow the same scheme of proof as for proposition however, each term @ is
multiplied by an additional £2¢;22. This modifies the bounds by a factor of AY/21/7, where 7 is
the decay rate of V' (given by hypothesis [2) (indeed, the critical region is the one where V = A
and 2¢2 & A, so that €2 20 ~ AL/2H1/7),

Therefore, the final operator bound will be:

lOp(Ry)|| S A2+t
Since v < 2, and 7 is arbitrarily small, this concludes the proof. O
Therefore, we have defined a G = Op(g) and an R such that:
(H—2)G=I1+R,
with ||R|| < Ce. For small ¢, I + R is invertible, and
(Hi —2)GI+R)' =1
This shows that H; — z is invertible, and the “resolvent” Ry(z) = (H; — 2)~! is bounded:

1

1Hy =zl < NGl 7=
1—|[R]|

This concludes the proof of proposition 23] page [I7]

6.5 The Dirichlet part

We now define and study the auxiliary operator Hy, which deals with the Dirichlet boundary
condition (cf. the explanation of the general strategy in section. Its definition is way simpler
than that of Hy, we just put

Hy = H°®)(6) + exo

where Yo is 1 at infinity, and is supported outside Supp xo (cf. figure .
Once more, we would like to bound a resolvent associated to Hy.
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Proposition 31. There exists a C such that, if |z — A;| < ¢, \; (where c, is defined in proposition
, Hy — z has a bounded inverse, and

I -7 < 5. (13)

The main argument is positivity, and we will see, on the operator level, arguments that are
reminiscent of the positivity bounds on the symbol in section [6.3.2
Since z is exponentially small, it suffices to bound Ho_l. We rotate it and study e2?H,.

Recalling the expression (7)) of HQO(E)(O), we get:

20 A
eHy = —e2D? + 52% + eQQ(VE(r@,w) +&Xo)- (44)
7
We now localize the so-called numerical range of €2 Hy, i.e. the set {(e?) Hoo, ¢), ||6|| = 1}.
Lemma 32. For any ¢ € L? with unit norm,
i (_€2D2¢7 ¢> € R+7

6

. (ei§A¢,¢) is in the cone {|arg(z)| < w/4},

o (e2(Vo(r,0,w) +eX0)9, @) is in the cone {|arg(z —i(e)| < w/4}, where i(€) is given by
i(e) = 3 nf(Va() + =Xo(a))

The first claim follows from the positivity of —D?. To show the second one, it suffices to see
that 6297‘9_ 2 is in the cone, to use the positivity of A and then integrate over r. The proof of the
third claim is similar to the positivity bounds in section [6.3.2] (and uses [¢[| = 1).

This shows that the numerical range is included in the cone {|arg(z —i(¢))| < w/4}, which
is bounded away from 0 in C by at least i(e). Therefore, by a well known result of functional
analysis, Hy is bounded by i(¢)~!. The choice of the cutoff function Y, guarantees that V + ¥
is greater than €2 (cf. figure , so the bound of proposition |31 follows.

6.6 Proof of the main bound

We are finally in a position to prove theorem [I5] We do this by reconstructing an approximate
exterior resolvent from the Dirichlet part Ry and the “infinity” part R; (both depend on z). Let x
be such that x =1 on Supp x1, and R(z) = Ro(z)Xxo0 + xR1(2)x1. Then R(z) is our approximate
resolvent.

Proposition 33. The operator R(z) is bounded:
Cy

e < =
It is an approrimate resolvent:
(H*O(0) — 2)R(2) = Id + 7(e), (46)
where the remainder is such that ||7(e)|| = o(e).
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Xsm

To 1 T2 r3 T4 rs T6

Figure 4: The various indicator functions
We use many cutoff functions to define our approximate resolvent. Xgm,,x1 and Y1 are used to
deal with the “infinity” part Ry = (H; — 2)~!. We require the following:

e Hy = H on Supp x1 (this is true since xs,, and Y7 have disjoint supports);

o day(Supp(VX1),Supp(x1)) “goes to infinity” (cf. remark for the precise hypothesis).
The other indicators xo and x¢ deal with the Dirichlet part Hy. They must satisfy:

e V + Xoe is larger than £2;

o day(Supp(xo0), Supp(Xo)) “goes to infinity” (once more, cf. remark .

