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Abstract

We consider the problem of testing whether the density of a mul-
tivariate random variable can be expressed by a prespecified copula
function and the marginal densities. The proposed test procedure
is based on the asymptotic normality of the properly standardized
integrated squared distance between a multivariate kernel density es-
timator and an estimator of its expectation under the hypothesis. The
test of independence is a special case of this approach.
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1 Introduction and Notation

Let X be a R%valued random vector with distribution function H and density
function h. The marginal distribution functions and the marginal densities
are denoted by F; and f;, respectively. With F(z) := (Fi(z1), ..., Fa(za))?,

z = (21,...,724)7 we can write

H(z) = C(F(z)),

where C is the d-dimensional copula. Assume that C' is differentiable with
derivative

0iC e
C(g) _ (ula ,Ud)
8U1 tee 8ud
Then the joint density A has the form

u € [0,1]%
h(zy,...,zq) = c(Fi(x1),..., Fa(xq)) fr(zy) -+ falza).

At first we consider the simple hypothesis that the function ¢ has a specific
form, say cg. That is we have to test

Ho: c=co versus Hi: ¢ # co. (1)

Note that these are a nonparametric hypothesis and a nonparametric alter-
native, since the marginal distributions are not parameterized by a finite
dimensional parameter. Furthermore, choosing Cy(uy,...,uq) = uy---ug,
and co(u) = 1 we get the problem of testing independence, which is consid-
ered by several authors, for example Rosenblatt (1975) and Liero (2003).
The simple hypothesis can be extended to test whether the copula function
belongs to a parametric class of copulas C = {C(-,0), § € © C R?}. For this
problem Liebscher (2006) proposes goodness-of-fit tests based on estimates
for the distribution function. In a further paper we will consider tests based
on densities for this test problem.

Our test procedure is based on a weighted quadratic distance between a non-

parametric kernel estimator for the density h and the smoothed hypothesis.
Let X,,..., X, with X, = (Xy;,..., Xa)? be iid. copies of X. The kernel
estimator for the density A is defined by

R 1 & T — Xy zq— Xai 1 «
hn(g):_ K( 1b 17"'7 db d) = EZKbn(£_Kz)7
" " i=1
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where K is a kernel function mapping from R¢ into R, and b,, is a sequence
of bandwidths tending to zero as n tends to infinity.

It is well-known that the kernel density estimator has a bias. To avoid this
bias in the test procedure we will compare lAzn not with the hypothetical
density

co(Fi(x1), ..., Fa(za)) fi(wr) - -+ fa(za) = CO(F@))Hfj(%)

but with the estimated expectation of an, where the expectation is taken
under the null hypothesis. This expectation is given by

a%@:/kMygmaxz/kuy@%W@wwm~mmx.

To explain our estimation method assume for a moment that F' is known.

~

Then an unbiased estimator for the expectation Egh,, is
n—d)!
eno(z) = (n—') Z Ky, (21— Xuiys s %a — Xaiy) co(F( Xy, -+, Xaiy)

where the summation is taken over all vectors i = (iy,...,14) with i; €
{1,...,n} and i; # ij for j # j'. Note that this estimator has the form of a
U-statistic.

Of course, F'is unknown - we replace it by its empirical version. Thus, finally,
we estimate the hypothetical expectation by

. n—d)! . .
éno(z) = %ZKbn(xl_Xlila-“7$d_Xdid)CO(F1n(X1i1>7~-7Fdn(Xdid))7

where an is the empirical marginal distribution of the j-th component.
As test statistic we propose the weighted integrated squared error

Qo = [ (nle) - (@) wie)da,

where the weight function w is introduced to control the region of integration.
It has to be chosen by the statistician. In the following section we will
present a theorem stating the asymptotic normality of the standardized QnO-
Applying this theorem we get an asymptotic a-test by the rule: Reject Hy,
if

A 2o &nO ~
@no = —575 + fino: (2)
nbn



Here fiqo and 62, are suitable estimators for the standardizing terms in the
limit theorem given below, and z, is the (1 — a)-quantile of the standard
normal distribution.

