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Summary

Most quantum field theories (QFT) that are defined on space-time can
be formulated in two conceptually different ways: the covariant — in
terms of (Euclidean) functional integrals — and the canonical — in
terms of operators on Hilbert spaces. Hereby, covariant formulation is
conceptually easier and often better suited for (numerical) calculations,
but it often lacks an intuitive physical interpretation. The canonical
formulation, on the other hand, provides a better physical intuition of
particles, conservation laws and observables but is sometimes less con-
venient for explicit calculations. However, both formalism are related
and we can go from one to the other by Wick rotation and a subsequent
time slicing. Evidently, for this relation the time variable is fundamen-
tally important. But can we relate these two formulation if the time
variable does not exist? This question appears in group field theory.

Group field theory (GFT) is one candidate theory for quantum grav-
ity, formulated as quantum field theory. The theory is, however, not
defined on space-time; but instead it is constructed to produce space-
time as one of its outcomes. Nevertheless, just as the QFT’s on space-
time, GFT exists in two different formulations — the functional and the
operator one. The functional formalism is the statistical formulation in
terms of a functional integral and a generating partition function. It is
used for renormalization analysis and relates to spin foam models and
tensor models. Its ingredients are, however, not easily interpreted in
physical terms, which permits an intuitive guidance for theory build-
ing. The operator formulation, on the other hand, is given in terms of
operators on Hilbert spaces. It provides a physically intuitive defini-
tion of GFT-particles and describes the whole theory in the language
of many body quantum physics. Its relation to the functional approach
and to other related formulations of quantization of gravity, however, is
not clear. An explicit relation between the two formalisms would allow
us to combine the best of each.

Unfortunately, the relation via Wick rotation and time-slicing can
not be applied in the GFT case. This is because GFT does not have any
notion of time, since it suppose to describe the emergence of space-time
only as one of the outputs of the formalism but does not presume time
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as a fundamental ingredient of the theory.

In this thesis we provide a construction of the operator framework
starting from the functional formulation of GFT. We define operator
algebras on Hilbert spaces whose expectation values in specific states
provide correlation functions of the functional formulation. Our con-
struction allows us to give a direct relation between the ingredients
of the functional GFT and its operator formulation in a perturbative
regime. Using this construction we provide an example of GFT states
that can not be formulated as states in a Fock space and lead to math-
ematically inequivalent representations of the operator algebra. We
show that such inequivalent representations can be grouped together
by their symmetry properties and sometimes break the left translation
symmetry of the GFT action. We interpret these groups of inequivalent
representations as phases of GFT, similar to the classification of phases
that we use in QFT’s on space-time.

For our construction we need to find minima of the GFT action on
the space of tempered distributions. To simplify this task we perform
the symmetry analysis of several models in GFT and fully classify their
point-symmetry groups in a structured way.

The structure of the thesis is as follows: in chapter 1 we introduce a
general problem of quantum gravity and present some direct compli-
cations that appear when we try to combine the principles of general
relativity and quantum field theory; in chapter 2, we motivate and dis-
cuss the framework of group field theory in its functional and operator
formulation; in chapter 3 we derive an algebraic formulation of group
field theory and construct operator algebras starting from the func-
tional formulation; in chapter 4 we develop a local symmetry analysis
for multi-local actions of GFT and apply it to simplicial and geomet-
ric GFT models; in chapter 5 we summarize and combine the results
of previous chapters, arguing that a classification of phases in GFT can
be given in terms of symmetry breaking of left translation on the base
manifold.



Introduction to Quantum Gravity

Our contemporary understanding of physics is governed by two theo-
ries: the classical theory of gravitation — general relativity (GR) — and
the quantum theory of strong, weak and electromagnetic interactions
— the standard model (SM). Together they cover all known fundamental
forces and give extremely precise predictions for all present-day exper-
iments. And yet, as we will see below, these two formalisms seem to be
incompatible and the fundamental principles of one appear to contra-
dict those of the other.

The reason why we do not experience any such contradictions in
experiments lies in the fact that gravitational and quantum mechan-
ical interactions operate at different scales. Gravitation is by far the
weakest of the four fundamental forces. The gravitational fine struc-
ture constant' ag is about 33 orders of magnitude smaller than that
of the strong interaction, 31 orders of magnitude smaller than that of
electro-magnetic interactions and 27 orders of magnitude smaller than
that of the weak interaction.

For that reason we need substantial gravitational sources to get into
regimes in which quantum field theory (QFT) and general relativity be-
come equally important. At low energy scales gravitation can be gener-
ated either by the gravitational mass or by its energy density. However:

Massive objects are composed of a large number of particles and for
that reason have very short decoherence times [2]. Even if we were
able to create a very massive quantum object, its quantum nature
would disappear within a fraction of a second and we would be left
with classical systems subjected only to laws of general relativity,
one example of which is classical cosmology.

Highly energetic objects do not need to have large gravitational masses
(for example collision experiments at the Large Hadron Collider),
and therefor may be more relevant for quantum and gravity exper-
iments. However, the amount of energy needed to overcome that
immense gap between the strength of coupling constants exceeds all
our current resources by many orders of magnitude.

In other words: our current detectors are not sensible enough to cap-

! The fine structure constant of gravity ag is
given by [1]
2
. Gmy,
&7 he !

where my, denotes the proton mass.

Interactions Coupling constants
Strong s ~1
Electromagnetic  « ~ 1072
Weak a0y A~ 1070
Gravitational g 10—

Table 1.1: Estimate of the fine structure
constants for the four fundamental inter-
actions of nature.
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? The difference between the theory of ev-
erything and quantum gravity is similar
to that between standard model and grand
unified theories.

3 His discussion dates back to 1936.

ture the effects of quantum mechanics and general relativity in the
same measurement. This is the reason why we do not encounter any
experimental violations of seemingly contradictory theories.

A contemporary technical inability of having sensible detectors, how-
ever, does not provide a satisfactory resolution to our incomplete un-
derstanding of nature. To complete our understanding we need to con-
struct a theory that reconciles the geometrical description of general
relativity with fundamental principles of quantum mechanics — the
theory of quantum gravity (QG).

The aim of quantum gravity is to provide a quantum mechanical de-
scription for a theory of gravity coupled to matter. A successful theory
would be an extension of the standard model by an additional force,
but will not yet unify all four fundamental forces to a single one and
hence should not be confused with the so called theory of everything?.
The scale at which this theory becomes dominant is called the scale of
quantum gravity [3].

1.1 The scale of quantum gravity

Retrospectively we attribute the first encounter with quantum gravity
to Max Planck [4], who realized that one can use the speed of light c, the
Planks constant /7 and the gravitational constant G to define universal
unites of length, time and mass — the Planck unites ,

hG

I, = = 107%° m, (1.1)
hG _

ty = 5~ 10~ #s, (1.2)
fic _

mp:q/6~1032e\/~10 Sg. (1.3)

But it was Bronstein [5, 6] 3 who first observed, that the Planck unites
provide a scale at which quantum mechanical and general relativistic
principles mingle and impose fundamental bounds on the notion of
distance. Roughly his argument goes as follows (from [7]):

Let us say we want to localize a particle within a region L. By the
Heisenberg uncertainty principle the variances of particles position and
momentum are related by

Ax > Ahp (1.4)

In order to resolve its position with accuracy, L > Ax, we need to satisfy
Ap > hL~" and hence “inject” energy in the particle,

25 Ap? > E ’



The higher the precision of our measurement, the more energetic the
particle gets. In GR, however, energy provides a gravitational source,
E = mc?, and therefore distorts space-time. In conclusion a higher
space resolution implies a larger space-time distortion. This process
has a natural bound when space-time curves strongly enough to pro-
duces a black hole. This happens when the Schwarzschild radius (up
to the factor of 2)

Gm

R(ICT, (15)

becomes larger than the region that we resolve with our measurement.
In this case L becomes hidden beyond the black hole event horizon and
any further specification of particles position loses its meaning. Using
the uncertainty principle for particle’s position and momentum we can
relate the mass and the precision of the measurement by

_r_n
m=t> =, (1.6)

And the critical resolution length L becomes the Planck length,

LC = lp. (1.7)

Bronstein realized that beyond this scale the notion of length loses its
meaning and the quantum mechanical uncertainty of space-time be-
comes dominant.

At this scale we expect new physics to take place, due to the incom-
patible nature of two theories. Currently, however, we do not have a
complete theory of quantum gravity and hence we do not know what
is the physics at the Planck scale. The problem of not having predic-
tions for experimental outcomes of extremely energetic gravitational
systems is sometimes referred to as the problem of quantum gravity [8].

1.2 Is quantum gravity observable?

The energy scale of quantum gravity seems to be beyond any reach (fig.
1.1), and we need to ask ourselves the question how to test a possible
candidate for a theory of quantum gravity.

To answer this question in a structured way we need to distinguish

between different limits of quantum gravity, the classical, the semi-classical,

the weak field and the strong field limits:

THE CLASSICAL LIMIT where the gravitational field is described by GR
or Newtonian gravity:

Every theory of quantum gravity should reduce to the classical the-
ory of gravitation in an appropriate limit. We call this limit the classical

13

Energy scale in eV
100
101
102
103
104
10°
106
107

Highest achievable
energy at LHC

Estimated
GUT scale

Quantum gravity

Figure 1.1: Typical energies related to
the scale of quantum gravity. The Planck
energy is of the same order of magnitude
as the energy of a lightning bolt concen-
trated at a volume of an elementary par-
ticle. The relation between the Planck
energy and the currently highest achiev-
able energy at LHC is roughly the same
as that of a lightning bolt compared to
the kinetic energy of a flying mosquito.
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4See [12, 13] for recent progress.

Fg Fo

N /

Fg Fg

(a) Classical gravitation source.

FQG

/\

FQA A/\(
FQG
(b) Quantum gravitational source in a su-
perposition state.

Figure 1.2: Classical vs. quantum gravi-
tational source.

limit of quantum gravity. Perturbative approaches to QG [9-11] natu-
rally satisfy this criteria. However, in non-perturbative approaches, for
example those that we will present in the next chapter, a clear deriva-
tion of the correct classical limit is still unknown*. For that reason this
theoretical test of quantum gravity provides a very non-trivial consis-
tency check for any non-perturbative theory of quantum gravity.

THE sEMI-cLassICAL LIMIT in which gravity is introduced as an exter-
nal classical field in a quantum system:

For example we can consider a neutron beam send through an inter-
ferometer, whose arms are rotated about go degrees such that each of
them experiences a slightly different gravitational force. The outcome
of such an experiment would give first insights into a regime in which
quantum and gravitational interactions interfere.

This experiment was realized by Colella, Overhauser and Werner
(COW-experiment [14]) and the results turned out to be in full agree-
ment with quantum mechanical predictions. According to calculations,
the phase shift of the neutron beam is proportional to the experimental
result. The proportionality constant is the ratio between the gravita-
tional and inertial mass of the neutron [15], which has to be equal to 1
in order to agree with experiments. Hence, this result is understood as
a verification of the weak equivalence principle in the quantum regime
— equivalence between the gravitational and inertial masses.

Tue weak rieLD LiMiT (WFL) where gravity is quantized but the grav-
itational field is considered small:

In this regime, the gravitational field is weak and can be reliably
treated with perturbation theory. The perturbations around a back-
ground metric are called gravitons.

In principle this regime can be tested by various experiments and re-
cently many table top experiments have been suggested for a potential
verification of that limit in the near future:

Gravitational quantum source: The simplest way to access this regime
in a table top experiment is to measure the gravitational field of a
massive quantum object that is in a superposition between two dif-
ferent position states (fig. 1.2). Practically, however, this approach
is quite challenging since one needs to create very massive quan-
tum systems with very long decoherence times. The requirement on
the mass is dictated by the sensibility of the current detectors that
measure the gravitational pull. And at the present moment the gap
between the size of a quantum mechanical system and the sensibil-
ity of the detector is about 12 orders of magnitude [16]. However,
it has been shown, that one can use modern nano-technologies [16]
and improve the isolation methods for quantum systems [17, 18] to



bring the gap down to 5 orders of magnitude within the next few
years. With further advances in technology the gap is expected to
close within the next few decades.

Gravity as a source of coherence: A very recent experiment suggests to
probe the quantum nature of gravity by a coherence experiment.
The idea hereby is to look at the entanglement between two, initially
uncorrelated, massive spin particles after they have been subjected
to each others gravitational field [19]. The amount of resulting cor-
relations between the spins will be due to the quantum nature of
gravitation which can be measured by interference. The necessary
amount of isolation and the size of required quantum systems is
claimed to be achievable in separate experiments even today. For
that reason it is estimated that such an experiment can be carried
out in the near future.

STRONG FIELD LIMIT, (SFL) where the gravitational field plays a domi-
nant role:

This is the regime of non-perturbative quantum gravity, in which
the space-time geometry has to be fully quantized. The strong quan-
tum fluctuations of the gravitational field prohibit a reliable use of per-
turbation techniques. It is this regime that is described by the Planck
scale, and whose direct observations are very difficult to achieve. Here
the hope of having a reliable laboratory experiment within our life time
rapidly decreases. Nevertheless, indirect tests of this regime might ex-
ist even today. The most natural realm of such experiments is cosmol-
ogy, and the laboratory is the Universe. This makes the problem of
reproducible experiments a bit difficult:

Cosmological varification of SFL: The fact that we can not produce ex-
periments for testing the SFL does not imply that processes on that
scale never happen in nature. More specifically, we know that this
regime was dominant during the Big Bang. Our goal is to under-
stand the implications of that regime on our todays observations of
the sky — the so-called imprints of quantum gravity. There are a num-
ber of proposals for the indirect tests of QG, reaching from observa-
tion of gamma ray bursts [20], to the search of Lorentz violations in
the spectrum of the cosmic microwave background [21].

For example, some theories of quantum gravity predict a breakdown

of Lorentz symmetry at the Planck scale [22]. This violation, if present,

could lead to observable effects even in the low energy regime [23].
These theories, predict a variation of the speed of light, ¢, depending
on the photon energy according to the modification [22],

E
=1+a—, 8
c _aEP (1.8)

15
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5 The Hawking radiation of black holes is
believed to be a good candidate for the di-
rect observations of SFL. The Hawking ra-
diation of contemporary black holes is or-
ders of magnitude smaller than the cosmic
microwave background and therefore is cur-
rently not detectable. However, the radia-
tion of primordial black holes of about 108
g should currently result in observable x-
ray bursts. Some of the candidate theories
for QG predict a discrete spectrum of such
x-ray bursts. An observation of the cosmic
x-ray spectrum would be a direct evidence
for the QG regime. These observations may
become accessible due to 21 cm astronomy

[24].

where E is the energy of the photon, E, is a Planck energy and a
is a constant real number. This modified dispersion relation can
be tested for high-energy-photons traveled over very long distances.
Gamma ray bursts are the most suitable physical phenomenon to
check for this modification and put experimental bounds on the pa-
rameter a [20].

However, to this day no conclusive evidence of truly quantum grav-
itational effects has been found. This may change soon due to the
modern developments in the gravitational wave and 21 c¢cm astron-
omy>.

The problem of reproducible experiments in cosmology complicates
the detection of such imprints and sometimes we need to be lucky
enough to look at the right spot of the sky at the right time. Recently,
however, also table top experiments have been suggested that, if not
testing SFL directly, can at least provide new bounds for any future
theory of quantum gravity:

Table top SFL gravity: Many theories of quantum gravity suggest a fun-
damental discreteness of space-time at the Planck scale, which leads
to modified commutation relation [25-29]. In [30] the authors sug-
gest to use coherent states of light to check for the violation of such
commutation relations between conjugate operators at the Planck
scale. They show that a number of photons in a light beam can be
used to amplify the tiny corrections of the commutator, resulting
in a measurable effect. Such measurements could potentially put a
bound on the violation of the commutation relations at the Planck
scale.

Theoretical improvement: Contemporary fundamental physics is based
on the assumption of separation of scales. This assumption says that
processes at largely separated energy scales do not affect each other
and therefore can be treated independently. However, a phenomeno-
logical discussion of gravitational theories suggests that this princi-
ple may not work for the gravitational interaction and physics at the
Planck scale could affect to macroscopic scales. If this is true, quan-
tum gravitational effects may be observable in every day life without
us realizing it. An example for such effects in cosmology could be
the phenomenon of dark matter [31], the small value of the cosmo-
logical constant [32] or the need for inflation in the description of
our universe [33]. A theoretical development of the framework may,
for that reason, eventually lead to an experimental verification of the
theory.

As we can see a measurement of a quantum gravitational effect is diffi-
cult but may not be as hopeless as it seems at the first sight. After all,



the history of physics is full of experiments that have been long consid-
ered impossible; the latest being the direct detection of gravitational

waves.

1.3 Conceptual problems of quantum gravity

General relativity and quantum field theory rely on very different math-
ematical structures and physical assumptions. For that reason, a com-
bination of their principles in one framework leads to a number of very
challenging conceptual and technical issues. We will discuss some ex-
plicit issues of GR quantization in the next chapter, but here we want
to emphasize the major differences between quantum field theory and
general relativity that make the development of QG so complicated.

General relativity is a covariant theory, which complicates its quan-
tization. Before we discuss the explicit problems of quantization, we
want to clarify what we mean by the covariance of GR.

1.3.1 Diffeomorphism invariance of GR

Very often covariance of GR is described as invariance under local chart
transformations. Even though this statement is not wrong, it is a little
confusing, since the principle of invariance under chart transforma-
tions is a general feature of differential geometry. In fact chart indepen-
dence is in the very definition of the concept of manifolds, and there-
fore does not sound as a particularly strong physical requirement. Any
physical theory that can be formulated on a manifold is invariant under
chart transformations®. For that reason this can not be the distinctive
feature of gravitation.

Charts and their transformations simplify our comprehension of curved

manifolds but they themselves do not have a physical meaning. Diffeo-
morphisms of space-time, on the other hand, (sometimes called active
diffeomorphisms) do have a physical meaning, at least in cases when
the space-time manifold is considered a physical object. For example,
chart transformations in electro-dynamics leave the theory invariant,
whereas local diffeomorphisms of space-time do not.

In general relativity, covariance implies that local diffeomorphisms
of space-time are indistinguishable from chart transformations and can
be used interchangeably. This statement is not about invariance of the
theory under unphysical chart changes, it is about the fact that diffeo-
morphisms are just as much unphysical [34]. In other words it says that
the space-time manifold does not have a physical meaning.

This problem was recognized by Einstein during his construction of
the theory. Apparently, even though he had the formulation of GR al-
ready by 1912, he discarded it due to the above realization [35]. It took

17

¢ For example electro-dynamics can be for-
mulated in terms of forms on Minkowski
space-time and hence independent of charts.
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Parameter space P

¢ =¢ox

Space-time
M

R

Figure 1.3: Field of the non-covariant
theory ¢ can be reparametrized by arti-
ficial coordinates x. The resulting theory
for the fields ¢ = ¢ o x is then covariant
under diffeomorphisms on the parame-
ter space.

him three more years to understand that this is not a bug of his formu-
lation but rather a feature of gravitation. His argument is nowadays
known as the hole argument [35, 36] .

The above discussion, however, also does not fully capture the full
meaning of diffeomorphism invariance. Indeed any (non-covariant)
theory can be formulated in a covariant way when we parametrize space-
time with some other four dimensional parameter-manifold (fig 1.3).
Such parametrization may or may not simplify the formulation of the
theory but it does not contain physical information and because of this
the physics is invariant under reparametrizations.

Conversely, if we started with the parametrized theory we would
observe its symmetry under reparametrizations and from this conclude
that the parameter manifold is unphysical. However, if the theory in
question is just a parametrized, initially non-covariant, theory it can be
reduced back to a non-covariant formulation.

In GR the space-time itself plays a role of a parameter space and
its truly distinctive feature is that it can not be formulated in a non-
covariant way [34, 37]. This meaning of diffeomorphism invariance is
what distinguishes GR from an artificially parametrized theory.

In summary: diffeomorphism invariance of general relativity says,
that the space-time manifold does not have a physical interpretation —
it is a parameter space that parametrizes a theory of geometry.

1.3.2  Gravity vs. quantum mechanics

Diffeomorphism invariance is a very difficult technical complication
that obscures the procedure of quantization of gravity. The resulting
technical problems accompany fundamental issues that come up when
we start thinking about the quantum nature of space-time. For exam-

ple:

GEOMETRY INSTEAD OF METRIC FIELD: Due to the diffeomorphism in-
variance, the metric field does not have a physical meaning. What is
physical instead, is the equivalence class of metric fields, where any
two of them are called equivalent if they can be transformed into
each other by a diffeomorphism. This equivalence class is what we
call geometry. This implies that the actual physical degrees of free-
dom of quantum gravity should be the geometry and not the metric
field. However, we are not used to a purely geometrical formulation
of physical theories. Moreover, the diffeomorphism group of four
dimensional manifolds is very large and even a complete character-
ization of the above equivalence classes is practically unknown.

QFT ON MANY CURVED SPACE-TIMES AT ONCE: In a rigorous formula-
tion, quantum field theory is formulated in terms of five axioms,
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called the Wightman axioms [38]. Despite the fact that it is very diffi-
cult to find a non-trivial theory that satisfies all five of them, Wight-
man’s formulation is generally accepted as a definition of quantum
field theory on Minkowski space-time. Unfortunately, there is no

such agreement for quantum field theories on curved space-times?. 7 Recent developments in algebraic quan-
tum field theory provide a rigorous math-

. . . . . ematical description of quantum field the-
tion of fields, particles or Hilbert spaces are extremely sensible even ory on curved space-times. This formalism,

It turns out that quantum mechanical structures, such as the defini-

to slightest changes in the geometry of space-time. A single quan- however, has only recently been applied to
oo . th t ity [10, 39].
tum theory that describes interactions of matter on any geometry ¢ case of quantum gravity [10, 39]

seems to be incompatible with our understanding of QFT’s.

THE PROBLEM OF TIME: Another closely related problem is the so-called
problem of time [40, 41]. Due to diffeomorphism invariance, gen-
eral relativity does not posses a conventional time evolution. Even
though the Einstein field equations can be recast in the Hamiltonian
form, this Hamiltonian takes the form of a pure constraint, meaning
that it generates the orbits of the gauge symmetry and hence imple-
ments diffeomorphism invariance. In the quantum formulation such
constraint operators have to be implemented in the Dirac way such

that the physical states satisfy® 8 Here and throughout the thesis we use |-)
for the usual Dirac-Bra-Ket notation.
Hly) =0, (1.9)

and the relevant quantum operators fulfill
[¢,H] = 0. (1.10)

From the point of view of quantum field theory this formulation is
completely static, since all Heisenberg equations of motion vanish.
In a covariant theory this is to be expected, since there is no distinct
time direction, with respect to which we can define a dynamical evo-
lution. The resulting Hilbert space does not describe states at par-
ticular time but rather states at all times. The problem of time is the
fact that we do not know how to interpret operators in/or extract
physical information from such a quantum mechanical theory.

causaLiTy: The so-called locality or micro causality principle is at the
core of any quantum field theory [38, 39, 42]. In its non-rigorous for-
mulation, it reads as follows: let x and y be two space-like separated
points of space-time, than all commutators between observables at
these points have to vanish, i.e.

[8(x), gW)] =[m(x), m(y)] =8 (x), 7(y)] =0, (1.11)

where g (x) is the (would be) operator for the gravitational field and
7t (x) is its canonical conjugate. Yet, without a fixed causal structure
we can not define space-like separation and the above commutation
relations can not be formulated.
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9 See [43] for recent results.

CcAUSALITY 2.0: Another fundamental issue is the understanding of
the causal structure in cases when the gravitational field obtains
quantum fluctuations. In this case it can happen, that two points are
time-like and also space-like separated, due to the fluctuations of the
causal cone of the metric field. A classical outcome of such theory
could randomly assign time- or space-like properties to curves and
hence mess up causality?.

The above listed problems form only a very small portion of difficulties
one encounters on the way to quantum gravity, and many more mathe-
matical issues and physical complications arise when we begin to think
about the gravitational field in the quantum way. Some of the above
mentioned problems are answered in the context of background inde-
pendent theories that we are going to introduce in the next section and
some of them still remain unsolved. But the “take away message” is
this: in order to provide a consistent and sensible theory of quantum
gravity we need to develop radically new ideas. This is what makes the
quest of searching for this theory so exciting — we can be pretty sure
of the fact, that any theory that will resolve all of the above problems
will be nothing like what we already know, and will drastically change
our understanding of nature once again.