All these conditions are met if we choose 7;(¢) = cye~(HG/6)/7 (this choice is of course largely

arbitrary).
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Once this is proved, the bound on the true resolvent follows. Indeed, for ¢ sufficiently small,
the r.h.s. of is invertible, and its inverse is bounded by (say) 2. Multiplying by this
inverse, we get

(H©(0) — 2)R(2)(Id + 7€)~ = Id.

This implies that (HZO(E) () — 2) is invertible, and, thanks to (45)), its inverse is bounded by
2;{#. This will (finally!) end the proof of theorem

6.7 Proof of proposition
Let us first decompose (HgO(E) (0) — 2)R(2).

(H®)(0) — 2)R(z) = (—e®Ag + Vg — 2) (Ro(2)x0 + X1 R1(2)x1)
= (=®Ag +V +eX0 — 2)Ro(2)x0 + (—£*Ag + Vi) X1 R1(2)x1 (47)
—eXoRo(2)x0 + (V = Vi)X1 R (2)x1
(48)
The last term vanishes, because (V — V;)y; is zero. We commute y; and (—e2Ag + V7). Since
Xo + X1 = 1, we get:
(H(ZO(E)(H) — Z)R(Z) =Id+ [—€2A9, XI}RIXI —exoRoxo

=Id+ry+rp. (49)
It remains to show that the last two terms are small: ||ro|| 4 ||r1]] = o(¢). The idea is similar to
the proof of the Agmon estimates (theorem . It is made a bit more difficult by the fact that

we are dealing with the distorted operators and not with the usual Laplacian.

Let us prove in some detail the bound on ro. Let v be in L2, and let u = Ry(z)xov. We
would like to show:

[Xoull < ofe) vl (50)
Let us recall the basic result used in the proofs of Agmon estimates (eq. (§)):

2 / IV (exp(6/)u)? da+ / (V = [V6[2) exp(26/2)uda — / exp(26/2) (2 Au+Vu)udz. (51)

This is originally written for 2 a bounded domain, but the arguments of [HS84] (in the proof of
lemma 2.7) show that it extends to our case, if ¢ is constant at infinity.
We need to choose a good function ¢. We impose:

e ¢ is radial;
e ¢ is constant on Supp Yo and on Supp Xo;

e Calling S and T the values of ¢ on Supp X0, Supp xo, S — I should go to co when ¢ — 0 (S
and I depend on ¢ through the choice of the functions xo, Xo);

o Vo> < iV

Remark 34. ¢ should be thinked of as (a multiple of ) the Agmon distance to the support of Xo
(and made constant on Supp xo). This particular choice cannot be made in general, since we
need ¢ to be radial to perform our computations with the distorted operator Hy.

The hypotheses on V make it easy to find a ¢ that works: choose ¢(r) = r° beween the
supports, with 1 < <2 —~. Since >0, S — I will go to infinity, and § < 2 — v ensures that
Vo|* < V./2.
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Let us begin our calculation: the idea is to apply equation (51, and the fact that on Supp Xo,
¢ is much larger than it is on Supp xo.

%ol = / o) [u()? dz

—1
< ( inf (V. +ex0 - |v¢|2)e2¢/8)> /eQ"’/E(VE +exo — Vo) [u)? da.

Xo0 >

Let us write the inf as I, and apply .
I%oull® < f_l/e%/s(—szA—&—Vg + exo)u - udz. (52)

We want to use the fact that Hyu = v: we need to bound the r.h.s. in terms of Hy = —e2Ay +
Vy. We denote by A the function such that A(r(x)) = e?#(®)/¢ (this is made possible by the
requirement that ¢ should be radial).

Va, Vo (x) < 2R8(Vy(x)), therefore
[ AtV @) <2 ( Vi(a) |u<x>|2dx) | (53)

We treat the kinetic part with a kind of “sectoriality” argument, using the decomposition (@
that helped us define the distorted operator:

% <R (7%)(2%)2> , therefore

/A(r)(—Au)-uda::/ (—D2u)udrdw+/i;)/Au~udwdr

<2// —D?u) udrdw+2/A < >/Au udwdr
gzm(/A( )(=D? + g)u udm)

<2£R</A —Agu udm).

