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O N A GEOMETRICAL 
INTERPRETATION OF 
DIFFERENTIAL-ALGEBRAIC 
EQUATIONS* 

Sebastian Reich1 

Abstract. The subject of this paper is the relation of differential-algebraic equations 
(DAEs) to vector fields on manifolds. For that reason, we introduce the notion of a 
regular DAE as a DAE to which a vector field uniquely corresponds. Furthermore, a 
technique is described which yields a family of manifolds for a given DAE. This so-
called family of constraint manifolds allows in turn the formulation of sufficient 
conditions for the regularity of a DAE. and the definition of the index of a regular 
DAE. We also state a method for the reduction of higher-index DAEs to lowsr-index 
ones that can be solved without introducing additional constants of integration. 
Finally, the notion of realizability of a given vector field by a regular DAE is 
introduced, and it is shown that any vector field can be realized by a regular DAE. 
Throughout this paper the problem of path-tracing is discussed as an illustration of 
the mathematical phenomena. 

1. Introduction 

T w o i m p o r t a n t m a t h e m a t i c a l c o n c e p t s a r e c u r r e n t l y app l i ed t o m o d e l i n g of 
l u m p e d phys ica l sys t ems such as e l ec t ron ic c i rcu i t s a n d m e c h a n i c a l sys tems . 
T h e s e c o n c e p t s are , o n t he o n e h a n d , d i f ferent ia l -a lgebra ic e q u a t i o n s ( D A E s ) 
a n d , o n t h e o t h e r h a n d , vec to r fields o n man i fo lds . W h i l e D A E s h a v e been 
used for a l o n g t ime , t h e vector-f ield a p p r o a c h t o m o d e l i n g is still r a t h e r 
y o u n g . F o r e x a m p l e , t he vector-f ield a p p r o a c h t o m o d e l i n g of e lec t ron ic 
c i rcui ts w a s d e s c r i e d for t h e first t i m e in a p a p e r by Sma le [ 1 ] in 1972. 
V e c t o r fields h a v e b e c o m e a n essent ia l t o o l w h e n e v e r a g l o b a l s t u d y of 
l u m p e d phys ica l sys tems is u n d e r t a k e n (see, for i n s t ance , [ 2 ] a n d [3 ] ) . In l ine 
wi th this , it is h a r d l y su rp r i s ing t h a t in r ecen t yea r s in te res t h a s i nc r ea sed in 
t he d e v e l o p m e n t of n u m e r i c a l m e t h o d s for t he c o m p u t a t i o n a l ana lys i s of 

* Received January 27, 1989; revised Jtne 14, 1989. 
'Technische Universität Dresden, Sektion Informationstechnik, Bereich Bauelemente und 

Systeme, Mommsenstrasse 13, Dresden, DDR-8027. 



3 6 8  

vec to r fields. O n the o t h e r h a n d , w i t h t he i m p r o v e m e n t of n u m e r i c a l 
i n t e g r a t i o n m e t h o d s for D A E s d u r i n g t h e sevent ies , D A E f o r m u l a t i o n h a s 
b e e n u s e d nea r ly exclusively for t he c o m p u t a t i o n a l ana lys i s of l u m p e d 
phys i ca l sys tems . F o r a l o n g t ime, D A E s were s imply r e g a r d e d as impl ic i t ly 
wr i t t en o r d i n a r y differential e q u a t i o n s . O n l y in a b o u t 1981, after t h e fai lure of 
n u m e r i c a l i n t e g r a t i o n m e t h o d s a p p l i e d t o c e r t a i n D A E s h a d b e e n r epea t ed ly 
r e p o r t e d , d id G e a r a n d P e t z o l d [ 4 ] , N e w c o m b [ 5 ] , C a m p b e l l [ 6 ] , R h e i n b o l d t 
[ 7 ] , a n d G r i e p e n t r o g a n d M ä r z [ 8 ] insp i re d i scuss ion a b o u t t h e theo re t i ca l 
f o u n d a t i o n s of D A E s a n d the n u m e r i c a l t r e a t m e n t of D A E s . 

I n th is con tex t , it is r a t h e r su rp r i s ing t h a t un t i l n o w , wi th t h e e x c e p t i o n of 
R h e i n b o l d t [ 7 ] , l i t t le r e sea rch h a s b e e n d o n e o n t h e i nves t i ga t ion of t h e 
r e l a t i on of D A E s to v e c t o r fields. I t s eems t h a t fur ther p r o g r e s s in g loba l , as 
well as in c o m p u t a t i o n a l , ana lys i s of l u m p e d phys ica l sys t ems c a n be 
ach ieved b y a close i n t e r a c t i o n of b o t h these m a t h e m a t i c a l c o n c e p t s . W e 
w a n t t o e s t ab l i sh s o m e f o u n d a t i o n s for th is he re . O u r a i m is t o f o r m u l a t e 
c o n d i t i o n s u n d e r wh ich a D A E is e q u i v a l e n t t o a vec to r field a n d vice versa . 
T h i s p r o v i d e s us , in t u r n , w i th n e w ins igh t s i n t o t h e p r o p e r t i e s of D A E s a n d 
vec to r fields. I n th i s p a p e r specia l e m p h a s i s is p u t o n t h e h ighe r - index D A E s 
[ 4 ] ( a lgebra i c i n c o m p l e t e in [ 7 ] , n o n t r a n s f e r a b l e in [ 8 ] D A E s , respect ively) . 

