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Abstract in deutscher Sprache

In dieser Arbeit analysieren wir ein zufélliges und verrauschtes inverses Regressionsmodell im random
design. Wir konstruiueren aus gegebenen Daten eine Schétzung der unbekannten Funktion, von der wir

annehmen, dass sie in einem Hilbertraum mit reproduzierendem Kern liegt.

Ein erstes Hauptergebnis dieser Arbeit betrifft obere Schranken an die Konvergenzraten. Wir legen
sog. source conditions fest, definiert {iber geeignete Kugeln im Wertebereich von (reellen) Potenzen des
normierten Kern-Kovarianzoperators. Das fithrt zu einer Einschrinkung der Klasse der Verteilungen in
einem statistischen Modell, in dem die spektrale Asymptotik des von der Randverteilung abhéngigen

Kovarianzoperators eingeschrankt wird.

In diesem Kontext zeigen wir obere und entsprechende untere Schranken fiir die Konvergenzraten fiir
eine sehr allgemeine Klasse spektraler Regularisierungsmethoden und etablieren damit die sog. Minimaz-
Optimalitdt dieser Raten. Da selbst bei optimalen Konvergenzraten Kernmethoden, angewandt auf grofle
Datenmengen, noch unbefriedigend viel Zeit verschlingen und hohen Speicherbedarf aufweisen, unter-
suchen wir einen Zugang zur Zeitersparnis und zur Reduktion des Speicherbedarfs detaillierter. Wir
studieren das sog. distributed learning und beweisen fiir unsere Klasse allgemeiner spektraler Regu-
larisierungen ein neues Resultat, allerdings immer noch unter der Annahme einer bekannten a priori
Regularitéat der Zielfunktion, ausgedriickt durch die Fixierung einer source condition. Das grofle Problem
bei der Behandlung realer Daten ist das der Adaptivitit, d.h. die Angabe eines Verfahrens, das ohne eine
solche a priori Voraussetzung einen in einem gewissen Sinn optimalen Schétzer aus den Daten konstruiert.

Das behandeln wir vermoge einer Variante des balancing principle.



Abstract

We analyse an inverse noisy regression model under random design with the aim of estimating the
unknown target function based on a given set of data, drawn according to some unknwon probability
distribution. Our estimators are all constructed by kernel methods, which depend on a Reproducing

Kernel Hilbert Space structure using spectral regularization methods.

A first main result establishes upper and lower bounds for the rate of convergence under a given source
condition assumption, restricting the class of admissible distributions. But since kernel methods scale
poorly when massive datasets are involved, we study one example for saving computation time and
memory requirements in more detail. We show that Parallelizing spectral algorithms also leads to minimax

optimal rates of convergence provided the number of machines is chosen appropriately.

We emphasize that so far all estimators depend on the assumed a-priori smoothness of the target function
and on the eigenvalue decay of the kernel covariance operator, which are in general unknown. To obtain
good purely data driven estimators constitutes the problem of adaptivity which we handle for the single

machine problem via a version of the Lepskii principle.



Chapter 1

Introduction

1.1 Direct and Inverse Learning: Generalities

Let A be a known linear operator from a Hilbert space H; to a linear space Hy of real-valued functions

on some input space X. In this thesis, we consider a random and noisy observation scheme of the form
Y;:g(Xz)+€Za g:Afa i=1,...,n, (111)

at i.i.d. data points Xi,..., X, , drawn according to a probability distribution v on X, where ¢; are
independent centered noise variables. Here X is taken as a standard Borel space. For simplicity, we take
the output space Y as the set of real numbers, but this could be generalized to any separable Hilbert space.
More precisely, we assume that the observed data (X;,Y;)1<i<n € (X X Y)™ are i.i.d. observations, with
E[Y;|X;] = g(X;), so that the distribution of €; may depend on X;, while satisfying E[e;|X;] = 0. This
is also commonly called a statistical learning setting, in the sense that the data (X;,Y;) are generated by
some external random source and the learner aims to infer from the data some reconstruction fn of f,
without having influence on the underlying sampling distribution v. For this reason, we call the model
an inverse statistical learning problem. The special case A = I is just non-parametric regression
under random design, which we also call the direct problem. Thus, introducing a general A gives a unified

approach to the direct and inverse problem.

In the statistical learning context, the relevant notion of convergence and associated reconstruction rates
to recover f concern the limit n — oo. More specifically, let fn be an estimator of f based on the
observed data (X;,Y;)i1<i<n. The usual notion of estimation error in the statistical learning context is

the averaged squared loss for the prediction of g(X) at a new independent sample point X:
-~ ~ )12
Exl(9(X) = AR (X)) = [|A(F = )22, - (1.12)

In this work, we are interested as well in the inverse reconstruction problem, that is, the reconstruction

error for f itself, i.e.,
1 = Fallse, -

Estimates in L?(v)-norm are standard in the learning context, while estimates in J{;-norm are standard

7



for inverse problems, and our results will present convergence results for a family of norms interpolating
between these two. We emphasize that ||A(f — fn)“iz(y) as well as [|f — f"Hiﬁ

depending on the observations. Thus the error rates above can be estimated either in expectation or in

are random variables,

probability.

In this thesis we will present convergence rates for these different criteria, as n tends to infinity, in
expectation for moments of all orders (in Cpapter 5, where we treat the problem of adaptivity via a
version of the balancing principle, we also consider estimates in probability). Our analysis always is in
the context of kernel methods: For the direct problem (i.e. A = 1), a reproducing kernel Hilbert space
(RKHS) structure is imposed on H; by choosing a positive semi-definite kernel, while for the inverse
problem an RKHS structure is imposed on Im(A) by the operator A (assuming the evaluation functionals
f = Af(z) being uniformly bounded).

As a general rule, sequences of estimators are produced throughout this thesis by general spectral reg-
ularization methods: The function go(t) := t~! is replaced, by use of an additional positive so called
spectral parameter A, by a modified real function g, (¢), which in some sense converges to go(t) as A | 0.

One then introduces the covariance operator
B:Hg>g~ /g(m)K(x,.) dv(z) € Hgk ,

which simply is the integral operator restricted to the RKHS Hg and induced by the real symmetric
kernel K(z,y) and the sampling measure v. Then, gx(B) is self-adjoint, non-negative and trace class
and defines a spectral regularization operator of the ill-defined inverse B~!. Note that zero is necessarily
contained in the spectrum of the trace class operator B. One then chooses the regularization parameter

A = )\, depending on the sample size, and this induces our sequence of estimators.

The basic idea for choosing the regularization parameter is the following: One writes the overall error
as a sum of the approximation error (also called bias) and the sample error (also called variance), the
decomposition depending on A. Predominance of the approximation error (large bias) gives underfitting,
predominance of the sample error (large variance) gives overfitting. The regularization parameter A, will
be chosen to make these conceptually very different types of error equal in magnitude, thus striking a
good compromise between under- and overfitting. Since this depends on the sample size, the procedure
will lead to convergence rates as a function of n. For more details on this well established procedure of

spectral regularization and a precise definition of the classes treated in this thesis we refer to Section [2.2

1.1.1 Minimax error in classical nonparametrics

When upper bounds or convergence rates for a specific method are obtained, it is natural to ask to what
extent they can be considered optimal. The classical yardstick is the notion of minimax error over a set

M of candidates (hypotheses) for the data generating distribution p:

R(M,n) := inf sup Ep.pen [Hf— fol
[ peM

) (1.1.3)

where the inf operation is over all estimators, and we added an index p to f, to emphasize its dependence

on the data generating distribution.



In the nonparametric statistics literature, it is commonly assumed that X is some compact set of R?,
the sampling distribution v has an upper bounded density with respect to the Lebesgue measure and the
type of regularity considered for the target function is a Sobolev-type regularity, i.e., the target function
f» has a squared-integrable r-th derivative. This is equivalent to saying that f, belongs to a Sobolev
ellipsoid of radius R,

foef{r: it <Ry, (1.1.4)

i>1

where f; denotes the coefficients of f in a (multidimensional) trigonometric function basis. Minimax rates
in such context are known to be of the order O(n—ﬁ) and can be attained for a variety of classical
procedures [83] [87].

1.1.2 Minimax error in a distribution-free context

In the statistical learning context, the above assumptions are unsatisfying. The first reason is that
learning using kernels is often applied to non-standard spaces, for instance graphs, text strings, or even
probability distributions (see, e.g., [22]). There is often no “canonical” notion of regularity of a function
on such spaces, nor a canonical reference measure which would take the role of the Lebesgue measure
in R?. The second reason is that learning theory focuses on a distribution-free approach, i.e., avoiding
specific assumptions on the generating distribution. By contrast, it is a very strong assumption to posit
that the sampling distribution v is dominated by some reference measure (be it Lebesgue or otherwise),
especially for non-standard spaces, or in R? if the dimension d is large. In the latter case, the convergence
rate O(n_%) becomes very slow (the curse of high dimensionality), yet it is often noticed in practice
that many kernel-based methods perform well. The reason is that for high-dimensional data, more often
than not the sampling distribution v is actually concentrated on some lower-dimensional structure, so
that the assumption of v having bounded density in R is violated: convergence rates could then be
much faster. For these reasons, it has been proposed to consider regularity classes for the target function
having a form similar to , but reflecting implicitly the geometry corresponding to the choice of
the kernel and to the sampling distribution. More precisely, denote by B, the (uncentered) covariance
operator of the kernel feature mapping ®(X) and by (u,,i,%v.:)i>1 an eigendecomposition of B, . For

r, R > 0, introduce the class

Q1 R) = {f €315y, f2 < B2} = BUB(Y0, R), (1.1.5)
i>1

where B(Hy, R) is the ball of radius R in H; , and f; := (f,1,,) are the coefficients of f in the eigenbasis.
To be explicit, we here have indicated the dependence on the marginal distribution v by a subscript; we
shall also allow ourselves the liberty to drop this subscript for reasons of brevity. Clearly, has a
form similar to , but in a basis and scaling that reflects the properties of the distribution of ®(X).
If the target function f, is well approximated in this basis in the sense that its coefficients decay fast
enough in comparison to the eigenvalues, it is considered as regular in this geometry (higher regularity
corresponds to higher values of r and/or lower values of R). This type of regularity class, also called a
source condition, has been considered in a statistical learning context by [23]. The authors in [24] have
established upper bounds for the performance of kernel ridge regression J/”:\ over such classes. This has

been extended to other types of kernel regularization methods by [T, 20} 29]. These bounds rely on tools
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introduced in the seminal work of [94] and depend in particular on the notion of effective dimensionlﬂ of

the data with respect to the regularization parameter A, defined as

N :=Tr [(B, + \) 1B, =S —Hwi 1.1.6
= T8+ 78] = 3 Sy (1.10)

As before, the next question of importance is whether such upper bounds can be proved to be minimax
optimal over the classs £, (r, R), assuming the regularization parameter A is tuned appropriately. This

b is assumed

question has been answered positively when a polynomial decay of the eigenvalues, p, ; < i~
(=< stands for upper and lower bounded up to a constant). In this case N(\) can be evaluated, and for an
appropriate choice of A, the upper bound can be matched by a corresponding lower bound (see Chapter

2).

1.2 Overview of the results of this thesis and comparison to

related work

In this section we present a short, informal overview of the results of this thesis. Chapter 2 contains
generalities of relevance throughout the entire thesis as well as first results on minimax optimality in
the regular case. We start to show that, under appropriate assumptions, we can endow Im(A) with an
appropriate reproducing kernel Hilbert space (RKHS) structure Hx with reproducing kernel K, such
that A is a partial isometry from H; to H . Through this partial isometry, the initial problem
can be formally reduced to the problem of estimating the function g € H g by some g ; control of the error
(g9 —g) in L%(v)-norm corresponds to the direct (prediction) problem, while control of this difference in
H-norm is equivalent to the inverse (reconstruction) problem. In particular, the kernel K completely
encapsulates the information about the operator A. This equivalence also allows a direct comparison to
previous existing results for convergence rates of statistical learning using an RKHS formalism (see the
next chapter). Letting B be the covariance operator introduced above, the rates of convergence presented
in this work will be governed by a source condition assumption on f of the form ||[B~" f|| < R for some
constants r, R > 0 as well as by the ill-posedness of the problem as measured by an assumed decay of
the eigenvalues of B. At first, in the so called regular case of our Chapter 2, we will assume that this is
precisely given by a power law specified by an exponent b > 1. Our main upper bound result establishes
that for a broad class of estimators defined via spectral regularization methods, for s € [0, %} one has in
the sense of p-th moment expectation that
~ g2 \ T
5ol SR ()

IN(X) describes the capacity of the hypothesis space or some kind of effective volume, somewhat related to the phase
space volume in the classical Weyl estimates for the number of eigenvalues of an elliptic operator P (see e.g. [45] and [31]),
the covariance B, being analog to the inverse P~!. In the special case considered in our Chapter 3 we shall amplify by
relating the effective dimension to a counting function for eigenvalues (by a rough estimate, see Lemma for an upper
and Lemma for a lower bound). The term effective dimension then simply refers (roughly) to the dimension of the
associated eigenspace, which coincides with the number of eigenvalues counted with multiplicity. In general, however, even
for finite rank operators or matrices, the rank of the operator might be larger than the effective dimension, since very
small eigenvalues different from zero contribute to the rank with weight 1, but with smaller weight, depending on ), to the
effective dimension.

10



for an appropriate choice of the regularization parameter A, . (Note that s = 0 corresponds to the
reconstruction error, and s = 3 to the prediction error, i.e., L?(v) norm.) Here, 0 denotes noise variance
(and we remark that classical Bernstein moment conditions are assumed to hold for the noise). The
symbol < means that the inequality holds up to a multiplicative constant that can depend on various
parameters entering in the assumptions of the result, but not on n, o, nor R. An important assumption
is that the inequality ¢ > r 4+ s should hold, where ¢ is the qualification of the regularization method, a
quantity defined in the classical theory of inverse problems (see Section for a precise definition) .

This result is complemented by a minimax lower bound which matches the above rate not only in the
exponent in n, but also in the precise behavior of the multiplicative constant as a function of R and

2

the noise variance 0. The obtained lower bounds come in two flavors, which we call weak and strong

asymptotic lower bounds, respectively (see Section .

Concerning related work, we remark that the analysis of inverse problems, discretized via (noisy) obser-
vations at a finite number of points, has a long history, which we will not attempt to cover in detail here.
The introduction of reproducing kernel Hilbert space-based methods was a crucial step forward in the end
of the 1970s. Early references have focused, mostly, on spline methods on [0, 1]%; on observation point
designs either deterministic regular, or random with a sampling probability comparable to Lebesgue; and
on assumed regularity of the target function in terms of usual differentiability properties. We refer to
[88] and references therein for a general overview. An early reference establishing convergence rates in
a random design setting for (possibly nonlinear) inverse problems in a setup similar to those delineated
above and a Tikhonov-type regularization method is [69]. Analysis of the convergence of fairly general
regularization schemes for statistical inverse problems under a Hilbertian noise model was established in
[10]. While these authors make the argument that this model can cover random sampling, to compute
the regularized estimator they propose it must be assumed that the sampling distribution v is known to
the user. In this thesis we consider the more challenging setting where this distribution is unknown (and

investigate if one can attain the same convergence rates).

We henceforth focus our attention on the more recent thread of literature concerning the statistical
learning setting, whose results are more directly comparable to ours. In this setting, the emphasis is on
general input spaces, and “distribution-free” results, which is to say, random sampling whose distribution
v is unknown, quite arbitrary and out of the control of the user. The use of reproducing kernel methods
has enjoyed a wide popularity in this context since the 1990s, mainly for the direct learning problem.
The connections between (the direct problem of) statistical learning using reproducing kernel methods,
and inverse problem methodology, were first noted and studied in [26], 27, [38]. In particular, in [3§] it was
proposed to use general form regularization methods from the inverse problem literature for kernel-based
statistical learning. There is a vast recent literature relating learning to regularization techniques for
inverse problems (see [66], [89], [40] to mention just a few), confirming the strong conceptual analogy
of certain learning algorithms with regularization algorithms. For example, Tikhonov regularization is
known as regularized least-squares algorithm or ridge regression, while Landweber iteration is related to

L2-boosting or gradient descent, see, e.g. [93] and [1§].

Concerning the history of upper rates of convergence in an RKHS setting, covering number techniques
were used in [23] to obtain (non-asymptotic) upper rates. In [27], [78], [79] these techniques were replaced
by estimates on integral operators via concentration inequalities, and this is the path we follow in this

thesis. For a more detailed presentation we refer to Chapter 2. In some sense, the crucial step of all these

11



results is in effectively computing the effective dimension introduced above, assuming power law decay of
the eigenvalues. The first comprehensive result in this direction was established by [24] ; our paper [17]
gives a sharp estimate of the convergence rate in this case including the dependence on the parameters
R and noise variance o, namely O(R%%)ﬁ) . Our presentation in Chapter 2 essentially follows
that paper. But, while the assumption of polynomially decaying eigenvalues yields explicit minimax rates
of convergence and ensures that kernel methods can achieve those optimal rates, it is unsatisfying from a
distribution-free point of view. Remember: The stucture of the eigenvalues reflects the covariance of the
feature mapping ®(X); for complex data, there is no strong reason to expect that their decay should be
strictly polynomial.

As a first step in treating decay behavior of eigenvalues as general as possible we present some results
beyond the regular case in Chapter 3. We show that kernel methods are also able of achieving minimax
optimal rates in this more general case, for target function classes of the form .

We remark that, while direct and inverse kernel-based methods for solving non-parametric (direct or
inverse) regression problems are attractive because they attain asymptotically minimax optimal rates of
convergence, these methods scale poorly when massive datasets are involved. Large training sets give
rise to large computational and storage costs. For example, computing a kernel ridge regression estimate
needs inversion of a n x n- matrix, with n the sample size. This requires O(n?) time and O(n?) memory,
which becomes prohibitive for large sample sizes. For this reason, various methods have been developed
for saving computation time and memory requirements. Among them are e.g. low-rank approximation

of the kernel matrix, early-stopping and distributed learning . We shall give a quick overview.

During the last years, a huge amount of research effort was devoted to finding low-rank approximations
of the kernel matrix, both from an algorithmic and an inferential perspective (providing statistical guar-
antees). Important examples include Cholesky decomposition [3], Nystrom sampling, see e.g. [90] , [2] ,
[77] , (randomized) sketches [92] , [1] , sparse greedy approximations [80] and others. The common fea-
ture of all these methods is to replace the theoretically optimal approximation obtained by a spectral
decomposition (which requires time at least O(n?)) by a less ambitious suitable low rank approximation
of the kernel matrix via column sampling, reducing run time to O(np?) where p denotes the rank of the
approximation. Clearly, the rules of the game are to choose p as small as possible while maintaining min-
imax optimality of convergence rates (hopefully in L?(v)— norm and RKHS— norm) and to explicitely
determine this p as a function of the sample size n (hopefully for a general class of spectral regularization
methods), keeping track of the source condition and the rate of eigenvalue decay, entering the estimate via
the effective dimension. This is usually done by solving computational-statistical trade-offs. Compared
to that obviously very desirable standard there are yet only very partial results in the literature: Only
KRR has been analyzed, excluding higher smoothness of the regression function (the case r > 1 in the

source condition).

An alternative approach for reducing time complexity lies in early stopping of iterative regularization
algorithms, e.g. gradient descent, see [93], [72] and conjugate gradient regression, see [12] , [I3]. The
number of iterations serves as regularization parameter. Optimal stopping is determined by some pa-
rameter selection rule, e.g. by solving a bias-variance trade-off (gradient descent) or by the discrepancy
principle (conjugate gradient regression). Early stopping both reduces run time and provides regulariza-
tion preventing overfitting. Similar to the results for low rank approximation, the early stopping index
turns out to depend on a priori assumptions, reflected in the source condition and effective dimension.

Time complexity is reduced to O(Tn?) where T is the stopping index. Since early stopping still suffers

12



from high memory requirements, there is further research devoted to overcoming this issue by combining

early stopping with subsampling methods, see e.g. [19].

Another standard tool for saving computation time and memory requirements is distributed learning
(DL), and here this thesis will make a new contribution. In Chapter 4 we shall study the DL approach

for the aforementioned statistical learning problem
Y;;Z:Af(Xj)-I-é:i?j:].,...,ﬂ, (121)

at random i.i.d. data points X1, ..., X, drawn according to a probability distribution v on X, where €; are
independent centered noise variables. We uniformly partition the given data set D = {(X1,Y1), ..., (X, Yn)} C
(X xR)™ into m disjoint equal-size subsets Dy, ..., D,,,. On each subset D;, we compute a local estimator
fgj7 using a spectral regularization method (with qualification ¢ > 7 + s). The final estimator for the
. . . . . DN 1 m >\

target function f, is obtained by simple averaging: fp = -~ ijl ij.

Our aim is to extend our results from the non-distributed setting (m = 1) to distributed learning and to
provide conditions for retaining minimax optimal rates. As before, our rates of convergence are governed

by a source condition assumption on f, of the form ||[B~"f,||3c, < R for some constants 7, R > 0 as
well as by some capacity assumption N(A) < /\_%, where in our case the rate b > 1 is induced from the

assumed eigenvalue decay. We show, that for s € [0, %] in the sense of p-th moment expectation

b(r+s)
02 2br+b+1
‘ §R< > . (1.2.2)
Hy

|- ) o

Basic problems are the choice of the regularization parameter on the subsamples and, most importantly,
the proper choice of m, since it is well known that choosing m too large gives a suboptimal convergence
rate in the limit n — oo, see, e.g., [91]. We show, that by choosing \,, depending on the global sample

size n, the number of subsample sets is allowed to grow at most polynomially with n, namely

< 2bmin(r, 1)
m < n®, o= —".
- 2br+0+1

Our approach to this problem is classical. Using a bias-variance decomposition and choosing the regular-
ization parameter according to the total sample size n yields undersmoothing on each of the m individual
samples and causes an inflation of variance, but m-fold averaging reduces the variance sufficiently to get

minimax optimality. The bias estimate is then straightforward.

For the hard part we write the variance as a sum of independent random variables, allowing to successfully
apply Rosenthal’s inequality (in the Hilbert space case), see [T0]. Comparable results mostly focus on
KRR, corresponding to Tikhonov regularization. In [95] the authors derive minimax-optimal rates in
3 cases (finite rank kernels, sub - Gaussian decay of eigenvalues of the kernel and polynomial decay),
provided m satisfies a certain upper bound, depending on the rate of decay of the eigenvalues and an
additional crucial upper bound on the eigenfunctions ¢; of the integral operator associated to the kernel
K (see Section . Proving such a condition often turns out to be a great hurdle. In fact, it is not
understood for which kernels (and marginals v) such an eigenfunction assumption is satisfied. It is
therefore of great interest to investigate if and how m can be allowed to go to infinity as a function of

n without imposing any conditions on the eigenfunctions of the kernel. Results in this direction have
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been obtained in the recent paper [58], for KRR, which is a great improvement on the worst rate of
[95]. The authors follow [95] in giving estimates only in L?(r)— norm and dub their approach a second
order decomposition, which uses concentration inequalities and certain resolvent identities adapted to
KRR. These results are extended (independently from our work) in [97] to general spectral regularization
methods, but with a proof yet unpublished at the time of submission of this thesis. Our results cover
the whole range of interpolation norms between RKHS norm and prediction error. Restricted to L?(v)—
norm, they match those given in [97] and [58], but are more precise concerning the scaling of the noise

variance 02 and the radius R > 0 from the source condition.

This basically sums up the contributions of this thesis to minimax optimality. Our final result concerns
adaptivity via a version of the balancing principle. Here, our approach and our results are somewhat
different from the bulk of this thesis (e.g. we only derive estimates in large probability and we do not
push our estimates, as elsewhere, to estimates in expectation), and our results are possibly not yet in
final form. Clearly, the problem of adaptivity is both of great theoretical and practical interest: On one
side, an appropriate choice of the regularization parameter is essential for spectral regularization to work
well, while on the other side in any statistical problem any a priori choice of the regularization parameter

is bad since it should dependent on the unknown source conditions describing the given set of data.

There is a number of (sometimes very different) approaches to address this problem in the context
of learning, some of them depending on data-splitting (e.g. cross-validation). An attractive approach
avoiding data-splitting is the balancing principle which originated in the seminal paper of Lepskii [56] and
has been elaborated in quite a number of papers, see, e.g., [56], [57], [41], [8], [63] and references therein.
In the context of Learning Theory the first comprehensive version is the paper [25]. We basically follow
this approach, adapting it to the case of fast (minimax optimal) rates studied in the rest of this thesis.
As a technical complication, this leads to a conceptually important loss of uniformity (with respect to the
regularization parameter) in the constants appearing in the basic probabilistic error estimates needed for
balancing and finally results in an additional loglogn term describing the data-driven estimator obtained
from balancing, somewhat spoiling the minimax optimal convergence rate. For slow rates, the slightly
different approach of [25] - based on an additive instead of a multiplicative error decomposition - gives
uniformity which our approach does not achieve, even if specialized to the case of slow rates. For more

details we refer to our discussion in Section 5.5.

Crucial for our approach is a two-sided estimate of the effective dimension in terms of its empirical
approximation. This in particular allows to control the spectral structure of the covariance operator
through the given input data. A further very convenient result is the fact that balancing in L?(v)— norm
(which is easiest) automatically gives good balancing in all other (stronger) interpolation norms. An
analogous result is open for other approaches to data dependent choices of the regularization parameter,
e.g. for hold-out (see our Discussion in Section [2.4)). We think that all of our contributions to this subject
are important and valid steps in a future and possibly more comprehensive solution of this important

problem, but at present it does not yet seem to be in final form.

The outline of the thesis is as follows: Chapter 2 covers the general introduction to the class of models
considered in this thesis and gives first results on minimax-optimality for the single machine problem in
the regular case. Chapter 3 presents some results beyond the regular case, relaxing the conditions on
the asymptotic behaviour of the eigenvalues of the covariance operator, but basically keeping the same

notion of source conditions. Chapter 4 covers the case of distributed learning, while Chapter 5 contains a
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discussion of adaptivity via the balancing principle. In Chapter 6 we present some thoughts about future
research, based on this thesis. The Appendix A collects (known) background information which is useful
for our discussion in Chapters 2 -5. It is put in the Appendix in order to avoid disturbing the flow of our
arguments, but, for the sake of the reader, we do not simply refer to the original literature but present
things in a form adapted to our line of argument in the main text. In Appendix B we add a first result

on a combination of a localized approach with subsampling methods.
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Chapter 2

First results on the Direct and
Inverse Learning Problem: Regular

case

2.1 Introduction and review of related work

As mentioned in Chapter 1, the general introduction of this thesis, we consider a random and noisy

observation scheme of the form
Yii=9(X:) +ei, g=Af, i=1,...,n, (2.1.1)

at i.i.d. data points Xi,...,X,, drawn according to a probability distribution v on X, where ¢; are
independent centered noise variables. Here A is a known linear operator from a Hilbert space H; to a
linear space Hy and we start with the assumption that the map (f,z) — (Af)(z) is continuous in f and
measurable in z, which implies that A can be seen as a Carleman operator from 3{; to L?(v). This
point of view goes back to [26], where this more general setting of the random discretization of an inverse

problem defined by a Carleman operator has been considered.

Moreover, we observe that Im(A) can be endowed with a RKHS structure Hx such that A is a partial
isometry from H; onto Hy . While we do not expect this result to be considered as a true novelty, it
was not explicitly mentioned in [26] and in our opinion it helps to clarify the equivalence between inverse
statistical learning and direct learning with reproducing kernels. In particular, it makes possible a direct

comparison between our results and previous results for the direct (kernel) learning problem.

We shall now briefly review previous results which are directly comparable to ours: Smale and Zhou [79],
Bauer et al. [4], Yao et al. [93], Caponnetto and De Vito [24] and Caponnetto [20]. For convenience,
we try to condense the most essential points in Table Compared with our more general setting, all
of these previous references only consider the special case A = I, but assume from the onset that H;
is a RKHS with given kernel. Thus, in the first column of Table A is the identity and g = f, and

17



HA(fn — f)’ Lo ‘ fn — fH}c Assumptions Method
@) X | (g: qualification)
2r+1 _r_
Smale-Zhou [79) (ﬁ) e (ﬁ) e r<i(=q—13%) Tikhonov
Bauer et al. [4] 7 7 r<q—3 General
Yao et al. [03] 1) 1L)™3 (g = 00) Landweb
. NG NG qg=00 andweber
iteration
(2r+1)
Caponnetto-De Vito [24] (ﬁ) 21t N/A r<i(=q-13) Tikhonov
(2r+1)
Caponnetto [20] (%) ity N/A r<q—3 General
Caponnetto-Yao [2]] +unlabeled data
if 2r + 3 <1
(@r+1) 2
This thesis (%) 2rlty (%) 2rlty r<q-—: General

Table 2.1: Comparison to upper rates available from earlier literature (for their applicability to the
inverse learning setting considered in the present paper, see Section [2.2.5)).

in the second column H; = Hg. The more complicated form given in Table is the reinterpretation
in our setting (see Section [2.2). The first three references ([79], [], [93]) do not analyze lower bounds
and their upper bounds do not take into account the behavior of the eigenvalues of the integral operator
L corresponding to the assumed RKHS structure. But all three derive estimates on the error both in

L?(v)-norm and in RKHS-norm. Only [4] considers a general class of spectral regularization methods.

The last two papers [24] and [20] obtain fast upper rates (depending on the eigenvalues of L) which are
minimax optimal. The estimates, however, are only given in L?(v)-norm. Furthermore, only [20] goes
beyond Tikhonov regularization to handle a general class of spectral regularization methods. A closer
look at Table reveals that in treating general spectral regularization methods, the results of [20]
require for certain parameter configurations (r < 1/2—1/2b) the availability of additional unlabeled data
from the sampling distribution v . This appears somewhat suboptimal, since this does not reproduce the

previously obtained result for Tikhonov in [24] which does not require unlabeled data.

After completion of this work, we became aware of the independent work of Dicker et al. [29], which
has overlap with our results since they consider general regularization methods for regression using a
reproducing kernel. We briefly compare the present contribution to that work: Because we are motivated
by an inverse problem point of view, we derive convergence results for the reconstruction error (RKHS
31— norm), while [29] only considers prediction error estimates (L?(v)— norm). We also establish the
optimal dependence of the convergence rate in the important secondary parameters o2 (noise variance)
and R (source condition or Sobolev radius). The authors in [29] give an upper bound depending explicitly

on those parameters, but with suboptimal dependence. In this sense even for the L?(v)— norm alone
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our contribution brings something novel, including a matching minimax lower bound for all considered
norms with the correct dependence in 02 and R. Finally, our estimates hold for normalized moments of
any order of the considered norms, and we also establish exponential deviation bounds, while [29] only

considers expected squared L?(v)— norm (though under hypotheses weaker as ours concerning the noise).

We conclude this review by mentioning the recent work [60], which also concerns inverse statistical learning
(see also [61]), albeit in a quite different setting. In that work, the main focus is on classification (Y only
can take finitely many values or “classes”), and the inverse problem is that the sampling distribution for
X is transformed via a linear operator A. The method analyzed there is empirical risk minimization using
a modified loss which implicitly includes an estimation of the original class-conditional distributions from
the transformed ones. In the present paper, we consider an (inverse) regression setting with a continuous
output variable, the nature of the inverse problem is different since the transformation is applied to the

regression function, and we also use a different methodological approach.

The main question addressed in this chapter is that of minimax optimal rates of convergence as n grows
to infinity - first under the assumption of strictly polynomial eigenvalue decay of the covariance operator
B = B, which is adjoint to the integral operator L defining the RKHS structure, see Section 2.2.
Our contribution is to improve on and extend the existing results presented above, aiming to present a
complete picture. We consider a unified approach which allows to simultaneously treat the direct and
the inverse learning problem, derive upper bounds (non-asymptotic and asymptotic) as well as lower
bounds, both for the L?(v)— and for the H;— norm (as well as intermediate norms) for a general class
of regularization methods, without requiring additional unlabeled data. In this generality, this is new. In
addition, we present a refined analysis of (both strong and weak) minimax optimal rates also investigating
their optimal dependence on radius parameter R of the source condition and on the variance o2 of the
noise (our lower bounds come in slightly different strong and weak versions leading to the natural notion

of weak and strong minimax optimality). To the best of our knowledge, this has never been done before.

We emphasize that all derivations of fast rates rely on tools introduced in the seminal work of [94], and
depend in particular on the notion of effective dimension of the data with respect to the regularization
parameter X, defined as
N :=Tr[(B, +0)7'B,] =Y i (2.1.2)
i>1 Hu,i + A
(=
Using this tool is essential for obtaining the finer results (“fast rates” taking into account the spectral
structure of L) of this chapter since it determines the optimal choice of the regularization parameter. This

idea of [24] and [20] is fundamental for our approach, which extends and refines these previous results.

Furthermore, we recall from [24] that the effective dimension N()\) seems to be just the right parameter to
establish an important connection between the operator theoretic and spectral methods and the results
obtained via entropy methods (see [28], [86]) since N(A) encodes via L crucial properties of the marginal
distribution v. However, this connection is not yet fully worked out and further progress in this direction

is a challenge for future research aimed at establishing a unified picture.

The importance of the notion of effective dimension will continue to unfold throughout this thesis. In
this chapter we will use it in an essential way in the proof of our upper rates: Using precisely poly-
nomial eigenvalue decay (or, perhaps more accurately, restricting to the associated classes of sampling
distributions introduced in and )7 we shall accurately compute the effective dimension and
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thereby establish our (fast) upper rates (for the regular case). In subsequent chapters we shall control
the effective dimension in some more general cases. This is a basic philosophy to improve on the results
of this chapter. For the sake of completeness, we also mention at this point that this approach could
be somewhat formalized: In one step, one derives minimax optimal rates under implicit assumptions on
the effective dimension only (the problem of obtaining lower bounds in this setting is not yet completely
solved), and in a second step one verifies these estimates on the effective dimension for certain model
classes, defined by specific source conditions and classes of marginals (corresponding e.g. to certain types
of eigenvalue decay of the covariance operator). In spirit, this is very much what is done in this thesis,
but the approach is not yet completely formalized (at least partially due to the above mentioned problem

for lower bounds in this setting).

The outline of the rest of the Chapter is as follows: In Section 2:2] we fix notation and describe our
setting in more detail. In particular, we adopt the theory of Carleman operators from the direct problem
to our more general setting, including the inverse learning problem. We describe the source conditions,
the assumptions on the noise and prior classes, and finally the general class of spectral regularization
methods. Granted these preliminaries, we then present in Section our main results (Theorem m
Theorem and Corollary . In Section we present a concluding discussion on some further
aspects of the results. Section [2.5 contains the proofs of the upper bounds, Section [2.6]is devoted to the
proof of lower bounds. In the Appendix we establish the concentration inequalities and a perturbation

result needed in Section and give some supplementary technical lemmata needed in Section [2:6]

2.2 Notation and Preliminaries

In this section, we specify the mathematical setting and assumptions for the model (2.1.1]) and reduce it

to an equivalent model.

2.2.1 Inverse Problems induced by Carleman Operators

We assume that the input space X is a standard Borel space endowed with a probability measure v, and
the output space Y is equal to R. Let A : H; — Hs, be a linear operator, where H; is an infinite-
dimensional real separable Hilbert space and Hs some vector space of functions g : X — R. We do
not assume any specific structure on Hy for now. However, as will become clear shortly, the image
Im(A) € Hy will be endowed with a natural Hilbert space structure as a consequence of the following

key assumption:

Assumption 2.2.1. The evaluation functionals at a given point x € X :

Sx:gfl — R
[ (S2)(f) = (Af)(x)

are uniformly (w.r.t. © € X) bounded, i.e., there exists a constant k < oo such that for any x € X

1S (F)] < 5 (1 £llse, -

20



For all z, the fact that S, is continuous implies, by Riesz’s representation theorem, the existence of an
element F,, € H; such that

(Af) (@) = (f, Fa)g,
with
[Fall3e, = 15 < &,

for any x € X. Define the map

K:XxX — R

<x1,$2) — K(l‘l,l’g) = <F9317F902>J{1 ’

which is by construction a positive semidefinite (p.s.d.) kernel over X associated with the so-called feature
space Hy, and the feature map F. : z € X — F, € H;. Observe that for any z € X, we have the bound
K(z,x) = HFQC||§{1 < k2. A fundamental result (see [81], Theorem 4.21) is that to every p.s.d. kernel can
be associated a unique reproducing kernel Hilbert space (RKHS). We reproduce this result here, adapted

to the considered context:

Proposition 2.2.2. (Unique RKHS associated with a p.s.d kernel) The real-valued function space

Hr ={g: X — R |3 f e with g(z) = (f, Fa)q
:Im(A) C Ho,

(Af)(z) Vo € X}

L=

equipped with the norm

Igllc,e = inf {Ifllsc, = f € Hist. Vo€ X 2 g(x) = (f, Fo)g, = (Af)(2)}

= inf
et 1 £ll3¢,

is the unique RKHS for which K is a reproducing kernel. Moreover, the operator A is a partial isometry

from Hy to Hi (i.e., an isometry on the orthogonal of its kernel), and

Hyx = Span{K (z,.),z € X} .