In this thesis we are focusing on the development of a specific ap-
proach coming from the direction of the so-called background inde-
pendent quantization of the gravitational field. But to provide a small
impression on the diversity of models we conclude this chapter with a
very nice flow chart, kindly provided us by Lisa Glaser.
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Figure 1.4:

A mind map of quantum gravity (cc Lisa Glaser). Start in the middle of the chart and find your favorite theory of
quantum gravity. The road we prefer and the one the reader should be interested in order to find the following work
appealing is outlined with the bold path that amounts in group field theory.






Group field theory

In this chapter we are going to discuss group field theory (GFT), its con-
ceptual ideas and some of its technical details. It is a challenging task
to describe a very technical and ill-understood subject without being
drowned in mathematical nomenclature. To prevent this from hap-
pening we will leave out most of the mathematical details that are not
needed for the understanding of the following work. Nevertheless,
even in this version it is inevitable that some of the following discussion
still remains a little technical.

Apart from matrix- and tensor-models [44—46], group field theory
[47-49] is historically rooted in loop quantum gravity (LQG) [50-53]
and spin foam models 54, 55] — sometimes called covariant LQG. Even
though the contemporary development of group field theory suggests
to treat it as an independent, self-contained quantum field theory [56—
58], we feel that its ideas, motivations, and intuition are still best pre-
sented in the context of covariant LQG and for that matter, we choose
this path for our introduction of the subject. Nevertheless, since our
focus is on group field theory, covariant loop quantum gravity is intro-
duced only for the sake of better conceptual understanding and for that
reason is not discussed in details. For further information on LQG we
refer to [3, 50, 59, 60] for the canonical approach and to [7, 54, 61, 62]
for the covariant formulation.

In this chapter we will introduce and motivate the concepts of GFT
starting with the basic idea of a path integral for quantum gravity. The
chapter is structured in the following way®:

1. MISNER QUANTIZATION ( on the following page)
2. SPIN FOAM GRAVITY ( on page 27)
3. FUNCTIONAL GROUP FIELD THEORY ( On page 32)

4. OPERATOR GROUP FIELD THEORY ( on page 37)

We will begin with the conceptually simple but mathematically chal-
lenging idea of Misner that suggests to define quantum gravity via the

*In QFT’s on space-time we distinguish be-
tween the covariant and canonical formu-
lation of QFT. The first is written in terms
of functional integrals, whereas the second
is given in terms of operators on Hilbert
spaces. In GFT we call these formulations
the functional GFT and the operator GFT,
respectively — to prevent any confusion
with the underling symmetry-association of
the name giving.
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: Reminder

We refer to the space of geometries as the
space of equivalence classes of metric fields
[g), where two metric fields are consid-
ered equivalent if they differ by a diffeomor-
phism,

§~§ = §=9¢'g (2.4)

where @ is a local diffeomorphism on M and
@* denotes the pull back.

usual path integral [63],
7 = fpge%SHE[g],

with the Hilbert-Einstein action Syg, eq. (2.1), and the formal integral
measure, Dg, over the space of all geometries. Quantum gravity can
than be summarized as an attempt to provide meaning to this, rather
formal, expression. This turns out to be a very daring endeavor.

From the point of view of mathematics, the difficulties to define the
above expression are severe and require a development of new compu-
tational tools; from the point of view of physics, the problems of un-
derstanding the fundamental concepts of the resulting theory are also
very challenging and urge the need for new ideas. Some of those ideas
and mathematical techniques we will present in this chapter.

2.1 Misner quantization of GR

Misner’s idea for quantization of gravity suggests to use covariant for-
mulation of quantum field theories for GR [63]. In this formulation
the starting point is the classical theory given by the Hilbert-Einstein
action Syg in four dimensions,

C4
SHE [g] = _167TG JMVOIMR (g), (2.1)

where ¢ is the metric field, R (g) is the scalar curvature, and voly, de-
notes the volume density on the Lorentzian manifold given in chart

voly = d*x/—det (gu). (2.2)

The corresponding quantum theory is then defined by the formal

coordinates by

integral
f Dy etSuels], (2.3)
q

where the integration is performed over all geometries of a four dimen-
sional (4D), differentiable manifold M. The boundary value g = g (9Q2)
specifies the metric, or rather, the geometry> on the boundary of Q) —
a three dimensional (3D) sub-manifold of M (fig. 2.1). The value of the
integral (2.3) gives the probability amplitude for the transition between
the fixed boundary geometries of M. Heuristically, in the classical limit,
I — 0, one finds by the argument of steepest descent that the integral is
dominated by the classical extrema of the Hilbert-Einstein action, lead-
ing to field configurations that solve the Einstein field equations with
fixed boundary conditions.

Overall, this prescription is intuitive and provides a straightforward
adaptation of the covariant quantization methods of ordinary field the-
ories. And just as in these more familiar cases, it is purely formal. The



typical problem of this formulation is the lack of any measure theoret-
ical notion of the above integral. And in the above case this notion is
even more complicated due to the diffeomorphism invariance of GR.

The Hilbert-Einstein action is invariant under local diffeomorphisms
and their field equations are covariant. As we already mentioned in the
previous chapter, this implies that the true degree of freedom of GR is
the geometry and not the metric.

Since physical quantities are invariant under the group of diffeomor-
phisms, gravity can be seen as a peculiar type of a gauge theory. In con-
trast to usual gauge theories, however, the gauge group of gravity is not
finite dimensional and is poorly characterized. Because of this we can
not specify the equivalence classes of the metric field. Practically, this
means that we can not decide (except for some special cases) if any two
solutions of the Einstein field equations describe the same geometry or
not.

Unfortunately, geometry without any reference to coordinate system
may be unintuitive and the concept of the space of geometries is even
less clear. This complicates our understanding of the already ill de-
fined measure D [g] (the measure over the space of metric classes) even
more. Moreover, one could assume, that the integration in (2.3) should
include not only geometries [g] but also topologies of a four dimen-
sional manifold [64], which can not be done even in principle [65].

The definition of the measure is a serious issue and it is only the
tip of the problems that we begin to encounter when we embark on
the quantization of the gravitational field. For example, in ordinary
quantum field theories on Minkowksi space-time the above functional
integral is not well defined either and is used only for a structured
derivation of perturbation theory. Many physical phenomena, how-
ever, are not captured within the perturbative approach and require a
non-perturbative definition of the theory. To manage these problems in
particle physics we typically perform the Wick rotation, by going from
the real to imaginary time. Due to this rotation, the action S transforms
to the so called Euclidean action 1Sg and the exponent in the functional
integral obtains some nice convergent properties

JD(PE%SM Wick JDM*%SE[‘P]. (2.5)

The resulting integral can sometimes be given a rigorous meaning [66—
69] or at least can be numerically approximated [70] and provides ac-
cess to non-perturbative effects. Wick-rotating the final results back
to the Lorentzian time captures non-perturbative effects of the integral
(2.3) [70, 71].

In gravity, Wick rotation is complicated. Contrary to the ordinary
case, a generic Lorentzian metric ¢ with the signature (—, +, +, +) can
not be rotated to the Riemannian one without obtaining complex val-
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g(0Qy)

8

Figure 2.1: Functional integral of grav-
ity would provide a probability for the
space-time geometry in () with boundary
geometries given by g (0Q)).
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ues in some of its components [72]. Hence, under such rotations the
Hilbert-Einstein action will become complex-valued and the problem
of the oscillating factor in the exponent can not be resolved [73, 74].
In order to avoid this problem we can try to define our theory of
gravity directly in the Euclidean language, with the hope that the re-
sulting equations can be eventually Wick rotated. However, even in
this case we encounter problems; the Euclidean Hilbert-Einstein action

3 The Euclidean Hilbert-Einstein action has Sgne3 is not bounded from below [74, 75], sometimes called bottomless.
the same form as the original Hilbert-

¢ sal 0 This means that we can find field configurations that make the expo-
Einstein action,

. nent of the integrand in equation (2.5) arbitrary large. Clearly, these
Sene[gl = _166% JM voly R (g), configurations dominate the integral — as a result it can not be given
but defined on the space of Riemannian any rigorous meaning again. If the action Sgyg had a local minimum
metric fields g. we could define a perturbative theory, however, the Euclidean Hilbert-
Einstein action does not even have those. The only extreme points of
Sene are saddle points, due to the presence of the conformal mode in

the metric. This is known as the conformal-factor problem [75].

This fact was realized by Hawking and Gibbons in the late 7os (75,
76] when they suggested a regularization scheme to bound the Hilbert-
Einstein action, but up to now there is no common agreement on this
procedure. In [77] the authors claim that the conformal divergence can
be canceled by contributions in the definition of the functional mea-
sure, but also this still needs to be clarified more carefully.

We see that techniques from ordinary QFT seem to be inapplicable
for gravity and we need to develop new mathematical tools in order to
get the quantization of GR under control. Some of the new tools were
introduced in the framework of loop quantum gravity in its canonical
and covariant formulation. But before we move on to this, we summa-
rize the variations of the Misner integral that we already encountered
and that will reappear in what follows.

LORENTZIAN QUANTUM GRAVITY: Quantization of the Hilbert-Einstein
action with a Lorentzian metric and an oscillating integrand,

JDge’SHE[g].

Typically, this is just a formal expression that can not be used for
rigorous non-perturbative calculations.

RIEMANNIAN QUANTUM GRAVITY: A version of quantum gravity, in which
the Lorentzian metric is replaced by the Riemannian one,

J’DgelsHE[g].

This provides a technical simplification of the above case where the
non-compact Lorentz symmetry group of the Lorentz metric is re-
placed by the compact rotational group of the Riemannian one. It is



not clear how the results from Riemannian quantum gravity can be
used for the Lorentzian case, but we are still interested in this for-
mulation because we hope to gain useful intuition for quantization
of covariant systems even in this case.

EUCLIDEAN QUANTUM GRAVITY: A “would be” Wick rotated version of
Lorentzian quantum gravity with better convergence properties

Jpg ¢~ Sene[g]

The action Sgyg has the same form as the usual Hilbert-Einstein ac-
tion but is defined on the space of Riemannian metric fields. This
integral should be much better under control, but it diverges due to
the conformal mode of the metric field. Even if the conformal-factor
problem can be overcome, it is still not fully understood how much
this theory will relate to the Lorentzian quantum gravity since the
Wick rotation back to the Lorentzian signature in general does not
exist.

2.2 Covariant loop quantum gravity

Spin foam models — sometimes called covariant loop quantum grav-
ity — regularize the Lorentzian quantum gravity path integral using
a different set of variables other than the metric field. The idea is to
discretize the Misner integral in a gauge invariant way and then sub-
sequently remove the regulator. The spirit of the construction can be
captured in the following equation*

q

P Dy oSuelg] — ZA [Fovan] (2.6)
q1 F

where the left hand side is the transition amplitude between two 3D
geometries specified by g1 and g, and the right hand side provides a
corresponding definition of a spin foam model that we will explain be-
low. But first we spend a few words on the classical reformulation of
GR.

2.2.1 Classical reformulation of GR — the Plebanski action

It is well known that the choice of the right classical degrees of free-
dom can significantly simplify quantization. In the Hilbert-Einstein
formulation of GR the degree of freedom is the metric field. But it is
sometimes not the most convenient one for canonical quantization. It
turns out that for covariant quantization there is a more suitable set of
variables — the frame field and the connection [78].

Mathematically, the frame field is a local trivialization> of the tan-
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+From now on we will assume units for
with h = 1. If powers of h will be needed
for calculations we will explicitly state this
in the text.

5In general the local trivialization is not
global. But, here for the purpose of better
readability, we restrict ourselves to the sim-
ple case in which the tangent bundle is dif-
feomorphisc to the trivial bundle.
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Figure 2.2: Transport of the vector v;
along a curve 7y using connection A. The
idea of that transport is the same as that
of the usual parallel transport of the
Levi-Civita connection, however, in this
setting there is no natural structure to
define the “parallel” part.

¢ Products of the form M x V, with M a dif-
ferential manifold and V a vector space are
called trivial vector bundles, see chapter 4
for a brief introduction to vector bundles

7 Path ordering is a way of ordering the ex-
ponential integrals such that

()
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where A (y) = (A (y(t)), v (t))and yisa
curve parametrized by t € (0,1).

gent bundle, or alternatively a vector valued one form. That is,
e: TM — M x R*.

Its physical interpretation is that of a reference frame of a free falling
observer at each point of space-time. In this frame the observer does
not feel any gravitational force and to him the metric at the given point
looks flat. This can be expressed by the following relation,

g=e', (2.7)
where # is the Minkowski metric, e is the frame field, g is a solution
of the Einstein field equations and * denotes the pull back. We can
imagine e as a local “flattening” of space-time; to keep track of geome-
try on the resulting flat space we then need to introduce an additional
variable — the connection field A.

The connection field A : TM — s0 (3, 1) is a differential one-form on
M with values in the Lie algebra of the symmetry group SO (3,1). To
vividly understand its role take two points® on M x R%, say (x1,v1) and
(x2,72), and compare the vectors v; and v, (fig. 2.2). Since we can only
relate vectors at the same base point we need to transport v; from the
base point x; to the base point x,. For this we use the connection A and
a curve 7y on the manifold along which we transport the vector. Since A
is valued in the Lie algebra so (3, 1) its transport along 7 is an element
of the Lie group SO (3,1), given by g, = P <eSWA), where P is a path
ordering”. Hence, we transport the vector v; along y by rotating it with
the group element g, in a suitable representation of the Lie group. The
vector vq at the base point x; takes the form

o1 =71 (gy) -1, (2.8)
where 7 (g,) is the four dimensional representation of the Lie group
SO (3,1) and - denotes the matrix multiplication. Such rotational ma-
trices 77 (g, ) for (all) curves on the space-time M encode the geometry.
A trivial connection A (x) = 0, for example, leads to a trivial rotation
g = 1 along any curve and therefore corresponds to a flat geometry.
The idea of the generalized connection A is hence very similar to that
of the Levi-Civita connection on TM. However, for a generic manifold,
the Levi-Civita connection is not Lie algebra-valued and in general co-
ordinate dependent.

The role of the generalized connection field A is to keep track of the
curvature of space-time by imitating the Levi-Civita connection on the
trivial bundle M x R* [40]. For that reason A is sometimes called the
imitation connection. In summary we can say, that: the field e flattens
the space-time, whereas A imitates the Levi-Civita connection.



Using e and A as an independent pair of variables the Hilbert-Einstein
action can be rewritten in the form of a gauge theory, called the Pleban-
ski action [79],

1

S[E,A,B] = % M

Z Z eijklea‘BMSBg“BF]?lé (A) +AC (E,B) dx.
ijkl &,,7,0

(2.9)
where, 1,7,k 1 € {1,2,3,4} are the indexes of the R* fiber, a, B,v,0 €
{1,2,3,4} are space-time indices, F (A) is the curvature two form much
like the electro-magnetic field tensor in Maxwell’s and Yang-Mills the-
ories8, A is the imitating connection, and B is an auxiliary field that is
related to the frame field e by the constraint C (e, B) with a Lagrange
multiplier A. The factor €;j is the Levi-Civita symbol in four dimen-
sions.

Solutions of equations of motion of the Plebanski action impose the
dynamical relations of GR on the variables e and A and become equiv-
alent to solutions of the Einstein field equations [80].

We already mentioned that the variables ¢ and A are differential
forms on M. This fact becomes especially useful in the covariant for-
malism. This is because differential forms can be naturally integrated.
Locally, around any point of space-time and in some suitable chart x¥,
the variables e and A can be written as

e(x) = el (x) dx¥ Ax) = A,I] (x) dx*,

u (2.10)

where ey (x) and AII] (x) are their components in the chart, and dx/ de-
notes a chart-induced one-form on the tangent space of space-time. In
this sense they bring their own notion of the integral measure, dx¥, as
opposed to functions that require the volume form, vol = d*x

In general we say, one-forms can be integrated (or smeared) over 1D
lines, two-forms can be integrated (smeared) over 2D surfaces and so
on. Such smearing does not require the notion of a metric and hence
we call them natural. In particular, in the case of the connection form
A, we can define its integral along curves, which leads to the definition
of the “parallel” transport (fig. 2.2 and fig. 2.3a). We can do the same
The result of
this integral is a “parallel” transport along the boundary of the integral

with the curvature F (A) if we smear it over surfaces.

surface, which is called holonomy (fig. 2.3b). In this sense the “smear-
ing” of forms on extended objects can be understood as a discretization
procedure.

Hence, by this “natural” smearing, the BF part of the action? (2.9)
can be regularized, once we fix the line elements (called edges) and
surfaces (called faces) used for the smearing of A and F, respectively.
This combination of edges and faces in a mathematical jargon is called
a two-complex. It turns out that also the B field can be discretized in the

—det(g).
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81In a suitable chart x¥ the curvature of the
connection A is given by

Fll, = 0uA] — 0, A +ZA"‘Ak] AFAY,

where Ay denote the generators of the four
dimensional representation of the Lie alge-
bra.

(a) Smearing of the connection along a
path <y leads to a parallel transport g € G.
Where G is the symmetry group of the
metric field.

Qﬁ

b) Smearing of the curvature around an
area () gives a holonomy h € G around
the loop 0Q).

Figure 2.3: Smearing of the connection-
one-form A and the curvature-two-form

F(A).

9 The part of the action that is proportional
to the B and F fields. This is known in the
literature as the BF-action. We adopt this
notation for rest of the thesis.
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° The constraint C (e, B), however, com-
plicates the expressions such that the dis-
cretized version of (2.9) can not be easily in-
tegrated. For that reason we first formulate
the spin foam amplitudes for the BF part
of the action and subsequently modify them
according to our physical interpretation of
the constraint C (e, B).

" Alternatively, a spin foam model can be
defined by some suitable refinement limit
procedure [81].

Figure 2.4: Spin foam with faces shaded
in gray, edges shown with dark lines, and
vertices shown with dark dots.

same way and corresponds to a choice of representation for each link
of the two complex [62]. In order to implement the regularization of
the B field we need also to label the faces of this two-complex by repre-
sentations of the symmetry group of the metric field. For further rea-
sons, that we do not want to discuss here, the edges of the two-complex
have to be labeled by intertwiners between the representations of adja-
cent faces; the resulting labeled two-complex is called a spin foam [54].
Hence if we fix a spin foam over the manifold M, we can give a discrete
meaning to almost all ingredients of the Plebanski action — all except
for C (e, B). The constraint C (e, B) is more complicated to deal with but
in this text we will not need its explicit implementation.

2.2.2  Covariant quantization

We come back to the discussion of the quantization and write the co-
variant integral for gravity in the new variables e and A using the Ple-
banski action, eq. (2.11),

J DB De DA ¢'SleAB], (2.11)

At this point we will deal with the Riemannian gravity in order to avoid
additional technical complications. That is, we assume the metric to be
Riemannian with a compact symmetry Lie group, SO (4), which im-
plies that the connection field A is valued in the Lie algebra so (4) in-
stead of s0 (3,1). The above integral is the Riemannian version of Mis-
ner’s definition, formulated in terms of the connection, the frame and
the auxiliary fields. Using the discretization we described above we can
give it a rigorous meaning. Fixing a spin foam F, whose faces are la-
beled with representations of SO (4) and whose edges are labeled with
intertwiners, the functional integral reduces to products of Haar mea-
sure integrals and for the BF part of the action, can be calculated in the
closed form™® [54]. This regularization is very similar to the discretiza-
tion used in lattice gauge theories, where the role of a lattice is replaced
by a labeled two-complex, F.
The result of the Haar measure integrals is denoted

o [F], (2.12)

and called the spin foam amplitude.

In order to remove the notion of the two-complex from the final re-
sult, that is to remove the discretization, we need to sum over all pos-
sible two-complexes that discretize space-time. This defines the spin
foam model**

> [F]. (2.13)

f



If we specify the boundary geometry q; and g2 on some boundary of a
space-time region (), as we did above, we would have to sum only over
those two-complexes that fix the discretized boundary geometry (fig.
2.4). In this case we write

Z JZ‘7[]'111#2] (2.14)

]:‘11 A2

So far goes the theoretical construction of a spin foam model. In prac-
tice, the situation is not as simple as we presented above. The problem
is the constraint function C (e, B), that typically prevents the reduction
of eq. (2.11) to closed expression of Haar measure integrals. For that
reason we first perform the regularization steps for the BF-action, ob-
tain the amplitudes &7 [F], and then modify the amplitudes according
to our understanding of the constraint C (e, B). At this point there are
different suggestions for the modification of the amplitudes that lead
to different spin foam models [82-84]. These different models suppose
to capture different features of gravity and the decision for one model
over the other has to be done based on the results. Especially, the clas-
sical continuum limit of the theory has to reduce to classical GR. Un-
fortunately, we lack the necessary technical control to check explicitly
for this condition in any of the realistic spin foam models*?.

In order to check for the continuum limit we need to remove the
regulator, which implies that we need to calculate the sum in equation
(2.13). More specifically, for a meaningful definition of a theory this
sum should converge. This, however, is not the case in most of the
existing models, and the question arises if it is possible to renormalize
the model in a similar spirit as it happens in lattice gauge theory. This
is a current, active field of research [86-88].

A problem of the spin foam quantization is the unordered struc-
ture of the sum (2.13). It is difficult to define the domain of summa-
tion [55]. Even if we restrict ourselves only to a specific type of spin
two-complexes, namely to those that appear as dual complexes of tri-
angulations of space-time, we are still missing a practical prescription
to perform the sum. Usually, we would try to use perturbation the-
ory and truncate the sum with some regulator, however, in the general
prescription (2.13) it is not clear which configurations contribute most
to the sum. Especially, since we are missing a structured way to sum
over the two-complexes, we cannot order the amplitudes by their im-
portance, and thus we cannot trivially truncate the theory.

At this point the formalism of group field theory enters the game
and provides a prescription to sort the amplitudes in a particularly nice
way such that we can deal with the sum (2.13) using the methods of
quantum field theory [47, 89, 90].
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2 Instead of performing the classical limit
of the continuous theory, we can take the
classical limit of its discrete version, that
is without performing the sum over com-
plexes. In this case it was shown that some
models [85] relate to a discrete version of
the Hilbert-Einstein action evaluated at the
solutions of the discrete Einstein field equa-
tions.
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REMARK In three dimensions, the Plebanski action takes the form

ik
S[B, Al :J S eaprepBIEL (A) dx,  (215)
M jkapy

without additional constraints [54]. In this case the above
procedure can be carried out without much ambiguities
and we obtain a spin foam model of 3D gravity [54].

2.3 Group field theory — functional formulation

Group field theory [47, 48, 91, 92] provides a structured way to sum
over two-complexes such that the resulting theory can be formulated
in the language of quantum field theory. For the BF action in 3D it has
been realized that one obtains a sum over 2 complexes with the same
spin foam amplitudes, starting from a scalar field theory defined on 3
copies of the group SU (2), that is with the fields ¢ : SU (2) *3 _, R. The
action for this field theory is known as the Boulatov action [93] defined
as

Sg1= | dg0(51,82,85) ¢ (582,81 (2.16)
su(2)*®

+Af 489 (81,82,83) ¢ (81,84,85) ¢ (86,82, 85) ¢ (86,84, 83) »
su(2)

where dg denotes the Haar measure on all the group elements involved
in the integrand. The spin foam model for the 3D Plebanski action
(2.15) is then defined in terms of the perturbative expansion of the par-
tition function

7= JD(,D e Sl9l. (2.17)

We will describe the detailed relation below, but to see the formal con-
nection we recall that Feynman diagrams are graphs made of lines
(propagators), vertices (interaction vertices) and faces (loops of the di-
agram) and hence can be seen as two-complexes. If, in addition, the
fields ¢ satisfy a symmetry such that for any h € SU (2) the fields are
invariant under the diagonal action of 4, that is,

¢ (81,82,83) = ¢ (811, $2h, 83h) (2.18)

at any point (g1,82,¢3) € SU (2)*3, these two-complexes obtain a re-
quired labeling by intertwiners and hence define spin foams. For rea-
sons that we will mention below (see margin note on page 38) this sym-
metry of the fields is called the closure constraint.

The Feynman amplitudes — evaluation of the Feynman diagrams —
define the spin foam amplitudes of the 3D Plebanski action discretized
over the two complex defined by the Feynman diagrams. Moreover, the



sum over Feynman diagrams provides a sum over two complexes, such
one formally expects an expression like

SALF = [Dpe o= 3] 51 Symp g FDing (). (219
F " Diag(n)
The left hand side is formulated in terms of spin foam amplitudes,
whereas the right hand side is a perturbative, diagrammatic expansion
of a GFT where the second sum ranges over all inequivalent Feynman
diagrams with n vertices, SYMpiag(n) refers to the symmetry factor of
that diagram and F (Diag (n)) denotes its Feynman amplitude.
The action in eq.(2.16) has a very specific structure that is quite dif-
ferent from the usual cases in QFT. The peculiarity is twofold:

1. the quadratic part of the action does not involve any differential
operator, we say it has a trivial propagator, and

2. the interaction part is a non-local combination of fields with mixed
variables. We call this type of interactions combinatorially multi-
local.