M o r e specifically, after a s u m m a r y of necessa ry def in i t ions , we i n t r o d u c e , 
in Sec t ion 3, t he n o t i o n of a r egu la r D A E as a D A E t o w h i c h a vec to r field 
u n i q u e l y c o r r e s p o n d s . I n Sec t ion 4 we desc r ibe a t e c h n i q u e wh ich yields, for a 
given D A E , a family of man i fo lds . W i t h th is so-ca l led family of c o n s t r a i n t 
man i fo lds , we h o p e to p r o v i d e a b e t t e r g e o m e t r i c a l ins igh t i n t o t he a lgeb ra i c 
i n c o m p l e t e D A E s . F u r t h e r m o r e , t he family of c o n s t r a i n t man i fo lds a l lows t h e 
f o r m u l a t i o n of sufficient c o n d i t i o n s for t he r egu la r i t y of a D A E a n d t h e 
def in i t ion of t h e i ndex of a r e g u l a r D A E . I n Sec t ion 5 we s t a t e a m e t h o d for 
t he r e d u c t i o n of h i g h e r - i n d e x D A E s t o l o w e r - i n d e x o n e s t h a t c a n b e so lved 
a l t h o u g h n o t i n t r o d u c i n g a n y c o n s t a n t of i n t e g r a t i o n . M o r e o v e r , b y m e a n s of 
th is r e d u c t i o n m e t h o d , we c a n s h o w t h a t o u r def in i t ion of t he i ndex of a D A E 
is e q u i v a l e n t in essence t o t he def in i t ion of t h e g l o b a l i ndex by G e a r , L ö t s t e d t , 
a n d P e t z o l d [ 4 ] , [ 9 ] , [ 1 0 ] . I n Sec t ion 6 we s h o w t h a t a r e g u l a r D A E 
c o r r e s p o n d s t o a n y v e c t o r field such t h a t t h e s o l u t i o n s of t he D A E a n d t h e 
vec to r field a r e in o n e - t o - o n e c o r r e s p o n d e n c e . T h i s D A E is t h e n cal led t he 
r ea l i za t ion of t he g iven v e c t o r field. As a r u n n i n g e x a m p l e , t he p r o b l e m of 
p a t h - t r a c i n g is u sed t h r o u g h o u t th is p a p e r . P a t h - t r a c i n g is n e e d e d in v a r i o u s 
fields of a p p l i c a t i o n s , for e x a m p l e in t he c o m p u t a t i o n of cha rac te r i s t i c s of 
resis t ive c i rcu i t s [ 1 1 ] a n d e l sewhere [ 7 ] . B a s e d o n ideas of H a a s e [ 1 1 ] a n d 
G e a r [ 1 2 ] , we p r o p o s e a D A E for t he c o m p u t a t i o n of a g iven p a t h a n d 
inves t iga te its p r o p e r t i e s . 

2. Notat ion 

W e res t r ic t o u r s t u d y to quas i - l inea r , t i m e - i n v a r i a n t D A E s of t h e fo rm 

A(z)z' = / ( z ) 
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T h i s res t r i c t ion simplifies t h e resu l t s s ignif icant ly a n d is m o t i v a t e d by :he fact 
t h a t ana lys i s of m a n y l u m p e d phys ica l sys t ems l eads t o D A E s of th is type . 
F u r t h e r m o r e , we c a n easily genera l i ze t h e resul t s o b t a i n e d in th i s p a p e r t o t he 
t i m e - v a r y i n g case . This c a n be d o n e by t h e w e l l - k n o w n t e c h n i q u e s for 
r e d u c i n g a t i m e - v a r y i n g D A E i n t o a t i m e - i n v a r i a n t o n e [ 7 ] . 

Definition 1. By a deferential-algebraic equation ( a b b r e v i a t e d D A E ) , we m e a n 
a t r ip le ( £ , A, f) w h e r e £ is a finite-dimensional rea l B a n a c h s p a c e a n d 
A: £ -> £ ( £ , E), f: E -* E a r e a r b i t r a r y m a p p i n g s . 

A solution of t he D A E ( £ , A, f) is a different iable m a p p i n g c: I —> E ( w h e r e 
I d e n o t e s a n in t e rva l in t h e rea l l ine) such tha t , for all te I, 

A(c(t))^-(t) = f(c(t)). 
at 

T h r o u g h o u t th is p a p e r we use t h e fo l lowing n o t a t i o n s . If M is a differenti­
ab le mani fo ld , then TM d e n o t e s t he t a n g e n t b u n d l e of M a n d TXM is t he 
t a n g e n t space o f M a t x e M . A v e c t o r field o n a different iable man i fo ld M is a 
m a p p i n g » : M - » T M s u c h t h a t v(x) e TXM for all x e M . By a s o l u t i o n of a 
vec to r field v. M -» T M , we m e a n a differentiable m a p p i n g w: J M ( w h e r e / 
d e n o t e s a n in t e rva l in t he real l ine) s u c h tha t , for all te I, 

dw 
— ( t ) = v(w(t)). 

Let / : M -* E be a different iable m a p p i n g f rom a man i fo ld M i n t o a rea l 
B a n a c h space E. W e d e n o t e t he de r iva t ive of t he m a p p i n g / b y Df: TM -* E 
a n d t h e de r iva t ive a t x e M b y Df (;c) e L(TXM, E). By def in i t ion , a differenti­
ab l e a n d bijective m a p p i n g f:E-*E is a d i f f eomorph i sm if t he inverse 
m a p p i n g f^1 is different iable t o o . Add i t i ona l l y , if M is a man i fo ld wi th 
M c E, t h e n let j : M -» E be t he n a t u r a l in ject ion. ( F o r a n i n t r o d u c t i o n in t he 
t h e o r y of man i fo lds a n d vec to r fields we refer t o [ 1 3 ] . ) 

As we will see, m a n y p r o p e r t i s s of D A E s d i scussed in th is p a p e r a r e 
i n v a r i a n t wi th respec t t o a c o o r d i n a t e t r a n s f o r m a t i o n u: E -* E a n d a sca l ing 
by a m a p p i n g S: E -> L(E, E). C o n s e q u e n t l y , we a r r ive a t t h e fDllowing 
defini t ion. 

Definition 2. Le t (Ji, A, f) a n d ( £ , A*, f*) b e D A E s over t h e s a m e s p a c e £ . 
W e say these D A E s a r e equivalent if t he re exis ts a d i f f eomorph i sm « : £ - » £ 
a n d a m a p p i n g S: E - » L ( £ , £ ) such t h a t 

(i) S(z) e L ( £ , £ ) is a d i f f eomorph i sm for all z e £ a n d 
(ii) / ( z ) = S(z) / # (u(z)), i4(z) = S(z)A * (u(z))Du(z) for all z e £ . 

Le t ( £ , / I , / ) a n d ( £ , / * ) b e e q u i v a l e n t D A E s . T h e n it is readi ly seen 
f rom Def in i t ion 2 t h a t t h e m a p p i n g c.I^E is a s o l u t i o n of fhe D A E 
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(£, A, f) if a n d on ly if t he c o m p o s e d m a p p i n g c * ••- u ° c is a s o l u t i o n of t he 
D A E {E,A*,f*). 

