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A Lefschetz Fixed Point Formula
for Elliptic Quasicomplexes

D. Wallenta

Abstract. In a recent paper, the Lefschetz number for endomorphisms
(modulo trace class operators) of sequences of trace class curvature was
introduced. We show that this is a well defined, canonical extension of
the classical Lefschetz number and establish the homotopy invariance of
this number. Moreover, we apply the results to show that the Lefschetz
fixed point formula holds for geometric quasiendomorphisms of elliptic
quasicomplexes.
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1. Introduction

The concept of quasicomplexes goes back at least as far as the early 1980s,
when those objects were introduced as essential complexes in [7]. These are
sequences of bounded linear operators on Banach spaces whose curvature is
compact. So they generalise the concept of complexes which have vanish-
ing curvature. A main result was the fact that Fredholm quasicomplexes of
Hilbert spaces are compact perturbations of Fredholm complexes. This was
the base for the definition of Euler characteristic of Fredholm quasicomplexes
in [9]. In the sequel these ideas were used to introduce elliptic quasicomplexes
on compact manifolds with boundary [5] and compact closed manifolds [11].
As described in [11], it was an open question how the concept of Lefschetz
number can be extended to quasicomplexes. The main idea how this problem
can be solved is given in [10].

In the present paper we show that the main result of [10] can be obtained
with a weaker definition of Fredholm property along more classical lines. In
the third section we show that the definition of Lefschetz number is cor-
rect and prove some properties of this number. Note that these results were
proved independently in [2] in the more general context of Banach spaces.
Our method based on Hilbert space techniques has the advantage of providing
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explicit formulas. Finally, we prove that the Lefschetz fixed point formula is
still valid for geometric quasiendomorphisms of elliptic quasicomplexes. This
generalises the classical result of [1] for geometric endomorphisms of elliptic
complexes.

2. Z-Quasicomplexes

In this paper we consider sequences of the form

AN-1
—

(V,A): 0 VOt AT N

where V' are Hilbert spaces and A’ are linear bounded operators. Such a
sequence is called complex if its curvature A**'A? vanishes and it is called
quasicomplex if its curvature is compact.

As is shown in [10], it also makes sense to consider sequences whose
curvatures belong to some operator ideal Z C K, where I is the class of all
compact operators. We will write F for the class of operators of finite rank
and &, with p > 1, for the Schatten classes. Note that 7 C 7 holds, if 7 # 0
(ct. [6]).

Definition 2.1. A sequence (V°, A) of operators A € L(V Vi+1) is called
Z-quasicomplex if A1 A € T(Vi, Vi*2) holds for all i = 0,1,..., N — 2.

A 0-quasicomplex is obviously a complex and a K-quasicomplex is just
called quasicomplex.

Definition 2.2. Let (V', A) be a quasicomplex. By an Z-parametrix of this
quasicomplex is meant any sequence of operators P' € L(V* Vi~1) which
satisfy

PHAY L AP = [dy: — R
for all i = 0,1,..., N, with R* € Z(V?).

With this definition, a K-parametix is a parametrix in the classical sense,
i.e. there are operators K € K(V?), such that P+ A + A1 P! = [dy — K°
foralli=0,1,...,N.

It is well known that a complex (V°, D) of Hilbert spaces is Fredholm
(i.e. the cohomology H(V', D) := ker D?/im D*~! is finite dimensional at
each step i = 0,1,...,N) if and only if it has a parametrix. For this reason a
quasicomplex is said to be Fredholm if it possesses a parametrix. An equiv-
alent definition of the Fredholm property can be given using the notion of
Calkin algebra.

Let (V', A) be an Z-quasicomplex. The so-called adjoint quasicomplex
is given by

(V'A% 0 — VO ATy A0 AT N g,

where A™ € L(V1 V1) stands for the adjoint of A® in the sense of Hilbert
spaces. Obviously the operators A** A*t1* are compact again. The operators

Ai :AiflAifl* —l—AZ*AZ
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are called the Laplacians of the quasicomplex. As mentioned in [11], (V", A)
is Fredholm if and only if all Laplacians A? of (V, A) are Fredholm. In this
case, we denote by H' € F(V?) the orthogonal projection of Vi onto the
null-space of A’ and introduce the Green operator

Gi = (Al r(ker A")L)_1<1dvi - Hl)
Then Idy: = H* + A*G? holds. It is easy to see that the Laplacians fulfill
AN = ATTAT e TV, V),

Multiplying this operator by G*! from the left and by G* from the right we
obtain

AiGi o GiJrlAi c I(Vl, Vi+1),

since HH1A* = A'H' = 0, if Z = 0, and H® € Z(V?), if T # 0. Hence it
follows that the operators

Pi = Ai—l*Gi

yield a parametrix P for (V', A).