2 Limit theorem for the quadratic distance

Before we will state the limit theorem let us formulate the assumptions:
(A1) The density h of X has the form

Mz, ... xq) = c(Fi(z1), ..., Fy(zq)) fr(xr) -+ falza)

and is Lipschitz continuous in x.

(A2) The kernel K, K : R? — R, is a Lipschitz continuous density function
with finite support.

(A3) The weight function w is nonnegative, piecewise continuous and bounded
on R?

(A4) The bandwidth sequence satisfies:

b, > 0, b, — 0 and nbfL — 0.

Since we will present the limit statement not only under the null hypothesis
set

@ = [ (hnle) - @) wla)da,

with
n—d)!
en(z) = ( o ) Z Ky, (1 — Xy, wa — Xaiy) o(F (X, - -5 Xaig),s
and define
Hn = (nbg)_lﬂln - (nbn)_lﬂ%
with

i = / L wt)d Q) = / K(@)h(t — zby) da



and

=3 / () w(t) dt

where
Qrn(t)
= /K(g)K(ul, ey U1y Ty Uy 1, - - -5 Ug)R(E — 2by)
X c(F(t; — utbp, .oy toeq — Up by, te — Tpbp, trgy — U1 by oo tg — ughy,)

d
X H fi(t; —u;b,) day - - degduy - - dupy dupgy - - - duyg

and

=2 [ROwod [werd  w@ - Ko

Theorem 2.1 Suppose that (A1) - (A4) are satisfied. Then

nbz/ 2

g

(Qu — f1n) —= N(0,1).

Since the empirical distribution functions F]n are \/n-consistent, the limit
statement remains true if we replace e, by

(n

~

€n (i) =

—d) . .
S Ko X X)) P (X)X
For ,
Qn = / (ha(®) = ea®) wit)at,
we obtain the following corollary:
Corollary 1 Under the assumptions of Theorem 2.1 we have

nbfl/ 2

g

(Qn _ Mn) 2, N, 1).



To apply this limit statement to the test problem we have to estimate the
standardizing terms u, and o2. Note that

1 t—z t—X
0.0 = 5 [ & (52 ) hwas - pere (5.

thus an unbiased estimator for {2, is given by

A 1 - 2 E_Kz
Qn(t) = WZK (b—)
noi=1 "

For the term (2,,, we obtain

- X, 1 —Xn tg — Xad
Qn(t) = delEK( 5 >K( . . .

and an unbiased estimator is given by

1 _X1i1 td_Xdi
n'bZd 1 ZK< )K( b ) bn (i)c(F(Xlila"'?Xdid))a

n

) o(F(Xu1s .-+ Xaa))

n

so we estimate (,.,, by

Q1)
(n —d)! t—-X,; th — X1 tqg — Xai A
- nlb2d—1 ZK B K 2 T L) e(Fo( Xy -y Xaiy))-

. n n
:

So, finally we set

i = () [ QO w®dt — ()Y [ Q) wit) e

These estimators are /n-consistent. Since it is enough to estimate the vari-
ance consistently, we replace o2 by

—2 [Bowod [P

The statement that an asymptotic a-test is given by (2) is a consequence of
the following corollary.

Corollary 2 Under the assumptions of Theorem 2.1 we have

nbd/2

<Qn gn> 2, N0, 1).

n




3 Testing independence of two random vari-
ables

Consider the case d = 2. The problem of testing independence of the compo-
nents of the vector X = (X, X3) is equivalent to the test problem (1) with
co(ur,uz) = 1. Let us estimate the density i by a kernel density estimator
with product kernel, i.e. we set

K(Il,xg) = Kl(xl) . KQ((L’Q).