From now on, we can therefore forget about the space Hs and consider A as an operator from H; onto
Hyx =Im(A). As a consequence of A being a partial isometry onto H, note that this RKHS is separable,

since we have assumed that H; is. Additionally, we assume

Assumption 2.2.3. For any f € 3y, the map x — (Af)(x) = (f, Fir)q¢, is measurable.

Equivalently, it is assumed that all functions g € H are measurable. Furthermore, Assumption [2.2.1]
implies that [|Af[l,, < k|/fllg, for all f € 3y, so that all functions in Hy are bounded in supremum
norm. Therefore, Hx is a subset of L2(X,v); let + denote the associated canonical injection map Hx —
L2(X,v).

Together, Assumptions [2.2.3] and thus imply that the map F. : X — H; is a bounded Carleman
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map [44]. We define the associated Carleman operator, as

S, Hy — L2(DC,1/)
fr— S, =uAf).

The operator S, is bounded and satisfies ||.5,| < &, since

150 f 11720y :/xl(Af)(x)F V(dw):/fo,Fzﬁcl ? v(da) < &% £ll5, -

To illustrate the general setting more concretely, we give as an example a classical family of integral

operators satisfying the above assumption, where the kernel K is completely explicit.

Example 2.2.4 (Integral operators). Let (Z,3,u) be a measured space. Assume Hy = L?(Z, ) and the

operator we consider is given by

4@ = [ ele @ du), e,
where ¢ is a known measurable function X x Z — R. Then we have

[Af](z) < || £]

2 1002 )l 0

so that Assumption is satisfied iff sup,ex lo(z, )5, < o0. In this case, since [Af](z) = (f, Fz)ac,
holds for any f € Hy, it follows F, = ¢(x,.) and

K(z,2") = (Fy, Fy)ag, = / (@, )l 2) dulz).

The two next examples are classical particular cases of the above.

Example 2.2.5 (Deconvolution). One of the most standard inverse problems is that of deconvolution.

We let Hy = L?([0,1],dt) (with dt the Lebesque measure) and the operator we consider be given by

Af](x) = / fpz—tydt, zeR,

where ¢ is a known filter belonging to CE(R), the space of k times continuously differentiable functions
on the real line with compact support. Then it is clear that A maps into Hy = CF(R) (see e.g. [{7],
Theorem 1.5.1). It can be easily checked that Assumption [2.2.1] is fulfilled and [Af)(z) = (f, Fy)sc, for
any f € Hy with F, = o(x — ). The kernel of Im(A) can explicitly calculated as

1
K(l'vy) = <Fx7Fy>?C1 :/0 cp(ﬂc—t)go(y—t) dt .

Example 2.2.6. (Differentiating a real function) We consider estimation of a derivative of a real func-
tion. To this end, we let Hy = {f € L*[0,1] : E[f] = 0}, the subspace of L*([0,1],dt) consisting
of functions with mean zero and Ho := C[0,1], the space of continuous functions on [0,1]. Define
A Ky —s Hy by

(Af)(z) = / " fe) dt
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Then Af = g if and only if f = ¢'. It is easily checked that Assumption|2.2.1|is satisfied. To identify the

kernel of Im(A), the reader can easily convince himself that

[Af](x) = {f, Fa)r2

where Fy(t) = 1 4(t) — . Thus, by definition K(x,t) = (Fy, Fy)r> = v ANt — xt and Im(A) coincides
with the real Sobolev space H}[0,1], consisting of absolutely continuous functions g on [0,1] with weak
derivatives of order 1 in L?[0,1], with boundary condition g(0) = g(1) = 0. The associated Carleman
operator is given by S = 1o A with v : H}[0,1] — L?[0,1] and with marginal distribution v = dt, the

Lebesgue measure on [0, 1].

We complete this section by introducing the shortcut notation F, := k~'F,, S, := k715, S% := k=197,
We define B, := 535, : H; — H; and B, := k7 2B,. Then B, is positive, self-adjoint and satisfies
HBVH < 1. The following Proposition summarizes the main properties of the operators S,,S; and B,.

Its proof can be found in the Appendix of [26] (Proposition 19).

Proposition 2.2.7. Under Assumptions and[2.2.3, the Carleman operator S, : 5, — L?*(X,v)
18 a Hilbert-Schmidt operator with nullspace

ker(S,) = Span{F, : x € support(v)}* .

The adjoint operator S : L*>(X,v) — 3y is given by
Stg= [ o), vids)
X

for any g € L?(X,v) and where the integral converges in 3~ norm.
Furthermore, if F,, ® F denotes the operator f € Hy — (f, Fgg>5JLfl F, € H,q, then

B, :/ F, ® F} v(dz) (2.2.1)
x
where the integral converges in trace norm.

It is natural to consider the inverse problem S, f = g (rather than Af = g) as the idealized population
version (i.e., noise and discretization-free) of , since the former views the output of the operator
in the geometry of L?(X,v), which is the natural population geometry when the sampling measure is v .
Multiplying on both sides by S}, we obtain the inverse problem B, f = S%g (called “normal equation”

in the inverse problem literature).

Since B, is self-adjoint and compact, the spectral theorem ensures the existence of an orthonormal set
{ej}jzl such that

B, =Y (e (2.2.2)
j=1
and

Hi1 =ker(B,) & Span{e; : j>1}.

The numbers p; are the positive eigenvalues of B, in decreasing order, satisfying 0 < ;11 < p; for all

Jj >0 and p; N\, 0. In the special case where B, has finite rank, the above set of positive eigenvalues
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and eigenvectors is finite, but to simplify the notation we will always assume that they are countably
infinite; formally, we can accommodate for this special situation by allowing that the decreasing sequence

of eigenvalues is equal to zero from a certain index on.

Remark 2.2.8. The considered operators depend on the sampling measure v and thus also the eigenvalues
()j>1. For the sake of reading ease, we omit this dependence in the notation; we will also denote
henceforth S =8,,S=S5,, B=B, and B=15,,.

2.2.2 Discretization by random sampling

For discretization, we consider a sample z = (x,y) = ((1,¥1), .- (Tn, Yn)) € (X x R)™ and introduce the

associated sampling operator

Sx : j‘fl — R”
fo— Sxf,

with (Sxf); = (f, Fz,)3c,, j = 1,...,n and where R" is equipped with the inner product of the empirical

L? structure,

1 n
! !
vy ) = =D ;-
=1

Formally, Sx is the counterpart of S, when replacing the sampling distribution v by the empirical dis-
tribution 7 := 13" | 4, , and identifying L?(X,7) with R" endowed with the above inner product.
Additionally, the sampled vector Sxf is corrupted by noise € = (e1,...,€,) to yield the vector of ob-
served values y = (y1, ..., yn) € R™

yj = g(x;) +e5=(Sxf)j+e5, j=1,....n, (2.2.3)

which can be interpreted as the discretized and noisy counterpart of the population problem S, f = g.

Replacing the measure v with the empirical measure 7 in Proposition gives the following Corollary:

Corollary 2.2.9. The sampling operator Sy : H; — R™ is a Hilbert-Schmidt operator with nullspace
ker(Sx) = Span{F,, : j =1, o}t

Furthermore, the adjoint operator Sg : R™ — Hy is given by
* 1 -

Sy = ;ijxj ;
and the operator By 1= SESx : H1 — H1 is given by

1O .
By = ﬁZsz ®Fy, .
j=1

With this notation, the normal equation associated with (2.2.3)), obtained by multiplying both sides by

Sk, reads Sy = Bx f+5%€; it is the discretized and noisy counterpart of the population normal equation
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introduced in the previous section. The advantage of looking at the normal equations is that both the
population and the empirical version act on the same space H; , so that the latter can be considered as
a perturbation of the former (both for the operator and the noise term), an observation which is central
to the theory [27].

Similarly, as for the population operators we introduce Sy := xSy, 5; =k~ 1S% and By := k2B,.

2.2.3 Statistical model, noise assumption, and prior classes

We recall the considered setting of inverse learning. The sampling is assumed to be random i.i.d., where
each observation point (X;,Y;) follows the model Y = Af(X) +¢. More precisely, (X;,Y;) are i.i.d. with
Borel probability distribution p on X x R. For (X,Y’) having distribution p, denoting v the marginal

distribution of X , we assume:

Assumption 2.2.10. The conditional expectation w.r.t. p of Y given X exists and it holds for v-almost
allz e X :
E,[Y|X = x| =S,f,, for some f, € H; . (2.2.4)

Furthermore, we will make the following Bernstein-type assumption on the observation noise distribution:

Assumption 2.2.11. There exists o > 0 and M > 0 such that for any integer m > 2:

E[|Y - Sxf,(X)[" | X]< %m! o?M™? v —as. (2.2.5)

It is a generally established fact that given any estimator fof fp, one can construct a probability measure
p on X x R such that the rate of convergence of f to f, can arbitrarily be slow (see, e.g., [43]). Thus,
to derive non-trivial rates of convergence, we concentrate our attention on specific subsets (also called
models) of the class of probability measures. We will work with the same type of assumptions as considered
by [24] and introduce two sets of conditions concerning, on the one hand, the marginal distribution v of
X, and on the other hand, the conditional distribution p(.|.) of ¥ given X.

Let P denote the set of all probability distributions on X. We define classes of sampling distributions by
introducing decay conditions on the eigenvalues p; of the operator B, defined in Section m

For b > 1 and «, 8 > 0, we define

P(b,B) :={veP: p; <B/5® Vj>1}, (2.2.6)
P> (b,a) :={veP: pj >a/j’ Vj>1} (2.2.7)
and
Piirong(b, ) :=={v € P7(b,a) : 3y >0,jo > 1s.th. @ > 277 V5 > jo}.

Ky

In the inverse problem literature, such eigenvalue decay assumptions are related to the so-called degree of
ill-posedness of the inverse problem B, f = S*g. In the present setting, the ill-posedness of the problem is
reflected by the eigenvalues of B, and depends on both the fixed operator A and the sampling distribution
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Example 2.2.12. Coming back to our Ezample [2.2.6, the degree of ill-posedness is determined by the
decay of the eigenvalues (11;); of the positive self-adjoint integral operator Lx = SS* : L?[0,1] — L?[0,1]

Licf)(x) = / K ) () dt |

Elementary calculations show that the SVD basis is given by ej(z) = \/2sin(mjz) with corresponding
eigenvalues i; = —=. Thus, b =2 and P<(2, %) NP> (2, %) as well as P<(2, %) NP

2] ) 2 ) 2 ) 2 strong

(2, %) are

not empty.

For a subset Q C H;, we let K(2) be the set of regular conditional probability distributions p(:|-) on
B(R) x X such that and hold for some f, € Q. (It is clear that these conditions only
depend on the conditional p(.].) of Y given X.) We will focus on a Hélder-type source condition, which
is a classical smoothness assumption in the theory of inverse problems. Given r > 0, R > 0 and v € P,

we define
Qu(r,R):={fedH:f= BZh, Hh||}c1 < R}. (2.2.8)

Note that for any r < ro we have Q,(rg, R) C Q,(r, R), for any v € P. Since B, is compact, the source

sets Q,(r, R) are precompact sets in Hj.

Then the class of models which we will consider will be defined as

M(r,R,?") = { p(dz,dy) = p(dy|z)v(dz) : p(:]) € K(Q(r,R)), vEP }, (2.2.9)
with P = P<(b, 8), P' =P~ (b,a) or P' =P, ., (b, ).

As a consequence, the class of models depends not only on the smoothness properties of the solution

(reflected in the parameters R > 0, r > 0), but also essentially on the decay of the eigenvalues of B,,.

2.2.4 Effective Dimension

We introduce the effective dimension N(X), appearing in [24] in a similar context. For A € (0, 1] we set
NN =Tr[(B+MN'B]. (2.2.10)

Since by Proposition the operator B is trace-class, N(\) < oo. Moreover, the following Lemma (see
[24], Proposition 3) establishes a connection between the spectral asymptotics of the covariance operator

B and an upper bound for N(X).

Lemma 2.2.13. Assume that the marginal distribution v of X belongs to P<(b,3) (with b > 1 and
B > 0). Then the effective dimension N(\) satisfies

Ny < PP

2\y—1
_7671('% A7
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Furthermore, for X <||B||, since B is positive

0 Hj : 1 1
N = _ _ > —_— 5 > —
» Z Hj+l€2>\+ Z uj+/£2)\_u_7nzllfegx{uj+n2/\}_2’

pj 2 K2 hj<k2X

since the first sum has at least one term.

2.2.5 Equivalence with classical kernel learning setting

With the notation and setting introduced in the previous sections, we point out that the “inverse learning”
problem can, provided Assumptions and are met, be reduced to a classical learning
problem (hereafter called “direct” learning) under the setting and assumptions of reproducing kernel-
based estimation methods. In the direct learning setting, the model is given by (ie., V; =
9(X;) + &;) and the goal is to estimate the function g. Kernel methods posit that g belongs to some
reproducing kernel Hilbert spaceﬂ Hg with kernel K and construct an estimate § € Hy of g based on

the observed data. The reconstruction error (§ — g) can be analyzed in L?(v)— norm or in 3 — norm.

Coming back to the inverse learning setting (Y; = (Af)(X;) + &), let Hx be defined as in the previous

sections and assume f € ker(A)* (we cannot hope to recover the part of f belonging to ker A anyway

and might as well make this assumption. It is also implied by any form of source condition as introduced

in Section [2.2.3]).

Consider applying a direct learning method using the reproducing kernel K; this returns some estimate
G € Hg of g. Now let AT be the inverse of Algcer(ayr, which is well defined since A is a partial isometry
as an operator H; — Hg (Proposition . Defining f:: A'g, we have

~ 2
|F= 1], = 1475 £l = 14T = Pz, = 13— Afle, = 15— sl -

Note that fis, at least in principle, accessible to the statistician, since A (and therefore A') is assumed

to be known. Hence, a bound established for the direct learning setting in the sense of the Hyx—
N 2
‘f B fH:}cl '

Furthermore, it is easy to see that the eigenvalue decay conditions and the source conditions involving

. ~ 2 . . .
norm reconstruction [[g — gl|5., also applies to the inverse problem reconstruction error

the operator B, introduced in Section are, via the same isometry, equivalent to similar conditions
involving the kernel integral operator in the direct learning setting, as considered, for instance, in [4} 20
211, 241 [79]. Tt follows that estimates in H x— norm available from those references are directly applicable
to the inverse learning setting. However, as summarized in Table for the direct learning problem
the results concerning H; — norm rates of convergence are far less complete than in L?(v)— norm. In
particular, such rates have not been established under consideration of simultaneous source and eigenvalue
decay conditions, and neither have the corresponding lower bounds. In this sense, the contribution of the
present paper is to complete the picture in Table with the inverse learning setting as the underlying

motivation.

IThis can be extended to the case where g is only approximated in L?(v) by a sequence of functions in Hg. For the
sake of the present discussion, only the case where it is assumed g € H is of interest.
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2.2.6 Regularization

In this section, we introduce the class of linear regularization methods based on spectral theory for self-
adjoint linear operators. These are standard methods for finding stable solutions for ill-posed inverse

problems, see, e.g., [34] or [3§].

Definition 2.2.14 (Regularization function). Let g : (0,1] x [0,1] — R be a function and write
gr = g(A, ). The family {ga}x is called regularization function, if the following conditions hold:

(i) There exists a constant D < oo such that

sup |tga(t)| < D,
0<t<1

forany 0 < X <1.

(i) There ezists a constant E < oo such that

E
sup |ga(t)l < +, (2.2.11)
0<t<1
forany 0 < A < 1.
(#i) Defining the residual
ra(t) =1 — ga(t)t, (2.2.12)

there exists a constant yo < oo such that

sup |ra(t)] < 7o, (2.2.13)
0<t<1

forany 0 <X < 1.

Definition 2.2.15 (Qualification). The qualification of the reqularization {gx}x is the mazimal q such
that for any 0 < A <1

sup [ra(£)[t7 < 3 7.
0<t<1

for some constant v4 > 0.

The next lemma provides a simple inequality (see, e.g., [64], Proposition 3 ) that shall be used later.

Lemma 2.2.16. Let {g)} be a regularization function with qualification g. Then, for any r < ¢ and
0< A<

sup |ra(t)]t" < AT, (2.2.14)
0<t<1

r T

1—r &
where v, ==, ‘74 -

Given the sample z = (x,y) € (X x R)", we define the regularized approximate solution f,' of problem
(2.2.3), for a suitable a priori parameter choice A\ = A, by

fin = gx, (Bx)Sky . (2.2.15)
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Note that gx(By) is well defined since ||BXH <1.

Remark 2.2.17. (On the explicit calculation of the estimator) Denoting by

- 1

Ko = 172 (K (i, 7))
the (normalized) kernel matriz and letting o = (aq, ..., ) = ga, (Kx)y € R™, we have by recalling the
formula g(A*A)A* = A*g(AA*) (holding for bounded operators A and measurable functions g on the

spectrum of A) and by Corollary

f2r =800, Ry = — > o, - (2:2.16)
j=1

Thus the estimator fon for the target function can be calculated using the elements F,, ..., Fy, (which, in
turn, determine Ky, and then the coefficients (o, ..., a,)) . For the integral operators of a general form
given in Example this has been made completely explicit. In general, explicit formulae of course

depend on the operator A and the inner product on H;.

We now consider a different example setting. Assume now that Hy also is an RKHS consisting of

functions on some measurable space Z with a known, measurable kernel G. Then one finds
F.(2) = (Fy,G(z, )3, = [AG(z,)](x) , reX,ze€2

and
K(z,2') = (Fy, Fy)g, = [AF,](2') z, 2’ €X.

Given the operator A, this is completely explicit and requires only forward applications of A. In practice,
if no closed-form formula can be derived, and since evaluation of F, at a point z requires application of
A to the test function G(z,-), a numerical approximation of AF, might include appropriate discretization
of Z, F, and A.

We close this section by giving some examples which are common both in classical inverse problems [34]

and in learning theory [4].

Example 2.2.18. (Spectral Cut-off) A wvery classical regularization method is spectral cut-off (or

truncated singular value decomposition), defined by

1 .
g*(t)_{ 0 ift<A.

In this case, D = E = vy = 74 = 1. The qualification q of this method can be arbitrary.

Example 2.2.19. (Tikhonov Regularization) The choice g)(t) = corresponds to Tikhonov reg-

1
i
ularization. In this case we have D = E = 9 = 1. The qualification of this method is ¢ =1 with v = 1.
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Example 2.2.20. (Landweber Iteration) The Landweber iteration (gradient descent algorithm with
constant step size) is defined by

k—
gr(t) =Y _(1—t)) withk=1/x€N.
j=0

=

We have D = E =~y = 1. The qualification q of this algorithm can be arbitrary with v, =10 < ¢ <1
and vq = q? if ¢ > 1. The coefficients (a;); in (2.2.16) can be calculated by using the following algorithm:

ag=0¢€R"
for i=1,..,k—1
o = o1 + %(y — Kyai—1)

Example 2.2.21. (v- method) The v— method belongs to the class of so called semi-iterative regu-
larization methods. This method has finite qualification ¢ = v with 7, a positive constant. Moreover,
D =1 and E = 2. The filter is given by gix(t) = px(t), a polynomial of degree k — 1, with regularization
parameter \ ~ k™2, which makes this method much faster as e.g. gradient descent. The coefficients (o) ;
n can be calculated by using the following algorithm:

Qo = 0eR”
_ 4v+2
W1 = 1

a1 = ap + 2 (y — Keap)
for i=2,..,k—1

a; = a1 +ui(i1 — ai2) + 2y — Kea;1)
w — (i—1)(2i—3)(2i+2v—1)
@7 (it2v—1)(2i+4v—1)(2i+2v—3)
(2i42v—1)(i+v—1)
(it2v—1)(2i+av—1)

wi:4

For more details concerning the derivation we refer in particular to [5) .

2.3 Main results: upper and lower bounds on convergence rates

Before stating our main results, we recall some basic definitions in order to clarify what we mean by
asymptotic upper rate, lower rate and minimax rate optimality. We want to track the precise behavior
of these rates not only for what concerns the exponent in the number of examples n, but also in terms
of their scaling (multiplicative constant) as a function of some important parameters (namely the noise
variance o2 and the complexity radius R in the source condition). For this reason, we introduce a notion
of a family of rates over a family of models. More precisely, in all the forthcoming definitions, we consider
an indexed family (My)gco , where for all € ©, My is a class of Borel probability distributions on X x R
satisfying the basic general assumption 2.2.10f We consider rates of convergence in the sense of the p-th

moments of the estimation error, where p > 0 is a fixed real number.

Definition 2.3.1. (Upper Rate of Convergence)

A family of sequences (an,9)n,0)enxeo Of positive numbers is called upper rate of convergence in L?
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for the interpolation norm of parameter s € [0, %] , over the family of models (Mp)geco , for the sequence

of estimated solutions (fz/\"’e)(n,g)eNX@ , using reqularization parameters (An,0)n,0)enxo , if

s An, »
| Eyon [IB3(60 = £l
sup lim sup sup
0EO® n—oo peMy Gn.0

< 0

Definition 2.3.2. (Weak and Strong Minimax Lower Rate of Convergence)

A family of sequences (an.,0)n,0)enxe of positive numbers is called weak minimax lower rate of con-
vergence in LP for the interpolation norm of parameter s € [0, %] , over the family of models (My)geco ,
if

1
5 P
. . . Ep@” [HBﬁ(fﬂ*fz)Hﬂ{l]p
inf limsupinf sup >0,
0€© nsoco  fe pedy (W]

where the infimum is taken over all estimators, i.e., measurable mappings fo : (X x R)» — Hy . It is

called a strong minimax lower rate of convergence in L? if

=

5 P
Eyon [I1B3(f — £2)[5,]
inf liminfinf sup
0€© n—oo0 fo peny QA0

The difference between weak and strong lower rate can be summarily reformulated in the following way:
If r,, denotes the minimax risk, using n observations, then a,, = O(r,) must hold if a,, is a strong lower

rate, while a,, being a weak lower rate means that r,, = o(a,) is excluded.

Definition 2.3.3. (Minimax Optimal Rate of Convergence)

The sequence of estimated solutions (fz)‘g)n using the regularization parameters (An.o)(n,0)enxo 15 called
weak /strong minimax optimal in L? for the interpolation norm of parameter s € [0, %}, over the
model family (Mp)oco, with rate of convergence given by the sequence (an.0)(n,0)enxo, if the latter is

o An
a weak/strong minimaz lower rate as well as an upper rate for (f7")n.o-

We now formulate our main theorems.

Theorem 2.3.4 (Upper rate). Consider the model My arr := M(r, R,P<(b,)) (as defined in Sec-
tion m, where 1 > 0, b > 1 and § > 0 are fized, and (R, M,0) € Ri (remember that (o, M) are
the parameters in the Bernstein moment condition (2.2.5), in particular o is a bound on the noise vari-
ance). Given a sample z = (x,y) € (X x R)", define f, as in (2.2.15)), using a reqularization function of

qualification q > v + s, with the parameter sequence

g2 \ e
)\n7(g7R) = min <M) y 1 . (231)

Then for any s € [0, 3], the sequence
a,n,(o-vR) = R <%> (232)

is an upper rate of convergence in LP for all p > 1, for the interpolation norm of parameter s, for the

sequence of estimated solutions (fz/\”’(”’R)) over the family of models (MU,M,R)(a,M,R)eRi .
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Theorem 2.3.5 (Minimax lower rate). Letr > 0,R > 0,b > 1 and a > 0 be fized. Let v be a distribution
on X belonging to P~ (b,a). Then the sequence (an (o,r)) defined in (2.3.2)) is a weak minimaz lower rate

of convergence in LP for allp > 1 , for the model family Mg .o == M(r, R, {v}), (R,M,0) e R} . Ifv

>
strong

belongs to P (b, ), then the sequence a, (o,r) is a strong minimaz lower rate of convergence in LP

for allp > 0, for the model family Mp pr,o -

Finally, we have as a direct consequence:

Corollary 2.3.6 (Minimax optimal rate). Let r > 0,b > 1, 8 > o > 0 be fized and assume P’ =
P<(b, B)NP> (b, ) # 0. Then the sequence of estimators f;\"’(”’m as defined in is strong minimazx
optimal in LP for all p > 1, under the assumptions and parameter sequence of Theorem ,
over the class Mg a0 == M(r, R, P"), (R,M,0) € R3 .

2.4 Discussion

We conclude by briefly discussing some specific points related to our results.

Non-asymptotic, high-probability bounds. The results presented in Section [2.3] are asymptotic in nature
and concern moments of the reconstruction error. However, the main underlying technical result is an
exponential deviation inequality which holds non-asymptotically. For simplicity of the exposition we
have chosen to relegate this result to the Appendix (Proposition there). Clearly, thanks to such a
deviation inequality, we are able to handle moments of all orders of the error. Furthermore, while the
asymptotics considered in the previous section always assume that all parameters are fixed as n — oo,
going back to the deviation inequality one could in principle analyze asymptotics of other nonstandard

regimes where some parameters are allowed to depend on n .

Adaptivity. For our results we have assumed that the crucial parameters b, r, R concerning the eigenvalue
decay of the operator B, as well as the regularity of the target function are known, and so is the noise
variance o ; these parameters are used in the choice of regularizing constant A, . This is, of course, very
unrealistic. Ideally, we would like to have a procedure doing almost as good without knowledge of these

parameters in advance. This is the question of adaptivity.

For what concerns the convergence in excess prediction error L?(v), and under the boundedness assump-
tion |Y| < M, it is well known that a simple hold-out strategy (i.e., choosing, among a finite family of
candidate estimators fk, the one achieving minimal error on an held-out validation sample), performed
after trimming all candidate estimators ]/‘;c to the interval [—M, M|, generally speaking selects an estima-
tor close to the best between those considered. One could, for example, consider estimators corresponding
to an appropriately chosen discrete (typically geometric) grid of values for A and adapt the corresponding

arguments from [211 [81] ; see also [14] for a general point of view on this question.

However, it remains an open question whether a similar strategy also applies to the error measured in
stronger norms: The prediction norm is the only one directly empirically accessible and it does not follow
that a value of A which is good in the sense of prediction (one of which hold-out would select) would

automatically also yield good performance for the stronger norms.
In Chapter [5| we study such an adaptive procedure based on Lepski’s principle for the oracle selection of
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a suitable regularizing constant \. We even show that an adaptive parameter choice based on Lepski’s
approach in L?(v)— norm also applies to all other stronger interpolation norms and provides minimax

optimal learning rates (up to log-term).

Weak and strong lower bounds. The notion of strong and weak lower bounds introduced in this work
(corresponding respectively to a liminf and limsup in n) appear to be new. They were motivated by
the goal to consider somewhat minimal assumptions on the eigenvalue behavior, i.e., only a one-sided
power decay bound, to obtain lower minimax bounds under source condition regularity. It turns out
a one-sided power decay bound is the main driver for minimax rates, but excluding arbitrarily abrupt
relative variations f10;/p; appears to play a role in distinguishing the weak and strong versions. Such a
condition is also called one-sided regular variation, see [7] for extensive considerations on such issues. We
believe that this type of assumption can be relevant for the analysis of certain inverse problems when the

eigenvalues do not exhibit a two-sided power decay.

Smoothness and source conditions. In considering source conditions in terms of the operator B, as
measure of regularity of the target f, we have followed the general approach adopted in previous works
on statistical learning using kernels, itself inspired by the setting considered in the (deterministic) inverse
problem literature. It is well established in the latter literature that representing the target function in
terms of powers of the operator to be inverted is a very natural way to measure its regularity; it can be
seen as a way to relate noise and signal in a geometry that is appropriate for the considered ill-posed
problem. In our setting, one can, however, wonder why a measure of regularity of the target function
should depend on the sampling distribution v. A high-level answer is that the sampling can itself be
seen as a source of noise (or uncertainty), and that it is natural that it enters in the ill-posedness of the
problem. For instance, regions in space with sparser sampling will result in more uncertainty. On the
other hand, if, say, the support of v is contained in a low-dimensional manifold, the problem becomes
intrinsically lower-dimensional, being understood that we must abandon any hope of estimating outside
of the support, and this should also be reflected in the measure of regularity. A more detailed analysis of
such issues, and relations to more common notions of regularity, is out of the scope of the present work

but certainly an interesting future perspective.

Relaxing Assumption [2.2.1 Assumption [2.2.1] is crucial for our results: It allows us to use the RKHS
structure, which is then entirely determined by the operator A. It would be certainly of interest to
consider the more general setting where this assumption does not hold, for instance if Af is only assumed
to lie in L?(v). In order to follow a similar approach, one would have to introduce separately an RKHS
structure having adequate approximation properties. While this setting has been considered in the direct
problem case A = I for nonparametric regression (see e.g. [13] 20} 21} [82]), for the general inverse problem
this appears to be an open problem, which would in particular require the careful analysis of the interplay

between the RKHS structure, the operator A, and the suitable definition of source conditions.

2.5 Proof of Upper Rate

All along the proof, we will use the notation C, to denote a positive factor only depending on the quantity
a. The exact expression of this factor depends on the context and can potentially change from line to

line.
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Bias-Variance Decomposition

We now consider the following bias-variance decomposition

B(fp = f2) = B*(f, = A (B)S}y)
= B*(fp = 9(Bx)Bxf,) + B9x(Bx)(Bxfp = Sxy)

= B*ra(Bx)fy + B 9x(Bx)(Bxf, — Sxy) (2.5.1)
where r) is given in .
Definition 2.5.1. We refer to the norm
HBST/\(BX)JIPH%I
as the Approximation Error while the norm
| B*ga(Bx)(Bxf, — Y)chl

is called Sample Error.

We continue with a preliminary inequality. Given n € (0,1], n € N and A € (0, 1] assume
n > 642" max(N()), 1) log? (8/7) . (2.5.2)
We may apply Proposition [A.1.4] to obtain the inequality
[(Bx+ )" HB+MN| <2,
with probability at least 1 — 7. Combining this with , we get for any u € [0, 1]:

|B*(Bx + N)~"|| = || B“(B+\)"“(B+\)" |
< H(B+/\)(BX+A)‘1H <2. (2.5.3)

From this we deduce readily that, with probability at least 1 — 7, we have for any f € H;

1B Fllae, < 2[[(Bx+ 27 fly, - (2.5.4)
We upper bound ||BS — ) H 5, by treating separately the two terms corresponding to the above
decomposition, i.e.
|8 = D], <2(IBx+ 213 B follse, + 1B+ 2 (03 (BIBrfo = i), ) -

Proposition 2.5.2 (Approximation Error). Let s € [0,1], r >0, R > 0, M > 0. Suppose f, € Q,(r,R).
Let f be defined as in ([2.2.15) using a regularization function of qualification ¢ > r + s and put 7 :=
max(yo,7q) . Moreover, let n € (0,1], A € (0,1] and n € N.
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1. (Rough Bound) With probability equal to one

| B*rA(Bx) fol 3¢, < 0R - (2.5.5)

2. (Refined Bound) If in addition assumption (2.5.2)) is satisfied, then we have with probability at least
1—n:

_ _ 1
135 (B fy g, < 167, Rlog (4571) A <>\’” + \/ﬁﬂ(lm)@«)) , (25.6)

with Cr = max(rC, 1), where C is explicitly given in Proposition equation (A.4.2).

Proof of Proposition[2.5.2 1. A rough bound immediately follows using ([2.2.13)) and from f, € Q,(r, R):

HBST/\(Bx)prg{l S ’}/0R. (257)

2. Since f, € Q,(r, R), we have
[(Bx + X)*rA(Bx) fo| g, < R ||(Bx +A)*ra(Bx)B"| . (2.5.8)

We now concentrate on the operator norm appearing in the RHS of the above bound, and distinguish

between two cases. The first case is r > 1, for which we write

(Bx + A\)*ra(Bx)B" = (Bx + A)*ra(Bx)BL + (Bx + \)°rx(Bx)(B" — BL). (2.5.9)
The operator norm of the first term is estimated via
||(Bx + /\)Sr,\(Bx)B;H < sup (t+ A)°t"ra(t)

te[0,1]

< sup *TTrA(t) + A% sup t7ra(t)
te(0,1] t€(0,1]

< 29N (2.5.10)

by applying (twice) Lemma[2.2.16|and the assumption that the qualification ¢ of the regularization
is greater than r + s; we also introduced 7 := max(7o,7,) . The second term in equation (2.5.9) is

estimated via

(B + A ra(Bx)(B” — B < ||(Bx + N)'ra(Bo)|| [|B” - By
<25rC X° ||B - By |

where C' is given in Proposition equation ({A.4.2). For the first factor we have used the same
device as previously for the term in ([2.5.10) based on Lemma [2.2.16 and for the second factor we

used Proposition Finally using Proposition to upper bound || B — Bx||, collecting the
previous estimates we obtain with probability at least 1 — n/2:

[(Bx + X)*ra(Bx) fo| 5, < 4rCRlog (4n7") </\'“ + \}ﬁ) A5 (2.5.11)

We turn to the case r < 1, for which we want to establish a similar inequality. Instead of (2.5.9)
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we use:

|(Bx + A)*ra(Bx)B"|| = ||(Bx + A\)*ra(B )(B +A)"(Bx +A)"B"||
< 2|(Bx + N ra(By) ||
< 8YATTE, (2.5.12)

where we have used the (transposed version of) inequality (valid with probability at least
1—1n/2); and, for the last inequality, an argument similar the one leading to (using this time
that (¢-+X)"1* < 2(t" 5+ X\"1%) for all ¢ > 0 since r+s < 2 in the case we are considering). Combining
this with (2.5.11)) , (2.5.8)) and ([2.5.4)) implies that inequality holds with probability at least
1—n.

O

Proposition 2.5.3 (Sample Error). Lets € [0,3],7 >0, R >0, M > 0. Suppose f, € Q,(r,R) . Let f

be defined as in (2.2.15) using a reqularization function of qualification ¢ > r+s and put 7y := max(vo,Vq) -
Moreover, let n € (0,1], A € (0,1] and n € N.

1. (Rough Bound) With probability at least 1 —n
1
B* < log(2n™ ) ——=. 2.5.1
B2 9x(Bx)(Bxf = 55¥) |5, < Crm,0 log(2n W (2.5.13)

2. (Refined Bound) If in addition assumption (2.5.2)) holds, then we have with probability at least 1—n:

M o2N(\
||Bsg)\ x)( xfp y)H}C1 < CS’D,Elog(Sn_l)As (n/\ + n)E )> . (2.5.14)

Proof of Proposition|2.5.5. 1. Using (2.2.11)) and the second part of Proposition|A.1.2|, we obtain that
with probability at least 1 —n

85 (B(B . E (M 2
HBSQA(Bx)<Bxfp — S,’:y)H%1 < 2log(2n 1)X <n + 2)

1
< CgMo—= 10g(277*1) .

AV
2. We further split by writing
(Bx + )‘)SQA(BX)(BXJCP - S;Y) = H)(cl) : H>(c2) : hi (2515)
with
HO = (Bx+X)°ga(Bx) (Bx + )7,
HP = (Be+\) 2 (B+))?,
Wy = (B+\)?(Byf, - Siy)

and proceed by bounding each factor separately.
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For the first term, we have (for any A € (0,1] and x € X™), and remembering that s < 1/2:

H aY H < sup (t+N)*Fagy(t)

te[0,1]

<AFT sup ga(t) + sup t”%gx(t)‘

tel0,1] te[0,1]

s+% %75

_1

< BN 4 ( sup Itgx(t)|> (Sup |9A(t)|>
te[0,1] te[0,1]

< BN 4 DotEE e NE — 0y p g, (2.5.16)

where we have used Definition [2.2.14] (2), (4i).