2.3.1 Geometric interpretation of the Boulatov interaction

In order to understand the interaction of the Boulatov model, it is en-
lightening to introduce a pictorial association to fields.

Let us picture the field ¢ by a triangle, whose edges are labeled with
the variables of the field as in figure 2.5a. If the variables of the two
fields coincide, the triangles touch each other edge to edge. If all of the
variables coincide, all three edges of the triangles overlap, we say: the
triangles are glued together.

With this association the quadratic part of the action represents two
triangles glued together face to face as shown in figure (2.5b).

The interaction

¢ (81,82,83) ¢ (81,84,85) ¢ (86, 82/ 85) ¢ (86 84, 83) (2.20)
then corresponds to four triangles glued along their edges to form a
tetrahedron shown in figure 2.6.

Let us look at the quantum case and perturbatively expand the four
point function (¢ (') ¢ (¢) ¢ (8*) ¢ (¢*)), with g' € SU (2)* for i €
{1,2,3,4}. The series that we get from this expansion can be formally
written as

(pPPP) = (PpPpd)g + (VPPppd)yg + (VVPpd)g +-- -, (2.21)

where (), = (D¢ - ¢~ $99 denotes the expectation value with respect
to the quadratic part of the action and that can be calculated using the
usual Wick contraction. The Feynman diagram for the (V¢¢p¢p¢) term
can now be understood as follows:

33

82

&) ¢ (&1

$(81,82,83)

(a) Representation of the field as a trian-
gle with labeled edges.
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(b) Multiplication of two fields. The order
of variables need to be reversed in order to
maintained the same orientation.

Figure 2.5: Interpretation of the field as
a triangle.
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Figure 2.6: Fields represented as trian-
gles close together to form a tetrahedron.
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(a) Typical four-valent Feynman vertex.
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(b) Replacing the external legs by the tri-
angular representation of the fields.

(c) Replacing the vertex according to the
combinatorial pattern of a tetrahedron
triangles.

Figure 2.7: Beginning with the usual
Feynman diagram and subsequently re-
placing their ingredients according to
the above prescription we obtain a Feyn-
man diagram of GFT.

1. begin with the usual Feynman diagram (figure 2.7a),
2. replace the fields by triangles (figure (2.7b)),

3. replace the vertex by the tetrahedron (figure (2.7c)).

The resulting diagram is a combination of triangles and tetrahedra. Di-
agrams with nth power in the interaction, correspond to n tetrahedra
glued together face to face. Such constructions are called simplicial com-
plexes, and we can interpret them as discrete pictures of space-time.
Sometimes it can happen, that tetrahedra are glued to themselves lead-
ing to some non-geometrical structures. To avoid this, we can color the
faces of the tetrahedron in four different colors and require that only
two triangles with the same color can be glued together [44, 94]. Such
models are called colored models and are much better behaved in the
perturbative expansion. But for the further conceptual understand-
ing these details are not important. The above pictorial identification
shows, that we can view Feynman diagrams of GFT as graphs, that are
dual to simplicial complexes. Such graphs define two-complexes, and
due to the closure constraint of the fields they become labeled in the
correct way to produce spin foams.

All in all we can understand the relation between spin foam mod-
els and group field theory as follows: spin foams rely on the two-

complexes that can be understood as discretization of space-time, whereas

group field theory provides a construction of the same two complexes
from more fundamental degrees of freedom described by the fields (tri-
angles).

So far goes the discussion of the 3D Plebanski gravity. In the 4D case
the BF part of Plebanski action can be formulated in terms of scalar
fields in the similar way, with minor modifications: the fields become
functions on four copies of Spin (4) and can be pictured as tetrahe-
dra (instead of triangles). The interaction part is then a combination
of 5 tetrahedra to a pentatope — a four dimensional tetrahedron. But
unlike in the 3D case, the 4D Plebanski action has an additional con-
straint term, that needs to be implemented in the model on the level
of the action S [¢]. Just as in the spin foam formulation, it is an open
field of research, to understand the modifications that need to be made.
This freedom inspires us to develop different models, some of which
are more physically motivated than others [93, 95, 96]. Such variety of
models allows us to experiment with the theoretical structure of combi-
natorially non-local theories and to develop appropriate mathematical
techniques. The variations in the models consider different choices of
the Lie group, different types of the quadratic and the interaction terms
in the action or the real of complex type of fields. For example for the
4D case we often consider the Lie group to be SL(2,C) [97], Spin (4)



[98] or SO (4) x SU (2) [99, 100]. We will introduce some 4D models in
chapter 4, when we discuss their symmetries.

In summary: we can reformulate a spin foam model of Plebanski
action in terms of a perturbative expansion of a scalar field theory that
has the following features:

1. The action of the theory is combinatorially multi-local.

2. Feynman diagrams are associated with two complexes and Feynman
amplitudes define spin foam amplitudes.

3. In models whose diagrams should have the right labeling by inter-
twiners, the scalar fields need to be symmetric under the diagonal
action of the group G — in short satisfy the closure constraint (2.18).

The relation between spin foam models and group field theory hap-
pens therefore on the perturbative level. More precisely, it is the per-
turbative expansion around the trivial expectation values of the field,
{¢> = 0, that relates to spin foams. Being a statistical field theory,
GFT, however, may have a non-perturbative definition as well. A non-
perturbative definition could be understood as a sum over all two-
complexes and hence resolve the regularization dependence problem
of spin foams.

We want to remark here, that this step presents a non-trivial shift in
the interpretation of group field theory. The original idea of GFT was to
repackage spin foam amplitudes in a structured way. Giving a meaning
to a non-perturbative definition of GFT, however, puts it on the level of
an independent, self contained quantum (statistical) field theory, that
relates to spin foam models only in the perturbative regime.

In order to have at least some hope for a non-perturbative definition
of the theory, the partition function (2.17) has to be renormalizable.
In fact this is one of the first criteria for any fundamental quantum
field theory — even the perturbative one. The problem of perturbative
as well as non-perturbative renormalization of GFT is one of the most
active research areas in the community [56, 101-110].

We will not touch on this part of research, but want at least men-
tion that a requirement of renormalizability can imply some non-trivial
changes to GFT models. For example in the Boulatov action the re-
quirement of perturbative renormalizability generates a non-trivial dy-
namical operator, adding a Laplace term to the quadratic one in the
action [56]. For that reason the action gets modified and becomes

S0 - | dso(su 828 (<A +m) 9 (sa,828) (2.22)

+A an dg ¢ (81,82/83) P (81,84, 85) ¢ (86:82/85) ¢ (86,84, 83)
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where G = SU (2) and A denotes a Laplace-Beltrami operator on SU (2) 3.

This new quadratic term provides a non-trivial kinetic part to the ac-
tion that modifies the propagator in the Feynman diagrams. This af-
fects the mathematics of the model but it does not change much the
pictorial interpretation we presented above.

2.3.2  Complications of the formalism

Perturbative GFT provides a structured way to sum over two-complexes
and to evaluate the amplitudes of spin foam models. But as quan-
tum field theory with a possible non-perturbative meaning, the orig-
inal models can get modified due to QFT principles, for example due
to renormalizability requirements. As a result the Feynman amplitudes
of renormalized models may differ from the original spin foam ampli-
tudes, and may not relate to Plebanski action. Instead, the theory may
relate to some quantum corrected gravity action and needs to be inter-
preted in a quantum mechanical way — in terms of expectation values
of observables.

Apart from the technical problems of renormalizability GFT encoun-
ters some conceptual issues that need to be understood for a meaning-
ful model building process. Two of these issues we mention below.

Theory space of GFT

In ordinary field theories the theory space is the space of possible in-
teraction terms that are compatible with the fundamental symmetry
principles. In non-perturbative renormalization this space defines the
space of possible coupling constants in which the renormalization group
flow takes place. In ordinary field theories the theory space is the
space of all interaction terms that respect the Lorentz symmetry and
do not violate causality. In algebraic renormalization, this principle is
then modified by model dependent symmetries and is used to prove
renormalizability of models without explicit calculations of divergent
counter terms [111].

In group field theory the theory space is not known. One approach
to restrict the theory space is first to understand the symmetries of
unrenormalized GFT models and subsequently try to generalize them
to some fundamental principles. But GFT models are combinatorially
multi-local and a symmetry analysis for such actions is not fully under-

3 See [112, 113] for recent results. stood®3. In chapter 4 we will develop a symmetry analysis for multi-
local actions and apply it to GFT models.

Bottomless action



Another issue is the bottomless action. Even in 3D models, where the
interaction part of S is quartic in the fields, it can be shown that the
action is unbounded from below [114]. That means that for any real
number C there are field configurations ¢* and ¢~ such that

S [¢+] >C Slg~]<-C (2.23)

This makes the expressions in the functional integral ill defined be-
cause such ¢~ configurations dominate the integral,

JDcpe’S[‘PJ ~ lim ¢S - o, (2.24)
p—¢~

Perturbativelly, around local minima of the action S, the above expres-
sion still makes sense in the form of a formal power series. But non-
perturbativelly it may appear that the quantum effective action does
not have a global minimum. The problem of Euclidean field theory
with an unbounded action is known for a long time even in ordinary
field theories and especially in the case of gravity [75]. In the next
chapter we will discuss the implications of this problem on the oper-
ator formulation of GFT, but the main message is that bottomless ac-
tion presents a serious obstacle in the formulation of non-perturbative
quantum field theories.

2.4 Group field theory — operator formulation

The operator formulation of GFT is a quite recent development that
suggests to formulate a theory based on Hilbert spaces and operators
to reproduce the expectation values of the functional formulation of
GFT. Structurally, we would write,

| Poa@rg @) = @it 100 (2.25)

The left hand side defines an expectation value of g4’ in the functional
formulation and the right hand side suppose to reproduce the same
expectation values in the operator approach. Hereby the ingredients
on the right hand side can be summarized as follows:

Tue HiLBerT SPACE Hp, withH A cyclic'4 state [Q)) € Hpy,. This
Hilbert space is the space of states that satisfy the dynamical laws for
the GFT degrees of freedom. Because these degrees of freedom corre-
spond to “atoms” of space-time, the dynamical equations are not those
of GR. For the same reason states of this Hilbert space do not necessar-
ily correspond to geometrical states (smooth, continuous or discrete),
just as not every state of a collection of atoms corresponds to a fluid*>.
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4 A state is called cyclic with respect
to some operator algebra, if every other
state can be reached by an application
of a suitable algebra element on it. We
will discuss the precise definition of
cyclic states in the next chapter.

' The Hilbert space Hy, is closely related to
the physical Hilbert space of LQG, however,
it is structured in a different way and the re-
lation between these two theories is not fully
understood [92, 115].
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QUANTUM CORRECTED GR

PHASES OF GFT

PHYSICAL HILBERT SPACE

KINEMATICAL HILBERT SPACE

Figure 2.8: Conceptual construction of
operator group field theory.

“ Quantization of a triangle

(see for example [82, 116]) To quantize a
triangle we consider the normal vectors to
each of its edges, which are three, 3D vec-
tors. These vectors we associate with ele-
ments of the Lie algebra of the rotational
symmetry group of the triangle, so (3) ~
su (2). Then we can associate a phase space
of a triangle to the dual of the Lie alge-
bra, su* (2). The Lie bracket on su(2)
gives a natural way to define a Poisson
bracket on the space of smooth functions on
the phase space. By deformation quantiza-
tion this Poisson algebra gets deformed to a
non-commutative algebra of observables on
the Hilbert space L2 (SU (2)*3 /su (2)) of
square integrable functions on three copies
of SU (2) modulo the diagonal action of
SU (2). This diagonal symmetry is the clo-
sure constraint and it appears from the fact
that the faces of a triangle have to close in
order to form a geometrical figure.

From this single particle Hilbert space H,
we then construct the Fock space in the
usual way as a collection of symmetric n-
fold tensor products of the single particle
Hilbert space,

H= S H.

n=0

N NS N
identification of geometrical observables
/oth_er\ @ continuous

further classification of dynamical states

P A

implementation of dynamics

atoms of space-timeé

THE ALGEBRA OF SELF-ADJOINT OPERATORS {PW/} on the Hilbert space
Hpy,. These operators suppose to encode the information about the in-
sertions in the functional integral in the sense that

Ale)) (2.26)

creates a state |g) such that the expectation value of the insertion g can
be understood as a transition amplitude ()|q). Ideally, a subclass of
these operators would correspond to geometrical measurements and
create geometrical states once applied on |Q)).

As we will discuss in the following, the explicit construction of the
Hilbert space and the related algebra closely follows the spirit of sec-
ond quantization of non-relativistic many body quantum physics and
statistical field theories. The particles of GFT are considered as build-
ing blocks of space-time that arrange themselves in different phases.
Some of these phases would then contain states that relate to continu-
ous geometry, some of them may correspond to discrete geometry and
some of them may correspond to no geometry at all. But in any case the
space-time becomes an effective quantity that emerges only in some of
the phases of GFT.

The conceptual idea of the construction is summarized in figure 2.8,
and can be understood in four steps:

STEP I:. KINEMATICAL HILBERT SPACE

The space of GFT degrees of freedom without dynamical informa-
tion. It is a Fock space, whose one particle Hilbert space is that of
a quantized polyhedron®®. The creation and annihilation operators
¢T and ¢ describe creation of polyhedra over the Fock vacuum — the



state of no atoms of space-time — and satisfy canonical commuta-
tion relations,

02,0 1)] =32, (2.27)

with g, h € G, for a suitable Lie group G. This space sets the stage for
the further construction of the physical Hilbert space.

STEP II: PHYSICAL HILBERT SPACE

-, C, that should im-
plement the dynamical relations of the GFT degrees of freedom and

We identify a set of constraint operators Cy, - -

reduce the kinematical Hilbert space down to the physical Hilbert
space Hp, by

Hpn = {l9) | Cilp) = 0} (2.28)

The zero eigenvalue of C;’s may not belong to the discrete part of
their spectrum. In this case the Hilbert space H,;, will not be a
subspace of Hy;, but should be constructed in a more complicated
way'7. However, for the understanding of the conceptual idea this
technical details do not matter.

The algebra of operators has to be filtered by the constraint operators
as well, such that the relevant algebra is given by

A= (o (o) [crr (0] -0}

where P stands for polynomials of creation and annihilation oper-

(2.29)

ators'®. The resulting physical Hilbert space is not yet a space of
states that encode information about geometries, but rather a space
of dynamical space-time atoms. However, because the degrees of
freedom in GFT are assumed to be more fundamental than the space-
time itself, the dynamics is not that of GR and there might be states
in H,y, that do not correspond to any geometrical space-times.

In principle this step can include some idealization procedures such
as a requirement of infinite number of particles or removal of any
possible cut offs on the constraint operators (if they were needed
for a rigorous definition). Due to this, the resulting physical Hilbert
space is expected to split in a direct sum of Hilbert spaces each of
which corresponds to a different phase of GFT. Without such ideal-
ization the states may not have a clear-cut distinction between phases
and the question of phases becomes mathematically difficult to han-
dle, just as it is the case in many body quantum mechanics [118].

STEP III: PHASES OF GFT

We expect that the space H ), will split in sub-sectors. We call these
sub-sectors phases of GFT. These phases correspond to inequivalent
representations of the algebra A from equation (2.29). However,
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17 For example following the Gelfand proce-
dure [117].

* This procedure can be heuristically un-
derstood in ordinary quantum mechanics if
we choose the constraint operator to be

C=10—H. (2.30)

The space of physical states is then the space
of states that satisfy the relation

Cly (1)) =10y (1)) — H|g (1)) =0,
(2.31)
which is the usual Schroedinger equation.
The dynamical equation for the operators is
given by

[C,O] =100 —[H,0] =0, (2.32)

and is the usual Heisenberg equation of mo-
tion for the operators.
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within this algebra, some operators may be more relevant for physi-
cal observations than others, and the actual relevant measurements
could be a very complicated composition of observables of the fun-
damental GFT degrees of freedom. This is similar to situations in
many body theories in which effective observables of a composed
system lead to more (or even the only) relevant observations. For
example in a gas phase of a many particle system a one-particle ve-
locity may not be relevant whereas the temperature is. We call the
effective, relevant observables geometric.

STEP IV: QUANTUM CORRECTED GR

The last step is an extraction of physical information from expec-
tation values of geometrical observables. Hereby, it can happen,
that some observables will directly correspond to geometrical quan-
tities, for example curvature, volume or area of the state, but it is
also expected that some geometrical quantities should be extracted
from relations between expectation values in the same spirit as emer-
gent quantities appear in macroscopic physics (for example viscosity,
susceptibility etc.). For those states that contain information about
smooth geometries, resulting expectation values should correspond
to degrees of freedom of GR with additional quantum corrections.
Such states may belong to different phases, and hence the set of geo-
metric observables may differ.

At this stage we need to point out, that this construction is quite heuris-
tic. Partially, it follows the construction of condensed matter physics
and partially that of loop quantum gravity. However, there does not
exist any model of GFT that utilizes all the above steps.

The major difficulty is to define the operators Cq,---,Cy,. Here is
where the relation to the functional formulation should enter. The op-
erators Cq,---,C, have to be defined such that each correlation func-
tion of the functional formulation can be uniquely identified with an
operator P € A and a state |(}) that produces the same expectation val-
ues by the relation (2.25). However, so far there is no formulation of
operator GFT that successfully satisfies this relation.

Without any correspondence between the functional and operator
formulation these two formalisms really describe two different theo-
ries. And wheras the functional approach is still motivated by spin
foam models the operator formulation is independent of it. For that
reason it is very important to provide a relation between the functional
and operator formulation of GFT.

In ordinary quantum field theories, the relation between the opera-
tor and statistical formulation are given by the Osterwalder-Schrader
axioms [119] that, however, rely on the Minkowski space-time struc-
ture and the Lorentz invariance. Already for quantum field theories on



curved space-times this relation was not known for a long time [120].
In GFT the abstraction level is even higher, as the base manifold does
not represent space-time and therefore does not assume any Lorentz
symmetry.

An explicit relation between the functional and operator formalism
of GFT is desirable, since the dynamics of GFT is only understood in
the functional formulation, whereas the particle interpretation is more
intuitive from the physical point of view. Hence, a relation may boost
our intuition of GFT models as well as its technical and conceptual
development.

In the next chapter we will provide a construction of the physical
Hilbert space directly from the dynamical definition of the functional
theory circumventing an explicit construction of the constraint opera-
tors. Our construction will not resolve the problem of finding the right
dynamics, but it will provide a direct relation between the functional
and the operator formulation of GFT on the perturbative level.
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Algebraic formulation of
group field theory

In the previous chapter we introduced the GFT framework in its func-
tional and operator formulation. However, as we also discussed, there
is yet no explicit relation between these formulations and with this re-
gard they should be considered as two different theories. A suggestion
of a possible relation between the formalisms was put forward in [92]
but an explicit relation, as well as a rigorous proof of its existence was
not shown.

A connection between the operator and functional formulation should
be given by a dictionary; a dictionary that relates the dynamical evolu-
tion of the functional formulation — given by the action S in the func-
tional integral — and states in the operator formulation that provide
the same correlation functions in terms of expectation values of field
operators.

In this section we will suggest such a relation, construct an operator
theory that matches the perturbative expansion of the partition func-
tion and explicitly provide the desired dictionary. At the end of this
chapter we will argue that this construction can be used as a definition
of an effective operator formalism of GFT. And in chapter 5 we will
discuss a possible characterization of GFT phases in terms of symme-
try breaking.

We will begin our discussion with a brief reminder of field theories
on space-time and their corresponding relation between the canonical
and covariant formulation. Then (on page 46) we introduce the con-
cept of algebraic quantum field theory (AQFT) and apply this formalism
to GFT (on page 54). At the end of this chapter we provide an explicit
example for our construction based on a simplified model of the Boula-
tov action.

3.1 Covariant and canonical formulation of QFT

Formally, covariant QFT is defined by the generating functional
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Z[) = f D eS1+170 (3.1)

The n-particle correlators can be derived from this expression by func-
tional derivatives with respect to | — the external source field. For ex-
ample the Feynman propagator G (x,y) is given by

1) 1)
G(xy) = szm |]=0. (3-2)

In the canonical formulation of QFT — a theory of field operators on
Hilbert spaces with existing notion of time — the n-particle correlators
are given by time-ordered expectation values of n-field operators in the
vacuum, that is we can write (see for example [121])

) )
T@ etV =Gy = ETe®emlo. (33

This formal equality provides the connection between the covariant
and canonical formulation of QFT on Minkowski space-time.

As we already discussed above, the formulation of QFT in terms of
path integrals is not rigorous, since we do not have a good notion of
the integral measure for the space of fields. For that reason we usually
use the Wick rotated version of the integral, in which the generating
functional becomes a statistical partition function

Z[) = f D Selo1+110, (3.4)

Derivatives of that partition function with respect to | define the n-
point correlation functions, and after Wick rotation, back to Lorentzian
time, they define time-ordered expectation values of field operators.
This gives a relation between the (more or less) rigorously defined co-
variant and canonical theory.

This relation, however, relies on the time-notion of space-time; we
use it in the definition of the time-ordered products in the canonical
theory and also in the definition of the Wick rotations in the covariant
integral.

In GFT — a theory without the notion of time nor space — the for-
mulation of time-ordered products and Wick rotations is not clear, and
hence the usual relation that we described above, does not hold. More-
over, due to the bottomless nature of the GFT action (at least for most
common models), the statistical functional formulation may be defined
only perturbatively. For that reason we need more care in formulating
the operator GFT and requiring a match between the formulations.

To avoid problems stemming from the bottomless nature of the ac-
tion, we will assume a perturbative definition of Z [J] and use the back-
ground field method (see for example [121, 122]) to expand the the-
ory around different (if they exist) local minima of the action S. Even



though this is a common technique in quantum and statistical field the-
ory, we briefly discuss it here for self consistency.

If ¢ is a local minimum of the action S the first derivative of the
action at ¢ — that we denote S:P — vanishes, S:P = (. Hence, the Taylor
series of S around ¢ reads

S[g]+ 55, (9,9)+0(9?), (55)

where ¢ is a (small) fluctuation around the background field ¢, and
" . 52 cry: .

Se (¢, 9) = fdxdy ¢ (x) [Ws ((p)] ¢ (y). Shifting the integral

variable in eq. (3.4) as ¢ — @ + V¢, and using the Taylor expansion

for S we obtain

where we explicitly wrote out all 71 appearances in the exponent. We
neglect for now the perturbation terms in 7 — since we can deal with
them as insertions — and calculate the integral

Zq) []] _ e£S[¢]+S](pJD(PE_%M?(S;:)!P-H/H]‘P (37)

This generating functional defines a free theory with modified dynam-
ics given by S;I, (see figure (3.1)). If @ is a local minimum of the action S,
then S/q/, > 0, and the integral can be performed with standard Gaussian
integral techniques leading to the closed expression for the partition
function,

Zo[]] = M3 SICT, (3.8)

where C is the Green’s function for the operator S;:,. If the action S
has more than one minimum labeled ¢; we will have different theories
given by partition functions Z, [J]. This implies that we have to ex-
pect different operator theories each of which relating to the covariant
formulation with the partition function Z, [J]: some of these operator
theories will differ only by the choice of the vacuum state but as we will
show below, generally, not even this is true.

In the following we will take the expression (3.8) as a definition of
the statistical expectation values and construct an operator theory that
reproduces the same n-point correlation functions'. We will see that if
the action S has more than one local minimum the relation between the
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Figure 3.1: Approximation of the classi-
cal action by quadratic term of the Tay-
lor expansion. The actual shape of the
quadratic expansion is different for dif-
ferent minima ¢, which leads to differ-
ent quantum fluctuations described by

Zyp[]1-

" of course at this level the action S has to be
the renormalized one. However, through-
out this work we do not discuss the issue of
renormalizability and whenever necessary,
we assume that the action can be perturba-
tively renormalized to finite order in pertur-
bation theory.
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>C*-algebra

A C*-algebra is a Banach star algebra such
that, for any A € 2, the norm | - | satisfies,

|A* Al = Al A*].

*-algebra

A x-algebra is an algebra with involution,
that is a map * : A 3 A — A* € U, with
the following properties:

1. forall AeAd: A¥* = A,

2. forall A,Be: (A+B)* = A* + B*
and (A-B)* = B*- A%,

3. for every complex number A € C and
every A e : (AA)* = AA*.