Applying the proposed procedure we obtain (with a slight modification) the
following test: Reject the hypothesis of independence if
2o 01

=4 ot (3)

nb,, "

—>
3
vV

where
~ ~ ~ ~ 2
L= [ (it ta) = fint) - fnlta)) it )t

and fln and fgn are the kernel estimators of the marginal densities:

n n

; 1 th — Xy ; 1 o — Xy
fult) = 32 (B ) = 3 (),

The terms Q! and Q| r = 1,2 are given by

™m?

1 t1—x to — x
QF(t1,t9) = b_Q/K12< - b 1) K; ( = b 2) fi(z1) fo(za) day dag

1 2 tl—Xll 2 tl_XQI
=ent () ()

tl—XH 1 2 tl_XQI
) ()

J



and

1 t1 — X to — X 1 t1 — X
an(tlatQ):b_QEKl(l . 11)K22(2 . 21>b_K1<1 . 12)

n

1 to — X - 2
= e (52 (Efuce)

respectively. These terms can be estimated by

R 1 < t — Xy ty — X
I o 2 1 1% 2 2 21
Qn(t17t2) - n_b%lzz;Kl ( bn )K2 ( b )

and

R 1 « t — X to — Xo; \ &
O(ti ta) = WZK% (%) Ky ( - 2 - ) fon(t2)

n =1

A 1 & ty — Xy o (T2 — X9\ ;
O, (t, 1) = —5 E K < >K2 ( )fln(tl)
w2 2 by by

leading finally to

it = ) [ Ol t1st2) it ) des

—(nbn)1/(Q{n(tl,tg)Jngn(tl,tg)) w(ty, ty) dty dts.

The variance is estimated by

52 = 2 / Fo(t) 3, (t2) w* (1, t2) dty iy / (k7(2))*dz / (k3(2))” dz.

Remark: A test for independence based on kernel densities was already
considered by Rosenblatt (1975). But the approach given here differs from
that proposed by Rosenblatt. He replaced the €2,,’s in the standardizing terms
by their asymptotic expressions, then choosing the weight function w(ty, t5) =
(fi(t1) fo(t2)) ! the standardizing terms become independent of the unknown
underlying marginal densities. The weight function in the quadratic distance
I,, is then estimated by ( fln an)_l. Note that this approach requires stronger
conditions on the smoothness of the densities and on the asymptotic behavior
of the bandwidth sequence to ensure that the limit statement remains valid
with these plug ins.



4 Proofs

The proof of Theorem 1 goes along the lines of the proof of the limit the-
orem for the integrated square error of multivariate nonparametric density
estimators given by P. Hall (1984). The main difference is that we have here
only the stochastic part of this deviation. For details of this approach see
Liero (1999). Furthermore, in the model considered here we give a further
term for the expectation of the integrated difference

e [ (hnl) ~ ealw)) wla)da,

namely the term (nb,) ™! o,

The statements of the corollaries follows immediately, since the unknown
terms are replaced by \/n-consistent estimators. Since n~! tends zero faster
than the normalizing sequence in the limit statement nby/? converges to in-
finity the estimation error vanishes.

References

1. Liero, H. Goodness of fit tests of Lo-type in: Statistical Inference For
Semiparametric Models and Applications, Eds. M. Nikulin, N. Balakr-
ishnan, N. Limnios and M. Mesbah, Birkhouser, 2003

2. Hall, P. (1984). Central limit theorem for integrated square error of
multivariate nonparametric density estimators , Journal of Multivariate
Analysis, 14, 1-16.

3. Liero, H. (1999). Global Measures of Deviation of Nonparametric
Curve Estimators. Habilitationsschrift, Mathematisch- Naturwissenschaftliche
Fakultat der Universitdt Potsdam

4. Liebscher, E. (2006) Goodness-of-fit tests in copula models, Preprint
University of Applied Science Merseburg, Germany.



	Titelseite

	Impressum
	Abstract
	1 Introduction and Notation
	2 Limit theorem for the quadratic distance
	3 Testing independence of two random vari-ables
	4 Proofs
	References