If Z = 0, this is a special F-parametrix of the (quasi-)complex. If 7 # 0,
then F C 7 implies that P is a special Z-parametrix in this case.

Obviously, when perturbing the operators of a Fredholm complex by
operators of Z, we obtain a Fredholm Z-quasicomplex. It turns out that the
inverse theorem is also true. This follows from the main theorem in [10]
and the fact that each Fredholm Z-quasicomplex possesses an Z-parametrix,
provided that Z # 0.

Theorem 2.3. Let (V',A) be a Fredholm Z-q_uasicomplex. Then there exist
operators D' € L(VE, VL) such that D' — A* € Z(VE, VitY) and DD =
0.

An Z-quasiendomorphism of a quasicomplex (V', A) is a sequence of
linear maps E* € £(V?) which makes the diagram

I e e A
| E° | E L EN
0 vo Ay A ANy g

commutative modulo operators of Z, i.e. E"T1A* — A'E* € T(V* Vi) for
alli=0,1,...,N —1.

As above, K-quasiendomorphisms are called quasiendomorphisms and
0-quasiendomorphisms are endomorphisms.

Theorem 2.4. Let (V', A) be a Fredholm I-quasicomplex, E an I-quasiendomo
rphism of this quasicomplex and (V', D) any complex with the property that
D — A" € TZ(V, V1), Then, there is an endomorphism E of (V', D) satis-
fying B' — B € (VY.
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Proof. The case Z = 0 is trivial. For Z # 0, let P be an Z-parametrix of
(V') A), ie. PFLAY 4 AP = [y — RY with R' € Z(V?). Now it is easy
to see that
Ei = Di—lEi—lpi T EiPi-‘rlDi
is an endomorphism of (V", D).
Setting
T .= Bl pi — DiE?
e Z(V, Vit

we obtain
B (Di—lEi—lpi + EiPi—l-lDi)
— g Ei(Di—lpi + Pi+1Di) L i-lpi
— EiRt 4+ Tl p
e Z(VY),
as desired. [l

Two quasiendomorphisms FE and F of (V', A) are said to be homotopic
if there exists a sequence of bounded linear operators h’ : V' — Vi~! with
the property that

Bl Fi— A1yt g pitlgi
forallv=0,1,...,N.

3. Lefschetz Number

Suppose E = {E*} is an endomorphism of a Fredholm complex (V", D). Then
the mapping

HE": H (V',D) — H(V", D),
given by [v] — [E%], is an endomorphism of the finite-dimensional space
Hi(V", D), and so the trace tr HE" is well defined, for each i. The alternating
sum

L(E,D):= Y (~1)'tr HE"
i

is called the Lefschetz number of the endomorphism.

If B = Idy: are the identity maps, then the trace tr HE'" just
amounts to the dimension of H*(V", D) whence L(Idy -, D) = x(V", D), where
x(V", D) is the Euler characteristic of the complex.

If £ and F are homotopic endomorphisms of a Fredholm complex
(V',D) then L(E, D) = L(F, D) holds, as is easy to check.

The elements of the Schatten class &; are called trace class operators.
Such operators possess a trace, if they are selfmappings. This trace has the

following important property which is a consequence of a well-known theorem
of V. B. Lidskii.
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Theorem 3.1. Let V, W be Hilbert spaces and A € L(V,W), B € LW, V) be
such that BA € 61(V) and AB € &1(W). Then tr (AB) = tr (BA) holds.

It turns out that the Lefschetz number can be extended to &;-
quasiendomorphisms of &1-quasicomplexes. To show this we need an auxil-
iary result which is usually referred to as Euler’s identity, see [1] or Theorem
19.1.15 in [4].