Because we like t o give a g e o m e t r i c a l i n t e r p r e t a t i o n of D A E s , t he set 
d e n n e d in t he nex t def in i t ion t u r n s o u t t o be of specia l i m p o r t a n c e . 

Definition 3 . Le t ( £ , A, / ) be a D A E . T h e n we call t he set 

TV = {(z, z')e E x E: A(z)z' = f(z)} 

t he corresponding set of t h e D A E ( £ , A, f). 

N o t e , in Def in i t ion 3, t he D A E 

A(z)z' = f(z) 

is c o n s i d e r e d as a n o n l i n e a r sys tem of e q u a t i o n s in t he va r i ab le s z a n d z'. F o r 
t h a t r e a s o n , t he c o r r e s p o n d i n g set TV of a D A E (E, A, f) is a subse t of E x E. 

Clear ly , a dif ferent iable m a p p i n g c: I - * E is a s o l u t i o n of th is D A E if a n d 
o n l y if (c(t) , (dc/dt)(t)) e N for all t e I. The re fo re , w i t h r e spec t t o t h e s o l u t i o n s 
of a D A E , we c a n i n s t e a d c o n s i d e r t he c o r r e s p o n d i n g set. T h i s fact is e x p l o r e d 
fur ther in Sec t ion 4. 

3 . Regular D A E s 

I n [ 7 ] R h e i n b o l d t d e v e l o p e d the idea of c o n s i d e r i n g D A E s as v e c t o r fields o n 
mani fo lds . I n s p i r e d by th is , we p r o p o s e t h e fo l lowing def in i t ion of a r e g u l a r 
D A E . 

Definition 4. Le t ( £ , A, f) b e a D A E . T h e n th i s D A E is cal led a regular D A E if 
t he re is a different iable man i fo ld M ^ £ a n d a v e c t o r field v: M -> TM such 
t h a t a dif ferent iable m a p p i n g w: / -* M is a s o l u t i o n of t h e vec to r field if a n d 
on ly if t he m a p p i n g c : = ; ° w : / - » £ i s a s o l u t i o n of t he D A E ( £ , A, f). 

T h e man i fo ld M is t h e n ca l led t he configuration space a n d the vec to r field v 
the corresponding vector field of t he D A E ( £ , A, f). 

I n t h e fo l lowing we focus o u r a t t e n t i o n o n t h e i nves t i ga t i on of r e g u l a r 
D A E s . B u t it s h o u l d a l so b e m e n t i o n e d t h a t n o n r e g u l a r D A E s p r o v i d e a n 
in te res t ing t o o l for t he s t u d y of l u m p e d phys ica l sy s t ems w i t h j u m p b e h a v i o r 
[ 1 4 ] . Ev iden t ly , t h e nex t p r o p o s i t i o n m a y be of in te res t in p r ac t i ca l app l i ca ­
t i ons a n d in t h e d e v e l o p m e n t for a t h e o r y of n o r m a l fo rms for r e g u l a r D A E s . 

Proposition 1. Let (£, A, /) and (£, A*', f*)be two equivalent DAEs. Then the 
DAE (£, A, f) is regular if and only if the DAE (£, A*, f*) is a regular DAE 
too. 
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Proof. Le t u: E -* £ b e a c o o r d i n a t e t r a n s f o r m a t i o n a c c o r d i n g t o Def in i t ion 
2 . As a l r e a d y m e n t i o n e d , a different iable m a p p i n g c: / -» £ is a s o l u t i o n of t h e 
D A E ( £ , A, f) if a n d o n l y if t he m a p p i n g c* ••= u ° c is a s o l u t i o n of t h e D A E 
( £ , / 4 # , / * ) . There fo re , if o n e of the t w o D A E s is regu la r , t h e o t h e r D A E is 
r egu la r as well. • 

W e w o u l d l ike t o i l lus t ra te t h e c o n c e p t of a r e g u l a r D A E b y t h e p r o b l e m of 
p a t h - t r a c i n g . I n t he fo l lowing e x a m p l e we sugges t a v e c t o r field a n d a D A E 
for t he c o m p u t a t i o r . of a given pa th S. 

Example 1. Le t us a s s u m e t h a t t h e given p a t h S is a o n e - d i m e n s i o n a l 
different iable man i f a id . C o n s e q u e n t l y , we c a n p r o p o s e t he fo l lowing v e c t o r 
field v. S -* T S for p a t h - t r a c i n g this p a t h S. 

T h e vec to r field v o n M is def ined by t h e c o r r e s p o n d e n c e x i—• 1 w h e r e 1 
d e n o t e s t he un i t y e l e m e n t of TXS a c c o r d i n g t o a g iven o r i e n t a t i o n o n S. Le t 
c: / - » S be a n y s o l u t i o n of th i s v e c t o r field v. T h e n t h e i m a g e of t h e in t e rva l / 
by t h e m a p p i n g c is a s e g m e n t of S. 

Clear ly , th i s a p p r o a c h is n o t c o n v e n i e n t for n u m e r i c a l c o m p u t a t i o n s . 
Acco rd ing ly , we a re led t o c o n s i d e r a D A E for t h e p a t h - t r a c i n g . The re fo re , let 
us a s s u m e t h a t t he p a t h S c a n be de : i ned b y a s m o o t h m a p p i n g g: U2 -> U by 

S== {(x1,x2)i-:U2:g(x1,x2) = Q}. 

I n t h e fo l lowing we a s s u m e t h a t Dg{xt, x2) h a s full r a n k for all (xt, x2) e U2, 
a n d t h a t t he o r i e n t a t i o n o n S w a s c h o s e n such t h a t t he un i t y e lemenl 1 e TXS 
satisfies 

-D2g(xu x2)x\ + D^Cxj , x 2 )x ' 2 > 0 

for all x e S w h e r e ( x 1 ; x 2 ) = j(x), (x\, x'2) = Dj(x)l, a n d j : S -* U2 d e n o t e s 
t he n a t u r a l in ject ion. F u r t h e r m o r e , we i n t r o d u c e t h e t w o a b b r e v i a t i o n s 

a = D1g(x1,x2) a n d b = D2g(xu x2). 