Banach algebra

A Banach algebra is a Banach space (com-
plex of real) and at the same time an algebra
such that the multiplication is continuous.
That is for any A, B € U, the norm || - | sat-
isfies,

lA-Bl < Al - |BI.

functional and operator approach will be of the type:

Zy, ] (AY,|91), H1) for the local minimum at ¢;

Zp, []] o 4 (A2 |¢2),H2) for the local minimum at @5 . (3.9)

where we denote the collection of observables by Al the vacuum state
by |@;) and the corresponding Hilbert spaces by #;. In this formulation
we can interpret the right hand side as different phases of GFT.

The states |¢;) may belong to different Hilbert spaces and we need
a formalism, that captures all those Hilbert spaces at once. Ever more,
there is no reason to believe that the local minima of S will be square
integrable functions and therefore the scalar product of #; may be non-
trivial.

We will use the framework of non-relativistic algebraic quantum
field theory [118, 123, 124] to construct the operator theory of GFT
with the above properties. We begin with the brief introduction of the
algebraic framework.

3.2 Non-relativistic algebraic quantum field theory

Algebraic quantum field theory [42, 123-125] is based on two major
ingredients: the set of observables and the set of algebraic states.

The observables represent measurements that we can perform on a
system and, mathematically, are described as elements of a C*-algebra?
(see for example [126]). Unlike the canonical quantum field theory,
where observables are given by linear operators on some Hilbert space,
the algebraic formulation does not require a Hilbert space and uses
only the algebraic relations between observables. However, the Hilbert
space and the usual formulation in terms of field operators can be de-
rived from the abstract algebraic relations.

The states — called algebraic states — are continuous positive and
normalized functionals (see the margin note on page 50) from the C*-
algebra to complex numbers (see for example [126]). We give an explicit
definition of algebraic states below, when we discuss coherent states of
GFT but it is important to remark already here that algebraic states
play two roles in algebraic field theory:

First, an algebraic state fixes all expectation values of all observables.

Being a functional on the algebra of observables, an algebraic state
assigns a number to each physical measurement. This number is
understood as the expectation value of that measurement. Since an
algebraic state is supported on the whole algebra it fully specifies a
physical state, by fixing all polynomials of each observable [126].



Second, an algebraic state defines a representation for the C*-algebra.

Due to the theorem by Gelfand, Naimark and Segal [127, 128] (GNS
theorem see margin note on page 50) any algebraic state provides a
notion of a Hilbert space on which the algebra of observables acts
as an algebra of linear bounded operators. This theorem connects
the abstract algebraic framework with the canonical description of
quantum field theory — the theory of operators on Hilbert spaces.

Due to the GNS theorem, the Hilbert space becomes a derived con-
cept of a more fundamental underling algebraic structure. Moreover,
different algebraic states can correspond to different, mathematically
inequivalent, representations of the observable algebra and provide a
consistent treatment of several representations within one framework;
this becomes unavoidable when dealing with systems with infinitely
many degrees of freedom [42]. Inequivalent representations of the ob-
servable algebra often correspond to different phases of a model and
provide a mathematically rigorous construction for the theory of phase
transitions [118, 129, 130] and symmetry breaking.

It is also important to remark that the set of algebraic states does not
form a Hilbert space — it does not have a natural notion of a scalar
product. This gives a more general formulation of states, especially in
field theories in which the volume of the base manifold is infinite [131].

Motivated by statistical field theory we choose the Weyl algebra as
the algebra of observables in GFT. In the following we will discuss a
detailed construction of that Weyl algebra and algebraic states in GFT.

3.2.1  Weyl algebra of GFT

We begin with the definition of the Weyl algebra in GFT. The procedure
is quite common in the algebraic approach, but we recall it here to make
the construction more accessible for the unfamiliar reader.

The Weyl construction is a map from the phase space, or more gen-
erally symplectic space of the classical theory, to a C*-algebra. We,
therefore, need to start with the formulation of a suitable symplectic
space in our case.

Symplectic space of GFT

The construction of the Weyl algebra begins with the definition of the
symplectic space. Even though this space can be understood as the
phase space of the theory, it is only its closure that has an interpretation
of the one particle Hilbert space. For that reason we have a certain
freedom in its choice.

In our case we choose that space to be So; — the space of smooth,
complex valued functions on the base manifold M = SU (2) @ \yith the
topology induced by the family of semi-norms3
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s Pull-backs and Lie derivatives

Let Ly, and Ry, denote the left and right mul-
tiplication on SU (2) by h € SU (2), i.e. for
any g € SU (2)

Ln(@)=hg Ru(g)=gh  (3.10)
The pull back of a smooth function f by the
left/right multiplication is given by
(Lif)(8) = f(hg)  (Rif)(8) = f(gh)-

Let X € su(2) and t € I < R a real pa-
rameter then we define the action of the Lie
algebra on the space of functions as

(Xf) == 0 R}x f |i=o0-
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+Symplectic form

A symplectic form s on a vector space V is a
two-form which is:

1. real bi-linear: for all v,w,z € V and
A, A2 € R we have

s (Mo +z,hw)
= MAs (v, w) + Azs (z,w),
2. skew-symmetric: for allv,we V
5(v,w) = —s (w,v),
3. non-degenerate: if for anyv e V
s(v,w) =0, (3.11)

then w = 0.

{If

where X;’s denote the Lie algebra elements and act on f as Lie deriva-

koo = I1X1 - Xef (@) lloo = keN; Xy, -+, X e su(2)},

tives. With this topology Sy is a complete, topological, locally convex,
vector space [132]. When the topology will be not important in our dis-
cussion we will denote the space of smooth functions on M simply S.
Further we choose a symplectic form* s : S x § — R. As we will see
in the following the symplectic form will be defined by the GFT action,
but in general it will always be of the form

s(f,8)=S(f,09), (3.12)

where f, g € S are integrable functions and O is a continuous operator
on S, & refers to the imaginary part of the expression and (-, -) is the
L%-scalar product with respect to the Haar measure, such that for any

f,8€S,
(9 = | dxf@g, (3.13)
M

Here and in the following we will denote the points of M by x and y,
however, keeping in mind that they belong to a non-commutative Lie
group. Also dx will refer to the Haar measure integral on M whereas
dh will refer to the Haar measure on the single copy of SU (2).

Since M is compact, every smooth function is integrable and the
scalar product induces the norm

mm=Lfﬁ@Uu» (3.14)

We denote S with the topology induced by this norm as S;2. This space

is not complete and its completion is the space of square integrable

functions L? (M, dx) [132]. The space S splits in a direct sum as S =

SR + 1SR, where SR is the restriction of S to real valued functions.
The space S has two important features. It is:

Closed under translations: Let Ly : M — M denote the left multiplica-
tion on M by some y € M, and let Ljf = f o L, denote the pull back
of f, then L, f € Sy [132].

Direct sum: Let h € SU(2) and D : SU (2) — SU (2)™" be a diagonal
map such that D (h) = (h,--- ,h). Then f € S satisfies the closure
constraint (see chapter 2 eq. (2.18)) if

Rpmf =f VheSU(2). (3-15)

We denote the space of functions that satisfy the closure constraint
by Si. Then the space Sy splits in an (internal) direct sum as Soo =
S @ Sng where Sy is the complement of S in Sop. See appendix
A .4 for the proof.

The space Sg is, however, not closed under right multiplications.
That is in general for f € Sgand y € M, R;f ¢ Sg-



We will call the space Sy the space of smearing or test functions.
With this definition of the symplectic space we can now construct
the Weyl algebra of GFT.

Weyl algebra of GFT

The construction of the Weyl algebra from the symplectic space is a
standard procedure presented for example in [133, 134]. However,
to make our discussion easy readable, we provide the construction in
the margin note> and summarize the most important properties of the
Weyl algebra in plain text below.

In the following we will denote the Weyl algebra as 2 (S) or simply
2, when no confusion is possible. It is a C*-algebra generated by the
Weyl elements W) for f € S. The product is defined by

WipWg) = e 2V OW(r i (3-17)
and the involution * : A — A is given by
Wipy = Wi (3.18)

Since S is closed under left and right translations the maps ay : 2 —
2land By : A — A

ay (Wip) = Wiy By (W) = Wirs)

define algebra automorphisms of 2 (see appendix A.5 for the proof).

(3.19)

We can represent 2 in terms of bounded linear operators on some

Hilbert space, and denote the corresponding operators W(TJE). Due to

601’1

the Hilbert space structure we get access to the operator norm
the Hilbert space, which is weaker than the C*-norm [123], and hence
makes a larger number of sequences convergent. Because of this the
Weyl algebra 2 is not closed in the operator norm. Its closure is called
the von Neumann algebra that contains operators W(% for f in the clo-
sure of Spa.

Due to the direct sum decomposition of S we can define a gauge
invariant Weyl algebra 25 = 2(Sg), by restricting the space of test
functions to Sg. 2 is the maximal C*-sub-algebra of 2 that satisfies
the closure constraint (for the precise statement and the proofs see ap-
pendix A.s5). In the following, we will not distinguish the gauge invari-
ant and the gauge variant algebra and simply write 2. Whenever an

explicit distinction will be in order we will denote this in the text.

3.2.2  Algebraic states

An algebraic state is a linear, positive, normalized functional on the
Weyl algebra 2,
w:A—-C.
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s Weyl algebra

First we define the space A (S) such that:

1. The elements of A (S) are complex val-
ued functions on S with support con-
sisting of a finite subset of S. Obviously,
A (S) is a vector space.

2. Define a £! norm on A (S) by
[AlL =D AP

fes

3. Functionals of the form Wy such that

1 if f = gpointwise
wf(g)—{ iff =8p ,

0 otherwise

form a dense linear basis for A (S).

4. Define the multiplication law on the ba-
sis of A(S) as

Wip) - Wigy = e 32U Wip .

and extend it to the full A (S) by linear-
ity.

5. Define the involution W*(f) =
W (—f). With this, A(S) becomes a *-
algebra.

Closing A(S) in the €' norm provides
a Banach*-algebra that we denote A (S).
This algebra can be represented by bounded
linear operators on some Hilbert space. De-
noting the space of all non degenerate rep-
resentation by Rep, we define the Weyl al-
gebra.

Definition 1. The Weyl C*-algebra over
S is the completion of A (S) in the norm

W] = sup |7 (W)]. (3.16)
teRep

We denote it by 2 (S) and call it the Weyl
algebra.

s Operator norm

Let A be a bounded linear operator on a
Hilbert space H. An operator norm of A
is given by

4] = sup 14X
SUP o]
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7 Positive functional

A positive functional w on a C*-algebra A
is a functional such that for all A e A

w(A*A) = 0.
It is normalized if
sup |w (A)| =1.
Aed

If the algebra is unital, that means it con-
tains the identity element with respect to
the product, then the normalization condi-
tion reads w (1) = 1.

The Weyl algebra is unital with the iden-
tity element Wq).

8 GNS Theorem

Given an unital C*-algebra 2 and an alge-
braic state w, there is a Hilbert space H,,
and a representation 1, : A — L (Hew),
such that

1. He contains a cyclic vector |Q2),
2. w(A) = (Q|m(A)|Q) forany Ae ¥,
3. every other representation 71 in a

Hilbert space H  with a cyclic vector |0)
such that for any A € A

w (A) = (0|7 (A) lo),

is unitarily equivalent to 1, i.e. there
exists an isometry U : Hy — H such
that
Urn (AU = nr, (A),
Ulo) = |QY).

The set of algebraic states — that we denote by & — is a convex subset
of the Banach space of continuous, positive, linear functionals on 27

[135].
By the GNS construction 8, every algebraic state provides:

a Hilbert space ‘H., on which the algebra elements act as bounded lin-
ear operators,

a unique (up to isomorphism) representation 77y, : A — L (H,) of the
Weyl algebra on H,,,

a state vector |Q)) € H,, thatis cyclic. That means for any state |¢) € H,,
and any € > 0 we can find a finite number of test functions {f,} and
complex coefficients {a,} such that the polynomial

N
Poly (W) := )" an W
n=1

satisfies
1) — Poly (WT) Q)] <e.

The triple, consisting of the Hilbert space, representation and a cyclic
state vector is sometimes called the GNS triple and is denoted

(Hew, Tw, [€))) - (3.20)

Informally, we can say that the GNS construction implies that physical
observations uniquely determine the “Bra-Ket” notation by relation,

w(A) = (Qm(A)|Q) . (3-21)

The concept of the Hilbert space becomes derived from expectation val-
ues of measurements.

A state w is called regular if for some parameter t € I < R, with [
an interval containing zero, and any fixed f € S the function Q (f) :=
w (W(tf)) : I — Cis smooth. For a regular w the generators of W)
exist in the corresponding GNS representation and can be defined by
[136]

Q@ (F)]Q) = (—10) w (w(tf)) li—o- (3.22)

The generator @ (f) is an unbounded operator defined on the dense
domain D (¥ (f)) < H- From this definition we can obtain properties
of generators in the strong operator topology. That is for any |¢) €

D (@ (f)),

[P () [)]1% := (QPoly (W*) @ (f) P (f) Poly (W) |2)
- (fa%) w (Poz¢ (W*) W) Poly (W)) .



Fock state and the Fock representation

To get acquainted with the formalism and to show the relation between
the algebraic verses operator formulation of GFT we discuss the Fock
representation of the Weyl algebra.

The Fock algebraic state that, by GNS theorem, leads to the Fock rep-
resentation is given by [130],

_l?
WFE (W(f)) =e 4 . (3-23)

By continuity and linearity of wr and the product of the Weyl algebra
(eq. (3.17)) this equation defines the acton of wr on the whole algebra

2. For example, the action of wr on W(f) W(g) is

_If+sl?

WF (W(f)W@)) = wr (W(f-‘rg)) em25(f8) — ¢ i e 2%(f8), (3.24)

We denote the GNS triple for the Fock representation by (Hp, g, |0)).
Clearly the algebraic Fock state is regular since the function

_plf?
Q(t) =e 5 ’ (325)

is smooth in t. Hence, we can define generators of Weyl operators by
differentiation, as described above. We call these generators ®r (f) and
write the represented Weyl element as

Why = 7 (w(f)) — ' ®(f), (3.26)

By construction ®f (f) is a self-adjoint, unbounded operator, defined
on a dense domain D (®r (f)) < Hr [136]. It is real linear; that is for
AeRand f,g€e S,

O (Af +8) = APr (f) + Pr (8) - (3-27)

The action of @ (f) on D (Pf (f)) can be determined by derivation as
we discussed above

(0I®r (F) 1) = (=16 =0 (Wi Poly (WF)). (3.28)

In the similar fashion we can derive the commutators between ®r (f)
and & (g) for f,g € S,

[®F (f), P (&)] =13 (f,8) - (3-29)

We can also define creation and annihilation operators by

Pr () = % [®r (f) +1®F (1f)] (3.300)
ol (f) = % [ (f) — 1®r (1f)], (3.30b)
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9 For A € R we have

PO = 5 [Q0AF) + 10 (A1)

_ %[d)(zf)—@(f)]
_ %[-ﬁ-l@(lf)"rq)(f)]
= AP (f).

' Explicitly, we get

l9e (F) [0)I* = (l9f () ¥ () lo)-
Rewriting this expectation value in terms of
the field @ (f) using the definition (3.30)
the above expression is up to the global fac-
tor of%
(|® (f) @ (f) lo)
+(0|® (1f) @ (+f) |o)
—1(o[[®(f), @ ()] o).

Using the commutation relations for

[@ (), @) =~IfI7%

the above expectation values become
—fw (W(tf)> lt=0
~&tw (Wi ) limo
SR

And by the definition of the state we obtain

9r (F)lo) 1P = 5 (117 = 117) =o.

" There exist an even more general defini-
tions of a coherent state provided by the
same authors in [139], but the definition we
use here is the one that most closely reflect
the condition of being eigenfunction to the
annihilation operator, and will fit our needs
for the reconstruction of the n-point corre-
lation functions.

with (f)Jr = lp);(f) It follows that ¥ (f) is anti-linear9 in f, ¥T (f)
is linear in f, both are closed on the domain D (¢) of ¢ and fulfill the
canonical commutation relations [137],

[ (F), e )] = [9F (D 9} @] =0 (3.31)

and
e (F) 9} @] = (fo)1, (3.32)

where 1 is the identity on the Fock space. It follows from the definition
of the state (3.23) that'®

Ye(f)lo) =0, (3-33)

for any f € S. Hence, |0) corresponds to the Fock vacuum on which
Yr and ¢ act as creation and annihilation operators and we obtain the
GFT Fock space from the algebraic Fock state wr.

Coherent states and non-Fock representations

As we have seen above, the algebraic Fock state corresponds to the Fock
vacuum state |0). In this section we want to construct algebraic states
wy that correspond to coherent states |¢). Using the algebraic construc-
tion we will be able to construct coherent states, whose “order parame-
ter” is a tempered distribution, and hence not necessarily normalizable
in 2. Such states will lead to Fock inequivalent representations.
Usually coherent states are characterized by the condition to be eigen-

states of the annihilation operator in the Fock representation [138].
That is for x e M,

Ye (%) @) = ¢ (x) |@). (3-34)

This definition does, however, require the Fock space and therefore
needs to be modified for a representation independent, algebraic for-
mulation.

In the algebraic approach coherent states can be introduced in a rep-
resentation independent way. This has been done for example in [137,
139], where the authors provide a classification of algebraic coherent
states in Fock and non-Fock coherent states — those that lead to the
Fock representation and those that do not. The definition goes as fol-
lows.

Definition 2. Let ¢ : Sio — C be a continuous linear functional on the
space of test functions Sy. A state w of the form

@ (W(f)> = wr (W<f>) e V2Rle (), (3-35)

where ¥t denotes the real part of the expression, is called a coherent
state'*. It is pure and regular [137].



We see that the Fock state is the special case of the above family of
coherent states for ¢ = 0.

Any continuous linear functional ¢ on Sy corresponds to a well de-
fined coherent state [137].

Proposition 3 ([139, Proposition 2.5]). The state w of the above form is
equivalent to the Fock representation, iff'> ¢ is continuous on Sya.

The non-Fock coherent states are hence classified by functionals ¢
which are continuous on So, — given by the space of (tempered) dis-
tributions — but discontinuous (or unbounded) on &;2. This implies
that non-Fock coherent states are characterized by the quotient space
S"\L? (M, dx), sometimes called the space of tempered micro-functions.
Here and in the following S’ denotes the topological dual of Ses.

By Riesz-Markow theorem [136] every functional ¢ on Sy is of the
form

o (f) = fodv, (3.36)

for some Baire measure v. And we get the following corollary.

Corollary 4. If ¢ is invariant under left multiplicationi.e. ¢ (L3 f) = ¢ (f)
forany f € S and x e SU (2)”1, then the coherent state w is Fock'3.

By this corollary, translation invariant coherent states are always
Fock. In order to have a rich phase structure in GFT we would like
to have non-Fock representations as well, which — if coherent — can
not be translation invariant.

Physical remark

For ¢ to be a tempered micro-function the integral measure in eq.
(3.36) has to be singular with respect to the Haar measure on M. On
a compact manifold this can happen only due to local behavior of the
measure, for example, when v develops pure points. From the physi-
cal point of view, such point singularities of the measure correspond to
states in which an infinite number of particles is concentrated in a local
region of M. For field theories on space(-time), this situation is clearly
not desirable since an infinite number of particles in a finite region cor-
responds to infinite energy density. Accordingly, in QFT’s on compact
space(-time) we require a finite particle number. This requirement is
usually captured in the statement that no phase transition can occur in
field theories on finite volume [118, 121, 140].

In GFT, on the other hand, there is no reason to prohibit states with
divergent particle density. This is because the base manifold of GFT
is not space-time and should be more generally understood as a set of
particle labels (in the sense, that @' (x) creates a particle with label x).
From this perspective an infinite number of particles with the same
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2 An intuition of proposition 3

If the representation is Fock the particle
number expectation value is given by the
L2-norm of the order parameter

(QINIQ) = [l -

If @ is, however, not continuous on Sp2 its
formal L2-norm is unbounded and, heuris-
tically, we can interpret it as an indication
for the divergent particle number.

5 Proof

Let ¢ be invariant under left translations.
Then for any f € S we have

o(Lif) = | Lifan=o(r = fan

hence the measure y is a left invariant mea-
sure on SU (2), which is identical with the
Haar measure up to rescaling,

p=c pn (3-37)
for some c € R. But then we have
lp (DI <clfl,

and @ is continuous on L? (M, dx).
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label is not problematic if x does not have a meaning of a space-time
point. The micro-local behavior of ¢ could even be desirable, or at least
reasonable, from the point of view of the interpretation of GFT parti-
cles as “building blocks of space-time and geometry”. This is because,
intuitively, we need an infinite number of discrete building blocks to
define smooth objects.

3.3 Algebraic group field theory

We turn to the construction of an operator theory from functional GFT.
Our treatment is based on known and well developed concepts of Eu-
clidean field theory (for example [66, 124]) but to our knowledge they
have not yet been applied to GFT.

Our procedure will be to use algebraic coherent states that corre-
spond to the local minima of the action S. The concurrent GNS repre-
sentation of the Weyl algebra will lead to field operators, whose expec-
tation values provide the n-point correlation functions of the functional
approach.

Before we start with the details of the construction we summarize
the idea of the following procedure:

The correlation function of the functional formulation of GFT in-
clude the dynamics of the model. This is because they are defined by
the functional integral whose weights are given by the action S. Hence,
an operator formulation that produces the same correlation functions
needs to follow the same dynamical relations. Such dynamical relations
should be encoded in the algebra of observables, and hence, we need to
modify the Weyl algebra of GFT. We do this by putting the linearized
dynamics from the action S in the symplectic structure on the space
of smearing function S. After this construction the algebra will cap-
ture the dynamics of the functional formulation of GFT, which is one
necessary step in order to reproduce the correct correlation function.

The other necessary step is the definition of the state. Our construc-
tion is perturbative around a classical field configuration and hence,
coherent states seem to be appropriate, since they can be seen as the
“most classical” states of a quantum theory. Indeed, as we will show,
coherent states provide exactly the right structure in order to obtain
the correct correlation functions.

We begin our construction with some realizations about the minimal
field configurations of the action that will be needed to implement the
linearized dynamical relations in the algebra.

Let ¢ be a real valued distribution on Sg, which is an extremum of
S on SR, meaning that ¢ € SﬁQ satisfies

!

Se(f) =0eS[p+ef]leco=0  VfeSg. (3-38)



For a local action this condition would not make sense if ¢ is a delta
distribution. However, in our case we assume that this expression is
well defined for suitable ¢ € S{R due to the multi-local structure of S.
The second derivative of the action is a distribution on SR x SR , such
that for f,g € Sr

6 6
b9 = [ans o |G| sw G

We can extend this distribution to the whole S by defining

b9 = [T | s sl 50 (o)

Since functional derivatives commute, s” is symmetric on S, i.e.

9
Sy (f18) =Sy (&), (3.41)
and on § it satisfies
Sp(f8) =54 (8 f) (3-42)
If ¢ is a local minimum it is positive on SR, such that for any f € Sy,
Sy (f.f) >0, (3-43)

and it follows that S; is positive on the whole S*4. By Schwartz-Kernel
theorem [38], S;l, defines a continuous linear map Ky : S — S’ such
that

Sp(f,8) = Jf [Kog] (x)- (3-44)

We will assume that K, is an elliptic differential operator on S. It fol-
lows that K, is self-adjoint on S;2'5, moreover, K, is positive and non-
degenerate due to eq. (3.43) and therefore can be inverted on S. The
Green’s function of K, denoted by C, : & — & satisfies

Krp OC¢|S =1gs Cgv OKtp‘S =1g, (3-45)

where 15 is the identity operator on S. We call C,, the propagator, it
follows from the properties of Ky, that C, is positive and self-adjoint

1
on S. By functional calculus we can define the square roots, K; and

Cq%], which are both self-adjoint operators on §. In the following we
will drop the subscript ¢ for clearer notation but we shell keep in mind
that K as well as the propagator C depend on the minimum ¢.

Since C is positive and non-degenerate on S it defines an inner prod-
uct'®

(f 8)c=(f,C8)2- (3-47)

We denote the corresponding norm |.||c, and define the resulting sym-
plectic form on Sy, by

s(f,8)=S(f.8)c- (3.48)
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4 This is because for any f € S we can find
an h,g € Sg such that f = h+1g. Then

Sy (f.f) =Sy (1) + S, (3,8) >0

'5 This is because for any f,g € S

Sp(f,8) = (f.Ke8) 12 = Sy (8. )
= (9 Kof) 2 = (Kof )12 -

16 The two-form (o, C o) is linear in the sec-
ond and anti-linearity in the first compo-
nent by definition. Since C is invertible on
S it does not have non-trivial zero modes
and

(f,Cg) =0 Vfes, (3.46)

implies g = 0. Since C is positive the two-
form is positive, (f,Cf) = 0.



