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Abstract

The first main goal of this thesis is to develop a concept of approximate dif-
ferentiability of higher order for subsets of the Euclidean space that allows to
characterize higher order rectifiable sets, extending somehow well known facts
for functions. We emphasize that for every subset A of the Euclidean space and
for every integer k > 2 we introduce the approximate differential of order k of
A and we prove it is a Borel map whose domain is a (possibly empty) Borel
set. This concept could be helpful to deal with higher order rectifiable sets in
applications.

The other goal is to extend to general closed sets a well known theorem of
Alberti on the second order rectifiability properties of the boundary of convex
bodies. The Alberti theorem provides a stratification of second order rectifiable
subsets of the boundary of a convex body based on the dimension of the (con-
vex) normal cone. Considering a suitable generalization of this normal cone for
general closed subsets of the Euclidean space and employing some results from
the first part we can prove that the same stratification exists for every closed
set.

The content of Chapters |2 and [3| has been published on ArXiv, see [SaniT].



Zusammenfassung

Das erste Ziel dieser Arbeit ist die Entwicklung eines Konzepts zur Beschrei-
bung von Differenzierbarkeit hoherer Ordnung fiir Teilmengen des euklidischen
Raumes, welche es erlaubt von hoherer Ordnung rektifizierbare Mengen zu cha-
rakterisieren. Wir betonen, dass wir fiir jede Teilmenge A des euklidischen
Raumes und jede ganze Zahl k& > 2 ein approximatives Differenzial der Ord-
nung k einfithren und beweisen, dass es sich dabei um eine Borelfunktion handelt
deren Definitionsbereich eine (moglicherweise leere) Borelmenge ist. Unser Kon-
zept konnte hilfreich fiir die Behandlung von héherer Ordnung rektifizierbarer
Mengen in Anwendungen sein.

Das andere Ziel ist die Verallgemeinerung auf beliebige abgeschlossene Men-
gen eines bekannten Satzes von Alberti iiber Rektifizierbarkeit zweiter Ordnung
des Randes konvexer Korper. Fiir den Rand eines solchen konvexen Korper
liefert Albertis Resultat eine Stratifikation durch von zweiter Ordnung rektifi-
zierbare Teilmengen des Randes basierend auf der Dimension des (konvexen)
Normalenkegels. Fiir eine geeignete Verallgemeinerung dieses Normalenkegels
auf allgemeine abgeschlossene Teilmengen des euklidischen Raumes und unter
Verwendung einiger Resultate aus dem ersten Teil kénnen wir zeigen dass eine
solche Stratifiaktion fiir alle abgeschlossenen Mengen existiert.

Der Inhalt der Abschnitte [2| und [3| wurde bereits auf ArXiv veroffentlicht,
siehe [Sanl7].



Acknowledgements

I am grateful to my advisor Prof. Ulrich Menne, for his guidance through the
study of Geometric Measure Theory and for many illuminating discussions about
the subject of this thesis.

The work for this thesis has been financially supported by the “IMPRS
for Geometric Analysis, Gravitation and String Theory” and the “IMPRS for
Mathematical and Physical Aspects for Gravitation, Cosmology and Quantum
Field Theory” of the Max Planck Society. I would like to acknowledge the
wonderful working environment at the Max Planck Institute for Gravitational
Physics in Potsdam-Golm.



Contents

|2  Approximate differentiability for functions|

|3  Approximate differentiability for sets|

. Tord fiabl Tication T |

13

31



Chapter 1

Introduction

After we have provided the basic notation and the terminology, we introduce
the subject of the thesis and we give a detailed overview about its content.

Notation and basic definitions

The notation and the terminology used without comments agree with [Fed69,
pp. 669-676]. However, for the reader’s convenience, sometimes we use footnotes
to point out the references in [Fed69]. Moreover we add the following classical
definitions.
Fibers. Suppose X and Y are sets, Q@ C X x Y.

In addition to the standard notation for the domain, the image and the
restriction (over some subset of X) of @ (see [Fed69l p. 669]) we define the fiber
of @ at a point x € X by

Q) = m(Q{z}) =Y N{y: (z,y) € Q}.

In order to make our notation consistent with the universally accepted no-
tation for functions we additionaly use the following convention. In case @ is
a function and z € dmn @ we identify the singleton Q(x) C Y with the point
y € Y such that Q(x) = {y}. Therefore Q(z) = {Q(x)} whenever z € dmn Q
and Q(z) = @ whenever z ¢ dmn Q.

Distance function and nearest point pmjectiorﬂ. Suppose @ # A C R™.
We define d4 : R™ — R to be the function such that
0a(z) =inf{lxr —al:a € A} for z € R".

We define Unp(A) to be the set of x € R™ such that there exists a unique
y € Asuch that 64(z) = |y — x| and €4 : Unp(4) — R"™ to be the function such
that
da(x) = |€a(x) — x| whenever z € Unp(A).

Affine hulls, cones and duals. A subset C' C R"™ is called cone if and only if
Az € C' whenever z € C' and A\ > 0. For each subset S C R”,

DualS =R"N{v:vewu <0 whenever u € S};

I This notation agrees with [Fed59, 4.1].



see [Fedb9, 4.5] for further comments. Finally for each subset S C R™ we define
aft S

as the smallest affine set of R™ containing S (a set M C R™ is called affine set
if \x4+(1—X) € M whenever x € M, y € M and A € R); see [Roc70l Section 1]
for further comments.

Orthogonal projections. If 1 < m < n are integers we define G(n,m) to be the
set of all m dimensional subspaces of R". If T' € G(n,m) we define T} : R" —
R™ to be the linear map such that

Tb* = Tm Tﬁ OTh = Th7 imTh = T,
and we define T+ = ker Ty.

Pointwise differentiability for functions. Suppose X and Y are normed vector
spaces, k > 0 is an integer, 0 < o < 1, g maps a subset of X into Y and a € X.
We say that g is pointwise differentiable of order (k, «) at a if and only if there
exists an open set U C X and a polynomial function P : X — Y of degree at
most k such that a € U C dmng, g(a) = P(a),

o 9@ = P@]_ e la(e) — P@)

< if a > 0.
z—a \:c — a|k z—a |.T - a|k+a oo ta

In this case P is unique and the pointwise differentials of order i of f at a are
defined by pt D’ g(a) = D' P(a) for i = 0,..., k.

Functions and submanifolds of class (k,«). Suppose X and Y are normed
vector spaces, k > 0 is an integer, 0 < o < 1, g maps some open subset of X
into Y and a € X. We say that g is of class (k, «) if and only if g is of class k and
each point of dmn g has an open neighbourhood U such that (D f)|U satisfies
a Holder condition with exponent a.

Suppose k > 0 is an integer and 0 < « < 1. The notion of diffeomorphism of
class (k, ) is made by replacing “class k7 with “class (k, «)” in [Fed69, 3.1.18].
Analogously the notion of p dimensional submanifold of class (k,«) of R™ is
made by replacing “class k” with “class (k,«)” in [Fed69, 3.1.19].

Second fundamental form. If 1 < m < n are integers, M is an m dimensional

submanifold of class 2 of R™ and a € M then we call second fundamental form
of M at a the unique symmetric 2 linear function

bas(a) : Tan(M,a) x Tan(M,a) — Nor(M,a)

such that bys(a)(u,v) ev(a) = —Dv(a)(u) e v for each u,v € Tan(M, a), when-
ever v : M — R"™ is of class 1 relative to M with v(z) € Nor(M,z) for every
re M.

Higher order rectiﬁabilitgﬂ Suppose 1 < m < n are integers and ¢ is a measure

over R™. A subset A C R" is called countably (¢, m) rectifiable of class (k, «) if
and only if there exist countably many m dimensional submanifolds M; of class
(k, ) such that

¢(A~UjZ, M;) =0.
A subset A C R™ is called (¢, m) rectifiable of class (k,«) if it is countably
(¢, m) rectifiable of class (k, ) and ¢(A) < 0.

2When ¢ = #™ this notion has been introduced in [AS94] 3.1].




Some further notation. Suppose 1 < m < n and k > 1 are integers, 0 < a < 1,
a€R", T € G(n,m), 0 <k < oo and suppose f : T — T is a function such
that f(T}(a)) = Thl(a).

Then we defind?]

Xk,a(avTv fs H) =R"N {Z : |f(Th(z)) — Thl(z)| < H|Th(z _ a)|k+a};

alternatively Xy (a, T, f, k) = Xgo(a, T, f, k). If f(x) = Thl-(a) for every x € T
then we abbreviate X(a, T, k) = X1(a, T, f, k).
If0<s<ooand 0 <t< oo we define

C(T,a,s,t) =R"N{z: |Tj(z — a)| < s, |ThJ‘(:v —a)| <t}

Finally let gr(f) = {x+ f(x): x € T}.

Motivation

The concept of higher order rectifiability is a very natural (weak) notion of
regularity that can be considered in the setting of Geometric Measure Theory.

First of all this notion turns out to be an interesting concept in order to
study the regularity properties of solutions of variational problems involving
elliptic functionals (in particular the area functional). These solutions can be
modelled using the notion of varifold, originally introduced by Almgren in the
60’s. Roughly speaking a varifold is a model for non smooth surfaces having
multiple sheets (integral varifolds) and, more generally, non integer valued den-
sity (rectifiable varifolds). If we consider the class of varifolds V' in R™ whose
first variation with respect to the area functional is represented by integrating
a function h(V,-) € LP(|V||,R") (usually called mean curvature), it is well
known that classical regularity almost everywhere fails to hold in many cases of
interest. For example, there are integral varifolds with bounded mean curvature
such that the set where the support does not locally correspond to a graph of
a function of class 1 has positive measure (see [All72, 8.1(2)]). Therefore the
need arises to look for weaker notions of regularity that allow to further inves-
tigate such classes of objects. Recently, in [Men13], it has been proved that the
support of every m dimensional integral varifold V' in R™ with mean curvature
in Li°c(||[V||, R™) is countably (||V||,m) rectifiable of class 2. By [AII72, 8.3] we
can deduce that if the mean curvature is in LI%¢(||V||, R™) then the support of
[[V|| is countably (22, m) rectifiable of class 2. Whether or not the support of
an m dimensional stationary varifold is countably (.72, m) rectifiable of class
k, for every integer k > 1, is an open problem.

Rectifiability of class 2 is a natural concept of regularity in convex geometry.
Moreover rectifiable sets of class k arise naturally as level sets of maps between
Euclidean spaces with distributional derivatives up to order k representable
by integration, see [BHS05, 1.6]. A sufficient condition for rectifiability of class
(1, @) is obtained in [Kol16] using discrete curvatures. Higher order rectifiability
of graphs is investigated in [Dell4] Theorem 3.1].

3Compare this definition with similar ones introduced in [Fed69} 3.3.1] and [Mat95} 15.12].



Overview

The first main goal of this thesis is to develop a concept of approximate dif-
ferentiability of higher order for subsets of the Euclidean space that allows to
characterize higher order rectifiable sets. For functions whose domain is a sub-
set of the Euclidean space this is a well known fact that it has been established
in [Whi51], [Fed69l § 3.1] and [Isa87]. More specifically these results can be
combined in order to get the following result, see and

1.1 Theorem (Federer, Isakov, Whitney). If 1 < m < n and k > 1 are
integers, 0 < a <1, ACR™ is L™ measurable and f: A — R"™ is L™ LA
measurable, then f is approzimately diﬁerentiablcﬁ of order (k,a) at L™ a.e.
a € A if and only if there exist countably many functions g; : R™ — R"™™ of
class (k,«) such that

27 (A~ Ui s g5(2) = f(@)}) = 0.

We establish this result for subsets of the Euclidean space. In fact, employing
the notion of approximate differentiability of higher order for sets introduced in

[3:8 we can prove, in and the following result.

1.2 Theorem. If1 < m <n and k > 1 are integers, 0 < a <1, A C R" is
A measurable and A (A) < oo, then A is approximately differentiable of
order (k,a) at ™ a.e. a € A if and only if A is (F™, m) rectifiable of class
(k, ).

It is worth to compare this result with other results in the literature. First
of all this result can be seen as a generalization to the case of higher order differ-
entiability of the well known fact in Geometric Measure Theory that (52, m)
rectifiable setsﬂ of class 1 can be characterized among all the J#"™ measurable
subsets of R™ with finite m dimensional Hausdorff measure through the exis-
tence of an m dimensional “measure theoretic tangent” plane at " a.e. points
of the set. There are essentially two natural ways to define this notion of mea-
sure theoretic tangency. One uses a blow up procedure and the other one uses
densities of Hausdorff measures.

1.3 Definition (Simorﬁ). Suppose 1 < m < n are integers, A C R" and
a € R™. An m dimensional plane T' € G(n, m) is the m dimensional approximate
tangent plane of A at a if and only if there exists 0 < § < oo such that

lim r*m/ fl(z—a)/r)d"z = 0/ fds#™ whenever f € Z(R").
r—0+4 A T

1.4 Definition (Federer@. Suppose 1 < m < n are integers, A C R" and
a € R". A vector v € R™ is an (™ L A, m) approximate tangent vector at a if
and only if @*™ (™ ANE(a,v,€),a) > 0 for every € > 0. An m dimensional
plane T' € G(n,m) is the m dimensional approximate tangent plane of A at a
if and only if T equals the set of all (™ L A, m) approximate tangent vectors
at a.

4For the definition of approximate differentiability for functions, see

5By [Fed69, 3.2.29] the notion of rectifiability of class 1 coincides with the classical notion
of rectifiability phrased in terms of images of Lipschitzian maps, see [Fed69) 3.2.14].

6See [Sim83, 11.2, 11.4] and [FM99, 2.2].