U s i n g ideas of H a a s e [ 1 1 ] a n d G e a r [ 1 2 ] , we n o w p r o p o s e t he D A E 
(£, A, f) w i th 

(i) E-.= U3,z=-- (xux2,y)eE, 

(ii) A(Z):= 

(iii) / ( 2 ) = = 

0 

1 

0 

-b/[a2 + b2V12 + ay 
a/la2 + b2y>2 + by 

t ? ( X i , X 2 ) 
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W e s h o w t h a t th is D A E is a r e g u l a r D A E . Le t j:S-+E b e t h e n a t u r a l 
in jec t ion a n d let 1 b e t h e un i t y e l e m e n t of TXS. C lear ly , b e c a u s e 

f(j(x)) = Dj(x)l 

for a n y x e S, we have , for all x e S, 

A(j(x))Dj(x)v(x) = f(j(x)). 

C o n s e q u e n t l y , for a n y s o l u t i o n w of t he vec to r field v, t h e m a p p i n g c: = j ° w is 
a s o l u t i o n of t he D A E ( £ , A, f). F u r t h e r m o r e , u s ing resul t s of [ 1 2 ] , we c a n 
s h o w t h a t , for a n y s o l u t i o n c of t h e D A E ( £ , A, / ) , c(r) e S for all t e l . F r o m 
this , we c o n c l u d e t h a t w is a s o l u t i o n of t he v e c t o r field v if a n d on ly if t he 
m a p p i n g c: = jo w is a s o l u t i o n of t he D A E ( £ , A, f). The re fo re , t he D A E 
(£, A, / ) is a r e g u l a r D A E , t h e vec to r field v is t h e c o r r e s p o n d i n g v e c t o r field, 
a n d S is t h e c o n f i g u r a t i o n space of t h e D A E . 

4. Constraint manifolds and regular D A E s 

I n th is sec t ion we de r ive sufficient c o n d i t i o n s for t h e r egu la r i ty of a D A E . 
F u r t h e r m o r e , we s t a t e a t e c h n i q u e by m e a n s of wh ich we c a n o b t a i n t he 
c o n f i g u r a t i o n space M a n d the c o r r e s p o n d i n g vec to r field v for a given 
r e g u l a r D A E . T o s t a r t we m a k e t h e fo l lowing o b s e r v a t i o n . 

Observation 1. Le t N b e t he c o r r e s p o n d i n g set of a g iven D A E ( £ , A, f). W e 
n o w c o n s i d e r t he p ro j ec t ion of th is set o n t o t he first c o m p o n e n t , t h a t is the set 

M 1 = = p 1 ( J V ) ^ £ . 

Le t us a s s u m e t h a t M x is a different iable man i fo ld . C lea r ly , u n d e r this 
a s s u m p t i o n , a different iable m a p p i n g c:I-*E is a s o l u t i o n of t he D A E 
(£, A, f) if a n d on ly if 

( ^ { t l j ^ e i T M . n N ) 

for all t e l . In genera l , we will h a v e N => (TM1 n N). The re fo re , we cons ide r 
t he set 

M2 = pt(N n T M , ) £ M , . 

If, n o w , t he set M2 is a different iable man i fo ld as well, we a g a i n c o n c l u d e t h a t 
a different iable m a p p i n g c: / -» £ is a s o l u t i o n of t he D A E ( £ , ,4, / ) if a n d 
on ly if 

(c(t),jt(t)je(TM2nN) 
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for all t e I. T h i s proce ss c a n b e c o n t i n u e d a s l o n g as t h e set 

M^p^NnTM;^) 

is a different iable man i fo ld a n d m a y b e s t o p p e d if M i + 1 = Mt. 

T h i s o b s e r v a t i o n leads u s in a n a t u r a l w a y t o t h e fo l lowing def ini t ion. 

Definition 5 . Le t N be t he c o r r e s p o n d i n g set of a g iven D A E ( £ , A, f). T h e n 
we define a family (M( ) , = 0 s of m a n i f o l d s M , b y t h e fo l lowing r e c u r s i o n : 

(i) M 0 = E, 
(ii) Mi + 1 = Pl(N n TMt) (i = 0 , . . . , s - 1), 

w h e r e s is t he la rges t ir . teger such t h a t t he sets Mt a r e different iable man i fo lds 
a n d M s _ j # Ms. I n case M j = £ , we define s = 0. 

W e call t he family ( M , ) t he family of constraint manifolds a n d the in tege r s 
the degree of t he D A E . 

Remark. F r o m (ii) in Def in i t ion 5, we c o n c l u d e d i m ( M 1 + 1 ) < d i m ( M , ) for all 
(' = 0 , . . . , s — 1. If d i n ( M 1 + j ) = d im( J W,) > 0, we h a v e 

T h i s a l lows the i m p o r t a n t c o n c l u s i o n t h a t t h e d e g r e e s of a n a r b i t r a r y D A E 
(JE, A, f) satisfies s < d i m ( E ) . 

Remark. I n [ 7 ] R h e i n b o l d t desc r ibes a p r o c e d u r e for o b t a i n i n g a family of 
man i fo lds as t he s o l u t i o n s of a n o v e r d e t e r m i n e d sys t em of e q u a t i o n s . W e c a n 
s h o w t h a t th i s family is iden t i ca l w i : h o u r family of c o n s t r a i n t m a n : folds. 
There fore , o u r def in i t ion c a n be c o n s i d e r e d as a g e o m e t r i c a l i n t e r p r e t a t i o n of 
the p r o c e d u r e g iven in [ 7 ] . 

By m e a n s of t he family of c o n s t r a i n t man i fo lds , we c a n s t a t e s u f i c i e n t 
c o n d i t i o n s for t he r egu la r i ty of a D A E . 

Theorem 1. Let N be 'he corresponding set, let ( M ; ) be the family of constraint 
manifolds, and let s be the degree of a DAE (E, A, f). Then this DAE is regular if 
the condition 

C I : N n TXMS contains exactly one element for each x e Ms 

is satisfied. 
Under this condition, the configuration space of the DAE (£, A, / ) is g iven 

a n d c o n s e q u e n t l y 

N n TM: = AT n TM i+ 1-
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by M = Ms, and the corresponding vector field v. M -» TM is, for all x e M, 
defined by 

{v(x)} = Nn TXMS. 

