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Abstract

We prove a local in time existence and uniqueness theorem of classical solutions of
the coupled Einstein—Euler system, and therefore establish the well posedness of this
system. We use the condition that the energy density might vanish or tends to zero
at infinity and that the pressure is a certain function of the energy density, conditions
which are used to describe simplified stellar models. In order to achieve our goals
we are enforced, by the complexity of the problem, to deal with these equations in a
new type of weighted Sobolev spaces of fractional order. Beside their construction,
we develop tools for PDEs and techniques for hyperbolic and elliptic equations in
these spaces. The well posedness is obtained in these spaces.

1 Introduction

This paper deals with the Cauchy problem for the Einstein-Euler system describing a
relativistic self-gravitating perfect fluid, whose density either has compact support or falls
off at infinity in an appropriate manner, that is the density belongs to a certain weighted
Sobolev space.

The evolution of the gravitational field is described by the Einstein equations:
Gag = 87TTag, (1.1)

where G,z is the Einstein tensor of a spacetime metric g,g and 7,3 is the energy momentum
tensor. In the case of a perfect fluid the later takes the form T = (e + p)u®u® + pg*?,
here € is energy density, p is the pressure and u® is a four velocity unit timelike vector.



Since Gg is a divergence free tensor, the energy momentum tensor must satisfy the Euler

equations
V. T = 0. (1.2)

However, equations (1.1) and (1.2) are not sufficient to determinate the structure uniquely,
a functional relation between the pressure p and the energy density € (equation of state)
is also necessary. We choose an equation of state which has been used in astrophysical
problems. It is the analogue of the well known polytropic equation of state in the non-
relativistic theory, given by

p= Ké, 0< K, 1<n. (1.3)

So the present Einstein-Euler system consists of the coupled equations (1.1) and (1.2) with
the equation of state (1.3). The unknowns are the gravitational field g,g, the velocity
vector u® and the energy density e.

The common method to solve the Cauchy problem for the Einstein equations consists
usually of two steps. Unlike ordinary initial value problems, initial data must satisfy
constraint equations intrinsic to the initial hypersurface. Therefore, the first step is to
construct solutions of these constraints. The second step is to solve the evolution equations
with these initial data, in the present case these are first order symmetric hyperbolic
systems. As we describe later in detail, the complexity of our problems forces us to consider
an additional third step, that is, after solving the constraint equations, we have to construct
the initial data for the fluid equations.

The nature of this Einstein-Euler system (1.1), (1.2) and (1.3) forces us to treat both the
constraint and the evolution equations in the same type of functional spaces. Under the
above consideration, we have established the well posedness of this Einstein-Euler system in
a weighted Sobolev spaces of fractional order. Oliynyk has recently studied the Newtonian
limit of this system in weighted Sobolev spaces of integer order [33].

We will briefly resume the situation in the mathematical theory of self gravitation perfect
fluids describing compact bodies, such as stars: For the Euler-Poisson system Makino
proved a local existence theorem in the case the density has compact support and it vanishes
at the boundary, [28]. Since the Euler equations are singular when the density p is zero,
Makino had to regularize the system by introducing a new matter variable (w = M(p)).
His solution however, has some disadvantages such as the fact they do not contain static
solutions and moreover, the connection between the physical density and the new matter
density remains obscure.

Rendall generalized Makino’s result to the relativistic case of the Einstein—Euler equations,
[341]. His result however suffers from the same disadvantages as Makino’s result and more-
over it has two essential restrictions: 1. Rendall assumed time symmetry, that means that
the extrinsic curvature of the initial manifold is zero and therefore the Einstein’s constraint
equations are reduced to a single scalar equation; 2. Both the data and solutions are C§°
functions. This regularity condition implies a severe restriction on the equation of state
p = K€, namely v € N.