"See [Fed69, 3.2.16].



In[I-3]and in[T.4)it is not difficult to see that m and 71" are uniquely determined
by A and a. Either employing the notion in [T.3] or the one in [I.4] the following
well known classical result holds.

1.5 Theorem (Federelﬂ Simorﬂ). Suppose 1 < m < n are integers and A C
R™ is ™ measurable with 7™ (A) < co. Then A is (™, m) rectifiable of

class 1 if and only if A admits the m dimensional approzimate tangent plane at

JE™ a.e. a € A.

Suppose now A C R™ and a € R™. For the case of order 1 the defini-
tion of approximate differentiability that we have introduced in (see also
3.19) is equivalent to require the existence of a measure theoretic tangent space,
ap Tan(A, a), at a. In particular if T € G(n,m) for some integer 1 < m < n

then, as it is proved in [3:21] and [3.14]

T satisfies[[3] = T = apTan(A,a) = T satisfies [[.4

The examples in [3.4) and show that there are sets with finite m dimensional
Hausdorff measure for which the reverse implications do not hold at every point.
However if A is ™ measurable and J#™(A) < oo the reverse implications hold
at ™ a.e. points of A.

The problem of generalizing [I.5] to the case of higher order rectifiability has
been already addressed in [AS94]. In that paper a notion of differentiability of
order 2 and order (1,«), for every 0 < o < 1, are introduced by means of a
blow up procedure naturally generalizing [[.3] However, as it is pointed out in
[AS94, pp. 7-8], examples show that (", m) rectifiable sets of class 2 may
fail to be differentiable of order 2 in the sense of [AS94] at J#™ a.e. points.
Therefore, in order to generalize they need, in [AS94] 3.5, 3.12], additional
technical hypotheses on the structure of the sets. This pathological behaviour
suggests that a different notion of differentiability for the case of order greater
than 1 has to be considered. The definition introduced in this chapter rules out
the pathologies of [AS94] and allows to get the generalization of in the most
natural setting.

For every integer k > 2 the notion of approximate differentiability of order
k for a subset A C R™ naturally induces a notion of approximate differential of
order k, apD* A, of A; see For every A C R"™ this is always a Borel map
with values in @k(R", R"™) whose domain is a (possibly empty) Borel subset
of R", see [3.40] Moreover the approximate differential of order 2 naturally
induces a notion of “approximate second fundamental form”. In fact, for every
a € dmnapD? A this can be defined as the symmetric bilinear form

apD? A(a)|ap Tan(A, a) x ap Tan(A4, a).

In and two classical properties of the second fundamental form of
submanifolds of class 2 are extended to our setting.

A notion of pointwise differentiability for subsets of the Euclidean space
has been recently developed in [Menl6] to study higher order differentiability
properties of stationary varifolds. In we establish the connection between
the notion of approximate differentiability and pointwise differentiability.

8See [Fed69, 3.2.19, 3.3.17].
9See [Sim83] 11.6, 11.8].



The other goal of this thesis is to generalize a well known theorem of Alberti
in convex geometry. In order to state this result we first introduce the following
normal cone for convex sets.

1.6 Definition (Albertm. Suppose C' is a closed convex subset of R™ and
a € C. We define

A (C,a) =R"N{v:ve(xr—a) <0 whenever z € C}.

1.7 Theorem (Albertizb. Suppose C' is a closed convex subset of R™ with non
empty interior. Then the set

¥rC)y=Cn{a:#""(AN(C,a)) > 0}
is countably (™, m) rectifiable of class 2 whenever m =0,...,n.

Evidently ¥°(C) C ... C I 1(C) C £*(C) = C and £"~}(C) = Bdry C.
A classical result due to Anderson and Klee, see [Schl4l 2.2.5], states that
¥™(C) is a countable union of compact sets with finite m dimensional Hausdorff
measure and the theorem of Alberti strenghtens, up to a set of S measure
zero, their result. It could be thought that the second order rectifiability prop-
erty of the sets X" (C) is a prerogative to work in the context of convex sets.
We prove that this is actually not the case. In fact [I.7] can be seen as a special
instance of a general fact that holds for every closed subset of the Euclidean
space. In order to describe our result we introduce the following definitions.

If ACR"™is closed and a € A we define the closed convex cone

nor(4,a) = Clos{Au: A >0, u € R", da(a+u) = |u|},
and for each integer m = 0,...,n we introduce the sets
X™A)=An{a: 2" " (nor(A,a)) > 0}.

Evidently 2°(4) C Z1(A) C ... C =" 1(4) C TZ*(A) = A. We prove in
that 3™ (A) is countably (™, m) rectifiable of class 2 whenever m =0, ..., n.
As it is pointed out in and if A C R" is a closed convex set then
nor(A,a) = A (A,a) whenever a € A. Therefore is a special case of our
theorem. Our result is new for sets of positive reach. In fact, if A C R"™ is a
set of positive reach then the stratification given by the sets £™(A) has been
already considered in [Fed59, 4.15(3)] (see for further details), where it is
proved that 3™ (A) is countably m rectifiable for each m = 0,...,n. Our result
strenghtens this conclusion up to a set of " measure zero. It is worth to
recall here that if A C R"™ is a set of positive reach with non empty interior
then it is not difficult to prove that ¥"~1(A) = Bdry A.

For each integer m = 1,...,n — 1 there are examples of m (Hausdorff)
dimensional closed sets A C R™ such that ™ (X™(A)) = 0. For exam-
ple if A C R? is the graph of a function f : R — R of class 1 such that
LHax: f(x) = g(z)} =0 whenever g : R — R is of class 2 (see, for instance,
[Koh77]) then s#1(X1(A)) = 0. This simple example raises the problem to

10See [ATb94, Definition 1.7].
11Gee [AIb94, Theorem 3).



find geometric characterizations for (some subclasses of) the class of all m di-
mensional closed subsets A of R™ for which (A ~ X™(A)) = 0. Observe
that, by [Fed59l 4.15(4)], if A C R™ is an m dimensional set of positive reach
then ¥™(A) = A. The result in links the aforementioned problem with the
reseach of sufficient criteria for second order rectifiability.

Finally we mention that the result in raises the question about how the
second order rectifiability property of the sets 3" (A) is related to the principal
curvatures (support measures) on the normal bundle N4 (see for the defini-
tion of N,) introduced in [HLWO04] §2]. An answer to this question is unknown
even in the special case of sets of positive reach, for which case the principal
curvatures on the normal bundle were introduced in [Z&h86].

A solution for the aforementioned problems will be part of the forthcoming
work of the author.



Chapter 2

Approximate
differentiability for
functions

Here we present the classical theory of approximate differentiability for functions
developed by the work of Federer, Whitney and Isakov. This theory will be
applied in the subsequent chapters and it provides a scheme for the novel theory
of approximate differentiability for sets introduced in chapter

2.1. Suppose 1 < m < n are integers, A C R™, a € R™ and P: R™ - R"™™
is a polynomial function of degree at most k such thatE]

w1 PIAE)

z—a |xr — a|k

=0.

In particular @™ (Z™ . R™ ~ A,a) = 0. Therefore we can use a lemma due to
De Giorgi, see [Cam64, Lemma 2.1}, to conclude that P = 0.

2.2 Definition. Let 1 < m < n and k > 0 be integers, 0 < a <1, A C R™,
f:A—=R" ™ and a € R™.

We say that f is approximately differentiable of order (k,a) at a (f is ap-
prozimately differentiable of order k at a if a = 0) if

@™ (L™LR"™~Aa) =0

and there exists a polynomial function P : R™ — R"™™ ™ of degree at most k
such that P(a) = f(a) if a € A,

ap lim M =0 ifa=0, aplimsupM

< if a > 0.
w5 |z —alf el Jz —affte SR C

ILet f be a function mapping a subset of R™ into some set Y and let a € R™. If Y is a
normed vector space, a point y € Y is the approximate limit of f at a if and only if

ML LR ~{z:|f(z) —y| <€},a) =0 for every e >0

and we denote it by aplimgz 4 f(z). Y = R, a point ¢ € R is the approximate upper limit
of f at a if and only if

t =inf{s: @™ (L™ {z: f(z) > s},a) =0}
and we denote it by aplimsup,,_,, f(x). This concept is a special case of [Fed69) 2.9.12].



2.3 Remark. The condition @™ (L™ L R™~A,a) = 0 in is redundant if
a = 0. By we deduce that the polynomial function P in is uniquely
determined by f and a.

2.4 Definition. Let A C R™ and let f : A — R™™ ™. For every non negative
integer k the function ap D¥ f is defined to be the function whose domain consists
of all @ € R™ such that f is approximately differentiable of order k at a and
whose value at a equals D* P(a), where P satisfies

2.5 Remark. If a € ACR™ and f: A— R"™ ™ then f is approximately differ-
entiable of order 0 at a if and only if f is (£, V) approximately continuouaﬂ
at a. In this case ap D° f(a) = f(a). Here V is the standard .£™ Vitali relation,
V ={(a,B(a,r)) :a € R™, 0 <r < o0}.

In case a € A the notion of approximate differentiability of order 1 has been
introduced in [Fed69, 3.1.2].

2.6 Lemma. Suppose 1 < m < n are integers, A CR™, a € R™, f: A —
R"™ v>1,0< M < oo and 0 < X < oo such that

lim sup ZL™(B(a,r) N {z:|f(x)] > Ar7})

< M.
r—0+ a(m)rm

Then @*™ (L™ {x : |f(x)] > 27\ |z —a|'},a) < M(1 —27™)" 1L,
Proof. Let § > 0 such that
LM (Ba,r) N {z:|f(x)] > Ar"}) < Ma(m)r™ for 0 <r <6.
Therefore for 0 < r < § we observe

B(a,r)N{z: |f(x)] > 27\ |z —a|"}
={a} U U(B(a,r/?i) ~B(a,r/2) N {z: |f(z)| > 27\ |z — a|"}
i=0

C {a}uUB(a,r/2) n{z: [ f(2)| > A(r/2')},
=0

ZL"™(B(a,r) N {z:|f(x)] > 27Nz —a|"}) < M a(m)r™(1 — 2"”)‘1
and the conclusion follows.

2.7 Theorem. Let 1 < m <n and k > 1 be integers, 0 < a <1, A C R™,
aeR™and f: A—R"™™.

Then f is approzimately differentiable of order (k,a) at a if and only if there
exists a function g : R™ — R"™™ pointwise differentiable of order (k,a) at a
such that f(a) = g(a) if a € A and

O™ (L™ L R™ ~a: g(w) = f(x)},a) = 0.

In this case pt D' g(a) = apD’ f(a) fori=0,...,k.

2See [Fed69, 2.9.12].
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Proof. Since one implication is elementary we suppose f is approximately dif-
ferentiable of order (k, ) at a.

First we consider the case a = 0. There exists a polynomial function
P:R™ — R" ™ of degree at most k such that, if for every integer ¢ > 1 we
define

Si = {o: |f(@) - P@)] < i o —al},

then there exists §; > 0 such that ™ (B(a,r) ~ S;) < 27%™ for 0 < r < §;.
We can assume d;41 < d; for each i > 1 and §; — 0 as i — co. Let

T =2, [SiNB(a, ;) ~ B(a, di+1)] -

If r >0 and j > 1 is an integer such that J;41 < < J; we compute

L™B(a,r) ~T) < L™ (B(a,r) ~ S;)+ > L™(Bla,6) ~S) <r™ > 27!
I=j+1 I=j

and we conclude @™ (™ . R™ ~ T,a) = 0. Moreover

i @) = P(@)

=0.
T>x—a |£C — (L|k

If we define g : R™ — R as g(x) = f(z) if z € T and g(x) = P(x) if
x € R™ ~ T, then we have @™ (Z™ . R™ ~ {x: g(x) = f(x)},a) =0,
(z) = P(z)]

lim lg
z—a |x — a|k

=0 and g¢g(a) = P(a) (since a ¢ T).

For the case a > 0, once we have chosen 0 < A < oo such that

|f () = P(x)]

|x — alkta <X

ap lim sup
r—a

we can use the same argument above replacing the sets S; with the set
S ={z:|f(x)— P(z)] < Xz —a|**+}.

2.8 Remark. The proof of has been adapted from [Fed69] 3.2.16] and [Fed69,
3.1.22).

2.9 Remark. Let 1 <m < n and k > 1 be integers, 0 < a <1, let A C R™ be
Z™ measurable and let f: A — R"™" be Z" L A measurable. If there exist
countably many functions g; : R™ — R"~™ of class (k, «) such that

2 (A~ Uy 45) =0

where A; = AN{z:g;(z) = f(2)} for j > 1, then using [Fed69} 2.10.19(4)] and
m we can easily prove that f is approximately differentiable of order (k, «) at
L™ a.e. a € A and, for each j > 1,

Digj(z) —apD’ f(z) for L™ ae. z¢€ Ajandi=0,...,k.

2.10 Theorem. Let 1 < m < n and k > 0 be integers, A C R™ and let
f A= R ™ be approzimately differentiable of order (k,1) at L™ a.e. a € A.
Then the following statements hold.
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(1) f is approzimately differentiable of order k+ 1 at £™ a.e. x € A.

(2) Ais L™ measurable and the functions ap D' f are £™ L A measurable for
1=0,...,k+1.

(3) There exist countably many functions g; : R™ — R"™™ of class k + 1
such that
2 (A~ Ui {e: g5(2) = f(@)}) =0.

Proof. First we observe that A is £™ measurable, f is (£™, V) approximately
continuousﬂ at ™ ae. a € A and f is £™ L A measurable by [Fed69, 2.9.11,
2.9.13].

