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Abstract

In this thesis, we treat the extreme Newman-Penrose components of both the
Maxwell field (s = £1) and the linearized gravitational perturbations (or ”lin-
earized gravity” for short) (s = 42) in the exterior of a slowly rotating Kerr black
hole. Upon different rescalings, we can obtain spin s components which satisfy the
separable Teukolsky master equation (TME). For each of these spin s components
defined in Kinnersley tetrad, the resulting equations by performing some first-order
differential operator on it once and twice (twice only for s = +2), together with
the TME, are in the form of an ”inhomogeneous spin-weighted wave equation”
(ISWWE) with different potentials and constitute a linear spin-weighted wave
system. We then prove energy and integrated local energy decay (Morawetz) esti-
mates for this type of ISWWE, and utilize them to achieve both a uniform bound
of a positive definite energy and a Morawetz estimate for the regular extreme
Newman-Penrose components defined in the regular Hawking-Hartle tetrad.

We also present some brief discussions on mode stability for TME for the case of
real frequencies. This says that in a fixed subextremal Kerr spacetime, there is no
nontrivial separated mode solutions to TME which are purely ingoing at horizon
and purely outgoing at infinity. This yields a representation formula for solutions
to inhomogeneous Teukolsky equations, and will play a crucial role in generalizing
the above energy and Morawetz estimates results to the full subextremal Kerr
case.
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1. Introduction and overview

The stability conjecture of Kerr black holes says that metrics of the subextremal
Kerr family of spacetimes (M, g = gum,q) (la] < M) are (expected to be) stable
against small perturbations of initial data as solutions to the vacuum Einstein
equations (VEE)

Ric[g],., = 0, (1.1)

Ric[g],, being the Ricci curvature tensor of the metric. Before approaching this
fully nonlinear problem, the null geodesic equations, the scalar wave equation, the
Maxwell equations and then some proper linearization of VEE are a sequence of
models with increasing accuracy for the nonlinear dynamics.

In the main part of this thesis, we consider the Maxwell equations for a real two-
form F,p:

VoFo5 =0 Vi Fag =0 (1.2)

and solutions to some proper linearization of VEE-linearized gravitational pertur-
bations (linearized gravity)—on a slowly rotating Kerr background. Following the
Newman-Penrose (N-P) formalim Newman and Penrose (1962, 1963) to perform
tetrad perturbations, Teukolsky Teukolsky (1972) showed that some components of
Maxwell field and linearized gravity—the gauge invariant extreme spin components—
satisfy a single master equation, the Teukolsky master equation (TME). Each ex-
treme spin component and the quantities constructed by applying some differ-
ential operators up to certain times on it satisfy an inhomogeneous, linear wave
system. By treating these linear wave systems, we follow the author’s own works
Ma (2017a,b) to prove in this work the uniform boundedness of a positive definite
energy and an integrated local energy decay (Morawetz) estimate for each extreme
spin component. The pointwise decay estimates, which enjoy their own interests,
can be obtained in a standard way from these results. Moreover, from the work of
Dafermos et al. (2014), it is likely that we can generalize it to the full subextremal
Kerr case with our mode stability result Andersson et al. (2017b) for general spin
fields. On the other hand, these estimates for gauge invariant extreme spin compo-
nents are also crucial for linear stability of Kerr spacetimes. The aforementioned



1. Introduction and overview

mode stability result for general spin fields on full subextremal Kerr spacetimes is
reviewed in the last part in this thesis.

We here give an overview of this thesis. Chapter 2 is devoted to introductory mate-
rials about the Kerr spacetimes, the extreme spin components and their governing
inhomogeneous, linear wave systems, the main results and a short summary of the
relevant results. We prove some red-shift estimates near horizon and Morawetz
estimates near infinity for different extreme spin components in Chapter 3, and
give a proof of the main results Theorem 2.4.2 in Chapter 4 under assumptions of
some estimates. These assumed estimates are then proved in Chapters 5 and 7 for
Schwarzschild case and slowly rotating Kerr case respectively, based on a version of
energy and Morawetz estimates (i.e. Theorem 2.4.1) for the wave systems proved
in Chapter 5 and Chapter 6 in Schwarzschild and slowly rotating Kerr spacetimes.
In Chapter 8, we briefly review our mode stability result for general spin fields on
subextremal Kerr backgrounds.
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2.1. Kerr metric

The subextremal Kerr Kerr (1963) family of spacetimes (M, gurq) (la] < M), in
Boyer-Lindquist (B-L) coordinates (t,r, 0, ¢) Boyer and Lindquist (1967), has the
metric

Grta = — (1 — 2Mr) g2 — 2Marsin0 (gt 4 dedt)

+ 2dr? + 2d0* + 220 (1% 4 a?)? — a®Asin® 0] d¢?, (2.1)

where
A(r) =r* —2Mr + a® and Y(r,0) = r* + a* cos? 0. (2.2)

A Kerr spacetime is parameterized by its mass M and angular momentum per
mass a, and describes a rotating, stationary (with 0, Killing), axisymmetric (with
0, Killing), asymptotically flat vacuum black hole. Setting a = 0 recovers the
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spherically symmetric Schwarzschild metric Schwarzschild (1916). The function
A(r) has two zeros

re =M+ VM?— a? and r_=M—VM?—a? (2.3)

which correspond to the locations of event horizon H and Cauchy horizon, respec-
tively. We will constrain our considerations in the closure of the exterior region
of a Kerr black hole, or in another way, in the domain of outer communication
(DOC) D. As mentioned below in Section 2.4, we will focus only on the future
development by symmetry, hence only the future part H™ of the event horizon
will be of interest for us. In what follows, whenever we say "in a slowly rotating
Kerr spacetime”, it should always be understood as the DOC of a Kerr spacetime
(M, gare) with |a|/M < ag/M < 1 sufficiently small.

Introduce the tortoise coordinate system (t,7*,6,¢)', with r* defined by:

dr — oHa® - (3M) = 0. (2.4)

The B-L coordinate system fails to extend across the future event horizon H*
due to the singularity in the metric coefficients in (2.1). Instead, we define an
ingoing Eddington-Finkelstein (E-F) coordinate system (v, r, 6, ¢) which is regular
on Ht:
dv = dt + dr*
T g (25)
dp = do + a(r® + a*) " dr*.
We finally define a global Kerr coordinate system (t*, 7,0, ¢*), via gluing the co-
ordinate system (¢ = v — r,r, 0, ¢) near horizon with the B-L coordinate system
(t,r,0,¢) away from horizon smoothly, by
t*=t+xa(r) (r"(r) —r —r*(ro) + ro), (2.6)
¢* = ¢+ x1(r)o(r) mod 2w, do/dr =a/A. '

Here, the smooth cutoff function y;(r), which equals to 1 in [ry, M + ro/2] and
identically vanishes for r > rq with ro(M) fixed in Chapter 3, is chosen such that
the initial hypersurface?

So = {(t*,7,0,6°)[t* =0} N D (2.7)

!This is called as Regge-Wheeler Regge and Wheeler (1957) coordinate system when on
Schwarzschild.

2Here the initial hypersurface could be taken as {t* = D} hypersurface for any real value D,
but for convenience, we take it as in (2.7).



2.1. Kerr metric

Figure 2.1.: Penrose diagram

is a spacelike hypersurface with

(M) < —g(Vt", V"), < C(M), (25)
c¢(M) and C(M) being two universal positive constants. We notice that

O =8, 2T and 9y = 05 = 0y, (2.9)

and denote ¢, to be the 1-parameter family of diffeomorphisms generated by 7.
Define constant time hypersurfaces

Y=, (ZO) = {(t*,T’, 0, ¢*)|t* = T} nD. (2'10)

They are spacelike hypersurfaces satisfying (2.8), and in particular, for » < M +
r0/2, we have

1 < —g(Vt*, V)|s, = 1+ 2Mr/S < 3. (2.11)
For any 0 < 7, < 79, we use the notations
D(ry,72) = U PO H (11, 72) = OD(11,70) NHT. (2.12)
TE|T1,72]

The reader may find the Penrose diagram Figure 2.1 useful.

The volume form of the spacetime manifold is

| Xdtdrsinfdfd¢  in B-L coordinates,
Vol = { Ydt*dr sin #dfd¢* in global Kerr coordinates, (2.13)
and the volume form of the hypersurface ¥, (7 > 0) is
dVoly,_ = Xdrsinfdfd¢* in global Kerr coordinates. (2.14)

Unless otherwise specified, we will always suppress these volume forms in this
paper when the integral is over a spacetime region or a 3-dimensional submanifold
of X.
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2.2. Teukolsky master equation for spin s
components

Following the Newman-Penrose (N-P) formalim Newman and Penrose (1962, 1963),
we obtain N-P components of electromagnetic field

\IJO = Fuyl“m”, \111 = %Fw(l“n” —I—m“m”), \112 = me"n”, (215)
and the complete five N-P components of Weyl tensor

q)() = - Wlmlm> <D1 - _Wlnlma (I)Q = _Wlmﬁna
(I)3 - _Wlnmm CI)4 - —annm= (216)

by projecting the Maxwell tensor F,3 and the Weyl tensor W .5 onto the Kin-
nersley null tetrad (I, n,m,m) Kinnersley (1969):

"= L(r*+a* A,0,a),
n’ = =(r* +a*, —A,0,a),

2%
mt = f%p (iasind,0,1, =), (2.17)

and m* and p being the complex conjugate of m* and p = r —ia cos 6 respectively.
The Maxwell equations, and the full set of N-P equations comprising the com-
mutation relations, the Ricci identities, the eliminant relations and the Bianchi
identities in (Chandrasekhar, 1998, Chapter 1.8), are both coupled first—order dif-
ferential systems, with the later one linking the tetrad, the spin coefficients and
these five N-P components of Weyl tensor.

The background N-P components on Kerr for Weyl tensor are
df =0F =l =P =0, ®F = —Mp3. (2.18)

We perturb in the N-P equations the tetrad, the spin coefficients and the five N-P
components by [T =B +1P kT = B+ P 3 & = dF + ®F, etc, and the complete
set of equations for linearized gravity is then obtained from the N-P equations
by keeping the perturbation terms (with superscript P) only to first order. The
total parts of the perturbed extreme N-P components ®! and ®% (equal to the
perturbation parts ®f and ®1) for linearized gravity are the ”ingoing and outgoing
radiative parts”, and are invariant under gauge transformations and infinitesimal
tetrad rotations. From now on, we will drop the superscript T and still denote
these perturbed extreme N-P components as 3 and ®4. Similarly, we can also

3kPB is one of the background spin coefficients used in (Chandrasekhar, 1998, Chapter 1.8).



2.2. Teukolsky master equation for spin s components

perturb the N-P components of Maxwell field, and define the perturbed, gauge
invariant extreme N-P components ¥ and ¥ or simply ¥y and Ws.

Teukolsky Teukolsky (1972) derived the decoupled equations on Kerr backgrounds
for the spin s components vy (s = £2 for linearized gravity and s = £1 for
Maxwell field)

Y1 = AWy, Yoy = AR, (2.19a)
Prpg) = A*Dy, Yo = A2y, (2.19Db)

and showed that these decoupled equations are in fact separable and governed by
a single master equation—the celebrated Teukolsky Master Equation (TME)—given
in B-L coordinates by*

| 4a®? a2sin 6 Pv  aMar Y (a2 1 Oy
A ot? A Otdp A sin2 0 02

s —s+1 0V - 0 a(r— i 0
+ a2 (Ao ) LD (singZl ) 4 2 |20 4 Lot ] Bla(2.90)

2

+2s [—M(TA—_‘I?) — 7 —iacos 9} P (5% ot 0+ s)yyg = 0.

The Kinnersley tetrad is, however, singular on H™' in ingoing E-F coordinates,
suggesting that the perturbed N-P components are not all regular there. We
perform a null rotation by

= 1=A/2%) -1,
n—n=2%)/A n, (2.21)
m — m,

and the resulting tetrad (I,7,m,7), namely the Hawking-Hartle (H-H) tetrad
Hawking and Hartle (1972), is in fact regular up to and on H*' in global Kerr
coordinates. The regular extreme N-P components of Maxwell field and linearized
gravity in regular H-H tetrad are then

Uy (F) = F"m” = L, Uy (F) = Fm'in” = Ly, (2.22)
Oo(W) = Wi i = iz, ®a(W) = =W = g, (2.23)

respectively. The results in this paper will be with respect to complex scalars 5;
and ®,4, and ¥y and Vs.

4These scalars differ with the ones used in Teukolsky (1972) by a rescaling of A®.
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2.3. Coupled systems

Denote the future-directed ingoing and outgoing principal null vector fields in B-L
coordinates

r2+a?)0t+ad, r2+a?)0t+ad,
Y — H)% — 0, V = H)% 10, (2.24a)
From TME (2.20), the equation for 1 is

(SO, + 2is ( cos 6 50 — acos 00,) — (s cot® 0 + ) ) = — 252y, (2.25)

with O, being the scalar wave operator for the metric g, and

Z=(r—M)Y —2ro,. (2.26)

Construct the quantities
%y = Yy /1% oL, =rY(r¢dy), (2.27a)
= A/r2¢[—1}, ¢1—1 = TV(T¢[11). (227b)

for spin +1 components, and

Ply = Ypaa) /1", Ply =Y (rely), P2y = 1Y (rel,), (2.28a)
@0y =A% riy, Py =—rV(re,), ¢, =—rV(rél,),  (2.28b)

for spin +2 components. The upper index here denotes the number of times the
differential operator rY'r or —(rVr) is performed. We should notice that though it
is A/(r?+a*)V but not V which is a regular vector field on H*, the variables {¢}
are indeed smooth up to and on future horizon if the regular N-P scalars (D\; and
®, are. In global Kerr coordinates, the regular vector field Y equals to —0, + O
in [ry, M +10/2] and is “£C - + L9y — 9, for r > 1.

The governing equations for these quantities are®

r*—3Mr+2a 4(a?0+ady) P
Ly, ¢%, = FY) = %(b—i-l %7 (2.29a)
Liioh, = Fiy = —2(a%0, + ady)¢,, (2.29b)
L' ¢’ =F =— 2 _3MT+2Q ¢ 1T —a 8t+:8¢)¢ ) (2.30a)

SThere exists a different set for variables of which the governing wave systems contain no d;
derivative terms on the right hand side (RHS). See Appendix A.
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L' oty = F!y = —2(a%0; + ady) (2.30b)
r a (I 8t+(18 d)
Liz@ﬁz - FJ?Q = 4 = 12 ¢+2 r s = (2.31a)
L1+2qb1+2 _ FJlrz — w¢+2 + M&J
— WOH0)0hs (20, + ady) s, (2.31b)
Lbﬁangz-—&a@+a%ww 12a°¢%,, (2.31c)
and
10,00, = FO, = A=tz 1y SOctdolizy (2.32a)
L£2¢£2 _ FE2 _ 2(7“273Mr+2a (b + 6Mr 1242 ¢O
+ M + 6(a” &: + ady)” s, (2.32b)
L',¢%, = F2, = 8(a0; + ady)p", — 12a°¢°,, (2.32¢)

respectively. The subscript here indicates the spin weight s = +1, +2, and the
operators L? and L!, given by

L? = ¥0O, + 2is (<3 cos 6 205 — acos00;) — s (cot2 0+ M) , (2.33a)

L, = X0, + 2is (£3 cos § 20p — acos00,) — s (cot2 0+ M\f—frhz) : (2.33b)

are both called as ”spin-weighted wave operators”, but with different potentials.

Remark 2.3.1. The underlying reason for applying |s| times the first-order dif-
ferential operators to the spin s components is to make the nonzero boost weight
vanishing. This is closely related to Chandrasekhar transformation Chandrasekhar
(1975) on Schwarzschild as well.

The equations (2.29)-(2.32) for ¢’ are in either of the following forms:

L% = F; (2.34a)
Ly =F, (2.34b)
which are called as " inhomogeneous spin-weighted wave equations” (ISWWE) in

this thesis. When there is no confusion of which spin component we are treating,
we may suppress the subscript of ¢ and simply write as ¢'.
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Remark 2.3.2. After making the substitutions J; <» —iw, 04 <> im, and separat-
ing the operators L* (k = 0, 1), the angular parts are the spin-weighted spheroidal
harmonic operator of angular Teukolsky equation. The radial operator of L! is
the sum of the radial part of the rescaled scalar wave operator ¥0, and a po-
tential s%(r? — A — a?)/r?, and reduces to the radial operator for Fackerell-Ipser
(F-I) equation Fackerell and Ipser (1972) or Regge-Wheeler equation Regge and
Wheeler (1957) when on Schwarzschild background (a = 0), while the one of L?
is the sum of the radial part of 0O, and another potential s?(A + a?)/(2r?). See

more details in Section 5.2 for Schwarzschild case and Section 6.2 for Kerr case.

We also note that in the non-static Kerr case (a # 0), the classical F-I operator in
Fackerell and Ipser (1972) for Maxwell field has an imaginary zeroth order term
in the potential, thus being quite different from the operator L! here in which the
imaginary coefficients are accompanied by first order d; and 9, derivatives. This
is the main difference which enables us in this paper to not introduce fractional
derivative operators as in Andersson and Blue (2015a) which treats the classical
F-I equation.

2.4. Main theorems

The TME admits a symmetry that A%y_g(—t,r,0, —¢) and ¢ (t,r, 0, $) satisfy
the same equation, hence we focus only on the future time development in this
paper, and one could easily obtain the analogous estimates in the past time direc-
tion.

For any complex-valued smooth function ¢ : M — C with spin weight s, we define
in global Kerr coordinates for any 7 > 0 that

‘aw(t*ara 97 ¢*)|2 = ‘at*w|2 + ’aer + \777#!2, (2'35)

E.(¢) = : 0y?, (2.36)

and in ingoing E-F coordinates for any 75 > 7 > 0 that
Epe oy () = / (10,02 + [V ?)rdv sin 0403, (2.37)
H(11,72)

The ¥ used here are not the standard covariant angular derivatives 7V7 on sphere
S?(t*,r), but the spin-weighted version of them, and we take ¥ to be any one of

10



2.4. Main theorems

YV, (7 =1,2,3) defined by

S el W el Gl
18 S1n Sln 18 s1n
ry, = TWQ orP = (cos g0y — cos 98¢ ) — P, (2.38)

TW?, = TW?, = Op+.

In global Kerr coordinates, we can express the modulus square of Y as

cos 00 g )+isyh 2
Vo2 = 2 190l = (10 + |2t o)
i=1,2,3
Byxip+is cos o |2
— B (1onpf? + |2 ter=te |y ), (2.39)

In particular, note from (2.39) that |V¢|?, and thus |9¢|?, already have control
over r—2[1|2. The same expressions (2.38) and (2.39) hold true in B-L coordinates
and ingoing E-F coordinates due to (2.9). For convenience of calculations, we may
always refer to these expressions with d, in place of 0y without confusion.