Similarly to Makino and Rendall, we have also used the Makino variable
w=M()=¢€7. (1.4)

Our approach is motivated by the following observation: As it turns out, the system of
evolution equations have the following form

A°0,U + AF0LU = Q(e, ), (1.5)

where the unknown U consists of the gravitational field g, the velocity of the fluid u® and
the Makino variable w, and the lower order term () contains the energy density e. Thus,
we need to estimate € by w in the corresponding norm of the function spaces. Combining
this estimation with the Makino variable (1.4), it results in an algebraic relation between
the order of the functional space k and the coefficient v of the equation of state (1.3) of
the form

2
l<y< =/ (1.6)

This relation can be easily derived by considering || D*w||,, || < k. Moreover, it can be
interpreted either as a restriction on v or on k. Thus, unlike typical hyperbolic systems
where often the regularity parameter is bounded from below, here we have both lower and
upper bounds for differentiability conditions of the sort g <k< % Similar phenomena

for Euler-Poisson equations was noticed by Gamblin [17].

We want to interpret (1.6) as an restriction on k rather than on . Therefore, instead
of imposing conditions on the equation of state and in order to sharpen the regularity
conditions for existence theorems, we are lead to the conclusion of considering function
spaces of fractional order, and in addition, the Einstein equations consist of quasi linear
hyperbolic and elliptic equations. The only function spaces which are known to be useful
for existence theorems of the constraint equations in the asymptotically flat case, are the
weighted Sobolev spaces Hys, & € N, 6 € R, which were introduced by Nirenberg and

Walker, [32] and Cantor [0], and they are the completion of C$°(R?) under the norm
2
(s = Y [ (1 fa?1o10ul)* o (L7
|| <k

Hence we are forced to consider new function spaces H,s, s € R which generalize Hj s
to fractional order. The well posedness of the Einstein-Euler system is obtained in these
space and to achieve this, we have to solve both the constraint and the evolution equations
in the H s spaces.

Another difficulty which arises from the non-linear equation of state (1.3) is the compati-
bility problem of the initial data for the fluid and the gravitational fields. There are three
types of initial data for the Einstein-Euler system:



e The gravitational data is a triple (M, h, K), where M is space-like manifold, h = hg,
is a proper Riemannian metric on M and K = K, is a second fundamental form on
M (extrinsic curvature). The pair (h, K') must satisfy the constrain equations

_ ab ab 2 _
{R(h) K K® + (h®Ky) 1672, (1.8)

(3)VbKab _ (3)vb<hchbc) — —87‘(’]“,
where R(h) = h® R, is the scalar curvature with respect to the metric h.

e The matter variables, consisting of the energy density z and the momentum density
j%, appear in the right hand side of the constraints (1.8).

e The initial data for Makino’s variable w and the velocity vector u® of the perfect
fluid.

The projection of the velocity vector u®, u®

M leads to the following relations

, on the tangent space of the initial manifold

{ z = e+ (e+p)hgua®

J¢ = (e+p)u*v1+ hgpuoub (1.9)

between the matters variable (z,5?) and (w,@?*). We cannot give ¢, p, @° and solve for z
and j¢, since this is incompatible with the conformal scaling, see section 4.1. Therefore
we have to give z, j* and solve for € p, 4°. Relations (1.9) are by no means trivial, and
they enforce us to modify the conformal method for solving the constraint equations (see
e. g. [13], [2]). Therefore the free initial data for the Einstein-Euler system will be partially
invariant under conformal transformations.

The paper is organized as follows: In the next section we formulate Einstein-Euler system
and introduce the Makino’s variable. Dealing with these systems requires to transform
them into a hyperbolic type of PDEs. Choquet-Bruhat showed that the choice of harmonic
coordinates converts the fields equations (1.1) into wave equations and which then can
be written as a first order symmetric hyperbolic system [10], [I3]. Reducing the Euler
equations (1.2) to a first order symmetric hyperbolic system is not a trivial matter. We
use a fluid decomposition and present a new reduction of the Euler equations. Beside
having a very clear geometric interpretation, we are giving a complete description of the
structure of the characteristics conformal cone of the system, namely, it is a union of a
three-dimensional hyperplane tangent to the initial manifold and the sound cone.