If & = 0 the conclusions are consequences of [Fed69, 3.1.8, 3.1.4, 3.1.16]
respectively. We use induction over k. Since f is approximately differentiable
of order (k —1,1) at £™ a.e. point of A we inductively assume that ap D" f are
Z™_ A measurable fori =0, ..., k. We use now [[sa87, Theorem 2] and [Fed69,
3.1.15] to deduce the existence of countably many functions g; : R — R"~™

of class k + 1 satisfying . Now and follow from

2.11 Theorem. Suppose 1 < m < n and k > 1 are integers, 0 < a < 1,
ACR™ and f : A — R™ ™ is approzimately differentiable of order (k, ) at
L™ a.e. a € A.

Then the following statements hold.

(1) A is £™ measurable and the functions ap D' f are ™ L A measurable for
1=0,...,k.

(2) There exist countably many functions g; : R™ — R™™ ™ of class (k, )
such that
2 (A~ Uy ;@) = f(@)}) =0.

Proof. Since f is approximately differentiable of order (k—1,1) at every z € A
then (I follows from [2.10|(2). Now we can apply [Isa87, Theorem 1] if v = 0 or
[[5a87, Theorem 2] if v > 0 to get (2).

3As usual, V = {(a,B(a,7)) :a € R™, 0 < r < 0o}
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Chapter 3

Approximate
differentiability for sets

In this chapter we introduce a novel theory of approximate differentiability for
subsets of Euclidean space.

Basic properties and characterization

Here we provide the definition of approximate differentiability and approximate
differentials of higher order for sets, a technical characterization in and
some examples. Moreover we study the approximate differentiability properties

of higher order rectifiable sets in and

3.1 Definition (Lower and upper tangent cones to a measure). Suppose X is a
normed vector space, ¢ is a measure over X, m is a positive integer and a € X.
We define the m dimensional approximate upper tangent cone of ¢ at a byE]

Tan™(¢,a) = X N{v : @™ (¢ E(a,v,€),a) > 0 for every € > 0}

and the m dimensional approximate lower tangent cone of ¢ at a as the set
Tan]" (¢, a) of v € X such that for every € > 0 there exists n > 0 such that

d(U(a+rv,er)) > nr™ whenever 0 < r < 1.

In case Tan*™(¢,a) = Tanl' (¢, a), this set is denoted by Tan (¢, a) and we
call it the m dimensional approximate tangent cone of ¢ at a.

3.2 Remark. Evidently Tanl'(¢,a) € Tan*"(¢,a). Moreover one may easily
verify that Tan}'(¢,a) and Tan™" (¢, a) are closed cones. Finally

0" (¢,a) >0 [O(4,a) >0] < 0¢€ Tan™(¢,a) [0 € Tani'(¢,a)].

3.8 Remark. Observe that, in this case, our notation does not agree with [Fed69)
3.2.16]. In fact, Tan*™ (¢, a) is denoted by Tan™ (¢, a) in [Fed69) 3.2.16].

Tt is often useful to recall that if C' is a compact subset of X ~ Tan*™ (¢, a)
and T = {a+7rv:7 > 0,v € C} then ®"(¢.T,a) = 0. This is proved in
[Fed69, 3.2.16).

LAs in [Fed69, 3.2.16], E(a,v,¢) = X N{z: |r(z — a) — v| < ¢ for some 0 < r < co}.
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3.4 Remark. It is natural to consider the following cone
T=Xn{v:07(¢.E(a,v,€),a) > 0 for every ¢ > 0}.

Evidently Tan]"(¢,a) C T, but simple examples show that the opposite inclusion
does not hold. In fact, if we consider X =R, ¢ = 'L A, m=1and a =0,
where

A={JRn{t: 272 <t <277},
=0

then Tanl(¢,0) = {0} and T = R.

3.5 Remark. Suppose 1 < m < n are integers, A C R", BCR" and a € R".
If @ (™ A~ B,a) =0 then it is not difficult to see that

Tan" (™ L A,a) C Tan' (™ L B, a),
Tan*™ (A" L A, a) C Tan™" (™ L B, a).

3.6 Lemma. Suppose 1 < m < n are integers, A C R™, a € R" and
T € G(n,m).
Then the following three conditions are equivalent:

(1) Tan*™ (™ A,a) C T,
(2) @ (#™ L A~ X(a,T,€),a) =0 whenever e > 0,
(8) whenever e >0

i HT(ANB(a,r)N{z: |Thl(z —a)|>er})
=0 a(m)rm B

Proof. The fact that implies is a consequence of and the fact that
follows from is evident. If the condition in holds for some ¢ > 0 then
we can argue as in [2.6] to show that

i H(ANB(a,r)N{z: |Thl(z—a)| > 2¢|z —al})
r50 a(m)rm
Therefore implies .

3.7 Lemma. Let 1 <m <n and k > 1 be integers, 0 < a < 1,0 < )\ < oo,
0<M<oo, ACR", a € R", T € G(n,m) and let f : T — T+ be a function
of class 1 such that f(Ty(a)) = Thl(a) and D f(T}(a)) = 0. Suppose

=0.

- H(ANB(a,r)N{z: |Tﬁ(z) — f(Ty(2))] > er})

lim () 7 =0 for every € > 0,

< M.

i sup 2 ANB@ ) N {z: [T (2) = FT ()] > ArtHe)
Hrnj})lp a(m)rm

Then
O (AL A~ Xpala, T, f,k),a) < M(1 —27™)!

for every k > 2kTa).
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Proof. Arguing as in the proof of 2.6] we conclude that
O (H™ L AN{z: |f(Th(z))—ThJ‘(z)| > 2PNz —alfTY a) < M(1—2"")"1
Since D f(T}(a)) = 0 we can easily get that

- HT(ANB(a,r)N{z: |Thl(z —a)| >er})

1 () =0 for every ¢ > 0
r— m)rtt

and applying we conclude that @™ (#™ . A ~ X(a,T,€),a) = 0. Since
X(a,T,6) N {2 [F(T3(2) — TiH(2)] < 240z — o]0
C Xpola, T, f,2572N(1 4 €2)BF/2)  for every € > 0,
the conclusion follows.

3.8 Definition (Approximate differentiability for sets). Let n > 1 and k& > 1
be integers, 0 < a <1, ACR", a € R" and A; = {x —a:z € A}. We say that
A is approximately differentiable of order (k,«) at a if there exist an integer
1 <m <n, Té€G(n,m) and a polynomial function P : T — T+ of degree at
most k such that P(0) =0, D P(0) = 0 and the following two conditions hold.

(1) For every e > 0 there exists p > 0 and 1 > 0 such that
H(C(T, zyer,er) N Ay) > nr™
for every z € TN B(0,7) and 0 < r < p.

(2) For every € >0

=0

A (A NB(0,7) N {z : bgp(p)(2) > erF})
lim
r—0 a(m)rm

and, if a > 0, there exists 0 < A < co such that

i A (AL NB0,7) N {z : 8gp(py(2) > AT}
im

=0.
r—0 a(m)rm

3.9 Remark. If k =1 and o = 0 the conditions in are equivalent to [Mat95|,
15.7].

3.10 Remark. We prove that the condition
T C Tan] (™LA, a)

is necessary and sufficient to have [3.8{|1). The condition is clearly necessary. To
prove the sufficiency assume a = 0, suppose 0 < € < 1 and observe there exist
an integer [ > 1, vy,...,v € S ' NT and a positive number 7 such that

Tns*!'clU_, Ulw,e)NT,

A (ANU(rvg,er)) > ne”"r™ whenever 0 <r<nandi=1,...,1[
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Since T (™ L A,0) > 0 by we can choose 1 > 0 smaller, if necessary, in
order to have

H(ANU(0,er)) > nr™  whenever 0 < r <.
We fix 0 < r <nand z € B(0,r). If |z| < er then U(0,er) C U(z,2er) and
H(ANU(z,2er)) > nr™.
If |z| > er then we choose 1 < ¢ <1 such that |(z/|z]) — v;| < € and we observe
U(|z[vi, [2]€) € U(z, 2€[2]) € U(z, 2er),
HTAN(5,26r)) > e "™ > e

3.11 Lemma. Suppose 1 < m <n are integers, 0 < r < oo, w € R*NB(0,r),
T € G(n,m) and f : T — T+ is a locally Lipschitzian function such that

£(0) = 0.
Then 8gr f(w) < |T;-(w) — f(Ty(w))] < (2 + Lip(f|B(0,2r)))dgy  (w).

Proof. If we choose x € T so that dg, f(w) = |w — x — f(x)| then x € B(0,2r)
and we get

Ogr f(w) < |T;H(w) — f(Ty(w))]
< lw=x—=fOII+ Ix + f(x) = Th(w) — f(Ty(w))]
< (2 + Lip(fB(0,2r))) gr s (w).
3.12 Lemma. Suppose 1 < m < n are integers, v >0, ACR", BCR" such
that 0 € Clos B, f: R™ — R" is an univalent map onto R™ such that f(0) =0

and f and f~1 are locally Lipschitzian maps.
Then the following two conditions are equivalent.

(1) For every e >0 [for some 0 < e < o0]

lim HAT(ANBO,r)N{z:dp(z) >er’})

=0.
r—0 a(m)rm

(2) For every e >0 [for some 0 < e < o0

i A (fIAINB(0,7) N {z: ) (2) > er™}) 0
r—0 a(m)rm -

Proof. Since f[Clos B] = Clos f[B] we assume B to be closed. Moreover if we
prove one implication we immediately get the other one. Therefore we prove
that implies . Suppose 1 < I' < oo is such that

Iz —w| < [|f(2) = fw)| < Tz —wl,
Pz —w[ < [f7H(2) = f7H(w)] < Tz — wl

whenever z,w € B(0,2). Evidently it is enough to show that

A N B0, 7/T%) N {w : Os1(w) > er™}]
CANBO,r/T)N{w: dp(w) >T ter?}
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fore > 0and 0 < r < 1. Suppose z € f[A]NB(0,r/I'?) such that p)(z) > er?.
Let w € f[B] such that |f~1(2) — f~*(w)| = 8p(f~*(2)) and observe
Sp(fH(2) IR IfH(w) £ 21f 71 (2) <202 <20 Hr < 2,
jw| <T|f~H(w)] < 2r <2,
Op(f1(2) 2Tz —w| >T 1op(2) > T ter?.

3.13 Lemma. Let 1 < m < n and k > 1 be integers, T € G(n,m) and let
P:T =T and Q: T — T+ be polynomial functions of degree at most k such
that P(0) =0 and D"Q(0) =0 for i = 0,...,k — 1. Suppose for every ¢ > 0
there exists p > 0 such that

C(T,z,er,er™) N{w : gy (w) < er*} # @
whenever z € gr(P)NB(0,7) and 0 < r < p.
Then P = Q.

Proof. Let 0 < ¢ < oo such that |P(x)| < ¢|x| whenever y € TN B(0,1). If
0<e<land0< p<1are as in the hypothesis, x € B(0,(1+¢)"'p)NT and
z=x+ P(x) then |z| < (1 + ¢)|x| < p. Therefore there exists

w € C(T, 2z, e(1+¢)|x|,e(1 +¢)*|x[")

such that 8y, (@) (w) < e(1+¢)¥|x[*. If y € gr(Q) is such that |w —y| = 4 (w)
then
I Tx(y) = x| < [ To(y — w)| + [Ty (w) — x| < 2e(1 + )" |x],
[PO0) = Q)| < Ty (2) = Ti (w)| + | T (w) = T3 ()| + T3 () = QL))
and the Taylor’s formula (see [Fed69l p. 46]) implies

k
Q(Ty(y) — Qx) = Z((Tu(y) —x)'/il® X"/ (k — )1, D Q(0)),
QT4 (y)) — Q(X)| < crelx],

where ¢; = | DF Q(0)|| S25_, 2i(1 + ¢)¥i/ (il (k — i)!). Therefore |Q(x) — P(x)| <
(2(1 + ¢)* + ¢1)e|x|* and the conclusion follows.

3.14 Theorem. Suppose 1 < m < n and k > 1 are integers, 0 < a < 1,
ACRY, acR", Ay={z—a:2€ A}, T€G(n,m) and P: T — T+ is a
polynomial function of degree at most k such that P(0) =0, D P(0) = 0.

Then the following two conditions are equivalent.

(1) T and P satisfy[3.4(1) and[3.4(2).
(2) If Pi(x) = (x'/i!,D" P(0)) for x €T andi=1,...,k and
Ai={z—P_1(Ty(x)) :x € A1} fori=2,...,k,
then the following two conditions hold:

(a) for everyi=1,... k and for every e > 0 there exist p > 0 and n >0
such that '
J(C(T, z,eryer') N A;) > na(m)r™

for every z € gr(P;) NB(0,7) and 0 < r < p,
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(b) for everyi=1,... .k and for every ¢ >0

i A (A;NB(0,7) N {2z : 8y (p,)(2) > €r'})
im

=0
r—0 a(m)rm

and, if a > 0, there exists 0 < A < oo such that

i A (A NB(0,7) N {z : bgr(p,)(2) > ArFTal) 0
ey a(m)rm -

In this case P is uniquely determined by a, A and k,
O (™ Aja) >0, Tan] (™ L A a) = Tan™™ (™ L A,a) =T

and A 1is approxzimately differentiable of order (1,3) whenever either | < k and
0<p<lorl=kand0< g <a.

Proof. Assume a = 0 and suppose sup {1, Z?Zl 27| D7 P(0)} < T < cc.
For:=1,...,k we define Q; :Zj.zle and f; : R® — R" by

fi(z) =2 — Qi(Ty(x)) + Pi(Ty(x)) for x € R™.