'7 This state differs from those defined above
by the factor of /2 in the phase factor. This
is because the function in the phase of the
coherent state has to be %(p if the mini-
mum of S is given by ¢, if we want to match
the expectation values in wy with the n-
point correlation functions of Z, [J].

8 The closure of S in the correlator norm
can be larger then L? and consists of distri-
butions.

9 We define the Peter-Weyl transform of C
as the kernel of the two from (-,C-) in the
Peter-Weyl representation. Dropping the
magnetic indices in the notation we obtain

dedyf(x) C(xy)g(y)

= fx dx Ciy d) 8-
J.K

Inserting the magnetic indices éK,] is given

by

Curspp = | dxdy DI, (3) C (x,) D)y 1)

With this definition the multiplication in the Weyl algebra 2 (S) be-
comes

Wiy Wigy = e 23 URIW (f +g). (3-49)
On this algebra we choose a coherent state'”
U g

wy (Wyp)) =5 M0, (3-50)

The one-particle Hilbert space in the corresponding GNS representa-
tion is then given by the completion of S in the norm*® | - ||c.

The generators of the Weyl algebra are defined in the same way as
we did in the Fock representation; we denote them @, (f). It follows
that they satisfy the following commutation relations

[©y (f), @y ()] =15(f,8) -

As above, we can also define the creation and annihilation operators

by

(3-51)

@y (£) = 75 (9o () + 95 (D). (352)

However, the commutation relations for ¢, (f) and 1}1; (f) now read

v (1), 9} ®)] = (£.Ca), (3.53)
and therefore ¥, and l/JJ;, can not be interpreted as creation and annihi-
lation operators on a Fock space.

To see the particle content we introduce the operators

A (f) = Z ALap dj f]/arﬁ =1y (K% f) (3-54a)
Ja,B

Al (f) -2 A}w 4y flap = ¥ (K% f) (3.54b)
J B

where fdenotes the Fourier transform of f (for details and properties
of the Fourier transform on SU (2) see appendix A.2). It follows from
(3.53) that A and AT satisfy the usual commutation relations, since for

all f,g€ S,
[4(7)40 @) [ () ' ()] = s

Denoting with C the Peter-Weyl transform of C, the field operator can
be written in terms of A and AT as'9

1 ~ <
©x) = 3 Y Cuprye Dk (Alup s+ Acyofiap) . (3:55)
]r“/,BK/'Y/‘S



For the product of the field operators at the same point, ® (f)", we use
the Wick product, which is given (neglecting magnetic indices) by the
normal ordered product

n ~ ~ <~ ~
X Zl ( s )A} ALAKs-H AKH le'.'stf]s+1'”f]n’
S=

We want to remark here, that due to the multi-local structure of the
interactions, it is not obvious that we will need this product for the cal-
culation of perturbative corrections. This is because in the combinato-
rially multi-local interaction all fields are evaluated at different points.

Restricting S to the subspace of real valued functions, Sg, gives a
(maximal) abelian®® C*-sub-algebra 2 (Sr) and the algebraic state w,
corresponds to a probability measure on 2 (SR) [135]. This probability
measure is equivalent to the Gaussian measure of the functional inte-
gral around the field configuration ¢ in the sense that it provides the
same correlation functions. To see this we calculate the expectation
value of the generator @, (f),

(912 (£)19) = (=10 @y (Weep) ) limo = 9 (), (3:56)

for all f € Sg. Using eq. (3.8) and formally evaluating the fields & at
single points x € M we get

(9lPg (¥) @) = ¢ (x) = 6y Z [T =0- (3-57)

In the same way we obtain for the two point function

(9| (x) @ (y) lp) = 1 Cxy) + o @)@ y) =9 Z Ul (3-58)

It is straightforward to convince oneself that the following equality
holds (see Appendix A.6)

Ot "'3tnw<p (W(tlfl) Wi ) ) |t=0
de f1 xl de fn 5](xn []] |]:0.

This equality holds true if products of fields at the same point do not
appear. If they do, we have to use Wick products, that define the renor-
malized expectation values of the partition function. This concludes
our construction of the operator GFT.

Summary:

Choosing the coherent state w, and the Weyl algebra 2 (S) with the
symplectic form given by the second variation of the GFT action we
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*°If f,§ € SR the imaginary part of the
scalar product (f, Cg) is zero and we obtain
an abelian C*-algebra A (SR)

WinWeg) = Wirrg) = Wi Wep)-

That this algebra is maximal follows from
the fact that the space S can be decomposed
as

S = SR +1SR.
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obtain an operator description of GFT, with operators ¢, and 1/)}; that
satisfy the commutation relations

90 (), 0} )] = Cxy). (3.59)

The expectation values of polynomials of field operators

@y () = = (9o (0 + 9} 1),

are equal to the correlation functions from the perturbative canonical
approach around the minimum ¢. Hereby the minimum ¢ does not
need to be a smooth function but can be extended to a distribution on

S.

3.4 Application of the algebraic formulation

A rigorous analysis of local minima of combinatorially multi-local ac-
tions such as those that we presented in chapter 2 is yet to be per-
formed. The problem is that the variational equations for such func-
tionals reduce to non-linear integro-differential equations, that are very
difficult to solve in general. In order to avoid this problem here, we use
a simplified action on M = SU (2) x SU (2),

S[g) =~ m [ dxg ()9 (3.60)
41 [ dxdydzdog (1) 9 ()¢ (2)¢ (o)

X0 (xlyl_l) 6 (xzvz_l) 6 (yQZz_l) 6 (zlvl_l) ,

where § <x1 Xy 1) denotes the Dirac-Delta distribution on SU (2) that

satisfies {dx f (x) & <x1 ~x2_1) = {dxy f (x1,x71). This action arises from
the Boulatov equation that we introduced earlier in eq. (2.16) if we
assume that the fields are constant in the middle variable,

¢ (x1,%2,x3) = ¢ (x1,%3) - (3-61)

Even in this simplified case that represents a matrix model the discus-
sion of saddle points is not trivial and our arguments are rather heuris-
tic. Nevertheless, we do not go into details of the variational problem,
since this is not the point of discussion here. Instead we will show, that
some distributional configurations can be seen as local minima. And
use those for our explicit construction of an operator theory.

The variation of the action with respect to the field ¢ leads to the
following extremal condition

Sy (5,y) = ~2mp (1) + 47 [ dy g (x1,00) ¢ (v2,2) ¢ (2, %2) = 0.



And the following field configuration can be seen as a solution of that

P (x) = \/3(5 <x1 -x;1> . (3.62)

The second variation of S at ¢ reads

§"lp =4mo (viypt) 6 (xay7 ), (3.63)
and K becomes, K = 4m 15, where 1 is the identity operator on S and
C=41

This operator is diagonal, positive and invertible and hence we can

integral equation

use our construction.

3.4.1 Coherent J states

The field configuration that we take as a local minimum of S is given in
equation (3.62). An algebraic state that corresponds to ¢ is defined by

equation (3.35) with ¢ (f) = \% §dx @ (x) f (%),
12—, /7w x5 b flx
wp (W) = 45 VEBLs 0Ly

Where the new scalar product is simple the rescaled L? product given
by
1 -
(F8)c = 3 | 427 (0 g ). (3.65)

In order to construct an explicit representation that corresponds to
this algebraic state we use the construction by Araki and Woods [131]
that we applied to GFT in [141]. We take a one dimensional space of
real numbers R with multiplication as a scalar product and introduce
commutative operators as

P(f)yr=Fpr Q(fyr=Fpr, (3.66)

where Fp = {dxy f (x1, ¥1) denotes the diagonal integral of f and r € R.

Let r (f) and w; (f) be the Fock creation and annihilation operators
from Eq. (3.30) and let |0) denote their Fock vacuum. We define unitary
operators on the Hilbert space, Hr ® R by

Wi = S [ DH0] g VBRI (3.67)
and a state
16) = lo)®1e Hr ®R. (3.68)

where 1 € R is a normalized state on R. We can readily verify that the
expectation values of W) on |6) are given for any f € S by,

. I£12 -
(B[ Wip18) = e 5 eV I RIFo]

=Wy (W(f)) . (3.69)
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By linearity this equality extends to the whole algebra, and hence, it
provides a representation of the Weyl algebra that is equivalent to the
GNS representation given by w,. Irreducibility and cyclicity of this
representation are inherited from the Fock representation since R is
one-dimensional.

The generators of Weyl operators are isomorphic to

@) = (St (4 100 + (vh )+ 13 (0),

that act on the Fock space. And the creation and annihilation operators
can be read of as

_ 1 m topy Ly
lP(s(f)—\/T—mlPF(f)+ A %(f)_\/TTanF(fH P

From eq. (3.54) the Euclidean creation and annihilation operators fol-

low,
i t(amm) t (o) mdy
Apup = W5 ( 4m©1x,ﬁ) =Yr (Qa,@ + Wfsa,ﬁ (3-70)
md
Apap = s (VAmDL5) = yr (D) 5) + oo (3.71)

Where Dgc,ﬁ (g) are the product Wigner-Matrix representations (see ap-
pendix A.1 and A.3) used to smear the Fock creation and annihilation
operators. The operators A and Al satisfy the canonical commutation
relations, and hence can be used as a definition of a particle.

3.5 Conclusion

As we pointed out at the end of the last chapter, the general idea of
the operator GFT formalism is to construct a theory of operators and
Hilbert spaces that provide a reformulation of functional GFT. How-
ever, despite the use of the operator framework in numerous appli-
cations [57, 58, 97, 142-148], an explicit relation between functional
and operator GFT remains an open issue. The problem of this relation
stems from the fact that group field theory does not have a concept of
time and for that reason can not rely on the usual relation between co-
variant and canonical formulation of QFT. In our work we suggested
a solution to this problem at the perturbative level and explicitly pro-
vided a relation between the two theories.

We can try to apply our construction to ordinary field theories on
space-time, however, there we face the following problems:

The action S of QFT on space-time is typically required to be bounded
from below to avoid vacuum instability problems. In this case the
global minimum of the classical theory exists, and we can perform our



construction around this minimum. The quantum effective action —
denoted I' — will in this case be a convex function [118, 125] and for
that reason will have a unique global minimum — the true vacuum of
the quantum theory. If this minimum coincides with that of the classi-
cal action we again can use our construction for perturbative formula-
tion of the operator theory. However, if this minimum is different, the
second derivative of the action, S”, evaluated at the true vacuum of the
quantum theory will not be a positive operator, and our construction
will fail. In this case we should expand our theory around the mini-
mum of I', which in principle is possible but in practice requires the
knowledge of the whole quantum effective action. Moreover, in this
case there is no reason to assume that the vacuum state of the theory
will be adequately described by a coherent state which would lead to
additional complications in our construction. For that reason, our con-
struction works best, when we define a perturbative theory around the
classical action S. The bottomless structure of the GFT action, however,
does not allow us to do anything else even in the functional formula-
tion. For that reason our construction seems adequate*.

of course a regularization of the bottomless action S needs to be in-
vestigated in future works and non-perturbative definition of the the-
ory should be provided.

Our explicit construction provides a definition of an operator theory
directly from functional GFT. Tempered micro-functions that are the
minima of the action S correspond to Fock-inequivalent operator the-
ories. These theories could be understood as effective theories in dif-
ferent phases of GFT, which we mentioned at the end of the previous
chapter. The operator algebras define suitable operators in the corre-
sponding phase, and the coherent states play the role of the vacuum. To
see how our construction fits the conceptual idea of the operator GFT,
which we presented in the previous chapter, we summarize the steps
according to figure 3.2:

STEP I. KINEMATICAL HILBERT SPACE

Instead of the Hilbert space, we deal with the more general space
of algebraic states. In our construction, the kinematical degrees of
freedom are captured by the choice of the Weyl algebra, that is mo-
tivated by the quantization of a simplex and that relates to the GFT
Fock space by the choice of an appropriate state.

STEP II1: PHYSICAL HILBERT SPACE

A restriction of the kinematical space by dynamical relations is not
explicitly present in our formulation. Instead, the dynamics is di-
rectly encoded in the algebraic product and in the choice of the co-
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>t In AQFT the same construction suggests
a rigorous reformulation of the Lorentzian
path integral. However, the algebra of ob-
servables in AQFT is much more compli-
cated to construct and is missing a clear no-
tion of a norm. The resulting formulation
leads to a rigorous, perturbative definition
of QFT on Lorentizan space-time. Our sug-
gested formulation is strongly motivated by
this treatment.
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Figure 3.2: Reminder of the conceptual
idea of operator GFT.

herent state ,
wy (W) == 4" eRllof], (3-72)

The product of the algebra results from the choice of symplectic
structure on S, which (in suitable representations) leads to modified
commutation relations between creation and annihilation operators

lv (' @] = (f.co)- (3.73)

An explicit equality between n-point correlation functions then di-
rectly shows that our theory knows the dynamical relations of the
functional formulation. But it remains to be understood if and how
this construction can be recast in the language of constraints as in-
troduced in the previous chapter.

In our case the idealization step is the infinite number of particles in
the state wy. If the particle number were finite all coherent states
would be equivalent to Fock and the distinction between phases
would be not clear. This does not imply that the phases with differ-
ent physical properties would not be present in the model, but their
distinction would be much more complicated. On the other hand the
assumption of infinitely many particles could be a real physical re-
quirement that is needed in order to describe states that correspond
to smooth geometries using discrete particles.

STEP III: PHASES OF GFT

A notion of different phases is very clearly presented by the choice of
the local minimum of S. Moreover, if that minima are given by tem-
pered micro-functions, the phases will not be Fock. On the other
hand, algebraic coherent states with finite particle number will al-
ways lead to the Fock phase. Hence, in order to have other phases,
the particle number has to be infinite, which is in direct relation to
the usual description of phase transitions in statistical field theory.

STEP IV: QUANTUM CORRECTED GT

The final step of effective definition of approximate gravitational
equations is absent at the current stage and has to be done in fu-
ture works. A possible test would be to follow the cosmological cal-
culations in GFT [148]. However, whereas the existing calculations
approximate the dynamics of GFT by neglecting the interaction part,
our approach will lead to calculations that include the full linearized
dynamics and whose corrections can be included in the perturbative
series.

Most of our steps were based on known and developed methods in the
context of algebraic field theory [39, 123, 124], but needed some modi-



fications due to the conceptual and technical differences between group
field theory and ordinary QFT on space-time.






Appendix

A.1  Group theory of SU (2) in a nutshell

In this chapter, we used some basic features of group theory on SU (2).
Here, we provide the properties of the SU (2) group and its irreducible
representations that we used throughout the chapter. For more details
we refer to the literature [132, 149].

The group SU (2)

1. The group SU (2) is a compact, connected, simply connected three
dimensional Lie group. The Haar measure yg on SU (2) is a unique
normalized, left and right translation invariant Borel measure. That
is, for any integrable function f : SU(2) — R and for any R,L €
SU (2) we have

[ dmfagR = [ due) fle), (A
Su(2) Su(2)

and

J dupy = 1. (A.2)
su(2)

We denote this measure dh.

2. The unitary, irreducible representations of SU (2) are labeled by
their dimension that we denote d; = 2j + 1 for j € % Any two uni-
tary irreducible representations with the same dimension are equiv-
alent. Therefore it is enough to provide one irreducible representa-

tion for each dimension.

Wigner matrices

1. The Wigner matrix representation of SU (2) is an unitary irreducible
representation of SU (2) in terms of matrices of rank d;. We write

D} 5 (3) € Mat (d; x ;,C), (A.3)

where j is called the spin, and &, 8 € {—J, -, j} are the spin-z com-
ponents of the representation. Usually « and B are referred to as
magnetic indices.
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. Wigner matrix coefficients are smooth, complex valued functions on

SUu (2).

. The complex conjugation of the Wigner matrices satisfy

Dly(s) = (-0PD., 4(s), (Ag)

and their adjoint is

(PP s) Dot 4

. By Peter-Weyl theorem the Wigner matrix coefficients are dense in

L. They form an orthogonal system in L2 normalized to the inverse
of dimension of the representation (Schur lemma)

i : 1
| 48Dl (01D 5 (s) - Foidsp (A.6)
moreover, this system is complete
3 D) () Dg () = Y diDhe (sh7Y) =6(8,h), (A7)
jnp T

where 6 (g,h) denotes a Dirac-Delta distribution such that for any
smooth function f we have

[ ds r@sem =7, (A8)

Hence, the set { , /d;D/ is an orth Ibasis in L2 (SU (2
ence, the se {\/7 2 (g)}j,a,ﬁ is an orthonormal basis in L= (SU (2))
and it follows

j

N ) )
Gim |f=Yd; Y, (Dhpf) Digl =0 (A9)
] wp=—j

. By the Peter-Weyl theorem the set of Wigner matrix coefficients is

also dense in Sy, (see for example [149]), i.e.

N i .
Jim |If — 24 D0 fiapDip (@) koo = 0. (A.10)

jooap==j

.2 Fourier transform on SU (2)

. There exists a notion of Fourier transform F on S — that we call the

Peter-Weyl transform — defined by

F()GowB) = (Dlpf) o = Frap (A11)



Meaning a point wise equality we define the function fas

fF=F), (A12)
and write

U, B) = fiap (A13)
. The inverse of F is given by (A.9)

—-1(7 . j (A.9)
FUHQ@ =24 Y fepDly@ P f9).  (Arg)

et ap=—j

. F is a topological isomorphism between S and the space of rapidly
decreasing sequences [132], that we denote S (IN). A sequence {f]aﬁ}
with j € & and a, B € {—j,- -+, j} is called rapidly decreasing if for
any n € N

tim |71 < %, (A1)

with ”f]”2 = foﬁ:f]‘ f]’,a,ﬁf]}a,ﬁ'
. The Peter-Weyl transform can be extended to the space of square in-
tegrable functions on which it defines an isomorphisms between L?

and the space of square summable sequences £2. Moreover, it can be

extended to the dual space of Sov which is the space of distributions

S

A.3 Notation suitable for GFT

Since the domain of fields in GFT is usually an n-fold product of Lie
groups, we will use product representations with the following proper-
ties, to simplify the notation:

1. The group SU (2)*" is a connected (in the product topology), simply
connected, compact Lie group, with the Haar measure defined as

e (SU(2)") = (SU (2)) x g (SU(2)) x -+ x iy (SU (2)).

We call the domain of fields the base manifold of GFT, and denote it
with M = SU (2)*". To make our notation as close as possible to
ordinary cases we will denote the points of M by x and y. Neverthe-
less, we should always keep in mind that x and y are elements of a
non-commutative Lie group. When we need to refer to single com-
ponents of x or y we use the subscript notation, such that x; € SU (2)
and

x=(x1,--,x,) €M =SU2)*". (A.16)

With this notation we denote the Haar measure on M by dx. When
we need to refer to n points on M we use the superscript notation
such that x/ € M.
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2. The product Wigner matrix representations of SU (2)*" are defined
as products such that

QEQ{;ff~'fZE),(ﬁl,~~~,ﬁn)() D g, (x1) -+ Dl (). (A17)

To shorten the notation we use the multi index notation, such that
J = Gijo,ju) with each j; € B, a = (a1,---,a4) and B =
(B1,--+,Bn), where a;, B; € {—ji, -+ ,ji}. Hence for any x € M we
write

) 5(x) =D 5 (x1)- D o (). (A.18)

The dimension of the product representation ©/ is
dy =2 +1)---2u+1). (A.19)

3. It is straightforward to verify that the above properties of Wigner
coefficients and Peter-Weyl transform translate one-to-one to the prod-
uct representation ©. In particular, the Peter-Weyl coefficients for a
field ¢ can be written as

#(,08) = [ 4rBls () 9 () (A.20)
and the inverse is given by

= Z dj (ﬁiﬁ Qz{c,ﬂ (x). (A.21)
]'a’ﬁ

A.4 Proof of lemmas for S

Lemma 5. S is closed under translations; that is foranyy € Mand f € S
the functions L} f and R} f are again in S. Moreover, Ly and R} leave the
L?-bracket, (-, )Lz, invariant.

Proof. The first statement follows from smoothness of the maps Ly and
Ry. The second statement is a direct consequence of the left (respec-
tively right) invariance of the Haar measure dx. That is for f,g € S and
yeM,

(Lir.138) = | Flmg ) ax

-| Fo

= (£ 8
And similar for R} f. O
Let X; € m be a Lie algebra element of M, then X; acts as a derivation

on smooth functions such that for f € S, I < R an interval containing
zeroand f € I,

Xif (x) = ot f (e x) lizo, (A.22)



where e'Xi denotes the exponential map on M [132].

Lemma 6. S equipped with topology induced by the family of semi-norms

{If

is a complete, topological, locally convex, vector space.

koo = [ X1+ Xf (8) oo : X1, -+, Xp e m;Vk e N},

Proof. See reference® [132]. O

When the topology of & will be important in our discussion we will
denote this topological space by Se.

Since M is compact, every smooth function on it is finite integrable
and we can equip S with the norm-topology induced by the norm,

172, = JM F ) f (x) dx. (A.23)

Lemma 7. S equipped with the norm topology is not complete and its com-
pletion is the space of square integrable functions on M.

Proof. See reference [132]. O

Let h € SU(2) and D : SU(2) — M be a diagonal map such that
Dy =D (h) = (h,---,h). We say f satisfies the closure constraint (or f
is gauge invariant) if

Rhf=f VheG. (A.24)

We denote the space of functions that satisfy the closure constraint by

Se.

Proposition 8. S can be decomposed in complementary subspaces Sg and
Sng such that
S = 86 + Sne, (A.25)

and Sg n Sng = {0}. Where Sg is a space of gauge invariant functions
and Sng is a space of functions that do not satisfy the closure constraint.

Proof. Let P define an operator on S point wise by

e @ = | (Rb,f) (o) an

Pislinear since it is a combination of linear operators, R}, and - (-) dh.
D, G

We show that the image of P is in Sg. By [132, lemma 2.1] it is enough
to show that |Pf| o, < oo for any k € IN. For an arbitrary fixed k we get

IPf koo = sup Xy -+ Xi (Pf) (x)]

= sup ‘Xl : ~ka (R*th) (x) dh‘.
xeM G

* In this reference the authors define the Lie
algebra by left invariant vector fields as op-
posed to our definition as right invariant
vector fields. For that reason in the origi-
nal paper eq.(A.22) is defined by right mul-
tiplication with the exponential map. This
small change, however, does not change the
results of the paper.
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By lemma (5) the integrand is a smooth function and can be upper
bounded by sup, ., Rf)hf) (x)’ Hence, by dominant convergence
theorem

IPflise < | sup Xa+Xe (R, f) ()]
G xeM
For any fixed h € G we have

X; - X, (R*th) (X) =01, -0, f (etlxl ...ethxth) )

where all derivatives are taken at zero. Since x D;, € M it follows that

sup Xy -+ X (Rp, f) (0] = sup X; -+ Xi f ()]

and we obtain
IPflx,c0 < 1flk,o0-

Therefore, P : Soo — Sy, is a continuous linear operator on S.
Further, by right invariance of the Haar measure it follows that P2 f =
Pf. By [135, theorem 1.1.8] it follows that S, can be decomposed as

S = Sg + NG,
where Sg = PSy and Sng = (1 — P) S and Sg n Syg = {0}. O
Lemma 9. P is an orthogonal projector on L2 (M, dx).

Proof. P is bounded on &> since for any f € S we have by right invari-
ance of the Haar measure

IPFl2 = fM L f(xDy) dhdx JM £(x) dx = | fl 2.

Let f,g € S. Then by Fubini and the invariance of the Haar measure
under right multiplication and inversion, we have

e = [ 700 ([ (Rbyg) @) an) as

= JM (L (R*th) (x) dh) g (x) dx

Therefore, P is an orthogonal projection on the dense domain of L% (M, dx)
and extends uniquely to the whole L? (M, dx) by continuity. O



Theorem 10. The space Sg = PS is dense in PL? (M, dx) — the image of
the orthogonal projection P on L* (M, dx).