In Section 3 we define the weighted Sobolev spaces of fractional order H, ; and present our
main results. These include a solution of the compatibility problem, the construction of
initial data and a solution to the evolution equations in the H; ; spaces. The announcement
of the main results has been published in [5].

Section 4 deals with the constructions of the initial data. The common Lichnerowicz-York
[13], [7], [12] scaling method for solving the constraint equations cannot be applied here



directly, since it violates the relations (1.9). We need to invert of (1.9) in order construct
the initial data and there are two conditions which guarantee it: the dominate energy

condition hg,j?j° < 2%, which is invariant under scaling; since \/% is the speed of sound,

we have the causality condition % = % (Ke") < ¢%. Unfortunately the last condition is
not invariant under scaling. It is also necessary to restrict the matter variables (z, %) to
a certain region. We show the inversion of (1.9) exists provided that (z,j*) belong to a
certain region. This fact enables us to construct initial data for evolution equations.

The local existence for first order symmetric hyperbolic systems in H, ;s is discussed in
Section 5. The known existence results in the H*® space [16], [23], [20], [38], [37], [27]
cannot be applied to the H,; spaces. The main difficulty here is the establishment of
energy estimates for linear hyperbolic systems. In order to achieve it we have defined a
specific inner-product in Hys and in addition the Kato-Ponce commutator estimate [24],
[38], [37] has an essential role in our approach. Once the energy estimates and other tools
have been established in the Hys space, we follow Majda’s [27] iteration procedure and

show existence, uniqueness and continuity in that norm.

In Section 6 we study elliptic theory in Hys which is essential for the solution of the
constraint equations. We will extend earlier results in weighted Sobolev spaces of inte-
ger order which were obtained by Cantor [7], Choquet-Bruhat and Christodoulou [11],
Choquet-Bruhat, Isenberg and York [12], and Christodoulou and O’Murchadha [11] to the
fractional ordered spaces. The central tool is a priori estimate for elliptic systems in the
H, s spaces (6.21). Its proof requires first the establishment of analogous a priori estimate
in Bessel potential spaces H®. Our approach is based on the techniques of pseudodiffer-
ential operators which have symbols with limited regularity and in order to achieve that
we are adopting ideas being presented in Taylor’s books [3%]and [39]. A different method
was derived recently by Maxwell [29] who also showed existence of solutions to Einstein
constraint equations in vacuum in Hy s with the best possible regularity condition, namely
5> % The semi-linear elliptic equation is solved by following Cantor’s homotopy argument
[7] and generalize it in H, 5 spaces.

Finally, in the appendix we deal with of the construction, properties and tools for PDEs
in the weighted Sobolev spaces of fractional order H,s. Triebel extended the Hy s spaces
given by the norm (1.7) to a fractional order [10], [11]. We present three equivalent norms,
one of which is a combination of the norm (1.7) and the norm of Lipschitz-Sobolevskij
spaces [35]. This definition is essential for the understanding of the relations between the
integer and the fractional order spaces (see (A.3)). However the double integral makes it
almost impossible to establish any property needed for PDEs. Throughout the effort to
solve this problem, we were looking for an equivalent definition of the norm: we let {1},
be a dyadic resolution of unity in R? and set

2 = 3 ;
(lullm,s)™ =D 25 () |3, (1.10)
§=0



where (f).(z) = f(ex). When s is an integer, then the norms (1.7) and (1.10) are equivalent.
Our guiding philosophy is to apply the known properties of the Bessel potential spaces H®
term-wise to each of the norms in the infinite sum (1.10) and in that way to extend them
to the H, s spaces. Of course, this requires a careful treatment and a sound consideration
of the additional parameter 6. Among the properties which we have extended to the Hj s
are algebra, Moser type estimates, fractional power, embedding to the continuous and
intermediate estimates.