Lemma 3.2. Let E be an endomorphism of a Fredholm complex (V', D), such
that E* € &1(V?) for all i =0,1,...,N. Then

N

L(E,D)=> (-1)'tr E".

=0

Note that Lemma 3.2 is valid not only for trace class operators E°
but also for all operators E?, for which the wave front calculus allows one
to define the trace by restricting the Schwartz kernel to the diagonal, see
Theorem 19.4.1 of [4].

The following definition is of crucial importance in this paper. As men-
tioned, it stems from [10] by direct calculation.

Definition 3.3. Let (V', A) be a Fredholm &;-quasicomplex and E an &;-
quasiendomorphisms of this quasicomplex. Then the Lefschetz number is
defined as

L(E,A) = L(E,D) + Y (~-1)"tr (E' — E"),
1=0

where (V°, D) is a complex, such that D — A € & (VI,Vit1), and E is an
endomorphism of (V", D), such that E* — E* € G1(V?).

Obviously, L(E,A) coincides with the classical Lefschetz number, if
(V', A) is a Fredholm complex and F is an endomorphism of (V", A).

We have to show that the definition is independent of the particular
choice of D and E. For this purpose we choose an arbitrary &;-parametrix
P. Then E and

Eli _ Di*lEﬂiflpi _ EZPerlD’L c Gl(vl)
are homotopic endomorphisms of (V', D). By Lemma 3.2,
) N

L(E,D)=> (-1)'tr(E' = D" 'E*"'P' — E'P"™"' DY)
=0
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and therefore

L(E,A) =) (-1)'tr(E'— D""'E=1p' — B PiHLDY)

%

i1]=

(_1)1 tr (Ez o Di*lEiflpi o EiPi+lDi)

M= 114

~
Il
=]

(_1)1 tr (ET _ Ai—lEi—lpi _ E7P’L+1A’L)’

the second and third equalities being due to Theorem 3.1. Indeed, the differ-
ences of the right-hand sides and the left-hand sides of these equalities just
amount to

=2

(_1)i tr((Ei _ Ei)Pi+1Di _ Dz(Ez _ Ei)]gi+1)7

<.
[}

2

(71)1‘ tr (Eipi+1(Ai _ Dz) _ (Az _ Di)EiPiJrl),

<.
(e}

respectively, where each summand vanishes by Theorem 3.1. This shows the
independence of E and D.

Definition 3.3 implies in particular that L(F, A) = L(F, D), and so we
obtain immediately

L(Idy-,A) = L(Idy-, D) = x(V", D) = x(V", A),
cf. [9].

Corollary 3.4. Let (V',A) be a Fredholm &i-quasicomplex and E an & -
quasiendomorphism of this quasicomplex. Then
N
L(E,A) =) (~1)'tr (E'— A'E'"™' P — E'PHIAY)
i=0
for each &1-parametriz P of (V', A).

The corollary above can also be used as a definition of Lefschetz number.
This was precisely our approach in [10].
Choosing E' := D='Ei=1 Pi4 Fi Pi+1Di a5 in the proof of Theorem 2.4,
we get L(E, D) = 0, for E and 0 are homotopic endomorphisms of (V', D).
Hence it follows that
N
L(E,A) =) (-1)'tr(E' - E')
i=0
in this special case.
Theorem 3.5. Let (V', A) be a Fredholm &1-quasicomplex and E, F homo-

topic &1-quasiendomorphisms of this quasicomplex. Then L(E, A) = L(F, A)
holds.
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Proof. Choose a complex (V°, D), such that T? := A* — D' € &,(V*, Vitl).
Set
G = F_ pi iy it
= D' 'R+ R D
Then G is an endomorphism of the complex (V', D) homotopic to 0, and we

find

L(E,A) — L(F,A) = L(E,D) — L(F, D)

(_1)1 tr (E’L _ F’L _ D’L’*l(Eifl _ F’L’*l)P’L’ _ (Ell _ FZ)P’L+1D2)

(_1)i tr (Gz o DiflGiflpi o GiPiJrlDi)

I Il
=114 114+

(G, D)

I
=

)

the third equation being a consequence of Theorem 3.1. 0

Remark 3.6. The equivalence of Definition 3.3 and Corollary 3.4 was shown
recently by Eschmeier in [2]. Moreover, he proved Theorem 2.4 in the case of
& p-quasicomplexes in Banach spaces.