The probabilistic bound on H,(f) follows from Proposition which we can apply using assump-
tion (2.5.2)), combined with Proposition This ensures with probability at least 1 —n/4

|

’ <V2. (2.5.17)
Finally, the probabilistic bound on h) follows from Proposition With probability at least
1 —mn/4, we have

+
nvA n

As a result, combining (2.5.16)), (2.5.17) and (2.5.18) with (2.5.15|) gives with probability at least
L=

M U2N(’\>> . (2.5.18)

12, < 2108(8n~Y) (

_ - - s [ M oZN(A
| (Bx + A)*ga(Bx)(Bx f — Sxy)||9{1 < Cs.p.plog(8n7 1A (m + M( )> . (2.5.19)
Combining the last bound with (2.5.4]) completes the proof.
O

Corollary 2.5.4. Let s € [0, %], o>0M>0,r>0,R>0,8>0,b>1 and assume the generating
distribution of (X,Y) belongs to M(r, R, P<(b,3)) (defined in Section . Let f) be the estimator
defined as in (2.2.15)) using a regularization function of qualification ¢ > r + s and put 7 := max(yo,Vq) -

Then, there exists ng > 0 (depending on the above parameters), so that for all n > ng, if we set

o ﬁ

then with probability at least 1 —n :

2b(r+s)

o 2br+b+1
Rvn ’

1B = £2)lae, < Co55.0,8Cs Tog(sn )R (

provided log(n™') < Chp.0.r NI and with Cy = % ]

Remark: In the above corollary, ny can possibly depend on all parameters, but the constant in front of

the upper bound does not depend on R, o, nor M. In this sense, this result tracks precisely the effect
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of these important parameters on the scaling of the rate, but remains asymptotic in nature: It cannot
be applied if, say, R,o of M also depend on n (because the requirement n > ng might then lead to an
impossiblity.) If some parameters are allowed to change with n , one should go back to the non-asymptotic
statement of Proposition and Proposition for an analysis of the rates.

Proof of Corollary[2.57. We check that the assumptions of both Proposition [2.5.2] and Proposition 2.5.3]
are satisfied provided n is big enough. Concerning assumption (2.5.2)), let us recall that by Lemma|2.2.10

N(\) < b/i—blxl/b . (2.5.21)

Consequently, (2.5.2) is ensured by the sufficient condition
n>Cyp log2(877*1))\*%*1 < log(n™") < Chpor R (2.5.22)

Applying Proposition[2.5.2] Proposition[2.5.3] Lemma[2.2.10|again and folding the effect of the parameters

we do not intend to track precisely into a generic multiplicative constant, we obtain using decomposition
(2.5.1) that with probability 1 —n

| B*(f, — fj)||j{1 < C, log(8n~hA® (R (X” + \/1511(1700)@)) + <2§ + Ci%”x*)) . (2.5.23)

with e = (5,9, D, E, ) and Cj, = /2.

Observe that the choice (2.5.20) implies that rn=2 = o(A”). Therefore, up to requiring n large enough
and multiplying the front factor by 2 , we can disregard the term r/4/n in the second factor of the above

bound. Similarly, by comparing the exponents in n, one can readily check that

M 1 b1
(o TF)
ni, n

so that we can also disregard the term M (n),)~! for n large enough (again, up multiplying the front
factor by 2) and concentrate on the two remaining main terms of the upper bound in (2.5.23)), which
are RA\" and oA\~ n~% . The proposed choice of A, balances precisely these two terms and easy

computations lead to the announced conclusion. ]

We now come to the proof of our main Theorem for the upper bound. To simplify notation and argument

we will adopt the following conventions:

e The dependence of multiplicative constants C' on various parameters will (generally) be omitted,

except for o, M, R,n and n which we want to track precisely.

e The expression “for n big enough” means that the statement holds for n > ng, with ny potentially

depending on all model parameters (including o, M and R), but not on 7.
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Proof of Theorem [2.3.4]

Proof of Theorem[2.3.7} We would like to “integrate” the bound of Corollary 2.5.4] over 1 to obtain a
bound in LP norm (see Lemma , unfortunately, the condition on 7 prevents this since very large
deviations are excluded. To alleviate this, we use a much coarser “fallback” upper bound which is valid
for all n € (0,1]. From (2.5.5) and (2.5.13) , we conclude that

PI[B*(f = ), = @' + ¥ logn™] <,

for all n € (0,1], with o’ := Cy ps g max (ﬁ, 1) and b’ := C;% . On the other hand, Corollary [2.5.4

ensured that

IPMBS(fp - sz"’("’R))H}C1 > a+blogn_l] <, for logn™' <logny ' = C, gnoriee

2b(r+s)
) 26rFb+1

Witha:b::C’R( z

NG = Cay,(s,Rr) » provided that n is big enough.

We can now apply Corollary which encapsulates some tedious computations, to conclude that for
any p < %log 770_1 and n big enough:

E[[1B*(f, = £ lae, | < Co (0] o5y + 1m0 (@) + 206 10g g ")7) ) -

Now for fixed o, M, R, and p, the quantities a’,b’ are powers of n, while g = exp(—C,,n">") for

vy > 0. The condition p < %log 7761 is thus satisfied for n large enough and we have

1
> An, (o, p |7
| Eon 18 = £ )]
limsup sup <C,
n—oco pEMq M, R Qn,(0,R)

(where we reiterate that the constant C' above may depend on all parameters including p, but not on

o, M nor R). Therefore, taking the supremum over (o, M, R) yields the desired conclusion. O

2.6 Proof of Lower Rate

We will apply the general reduction scheme in Appendix [A'5], Proposition [A75.] to our target distance
ds : Q,(r,R) x Q,(r, R) — R4, given by

ds(f1, f2) = ||B° (]ﬁ-fz)H}C1 :

with s € [0,1] and v € P> (b,a). We will establish the lower bounds in the particular case where the
distribution of Y given X is Gaussian with variance o (which satisfies the Bernstein moment condition
with M = o). The main effort is to construct a finite subfamily belonging to the model of
interest and suitably satisfying the assumptions of Proposition this is the goal of the forthcoming

propositions and lemmata.

Proposition 2.6.1. Let v € P~ (b, ), forb > 1, a > 0. Assume thatr > 0,R > 0. To each f € Q,(r, R)
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and x € X we associate the following measure:
pr(dx,dy) := pp(dylz)v(dx), where ps(dy|z) == N(S,f,0?). (2.6.1)

Then:

(i) The measure py belongs to the class M(r, R, P~ (b, «)), defined in (2.2.9).

(i) Given f1, fo € Q,(r, R), the Kullback-Leibler divergence between p1 and po satisfies
1 = 2
9{(01702) = ﬁ“@(ﬁ - f2)||}c1 :

Proof. Point (i) follows directly from the definition of the class M(r, R, P~ (b, «)). For point (ii), note
that the Kullback-Leibler divergence between two Gaussian distributions with identical variance o2 and

mean difference A is A/202. Since p1, p2 have the same X-marginal v, it holds

K(pr, p2) = EX(p1(1X), 210N = 55 [ (Suhs = f2)) o)

T 202

1 5 1 —
= 202 HS(fl - fz)”ig(y) = T‘QH\/E(fl - f2)||§{1 )

O

The following lemma is a variant from [24], Proposition 6, which will be useful in the subsequent propo-

sition.

Lemma 2.6.2. For any m > 28 there exist an integer N,, > 3 and 71, ...,7n,, € {—1,+1}™ such that
for any i,j € {1,..., N,y } with i # j it holds

log(Ny — 1) > 3ﬂ > (2.6.2)

(=)
[SCRR )

and
m

> (@l —nh)? > m, (2.6.3)

=1

where m; = (7}, ..., T™).

Proposition 2.6.3. Assume v € P~ (b,a). Let 0 < s <1/2, R> 0 and r > 0. For any g > 0 there
exist € < g, N. € N and functions f1, ..., fn. € Hy satisfying

(i) fi € Qu(r,R) for anyi=1,...,N. and
ns 2 2
| B*(fi = f3) llse, >
foranyi,j=1,...,N. withi# j.

(i1) Let p; :== py, be given by (2.6.1))). Then it holds

2r41

K(pi, p;) < Chyrs RP02 (%) .
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foranyi,j=1,.... N, withi+#j.

1
(iii) log(Nz — 1) > Coprs (B)7CF

€

If v belongs to the subclass P, om0 (b, @), then the assertions from (i), (ii) and (iii) are valid for all € > 0

strong

small enough (depending on the parameters v, R,s,a,b as well as jo,7y coming from the choice of v in

Pirong (b, @) ; the multiplicative constants in (ii), (iii) then also depend on v .)

Proof. We first prove the proposition under the stronger assumption that v belongs to P, (b, ). We
recall from (2.2.2)) that we denote (e;);>1 an orthonormal family of 3(; of eigenvectors of B corresponding
to the eigenvalues (p;);>1, which satisfy by definition of P, (b, @):

strong
VI>0:pm>al™® (2.6.4)
and
Vi>lg g >2 0, (2.6.5)

b
/b (r+s)
max(28,lp)

max{ [l >1: > QV(ER*I)ﬁ }. Note that m > max(28, 1), following from the choice of ¢ and from
2.6.4).

for some Iy € N and for some v > 0. For any given ¢ < R277("+s) ( we pick m = m(e) :=

Let Ny, > 3 and 7y, ...,7n,, € {—1,+1}™ be given by Lemma and define

c 2m ( ) 1 r+s

l—m .
;= — ) — =1,.. . 2.6.6
gi — E ™, (,Ul) ey, 1 ) ( )

l=m+1

We have by (2.6.5)) and from the definition of m

) 52 2m 1 2(r+s) 2(rts)
—2(r+s _
”gi”}fl = = Z (’uk) < €2u2m7 < 5222V(T+s)’um2(r+s) < R?.
l=m+1

For i =1,..., Ny, let fi := B"g; € Q,(r, R), with g; as in . Then
1B = £) llse, = | B™(9 = 95) 15,

2 2m 1 2(r+s)
Z (Wé—m o ,/Té—m)2 (> ul2(T+s) Z 82,
l=m+1

30

i

by (2.6.3) , and the proof of (i) is finished. For ¢ = 1,...,N;, let p; = py, be defined by (2.6.1). Then,
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using the definition of m, the Kullback-Leibler divergence satisfies

K(pirp5) = 5 IIVBU: = 1)1,

202
1 2
_ gz — H
57 ||B - )|
&2 2m l, s 1 2(r+s) _—
= 202m. Z (Trz -7 ) (m> 2

< 20_2;4:,;21552

1427

< ol+y(1-2s) [ —2p2 (E) r+s
— g R )

which shows (i7). Finally, (2.6.2)), (2.6.4)), (2.6.5) and the definition of m imply

m al/b al/b _ Oél/b R 7b(T1JrS)
1 Nmfl > — > — 71/b>7277/b 1/b> 2727/1}
o )2 3562 36 M2 56 T - ;
thus (iii) is established.

We now assume that v belongs to P~ (b, o) and only satisfies condition (2.6.4)). Let any €9 > 0 be given.
We pick m € N satisfying m > 28 and the two following conditions:

fim < 20T (R™1eq) 7 (2.6.7)
Hom o g=b-1 (2.6.8)
i

Since the sequence of eigenvalues (p,,) converges to 0, condition ([2.6.7)) must be satisfied for any m big
enough, say m > mg(gp). Subject to that condition, we argue by contradiction that there must exist
m satisfying (2.6.8). If that were not the case, we would have by immediate recursion for any [ > 0,

introducing m’ := 2!mg(g):

m/

mo(€o)

—b—1
Hm/ < 27l(b+1),“7ﬂ0(80) = ( > ,LLmO(EO) == CEO (m’)f(b+1),

which would (eventually, for [ big enough) contradict (2.6.4) . Therefore, there must exist an m > mg

satisfying the required conditions. Now put

g:= 2 CFDI+I R rts < o (2.6.9)
where the inequality is from requirement . For i = 1,..., N,,, we define g; as in . Then
l|gillsc, < R. Again, let f; := B"g; € Q,(r, R) and the same calculations as above (with v replaced by
b+ 1) lead to (4), (#4) and (4¢7). O
Proof of Theorem[2.3.5 Let the parameters r, R,s,b,a, 0 be fixed for the rest of the proof, and the
marginal distribution v € P~ (b, a) also be fixed.

Our aim is to apply Proposition to the distance ds(f1, f2) := || B* (f1 — fg)H%1 (s €[0,3]), on the
class © := Q,(r, R) , where for any f € Q,(r, R), the associated distribution is Py := pf?” with p; defined
as from Proposition m (i) ; more precisely, we will apply this proposition along a well-chosen sequence
(nk, k) k>0 . From Propositionm, we deduce that there exist a decreasing null sequence (g5) > 0 such
that for any ¢ belonging to the sequence, there exists N. and functions f1, ..., fy. satisfying (i)-(ii)-(iii).
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In the rest of this proof, we assume ¢ = ¢j, is a value belonging to the null sequence. Point (i) gives
requirement (i) of Proposition We turn to requirement (A.5.2)). Let p; = py, be given by (2.6.1)).
Then by Proposition (ii)-(iii) :

c 2r41
2 _—2 rts
S an,r,s Roo (E)

2br4b+1

S nCa,b,r,s RQU_Q (%) e log(NE - 1)

= w log(N. —1).

2br42r+1

-1
Choosing n := (8004’17,,,,5 R%?5—2 (5R_1) b(r+s) ) J ensures w < é and therefore requirement (A.5.2))
is satisfied. Then Proposition entails:

. c N.—1 2w
_ > ——1-2w—
inf mex, o7 (1B Fa = e, 25 ) = 1 NE—1<1 2 1og(N€1>>
1/(3 3
> — - p—
- 2\4 8
> 0

This inequality holds for any (ng,ex) for € in the decreasing null sequence and nj given by the above

formula; we deduce that ny — oo with

2b(r+s)

c o 26rFbF1
g > R .
k = “Yabrs R\/ﬁ

Thus, applying (A.5.1) and taking the limsup gives the result.

Now suppose that that v belongs to PZ,.,,,(b, a). Define

2 22(:221
b(rts) o v
- R 8004 7,8 T b+l Ho )
(8Conne) 5% ()
then for any n sufficiently large, points (i)-(ii)-(iii) of Proposition will hold. The same calculations
as above now hold for any n large enough. Finally, taking the liminf finishes the proof. O

Proof of Corollary|2.3.6. The main point is only to ensure that the strong minimax lower bound applies,
for this we simply check that P, (b, ) D P = P<(b, 8) NP~ (b, ) . For any v € P<(b,3) N P~ (b, ),
the eigenvalues of the operator B satisfy aj=° < p; < Bt for all j > 1. It follows that for any j > 1:

MQ] g2 b

)

Q

so that the conditions for v € P, (b, ) are met (with parameters v := b + log, g , lo =1). Since P’
is assumed to be non empty, for any v € P’ the strong lower minimax bound of Theorem applies
to the family Mg a0 := M(r, R, {r}) and a fortiori to the family Mg ps» := M(r, R, P") whose models
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are larger. On the other hand since, M(r, R, P") C M(r, R, P<(b, 8)), the upper bound of Theorem m
applies and we are done. O
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Chapter 3

Minimax Rates beyond the regular

Case

Up to now we have considered classes of marginals such that the induced covariance operator B of the
kernel feature map - via equation - has eigenvalues p; falling into a window (i 0, B 7] (see
Section , where upper and lower bound as a function of j € N only differ by a multiplicative
constant. We call this the regular case. The aim of this chapter is to relax this condition on the allowed

window of eigenvalues. This will enlarge the class of allowed marginals (or sampling distributions).

We recall that in a distribution free approach it is imperative to avoid specific assumptions on the data
generating distribution and the induced marginal, the sampling distribution. We further recall that these
were restricted by our assumptions on the decay of the eigenvalues of the covariance operator B = B,,.
It is therefore very much motivated by the general philosophy of a distribution free approach to the

b and

regression problem to also consider classes of much more general eigenvalue decay as p; < j~
to prove minimax optimality for rates of convergence for the associated sets of allowed marginals. We
remind the reader that minimax optimality of rates of convergence is a global property of the set of
allowed marginals (or, more exactly, of the whole model class) depending in some sense on the worst
possible case of convergence within that set. One therefore expects that broadening that set will lead to
less refined notions of minimax optimal rates as compared to our previous more specific class. This is

precisely what we will see (compare Remark [3.1.1]).

But, for complex data, there is no strong reason to expect that the decay of the eigenvalues of the
associated covariance operator should be strictly polynomial, and we would like to cover behavior as
general as possible for the eigenvalue decay, for instance:

e decay rates including other slow varying functions, such as ju, ; < i~?(logi)¢(loglogi)?;

e cigenvalue sequence featuring plateaus separated by relative gaps;

e shifting or switching along the sequence between different polynomial-type regimes,

which all might correspond to different types of structure of the data at different scales. With the
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distribution-free point of view in mind, we therefore try to characterize minimax rates for target function
classes of the form (2.5.8), striving for assumptions as weak as possible on the eigenvalue sequence. In
this section we present a first result in this direction (i.e. beyond the regular case) and show that kernel

methods also achieve minimax optimal rates in this general case.

3.1 Setting

For the sake of the reader we briefly recall the setting of Chapter[2]. We let Z = X x R denote the sample
space, where the input space X is a standard Borel space endowed with a fixed unknown probability
measure v. Let P denote the set of all probability distributions on X. The kernel space H; is assumed
to be separable, equipped with a measurable positive semi-definite kernel K. Moreover, we consider the
covariance operator B = B, = E[B,] = E[Fx ® F%], which can be shown to be positive, self-adjoint
and trace class (and hence in particular compact). Given a sample x = (z1,...,2,) € X", we define the
sampling operator Sy : H; — R™ by (Sxf); = (f, Fs,)3c,. The empirical covariance operator is given
by Bx = S%Sx. Throughout we denote by p1; the positive eigenvalues of B in decreasing order, satisfying
0 < ptjqp1 < py for all j > 0 and p; N\, 0. For any ¢ > 0 we denote by

Ft) :=#{jeN:u; >t} (3.1.1)

the cardinality of eigenvalues above the threshold t. Note that F is left-continuous and decreasing as t

grows with F(¢) = 0 for any ¢ > 1, and F(¢) has limit +o0o0 as t | 0. Given r > 0, we set §(t) := t;l;)l

(possibly taking the value oo if F(t) = 0), which is left-continous and increasing on (0, 1] with §(0) = 0.

Define the generalized inverse for any u > 0 by
S~ (u) := max {t: §(t) < u} . (3.1.2)

Some properties of F,G and ' are collected in Lemma The generalized inverse §~! will be
convenient to formulate our main result in Section We emphasize that the functions F, G and G~! by
definition all depend on the sampling distribution v (via the covariance operator B = B,). For brevity,

this dependence will be suppressed in our notation.

We shall keep the assumptions from our earlier Sections and with the exception of broadening

the allowed window of eigenvalues.

More precisely, we shall assume (2.2.10) for the conditional expectation wrt. p of Y given X, the
Bernstein-type assumption on the observation noise distribution ([2.2.5) and the Source Condition (2.2.8)).
The class of spectral regularization procedures is given in Section We enlarge the allowed class of

marginals by introducing:

P> (1) = {v €P: Jjo > 1s.th. % > 27" V5 > jo}, (3.1.3)
J
P i={veP: Fjo>1sth 22 <27 vj> o). (3.1.4)

Hj
Let § = (M,0,R) € R3 (remember that (o, M) are the parameters in the Bernstein moment condition

46



([2.2.5)), in particular o2 is a bound on the noise variance). Then the class of models which we will consider
will be defined as

Mg :=M(0,r,P") := { p(dz,dy) = p(dy|z)v(dx) : p(-|-) € K(Qu(r,R)), vE€ P}, (3.1.5)

with P =P~ (v,) or P =P<(v*) and 1 < v* <.

Remark 3.1.1. We emphasize that the classes of marginals considered in (3.1.3) and (3.1.4)) are larger
than the classes introduced in Section but the results which we shall obtain are less refined. To

clarify this point, we remark that it follows immediately from the definitions that

P> (b.a) NP (b, ) C P (b ~ log, (Z))
and P (b,0) NP<(b, B) C P< (b ~loss <§>) |

We shall prove that in the setting of this chapter rates of convergence depend on the values of v* and v,.
Specialized to our previous classes this means that the prefactors a, 5 now enter the rates of convergence
(which previously only depended on the exponent b). In other words, the results of this section on the
enlarged classes of marginals do not reproduce the more refined results of Section for the previous

classes of marginals.

Remark 3.1.2. Finally, we remark that the condition in (3.1.3) implies a ploynomial lower bound on

the eigenvalues in the following way: From pigk;, > Z’k”*ujo one has
My 2 Cjo,u*jiy* ’ fOT’ any] Z jO ) (316)

with Cjy .. = jo" 1jo- In particular, if %7 > 27" holds for any j > 1, we have P~ (vy) C P~ (Vs, p11)-
The bound (3.1.6]) will be important for deriving an adaptive estimator in Chapter@ FEzxzample 8, since

it tmposes a lower bound for the eigenvalue counting function F(X), provided X is sufficiently small (see

Lemma . A similar upper bound follows from (3.1.4]):
i < Cho i, for any j > jo , (3.1.7)

with Cjg - = j(l)/*“jo'

3.2 Main results

Here we present our main results: Upper rates and minimax lower rates (which in the setting of this

chapter turn out to be automatically strong), yielding minimax-optimality.

Concerning notation, we recall that, given a sample z = (x,y) € (X x R)"?, we define the estimator f,

for a suitable a-priori parameter choice A = A,, by
fan = gx, (Bx)Sky . (3.2.1)
Theorem 3.2.1 (Upper rate). Consider the model My := M(r, R, P> (v*)) as defined in[3.1.5 where
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r >0 and v* > 0 are fived and 0 := (R, M,0) € R3. Given a sample z = (x,y) € (X x R)", define f;
as in (3.2.1)), using a regularization function of qualification ¢ > r + s, with the parameter sequence

2
An = min (9—1 (];271) ,1) . (3.2.2)

Then for any s € [0, %}, the sequence

. 0_2 r+s

is an upper rate of convergence in LP for all p > 1, for the interpolation norm of parameter s, for the

sequence of estimated solutions (fz)‘"”’) over the family of models (J\/Eg)ge]Rs+ , i.e.

_ An. 1
) IEP®7L[||BIS/(fp_fz 'Q)Hz})cl]p
sup limsup sup

9ERY n—00 pEM, Qn,6

<0

Theorem 3.2.2 (Minimax lower rate). Let r > 0, R > 0, 6 := (R,M,0) € R} and v, > 0 be fized.
Let v be a distribution on X belonging to P~ (v.). Then the sequence (an o) defined in (3.2.3) is a strong

minimaz lower rate of convergence in LP for allp > 1 , for the model family Mg := M(r, R, P~ (vy)), i.e.

1
S Epon ||B2(f5 — f)lloe,|”
inf liminfinf sup >0
0ERY =0 fo pedy Qn,0

Corollary 3.2.3 (Minimax optimal rate). Let r > 0, v, > v* > 0 be fized and assume P’ = P<(v*) N
P>(vy) # 0. Then the sequence of estimators fz/\e as defined in is strong minimax optimal in
LP for all p > 1, under the assumptions and parameter sequence of Theorem, over the class
Mg :=M(r,R,P'), 6 := (R,M,0) € R3 .

3.3 Discussion

Range of applications. The assumptions we made on the spectrum decay, namely (3.1.3)) and (3.1.4)),

are much weaker than the usual assumptions of polynomial decay on the eigenvalues. Therefore, our
results establish that in this much broader situation, usual kernel regularization methods can achieve
minimax rates over the regularity classes €, (r, R). In particular, these conditions accommodate for
changing behavior of the spectrum at different scales, as well as other situations delineated in the intro-
duction. Still, our conditions do not encompass totally arbitary sequences: in particular implies
that the eigenvalues cannot decrease with a polynomial rate with exponent larger than v,. While the
latter constant can be chosen arbitrary large and only results in a change of constant factor in the rates,

it excludes for example exponentially decreasing eigenvalues.

While we do not prove results about exponential eigenvalue decay on the level of sharpness of our results
in this thesis (in particular, keeping track of the noise variance and the radius in the source condition), we
are convinced that - with some additional work - such results are entirely accessible using only techniques

of the present thesis (at least staying within the framework of our Hélder type source conditions). For
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somewhat less elaborate results in this direction we refer to [62] . However, we remark that in such
cases (typically observed when using the Gaussian kernel), in practice the kernel parameters (e.g. the
bandwidth) are also tuned in addition to A, which might reflect the fact that for badly tuned bandwidth of
the kernel, tuning of the regularization parameter A alone might not give satisfactory (minimax) results.
On the other hand, the results we obtained might provide an additional motivation for using “rougher”
kernels than Gaussian, leading to a softer decay of eigenvalues, in which case minimax adaptivity is at
hand over a large regularity class. The latter is true however only if the qualification of the method is
large, which is not the case for the usual kernel ridge regression: hence, rougher kernels should be used
with methods having a large qualification (for instance L? boosting).We emphasize, however, that in the
inverse learning setting - in contradistinction to the direct learning setting - one ist not free to choose

the kernel; a given kernel is then part of the overall problem.

As a general remark we want to add that while we expect deep relations between a given structure of
data and types of eigenvalue decay, a precise analysis of such relations is very much open both on the

level of examination of special examples and general mathematical theorems.

Adaptivity. Our results establish the existence of a suitable regularization parameter A such that the
associated estimator attains the minimax rate if the regularity class parameter are known in advance.
The latter is of course not realistic, but in the case of L? (prediction) error, the principle of using a
grid for A and then using a hold-out sample to select a value of A from the data is known to be able to
select a value close to the optimal choice in a broad domain of situations (see, for instance, [21]), so that
in principle we can generalize our results to data-dependent minimax adaptivity even in the absence of
a priori knowledge of the regularity parameters. For a much more detailed discussion of adaptivity we
refer to the last chapter of this thesis. In particular, using a (new) version of the balancing principle or
Lepskii’s method adapted to the framework of this thesis - which is different from hold-out - we shall

obtain estimates in J{;-norm and all interpolating norms.

3.4 Proofs

The proof of Theorem and Theorem will be given not only in both ;- norm and L?(v)-norm,
but also for all intermediate norms ||B? f||s¢,, where s € [0,1/2]. Note that s = 0 corresponds to H;-

norm, while s = 1/2 corresponds to L?(v)-norm.

To simplify notation we will adopt the following conventions: The dependence of multiplicative constants
C' on various parameters will (generally) be omitted, except for o, M, R,n and n which we want to track
precisely . The expression “for n big enough” means that the statement holds for n > ng, with ng

potentially depending on all model parameters (including o, M and R), but not on 7.

3.4.1 Preliminaries

We start by collecting some useful properties for the functions & and G in the following lemma.
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Lemma 3.4.1. 1. Let ¢ <1 be fixed. Then for anyt,

G(et) < cS(t) .

2. Assume v € P<(v*) holds. Let C > 1 be fized. Then for any t small enough,

F(t) <4CTFF(Ct)  and  G(Ct) < 4CTTIFIEG(H).

3. Assume v € P<(v*). For any u > 0 it holds 9(9_1(u)) < wu and for u small enough,

5(5 " (w) >

e

Proof of Lemma[3.4.1 For point 1 of the Lemma, let ¢ < 1 be fixed; just write by definition of § and

the fact that F is nonincreasing:

027'—',- 1 t2'r'+ 1

) SO 9 < es().

G(et) =

For point 2, let jo > 1 such that ;:sz < 27" for any j > jo and let ¢y be small enough such that
F(to) = Jo.-

Let C' > 1 be fixed and t < C~1tg, so that k; := F(Ct) > jo. By definition py, 1 < Ct. Furthermore for
any ¢ > 1 we have fig: (g, +1) < 2_i”*u(kt+1) by repetition. Choosing i := 1+ Llog? CJ, we have 277" C' < 1

v*

and 2! < 20+ . Combining the first inequality with what precedes we deduce pii(x, 41y < t and thus
F(t) < 2i(ky 4+ 1) — 1 < 4C=F(Ct) . We deduce

O2r+1g2r+1 g o2rHld gy 2r 41
<
FCt) — F(t)

5(Ct) = = 4C? TR G(L)

We turn to point 3. Since § is left-continuous, the supremum in the definition (2.2) of its inverse G=! is
indeed a maximum (also the set over which the max is taken is nonempty since G(07) = 0 and u > 0),
and therefore must satisfy §(G~1(u)) < u.

Consider now F(t1) := #{j € N: p; > t}, let ¢, be small enough such that F(t{) > 2jo, and assume

t < min(ty, u1). The second component of the latter minimum ensures F(t+) > 1. If t & {u;,7 > 1}, then

F is continous in t and F(t) = F(¢T). Otherwise, t = py with k = F(t) > 2jo, so that M“: <27V <1,
L5

that is to say ¢ < x|, implying F(t*) > |£] > 1F(t) — 1 and finally F(t) < 4F(tT).

Consider now u small enough such that ¢t = G~ (u) < min(#), 41) as above. Then G(t*) > u and

- t2r+l 1 t2r+1 1

S(5(u) = S(t) = 7@ 2 150 1507 >

¢
1
O

Lemma 3.4.2 (Effective dimensionality, upper bound). Assume v € P<(v*). The effective dimension
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(defined in (2.1.2))) satisfies for any A sufficiently small and some Cp« < 00

N(A) < O F(N) (3.4.1)

Proof of Lemma[3.4.4 Let jo > 1 such that % < 27V for any j > jo and let Ay be small enough such
that F(Ao) > jo. For A < Ao, denote jy := F(A). Then, using p; < pj + A and A < pj + A, we obtain

I
1 1 1
N(A :E E — < — E -
) — /lj+>\+. ,,Ufj+)\_])\+>\' 4,u]
Jj=1 J>Ja J>Ja

Focussing on the tail sum we see that

oo (ja+1)2'T1-1

D= D> < Ur+ Dy 227 = (G Dy (1 =207

FEN =0 j=(jx+1)2! =0

SAFN) +1)(1 =277

where the first inequality comes from the fact that the sequence (u;); is decreasing and by repetition;
and the second inequality comes from the definition of jy. Collecting all ingredients we obtain for any
A S )\()Z

NOA) <FO) (1 +2(1 =277,
O

Lemma 3.4.3 (Effective dimensionality, lower bound). The effective dimension (defined in (2.1.2)))
satisfies for any A € [0,1] and v € P

N > =F() . (3.4.2)

Proof. For X € [0,1] denote j := F(X). Since p; > A for any j < jy, one has

Jx
1 Hi R SR VN
+A+Zuj+A*Zuj+/\*2‘“ 3TN

J>Jx Jj=1

N =Y
j=1

— M
O
Lemma 3.4.4 (Counting Function, lower bound). Assume v € P~ (v.). Then for any A small enough
T 2 €L AT
for some C,, > 0.
Proof. Assume ’:7217 > 27" holds for any j > jo. Denote jy := F(A). Let Ao € (0,1] such that jy > jo for
any A < A\g. Then, by definition of j) and from , for any A < Ao
i, = max (X, Cy_jy ") .
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In case Cy,_j, ”* > X we have the chain of inequalities
Hjx > Ol/*j;ll* >A> Hjx+1 > CV* (])\ + 1)711* .

Since 1 < j, we obtain (jy+1)"! > %j;l and thus A > C, 2774, implying the result. If \ > C,, j, "~

we immediately have the bound. O

Corollary 3.4.5 (Counting Function, upper bound). Assume v € P<(v*). Then for any XA small enough

FO) < Cpod o, Cpe = dpi" .

Proof. The proof follows from Lemma by setting C' = m%, which is larger than 1 provided A is
sufficiently small. Then

F(N) < 4 (%)% F(p) -

Note that F(uq1) = 1. O

3.4.2 Proof of upper rate

The proof of Theorem [3.2.1] relies on the non-asymptotic result, established in Section 2.5 Proposition

2.5.2| and Proposition [2.5.3] We repeat these results in streamlined form for better understanding.

Proposition 3.4.6. Let s € [0, %] and assume f, € Q,(r,R), with v € P, r >0 and R > 0. Let f} be
defined as in (3.2.1) using a reqularization function of qualification ¢ > r + s. Then, for any n € (0,1),
A € (0,1] and n € N satisfying

n > 642" max(N()), 1) log? (8/7) , (3.4.3)

we have with probability at least 1 — n:

HB;(fp _ fz)\)H}Cl S CA 10g(817_1)>\5 (R <>\7 + \}ﬁ]].(l’oo)(r)> T (i\i + Uz’rjj/\()\)>> . (344)

Proof of Theorem[3.2-1: Let all assumptions of Theorem [3.2.1] be satisfied. Provided n is big enough, we
have F(\,) > 1 and by Lemma it holds N(\,) < C.A2"+1/G()\,,), following from the definition of .
By the definition of A, and by Lemmam, (i41), for n sufficiently large, G(\,) > Cy, g, so assumption
(3.4.3) is satisfied if log (8/n) < Cy rA;,". Hence, with probability at least 1 —n

_ 2r
|B*(fo = f2m )l 3¢, < Ca log(Bn~h)As, (R (A;; + \}ﬁﬂ(l,m)(r)) + <n]\i to ng&n)» - (3.45)

Observe that the choice (3.2.2) implies that n=2 = o(\”), since 62/R?n = §(\,) < A2"t1. Therefore, up
to requiring n large enough and multiplying the front factor by 2 , we can disregard the term 1/y/n in

the second factor of the above bound. Similarly, one can readily check that

Mo A2
O\ rson)
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so that we can also disregard the term (n\,)~! for n large enough and concentrate on the two remaining
main terms of the upper bound in (3.4.5), which are RA], and a/\ILS(/\n)_%n_% . The proposed choice

of A, balances precisely these two terms and easy computations lead to

|B*(f, — £)

l4c, < Ca log(8n~1)RALT, (3.4.6)

with probability at least 1 —#, provided n > 7, := 8exp (—Cy rA,,") and provided n is sufficiently large.

Note that A\, " is increasing and so n, — 0 as n — oo.

For establishing a less accurate bound which covers the whole interval (0, 1] we may use (2.5.5) and|2.5.13]

from the previous chapter. We conclude that

PHBS(fp - sz)Hg.cl > a/+b/log77_1} <n,

for all n € (0,1], with &' := Cy ar,p max (ﬁ, 1> and b := ii/%’ . The result follows exactly as in the
proof of Theorem [2:34] in the regular case by applying Corollary [AZ3.2] O

3.4.3 Proof of minimax lower rate

Let > 0, R > 0 and s € [0,1/2] be fixed. Assume the generating distribution p belongs to the class
My := M(0,7, %), with § = (M,0,R) € R} and P’ = P> (v,), as defined in . In order to obtain
minimax lower bounds, we proceed as in the previous chapter by applying the general reduction scheme
from Section [A75] Again, The main idea is to find N, functions fi,..., fx. belonging to the source
sets Q,(r, R) , depending on e sufficiently small, with N. — oo as € — 0, such that any two of these
functions are e-separated with respect to ||B*(+)||5,- norm, but such that the associated distributions
py; =: pj € M (see definition below) have small Kullback-Leibler divergence X to each other and
are therefore statistically close. We shall use

inf sup By o [ B°(F, - fo)ll, | = int max o, [HBS(fp - £

> 6:| , (3.4.7)
fo PEMy fo 1<i<Nc K

1

(see (A.5.1)), where the infimum is taken over all estimators f, of fp- The above RHS is then lower
bounded through Proposition given in Section which is a consequence of Fano’s lemma.

We will establish the lower bounds in the particular case where the distribution of Y given X is Gaussian
with variance o2 (which satisfies the Bernstein noise assumption with M = o). The main effort is
to construct a finite subfamily belonging to the model of interest and suitably satisfying the assumptions
of Proposition in Section More precisely, to each f € Q,(r,R) and z € X we associate the

following measure:
pf(dz,dy) == p(dy|z)v(dz), where ps(dy|z) := N(S.f,0?). (3.4.8)

Then the measure py belongs to the class M(6,r, P~ (v,)) and given fi, fo € Q,(r, R) , the Kullback

divergence between p; and po satisfies

K(p1, p2) = #H\/E(fl - fz)H?}C1 : (3.4.9)
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We will need the following Proposition:

Proposition 3.4.7. For any € > 0 sufficiently small (depending on the parameters vy, r, R, s), there exist
N. € N and functions fi,..., fn. € Qu(r, R) satisfying

1. Foranyi,j=1,...,N. withi # j one has H Bs(f, — 1) ||9{ > &2 and

2r+41

K(pi, p;) < Ch..s R25™2 (%) e (3.4.10)

2. log(N. — 1) > £F(2% (5)77) |

Proof of Proposition[3.].7 We recall that we denote (¢;);en an orthonormal family of H; of eigenvectors
of B, corresponding to the eigenvalues (11;);en. Assume the sampling distribution belongs to P~ (v,) , i.e.