Proof. C o n d i t i o n C I e n s u r e s t h a t t h e m a p p i n g v. Ms -» TMS def ined by 

{v(x)} = JV n TXMS. 

for all x e Ms is a vec to r field o n M s . F u r t h e r m o r e , f rom O b s e r v a t i o n 1, it is 
easi ly de r ived t h a t a different iable m a p p i n g w: / -> M s is a s o l u t i o n of t h e 
vec to r field v if a n d on ly if t he m a p p i n g c : = j ° w : / - > £ i s a s o l u t i o n of t he 
D A E ( £ , A, f). • 

Clear ly , T h e o r e m 1 a l lows t he d e v e l o p m e n t of a s o l u t i o n t h e o r y for 
r e g u l a r D A E s by " t r a n s l a t i n g " r e l a t ed resu l t s of v e c t o r fields t o r e g u l a r 
D A E s . T o d o th is is b e y o n d t h e s c o p e of th i s p a p e r , a n d we refer i n s t ead t o 
[ 1 5 ] . 

I n severa l p a p e r s [ 4 ] , [ 9 ] , [ 1 0 ] t he p r o p e r t i e s of D A E s a r e c h a r a c t e r i z e d 
by a n in teger cal led t he index . W e w a n t t o s t a t e he r e a def in i t ion of a n index 
of a D A E a s well a n d s h o w in Sec t ion 5 t h a t o u r def in i t ion is in essence 
e q u i v a l e n t t o t he o n e g iven in [ 4 ] , [ 9 ] , a n d [ 1 0 ] . 

Definition 6 . Le t N be t he c o r r e s p o n d i n g set, let ( M , ) b e t he family of 
c o n s t r a i n t man i fo lds , a n d let s be t h e d e g r e e of a D A E ( £ , A, f). T h e n th is 
D A E is ca l led a D A E of index s if it satisfies C o n d i t i o n C I of T h e o r e m 1. 

Remark. W e l ike t o e m p h a s i z e t h a t a n y D A E , for wh ich a n index c a n be 
defined, is a r e g u l a r D A E a c c o r d i n g t o T h e o r e m 1. 

It s h o u l d be m e n t i o n e d t h a t t he i n d e x of a D A E is i n v a r i a n t u n d e r 
c o o r d i n a t e t r a n s f o r m a t i o n s a n d sca l ings of t he D A E . O n c e a g a i n , th is m a y be 
of in te res t in p rac t i ca l a p p l i c a t i o n s a n d in t h e d e v e l o p m e n t of a t h e o r y for 
n o r m a l fo rms . 

Proposition 2. Let (£, A, f) and (£, A*, f*) be two equivalent DAEs. Then 
(£, A, f) is a DAE of index i if and only if(E, A*, f*) is a DAE of index i too. 

Proof. Le t u: E -> E b e a c o o r d i n a t e t r a n s f o r m a t i o n a c c o r d i n g t o Def in i t ion 
2. T h e n , for t he c o r r e s p o n d i n g sets of b o t h D A E s , we h a v e 

N = (u, Du)(N*) 

a n d , for t h e c o n s t r a i n t man i fo ld s , 

M ; = u(M?) 0 = 0 , . . . , s ) . 
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Because , u is a d i f f eomorph i sm, it fol lows t h a t t h e D A E (E, A, f) is a D A E of 
i ndex i if a n d on ly if t h e D A E ( £ , A*, f*) h a s i ndex i t o o . • 

At t he e n d of th i s sec t ion we w a n t t o i l lus t ra te t he resu l t s o b t a i n e d so far 
by the p r o b l e m of p a t h - t r a c i n g . 

Example 2. Le t us c o n s i d e r t h e D A E (E, A, f) of E x a m p l e 1. Clear ly , 
a c c o r d i n g to Def in i t ion 5 t he set Mx is g iven by 

M , = { ( * ! , x 2 , y) e IR 3 : g{xu x2) = 0} 

= S x R . 

Clear ly , M1 is a different iable man i fo ld a n d the t a n g e n t b u n d l e TM1 c a n b e 
identif ied wi th t he s o l u t i o n s of t he fo l lowing n o n l i n e a r sys tem of e q u a t i o n s : 

Dg(xu x2)(x\, x'2)T = 0. 

In t u r n , th is yields t h a t N n TM1 is g iven b y the s o l u t i o n s of t h e n o n l i n e a r 
sys tem of e q u a t i o n s : 

g{xux2) = 0 , 

Dg(x1: x2)(x'1, x'2)T = 0, 

x\ = -b/la2 + ft2]1/2 + ay, 

x'2 = a/la2 + ft2]1/2 + by, 

0 = g(xux2), 

w h e r e t he last t h r e e e q u a t i o n s a r e t he D A E of E x a m p l e 1 wi th t he a b b r e v i a ­
t ions used the re . Elim i n a t i o n of x\ arid x'2 in t h e a b o v e n o n l i n e a r sys tem of 
e q u a t i o n s yields 

M 2 = { ( x l 5 x2, y) e U3: g(xu x2) = 0 a n d y = 0} 

= S. 

Clear ly , t he set N n TZM2 c o n t a i n s exac t ly o n e e l e m e n t for e a c h z e M2. T h i s 
e l emen t z' = (x\, x'2, y') is g iven by 

x\ = -b/la2 + ft2]1/2, 

x ' 2 = a/la2 + ft2]1/2, 

y' = 0. 

C o n s e q u e n t l y , t he D A E satisfies C o n d i t i o n C I of T h e o r e m 1 wi th s = 2, a n d , 
therefore , t he D A E (E, A, f) is a D A E of index t w o . T h e c o n f i g u r a t i o n space 
is g iven by M = M2 = S, a n d the c o r r e s p o n d i n g vec to r field is e q u i v a l e n t t o 
t he vec to r field v of E x a m p l e 1. 
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5. Reduction of higher-index D A E s 

W i t h i n t he f r a m e w o r k of r e g u l a r D A E s , t h e D A E s of index o n e a r e especial ly 
well u n d e r s t o o d . F o r such D A E s , the c o n f i g u r a t i o n space is iden t i ca l wi th t he 
c o n s t r a i n t man i fo ld Af t a n d c a n the re fore b e easily d e t e r m i n a t e d . M o r e o v e r , 
the p r o p e r t i e s a n d t h e m e t h o d s for t h e n u m e r i c a l t r e a t m e n t of D A E s of index 
o n e a r e well i nves t iga t ed [ 8 ] . 