4. Fixed Point Formula

Let X be a C™ compact closed manifold of dimension n and F*® smooth
vector bundles over X.

By a quasicomplex of pseudodifferential operators on X is meant any
sequence of the form

0 1 N-—-1
(C=(X,F),A): 0-C®(X,FO) L5 c=(X,FH L ... 5 o~(X, FN)—0
with A® € @1 (X; F' F'th) satisfying AT A" € ¢—°°(X;F' F'*?). In
other words, the curvature of C*° (X, F") is a smoothing operator in the oper-
ator algebra under study. The quasicomplex is called elliptic if the complex
of principal symbols

(AO) ﬂ_*Fl 0,7711;/41) o o,mrN,iAN—l)

T*F 0 — o F0 7 26 o FN =0

is exact away from the zero section of T*X.

By a parametrix of a quasicomplex C*° (X, F") is meant any sequence of
pseudodifferential operators P' € W_ """ (X; F', F'~!) satisfying the homo-
topy equations

APt L PRLAY = [ — S
with smoothing operators S* € ¥~°°(X; F") for all i = 0,1,..., N.

Theorem 4.1. For a quasicomplex (C°° (X, F"), A) to possess a parametriz it
is mecessary and sufficient that it is elliptic.
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Proof. See [11]. O

Let s € R. We may extend the quasicomplex C*° (X, F") to a quasicom-
plex of Sobolev spaces, i.e.

N-—1
AL H (X, FN) =0

s. . s 0 A° s 1 Al
(H*(X,F),A): 0-H*(X,F")= H*(X,F")=---
where s; are given by sg := s and s;4+; := s; — m,;. This is a quasicomplex
in the context of Hilbert spaces. More precisely, it is an &,-quasicomplex for
all p > 1.

Theorem 4.2. Assume that (C*° (X, F"), A) is an elliptic quasicomplex. Then
the extended quasicomplex (H® (X, F"), A) is Fredholm.

Proof. See [11]. O

A quasiendomorphism of (C*(X,F"),A) is a family E = {E'} of
bounded linear selfmaps E° of C°°(X, F*), such that E‘t1 A = A*E* modulo
smoothing operators ¥~°°(X; F*, Fi*1) for alli = 0,1,..., N — 1. By Theo-
rem 7.6 of [11] there is a perturbation D of the differential A by smoothing
operators, such that (C*°(X, F"), D) is a complex. Moreover, a slight change
in the proof of Lemma 2.4 shows that there is an endomorphism E = {EZ}
of (C*°(X,F’), D), such that E! — E' € w=°(X;F') for all i = 0,1,...,N.
Note that each smoothing operator S € ¥~°(X; F*) belongs to the ideal
S1(H* (X, F)) for each s € R and its trace in the sense of Sobolev spaces just
amounts to the trace obtained by restricting the (smooth) Schwartz kernel of
S to the diagonal of X x X, evaluating the matrix trace of the restriction and
integrating it over the diagonal. For a quasiendomorphism FE of an elliptic
quasicomplex (C*(X, F"), A) we introduce the Lefschetz number L(E, A) by
Definition 3.3, i.e.

N
L(E,A) = L(E,D)+ > (-1)'tr (E' - E"),
1=0

where the traces are evaluated in Sobolev spaces. Clearly, this definition
is independent of the particular choice of s. The cohomology of the Fred-
holm complex (H® (X, F"), D) does not depend on the particular choice of
s, too, and just amounts to that of (C°°(X, F"), D). Hence, if every map
E' € L(C>™(X, F")) extends to a bounded linear selfmap of H® (X, F?) for
s large enough, then the same is true for E? and so the Lefschetz number
L(E, D) can be also evaluated for the complex (H® (X, F’),D) of Hilbert
spaces. However, the geometric quasiendomorphisms E to be considered fail
to be of trace class, hence the Euler identity of Lemma 3.2 no longer applies.
Even so, using the facts that E' and