For any smooth function ¢ with spin weight s, we define for any multi-index
i = (11,149, 13,14,15) with ix >0 (k= 1,2,3,4,5)

0" = 0L ORV Yy Vi, (2.40)
Denote a few Morawetz densities by®
Mdeg(w = T_1_6|ar¢‘2 + Xtrap(r) (T_1_6‘at*w|2 + T_I‘WIMQ), (241&)
M(y) = (1007 + [0 ) + r 7 VWP, (2.41b)
Mdeg(w = 7”71|3r¢|2 + Xtrap('r)ril(’at*w’2 + ‘WTMQ), (241C)
M(¢) = r~"|oy*. (2.41d)

Here, Xuap(r) = (1 — 3M/r)*(1 — Mro ot ](r)), My 4+ 1(r) is the indicator
function in the radius region bounded by minimal and maximal trapped radii
Tirap(€0, M) with o chosen in Theorem 2.4.1 below, and § € (0,1/2) is an arbi-

trary constant. Note that when g — 0, 7irap (€0, M) = Torap(0, M) = 3M.

Theorem 2.4.1. (Energy and Morawetz estimate for the inhomogeneous spin-
weighted wave systems) In the DOC of a slowly rotating Kerr spacetime (M, g =
guma), given any regular Maxwell field” F,5 to the Maxwell equations (1.2) or

6We should distinguish among these different notations that one with a tilde means there is no
extra r—° power in the coefficients of r- or t*- derivative terms and one with the subscript
deg means there is the trapping degeneracy in the trapped region, and vice versa.

" regular Maxwell field” is defined in Definition 2.6.1.

11



2. Preliminaries and main results

any smooth® regular extreme N-P components as in Section 2.2 which vanish near
spatial infinity, 1 = ¢’ defined as in (2.27) and (2.28) satisfies an ”inhomogeneous
spin-weighted wave equation” (ISWWE)

Ly =F, (2.42)

which takes the form of the corresponding subequation in the linear wave system
(2.29)-(2.32) with s = +1 or 2 being the spin weight and L’ defined as in (2.33),
and let % be any one of

(P06 100k, 62,00, 00, 0%, | (243)

with the same upper and lower indexes. Then, for any 0 < § < 1/2, there exist
universal constants g9 = ¢o(M) and C = C(M, 9§, %) = C(M,,%,) such that for
all |a|/M < ag/M < gy and any 7 > 0, the following estimates hold true:

o for |s| =1,
Isl

Er(¢) + Byt oY) + Maeg()) < C > Eo(¢l) + CE(F).  (2.44)

D(0,7) §=0

Here, the error term £(F) coming from the source F' takes the form of

E(F) =

/ %%(F@tw)‘Jr/ r 3R (2.45)
D(0,7) D(0,7)

with $(-) denoting the real part;

o for (s,i) = (+2,0) or (+2,1),

E(¢y) + By (#5) + ( )Mdeg(gof;) < C(BP™(s)+&);  (2.46a)
D(0,7

e for other combinations of (s,7) with |s| = 2,

ET((PZ) + EH+(O,T) (SO:LS) + ( )Mdeg(gpi) S C (E(g()tal(s) + 8;) . (246b)
D(0,7

8In fact, the N-P components should be viewed as sections of a complex line bundle. Therefore,
”smooth” means that these components and their derivatives to any order with respect to

(O¢+,0r, V4, ¥y, ¥5) are continous.

12



2.4. Main theorems

The expressions of E{°%!(s) are given in (6.25), and the error terms here are

EL =&l ins T Ebes (2.47)
with
5rinain,+2 / 271% (Fjr28t¢l_+2>
D(0,7)
+ ol / (M(r4 560,) + M(r20gl,) + Mdeg(¢+2)) (2.48)
D(0,7)
Srinain -2 / 271% (Fi2at¢l_—2)
D(0,7)
v f oy (M) + MG + Mg (62,) + [V + VG),
D(0,7
(2.48b)
and
Edev2 =€0 M(r1=09,) + < / Bk, (2.49a)
D(0,7) D(0,7)

~ ~ 2 |12
Eoa=a / M(r?—°¢},) + L / (Mdeg(r4—5 0,) + =l ) (2.49D)
D(0,7) D(0,7)

Eoxz =0, (2.49¢)

Eox—2 = €0 M(¢°) + L / r3gl,), (2.49d)
D(O,T) D(O”r)

Eox2 = €1 M(¢!) + & / (T_3|¢2_2|2 + r‘2|¢92|2> : (2.49¢)
D(0,7) D(0,7)

Eoxz = 0. (2.49f)

Theorem 2.4.2. Under the same assumptions of Theorem 2.4.1, for any 0 < § <

1/2 and nonnegative integer n, there exist universal constants gy = eo(M) and
C=C(M,d,%9,n) =C(M,d,%,,n) such that for all |a|/M < ag/M < gy and any
7 > 0, it holds true for regular extreme N-P components:

> / ) + M(0"2") + Maeg (*2D))

[k|<n

+Y Z (B0 + Bxs (@ @)) < C 3 3 Bo(@ @), (2:50a)

|k|<n =0 |k|<n i=0

>/ o (e 1)) 1t o0l?))

[k|<n

13



2. Preliminaries and main results

2
+3 Z( (0"0) + Erpr 0. (0°0)) <0 30 3 Eo(@"af),  (2.50D)
|k|<n i=0

|k|<n i=0
and
3 / (M(aixpg°>)+Mdeg(aiqu”))
li|<n D(0,7)
+ 30 3 (B0 + B (09)) <O DT Eo(0'w), (2500)
|i|<n k=0,1 |i|<n k=0,1
> [, e e
li|<n D(0,7)
+> ) ( Nt By 0.0 (0705Y) ) <YY" B0, (2.50d)
li|<n k=0,1 li|<n k=0,1
Here,
oY) = 1408, dfY = YD, o) =YY@ (2.51a)
(13510) _ (’54’ (13511) _ r2+a2v( <I>(0)) @4(12) _ 2T+Aa2v( <I> ), (2.51b)
and
v =20, v =Y, (2.51c)
\Ing) _ (ﬁ;) \Ifgl) — 2+a2V(r\IJ2) (2.51d)

Let us give a few remarks before going further.

Remark 2.4.1. The trapping degeneracy for the Morawetz densities Mdeg(aquéQ) ),
Maeg (05 D)), Mg (95 TLY) and Mg (958 with |k| < n — 1 can be manifestly
removed. We shall only focus on the n = 0 case, since as shown in Section 4.1, the
n > 1 cases follow straightforwardly from the n = 0 case.

Remark 2.4.2. The energy and Morawetz estimate (2.50a) or (2.50b) for the spin-
2 case is obtained by treating the system (2.31) or (2.32) for ¢, and is a single
estimate at three levels of regularity for each extreme spin component, since ¢? in-
volves at most second-order derivatives of ¢?. Therefore, in spite of the well-known
trapping phenomenon, we prove Morawetz estimates which bound spacetime in-
tegrals of nondegenerate Morawetz densities of ¢? and ¢! in the trapped region.
However, the three levels of regularity must be treated simultaneously. One one
hand, to estimate the inhomogeneous terms on the RHS of (2.31) and (2.32), it

14



2.5. Relevant results

is necessary to eliminate the trapping degeneracy in the Morawetz estimates for
¢ and ¢! by considering one more order of derivative; on the other hand, it is
possible to close the three estimates simultaneously, because the RHS of (2.31)
and (2.32) are at two levels of regularity at most, involving no derivatives of ¢?
and at most one of ¢? and ¢!. Similar phenomenon holds for the spin-1 case.

Remark 2.4.3. In the spin-1 case, we find that the equation (2.29b) and (2.30b)
for ¢! is coupled to ¢%. When |a|/M < ay/M < 1 is sufficiently small, however, the
coupling effect with ¢? in (2.29b) and (2.30b) is weak. This is the main observation
suggesting that one may be able to run through the approach from Schwarzschild
case to slowly rotating Kerr case. In the spin-2 case, note that the systems (2.31)
and (2.32) are, however, neither weakly coupled, a fact caused by the presence
of the ¢! term in (2.31a) and (2.32a), or the ¢¥ term in (2.31b) and (2.32Dh).
This is an essential difference compared to the Maxwell (s = £1) case. Take the
system (2.31) for s = 42 for example. Our approach here relies on an estimate
bounding ¢}, from ¢%, by employing the differential relation (2.28a) between
them, which facilitates the treatment for the system in a rough (but accurate in
the Schwarzschild case) sense that the error term in the Morawetz estimate for
(2.31a) arising from the inhomogeneous term can be controlled by adding a large
amount of Morawetz estimate of (2.31¢) to the Morawetz estimate of (2.31a); see
Chapter 4.

Remark 2.4.4. There remain some difficulties when estimating the error terms
E(F) and &! in the trapped region and in the large radius region. We also take
the system (2.31) for s = +2 as an example to illustrate these difficulties. It is
obvious that the term ‘ Joiom R (FJQFQGtngH ’ in £2, can not be estimated directly
because of the trapping degeneracy present in the ¢*- and angular derivatives terms
in the Morawetz density Maeg(¢%,). In the large radius region, since there is an r0
power loss in Meg(¢l5) and Maeg(¢%,), the error term fD(O ) r301F2, % would
not be bounded by C'(Maeg(¢)5) + Maeg(4%5)). There are other error terms where

these two difficulties in different regions are present as well, and we will show how
to treat them in the main proof Chapters 5 and 7.

2.5. Relevant results

The scalar wave equation in the DOC of vacuum black holes has been studied
extensively in the last 15 years. On a Schwarzschild background, uniform bound-
edness of scalar wave was first obtained in Kay and Wald (1987), while a Morawetz
Morawetz (1968) type multiplier, which is first introduced to black hole background
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2. Preliminaries and main results

in Blue and Soffer (2003), has been utilized in many works, such as Blue and Sof-
fer (2009), Dafermos and Rodnianski (2009), to achieve Morawetz estimate. In
non-static (a # 0) Kerr spacetimes, the fact that the Killing vector field d; fails to
be globally timelike as in Schwarzschild case raises a difficulty in constructing a
uniformly bounded positive energy or a nonnegative conserved energy. Moreover,
the location where the null geodesics can be trapped is enlarged from r = 3M in
Schwarzschild to a radius region in Kerr case. Both of the two facts that there
is a lack of Killing vector fields (the J; and 0,) to commute with the scalar wave
operator and these two Killing vector fields do not span a globally timelike direc-
tion in the DOC render one to obtain the uniform boundedness or decay estimates
for the field itself. However, three independent, different approaches Tataru and
Tohaneanu (2011), Andersson and Blue (2015b), Dafermos and Rodnianski (2010)
have been developed on slowly rotating Kerr background to achieve uniform bound
of a positive definite energy (albeit not conserved) and Morawetz estimate. Differ-
ent pointwise decay estimates are also proved there. In particular, the separability
of the wave equation or the complete integrability of the geodesic flow first found
in Carter (1968) is a point of crucial importance in these works.

Decay behaviours for Maxwell field have been proved in Blue (2008) outside a
Schwarzschild black hole, and on some spherically symmetric backgrounds in Ster-
benz and Tataru (2015). The works above focus on estimating the middle com-
ponent which satisfies a decoupled, separable Fackerell-Ipser equation Fackerell
and Ipser (1972) in a form similar to scalar wave equation, and then make use
of these estimates to achieve Morawetz estimates and decay estimates for the ex-
treme components. In contrast with these works, Pasqualotto (2016) treats the
extreme components satisfying the TME by applying some first-order differential
operators to the extreme components, which then also satisfy the Fackerell-Ipser
equation, while a superenergy tensor is constructed in Andersson et al. (2016) to
yield a conserved energy current when contracted with 0;. In particular, the con-
structed superenergy tensor vanishes for the non-radiating Coulomb field. A decay
estimate is also obtained in Ghanem (2014) under the assumption of a Morawetz
estimate. We refer to the recent paper Andersson et al. (2016) for a more complete
description of the literature in Maxwell equations on Schwarzschild background.

The method of linearizing VEE subject to metric perturbations was carried out
for the Schwarzschild metric in Regge and Wheeler (1957), Vishveshwara (1970),
Zerilli (1970). In these papers, the time and angular dependence can be easily
separated out from the equations due to the metric being static and spherically
symmetric. The resulting radial equations can be reduced to Regge-Wheeler equa-
tion governing the odd-parity perturbations and Zerilli equation governing the
even-parity perturbations. In particular, these equations were derived later in
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2.5. Relevant results

Moncrief (1974) without assuming any gauge conditions. The linear stability of
Schwarzschild metric has been resolved recently in Dafermos et al. (2016), Hung
et al. (2017), with the former one starting from a Regge-Wheeler type equation
satisfied by some scalar constructed from Chandrasekhar transformation Chan-
drasekhar (1975) by applying some second order differential operator to the ex-
treme component and the later one treating Regge-Wheeler-Zerilli-Moncrief sys-
tem. The energy and Morawetz estimates, as well as decay estimates, for this
system are also obtained in Andersson et al. (2017a).

For nonzero integer spin fields in the DOC of a Kerr spacetime, only a few results
about stability issue can be found in the literature. The only result for Maxwell
field we are aware of is given in Andersson and Blue (2015a) on slowly rotating Kerr
background, in which energy and Morawetz estimates for both the full Maxwell
equations and the Fackerel-Ipser equation for the middle component are proved by
introducing fractional derivative operators to treat the presence of an imaginary
potential term in Fackerel-Ipser equation. The estimates therein enable the au-
thors to prove a uniform bound of a positive definite energy and the convergence
property of the Maxwell field to a stationary Coulomb field. Turning to the ex-
treme components, as mentioned already, they satisfy decoupled, separable TME
(2.20). Differential relations between the radial parts of the modes with opposite
extreme spin weights, as well as similar relations between the angular parts, are
derived in Starobinsky and Churilov (1973), Teukolsky and Press (1974), known as
” Teukolsky-Starobinsky Identities”. In Whiting (1989), it is shown that by assum-
ing some proper boundary conditions the TME admits no modes with frequency
having positive imaginary part, or in another way, no exponentially growing mode
solutions exist. This mode stability result is recently generalized to the case of
real frequencies in Shlapentokh-Rothman (2015) for scalar field and in our paper
Andersson et al. (2017b) for general spin fields. We mention here the papers Fin-
ster and Smoller (2016) which discusses the stability problem for each azimuthal
mode solution to TME, Klainerman and Szeftel (2017) which proves the nonlinear
stability of Schwarzschild spacetimes under axially symmetric polarized perturba-
tions and Dafermos et al. (2017) in which part of this thesis, that is, the energy
and Morawetz estimates for spin +£2 components are also proved but with different
techniques.
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2. Preliminaries and main results

2.6. Further Preliminaries and Notations

2.6.1. Well-posedness theorem

We state here a well-posedness (WP) theorem for a general system of linear wave
equations, cf. (Bér et al., 2007, Chapter 3.2). Due to the fact that smooth initial
data which vanish near spatial infinity can be approached by smooth, compactly
supported data, we restrict our considerations on initial data which are smooth
and of compact support on initial hypersurface .

Proposition 2.6.1. For any 1 < n € N* and 0 < |a| < M, let Xy be an initial
spacelike hypersurface defined as in (2.10) in the DOC D of a Kerr spacetime
(M, grra), and let ¢, ©% be compactly supported smooth sections in a vector

bundle E over the manifold D, 1 = 1,2,--- ,n. Then there exists a unique solution
Y = (ﬁpi)i:l&m’n, with ' € C®°(D"(Xy) N D,E), to the system of linear wave
equations
L,p=0
i i i i . 2.52
{ 90|20:§007 ngoamp ’2029017 v221727"' , 1. ( )

Here, D (%) is the future domain of dependence of Xy, L, is a linear wave
operator for ¢ and nx, = ng 0, is the future-directed unit normal vector field of
initial hypersurface . Moreover, ¢ is continuously dependent on the initial data
(o, 1) and C*°-dependent on the parameter a, i.e. the map

(90, p1) X a > (2.53)

is a CY x C™ map. By finite speed of propagation, the solution ¢ will be smooth
and compactly supported on each X, for 7 > 0.

We apply this WP theorem to the linear wave systems (2.29)-(2.32) of ¢ =

(@2, L -+, le), and ensure the existence and uniqueness of the solution for any

given compactly supported smooth initial data.

2.6.2. regular and integrable

Definition 2.6.1. e A two-form F,z3 to the Maxwell equations (1.2), with all
components in global Kerr coordinates being smooth in the exterior region
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of the Kerr spacetime, admitting a smooth extension to the closure of the
exterior region in the maximal analytic extension and vanishing near spa-
tial infinity up to a charged stationary Coulomb part, is called a regular
Maxwell field. In particular, Coulomb part is supported in the middle N-P
component Uy, cf. Andersson and Blue (2015a).

o Let F,3 be a regular Maxwell field and the smooth regular extreme N-P
components of the linearized gravity be vanishing near spatial infinity. A
solution 1) = ¢! defined as in (2.27) or (2.28) is called an integrable solution
to the ISWWE (2.42), if for every integer n > 0, every multi-index 0 < |i| < n
and any 79 > r4, we have

'y’ + |0 F| . 2.54
Z /D(oo,oo)ﬁ{rzr"o} <‘ ¢| ‘ | ) = ( )

0<lil<n

Here, we recall in (2.40) the definition of &%) and O;F ..

2.6.3. Generic constants and general rules

Constants C' and ¢, depending only on ag, M, § and ¥, are always understood
as large constants and small constants respectively, and may change line to line
throughout this thesis based on the algebraic rules: C+C =C, CC =C, Cec = C,
etc. When there is no confusion, the dependence on M, ag, § and ¥, may always
be suppressed. Once the constants q(M) and 0 < 6 < 1/2 in Theorems 2.4.1 and
2.4.2 are chosen and the choice of function x;(r) in (2.6) defining the global Kerr
coordinates is made, these constants can be made to be only dependent on M.

For any two functions ' and G, F' < G means that there exists a constant C' such
that F' < C'G holds everywhere. ' ~ G indicates that ' < G and G S F, and we
say that F' is equivalent to G.

The standard Laplacian on unit 2-sphere is denoted as Agz, and the volume form
dosez on unit 2-sphere is sin0dfd¢* or sinfdfd¢ depending on which coordinate
system is used.

Some cutoff functions will be used in this paper. Denote xg(r) to be a smooth
cutoff function utilized in Section 3.1 which is 1 for » > R and vanishes identically
for r < R — 1, and xo(r) a smooth cutoff function which equals to 1 for r < ry
and is identically zero for » > r1; see Chapter 3 for the choices of rq and r;. The
function y is a smooth cutoff both to the future time and to the past time, which
will be applied to the solution in the proof of Theorem 2.4.1.
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2. Preliminaries and main results

An overline or a bar will always denote the complex conjugate, R(-) denotes the
real part, and ”left hand side(s)” and "right hand side(s)” are short for ”"LHS”
and "RHS” respectively.