We observe that for every i = 1,..., k the map f; is a diffeomorphism of class co
onto R™ and, by induction over 7, one may easily prove that

filA] = Ai,  filgr Qi] = gr P;.

Now, using [3.12 it is easy to see that implies . Henceforth, we
assume . First we prove that

00 P(2) > 84, (2) — T|2[ for every i =1,...,k — 1 and z € B(0,1).
In fact if w € gr(P) such that [z — w| = 04 py(2) then

jwl <22, |P(Th(w)) - Qi(Th(w))| < T2,
|2 —w| > [z = Ty(w) = Qi(Ty(w))] = |Qi(Ty(w)) — P(Ty(w))]
> 0 (2) — Tl

It follows, for i = 1,...,k, that

I A (A1 NB(0,7) N {2 1 8gr(gi)(2) > €7})
im

=0 for every € > 0.
70 a(m)rm
and, fori =1,...,k — 1 that

i A (A1 NB(0,7) N{z : O, (2) > 20711}
im

r—0 a(m)rm =0

Therefore is a consequence of Moreover, using it follows that A is
approximately differentiable of order (I, ) whenever either ] < kand 0 < 8 <1
orl =kand 0 < 8 < a. We prove now , whose proof is slightly more
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involved. We fix 2 < i < k and we replace I" by a larger number, if necessary,
in order to have

i () = [T (@) < Tlw =2, |fi(w) = fi(2)] < Tw — 2|
for w, z € B(0,4). Therefore we have
Fi[ANC(T, z,er /T er/T)] C A; N C(T, z,er /T, 3r),
H(A;NC(T, z,er/T,3r)) > T "™ (ANC(T, z,er /T, er/T)),

whenever 0 <7 <1,0<e<1andze B(0,r/T'). We fix 0 < e <1 and, using
[3:11] we can find 0 < p <1 and 1 > 0 such that

A (A; NB(0,5r) N{w: |ThL(w) — P(Ty(w))| > er'}) < nI ™ a(m)r™,
H(C(T, z,er /T er/T) N A) > 2na(m)r™ for every z € TNB(0,7),
whenever 0 < r < p. Let 0 <7 < p and z € gr(F;) N B(0,r/T"). Then
C(T,z,er/T,3r) C (B(0,57) N {w : | P;(Ty(w)) — Tul(w)| > er'})
UC(T, z,er/T,2er").
In fact if w € C(T', z,er/T, 3r) and |P;(T}(w)) — Thl(w)| < er® then
|Pi(Ty(w)) — Pi(Ty(2))]
| (@ — 2 /3 © (B0 /G — §)1), D P(0))]
<i|D* PO)||T " er* < er’
and we infer
|THL(2) - Thl(w)| < 2er', w e C(T,zer/T,2er").
We can now conclude that

H™(A; N C(T, z,er)T, 2er')) > T "™ na(m)r™

and (2a)) is proved.

B we immediately conclude that @7 (™ A,0) > 0 and T C
Tan]" (5™ A,0). By and we conclude that Tan™™(#™ L A,0) C T.
Finally let R: T — T be a polynomial function of degree at most k such that

R(0) = 0 and D R(0) = 0 and satisfying [3.8/(1) and [3.8/(2). Let
Ri(x) = (x'/i!,D'R(0)) for ye T andi=1,...,k,
By =4, Bi={x—Ri-1(Tj(z)):x € Bi_1}fori=2,... k.

We prove by induction that P; = R; for i = 1,...,k. Assume, for j =1,...,i
and 7 < k, that P; = R; and observe that A;y; = Biy1. Let e >0,0< p <1
and n > 0 such that

A (C(T, z,eryer™) N Biy 1) > na(m)r™ for every z € B(0,7) Ngr(Riy1),
A (Aig1 NB(0,2r) N {z 1 8y (p,, ) (2) > er™1}) < (n/2)a(m)r™

whenever 0 < r < p. Therefore for every z € B(0,7) N gr(R;+1) and for every
0 < r < p we conclude that

A (Bis 1 C(T, 2yer, ™) 1 {2 2 By (2) < er™13) > (/2Dex(m)r™
and P11 = Ri41 by
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3.15 Remark. A conceptually similar characterization has been proved for the
notion of pointwise differentiability in [Men16, 3.22]. Moreover the reader may
find useful to compare and [AS94] 3.4], where a concept of approximate
tangent paraboloid is introduced by means of inhomogeneous dilations and weak
convergence of Radon measures.

3.16 Remark. Suppose A C R™ and a € R". It is not difficult to see that the
condition

Tan™ (™ L A, a) € G(n,m) for some integer 1 <m <n

is necessary and sufficient to conclude that A is approximately differentiable
of order 1 at a. In fact the necessity is asserted in while the sufficiency
follows from [3.10] and 3.6

3.17 Remark. We describe now a simple example which illustrates some features
of the notion of approximate differentiability of order 1.

With each v > 1 and v7! < a < (y — 1)7! we associate the family F, ,
consisting of the subsets

RIN({(n 1) :0<t<n 7 }U{(-n"%t):0<t<n *7})
correspoding to the integers n > 1. We define
Aoy = (RN {(5,0): =1 < s < 1}) U[ Fur.

Since ay > 1 then #* (A, ) < co. Moreover, for each n > 1,
o0 o0
(n—1)¢ Zi_‘” > (n— 1)0‘/ 7L = (n—1)%(ay —1)"'n' 7 = o

as n — oo. Therefore @ (#' A, ,0) = co. Finally A, - is approximately

QY

differentiable of order 1 at 0 by [3.16] since
Tan' ('L A,.,0) =R x {0}.
3.18 Remark. Let A CR™ a € R™ and let 0 < p < v be integers. Since
Tan™ (A" L A,a) C Tan™ (" L A, a),
we deduce by [3:14] that the integer m in [3.8]is uniquely determined by A and a.

3.19 Definition (Approximate tangent space). Let A C R™ and a € R™. Sup-
pose A is approximately differentiable of order 1 at a and m and T are as in 3.8
We define the approxzimate tangent space of A at a to be the m dimensional sub-
space T and we denote it by ap Tan(A4, a). Moreover we define the approximate
normal space of A at a to be

ap Nor(A,a) = Dualap Tan(A4, a).

3.20 Definition (Approximate differentials of higher order). Let A C R™, let
k > 2 be an integer and a € R™. If A is approximately differentiable of order k
at a then we define the approximate differential of order k of A at a to be the
symmetric k linear map

apD* A(a) = DF(P o T)(0) € ©F(R™,R™),
where T = ap Tan(A, a) and P : T — T+ is as in
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3.21 Remark. Suppose A C R".

Following [Sim83], 11.2, 11.4] (see also [FM99, 2.2]) we consider the map Py
whose domain is given by the set of a € R™ such that there exist an integer
1<m<n,TeG(n,m)and 0 < < oo such that

lim r_m/ fl(x —a)/r)ds™x = 9/ fds#™ whenever f € Z(R"),
A T

r—04

and whose value P4(a) at a equals T. In fact, one may readily verify that m,
T and 6 are uniquely determined by A and a.
Then it is not difficult to check that if @ € dmn P4 and m = dim P4 (a) then

Ps(a) C Tan (5™ L Aya), Tan™™ (™ A,a) C Pa(a),
O™ Aja) =0.
Using and we deduce
dmn P4 C dmnap Tan(A,-), Pa(a) = ap Tan(A, a) whenever a € dmn Py.

If A, ~ is defined as in then 0 € (dmnap Tan(Aq,,-)) ~ (dmn Py, ).

3.22 Remark. Let 1 < m < n and k > 1 be integers, 0 < a < 1, A C R",
B CR"™ and a € R™. Suppose A is approximately differentiable of order (k, @)
at a, m = dimap Tan(A4, a) and

O™ A~ B,a)=0, O"(H"_ B~ Aa)=0.
Then B is approximately differentiable of order (k, «) at a with

ap Tan(A, a) = ap Tan(B, a),
apD’ A(a) = apD’ B(a) fori=2,... k.

3.23 Theorem. Let 1 < m < n and k > 1 be integers, 0 < a < 1 and let
A CR" be ™ measurable and (™, m) rectifiable of class (k, o).
Then for ™ a.e. a € A the set A is approximately differentiable of order
(k, @) at a with
ap Tan(4, a) € G(n,m).

Proof. Since an m dimensional submanifold M of class (k, ) of R™ locally cor-
responds at each a € M to a graph of function f : Tan(M,a) — Nor(M,a) of
class (k,a) with D f(Tan(M, a)y(a)) = 0, one readily checks that M is approx-
imately differentiable of order (k‘ a) at each of its points. Then the conclusion
follows from [Fed69, 2.10.19(4)] and [3.22}

3.24 Theorem. Let 1 < m < n be integers, let A C R™ be ™ measurable
and (™, m) rectifiable of class 1 and let v: A — R™ be a map such that for
™ a.e. x € A there exists 0 < \ < oo such that

"X L An{z: |v(z) —v(x)| > Az —=z|},z) =0

Then v is ™ A measurable and (™ A,m) approxzimately differen-
tiablﬁEl at ™ a.e. x € A.

2See [Fed69, 3.2.16].
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If additionally v(z) € apNor(A,z) for ™ a.e. x € A and A is (™, m)
rectifiable of class 2 then

(™ A,m)apDv(z)(u) ev = —apD? A(z)(u,v)  v(z)
for every u,v € ap Tan(A, z) and for ™ a.e. x € A.

Proof. By [Fed69, 3.2.29, 3.1.19(4), 2.10.19(4), 3.2.16] it is enough to prove the
statement in the following special case: let U C R™, V C R™ be bounded open
sets and let ¢ : U — R™, ¢ : V — R™ be maps of class 1 (of class 2 if A
is (2™ m) rectifiable of class 2) such that A C im1 and ¢ o) = 1y. Let
M = im1 and observe that ¢|M = 1)~!, ¢[A] is an ™ measurable subset of
R™. Moreover we can prove that v is J#™ ( A measurable by [Fed69, 2.9.13].
In fact one verifies that V = {(a,B(a,7)) :a e R", 0 < r < oo} isan ™LA
Vitali relation by [Fed69, 2.8.18] and, since @™ (™ L A,x) = 1 for ™ a.e.
x € A by [Fed69), 3.2.19], we conclude that v is (™ L A,V) approximately
continuousd| at ™ ae. x € A.

Let n = v o (¢|¢[A]) and, by [Fed69l 2.9.11], we deduce that 7 is approxi-
mately differentiable of order (0,1) at £™ a.e. x € ¢[A]. Therefore by
there exist countably many maps n; : R™ — R" of class 1 such that

<" (‘ﬁw ~ U2 i) = n(x)}) — 0.

We deduce, by [Fed69, 2.10.19(4)], that v is (##™ L A, m) approximately differ-
entiable at J#™ a.e. x € A because

A (A~ Ui (g 0 9)(@) = w(x)}) =0,

If we further assume v(x) € apNor(A,z) for #™ ae. z € A and A is
(™, m) rectifiable of class 2 then, for every j > 1, we define

vj(z) = (Nor(M,z)yom; 0 ¢)(x) forz e M,

we observe that v; is of class 1 relative to M and, by [Fed69] 2.10.19(4)] and [3.22]

A (A Uy {o s v(2) = v(@)}) =0,
Since, by [Fed69, 2.10.19(4), 3.2.16] and [3.22]
Dv;(z)(u) e v = —apD? A(x)(u,v) e v;(x) for every u,v € ap Tan(A, x)

and (AL A,m)apDv(xz) = Dyj(x) for ™ a.e. x € A, the conclusion fol-
lows.

3.25 Remark. The conclusion of the second part of may fail to hold at J#™
a.e. a € A if we omit the hypothesis “A is (F#™, m) rectifiable of class 27, even
if we assume that A is an m dimensional submanifold of class 1. This fact can
be easily deduced from [Koh77] and

Moreover the same conclusion may fail to hold at 7" a.e. a € A if we omit
the hypothesis “A is (™, m) rectifiable of class 2” but we assume v(z) = ¢
for ™ a.e. x € A for some ¢ € S"~ L. In fact it is proved in [AS94, Appendix]

3See [Fed69, 2.9.12].
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that for every 0 < o < 1 there exists a function f : R — R of class (1,a) and
a Cantor-type set E C R such that

LY E)>0, Df(z)=0 foreveryz € E,
LY EN{z: f(x) =g(z)}) =0 whenever g: R — R is of class 2.

If A= gr(f|E) then, by [3.41) 2" (AN dmnapD? A) = 0.

Relation with pointwise differentiability

The concept of pointwise differentiability of higher order for sets has been re-
cently introduced in [Menl6]. In we study its relation with the concept of
approximate differentiability introduced in the previous section. As a corollary
we derive in a one-sided estimate for the approximate differential of sec-
ond order at the set of points where the set can be touched by a full ball of the
ambient space.

3.26 Definition. Suppose X is a normed vector space, B C X and a € X.
We define the upper tangent cone of B at a by

Tan*(B,a) = X N {v : liminfr '&g(a + rv) = 0}
r—0+4
and the lower tangent cone of B at a by
— LT -1 —
Tan.(B,a) = X N{v: rl_l}r&_r dp(a+rv) =0}
In case Tan,(B,a) = Tan*(B, a), this set is denoted by Tan(B,a) and we call

it the tangent cone of B at a. Finally the (lower, upper) normal cone of B at a
is defined by

Nor,(A,a) = Dual Tan.(A,a), Nor*(A4,a) = Dual Tan*(4,a)
Nor(A,a) = Dual Tan(A4, a).
3.27 Remark. If 1 < m <n are integers and B C R then one may verify that
Tan™" (™ B,a) C Tan™(B, a)
Ul Ul
Tan" (™ B,a) C Tan,.(B, a).