Ei _ Di*lEiflpi _ E’LP1+1D’L c E(COO(X7 Fz))
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are homotopic and Id — D*"1P! — PFIDi ¢ ¢=°°(X; F%) holds, we can
exploit Theorem 19.4.1 of [4] and obtain

L(E,D) = L(E — DEP — EPD, D)

—~

- 114>

N
Il
=)

(71)1' tr (Ez o DiflEiflpi . EiPiJrlDi)

(—1) tr (Evi _ AiTlpitlpi _ pipitl i),

where the traces are evaluated by restricting the (not necessarily smooth)
kernels. Hence, we can compute the Lefschetz number by the explicit formula
of Corollary 3.4

N

L(E,A) =Y (~1)'tr (E'— A B P — E'PTAT)

i=0
where P is a parametrix of the quasicomplex (C*° (X, F"), A), cf. Lemma 7.2
of [8].

Let f be a smooth selfmap of the manifold X and f*F* the induced
bundles. The maps f* : C®(X, F') — C®(X, f*F") given by (f*u)(z) =
u(f(x)) are linear. Moreover, we consider smooth bundle homomorphisms
h': f*F* — F* For the induced maps h' : C*°(X, f*F') — C*°(X, F') we
also write h*. Then the compositions E? := h' o f* are obviously selfmaps of
C° (X, F*). More precisely, we define

E'u(z) = b (z)u(f(z))
for u € O (X, F?).

Definition 4.3. The family E = {h’ o f*} is called geometric quasiendomor-
phism of (C>(X, F"), A) if A’E* = E*t1 A holds modulo smoothing opera-
tors for all e =0,1,...,N — 1.

The following theorem presents a natural generalisation of the Lefschetz
fixed point formula for elliptic complexes on a compact closed manifold due
to [1].

Theorem 4.4. Assume E = {hiOf*}izo’l,m s a geometric quasiendomorphism

of an elliptic quasicomplex (C*° (X, F"), A) and f has only simple fized points.
Then

LE,A)= Y vp)

peFix(f)
with
—1)tr b’
) — SCD )
| det(1 — df (p))]

Proof. The proof follows the scheme suggested by Fedosov in [3]. We pick a
partition of unity (¢, ) on X with the property that each ¢, either vanishes

or is equal to 1 in a neighbourhood of any fixed point of f. Let further 1y be
a function of compact support on T*X such that () = 1 near £ = 0, and
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let ¢oo =1 —1)p. In local coordinates on X, we introduce operators ¥y, and
Voo by

Vo u = 5Hx¢o(h§) Foe(ppu),

Voot = Fy e (hE) Prg (D),
F being the Fourier transform and h a positive number. These operators
decompose the identity operator; moreover, the operators ¥ , are smoothing

and hence of trace class on each Sobolev space. We can assert, by the Lidskii
theorem, that

tr A'B' P W, = tr B P g , A

whence
N
Z(_l)itr(Ei _ AIELpE _ EipitAY
=0
N
=3 D (-1)'trE %,
v =0
+ZZ Az 1Ez 1Pz EzP'LJrlAz)@
v =0

— Z]il(_nitr E'PHYAN ], (1)

[A?, ¥, ] being the commutator of A® and ¥ ,.
In a local chart close to a fixed point of f, the operator E' ¥, is given
by the iterated integral

E' Wy ,u(x e &/MUn ) =9) B ()40 (€) ¢y (y)u(y) dydé,

and Consequently

trE W, = 7(273]1)” / / &/ M (@) =) 41 1 (1) 4h (€) by, () dEd.

For h — 0, the limit of the integral on the right-hand side of this equality
can be evaluated by the method of stationary phase. Moreover, the stationary
points are just the points where £ = 0 and f(z) —2 = 0. In the principal part
independent of h the contribution of a fixed point p is equal to

tr hi(p)

| det(Id — df (p))|"
On the other hand, the remaining terms on the right side of (1) are oscillatory
integrals whose exponent has no critical points. Indeed,
(A ¥ ,] = [AY, ¥, — Id]

= 7[Aia woo,y]
close to each fixed point and the function 1., vanishes in a neighbourhood
of & = 0. Hence it follows that the remaining summands in (1) are rapidly
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decreasing as h — 0. Since the left-hand side of (1) is actually independent
of h, we arrive at the desired formula. O
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