B u t while , in t he pas t , D A E s of i ndex o n e were in t he c e n t r e of a t t e n t i o n , in 
t he fu ture , r egu la r D A E s , w h i c h a r e n o t of i ndex one , m a y t a k e t he focus of 
in teres t . F o r these D A E s , t he c o n f i g u r a t i o n space is iden t ica l w i th s o m e 
c o n s t r a i n t man i fo ld M , wi th i > 1. The re fo re they a r e ca l led a lgeb ra i c 
i n c o m p l e t e in [ 7 ] . 

O u r a p p r o a c h he r e is t o c h a r a c t e r i z e a lgeb ra i c i n c o m p l e t e D A E s g e o m e t r i ­
cally by a r e d u c t i o n p r o p o s e d in [ 1 6 ] for t he first t ime . T h e idea b e h i n d th is 
r e d u c t i o n m e t h o d is t o p a s s over f rom a given D A E of i ndex i(i > 1) t o a n e w 
o n e of index i ~ 1 s u c h t h a t t he s o l u t i o n s of b o t h D A E s a r e ident ica l . 
C o n s e q u e n t l y , d u r i n g t he p roces s of r e d u c t i o n , n o a d d i t i o n a l c o n s t a n t of 
i n t e g r a t i o n is i n t r o d u c e d . Clea r ly , by m e a n s of th is r e d u c t i o n m e t h o d , a n y 
h ighe r - index D A E c a n b e r e d u c e d t o a D A E of i ndex one . T h i s enab l e s us t o 
inves t iga te a m u c h m o r e s imple D A E of i ndex o n e in s t ead of a h i g h e r - i n d e x 
D A E . 

Remark. A n o t h e r r e d u c t i o n m e t h o d is s t a t ed in [ 1 0 ] for t he r e d u c t i o n of 
h ighe r - index p r o b l e m s t o lower o n e s t h a t c a n be so lved while n o t i n t r o d u c i n g 
a n y a d d i t i o n a l c o n s t a n t of i n t eg ra t i on . B u t in genera l , b y th is m e t h o d , we c a n 
r e d u c e a g iven h ighe r - index D A E o n l y t o a D A E of i ndex t w o . 

Before we s t a t e t he r e d u c t i o n m e t h o d , we m a k e t he fo l lowing o b s e r v a t i o n . 

Observation 2. L e t ( £ , A, f) be a D A E , let (M,-) b e t he family of c o n s t r a i n t 
man i fo lds , let N be t he c o r r e s p o n d i n g set, a n d let s be t h e d e g r e e of this D A E . 
By def ini t ion, we h a v e 

M , = {z e £ : t h e r e is a z' e £ such t h a t A(z)z' = / ( z ) } 

a n d 

M 2 = {z e £ : t h e r e is a z' £ TZM1 such t h a t A{z)z' = f(z)}. 

T h i s is e q u i v a l e n t t o 

M, = { z e £ : f(z)eim(A(z))} 

a n d 

M 2 = { z e £ : / ( z ) e / l ( z ) r z M 1 } , 

respect ively . N o w let Q: E - » L ( £ , £ ) b e a n a r b i t r a r y m a p p i n g such t h a t , for 
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all z e Mu Q(z) is a p ro j ec t i on o n t o TZMv T h e n th is yields 

M 2 = { z e £ : / ( z ) e ; im( A(z)Q(z))}. 

T h i s l e ads us t o the i nves t i ga t ion of a n e w D A E (E*, A*, f*) w i th 

(i) E* = E, 
(ii) A* = AoQ, 

w h e r e t h e c o m p o s i t i o n is t o b e i n t e r p r e t e d l ike A ° g ( z ) = A(z)Q(z) for all 
Z 6 E. 

Le t ( M f ) b e t h e family of c o n s t r a i n t man i fo lds , let N * b e t he c o r r e s p o n d ­
ing set, a n d let s* be t he deg ree of th is n e w D A E . Clear ly , we h a v e 

M f = M2. 

F r o m this , we c o n c l u d e 

N* n TM* --= N n T M 2 

a n d therefore 

s* = s - 1, 

M f = M i + 1 (i = l , . . . , s - 1). 

Th i s o b s e r v a t i o n l eads us in a n a t u r a l w a y to t he def in i t ion of t he 
r e d u c t i o n of a D A E of i ndex i (i > 1). 

Definition 7 . Le t ( £ , 4 , / ) be a D A E oi* index i w i th i > 1 a n d let ( M , ) b ; t he 
family of c o n s t r a i n t m mi fo lds of th is D A E . F u r t h e r m o r e , let Q: E -* L(E, £) 
b e a n a r b i t r a r y m a p p i n g such t h a t Q(z) is a p ro j ec t i on o n t o TZM± for all 
z e Mv T h e n we call t he D A E ( £ , / 4 # , / ) w i th A* = A ° Q the reduced D A E 
of t he D A E ( £ , / I , / ) . By a reduction, we m e a n the t r a n s i t i o n f rom t h e D A E 
( £ , A, / ) t o t he D A E [E,A*, f). 

W e n o w f o r m u l a t e t h e m a i n resul t of this sect ion. 

Theorem 2. Let (E, A, f) be a DAE of index i with i > 1 and let (E, A*f) be a 
reduced DAE of this DAE. Then the reduced DAE is a DAE of index i — 1 and 
the corresponding vector fields of both DAEs are identical. 

Proof. T h i s fol lows i m m e d i a t e l y f rom O b s e r v a t i o n 2, t he def in i t ion of a n 
index , a n d the def ini t ion of t he c o r r e s p o n d i n g vec to r field of a D A E . • 

By us ing resul t s of [ 1 7 ] , t h e p r o p o s e d r e d u c t i o n m e t h o d a l so a l lows 
c o m p a r i s o n of t he d e ü n i t i o n of a n inc.ex in t h e sense of G e a r a n d P e t z o l d [ 4 ] 
w i th o u r defini t ion. 
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Proposition 3 . Let (£, A, f) be a DAE of index i in the sense of Gear and 
Petzold [ 4 ] . Then this DAE is a DAE of index i in the sense of Definition 6. 

Proof. I n [ 1 7 ] it is s h o w n t h a t a n y D A E of i ndex i (i > 1) in t h e sense of G e a r 
a n d P e t z o l d c a n b e r e d u c e d (i — 1) t imes by t h e r e d u c t i o n g iven in Def in i t ion 
7. F u r t h e r m o r e , it fol lows f rom Def in i t ions 6 a n d 7 t h a t a D A E (E, A, f) h a s 
t he i ndex i in o u r sense if a n d o n l y if (i — 1) t imes r e d u c t i o n s of t he D A E 
(E, A, f) yield a D A E of index o n e . • 

F ina l ly , we i l lus t ra te o u r r e d u c t i o n m e t h o d wi th t he D A E of E x a m p l e 1. 