Inserting this inequality and in yields:

I%oul® < f (/A ))Hou - udz)

Now, Hou = xov, by definition of u. By definition of A (and of ¢), A(r) = S = exp(—2S5/e) on
Supp xg- Therefore

YV,

I%oul?® < ? x R (/ X0V - udw) . (54)

Use Cauchy-Schwarz on the right side:

28
~ 2
[Xoul” < 52 [Ixovl| Jul <
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Now we use our a priori bound on the resolvent Ry ( proposition BI): |lul| = [|[Roxov| <
(C/e) ||v||- Since S = exp(—2S/e) and I > eexp(2/e), we get:

- 20 I—S
Ixoul’ < 25 exp (2L joj
E

Since S — I goes to infinity, ||xoRoxov|| = l|xou| = o(e) ||vl, holds and 7y is indeed a small
term.

Recall that the other term, r1, is defined by
= [-?Ag, x1]Rixa
The commutator is explicit:
[~e®Ag, 1] = —€* (Apx1 — VX1 V) -

Since Supp Vx; is far (in Agmon distance) from Supp x1, an argument similar to the one we just
developed for o proves the same kind of estimate. Therefore proposition [33| holds.

7 Spectral stability

In this section, we prove the stability of spectral quantities when we put a boundary condition on
the sphere : near the eigenvalues of H; "0(2) there must be eigenvalues of H (0), i.e. resonances.
We first prove an estimate on the D1r1chlet perturbation. Then, we get the existence of resonances
and a first rough localization result. Finally, we refine this localization and prove theorem

7.1 An estimate on the Dirichlet perturbation
For any a and 6, we define, following [CDKS8T],

W(9,a) = R(0,a) — RP(0,a).

This describes how much the Dirichlet boundary condition changes the solution of the equation
H.ou = ¢.
The idea is to express the perturbation in terms of trace operators on the boundary of the
sphere, and then use Agmon estimates (inside and outside the sphere) to control the traces.
Let T,, T; be the trace operators on the outside and inside of the sphere. Still following
[CDKS87], define

ma@:n<<wwr%
a —360/2 ro(€) —a -1
B.(8,a) = e 32TV, (H*) (0) — a) ", (55)
B(6,a) = T,V,(H*"Y —a)~%,
B(H,a) = Bi D Be~

where V,. is the radial derivative. We also define PP as the spectral projector on the span of the
exponentially small eigenvalues of the Dirichlet operator, and Q° =1 — PP,

Proposition 35 ([CDKS8T|, eq. (3.2)). The perturbation W can be decomposed in the following
way:
W(0,a) =e®*B*T(H — a) 'T * B. (56)
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We show the following:

Theorem 36. For any 6, there is a Cy such that:

||| < Cse®/e, (57)
IB|| < Cse’/, (58)
W] < Cse/=. (59)

Moreover, B is very small on the Dirichlet eigenspaces :
S(e)—6
|BPP|| < Csexp <—(5)> (60)
€

The remainder of the section is the proof of this result. We do it in several steps.
Step 1: Bounds on B; and B.. We detail the bounds on the interior part B;. We use the
following to control the trace operator:

Theorem 37. For all w € H', and all cutoff function x supported near the boundary of the ball,
2
[Toul|™ < 2 [[xull [[Vxull

For a proof, see [CDKS8T7| (lemma 4).
So, it is enough to show:

x(HE =) &2 ull, (61)
|V = )7 u| < Csexp(a/e) full (62)
|Vox @ (" — a7t < Csexp(o/e) Jul (63)

The control follows from Agmon estimates. Indeed, we know that the spectrum of the
interior operator consists of two parts. Let S be the Agmon distance between the minima and
the ball of radius r¢(g). Then

(@ = o)t < (@ = a) PP+ ([ (B — ) QP

S—9
S Coewp (<220 ful + =75 ul.

where the first bound is the Agmon estimate of theorem [12 on eigenfunctions coming from small

eigenvalues, and the second bound comes from the fact that (H;O(E) —a)~?! is bounded by C/e
on the range of QP.
We now turn to the proof of . Once more, decompose u as Pu + (u — Pu). To bound

HV@((HZOQ —a)"1Pu

, we use theorem [12| again:
Hvrx(Hf"(E) - a)_lPDuH

< exp (— inf d(m)/s) Hexp(d(x)/e) V(Hfo(s) - a)_lPuH)