‘LZJ > 27« for any j > jo, for some jo € N. Let max := max(28,jy). Choose ¢ < 27"*"+)R p,.,, and
J

pick m = m(e) := F(2"(eR~1 )7‘+8 ). Note that m > 28, following from the choice of €, so Lemma [2.6.2
applies.

Let Ny, > 3 and mq,...,7n,, € {—1,+1}™ be given by Lemma and define

gi = \F Z {i=m) <;l> Hel. (3.4.11)

l=m+1

We have by the definition of m

) &2 2m 1 2(r+s) 2 —2(rts) e () —2(rs) ,
gill3c, = m Z () < €% o, < g2 oy < R=.

Fori=1,...,N,, let f; :== B"g; € Q,(r, R), with g; as in . Then
1 B2(fi = 1) 3, = €

as a consequence of Lemmam Fori=1,...,N., let p; = py, be defined by (3.4.8). Then, using the

definition of m, the Kullback divergence satisfies

K(pi,pj) = 202 H\/> - f) H:}c < (20) QM}n-EiSEZ
1427

< v (1-2s) (20 ) 1p2 (R) s 7

which completes the proof of the first part. Finally, again by Lemma and the definition of m

m_ 1 Vs -1 ﬁ
log(Ny = 1) > 2 = 25 (2 (eR7) ™)

and the proof is complete. O

Proof of Theorem[3.2.2: Our aim is to apply Proposition [A5.1]and we will check that all required condi-
tions are satisfied. From Proposition[3.4.7] we deduce that for any ¢ sufficiently small, there exists N. and
functions f1,..., fn. € Q,(r, R) fulfilling points 1 and 2 . The first part of point 1 gives requirement
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(i) of Proposition Requirement (iz) follows directly from (3.4.10|) and from point 2 in Proposition
BAT

N:—1 1
K(p§™, 1) < n36CY, , R2a~2 G (27 (sR™1) 7™ ) log(N. — 1)

Nsl

j=

[

=:w log(N, — 1),

with €], =272("+9)=1 < 1. Define & := 27" 2%89_1(1522 )", then by Lemma , the requirements

n

of Proposition will hold (in particular, w < 1/8) for any n sufficiently large and

€ N, —1 2w
f ( B(f 7)>; 12wy .
nf e, 2" (1B =Dl 23 ) 2 1 = e - ) 7Y

Taking the liminf finishes the proof. O
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Chapter 4

Distributed Learning

In this chapter we treat distributed learning algorithms in the regular case (i.e. polynomial decay of
eigenvalues of the covariance operator, Holder-type source condition) which represent one strategy to deal
with large data sets. A central problem is in analyzing how far the original sample may be divided into
subsamples without destroying the minimax optimality for the rates of convergence and the appropriate
choice of regularization parameter. The maximal number of subsamples as a fraction of the total sample
size consistent with this requirement is not yet known. Therefore we complement our analytical result

(giving a sufficient condition) by numerical experiments with the aim of finding evidence for necessity.

After explaining the basic algorithm in Section we present our main results in Section and our
numerical analysis in Section Following a brief discussion in Section we provide proofs of our

main results in Section (4.5

4.1 Distributed Learning Algorithm

Welet D = {(x;,y;)}7-1 C (XxY)" be the dataset, which we partition into m disjoint subsets D1, ..., Dy,
each having size ’-. In the following, we assume that the total sample size n is divisible by m. Denote
the jth data vector, 1 < j < m, by (x;,y;) € (X x R)m. On each subset we compute a local estimator

for a suitable a priori parameter choice A = \,, according to
o= g, (Bx,)S%, 5 - (4.1.1)

By f g we will denote the estimator using the whole sample m = 1. The final estimator is given by simply

averaging the local ones:

b= %Z b, - (4.1.2)
=1
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4.2 Main Results

This section presents our main results. Theorem and Theorem contain separate estimates on
the approximation error and the sample error and lead to Corollary which gives an upper bound
for the error H B (f, — ) ||j{1 and presents an upper rate of convergence for the sequence of distributed

learning algorithms.

The minimax optimal rate for the single machine problem as presented in Theorem [2.3.4]yields an estimate
on the difference between the single machine and the distributed learning algorithm in Corollary

As in the previous Chapter 2], we want to track the precise behavior of these rates not only for what
concerns the exponent in the number of examples n, but also in terms of their scaling (multiplicative
constant) as a function of the noise variance o and the complexity radius R in the source condition. For
this reason, we again introduce a notion of a family of rates over a family of models. More precisely, we

consider an indexed family (My)pco , where for all § € © , My is a class of Borel probability distributions

on X x R satisfying the basic general assumptions (2.2.4)) and (2.2.5)). We consider rates of convergence

in the sense of the p-th moments of the estimation error, where 1 < p < oo is a fixed real number.

Our proofs are based on a classical bias-variance decomposition as follows: Introducing
N 1 &
= ~ > 9x(Bx,)Bx, fo (4.2.1)
j=1

we write

B (f,—fp) = B(f,— fD)+BS(fD )
- %Z x] fP ZBSQA(ij)(ijfp*S;jy]‘)- (422)
= m

In all the forthcoming results in this section, we let s € [0, %], p > 1 and consider the model My ar g :=
M(r,R,P<(b,3)) where r >0, b> 1 and 3 > 0 are fixed, and § = (R, M, o) varies in © = R. Given
a sample D C (X x R)™ of size n, define fg", fg” as in Section and ff‘," as in 1i using a

regularization function gy of qualification g > r + s, with parameter sequence

o2 \ e
)\n = )\n,(a,R) = min <R2TL> ) 1 ) (423)

independent of M. Furthermore, define the sequence

b(r4s)
0.2 2br+b+1
Ap = an’(ng) = R (R2n> . (424)

We recall from the introduction that we shall always assume that n is a multiple of m. With these

preparations, our main results are:
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Theorem 4.2.1 (Approximation Error). If the number m of subsample sets satisfies

2bmin{r, 1}
<n® it S Rt X 4.2.5
e 200 +b+1"7 ( )
then )
RS ~)\n p P
, Epen [ B*(f, = 735,
sup  limsup sup < o0
(0,M,R)ER3 n—00 pEMo ar,R an
Theorem 4.2.2 (Sample Error). If the number m of subsample sets satisfies
2br
<n®, a<—2t 426
e T R (4.2.6)
then )
Ps( Fn _ Fan|IP | P
| Eyor [| B — 735,
sup  limsup sup < 00.
(0,M,R)ERS. n—00 pEMo arR an
And, as a consequence (by (4.2.2)) and by applying the triangle inequality):
Corollary 4.2.3. If the number m of subsample sets satisfies
2bmin{r, 1}
<n®, _ 4.2.7
m=n 2or+b+1 ( )

then the sequence 18 an upper rate of convergence in LP, for the interpolation norm of parameter

(mR))

s, for the sequence of estimated solutions (fg”’ over the family of models (MU,M,R)(J,M,R)eRi , i.e.

DS _An v
. Ep®n|:|B (fp_fD ) §(1:|p
sup  limsup sup < 00.
(0,M,R)ER3 n—00 pEMo nr,r an
Combining Corollary [£:2.3] with Theorem [2:34] immediately yields:
Corollary 4.2.4. If the number m of subsample sets satisfies
2bmin{r, 1}
<n%, - 4.2.8
m=n 2br + b+ 1 (4.2.8)
then )
DS A'n, _>\n P
) Ep@m [HB (fD —JD ) :}(1:| ’
sup  limsup sup < 0.
(0,M,R)ER? n—00 pEMo R an

4.3 Numerical Studies

In this section we numerically study the reconstruction error (corresponding to s = 0) in Corollary
(in expectation with p = 2) both in the single machine and distributed learning setting. Our main interest
is in finding numerical evidence for the ”optimality” of our theoretical exponent o parametrizing the size
of subsamples in terms of the total sample size, m = n®. In addition we shall demonstrate in which way

parallelization serves as an additional regularization.
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More specifically, we shall analyze our Example (Differentiating a real function) which we recall
here. We set H; = {f € L?[0,1] : E[f] =0} and let A : H; — Im(A) = H{ [0, 1] be given by

(Af)(z) = / " F(e) dt = {f, Fa)e (4.3.1)

where Fy(t) = 1j9 51(t) — . The kernel is given by K(z,t) = (Fy, Fy)2 = v At — xt.

For all experiments in this section, we simulate data from the inverse regression model
YPi :Afp(XZ)-I-Q s 7= 1,...,TL,

where the input variables X; ~ Unif[0, 1] are uniformly distributed and the noise variables g; ~ N (0, 0?)
are normally distributed with standard deviation o = 0.005. We choose the target function f, according
to two different cases, namely r < 1 (low smoothness) and r = oo (high smoothness). To accurately
determine the degree of smoothness r > 0, we apply Proposition below by explicitly calculating the
Fourier coefficients ((f,, €;)4 )jen, where e;(z) = V2 cos(mjx), for j € N*, forms an ONB of 3(;. Recall
that the rate of eigenvalue decay is explicitly given by b = 2, meaning that we have full control over all
parameters in (£.2.8). From [34] we need

Proposition 4.3.1. Let Hq,Hs be separable Hilbert spaces and S : Hy — Ho be a compact linear
operator with singular system {o;, ¢;, %. Denoting by ST the generalized inverseﬂ of S, one has for
any r >0 and g € Hy:

g is in the domain of ST and Stg € Im((S*S)") if and only if

o0
|<97¢]>g{ |2
Z 2+4r2 < X
j=0 J

In our case, 3 is as above, 3 is L?([0,1]) with Lebesgue measure and S = A (as a map from H; to
Hy). Thus Im(S) = H}[0,1] is dense in Hy making (Im(S))* trivial and giving SST = 1 on Im(S).
Furthermore, ¢; = e; is a normalized eigenbasis of B = S*S with eigenvalues 0]2 = (mj)2

||Ae;||2. = crj? we obtain for g = Af € Im(A)

Since

A .
(9,;) 12 = (Af, ﬁm = o;(f,e;) 10

Thus, applying Proposition to g = Af we obtain

Corollary 4.3.2. For S = A and B = S*S as above we have for any r > 0:

f €Im(B") if and only if

oo

> i e < oo

Jj=1

Thus, as expected, abstract smoothness measured by the parameter r in the source condition corresponds

in this special case to decay of the classical Fourier coefficients which - by the classical theory of Fourier

li.e., the ¢; are the normalized eigenfunctions of S*S with eigenvalues 02 and 1; = S, /||S¢;||; thus S = 3" 0 {p;, )b,

2the unique unbounded linear operator with domain Im(S) @ (Im(S))* in H2 vanishing on (Im(S))’ and satisfying
SST =1 on Im(S), with range orthogonal to the null space N(S)

<.
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series - measures smoothness of the periodic continuation of f € L2([0,1]) to the real line.

Low smoothness

We choose f,(z) =z — % which clearly belongs to ;. A straightforward calculation gives the Fourier
coefficient (f,,e;) = —2(mj)~2 for j odd (vanishing for j even). Thus, by the above criterion, f, satisfies
the source condition f, € Ran(B") precisely for 0 < r < 0.75 . According to Theorem the worst
case rate in the single machine problem is given by n=7, with v = 0.25 . Regularization is done using the
v— method (see Example , with qualification ¢ = v = 1. Recall that the stopping index T serves

as the regularization parameter A\, where T ~ A~2. We consider sample sizes from the set
N := {500, 1000, 1500, 2000, 2500, 3000, 4000, 5000, 6000, 7000, 8000, 9000} .

In the model selection step, we estimate the performance of different models and choose the oracle

stopping time Tomcle by minimizing (an approximation of) the reconstruction error:

1

2

1 & 2
Torac e — i -y H - ATH
le = arg min M;:l fo—1j 5,

over M = 30 runs (for any n € N).

In the model assessment step, we partition the dataset into m ~ n® subsamples, for any « € {0,0.05,0.1,...,0.85}.
On each subsample we regularize using the oracle stopping time Toracte (determined by using the whole
sample). Corresponding to Corollary the accuracy should be comparable to the one using the whole
sample as long as « < 0.5 . In Figure 4.1{ (left panel) we plot the reconstruction error || FT— follac, versus
the ratio o = log(m)/log(n) for different sample sizes n € N. We execute each simulation M = 30 times.
The plot supports our theoretical finding. The right panel shows the reconstruction error versus the total
number of samples n € N using different partitions of the data. The black curve (o = 0) corresponds
to the baseline error (m = 0, no partition of data). Error curves below a threshold o < 0.6 are roughly
comparable, whereas curves above this threshold show a gap in performances. However, while this figure
correctly shows an error increasing with a, our data seem to be not sufficiently pushed into the asymptotic
domain to correctly predict the rate (given by the slope of the various approximate lines): Calculating

the slope from our data by the R-tool for linear regression gives Table

61



o]
~ |~ n=500 .
g*+ n=1500 M
—e— n=3000
© |- n=6000 -
o |—=— n=9000 7] e
\.
§ 87 ° — \'\l\
& o I "-\.
§ . ./ g Y - e
=3 o | c
s © .- ——
2 - % \i§°\
Q o ° Ie S—=g_—°-
g 2 o 2w Te=8=—g_
= . \'=l:||.
s | /U
o 2 ®/®
s . Ce-eTt -f/ © |- a=0 |—— =06
S | e-e-e-0-0-0-¢ e-o el
; ~e-e-e-9o_g_g-0-90-0e-9_g3-2 0o g7 —— =02
° =5l;l£l237=:iEIZlZl:=:=:':'/ —— a=04|—— a=08
T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 6.5 7.0 7.5 8.0 8.5 9.0
log(m)/log(n) log(n)

Figure 4.1: The reconstruction error || f77*<!¢ — f,||s¢, in the low smoothness case. Left plot: Reconstruction error
curves for various (but fixed) sample sizes as a function of the number of partitions. Right plot: Reconstruction
error curves for various (but fixed) numbers of partitions as a function of the sample size (on log-scale).

Table 4.1: Estimated rates in low smoothness regime for different numbers of partitions. Theoretical
value is v = 0.25 up to threshold o = 0.5 .

a 4 (y=0.25) 97.5% confidence interval

0 0284 0.265 , 0.303]
0.05 0.275 0.257 , 0.293]
01 0272 0.247 | 0.298]
0.15 0.265 0.250 , 0.279]
02 0273 (0.261 , 0.285]
0.25 0.273 0.258 , 0.290]
03 0274 0.262 , 0.286]
0.35 0.272 0.248 , 0.296]
04 0283 0.264 , 0.302]
0.45 0.280 0.261 , 0.299)]
0.5 0.266 0.252 , 0.280]
0.55 0.281 0.262 , 0.300]
0.6  0.303 0.281 , 0.326]
0.65 0.328 0.314 , 0.342]
0.7  0.326 0.308 , 0.344]
0.75 0.324 0.300 , 0.348]
08  0.320 0.299 , 0.341]

Clearly, the increasing values of 4 for 0.5 < a < 0.8 seem to be spurious, since our data have not yet
sufficiently reached the asymptotic domain. Thus the rate of convergence is not reliably predicted by our
data.
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In another experiment we study the performances in case of (very) different regularization: only parti-
tioning the data (no regularization), underregularization (higher stopping index) and overregularization
(lower stopping index). The outcome of this experiment amplifies the regularization effect of parallelizing.
Figure shows the main point: Overregularization is always hopeless, underregularization is better. In
the extreme case of none or almost none regularization there is a sharp minimum in the reconstruction
error which is only slightly larger than the minimax optimal value for the oracle regularization parameter
and which is achieved at an attractively large degree of parallelization. Qualitatively, this agrees very well
with the intuitive notion that parallelizing serves as additional regularization. It is unclear if and how this
effect could be systematically used as a computational tool (possibly trading time saving parallelization

and avoiding the estimation of the correct regularization parameter against a loss in convergence).
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Figure 4.2: The reconstruction error ||f3 — fo||sc, in the low smoothness case. Left plot: Error curves for
different stopping times for n = 500 samples, as a function of the number of partitions. Right plot: Error curves
for different stopping times for n = 5000 samples, as a function of the number of partitions.

We emphasize that numerical results seem to indicate that parallelization is possible to a slightly larger
degree than indicated by our theoretical estimate. A similar result was reported in the paper [95], which

also treats the low smoothness case. This point is not yet completely understood.

High smoothness

We choose f,(x) = cos(2mx), which corresponds to just one non-vanishing Fourier coefficient and by our
criterion Corollary has r = oo . In view of our main Corollary this requires a regularization
method with higher qualification; we take the Gradient Descent method (see Example [2.2.20)).

The appearance of the term 2bmin{1,r} in our theoretical result gives a predicted value a = 0 and
implies that parallelization is strictly forbidden for infinite smoothness. This is clearly verified by our
computations which strongly support that the appearance of the above 2bmin{1,r} in the formula for

the maximal « is not just an artefact of technically suboptimal estimates.

63



More specifically, the left panel in Figure [£.3]shows the absence of any plateau for the reconstruction error
as a function of «. This corresponds to the right panel showing that no group of values of o performs
roughly equivalently.
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Figure 4.3: The reconstruction error || fpe"e<' — f,||s, in the high smoothness case. Left plot: Reconstruction er-
ror curves for various (but fixed) sample sizes as a function of the number of partitions. Right plot: Reconstruction
error curves for various (but fixed) numbers of partitions as a function of the sample size (on log-scale).

Plotting different values of regularization in Figure [4.4] we again identify overregularization as hopeless,
while severe underregularization exhibits a sharp minimum in the reconstruction error. But its value at
roughly 0.25 is much less attractive compared to the case of low smoothness where the error is an order

of magnitude less.
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Figure 4.4: The reconstruction error ||f3 — f,|| in the high smoothness case. Left plot: Error curves for different
stopping times for n = 500 samples, as a function of the number of partitions. Right plot: Error curves for
different stopping times for n = 5000 samples, as a function of the number of partitions.

Finally, Table shows that, as expected, rates of convergence are really bad for a # 0 (especially so,

considering the confidence intervall).

Table 4.2: Estimated rates in high smoothness regime for different numbers of partitions. The theoretical
value is v = 0.5 up to threshold a =0 .

a 7 (y=0.5) 97.5% confidence interval
0 0.544 [0.428 , 0.660]
0.05 0.545 [0.463 , 0.628]
0.1 0.307 [0.227 , 0.387]
0.15  0.422 0.281 , 0.563]
02 0.448 [0.346 , 0.550]
0.25 0.364 [0.302 , 0.426]
0.3  0.380 [0.295 , 0.465]
0.35 0.246 [0.136 , 0.356]
04 0319 [0.225 , 0.413]
0.45  0.350 0.272 , 0.428]
0.5 0374 [0.250 , 0.497]
0.55 0.179 [0.013 , 0.346]
0.6 0.186 [0.026 , 0.347]
0.65 0.327 [0.121 , 0.533]
0.7 0.179 [0.026 , 0.331]
0.75  0.111 [-0.053 , 0.275]
0.8  0.145 [0.109 , 0.399]
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4.4 Discussion

Minimax Optimality: We have shown that for a large class of spectral regularization methods the error

>, A’Vl

b,
1

for the single machine problem, if the regularization parameter A, is chosen according to (4.2.3)), provided

of the distributed algorithm || B* (£ — f,)||s¢, satisfies the same upper bound as the error

the number of subsamples grows sufficiently slowly with the sample size n. Since, by [17], the rates for

the latter are minimax optimal, our rates in Corollary [£.2.3] are minimax optimal also.

Comparison with previous results [58] and [95]: In [95] the authors derive Minimax-optimal rates
in 3 cases: finite rank kernels, sub- Gaussian decay of eigenvalues of the kernel and polynomial decay,
provided m satisfies a certain upper bound, depending on the rate of decay of the eigenvalues under two

crucial assumptions on the eigenfunctions of the integral operator associated to the kernel: For any 7 € N
El¢;(X)*] < 2" (4.4.1)

for some k > 2 and pj, < oo or even stronger, it is assumed that the eigenfunctions are uniformly bounded,
ie.

sup 6, (2)| < p. (142)
zeX

or any j € N and some p < co. We shall describe in more detail the case of polynomially decaying
eigenvalues, which corresponds to our setting. Assuming eigenvalue decay p; < 47 with b > 1, the

. b
authors choose a regularization parameter A\, = n~ 5+ and

b(k—4)—k =
)
p** log" (n)

7 b
E[|If5" = follZe] Sn7we

leading to an error in L?- norm

being minimax optimal.

For k < 4, this is not a useful bound, since m — 1 as n — oo in this case (for any sort of eigenvalue
decay). On the other hand, if k£ and b might be taken arbitrarily large - corresponding to almost bounded
eigenfunctions and arbitrarily large polynomial decay of eigenvalues - m might be chosen proportional to
n'=¢, for any € > 0. As might be expected, replacing the L?* bound on the eigenfunctions by a bound in

L™, gives an upper bound on m which simply is the limit for & — oo in the bound given above, namely

b—1
nb+1

m<
~ ptlogn’

which for large b behaves as above. Granted bounds on the eigenfunctions in L?* for (very) large k, this
is a strong result. While the decay rate of the eigenvalues can be determined by the smoothness of K

(see, e.g., [30] and references therein), it is a widely open question which general properties of the kernel

imply estimates as in (4.4.1) and (4.4.2) on the eigenfunctions.

The author in [96] even gives a counterexample and presents a C'°° Mercer kernel on [0,1] where the

eigenfunctions of the corresponding integral operator are mot uniformly bounded. Thus, smoothness of
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the kernel is not a sufficient condition for (4.4.2)) to hold.

Moreover, we point out that the upper bound (4.4.1)) on the eigenfunctions (and thus the upper bound
for m in [95]) depends on the (unknown) marginal distribution v (only the strongest assumption, a bound

in sup-norm (|4.4.2), does not depend on v). Concerning this point, our approach is ”agnostic”.

As already mentioned in the Introduction, these bounds on the eigenfunctions have been eliminated in [5§],
for KRR, imposing polynomial decay of eigenvalues as above. This is very similar to our approach. As a
general rule, our bounds on m and the bounds in [58] are worse than the bounds in [95] for eigenfunctions
in (or close to ) L, but in the complementary case where nothing is known on the eigenfunctions m still
can be chosen as an increasing function of n, namely m = n®. More precisely, choosing A,, as in ,

the authors in [58] derive as an upper bound

o 2br
C2r+b+17

m < n® |
with r being the smoothness parameter arising in the source condition. We recall here that due to our
assumption ¢ > 7 + s, the smoothness parameter r is restricted to the interval (0, 3] for KRR (¢ = 1)

and L? risk (s = 1).

Our results (which hold for a general class of spectral regularization methods) are in some ways comparable
to [58]. Specialized to KRR, our estimates for the exponent o in m = O(n®) coincide with the result
given in [58] . Furthermore we emphasize that [95] and [58] estimate the DL-error only for s = 1/2
in our notation (corresponding to L?(v)— norm), while our result holds for all values of s € [0,1/2]
which smoothly interpolates between L?(v)— norm and RKHS— norm and, in addition, for all values of
p € [1,00). Additionally, we precisely analyze the dependence of the noise variance o and the complexity

radius R in the source conditionE

Concerning general strategy, while [568] uses a novel second order decomposition in an essential way, our
approach is more classical. We clearly distinguish between estimating the approximation error and the
sample error. We write the variance as a sum of i.i.d random variables, which allows to use Rosenthal’s
inequality. Compared to our previous result for the single machine problem in Chapter 2], this is an

essentially new ingredient in our proof.

Number of Subsamples: We follow the line of reasoning in earlier work on distributed learning insofar
as we only prove sufficient conditions on the cardinality m = n® of subsamples compatible with minimax
optimal rates of convergence. On the complementary problem of proving necessity, analytical results
are unknown to the best of our knowledge. However, our numerical results seem to indicate that the

exponent o might actually be taken larger than we have proved so far in the low smoothness regime.

Adaptivity: It is clear from the theoretical results that both the regularization parameter A and the
allowed cardinality of subsamples m depend on the parameters r and b, which in general are unknown.
Thus, an adaptive approach to both parameters b and r for choosing A and m is of interest. In [95] the
authors sketch a heuristic argument to estimate A\ from the data of the subsamples via cross-validation,
provided the number of subsamples has been fixed by an a priori choice. This leaves completely open the

important issue how an optimal m could adaptively be inferred from the given data. To the best of our

3While this thesis was written, the authors in [42] concurrently worked at distributed learning algorithms for the same
class of spectral regularization schemes. They establish the same upper bound for the number of allowed subsamples in
L?(v)— norm, but with unpublished proof at the time of submission of this thesis.
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knowledge, there are yet no rigorous results on adaptivity in this more general sense. Progress in this
field may well be crucial in finally assessing the relative merits of the distributed learning approach as

compared with alternative strategies to effectively deal with large data sets.

We sketch an alternative naive approach to adaptivity, based on hold-out in the direct case, where we
consider each f € Hy also as a function in L?(X,v). We split the data z € (X x Y)" into a training and
validation part z = (z!,z") of cardinality m;, m,. We further subdivide z' into mj subsamples, roughly
of size my/my, where my < my, k = 1,2,... is some strictly decreasing sequence. For each k and each
subsample z;, 1 < j < my, we define the estimators fz)‘J as in and their average

my

_ 1 .
R = — I (4.4.3)
mg <
Jj=1
Here, X\ varies in some sufficiently fine lattice A. Then evaluation on z" gives the associated empirical
L?— error
) 1 - ) £ )
Errﬁ(z‘) = mizwz _f];\’zt($;j)|2 ;o2 =(y"x"), y'= (yiw"’y:nv) ) (4.4.4)
Yi=1

leading us to define

A = Argmin, ¢, Errp (z") Err(k) := Errp*(z"). (4.4.5)

Then, an appropriate stopping criterion for & might be to stop at

E* :=min{k >3 : A(k) <d inf A(j)}, A(j) := |Err(j) — Err(j — 1)), (4.4.6)

2<j<k

for some 0 < 1 (which might require tuning). The corresponding regularization parameter is A = Ap-,
given by (4.4.5)). At least intuitively, it is then reasonable to define a purely data driven estimator as

~ —

Foi= Foem (4.4.7)

Note that the training data z! enter the definition of fn via the explicit formula encoding our
kernel based approach, while z¥ serves to determine (k*, 5\*) via minimization of the empirical L?— error
and some form of the discrepancy principle, which tells one to stop where Err(j) does not appreciably
improve anymore. It is open if such a procedure achieves optimal rates, and we have to leave this for

future research.

4.5 Proofs

For ease of reading we make use of the following conventions:

e we are interested in a precise dependence of multiplicative constants on the parameters o, M, R, 7,

m,n and p

e the dependence of multiplicative constants on various other parameters, including the kernel pa-

rameter x, the norm parameter s € [0, %], the parameters arising from the regularization method,
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b>1,8>0,r>0etc. will (generally) be omitted and simply be indicated by the symbol A
e the value of Cy might change from line to line

e the expression “for n sufficiently large” means that the statement holds for n > ngy, with ng

potentially depending on all model parameters (including o, M and R), but not on 7.

We intend to estimate each term in the decomposition (4.2.2)) separately. This is the content of the fol-
lowing Propositions. Recall that v denotes the input sampling distribution and P the set of all probability

distributions on the input space X.

At first, a preliminary Lemma:

Lemma 4.5.1. Recall the definition of Bn (A) in (A.2.1), where A € (0, 1]

2
2m mN(A)
Bao(A):=|1 — . 4.5.1
m( ) + <n)\ + n > (4.5.1)
If A\, is defined by (4.2.3) and if
my, < n® a < &
=" 2br +b+1"°
one has
B (A) <2,

mn,

provided n is sufficiently large.

S

Proof of Lemma[f.5.1 Recall that N(\,) < Cyrn® and o/ ?ETR = RM\!. Using the definition of A, in
(4.2.3) yields

2m,, -
2o (Vim )
provided
my <1 2br+1)
20r +b+1
Finally, v/m, A, = o(1) if
o 2br
My < N°

@< 2br+b+1"°

Approximation Error

Lemma 4.5.2. Let v € P, v € R and let x € X= be an iid sample, drawn according to v. Assume the

reqularization (gx)x has qualification ¢ > v+ 1+ s. Then with probability at least 1 —n

|B*ra(Bx) BUB — Bu)||y, < Calogh(4n~H)A T+ B5 L (3) <i:: + mfﬁ”)

for some Cy < oc0.
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Proof of Lemmal[{.5.4 From ([A.2.3) and from Proposition [A.1.3] since ¢ > s + v + 1, one has

|B*rx(Bx) BY(B = Bx)||y, < Calog®™*) (4B (V)

[|(Bx + A)*ra(Bx)By(Bx + A)|| ||[(B+ A)~'(B — By)||

m

2m mN(A)
< Oy log (4™ HASTorIBE () | = :
for any A € (0,1], n € (0, 1], with probability at least 1 — . We also used that s < 1. O
Lemma 4.5.3. Let v € P, v € R and let x € X= be an iid sample, drawn according to v. Assume the

reqularization (gx)x has qualification ¢ > v+ s. Then for any X € (0,1], n € (0,1], with probability at
least 1 —n

1B rA(Bo)BY| < Calog™ (20~ "B (WA,

for some Cy < 0.

Proof of Lemmal[{.5.3 Using (A.2.3), since ¢ > v+ s

|| B*ra(Byx)By|| < Calog®(2n~")B

S ®

- () [[(Bx +2)*ra(B) By
(A))\S+U ,

C]

< Calog®(2n~Y)B

3
3

with probability at least 1 —n. O

Proposition 4.5.4 (Expectation of Approximation Error). Let f, € Q,(r, R), A € (0,1] and let B = ())
be defined in (4.5.1). Assume the regularization has qualification ¢ > r + s. For any p > 1 one has:

1. If r <1, then
Epen [ B*(f, = i[5, ] < CoR A BE() .

2. Ifr > 1, then

B f , ; 2 N
Epeon [HBS(fp_fg)Hg{l} SCPR)\‘SBSJI()\) <)\T+)\<nm+ mN( ))) .
In 1. and 2. the constant C, does not depend on (o, M, R) € Ri.

Proof of Proposition[{.5.4 Since f, € Q,(r, R)

D=
S =

_ . 1 <. _
Ep®"{||Bs(fp*f3)H§cl} Ep@”[Hm;BSTA(BXj)prg{J

IN

1 & o b
2 B (1B (B ol

=

IA

% > Een [HB%(BXJ. )BTHZH] : (4.5.2)
j=1
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. We bound the

expectation for each separate subsample of size > by first deriving a probabilistic estimate and then we

o=

The first inequality is just the triangle inequality for the p- norm |[f|, = E[||f]|% ]

integrate.

Consider first the case where r < 1. Using (A.2.3]) and Cordes Inequality Proposition , one has for
any j=1,....m
| B*rx(Bx,)B"| < Calog***") (4~ )BT (V) [[(Bx, + A)*ra(Bx,)(Bx, +N)||
< Calog?(dn AT BT (N)

with probability at least 1 —n and where B5"()\) is defined in (4.5.1)). Recall that the regularization has
qualification ¢ > r + s. From Lemma[A-323] by integration one has

1
Eyon | [|B'ra (B )B7[[*]” < Cuy X7 B3 (N)

m

for some C, , < 0o, not depending on o, M, R. Finally, from (4.5.2))

By (|30 = Pl | < Cayl s 3570

0

In the case where r > 1, we write r = k +u, with ¥k = |r| and u = r — k < 1. We shall use the

decomposition

k—1
B*=>"BL(B - By)B" ")+ Bl (4.5.3)
=0

We proceed by bounding (4.5.2)) according to decomposition (4.5.3) . For any j = 1,...m, one has

N

—1

Eyon [[[Bra(Bu ) B[] < 3 Byen [[| B (B, ) B,

X

1
(B - By B0

T
o

1
+ Epon ||| Bra(Bx,) B, B[]

E
—

1

< Byon [|Bra(Ba)BL, (B~ B[]

N
Il
o

+ By [[| Bora(By, ) BE B[] (4.5.4)

Here we use that BF~(+1D+u i5 hounded by 1. By Lemma and by (A.2.3]), with probability at least
L=

HB%(BXJ. )BE B

<C, 10g2(s+u) (Qn—l)giru()\))\s—&-r
and thus integration using Lemma yields

Epen [ B'1a(Bx,) By, 7] < CapBE " (ONF (4.5.5)

For estimating the first term in (4.5.4)) we may use Lemma m Forany [ =0,...k—1,7=1,...m
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with probability at least 1 —n

HBSU(BXJ.)BLJ,(B — By,)

Ciis s 2m mN(A
‘ < Calog*(8n7 A +l+13%1()‘) <n/\ T n)<\ )> .

Again by integration, since A! <1 for any [ =0, ...,k — 1, one has

oy

= 5 2m mN(\)
NS D nl >, >, s+1mpms+1
?:o Eyon [ Bra(Be,) Bl (B — B |’]” < CanlriX 35 () (n/\ /5 ) : (4.5.6)

Finally, combining (4.5.5)) and (4.5.6)) with (4.5.2)) gives in the case where r > 1

5 f » m . [mNQ
Epon (1B = D)ll5, | < Can B3 ) (”“(fm T >>> |

The rest of the proof follows from (4.5.4).

Proof of Theorem[].2.1] Let ), defined by (4.2.3). According to Lemma we have B n (),) < 2

provided a < #b;—s-l' We immediately obtain from the first part of Proposition in the case where
r<1

Epen [HBS(fp - fi\)n)HZh] "< CapR AT =Cupan.

We turn to the case where r > 1. We apply the second part of Proposition [£.5.4 By Lemma [£.5.1] we

have

_ - ¥ 2m mpN(Ap)
s An ) ||P P s+1 n n n
Eper [[B*(f, = I3 he, | < Ca BN e e
2m R
< s+1 n - T
< Cap RAS (Mn + U«/imn)\n> ,
where we used that N(\,,) < CyAn /®. Observe that
20 _ o (i AL
NAn nonsoe
provided
2(br +1)
<n® _
M =10 2br +b+1

Furthermore, for n sufficiently large, gﬁ/mn)\n < 1, provided that

L%
S b1

As a result, for any 1 <p
1
Egen |[|B*(fo = I3 5e,]”

limsup sup <Cap,
n—oo pEMs M R an
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for some C, , < 00, not depending on o, M, R. O

Sample Error

The main idea for deriving an upper bound for the sample error is to identify it as a sum of unbiased

Hilbert space- valued i.i.d. variables and then to apply a suitable version of Rosenthal’s inequality.

Given A € (0,1], we define the random variable &y : (X x R)» — H; by
E(x,y) == B*gx(Bx)(Bxfy — Sxy) -
Recall that according to Assumption the conditional expectation w.r.t. p of Y given X satisfies
EY|X =2]=5.f,,

implying that &y is unbiased (since By = S:Sy). Thus,
_ _ 1 &
B (fp—Ip) = o D ax;.y;5) (4.5.7)
j=1

is a sum of centered i.i.d. random variables.

Furthermore, we need the following result from [70], Theorem 5.2 , which generalizes Rosenthal’s in-
equalities from [76] (originally only formulated for real valued random variables) to random variables

with values in a Banach space. For Hilbert spaces this looks particularly nice.

Proposition 4.5.5. Let H be a Hilbert space and &1, ..., n be a finite sequence of independent, mean

zero J(- valued random variables. If 2 < p < oo, then there exists a constant C, > 0, only depending on

p, such that
Py } }
1 Ui C m m
Bl =226 < Pomax{ [ SEIGIE ) DB p- @5
j=1 I¢ j=1 =1

We remark in passing that [32] , Corollary 1.22 | contains the interesting result that in addition to the
upper bound in (4.5.8)) there is also a corresponding lower bound where the constant C,, is replaced by

another constant CI’, > 0, only depending on p.

Proposition 4.5.6 (Expectation of Sample Error). Let p be a source distribution belonging to Mg ar R,
5 €10,4] and let X € (0,1]. Define Bx(A) as in (4.5.1). Assume the regularization has qualification
q>r+s. For any p > 1 one has:

]Ep®n |:

5s/ F. = % _1 ligys mM mN()\)
1B = I3, |7 < CpmBa (A4 <M+g A )

where C,, does not depend on (o, M,R) € R3..
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Proof of Proposition[{.5.6, Let A € (0,1] and p > 2. From Proposition [£.5.5]

1

e[| (- B, ) -

P

inzp®n[|\@<xj,yj>|\’;ﬁ} :

j=1

IN

— max

e
EZSA(XW}’J’)
L j:1

P75

H

Nl

S Epen 116 05,35) e,

j=1

(4.5.9)

Again, the estimates in expectation will follow from integration a bound holding with high probability.