Throughout this paper, whenever we talk about ”choosing some multiplier for
some equation”, it should always be understood as multiplying the equation by
the multiplier, performing integration by parts, taking the real part and finally
integrating in the spacetime region D(0,7) (or D(1y, 7)) in global Kerr coordinate
system with respect to the measure X sin 0dt*drdOde*.
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3. Estimates near horizon and near
infinity

Contents
3.1. Morawetz estimates near infinity . . .. ... ... ... 21
3.2. Red-shift estimates near horizon .. ........ ... 27
3.2.1. Red-shift estimates for spin-1 case . .. ... ... ... 27
3.2.2. Red-shift estimates for spin-2 case . . . ... ... ... 29

Morawetz estimates in large radius r region and red-shift estimates near horizon
for different quantities are proved in this chapter. We emphasize that all the R,
in the estimates in this whole chapter can be a priori different, so do all the r
and the r{, but we will take the minimal ry, the maximal r; and the maximal Ry
among them such that the estimates hold true uniformly with the constants C' do
not depend on them, and still denote them as rg, r; and Rj.

3.1. Morawetz estimates near infinity

We put the equations (2.29), (2.30), (2.31b), (2.31c), (2.32b) and (2.32¢) into the
general form (2.34b), or equivalently, in an expanded form

((r2+a2)1+a0;)”

RIS {ar(mr) - -

414 (sin&i) + (M +asin98>2}w
sin 6 df do sin 0 t
= <4ias cos 00, + szATLQ“Q) v+ F, (3.1)

such that X0, is the same as the rescaled scalar wave operator X0, except for
(8¢+i8 cos 0

—— + asin9,)* in place of the operator (% + asin 09;)? in the expansion
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3. Estimates near horizon and near infinity

of ¥O,. Analogously, the equations (2.31a) and (2.32a) can be put into the form
of (2.34a), or

((7’2 +a?)0y +a8¢)2

D, 2 {&(A&T) - A

sin 0 sin 0

1 d (o d Op+iscos 0 . 2
+s 757 (sm Qde) + + asin 60, (0

= (42’@3 cos 00, + SQM> v+ F. (3.2)

272

Recall (see e.g. Dafermos and Rodnianski (2010)) that for each 0 < § < 1/2 there
exist constants Ry > 4M and C' = C(6) such that for all R > Ry, one can choose
a multiplier

Xt = =5 (f(r)0p + quw(r)) & (3.3)
for the rescaled inhomogeneous scalar wave equation

Yo, =G (3.4)

on any subextremal Kerr background, and achieve the following Morawetz estimate
in large r region for any 7 > 7q:

/ 0wl | ol | VP, ol
D(Tl,TQ)ﬂ{rZR} T1+6 T1+5 r T3+6

< B (4) + Bn(w) + / (180 + 16 )

D(71,m2)N{R—1<r<R}

+ / R (G- X,0) . (3.5)
D(Tl,TQ)
Here,
f=xnr(r)- (1=r7"), (3.6a)
w =20, f +A2MI pogl 2l i (3.6b)

Y are the standard covariant angular derivatives on sphere S2(¢,7) as in (2.38),
and

B(y) = / P = / (1006 + |0, + [F0l?). (3.7)

Since the difference between the operator (=9, +is cot § + asin #9;)* in X0, and

sin 0

(ﬁ%—i—a sin §9;)? in the expansion of X0, is terms with coefficients independent of
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3.1. Morawetz estimates near infinity

r, and the terms containing ¢-derivative in A7 ((r?+a?)9;+ads)? have coefficients
which are of lower order in r, we will achieve the same type of Morawetz estimate
in large r region by utilizing the same multiplier X, with [V¢[* and [0¢|* —
|s||¢])? /7% in place of |V|? and |[0¢|?, E(1) replacing E(1)), and a substitution of

G = <4ias cos 00, + SQATL;{Z) Y+ F (3.8a)
for (3.1) or
G = <4ias cos 00; + 32W> v+ F (3.8b)

for (3.2) respectively in (3.5). The bulk term coming from the source term (3.8)
in (3.5) is then

C/ —+R (((4@'@3 cos 00, + S2A+2(12) Y+ F) (fO+ + %w)g@) (3.9)
D(71,72)
or
C/ —4iR (((4ias cos 00, + 52%> v+ F) (fO+ + %w)&) , (3.10)
D(71,72)
which is bounded for R large enough in both cases by

2
/ ek / oy
D(r1,72)N[R,00) D(r1,m2)N[R—1,R]

+/ {i';‘mw%om (wa@z‘))}. (3.11)
D(71,m2)N[R—1,00)

Therefore, for any fixed 0 < § < %, we choose the same multiplier X1 =

—S7H (f(r)0m + Jw(r)) ¢ with f(r) and w(r) defined in (3.6) for both (3.1) and
(3.2), and easily obtain the following result.

Proposition 3.1.1. In a subextremal Kerr spacetime (M, grra) (Ja|] < ag < M),
for any fixed 0 < § < %, and for any solution v solving any subequation in the
linear systems (2.29)—(2.32), there exists constant Ry(M) and universal constant
C such that for all R > Ry, the following estimate holds for any 75 > 71:

/ M) <C (En(0) + Ba(w) + oul)
D(r1,m2)N{r>R} D(r1,m2){R—1<r<R}

/ R (FX,1)
D(Tl,Tz)ﬂ{TZRfl}

Remark 3.1.1. Recall in (2.41) the definition of the Morawetz density Mgeg ().

+C . (3.12)
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3. Estimates near horizon and near infinity

In fact, we can obtain an improved Morawetz estimate in the large radius region
for spin +1 component for Maxwell field and spin +2 component for linearized
gravity due to the damping 0, term on RHS of (2.25) for large r.

Proposition 3.1.2. In a subextremal Kerr spacetime (M, gra) (Ja| < ag < M),
let 0 < 6 < 1/2 be given. Then there exists constant Ro(M) and universal constant
C such that for all R > Ry and any 7, > 71, it holds for gble that

_ _ 2
/ ‘8(7,260 } +/ 7’1‘8(7”2631)}
SryN[R,+00) D(71,m2)N[R,00)
_ 2
5/ ‘8(7“2 J 0 | +/ !8(7”2 ’ 31)
SryN[R—1,R) 7 N[R-1,400)

and the following estimates hold for ¢, and ¢, respectively:

[ P [ 0 (0ot
ETQ[‘][R’J,-oo) D(71,m2)N[R,00)

S\/\
Sy N[R—

_ 2 3 9
[R—1,R) 0005 +/2 A[R—1,+ )\8(# )| (3.14a)
2 T1 , 00
/2

020k + [ o (k)
N[R,+00) D(71,m2)N[R,00)
S /

%

_ 2 _ 2
o (o) + | 0 61)
N[R—1,R) Y N[R—1,4-00)

, (3.13)

T2

T2

a(ri—640 |2
+/ o T2¢+2)| . (3.14b)
D(71,m2)N[R—1,00)
Proof. We start with the spin +1 component. The equation for q\ﬁﬂ)rl = w 9,

1S

(ZD9+ 2ZC0398¢—COt20+(1_ 3—§+ )> \31
_ r2+a2 J
_ (3=3Mr24a?r+a®’M) <( OV (VritaZel,) + 6 (”2”2 O + %%) ¢9r1>

- r2+a2 Vr2+a2
P.(r) here is a polynomial in r with powers no larger than 5 and coefficients
depending only on a, M and §. The coefficients can be calculated explicitly. We

make use of the following expansion for any smooth complex scalar v of spin weight
s

sin? 6

<2Dg+2““’598 — s?cot® 0 + |s| — %)w
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3.1. Morawetz estimates near infinity

= (kp0n(sin 000) + 0%, + 228500, — 5 cot® 0+ |s| — £+ 5 ) ¢

sin2 0 4

\/WY( AoV (VT a)) + 20,0

2+a2

+ (2003, + @ sin® 607, ) op — 2o Mrkay), (3.16)

and notice that the eigenvalues of the operator in the first line on RHS of (3.16)
are not larger than §2/4 —34/2 which is negative. Hence if we choose the multiplier

— $XrX00%,
2—-0)V 7“2—0—(1ZT r24a a =~
L _ %XRﬂﬁa? (( ) \5TV2+a2 $31) +0 < 22 20, + Z%) ¢E)H) (3.17)

for the equation (3.15), we have

/ 0%+ [ 7 (1009 +1990,4?)
27'2 ﬂ[R,+OO) D(Tl 77—2)0[Ra00)
+/ ) 1069, 2 + / 2 (3.18)
N[R—1,R) E-rlﬂ[R*I;FOO) D(71,m2)N[R—1,00)

(/

Moreover, we choose the multiplier —xpr—3(1—2M/r) \9“ for (3.15) and arrive at

/ P (100502 + 173, P)
D(71,m2)N[R,00)

< / 00,2 + / 1080, 2
Yy N[R—1,4-00) Y N[R—1,4-00)

v / <7“_1|8t* 3012 + r—2|agzsgl|2). (3.19)
D(’Tl,’TQ)ﬂ[R*l,OO)

The estimate (3.13) follows from adding a sufficiently large multiple of (3.18) to
(3.19) and taking R sufficiently large.

2

For the spin +2 component, we define the variables

5, 2\ 40
0= (B) T (/0 + 0 (3.200)

2-6
0 = (2) - (VIT @ (Y (P + a)?)) (3:20D)
and derive the governing equations of them as follows

(S0, + 2209, — dcot? § + (2 + 02 — 50)) 5
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3. Estimates near horizon and near infinity

2 1a 0,4—6
(r3_3M:zier+a2M) <(4 26)‘/5/\:2:2 ?75°) nwy <’”2+a28t “6¢> ¢04 5)

+ (4mcos 00, — T2+a28¢) 05 s 4 A(ﬁﬁlg)ggﬁm o (3.21a)
(SO, + 209, — dcot? 0 + (2 + 62 — 53)) ¢l3
_ (r3f3M:2122r+a2M) ((2 25)VE/\:ZT;1¢1+§ %) 195 (r a2 4 aa¢> 12— 6)
+ x|+ (4iacos 00, — ay) 013
+ 6a(rA2za2—)7; 8¢¢>04 5 6rA(Mr —(ai:aQ)SMa r—a* ¢04 5' (3.21b)

Here, Ps(r) and Py(r) are both polynomials in r with powers no larger than 5,
and the coefficients of these two polynomials depend only on a, M and § and can
be calculated explicitly. Similar to (3.16), we have for any smooth complex scalar
¥ of spin weight s that

(B0, + 229589, — s* cot® § + |s| + 6° — 56)) ¢

sin“ 0

= (55500 (sin00p) + 505, + 229520, — 5° cot” 0 + |s| + 6% — 56)

sin? 6
—VITE @Y (R25V (VT @) + R 0p0

+ (2003, + @® sin® 007, ) op — e Mrtay), (3.22)

Notice that the eigenvalues of the operator in the first line on RHS of (3.22) are
not greater than 62 — 56 which is negative, hence if we choose the multiplier

><RX()¢04 o0
21q —0,4—35
L %XRTQﬁQQ ((4 25)VE/VT2++Q2 L ) +25 <r +a? at + aa¢> 0,4— 5) (323)

for (3.21a), it then follows
ek 1 (1 X002 0,4—52
0045 " + [ XooTy " + [Woy, "
S ryN[R,+00) D(71,72)N[R,00)

0,4—6 2
S / +/ v 5l2+/ Prs T (3.24)
YroN[R—1,R) Y N[R—1,4-00) D(r1,m2)N[R—1,00)

Moreover, by choosing the multiplier —yzr—3(1—2M/ r)gbg)r’;lf‘; for (3.21a), we arrive
at

/ <|8r¢04 6|2+W7¢04 5,)
D(Tl,Tg)ﬂ[R,OO)
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3.2. Red-shift estimates near horizon

0,4—0 0,4—0
s/ 063+ | 0024
3y N[R—1,400) X N[R—1,400)

T2

“ (r et P o). G2
D(71,72)N[R—1,00)

Adding a sufficiently large multiple of (3.24) to (3.25) and taking R sufficiently
large, we conclude the inequality (3.14a). The estimate (3.14b) follows in the same
way by treating (3.21b). O

3.2. Red-shift estimates near horizon

3.2.1. Red-shift estimates for spin-1 case

The following red-shift estimate near H* for rescaled inhomogeneous scalar wave
equation (3.4) is taken from (Dafermos and Rodnianski, 2011, Sect.5.2) and Dafer-
mos and Rodnianski (2010).

Lemma 3.2.1. In a slowly rotating Kerr spacetime (M, gp,), there exist con-
stants (M), ry < 2M < ro(M) < (M) < (1 ++v2)M and C = C(%,,, M) =
C(X,,, M), two smooth real functions y;(r) and ya(r) on [ry,00) with y;(r) — 1
and yo(r) — 0 as r — 74, and a @, -invariant timelike vector field

N =T+ xo(r) (y1(r)Y + y2(r)T) (3.26)

such that for all |a|/M < ag/M < gy, by choosing a multiplier

— N¥ = —xo(r)E7' N, (3.27)

the following estimate holds for any solution ¢ to the rescaled inhomogeneous
scalar wave equation (3.4) for any 7 > 7:

< 9 .
/ 00]" + B (ry ) (¥)
EryM{r<ro}
~ 2 _ _
+ [ (18] + Nog(r — )| 2 — | 02)
D(TlvTQ)m{TSTO}

< c/ 3y [* +c/ [
B N {r<r1} D(r1,m2)N{ro<r<ri}

+ C/ R (G- Nyt) . (3.28)
D(r1,m2)"{r<r}
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3. Estimates near horizon and near infinity

Here,

Boe oy () = / (100 + [0 2)r2dv sin 6d0dd (3.29)

HY(11,72)

in ingoing E-F coordinates.

As in the last section, we refer to the rewritten form (3.1) of the ISWWE (2.42).
The difference between the operator (Sif’a +iscot 6 +asin09;)? in ©0O, and (Siarf’e +
asin09;)? in the expansion of Y0, involves only terms with coefficients indepen-
dent of t, ¢ and 7, and the term ad¢ in (r?+a?)d;+ad, has coefficient proportional
to a, therefore we could use the same multiplier —N,, to achieve the same estimate
for sufficient small |a|/M with the same replacements as in the last section. On

RHS, we are left with

C /D . R (((4m5 cos 0, + A+) )+ F) Nxozz> , (3.30)

which in turn is bounded by

/ (-on (210l - cmz=1up)
D(r1,m2)N{r<ro}

+C’/ (|a||8¢|2+ |F|2) +C’/ |02 (3.31)
D(Tl,Tg)ﬁ{Tgrl} D(Tl,Tg)ﬂ{T()ST'STl}

In conclusion, we have the following red-shift estimate for the ISWWE (2.42).

Proposition 3.2.1. In a slowly rotating Kerr spacetime (M, gpr4), there exist
constants o(M), ry < 2M < ro(M) < (M) < (1 ++/2)M and a universal
constant C, and a ¢ -invariant vector field N defined as in (3.27) such that for
all |a|/M < ag/M < gy, the following estimate holds for any solution 1 to the
ISWWE (2.42) for any 75 > 74:

Buram®)+ [ 0w’

E7‘2 |'-\|{T.STO}

4 / (1001 + |og(r — r)[2lr — rs|0?)
D(Tl )TQ)Q{TSTO}

< o/ |a¢|2+0/ |a¢|2+c/ P2 (3.32)
Yoy {rr} D(r1,m2){ro<r<ri} D(71,m2)N[r+,r1]

Moreover, we can obtain a red-shift estimate near horizon for ¢_y.
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3.2. Red-shift estimates near horizon

Proposition 3.2.2. Under the same assumptions in Proposition 3.2.1, we have

Ewm:z)(%/)[—uH/E o }\3¢[—11|2+/D( e }W[—H}Q
o N{r<rg 71,72)N{r<rg
SC/ |3¢[—1l\2+0/ Erny

Sr N{r<r} D(r1,m2){ro<r<ri}

+ 0/ N (3.33)
D(r1,m2){r+<r<ri}

Proof. We have from (2.27b) that

oLy =1V (r " Agpy)
= — AV + 2 [(r2 + a®)0; + ady) Yy + =Ly, (3.34)

Hence, from (2.25), the equation for v;_;) can be rewritten as

(T8, — 2 (35505 — acos9,) — cot®6) vy

= 37“22;25a2 1] + (WY + Tat) w[—l] + % (CLQ@ + aad)) w[_l] o %¢£1
(3.35)

For small enough |a|/M, the coefficient of v;_;; term on the RHS is positive near
horizon and its derivative with respect to r is nonnegative, and the term ((4(r —
M)r —5A)/(2r)Y + r0)y—q) is close to a positive multiple of Ny 1_1) when r
is sufficiently close to 7, from the choice of N, in Proposition 3.2.1. Therefore,
arguing the same as in the proof of Proposition 3.2.1, there exists a radius constant
o close to 7y such that the red-shift estimate (3.33) near H* holds for ¢y
holds. [

3.2.2. Red-shift estimates for spin-2 case

Proposition 3.2.3. In a slowly rotating Kerr spacetime (M, gp,), there exist
constants eo(M), 7, < 2M < ro(M) < ri (M) < (1++/2)M and C = C(%,,, M) =
C(X,,, M), two smooth functions y;(r) and yo(r) on [ry,o00) with y(r) — 1,
y2(r) — 0 as r — ry, and a p,-invariant timelike vector field N as defined in
(3.26) with xo(r) a smooth cutoff function which equals to 1 for r < 7y and is
identically zero for r > rq, such that for all |a|/M < ag/M < e,
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3. Estimates near horizon and near infinity

o for ¢ € {¢l,, ¢, ¢%,} whose governing equations (2.31b), (2.31c) and
(2.32¢) can be put into the form of (2.34b) with the relevant inhomogeneous
term F', the following estimate holds for any m > 7:

EH+(T1772)(¢) + / ‘aTMQ

ErgN{r<ro}

| (06 + [log(r = )| 2l = ] 147)
D(r1,m2){r<ro}

<o e ol +C | e
ETIQ{T‘ST‘l} 'D(Tl ,TQ)Q{TQSTSTl} D(Tl,Tg)ﬂ[T+,7‘1]
(3.36)

e for the equation (2.31a) of ¢9,, the following estimate near horizon holds for
any 7o > Ty

EH+(71,T2)(¢3-2> + / ’8¢3_2|2
SryN{r<ro}

+f (1068%P + tog(r = 1)l = 7162 )
'D(Tl 7’2)0{7‘<7’0}

<o jestpec a6, 4 C [ 6L
27—1 ﬂ{TST‘l} D(Tl,TQ)ﬂ{T()ST'STl} D(Tl,Tg)ﬁ[T+,7'1]
(3.37)

Proof. Following the discussions in Section 3.2.1, the estimate (3.36) manifestly
holds true.