Moreover one may readily verify that Tan,(B,a) and Tan*(B, a) are closed
cones.

3.28 Remark. This notation does not agree with [Fed59 4.3], [Fed69, 3.1.21]
and [Menl6]. In fact Tan*(B,a) is denoted by Tan(B,a) therein.

3.29 Definition. Let k£ and n be positive integers, 0 < o < 1 and B C R".
We say that B is pointwise differentiable of order (k,«) at a if there exists a
submanifold M C R"™ of class (k, «) such that a € M,

lir%r_l sup{|0rs(z) — dp(x)| : @ € B(a,r)} =0,
T

lir%r_k sup{dy(x): x € B(a,r)N B} =0 ifa=0,
r—r

limsup = *~*sup{du(z) : € B(a,r) N B} < 0o if a > 0.
r—0
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3.30 Remark. This concept has been introduced in [Menl@, 3.3]. In and
[3:36l we employ the concept of pointwise differential of order i for sets, introduced
in [Men16l 3.12].

3.31 Remark. It is worth to mention that, for sets, pointwise differentiability
does not imply approximate differentiability. In fact, suppose n > 1 is an
integer and B is a countable dense subset of R™. Then for every integer k > 1
the set B is pointwise differentiable of order k£ at every x € R™. But B is not
approximately differentiable of order 1 at every x € R".

3.32 Lemma. Let BC R" and a € Clos B.
Then the following statements hold.

(1) If M ={a+v:v € Tan*(B,a)} then
lir%r_l sup{dn(z) : ¢ € B(a,r) N B} = 0.
r—

(2) If M ={a+v:v € Tan.(B,a)} then
lir% r~tsup{dp(x): x € B(a,r) N M} = 0.
r—

(3) The condition
Tan(B,a) € G(n,m) for some integer 0 <m <mn

is necessary and sufficient to conclude that A is pointwise differentiable of
order 1 at a.

Proof. Proof of . If there existed ¢ > 0, r; > 0, r; — 0 as ¢+ — oo and
x; € BNB(a, ;) such that dps(z;) > er; then, possibly passing to a subsequence,
we could assume there would exist v € S"~! such that (z; — a)/|z; — a| — v as
i — 00. Then v € Tan™(B, a),

6§T{1’xi—a—|xi—a|v‘ < \xi—a|71‘xi—a—|xi—a|v| fori>1

and we would get a contradiction.

Proof of . Suppose € > 0 and observe there exist an integer I > 1,
v1,. .., v € Tan,(B,a)NS" ! and 1 > 0 such that 7~ '8 (a+7v;) < € whenever
i=1,....,land 0 <7 <nand

Tan,(B,a) NS™ ' C U._, B(v,e€).
If0 <r <nandwv € B(0,7)NTan.(B,a) ~ {0} then we choose i = 1,...,1 such
that |(v/|v]) —v;| < € and, since Lipdp < 1, we conclude that dg(a+v) < 2¢v].

Proof of . For the necessity, suppose M is as in when k£ = 1 and
a = 0, observe that Tan(M, a) = Tan*(B,a) by [Menl6l 3.4] and Tan(M,a) C
Tan, (B, a) because

lim lv| ™ éar(a +v) = 0.
Tan(M,a)>v—0

For the sufficiency let M = {a + v : v € Tan(B,a)} and, since a € Clos B, one
verifies that

sup{|dp(z) — dp ()| : x € B(a,r)} <
<sup({dp(z) : z € B(a,2r) N M} U{dp(z) : © € B(a,2r) N B}),

Therefore the conclusion comes from and .
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3.33 Remark. Compare 3.32|. with the analogous result for approximate dif-
ferentiability in [3.16} Moreover 3.32|. is a restatement of [Menl@, 3.19].

3.34 Remark. If M is an m dimensional submanifold of class 1 of R"™ then, by

3.32|., 3.16] and [3.27] one may readily infer that
Tan(M,a) = Tan™ (™ . M,a) for every a € M.

3.35 Theorem. Let 1 < m < n and k > 1 be integers, 0 < a <1, ACR"
and a € R™. Suppose A is approzimately differentiable of order (k,«) at a and
m = dimap Tan(A4, a).

Then there exists B C A pointwise differentiable of order (k, ) at a such that

Om(H#™_ A~ B,a) =0,
ap Tan(A, a) = Tan(B,a) = Tan™ ("™ L B, a),
pt D’ B(a, Tan(B,a)) = apD* A(a) fori=2,... k.

Proof. Assume a = 0 and suppose T = ap Tan(A, 0), P : T — T+ is defined by
P(x) = Yk ,(x/jl,apD’ A(0)) for y € T

and T = sup{1,3°¥_, | ap D7 A(0)[/j!}. By [3.11]and [3.7] we infer that

O (™ A~Xi(0,T,Pe),a) =0 forevery e>0if a =0,
O AL A~Xpa(0,T,P,X),a) =0 forsome0<A<ooifa>0.

We fix 0 < A < o0 as above if a > 0. We define, for every integer ¢ > 1,
A= ANXE(0,T,P,(20) ) ifa=0, A;=ANXya(0,T,PN) if a > 0.

Let Q, =R"N{z: |ThJ-(z)| <, |Ty(2)| < r} for 0 < r < co. For every integer
i > 1 let §; > 0 be such that

HT(ANQ, ~ A)) <27 a(m)r™ whenever 0 < r < §;
and we assume ;11 < d;, §; — 0 as ¢ = o0,
<D Vifa=0, & <A+T)"V ifa>0.
We define, for every integer ¢ > 1,
Ci =T, '[B(0,6;) ~B(0,0:11)], B=U;2, 4;NC;.
Observe that B C X(0,7,1) and
(Qs; ~Qs,,,)NX(0,T,1) ~C; =@ whenever j > 1.
We can prove now that @™ (™ A ~ B,0) = 0. In fact, by and we
infer @™ (#™ . A ~ X(0,7T,1),0) = 0. Moreover, if 0 < r < d; and ¢ > 1 are
such that 51'_;,_1 < r < §; then
QrNANX(0,T,1) ~BC(Q:NA~A)UU;Z 1, Qs; NA~ Ay,
H(Q, NANX(0,T,1) ~ B) < a(m)r™ > %2 277,

j=i
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Since this implies 0 € Clos B by it follows that

111%1"4“ sup{|P(T}(z)) — Tﬁ‘(z)\ z€ BN Th_l[B(O,r)]} =0 ifa=0,
r—

lim sup = *~* sup{| P(T},(2)) — Thl(z)| :z€B OTh_l[B(O,r)]} <X ifa>0.

r—0

In particular, Tan*(B,0) C T. By and we get that
T = Tan]" (#™ L A,0) C Tan] (€™ L B,0).

Therefore B is pointwise differentiable of order 1 at a with T = Tan(B,0) =

Tan™ (™ B,0) by and [3.32|(3). Moreover, since Tan(gr P,0) = T, we
can use to check that the conditions in hold with M replaced by gr P.
Therefore, by [Men16l 3.12] and [3.20] we conclude that

ptD? B(0,T) = apD" A(0) fori=2,...,k.
3.36 Theorem. Let ACR", a € R*, v € S" 1, 0 < r < oo and suppose
U(a+ry,r)NA=2.
Then the following three statements hold.
(1) If A is a submanifold of class 2 and a € A then

ba(a)(v,v)ev <7 v|* whenever v € Tan(A, a).

(2) If A is pointwise differentiable of order 2 at a then

ptD? A(a, Tan(A, a))(v,v) e v < 7 Hu|?>  whenever v € Tan(A, a).

(3) If A is approzimately differentiable of order 2 at a then

apD? A(a)(v,v) e v < 7 w|?  whenever v € ap Tan(A4, a).

Proof. Assume a = 0. Observe that v € Tan*(A,0)" in case the hypothesis of
[[ or @ are satisfied.

The statement in is classical. We give a proof here for completeness.
If T = Tan(A,0) then there exist a function f : T — T+ of class 2 and an
open neighbourhood U of 0 € R™ such that D f(0) = 0, T,{U] = T;[U N A] and
ANU ={x+ f(x) : x € Ty[U]}. Since for every x € T;[U]

X+ f0) —rmv| =7, 2rf(x)ev < [xI*+|f(x)%,

we conclude that D? f(0)(v,v) @ v < r~u|? for every v € Tan(A,0) and, since
b (0) = D? f(0), the statement in (T follows.

The statement in is an immediate consequence of [Menl6l, 3.18]. In fact
suppose T = Tan(A4,0), P : T — T+ is the homogeneous polynomial function
of degree 2 such that pt D* A(0,T) = D*(P o T})(0) (whose existence can be
asserted, from instance, by [Menl6l 3.22]) and B = {x + P(x) : x € T}. If we
prove that U(rv,7) N B = @ then (2)) is a consequence of ([IJ). By contradiction
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let z € BNU(ry,r) and, by [Menl6], 3.18], for every positive integer i we can
select x; € A such that

1T} () + iQTul(xi) —x| =0 asi— oo
Since |z; — rv| > r for every i > 1, we get
[iTy () + iQThL(xi) —ru|?
= lai — v + (@ = )Ty (@) P+ =i
> (i* = )| T (@) P +1r° fori>1;

yet |iTy(x;) + z'QThL (x;) — rv| < r for i large. This is a contradiction.

Finally (3) is a consequence of ([2)) and

Rectifiability and Borel measurability

In [3-37] [3.38 and [3.40] we study the measurability properties of the approximate
differentials. Then in we prove a novel criterion for higher order rectifia-
bility. This result together with provides a full characterization of higher
order rectifiable sets in terms of approximate differentiability.

3.37 Lemma. Let1 <m <mn andk > 1 be integers, 0 < a<1,v=k+a and
ACR". LetY be the set of

k
(a.T, o, ... ¢x) € R" x G(n,m) x [[O'®R",R")

=0
such that ¢g = Thl (a) and
™ (ANU(a,r) N {25 1T () = LoDz = a)i /1,67 > e17})

lim =0
r—0 a(m)rm

for every e > 0 [for some 0 < € < 00/. ‘
Then'Y is a Borel subset of R™ x G(n,m) X Hf:o O'(R™,R").

Proof. Let Z = R™ x G(n,m) X H?:o O'(R",R"). If 0 < € < 00, i > 1 is an
integer and 0 < r < oo we define W ; » to be the set of (a,T, do,...,¢r) € Z
such that ¢y = ThL (a) and

A (AN, 0 {25 1T () = Dio(Th(z =)' /it o)) > e }) < imtem,

Then W, is a closed subset of Z. In fact if (a;,Tj, ¢oj,- .-, 0k,;) € Weir,
j > 1, is a sequence converging to (a, T, ¢g, ..., ¢r) € Z as j — 0o, we define

Pi(x) = Xiso((x = Ty(ay))! /1l ¢ug)  for x € Ty and j > 1,
P(x) = Yiso((x = Ty(a))!/il ¢)  for x €T,
and we observe that P;(T};(2)) — P(T}(2)) as j — oo, whenever z € R™. Let
Bj = ANUl(a;,r) N{z: [T (2) — Pj(Tj5(2))] > er™},
B=ANU(a,r)N{z: |ThL(z) — P(Ty(2))| > er7}
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and observe that

3
DL

Il
—

BC By,

h=j

Therefore, by [Fed69, 2.1.5(1)], we conclude that

J

A™(B) < lim ™ (() By) < liminf 27" (By) < i~ '™,

j — 00 —00
J h=j J

(a,T,¢0,...,01) € We,;, and W, , is closed.
Henceforth Y is a Borel set because

V=NZ N2 Uis Wi s 0 < <571,

Y =UZ, N2 Uiy N{Wir s 0 < < G713

3.38 Lemma. Suppose 1 < m < n are integers, A C R" and 7,(x) =z —a
whenever a,x € R™. Let Y be the set of (a,T) € R™ x G(n,m) such that for
every € > 0 there exist n > 0 and p > 0 such that

H(C(T, z,er,er) N 14[4]) > na(m)r™

for every 0 < r < p and for every z € TNB(0,r).
Then'Y is a Borel subset of R™ x G(n,m).

Proof. We prove that (R™ x G(n,m)) ~ Y is a Borel subset of R" x G(n,m).
For every € > 0, n > 0 and 0 < py < p; suppose W, . is the set of
(a,T) € R" x G(n,m) such that

H(C(T, z,er,er) N 1[4]) < na(m)r™

for some z € B(0,7) N T and some py < r < p;. We prove that We,, 5, ,, is
a closed subset of R" x G(n,m). Suppose (a;,T;) € Weppipsr J = 1,15 a
sequence converging to (a,7) € R™ x G(n,m) as j — oco. Therefore there exist
sequences pp < 1; < p1 and z; € T; N B(0,r;), for j > 1, such that

H(C(T}, 24, €rj, €r;) NTq, [A]) < na(m)r}n for every j > 1.