Supp x

< Csexp ((6 - S(e)/e)
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Since Y is localized on the boundary, the r.h.s. is o(c), and is proved (for PPu).
To bound the other term, we apply (8) once more, with u = (H°®) — a)~1QPu:

2
HV’I“X(H:O(E) _ a)leDuH

2
<exp( 2 inf d(z /5) Hexp x)/e) ’V ro(s) )—1QDuH’

Supp x

< exp (2 inf d(x)/e) /exp(Qd(:c)/s)(l — P)u - (H;"(E) —a) QP udx

Supp x

< exp (<supd(x) - mf d(x ) /6) ||QDu|| H TO(E) )71QDUH
< Cexp (8/e) e [lul|?,

where we successively introduce the Agmon distance, use (8), use Cauchy—Schwarz and finally
use the easy bound on the resolvent restricted to the range of Q. Therefore, holds.

We turn to the proof of (63): this may be reduced to the previous estimates. To see
it, first remark that, now th and (62) are known, it is enough to show a bound on

‘V Virx TO(‘S) a)*lH (commute the x through the V,, and use the previous bounds with

Vx 1nstead of x). The double radial derivative is now relatively bounded with respect to the
Laplacian (cf. for example [Kle86]):

3C, Vo, ||V, Vol < C(JJvf| + |Av]).

The Laplacian is itself relatively bounded w.r.t. H,° (because the potential V. is bounded):
9 r
IV, Vol < Clloll + 5 [[(B) = aye|

Setting v = X(HZO(E) —a)"tu, and using and again, we obtain (63)).

Thus, we have bounded B;. The proof also shows that, on the range of PP, the much better
bound holds. Using similar arguments, we can control the exterior operator B, and get
(8)-

Step 2: Bound on TR(a)T*. The proof of this bound is a straightforward adaptation of
the proof of the simiular result in [CDKS87| (equation 3.7 of that reference), and uses the same
arguments we just applied to bound B. Indeed, since T* maps continuously the sphere into L2, it
suffices to bound T'R(a)u. Using theorem [37] this reduces to bounds on yR(a)u and V,xR(a)u,
for y supported near the boundary. These are in turn obtained by Agmon-type estimates.
Step 3: Conclusion. The bounds on the different parts of B (first and second steps) prove
that holds; the bound on T'R(a)T™*, together with the decomposition of W and the
bound on B, show . This concludes the proof of theorem

7.2 Existence of resonances

We follow the proof of [CDKS87] (lemma 3 and theorem 4) and use the classical argument of
integrating resolvents on a contour to get spectral projections on appropriate eigenspaces. More
precisely, for each j (and each eigenvalue A; of the interior operator), we define the contour
I';(e) to be the circle of radius A;/2, centered in A\;. We would like to show that fr,- R(0,z)dz

and [, RP(6,z)dz have the same rank. We change variables: let a(e) = — exp(—d,/¢), where
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1

z—a"

dq > dyi, and let Z = The first integral above exists if and only if

/fj(R(Q,a) — %) taz

exists, and if so, their values are equal.
We have all the ingredients to estimate the integrand.

Proposition 38. The quantity (RP(0,a)—2)"! is O()\;ﬂ7 (¢)) when & — 0, uniformly on % € T;.
Proof. We follow closely the proof of lemma 3 in [CDKS87]. We rewrite our quantity as
(RP(#,0) —2)7' = —(2 —a) — (2 — a)®RP (0, 2).

Since a = a(e) = —exp(—d,/e) is much smaller than A;, |z —a| < |Aj|- The Dirichlet resolvent

RP is estimated separately on the interior and on the exterior. On the interior part, we estimate
ro(e)

it by the inverse distance to the spectrum: z is on I';, therefore its distance to o(H;""’) is at
least of the order of A;. On the exterior part, we use the bound We obtain:
C C
D -1 2
[(RP(0,a) — 2)7H| = O(N;) + A3 (Aj + W)
— 1-n
=0M\").
O

Recall that W (6,a) = R(#,a) — RP(0,a), and let us define, for ¢ € C, (| < 2,
Ae) = [ @20 -2 Y (W (R0 ) ')
r, m