2 The Initial Value Problem for the Euler-Einstein
System

We consider the Einstein-Euler system describing a relativistic self-gravitating perfect fluid.
The unknowns in the equations are functions of ¢t and x* where 2% (a = 1,2, 3) are Cartesian
coordinates on R3. The alternative notation #° = ¢ will also be used and Greek indices
will take the values 0,1,2,3 in the following. The evolution of the gravitational field is
described by the Einstein equations

1
Raﬁ — §ga5R = 87TTag (21)

where g, is a semi Riemannian metric having a signature (—, +,+, +), Ra,s is the Ricci
curvature tensor, these are functions of g,3 and its first and second order partial derivatives
and R is the scalar curvature. The right hand side of (2.1) consists of the energy-momentum
tensor of the matter, 7,5 and in the case of a perfect fluid the latter takes the form

T = puu® + pg?, IL=¢€+p (2.2)

where € is the energy density, p is the pressure and u® is the four-velocity vector. The vector
u® is a unit timelike vector, which means that it is required to satisfy the normalization
condition

Japuu’ = —1. (2.3)

The Euler equations describing the evolution of the fluid take the form
VT =0, (2.4)

where V denotes the covariant derivative associated to the metric g,g. In order to close
the system of equations it is necessary to specify a relation between e and p (equation of
state). The choice we make here is one which has been used for astrophysical problems. It
is an analogue of the well known polytropic equation of state of the non-relativistic theory
given by:

p=fle) = K¢, K,y € R, 1<7. (2.5)



The sound velocity is denoted by

2_ Op
-~ Oe

The new matter variable w = M (€) which regularize the Euler equations even for ¢ = 0 is

given by the expression

(2.6)

g

w=M(e)=¢€7 . (2.7)

2.1 The Euler equations written as a symmetric hyperbolic sys-
tem

It is not obvious that the Euler equations written in the conservative form V,7%° = 0
are symmetric hyperbolic. In fact these equations have to be transformed in order to be
expressed in a symmetric hyperbolic form. Rendall presented such a transformation of
the equations [34], however it’s geometrical meaning is not entirely clear and it might be
difficult to generalize it to the non time symmetric case. Hence we will present a different
hyperbolic reduction of the Euler equations and discuss it in some details, for we have
not seen it anywhere in the literature. The basic idea is to perform the standard fluid
decomposition and then to modify the equation by adding, in an appropriate manner, the
normalization condition (2.3) which will be considered as a constraint equation.

The fluid decomposition method consists of:

1. The equation V, 7%? = 0 is once projected orthogonal onto u® which leads to

ugV,T"" = 0. (2.8)

2. The equation V, 7% = 0 is projected into the rest pace O orthogonal to u® of a fluid
particle gives us:

PQBVVT”’G =0 with  P,g = gos + UaUg, Paguﬁ =0. (2.9)

The resulting system is of the form:

u'Vye+uVou” = 0 (2.10a)
(Posu’V,u’ + P' o V,p = 0. (2.10b)

Note that we have beside the evolution equations (2.10a) and (2.10b) the following con-
straint equation: gagu“uﬁ = —1. We will show later, in subsection 2.1.1 that this constraint
equation is conserved under the evolution equation, that is, if it holds initially at t = %,
then it will hold for ¢ > #,. Note that in most textbooks, the equation (2.10b) is presented
as figapsu”V,uP + PV, p = 0, which is an equivalent form, since due to the normalization
condition (2.3) we have uzV,u” = 0.



In order to obtain a symmetric hyperbolic system that we have to modify the system in
the following way. The normalization condition (2.3) gives that ugu’V,u” = 0, so we add
pugu’'V,uP = 0 to equation (2.10a) and uaugu’V,u® = 0 to (2.10b), which together with
(2.6) results in,

u'V,e+ pP’sV,u’ = 0 (2.11a)

2
Togtt? Vi + P Ve = 0, (2.11b)
i

where 'y = Pog + Uals = gap + 2uqus. As mentioned above we will introduce a new
nonlinear matter variable which is given by (2.7). The idea which is behind this is the
following: The system (2.11a) and (2.11b) is almost of symmetric hyperbolic form, it
would be symmetric if we multiply the system by appropriate factors, for example, (2.11a)
by % and (2.11b) by p. However, doing so we will be faced with a system in which the
coefficients will either tend to zero or to infinity, as ¢ — 0. Hence, it is impossible to
represent this system in a non-degenerate form using these multiplications.