Then there exist z € R™ and r € R such that, possibly passing to a subsequence,
zj > zand r; — r as j — oo. Observe that z € B(0,7) N T and py <7 < p1.
For each j > 1 we define

B; = C(T}, z;, erj, er;) N Ta; [A], B =C(T, z,er er) N1y[4],

and one may easily verify that

BC U
h=1k

Now we can use [Fed69) 2.1.5(1)] to conclude that

o0

Ta—ak [Bk]
h

H(B) < lihminf%m (Ta—ay [Br]) < a(m)nr™.
—00
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Therefore (a,T) € We p.p,.p, and We p 5, 5, is a closed subset of R™ x G(n,m).
If F C R is a countable set such that inf £ = 0 ¢ E then it is not difficult to

see that
@ Gnm) ~¥ = J () 1) U Wi

e€EEneEE p1€FE p2€E

3.39 Theorem. Suppose 1 < m < mn and k > 1 are integers, 0 < a <1, A C
R™ such that ™ (A) < oo and for every a € A there exists an m dimensional
submanifold B C R™ of class (k,«) such that a € B and the following condition
(%) is satisfied. For every e >0

lim i (AOB(‘I»T) N{z:0p(z) > erk})

=0
r—0 a(m)rm
and, if a > 0, there exists 0 < A < oo such that

) A (ANB(a,r)N{z:dp(z) > Arkte})
r50 a(m)rm

=0.

Then A is (™, m) rectifiable of class (k, ).

Proof. If a € A and B is an m dimensional submanifold of class 1 such that
a € B and (x) is satisfied then, by and[3.6] we get that Tan™™ (™ L A, a) C
Tan(B, a) and

Q" (H™L A~ X(a,Tan(B,a),€),a) =0 for every € > 0.

Therefore by [Fed69, 2.10.19(2), 3.3.17, 3.2.29] we conclude that A is (™, m)
rectifiable of class 1.

Let S € G(n,m), let U C S be relatively open, let f : U — S be a function
of class 1, M = {x + f(x) : x € U}, Lip f < 0o and ™ (M) < oco. We prove
that M N A is (™, m) rectifiable of class (k, ). This evidently implies that
A is (™, m) rectifiable of class (k, a).

Let X be the set of points a € R™ such that there exists an m dimensional
submanifold B of class (k,a) such that a € B and () is satisfied. Then X is
an ™ measurable subset of R" by [3.11] and [Fed69) 2.2.13]. Let E C M
be an J£™ hulﬁ of M N A and we prove that E N X is (£, m) rectifiable of
class (k,a). Observe that EN X satifies the same hypothesis A does. Let Y be
the set of points a € EN X such that @™ (™ L M ~ (ENX),a) =0. We use

and to conclude that
Tan™™ (™ L ENX,a) = Tan(M,a) for every a €Y.
By [Fed69, 2.10.19(4)] we have #™(ENX ~Y) =0. Let
C=Sn{x:x+fx)eENnX}, D=Sn{x:x+f(x)eY}
we observe that ™ (C ~ D) = 0 and
Q"ML S~C,x)=0 forevery x € D.

Let x € D, a = x + f(x) and suppose B is an m dimensional submanifold
of class (k, «) such that a € B and (%) is satisfied with A replaced by E N X.

4See [Fed69, 2.1.4].
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Since Tan(B,a) N S+ = {0} there exist a function g : S — S+ of class (k,«)
and an open neighbourhood V of a such that BNV ={(+¢({): (€ S}nV.
Therefore, by

a0 (E NX NB(a,r) N{z:g(Sy(2) — SH(2)| > erk})

li _
"0 a(m)rm 0
for every € > 0 and, if a > 0, there exists 0 < A < oo such that
a0 (EmX NB(a,r) N {z : [9(S4(2)) — SE(2)] > /\rkm})
lim —o.
r—0 a(m)rm

Let P: S — S+ be the k jet of g at x. If € > 0 then, possibly replacing A by a
larger number if o > 0, we can choose p > 0 such that

l9(¢) — P(O)] < ArFT if o> 0, [g(¢) — P({)| < erk if a =0,

for every ¢ € B(x,7) and 0 < r < p. Let T' = (1 + (Lip f)?)'/2, y = A + Tkt )
if @ > 0 and observe that whenever 0 < r < p
CNB(x.7) N{C:If(¢) = PQ)| > vrite}

CS[ENXNB(a,I'r)N{z: |Shl(z) — g(Sy(2))| > ATFFophTe] if o > 0,
CNB(x,r) N{C:If(¢) = PO)] > 2er*}

CSIENXNB(aI'r)n{z: |Shl(z) —g(Sy(2))| > er*}] ifa=0.

Since y is arbitrarily chosen in D we infer by [2.6] and that there exist
countably many functions g; : S — St of class (k, ) such that

A7 (O~ UG Q) = 9,(0F) = 0.

implying that EN X is (™, m) rectifiable of class (k, ).

3.40 Theorem. Suppose n > 1 and A C R".
Then ap Tan(A, )y is ¢ Borel map whose domain is a Borel subset of R™.
The same conclusion is true for apD* A for every k > 2.

Proof. This is a consequence of and [Menl6, 4.1].

3.41 Theorem. Suppose 1 < m < n and k > 1 are integers, 0 < a < 1,
A C R" such that S™(A) < oo and X is the set of a € R™ such that A is
approximately differentiable of order (k,«) at a with dimap Tan(A4,a) = m.

Then X is a Borel subset of R"™ and AN X is (™, m) rectifiable of class
(k,a).

Proof. This is a consequence of [Menl6, 4.1] and
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Chapter 4

A second order rectifiable
stratification for sets

Statement

After we have introduced the necessary definitions in [4.2] we provide the state-
ment of the main result of this chapter in [4.3

4.1. First of all it is convenient to recall some basic facts about sets of positive
reach and convex sets.

Suppose 0 < m < n are integers and A C R" is a non empty closed set. Fol-
lowing [Fed59, 4.1] we define reach(A, a) = sup{r : U(a,r) C Unp A} whenever
a € A and reach A = inf{reach(A4,a) : a € A}.

(1) The following fact is proved in [Fed59, 4.8(12)] and we state it here using
the terminology we have introduced above. If a € A and reach(4,a) > 0
then

Tan,(A,a) = Tan*(A,a), Tan(A,a) = DualNor(4,a).
Moreover if reach(A4,a) > r > 0 and
S={M:A>0, |v|=r, Ea(a+v)=a}
then either S = @ and Nor(4,a) = {0} or S = Nor(4, a).

(2) If A is convex then, by [Fed69, 4.1.16], we infer that reach A = co. More-
over if @ € A one may readily verify that

Tan(A,a) = Clos{A\(x —a):x € A, 0 < A < o0}

and, using [Roc70, 2.6.3, 6.2], one may infer that Tan(A4, a) is the smallest
closed convex cone containing A. Finally we observe that

Nor(A,a) = Dual{x —a:xz € A} whenever a € A.

In particular, .#'(A4,a) = Nor(A, a) whenever a € A (see[1.6).
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4.2. Suppose A C R"™ is closed and a € A. Since by [Fed59, 4.8(2)]
R"N{u:dala+u)=|ul}
is a closed convex subset of Nor*(A,a) containing 0 then, by we define
nor(A,a) = Tan(R" N{u: da(a +u) = |u|},0)

and we observe that nor(4,a) C Nor*(A4,a). If reach(4,a) > 0 we can use
to infer that
Nor(A,a) = nor(4,a).

For each integer 0 < m < n we define
X"™A)=An{a: " " (nor(A,a)) > 0}.

Evidently £°(A) C X}(4) C ... C Z"}(4) C £"(A) = A and, by [Roc70,
6.2],
X"™MA)=An{a: " (R"N{u:da(a+u)=|ul}) >0}

whenever m =0,...,n.

We can now state the main result of this chapter whose proof is postponed

to 4. 10

4.3 Theorem. Suppose 0 < m < n are integers and A C R™ is closed.
Then X™(A) is a Borel subset of R™ and it is countably (F€™,m) rectifiable
of class 2.

Preparation

Here we collect several technical lemmas that we use in the proof of 1.3

4.4. Suppose A is a non empty closed subset of R™ and 0 < r < s < co. We
define
Sr(A)=R"N{z:04(z) =r},

Si(A)={a+(r/s)u:ac A, da(a+u) =|ul =s}.
By [Fed69, 3.2.12, 3.2.15] one may easily deduce, for £* a.e. r > 0, that
A" S (A)NK) < oo whenever K C R™ is compact,
S,(A) is countably ("1 n — 1) rectifiable of class 1.

Evidently SZ(A) is a Borel subset of R™ and S2(A) C Unp(A)NS,(A4), whenever
0<r<s<oo.

4.5 Lemma. Suppose A is a non empty closed subset of R™ and 0 < r < s < 00.
Then Lip(€a|S2(A)) < (s —r)7Ls.
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Proof. The argument in this proof resembles the proof of [Fed59, 4.8(7), 4.8(8)].
Suppose £ = £4]S2(A). Let x € S5(A), be A,

et
7€)

Then sup J > s. If t € J we have

J={t:0a(E(x) + tu) = t).

€(@) + tu— b = 84 (E(w) + tu) = 1,
t2 < |&(x) — b]* + 12 + 2tu o (£(x) — D),
(x —&(x)) o (E(x) = b) > —(2) "} [E(w) — b’ |z — £(2)]
and, letting ¢ — s—, we conclude
(x —&()) o (E(x) — b) = —(25) " [é(x) — bf*r
If x,y € S3(A) then

(z —&(2)) o (§(2) — £(y) = —(25) 7 €(x) — &),

[z —yll§(x) = W)l = (z—y)
(x —&(x)) o (€
s (s —r)lé(@
4.6 Lemma. Suppose A is a non empty closed subset of R™ and 0 < r < s < 00.

If v : S5(A) — R" is defined by v(x) = r~Y(z — €a(z)) whenever x € S(A)
then the following three conditions hold.

(1) Whenever x € S5(A)

AV

U (sc — sv(x), %) ns.(A)=2, U (x—i— Stv(x), S;T) NS, (A) = @.

(2) Whenever x € S:5(A)

limsup 8 2sup{|v(z) e (z — z)|: 2 € S, (A) N U(z,8)} < oc.
6—0+

(8) Whenever x € Si(A)

h;i(s)lip S 2 sup{|v(z) e (Ea(2) — €a(x))] : 2 € S5(A) NU(z,6)} < c0.

In particular S2(A) is countably ("1, n — 1) rectifiable of class 2.
Proof. Suppose & = £4]5:(A).

Let x € S5(A), c=x+ ((s—r)/2)v(z) and b = z — (r/2)v(z). First observe
that U(b,r/2) C U({(x),r) and U(&(x),r) N S.(A) = &. Suppose w € S,.(A)
and a € A so that

ds,.(ay(c) =|w—c|, da(w)=|w~—al

33



We observe that £(c) = &(z), |c—&(c)| = |c—z|+|x—£&(z)| and [c—&(c)| < |c—al.
Therefore

lc—z[=lc—&(c)| =z = (@) < |e —a] — o — ()]
<le—w[ 4w —af = |z - £(z)| = |e —w|.

This implies that dg (a)(c) = |c — x| = (s —r)/2 and is proved. Observe
that is an immediate consequence of . Finally in order to prove we
observe

N
—~~ —~
I
—
|
N
—
&
N
=
[ )
<
—~
8
N—
Il
|
—
—
~
()
=
<
—
I
S~—
|
N
—
8
N—
o

v(z) —v(z)) ev(z) + (2 — z) e v(2),
r/2) Lip(v)* |z — 2|* + |(2 — z) e v(z))|

whenever z,z € S5(A). Therefore follows from (2)).
The postscript is a consequence of and [Fed69, 3.1.15].

4.7. The following proposition is classical and it is based on [Fed69, 2.10.26].
Suppose X and Y are metric spaces, X is compact, f : X — Y is a contin-
uous map, F is a family of open subsets of X, C is a function such that

0<¢(S) <oo whenever SEF,

1 is the result of the Caratheodory’s construction from ( on F and ¢s is the
size § approzimating measure for every 0 < 6 < oo (see [Fed69, 2.10.1]). Then
the function mapping y € Y onto ¢(f~1{y}) is Borel. In fact, if t > 0, letting

V=Yn{y:o(f "y} <t},

Vi=Yn{y:o1u(f {y}) <t+(1/i)} for every integer i > 1,

we observe that

and V; is open whenever ¢ > 1. The latter can be proved observing that if y € V;
then there exists a countable open covering G of f~1{y} such that

diameter S < 1/i whenever S € G, Z ¢(S) < t+ (1/i);
Sea

since X is compact, there exists € > 0 such that

Ul clya.
4.8 Lemma. Suppose n>m > [, v > U,

W C R"™ is countably (™, m) rectifiable, 7™ measurable and
(K NW) < oo whenever K is a compact subset of R™,

Z CRY is countably (", u) rectifiable, 7" measurable and
HMZNK) < oo whenever K is a compact subset of RY,

34



f: W — Z is a Lipschitzian map,
V=Wn{w:apJ,f(w) =0},

where the (™ L W, m) approzimate u dimensional Jacobian of f at w is defined
by the formula

apJuf(w) = A, (2™ W,m)apD f(w))||

whenever Tan™ (™ L W,w) € G(n,m) and f is (™ W, m) approximately
diﬁerentiableﬂ at w.
Then the following three statements hold:

(1) if X C Z is " measurable then f~1[X] ~V is ™ measurable;
(2) ifn=m, L"(V) =0 and " F(f~1(2)) > 0 for " a.e. 2 € Z then

there exists a countable collection G of 7" measurable subsets of W such
that 0" (Z ~\J{f[P]: P € G}) =0 and, if P € G, then

fIP is univalent, — Lip((f|P)™") < oo,
P is contained in some affine set of R™ of dimension u;

(3) if (V) =0 and ™ H(f71(2)) > 0 for " a.e. z € Z then there
exists a countable collection G of " measurable subsets of W such that
HOM(Z ~J{f[P]: P € G}) =0 and, if P € G, then

fIP is univalent, Lip((f|P)71) < o0,
P is p rectifiable.