By (A.2.3)), one has for any j =1,...,m

16x (x5 ¥) 3¢, = |1B*g(Bs, )(Bx, fo — S5,¥5)l¢,
< 8log?* (4 1B (N)*

m

H(ij + )‘)Sg)\(BXj)(ijfp - S;ij)Hg‘fl ) (4510)

holding with probability at least 1—Z, where B ()) is defined in (4.5.1]). We proceed by further splitting
as in (2.5.15) (with n replaced by -)

(Bx, + N)*9x(Bx,)(Bx, fo — Sz y;) = HY - HP - b))

with
HY = (Bx, + A)°9r(Bx,)(Bx, + V)3,
H? = (Bx, + N 5(B+NE,
hy, = (BN #(Bafy—55yi) -

The first term is estimated as in (2.5.16) and gives
HY <oux2 (4.5.11)

The second term is now bounded using (A.2.3|) once more. One has with probability at least 1 — 7

(2) -1 . 1
H < 8log(8n " )B=(N)Z . (4.5.12)
. A . . . oy
Finally, hzj is estimated using Proposition
_ M mN(A)
B < 2logsn™ ) [ 2 1o 7 4513
2 < 2log(8n77) (n 7 - ( )

holding with probability at least 1 — 7. Thus, combining (4.5.11), (4.5.12)) and (4.5.13) with (4.5.10)

gives for any j =1,...,m

o
m n ni

16x (x5, y5) I3, < Calog® D (8 1)Bu () 25N (mM mN(A)) ’
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with probability at least 1 — 1. Integration using Lemma gives for any p > 2

'4
> By 63053l | < Caim A7

=1
with

A:=Aa(N):=3B

m

3

14sys mM mN(\)
(N)2T5A (n)\ +o el I

Combining this with (4.5.9) implies, since p > 2

_ _ 5 C 1 1
E,en [HBS(J% _ f3)||§{1] < Hp max ((mAP)zi , (mA2) 2)
= % A max (m%,mé)
m
Cp
=—A
vm
where C, does not depend on (o, M, R) € R3. The result for the case 1 < p < 2 immediately follows
from Holder’s inequality. O

Proof of Theorem[{.2.3 Let A, defined by (4.2.3). According to Lemma we have Bx (),) < 2
provided o < %. We immediately obtain from Proposition M

_ = = 7 C mM mN(\,)
. S An, _ >\n p p < 7}7 s 7’”'
Ep® “B (fD D )|:}C1} < Um A v +o AL
VM [NOw)
< PN
Cphn n\p n\p,
Again, we use that N(\,) < C’b)\gl/b and
i, M At
nh, i NAn ’
provided
my <1 2r+1)
2or +b+1

~1/b
Recalling that o4/ ’\n"T = R\, = A\, ®ay,, we arrive at

S

By (18 = ) | < G

As a result, for any 1 <p

By [ By — 50

limsup sup <Gy,
n—00 pEMs M R an
for some C),, < 00, not depending on the model parameter (o, M, R) € Ri. O

(0]
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Chapter 5

Adaptivity

5.1 Introduction

We recall that while tuning the regularization parameter is essential for spectral regularization to work
well, an a priori choice of the regularization parameter is in general not feasible in statistical problems
since the choice necessarily depends on unknown structural properties (e.g. smoothness of the target
function or behavior of the statistical dimension). This imposes the need for data-driven a-posteriori
choices of the regularization parameter, which hopefully are optimal in some well defined sense. An
attractive approach is (some version of) the balancing principle going back to Lepskii’s seminal paper
[55] in the context of Gaussian white noise, having been elaborated by Lepskii himself in a series of papers
and by other authors, see e.g. [56], [57], [41], []], [63] and references therein.

We shall briefly describe the basic idea. Originally this method was developed in the framework of the

Gaussian white noise model
Y.(dt) = f(t)dt+eW(dt), >0, 0<t<1,

where f € L?([0,1]) is an unknown function and W is a standard Brownian motion. It is supposed
that f belongs to some nested class of functions {Fy}g (a common class for all values of €) and 6 varies
over some parameter space ©, which is a bounded subset of R,. For recovering f, one has available a
family of estimators { f579}9, based on the observations Y. and depending on the parameter 6. For a given

estimator f&g, consider the risk
Re(fe0,0) = sup Ef[[|f — feoll ] -
J€Fo
Given 6 € ©, a function yy(¢) is said to be a minimaz rate of convergence on the set Fy if

liminfinf ¢, '(¢) R.(f,0) > 0, (5.1.1)

e—0 f

where the infimum is taken over all possible estimators f , and if, in addition, there exists an estimator
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f&g such that
limsup ¢, '(¢) R.(f-0,6) < 0. (5.1.2)

e—0

An estimator satisfying both (5.1.1)) and (5.1.2)) is called (asymptotically) minimaz.

Assume that for any 6 € O, there exists a minimax rate of convergence on the set Fy for the signal f. In

his papers [55], [56], [57], Lepskii provides answers to the following questions:

1. Given a family { fg’g}gee of asymptotically minimax estimators (with corresponding minimax rates
{vo}e), does there exists an estimator f. for which (5.1.2)) holds uniformly for any 6 € O, i.e.

sup limsup ¢, ' (¢) R.(f-,0) < o0? (5.1.3)
0cO -0

2. How can one get adaptation over the family {Fy}oco, i.e. how does one construct a new estimator
f. which is uniformly asymptotically minimax and therefore satisfies (5.1.3)7

Such an estimator fg, if it exists, is then said to be optimal adaptive with respect to the given family
{Fotoco.
The adaptive estimation procedure is achieved by applying the following approach: For any € > 0, choose

a suitable finite discretization 6; < ... < 8,,_ of ©. Given some sufficiently large positive constant C, let
Jo=inf{ j <m. : ||f570j - fsﬁk” <C RE(fsﬁmek) Yk € (j,me] } .

The final optimal adaptive estimator is defined by setting f. = fgﬁgjo.

In the context of Learning Theory, there is yet no strict analog of the above procedure, the main problem
being in precisely mimicking the crucial condition on the existence of a supremum over the
"maximal” parameter space ©. But the important algorithmic idea of balancing and discretizing the
parameter space has been successfully generalized. We remark that in the context of Learning we shall
consider higher dimensional parameter spaces ©, but in addition we have the real-valued regularization
parameter as a family over ©. Thus the grid on © in the original Lepskii approach shall be replaced by

a grid for A which allows to use the ordering on the real line.

The first such version of the balancing principle (using the RKHS structure in an essential way) is in
[25] which itself was inspired by [41]. The above strict notion of an asymptotically minimax estimator
is in some sense replaced by a slightly more vague notion of finding a fully data-dependent estimator
by an analogous Lepskii- procedure, which in some sense minimizes error bounds given by probabilistic

estimates of the form

P(Ilf = £l < etn.m)) <.

Here one minimizes ¢(n,7n) by solving a trade-off between the unknown approximation error and the
sample error, which can be expressed empirically. Intuitively, this gives a good choice (hopefully: the
optimal choice) and one approximates this by balancing over a grid in the regularization parameter. For
KRR the authors in [25] replace the above norm by the expected risk, but the paper also discusses general
spectral regularization, KRR with convex loss and elastic net. We follow the above approach by studying

the error for our norm || - || = ||B® - ||sc,. We emphasize that contrary to the other parts of this thesis,
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we shall follow the original approach in [25] by staying in the framework of estimates in large probability
which we shall not push to estimates in expectation. But concerning the optimality of the estimator
obtained by balancing, a few more remarks are appropriate, especially in view of the fact that some
part of the machine learning literature seems to use the term adaptivity in some very vague sense as a
semantical equivalent of (fully) data-dependent, without attaching to it any precise notion of optimality.

We strongly disagree and therefore we amplify.

The original paper [25] somewhat prophetically refers to the value A,,¢(n) defined by the intersection of
the graphs of sample error and approximation error as the best choice but very justly adds the cautionary
remark: Howewver, the rate will be optimal in a minimal sense if the bound we started from is tight. We
do not discuss this problem and we refer to [24], 28, [43, [87] for further discussion. Clearly, the quoted
references do not contain a proof of optimality for the balancing principle in the context of the above
paper, but they do reference the proof of minimax optimal rates for KRR in the context of fast rates in
[24], which does not perfectly fit with the slow upper rates of [25]. Furthermore, the article [28] and the
book [43] both discuss lower rates of convergence for some explicit classical function spaces of Sobolev,
Besov or Holder type by use of entropy methods. This does not cover in full generality the distribution
free approach corresponding to treating largely arbitrary covariance operators B E| There is no reference
to minimax optimal rates for the other examples. As we are deeply convinced that clarifying somewhat
subtle points by formal definitions is an essential part of the culture of mathematics, we could not resist
giving a formal definition of a minimax optimal adaptive estimator over a parameter space © in Definition
below. We have tried to make this definition as general as possible (but staying inside the class of

spectral regularization, as we have defined minimax optimality only within that framework in this thesis).

Coming back to [25], it is assumed in Assumption 1 of that paper that the estimates of [25] are uniform
with respect to the discretizing grid in the regularization parameter \. In fact, with some additional
work it is even more or less obvious that this uniformity actually holds true in the context of slow rates.
This seems to be connected to the use of an additive error decomposition and, unfortunately, is lost in
our approach which is adapted to fast rates (and which, when applied to slow rates, does not give this
uniformity). This uniformity implies that the balancing estimator of [25] actually is minimax optimal
adaptive in the sense of our Definition [5.3.1] in the context of slow rates, granted a full proof of lower
bounds in the case of slow rates for source conditions induced by general covariance operators, which
everyone seems to expect to hold true. This justifies the wording best choice in [25], with hindsight.
The class of data generating distributions (the class M in our Definition , which depends on the
context and is different for slow versus fast rates or elastic net etc. is, however, not given explicitly in
[25]. Omne could say that the precise relation between adaptivity and optimality remains vague in [25] for
the uninitiated reader, at least in a technical sense. One cannot quite avoid the feeling that the authors

of [25] do not fully convey to the reader all technical details they are aware of.

A proper assessment seems to be less clear concerning the recent paper [62]. A possibly minor point is
that minimax optimal rates in the context of the very general source conditions of that paper are not
precisely referenced (one could e.g. refer to the paper [73] which adapts our proofs in [17] to more general
source conditions). But, furthermore, the probabilistic estimates in the context of fast rates (or in the

even more general context of [62], where everything is parametrized by the effective dimension as the only

1One certainly hopes that there is a deep relation between the operator theoretic approach using spectral theory for
a general covariance operator B and the entropy approach to approximation theory for the spaces or source conditions
induced by B. This seems to work e.g. for classical Sobolev spaces, but we are not aware of any hard mathematical result
establishing this relation in full generality.
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free parameter describing the model) are not uniform with respect to the regularization parameter A. This
makes necessary a final union bound which is missing (at least in the first version of that paper). Taking
into account that the proof of lower bounds on the convergence rates is only sketched and certainly does
not cover the full generality of the considered upper bounds (it needs some explicit spectral conditions
which are absent in the upper estimates depending only on the effective dimension) it is somewhat unclear
what the final class M of data generating distributions over which adaptivity is proved will turn out to
be.

Our analysis in this section faces similar problems. We do not think that it is in final form. E| To
clarify the situation we insist on a formal definition (see Definition . We try to thoroughly track
the dependence on a grid in the regularization parameter covering Aop¢(n) (which is the optimal Aoy (n)
of [25]) and we do perform the final union bound, which in our case adds (for the estimator obtained
by balancing) an additional loglog(n) to the minimax optimal rate. Thus we could shortly describe our
final result as: The estimator obtained by balancing is minimax optimal adaptive up to loglog(n) over
our model classes from Chapter [2| (the regular case) and from Chapter [3| (beyond the regular case) or

just adaptive in the sense of our Discussion, point 3. below.

5.2 Empirical Effective Dimension

The main point of this subsection is a two-sided estimate on the effective dimension by its empirical
approximation which is crucial for our entire approach. We recall the definition of the effective dimension

and introduce its empirical approximation, the empirical effective dimension: For A € (0, 1] we set
NN =Tr[(B+MN)'B], Ne(A)=Tr[(Bc+A)"'Bx], (5.2.1)

where we introduce the shorthand notation B, := k~2By and similarly B := k~2B. Here N()\) depends
on the marginal v (through B), but is considered as deterministic, while Ny (\) is considered as a random
variable (with Bx and B,, for z € X introduced in Chapter 1).

By S! we denote the Banach space of trace class operators with norm ||A||; = Tr[|A]]. Furthermore,
S? denotes the Hilbert space of Hilbert-Schmidt operators with norm ||A||z = Tr [A*A]1/2. By ||A|| we

denote the operator norm.

Proposition 5.2.1. For any n € (0,1), with probability at least 1 — 7

_ 2 N(A
N — NaA) | < 2log(dn ) (1 + /R () (M ¥ n@) | (5.22)
for alln € N* and X € (0,1].
Corollary 5.2.2. For any n € (0,1), with probability at least 1 — 7, one has
max(N(A), 1) < (1 4 46)y/max(Nx(N),1),

as well as
max(Ny (1), 1) < (1 +4(V8 V 62))y/max(N(\), 1),

2Finalizing it is a current joint research effort, see [15].
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where & := 2log(4n~1)/v/nX. In particular, if § < 1, with probability at least 1 —n one has

% Vmax(N(A), 1) < v/max(Ny(A), 1) < 5¢/max(N(A), 1) .

Proof of Proposition [5.2.1 We formulate in detail all preliminary results, although they are in principle
well known. There are always some subtleties related to inequalities in trace norm. For a proof of the

following results we e.g. refer to [74], [31]:

1. If A € S is non-negative, then ||A||; = Tr [A].

[\)

T (AL < [[A]]1 -
3. If A is bounded and if B € S! is self-adjoint and positive, then |Tr [AB]| < ||A|| |Tr[B] ] .
L I6AB € 82, then [|AB||y < [[Al]> ||Bll2

5. If A€ S, then [|A[[f = [Tr[A*A]| = [|A*Alls <[|A]| [|Allx -

Consider the algebraic equality
(B4+XN)'B—(Bx+ N "'By=(B+\N "B —DBy)+(B+)\) 5B - Byx)(Bx + ) 'Bx
=: N1 (A, x) + Na(\, x) . (5.2.3)
Hence,
| N = Noc(N) | < [T [N2 (A x)] |+ [Te [Na (A, x)] | - (5.2.4)

We want to estimate the first term in (5.2.4) by applying the (classical) Bernstein inequality, Proposition
in Chapter Setting £(z) = Tr [(B + A) 7! B,], z € X, gives

St =Te[(B+N B . El=Te[B+)N 5],

Jj=1

1
n

and thus

n

- D €ws) — Blg)| = [Tr [N (A x)] |

Recall that B, is positive and Tr [B,]| = £~2||S,||%¢ < 1. Using 3. leads to

6@) < [[(B+ NV Tr [BJ] <

> =

Note that
6(@) = [T [(B+N) " Be] | = [T [S,(B +A)'5;] | = Tr[A4"]

with A = S,(B + \)~'/2 and by 1., since AA* is non-negative. Furthermore, using E[B,] = B,

1

Elle) < JEEl] < {E [T [So(B+ ) 782)] = 1T [BI(B + 3 B.J] = {N(V

>| =
> =
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As a result, with probability at least 1 — 2

2 M) . (5.2.5)

[T [Ny (A ) | < 2log(dn ) <>n¢* A

Writing H = (Bx + A) ™! By, we estimate the second term in using 2. and 4. and obtain
T [N2(A, )} [ < [IN2(A x)|[1 < ([N (A, %) |2 [[H]|2 -

From Proposition [A.1.3] we have with probability at least 1 — 2

”MM:WB+M1@—BQbSﬂ%Mn”Qi+ NQv.

Finally, recalling that ||H|| < 1 we get from 5.
1H]2 < [[H]Y?|H|? < VN as.

where we used that Tr[H] = Tr[AA*], with A = S,(Bx 4+ A\)~'/? and point 1. . Collecting all pieces
gives the result. O

Proof of Corollary[5.2.3 Since log(4n~1) > 1, the inequality of Proposition implies that with prob-
ability at least 1 —n:

(0] 1 O 1
N0 =3 | = 2B 1y ) (ZED 4 ) )

Put A := /N(\), B:=/Nx(\), and ¢ := %\/%71), then one can rewrite the above as ‘AQ - B?| <
5(1+B)(6+ A).

Consider the case A > B. Then the above inequality is A2 — A§(1+ B) — (B? +§%(1+ B)) < 0. Observe
that the larger root x* of the quadratic equation 22 + bx + ¢ (for b, ¢ < 0) is bounded as

NI/ )
x+:%§|b|+ /],

while the smaller root £~ is negative. Hence, for z > 0
(z—a)(z—27)<0 = z<at <|b|++/].
Applying this to the above quadratic inequality (solved in A > 0), we obtain
A<d(14+B)+/B2+ 821 +B)<(1+8)B+0d+6+0VB < (1+20)(BV1)+ 20

Similarly, if B > A, the initial inequality becomes B? — B§(§ + A) — (A% 4+ (5§ + A)) < 0 solving this in

B and bounding as above we get
B<6(+A)+/A2+60+A)<(14+0)A+82+0+ VA< (1+2(6VV))(AVIL)+2(82V6).
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The rest of the proof follows by observing that 1 < BV 1,1 < AV 1 and

20V V8) +2(62 v 5) < 4(VE Vv 6?) .

5.3 Balancing Principle

In this section, we present the main ideas related to the Balancing Principle . Before we present our
somewhat abstract approach, we shall explain the general idea in a specific example. Recall the setting of
Chapter [2.5]. Combining methods from this chapter with [A72.4] we can establish the error decomposition

|(Bx + A)°(f, — fz)\)Hle < Cs(m)A° <R/\T + %A‘% +d(n, A)) , (5.3.1)

with probability at least 1 — 5, for any n € (0,1), provided n is big enough and Ao < A < 1, for some
Ao € (0,1). Here, the function A — RA" is the leading order of an upper bound for the approzimation
error and A — ﬁ)\_%l is the leading order of an upper bound for the sample error, while d(n, \) will be
shown to be subleading (at least for a good choice of the regularization parameter \). We recall that the
optimal regularization parameter (as well as the rate of convergence) is determined by the source condition
assumption f, € Q,(r, R), by an assumed power decay of the effective dimension N(\) < ChA™'/® with
intrinsic dimensionality b > 1 and by the noise variance 02 > 0. We combine these parameters in a vector
(7,0) with v = (0,R) e ' =Ry xRy and 6 = (r,b) € © = Ry x (1,00). We had chosen the optimal
regularization parameter A, (y,¢) by balancing the two leading error terms, more precisely by choosing
An,(v,0) as the unique solution of

b+1

RN =0\~ 2 . (5.3.2)

The resulting error estimate is

|82 (4= g < 20mn

Hj{l n,(v,0) ’

with probability at least 1 — n and n sufficiently large (see ) The associated sequence of esti-
mated solutions (fz)\""”’g) )Jnen, depending on the regularization parameters (A, (y,0))(n,y)enxr Was called
weak/ strong minimax optimal over the model family (M, ))(y.6)erxe With rate of convergence given
by (@n,(+,6)) (n,y)enxr, pointwisely for any fixed 0 € ©.

We can formulate (5.3.1)) more generally, namely with probability at least 1 —

1B+ X = ), < Colmd® (AN +8(n,0))

where A(-) is a function upper bounding the approximation error and 8(n,-) is an upper bound for
the sample error. However, if the functions A(-) and 8(n,-) are unknown (e.g., if the value of r in the
Holder-type source condition or the intrinsic dimensionalty b > 1 is unknown), an a priori choice of
the theoretically best value A, (, ¢y as in is impossible. Therefore, it is necessary to use some a
posteriori choice of A, independent of the parameter § = (r,b) € ©. Our aim is to construct an estimator

fz)‘"”(z) , l.e. to find a sequence of regularization parameters (S\nﬁ(z))n, without knowledge of 6 € O,
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but depending on the data z, the confidence level n € (0,1) and possibly on v € T', such that fz)‘”(z’"”)

is (minimaz) optimal adaptive in the following sense:

Definition 5.3.1. Let I',© be sets and let, for (v,0) € I' x ©, M(,,9) be a class of data generating
distributions on X x Y. For each A € (0,1] let (X x Y)" > z — f) € H;y be an algorithm. If there is

a sequence (Gp,(v,0))nen (7,0) € I' X © and a parameter choice (A +(2))n,y)enxr (not depending on
0 € ©) such that

lim limsup sup p®" (HBS(sz"’”’T(Z) - fp)H > Tan,(mg)) =0 (5.3.3)
T noos pEM(y 0 h
and
l%linni}gfir}fpeigjw po" (HBS(f— i)l 2 ran,w)> >0, (5.3.4)
where the infimum is taken over all estimators f, then the sequence of estimators (fzj‘”’”’"(z))neN is called

minimaz optimal adaptive over © and the model family (M with respect to the family o
/4 P Y (7,0) ) (v,0)€eTx© > P Y

rates (am(%g))(nﬁ)epr, for the interpolation norm of parameter s € [0, %]

We remind the reader that analogously to our discussion in Chapter 2] and Chapter [3] upper estimates
typically hold on a class M(<7 0) and lower estimates hold on a possibly different class J\/[(>A/ 0y’ the model

class M, ) in the above definition being the intersection of both.

This definition is different from our discussion in Chapters|2]and|3] Estimates in expectation would make
the definition somewhat smoother. If one has equation only with a,, multiplied by an exploding
logarithmic factor O(logk n) for some fixed k, we shall simply say that the sequence of estimators is
adaptive. We emphasize that these definitions are not standard. The existing literature in learning
theory rather prefers to be somewhat vague concerning the question with respect to which models the
new estimator is optimal adaptive. But we think that our definition above adequately formalizes what

has actually been done and seems to be accepted. E|

One could generalize Definition by allowing "minimax optimal” estimators which are not necessarily
constructed via spectral regularizaton. Since throughout this thesis we have defined minimax optimality
only within the framework of spectral regularization in Definition [2.3.3] we have refrained from doing so,

but we are aware of the fact that in other contexts this might be natural.

To find such an adaptive estimator, we apply a method which is known in the statistical literature as

Balancing Principle. Throughout this section we need

Assumption 5.3.2. Let M be a class of models. We consider a discrete set of possible values for the
regularization parameter
A = {A t0< X< <. <An}.

for some m € N. Let s € [0,1] and n € (0,1]. We assume to have the following error decomposition

3Definitions mark a subtle and important point of contact between written texts and the culture of mathematics. Perhaps
no one has ever expressed this more passionately than Stendhal: Je n’ai jamais trouvé qu’une idée dans ce diable de livre,
et encore elle n’était pas de Cailhava, mais bien de Bacon. Mais n’est-ce rien qu’une idée, dans un livre? Il s’agit de la
définition du rire. Ma cohabitation passionnée avec les mathématiques m’a laissé un amour fou pour les bonnes définitions,
sans lesquelles il n’y a que des & peu prés, [Stendhal, Vie de Henry Brulard , p. 95]. It would be next to impossible to find
similar words on the emotional need for clarity and precision in any classical German text, even up to modern times, and I
am deeply thankful for this very French contribution to our universal culture.
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uniformly over the grid A,,:
1B+ N = ), < Colmom) X (AN +8(n,0) ) (5.3.5)

where
Cu(m,n) = Cslog®(8|Amln™"),  Ci>0, (5.3.6)

with probability at least 1 —n, for all data generating distributions from M. The bounds fl()\) and S(n, A)

are given by

8(n,A) = 8(n,\) +di(n,\), 8(n,\) =0 M&, (anzﬂé

with N(\) = max(N()),1) and

AN = AN + do(n) ,  da(n) = 55 ,

where A(N) is increasing, satisfying limy_,o0 A(X) = 0 and for some constant C' < co. We further define
d(n, ) :=dy(n, A) + da(n).

We remark that it is actually sufficient to assume (5.3.5]) for s = 0 and s =
1B* fllac, <IIVBFI3, [1f135> implies validity of (5.3.5) for any s € [0, §

%. Interpolation via inequality
]

Note that for any s € [0, %], the map A — A*8(n, \) as well as A — A®d;j(n,\) are strictly decreasing in
A. Also, if n is sufficiently large and if X is sufficiently small, A(X) < S(n, \).

We let
Aopt (1) := sup{A : AN) < 8(n,\)} .

In this definition we have replaced A(X), 8(n, A) by A(A) and 8(n, A), thus including the remainder terms
di(n, ) and dz(n) into our definition of A,,¢(n). It will emerge a-posteriori, that the definition of Aoyt (n)
is not affected, since the remainder terms are subleading. But a priori, this is not known. A correct
proof of the crucial oracle inequality in Lemma below is much easier with this definition of Ay (n).

It will then finally turn out that the remainder terms are really subleading.

The grid A,, has to be designed such that the optimal value A,,:(n) is contained in [Ag, Ay,] Note that

this definition requires neither strict monotonicity of A nor continuity.

The best estimator for A\, (n) within A,, belongs to the set
Hmm):{MeAm:AQﬁgémAﬁ}

and is given by
A« i=max J(An,) . (5.3.7)

In particular, since we assume that J(A,,) # 0 and A, \ J(A,,) # 0, there is some [ € N such that
Al = A < Aope(n) < A1 Note also that the choice of the grid A, has to depend on n.

Before we define the balancing principle estimate of Ay (n), we give some intuition of its possible choice:
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For any A < Aype(n), we have A(A) < S(n, A). Moreover, Lemma yields for given A\ < Ay
H(Bx + Al)sfH:}cl = H(Bx + )‘Q)SfHﬂ{l :

Finally, since A — A*8(n, \) is decreasing, Assumption m gives for any two A\, N € J(A,,) satisfying
N < X, with probability at least 1 — 7

B+ Xy = 1)

e, < Bt X070 = 2|, + 1B+ X970 = D),
< B+ X0 = 2|, H 1Bt N (o = D) o,

< Cy(m, ) N (A(X) +8(n,\) ) +

+ Cy(myn) X (A(A) +8(n,\) )
< AC,(m,n) N*S(n, \') . (5.3.8)

An essential step is to find an empirical approximation of the sample error. In view of Corollary we
define

8x(n, A) = 8x(n, \) +dy(n, N, Sx(n,\) =0 N;()\,\) )

with Ny (A) = max(Ny(A), 1) and Ny (\) the empirical effective dimension given in (5.2.1). Corollary
implies uniformly in A € A,,

1-~ . -

ng(nQ\) < 8(n,A) < 58«(n, A), (5.3.9)

with probability at least 1 — n, provided
nio > 2, 21og(4|Am|nt) < V/nXo - (5.3.10)

Substituting (5.3.9)) into the rhs of the estimate (5.3.8)) motivates our definition of the balancing principle

estimate of A\, (n) as follows:

Definition 5.3.3. Given s € [0,1], n € (0,1] and z € Z", we set

T5(Am) = { A€ A [|(Bx+X)(f2 = f2)llse, < 20C5(m,n/2) N* 8x(n, ),
YA € Am, N <AY

and define

As(z) :=max I} (A,) . (5.3.11)

Notice that g3 (A,) as well as A(z) depend on the confidence level 7 € (0, 1].

For the analysis it will be important that the grid A,, has a certain regularity. We summarize all

requirements needed in

Assumption 5.3.4. (on the grid)

1. Assume that J(Ay,) # 0 and Ay, \ I(Ay) # 0.

2. (Regularity of the grid) There is some g > 1 such that the elements in the grid obey 1 < \jy1/X; <g¢,

7=0,..,m.
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3. Choose Ny = Ag(n) as the unique solution of n\ = N(X). We require that n is sufficiently large,
such that N(Ag(n)) > 1 (so that the mazimum in the definition of N(\) can be dropped). We further

assume that n\g > 2.

Note that Ag(n) — 0 as n — oco. Then, since N(\) — oo as A — 0, we get that this A\g = A\g(n) satisfies
Aon = N(Ag) — oo. Furthermore, a short argument shows that the optimal value Ayp:(n) indeed satisfies
Ao < Agpi(n), if m is big enough. Since A(A\) — 0 as X — 0, we get A(Xo(n)) — 0 as n — oo. Since

8(n,Ao(n)) =1+ #(n) by definition, it follows A(Xo(n)) < 8(n,Xo(n)) for n big enough. From the

definition of A\, (n) as a supremum, we actually have A\g(n) < Aopi(n), for n sufficiently large.

Under the regularity assumption, we find that
S(n, /\J) < qg(n, )\j+1) , J=0,...m. (5.3.12)

Indeed, while the effective dimension A — N(A) is decreasing, the related function A — AN(X) is non-

decreasing. Hence we find that
g IN(A) = (aN)TIAN(Y) < (gA)TH(gAN(gh) = N(g))

and since g > 1

“IN(A) = max (¢7'N(N), ¢ 7)< max(N(g)), 1) = N(g)) .

)

Therefore

g '8(n, ) = U\/W < 0\/N(/\j+1) =8(n, \jy1) .

nAj+1

=qdi(n, A\jy1) ,

implying (5.3.12]).

Remark 5.3.5. The typical case for Assumption to hold is given when the parameters \; follow
a geometric progression, i.e., for some ¢ > 1 we let \j := M@, j =1,...m and with \,, = 1. In this
case we are able to upper bounding the total number of grid points |A,,| in terms of log(n). In fact, since

Am = 1 = Xoq¢™, simple calculations lead to

Recall that the starting point Mg is required to obey N(Ao) = nAo > 2 if n is sufficiently large, implying
—log(Mg) < —log (%) <log(n). Finally, we obtain for n sufficiently large

[An| < Cylog(n) , (5.3.13)

with C; = log(q)~' + 1.

We shall need an additional assumption on the effective dimension:
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Assumption 5.3.6. 1. For some v1 € (0,1] and for any X\ sufficiently small
N > CiA™
for some C1 > 0.
2. For some 75 € (0,1] and for any A sufficiently small
N < CoA™2
for some Cy > 0.
Note that such an additional assumption restricts the class of admissible marginals and shrinks the class

M in Assumption to a subclass M. Such a lower and upper bound will hold in all examples which

we encounter in Section [5.4

We further remark that Assumption ensures a precise asymptotic behaviour for A\g = n"*N()\q) of

the form ) )
1\ T 1\ Tz
C’Yl (n> S )\o(n) S 072 (n> ) (5314)

for some C,, >0, C,, > 0.

Main Results

The first result is of preparatory character.

Proposition 5.3.7. Let Assumption be satisfied. Define Ai as in (5.3.7)). Assume nhg > 2. Then

for any

2= i (1, 48l exp (~ 3N ) )

uniformly over M, with probability at least 1 — 7

|Bet 2@ = £, < 1020 (m. /25 8 1)

We shall need
Lemma 5.3.8. If Assumption [5.3.4) holds, then

A2 8(n,Ay) < ¢t ° {2 (AN +8(n,\) b (5.3.15)

min
AE[A0;Am]

We immediately arrive at our first main result of this section:

Theorem 5.3.9. Let Assumption [5.3.2] be satisfied and suppose the grid obeys Assumption[5.3.4 Then

for any

02 = min (1. 4l exp (~5 VAT ) )
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uniformly over M, with probability at least 1 —

|B° (829 = 5) |, < a7 Dalmey | min (XA +80,20) }

with
Dy(m,n) = CLlog” "tV (16[Am|n ) |

for some C% > 0.

In particular, choosing a geometric grid and assuming a lower and upper bound on the effective dimension,

we obtain:

Corollary 5.3.10. Let Assumption[5.3.2], Assumption[5.3.4] and Assumption[5.5.6 be satisfied. Suppose
the grid is given by a geometric sequence \j = \og’, with ¢ > 1, j =1,...;m and with \,, = 1. Then for
any

n >y = 4C, log(n) exp (—Cwlﬁznﬁ) ,

uniformly over M', with probability at least 1 — n

HBS (fzism *f”)Hm < Dy o(n,m) Aéx[lggl]{As(ﬁ(AHS(n, NEE

with

D; 4(n,m) =Csq logz(sﬂ)(log(n)) log2(5+1)(16n_1) ,

for some Cy, 4, > 0 and some C 4 > 0, provided n is sufficiently large.

Note that 7, — 0 as n — oo.

One for All: L?-Balancing is sufficient !

This section is due to an idea suggested by P. Mathé (which itself was inspired by the work [I1]) which we
have worked out in detail. We define the L2(v)— balancing estimate A, /2(z) according to Deﬁnitionm
by explicitely choosing s = 3 (in contrast to Theorem where we choose As(z) depending on the
norm parameter s). Our main result states that balancing in the L?(v)— norm suffices to automatically

give balancing in all other (stronger !) intermediate norms || - ||,, for any s € [0, 1].

Theorem 5.3.11. Let Assumption [5.3.2] and Assumption be satisfied and suppose the grid obeys
Assumption [5.3.4. Then for any

7 > Ny 1= min <1 , 4|Ap | exp <—; N(/\O(n)))> ,
uniformly over M, with probability at least 1 — 7

DS 5‘1 2(z —5 7 . sia Q
B = )| < Dm0 +50,0) ).
9{1 0>,\m

89



with

Dy(m,n) = CLlog? D (16[A|n")

for some C% > 0.

In particular, choosing a geometric grid and assuming a lower and upper bound on the effective dimension,

we obtain:

Corollary 5.3.12. Let Assumption Assumption [5.3.4) and Assumption[5.5.0] be satisfied. Suppose
the grid is given by a geometric sequence \; = Xo¢’, with ¢ > 1, j = 1,...,m and with \,, = 1. Then, for

n sufficiently large and for any
n > ny := 4C, log(n) exp (_071,72n2(111”2)) ,

uniformly over M', with probability at least 1 — n

(A) +8(n, ) },

ns A/2(2) —s T : s
B )| s a Dt i (3

with

D; 4(n,n) =Csq 10g2(s+1)(10g(n)) 10g2(3+1)(16n_1) ,

for some Cy, , > 0 and some Cy 4 > 0.

Note that 7, — 0 as n — oo.

Remark 5.3.13. Still, our choice for g is only a theoretical value which remains unknown as it depends
on the unknown marginal v through the effective dimension N(X). Implementation requires a data driven
choice. Heuristically, it seems resonable to proceed as follows. Let ¢ > 1 and S\j =q7,j=0,1,.. (we

are starting from the right and reverse the order). Define the stopping index
jo:=min{ j € N: 8x(n,\;) >5}

and let A = {5\30 < .. < o = 1}. Here, 8x(n, ;) depends on the empirical effective dimension Ny()),
see (5.2.1), which by Corollary [5.2.9 is close to the unknown effective dimension N(X). Thus we think
that the above choice of Ny is reasonable for implementing the dependence of Ao on the unknown marginal.

A complete mathematical analysis is in development.

5.4 Applications

We proceed by illustrating some applications of our method as described in the previous section. In view
of our Theorem [5.3.11| and Corollary |5.3.12] it suffices to only consider balancing in L?(v). We always
choose a geometric grid as in Remark [5.3.5] satisfying A\,,, = 1. We shall treat fast rates for the regular

case for Hélder type source conditions and general source conditions, and our class beyond the regular
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case for Holder type source conditions. This is achieved by choosing appropriate parameter spaces in our

general theory above and using the estimates from Chapters 2 and 3.

Example 1: The regular case

We consider the setting of Chapter [2, where the eigenvalues of B decay polynomially (with parameter

b > 1), the target function f, satisfies a Holder-type source condition
fo€Q(rR):={fe : f=DByh,|hlls, <R}
and the noise satisfies a Bernstein-Assumption
E[|Y — S'Xfp|m | X< %m! o?M™ % v —as., (5.4.1)

for any integer m > 2 and for some o > 0 and M > 0. We combine all structural parameters in a vector
(7,0), with v = (M,0,R) e ' =R3 and 6 = (r,b) € © = (0,00) x (1,00). We are interested in adaptivity
over ©. We warn the reader that (for purely historic reasons in writing this thesis) the new definition of
is the old definition of # in Chapter 2-4, while the dependence on the new parameter 6 was suppressed in
the notation of the previous chapters (where this parameter was kept fixed and varying it was no issue).