Now, ||W x (RP(0,a) — 2)~1 || is o(1), thanks to theorem |36/ and proposition Therefore, the
series on the r.h.s. converges when ¢ is small, A is analytic in ¢, and uniformly bounded in Z.
For ¢ = 0, we recover (R (0,a) —2)~!. For ¢ = 1, it is easy to see that A;(R(6,a) —2) = Id,
therefore (R(#,a) — Z) is invertible with inverse A;(2).
We now consider the contour integral:

Pe = —(2im)~! /F , Ac(2)dz (64)

The boundedness guarantees the existence of the integral. Moreover, P; depends analytically on
¢. Since Fj is the spectral projection on the eigenstate corresponding to A;, the analyticity shows
that P is still a projection on a one dimensional space, and there exists a unique eigenvalue of
H(0) inside the contour I';. This eigenvalue is the resonance of the original operator that we
were looking for.

7.3 Refined estimates on resonances

The proof of our main result (theorem [3) is not yet complete. Up to this point, we only know
that there exists a resonance (say p;(¢)) inside a contour I'; around the eigenvalue \;(¢), where
the radius of the circle I'; is of the order of A;. In this section, we indicate how to refine the
estimation to get the stronger estimates annouced in theorem

We follow the strategy of [CDKS8&T7], section V, to prove the following result :
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Proposition 39. There exists functions t;(g), op,:(€) such that p;(e) has the following develop-
ment :

/142(5) = )\1(5) + Zan,i(g)t(’z#v

where the o, ; are uniformly bounded in n, e, and

we1=0 (o (~59Y),

In particular, this result entails the estimates announceed in theorem
The idea is the following :

e First, define ), i by the same change of variables as before :

1 1

AENO—a® T e e

e Use the description of the Dirichlet perturbation by trace operators to get an implicit
equation on [ : ~
p—A=t0)o(b,pn),

where t(0) and o(, z) are given explicitly in terms of traces (cf. infra).

e Show that ¢ and o are independant of 6§, and estimate them, as well as

G = ((j) (a"(z>) oo

e Use a refined implicit function theorem (Lagrange’s inversion formula) to obtain a power
series expansion of fi:

e Go back to u;(e), Ai(e).
These steps are detailed in [CDKS87]. The ¢t and o are given by ([CDKS8T|, proof of theorem
V.2):
t(0) = £ trace |B(8, a)PP A* (6, a)l,
o(0,2) = £2t(0) " trace PP A*(0,a)(1 — M(8,2))B(6,a) PP,
M(ez 2) = 623(97 G)QD(QDR(Ga a)QD - 2)71QDA* (éa a)'
Analyticity arguments show that these quantities do not depend on 6. Since these algebraic

formulee still hold in our case, all we have to do is to get estimates on ¢, o and the &, ; and oy, ;.
First, putting together the bound on BPP and the bound on A, we get:

{559,

o <t |1 — M| trace ’B(G,a)PDA*
<=M,

Next, o is controlled by:
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so it suffices to get a bound on M. Following the arguments of proposition one can show
that (QPRP(0,a)QP — 2)~! is exponentially small. The same interpolation argument that
was developed after then shows that (QPR(#,a)QP — 2)~! is exponentially small. This
compensates the exp(d/e) coming from the bounds on A and B, thereby proving that M is O(1).

We can then go back to [CDKS8T7| to see that this justifies the steps explained above, proving
the power series expansion of proposition [39] and ending the proof of our main result.

8 Appendix: on symbols and pseudo-differential calculus

We found it convenient to use well known techniques of microlocal analysis and pseudo-differential
operators (PDO) to approximate the resolvent. We briefly describe these techniques in this
appendix. For more detailed presentations and historical remarks, see e.g. [Tay81) [Hor85, [Ste93].

8.1 Pseudo-differential operators

It is well known that a (classical) differential operator with constant coefficients A = 3 a,D®
(where D® = i~12192) becomes, in the Fourier space, a multiplication by a polynomial in ¢,
called the symbol of the operator. More precisely, if @(¢) = (27)~%2 [u(x)e~**¢dx denotes the
Fourier transform, we have

Ag(€) = a(€)d(9),

where a(§) = ), a.&“. In particular, the operator is inversible if the symbol is nowhere zero,
and the inverse corresponds to multiplication by a~1.