For ¢9,, we also make use of the following equivalent form of equation (2.31a):

(¢+2) (r +2]\T4r 2a? )Y¢0 27‘2—8%7“—4-12&2 ¢i2
a“0¢+ad .
_ MO0 1 Sia.cos H04(¢,). (3.38)
Then the estimate (3.37) follows easily. O

It is convenient to introduce the variables which are not degenerate at H™
POy = A_2T4¢(127 ¢l = A_17"2¢1—2» (3.39)

and we may suppress the subindex and simply write as 50 and ng;l The equation

for @0 = 9;_9 reads

D00 =20 G . (UMY 91, ) GO - 30
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3.2. Red-shift estimates near horizon

+ % (a28t + a8¢) 50 + %(51 — 8ia cos Hﬁtq’;o, (3.40)
and the governing equation for r2¢! is
S0, (r201) =I5 (1261) + (LE08Y 1 19,) (121) + 56
+ 82 ((Mr —20%)¢0 + 1 (a0, + ady) (;0>
+ 2 (a®0; + ady) (r’¢1) — 8ia cos 0(9,5(7“2(;1). (3.41)
One could easily adapt the proof in Section 3.2.1 to obtain:

Proposition 3.2.4. In a slowly rotating Kerr spacetime (M, gar,), there exist
constants eo(M), 7y < 2M < ro(M) < ri (M) < (14++/2)M and C = C(%,,, M) =
C(X,,, M), and a ¢ -invariant timelike vector field N defined as in (3.26) for two
smooth functions y; (r) and ya(r) on [ry,00) with y;(r) = 1, y2(r) = 0 asr — ry,
such that for all |a|/M < ayg/M < &, the following red-shift estimates hold for

#° 5 and ¢!, for any 7 > 7:

Buam @+ [ jodiP

Z)‘1‘2 m{TSTO}

+ (1067 + 1ot = r)l 2 = 1, 167P)
D(m1 TQ)ﬂ{T<'r0}

<c / 0 + C / 00 + © / FIP, (3.42)
S n{r<r} D(11,m2) {ro<r<ri} D(71,m2)N[r+,r1]

E"r‘-ﬁ (11,72) (¢1) / |a¢)1|2
27—2 ﬁ{’r’<7‘0}

+f (19612 + | 1og(r — )l 2Ir — re|167?)
'D(Tl,Tg)ﬂ{T<T0}
<C Erie +C/ 9012

Y n{r<ri} (m1,m2)N{ro<r<ri}

e (162, + laaP +[d0) (3.3
D(71,m2)N[r+,r1]
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4. Outline of Proof
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4.1. Proof of Theorem 2.4.2 for n > 1 based on
n = (0 estimates

Assume the n = 0 case of Theorem 2.4.2 is true. To prove the inequality (2.50)
with integer n > 1, one just needs to consider the case n = 1 by induction. In
the spin-2 case, we commute xoY with (2.31b), (2.31¢), (2.32¢), (3.38), (3.40) and
(3.41), then it follows easily from the red-shift commutation property (Dafermos
and Rodnianski, 2010, Prop.5.4.1), elliptic estimates and the fact that 7" and Oy
are Killing vector fields that the estimate (2.50) for n = 1 is valid. Similarly, for the
spin-1 case, by commuting the Killing vector field T with (2.42), xoY with (2.42)
for spin +1 component and (3.35) for spin —1 component, it can be analogously
argued that Theorem 2.4.2 holds for n > 1.
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4. Outline of Proof

4.2. Estimates for spacetime integrals of ¢’ and ¢!

We derive in this section some estimates for ¢? and ¢! which are used in Section
4.3.

4.2.1. Spin-1

We state a lemma controlling |V¢?,| by |V, |.

Lemma 4.2.1. In a fixed subextremal Kerr spacetime (M, grr.) (Ja| < ag < M),
the following estimate holds for spin —1 component:

[ e [ iwep
D(0,7)N[R,00) 2 N[R,00)
112 0)2
5/ Vel +/ T\W¢0]2+/ Vo (4.1)
D(O,1)N[R-1,00) T SoN[R—1,00) DO,7)NR-1,R) T

Proof. We start with an identity that for the cutoff function yg(r), any real value
fand ¥V, (i =1,2,3) as defined in (2.38):

4 (XRTB‘TZWi¢O|2) - /BXRT571|T2WZ'¢O|2 - 8TXR7’6|7”2y7i¢0’2
= 2\t PR (WigbOW) . (4.2)

Integrating (4.2) over D(0, 7) with the measure

dV = r72dV = drdt* sin 0d0do* (4.3)

for § = —1, and applying Cauchy-Schwarz to the last term, it is manifest that the
estimate (4.1) follows from summing over i = 1,2, 3. O

4.2.2. Spin-2
4.2.2.1. Spin +2 component
Proposition 4.2.1. In a fixed subextremal Kerr spacetime (M, garq) (Ja] < ap <

M), the following estimate holds for ¢!, defined as in (2.28a) from the spin +2
component:

142 R rél|2 o 2|2 rél|2
/ ¢ ) gel/ el +611/ "i,—3'+/ L, (4.4)
D(0,7) D(0,7) D(0,7) Yo
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4.2. Estimates for spacetime integrals of ¢° and ¢!

Proof. We start with a simple identity for any smooth real function f,o(r) and
any real value a:

Y (f+2ra|r¢l|2) + [0 rg! P = Y (fro)r|ré' [P = 2f 12" R(0'9%).  (4.5)

Integrate (4.5) over D(0,7) with the measure dV as in (4.3) for @ = 0 and f,y =
Then, since

A
,,,,27012 c

—Y(fi2) =0 fra = % > 2 (4.6)

an application of Cauchy-Schwarz inequality to the term fp(o ” fraR(o o)V

proves the estimate (4.4). O

4.2.2.2. Spin —2 component

Proposition 4.2.2. In a fixed subextremal Kerr spacetime (M, garq) (Ja] < ap <
M), it holds for ¢°, and ¢', defined as in (2.28b) from the spin —2 component

that
/ o) 5/ el +/ ('52'2 + @2), (4.7a)
D(0,7) D(0,7) Yo

/ o 5/ ‘fi,?+/ Ead (4.7b)
D(0,7) D(0,7) o

Moreover, for the angular derivatives of them, we have

/ VP [ v
D(0,7)N[6M,00) +N[6M,00)
1112 ~ 0[2
5/ |W¢| _'_/ T’W¢O‘2+/ |W¢| 7 (4.8&)
DO,7)N[EM,00) T $oN[5M,00) DO,NBEM6M] T

/ VP + / VA
D(0,7)N[6M,00) FA[6M,00)

212 - 12
DO,7)N[EM,00) T SoN[5M,00) DO,HNBEM6M] T

Proof. We derive for any real function f_o(r) and any real value § that

»

V(foorP[rg'[?) = fooBrP M rd P — 0, farlro'|? = — 27 foR(¢1¢%).  (4.9)
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4. Outline of Proof

By choosing f = —1 and f_o = TQZ“Q, since O, f o = %227‘12), the estimate
(4.7b) then follows from integrating (4.9) over D(0,7) with the measure dV' in

(4.3) and applying Cauchy-Schwarz to the integral of the RHS of (4.9).

Similarly, for ¢°, we have

/ P 5/ |¢;13|2+/ G (4.10)
D(0,7) D(0,7) 3o

Combining (4.7b) with (4.10) proves the estimate (4.7a).

We prove the inequality (4.8a) below, the proof for (4.8b) being analogous. For
a smooth cutoff function x»2(r) which is equal to 1 in [6M, c0) and vanishes in
[r1,5M], any real value 8 and ¥, (j = 1,2,3) as defined in (2.38), it holds

V(f-ax2r” [PV ,0°1) — x20p f-ar® [r?V,0°)
— (Bxaf—2 + Opxafor) T PPV, 00 = = 2x0f o™ TPR(V,0°V,00).  (411)

. (r2+a2)3 . . .
Choosing f = —1 and fo = , integrating (4.11) over D(0,7) with the

measure dV in (4.3), and applying Cauchy-Schwarz to the last term, the estimate
(4.8a) for i = 0 follows manifestly from summing over j = 1,2, 3. H

4.3. Proof of n =0 case

Define two quantities for spin +1 components respectively
E41(0,7) =Eo(r*6%,) + Eo(¢}1) + 5 (Brerom (7°0%) + Eagr 0. (0441))

+ % {ET(T’z_éQﬁl) + ET(QS}H) + (M(TQ_(S 11) + Mdeg((b}rl))] '

o (4.12a)
=10,7) =Bule?) + Bo(') + [ #1P6P
+ % Z (ET(W) + EH+(0,T)(¢i)) + /D(O ) (Mdeg(¢£1) + M(¢O))] ’
o (4.12D)

Moreover, recalling the definition in (3.39), we define two quantities for spin +2
components respectively that

E12(0,7) =Eo(r'*°¢y) + Eo(r*°¢Ly) + Eo(67,)
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4.3. Proof of n = 0 case

+ % (ET 46 O —|— E. ( 2= SQS},_Q) + ET(¢3—2))
+ MM' (EH+(0 T 6¢+2) + By 0,0 (7 2_5¢}k2) + Bt 0,7) (qﬁQ))
+ %/D(O | <M(r4 °60,) + M(r* 6l ,) +Mdeg(¢+2)) (4.13a)

=(0.7) =B ) + El3Y) + Ea(6?y) + [ v (IR0 +|90F)

+ (Z (E () + By (0,0 (" )) + Er(¢2,) + EH+(0,T)(¢2—2>>

=0

+ 5 /D(O , <Mdeg<¢2—2) +M(!) + M(@)) : (4.13b)

We say F| <, Fy for two functions in the region D(0, 7) if there exists a universal
constant C' = C(ag, M, §, ) such that

F1 S CF2+CES(0,T) (414)

depending on which spin component we are considering. We now give the outline
of the proof of the estimates (2.50) for different spin components separately.

4.3.1. Spin +1 component

We will first show in Chapters 5-7 that

( 2— 5¢0) +E’H+ 0.7) ( 2— 5¢0) Mdeg(""2_6¢0)
D(0,7)
Sa / (6 M(r*—¢") + 6_1|¢:|2>7 (4.15a)
D(0,7)
E(¢") + By (0,0 (9') + Mg (") Sa 0. (4.15b)
D(0,7)

By adding an Ay multiple of estimate (4.15b) to (4.15a) and from the fact that

/D(OJ) (Mdeg(T%%O) + Mdeg(¢1)> ~ /D(O,T) (M(T%&(ﬁo) + Mdeg(¢1)> ., (4.16)

we can choose ¢y sufficiently small and a sufficiently large constant A such that
the RHS of the added inequality can be absorbed by the LHS for sufficiently small
la|/M < ag/M. This completes the proof of Theorem 2.4.2 for spin +1 component
for n = 0.
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4. Outline of Proof

4.3.2. Spin —1 component

For spin —1 component, the following estimates will be justified in Chapters 5-7

E (¢°) + Byt 0.(0°) + Maeg(¢°) Sa /D(O ) (60M(q§0) + %"fﬂ#), (4.17a)

D(0,7)
E(¢") + EH+(0,T)(¢1) + Mieg(¢") Sa %/ Ve’ |. (4.17b)
D(0,7) D(0,7)
We add an Ay multiple of (4.17b) to (4.17a), and similar to the discussions for
spin +1 component it holds that

[ (M) + Ma@h) ~ [ () + Mal0)) . (@1)
D(0,7) D(0,7)

Then we can use the estimate (4.1) to bound the RHS of the gained inequality,
and by choosing ¢, sufficiently small and Aq sufficiently large, Theorem 2.4.2 for

n = 0 case is proved by taking into account the red-shift estimate (3.33) and the
following fact.

Proposition 4.3.1. For the spin —1 component, it holds for any 7 > 0 that
/ r|Vo°[* S Eo(4°) + Eo("). (4.19)
o

Proof. Notice from the equation (2.30a) of ¢Y, that
%Yqbl = Ng2? — 2i (Cose 0p — acos eat) @ — Sml egzﬁo %gbl
+ a? cos® 00%¢° + 2a0 ¢¢0 quo —2ar Q. (4.20)

r2+a2

By multiplying r—'¢° on both sides, taking the real part and integrating over
Y, N {r > R4} (1 > 0) with large R4 to be fixed, it follows

2 _
[ 9o £ B+ By [ @) 4
i S-N{r>Raq}
We substitute into the last integral the following relation
a}?t = (r2+a2v 7«2_7_a2 aqb - 87"*) (T2ﬁa2v 7’2+a2 0¢ - ar*) 5 (422)

use the replacement V¢? = r2¢! —r~1¢°, and perform integration by parts, finally
ending with

[
S:0{r>R4}

We can appropriately choose R4 such that the last term is bounded by C'E,(¢).
m

< E(¢°) + E-(¢Y) +/ |a¢°|2. (4.23)

Srn{r=R4}
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4.3. Proof of n = 0 case

4.3.3. Spin +2 component

We will first obtain in Chapters 5-7 the following energy and Morawetz estimates
for ¢°, ¢! and ¢? defined from the spin 42 component:

E-(r'7°¢%) + By (0. (1 7°6%) + Maeg (r*7°0°)
D(0,7)
- |¢1|2
Se /D(OT) <€0M( 000) 4o 2y ) (4.24a)
E-(r"7°¢") + By o (r00") + o )Mdeg(ﬂ—w)
0,7
< / (eM(2706Y) + € Mlacg (176" + € Maeg(6%)),  (4.24b)
(0,7)
E‘r(¢2) + EH+(O,T) (¢2) + ( )Mdeg<¢2) Sa 0. (424c)
D(0,7

In addition, the estimate (4.4) for ¢' in Section 4.2 can be used to bound the last
term in (4.24a). The parameters ¢y and € in (4.24), and € in (4.4), are small
constants to be fixed. Substituting (4.4) into (4.24a) gives

ET (T475¢0) + EH+(0,T) (T475¢0) + I@Ideg(7’476¢0)
D(0,7)

<0 M(r*2¢%) + €5 e, M(r¢') + 5 et Maeg(¢?).  (4.25)
D(0,7) D(0,7) D(0,7)

We add A multiple of estimate (4.25) and A; multiple of (4.24c¢) to the estimate
(4.24b), and fix the parameters one by one to satisfy

6 K 1, AO > 61_1, 6 K Agl, 61 < Aalﬁo, Al > Ao (Eogl)il + 61_1, (426)

then for sufficiently small |a|/M < ao/M all the spacetime integrals on the RHS
of the gained estimate can be absorbed by the LHS, arriving at:

E-(r'"0¢%,) + E-(r*°¢L,) + E-(¢%)
+ (Bur 0 (1" 20%) + B0y (1°°0Ls) + Enr0.m)(6%))

+ / (I\Nﬂ(r‘l_‘sqﬁg) +M(r209L,) + Mdeg(¢3—2)>
D(0,7)

< Bo(r'™°ds) + Bo(r*°d5) + Bo(d%,). (4.27)

Here, we have utilized the facts that

/D o (Mdeg(r4_5¢0) b Mgy (12 ¢1)>
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4. Outline of Proof

/D(O,T)
/D(O,T)
/D(O,T)

In the trapped region, Mdeg(r4*5¢0) + Mdeg(r%‘sgbl) bounds over |Y ¢°|?, |0,¢°|?
and |¢°|? and then over |¢°|* and |[H¢"|?, H = 0, + a/(r* + a*®)ds being a globally
timelike vector field in the interior of D with —g(H, H) = AX/(r? + a*)?. Hence,
(4.28a) follows from elliptic estimates. The inequality (4.28b) can be similarly
justified. The estimate (2.50a) with n = 0 then follows from (4.27).

/N

M(r*=°¢°) + Mdeg(r2‘5¢1)) : (4.284)

RS

Wlaes (1*7°6") + Mlaog (279" + Maog(6°)

/N

MI(r~06°) + M(r276") + Maeg (7)) (4.28b)

4.3.4. Spin —2 component

Similarly as above, €y and ¢; are small constants to be fixed and we will prove
in Chapters 5-7 the following energy and Morawetz estimates for ¢°, ¢! and ¢?
constructed from the spin —2 component:

B + Buron @) + | Mald) S0 [ (ca(@) + 2EF),
D(0,7) D(0,7)
(4.29a)
E-(0") + Epi(0)(01) + Maeg(61)
D(0,7)
2y 4 L lal 77012 4 1%
Sa /D o <61M(¢1) +2 (Mdeg(¢2) + S VPO + 5 )) (4.29b)

B0+ Bxcon(d) + [ Mue) Su b [ (99 +15F).
D(0,7) D(0,7)
(4.29¢)

By substituting (4.7b) into (4.29a), (4.7a) and (4.8a) into (4.29b), (4.7a) and (4.8b)
into (4.29¢), respectively, it follows that

E(°) + Ept(0.0)(9°) + Mg (¢°)

D(0,7)

<4 € M(¢0) + L Maeg(67), (4.30)
D(0,7) D(0,7)

ET(@) + E’H*(O,T)(Q;l) + Mdeg(¢1)
D(0,7)
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4.3. Proof of n = 0 case

< /D " (e + 2L ) MG + L (Maegl6®) + ehM(6”)),  (431)

E(¢*) + Ey+on(9°) + Meg (¢?) Za 0. (4.32)

D(0,7)

We add an Ay multiple of estimate (4.30) and an A; multiple of (4.32) to the
estimate (4.31), and fix the parameters in an order such that

Ag> 16 < 169 < Ayt AL > Agegt + €1, (4.33)

then for sufficiently small |a|/M < ao/M, all the spacetime integrals on RHS can
be absorbed by the LHS, and it holds true that:

37 (Bo&) + Brrion(@)) + (B-(6) + En 0.0 (67)
o () ) + M)
ST B+ B () + [ o (997 + PIF)

i=0,1

S Z Ey(¢') + Eo (¢%). (4.34)

i=0,1

The inference is as follows. It can be argued in the same way as in the rela-
tions (4.28) for the spin +2 component that the trapping degeneracy in the terms
Meg(¢°) and Mgeg(¢p') can be removed, and in the last step we have used the the
following Proposition.

Proposition 4.3.2. For the spin —2 component, it holds for any 7 > 0 that
[ PP +198F) S Bod) + Bo(@) + Baley). (435)
Yo

Proof. Rewrite the equations (2.32a) and (2.32b) as

0= %ngl + As2¢0 Y (cose 8¢  4COS Gﬁt) ¢0 31rj129¢0 + 2r2—61\gr+6a2¢0

™

+ CL2 coS 0 t¢0 (a 8t+a6¢ ¢0 +2a ¢¢0 2ar a¢¢0 . 3Ar—|3—a2 §b1, (436&)

r2+a?

0= BY + Nord® — 41 (2550, — acos00) &' —

sin” 6 sin” 6
a? a r
+ a® cos? Gﬁi(bl + 2a 2¢¢1 + & at+ 8¢)¢1 + T221a2 3¢¢1
o 6(a28t + aa¢)¢0 -5 ¢2 4 6Mr—6a” 6Mr 6a? ;1 4 12(12;6Mr¢0. (436b>
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4. Outline of Proof

By multiplying 7~'¢9 on both sides of (4.36a), taking the real part and integrating
over X, N{r > R3} (7 > 0) with R3 > 5M to be fixed, it follows

/ VP < B () + B (8 +

T

/ rIR(OE0 )| . (4.37)
2,N{r>R3}

We substitute into the last integral the relation

8t2t = (r2$a2v - r2—7—a2 a¢> - ar*) (ﬁv — #8¢ — ar*) s (438)

make the replacement V¢? = —r~2¢' — r71¢% and perform integration by parts,
arriving at

[ meie®
S.n{r>Rs}

We can appropriately choose Rz such that the last term is bounded by C'E,(¢°),
and conclude

S E () + EL(¢") + / ]a¢°|2.