We hope that this will not terribly confuse the reader.

Under the assumptions of Corollary , the sequence of estimators (fz’\"’”’e)n as defined in (2.2.15)) is
minimax optimal for any 6 € © over the class M, ) := M(r, R, ") defined precisely in (2.2.9)), with
P =P<(b,8) NP> (b, ), where 8 > a > 0 and

P, B)={veP: pu; <B/i* Vi=1}, (5.4.2)

P> (bya) :={veP: p; >a/j’ Vj>1}, (5.4.3)

defined in (2.2.6)) and (2.2.7). The corresponding minimax optimal rate is given by

b(r+s

. o2\ 2T
Up = Qn 0 = R/\Zﬂsﬁ =R (Rgn) .
We shall now check validity of our Assumption[5.3.2] In the following, we assume that the data generating
distribution belongs to the class M = M, 9). Recall that we let Ag(n) be determined as the unique solution
of N(A) = nA. Then, combining the estimates (2.5.6) and (2.5.14) with the new inequality (A.2.4), we
have uniformly for all data generating distributions from the class M, with probability at least 1 — 7, for

any A € A,

B+ A (12 = f)llses < Co10g%(8|Amln ™) X* (AR +8(m.A) )

for n sufficiently large, with

i r Rr 5 N\ M
‘A’(A> =R\ + ﬁl(l’w) (T) y 8(7% )\) =0 W + a ,

where Cy does not depend on the parameters (v,6) € I' x ©. Remember that the optimal choice for the
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regularization parameter ), is obtained by solving

A1/

AN =0 —

and belongs to the interval [Ag(n),1]. This can be seen by the following argument: If n is sufficiently

N(A C m /
= N Qo(m) > /CsoR\, =0 ﬁb
’/l)\o

which is equivalent to 8(n,A\o(n)) > 8(n,\,). Since A — 8(n,\) is strictly decreasing we conclude
An > Ao(n). Here we use the bound N(\) < Cg A~ 5.

large

Recall that we also have corresponding lower bound N(X) > C,,A"%, since v € P>(b,a), granting
Assumption [5 This follows by combining Remark [3.1.1] with Lemma [3.4.3] and Lemma

We adaptively choose the regularization parameter ;\1 /2(2z) according to Definition 3 by L?(v)— bal-
ancing (i.e. by choosing s = %) and independently from the parameters b > 1, r > 0. Corollary m
gives for any s € [0, %], if n is sufficiently large, with probability at least 1 — 1 (uniformly over M)

N < CL,Cs(m) (an +A5d(n,An) ) (5.4.4)

HBs(fzj\l/z(Z) _ fp)‘

where

Cs(n) = 1og*** (log(n)) log>*+ (167 7),

provided that n > n,, = 4C, log(n) exp (—Cn2<bl+1>>, for some C' > 0, depending on «, 8 and b. Recall
that 1, — 0 as n — oc.

In we have used that
min LA (AA) +8(n, 1)) } < AL (AN +8(n, An))
AE[Ao(n),1]
= A (AN) +8(n, \p) +d(n, A\y)) -
Then A5A(A,) < a, and A58(n, \,) < Chay, give equation (5.4.4).

It remains to show that for n sufficiently large, the remainder A% d(n, A,) is of lower order than the rate

a,. This follows exactly by argumenting as in Section 2.5. One finds that

M>:o<@ Ab“> Loy,

ni, Vn

Summarizing the above findings gives

Corollary 5.4.1 (from Corollary l Let s € [0,1]. Choose the reqularization parameter 5\1/2 (z) =
EE

5\7177777 (z) according to Definition by choosing s = % Then, if n is sufficiently large, for any
2 1 = 40, loglmexp (~Cni)
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(r,b) € Ry x (1,00), (M,0,R) € R%

)\ z
Supp <H 1/2( ) )

pEM

< Cfs,q 10g2<s+1)(1677_1) bn) >1-n,
Hy

with by, =log?*™(log(n)) a

Now defining 7 = C¢ , g2tV (16n71) gives
6 < ( . )1/2(3—‘,—1))
n= exXp | — )
Ci,
implying (5.3.3).

Observing that the proof of Theorem and Corollary implies validity of the lower bound (5.3.4)),

this means:

Corollary 5.4.2. In the sense of Definition|5.3. 1| the sequence of estimators (f)\l/Q(z))neN = (fz’\””’"(z))neN
is adaptive over © (up to log-term) and the model family (M, 6))(y.6)erxe with respect to the family of

rates (Gn,(~,0)) (n,y)enxr, for all interpolation norms of parameter s € [0, %]

Example 2: General Source Condition, polynomial decay of eigenvalues

Our approach also applies to the case where the smoothness is measured in terms of a general source

condition, generated by some index function, that is,

fPEQ( _{feg{l f A( )h7‘|h‘|9{1§1}7

where A : (0,1] — R is a continuous non-decreasing function, satisfying lim;_,q A(t) = 0. We keep the
noise condition and we choose the parameter v = (M,0) € T =R2, 0 = (A,b) € © = F x (1,00),
where J denotes either the class of operator monotone functions or the class of functions decomposing
into an operator monotone part and an operator Lipschitz part. For more details, we refer the interested
reader to [4], [62].

We introduce the class of data-generating distributions

MG, ) = {p(dz, dy) = p(dyl)v(dz); p(-]) € K(Q(A)),v € P=(b,8)}

M, gy = {p(d, dy) = p(dy|x)v(dz); p(-|) € K (2 (A)),v € P7 (b, )},

where P<(b, 3) and P~ (b, ) are defined in (2.2.6) and (2.2.7)), respectively. Then M = M, ) is defined

as the intersection.

From [73] and [62] (in particular Proposition 4.3), combined with our Proposition one then gets
that Assumption is satisfied: Uniformly for all data generating distributions from the class M, with
probability at least 1 — 7,

1B+ N (2 = folllses < Cs1og2(8lAmln™") A (A +8(n, 1) )
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for n sufficiently large, with

AN = AN + \% . 8(m\) =0 j\gi) - n—]‘i
and o M
d(n,\,) = +

NS

Assuming N(A) < Cg’b)\*l/ b which as above is implied by polynomial asymptotics of the eigenvalues of
the covariance operator B specified by the exponent b, the sequence of estimators ( fz)‘ A0, (defined via

some spectral regularization having prescribed qualification) using the parameter choice

An = Apap = 7/);1,11, (\}ﬁ) ) Yap(t) = A(f)t%(%ﬂ) ) (5.4.5)

is then minimax optimal, in both H; —norm (s = 0) and L?(v)—norm (s = 1/2) (see [73], [62]), with rate
p = A, Ap = /\Z,A,b A (An’A7b) . (5.4.6)

This holds pointwisely for any (A,b) € © = F x (1,00). The crucial observation is that equation (5.4.6)

is precisely the result obtained by balancing the leading order terms for sample and approximation error.

Arguments similar to those in the previous example show that A, € [Ag(n),1]. Recall that N(\) <
CspA~ % and that A(A) — 0 as A — 0. Thus, if 7 is big enough

1= > i A) = Taadu)ag 1 5[N]

which is equivalent to 8(n, Ag(n)) > 8(n, \,). Since A — 8(n, \) is strictly decreasing, we conclude that

Recall that we also have corresponding lower bound N(\) > C’%b}\_%, since v € P~ (b, ), granting
Assumption [5.3.6] This follows by combining Remark with Lemma and Lemma

We again adaptively choose the regularization parameter A /2(2) according to Deﬁmtlon 3by L?(v )
balancing (i.e. by choosing s = 1) and independently from the parameters b > 1, r > 0. Corollary
gives for any s € [0, ] if n is sufficiently large, with probability at least 1 — 1 (uniformly over M)

N < CL,Cs(n) (an +A5d(n,An) ) (5.4.7)

HBS(fzj\l/z(Z) _ fp)‘

where
Ci(n) = log”**V (log(n)) log** ) (16771 |

provided that
n > 0, = 4C,log(n) exp (-Cnﬁ> ’

for some C > 0, depending on «, 8 and b.
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One readily verifies also in this case that the remainder term d(n, A,,) is indeed subleading:
w2 = () = M TTPAO) = 0 (AA))

and moreover

From Theorem 3.12 in [73] one then obtains the lower bound (5.3.4).

Thus, we have proved:

Corollary 5.4.3 (from Corollary [5.3.12)). Let s € [0, %] Choose the reqularization parameter 5\1/2(z) =
Ay (2) according to Deﬁm'tion by L%(v)— balancing. Then, if n is sufficiently large, for any

1 > 1, = 4C, log(n) exp (_Onm> ,

A€TF, b>1and (M,0,R) € R3 one has

PN

PEM(,0)

< Ol log” T (16n7") bn> >1-1,

st

with

2(s+1)(

b, = log log(n)) a, .

This means that in the sense of Deﬁnition the sequence of estimators (f,f\l/z(z))neN = (fz)‘"*“"(z))neN
is adaptive over © (up to log-term) and the model family (M, 6))(v.6)erxe with respect to the family of
rates (n,~,0)(n,y)enxr from (5.4.6), for all interpolation norms of parameter s € [0, %]

Example 3: Beyond the regular case
Recall the class of models considered in Chapter : Let v = (M,0,R) e I = R3, © = {(r,v*,v,) €
Ry x (1,00)%v* < v} and set
M7 = {pldr.dy) = pldylo)de) - (1) € KO R), v PG}, (548
M(>%9) = { p(dz,dy) = p(dy|lz)v(dz) : p(-|-) € K(Q(r,R)), v € P (vi) }, (5.4.9)
and denote by M = M, ¢y the intersection.

We shall verify validity of our Assumption In the following, we assume that the data generating
distribution belongs to the class M. Then, combining the bound (3.4.4]) with the new inequality (A.2.4)),
we have uniformly for all data generating distributions from the class M, with probability at least 1 —n,

for any A € A,

1B+ N (£ = flllsey < Cor Tog(B1Amln ) A (AN) +8(n, ) )

95



with
~ Rr s A2Zr M
AAN) =R\ + —1 S(n,A\) = o — .

As usual, we shall investigate adaptivity on the parameter space ©O.

We upper bound the effective dimension by applying Lemma using the counting function F(\)
defined in equation (3.1.1)). We obtain
N < G TN,

for any \ sufficiently small. We now follow the discussion in Example 1 above, with A()\), 8(n, \), di(n),
da(n, A) remaining unchanged. We shall only use the new upper bound on 8(n, A) defined by

_ FN) A2
Si(n,N) —O’\/W _0“119()\) .

This gives, equating RA" = 84 (n, A), for n sufficiently large (see equation (3.2.3))

2
_ _c-1( 9
)\n—)\n,e—g (RQTL) .

Also in this case, A\, can shown to fall in the interval [Ag(n), 1]. Indeed, if n is sufficiently large

1= M > /C,<R\, = CV*U\/‘FI;O\") > a\/N(An) ,

nXo(n)

which is equivalent to 8(n, A\g(n)) > 8(n, Ay,). Since A — 8(n, A) is strictly decreasing, we have Ag(n) < A,
provided n is big enough.

More refined bounds for the effective dimension follow from Lemma [3.4.4] and Lemma [3.4.5] We have
Cu A7 SN < Cped ™o
and Assumption is satisfied.

We adaptively choose the regularization parameter M /2(2) according to Definition m by L?(v)— bal-
ancing, i.e. by choosing s = 3. Corollary [5.3.12| gives for any s € [0, 3], if n is sufficiently large, with
probability at least 1 — 7 (uniformly over M)

N < O Cs(n) (an+25d(n,An) ) (5.4.10)

HBs(fzj\l/z(Z) _ fp)‘

where
Cs(n) = log”* ™ (log(n)) log* 1) (16771,

provided that
N2 e = 4C¢1 log(n> exp (_CV*,V*nW) .
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In (5.4.10) we have used that a,, = A% and
min  { A (AN) +8(n,0)) } < AL (AN +8(n, An))
AE[Ao(n),1]

= A0 (A(A) +8(n, An) +d(n, Ay)) -

As above, one readily checks that that the subleading term d(n, \,,) is really subleading:

N M 2r
n=2 =o(A,), :0< A )

n\p, nG(\,)

Summarizing, we have proved

Corollary 5.4.4 (from Corollary [5.3.12)). Let s € [0, %] Choose the reqularization parameter ;\1/2(z) =
Ay (2) according to Deﬁnition by choosing s = % Then, if n is sufficiently large, for any

0= = AC, log(n) exp (=Cy. - n 7077 )

foranyr >0,1<v* <v,, (M,o0,R) €R3, one has

PEM (4,0

< Clglog® (160~ ) by | > 1 -7,
st
with
b, = log?C V) (log(n)) a,, .

Observing that the proof of Theorem[3.2.9 and Corollary implies validity of the lower bound (5.3.4)),

this means that in the sense of Definition|5.3.1| the sequence of estimators (f;‘l/z(z))neN = (fz)‘"*%”(z))neN

is adaptive over © (up to log-term) and the model family (M, 6))(v.0)erxe with respect to the family of

rates (an,%g)(nﬁ)eNXp, for all interpolation norms of parameter s € [0, %]

5.5 Discussion

1. We have shown that it suffices to prove adaptivity only in L?(v)—norm, which is the weakest of all
our interpolating norms indexed by s € [0,1/2]. Similar results of this type (an estimate in a weak
norm suffices to establish the estimate in a stronger norm) have been obtained e.g. in [11] and also

in the recent paper of Lepskii, see [54], in a much more general context.

2. We shall briefly discuss where and how the presentation of the balancing principle in our work
improves the results in the existing literature on the subject. We recall from the introduction to
this chapter that the first paper on the balancing principle for kernel methods, [25], did not yet
introduce fast rates, i.e. rates depending on the intrinsic dimensionality b. Within this framework
the results give - in the wording of the authors - an optimal adaptive choice of the regularization
parameter for the class of spectral reqularization methods as defined in Chapter[2] In the sense of our
Definition the obtained estimators are optimal adaptive - with hindsight, as amplified in our
introduction - on the parameter space © = R with respect to minimax optimal rates, which depend
on r but not on b (or more general, not on the effective dimension N(A)). Technically, the authors
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of [25] define their optimal adaptive estimator as the minimum of 2 estimators, corresponding to 2

different norms, namely, setting

B () = {3 et B - 1)

) < 4C(n) XS S(m,N;) j:O,...,i—l}
H
and defining Ay(z) := max J; (A,,), their final estimator is given by
As(z) == min{\,(z), Ao(z)} . (5.5.1)

We encourage the reader to directly compare this definition with our definition in ([5.3.11f). Using
the minimum of two estimators in this way can be traced back to the use of an additive error

estimate of the form

13 llye, = 11l

< V6log(d/m) n= 2 | flls, - (5.5.2)

holding for any f € H;, s € [0,1/2] and n € (0, 1), with probability at least 1 — 7. Here we have
slightly generalized the original estimate in [25] to all values of s € [0,1/2].

In the setting of [25], where only slow rates are considered, the variance 8(n,\) is fully known.
However, when considering fast rates (polynomial decay of eigenvalues), 8(n,\) additionally de-
pends on the unknown parameter b > 1 and we have to replace the variance by its empirical
approximation 8x(n,A). This can effectively achieved by our Corollary where we provide a
two sided bound

% Se(n, A) < S(m, A) < 5 Sx(m, A) -

Our bound (in a slightly weaker form) is also used in [62] for bounding the variance by its empirical

approximation.

In the preprint [62] the authors independently present the balancing principle for fast rates. More
precisely, in the case of Holder-type source conditions, it covers the range @y, of parameters (r,b)
of high smoothness where b > 1 and r > 1/2(1 — 1/b), which excludes the region of low smooth-
ness. In addition, their results include more general types of source conditions. This work started
independently from our work on the balancing principle. A crucial technical difference is that
[62] is still based on using in an essential way. This paper contains the new multiplicative
error estimate of [42] (see Appendix , which leads to Proposition and Corollary
Both are crucial to extend the definition of the adaptive estimator to all values of the confidence
level n € (0,1). However, the discussion proceeds essentially along the traditional lines of [25],
using the above mentioned additive error estimates. This makes the region of low smoothness, i.e.
r < 1/2(1 — 1/b), much less accessible and leads to an estimator obtained by balancing only on
the restricted parameter space Oy (with respect to minimax optimal rates of convergence, which,
however, are known on the larger parameter space © = R, x (0,00)). As before, the final estimator

is taken to be a minimum of 2 estimators corresponding to different norms.

Our approach also exploits the technical improvement contained in the new multiplicative error
estimate which simplifies the derivation of probabilistic error estimates on the full range n € (0, 1)
of the confidence level. Furthermore, our modified definition of the estimator defined by balancing,
avoiding the additive error estimate in equation , allows in the case of Holder type source

conditions to obtain an optimal adaptive estimator (up to loglog(n) term) on the parameter space
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O =Ry X (1,00). The final estimator is constructed somewhat more directly. It is not taken as a
minimum of 2 separately constructed estimators and in our view the presentation is streamlined.
Furthermore, our discussion in Example shows how the more general results of [62] on source

conditions different from Holder -type can naturally be recovered in our approach.

3. Finally we want to emphasize that this notion of optimal adaptivity is not quite the original ap-
proach of Lepskii. The paper [§] contains an approach to the optimal adaptivity problem in the
white noise framework which is closer to the original Lepskii approach and thus somewhat stronger
than the weak approach described above, where the optimal adaptive estimator depends on the
confidence level. It seems to be a wide open question how to adapt this original approach to the
framework of kernel methods, i.e. constructing an estimator which is optimal adaptive in Lepskii-

sense (independent of the confidence level ) and satisfies

sup sup limsup a;l(%e) Rn(f’\”~7(z),7) < 00, (5.5.3)
0eO ~el' n—oo

with R,, being the risk

~ — ~ 1
Rn(fA"’(me)(Z)er) = sup Ep®" |: |Bs(fp - fAn’Y(Z))Hg-Cl] r, p>0,s¢ [Oa 1/2] s

PEM(5,0)

and a, (y,¢) being a minimax optimal rate.

Here we always want to take © as the maximal parameter space on which one has minimax optimal
rates. For slow rates, i.e. © = {r > 0}, the supremum over © in equation exists. For fast
rates, the boundary of the open set {b > 1} poses problems at b = 1, since one looses the trace class
condition on the covariance operator B (in which case minimax optimality as in this thesis is not

even proved). We remark that, trying to only use the effective dimension and parametrizing it by

(thus redefining somewhat the meaning of b) possibly changes the nature of the boundary at b =1
and might give existence of the sup. We leave this question for future research. Furthermore we
remark that a rigorous proof of non-existence of the sup for our (spectral) meaning of b requires a

suitable lower bound exploding as b | 1, similar to the example in [55].

A similar type of difficulty (related to the non-existence of the sup) has already been systematically
investigated in [55] and [57]. In such a case Lepskii has introduced the weaker notion of the
adaptive minimax order of exactness and he also discusses additional log terms. Such estimators
(which are not optimally adaptive) are called simply adaptive. This is related to the situation which
we encounter in this section. It is known that e.g. for point estimators, additional log terms are
indispensable. Our situation, however, is different and one could expect to prove optimal adaptivity

in future research.

5.6 Proofs

Lemma 5.6.1. For any s € |0, %] and n € (0,1], with probability at least 1 — n we have A, < S\S(Z),
provided 21og(4|Am|n~1) < vVnXo and nXg > 2.
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Proof of Lemma[5.6.1. Let A € A, satisfy A < A.. We consider the decomposition

[(Bx +A)*(f2 = £2)

e, < 1B+ X = Fo)lge, + 1B+ (L = L)l -

From Assumption and since A < A\, we have

[(Bx +A)*(f2 = Fo)lae, +8(n, A))
)

IN

Cy(m,m) A* (AN

)
2C,(m, n)A°* 8(n, A

A

with probability at least 1 —n
Since A < A4, applying Lemma and Assumption [5.3.2] give, recalling the definition of A, and that
A — A58(n, ) is decreasing

B+ (2 = s, < 1B+ 20 (2 = £o)lae,
Co(m,m) A% (A(A) +8(n, ML)
8(

(

IN

IN

2C; (m,n) ; *)
2C,(m, n)A* 8(n, A)

IN

with probability at least 1 — 7. As a result, using [5.3.9} if 2log(4|A,,[771) < v/n)o and n)g > 2, with
probability at least 1 — n

[(Be+ N (£2 = £2)|lge, < 20Cs(m,m/2) X* 8xc(n, \)

with Cy(m,n/2) = Cslog®(16|A,,|n~1). Finally, from the definition (5.3.11)) of As(z) as a maximum, one
has A, < A(z) with probability at least 1 — 7

O

Proof of Proposition[5.3.7 Let Assumption be satisfied. Define A, as in (5.3.7). is implied by the

sufficient condition We write

| Bt a2 @ =), < [ Bt A (E@ = 29, Bt A B = £l

1

and bound each term separately. By definition (5.3.11) of As(z) , by Lemma and by (5.3.9), with

probability at least 1 — 2

H (Bx + A)* (2@ — 1) 20C;(m, n/2)X;Sx(n, \)

.

IN

< 100C,(m,n/2)A5S(n, Ay) -

By Assumption and recalling the definition of A\, in gives for the second term with probability

at least 1 — 3

Cs(m,n/2) XL (AN + S(n,A))
2C,(m,n/2) X2 S(n, \,) .

[(Bx + M) (f2 = fo)lloe,

IN

IN
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The result follows from collecting the previous estimates.

O

Proof of Lemma[5.3.8 Let Assumption [5.3-4] point 1. and 2. be satisfied. We distinguish between the

following cases:

Case 1: \ > ¢\,
Since A — A()) is increasing and by (5.3.12)

A £ 8(m ) 2 A* A > (¢h)° Algh)
> (qA)* 8(n,q)\) > ¢ 71N S(m, A\,

Case 2: )\ < g\,
Again, since A — )\Sg(n, A) is decreasing and by (5.3.12]) we have

A° (AN +8(n,N) > X 8(n, A) > (ghs)® S(n,gAy) = ¢ 1A S(n, AL)

The result follows.

O

Proof of Theorem[5.3.9 Since A\o(n) < A., we may apply estimate (A.2.4)) . From Proposition we

have

HBS(fp _ fzis(z))Hg{l < 151082 (4| A~ ) H(B" FAD(fy — fzﬁ\s(z))H

S Ds(mJ]) )‘i S(?’L, )‘*) ’

H

with probability at least 1 — 7, provided
. 1
7 > 1y := min <1 , 4)A, | exp <2 N(/\O(n)))>
and where D,(m,n) = C’log?*+Y (16|A,,|n~1). The result follows by applying Lemma m

O

Proof of Corollary|5.3.10. The proof follows from Theorem by applying (5.3.13]) and by using the
lower bound from Assumption [5.3.6] More precisely, the condition

02y =i (1, 48 exp (-3 VNC() )

is implied by the sufficient condition

1 2 Ny 1= Min <1,4Cq log(n) exp (— \/251 Ao(n)—él)) ;
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which itself is implied by

~

n > ny, = Cylog(n) exp <—C,Yl7,),2n2(1+1"12)) ’

_m
by using (5.3.14)), provided n is sufficiently large and with C,, ,, = ‘/?C’w z

Moreover, using 1 < log(16n~1) for any n € (0, 1], we obtain

q"™* Dy(m,n) = ¢"=* CLlog? TV (16|, [n~1)

< ¢'7* C. (log(Cy log(n)) + log(16n1))
< q'7° C% (log(Cy log(n)) + 1)*F ) 10g2+ (1671 .

2(s+1)

Moreover, if n is sufficiently large, we have
log(Cy log(n)) < log(Cy) +log(n) < (1 + log(Cy)) log(n)

and thus
q' =" Dy(m,n) < Cs 41og>FV (log(n)) log** (16n7") = Dy 4(n,m) ,

with Cs 4 = ¢' 7% CL(1 + log(C,))2=+1). O

Lemma 5.6.2. Assume nig > 2. With probability at least 1 —n

b\ z 5\12Z ~
/200 — £22 15, < D(m,m) 8(n,\)

1

provided

02 =i (1, 48 exp (-3 /NC() )

and with D(m,n) = 200 max(C} /2, Co) log® (16| Ay, [n~1).

Proof of Lemma[5.6.3. Recall the definition of A, in (5.3.7) and write

2 2 ;\ z )\ P 5\ z
1720 — £2 e, < 1F2 = 2 {lge, + 112 = 12272 o, . (5.6.1)

By definition of Xo(z), Lemma and applying (5.3.9)) gives with probability at least 1 — 2

3, < ZOCo(m,n/Q)Sx(n,)\*)
< 100Co(m,1/2)8(n, ) . (5.6.2)

|0 — f

Using || fl|#, < )\:% 1(Bx + M) 2 f]|5¢,, Lemma and the definition of 5\1/2 (z) yields with probability
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at least 1 — 2

5\1 2(z 7% 5 1 5\1 2(z
152 = £ e, < AT2 (B + A2 (1 = £22 ) o,
< 20C) /5(m,1/2)8x(n, A
< 1000 /5(m,1/2)8(n, As) - (5.6.3)

In the last step we applied (5.3.9)) once more. Combining (5.6.2]) and (5.6.3)) with (5.6.1]) gives the result.

O

Proof of Theorem[5.3.11 Assume n is sufficiently large and
. 1
7 > Np = min (174|Am| exp (—2 N()\o(n))>> .

Recall that Cy(m,n) = Cylog?(8|Am|n~"). We firstly show the result for the case where s = 0 and get

the final one from interpolation. We write

X z X z o (z o (z

152227 = follocy < 115227 = £2@Ia, + 1122 = Follae,
and bound each term separately. From Proposition with probability at least 1 —
15290 — £ lls¢, < 102C0 log® (16| Al )8 (n, As) -
Applying Lemma yields with probability at least 1 — &
Xo(z) _ 5\1/2(2) < D S )\
12 fa 7 lse, < D(mym)8(n, As)

with D(m,n) = 200 max(Co, C} 2) log” (16|A,, |7~ ). Collecting both pieces leads to

A2 (z s
15727 = folloe, < D'(m,n)8(n,\) (5.6.4)
with probability at least 1 — 5, where D’(m,n) = C'log®(16|A,,|n~1), C = 302max(Co, C /2).

Using ||B* f||s¢, < ||\/§f||§f1 ||f\|51}{_125 for any s € [0, 3], applying (A.2.4), Proposition and (5.6.4)

gives with probability at least 1 —n

_ 3 z ~ B ~ 2s
HBS(f?W”—fp)H < €% (1og* (161AmIn ™) VA 8(n, )

Hy
~ 1-2s
12 (log? (16| Al ) 8(n, M)
< CMlog®C Y (16| Ay [n~ AL S(n, AL) |

for some C? > 0. Finally, the result follows by applying Lemma m O

Proof of Corollary|5.3.14 The proof follows by combining Theorem [5.3.11|and the argumentation in the
proof of Corollary [5.3.10] O
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Chapter 6

Future Research

6.1 Asymptotics of Effective Dimension

The effective dimension N(A) = Tr [B (B + )\)’1] has emerged as a crucial quantity parame-trizing the
impact of the covariance operator B on the learning problem. We have treated 2 cases of eigenvalue
distribution in detail (the regular case and the case beyond the regular case), where we have derived
the asymptotic behavior of the effective dimension as A — 0. But, in some sense, our approach has
been naive: Surely, the trace contains averaged information, and we have derived the asymptotics of this
average by imposing much more detailed conditions on the asymptotics of individual eigenvalues (in the
regular case), which we then have relaxed (in the case beyond the regular case), but still staying in a

framework of imposing conditions on eigenvalues individually.

It is not clear how one could do better in a completely distribution free context, where the input space
X and the associated reproducing kernel is arbitrary. But since a more thorough understanding of the
effective dimension undoubtedly is of importance, we think that it is of interest to use tools of microlocal
analysis to analyze the effective dimension more closely in some classical cases (related but not identical
to classical Sobolev type conditions). As a first step, one could consider the simplest case X = R? (which

allows to use Fourier transform) and take B as a pseudodifferential operator of trace class. E|

We recall a few basic facts (see e.g. [49], [31]). By the Schwarz kernel theorem, any linear continuous
operator B from the Schwarz space §(R?) to its dual 8'(R?) is represented by a distributional kernel Kp
in 8'(R? x R?), which by Fourier transform induces a symbol b; in §'(R% x R?), formally given by

bi(z, &) = /(finyB(x + (1 —t)y,z — ty)dy, 0<t<L (6.1.1)

We emphasize that the above ”integral” is not in the Lebesgues sense; it is merely a convenient notation
for the Fourier transform of distributions (well defined by duality), and neither K g(z,y) nor b;(z,£) have
pointwise sense on this level of generality. The symbol b induces a (so called pseudodifferential) operator

1The use of pseudodifferential operators is closely related to my diploma thesis in Analysis/Mathematical Physics. In
addition I acknowledge helpful discussions with Markus Klein on the Weyl estimate and the theory of Gevrey spaces.
Without those this section could not have been written as it stands.
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Op,(b), for any t € [0, 1], formally given by the quantization rule

Op, (b)u(z) = (2m)~¢ / @Mt + (1 — )y, n)u(y)dydn. (6.1.2)

We have defined the so called ¢ quantisation. Loosely speaking, for ¢t = 1 all derivatives have been put
to the right of the multiplication operators, while for ¢ = 0 derivatives are on the left. For the Weyl
quantisation ¢ = 1/2, a symmetric compromise, real symbols induce symmetric operators (and this seems
to be most appropriate in our context, reducing bother with subleading terms). For details we refer to
the literature. It then follows that B = Op,(b;), which establishes a general correspondence between

kernel induced linear operators and (very general) pseudodifferential operators.

Most applications of pseudodifferential operators require that the symbol belongs to a much more specific
symbol class, which typically is a Fréchet space of C'°° functions with Fréchet seminorms specifying
bounds on the derivatives (of all orders). A classical example would be the space Sy (R?) consisting

of functions b € €*(RY) satisfying

10507 b(w, €)| < Capla)y™=orlele)ma=I1 (a) = (1 + [2f) /2. (6.1.3)

There is a huge amount of different symbol classes in the literature (the most general are the Héormander
classes S(m,g), see [49], for a slowly varying Riemannian metric g on T*R? and a corresponding g—
continuous order function m(zx,¢)), but should suffice for a start. We remark that the limiting
case d; = 69 = 0 corresponds to a calculus without gain (at least if one does not consider a semiclassical
situation as in [31]), while at least one §; > 0 corresponds to a calculus with gain. Only in the latter case

we expect good control of the effective dimension.

We recall that for symbols a in such a class there are reasonable sufficient conditions for A = Op,(a) to

be of trace class, namely

> 0% call < oo, (6.1.4)
|a|<2d+1
which might be slightly weakened. As usual, a sharp characterization of A being trace class, corresponding
to a necessary condition, is unknown. But under condition (6.1.4)), one simply has

Tr [Op(a)] = (27r)7"/a(:17,§)d:17d§, (6.1.5)
both for the ¢ = 1 and the Weyl quantization.

To compute the effective dimension efficiently via this formula, 2 problems have to be adressed: Firstly,
obtain a representation of the resolvent (A + B)~! as a pseudodifferential operator and an expansion of
its symbol, and, secondly, to have a sharp parameter dependent control of the error term in the symbolic
calculus. The first problem can in principle be solved via Beals characterisation of pseudodifferential
operators (based on this idea, an asymptotic expansion of the resolvent has in the semiclassical case been
worked out in [31] which hopefully can be adapted to the present slightly different setting). The starting
point is to use the symbol (A + b(z,£)) ™! to define an appropriate parametrix, and then continue via the
symbolic calculus (which is central for the second problem also). The construction crucially depends on

some sort of ellipticity of the covariance operator B and its symbol. As a first step, possibly well adapted
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miy,Mm2

to the symbol space Sy ;) (R24), the (strong) assumption
b(x,€) > Cx)~M(g) =M, (6.1.6)

for some M;, My > 0, might be appropriate. The second problem depends on the evaluation of the

composition formula in the so called symbolic calculus.

We recall that, if the symbols a,b belong to the Hérmander class S(my, g), S(ms, g) respectively, then
Op,(a)Op,(b) = Op,(c), where ¢ € S(mima, g) is given by

) ) 1
c(z, &) = e“lt(Dw’Di’Dy’D")a(Lf)b(y,n)|y:zm:§, D, = ;am, e (6.1.7)

where ¢q,(Dy,De¢; Dy, D,,) is a certain quadratic form (for ¢ = 1 it is simply D¢ - D,, for the Weyl
quantisation it is %O'(Dx, D¢; Dy, Dy), with o being the standard symplectic form in the cotangent bundle

T*R?, isomorphic to R??). At least formally, this gives an asymptotic expansion

1
C(I’,f) ~ Z gqt(Dz7 DE? Dy,Dn)kCL(l’,f)b(y, n)‘y:z,n:& (618)
o .

As usual, the main problem are good remainder estimates, including control on additional parameters.
Carefully checking all remainder terms and controlling the spectral parameter hopefully gives a result of

the type

= - LGN x ) as
N = (2m) o g o), asAlo, (6.1.9)

if appropriate lower bounds on the symbol b(z, ) as e.g. in are imposed. Clearly, in a lot of cases
this integral can be evaluated to extract the asymptotic behavior as A | 0. However, we already mention
here that not all naive choices of the symbol b(z, ) are legal in our context. In particular, the symbol is
not allowed to be of compact support: By the easy part of the Paley Wiener theorem, compact support
in ¢ implies analyticity of the Fourier transform, thus by analyticity of the kernel Xp(z,y) in the
second variable. Since B is assumed to be self-adjoint, the kernel is symmetric. Thus compact support
in the first variable also implies vanishing of the kernel, by analyticity. More general, one should keep in
mind that a simple formula as requires at least some form of ellipticity.

Of course, formulated in this way, these are problems in analysis. Since they are very close in spirit to
my diploma thesis, see [67], on functional calculus for pseudodifferential operators (which is a starting
point for the classical Weyl estimates), it seems natural to me to apply these techniques also to obtain

additional insight into the statistically significant object of the effective dimension.

In addition, using functional calculus, I would like to investigate in which cases an estimate analogous to
Chapter 3 will hold, i.e.

%Tr [11r,00)(B)] < N(A) < CTr [1},0)(B)] (6.1.10)

for some constant C' > 0. If B is the inverse of a positive elliptic pseudodifferential operator P, this
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compares the effective dimension to the number of eigenvalues of P below A~!. By the Weyl estimate

this is asymptotic to the volume of p~1([0, A7Y]) in T*RY, if p denotes the symbol of P.

Furthermore, I would like to have precise estimates relating the asymptotics of the effective dimension
to a wide range of smoothness classes of the associated kernel (starting with X = R?). Since via Fourier
transform smoothness of the kernel transforms into decay in the covariable &, the symbol classes defined
in are appropriate for Sobolev-type smoothness corresponding to existence of finitely many deriva-
tives. But if the kernel is much more regular, e.g. analytic (as an entire function, or in a strip [Sy| < ),
the corresponding symbol decays exponentially, by the Paley-Wiener theorem. Clearly, this leads to a
much smaller effective dimension, which should be evaluated asymptotically. Here it is essential to relax
the ellipticity condition while still keeping control on the trace. Similar relations should hold for
regularity of the kernel in a Gevrey - s class (for s > 1), which by Fourier transform leads to decay of the

symbol as a stretched exponential, i.e.
b(z, &) < Cexp(—cl¢]'/*). (6.1.11)

For the sake of the reader, we recall that Gevrey spaces were introduced in [39]. A standard textbook
s [(5]. A finer notion of Gevrey spaces (appropriate for slightly more refined estimates on the Fourier
transform) was used in [52]: For s > 1,b > 0, the Gevrey space I'*"* is the space of all f € C>°(R?) such
that

10° flle < co(f) (el + 1) D0l a1, (6.1.12)

The global Gevrey space I'* and the small Gevrey space 7° (see [48]) then correspond to union and
intersection with respect to the parameter b. We recall that Gevrey-s regularity is intermediate between
analyticity and smoothness in the €>°— sense. For s = 1 it reduces to analyticity, but for s > 1 it is not a
quasi-analytic class in the sense of the Denjoy-Carlemann theorem, i.e. it contains non-trivial functions
of compact support. A version of the Paley Wiener theorem then states that for f € I':* N L*(R?) - recall
that, since B is trace class, it is reasonable to consider kernels K (z,-) in L'(R%) - the Fourier transforms
f(f) satisfies the estimate , for all constants ¢ < sb~+. To the best of our knowledge, this estimate
in the case of an L' condition - which is natural in our context - is not to be found in the literature,
since the classical Paley Wiener theorem is concerned with the Fourier transform of functions of compact
support only (for Gevrey spaces it is due to Komatsu, see [53], in its work on ultradistributions, which
form the dual space; for analytic functions see [47]). But the proof in [52] via almost analytic extensions
applies (and gives a characterization of f € I'** in terms of the estimate , with the relation

between s, b, ¢ as given above).