The central point is now to introduce a new variable w = M(e€) which will regularize the
equations even for e = 0. We do this by multiplying equation (2.11a) by x2M’ = k29
This results in the following system which we have written in matrix form:

su’ | K2PuM'PYg

w 0
2P| Dagu Vo ( v > = ( 0 ) : (2.12)

In order to obtain symmetry we have to demand

M =2
pik’
where k£ > 0 has been introduced in order to simplify the expression for w. We choose k

so that .
VI 2 e (2.14)

)

(2.13)

uk oy —1 €
which gives the Makino variable (2.7). Taking into account the equation of state (2.5), we
see that

v—1 Ky

= 0. 2.15
T TiKe 1T (2:15)
Finally we have obtained the following system
K’ | okPYg

w 0
o e R (2)-(0) e



which is both symmetric and non-degenerated. The covariant derivative V, takes in local
coordinates the form V, = 9, + F(g“*‘s, 0¢ap) which expresses the fact that the fluid u® is
coupled to equations (2.1) for the gravitational field g,3. In addition, from the Makino
Variable (2.7) we see that €7~! = w?, so from the expression (2.6), 0 = v/yKw and therefore
k which is given by (2.15) is a C*° function of w. Thus the fractional power of the equation
of state (2.5) does not appear in the coefficients of the system (2.16), and these coefficients
are C'™ functions of the scalar w, the four vector u* and the gravitational fields g,gs.

Let us now recall a general definition of symmetric hyperbolic systems.

Definition 2.1 (First order symmetric hyperbolic systems) A quasilinear, sym-
metric hyperbolic system is a system of differential equations of the form

4
LU= A*(U;2)0U + B(U;z) =0 (2.17)
a=0
where the matrices A% are symmetric and for every arbitrary U € G there exists a covector

& such that
§aA%(U; ) (2.18)

is positive definite. The covectors &, for which (2.18) is positive definite, are spacelike with
respect to the equation (2.17). Both matrices A%, B satisfy certain regularity conditions,
which are going to be formulated later.

Usually ¢ is chosen to be the vector (1,0,0,0) which implies via the condition (2.18) that
the matrix A° has to be is positive definite.

Now we want to show that A® of our system (2.16) is indeed positive definite. We do this
in several steps.

1. Explicit computation of the principle symbol (2.16);

2. We show that —u,, is a space like covector with respect to the equations;

3. Then we apply a deformation argument and show that the covector ¢, := (1,0,0,0)
is a space like covector with respect to the equation.

For each &, € TV the principle symbol is a linear map from R x E, to R x F,, where E,
is a fiber in 7,V and F is a fiber in the cotangent space 7;V. Since in local coordinates
V, =0, + (g7, 0gas), the principle symbol of system (2.16) is

K2(u&) | orPYsE,

&A= okPY& | (u€)ap (2:19)




and the characteristics are the set of covectors for which (£,A") is not an isomorphism.
Hence the characteristics are the zeros of Q(&) := det (&, A”).

The geometric advantages of the fluid decomposition are the following. The operators in
the blocks of the matrix (2.19) are P, the projection on the rest hyperplane O and I3,
the reflection with respect to the same hyperplane. Therefore, the following relations hold:

7,5 =65, *7pY = P and P3*P,” = P"3,
which yields
1| 0 2(ué) | orPYsE,

0 el (gl/AV) = O'HPQV&/ (quy) (5g> : (2'20)

It is now fairly easy to calculate the determinate of the right hand side of (2.20) and we
have

k2 (u”€,) ‘ ok P g€,

det = r*(u"g,)? ((ul’fl,)2 — aQPa”fl,ng,,) )

okP¢, | (uPEy) ((53‘)