Example 3 . T h e D A E ( £ , A, f) of E x a m p l e 1 h a s the fo l lowing c o n s t r a i n t 
man i fo ld M t : 

Ml = { (*! , x 2 , y) e U3: g(xu x2) = 0} . 

C o n s e q u e n t l y , t he m a p p i n g Q: E -> L ( E , E) in Def in i t ion 7 c a n b e c h o s e n 
such t h a t 

b2 — ab 0 

Q(Xl,x2,y) = [a2 + b2r' - ab a2 0 

0 0 1 

for all ( x l 5 x2,y)e U3, w h e r e we use t h e a b b r e v i a t i o n s given in E x a m p l e 1. 
T h u s we get t he r e d u c e d D A E (E, A*, f) w i th 

A*(z) = A(z)Q(z) = [a2 + b2r1 

b2 — ab 0 

— ab a2 0 

0 0 0 

for all (xu x2, y) e U3. T h e c o n s t r a i n t man i fo ld M f of th is D A E is g iven by 

M f = { ( X i , x 2 , y) e R 3 : g(xu x 2 ) = 0 a n d y = 0 } . 

Because t h e D A E ( £ , A, f) is a D A E of index t w o , t h e D A E ( £ , A*, f) is a 
D A E of index one , a n d the c o n f i g u r a t i o n space M of b o t h D A E s is iden t i ca l 
wi th t he man i fo ld M* = S. 

6. Realization of vector fields by regular D A E s 

I n t he p r e v i o u s sec t ions we inves t iga t ed c o n d i t i o n s u n d e r wh ich a given D A E 
is a r e g u l a r o n e . I n th i s s ec t ion w e n o w a d d r e s s t h e q u e s t i o n u n d e r w h a t 
c o n d i t i o n s a r e g u l a r D A E c o r r e s p o n d s t o a g iven vec to r field. There fo re , we 
i n t r o d u c e t h e n o t i o n of rea l izabi l i ty of a v e c t o r field. 
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Definition 8. A r e g u l a r D A E ( £ , A, f) is ca l led a realization of a g iven v e c t o r 
field v.M -» T M if t h e vec to r field is t h e c o r r e s p o n d i n g vec to r field t o the 
D A E ( £ , A, f). 

W e m a k e the follow n g o b s e r v a t i o n . 

Observation 3 . Let v. M -* T M b e a n a r b i t r a r y vec to r field o n a d i f fe ren t i ib le 
man i fo ld M . I n t he fo l lowing we c o n s t r u c t a D A E of index t w o , w h i c h real izes 
th is g iven v e c t o r field i. 

By a t h e o r e m of W h i t n e y (see, for e x a m p l e , [ 1 3 ] ) , a n y fc-dimensional 
man i fo ld c a n be e m b e d d e d in a n w-d imens iona l E u c l i d e a n space R" w i t h 
n > 2k. The re fo re , let us a s s u m e t h a t t h e man i fo ld M h a s been e m b e d d e d in 
a n R". T h e n t h e r e exisls a m a p p i n g g: R" -* W~k such t h a t 

w h e r e R: R" — L(W~k, R") is a m a p p i n g w i t h (i) r a n k ( K ( x ) ) = n - k a n d (ii) 
i m ( R ( x ) ) © TXM = U" for all x e M . T h i s D A E is a D A E of i ndex t w o 

N n T Z M 2 == {(x', / ) e R" x R"""*: x ' = /i(x) a n d / = 0} 

for all z = (x, y) e M ,. I n a d d i t i o n , i he c o r r e s p o n d i n g vec to r field of th is 
D A E is iden t ica l w i th t he v e c t o r field v. T h u s , th i s D A E is a r ea l i z a t i on of t he 
vec to r field v. 

Remark. T h e m a p p i n g g in t he a b o v e o b s e r v a t i o n can , for e x a m p l e , b e 
defined by 

But , in gene ra l , g c a n he c h o s e n t o be different iable . F u r t h e r m o r e , if Dg(x) h a s 
full r a n k for all x e M, t h e n t h e m a p p i n g R c a n b e given by 

M = { x e R' :: gf(x) = 0} 

a n d a m a p p i n g h: U" -> R" such t h a t , far all xe M , 

h(x) = i>(x). 

U s i n g a n i dea of G e a r [ 1 2 ] , we n o w c o n s i d e r t he D A E 

x ' = h(x) + R(x)y, 
0 = g(x), 

b e c a u s e 

M j = {(x, y) e R" x W'~k: g(x) = 0 } , 

M 2 = {{x, y) e U" x W~k: g(x) = 0 a n d y = 0} , 

a n d 

0 for xe M, 

for x $ M. 

R(x) = Dg(x)T 

for all x e R". 
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W i t h O b s e r v a t i o n 3 in m i n d , we a r e ab l e t o s t a t e t he m a i n resu l t of th i s 
sect ion. 

Theorem 3 . Any vector field can be realized by a DAE of index ifor any i > 0. 

Proof. T h e D A E of i ndex t w o in O b s e r v a t i o n 3 c a n be c o n s t r u c t e d for a n 
a r b i t r a r y vec to r field v, a n d c a n b e r e d u c e d t o a D A E of i ndex o n e a c c o r d i n g 
to t he resul t s of Sec t ion 5. At t he s a m e t ime , we c a n a d d t o th is D A E of i ndex 
o n e a h i g h e r - i n d e x D A E , wh ich posses o n l y t h e t r iva l s o l u t i o n c(t) = 0. 
C o n s e q u e n t l y , we h a v e s h o w n t h a t a n y v e c t o r field c a n be rea l ized by a D A E 
of i ndex ; for a n y i > 0. T h e ana lys i s of m a n y p rac t i ca l p r o b l e m s , l ike t he 
ana lys i s of e l ec t ron ic c i rcui ts a n d m e c h a n i c a l sys tems , c a n l ead t o semi-
explici t D A E s [ 5 ] , [ 8 ] . C o n s e q u e n t l y , he r e we inves t iga te th i s c lass of 
D A E s in m o r e de ta i l . • 

Definition 9. A D A E (E, A, / ) is ca l led a semiexplicit D A E if A(z) = A0 w i th 
A0 e L(E, E) for all z e E. 