S-nN{r=R3}

(4.39)

[ AP S B + B, (4.0

T

Similarly, we can obtain from (4.36b) that

/ HVE? < E() + E,(8Y) + E,(32) + / YRR (4dl)

T

The inequality (4.35) then follows from (4.40) and (4.41). O

From the estimate (4.34), the estimate (2.50) is proved for the other regular N-P
component &4 for n = 0.
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5. Proof of Theorems 2.4.1 and
2.4.2 on Schwarzschild

Contents
5.1. Coupled system on Schwarzschild. . . . ... ... ... 43
5.2. Decomposition . ... ... ... ... 44
5.3. Energy estimate . ... ... ..... ... 0. 45
5.4. Morawetz estimate . . ... ... ... ... 000, 46

5.5. Proof of Theorems 2.4.1 and 2.4.2 on Schwarzschild . 48
5.5.1. Spin £1 components . . . . . . . .. ... 48
5.5.2. Spin £2 components . . . . . .. .. ... 48

We prove the Theorem 2.4.1 and derive the estimates (4.15), (4.17), (4.24) and
(4.29) on Schwarzschild backgrounds, thus finishing the proof of Theorem 2.4.2 on
Schwarzschild for n = 0 from the discussions in Chapter 4. The n > 1 cases follow
from Section 4.1.

5.1. Coupled system on Schwarzschild

In Schwarzschild spacetime, the governing equations in the systems (2.29) and
(2.30) for ¢ with s = £1 are
L1¢0 :FO _ 2s(r—3M) ;1 (51&)

r2 ER

Lo, =F} =0, (5.1b)

while for s = £2, the subequations in systems (2.31) and (2.32) can be written in
a unified form:

Log0 =F) = 2324, (5.22)
Ligl =F! = 2342 4 6M ), (5.2b)
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5. Proof of Theorems 2.4.1 and 2.4.2 on Schwarzschild

Lo, =F! =0, (5.2¢)

with the operators simplified to

L) =%0, + 2;?;5298 — 5% (cot® 6 + =2 | (5.3a)
L, =0, + 229209, — 5% (cot® 6 + =22 . (5.3b)

5.2. Decomposition

The equations (5.1), (5.2b) and (5.2¢) are all in the form of an ISWWE

Llp® = xn,eW + 2209 st — 5% (cot? O + =21 D) = G, (5.4)

Decompose the solution ¢ and the inhomogeneous term G into

ngmz (t,7)Y,5,(cos 0)e™® m € Z, (5.5)

ZG(U t, 7)Y, ,(cos 0)e™? m € 7. (5.6)

Here, for each m, {Y,%,(cos )}, with min {¢} = max (|m|,|s|) > |s| are the eigen-
functions of the self-adjoint operator
S = o505 8in 00, — M cosOs (5.7)

sin?

on L?(sinfdf). These eigenfunctions, called as ” spin-weighted spherical harmon-
ics”, form a complete orthonormal basis on L?(sin@df) and have eigenvalues
—Ayy = —0(0 + 1) defined by

SiY,(cosf) = —A,0Y,, (cosB). (5.8)

An integration by parts, together with a usage of Plancherel lemma and the or-
thonormality property of the basis {Y,3,(cos G)eim‘z’}m ,» gives

T 21
Zf(ﬂl)\sﬂ(tﬂr:/ / VoD (t,r)| 2 sinbdodd.  (5.9)
i o Jo

The equation for 807(73 is now

rAAT 0200 — 0,00, + (0 + 1)) — 282 M /rol) + G = 0. (5.10)
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5.3. Energy estimate

In the case that the inhomogeneous term G = 0, this is exactly the equation one
obtains after decomposing into spherical harmonics the solution to the classical
Regge-Wheeler equation Regge and Wheeler (1957) or Fackerell-Ipser equation
Fackerell and Ipser (1972) on Schwarzschild.

The equation (5.2a), while, is in a form of an ISWWE with another potential:
LIp® = 2ogp© + 2220 9,00) — 4 (cot? § + H2M) o0 = GO (5.11)

After the decomposition into spin-weighted spherical harmonics as above, the equa-
tion for gofgz reads

F AT o) — 0.(80,) gl + UL+ 1)l — (2= AM /)y + G =0, (5.12)
with min {¢} = max (|m/, |s|) > 2. The identity (5.9) holds for ¢©© as well.
We now consider the general form of the equations (5.10) and (5.12):
AT 0R0 — 0,(A0)p + LU+ 1)+ V(r)e +G =0, (5.13)
with the potential

—2s?M/r  for (5.10),

vir) :{ —2+44M/r for (5.12). (5.14)

5.3. Energy estimate

Multiplying (5.13) by T® = 0, and taking the real part, we arrive at an identity:
300 (5100 + Al + €0 + DI + VIgl) = 0, (R(A0,407))
= — R(GP). (5.15)
Since ¢ > |s|, the inequality
U+ 1)+ V(r)> 20 +1) (5.16)

holds for both potentials in (5.14). Summing over m and ¢, applying the identity
(5.9) for ¢ and ¢(©, and finally integrating with respect to the measure dt*dr
over {(t*,7)|0 < t* < 7,2M <1r < oo}, we have the following energy estimate for

Ut (i =0,1);
R(GD9,00)

Bl <0 (B + [ 4
D(0,7)
In global Kerr coordinates, for any 7 > 0,

B¢ ~ [ (1000 + T + 31060P). (5.18)
P

) e
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5. Proof of Theorems 2.4.1 and 2.4.2 on Schwarzschild
5.4. Morawetz estimate

In this section, taking the choices of the multipliers in Andersson and Blue (2015b),
Andersson et al. (2017a), we prove the Morawetz estimate for the separated equa-
tions (5.10) and (5.12), which are both in the form of (5.13) with potential as in
(5.14), and then derive the Morawetz estimate for (5.4) and (5.11).

We multiply (5.13) by

X(p) = far@+(j¢— 2(r—2M)(r—3M) 8 Lo 3M)A% (5.19)

,,,

take the real part and arrive at

0, (m (5X(0)00)) + 30, (F [0+ Dl = Kol — Aloel? + VIel?] )

0, (R(0:(Ad)ll* ~ 28400, — 2q(r — M)l =~ B ()lp*)) + B(e)
= —%( (¢)G). (5:20)

Here, the bulk term

B(gp) = B'(r)|dspl* + r=2B" (1) 0 (re)* + B*(r) (¢(¢ + 1)|¢|*) + B°(r)|ol’,

(5.21)
with
1 rt . rd
ty— —9 (7)) _ s
50) = 30, (57) -0’5
r 1 £ ¢
B(r) = 50, (Af) —2f(r — M)+ Ag
N
B£<7ﬂ) = - §6r(f) +4q
0 - 2 (A4 .1 ;
BY(r) = 0, (qfr — M) — 50%,(8d) + Vi — 5, (V)
+72(0.(r 3B (r)) + r*B"(r)).
With the choices of f and § as in (5.19),
B(r) =0, B'(r)=S42%" B'(r) = 230" (5.22)
and
—2TMr=2 + 162M?r=3 — 234 M3r—* for (5.10) and |s| = 2,
B(r) =< —9Mr=2+60M?r=3 — 90M3r—* for (5.10) and |s| =1,
—4r=t 4 33Mr=2 — T8 M?r=3 + 54M3r~* for (5.12).
(5.23)
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5.4. Morawetz estimate

We first treat (5.10) by calculating K|18|(7") = BO(r) + |s|(|s| + 1)B%(r) that

Vi (r) = 3r™4(4r® — 33Mr? + 90M>r — T8M?), (5.24a)
Vi (r) = 774 (4r® — 33M7r? + 96M%r — 90M®). (5.24D)

Clearly, it holds that

B(p) > 7 2B"(r)[0,(re) > + Vi (r)ll® + B (r) (€(0 + 1) — [s](|s] + 1)) o]
(5.25)

Using Mathematica to calculate the roots of the the third order polynomial %7‘4K‘15‘ (r),
we find there exists only one real root for this polynomial in both |s|] = 1 and
|s| =2, and the roots in both cases are less that 2M. Hence, in both |s| = 1 and
|s| = 2 cases, there exists a universal constant ¢ > 0 such that for any r > 2M,

B(p) 2 ¢ (87100 + Lol + 00+ 1)) (5.26)

Instead, if multiplying (5.13) by hg with

ho= —ACSME (5.27)
and take the real part, we arrive at
%@ (?R(&(Ah)k&ﬁ — 2Ah@0.p — 2h(r — M)|g0|2)) +h (6(6 + 1)|<,0|2)
+0, (R (5he0i0) ) = hixlgl® + Ablorel?
+ (0 (h(r = M) = 307, (Ah) + hV) [
= — R(heqG). (5.28)

After integration, this allows us to control the bulk integral of |9;p|? part by the
bulk integral of the RHS of (5.26). We sum over m and ¢ for (5.20) and (5.28)
with ¢ = o) and G = GM| apply the identity (5.9), integrate with respect to the
measure dt*dr over {(t*,r)|0 < t* < 7,2M < r < oo} and take (5.26) into account,
then we obtain a Morawetz estimate for (5.4) in global Kerr coordinates:

2 r—3M)2
/ o (10O O o 00 (o O + 1))
D(0,7

2 (R () 5 )
(5.29)

< BT (o) + BT (o) + /D B
0,7
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5. Proof of Theorems 2.4.1 and 2.4.2 on Schwarzschild

Turning now to (5.12), similarly as above, we calculate

VO(r) = B°(r) + 6B"(r)
= r (8% — 39Mr* + 30M>r + 54M?). (5.30)

One can check the roots of this third order polynomial 7*V°(r) by Mathematica
and find the only one real root is negative, hence T4KO(T) is positive for r > 2M,
which yields

B(g) = 172B"(r)|0;(re)* + VA (r)lel® + B'(r) (¢(£ + 1) — 6) |oo]?
> ¢ (8210, + Lol + B0+ 1)) (5.31)

Following the argument above for (5.10), it is straightforward to obtain the fol-
lowing Morawetz estimate for equation (5.11) in global Kerr coordinates:

2 r— 2
/ o (06O - O + 5 (oo O + 1P ))
D0,

SEIE) + B+ [ 3 (R (X(00)ED)| + R (ho0G0)]).
D(0,7)
(5.32)

5.5. Proof of Theorems 2.4.1 and 2.4.2 on
Schwarzschild

5.5.1. Spin +1 components

From the red-shift estimate Proposition 3.2.3, the Morawetz estimates in the large
radius region (3.13) and the estimate (5.29) applied to each individual equation in
the system (5.1), Theorem 2.4.1 for s = +1 is proved. The inequalities (4.15) and
(4.17) are obviously valid from the Proposition 3.1.1 and Theorem 2.4.1 for spin
+1 components.

5.5.2. Spin +2 components

We prove the Theorem 2.4.1, as well as the estimates (4.15), (4.17), (4.24) and
(4.29) for spin +2 components separately.
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5.5. Proof of Theorems 2.4.1 and 2.4.2 on Schwarzschild

5.5.2.1. Spin +2 component

Applying the Morawetz estimates (5.29) to (5.2b) and (5.2¢), and (5.32) to (5.2a),
then together with the Morawetz estimates in large r region for r*=?¢° and r?=9¢!
in Proposition 3.1.2 and red-shift estimates near horizon in Section 3.2, it holds
for ¢' (i =0,1,2) that

B (r"72¢°) + By 0, (1 °¢°) + ( )Mdeg<r4—5¢°>
D(0,r
S Eo(r'°0°) 4 Exanw(63), (5.33)
E (r*7°¢") + By o, (r?°¢") + Meg (120 ¢%)
D(0,7)
5 EO(TQ_(Sgbl) + gschw(Qﬁ-Q) +/ w, (534)
D(0,7)N[R—1,00)
E-(6°) + Ey+ 0.0 (0°) + o0 )Mdeg(¢2) S Eo(¢?). (5.35)

The error term Egnw(¢%,) is bounded by

R(X(¢")FD, )|+ R (he"FDy)|) + 117,06
Y D(0,7)
! /D(T1,Tz)m{r>R_1} (‘% (FJ??X ¢0)‘ + le | )

<o  WE)+e / g (5.36)

D(0,7) D(0,7)

and Eenw(@l5) is easily controlled from Cauchy-Schwarz inequality by

Cey M(r¢!) + Ce;! / (@ + ﬁ) . (5.37)
D(0,7) D(0,7)

Hence, this completes the proof of Theorem 2.4.1 and (4.24).

5.5.2.2. Spin —2 component

The Morawetz estimate (5.29) applied to (5.2b) and (5.2¢), estimate (5.32) applied
to (5.2a), the Morawetz estimates in large r region for {¢’ ,}|;—0 12 in Proposition
3.1.1 and red-shift estimates near horizon in Section 3.2 together imply

E(¢°) + Byt (0,(0°) + . )Mdeg@?o) < Eo(0°) + Evetra (6°), (5.38)
0,7
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5. Proof of Theorems 2.4.1 and 2.4.2 on Schwarzschild

E (01 + Byt o) (91) + Maeg(91) S Bo(6!) + Evatne (91), (5.39)

D(0,7)

E-(¢%) + By (0)(0%) + Maeg(6%) S Eo(¢”). (5.40)

D(0,7)

Easy to see the Theorem 2.4.1 and the estimates (4.29) hold from the inequality
that

Ean@) 5 [ A (R (XET)| + R (1P [+ 1F2a007)

+ [ P16, + 51
D(71,m2)N{r>R—1} D(71,m2)N[r+,r1]

<o M@+ / S|P (5.41)

D(0,7) D(0,7)
and the following estimate obtained analogously

fam(@) Sa [ M@+ /

D(0,7) D(0,7)
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6. Proof of Theorem 2.4.1 on slowly
rotating Kerr
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6.1. Energy estimate

We start by choosing a multiplier —2X719,¢) for (2.34b), which gives an identity
for any 7 > 73 > 0 that

[ oew= b [, o). (6.1)

T2

Here, the energy density in » > ry equals to

0, iscos 6 2 a2 52 a?
e2(w) = (1000 + |2t 20,2 + LEEA )

sin 6 r2
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6. Proof of Theorem 2.4.1 on slowly rotating Kerr

+ (r*+a? ) —a?sin? 9A|at¢|2 (r +a |8 ¢|2 (62)

From (5.9), we have for r > ry that

[ (1w +

8¢¢+.iscosc9¢‘2 +$2’77b|2) dUSQ

sin 6
/ Z max{s’ + |s|,m* + |m|}|{,|*) sin 6d0), (6.3)
meEZL
with
2 )
Um(t,,0) = 7= /0 e "Y(t,r, 0, ¢)do. (6.4)

It follows then that

/ (\MP +

Byp+is cos O | 2 2
¢1/1+.zscos LA A‘a 1/}‘2 A+a )|w‘2 dO’SQ

sin 6
/ S~ (mac{s” + |sl,m? + ||} - 225 |y Psind0. (6.5)
meZ
Denote
Aims = max{s® + |s|,m* + |m|} — “2212 + 52 A*iz_’"Q. (6.6)

In the case that |s| = 2, if [m| = 0 or 1, then clearly

AL — afm?  ABdah) (6.7)

ms—

which is nonnegative when r > 2M. If |m| > 4, then

Ay zm? (1) + 1552, (6.8)

r2

which is again nonnegative when r > 2M. For |m| =2 (or 3),

Ay, 2 28500 4 M) (o shceat 4 HAL)) (6.9)

m,s — 7’2 r2

with the RHS being nonnegative when 72 —2Mr —a? > 0, i.e. r > M ++/M?2 + a2.
While in the case that |s| = 1, obviously we have

Al > m? -ty Add? (6.10)

m,s = A 2

which is positive for r > 2M.
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6.1. Energy estimate

One can similarly choose the multiplier —2%719,1) for (2.34a) satisfied by ¢ (s =
+2), and arrive at an energy identity for any 7 > 7 > 0:

| = ) L - (6.11)

T2

Here, the energy density in r > rq is
Oy Y+is cos 01 2

(1) = & (1oppf? + |2ttt )2 4 Sy (2)
+ (r 2+a2)2—a sm29A’a w,Q (r +a ’a w,Q (612)

It follows from (6.3) that for r > 7o,

/ (!MP +

/ Z max{s? + |s|,m? + |m|} — £ QA;;S > |{m|? sin 0df.  (6.13)

Oy tb-+is cos 1) | 2 52(r2
¢w+?scos YT §’a¢w’2 (r +2M7” 2a2) ‘w|2 d0'52

sin 6

mEZL
Denote
2,2 2
Ao = max{[s|(|s| + 1), [m|(Im| + 1)} — 43= — s* S (6.14)
Note that |s| = 2 here. If |m| =0 or 1,
Agns > Cﬁgﬂ + 2(7"2—&—2%7"—2@2)7 (615)
and when |m| > 4,
Agthmz (1_2_2>+ (2+2%r 20%) (6.16)

The RHS of these inequalities are clearly nonnegative when r > 2M. For the
remaining case that |m| =2 (or 3),

A0 > 28-da® | 2(r?4-2Mr—24?) (or 8A—9a2 | 2(7"2+2M7“—2a2)) 7 (6.17)

m,s — A 72 A 72

which is nonnegative when r? — 2Mr — a? > 0, i.e., when r > M + v/ M?2 + a2.

Hence, we arrive at the conclusion that for |a|/M sufficiently small and r > rg, the
energy densities e*(¢)) (k = 0,1) above for both (2.34b) and (2.34a) are strictly
positive and satisfy e*(¢y) > c\0w|2.

Since the energy densities e¥(¢)) are both nonnegative in Schwarzschild case (a =
0), it holds true in [ry,ro] that for sufficiently small |a|/M < ag/M < 1 and any
T2>0,

—ef(1h) < S |0y (6.18)
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6. Proof of Theorem 2.4.1 on slowly rotating Kerr

Therefore, the above discussions imply the following energy estimate for both
(2.34a) and (2.34b):

[ eePs | dwegm [ jouks
YrgN[ro,00) P SryNry,ro]

1

[ wega).
'D(Tl,Tz)
(6.19)

From now on, we will suppress the superscript k in the energy density and simply
write it as e, ().

Clearly, there exists an €y = g9(M) > 0 and a nonnegative differential function
eo(eg) with eg(0) = 0 such that for all |a|/M < gy and any é > ey, by adding
to this energy estimate € times the redshift estimate in Proposition 3.2.3 for ¢ €
{09, ¢y, ¢, 025} and in Proposition 3.2.4 for ¢ and ¢!, we obtain the following
result analogous to (Dafermos and Rodnianski, 2010, Prop.5.3.1) for sufficiently
small |a|/M < ay/M.