Proof. Since PL? (M, dx) is given by the projection P, it is a closed sub-
space of L? (M, dx). By lemma (7) the set PL?> (M,dx) n S is dense in
PL? (M, dx). Further, any f € PL? (M,dx) n S is an almost-everywhere
gauge invariant function that is smooth. Define § = f — Pf. Then
g vanishes almost everywhere and is smooth. Hence g is zero every-
where, and we get f € Sg and PL?> (M,dx) nS < Sg. The opposite
inclusion, Sg € PL? (M,dx) n S, is obvious since any f € Sg is square
integrable and Sg < S by lemma (8). O

A.5  Weyl algebra with closure constraints

Lemma 11. For any x € M the maps ay and By from A (S) to A (S) defined
such that for any f € S

x (W(f)) = Wwip), Bx (W(f)) = W(rep), (A.26)
and extended to the whole A (S) by linearity are x-automorphisms.

Proof. By definition ay and By are linear. Further let f,g € S, then by
lemma (3.2.1)

fx (W(f)w(g)> = &y (W(erg)e*é%(f,g))

— e 33w

(L3 f+Lxg)
—5S(LAf LE
=e¢ 2 ( xf xg)LZW(L;f—&-L;g)

= Wi-n)Wirrg)
= & (Wip) e (Weg)) -

Also
o (W) = (Wep)
= Wi-tf)
= [ox (Waszn) |
And similar for By. O

Restricting S to Sg we obtain a subset 2 defined as

[-lx(s)
A = span {w(f) eAS)|f e SG} , (A.27)

where 5l2(5) denotes the closure in the 2 (S)-C*-algebra norm.

Theorem 12. 2 is a maximal C*-sub-algebra of A (S) that satisfies VA €
g, Bp, (A) = A foranyh e G.
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Proof. g is spanned by Weyl elements of the form W) with f € S¢ <
S, hence, g = A (S). Since Sg is closed under addition, and multipli-
cation by real numbers, 2 is closed under multiplication and involu-
tion,

WinWig) = Wiragre 2508 e g,
W(*f) = W(—f) € Q‘G-

To show that 2 is invariant under Bp, for any h € G let (A;), o be a
Cauchy sequence in 2 such that

n
Ay = Z CiW(f,') with ¢;eC, fi e Sg
i=0

and that converges to A € g. Choose h € G. Then by lemma 11

Bp, is a x-automorphism on 2 (S) and the sequence (Bp, (An)),p 15

Cauchy sequence in 2 (S) that converges to fp, (A) € 2 (S). However,
if f; € Sg then Bp, (W(fi)) = W(Rbhfi) = W(fi) and the two sequences

are identical in 2. Thus, the limit points have to be equal and we get,
Bp, (A) = A. The fact that g is maximal follows from proposition
3.2.1 and the fact that we can decompose, S = Sg + Syg with Sg n
S = {0} O

Corollary 13. The Weyl algebra over Sg, denoted A (Sg), is a maximal
C*-sub-algebra of 2 (S) that is invariant under Bp, for any h € G.

Proof. This follows from the fact that # : 2A(S) — 2 (Sg) defined on
Weyl elements by

and extended to A (S) by linearity is an invertible x*-homomorphism
from g to A (Sg). The later is obvious since on g, 7 acts as an iden-
tity. O
A.6 Proof of the equality between the correlation functions

We show that the following equality holds for any f; € Sg,

O -+ O, W (W(tlfl) o W(fnfn)) =0

= fdxl f (xl) 5I(x1) .. .del fo (xn)él(x”)z e

where x' e M forie {1,---,n}.
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We proceed by induction: assuming that the assertion holds true for some arbitrary but fixed n > 2 we have

O+ 01, Ma( Wierfo) - Wity fuos )lt=o

We begin with the induction step

(105,) " 20y, -+ B, _, g (W<t1f1> o W(t,lflfH)W(tnm) |t=0- (A.29)

Since f; € Sg we have by the product of the Weyl algebra

W) Wt fie) Witns) = Wit ittt fi): (A-30)
By the definition of the state w, we obtain

ey fr+--+tnfu?
(A.29) = "0, 04, ...atn_le_f(?el%((/)(tlfl""""‘rtnfn))|t:0

2
PR (eWPez§R((p(t1f]+---+t,,_1fn_1))latn <e (fnfn,C(t1f12+ +tnfn))el§R((P(tnfn))>>

|t=0/

where in the last equality we used the definition of the norm || - |, and the linearity of ¢ (-) to separate the f,
dependent part. Hence we obtain

I fr 4+t _1fu_113 tn FuC (b fr et t
"oy O (6_Wel%("’(tlﬁ*”'“nlf"1))> 104, (e_(nfn (1f12+ : "f"))em(qo(tnfn))) |

t=0

A [t 14+t —1fn—1 H%{) (tnfn/c(f1f1+'“+tnfn))
+Zr’l—1 Z atl . at]' - 3tn_1 <e_Z1elm(ﬁo(tlfl-‘r...-‘rtn1fn1))> latn atj (e_ 2 el%((P(tnfn))) |t:0,

where ét]. denotes that the missing derivative with respect to the parameter ;. By the inductive assumption
we have

f dx' fi (x') 8y - 'fdx”* faet (¥ 8y Z U lj=0 - R (9 (fu)
2 J ax' fi () 6y - fdhjff () &1y - de”‘l faet (3"7) 8y ) Z U lj=o (f”’sz)c
]

Since f, € Sg we have R (¢ (fn)) = = {dx" f(x ") 65(xm) eU€0|] 0- And similarly

fn/f] de £ (x") 8jen) fdxjf (xf) 5](xj)e%SICI|]:o.

Due to this replacements the above equation becomes

de A (X)) de fu (") 85y Z ] [7=o0-

Equation (3.56) verifies the inductive assumption for n = 2, which completes the proof.






Symmetry analysis of
group field theory

In the last chapter we discussed how to obtain an operator formula-
tion of GFT from the action S — the action for the definition of the
covariant formulation. We have seen that the local minima of S play a
central role in this construction. Moreover, we have shown that these
extrema need to be from the space of tempered micro-functions in or-
der to lead to Fock inequivalent phases of GFT. As we have shown in
chapter 2, the action of GFT is multi-local and the corresponding equa-
tions of motion involve integrals alongside differential operators, called
integro-differential equations. Hence, for a perturbative definition of an
operator theory for GFT we need to solve integro-differential equations
on the space of (tempered) distributions — this, however, is in general
a difficult task.

For partial differential equations, symmetries often provide the nec-
essary tools for a characterization of solutions [150] and the symmetry
analysis for local theories is well developed. For integro-differential
equations the symmetry analysis is understood only for some specific
cases [151, 152] but general algorithms to find symmetry groups of
integro-differential equations are not known.

On the other hand, one of the open issues of GFT is a characteriza-
tion of the theory space. Here again, the usual characterization is done
in terms of symmetries. It is not clear if the theory space of GFT should
be also done in terms of symmetries, or rather in terms of combinatorics
or some other principles, but it is worth performing the symmetry anal-
ysis, to clarify the situation. For this reason, a symmetry analysis for
GFT models is important for conceptual as well as technical reasons
[112].

In this chapter we will develop and perform a symmetry analysis for
GFT actions using a very basic notion of point symmetries. It will turn
out that the definition of point symmetries is too restrictive, but it will
also allow us to classify all existing point symmetries of the models.

The discussion of this chapter is purely classical since our goal is
the symmetry analysis of a classical action S. To address this problem



' A differential map 1 between to differen-
tiable manifolds E and M is called a sub-
mersion at point p € E if its differential at
p

Drtlp : Ty)E — TrpyM (4.2)
is surjective. The map 7t is called a submer-
sion if it is a submersion at each point of E.
In this chapter we use the symbol 7t as the
submersion for the vector bundle and not as
the symbol for the representation as we did
this in the previous chapter. This should not
lead to any confusion, since in this chapter
we will not deal with any representations of
the algebra and 7t will exclusively refer to
the submersion.

we will use the geometrical formulations of field theories. We will be-
gin this chapter by reviewing the geometrical formulation of local field
theories and then extend it to multi-local actions as used in GFT. In
the second part of this chapter we apply the developed framework to
specific GFT models and derive their symmetry groups.

4.1 Geometrical construction of local field theories

For the definition of symmetries and the symmetry analysis of GFT
models we will use the geometrical formulation of field theory. In this
formulation the Lagrangian is defined as a differentiable function on a
jet bundle and physical degrees of freedom — the fields — are sections
in the underling vector bundle. A precise definition of vector bundles,
jet bundles, sections and other necessary ingredients for classical field
theory, is presented in any standard text book on this subject. For this
reason we will provide only the basic intuition for the geometric ingre-
dients needed but we refrain from stating a comprehensive and precise
definition of all concepts to avoid a creation of copies of known text
books. For a rigorous definition of vector bundles and jet bundles we
suggest [153, 154] and for their application in field theory we refer to
[150, 155].

In the following we will need three ingredients from the differential
geometry and the theory of Lie groups: the concept of vector bundles,
the concept of jet bundles and the concept of a local group of transfor-
mations.

4.1.1  Vector bundles

A vector bundle is a generalization of the direct product between a dif-
ferentiable manifold and a (finite dimensional) vector space,

E=MxYV. (4.1)

In fact the simplest vector bundles — called trivial — are exactly of
this form. The usual nomenclature is as follows: the vector bundle
is denoted by the tuple (E, r, M, V) sometimes simply denoted by 7,
where E is a differential manifold called the total space, M is a differen-
tial manifold called the base space, V is a vector space called the fiber and
7t : E — Mis a submersion® called the projection. In general, a vector
bundle can not be written as a direct product, but locally — in a small
open neighborhood of each point — every vector bundle is diffeomor-
phic to a trivial one; the diffeomorphism is called a local trivialization,
loc(_)1 :E>Q — UxV,where U = 7 (Q). Typically, a local trivializa-
tion is not unique, and hence, there is no canonical way of decomposing
the total space into a Cartesian product. However, the change between



two local trivializations on the same region of E is a group element of
the so called structure group of 7. This allows us to cover the whole E
with local trivializations switching from one to the other on the inter-
sections of their domains. Hence, if we restrict our statements to local
regions on E we can always work with Cartesian products.

Physical degrees of freedom are described by differentiable func-
tions ¢ : M — V from the base space to the fiber. Going slightly
against the usual convention we call these functions fields. If the vec-
tor bundle is trivial we can define a graph of a field ¢ in E as a set
gr(¢) = {(x,¢ (x))|x € M}. On a generic vector bundle the notion of
a field and its graph, depends on the local trivialization. A section in
the vector bundle 7t is a generalization of the concept of a graph, that
is independent of the local trivialization. Locally, however, a (smooth)
section can always be represented as a graph of some (smooth) field
¢ and conversely, given a local trivialization, every (smooth) field ¢
defines a (smooth) section by its graph gr (¢). In the following we will
consider only smooth sections and therefore drop this specification. We
will denote the space of all sections of a vector bundle 7 by I' (77) and
use the same notation for the space of smooth fields assuming a local
trivialization. For the space of local sections and fields — those that are
defined only in a local region on M — we use the notation I';,. (7).

Choosing coordinates on M, a basis on V and suitably adjusting the
domains of the chart and the local trivialization we can define coordi-
nates on E such that

-1

Esp s (x,u) chart (x”,ui) e R" x R", (4-3)
where m = dim (M) and n = dim (V). As in the previous chapter,
we will reserve the letters x and y for the elements of the base space.
However, the same characters with superscript will refer to coordinates
on M. Similarly with the fiber components for which we use the letter
u € V and after choosing a coordinate basis denote them as u’. Due
to local trivialization, when working with vector bundles we can think
about the Cartesian products of local regions in M x V or equivalently
in local charts on R™ x R". This is what we will do in the rest of this
chapter.

4.1.2  Jet bundles

A vector bundle, 7, provides an appropriate space for the definition
of fields in a geometrical way as section of 7t. The next step is the
construction of the appropriate geometrical space for the description
of derivatives of functions. This space is called the (first) jet bundle.

A (first) jet bundle is a generalization of the tangent space of a man-
ifold. It is a vector bundle, and hence consists of the total space that
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we denote JE, the base manifold M, the fiber | and the projection
7y« JE — M. Locally, it takes a structure of the Cartesian product

JE=MxVx] (4-4)

where ] is the fiber of the jet bundle called the (first) jet space.

The jet space is an equivalence class of local sections on E, just as a
tangent space is an equivalence space of local curves on the manifold.
Elements of the jet space, can be understood as differentials of local
fields ¢ : M — V; that is at some point x € M, D¢|y is an element of
the jet space at x. Locally, we can therefore write an element of the jet
bundle as

(x, ¢ (x), Dol), (4-5)

and if we do not want to refer to sections we write (x,u, uy) € JE, where
uy denote the points of J. Generalization to higher order differentials
define then higher order jet spaces, and corresponding higher order jet
bundles. In the following we will use only first jet bundles and refer to
them simply as jet bundles.

Local coordinates of the vector bundle 71 can be extended to local
coordinates on the jet bundle 777 such that

loc; !

JEsj < (x,u,uy) cfart (xﬂ,ui, u;,) e R™ x R" x R™™". (4.6)

These coordinates are constructed in the following way: the coordi-
nates on M induce a coordinate basis on TM, whereas coordinates on
V define a basis in the fiber, hence the linear map, D(p\p : TyM — 'V,
becomes a matrix with components u;,. Hence, in a chart the jet space
can be understood as the space of matrices Mat (n x m,R).

The jet bundle allows us to define the Lagrangian as a smooth, real
valued function,

L:JE—R. (4.7)

It is a function on a finite dimensional space of points of the form
(x”, ul,ul ), but in this geometrical formulation it is not a function on
I' (), the infinite dimensional space of fields. This makes it possible
to use the usual differential calculus for variation of the Lagrangian. In
the following we will distinguish between four different derivatives:

PARTIAL DERIVATIVE: is a derivative of the Lagrangian with respect to
the base space. In a chart (x", ul, uly) this derivative is given by the
derivative with respect to the coordinates x*. We write for I c R an
interval containing zero, t € I, and {e#} the canonical basis in R™,

d »
a1/L|(x,u,u,() = %L (xﬂ + te', u’, u;;) |t=0- (4.8)



FIBER DERIVATIVE: is a derivative of the Lagrangian with respect to the
fiber coordinate. In a chart this derivative is given by the partial
derivative with respect to the coordinates u’. For I c R an interval
containing zero, t € I, and {ej} the canonical basis in R”,

. d ' P
O Ll (x ) = EL (x”,ul + te],u’y) |t=0- (4-9)

JET DERIVATIVE: is a derivative of the Lagrangian with respect to the
jet space. In a chart this derivative is given by the partial derivate
with respect to the coordinate u;. For I < R an interval containing
zero, t € I, {e!} the canonical basis in R™ and {ei} the canonical
basis in R”,

0 Lxuuy) = iL (xy,ui,ui +t(ev®ej)) |t=0- (4.10)
wy T ¥

TOTAL DERIVATIVE: isa derivative of a function on JE, in the case when
the points of the jet bundle are given by some smooth section g7 (¢) =
(x#, ¢ (x#), D¢|n) and we have to take into account the dependence
of ¢ on x#. We write

n n
DVL|(x,u,ux) =l + 2 Oyl - Oxnd’ + Z au;‘L 0wD¢',  (4.11)
i=1 i=1

where the right hand side is evaluated at the point (x, u, ty).

The last necessary piece in the formulation of the field theory is the
action. An action S, is a functional on I'(77) given by an integral over a
local region (3 © M of a Lagrangian such that in coordinates we get

S[¢] = L dxt /gL (x”,ui, u;) ) (4.12)

where g refers to the determinant of the metric in the coordinate chart
x# and the points u and uy are implicitly assumed to be given by the
smooth section g7 (¢) = (x, ¢ (x), D¢|x).

4.1.3 Continuous symmetry and the local group of transformations

In order to discuss the notion of symmetries of the action Sq in the ge-
ometrical langue we need to introduce the local group of transformations
[150].

A local group of transformations is a Lie group Gr that acts on the
vector bundle 7t. That means, for g € Grandanyx e M, u € V we get
new points ¥ € M and i € V such that

8- (xu) = (%) = (C(x,u),Q(xu). (4.13)

where the functions C : E - M and Q : E — V specify the group
action: C prescribes the new point of the base manifold and Q gives the
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new point of the fiber. Both functions are not invertible in general, but
if g is sufficiently close to the identity the inverse of C o (1 x ¢) exists
due to the inverse function theorem [150].

If the point in the bundle is given by a (local) section (x, ¢ (x)) and
g is close to identity, 1, the transformed point (%, ) will be also given
by some section such that (%,i) = (%, (%)). It is a well known result
[150] that the transformed field ¢ is given by

(%) =Qo(Lx¢)o[Co(Lxe) " (), (4.14)
The transformation of ¢ under the group Gt induces a transformation

of D¢, which can be calculated in a straight forward way and the action
of the group Gr prolongs to the jet bundle, such that

g'(xru/ux) = g'(xr(P(x)/D(P|x) = (fl(ﬁ(f)/D(ﬂf) = (f/ﬂ/ﬁf)- (4‘15)

The algebra of Gr is associated with vector fields on 7, such that
for each g close to 1 there exists a vector field W on TE and € € R
sufficiently close to zero such that ¢ = exp (W) = g.. The vector
field W can be split in its components tangent to the base manifold and
parallel to the fiber as follows,

W = Xum (x,u) 0x + Xy (x,u) Oy, (4.16)

and we refer to X as the generator of C and Xy as the generator of Q
— even though in the strict sense neither C nor Q are elements of Gr.

A symmetry of the action Sq, is a local group of transformations such
that for any U < Q) and any ¢ € I (7).

Sule] = fu dx" /gL (x”,ui, u;)
= f d¥' 3L (%, 1,) = Sy (], (4.17)
u

where, U = [Co (1 x ¢)] (U), is the transformed domain of integra-
tion, that in general depends not only on ¢ € Gr but also on the whole
field configuration ¢ in U. These transformations are called Lie point
symmetries or “geometrical” symmetries, because they admit a geo-
metrical interpretation of a flow, being generated by vector fields of the
vector bundle 7.

The requirement that the symmetry does not change the action for
any sub-domain of () is essential in order to derive a point-wise criteria
for the symmetry. Such point-wise statements are much easier to treat
than equation (4.17) that involves integrals.

It is a well known result, based on properties of Lie groups, that C
and Q define a symmetry of the action if and only if the infinitesimal
generators X and Xy satisfy the following equation

m n m n
> Y Dud L Xo+ 3 Dy (LXh) + Y EL-Xp =0 . (418)
u=1li=1 u=1 i=1



Where Xg is the characteristic of the symmetry defined in local co-
ordinates as Xég (x,u) = X (x,u) — I Xhy (x, 1) 0pgpt (x), and the
equations of motion for the Lagrangian L are denoted by E} . For better
readability we summarize equation (4.18) as

Div (0,L- Xg + LXm) + Er (Xg) = 0. (4.19)

The vector fields X7 and Xy generate a symmetry of the action S if and
only if they satisfy the above equation [150]. Due to the “only if” part
of this relation, equation (4.19) can be used as a defining equation for
the symmetry group. We will show explicitly how this is used in the
symmetry analysis in the second part of this chapter.

When the equations of motion are satisfied, Et = Oforallie {1,---,n},

the equation (4.19) defines a conservation law,
Div (d,L- X+ LXp) = 0.

Indeed, equation (4.19) is a special case of a more general Noether the-
orem that relates the symmetries of the action and conservation laws

[156].

4.2 Multi-local action and its symmetry group

We now turn to the multi-local case and modify the above formalism,
to apply it in the context of GFT, or more generally, a theory with multi-
local interactions. We begin by formulating GFT in the above language.

4.2.1  Vector bundle for GFT

The vector bundle of GFT is a trivial bundle (E, 7t, M, V) with the base
space M = G*%, for a Lie group G of dimension r = dim (G). As before
we will denote the elements of the base space by x and by slight abuse
of notation denote the coordinates by x*, where p € {1,---,m}, m =
dim (M) = r-d. The components of x will be denoted by subscripts
such that

Max=(x1,--,x3). (4.20)

with x; € G for j € {1,---,d}. If we need to refer to the coordinates of
a single component we denote them by x;?‘, where & € {1,---,r}. The
measure dx will refer to the Haar measure on M. In coordinates the
Haar measure will be denoted dx* N with the metric determinant g in
the chart x* and where the metric is given by the Killing form. Notably,
since the base space is a Cartesian product of differential manifolds
each of which can be equipped with the metric, we have the following
relation between the Haar measure on M and the Haar measure on G,

d d
dx =dx* /g = [ [dxt /g7 = [ [ dx;, (4.21)
j=1 j=1
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where g; refers to the determinant of the metric on the jth component
of M in the chart x{ and dx; is the Haar measure on it.

In the following we will chose the fiber to be either, V. = R*¢, or
V = C*¢ with some ¢ € N and denote the field components by ¢’ for
i€ {1,---c}. In the GFT literature the components of the field are called
colors, and when we define a model with ¢ > 1 such that the interaction
of the model is linear in each component we speak about a colored GFT
model.

To save space in rather lengthy equations we will use a short notation
for a field at a point x such that

P12, 4 =P (X1, ,x3) = P (x). (4.22)

We will denote the gradient on M by V. In local coordinates the gradi-
ent for a smooth function f on M is given by

m
Vs D) aufgh o (4.23)
uv=1

The divergence on M is denoted div and defined on a tangent vector
X € TM in local coordinates as
. 1
div (X) (x) = —
V8

If X is a tangent vector and L is a function on the jet bundle, we will

a# (\/gxy) |x- (4.24)

distinguish between div and Div such that

div (L-X) = \}gay (VgL-X"), (4.25)
Div (L - X) = JED# (VgL-X"), (4.26)

where div refers to the partial derivatives and Div implies the total
derivative on L. The Laplace-Beltrami operator on M is defined as A =
Divo V.

For better presentation we will discuss the general procedure on a
specific example, but it should be clear that the construction can be ap-
plied to a large class of multi-local actions. The action we choose for
our discussion is the Boulatov action augmented by a Laplacian term
that we introduced in chapter 2, that we rewrite such that the combi-
natorics of the model becomes explicit,

Sulf) = fM dx (x) - (~A+m)§ (x) (4.27)

+ A_[szx dxdydzdw ¢ (x) ¢ (y) tet (x,y,z,w) ¢ (z) ¢ (W),



where

tet (x,y,z,w) =6 (xlyl_l) ) (x222_1> ) (xgwgl) (4.28)
x 0 (yzwz_1> 1) (ygzgl) 1) (zlwl_l) ,
denotes the combinatorics of the tetrahedron. In the following we re-

strict our discussion to real valued scalar fields. The equation of motion
for the Boulatov action reads then

(—A+m)p(x)+ 4AJ dydzdw tet(x,y,z,w)¢ (y) ¢ (z) ¢ (w)=0.

Mx3

(4.29)
As we already pointed out this equation is an integro-differential equa-
tion, because the second term will contain integrals even after the ex-
plicit use of the delta distributions. Because of this, the action can not
be written as an integral over a Lagrangian defined over some jet bun-
dle. Nevertheless, we can split the action in two separate parts as

Sm 9] = S{y [@] + Syyxa [¢]- (4.30)

The first part is the local action, induced by the local Lagrangian

S%[9] = fde(x) (—b+m) ¢ (x),

or after integration by parts and in coordinates

S 9] = fM dxt /g L (¥, u,uy) (4.31)
m
L0 (x,u,uy) = Z Uy iy + M, (4.32)
u=1

where the Lagrangian is defined on the first jet bundle over the vector
bundle 7: M x R — M.
The second part of eq.(4.30) is given by

Shoea[9] =1 [ dxdydzdu ¢ (1) (1) (2)9 (1) tet (11,2, 0),

and as such can not be written as an integral of a differentiable func-
tion defined on the vector bundle 7. However, we can construct a new
vector bundle with the base space M such that the action becomes of
the form

Si [9] = fM dx7 ! (W,u‘s) Lt (XV,M‘S) = UUPUPUA,  (433)

where ij are coordinates of M and Ll; are coordinates on the suitable
fiber. In the following section we detail the construction of the suitable
vector bundle for the multi-local interaction.
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4.2.2  Vector bundle for the multi-local interaction

We begin with the vector bundle of the local part, 7r, and define the 4
fold direct product of 77, such that the total space is E*4, the base space
is M*4, the fiber is V** and the projection is 7 = 71 x 7 x 71 x 1.
This product (E*, 7%, M*, V*) is again a vector bundle [154] that we
denote m*. On M* we have canonical projections prj : M* — M for

j€{1,2,3,4} such that

pri (x,y,z,w) = x pra (x,y,z,w) =y

pr3(x,y,z,w) =z pra(x,y,z,w) = w.