Proposition 4. Let M be a differentiable manifold. Then an arbitrary vector field 
v: M -* TM on M can be realized by a semiexplicit DAE of index one if and 
only if there exists a coordinate splitting E: = EX x E2, with the projection 
p1: E -*Eu such that the restriction of px to M is a diffeomorphism. 

Proof. W e first s h o w the c o n d i t i o n s of P r o p o s i t i o n 4 t o b e sufficient. C l ea r ­
ly, if t h e c o n d i t i o n s of P r o p o s i t i o n 4 a r e satisfied, we h a v e a m a p p i n g 
d — p 2

0 j ° ( P i 1 w h e r e j:M-*E is t he n a t u r a l in jec t ion a n d p2:E-*E2 

is a p ro j ec t ion . The re fo re , t he man i fo ld M c a n be de sc r ibed b y 

M = {(x, y)eE1 x E2: y = d(x)}. 

F u r t h e r m o r e , let h: E -> Ex be a n a r b i t r a r y m a p p i n g such t h a t 

h(z) = pxo v(z) 

for all z e M. W e n o w c o n s i d e r t h e D A E 

x' = h(x, y), 

0 = y - d(x). 

Clear ly , th i s D A E is a semiexpl ic i t D A E of index one , a n d t h e c o r r e s p o n d i n g 
vec to r field is iden t i ca l w i t h t he v e c t o r field v. 

I t r e m a i n s t o s h o w t h a t t h e c o n d i t i o n s of P r o p o s i t i o n 4 a r e necessa ry t o o . 
A c c o r d i n g t o Def in i t ion 6, for a n y semiexpl ic i t D A E of i ndex o n e 

{r(z)} = {z' e W: z' e TZM a n d A0z' = / ( z ) } 

m u s t h o l d for all z e M. T h u s , a neces sa ry c o n d i t i o n for us t o be ab l e t o find a 
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semiexpl ic i t D A E of i ndex o n e , w h i c h satisfies t he a b o v e e q u a l i t y lor a n 
a r b i t r a r y vec to r field v, is t h e exis tence of a m a p p i n g A0 e L ( E , E) s u c h t h a t 

z' G rzM, 

z' e k e r ( / 4 0 ) 

h a s a u n i q u e s o l u t i o n for each z e M . N o w , such a m a p p i n g A 0 c a n b e f o u n d 
for a given mani fo ld M if a n d on ly if t h e c o n d i t i o n s of P r o p o s i t i o n 4 a r e 
satisfied. • 

Remark. A necessa ry c o n d i t i o n , for t he ex is tence of a c o o r d i n a t e sp l i t t ing 
i' w i th t he p r o p e r t i e s g iven in P r o p o s i t i o n 4, is t he ex is tence of a n a t l a s for t h e 

man i fo ld M, w h i c h cons i s t s of only o n e c h a r t (see [ 1 3 ] ) . S o m e man i fo lds 
wh ich d o n o t satisfy th is p r o p e r t y a r e t h e t o r u s , t he circle, a n d t h e 

, w-d imens iona l s p h e r s . 

Remark. C lea r ly , a n y vec to r field v c a n b e rea l ized by a semiexpl ic i t D A E of 
i ndex t w o . T h i s b e c o m e s o b v i o u s f rom O b s e r v a t i o n 3. 

T h e s u r p r i s i n g fact a b o u t semiexpl ic i t D A E s is t h a t n o t all v e c t o r fields c a n 
be rea l ized b y a semiexpl ic i t D A E of i ndex o n e . W e i l lus t ra te th i s a g a i n by t h e 
e x a m p l e of p a t h - t r a c i n g . 

Example 4. Le t us a s s u m e t h a t t he p a t h S of E x a m p l e 1 c a n b e desc r ibed by 

M = {(x„ x2)eU2:x2 = d(x1)}. 

Clear ly , t h e r e exists a semiexpl ic i t D A E of i ndex o n e for t he c o m p u t a t i o n of 
th is p a t h . C o n s i d e r , for e x a m p l e , t h e semiexpl ic i t D A E 

x\ = 1, 

0 = x2 - dixi). 

I n genera l , t he p a t h S c a n n o t be de sc r ibed by a n explici t funct ion , bu t on ly b y 
a n impl ic i t o n e [ 1 1 ] . T h e n , a c c o r d i n g to t he las t p r o p o s i t i o n , t he re is, in 
genera l , n o semiexpl ic i t D A E of i ndex o n e for t h e c o m p u t a t i o n of the; p a t h M 
a n d we h a v e t o use o t h e r D A E s l ike, for e x a m p l e , t he D A E of E x a m p l e 1. T h i s 
D A E is a r ea l i za t ion of t h e vec to r field v g iven in E x a m p l e 1 by the m e t h o d 
desc r ibed in O b s e r v a t i o n 3. T h e m a p p i n g h of O b s e r v a t i o n 3 is in this case 
given by 

r - * / [ a ^ ] - 1 
K ) alia2 + b2V12 

for all z e E. 
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7. Concluding remarks 

T h i s p a p e r h a s de sc r ibed a n u m b e r of t heo re t i ca l resul t s c o n c e r n i n g the 

r e l a t i on of D A E s to vec to r fields. W e h a v e found t h a t b o t h r e g u l a r D A E s a n d 

vec to r fields c a n be used for m o d e l i n g l u m p e d phys ica l sys tems . W h i l e t he 

vector-f ield a p p r o a c h a l lows g loba l ana lys i s , r e g u l a r D A E s a r e n e e d e d for 

c o m p u t a t i o n a l ana lys i s . Acco rd ing ly , it s eems t h a t b o t h m a t h e m a t i c a l con ­

cep ts a r e very i m p o r t a n t for a c o m p l e t e u n d e r s t a n d i n g of t he b e h a v i o r of 

l u m p e d phys ica l sys tems . F u r t h e r s tud ies a b o u t t he r e l a t i on of D A E s a n d 

vec to r fields o n special fields, such as b i fu rca t ion a n d s tabi l i ty t h e o r y , a r e still 

needed . W e h o p e t h a t t he twofo ld w a y of m o d e l i n g l u m p e d phys ica l sys tems 

t u r n s o u t t o b e useful. 
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