Proof. In order to prove we observe, by [Fed69l 2.2.3], that there exists a
Borel set B C X such that s##(X ~ B) = 0 and another Borel set A C Z
such that X ~ B C A and s##(A) = 0. Noting [Fed69) 2.10.19(4)], by [Fed69,
3.2.22(3)] with W, Z and f replaced by f~1[A], A and f|f~1[A],

/ ap J, f(w)dA™w = / AT (N (=) dottz =0,
F1A]~Y A

A" (fHA ~V) =0.

Since f7MX] ~ V = (f7'B]~V)U (f'[X ~B]~V) we conclude that
FHX] ~ V is 2™ measurable.

In order to prove (2) we first notice, by [Fed69, 2.10.19(4), 3.2.16] that (see
53)

(" W,n)apD f(w) =apD f(w) for £" ae. weW.

We consider the class 2 of all families G of " measurable subsets P of W
such that f[P]N f[Q] # @ if and only if P = @ and such that if P € G then

HAM(P) >0, f|P is univalent, Lip((f|P)™!) < oo,
P is contained in some u dimensional affine set of R™.

LFor the notion of (¢, m) approximate differentiability for functions, where ¢ is a measure
over some normed vector space X and m is a positive integer, see [Fed69, 3.2.16].
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Let G be a maximal element of €2 with respect to inclusion and note that G is
countable. If the Z* measurable set

Zy =7 ~| J{fIP]: PG}

had positive J##* measure, then f~1[Z;] would be £" measurable by and
L™(f1Z1]) > 0 by [Fed69, 3.2.22(3)]. Then one could choose T' € G(n, )
such that £ (W7) > 0, where

Wi = fHZ) 0 {w | A, (ap D f(w)[T)] > 0},
and apply [Fed69, 2.6.2(3)] to infer that there exists n € R™ such that
JCH(R) >0

where R = Wi N{¢ : { —n € T}. Furthermore there exists a Lipschitzian
function F' : R™ — RY such that F|W = f by [Fed69, 2.10.43]. Since F' is
pointwise differentiable at w with D F'(w) = apD f(w) whenever w € W; by
[Fed69, 3.1.5], we can use [Fed69, 3.2.2] to infer the existence of a Borel set
P C R such that the family G U {P} belongs to 2, in contradiction with the
maximality of G.

Finally we prove . Suppose K; is a sequence of compact subsets of R™
and ¢; : R™ — R" is a sequence of Lipschitzian maps satisfying the conclusion
of [Fed69l 3.2.18] with respect to W, for some 1 < A < oo. For every integer
i>1 let

Z = RY 0 {5 7071 (2) 0 [K) > 0},

and observe, by [Fed69, 3.2.22(3)], that #*(Z ~ ;2| Z;) = 0. By [4.7] the set
Z; is a Borel subset of R”. We define

W; = fZ]ni[K;]  for every integer i > 1

and we observe they are Borel subsets of R"™. For every integer ¢ > 1 let
fi 27 Y {Wi] = Z; be given by

fi = [ o (Wil Wi])

and V; = o; '{Wi] N {z : | A.(apD fi(z))|| = 0}. We use [Fed69, 2.10.19(4),
3.2.22(3)] to infer that

A (Yi[K) ~ f7UZi]) =0 for every i > 1.

Therefore
(W~ Ufil W;)=0.

Moreover " H(f71(2)) > 0 for every z € Z;. Finally combining [Fed69)

3

2.10.43, 3.1.5, 3.2.17] we infer that
YilVin{z : @7 (™ L W ~ Wy ¢i(x)) =0} CVNW;
and, by [Fed69, 2.10.19(4)],

LVi ~ @A™ LW ~ Wi, thi(x) = 0}) =0
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whenever i > 1. Therefore we can apply to conclude that for every i > 1
there exists a countable family G; of " measurable and u rectifiable subsets
of W; such that

A (fIWi] ~ULfIP]: P e Gi}) =0,
f|P is univalent, Lip((f|P)™") < oco.

Applying [Fed69) 2.10.25] with A replaced by ffl[f[W] ~ U2, f[WZ]] and
[Fed69l 2.10.26] we infer that s27* (f[W] ~ U;=, f[W;:]) = 0; therefore

A (W]~ UZ U{fIP]: P € Gi}) =0.
4.9. Suppose A is a non empty closed subset of R™. We define
Q= (Ax R™) N {(a,u) : Saa+u) = |u] < 1},
N=(AxR")N{(a,u):u e aff Q(a)}.

Observe that aff Q(a) is a linear subspace of R™ for every a € A. Evidently
Q is a closed subset of R™ x R"™. Moreover it is not difficult to see that N is a
countable union of compact sets. In fact, if

Qn={(a,uy,...,up):a €A, u; € Qa) fori=1,... ,n}
and L : (R")"*1 x R"® — R" x R" is defined by
Lia,ut, ... Up, Myeeay An) = (@, Doy A ),

we observe that @, is a closed subset of (R™)"*! and N = L[Q,, x R"].
Since Q(a) is convex (by [Fed59, 4.8(2)]) and

nor(A,a) = Clos{ \u: A >0, u € Qa)}
for each a € A, we can use [Roc70} 2.6.3, 6.2] to deduce that
aff nor(A4,a) = N(a) whenever a € A.

4.10 Lemma. Suppose A C R" is closed.

Then for each integer 0 < m < n the set X™(A) is a Borel subset of R™.
Proof. We assume m < n since 3"(A) = A.

Since N is a countable union of compact sets then

{a: N(a)NW # &}

is a countable union of compact sets, whenever W C R"™ is open. Therefore we
can apply [CVTT, I11.7] to infer the existence of countably many Borel functions
u; : A — R" such that

Clos{uj(a): j > 1} = N(a) whenever a € A.

Since Oy (q)(v) = inf{|v —u;(a)| : j > 1} whenever (a,v) € A xR"™, we conclude
that dn(4)(v) is a Borel function with respect to (a,v) € A x R". Let D be a
countable dense subset of G(n,m + 1). Then it is not difficult to show that

ANn{a:dimN(a) <m} = ﬂ {a:sup{dn@)(v) :v e SN sn11 > 1}.
SeD

Therefore dim N(a) is a Borel function with respect to a € A. We use now
to conclude that AN{a:dim N(a) >n—m} =3X"(A).
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4.11. The following facts will be used in the proof of and

(1) If X is a metric space then every Borel subset of X is a Suslin subset of X.
This is proved in [Fed69l 2.2.10, p. 66].

(2) If X is a topological space, S is a Suslin subset of X and T is a Suslin
subset of S then T is a Suslin subset of X. In fact, using the notation of
[Fed69, 2.2.10], if C' C X x .4 is a closed set such that T' = p[C'N(S x A)]
then T' = p[C] N S, implying that T is a Suslin subset of X by [Fed69,
2.2.10, p. 66).

(3) If X is a complete separable metric space and B is a Borel subset of X
then the following conditions are equivalent for S C B.

(a) S is a Suslin subset of B;
(b) S is a Suslin subset of X;

(c) there exists a complete separable metric space Y and f : YV — X
continuous such that im f = S (this is the definition of Suslin subset
used in [CVTT], see [CVT77, IT1.17]).

By (1)) and (2)) we deduce that implies (3b)), by [Fed69, 2.2.6] we may
infer that (3b)) implies and by [Fed69, 2.2.10, p. 65] we get that

implies (3al).

(4) If X and Y are topological spaces, f : X — Y is continuous and F' is
the Borel family generated by the Suslin subsets of X then f~![S] € F
whenever S is an element of the Borel family generated by the Suslin
subsets of Y. In fact, by [Fed69, 2.2.10, p. 66],

2V N {T: fYT) e F}
is a Borel family with respect to Y containing the Suslin subsets of Y.

4.12 Lemma. Suppose A C R"™ is closed.
Then there exist p: X" 1(A) — R and ¢ : "~ 1(A) — R" such that

pla) >0, ((a) € N(a), U(((a),p(a)) N N(a) < Qa),

whenever a € X" "1(A). Moroever p is a Borel function and C is so that for
each open U C R™ the set (T1[U] belongs to the Borel family generated by the
Suslin subsets of T""1(A).

Proof. For each integer ¢ > 1 let
R; = NN {(a,u) : either §4(a+u) < |u| =i~ ' or da(a+u) = |u| > 1}

and observe that R; C R;;1 whenever i > 1, R;(a) = @ whenever ¢ > 1 and
a€A~3X"1(A),
U2, dmn R; = X" 1(A).

Fix i > 1. Since N is a countable union of compact sets by [1.9] so is R;.
Therefore {a : R;(a) "W # @} is a countable union of compact sets whenever
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W C R™ is open and, applying [CVT7, I11.7], we conclude there exist countably
many Borel functions w; ; : dmn R; — R”™ such that

Clos{w; j(a) : j > 1} = R;(a) whenever a € dmn R;.
Thereofore dg, (q)(v) = inf{|w; j(a) —v|: j > 1} is a Borel function with respect
to (a,v) € (dmn R;) x R™. SinceE|
ON(a)~Q(a) (V) = Inf{dp, () (v) : i > 1}
whenever (a,v) € Z"71(A) x R", we conclude that
ON(a)~Q(a) (V) is a Borel function with respect to (a,v) € X" 1(A) x R™.
Therefore we define p : X""1(A) — R by
p(a) = sup{dn(a)~q(a)(v) 1 v € N(a)} whenever a € £" " (A)

and observd?| it is a Borel function such that p(a) > 0 whenever a € ""1(A).
Since N N{(a,v) : dn(a)~q(a)(v) = p(a)} is a Borel subset of "~ 1(A) x R™, we
can apply [CV77, Theorem III.18] in combination with 4.11)(3) to deduce the
existence of a function
C: X" (A) - R
such that for every open subset U of R™ the subset (~![U] belongs to the Borel
family generated by the Suslin subsets of X"~ 1(A) and
((a) € N(a), On(a)~q(a)(¢(a)) = p(a),

whenever a € Z"71(A).
4.13 Lemma. Suppose A C R" is a closed set and Q is defined as in[[.9 If
0<r<l,a€ A and C CR" is a convex cone such that

o #C0{u:lul =1} € Qa),
then 8puarc (b — a) < (2r)71|b — a|® whenever b € A.

Proof. The proof resembles [Fed59 4.18]. We fix b € A. If v € C, v # 0,
u = (r/|v])v and
J=A{t:da(a+tu)=tr},

then v € Q(a) and supJ > 1. Observe that if ¢ € J then |a + tu — b > tr.
Therefore we can compute

(a—b)ev>—(2r)"Ya — b*|v],

[(b—a) = o[> > |b—af> + [v]* =~ a —b*[v]
= [b—al® + [o]* =r~Ha = b|o] + (4r*) "o — al* — (4r*) " [b — a|*
> |b—al* = (47*)" b — a|*.

2More precisely for each integer i > 1 we define ¢; : Z*~1(A4) x R® — R as ¥;(a,v) =
OR,(a) () if (a,v) € (dmn R;) x R™ and ¢;(a,v) = oo if (a,v) € (E""!(4) ~ dmn R;) x R™
and we observe that it is a Borel function such that

ON(a)~Q(a)(v) = inf{thi(a,v) : i > 1} whenever (a,v) € snol4) x R

31f the functions u;j : A — R™ are defined as in the proof of for each j > 1, then
p(a) = sup{dn(a)~q(a)(uj(a)) : 5 > 1} whenever a € snl(A).
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Therefore [§c(b—a)]? > |b—al? — (4r?)71|b—a|* and, by [Fed59, 4.16], we infer
that b alf
2 —a
[JDuaIC(b - a)] S Ar2

4.14. In we use the concept of universally measurable set as it is given in
[CVTT, Definition 21]. For reader’s convenience we give an equivalent formula-
tion of this concept using the terminology of [Fed69].

Suppose F'is a Borel familyﬂ with respect to X. A subset of X is called F’
universally measurable subset of X if and only if it is ¢ measurable for every
measure ¢ over X such that every element of F' is ¢ measurable.

The family of all F' universally measurable subsets of X is a Borel family
with respect to X containing F'.

In case X is a topological space and F' is the Borel family of the Borel subsets
of X then the term “F universally measurable” is replaced by “universally
measurable”.

Finally one may readily verify the following two statements.

(1) If F and G are Borel families with respect to X, H is the Borel family of
all F' universally measurable subsets of X and FF C G C H then the Borel
family of all G universally measurable subsets of X equals H.

(2) If X is a topological space, A is a Borel subset of X and S is a universally
measurable subset of A then S is a universally measurable subset of X

4.15. Suppose A is a non empty closed subset of R™, @ and N are defined as
in{4.9[and p and ¢ are as in For every a € X" 1(A) we define

C(a) ={X(¢(a) +v) :v € N(a), A >0, |[v| < p(a), {(a)ev >0} if {(a) #0,

C(a) = N(a) if {(a)=0.
For each a € 3" 1(A) we observe that C(a) is a (non empty) convex cone by
[Roc70} 2.6.3]; by and
C(a) Cnor(A,a), aff C(a)=affnor(4,a)= N(a),

and C(a) is relatively open in N(a) whenever a € ¥"~1(A). Moreover it is not
difficult to see that if a € X" 1(A), 0 < r < 0o and p(a) > 2r then

@ # Cla)N{u: Jul =7} C Qa).

In fact, recalling that U(¢(a), p(a)) NN (a) € Q(a) by [£.12] we argue as follows.
The conclusion is evidently true if {(a) = 0. In case 0 < |¢(a)| < 7 then, for each
u € C(a) such that |u| = r we get |((a) —u| < 2r < p(a) and u € Q(a). Finally
if |C(a)] > r, u € C(a), A > 0 and v € N(a) are such that u = A({(a) + v),
lv| < p(a), |lu| =71 and v e ((a) > 0 then

((a) +veQa), r=lul=AC(a)+v]=>Al(a)l,
A<, ueQa),

since Q(a) is a convex set containing 0.