It is not clear if even in these cases the asymptotics of the effective dimension are described by the naive
leading term (6.1.9]), since ellipticity is pretty much lost at infinity. It has to be checked if there is still
a useful expansion of the resolvent and a useful symbolic calculus, possibly utilizing the full range of the

H”ormander spaces S(m, g).

In any case, if the symbol b(x, ) can be bounded by a product of weightfunctions in = and £ and there

is some sort of ellipticity, we expect an upper bound of the form

N < Fi(\EF(N), (6.1.13)
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where F;(X) 1 0o as A L 0, Fj(\) (and Fy(A)F5())) are bounded by A~! and
Fj(A) < C(log A™1)*

corresponds to decay of b(z,§) as in (6.1.11]), where decay in z gives an estimate on F()), and decay in
& on Fy()). Clearly, since the effective dimension depends symmetrically on  and &, decay in only one of
the variables may be completely masked by the reverse asymptotics in the other variable. In particular,
it is not true that smooth kernels automatically give small (or even logarithmically bounded) effective

dimension.

Furthermore we remark that, although general marginals v which do not have a smooth density with
respect to Lebesgues measure, are not easily accessible to a pseudodifferential approach, measures con-
centrated on a submanifold of lower dimension are accessible via covariance operators which are pseu-
dodifferential on an appropriate submanifold of R™. Such examples are classical in the context of Weyl
estimates. We recall that in all these cases the sharpest results have been obtained by an additional
use of evolution equations, using Fourier integral operators. A stationary approach, even using the best
pseudodifferential calculus available (see e.g. [40], has not yet reproduced the known sharp estimates on

the error term. It is wide open if a precise analysis of the effective dimension will show similar phenomena.

Finally we remark that, at least in the semiclassical context, Weyl type estimates have been extended
to cases where a complete asymptotic expansion of the resolvent is not available, e.g. pseudodifferential
operator boundary values. This goes back to work of Ivrii, see [50], using hyperbolic energy estimates,
and has been transformed to a more stationary approach by Dimassi and Sjéstrand in [30], by systematic
use of almost analytic extensions. A complete version is contained in the book [31I]. In the distribution
free philosophy, it is certainly interesting to check if these ideas can be applied or adapted to a more

general study of the trace in the definition of the effective dimension.

6.2 Non-Linear Inverse Problems

We present some thoughts on how to use the methods of this thesis for the problem of solving a fully non-
linear inverse regression problem. These thoughts are preliminary and might possibly change substantially
upon working them out in detail. We remark that there is already a vast literature on the deterministic
non-linear inverse problem, see e.g. [35], [68], [85], [51], but there are much less results in the stochastic
setting, see [69], [59], [9]. In particular, to the best of our knowledge, there is no implementation of kernel

based methods for a large class of general spectral regularization schemes.

We want to formulate the regression problem and our kernel based approach in a way similar to the

approach of this thesis for the linear problem. Thus we consider the non-linear inverse regression problem
Y = g(Xi) + e, g =A(f), i=1...n, (6.2.1)

where A : D(A) — H is a known non-linear operator on a domain D(A) C H; in some Hilbert space H;.
We take D(A) convex and weakly sequentially closed and we let 3y be a space of real valued functions
on some input space X, taken to be standard Borel. Thus, for simplicity, the output space Y, containing

the oucomes Yj, is the real line, but as for the rest of this thesis we expect that this could be generalized
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to any separable Hilbert space with very little additional effort.

As in the linear case, we assume that the observed data (X;,Y;)i<i<n C (X x Y)™ are iid random
variables, drawn according to a data generating distribution p on X x Y, with E[Y;|X;] = ¢(X;), so that
the distribution of €; may depend on X; but satisfies E[¢;| X;] = 0. As above, we furthermore assume that
the map (f,x) — (A(f))(x) is measurable in z and continuous in f (which requires to endow Hy with
some a priori topological structure, e.g. by assuming Hs to be a Hilbert space). Furthermore, we shall
take A to be at least C! in Fréchet- sense on the open interior of D(A) (with a continuous extension of
DA to the boundary of D(A)), with DA : D(A) — L(FH;,Hz) being (at least) locally Lipschitz. Possibly,
it is useful to require A € C*(D(A),H) for some k > 1 ( in the sense that the derivatives DI A, for

0 < j <k, have continuous extensions from the interior to the boundary of D(A)).

Then the goal is to approximate the target function f € D(A) by an estimator fn, depending on the data
(X;,Y;) in (X x Y)™ in some optimal way. As in any non-linear problem, any iterative algorithm to solve
the non-linear inverse regression problem requires the choice of some good starting point fo € 3,
sufficiently close to the solution f. How to get this fy (e.g. by some probabilistic search algorithm) is a

separate problem which we shall not discuss here. We assume fj sufficiently close to f, as being given.

Setting A := DA|, and replacing A(f) by its linearization A(fo) + Aoho, ho := f — fo, at fo, we obtain

the first linearized inverse regression model (indexed by zero)
V) =go(Xi)+e, YL i=Yi—A(fo)(Xi), g0 = Aoho. (6.2.2)
We shall assume that for = € X, f € D(A) all evaluation functionals

Sw,f : 9’(1 — R, S%fh = (DA|f — foh)(ﬂ?)

are uniformly bounded in z:
Sz sh| < KllAllse, (2 €X),

possibly taking x to be uniform also w.r.t. f € D(A). Then, by Riesz, there is F, ; € H; with
(DA|sh)(z) = (h, Fy )5y, h € Hy,
defining a base point dependent feature map
Xz Fppel,
and a p.s.d. base point dependent kernel
K;: XxX =R, Ky(x1,20) = (Fay 5, Fuy 1) 3¢, -

This defines for each base point f € D(A) an RKHS structure on Im(DA[f) =: Hg, C Hz, a space of
bounded real-valued functions. Assuming, as above, measurability of all functions in H,, when f varies
through D(A), defines a continuous embedding Hr, — L?(X,dv), where v is the marginal distribution

of p describing the law of X;. Furthermore, we obtain the covariance operator (at the base point f)

Buj = / Fop® F.; v(ds).
X
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Having all this at our disposal, we may apply the kernel methods developed in this thesis to approximately
solve the linear regression problem (6.2.2)):

For any sample z = (x,y) € (X X Y)™ we define the empirical sampling operator (for fixed base point
feD(A))
Sx’f : j‘fl — Rn7 (Sw,fh)j = <h,FIj,f>j-C1.

Then the empirical inner product on R™ defines the adjoint
1 n
S;’f:Rn—ﬂHl, S;fy:ﬁzijzJ’f
j=1
and the empirical covariance operator

* 1 -
By = Sx,f‘szyf ~n Z Fojp @ Foy -

Jj=1

Introducing, as in Chapter 2, the normalized operators B, ¢ and S.. ¢ and choosing a regularizing function
gx, the regularized approximate solution of (6.2.2)) is defined by

hyo = 9x(Bae.£,) S5 .- (6.2.3)

Note that, for any linearized problem with fixed base point, we may consider source conditions and classes
of marginals as explained in Chapter 2 and 3. However, to cover the non-linear case, some globalization
procedure is needed, e.g. by taking an intersection over all base points varying in some appropriate
subset of D(A). Furthermore, the most naive approach is in using all data Z € (X x Y)™, in every single
linearization step. But, certainly, any efficient algorithm will ultimately depend on using in each step

just an appropriate fraction of data. This requires to define an appropriate map
N3>j—=m; <n

which associates to each iteration step j a reasonable cardinality M; < n of an appropriate subset of data
to be used in iteration step j. We expect this to be crucial for defining a reasonable iterative solution
algorithm for the non-linear regression problem ([6.2.1)).

Coming back to the approximate regularized solution h;‘)o of (6.2.2), we obtain an approximate solution
f1 € D(A) of (6.2.1), provided fy was chosen luckily, by

Am
1= fo+hg,,",

where my is the cardinality of data z used in the first iteration step. Assuming f; € D(A), which is a first

basic requirement of any good starting point fj, and similarly for all iterates f;, one may set inductively

Fer=f+00, (< J), (6.2.4)

where J(n) is the number of iterations used for data of cardinality n (which has to be determined by an
appropriate stopping rule) and

Am
J

hyi’ = am, (Ba,s;)Sa. 1,y
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is the approximate regularized solution of the j-th linearized regression problem

Y] =g;(Xi) +e, i=1,...mj, (6.2.5)
where

gj ‘= Ajhj7 Ag = I)A|fj7 h] = f - fja Y;-] = Y; - A(f]>(XZ)
Here the data z = (x,y) € (X x Y)™ depend on the iteration step j (and have to be extracted from the
data in (X x Y)™ by some well defined procedure), but for simplicity of notation we have suppressed an

additional index in our notation.

Clearly, for data of size n and an appropriate stopping rule, bounding the number of iterations by

j < J(n), we obtain a last approximation

J(n)

~ A
Fo = Py = fo+ > 0,7 (6.2.6)
§=0

for which one would like to investigate rates of convergence and their optimality. Clearly, the ultimate
goal is to define in a purely data driven way a stopping criterion defining the appropriate number of
iterations J(n) and a sequence of cardinalities of data m;, 1 < j < J(n), where m; is somewhat minimal

but still sufficient to give optimal rate of convergence for the etimator fn

As a preliminary step, one might in analogy to Chapter 2 and 3 analyze rates of convergence for a known
a-priori smoothness of f and fixed assumptions on the spectral properties of all covariance operators B, ¢
for v in a fixed class of marginals and f € D(A), but finally one aims at a truly adaptive estimator. It is
clear that proceeding in this manner requires a chain of clarifying definitions adapted to the non-linear
case, which in particular will specify optimality and adaptivity. It is also clear that any convergence
analysis has to compare (and finally balance) the errors in the non-linear iteration scheme (which one
might call a stochastic Newton method by the obvious analogy with the deterministic Newton method)
with the errors arising in the approximate solution of the linearized regression problems, which have
been analyzed in this thesis. This will be at the heart of the non-linear regression problem and requires,
beyond the results of this thesis, reasonable error estimates for the stochastic Newton method, e.g. by

some form of the discrepancy principle, popular in the deterministic case.

We also expect that the number of iterations in the Newton method serves as additional regularization for
the linearized regression problems (somewhat similar to out findings for DL in Chapter 4), which might
make underregularization attractive. Furthermore, any numerically efficient implementation should use

appropriate combinations of speeding up the solution of the linearized problems.

Clearly, in all these problems there is a lot of overlap with the methods and results of this thesis. This
puts a fairly complete analysis of the stochastic Newton method high up on my priority list for natural

future research topics.
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6.3 LocalNysation: Combining Localized Kernel Regression and

Nystrom Subsampling

It is clear from our discussion in Chapter 4 that at least some of the different approaches to speed up
computation for large data sets should be combined to produce a twofold beneficial effect on computation
time. Instead of describing this metatheoretically, we did - after the rest of this thesis had been finished
- proceed by way of example, combining the partitioning approach and plain Nystrém Subsampling.
The corresponding paper has been submitted to a peer-reviewd conference and we reproduce it here as

Appendix B.
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Appendix A

Tools

A.1 Concentration Inequalities

Proposition A.1.1. Let (Z,B,P) be a probability space and & a random variable on Z with values in a

real separable Hilbert space H. Assume that there are two positive constants L and o such that for any

m > 2 X
E[l¢ ~ El¢ll, ] < gmioLm2

(A.1.1)

If the sample 21, ...,z s drawn i.i.d. from Z according to P, then, for any 0 < n < 1, with probability

greater than 1 —n

H% gé(zj) - E[ﬁ]H% < 2log(2n7 ) <7’; i \;‘ﬁ) _

In particular, (A.1.1)) holds if

2| b

€5, <
E[l€15,] <

A
)
. [V

Proof. See [20, 21], from the original result of [71] (Corollary 1).

(A.1.2)

The following propositions summarize important concentration properties of the empirical quantities

involved.

Proposition A.1.2. Forn € N, A € (0,1] and n € (0,1], it holds with probability at least 1 — 7 :

M

[(B+ N2 (Befp = S3y) g, < 2log(2n™") <nﬁ+

Also, it holds with probability at least 1 — n:

o2

5 ¢ 3 M
1Bxfp = 335, < 2log(2n7) <n+ ) .

n
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Proof of Proposition[A.1.2. Define & : X x R — H; by

&i(@,y) = (B+ XV (y = Sufp) Fy
= (B+N) 285y — Sufp) -

Abusing notation we also denote &; the random variable & (X,Y) where (X,Y) ~ p. The model assump-

tion (2.2.4) implies

El&] = (B + A)~Y/2 /x 7, / (v — 8.1,) pldyle)v(dz)

= (B+ )2 /x Fo(Sufy — 5.f,) v(da)

:0’

and therefore

Moreover, by assumption (2.2.5)), for m > 2:

Bllals, )= [ @+ 07280 =5, stde.ay)

:/x R\<Sz(B+A)’152(yfSzfp),(yfSzf,,)>R|%p(da;,dy)
< /DC!!%BH)”S;H% / |y — Sxfo|™ pldylz)v(dz)

< lm!UQMm_Z/ 15.(B + 2182 % v(da) .
X

2
Setting A := S, (B + \)~/2, we have using ||-|| < Tr[] for positive operators

15, (B +A) 155 ¥ = 44%| % < A4%| % Tr[AAY]
= |AA*| 2 T T [A%A] .

i 1\%!
AA* |7 <
s (5)

Firstly, observe that

since our main assumption implies HS}H < 1. Secondly, by linearity of Tr[]
/ Tr [A*A] v(dz) = / Tr [(B +N)V2B,(B + A)—l/ﬂ v(dz) = N()) .
X X
Thus,

Bl 1 = yriloVN? (2) -
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As a result, Proposition implies with probability at least 1 —n

|(B+ N 2(But, - Se)|, <o)

where

M o
81(n,n) = 2log(2n~* <—|— NA).
1(n,7) g(n)mA \/ﬁ\/()
For the second part of the proposition, we introduce similarly

5{(33,3/) = (y - gxfp)px = 7;(y - Sacfp) s

which satisfies

1< - _
Elg]=0;  ~> &(xu) —El&] =Sy - Buf,,
j=1

and 1
E[lgl5, ] <E[fy— Sef,|"] < gmio” ™2,

Applying Proposition yields the result.

Proposition A.1.3. For anyn € N, A € (0,1] and n € (0,1), it holds with probability at least 1 — 1 :

[(B+X)"HB — By)|g < 2log(2n™") <n2A+ 31(2)) |

Proof of Proposition[A.1.3. We proceed as above by defining & : X — HS(3;) (the latter denoting the
space of Hilbert-Schmidt operators on H;) by

where B, = F, ® 7;. We also use the same notation & for the random variable £3(X) with X ~ v.
Then,

E[,] =(B+A)—1/XBI u(da) = (B+N\)'B,

and therefore

1< _ o
- > &(x;) —Elg] = (B+ XN "' (B - By) .
j=1
Furthermore, since B, is of trace class and (B + )\)_1 is bounded, we have using Assumption m

1€2(2) s < [|(B+ N[ Bellgg < A7 =t La/2,
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uniformly for any = € X. Moreover,

E[léllis] = [ Tr[Bao(B+N)2B: ] v(da)
X
<N+ [ 1B T [(B+ 0By wla)
N(A) 9
S =:0; .

Thus, Proposition applies and gives with probability at least 1 —n
H(B + )\)_1(3 - BX)”HS S 62(”777)

with
_ (2 N(A)
$aln, ) = 2log (2 ><m+ )

O
Proposition A.1.4. Let n € (0,1). Assume that A € (0,1] satisfies
VX > 8log(2n 1) /max(N(X), 1) . (A.1.3)
Then, with probability at least 1 —n :
[(Bx+ )" B+N|<2. (A.1.4)

Proof of Proposition[A.1.7} We write the Neumann series identity

(Bx + N1 (B+X) = (I = He(\) ™" = H (W (V)

j=0
with
It is well known that the series converges in norm provided that ||[Hx(A)|| < 1. In fact, applying Propo-
sition gives with probability at least 1 —n:

IH<(N)| < 2log(2n™") <n2A+ 3\;(:)> _

Put C, = 2log(2n~!) > 1 for any € (0,1). Assumption (A.1.3) reads vnA > 4C,/max(N(A),1),
" "

(0,
implying vnA > 4C;, > 4 and therefore %\ < \/T\ < 8C , hence




Proposition A.1.5. For anyn € N and 0 <n <1 one has with probability at least 1 —n :

1B = Bxllus < 6log(2n™")

-

Proof of Proposition[A.1.5 Defining & : X — HS(H;) by

&(x) =F, @ Ff =B,

and denoting also, as before, &3 for the random variable 3(X) (with X ~ v), we have E[¢3] = B and

therefore

1 n
~Y &lw)) ~El&s] = (B« — B).
j=1
Furthermore, by Assumption [2.2.1
= 12
I€3(2)lus = || F=|” < 1= 5 a.s. ,

also leading to ]E[||§2||?{S] <1 =:02. Thus, Proposition applies and gives with probability at least
L—=n

_ 1
-1
||B—Bx||HS < 6log(2n™7) T
O
Lemma A.1.6. Let s € [0, %] and f € Hy. If 0 < Ay < Ao, then
1B+ A1) Fllg, < (Bx+A2)" £,
Proof of Lemma[A-1.6. Applying Proposition in [I7] gives
H(Bx + Al)sf"g_cl = H(Bx +A1)%(Bx + A2) % (Bx + )\Q)SfHHI

< I(Bx + M) (Bx +X2) M [[(Bx + A2)* f 5, -

From the spectral Theorem we get, since 0 < A\; < A
1(Bx + A1) (Bx + A2) TH| < sup [(E+ M) (E+A2) 7T <1,
0<t<1

which immediately implies the result. O

A.2 A New Useful Inequality

After we had finished writing Chapters [2] and [3] of this thesis, a new bound for the operator product
(Bx +\)"1(B+\) was presented in [42], (with a proof not yet published at the time of submission of this
thesis). We will use this result in Chapter [5| when presententing an adaptive estimator for the unkown

target function, and we shall take the precise form of this estimate from the recent paper [62].
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Proposition A.2.1 ([62]). Let x1,...,z, be an iid sample, drawn according to v on X. Define

B(N) = 1+<712A+ j\;(i)) (A.2.1)

For any A\ > 0, n € (0,1], with probability at least 1 —n one has
[(Bx +X) 7B + N < 8log?(2n7 ") B (V) . (A.2.2)

Corollary A.2.2. Let n € (0,1). For n € N let An be implicitly defined as the unique solution of
N(S\n) =n\,. Then for any A <A <1 one has

B (A) < 26

In particular,
[[(Bx +X)7HB + A)|| < 208log?(2n71) ,

with probability at least 1 — n.

Proof of Corollary[A-2.3 Let \, be defined via N(),) = n),. Since N(\)/\ is decreasing, we have for

any)\ZS\n
NOY NG
nx n:\n o

Furthermore, by Lemma |2.2.13] the effective dimesion is lower bounded by %, so by the inequality above

N 1

1>/ —2 > —
- nA — 2n\

1
—_ <2
nA —

for any A > A,. Inserting these bounds into and noticing that 1 < 2log(2n~!) for any 7 € (0,1)

leads to the conclusion. O

We shortly illustrate how Corollary and Proposition will be used to simplify previous bounds.
Let u € [0,1], XA, < ) as above and f € Hy. We have

B flg¢, = [|BY(B+X)7"(B +X)“(Bx +A)""(Bx + X)" ||,
< [[B(B+ N (B +2)"(Bx+2) | [[(Bx +2)" f|,
< 810g™ (20 )Bu ()" || (B + 1) Fl, - (4.2:3)
with probability at least 1 — n, for any n € (0,1). In particular, for any A <A (with A\ as in Corollary

A.2.2)
||B“f||}{1 < 208" log™ (20~ ") ||(Bx + /\)“f||}(1 , (A.2.4)

with probability at least 1 —n.

We remark that Corollary [A:2.2] could be used to streamline our discussion in Chapters [2 and [} since it
improves our Proposition Instead of completely rewriting the presentation of our previous results

we shall systematically demonstrate the power of this new approach only in Chapter
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A.3 Auxiliary Technical Lemmata

Lemma A.3.1. Let X be a nonnegative real random variable such that the following holds:
PX > F(t)] <t, forallte(0,1], (A.3.1)

where F' is a monotone non-increasing function (0,1] — R4 . Then

E[X]g/o F(u)du.

Proof. An intuitive, non-rigorous proof is as follows. Let G be the tail distribution function of X | then
. . 1\ 1.
it is well known that E[X] = fR+ G . Now it seems clear that fR+ G = [, G™', where G~ is the upper

quantile function for X . Finally, F' is an upper bound on G~ .

Now for a rigorous proof, we can assume without loss of generality that F' is left continuous: Replacing
F by its left limit in all points of (0,1] can only make it larger since it is non-increasing, hence
is still satisfied. Moreover, since a monotone function has an at most countable number of discontinuity
points, this operation does not change the value of the integral fol F'. Define the following pseudo-inverse
for x € Ry :

Fi(z) :=inf{t € (0,1]: F(t) <z},

with the convention inf () = 1. Denote U := FT (X). From the definition of F' and the monotonicity of
F it holds that Ff(z) <t =z > F(t) for all (,t) € Ry x (0,1]. Hence, for any ¢ € (0,1]

P[U < t] <P[X > F(t)] <t,

implying that for all ¢ € [0,1], P[ﬁ <t <t ,ie., U is stochastically larger than a uniform variable on
[0, 1]. Furthermore, by left continuity of F', one can readily check that F(FT(z)) > z if x < F(0). Since
P[X > F(0)] = 0, we can replace X by X := min(X, F(0)) without changing its distribution (nor that
of U). With this modification, it then holds that F(U) = F(F(X)) > X . Hence,

where U is a uniform variable on [0, 1], and the second equality holds since F is non-increasing. O

Corollary A.3.2. Let X be a nonnegative random variable and to € (0,1) such that the following holds:
P[X >a+blogt™'] <t, forallt € (ty,1], and (A.3.2)
PX >d +Vlogt '] <t, forallte (0,1], (A.3.3)
where a,b,a’, b’ are nonnegative numbers. Then for any 1 < p < %log to_l :
E[X?] < Cp (a® + WPT(p+ 1) +to ((a')? + 2(' logty )P)) |
with Cp == max(2P~1,1).
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Proof. Let F(t) := 1{t € (to,1]}(a + blogt™!) + 1{t € (0,t0]}(a’ + b'logt™'). Then F is nonnegative,
non-increasing on (0, 1] and
P[XP > FP(t)] <t

for all t € (0,1]. Applying Lemma [A.3.1], we find
to 1
E[X?] < / (a' + V' logt™")Pdt + / (a4 blogt™)Pdt. (A.3.4)
0 to

Using (z+y)P < Cp(aP +yP) for z,y > 0, where C), = max(2P~1, 1), we upper bound the second integral

in (£31) via

1 1
/ (a+blogt ')Pdt < C, (ap + bp/ (logt_l)pdt) =Cp(a® + VT (p+1)) .
0

to

Concerning the first integral in (A.3.4), we write similarly

to 2SO
/ (a/ + ' logt™1)Pdt < C,, (to(a/)p + (b')p/ (log tl)pdt>
0 0
= C, (to(a')? + (V')PI(p+ 1,1ogty ")) |

by the change of variable v = logt~!, where I is the incomplete gamma function. We use the following

coarse bound: It can be checked that ¢ — tPe™2 is decreasing for ¢t > 2p. Hence, putting z := log tal ,

IF'p+1,2z) = / tPe~tdt < aPe”? / e~ 2dt = 2aPe " = 2to(logty )P,
provided x = logty 1> 92p. Collecting all the above pieces we get the conclusion. O

Lemma A.3.3. Let X be a nonnegative random variable with P[X > C'log"(kn=1)] < n for anyn € (0, 1].
Then E[X] < Cul'(u).

Proof. Apply E[X] = [ P[X > t]dt. O

A.4 Some Operator Perturbation Inequalities

The estimate of the following proposition is crucial for proving the upper bound in case the source
condition is of Holder type r with » > 1. We remark that for » > 1 the function ¢ — t" is not operator
monotone. One might naively expect estimate to hold for a constant C' given by the Lipschitz
constant of the scalar function ¢". As shown in [6], this is false even for finite-dimensional positive
matrices. The point of Proposition is that still holds for some larger constant depending
on 7 and the upper bound of the spectrum. We do not expect this result to be particularly novel,
but tracking down a proof in the literature proved elusive, not to mention that occasionally erroneous
statements about related issues can be found. For this reason we here provide a self-contained proof for

completeness sake.

Proposition A.4.1. Let B, Bs be two nonnegative self-adjoint operators on some Hilbert space with
l|1Bjl| < a, j =1,2, for some a > 0. Assume By and By belong to the Schatten class 8P for 1 < p < oco.
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If 1 <r, then
1B} = Bll, < rCa’" ||By = Ball, . (A1)

where C is given in (A.4.2). This inequality also holds in operator norm for non-compact bounded
(nonnegative and self-adjoint) B;.

Proof. We extend the proof of [37], given there in the case r = 3/2 in operator norm. We also restrict
ourselves to the case a = 1. On D := {z : |z| < 1}, we consider the functions f(z) = (1 — 2)” and

g(2) = (1 — 2)"~L. The proof is based on the power series expansions

oo oo
= Z bp2™ and g(z) = z ez,
n>0 n>0

which converge absolutely on D. To ensure absolute convergence on the boundary |z| = 1, notice that

nn

HT—J

(n)

Cn = g

n!

so that all coefficients ¢, for n > 7 have the same sign s := (—1)L") (if 7 is an integer these coefficients

vanish without altering the argument below) implying for any N > r:

N 7] N kdl N
Z|Cn|=Z\Cn\+s Z cn—Z|cn\+shm Z 2"
n=0 n=0 n=[r|+1 n=0 n=|r]+1
L7] L7]
< Z% |cn| + szh/‘m1 (g(z) - Z%cn)
[r/2]

:2 Z |CLTJ_21" .
=0

A bound for ), |by| can be derived analogously. Since f(1 — Bj;) = B}, we obtain

1B = Bsllp < Y 1bal 11 = B1)"™ = (I = B2)" || -
n=0

Using the algebraic identity 77! — §"+! = T(T™ — §™) + (T — S)S™, the triangle inequality and making
use of ||T'S||, < ||T|| ||S]|p for S € 8P, T bounded, the reader can easily convince himself by induction
that

o for j=1,2, B; € 8 imply (I — B1)" — (I — B2)™ € 8" and

o |(/ = B1)" — (I — B2)"||p < n||B1 — Ballp.

From f'(z) = —rg(z) we have the relation |b,| = ~|c,_1|, n > 1. Collecting all pieces leads to
IBf = Billp < By = Ballp > nlbn| = rC||By — Ballp ,
n=0
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with -
C=> el (A.4.2)
n=0

Proposition A.4.2 (Cordes Inequality,[5], Theorem 1X.2.1-2). Let A, B be to self-adjoint, positive op-

erators on a Hilbert space. Then for any s € [0,1]:

|A°B*|| < [|AB|” . (A.4.3)

Note: this result is stated for positive matrices in [B], but it is easy to check that the proof applies as

well to positive operators on a Hilbert space.

A.5 General Reduction Scheme

Consider a model P = {Fy : § € ©} of probability measures on a measurable space (Z, A), indexed by
©. Additionally, let d: © x © — [0,00) be a (semi-) distance.

For two probability measures Pj, P, on some common measurable space (Z,A), we recall the definition
of the Kullback-Leibler divergence between P; and P

dP1>
K(P, Py) = log (| — | dPy ,
( 1 2) /x g(dPg 1

if P, is absolutely continuous with respect to P,. If P; is not absolutely continuous with respect to Ps,
then K(Py, Py) := co. One easily observes that

K(PP", PY™) = nK(Py, Py) .

In order to obtain minimax lower bounds we briefly recall the general reduction scheme, presented in
Chapter 2 of [87]. The main idea is to find N. parameters 61, ...,0y. € ©, depending on & < g¢ for some
€o > 0, with N — oo as € — 0, such that any two of these parameters are e-separated with respect to the
distance d, but that the associated distributions Py, =: P; € P have small Kullback-Leibler divergence

to each other and are therefore statistically close. It is then clear that

infsupEg[dp(é,G)]% > cinfsupPyld(,0) > &] > einf max P;[d(4,6;) > ¢], (A.5.1)
6 0eP 6 0eP 6 1<j<Ne

where the infimum is taken over all estimators 6 of 8. The above RHS is then lower bounded through

the following proposition which is a consequence of Fano’s lemma, see [87], Theorem 2.5:

Proposition A.5.1. Assume that N > 2 and suppose that © contains N+1 elements Oy, ...,On such that:

(i) For some e >0, and for any 0 <i<j < N, d(0;,0;) > 2 ;
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(i1) For any j =1,...,N, P; is absolutely continuous with respect to Py, and

Jbg:JC(Pj,Po) < w log(N) (A.5.2)
j=1
for some 0 < w < 1/8.
Then
i%fér%XNPj( d6,6;)>¢) > N _\’_/N\/N <1 — 2w — logQ(LjV)> >0,

where the infimum is taken over all estimators 0 of 0.
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LocalNysation: Combining Localized Kernel
Regression and Nystrom Subsampling

Abstract

We consider a localized approach in the well-established setting of reproducing kernel
learning under random design. The input space X is partitioned into local disjoint
subsets X; (j = 1,...,m) equipped with a local reproducing kernel K;. It is then
straightforward to define local KRR estimates. Our first main contribution is in
showing that minimax optimal rates of convergence are preserved if the number m
of partitions grows sufficiently slowly with the sample size, under locally different
degrees on smoothness assumptions on the regression function. As a byproduct, we
show that low smoothness on exceptional sets of small probability does not contribute,
leading to a faster rate of convergence. Our second contribution lies in showing that
the partitioning approach for KRR can be efficiently combined with local Nystrém
subsampling, improving computational cost twofold. If the number of locally sub-
sampled inputs grows sufficiently fast with the sample size, minimax optimal rates of

convergence are maintained.

B.1 Introduction and Motivation

B.1.1 Kernel Regression

We are concerned with the classical regression learning problem, where we observe training data D :=
(Xi,Yi)i=1,....n, assumed to be an i.i.d. sample from a distribution p over X x R ( v will denote the
marginal distribution of p), and the goal is to estimate the regression function f*(z) := E[Y|X = z].
We consider the well-established setting of (reproducing) kernel learning: we assume a positive semi-
definite kernel K(.,.) has been defined on X, with associated canonical feature mapping ® : X — H
into a corresponding reproducing kernel Hilbert space H . A classical approach is kernel ridge regression,
depending on a regularization parameter A > 0, giving rise to the estimate J/f) . In this paper, we shall
focus only on KRR, although our results could be extended to a much larger class of general spectral

regularization methods.

A common goal of learning theory is to give upper bounds for the convergence of ]a" to f* (where the
regularization parameter is tuned according to sample size), and derive rates of convergence as n — 0o
under appropriate assumptions on the “regularity” of f*. In this paper, the notion of convergence we
will consider is the usual squared L?(v) distance with respect to the sampling distribution, which is equal
to the excess risk with respect to Bayes when using the squared loss, i.e.

in E[(Y - £(X))?].

f:X—R

1A = 513, =E[(Y - A(X)"] -
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More precisely, we are interested in bounding the averaged above error over the draw of the training data

(this is also called Mean Integrated Squared Error or MISE in the statistics literature).

B.1.2 Upper bounds on rates of convergence and optimality

We shall derive upper rates of convergence for algorithms speeding up the more usual single machine
version of KRR. We recall that defining such a rate requires to fix a set M of data generating distributions.
We shall not work in a traditional framework where regularity of the target function is assumed to be of
Sobolev type, X is a compact subset of R? and the marginal v is assumed to have a bounded density with
respect to Lebesgue measure. As is well known, this is too strong a restriction in a general statistical
learning context. In a distribution free spirit, all these highly specific features are replaced by properties
of the (uncentered) covariance operator T, = E,[®(X) ® ®(X)*] of the kernel feature mapping ®(X).

Letting (gy,i,%u,i)i>1 be an eigendecomposition of T, , one introduces, for r, R > 0, the class

0 R) = { ] €90 Yl fF < R} = TBoc(R), (B.1.1)

i>1
where Bgc(R) denotes the ball of radius R in H and f; := (f,¢,;) are the coefficients of f in the
eigenbasis. In the classical Sobolev type setting, 7' = T, basically is the inverse of the Laplacian (obeying,
e.g., Dirichlet boundary conditions on 9X) and the condition in (2.5.8) becomes a condition on the decay

of classical Fourier coefficients of f, which measures smoothness in a classical sense.

In the above more general form, encodes the properties of the distribution of the feature map
®(X). If the target function f* is well approximated in the eigenbasis in the sense that its coefficients
decay fast enough in comparison to the eigenvalues, it is considered as regular in this geometry (higher
regularity corresponds to higher values of r and/or lower values of R). This type of regularity class,
also called source condition, has been considered in a statistical learning context by [23], and [24] have
established upper bounds for the performance of kernel ridge regression ?‘ over such classes; this has
been extended to other types of kernel regularization methods by [I7, 20, 29]. These bounds rely on tools
introduced in the seminal work of [04], and depend in particular on the notion of effective dimension of

the data with respect to the regularization parameter A, defined as

N, (T, \) :=N(T,,,\) == Tr [(T, + \)'T, ] . (B.1.2)

In this paper we shall consider a model class M := M(0,r,b) (see Section 2, Assumption
and also for its precise definition) depending on a fixed degree r of regularity in the above general
sense and the asymptotic behavior of the effective dimension, parametrized by a number b > 1 via

N(T,, ) < A~'/? | where < stands for upper and lower bounded up to a constant.

We recall that a sequence a,, (tending to zero as n — 00) is called an upper rate of convergence for the

sequence of estimated solutions ( f%)n over the family of data generating distributions M , iff

1
E { Fr— fAn? }

lim sup sup "~ H 2 HLQ(V) <C

n—oo pEM (07

(B.1.3)
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If there is also a corresponding lower bound, the sequence a,, is said to be minimax optimal. We recall
that, for the single machine problem, minimax optimal rates have been obtained for similar looking
model classes M. The first comprehensive result in this direction was established by [24] ; [T7] gives a
sharp estimate of the convergence rate 2in 1this case including the dependence on the parameters R and
noise variance o , namely O (RQ(;TZ) 24;71*%) . There is, however, a small caveat. While upper rates of
convergence are known to only depend on the asymptotics of the effective dimension, lower bounds, to
the best of our knowledge, have up to now only been established under an additional assumption on
the eigenvalues of the covariance operator, namely p,; < i~?, for some b > 1. While this implies the
estimate on the effective dimension assumed in this paper, the converse implication is obviously wrong.
Therefore, strictly speaking, minimax optimal rates are not known in the case considered in this paper.
Furthermore, the partitioning approach considered in the present paper imposes additional constraints
on the data generating distribution via Assumption [B.2.4] as we shall amplify. For this reason we shall
focus on upper rates of convergence only and leave the important and interesting question of minimax

optimality for a longer version of this paper.

B.1.3 Large Scale Problems: Localization and Subsampling

Kernel-based methods for solving non-parametric regression problems are attractive because they attain
asymptotically minimax optimal rates of convergence. But it is well known that these methods scale
poorly when massive datasets are involved. Large training sets give rise to large computational and
storage costs. For example, computing a kernel ridge regression estimate needs inversion of a n X n-
matrix, with n the sample size. This requires O(n3) time and O(n?) memory, which becomes prohibitive
for large sample sizes. For this reason, various methods have been developed for saving computation time
and memory requirements. Among them are e.g. distributed learning [16], [95], [68] and early-stopping
[93],[72], [12], [13]. During the last years, a huge amount of research effort was devoted to finding low-rank
approximations of the kernel matrix, both from an algorithmic and an inferential perspective (providing
statistical guarantees). A popular instance is Nystrom sampling see e.g. [90], [2], [77] , which we shall

shortly review in Section 3.