Since Pg is a projection,
P, PLE, = P8, PYPLE, = g"7¢, PY g€, = PY56,8° (2.21)
and since I'} : R* — R* is a reflection with respect to a hyperplane,

det < (1) ng ) = det (go‘ﬁFg) = det (gaﬁ) det (Fg) = — (det (gaﬂ))—1 . (2.22)

Consequently,

Q(&) == det(&,AY) = —k® det(gag) (&) { (1E,)* — 0° P 6,87} (2.23)

and therefore the characteristic covectors are given by two simple equations:

Lu” = 0; (2.24)
(&u")? = a®PsEa€” = 0. (2.25)

10



Remark 2.2 (The structure of the characteristics conormal cone of )  The
characteristics conormal cone is therefore a union of two hypersurfaces in TV . One of
these hypersurfaces is given by the condition (2.2/) and it is a three dimensional hyperplane
O with the normal u®. The other hypersurface is given by the condition (2.25) and forms
a three dimensional cone the so called sound cone.

Remark 2.3 Equation (2.25) plays an essential role in determining whether the equations
form a symmetric hyperbolic system.
Let us now consider the timelike vector u, and the linear combination —u, A”, with A

from equation (2.16), we then obtain that

/<;2‘ 0

—u,AY =

0 T, (2.26)

is positive definite. Indeed, I'y3 is a reflection with respect to a hyperplane which its normal
is a timelike vector. Hence, —u, is for the hydrodynamical equations a spacelike covector
in the sense of partial differential equations. Herewith one has showed relatively elegant
and elementary that the relativistic hydrodynamical equations are symmetric—hyperbolic.

Now we want however to show that the covector t, = (1,0,0,0) is spacelike with respect
to the system (2.16). Since P®gu, = 0, the covector —u, belongs to the sound cone

(&u")? — P2t > 0. (2.27)
Inserting ¢, = (1,0,0,0) the right hand side of (2.27) yields
(u®)?(1 — %) — o?g™. (2.28)

Since the sound velocity is always less than the light speed, that is 02 = % <=1, we

conclude from (2.28) that ¢, also belongs to the sound cone (2.27). Hence, the vector —u,
can be continuously deformed to ¢, while condition (2.27) holds along the deformation
path. Consequently, the determinant of (2.23) remains positive under this process and
hence t,A” = A is also positive definite.

2.1.1 Conservation of the constraint equation g,su®u’ = —1

Now it will be shown that the condition gagu“uﬁ = —1, which acts as a constraint equation
for the evolution equation, is conserved along stream lines u®. Because, if for t = ty the
condition g,gu®u’ = —1 holds and if it is conserved a long stream lines, then g,su®u”® = —1
holds also for ¢ > #;. So let c(t) be a curve such that ¢/(t) = u® and set Z(t) = (uoc)g(uoc)?,
then we need to establish

d

EZ@) = 2u5VCI(t)u5 = 2u”u5vyuﬁ =0. (2.29)

11



Multiplying the last four last rows of the Euler system (2.16) by u® and recalling that P”,,
is the projection on the rest space O orthogonal to u®, we have

0 = u® (Faﬁu”vyuﬁ + /mP”aVVw)
= uaPagu”VVuﬁ — u”uﬁvyuﬁ + kou* P, V, w
= —uugV,u’.
2.2 The reduced Einstein field equations

In this paper we study the fields equations (2.1) with the choice of the harmonic coordinates.
This condition take the form

1
9797 (0955 — 0598,) = 0 (2.30)

and when it is imposed, then it well known that the Einstein equations (2.1) convert to

9" 0,0, 905 = Hap(g,09) — 167 T o5 + 87g"" T, up, (2.31)
see for example [10]. Since (2.31) are quasi linear wave equations, the introducing auxiliary
variables

hapy = 0y9ag, (2.32)
reduce them into a first order symmetric hyperbolic system:
atgoaﬁ = hocBO
gabath'y&z = gabaah'yéo