4Borel families are termed “tribes” or “o fields” in [CVT7, p. 60].
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Suppose 0 < r < s < 00, & = €4]S5(A), v(z) = r~L(x — &(z)) for z € SE(A).
We prove that (notice [4.4))

B = 57(A)n{z : v(x) € C(¢(x))}

is a universally measurable subset of SZ(A). In fact let G be the set of all
(z,v) € S2(A) x R™ such that

@)+
C(€@) + o’

Employing[4.9] and it is not difficult to see that the set G belongs to
the smallest Borel family with respect to SZ(A) x R™ containing all the subsets

a X 8 where a belongs to the Borel family generated by the Suslin subsets of
S£(A) and S is a Borel subset of R™. Therefore one may deduce that dmn G is a
universally measurable subset of S2(A) by suitably combining [CV77, Theorem

I11.23], 4.11)(1)), [Fed69, 2.2.12] and [4.14|(1]). Moreover
By {z: ((€(x)) = 0} = 57 (A) N {z s w(x) € N(E(x)), ((E(x)) = 0}
is a universally measurable subset of S3(A) by and [Fed69l

2.2.12]. Since dmnG = B N{xz : {({(x)) # 0} we get the conclusion.
In particular, employing 4.14)[2) and 4.6| we conclude that B is 52"~ !

measurable and countably ("1, n—1) rectifiable of class 2 whenever 0 < 7 <
s < o0.

v(z) veN(E(x), v <plé(x), ((E(x))ev>0.

Proof and discussion

Eventually the proof of [.3]is given in[£.16] We provide few additional comments
and remarks at the end of the section.

4.16. The case m = n is trivial.
The case m = 0 is an elementary consequence of the fact that " is finite
on bounded subsets of R™. In fact for 0 < r < oo and a € A let

Xr(a)={a+Au:da(a+ru)=r|ul=1,0< A< r/2}.

These are Borel subsets of R™ contained in Unp(A) and X,(a) N X,.(b) = & if
a # b since X, (a) C £,"'(a) whenever a € A. Therefore if K C R™ is compact,
e>0and 0 <r < oo then

ANKn{a:"(X,(a)) > €}
is a set of finite cardinality. Since by
3%(A) = An{a: #"(X,(a)) > 0for some r > 0},

we conclude that 3°(A) has to be at most countable.
From now on we assume 1 < m < n. Suppose p : X" 1(A) — R is given by

(412 and

,=X"A)N{z: p(x) > 2r} whenever 0 < r < co.
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Observe X, is a Borel subset of R™ whenever 0 < r < oo by and [4.10]
Y. CYsifs<r X, =gifr>1/2 (since p(x) < 1 whenever z € X""1(A4))

and
=m(A4) ==

r>0

Therefore we fix 0 < r < 1/2 and we prove that X, is countably (™, m)
rectifiable of class 2. Suppose C(a) is chosen as in whenever a € ¥"71(A),

S:S:/Q(A)7 B:B:/27 §:€A‘Sa

and v : S — R™ is defined by v(x) = (2/r) " (x — £(z)) whenever z € S. We
observe that
2 C{a: "¢ a) N B) > 0},

(
because if a € X, then {a +u:u € C(a), |u| =7/2} C & a)N B byand
A 1 {a+wu:u e C(a), Jul =r/2}) > 0 by [Fed69, 3.2.22(3)] (recall that
C(a) is a convex cone with aff C(a) = aff nor(4, a) according to [£.15)). By
and [Fed69, 2.10.26, 3.2.31],

R"N{a:s" """ (¢ (a)NB(0,i)NB) > '}

is ™ measurable and (™, m) rectifiable whenever ¢ > 1 and j > 1 are
integers. Therefore we fix ¢ > 1 and j > 1 integers, we use [Fed69, 2.2.3] and
[Fed69l 3.2.19] to select a Borel subset Y of R™ such that

Y €%, n{a: " (€ (@) N B(0,i) N B) > 1),

A™(E N {a: " (€ (a)NB(0,i)NB) >} ~Y) =0,
Tan™ (™" L Y,a) € G(n,m) whenever a €Y,

and we prove that Y is (S, m) rectifiable of class 2.
Suppose
V=¢YIN{z: ap Jmé(2) = 0},

X=Yn{a:5"" " (a)NV) =0},

observe that X is 5#™ measurable by [Fed69l 2.10.26] and £ 71[X] ~ V is "1
measurable by [4.§|[1)). Moreover 7™ (Y ~ X) = 0 by [Fed69, 3.2.22(3)] and

A" e a)NB ~V) >0 whenever a € X.
We prove now that

li;nsuptr2 Sup{|ThJ‘(§(z) —&(w))|: z€ U(w,0) NS}t < o0
—0+

whenever w € ¢71X]N B and T = Tan™ (™ LY, £(w)). Arguing by con-
tradiction, we assume there exist w € £71[X] N B and sequences 6; > 0 and
zi € U(w, ;) N S such that, if T = Tan™ (™ LY, &(w)), then

6 =0, 02T (6(zi) — &(w))] — oo,
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as i — co. Let P = Dual C({(w)). Since Lip¢ < 2 by [4.5 we use and

to infer the existence of a sequence ¢; € P such that

lei = (£(zi) = £(w))| = dp(€(2i) — £(w))
< (2r) 7 HE(z) — E(w)F < (2/r)|z — w|? < (2/r)87  whenever i > 1.

Therefore 6{2|THL(ci)| — 00 as ¢ — oo. On the other hand by H there exists
M < oo such that | (£(2;) — &(w)) e v(w)| < M§? whenever i > 1. Therefore

lci o v(w)] < | (e = (€(2) — &(w))) e v(w)| + [ (€(2i) — E(w)) e v(w)]
< (2/r)67 + M} whenever i > 1

and, since v(w) € C(¢(w)) and ¢; € P, we conclude that
0>ciev(w) > —(2/r)6? — MS? whenever i > 1.
Since P is a convex cone and T' C P (since C(&(w)) € T+) we have
THJ‘(ci) =¢; — Tj(c;) € P whenever ¢ > 1.

Let v; = \Tﬁ-(ci)rlTﬁ-(ci) €Tt NPNS" ! and assume ; — 7y as i — oo for
some v € T+ N PN S" 1. Noting that Ty(c;) ® v(w) = 0 whenever i > 1, we
conclude that

0>y e v(w) =T (c)| ey o v(w) = =Ty (e3)| 71 ((2/r) + M)&,
vi o v(w) — 0, yeov(w)=0.

Since by we have that aff C(&(w)) = T+ and C(&(w)) is relatively open
in T+ we finally get a contradiction.

We can now apply7 with W = ¢ HX]NB~V and Z = X, andto
infer that X is (2™, m) rectifiable of class (1,1). Therefore by [Fed69, 3.1.15]
we conclude that X is (2™, m) rectifiable of class 2 and the same conclusion
holds for Y.

4.17 Remark. In the last paragraph, in order to conclude the second order
rectifiability of X, it is important to notice that we use in a crucial way the fact
that X can be covered, up to a set of 7™ measure zero, by countably many sets
of the form £4[P], where P is an m rectifiable subset of £~*[X] N B ~ V such
that £4|P is a bi-Lipschitzian homeomorphism (by ) This idea originates
from unplublished notes of Ulrich Menne, where a similar approach has been
used to prove in case A is assumed to be convex (henceforth re-proving|1.7)).

The extension of this approach to general closed sets is crucially based, first,
on the replacement of Nor* (A4, a) with nor(4, a) in the the definition of X" (A)
and, second, on the fact that the Lipschitzian constant of € 4 remains finite if we
consider its restriction on suitable second order rectifiable subsets of the level

sets of 84, see[4.5] and [£.6]
4.18 Remark. The proof of is achieved in [AIb94] by a method that is com-
pletely different from the one employed here.

4.19. Finally we want to link our work with the results of [HLWO04]. In this
important paper the authors, generalizing the results of [Sta79], introduce prin-
cipal curvatures on the (generalized) normal bundle N4 of a general closed set
A C R™ and they use them to prove a Steiner type formula for N4.
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Following [HLWO04, §2.1] if A C R"™ is closed then we define
va:(UnpA)~A— St

by va(z) = |z — €a(z)| " (x — €a(z)) whenever x € (UnpA) ~ A and the
(generalized) normal bundle of A by

Na={(éa(x),va(x)): 2z € (Unp A) ~ A}.

Since Na(a) =S" 'N{Xu: >0, ue R", d4(a+u) = |u|} whenever a € 4,
we can use [4.2] [Roc70, 2.6.3, 6.2] and [Fed69, 3.2.22(3)] to conclude that

A" ™ (nor(A,a)) >0 <= """ (Na(a)) >0

whenever a € A and m=0,...,n— 1.
It is proved in [HLWO04, Lemma 2.3] that if A C R™ is closed then there
exists a sequence A; C R"™ of sets of positive reach such that

Ny C Ny,.

i

s

1=1

Therefore, instead of directly proving[4.3|for a general closed set, we could have
proved it for sets of positive reach and then use [HLW04, Lemma 2.3] to get the
same conclusion for every closed set. However this alternative approach, apart
from simplifying the measurability questions, would be essentially the same of
the one presented here.

On the other hand, the proof we give here is independent from the concept
of set of positive reach.

44



Bibliography

[A1b94]

[All72]

[AS94]

[BHS05]

[Cam64]

[CV77]

[Del14]

[Fed59)]

[Fed69]

[FM99)]

Giovanni Alberti. On the structure of singular sets of convex functions.
Cale. Var. Partial Differential Equations, 2(1):17-27, 1994.

William K. Allard. On the first variation of a varifold. Ann. of Math.
(2), 95:417-491, 1972.

Gabriele Anzellotti and Raul Serapioni. €*-rectifiable sets. .J. Reine
Angew. Math., 453:1-20, 1994.

Bogdan Bojarski, Piotr Hajlasz, and Pawel Strzelecki. Sard’s theo-
rem for mappings in Holder and Sobolev spaces. Manuscripta Math.,
118(3):383-397, 2005.

S. Campanato. Proprieta di una famiglia di spazi funzionali. Ann.
Scuola Norm. Sup. Pisa (3), 18:137-160, 1964.

C. Castaing and M. Valadier. Convex analysis and measurable multi-
functions. Lecture Notes in Mathematics, Vol. 580. Springer-Verlag,
Berlin-New York, 1977.

Silvano Delladio. A Whitney-type result about rectifiability of graphs.
Riv. Math. Univ. Parma (N.S.), 5(2):387-397, 2014.

Herbert Federer. Curvature measures. Trans. Amer. Math. Soc.,
93:418-491, 1959.

Herbert Federer. Geometric measure theory. Die Grundlehren der
mathematischen Wissenschaften, Band 153. Springer-Verlag New York
Inc., New York, 1969.

Tlaria Fragala and Carlo Mantegazza. On some notions of tangent space
to a measure. Proc. Roy. Soc. Edinburgh Sect. A, 129(2):331-342, 1999.

[HLWO04] Daniel Hug, Giinter Last, and Wolfgang Weil. A local Steiner-type for-

[Isa87]

[Koh77]

mula for general closed sets and applications. Math. Z., 246(1-2):237—
272, 2004.

N. M. Isakov. On a global property of approximately differentiable
functions. Mat. Zametki, 41(4):500-508, 620, 1987.

Robert V. Kohn. An example concerning approximate differentiation.
Indiana Univ. Math. J., 26(2):393-397, 1977.

45



[Kol16]

[Mat95]

[Men13]

[Men16]

[Roc70]

[San17]

[Sch14]

[Sim83]

[Sta79]

[Whi51]

[ZAh86]

S. Kolasinski. Higher order rectifiability of measures via averaged dis-
crete curvatures. ArXiv e-prints, pages 1-20, April 2016.

Pertti Mattila. Geometry of sets and measures in Fuclidean spaces,
volume 44 of Cambridge Studies in Advanced Mathematics. Cambridge
University Press, Cambridge, 1995. Fractals and rectifiability.

U. Menne. Second order rectifiability of integral varifolds of locally
bounded first variation. J. Geom. Anal., 23(2):709-763, 2013.

U. Menne. Pointwise differentiability of higher order for sets. ArXiv
e-prints, pages 1-33, March 2016.

R. Tyrrell Rockafellar. Convex analysis. Princeton Mathematical Se-
ries, No. 28. Princeton University Press, Princeton, N.J., 1970.

M. Santilli. Rectifiability and approximate differentiability of higher
order for sets. ArXiv e-prints, January 2017.

Rolf Schneider. Convex bodies: the Brunn-Minkowski theory, volume
151 of Encyclopedia of Mathematics and its Applications. Cambridge
University Press, Cambridge, expanded edition, 2014.

Leon Simon. Lectures on geometric measure theory, volume 3 of Pro-
ceedings of the Centre for Mathematical Analysis, Australian National
University. Australian National University, Centre for Mathematical
Analysis, Canberra, 1983.

L. L. Staché. On curvature measures. Acta Sci. Math. (Szeged), 41(1-
2):191-207, 1979.

Hassler Whitney. On totally differentiable and smooth functions. Pa-
cific J. Math., 1:143-159, 1951.

M. Zahle. Integral and current representation of Federer’s curvature
measures. Arch. Math. (Basel), 46(6):557-567, 1986.

46



	Title
	Imprint

	Abstract
	Zusammenfassung
	Contents
	Introduction
	Approximate differentiability for functions
	Approximate differentiability for sets
	A second order rectifiable stratification for sets
	Bibliography