Proposition 6.1.1. For ¢ = ¢. (1 = 0,1,---,|s|), and F = F! in (2.29) and
(2.30) for s = £1 and (2.31) and (2.32) for s = 2 with the same superscript and
subscript as ¢ = ¢!, define

| i =6, (j=0,1);
w - 1/}7 if 77Z) - ¢3_2, Qs_li_z, ¢3_2 or ¢2_2 (620)
Y, if ¢ = ¢ with |s| = 1.
It then holds that

/r%@uﬁu@

S,

5/!%@H%M@%/
Yiry D(11,m2){ro<r<ri}

+(a / B+ | [ §R(§T¢)D. (6.21)
'D(Tl,Tg)ﬁ[T+,T1] D(Tl,TQ)

00

Here,
( |F|27 for @% = ¢}|-27 ¢i2 or ¢2—2;
|03, for ¢ = ¢,
B, F) =4 |62, for ¢ = ¢2,; (6.22)
‘¢2_2\2+|<§)\2+%‘\8$0|2, forig:@;
L |F|%, for ¢ = ¢! with |s| = 1.
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6.1. Energy estimate

We here state a finite in time energy estimate for the inhomogeneous SWFIE
(2.34a) and (2.34b) based on the above discussions, which is an analogue of (Dafer-
mos and Rodnianski, 2010, Prop.5.3.2).

Proposition 6.1.2. (Finite in time energy estimate) Given an arbitrary e >
0, there exists an ag > 0 depending on € and a universal constant C' such that for
la| < ag, 1 > € > eg(a) and for any 75 > 0 and all 0 < 7 < ¢! the following
results hold true: For o) = ¢/ (i =0,1,--- ,|s|), ¢ in (6.20) and the corresponding
inhomogeneous function F = F? in (2.29) and (2.30) for s = +1 and (2.31) and
(2.32) for s = +2, we have

/2 enir ()] + By ()
<(1+09) ( / e (@)| + éEigfxs))

+c(e / s P+ | [ ace(g-w)D, (6.23)
D(70,70+7)N[r+,r1] D(70,70+7)

and, depending on the spin weight s,

/ |92 < CER(s). (6.24)
D(70,m0+7)N[ro,r1]

Here, B(¢), F) is already defined in (6.22) and, for any 7 > 0,

ET(CA:(S 02) +fEl(7’2_6¢i2) + Er(¢2,), for s =+2;

wotal oy _ ) Er(¢%y) + Er(¢%,) + B (42,), for s = —2;
ET (S) ET((bE)ki) + ET<¢}|>T)7 i fOI' S = —|—1, <625>

ET((;bgl) + ET<¢£1)7 for s = —1.

Proof. The first estimate follows easily from the previous proposition together
with the second estimate, while the second estimate follows from the fact that it
holds for Schwarzschild case for all € from the discussions in Chapters 5 and 4 and
the well-posedness property in Section 2.6.1 applied to the linear wave systems of

{Qﬁil}i:()’la {gbi—l}i:(),p {¢7;+2}i:0,1,2 and {@;7E7¢%2} [
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6. Proof of Theorem 2.4.1 on slowly rotating Kerr
6.2. Separated angular and radial equations

In the exterior of a subextremal Kerr black hole, if the solution 1 to the equation
(2.34D) is integrable, it then holds in L*(dt) that

Y= \/%/_ e, (r, 0, ¢)dw, (6.26)
where 1, is defined as the Fourier transform of :
Y, = %2? /_ e“h(t,r, 0, ¢)dt. (6.27)
We further decompose 1, in L?(sin #dfde) into
e, Zw(aw (r)Y:,(aw, cos )™, m € Z. (6.28)
m,{

Here, for each m, {Y;%,(aw, cos@)},, with min {¢} = max{|m|, |s|}, are the eigen-
functions of the self-adjoint operator
S,, = ﬁ@g sin 0 — mit2mscosfis? 4 02,2 0620 2a0s cos (6.29)

sin” 6

on LQ(sm 0df). These eigenfunctions, called as ” spin-weighted spheroidal harmon-
form a complete orthonormal basis on L?(sinfdf), and have eigenvalues

—Af;j;js defined by
S, Y?* (aw,cos0) = —A")Y? (aw, cos6). (6.30)

ml,s* ml

One could similarly define F, and F (aw .

An integration by parts, together with a usage of Plancherel lemma and the or-
thonormality property of the basis {Y;?,(aw,cos 0)e™?},,.,, gives

/ Z Amf s a‘*’ 2d

/ / dO’Sth |891M2
S2

The radial equation for 1/}7(32”) is then

{0:(80,) + () ol = 5, (6.32)

awtigosw‘ |a cos 00 + isth|” + 252‘¢’2}-
(6.31a)
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6.2. Separated angular and radial equations

with the potential

(‘/I)SZZ)S(T) _ (r+a®)’w +aAm —4daMrmw <A$Zl71(r> + a2w2> . (633)
We utilized here a substitution of
Ao () = Al — £EM20) (6.34)

by which the above radial equation (6.32) is the same as the radial equation (Dafer-
mos and Rodnianski, 2010, Eq.(33))" for the scalar field.

One could obtain for (2.34a) the same angular equation and the following radial
equation for wr(g;) after decomposition:

{0:(80) + (W) fulss” = £, (6.35)
with the potential
(Vo) (r) = L eeteieimitattome _ (30 () 4 a2u?) (6.36)
and a substitution of
A o(r) = Ale) — £4L), (6.37)

We state here some basic identities for any r» > r, from properties of Fourier
transform and Plancherel lemma:

o) 2 ™ 00 2
| [ [ wnsosinodsisa— [ 3ol o] .
—o0 J0 0 =0

(e} 27 T .
/ / / 0,40(t, 7,0, 0)|” sin OdOdpdt = / Z
e ’ X mye
o) 2 m o
/ / / 10 (t, 7,0, )| sin 0dfdpdt = / 3w
—o0 J0 0 R

!The authors in Dafermos and Rodnianski (2010) missed one term —4aMrmw/A in the Equa-
tion (33), but what is used thereafter is the Schrodinger equation (34) in Section 9 which is
correct. Therefore, the validity of the proof will not be influenced by the missing term.

(aw) (0 |?
Oy, ()| dw,

dw.

:

Y (r)
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6. Proof of Theorem 2.4.1 on slowly rotating Kerr

6.3. Proof of Theorem 2.4.1 for spin-1 case

6.3.1. Cutoff in time

To justify the separation procedures in Section 6.2, one would need the assumption
that the solution () is integrable?, which is a priori unknown. Therefore, we
apply cutoff to the solution both to the future and to the past, and then do
separation for the wave equation which the gained function satisfies.

Let x2(x) be a smooth cutoff function which equals to 0 for z < 0 and is identically
1 when x > 1. Choosing € > 0 and a fixed 7/ > 2¢7!, we define

X = Xre (1) = Xa(et)x2(e(r" — 17)) (6.38)

and

Yy = XY (6.39)

in coordinate system (¢*, 7,6, ¢*). The cutoff function ¢, is now a smooth function
supported in 0 < t* < 7/, and ¢, = ¢ in ™! < ¢* <7/ —e~1. Moreover, it satisfies
the following inhomogeneous equation

Llsc?/)x = Iy
= xF + X (2VIXV 0 + (Tyx) ¥) — 2isa cos 00px. (6.40)

k =0 or 1 depends on the equation (2.34a) or (2.34b) we are treating. The fact
that the aforedefined yx is ¢*-independent is utilized here.

Note the fact that the functions ¢, and F) are compactly supported in 0 < ¢* < 7/
at each fixed r > r, and the assumption that 1 is a compactly supported smooth
section solving one subequation of a linear wave system, hence 1, is an integrable
solution to (6.40) from Proposition 2.6.1. In the following discussions, we apply the
mode decompositions in Section 6.2 to 1, and I, and separate the wave equation
(6.40) into the angular equation (6.30) and radial equation (6.32) (or (6.35)), with
the radial parts R\ = (¢,) and (F )™ of 4, and F, in place of %) and

F V(naew) respectively.

Before introducing the microlocal currents, we give some estimates for the inho-
mogeneous term [ here. Due to the fact that Vx and Oyx are supported in

o<t <e'fu{r -t <t <7}, (6.41)

2Recall it in Definition 2.6.1
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6.3. Proof of Theorem 2.4.1 for spin-1 case

it holds in the coordinate system (¢t*,r, 6, ¢*) that

00x| < Ce, |O,x| < Ce?, (6.42a)
ias cos 00 2 a? 2
(VX + |yt < ce? (1o + i | 2)) (6.42b)

6.3.2. Currents in phase space

In what follows, We Wlll squress the dependence on a, w, m, £ and s of the func-
tions Rﬁf;w (r), sz )s Mot mesk( ), (Vk)mes( ) and other functions defined
by them, £ =0, 1. When there is no confusion, the dependence on r may always
be implicit (except for the radial part R(r) to avoid misunderstanding with the
radius parameter R). Moreover, in the spin-1 case, k always takes the value 1.
Thus we may drop the subscript k as well, and write simply as R(r), F, A, A and

V.

We transform the radial equation (6.32) and (6.35) into a Schrodinger form, which
will be of great use to define the microlocal currents below, by setting

u(r) =Vr2+a2R(r), H(r)= =KD (6.43)

(r2+a2 )3/2

The Schrédinger equation for u(r) reads after some calculations

u'(r) + (@ = V() ul(r) = H(), (6.44)
where
V =w? — (r2+a2 eV T r2+a2) dcrli2 (r + a2)1/2
S ) | (AT ), (64

and a prime ' denotes a partial derivative with respect to r* in tortoise coordi-
nates.

Given any real, smooth functions y, h and f, define the microlocal currents
QY=vy <|u’|2 + (W= V) |u|2> : (6.46a)

Q" = R (u'7) — S |uf?, (6.46b)
Q =Q" " Qv = fRWT) — (Lf — F (W= V) Jul + fFlP. (6.46¢)
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6. Proof of Theorem 2.4.1 on slowly rotating Kerr

The currents Q¥ and Q" are constructed via multiplying the equation (6.44) by
yu'/2 and hu respectively. We calculate the derivatives of the above currents as
follows

(@) = o/ (WP + (@ = V) [uf?) = yV"[ul® + 2R («/TT) (6.472)
(Q") = n (1 (V= w?) [ul?) = 3" Jul? + hR (u) (6.47b)
(@) =2 W) = fV'|u]” + R (2f Hu' + fHu) = 3 f"|ul* (6.47c)

6.3.3. Frequency regimes

Let us start to define the separated frequency regimes, in which we will obtain a
phase-space version of Morawetz estimate by choosing different functions y, h and
f separately. Let ws, A\3 be (potentially large) parameters and Ay be a (potentially
small) parameter, all to be determined in the proof below. The frequency space is
divided into

o Fr={(w,m,0): |w| > ws A < Aw?};
o Fr, = {(w,m,0): |w] > ws, A > lw?};
o Fu={(w,ml):|w <ws, A > A}
o Fp={(w,m,0) : |w| <ws, A < A3}
We fix an arbitrary 2M < r. < rg, with ry fixed in Proposition 3.2.3.

Remark 6.3.1. We note here a fact that for all |a| < M and all frequency triplets
(w,m,0), V'(r) <0 for r > Rs, with R5 > R sufficiently large.

6.3.4. Fr regime (time-dominated frequency regime)

We here follow the proof in (Dafermos and Rodnianski, 2010, Sect.9.6).

For |a| < ag < M, by choosing small enough Ay and large enough w3, there exists
a constant ¢ < 1 such that we have in F7 that

w? =V > 2w in [ry, 00). (6.48)

As to the potential V', apart from the fact in Remark 6.3.1, it holds true that for
all r*,
V| < CA/ (A + agw®) + 1) . (6.49)

We choose function y to satisfy the following properties:
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6.3. Proof of Theorem 2.4.1 for spin-1 case

1.y>0,y >cA/rtin (ry, Rs],
2. y>0,y >0in [R5, Rs + 1],
3. y=1in [R5+ 1,00).

Then, we have

Lemma 6.3.1. Fix a small constant Ay as above. Then for large enough ws, for
arbitrary r’, > (Rs+1)* > R* and r* _ < r}, we have in Fr frequency regime the
following estimate

R
c/ T%( ' |” + (w? + (A + d’w®) + 1) |u|2>

*
Te

< / R (W) + QY () - QY (). (6.50)

6.3.5. Fr, regime (trapped frequency regime)

Here, we have fixed Ay as in Section 6.3.4, and will fix ws. This is the only
frequency regime where trapping phenomenon could happen. We remark without
proof that the potential V here shares the same properties as in (Dafermos and
Rodnianski, 2010, Sect.9.5). In particular, for ws sufficiently large and |a|/M <
aog/M sufficiently small, V’(r) has a unique zero point TSZJ) depending smoothly on
the frequency triplets (w,m,¢) and parameter a for any (w,m,?) in Fr,. Choose
a function f associated with Q7 current to satisfy the following properties:

1. f'>0forall r*, and f' > cA/r for r, <r < R,

(aw)

2. f changes sign from negative to positive at r = r,,

, lim f = —1, and
r*——00
f =1 for some large Ry,
3. —fV = 1" > clw) (A + a®w?) + w?)(r — rigf))2A/r7 for all 7*.
Therefore, we arrive at the following conclusion.

Lemma 6.3.2. Choosing ws sufficiently large and |a|/M sufficiently small, for
arbitrary r%, > R; > R* and r* __ < rZ, we have in Fp, frequency regime the
following estimate

R
c/ (A/r4 (|u’|2 + |u|2) +A/rP(1 — 7“_17"7(5?))2 (w2 + (A + a2w2)) |u|2>

o0

c

< [ @R W) + R () + Q7 ()~ @ (). 651
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6. Proof of Theorem 2.4.1 on slowly rotating Kerr

6.3.6. 74 regime (angular-dominated frequency regime)

Here, we fix w3 as in Section 6.3.5, and will choose A3 to be sufficiently large.
This regime is contained in {(w,m,?) : |w| < ws, A > A3 — 1}. In this regime, for
sufficiently small |a|/M, the zero points of V'(r) in [ry, 00) are located in a small
neighborhood of 7 = 3M. The @/ current is utilized to achieve the positivity of
the bulk term outside this small neighborhood, while hV |u]? in (Q")" is used to
compensate the potentially negative bulk term in (Q/)" with h(r) being a positive
constant in this small neighborhood. We will constrain ourselves here not to give
the explicit constructions of the functions f and h, but refer to (Dafermos and
Rodnianski, 2010, Sect.9.4). We restate the conclusion here.

Lemma 6.3.3. Fix w3 as in Section 6.3.5, and choose A3 to be sufficiently large
and |a|/M sufficiently small, then for arbitrary %, > R* and r* _ < r}, we have
in F4 frequency regime the following estimate

*
c)

R
c/ <]u’]2+A/7’5 (w* + (A + a’w?®) + 1) |u]2>

*

< / TR W) + (R @H)) +(QF Q") ) - @ (). (652

6.3.7. Fp regime (bounded frequency regime)

We fix w3 and A3 as above. This bounded frequency regime is contained in
{(w,m,0) : |w| < ws, A < A3}. In this regime, a key fact is that the minimum value
of eigenvalues A for the separated angular equation (6.30) is close to max{s? +
|s|, m? + |m|} due to smallness of |aw|. The function A then satisfies
A > max{s’ + |s|,m* + |m|} — (2Mr — 2a°)/r* — (Ca’w} + cs?)
> 3/4 — Ca*ws. (6.53)

Therefore, there exists a sufficiently small €g = go(w3) > 0 and By = By(ego) > 1/2
such that for all |a|/M < ey,

A+ a’w® > By (14 (m* + |m]) + gjws3) - (6.54)

It is easy to check that the estimates (Dafermos and Rodnianski, 2010, Eq.(41)-
(44)) also hold true in this regime.

We split furthermore this regime into two sub-regimes, depending on the magni-
tude of |w| compared to a suitably small parameter w4 to be chosen.
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6.3. Proof of Theorem 2.4.1 for spin-1 case

1. Sub-regime |w| < wy (near-stationary case). We will fix a suitably small
wy > 0 in this case. One could follow the proof in (Dafermos and Rodnianski,
2010, Sect.9.3.1) and obtain the following result.

Lemma 6.3.4. Fix a suitably small w, > 0. For arbitrary r} > R* and
r* o < i, we have in the sub-regime |w| < wy of Fp frequency regime the
following estimate

R
c/ <A/r2 /| + AJr° (w* + (A + d’w?) + 1) \u]2>

* *

s/”thﬂm%ﬁ+/”X%%@ﬁﬂ+h%wF»

+QY (1) — (@ + Q") () - (6.55)
Here, ¢ > 0 is an arbitrarily constant, which will be chosen to be sufficiently

small in Section 6.3.8.3. In particular, wy is already chosen in the proof of
this lemma.

2. Sub-regime |w| > wy (non-stationary case). Fix an wy as above. One could
argue in the same way as in (Dafermos and Rodnianski, 2010, Sect.9.3.2) to
establish the following conclusion.

Lemma 6.3.5. Fix an wy as in Lemma 6.3.4. For arbitrary r5 > R* and
r* . < r¥ we have in the sub-regime |w| > wy of Fp frequency regime the
following estimate

R
c/ (A/T2 | + AJr° (W + (A +d’w?) + 1) |u|2>

* (€5 ' Ro)*
S/ Bao(A/r?)|u*dr* + / B (er™? +17%) w?lul’
™ o R3
+ / " (2yR (W) + W% (aI)) + Q¥ (%) — Q¥ (). (656)

Here again, €5 > 0 (suitably small) and Ry > R are arbitrary constants,
which will be chosen to be sufficiently small in Section 6.3.8.3.

6.3.8. Summing up

We apply Cauchy-Schwarz inequality to the term |acos 09,1, + ish,|? in (6.31a),
it then easily follows from the estimate (6.3) that for any r > r.

|t P
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6. Proof of Theorem 2.4.1 on slowly rotating Kerr
> / / (r* +a®) (c(ro)r® Vb |* — C(re)a® |8t@/zx|2) dos2dt. (6.57)
—00 SQ

6.3.8.1. Error terms

The error terms, compared to the ones in Dafermos and Rodnianski (2010), have
two additional terms coming from the source term and from the cutoff. We consider
first the term arising from the cutoff

/ / > TinS%ﬁ( (i cos 60X (C(T’)ﬂ(r)+d(r)ﬂ’(r))> dr*dw, (6.58)

—oco m,l

and split it into two parts integrated over r* < r* < R? and Ry < r* < 1}
respectively. Here, R; > R is fixed such that the functions y = f = 1 in the
above chosen currents are satisfied for all frequencies in » > R;. The integral
over r* < r < R%, after applying Cauchy-Schwarz and Plancherel lemma, is
dominated by

T’ R%
0631(12/ / / Dy - (¥/r))? Adr*dosdt*
s2 Jrx

R*
+O€3/ / / |8 ¢X| + |1y /7] )Adr*dagzdt*
2 Jpx
<C (e5'a* + €3 / // |(9T*¢| + |[0/r]?) Adr*dos:dt*. (6.59)
SQ

In view of the fact that f(r) =1 (and y(r) = 1) in R; < r < ry is independent
of the frequency parameters (w, m,f) , the integral over this radius region equals
to

/ / / O, (VIT+ aPX0) (28 os 00,0 ) drdodt”  (6.60)
S? J Ry

by Plancherel lemma. Note that 0,-x = 0 for sufficiently large r and this integral
is supported in {0 < t* <7/ — e 1hU{r —e! < ¢* < 7'}, then the integral (6.60)
1s

/ /S /R =2aseos0A (R (i0, (x D)0y (b)) — xR (i0,000) ) drdosadt

<Cl|al| / // %fr%lrdagwlt*%—/ X (6.61)
0 S?2 J Ry D(0,7")N{r=R7}
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6.3. Proof of Theorem 2.4.1 for spin-1 case

with the second integral in the second line arising from estimating the second term
in the first line of (6.61). This is further controlled, via an average of integration,

by
C’|a|/ // @#rzdrdagzdt*. (6.62)
0o Js2JRr—1

The additional term coming from the source term F' is

/OT/ /S /m > et ((F)S (er)alr) + d(r)a (r) ) di* dosadt. (6.63)

As discussed above, we consider this integral over r* _ <r < RX and Ry <r < r}
separately. The integral over r* < r < RZ can be treated in the same way as
above and thus be estimated by

T/ R3
ngl/ /S2 / IXF|? Adr*dogdt*

+053/ /S / L (0t 2 + [ fr]?) Adr*dogede®
gcagl/ /S/ |F|* Adr*dogdt*
4+ sy / /S / (00 + [4/r[2) Adrdosdt”, (6.64)
while the integral over 5 < r <rZ equals to
/ /S /R 0, (V12 + a?x) s 3/2XF> drdogdt*
2 J Ry
— /0 /S /R X2§R ar(\/mmmp) drdos:dt* (6.65)
7
and is furthermore bounded by
O/O/E (e7 ' P\ F/EP + er 0|0 ” + | /r]?)) dVols,,, dt*. (6.66)

The other error terms, being the same as in (Dafermos and Rodnianski, 2010,
Sect.10.2-10.3), can be treated in the same way there.
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6. Proof of Theorem 2.4.1 on slowly rotating Kerr

6.3.8.2. Boundary terms

Turning to the boundary terms, they are controlled in the same way as in (Dafer-
mos and Rodnianski, 2010, Sect.10.4) and we will omit the discussions here. In
particular, the boundary terms at r,, vanish for sufficiently large r,, from the
reduction in Section 2.6.1.