Sections in 7t* give smooth fields ¢ : M* — R*, with components ¢’ :
M — Rforie {1,2,3,4}.
Next we define a map fiet from G*® — M* as follows,

ftet : (xl, X2,X3,X4, X5, xé) = ((xl/ X2, x3) 7 (xll X4, XS) 7

(x6, X2, x5) , (X6, X4, X3)) (4-34)

This map encodes the combinatorics of the tetrahedron and is a combi-
nation of diagonal maps, (x) — (x, x), and permutation maps (x1, x2) —
(x2, x1) and hence is differentiable. More precisely, fiet is an embedding
from G*® in M*. Therefore the pull back of s by fiet is again a vector
bundle [154] — the pull back bundle of 7t* that we denote (&, fr %, M)
or simply fx,7t*, with the total space £ and the base space M = G*°.

Smooth sections of 7t* are mapped to smooth section of f.%,7t* by the
pull back with fie, such that for a smooth field ¢ : M* > RY its pull
back ¢ : M — R* s given by

ll) (xll X2,X3,X4, X5, x6) = ((P o f) (xl, X2,X3,X4, X5, X6) . (435)

In local trivialization we denote the points of the product bundle
fieem* by (X,U) and in a chart we write (X/,U;), wherea € {1,--- ,r}, j €
{1,---,4}andie {1,---,6}. Since the base manifold of f,7t* is a direct
product of the group G we get

X = (x1,-+, %) (4.36)
For a fixed @ and j we get in local coordinates
Xt MR (x1, -+, x6) =7, (4.37)

where x;?‘ is the a’s chart component of the jth group G in M.
We define the Lagrangian for the interaction of the Boulatov model
in local coordinates as

L! (X].”,u;') — UnlolhsUy. (4.38)



Again, the Lagrangian is a function on the pull back vector bundle, and
not on smooth fields. Moreover, sections in f{,7w* are not always given
by physical field degrees of freedom, which are sections in 7r. To ensure
a connection between sections in fi,7t* and sections in 77 we choose a
subset, I'p (fiu7t*), of smooth sections on f,7t* such that

Tp (far®) = {99 € T (i) BO €T (1) : 99 = (9,4, 4, 9) © fre |
(4-39)
It is a closed subspace of the space of all sections on fi5,7r* that we call
the space of diagonal sections.
If U is given by a diagonal section in f,7t* we obtain for the La-
grangian,

4

L ,U) = [ T[4 © frer) (X))

=1
= ¢ (x1,x2,x3) P (x1, X4, X5) ¢ (X6, X2, X5) P (X6, X4, X3) -

This is precisely the interaction term of our multi-local action where
the delta distributions of tet have been integrated out. Hence, on the
pull back bundle f,7t* the action S}VIX‘* is given by an integral over a
local Lagrangian and we can perform its symmetry analysis by follow-
ing the standard procedure from local theories. In summary: we can
view the multi-local action Sj; as a sum of local actions S° and S! on
which we can separately use the local construction for the symmetry
analysis.

In order to perform symmetry analysis of Sj; we need first to define
the local group of transformations on f{5,7t* in a consistent way.

4.2.3 The local group of transformations for multi-local actions

The function fier encodes the combinatorial structure of the interaction
and provides a relation between different vector bundles. We need to
take this relation into account when we discuss the local group of trans-
formations, to make sure that ¢ € Gr applies the same transformation
on both bundles.

A local group of transformations on fi,7t* is a (local) diffeomor-
phism that acts in local trivialization as

g (X,U) = (X,U) = (C(x,U),Qx,U). (4.40)

for some X € M and U € V. However, since f,* is related to 7 we
need to ensure that C and Q on f, 7t are consistent with the trans-
formations C and Q on 7t. To do this we examine the action of Gt on
sections in fy, 7.

Let g7 (¢) € T}y (1) be a (local) section in 71 with the corresponding
smooth field ¢. And let gr () € I'p (f7w*) be a diagonal section in
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fit* such that the smooth field g is related to ¢ as

Yp = o f. (4-41)
Let (X,U) be given by a section gr (), that is U = 1p (X). By defini-

tion of the pull back bundle we can write

U = (U, U, Us, Uy) = (¢X4Of) (X). (4.42)

For better presentation let us assume that the image of f (&X') is given by
(x,y,z,w) € M**, thenU = (¢ (x),¢ (y),¢ (z),¢ (w)). Since we know
the action of Gt on 7t we know that the points of M will transform un-
derge Grtox =C (x,ul), 7=C(y,u?),2=C(z,u®), @ = C (w,ut).
Hence for consistency we need to require that

fex,u) = (c (x,ul) ,C (y, u2> ,C (z, u3) ,C (w u4)) L (4.43)

or more generally

foCo(Lxyy)=[Co(lxp)]**of. (4-44)

Similarly, due to the action of Gr on 7 we know that the fiber points
transform to i = Q (x, u) and, hence, we need to require that

Qo (1x¢py) = [Qo(Lx )] ' of. (4.45)

From these transformations it follows with the same arguments as in
the local case that the fields transform as

_1 x4
gp—{[Qo@xg)olCo@xg) ™} of, (446

The above equations provide a relation between the action of the local
transformation group Gr on different vector bundles. However, equa-
tion (4.44) does not always lead to a well defined C on M. If C were
well defined, equation (4.44) would imply that, once ¢ € I' (1) is fixed,
for any & € M, there exists a J € M such that

fQ)=[Co(@xg)]of(X). (4-47)
This however, is not always possible. As an example consider a trans-
formation

C (xll X2, x3) = (xl *X2,X2, X3) ’ (448)
then

(CX4 ° f) (x1 - x6) = C (x1,x2,x3) C (x3,X,4,x5) C (x5, X2, %6) C (X6, X2, X1),

= ((x1 - x2, X2, x3) (X3 - X4, X4, X5)

(x5 - x2, X2, X6) (X6 - X2, X2, X1)) (4.49)



and if x4 # 1 the above point is not in the image of f. For that reason
the transformation C is not consistent with the relation between the
bundles and can not define a local group of transformations for the
Boulatov action. We call a local group of transformations admissible
with f or simply admissible if it satisfies the conditions in eq. (4.44)

and eq. (4.45).

4.2.4 Symmetries of non-local actions

We define a symmetry group of the multi-local action Sy as an admis-
sible local transformation group Gr such that for each g € Gt and each
field ¢ € T () the following relations hold

ShIp) =Y [F] v = M, Sk (o] = Sh [ws] vO e M, (a50)

where ¢ is the transformed field and Q) is the transformed domain. In
other words Gt is a symmetry of the multi-local action if it is a symme-
try for each individual part of the action.

Since each of the action parts is local on its own jet bundle we can
apply the point-wise symmetry condition (4.18). If we call X and Xy
the generators of C and Q and denote the generators of C and Q, by
X pm and Xy respectively we can state: Gr is a symmetry group of Sy if

and only if
Div (&MLO Xo+ LOXM) (x) + Epo (Xg) (x) =0, (4.51)
Div (auLl Xo+ leM) (X) + Ej1 (Xg) (X) =0, (4.52)

where Divy,; refers to the divergence on the base space M and Div
denote the divergence on the base space M. It is important to stress
that, E;1, is the equation of motion for the action L! treated as a local
Lagrangian. Hence the operator E;1 does not involve integrals. Since
the sections in the pull back bundle are valued in R* we have four
equations of motion, one for each of the components of the field. On
the diagonal sections these equations read

Ej (X) = (1x ¢ x ¢ x9)(f (X)) (4.53)
EL (X) = (9 x 1 x ¢ x @) (f (X)) (4.54)
E} (X)) = (9 x ¢ x 1 x ) (f (X)) (4.55)
Ef (X) = (9 x ¢ x ¢ x 1) (f (X)) (4.56)

Where 1 € T'(77) is a constant one-function on M. These equations are
the equations of motion for the action S! if the degree of freedom is
the field ¢, however, they do not correspond to the physical equation
of motion for the physical degree of freedom ¢, eq. (4.29). The later,

87



88

however, can be written in terms of E;1. For x € M, the equation of
motion for the field ¢ reads

Epo (x de Epy (x1,X2,%3,Y1,Y2, ¥2) (4.57)
B de E71 (X1,Y1,Y2, %2, X3, Y3)
+ de E}: (y1,%2,Y2, Y2, X3, X1)
+ de Eil (Y1, Y2, X3, %2, Y3, x5) = 0.
We denote this special class of points in M by

X1,%X2,X3, yll yZ/ yZ
X1,Y1,Y2,X2,X3,Y3
Y1,%X2,Y2,Y2,X3,X1

P4 - ]/1/ ]/2/ X3, x2/]/3/ X5

= (
= (
= (
(

o — — —

7

and summarize the above equation as

Ejo (x de Z E ; (4.58)

In local field theories, symmetries always correspond to conservation
laws by the Noether theorem. To investigate a similar statement in the
multi-local case we use these equation of motion in eq. (4.51), evaluate
eq. (4.52) at Py (or any other of P;) and integrate it over dy, subse-
quently summing both equation to obtain

Divy ((?uLO Xo+ LOXM) (x, 1)

+ [ ayDivag (L Xo + L' Xa) (PLU)  (a:59)
+ fdy 21 (EJL1 (P1) - X (PL,U) - E}, (P)) - Xg (x,u)) =0.
]=

The last line does not vanish in general and the conservation law, Div (]) =
0, is not satisfied. As the result a symmetry of a multi-local action
does not lead to a conservation law, unlike in the local case. Defin-

ing A (x) = §dy Xy (B (P) - Xo (1) — Ejy (P1) - X (P U) ) we

can summarize the non- conserved equations a la Noether as,
A(x)—EL [XQ]
— Divy ((}‘MLO Xg + LOXM) (x, ) (4.60)

+ de Div uq (@,Ll X + L XM) (P1,U)



For the local theory we would have, E/ X]Q (P;,U) = EXg (x,u),and
hence,A (x) = 0. Moreover, Divys = Divys and the integral over dy
vanishes, leading to

—EL[Xg] = Divy (au (LO n Ll) + (LO n Ll) XM) ) (4.61)

which is the usual Noether conservation law.

This concludes our geometric construction for multi-local GFT ac-
tions. It should be clear from the above discussion that we can apply
this procedure to a general class of multi-local field theories, whenever
the split in local parts is possible. As we have shown in [157] the same
construction can be applied to cases in which the interaction part de-
pends also on derivatives of fields. In this case we need to formulate
the jet bundle over f;%,7t* but apart from some minor technicalities the
constructions remains unchanged. In the next section we will present
applications of our method to several models of GFT.

4.3 Owverview of the models

We are now going to apply the analysis developed above to several
models in group field theory. Our main goal of this chapter is to use
the point-wise formulation of the definition of a symmetry group for
the GFT action to classify all symmetries of given models. We begin by
introducing the models.

As already discussed the general structure of the GFT actions takes
the form,

S[p] =S [¢] + S [], (4.62)

with a local and a multi-local part of the action split as in the previous
section. We assume that the local, quadratic part of the action is defined
as

sloc [p] = f dx§ (x) (KA -+ m) p (x). (4.63)
M

We will treat cases in which « can be zero, meaning that the model is
static and consider the following two types of interactions.

4.3.1  Simplicial interactions

We discussed this interaction type in chapter 2. In these models the in-
teraction is constructed using the combinatorial structure of simplexes.
In the 3D case this interaction is given by the Boulatov model that we
already used several times

S'pl=2 | dxdydzdw tet(xy,zw) ¢(x)¢ WP ()9 w),
(4.64)
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> The action that we use here represents
the combinatorics of the pentatope without
paying attention to the orientation of its
faces. As we will see below this will result
in a slight reduction of its symmetry group.
However, this interaction is the one that is
most frequently used in the literature and
for that reason we use it here.

s Reminder

The closure constraint is a requirement on
the field ¢ to be invariant under the right
multiplication by the diagonal group ele-
ment. That is for h € Gand D : G —
M = G*4 gs in the previous chapter, the
fields satisfy

$oRp, =¢. (4.67)

where as in eq. (4.28)

tet (x,y,z,w) =6 (xlyfl) ) (xzzzﬂ) 6 (x3w§1>
x 6 (yawyt) 6 (ysz30) 0 (1)

In 4D the interaction type represents the combinatorics of a pen-
tatope® and is called the Ooguri model given by the interaction

g = |

MX5

(X)) P (z)¢(w)e(q),

dxdydzdwdg pent(x,y,z,w,q)

with

pent (x,y,2,w,q) = (xlqgl) 5 (xzwgl) 5 (xgzgl) 5 <x4y;1)
%6 (y205") 8 (vaw5 ) 0 (vazi!)
x 6 (23, ") 6 (2407 ")
x 6 (waar?).
The vector bundle is again a trivial bundle with the total space E =

Spin (4)** x C. We will treat this model for x = 0.
Explicitely, the simplicial models we treat are:

Boulatov like: with the Laplace operator and the Boulatov interaction
and without the closure constraints

S[g) = fM dx § (x) (KA + m) ¢ (x) (4.65)

+A dxdydzdw tet(x,y,z,w)
Mx4

x ¢ (x)¢ ()¢ (2) ¢ (w) +c.c.,

with M = SU (2)X3 and E = M x C. We choose here complex fields
in order to perform the standard symmetry analysis for the most
general case.

Boulatov action: the original Boulatov action

S[¢] = me dx ¢ (x)?

+A dxdydzdw tet(x,y,z, w)
M><4

x¢(x)p(y) P (2) ¢ (w),

with M = SU(2)*® and E = M x R and the requirement for the
fields to satisfy the closure constraint3.



Ooguri action: the 4D version of the Boulatov action

Slg] = me dx ¢ (x)?

+A dxdydzdwdg
MX*5

x pent (x,y,z,w,q) ¢ (x)¢ ()P ()P (w)¢(q),

with M = Spin (4)** and E = M x R and the closure constraint on
the fields.

4.3.2 Extended Barrett-Crane model

As we discussed in chapter 2, in four dimensions, gravity can be for-
mulated as a BF theory with additional constraints [158], which are
labeled simplicity constraints. One GFT model that implements the
simplicity constrains is the so-called Barrett-Crane model [82], whose
detailed treatment in the language of GFT for the euclidean signature
was presented in [100]. Here we show just the main construction of the
model and refer to the literature for more details.

The starting point for the Barrett-Crane (BC) model is the Ooguri
action with E = Spin (4) *4 » C with the closure constraint. This is the
GFT action for the BF part of the Plebanski action. To implement the
simplicity constraints the base manifold is extended to M x S, how-
ever, since the 3-sphere S3 is isomoprhic to SU (2) we deal with the
extended base manifold M x SU (2).With the shorthand notation

¢ (x,k) = ¢ (x1,x2,x3,X4,k) =2 P1234 %, (4.68)

the interaction of the model can be written as

stig] = f  dxedye dze dw, dge

ext

x pent (x,y,z,w,q) (4.69)
X ¢ (x, k1) @ (v, k2) ¢ (2, k) ¢ (w, ka) P (9, Ks),

with Mgy = Spin (4)** x SU(2) and E = M, x R and where the
index e on the measure denote the extended measure dx, = dx x dk
with dx the Haar measure on M and dk the Haar measure on SU (2).

The simplicity constraints are imposed by requiring invariance of the
fields

$poSu=¢, (4.70)
forany u e SU(Z)X4 where S, : M x SU (2) - M x SU (2) is given as

follows: if we write a Spin (4) element in its selfdual and anti-selfdual
SU (2) components as x; = (x;_, x;; ) then the action of S, on the ex-
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tended base manifold can be written as

Su (x, k) = (xl— kurk™, xy4 g, (4.71)
xXo— kuok™, xp up,
X3 ku3k*1, X34 U3,
X4 ku4k_1, X4+ Uy,

k) e M x SU(2).
We write in short
Su(x, k) = (x, -kuk_l,xJr U, k) , (4.72)

where - denotes the component wise multiplication between the com-
ponents of x and the components of u. In [100] it has been shown that
Sy and Rj, can be combined to a single transformation S, ,,

Sup: (0k) — (n,h:l) (x4, k) - ((kuk—l,u) ,]1) (h_,hs),

where h € Spin (4), h4 and h_ are its self dual and anti-selfdual com-
ponents, u € SU (2)*4, x € M and k € SU (2). In this formulation the
fields have to be invariant under the above transformation, such that

poS,n=¢. (4.73)

The explicit Barrett-Crane action for 4D Riemannian gravity is then
given by

S[g] :mf dxe ¢ (x, k)

Mext

+ A J s dx, dy, dz, dw, dge

ext

x pent (x,y,2,w,q) ¢ (x,k1)  (y,k2) ¢ (2,k3) ¢ (w, k) ¢ (q,k5),

with Moy = Spin (4)** x SU(2) and E = M,y x R and where the
index e on the measure denote the extended measure dx x dk with dx
the Haar measure on M and dk the Haar measure on SU (2).



4.4 Applications of the symmetry analysis in GFT

4.4.1  Boulatov like model

We will use the standard Lie group analysis of point symmetries [150],
based on point-wise criteria from eq. (4.52). This analysis can be sum-
marized as follows:

i) We assume a most general vector field W on the vector bundle 7
and insert it in (4.52), ii) we rearrange the resulting equation by differ-
ent powers in derivatives of fields. Since the coefficients Xéw and Xé/
do not depend on derivatives of the fields, it is possible to extract all
powers explicitly, iii) different powers of derivatives of ¢ are linearly
independent since the condition (4.52) has to be satisfied for all fields.
For this reason the coefficients in front of each term have to vanish
separately. This results in a set of simple differential equations for the
components of the vector field W which can then be easily solved.

By partial integration the local part of the action is written as

d

r
L (xﬂ,ul,u” = Z Z Z Kﬁ}au}lx +mi'u' |, (4.74)

i=1 \j=la=1

where ¢ is the number of colors in the model, d is the number of copies
of the group G in the definition of M = G*? and r = dim (G) is the
dimension of the group G. In our case ¢ = 1 but for now, we leave the
color unspecified to keep the discussion more general.

The indices in the following equations range over the following do-
mains: i,t € {1,---,c} the color index, j, k € {1,---,d} the copy of G in
M, and «, B,y € {1,--- ,r} components of the chart of G. Further we
use the following notation for the generators of the symmetry group on
E,

c

d r ) ‘ B
UEDIDIPICEDY (X020 + Koy (4.75)
j=la=1 i=1

With this notation the symmetry condition from eq. (4.52) implies

c d r c
Xu (L) +LDiv (Xp) +2k 3. ) N 009" Di (xb) +2m Y ¢f (X{Q) —0,

i=1j=1a=1 i=1
(4.76)
where the whole equation is evaluated at the point (x, ¢ (x), D¢|x) for
some x € M. Explicitly sorting the terms by powers of u;a = j,a47i|x we
get (in the following equation all indices are summed over)
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0= 7m ut ? div (Xp) + mia' X, + muiXﬂi] (4-77)

+9[ut | o (0 Xhy + 2w Xl ) +xg7P (03X + ajﬁ)‘(fv)] (4.78)

+S [u]t-“] ' )uif (autxﬁ'(’; - aﬁ,X{{;) +xgt? (ajﬁva - ajﬁva)] (4.79)

e |ty | _%x’;} Ok = 2877 0 X0y + 8P { (0 XY + 05X} ) + div (XM)}] (4.80)
-2k [ﬁjau(k#)ﬁ] [g?"y 6j7X1(\Z¢j)ﬁ} (4.81)
+Kg;"5% [u;au]tf;i] [@H#Xi/ + 8ﬁ[}_{€/¢i] (4.82)
-i-ucg?’5 R [ﬂ;“u;zi] [61,#1')(@ - 6ﬁ,-X§f"] (4.83)
+;<g;“'3§)% [a}aajﬁ] [a,;fX{/ + aut)'(i,] (4.84)
+z1cg;¥ﬁ ) [ﬂ;aﬂjﬁ] [%fXﬁl/ - 6ut)_(§,] (4.85)
+2xithjul R [u;ﬁ] [7zg;?‘ﬁ (autxﬁ + aﬁ,xﬁ) +57 (au,x{\’j + aﬁfxgﬁ)] (4.86)
+a2nitl ul, [a}?ﬁ] [7zg;.‘ﬁ (aufxﬁ - auxﬁ) +357" (au,x{{j - aﬁfxgﬁ)] (4.87)
o W] [ (e ) oo
SRR N [a;ﬁ] [—2ng‘5 (autx,(\’ﬁm - agfxgﬁ?ém)] . (4.89)

The above equation is sorted such that each line is multiplied with a
different power and combination of the coordinates u! and u]'?a. More-
over, it has to hold true for arbitrary fields ¢ and hence for arbitrary u'
and u;a, hence each line has to vanish independently. From this condi-
tion we obtain the following relation for the vector fields:

1. Equations (4.82) and (4.83) imply that the vector field component
Xﬁ, depend only on the field colors they transform, that is (without
summation)

Xj = X, (16, 7) %) = X, (50,

2. Equations (4.84) and (4.85) additionally imply that the vector fields
X! do not depend on the complex conjugate of the field, that is

Xj = X (x,u) %) = X (1),

3. Equations (4.88) and (4.89) tell us that the vector fields that trans-
form the base manifold do not depend on the field values u' i.e.
Xy = Xp (x). From this condition, equations (4.86) and (4.87) are
automatically satisfied.

4. Due to the above, equations (4.78) and (4.79) reduce to (without
summation)
ajaX%/ =0= 5]06)_{%/ (4.90)



for any fixed i,j and «. That is, the vector fields do not explicitly
depend on the points in the base manifold (without summation)

Xjy = Xiy () Xy = Xiy ().

5. Equation (4.77), together with the above conclusions, restricts the
vector fields to a specific form

L=cu X, =Cd, (4.91)

where C is an arbitrary constant, C its complex conjugate and both
satisfy

div (Xp) = —C—-C. (4.92)

6. The above condition reduces equations (4.80) and (4.81) to

r d
L . .
2 ( Xz\/}y(}kvg?ﬁ - 26’?7 ajvxé\ﬁ - 28;'”3 aW‘XK/CI> =0
y=1 \k=1
k#j A ok
g;” af"YXJ(\/I ])/3+g]z:'y Ojvxz(\il o=

These two equations are the only ones that are not trivial to solve. How-
ever, their solution can be found in a straightforward way. The solution
in Hopf coordinates for a 3-sphere (7, , x)* reads as (without summa-
tion)

X;’ZI = (psin CJ- sin x; + Cz cos Cj sin x; (4.94)
+Cs8ingjcos x; + C4 cos G cos X

; cos ;i i

x/¢ Lo X" 4 C .
M sin7; el s (495
; sin7; -

XX - Lo XM 1 Cg, .96
M cosr; R 00)

where C;’s are arbitrary constants.
Setting subsequently C; to one and the rest of the coefficients to zero
we obtain, for each j € {1,---,d}, six linearly independent vector fields
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4 In this coordinates the elements of SU (2)
can be parametrized as

elsiny  —e X cosy
eXcosy e sing

) (4-93)

and the metric on SU (2) in this coordinates
becomes g = dyy* +sin? 5 dZ2 + cos? 17 d>.



Table 4.1: Lie algebra of symmetry vec-

tor fields

given by

sin (§) sin (x)
o = | cot(y)sin(&)cos () (4.97)
— tan (1) sin (&) cos (x)

cos (&) sin ()
vy = —cot (1) sin (§) sin (x) (4.98)
—tan (1) cos (¢ )cos()()

sin (&) cos (
vz = cot (17) cos (& cos()( (4.99)

)co

tan (77) sin (&) sin (
s (

COS

vy = —cot (17)51r1 (g) cos ()() , (4.100)

tan (17) cos (&) sin (x)

and

U5 = 1 Vg = (4.101)

1

It is a direct calculation to check that these vector fields are divergence
free, div (v;) = 0 fori € {1,2,3,4,5,6}. This fact, together with equation
(4.92), implies
=1Cu' Xi=—Ca (4.102)

which generates the usual U (1) symmetry of fields for each color.

In order to find the symmetry group generated by the fields v, - - - ,vg
we look at their algebra. The six dimensional Lie algebra of vy, - ,vg
is given in table (4.1)

U1 Vo U3 U4 U5 U6
U1 o U5 Ug o —02 —U3
(%) —Us5 o o 43 U1 —U4
U3 —Vg o o U5 —Uy4 U1
(o o —Ug —Us o) U3 U2
U5 (%] —01 Uy —U3 o) o)
U6 (%] Ug —01 —U o) o)

We can split this algebra into su (2) x su (2) by taking the following



linear combinations

= B S (4.103)
V2 V2 '

I U4 + 01 . U4 — 01

3= 3= —=
V2 V2

The commutators for [; and r; become

(] =13 [r1,12] =13 (4.104)
[lh,13] = —I» [r1,73] = =12 (4.105)
[l2, 3] = 2L [r2,13] = 21q (4.106)
and
[li, 1’]] =0 Vi,j € {1,2,3} (4.107)

A closer inspection shows that /; and r; form a set of left and right in-
variant vector fields on SU (2), respectively [159].