The common feature of all these methods is to replace the theoretically optimal approximation obtained
by a spectral decomposition (which requires time at least O(n?)) by a less ambitious suitable low rank
approximation of the kernel matrix via column sampling, reducing run time to O(np?) where p denotes
the rank of the approximation. Clearly the rules of the game are to choose p as small as possible while
maintaining minimax optimality of convergence rates and to explicitely determine this p as a function of
the sample size n, keeping track of the source condition and the rate of eigenvalue decay, entering the

estimate via the effective dimension.

Another line of research with computational benefits is devoted to so called partition-based or localized
approaches [65], [84]: Based on a (disjoint) partition of the input space X = U;"Zl X;, the sample D is split
according to this partition into m subsamples Dy, ---D,,. On each local set X;, a separate reproducing
kernel K is defined, giving rise to a local RKHS ;. It is then straightforward to define local KRR
estimates ]/”J) (based on only using a fraction n; of samples), resulting in a global estimate j/% = @Tzlf?‘,
belonging to the RKHS with kernel K, which is constructed from the K; and is adapted to the direct
sum decomposition H = @7, H;. It is well established that, using this approach, prediction for a new

input = € X is much faster, because one only has to identify the local space X; to which x belongs and
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to use the local estimator f;‘ .

A more subtle point concerns the regularity assumption for the unknown f* = @7, f7 which we require
to belong to H. Assuming local regularities I; € T;"Bg{j (R), r1 < .. < 1y, where T, denotes the
local covariance operator associated with K, the global smoothness (and thus the rate of convergence)

is determined by only the lowest one:

f* _ ®;n:1TJT7gj — @;nle]rlgj — T"'lg , g = @gj7 gj = T;J’*’r‘lgj , (B14)

meaning that f* € 7" Bg¢(R), since T = &}L,Tj.

Basic problems are the the choice of the regularization parameter A on the subsamples (depending on
the global sample size n) and, most importantly, the proper choice of m since choosing m too large gives

a suboptimal rate of convergence in the limit n — co.

First results establishing learning rates using a KRR partition-based approach for smoothness parameter
r = 0 and polynomially decaying eigenvalues are given in [84]. The authors claim to prove optimal
rates requiring the existence of sufficiently high moments (in L?(v)) of the eigenfunctions of their local
covariance operators, uniformly over all subsets, in the limit n — oo. This is a strong assumption.
Moreover, while the decay rate of the eigenvalues can be determined by the smoothness of K (see e.g.
[36] and references therein) it is a widely open question which (general) properties of the kernel imply

such assumptions on the eigenfunctions.

The paper [65] considers localized SVMs, localized tuned Gaussian kernels and a corresponding direct
sum decomposition, where a global smoothness assumption is introduced in terms of a scale of Besov
spaces. Instead of using the effective dimension N(T,,, \) - recall that in [65] the regularization parameter
is not a spectral parameter in the resolvent (T + \)~! but rather a coupling constant for the penalty
term - the authors of [65] use entropy numbers, obtaining minimax optimal rates up to a small error

(concerning the prefactor).

B.1.4 Contribution

Our main contribution is in showing that the partitioning approach for KRR can be efficiently combined
with Nystrom subsampling, improving computational cost twofold. On the way we improve results from
[84], [65] and [77]. We somewhat amplify the result in [(7] by adding an explicit asymptotic result on
the number [,, of subsampled points and providing an estimate in expectation. Compared with [84], we
remove the assumptions on the eigenfunctions of the covariance operators which are difficult to prove,
and we allow locally different degrees of smoothness. Our results on upper rates of convergence only
depend on the effective dimension. Compared with [65], our more general smoothness assumptions are
distribution free in spirit, and we go beyond Gaussian kernels (and allow more general input spaces than
open subsets of R™). If the number of subsets is not too large (m = n® with an explicit bound on « < %),
we obtain an asymptotic result on upper rates of convergence which we expect to be minimax optimal

over appropriate model classes of marginals.
An important aspect of our approach is the observation that under appropriate conditions on the proba-
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bility of subsamples - which come quite naturally in the partitioning approach - one can actually do better
than the naively expected minimax optimal rate allows: If low smoothness r; only occurs on subsets of
low probability (while most subsets have larger smoothness ), then an upper rate of convergence only
depends on 7, and not on r;. At first sight this seems to contradict equation which sets the degree
of global smoothness equal to r; (it does not, see our Discussion). To the best of our knowledge this effect

of having local smoothness available has never been analysed before.

B.2 The Partitioning Approach

We say that a family {X4,...,X,,} of nonempty disjoint subsets of X is a partition of X, if X = U;nzl X
Given a probability measure v on X, let p; = v(X;). We endow each X; with a probability measure by
restricting the conditional probability v;(A) := v(A4|X;) = p]-_lu(A N X;) to the Borel sigma algebra on
X;.

We further assume that H; is a (separable) RKHS, equipped with a measurable positive semi-definite
real-valued kernel K; on each X;, bounded by ;. We extend a function f € H; to a function f : X — R
by setting f( ) = f(z) for any z € X; and f(x) = 0 else. In particular, Kj denotes the kernel extended
to X, explicitely given by K;(z,z') = K,(z,z') for any z,2’ € X; and zero else. Then the space

H; = {f:fe H;} equipped with the norm I|f”f}f7 = ||flls¢; is an RKHS of functions on X with kernel
Kj. Finally, for py,...,pm € Ry, the direct sum .

DI == h fed)
with norm ||fAH%C = Z;nzl pJ||f]||3C is again an RKHS for which
J
m A~
K(z,2') =) p;'Kj(x,2), w2’ €X,
j=1
is the reproducing kernel, see [65].

Given training data D = {4, y; }ie[n), we let I; = {i € [n] : z; € X;}, with [[;| = nj. We split D according
to the above partition, i.e. we let D; = {x;,y; }icr,- We further let x; = (2:)icr,, y; = (Vi)ier, -

Fixing a regularization parameter A > 0, we compute for each D; a local estimator

: —Za xl,-)eﬂifj,

zEI

where a; = (agl), ...,a§"j)) € R™ is given by a; = (£K; + A\)~'y; and with K; the kernel matrix
J

associated to D;. Finally, the overall estimator is defined by
fy=> fa,, (B.2.1)
j=1

which by construction belongs H and decomposes according to the direct sum Hi ... ® Hon
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Assumption B.2.1. We assume:

1. The regression function f* belongs to 3 and thus has a unique representation f* = @7, fr, with
17 eXH;.

2. The sampling is random i.i.d., where each observation point (X;,Y;) follows the model Y = f(X)+e,

and the noise satisfies the following Bernstein-type assumption: For any integer k > 2 and some
o>0and M > 0:

1
E[e* | X]< ik! o?M 2y —as. . ( Bernstein(M, o))

3. The local effective dimensions obey

mzijVj (TJ’)‘) = O(NV<T7 )‘)) :

4. The global effective dimension satisfies N, (T, \) S A7/ for some b > 1.

Assumption B.2.2. We assume

1. The global reqularity of the regression function is measured in terms of a source condition:

ffeQ, (R, 0<r<=,R<oo, (SC(r,R))

N =

where 0, (r, R) is defined in (2.5.8)).

2. Given § = (M,0,R) € R3, the class M := M(0,r,b) consists of all distributions p with X -marginal
v and conditional distribution of Y given X satisfying Bernstein(M, o) for the deviations and

( SC(r, R)) for the mean, with v satisfying Assumption 3. and 4. .

B.2.1 Error Bounds

Granted Assumptions and we establish that the estimator f% given in (B.2.1)) satisfies an

upper rate of convergence which we expect to be minimax optimal, provided that the cardinality m = m,,

of partitions grows sufficiently slowly with n.

Theorem B.2.3. Assume the number m = m,, of partitions satisfies

2br

n<n%, <o B.2.2
B VA (B.22)
and nj; = [=|. Ifr € (0, 11, then there exists a choice (A\,), such that the sequence
b(r+1)
o2 \ TrEvel
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s an upper rate of convergence for the sequence of estimated solutions (f%")n over the family of models
M - defined by requiring Assumption[B.2.9 for all m = m,, for each n sufficiently large -, i.e.

Epen |

1

* £\ 2 B

1- = Bl
im sup sup

n—oo peM (07

<C, (B.2.4)

where C' does not depend on the model parameters o, M, R.

We recall that it was established in [I7] that the rate in (2.3.2) is minimax optimal for the class of data-
generating distributions M obtained by replacing the conditions v satisfies Assumption 3. and 4.

b Parametrizing M

by the slightly different assumption 7, has polynomial eigenvalue decay pi,; =< i~
only by the asymptotics of the effective dimension, specified by b, tends to make M larger, while imposing
in addition Assumption 3. tends to make M smaller. Proving minimax optimality for our class M

requires proving new lower bounds.

B.2.2 Improved Error Bound

Sometimes we can do even better: Assume that there is an exceptional set E,, of indices such that the
smoothness of f* is low on each set X;, j € Ey, and higher on each X;, j € Ef;,. For ease of reading we

shall only analyze the most simple case given by:

Assumption B.2.4. There are r;,r, € (0, %], with r; < ry, (corresponding to low smoothness and high
smoothness) and there are Ry > 0, Ry > 0 such that

||Tjirlf;'ﬂ||9{j < Rl ) v] S Em ) ||T’j7rhf;||9{j < Rh ) VJ € E7Cn

and
Tl

7 R 1\
Pj ~ R \m '

jeE'/n

Thus, by equation , global smoothness is given by the small number 7;, while local smoothness
on the complement of the exceptional set is higher. We emphasize that this is an additional assumption
on the sampling distribution which restricts the class of models M to a subclass M’. Assumption B.2.4
then ensures that the probability of the exceptional set is so small that the error bound will actually be
governed by the higher smoothness 7, leading to a faster rate of convergence over the subclass M’. More

precisely,

Theorem B.2.5. If the cardinality m = m,, of partitions satisfies

R,zln “ 2bry,
= | —L&— , = B.2.
" (0‘2> a<2brh+b+1 (B-2:5)

and if nj ~ X, then there exists a choice (A\p)n such that the sequence
b(rp+3)
o2 \ T TEIT B
=Ry | —— . 2.6
o= (7) (520
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s an upper rate of convergence for the sequence of estimated solutions (f%")n over the subclass of models
M’ - defined by requiring Assumption [B.2.4] for all m = m,, for each n sufficiently large -, i.e.

Epon |

1

* A 2 2

| = B le)]
limsup sup

n—oo peM’ Ap,

<C, (B.2.7)

where C' does not depend on the model parameters o, M, Ry,.

Note that a matching lower bound is proved in [I7] only for the class M.

B.3 KRR Nystrom Subsampling

In this section, we recall the popularKRR Nystrom subsampling method. For simplicity, we restrict
ourselves to so called Plain Nystrom, which works as follows: Given a training set xz1, ..., z,, of random
inputs, we sample uniformly at random without replacement [ < n points Z1, ..., Z;. Now the crucial idea

is to seek for an estimator for the unknown f* in a reduced space
l
g{l:{f : f:ZaJK<'%]a)a aERl}'
j=1

In [77] it is shown that the solution of the minimization problem

n

1

. 2 2
- T A
min n;(f(%) y3)” + Al fll5¢,
is given by l
“ 1 ~ 1 * *
7?,1 = E ZajK($j7 ) , Q= (EKannl + )\K”)T Knly ’ (B31)
j=1

where (Ky)ij = K(24,%;), (Ky)g; = K(Zk,3),i=1,...,n, k,j=1,..,l and AT denotes the generalized

inverse of a matrix A.

Clearly, one aims at minimizing the number [ of subsamples needed for preserving (the expected) minimax
optimality. We amplify the results in [77] by explicitly computing how [ needs to grow when the total

number of samples n tends to infinity.

We consider the setting of Section [B:2] with m = 1. Granted Assumption and AssumptionB.2.2]

one has:

Theorem B.3.1. If the number | =1, of subsampled points satisfies

b+1

ln> 57 77
20 B> T

(B.3.2)

and if r € [0, 3] then there exists a choice (\,), such that the sequence (an)n given in (2.3.2)) is an upper

rate of convergence for the sequence of estimated solutions (f)‘" )n over the family of models M - defined

nyln
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by dropping the condition Assumption[B.2.1,3. on the data generating distribution - i.e.
2 3
E Qn |: | :|
P 2
L2%(v) <C

AA
, |f* = fai,
lim sup sup
n—oo pEM ap,

)

for some C < 0o, not depending on the model parameters o, M, R.

We remark that, as above, it was established in [I7] that the rate in (2.3.2)) is minimax optimal for the

class of data-generating distributions M.

B.4 LocalNysation

In this section we establish, that upper rates of convergence are preserved if the number of partitions is
not too large and if locally the number of subsampled points is large enough. For simplicity we assume
that the local sample size is roughly the same on each partition, i.e satisfies n; = [2~] and that the

number | = [,, of subsample points also is equal on each subsample.

For j =1,...,m,and 1 <[ < 2 let ijl = {ij1,...,45;} € I, with I; as above (fj,l denotes the set
of indices of subsampled inputs on each X;). For each subsample D;, with a regularization parameter

A > 0, we compute a local estimator

" m i . A
f%j = ; Z Oé§ )()\)Kj(l'“ ) € g{j,l ,

iEij,l

where a; € Rw is given in (B.3.1]), with n replaced by 2. The overall estimator is constructed as above
and defined by

m

f=> 15, (B.4.1)

j=1

which by construction decomposes according to the direct sum H = Hi D ... d Hon.

Theorem B.4.1. Let r € (0, %] If the number m = m,, of partitions satisfies

2br
n<n%, _ B.4.2
M ST S b (B-42)
and if the number | =1, of subsampled points on each local set satisfies
n? n b+1
— <, <—, _— B.4.3
m, — My B>a+2br+b+l ( )

then there exists a choice (A\,)n such that the sequence (an)n given in (2.3.2) is an upper rate of conver-
gence for the sequence of estimated solutions (f%")n over the family of models M - defined by requiring
the conditions in Assumption[B.2.9 for each m = m, for n sufficiently large - , i.e.

b i 151
lim sup sup "~ H 2 Hj{ <C, (B.4.4)
n—oo peM (275
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Table B.1: Computational Cost

whole KRR localized KRR~ Nystrom localnysed
O(n3) 0 ((%)3) O(nl* +1°)  O(ZI*+1°)
1<m<n® pf<l<n " <i<n

where C' does not depend on the model parameters o, M, R.

Clearly, as in Theorem a version of the above result still holds if global smoothness is violated
on an exceptional set E,, of small probability as amplified in Assumption thus passing from the

model class M to a smaller model class M’. We leave a precise formulation (and its proof) to the reader.

B.5 Conclusion

We have shown that the twofold effect of partitioning and subsampling may substantially reduce com-
putational cost (see Table , if the number of local sets grows sufficiently slowly and if the number of
subsampled inputs grows sufficiently large with the sample size. In both cases we were able to improve
or amplify the existing results. Furthermore, we derived a rigorous version of the principle In partition-
ing, low smoothness on exceptional sets of small probability does not affect convergence. This is not in
contradiction to the known results on minimax optimality, since this phenomenon only occurs for data
generating distributions varying over a restricted set M’. We remark that, based on the simulations in
the thesis [33], it already was observed there that simulations tend to be better than global smooth-
ness predicts. The thesis [33] suggested that this effect could be due to violation of global smoothness
on subsets of measure zero. While this certainly is possible, it seems much more probable that global
smoothness could be violated on larger subsets of small probability (but possibly different from zero).
Thus our theorems might be an additional explication of the properties of numerical simulations observed
in [33)].
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Supplementary Material
LocalNysation: Combining Localized Kernel
Regression and Nystrom Subsampling

For ease of reading we make use of the following conventions:

e we are interested in a precise dependence of multiplicative constants on the parameters o, M, R,

m,n and p

e the dependence of multiplicative constants on various other parameters, including the kernel pa-
rameter x, the parameters arising from the regularization method, b > 1, r > 0, etc. will (generally)
be omitted

e the value of C' might change from line to line

e the expression “for n sufficiently large” means that the statement holds for n > ngy, with ng

potentially depending on all model parameters (including o, M and R).

B.6 Operators and norms

We introduce all operators in more detail.

We let Z = X x R denote the sample space, where the input space X is a standard Borel space endowed
with a fixed unknown probability measure v. The kernel space H is assumed to be separable, equipped
with a measurable positive semi-definite kernel K, bounded by x, implying continuity of the inclusion
map I, : H — L?(v). Moreover, we consider the covariance operator T, = II, = E[Kx ® K¥%],
which can be shown to be positive self-adjoint trace class (and hence is compact). Given a sample
x = (21,...,2,) € X", we define the sampling operator Sx : H — R™ by (Sxf); = (f, Ku,)5. The
empirical covariance operator is given by Ty = SiSy : H — H. We furthermore introduce T' = k2T

and similarly Ty = k2T, Sx = k5.

For a partition {X1, ..., X;,} of X, we denote by ff{j the local RKHS with (extended) kernel K'j, supported
on X;, with associated covariance operator T; = K]j_QTj = mj_QIEVj [K;(X,-) ® K;(X,-)*]. Given a sample
Xj = (T, ,Tjm,;) € DC 7, we define the sampling operator Sy, + H; — R" similarly by (S, f)i =
<fa (xm'»f}fj'

Lemma B.6.1. Given j € [m] let p; = v(X;) and v;(A) = v(A|X;), for a measurable A C X. One has

@pj (X, 75)
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with .
72 = ZPijjH%?(yj) ;
j=1

where f =@, f; .

The next Lemma states that the global effective dimension can be expressed as the sum of the local ones.

Lemma B.6.2 (Effective Dimension). For any X € [0,1]

B.7 Proofs of Section [B.2

We let f* € I, ie. f*=a], Aj’-", with fj’-" € f}A{j. Note that fj is defined on all of X. We shall use the

following error decomposition:

f*—f%—Zf _fD —ZU x;) Aj*-FZgA(ij)(ijfj*—S;JYJ‘),
j=1

Jj=1
where f2 is given in (B.2.1), with 7x(t) = 1 — gx(t)t and with gy (t) = (t + X)~!

Proposition B.7.1 (Approximation Error L?(v)— norm). Let p be a source distribution belonging to M,
defined in Assumption , For any X\ € (0,1], one has

p®n[HZr,\ x; ) f ||L2(V)j| < CR? 21%32 T;  AA2HR)

j=1

where B, (Tj, ) is defined in Proposition .
Proof of Proposition[B.7.1 According to Lemma [B.6.1] by assumption [ SC(r, R)| we have
< 2
P®"|: Z HL2 V):| (l/j):|
| V ’/‘)\ Xj f ||J—C ]

RZijEpm[Wm@jﬁ;nﬂ. (B.7.1)
j=1

Ms

piByon [ (Tx,)
1

<.
Il

p®n |:

I
i Ms

IN

We bound for any j € [m] the expectation by first deriving a probabilistic estimate. For any n € (0, 1],
with probability at least 1 —n

N\»—-

I T T - T A 1 T T I T
H\/E’M(ij)if}- || < Clog® (20 ") B, (T, A) 1T (T + M) 21| [|(Ta, + N0 (Toe, ) (T, + NI 1(T5 + 2T |
+

< Clog (2 ) B, (T, NN

=
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Here we have used that
1Ty + X 2ra(T, ) (T, + V)] < CATF3

and that for s € [0, 1]
I(T5 + M) T < (T3 + NT|1* <1

by Proposition and the spectral theorem. Also, from Proposition and Proposition

(T; + N2 < [|(Tx, + NIy + N)[F < VBlog(2n™)B2, (T, )) -

Nl

(T, + M)~
From Lemma by integration
Epen [H\/;J‘U(ij)TfHQ} < CB; (Tj, AA20+3)

Combining this with (B.7.1) gives

Bpor || Y ma ) 5 5o,y | < CRES pyB2 (T3, )A20 )
Jj=1

=1

O

Proposition B.7.2 (Sample Error L?(v)— norm). Let p be a source distribution belonging to M, defined
in Assumption . For any X € (0,1], one has

2
M Ny, (T5, )

Ep®7‘|:|z;gA(ij)(ijf; _S;jyj)||iz(l,):| < Cz;pj 3%](@,/\))\ — toy—— )
j= j=

’I’Lj)\ nj)\

where C' does not depend on (o, M, R) € R3.

Proof of Proposition[B.7.2 Recall that ||/ T]JEH}]J = Hf||L2(Vj)' According to Lemma we have

ijp®n {HgA(ij)(ij f; — S’;j}’j)Hi%l,j)}

NE

E en [H ZQA(ij)(TxJ‘ f; o g;jyj)H;(V)} -
j=1 '

3

= piByen [y Tooa (T (T, i — Syi)ll3 ] - (B72)
1

J

We bound the expectation for each separate subsample of size n; by first deriving a probabilistic estimate
and then by integration. For this reason, we use (B.10.2) and Proposition [B.11.1| and write for any
fi €3y, j € [m]

I/ T3 fillge, < I T3 (T + N2 + N2 (T + 02T, + 02,
< Ty + A2 T+ M) (T, + N2 (T + N2 fllg,
< Clog(4n™ ) B (T, M) (T, + N fillge, (B.7.3)

5

holding with probability at least 1 — 3. We proceed by splitting
(T, + N 9a(To, ) (T, o — Sx,y5) = HY - HS -1y, (B.7.4)

142



with

W= (T, + N2 a(T) (T, + N2,
HY = (T + 073 (T+ 2?2,
hy = (T+XN73 (T f, — S5yi) .

The first term is clearly bounded. The second term is now estimated using (B.10.2)) once more. One has
with probability at least 1 —
HP < V8log(8n")Ba (Tj,))" .

Finally, h;\j is estimated using Proposition [B.10.2

A —1
hy, < 2log(8n™ ")

M [ ——
nj\/x nj

holding with probability at least 1 — 2. Thus, combining the estimates following (B.7.4) with -

gives for any j =1,...,m

- _ _ M N, (Tj, A\
* N 3 —1 . o vi\*7»
I \/ Tng(ij)(ijfp - ijYj)H}cj < Calog”(8n )an (Tja /\)\F)\ A +o ) )

with probability at least 1 — 7. By integration using Lemma one obtains

) -
- _ _ - 9 1% - M Ny, (T}, N)
Epor |/ Tion(Ba,) (T, fo = S, v 5, | < B, (T3, )V ot e
Combining this with (B.7.2)) implies
_ 2
o Mo N T
Ep®7l|:|zlgA(ij)(ijfj _ijyj)||L2(l/):| <Czpj E,A E—FU T 5
J
where C' does not depend on (o, M, R) € ]Ri. O

We are now ready to prove Theorem

Proof of Theorem[B.2.3, Let the regularization parameter ), be chosen as

b
2 2br+b+1
=R (;2 ) (B.7.5)

and assume that n; = [ |. Lemmaw ylelds B (T], An) < 2 provided n is sufficiently large and

2br

< n® P
M =1 2r +b+ 1

From Proposition and Proposition we immediately obtain (recalling the definition of a,, in
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B.2.3)

— 2
Mmy, maNo; (15, An)
nAn

E,en [Hf* - J%"HQL%)] < Cng‘ai +piin ( o o
j=1 "

Mmn 2 My, _
S C (ai‘i’kn( n)\n ) +0'27 ZPJNVJ(T]aAn)) .

=1

Under Assumption [B:2.2) we obtain

2

My B 9 ) N ) )
02% ijNVj(Tj7)\n) < C%NV(T, An) < C%)\n 5 _ C’RQ/\EL( +3) _ Ca? |
j=1
Moreover,
2
A, (an> < N
n\,
provided that
b(r+1)
< n® ol
=t % 1 b+ 1
As a result,
* A (12
By [ = ] < €2
where C' does not depend on the model parameter (o, M, R) € R;. O

Proof of Theorem[B.2.2, Assume that n; = ;- ]. Let the regularization parameter ), be given by

0.2 2brhl-7¢-b+1
A =Ry | —— B.7.6
() (BT
and let )
Rin ¢ 261y,
= | —5 _ B.7.7
in (a2> C S bt ( )

As above, Lemma [B.10.5| yields B _»_ (T}, \,) < 2 provided n is sufficiently large.
e N

From Proposition we immediately obtain for the approximation error, recalling the definition of a,,

in [B.2.6]
2 2(r+3) 20rp+2)
Loz (£ n) e tem ()]
3€Em,, JEBS,

201\ T 2(ntd Pt d
<C<R?Zg <7) PR | p2y20ats)
i \Mn

1-7L
<CR? <(1> AR+ +/\im,+§>> _

E,on [” Z TAn (ij )f;
j=1

Mn

Here we have used that by Assumption

( Z Pj) < %
§€Bm,,

Mn

NN
7 N
‘H
~
|
SN
Q
B
(oW
/-
=
~
~
AN
—



Finally, the choice (B.7.7)) ensures that

v

1-"L 9 \ a(l—TL) L S
1 2ty _ (O T2mg) (0T NPT TR 2 g) 20+ E)
- n - 2 n 2 n — \n .
My Rin Rin

As a result, the approximation error satisfies

2
L2(v)

]Ep®n |:H Zn L (ij)f; ] S CR%L)\i(rh+%) = CG/EL .
j=1

The bound for the sample error follows exactly as in the proof of Theorem [B:2:3] O

B.8 Proofs of Section [B.3

For proving Theorem we use the non-asymptotic error decomposition given in Theorem 2 of [77],
somewhat reformulated and streamlined using our estimate [B:10.2} We adopt the notation and idea of
[77] and write fé‘l = g 1(T)Sty, with gy (Tx) = V(V*TxV + A\)~'V* and VV* = P, the projection

X

operator onto H;, I < n. Consider

VT = fo)llse < Ty + T

with
Ty = ||gna(To) (S2y — Tefo)ll 220y = IV Tgra(Tx) (Sky — Toef,)lJoc

and

Ty = ||V Tgni(Tx) (T fp — fo)llsc -

Proposition B.8.1 (Expectation Sample Error KRR-Nystrom).
" 2 3 - M
E o [Hg,\J(Tx)(Sxy - Txf,,)HLz(V)} < CVABL(TN) | 4o

where C does not depend on (o, M, R) € R‘:’_.

Proof of Proposition[B.8.1l For estimating T; we use Proposition [B.10.3] and obtain for any A € (0,1]
with probability at least 1 — 7

Ty < Clog(2n™ ") B (T, \) [|(Tx + N2 g00(T) (Siy — T fo)llc
< Clog?(4n™"YB2(T, ) (T + A2 ga 1 (Te) (T + X) /2|
(T + N)"Y2(Sky — Tufo) 3¢ -

From Proposition 6 in [77] and from the spectral Theorem we obtain
H(Tx + A)1/29A’I(TX)(TX + )‘)I/QH <1.
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Thus, applying Proposition one has with probability at least 1 —n

Ty < Clog?(8y~") VAB2(T, N | M 4oy 2T )

where C' does not depend on (o, M, R) € Ri’r. Integration using Lemma |B.11.2| gives the result.

Before we proceed we introduce the computational error: For u € [0, 1], A € (0,1] define

Cu(l,N) := [|(Id — VV*)(T + N)“| .

The proof of the following Lemma can be found in [77], proof of Theorem 2.

Lemma B.8.2. For any u € [0, 1]
Cull,N) < €41 A"
Lemma B.8.3. If \, is defined by (B.7.5)) and if

b+1

I, > B -
=n B> o

one has with probability at least 1 —n

Ci1(ln, A\n) < Clog(2n )/ A,

1
2

provided n is sufficiently large.

Proof of Lemma[B.8.3 Using Proposition 3 in [77] one has with probability at least 1 —n

C1(lAn) <V (T + A0) T+ )2
< Clog(2n™ )V AB7 (To\n) -

Recall that N, (T, \) < CyA~ %, implying

— 2 An
< -
Bi(T, ) <C |1+ I + I

o=

Straightforward calculation shows that

9 b

= o(1 if 1 >nP [
o, o) izt B> orm e

and

1
An? . b+1

—o(1). if 1, >nP o+t
i R R R g vy e |

Thus, €1 (In, An) < Clog(2n=1)yv/\,, with probability at least 1 — 7.

146



Proposition B.8.4 (Expectation Approximation- and Computational Error KRR-Nystrom). Assume

that
b+1

” 2br +b+1
and (A )n is chosen according to (B.7.5)). If n is sufficiently large

lL,>n", B

N

E o [ VT, 1, (T) (T — £)|2a (VJ <Cay,,

where C' does not depend on (o, M, R) € R3.

Proof of Proposition[B.8-4 Using that f, € Q,(r, R) one has for any X € (0, 1]
Ty, <CR ((a)+ (b) + (c) ), (B.8.1)

with

() = [[VTUd=VVIT||, () = AV Tori(T)T"||

and
() = VT gra(Te) (T + N (Id = VV*)T7| .

Since (Id — VV*)? = (Id — VV*) we obtain by Lemma
(a) < €1, N) € (1, N) < €, (LN
Furthermore, using (B.10.2) , with probability at least 1 — I

1, _ _
(b) < Clog® (8 INBA ™ (T, N) [|(Te + 2) 2 ga(To0) (T + V']
< Clog?(8y A BT (T, )
by again using Proposition 6 in [77].

The last term gives with probability at least 1 —

() < Clog(8n™ [T + N2 gau(T) (Tx + M| €(L, A)
< Clog(8n~ ")V €1 (1,0 .
Combining the estimates for (a), (b) and (c) gives

T, < CRIog(3y7") (€41, 02+ + NFTBE (TN + VA ey (1, N

We now choose A, according to (B.7.5) . Notice that by Lemma [B.10.4| one has B, (T, \,) < C for any
n sufficiently large. Applying Lemma [B:8.3] we obtain, with probability at least 1 —n

Ty < Clog?(8y Y )RALT® |

provided n is sufficiently large and

b+1

I, >n’ s
=n R v ——
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1
The result follows from integration by applying Lemma and recalling that a,, = RAE O

Proof of Theorem[B.3.1] The proof easily follows by combining Proposition [B:8.1]and Proposition[B.8-4].

In particular, the estimate for the sample error by choosing A = \,, follows by recalling that N, (T, \,,) <
1

CyAn ?, by definition of (a,), in (B.2.3) by Lemma |B.10.4| and by

B.9 Proofs of Section [B.4]

In this section we give a sketch of proof of the main result.

Proposition B.9.1 (Sample Error KRR Localnysed). Let m,, < n® with a <
defined as in (B.7.5). If n is sufficiently large, one has

2br
or b1 and let )\n be

N

m
= = 5 2
]Ep‘gm {H Zg)\n,l(ij)(ijf; - S;ij')HL%y)} < Oan 3

j=1
where C' does not depend on the model parameter o, M, R.
Proof of Proposition[B-9.1l Applying Proposition we obtain

- G+ 2 2
p®n|: ZgAl X Tx]f] ij}’j)”[}@)] ij p®T |:Hg>\l x; ijfj xJ .)HLz(uj)]
— 2
Mm mN,, (Tj7 )\)
< ! .
chJ o (T3, M)A (M +o o~

Arguing as in the proof of Theorem using Lemma implies the result. O

Proposition B.9.2 (Approximation and Computational Error KRR Localnysed). Let A, be defined by
(B.75). Assume l,, > n?, m,, < n® with

- 2br 5> b+1
2br +b+1"° 2br +b4+1"°

Then, if n is sufficiently large

[N

- 7 A a* 2
]Ep®n |:|| Z I\l (ij )(ij fj - ijyj) HLQ(V):| < Can 5
j=1
where C' does not depend on the model parameter o, M, R.

Proof of Proposition[B-9.3 Let X € (0,1]. For proving this Proposition we combine techniques from both

the partitioning and subsampling approach. More precisely:
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Jj=1

Bpon || 20 900(T)) B, £ = S92z | =

-

~
Il

PByon [lona(T)) (T, f5
1

3

- S3)n0]

PiEpen |:H\/j?jg>‘rl(ij)(ij - g’*‘iyj)Hifj]
Jj=1

We shall decompose as in with T replaced by T; and Ty replaced by Ty,

1/ T950(Toe, ) (T, £ = S, ¥)llsg, < CR ((a) + (b) + (¢) ) = (%) -
Following the lines of the proof of Proposition leads to an upper bound (with probability at least
1 —n) for the rhs of the last inequality, which is
(x) < CRlog?(8n ") ((‘Z%(l, N2 ABHBETT(TA) £ VA e, A)%)
< CRlog*(8ny~1)AT+2 (B?TH(TJ‘, )+ BL (T, ) + B (T, /\)) ~

in Proposition [B.10.3))

We proceed by estimating each term separately by choosing A\ = \,, | = [, and m = m,. By Lemma
m each local effective dimension is bounded by the global one. Thus (recall the Definition of B;(7}, \)

.Bln(j}aAn) S ]-+

— 2
A ?
o T\ T
Straightforward calculation shows that
2 / b
— o1 if 1,, > B S B.9.1
oy, o) i = B> S (B.9.1)
and
At . / b+1
=o(1 f1,>n" > —— —
T O R R g vroray
Furthermore

(B.9.2)

IN

since 7"—1—% <land(1 —|—A)T+% < 1+ A for any A > 0. Combining the last steps results in (by integration
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using Lemma [B.11.2) and Assumption 3.

mMn

= = [k ax* 2(7‘+l) = zmn 2 m"NV(T 7)\”)
Ep®n [ ’ Zg/\n,ln(ij)(ijfj 7ijyj)||i12(u)] < CR2,\n 2 ij (1 + (’I’L)\ ) + ( fn)\J
j=1 Jj=1 "
1) 2mn \ ma N (T, An)
<CR2>\2( +2)ij <1+( n) +( nJVv y \n >>
= nAn nA
2( +1)Z" 2my \ -
<COR*M\, 2 j<1+< ")+<”">)
= nAn n
2 2(7+1)m" 2my 2 2
< CR*X 2§)y1+(mi>+mwf
j=1 "
Furthermore,
2my, X
n\p O(m" n) ’
provided
< o 2(br +1)
=" 2br +b+1"°
Finally, v/m, A, = o(1) if
2
my <n®, i

@< 20r+b+1"°

Finally, conditions (B.9.1)) and (B.9.2)) are satisfied by choosing m,, < n® and l,, > T’r‘l—i with 8’ = B+a. O

B.10 Probabilistic Inequalities

Proposition B.10.1 ([I7]). Forn € N, XA € (0,1] and n € (0,1], one has with probability at least 1 —n :

M 2N, (T, /\)>

T+ N2 (Tfy = Sxy) ||y, < 2log(2n7) (nﬁ+ n

Proposition B.10.2 ([I7], Proposition 5.3). Let z1, ..., z, be an iid sample, drawn according to v on X.
For any X € (0,1] and n € (0,1) one has with probability at least 1 —n :

2 N, (T, \)
n\ n '

(T +X)"HT = Tx) || g < 2log(2n7") ( n

Proposition B.10.3 ([62]). Let x1, ..., 2, be an iid sample, drawn according to v on X. Define

— 2
B, (T, \) := ”(7;* Ng”) (B.10.1)

For any A > 0, n € (0,1], with probability at least 1 —n one has
[(Tx +N)"HT + A)|| < 8log®(2n ") B, (T, A) . (B.10.2)
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Lemma B.10.4. If )\, is defined by (B.7.5)
BT, \n) <2,

provided n is sufficiently large.
Proof of Lemma[B-10-7. The proof is a straightforward calculation using Definition (B.7.5]) and recalling
that N, (T, A) < CoA™ 5 . O

Lemma B.10.5. If A, is defined by (B.7.5) and if

o< 2or
2br+b+1"°

my <N,

one has for any j € [m)

provided n is sufficiently large.

Proof of Lemma[B-10.5 The first inequality follows from Lemma m, since Ny, (Tj,A) < Ny (T, \),

-

j € [m]. For proving the second inequality, recall that N, (T, \,,) < CyAn g and o ’;)\z = RA]. Using
the definition of A, in (B.7.5)) yields

2m r
’I’L)\n - (\/a)‘n) ’
provided
2(br+1)
<n® _
= 20r +b+1
Finally, ymA? = o(1) if
o 2br
m < n®,

@< 2br+b4+1"°

B.11 Miscellanea

Proposition B.11.1 (Cordes Inequality,[5], Theorem IX.2.1-2). Let A, B be to self-adjoint, positive

operators on a Hilbert space. Then for any s € [0,1]:
|A*B?%|| < ||AB||® . (B.11.1)

Lemma B.11.2. Let X be a non-negative random variable with P[X > Clog"(kn=')] < n for any
n € (0,1]. Then E[X] < %uf(u).

Proof. Apply E[X] = [ P[X > t]dt. O
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