6.3.8.3. Summing and finishing the proof

Given the above estimates, we need to make some replacements to finish the proof
along the line in (Dafermos and Rodnianski, 2010, Sect.10.5). The energy estimate
associated with the multiplier 0,1, Morawetz estimate in large r region, red-shift
estimate, propositions 5.3.1 and 5.3.2 in Dafermos and Rodnianski (2010) for the
scalar wave equation should be replaced by the estimates (6.19), (3.12), (3.32),
Propositions 6.1.1 and 6.1.2 in this paper, respectively. Upon these replacements,
the spin-1 case in the Theorem 2.4.1 is proved.

6.4. Proof of Theorem 2.4.1 for spin-2 case

Following the procedures in Sections 6.3.1 and 6.3.2, we choose ¢ > 0 and any
fixed 7/ > 2¢7!, and apply in global Kerr coordinate system the cutoff

X = Xre(t") = Xa(et)xa(e(7" — 7)) (6.67)
to the solution :
Dox = X5 (6.68)
with xa(z) being a smooth cutoff function which equals to 0 for < 0 and is iden-
tically 1 for x > 1. Moreover, it satisfies the following inhomogeneous equation

Lig,, = Fi,
= XF! + 3 (2V*XV,.¢. + (Oyx) ¢%) — 2isacos 60, - ¢.. (6.69)

k =0 or 1 depends on the equation (2.34a) or (2.34b) we are treating.

From the assumptions in Theorem 2.4.2 and the reduction in Section 2.6.1, Z}Z( Jj=
0,4), and hence ®;, ¢’ and F!, are smooth and compactly supported. As a result,
we can apply the mode decompositions in Section 6.2 to ¢ = ¢i,x and F' = F;',X,
and separate the wave equation (6.69) into the angular equation (6.30) and radial

66



6.4. Proof of Theorem 2.4.1 for spin-2 case

equation (6.32) or radial equation (6.35), with (R1)\™) £ (¢i ) ang (Fi )@

s,x/ml s,x/m¥
in place of z/zfszu) and FSZ“) respectively.

We suppress the dependence on a, w, m and £ in the functions (R%)\“ (r), (F;X)SZ)) (r),

A )xfzzul L(7), (Vi)™ (r) and other functions defined by them, and when there

ml,s,k> ml,s
is no confusion, the dependence on r may always be implicit. Define

Wi(r) = Vi @RI(r),  Hi(r) = 5o (6.70)
to transform the radial equation into an equation of Schrédinger form, which is the
same as (6.44) with the same potential. One could adapt easily the proof in Section
6.3 to obtain frequency localised Morawetz estimates and sum up these estimates,
with corresponding replacements of spin 1 statements in Propositions 3.1.1, 3.1.2,
6.1.1 and 6.1.2 by the spin 2 statements, the red-shift estimate Proposition 3.2.3
for spin 1 case in Section 3.2.1 by the red-shift estimates in Section 3.2.2.

Then we arrive at the estimates (2.46) with all the error terms divided into three
categories:

1. error terms by choosing the multipliers 8t¢_§ to obtain energy estimate, Xw¢_§
to obtain Morawetz estimates for ¢’ in large r region, and N to obtain
redshift estimates for ¢’,, (i = 0,1,2) and ¢?,;

2. error terms arising in the currents estimates;

3. extra error terms arising from Morawetz estimates in large radius region in
Proposition 3.1.2 for r479¢%, and r?~°¢}, and red-shift estimates in Propo-

sition 3.2.4 for gg(z and 55

It is obvious from the application of Cauchy-Schwarz inequality that all these three
categories are bounded by CE".
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7.1. Maxwell field

7.1.1. Spin +1 component

The estimate (2.44) applied to ¢ = ¢, and F = F?, and the estimate (3.13)
together imply

E-(r72¢%) + By o (r?20°) + ( )Mdegw-%%
D(0,r

< Bo(r?0¢") + Bo(¢') + E(FL,). (7.1)

~Y

Instead, if we apply the estimate (2.44) for ¢ = ¢, and F' = F},, then we arrive
at

E(¢") + Ewro.)(9") + Maeg(¢') S Eo(¢”) + Eo(¢') + E(F).  (7.2)

D(0,7)
It is manifest that

E(FY) S e Mg (6') + €5 M(r*°¢"), (7.3)
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7. Proof of Main Theorem 2.4.2

and all terms in £(F},) are bounded by &% fD(O ” (M(r279¢°) + Maeg (1)) except
for the term

/ R (2—1Filat$>‘ (7.4)
D(0,7)
because of the trapping degeneracy in Mgeg(¢'). We have for (7.4) that
/ iR (Filaﬂ)‘
D(0,7)
< / 222 5 (atqsoaﬂ) + / 2 (a¢¢°aﬂ) , (7.5)
D(0,7) D(0,7)
and
/ %% <8t¢03t$) = / G—;Y (7"2\3,@0\2) Sa 0. (76)
D(0,7) D(0,7)

As to the other term )fp(o - 2R(9p°0,9")

with 7y < 7o < e < Tirap < R1 < 00 to be chosen:

(VA SR S L e
D(0,7)N[r+,72] D(0,7)N[R1,00) D(0,7)N[F2,R1]

with the first two sub-integrals controlled by &% fD(07T)(M(T2_5¢O) + Meg(¢'))
directly. We substitute the expression

, we split it into three sub-integrals

Y

9ot = (r* +a®) 7 (AY ¢! — adpo' + NO,¢'), (7.7)

and find the third sub-integral is bounded by

[ (st (06Pe) - iy (000

B R (04(9)0, 0"
/D(O,T)m[fz,m] e ( A0 )

In the last step, we applied integration by parts to the first line and controlled the
boundary terms at R; and 7y by appropriately choosing these two radius parame-
ters such that these boundary terms are bounded via an average of integration by

Ca D7) (M(r279¢°) + Maeg(¢')). These then imply the estimates (4.15).

+ <, 0. (7.8)
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7.1. Maxwell field

7.1.2. Spin —1 component

Apply the estimate (2.44) to equation (2.30a) of ¢° and equation (2.30b) of ¢.
Manifestly, we have

E(FY) S /

(coM(6”) + L157), (7.9)
D(0,7)

and for the term fD(O,T) P3P FL 2 in E(FL),

/ LS / (M(¢°) + [F6°). (7.10)
D(0,7)

D(0,7)

For the remaining term ‘fD(O 9 %?R (Filaﬂ)

/D " iR (Filaﬂ)

/D . 22 (atgboat&) /D . 2ap (a ¢¢O&E>

We first split the first integral on RHS into two sub-integrals over [ry,7;] and
[71,00), with 71 € (71, 7,,) to be fixed, and it follows

[, ¥slaoss)

/ g (o) + | [ 25 (000,57
D(0,7)N[F1,00) D(0,7)N[r+,71]

< lal 0¢°| . (7.12)

~a M\
D(0,7)N{r=r1}

in £(F,), we have

< +

. (7.11)

< +

We can choose a 71 such that the last term in (7.12) can be bounded, via an
average of integration, by

/ 0¢°° < C M(¢). (7.13)
D(0,7)N{r=r1} D(0,7)

As to the second integral term ’ fD(O I 20271 R(058°0,4")|, we split it into two

sub-integrals with r, <73 < rg,, to be chosen:

(VARSI S L D
D(0,7)N[r4,73] D(0,7)N[F3,00)

, (7.14)

71



7. Proof of Main Theorem 2.4.2

where the first sub-integral is clearly bounded by % fD(O ) (M(¢") + Maeg(9h))-
We substitute the expression

o' = (" +a*) 7 (AVQ' — adyo' — ND,¢") (7.15)

into the second sub-integral and find it is bounded by

/ ry 2%$a2 R <8¢(T¢O)V¢1)

D(0,7)N['3,00]

+ / S0 2+a2 <‘0¢ (r¢”) } )’
D(0,7)N[F'3,0]

+ / S22 (0,(5)0.6')|
D(0,7)N[F3,00] + ( )

Integrating by parts for the first two lines then shows that for sufficiently small
|al/M

(7.16)

/ 2457 1R (ad,(boa ¢1) <, M'/ V|2, (7.17)
D(0,7)N[F2,00) D(0,7)

Then the estimates (4.17) are valid.

7.2. Linearized gravity

The estimates (4.24) for spin +2 component and (4.29) for spin —2 component are
proved on slowly rotating Kerr background in this section.

7.2.1. Spin +2 component

Let us treat the error terms £!, in the energy and Morawetz estimate (2.46).
Manifestly,

/D( ) %% <F226t@) ‘ Sa « D( )MOA_&QSO) + % /D( re? Miz

0,7 0,7 0,7)

/ %ER <F41_2(3tg) <a / ( M(r 2— 5¢) <\¢:22| n |¢:32\ )) (7.19)
PO D7)

2. (7.18)
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7.2. Linearized gravity

For the term ’fp(o,f) %%(FﬁQ&E)‘, which a prior can not be controlled in the
trapped region due to the trapping degeneracy, we control it by

/D(o,r) =% <Ff20tﬁ> /D(o,T) R (a“bla'ﬁ)

/D . CR (gboﬁt?) /D . 4R (a ¢¢1at$)

The sum of the first two integrals on RHS is

[ sy (o)
D(0,7)

S

+ + . (7.20)

2

+ /D (0,7)%@“ (R(6"9)) —%(at(b“@)’ <, 0. (1.21)

As to the third integral term, we choose 71 € (7, 7;,;,) and R, > rttap, and split the
integral in radius into three sub-integrals over [ry, 7], [F1, R1] and [R;, 00), respec-

tively. The sum of the sub-integrals over [r, 7] and [R, 00) is manifestly bounded
by C=,5(0, 7). For the left sub-integral over [, Ry], we utilize the expression

0 = (r* +a*)7* (Angz — adyg® + A@rqbQ) , (7.22)

and find this left sub-integral is bounded by

/mo,ﬂm[@,m (—rzé‘iﬁazﬂ? (0¢(7&)Y¢2> — 5otV <‘8¢('r¢1)‘2>)‘

2B R (0h(01) 0,07
/D(O,T)ﬂ[f‘z,Rl] 3(r?+a?) ( <f>(¢ ) )

In the last step, integration by parts is applied to the first line and two radius
parameters 71 and R; are appropriately chosen such that the boundary terms at
7 and R, are bounded via an average of integration by <4l fp(o I (M(r*=2¢%) +

M
1\\7J1(r2*5¢1) + Myeg(¢?)). Therefore, it holds that

/ iR (0,0'0,07)
D(0,7)N[F1,R1]

which further implies together with the above discussions that

+ <, 0. (7.23)

<. 0, (7.24)

/ IR (FiQaE)‘ <, 0. (7.25)
D(0,7)

The estimates (4.24) are then proved.
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7. Proof of Main Theorem 2.4.2

7.2.2. Spin —2 component

We shall now bound the error terms £, in the energy and Morawetz estimate
(2.46). Notice that

/D(o,r) %% <ngatﬁ>

Soa [ M@t [ (7.26)
D(0,7) D(0,7)
IR (F,0,0"
/D(O,T) = ( 2 >
S [ (ameh+ (FF 4 EE L paR)). @)
D(0,7)
For the term ‘fD(O i R <F328t$> , we have
[oam(ro@)|s| [ gn(asa)
D(0,7) D(0,7)

+ + . (7.28)

/D(O,T) %% (¢Oat$> /D(o,r) %éﬁ (%qblatE)

We split the first integral into two sub-integrals over [ry,7s] and [F2, 00), with
T2 € (71, Tiap) to be fixed, and obtain

/D LB (00,5

Lo sveeep)
D(0,7)N[F2,00)
2

.4/ os' |
D(0,7)N{r=r2}

We can choose a 79 such that the last term in (7.29) can be bounded, via an
average of integration, by

< +

/ 2 (0,0'0,57)
D(0,7)N[r+,72]

(7.29)

a 2 a a 1
af  jeePsl [ wmensh [ wm@). a0
D(O,T)ﬂ{?":rz} D(OvT) D(OvT)

We split the integral region of the second line of (7.28) into two subregions [r,, 73]
and (73, 00) with 75 € (10, 7ap) to be fixed. The terms integrated over [ry., 73] are

74



7.2. Linearized gravity

clearly bounded by C=Z_5(0,7). While, for the integrals over (75, 00), we use the
substitution
0" = (" + a®) 7 (AV ¢ — adpg® — ND,¢%) (7.31)

and find they are dominated by

/D(o,r)m[fg,oo) <#A“2)% <8¢(W)V¢2) B Wiﬂﬂ)v (}8¢(r¢1)|2>>’
[ - (I
" /D(O,T)ﬂ[fg,oo) m <§R (a%gaﬂbz) o <a2ﬁ&n¢2)) '
+ /D — s (05 (R (0°02) ) = R (0,6°7) ) ’

[6°]2

[ (552

Here, we applied integration by parts to the first two lines and utilized the defini-
tion (2.28b) and similar estimates as (7.13) to control the boundary terms at R
and 73 by appropriately choosing these two radius parameters. In summary, we
have

/D(o,r) v <F328tg>

It is manifest from the estimates (2.46), (7.26), (7.27) and (7.33) that the estimates
(4.29) hold true.

So [ H(were ). oy
D(0,1)

1)






8. Brief overview of mode stability
result

We briefly review our mode stability result Andersson et al. (2017b), which is a
joint work with Lars Andersson, Claudio Paganini and Bernard F Whiting.

In Boyer-Lindquist coordinates (¢,7,0, ¢), let

L = 0,A0, — % {(* +a*)0 + ady — (r — M)s}2

1
— 4s(r +iacos 0)0; + ——0p sin 00,
sin 0
1

sin® 6

{asin® 08t+5’¢+i5c089}2. (8.1)

Then the spin s component ® solves a separable, spin-weighted wave equation—
TME Teukolsky (1973), given by

Lb =0 (8.2)

We should note here that this TME is different from the TME (8.2) since the field
P = A_S/z’lb[s].

The TME admits separated solutions (or modes for simplicity) of the form
d = e “e™mOS(0)R(r), (8.3)

where w,m are the frequencies corresponding to the Killing vector fields (9;)%,
(6¢)“. Let

K = (r* + a*)w — am. (8.4)
Then with
K? —2iK(r — M)s — (r — M)?s?
R = 0,00, + L (r A)S (= M | dgir — A (8.5)
m? 2ms cos 0
S=——0psin00) — —5— + a? cos 0*w? — 2aws cos  — — e — s?cot? 6
sin 6 sin” 0 sin” 0
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8. Brief overview of mode stability result

+ A + 2awm — a*w?, (8.6)

where A is a separation constant, which can be assumed to be real for real w, we
have after making the substitutions J; <» —iw, 9, <> im,

L=R+S, (8.7)
and

R, S] = 0. (8.8)

In particular, R, S are commuting symmetry operators for L. It follows from the
above that for modes of the form (8.3), (8.2) is equivalent to the equations RR = 0,
SS = 0. We shall refer to the equations

RR =0 (8.9a)
SS =0 (8.9b)

as the radial and angular Teukolsky equations, respectively. As for the treatment of
the real frequency case by Shlapentokh-Rothman (2015), we shall not be concerned
with the analysis of the angular Teukolsky equation here, but point out that S is
formally self-adjoint on [0, 7] with respect to sin #df. Imposing the condition that
the solutions correspond to regular spin-weighted functions fixes the boundary
conditions at § = 0,7 and equation (8.9b) becomes a Sturm-Liouville problem
which has a discrete, real spectrum; see Leaver (1986) for more details. The
separation constant used here is related to that used in Teukolsky and Press (1974)
by A+2awm—a*w? = E—s%, and to the one used in Whiting (1989) and Teukolsky
(1972) by A + 2awm — a’w? = A + s.

For fields of non-zero spin, the TME does not admit a real action, and hence
standard arguments do not yield energy conservation and dispersive estimates.
This is an obstacle to proving stability for the test fields with non-zero spin on the
Kerr exterior spacetime.

A proof of mode stability is given in Whiting (1989). It shows that the TME has no
modes which are such that the frequency w has positive imaginary part, and which
have no incoming radiation in the sense that the wave is outgoing at infinity, and
ingoing at the horizon. To be concise, the main result of Whiting (1989) states that
the TME admits no exponentially growing solutions without incoming radiation.
In the case of Sw > 0, the condition of no incoming radiation can be restated as
saying that the solution has support only on the future horizon and null infinity.
On the other hand, there do exist mode solutions with no incoming radiation for
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certain frequencies with negative imaginary part. This case corresponds to quasi-
normal modes (Kokkotas and Schmidt, 1999), which are exponentially decaying in
time.

It is known that exponentially growing modes must arise by quasi-normal fre-
quencies passing from the lower half plane through the real axis into the upper
half plane as a is changed from zero. This was argued heuristically by Press and
Teukolsky (Press and Teukolsky, 1973, p. 651) and later shown by Hartle and
Wilkins Hartle and Wilkins (1974), see also (Teukolsky and Press, 1974, p. 452).
For this reason, the mode stability problem can be reduced to considering the case
of real frequencies.