Trying to generalize this to non-constant coefficients naturally leads to considering operators
defined by a symbol a(z,£) which is not necessarily a polynomial, and try to define H(a) by:

H(a)f <z s (2m) 2 / &) oz, €) f(€)de

To make sense of this definition, hypotheses on a are needed, and many classes of “good” a

have been defined. Such classes allow “symbolic calculus”, i.e. results that allow one to work on

symbols rather than operators: typically, one would like to compare Op(a)Op(b) by Op(ab).
Among these classes, we mention the classical classes S, defined by decay conditions on &:

o20a| < <£C°‘"’

m —
a€eS <:>‘ AT

where (£) = (1 + ¢2)Y/2. This decay in ¢ implies that, for m > 0, operators in S™ improve
differentiability by m units. On these classes, the following holds:

Theorem 40 (Symbolic calculus,|BE74], Theorem 1). If a € 8™, b € S™, then Op(a)Op(b) is a
VDO, its symbol aob is in S™™, and has the following expansion:

YN, aob= > iﬁga(x,f)ch‘b(x,ﬁ)—FrN (65)

la|<N

where ry € S™T" N and is defined by the integral:

1
TN = Z Ca/o //R% e_1<y_“”’"_5>8§‘a(ac7nt)Dz‘b(y,f)dydndt (66)

la]=N

for some constants c, and n, = &+ t(n —§).
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Remark 41. We cite [BF7]|], where the result is more general, because the remainder there is
explicit. This theorem can be found in any of the textbooks mentioned above.

The derivative estimates show that our symbols always belong to some S™.

8.2 [L? bounds

The WDO are defined at first on the Schwartz space; proving that they send L? to L? is a well
studied problem, and many criteria are available.

The first results are written for the classical symbols (in S™). If m < 0, they define bounded
operators in L2. In our case, the boundedness is therefore easy to prove. However, the estimates
of the L? norm depend on the L> norm of many derivatives of the symbol, and are insufficient
to carry on the stability argument of section [7}

Finding precisely how many derivatives are needed for L? continuity to hold has been the
subject of much work (following Calderon and Vaillancourt’s [CVT2], see e.g. [Hwa87, [CMT78]).
These refined estimates do not yet give the desired result. They are still stated in terms of
uniform norms of the derivatives, and our symbols behave badly in this respect.

To understand the difficulty, consider the symbol 7(x,&) = 1/(A + £2). It is a gross sim-
plification of our symbol, but it retains its main features. The fact that Op(r) should be an
approximate resolvent for the Laplacian, and the trivial positivity bound of the latter lead us to
believe that Op(r) should be bounded in L? by ¢/A : if this bound can be obtained by pseudo
differential arguments (without resorting to positivity, nor on the fact that it does not depend
on z), it should carry over to our symbol.

However, it is easily seen that the best uniform bound on 8?1" when (3; = 0 or 1, is of the order

A~1718172 "and even the restricted conditions of Calderon and Vaillancourt (|| < [n/2] + 1, or
B; € {0,1}) do not give a bound of the right order.

Fortunately, subsequent papers have shown still other conditions for L? continuity. In par-
ticular, A. Boulkhemair (in [Bou95|, to which we refer for further reference) , expliciting results
from [BMSS], gives a statement which involves local L? norms of the symbol.

Theorem 42. [[Boud3|, Corollary 3] Let x be a bump function in R?? (x is compactly supported
and normalized in L?), and s > d/2, s' > d/2. Let a : R x R? be such that

@), [ |- 8720 8 (xla ~ k€ - Da(, )| dode < C@P (67)

for all (k,1) in R? x R?.
Then a(z, D) is continuous from L? to L* with its norm bounded by Cs 4C(a) , where Cs 4
only depends on s,d and x.

This condition, on the toy symbol r, gives a bound of the order A~!=(=4/2): we almost
recover the right order \71.

8.3 Some symbols

Finally, we record here the symbols of various operators. The radial part of the Laplacian, D?,
has the following symbol:

o(D?)(a, ) = " _471"2;7;2_ i ZZQZQS;:E - %(m €)%,
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It is then easily seen that the symbol of the scaled Laplacien is given by:

,,,2 T2
o(—g) = ( - e”) o(0%) + T el
2
=i+ (=) (I +o(0) (68)

for r(x) > ro, and o(—Ag) = |£|* for r < 7.
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