Since the above algebra was derived for each copy of the group, the
whole symmetry group of the local part of the action becomes

[SU (2) x SU (2)]*° x U (1), (4.108)
acting on the base manifold by left and right multiplication as

LyRg(x) =a-x-B, (4.109)

fora, p e SU (2) *3 and on fields by multiplication with a U (1) phase.

It is straight forward to check that the above symmetry group is
an admissible group of transformations for the Boulatov interaction.
However, the U (1) symmetry is not respected by the interaction term
and the symmetry group for this model becomes

Gr = [SU(2) x SU (2)]°,

implementing the symmetry under left and right translations on the
group.

4.4.2  Models with closure constraints

We now turn to the symmetry analysis of GFT models with closure con-
straints. In principle it is still possible to use the same procedure that
we used above, however, the closure constraint on the fields makes it
more difficult to identify independent variables. For that reason, con-
trary to the previous case, we will use the interaction part to classify
the symmetry group.
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Boulatov model

We begin our analysis by examining the admissible group of transfor-
mations. The combinatorics of the Boulatov interaction is encoded in
the function f from equation (4.34)

f : (X) = ((JC1, X2, X3) ’ (xll X4, X5) ’ (xe, X2, X5) , (X6, X4, X3)) . (4.110)

for X = (xq,---,%) € M. Admissible transformations of the base
manifold are given by those functions C : E — M that satisfy the re-
lation (4.44). Therefore, for any X € M, there should exist a point
X € M such that

CX4of(X):f(2€). (4.111)

Writing C in components as
C(x,u)= <C1 (x,u),C%(x,u),C3 (x, u)) e M, (4.112)

condition (4.111) implies

Cl (X1,X2,X3,M1) = Cl (xl,x4,x5,u2) (4.113)
C2 (xll X2,X3, M3) = CZ (x6/ X2, X5, u4) (4114)
C? (x1,x2,x3,5) = C° (X6, X4, X3, Us) , (4.115)

where u; are given by ¢ evaluated at the corresponding points of the
base manifold. This implies the following decomposition of C,

C (x1,x2,x3,u) = C' (x1) C* (x2) C° (x3) - (4.116)

In this case the diffeomorphism properties of C carry over to the com-
ponents C'.
According to equation (4.46), the fields transform as

¢.—>(;{>:[Qo]1><4>]oC*1. (4.117)

The field ¢ needs to satisfy the closure constraint as well, otherwise
the transformations C, Q would leave the allowed space of fields. The
gauge invariance of ¢ reads

§oRy =[Qo(Lx¢)]oCoRp, = [Qo(Ixp)]oC=¢ VheG.

(4.118)
Since this has to be true for all gauge invariant fields ¢, the point C o
Rp, (x) needs to be in the same orbit (under the multiplication from
the right by the diagonal group) as the point C (x). This means that, for
any h € G, there should exist an i € G such that

CoRp, = Rp, oC, (4.119)

or point-wise
C(xDy) = C(x) Dy, (4.120)



As we show in the appendix B.1, this restricts the C, up to discrete
transformations, to be of the form

C(x) = L;-Conp, (x), (4.121)

for some z € G*3 and h € G and where Conp, is the conjugation by Dy,
such that Conp, (x) = Dh_1 -x - Dy and L is the left multiplication. The
transformation group of the interaction part becomes

G*3 x G, (4.122)

where G*3 acts by left multiplication and the single G acts by conjuga-
tion with diagonal elements. It is evident that this group already forms
a symmetry group of the Boulatov action, due to the left and right in-
variance of the Haar measure. We can summarize the role of combina-
torial structure and the gauge invariance on the transformation group
of the base manifolds as follows

Diff (M) — Diff(G)*®* —  G*®*xG.  (4.123)

combinatorics clusre constraint

To make sure that the above group is already the whole symmetry
group of the Boulatov action we now follow the procedure of the previ-
ous section to obtain possible generators for the Q transformation. The
infinitesimal symmetry condition for the simplicial interaction in three
dimensions takes the form

0 = Gyl Xl + Divag (LX), (4.124)

Using the fact that the only admissible base manifold transformations
are generated by divergence free vector fields, the above equation re-
duces to

UWUUL XY, + UMUPUA X3 + UMUPUA XS, + U UPUP X = 0 (4.125)

Hereby Xé} is evaluated at the point (X,U). Equation (4.125) needs to
hold true for any ¢’ and any point of the base manifold, and hence for
any value of UL, U2, U3, LA From this it directly follows that

Xi, (x,U) =0. (4.126)

Hence, no further symmetries can be added to the above and the overall
symmetry group for the Boulatov action with real fields is

Gr =SU(2)*® x sU (2), (4.127)

acting by left translation and conjugation, respectively,
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Symmetries of Ooguri model

For the Ooguri model with combinatorics

fo(xr, -, x10) = ((x1, X2, X3, x4) , (X4, X5, X6, X7) , (X7, X3, X8, X9) ,

x (X9, X6, X2, X10) , (X10, X8, X5, X1)) ,
the above approach results in the transformation group
Spin (4)*% x Spin (4), (4.128)
where Spin (4)*? acts by left multiplication as
(G1,Gp) - x = (G1x1, Goxp, Goxs, Gyxy) (4.129)

The fact that the symmetry group is not Spin (4)><4 x Spin (4) stems
from the particular combinatorics that is typically used in the litera-
ture. Even though the combinatorial pattern of the pentatope is en-
coded in the interaction, the orientation of the faces of the pentatope is
different. This results in a different combination of the variables of the
field ¢ and consequently in a reduction of the symmetry group from

Spin (4)** x Spin (4) down to Spin (4)** x Spin (4).

Barrett-Crane model

Applying the above analysis to the BC model from equation (4.69) de-
fined by the following combinatorics

fro@n,xaoike, - ks) = ((x1234:k1) , (Xa567:k2) , (x7389:K3),
x (x9,62,105ka) , (x1085,1;K5)) ,
we realize that the symmetry group for the gauge invariant BC model
without simplicity constrains would be that of an extended Ooguri

model from equation (4.128) with an additional SU (2) symmetry for
the extended component,

[spin (4)*2 x Spin (4)] x SU (2), (4.130)

where the additional group SU (2) denotes a group of transformations
of the SU (2) element k;.

In order to obtain the symmetry group of the BC model we need
to impose simplicity constraints. As we show in appendix B.2, the re-
quirement on the fields to satisfy

poSun=¢, (4.131)

for u € SU(2)** and h € SU (2) reduce the symmetry group of the
Ooguri model (for the chosen combinatorics) down to

Spin (4)*% x SU (2), (4.132)



that acts on the elements of the local base manifold of the BC model
M x SU (2) by conjugation such that in the selfdual and anti-selfdual
components of Spin (4) the action of the SU (2) group is given by

(.X'_, x+/k) SL'I_()Z) Dh : (X_, x+/k) : Dh*l-

And Spin(4)*? acts by the left multiplication as

)XZ

(x, k) P (G1x1, Gaxa, Gox3, Gxg,k) .

4.5 Summary and Conclusion

In the first part of this chapter we presented a modification of the sym-
metry analysis of local theories to theories with multi-local actions. We
argued that the multi-local action in GFT can not be written as an in-
tegral of a smooth function on a single jet bundle. However, we have
shown that it is possible to construct a vector bundle that encodes the
combinatorial structure of the interaction and on which the interaction
Lagrangian can be defined as a smooth function. The multi-local action
can then be split in a sum of actions each of which is an ordinary local
action on a suitable vector bundle.

We applied our approach to explicit GFT models with and without
closure constraints. For models without closure constraints we used
the standard symmetry analysis for the local part of the action and
reduced the resulting group of symmetries using the interaction part.
For models with closure constraints our approach went the other way
around: we started with the interaction part and the condition for ad-
missible transformation groups. This allowed us to derive the whole
group of point symmetries for actions with closure constraints even in
cases when the local part of the action did not contain derivative op-
erators. This is especially interesting because the ordinary approach
would fail in this case.

The definition of point symmetries for multi-local actions seems,
however, too strong, since the resulting symmetry groups merely rep-
resent the invariance of the Haar measure. For that reason we believe
that the notion of point symmetry for multi-local actions is inappro-
priate. The equations of motion of a multi-local theory depend on inte-
grals over the entire domain of definition and therefore depend on the
whole field configuration in the domain. The Lagrangian of this theory
is, hence, more appropriately written as a functional on the space of
fields, rather than a function of a jet bundle. The geometrical construc-
tion of vector bundles and jet bundles should, therefore, be replaced
by infinite dimensional manifolds [160]. A group of transformations
would act directly on fields, but possibly will not have any interpreta-
tion in terms of vector fields on the vector bundle. For this reason the
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compatibility conditions will not be necessary and will not restrict the
possible group of transformation. Such symmetry groups are already
present in local field theories and are called the Lie-Baecklund symme-
tries [150, 161]. However, whereas the Lie-Baecklund symmetries are
still local (in a curtain sense), there is no reason to require the same for
the multi-local action. Under these considerations the resulting sym-
metry group is expected to grow significantly.

In fact, the symmetry group of some studied equations in plasma
physics (for example Vlasow and Landau equations [162]) and in hy-
drodynamics (for example the Boltzmann equation [163]) have been
shown to be infinite dimensional. The fact that the symmetry group
of integro-differential equation is larger than that of partial differential
equations is intuitive, since an integration procedure could make even
those transformations to symmetries which fail to conserve the action
in local subregions of the domain.

In conclusion, our analysis provides a structured method for the
derivation of point symmetries for multi-local actions but it also shows
that a point definition of symmetries is too restrictive for multi-local
models. A symmetry analysis of GFT action needs to be performed us-
ing the framework of infinite dimensional manifolds and we hope that
this issue will be addressed in future works.



Appendix

B.1  Reduction of transformations due to gauge invariance
From equation (4.120) the requirement on the transformation reads
C(x-Dy) = C(x)D;j,. (B.1)

Writing out this equation in components we get
C%(xph) = C*(x2)h (B.2)

with C being a diffeomorphism on the group G. At this point we em-
ploy the known relation

Diff (G) ~ G x Diffy (G), (B.3)

that states that the group of diffeomorphisms on G is diffeomorphic (as
a manifold) to the group G itself (that acts by left multiplication) times
a group of diffeomorphisms that stabilizes the identity of G, denoted
Diffy (G). This implies that every C' can be written by some ¢’ € G and
D' e Diffy (G) such that C' (x) = ¢/ D! (x) with D' (1) = 1. Inserting
this relation in equations B.2 and evaluating it at the point x; = x, =
x3 = 1 we observe

c-DY(h) = 'k (B.4)
-D*(h) = c2-h 5)
c-D3(h) = oh, 6)
which, in tern, implies
DY (h)=D*(h) =D*(h) =h =D (h). (B.7)

Inserting this relation again in (B.2) at an arbitrary point x we get for D

D (x;h) = D (x;) D (h). (B.8)
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In other words D is an homomorphism and therefore an automorphism.
On G however, the group of automorphisms splits in the inner auto-
morphisms which are given by a conjugation with a fixed group ele-
ment and outer automorphisms, which relate to the discreet symme-
tries. Focusing on continues transformations we get

D(g)=d-g-d! (B.9)

for some fixed d € SU (2).

B.2 Barrett-Crane model

In this section we are going to show what are the admissible transfor-
mation in the Barrett-Crane model.

In the following we will denote a group element of Spin (4) by its
two copies of SU (2) as

Spin(4) 3¢ =(3-,8+) € SU(2) x SU(2),
a tuple of four elements is referred to by the vector notation
§=1(8-,8+)

For points of the base manifold M = Spin (4)X4 we use x and some-
times write xq 53 4 referring to (x1, X2, x3, X4).

A base manifold transformation of the model is denoted by C : Spin (4) A
SU (2) — Spin (4) *4 % SU (2). We denote the components of this trans-
formation as

C@E k) =((Cr,C) (6 C) C)

Here all the component functions C;—r are functions on the base man-
ifold and therefore depend on points of the form (g, k). However, the
combinatorial structure of the BC model dictates the following condi-
tions on the components

C1 (%1234, k1) = C4 (x10,85,1,ks)

Co (x12,34.k1) = C3(x9,62,10,k4) -

From the above relations we see that the components of the transfor-
mation have the following dependences

C(x1234,.k) = (C1 (x1),C2(x2),C3 (x3), Cq (x4), Ci (k) -

A priori we do not have any additional constrains on the component
Cy. However, since C is a diffeomorphism and C; are diffeomorphisms,
the transformation of the normal has to be a diffeomorphism as well

* Notice, that it would not be true if we . Again invoking the diffeomorphism of manifolds Diff (Spin (4)) ~
didn’t have restriction on C;, since then C;

would not be a diffeomorphism and hence

neither needs to be Cy.



Spin (4) x Diff; we denote the components of C that belong to Diffy by
the lower case c.

To implement simplicity constraints we need to require the invari-
ance of fields such that

(Posu,h =¢.

for any u € SU (2)** and h € Spin (4) . Since the fields are transformed
under C as ¢ — ¢ o C~!, we again get the following relations for the
transformation C

4)OCDhOSll :(POC/

or equivalently for each h € Spin (4), u € SU(2)** and x € M there
exist ii € SU (2)** and i € Spin (4) and k € SU (2) such that

Cl‘ (X-Mk-h) = Cl‘ (x)-ﬁck-h (B.IO)
Ce (h:lkh+) — TG (k) By, (B.11)

where we write 1y = (kuk™!,u). The left multiplication by Spin (4)
is untouched by this transformation, however this is not true for the
normal component Cy. We first focus on the transformations C; and
treat the normal component Cy afterwards.

From the form of u; we notice that for u = 1 the left hand side does
not depend on k and so the right hand side also should not. It follows
that for u = 1 we have #i = 1. Equation (B.10) then reads for the Diffy
part,

ci(g-h) =ci(g) h
It follows that c; is a homomorphism on Spin (4) and therefore is either
conjugation by a fixed element of Spin (4) or a flip of the SU (2) parts,
which is a discrete transformation. Hence, if ¢; is continuous it can be
written as

ci(g) =s-gs,

where g,s € Spin (4). This implies
h=s-h-sL
Inserting this relation now in equation (B.11) we obtain
C, (h:lkh+) - (s,h:lsjl) Ce (k) (s+h+sjrl).

Splitting Cy in the left multiplication by SU (2) and Diff; we get for
some fixed w € SU (2)

Wy (h:lkh+> = (s_h:15:1> w ¢y (k) (s+h+sjrl) . (B.12)

Choosing h_ = h and setting k = 1 we get

w = s_hjlsjl w (sih_s7t
(-7 w (sehs?),
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which can only be satisfied if w = 1.
Inserting equation (B.12) in (B.10) and using the fact that c; is a ho-
momorphism yields

ci(ug) = ¢ (k1)-c;(u,u)-c <k_1,]1)
cr (K) ¢; (1, 1) ci (k—l) .

Hence, ¢; (a,b) = (cx (a), ¢ (b)) and ¢ is a homomorphisms itself. There-

for
() =(55) g (597",
and ¢y (k) = sks~ 1.

These are the only admissible transformations that preserve the com-
binatorial structure of the theory and respect the simplicity constraints
together with gauge invariance. Notice that S itself would fail the re-
quirement of admissible transformations and therefor can not be seen
as a symmetry.



Conclusion and future work

5.1  Summary of the thesis

In this chapter we recapitulate the work presented in this thesis and
provide an outlook for future work in the development of group field
theory.

In this thesis we discussed the formalism of group field theory in
applications to quantum gravity — a framework that suggests an emer-
gence of space-time from more fundamental degrees of freedom. In
chapter 1 we introduced a general problem of quantum gravity and
presented some direct complications that appear when we try to com-
bine the principles of general relativity and quantum field theory. In
chapter 2, we motivated and discussed the framework of group field
theory in its functional and operator formulation. The final result of
this chapter was the conceptual idea of the operator framework, fol-
lowed by a realization that an explicit relation between functional and
operator GFT does not exist. Nevertheless, this relation is highly desir-
able for the following reason:

The motivation and explicit form of GFT dynamics is conceptually
justified only in the functional approach, but the cosmological calcu-
lations and the many body interpretation of GFT is performed only in
the functional formulation. Without an explicit dictionary between the
ingredients, the dynamics of the operator theory is not justified and
could cast doubts on cosmological calculations. On the other hand,
an interpretation of geometrically meaningful observables seems to be
more easily done in the operator formulation using the intuition from
many body physics. For that reason, our final conclusion of chapter 2
was to pose the question for an explicit relation between the functional
and the operator approach.

In chapter 3 we provided a perturbative answer to this question and
explicitly constructed a correspondence between the formalisms. Our
construction uses the framework of algebraic non-relativistic quantum
field theory. Our main result was to show that we need to modify the
commutator between the field operators in order to include the dynam-
ical relations of the functional GFT. By choosing a coherent state on the



108

resulting algebra and restricting the space of smearing functions to a
sub-space of real valued functions we obtain a one-to-one correspon-
dence between the expectation values of field operators and correlation
functions of the functional integral. Moreover, due to the corollary ( 4
on page 53) these coherent states correspond to the Fock representa-
tion of the algebra whenever they are translation invariant. We have
also shown, that local minima of the action may lead to different oper-
ator algebras. We characterized the space of Fock-inequivalent coher-
ent states by the space of tempered micro-functions. At the end of the
chapter 3 we suggested an interpretation of Fock-inequivalent repre-
sentations as phases of the GFT and the modified algebras as the space
of effective observables in corresponding phase. We will discuss the
concept of phases below in more details, after we recap the results of
chapter 4.

A necessary ingredient of our construction is the classification of
minima of the action of GFT. To simplify this task we suggested to use
symmetry analysis. For this reason we developed the local symmetry
analysis for multi-local actions in the first part of chapter 4 and derived
the full local point-symmetry group for different GFT models in the
second part of this chapter. Our analysis has shown, however, that the
concept of point symmetry is too restrictive in the case of multi-local
theories. And the (almost) only symmetries we obtained were captured
by the left and right invariance of the Haar measure. Nevertheless,
all models in question were symmetric under left translations. Even
though this result is fairly trivial, its combination with the suggested
definition of phases in GFT leads to an interesting consequence that we
discuss below.

5.2  Broken symmetry phases of GFT

Due to the corollary 4 in chapter 3 we know that coherent states lead-
ing to an infinite particle states can not be symmetric under left trans-
lations. At the same time, however, we observed the left translation
invariance of all discussed actions in functional GFT. This suggests the
classification of phases of GFT in terms of symmetry breaking in the
following way.

Assume that we have a tempered micro-function that corresponds
to a minimum of the Boulatov action; for example the one that we have
used at the end of chapter 3. In this case the solution is not invari-
ant under left translation (even though the action is). For that rea-
son the coherent state, w°, that corresponds to that minimum, will not
be translation invariant as well. Using the left translation automor-
phism &y, on the algebra of observables we can define a family of states
{wY = w’oa,|ye M}. It can be shown that each of this states leads



to an inequivalent representation of the algebra [141], despite the fact
that they are related by a symmetry of the action. In QFT’s on space-
time this process is called spontaneous symmetry breaking, and it is
often used for characterization of phases [118, 164]. There, the phe-
nomenon is usually described as an invariance of the Hamiltonian, but
non-invariance of the ground state of the model under the symmetry
transformation. Even though, in our case the dynamical operator is not
directly introduced in the operator formalism, the symmetry breaking
is still present. This allows us to make the following classification of
phases in GFT (fig. 5.1): the Fock-phase — the one with finitely many
particles — is the left translation invariant phase; the non-Fock phases
— those with infinitely many particles — correspond to phases that
break left translation invariance.
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As we discussed above at least some of the phases with infinitely
many particles are expected to contain states that describe smooth ge-
ometries. This intuition combined with the above symmetry breaking
suggests the following question: can translation invariance of the GFT
base manifold be related to discrete geometric information, whereas its
breaking signals the phase transition to smooth geometries? We sug-
gest to pursuit this question in future works.

Figure 5.1: Perturbative phase diagram
of GFT. Hereby, the whole family of
states that appear from left translations
of wy, define a single phase, just as in
the case of statistical physics [118, 131].
Also phases that correspond to tempered
micro-functions break translation invari-
ance.
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5.3 Further research directions in GFT

We want to conclude this theses with a list of research directions in GFT
that, from our point of view, are important to make significant progress
in the field. The list is not meant to be complete nor comprehensive.
Instead we restrict ourselves only to those directions that directly relate
to topics that we discussed in this thesis:

COSMOLOGY FROM GFT PHASES: Starting with the geometric GFT mod-
els — such as Barrett-Crane model that we mentioned in chapter 4
— and following the procedure in [142, 148], we should investigate
resulting cosmological equations of GFT. In contrast to existing work
the dynamics of the model will directly stem from functional GFT
and, hence, could be directly related and justified from spin foam
models. This will provide a solid basis for cosmological calculations.
Moreover, unlike in [58, 97, 142, 144, 147, 148], the included dy-
namics will not be truncated to the kinetic part of the action but will
include the linearized version of the multi-local interactions of the
model.

NON-LOCAL SYMMETRIES OF GFT: The concept of point symmetries as
we introduced them in our work is too strong for the multi-local
models of GFT. For that reason we suggest to extend the definition
of symmetries in two ways:

Lie-Baecklund symmetries: This type of symmetries is already present
in the analysis of partial differential equations and generalizes the
concept of point symmetries. The main idea is to use the genera-
tors of the symmetry transformation such that

Xit (¢ (), 0xp (x), ) X{P (x,¢(x),0xp (x),).

These generators depend on an arbitrary but finite order of field
derivatives and generalize the concept of point symmetries that
are generated by X (x,¢ (x)) and Xy (x,¢ (x)). However, this
generalization also prohibits us to give a geometrical interpreta-
tion to the new generators X}F and XLB, since they can no longer
be seen as vector fields on the vector bundle of the model. Even in
the local case of partial differential equations this generalization
leads to a large number of new symmetries. In GFT this may en-
large the symmetry group leading to non-trivial symmetries that
could be further used for classification of solutions.

Infinite dimensional calculus: Another approach to symmetries could
take on a different lead: a muli-local action S can be rewritten as
an integral over a Lagrangian L such that

S[¢) = jdeL[x,¢]. (5.1)



However, here L itself would be a functional that depends on the
whole field configuration ¢ on M rather than on local points of the
form (x, ¢ (x), D¢|x). In this case a formulation of the theory on
vector and jet bundles does not seem to be appropriate. The for-
malism of infinitely dimensional manifolds [160] can, however,
be more suitable for this case. Using this formulation a symme-
try of S should be formulated purely in terms of field transfor-
mations, ¢ — @, and will not need to satisfy the compatibility
conditions eq. (4.44) and eq. (4.45). We expect the resulting sym-
metry to be very large and general enough to capture the truly
multi-local features of GFT.

REGULARIZATION OF THE BOTTOMLESS ACTION: The bottomless struc-
ture of GFT action prevents us from a non-perturbative definition of
functional and operator GFT. Moreover, for renormalization analysis
even using non-perturbative methods such as the functional renor-
malization group flow [104, 165], the bound from below is highly de-
sired. In the literature a procedure of regularizing a bottomless ac-
tions exists [166]. The construction suggests to exchange the original
action of the model by one that is bounded from below such that the
perturbative expansion of the quantum theory remains untouched.
To our knowledge this formulation has not yet been applied in GFT.
We believe it is an important direction of development in GFT that
should be investigated in future work if a non-perturbative formu-
lation of GFT is desirable.

FULL CLASSIFICATION OF MINIMA FOR GFT MODELs: This is one of the
most important technical aspects for our construction. Even if the
current symmetry analysis does not provide much insight in the
characterization of the minima the problem can be addressed in a
straight forward way using Fourier analysis on Lie groups [132]. The
characterization of local minima for the Boulatov and the Boulatov-
like action with the Laplace-Beltrami operator is the current work in
progress by the author and collaborators [Ben-Geloun:aa].

FORMULATION OF THE CONSTRAINT OPERATORS IN GFT: This problem is
important for better understanding of the operator formulation of
GFT. A construction of constraint operators directly on the level of
the algebra may lead to better intuition of the dynamics of GFT in
the language of many body physics. A step in this direction could
be achieved by taking the direct sum over all algebras for each min-
imum of the action S. A constraint operator would, then, act as a
projector on the suitable sub-algebra. The problem with this naive
formulation is that the direct-sum-algebra will not be primitive, and
hence does not admit faithful irreducible representations. The later,
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however, are of fundamental importance for the formulation of al-
gebraic QFT [42].
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