Recently, the mode stability argument has been revisited for the case of real fre-
quencies, restricting to the spin-0 case (Shlapentokh-Rothman, 2015). In the case
of real frequencies, the mode stability result states that restricting to modes with
no incoming radiation in the above sense, the radial Teukolsky equation has no
non-trivial solutions. This has the consequence that there are linearly independent
solutions Ry, Roys which are purely ingoing at the horizon and outgoing at infin-
ity, respectively, a fact which plays a central role in the proof of boundedness and
decay for scalar waves on subextremal Kerr exterior spacetimes (Dafermos et al.,
2014), in particular it is used to treat the superradiant range of frequencies.

Motivated by the relevance of the TME for the black hole stability problem we
give a proof of mode stability on the real axis for fields with arbitrary spin. Our
main result in Andersson et al. (2017b) is the following.

Theorem 8.0.1 (Mode stability on the real axis). Let ® be a mode to the
TME with w € R for the subextremal Kerr black hole. Assume that ® has purely

ingoing radiation at the horizon and purely outgoing radiation at infinity. Then
d =0.

Remark 8.0.1. A classical scattering argument can be used to show mode stability
on the real axis for half-integer spins, or for frequences outside of the superradiant
range w(w — am/(2Mr;)) < 0. The proof of mode stability on the real axis
presented in this paper is independent of that scattering argument.

The fact that there are no modes to the TME with no incoming radiation has the
important consequence that the radial Teukolsky equation has two fundamental
solutions Ry and R,,; which are ingoing at the horizon, and outgoing at infinity,
respectively, and are linearly independent, with non-vanishing Wronskian. This
implies that one can construct solutions of the inhomogenous Teukolsky equation
using the method of variation of the parameter. The properties of the solutions
Ryor and Ry can be used to estimate the solution of the inhomogenous Teukolsky
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8. Brief overview of mode stability result

equation, and will be crucial in generalizing the results in the previous chapters
from slowly rotating Kerr backgrounds to full subextremal Kerr backgrounds.
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A. Another set of variables

We here introduce another set of variables ¢ (i = 0,1,--- ,|s|) constructed from
the spin s components, with their governing equations containing no 0, derivative
terms on the RHS. This fact is in particular useful when we consider the case
of axisymmetric perturbations where the 9, derivative terms are identically zero,
since the systems (A.4), (A.5), (A.7) and (A.8) will see no derivative terms on the
RHS.

Define two first order differential operators

V() =vVr2+a?Y(Vit+a),  V()=-Vr+aV(Viz+a®), (A1)

and the wave operators L and L!

IAJ; = X0, + 2is ( cos 0 504 — acos (9&5) — (cot2 0+ T4_2]V[(’"ziz‘§;]m_“4> , (A.2a)
L) = 20, + 2is (L35 cos6 205 — acos00;) — <00t2 0+ %) . (A.2Db)
A.1. Spin-1
Define
é(-)u = ¢[+1]/<T2 + a2), QZA)}H = Ai1)7 (A.3a)
0Ly = My /(r* + a?), ot =V(",). (A.3b)
These variables will satisfy the following equations
r24+a?r+a? ar N
L1 1¢ = 22 3]2{2_:;2)24_ M) ¢+1 T§+aza¢¢3—la (A4a)
— CL2 7'37 7’2 112”" a2 ala”—r
L1+1¢+1 — =2 ( (i%azgg o M) ¢+1 + 2(7,2+a2)2) 8¢¢+17 (A4b>
and
r3— r24+a2r+a? ar n
L!,¢0, =2t pta Mgl 4 o 9,60,, (A.5a)
—za=(r-— T a“r a2 ala”—Tr
L1_1¢ 1= 2 ( (:i];{raj) +a”M) ¢O 27"2+a2 a¢¢0 IR (A5b>
respectively.
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A. Another set of variables
A.2. Spin-2

Define the variables

‘ﬁgz = w[%]/(r2 + a’2>27 éiz = y(égz), Aiz = ( 1+2)
Cb(lz = AQQP[—Q}/(TQ + a2)2, ¢1—2 = V(¢g2)7 Qb 2 = (¢1—2)

These variables will satisfy the following equations

LS ,05, =F, = =Sttt gl, — 20,05,
_ 2
L1+2¢+2 —FJlrz =2 3%24:13 e dl) ¢+2 7"2417(112 8¢¢+2
+ 6r(Mr3 —21:2r+a23Ma r— a4)¢ 6a( (21+;72” 8¢¢)+2,
t}‘r2§£3-2 :FJQ& = _20(12(743_?7{\241(1_;)2 Lt ¢+2 + 8a£g+;g 3%5}%2
N 6a2(a4+6¢zi21\i;)1£Mrs_r4) M+ 2280,0,,
and
IAJQQ(%QQ :ﬁgz _ 4(r3 3%;—’——23 2r4a? M) ¢1 28_7_1;2 8¢(§92,
£1,4, —F1, = At G2 g g1
+ 6r(Mr3 f(a QTj;23a2Mr at ¢0 6ar2a+;g2)8¢¢027
f;1_2¢22_2 :F22 _ _20a2(r3 ?:\24—:(1—;(1 2r+a? M) d)l __ 8a ;z+;;‘ a¢¢1 )
- e )80, — 20,40,
respectively.

82

(A.7b)

(A.7c)



Acknowledgments

[ am grateful to my supervisor Lars Andersson for teaching me knowledge of Gen-
eral Relativity, supporting my entire PhD study and his countless insightful sugges-
tions and discussions throughout the past 4 years. In the meantime, I appreciate
the efforts of my advisors Prof. Kefeng Liu and Prof. Dexing Kong and Prof.
Fangyang Zheng who made my PhD experience in AEI possible, and my second
PhD advisor Prof. Piotr Bizon for his help and suggesting me a few interesting
problems related to ”Soliton resolution conjecture” which I didn’t manage to solve
at the beginning of my PhD study unfortunately. I thank Pieter Blue and Jérémie
Szeftel for being the reviewers for this thesis.

I would like to thank my colleague Claudio Paganini for sharing me a physical
way of thinking and his tirelessness in collaboration and discussions, and my elder
academic sister Jinhua Wang for much help in my applying for PhD position in
AEI and research discussions. I thank Albert Einstein Institute for providing a
free and inspiring research environment and for strong support in the past 4 years,
and KTH and Insitute of Henri Poincare for hosting me academic visits. I am
also grateful to Steffen Aksteiner, Thomas Backdahl, Pieter Blue, Li Chen, Felix
Finster, Sari Ghanem, Dietrich Hafner, Jérémie Joudioux, Y.K.Lau, Chao Liu,
Vincent Moncrief, Istvan Racz, Christian Schell, Weihua Wang, Changhua Wei,
Bernard Whiting, Shuyang Xiang, Yunlong Zang, Han Zhang and Lin Zhang for
quite many valuable discussions and suggestions.

In the end, I want to express my gratitude to my parents Xiangqing Ma and
Wenfang Hu, my younger brother Sihang Ma and my relatives for lifetime of
support. Last but not least, I would like to thank my fiancee Shulan Pi for her
love, patience, support and encouragement.

83






Bibliography

Lars Andersson and Pieter Blue. Uniform energy bound and asymptotics for the
Maxwell field on a slowly rotating Kerr black hole exterior. Journal of Hyperbolic
Differential Equations, 12(04):689-743, 2015a.

Lars Andersson and Pieter Blue. Hidden symmetries and decay for the wave
equation on the Kerr spacetime. Annals of Mathematics, 182(3):787-853, 2015b.

Lars Andersson, Thomas Béckdahl, and Pieter Blue. Decay of solutions to the
Maxwell equation on the Schwarzschild background. Classical and Quantum
Gravity, 33(8):085010, 2016.

Lars Andersson, Pieter Blue, and Jinhua Wang. Morawetz estimate for linearized
gravity in Schwarzschild. arXiv preprint arXiv:1708.06943, 2017a.

Lars Andersson, Siyuan Ma, Claudio Paganini, and Bernard F Whiting. Mode
stability on the real axis. Journal of Mathematical Physics, 58(7):072501, 2017b.

Christian Bar, Nicolas Ginoux, and Frank Pfiaffle. Wave equations on Lorentzian
manifolds and quantization. European Mathematical Society, 2007.

Pieter Blue. Decay of the Maxwell field on the Schwarzschild manifold. Journal
of Hyperbolic Differential Equations, 5(04):807-856, 2008.

Pieter Blue and Avy Soffer. Semilinear wave equations on the Schwarzschild man-
ifold I: Local decay estimates. Advances in Differential Equations, 8(5):595-614,
2003.

Pieter Blue and Avy Soffer. Phase space analysis on some black hole manifolds.
Journal of Functional Analysis, 256(1):1-90, 2009.

Robert H. Boyer and Richard W. Lindquist. Maximal analytic extension of the
Kerr metric. J. Mathematical Phys., 8:265-281, 1967. ISSN 0022-2488.

Brandon Carter. Hamilton-Jacobi and Schrodinger separable solutions of Ein-
stein’s equations. Communications in Mathematical Physics, 10(4):280-310,
1968.

85


http://arxiv.org/abs/1708.06943

S. Chandrasekhar. The mathematical theory of black holes. Oxford Classic Texts
in the Physical Sciences. The Clarendon Press, Oxford University Press, New
York, 1998. ISBN 0-19-850370-9. Reprint of the 1992 edition.

Subrahmanyan Chandrasekhar. On the equations governing the perturbations of
the Schwarzschild black hole. In Proceedings of the Royal Society of London A:
Mathematical, Physical and Engineering Sciences, volume 343, pages 289-298.
The Royal Society, 1975.

Mihalis Dafermos and Igor Rodnianski. The red-shift effect and radiation decay
on black hole spacetimes. Communications on Pure and Applied Mathematics,
62(7):859-919, 2009.

Mihalis Dafermos and Igor Rodnianski. Decay for solutions of the wave equation
on Kerr exterior spacetimes I-II: The cases |a| < m or axisymmetry. arXiv
preprint arXiw:1010.5132, 2010.

Mihalis Dafermos and Igor Rodnianski. A proof of the uniform boundedness of
solutions to the wave equation on slowly rotating Kerr backgrounds. Inventiones
mathematicae, 185(3):467-559, 2011.

Mihalis Dafermos, Igor Rodnianski, and Yakov Shlapentokh-Rothman. Decay
for solutions of the wave equation on Kerr exterior spacetimes III: The full
subextremal case |a| < m. arXiv preprint arXiv:1402.7034, 2014.

Mihalis Dafermos, Gustav Holzegel, and Igor Rodnianski. The linear stability
of the Schwarzschild solution to gravitational perturbations. arXiv preprint
arXww:1601.06467, 2016.

Mihalis Dafermos, Gustav Holzegel, and Igor Rodnianski. Boundedness and decay
for the Teukolsky equation on Kerr spacetimes I: the case |a| < m. arXiv
preprint arXiw:1711.07944, 2017.

E. D. Fackerell and J. R. Ipser. Weak Electromagnetic Fields Around a Rotating
Black Hole. Phys. Rev. D., 5:2455-2458, May 1972. doi: 10.1103/PhysRevD.5.
2455.

Felix Finster and Joel Smoller. Linear stability of the non-extreme Kerr black hole.
arXiv preprint arXiw:1606.08005, 2016.

Sari Ghanem. On uniform decay of the Maxwell fields on black hole space-times.
arXiv preprint arXw:1409.8040, 2014.

86


http://arxiv.org/abs/1010.5132
http://arxiv.org/abs/1010.5132
http://arxiv.org/abs/1402.7034
http://arxiv.org/abs/1606.08005

J. B. Hartle and D. C. Wilkins. Analytic properties of the Teukolsky equation.
Communications in Mathematical Physics, 38:47-63, March 1974. doi: 10.1007/
BF01651548.

S. W. Hawking and J. B. Hartle. Energy and angular momentum flow into a black
hole. Communications in Mathematical Physics, 27:283-290, December 1972.
doi: 10.1007/BF01645515.

Pei-Ken Hung, Jordan Keller, and Mu-Tao Wang. Linear stability of Schwarzschild
spacetime: The Cauchy problem of metric coefficients.  arXw preprint
arXiw:1702.02843, 2017.

Bernard S Kay and Robert M Wald. Linear stability of Schwarzschild under
perturbations which are non-vanishing on the bifurcation 2-sphere. Classical
and Quantum Gravity, 4(4):893, 1987.

R. Kerr. Gravitational field of a spinning mass as an example of algebraically
special metrics. Physical review letters, 11(5):237, 1963.

William Kinnersley. Type D vacuum metrics. Journal of Mathematical Physics,
10(7):1195-1203, 1969.

Sergiu Klainerman and Jeremie Szeftel. Global Nonlinear Stability of
Schwarzschild Spacetime under Polarized Perturbations. arXiw preprint
arXw:1711.07597, 2017.

K. Kokkotas and B. Schmidt. Quasi-Normal Modes of Stars and Black Holes.
Living Reviews in Relativity, 2, September 1999. doi: 10.12942/Irr-1999-2.

E. W. Leaver. Solutions to a generalized spheroidal wave equation: Teukolsky’s
equations in general relativity, and the two-center problem in molecular quantum
mechanics. Journal of Mathematical Physics, 27:1238-1265, May 1986. doi:
10.1063/1.527130.

Siyuan Ma. Uniform energy bound and Morawetz estimate for extreme components
of spin fields in the exterior of a slowly rotating Kerr black hole I: Maxwell field.
arXiv preprint arXw:1705.06621v3, 2017a.

Siyuan Ma. Uniform energy bound and Morawetz estimate for extreme components
of spin fields in the exterior of a slowly rotating Kerr black hole II: linearized
gravity. arXww preprint arXiw:1708.07585v2, 2017b.

Vincent Moncrief. Gravitational perturbations of spherically symmetric systems.
L. the exterior problem. Annals of Physics, 88(2):323-342, 1974.

87


http://arxiv.org/abs/1705.06621v3
http://arxiv.org/abs/1708.07385v2

Cathleen S Morawetz. Time decay for the nonlinear Klein-Gordon equation. In
Proceedings of the Royal Society of London A: Mathematical, Physical and En-
gineering Sciences, volume 306, pages 291-296. The Royal Society, 1968.

Ezra Newman and Roger Penrose. An approach to gravitational radiation by
a method of spin coefficients. Journal of Mathematical Physics, 3(3):566-578,
1962.

Ezra Newman and Roger Penrose. Errata: an approach to gravitational radiation
by a method of spin coefficients. Journal of Mathematical Physics, 4(7):998-998,
1963.

Federico Pasqualotto. The spin £1 Teukolsky equations and the Maxwell system
on Schwarzschild. arXiv preprint arXiv:1612.07244, 2016.

W. H. Press and S. A. Teukolsky. Perturbations of a Rotating Black Hole. II.
Dynamical Stability of the Kerr Metric. Astrophysical J., 185:649-674, October
1973. doi: 10.1086/152445.

Tullio Regge and John A Wheeler. Stability of a Schwarzschild singularity. Physical
Review, 108(4):1063, 1957.

K. Schwarzschild. Uber das Gravitationsfeld einer Kugel aus inkompressibler
Fliissigkeit nach der Einsteinschen Theorie. In Sitzungsberichte der Koniglich
Preussischen Akademie der Wissenschaften zu Berlin, Phys.-Math. Klasse, 42/-
434 (1916), 1916.

Y. Shlapentokh-Rothman. Quantitative Mode Stability for the Wave Equation on
the Kerr Spacetime. Annales Henri Poincaré, 16:289-345, January 2015. doi:
10.1007/s00023-014-0315-7.

A. A. Starobinsky and S. M. Churilov. Amplification of electromagnetic and grav-
itational waves scattered by a rotating black hole. Zh. Eksp. Teor. Fiz, 65(3),
1973.

Jacob Sterbenz and Daniel Tataru. Local energy decay for Maxwell fields part
I Spherically symmetric black-hole backgrounds. International Mathematics
Research Notices, 2015(11), 2015.

Daniel Tataru and Mihai Tohaneanu. A local energy estimate on Kerr black

hole backgrounds. International Mathematics Research Notices, 2011(2):248~
292, 2011.

88


http://arxiv.org/abs/1612.07244

S. A. Teukolsky. Rotating Black Holes: Separable Wave Equations for Gravita-
tional and Electromagnetic Perturbations. Physical Review Letters, 29:1114—
1118, October 1972. doi: 10.1103/PhysRevLett.29.1114.

S. A. Teukolsky. Perturbations of a Rotating Black Hole. I. Fundamental Equa-
tions for Gravitational, Electromagnetic, and Neutrino-Field Perturbations. As-
trophysical J., 185:635-648, October 1973. doi: 10.1086/152444.

S. A. Teukolsky and W. H. Press. Perturbations of a rotating black hole. IIT -
Interaction of the hole with gravitational and electromagnetic radiation. Astro-
physical J., 193:443-461, October 1974. doi: 10.1086/153180.

C. V. Vishveshwara. Stability of the Schwarzschild metric. Physical Review D, 1
(10):2870, 1970.

B. F. Whiting. Mode stability of the Kerr black hole. Journal of Mathematical
Physics, 30:1301-1305, June 1989. doi: 10.1063/1.528308.

Frank J Zerilli. Effective potential for even-parity Regge-Wheeler gravitational
perturbation equations. Physical Review Letters, 24(13):737, 1970.

89



	Title
	Imprint

	Abstract
	Contents
	Introduction and overview
	Preliminaries and main results
	Kerr metric
	Teukolsky master equation for spin s components
	Coupled systems
	Main theorems
	Relevant results
	Further Preliminaries and Notations
	Well-posedness theorem
	regular and integrable
	Generic constants and general rules


	Estimates near horizon and near infinity
	Morawetz estimates near infinity
	Red-shift estimates near horizon
	Red-shift estimates for spin-1 case
	Red-shift estimates for spin-2 case


	Outline of Proof
	Proof of Theorem 2.4.2 for n1 based on n=0 estimates
	Estimates for spacetime integrals of 0s and 1s
	Spin-1
	Spin-2
	Spin +2 component
	Spin -2 component


	Proof of n=0 case
	Spin +1 component
	Spin -1 component
	Spin +2 component
	Spin -2 component


	Proof of Theorems 2.4.1 and 2.4.2 on Schwarzschild
	Coupled system on Schwarzschild
	Decomposition
	Energy estimate
	Morawetz estimate
	Proof of Theorems 2.4.1 and 2.4.2 on Schwarzschild
	Spin 1 components
	Spin 2 components
	Spin +2 component
	Spin -2 component



	Proof of Theorem 2.4.1 on slowly rotating Kerr
	Energy estimate
	Separated angular and radial equations
	Proof of Theorem 2.4.1 for spin-1 case
	Cutoff in time
	Currents in phase space
	Frequency regimes
	FT regime (time-dominated frequency regime)
	FTr regime (trapped frequency regime)
	FA regime (angular-dominated frequency regime)
	FB regime (bounded frequency regime)
	Summing up
	Error terms
	Boundary terms
	Summing and finishing the proof


	Proof of Theorem 2.4.1 for spin-2 case

	Proof of Main Theorem 2.4.2
	Maxwell field
	Spin +1 component
	Spin -1 component

	Linearized gravity
	Spin +2 component
	Spin -2 component


	Brief overview of mode stability result
	Another set of variables
	Spin-1
	Spin-2

	Acknowledgments
	Bibliography