2.33
0 = 26%Duhoso + 9l (2.33)

+C;§Z’Z%hegnhmugaﬁ 9*° = 16715 4 819" Tpsrs

The object C;%Z%Ap’; is a combination of Kronecker deltas with integer coefficients. We

therefore conclude:

Conclusion 2.4 (The evolution equations in a first order symmetric hyper-
bolic form) The equations for Einstein gravitational fields (2.1) coupled with the Euler
equations (2.4) with the normalization conditions (2.3) and the equation of state (2.5), are
equivalent to the system (2.33) and (2.16). The coupled systems (2.33) and (2.16) take the

form of a first order symmetric hyperbolic system in accordance with Definition 2.1 and
where A° is a positive definite matrix.

3 New Function Spaces and the Principle Results

The principle results concern the solution to Einstein constraint equations (1.8), which
lead to elliptic systems and the coupled evolution equations (2.1) and (2.4), which we have

12



showed are equivalent to the hyperbolic system (2.16) and (2.33). The Bessel potential
spaces H*® which are the natural choice for the hyperbolic systems are inappropriate for the
solutions of the constraint equations in asymptotically flat manifolds. Roughly speaking,
because the Laplacian is not invertible in these spaces.

As we explained in the introduction, the Nirenberg-Walker-Cantor weighted Sobolev spaces
of integer order H,, s [0], [32] are suitable for for the solutions of the constraints in asymp-
totically flat manifolds. Their norm is given by (1.7).

Our aim is solving the Einstein-Euler systems and therefore it is essential to solve both
the evolution equations (2.16) and (2.33), and the constraint equations (1.8) in one type
of functions spaces. In addition, since we want also to improve the regularity conditions
for the solutions of the Einstein-FEuler system, we are lead to consider weighted Sobolev
spaces of fractional order.

Triebel [10] presented two equivalent extensions of the integer order norm (1.7) to a frac-
tional order. The first one is analogous to Lipschitz-Sobolevskij norm and it is given by
(A.3) in the Appendix. The double integral in (A.3) causes many difficulties which makes
it useless as one turns to prove certain properties which are needed for PDEs in these
spaces.

The second one is based upon a dyadic resolution of the unity in R%: Let K; = {x : 2073 <
lz] <272}, (j = 1,2,...) and Ko = {x : |z] < 4}. Let {1;}52 be a sequence of C5°(R?)
such that ¢;(z) =1 on K, supp(¢;) C U{;rf_4Kl, for j > 1 and supp(¢po) C Ko U Kj.

We denote by H*® the Bessel potential spaces with the norm (p = 2)

luls = / (1+ € la(e) P,

where @ is the Fourier transform of u. Also, for a function f, f.(z) = f(ex).

Definition 3.1 (Weighted fractional Sobolev spaces: infinite sum of semi
norms) For s >0 and —oco < § < 00,

2 3 i
(lallar, )™ = > 2E 2| (W500) @y 1 7o (3.1)
j

The space Hy s is the set of all temperate distributions with a finite norm given by (3.1).

3.1 The principle results
Our principle results are the compatibility of the initial data for the fluid and the gravita-

tional field, the solution of the constraints equations and the well-posedness of the evolution
equations in the H, s spaces.

13



3.1.1 The compatibility of the initial data for the fluid and the gravitational
field

The matter data (non-gravitational) (z,j) which are given by (4.2) and (4.3) arise from
external sources and appear in the right hand side of the fields equations (2.1). They are
coupled with the initial data for the hyperbolic system (2.16) via the relations
z = wisd (1+ (1 4+ Kw?) hgpu®a®) (3.2)

§¢ = w1 (14 Kw?)u'/T+ hogpuoa? ’

here hgy, is the given Riemannian metric on the initial manifold and @ is the projection of
the velocity vector on the initial manifold. Thus, an indispensable condition for obtaining a
solution of the Einstein-Euler system is the inversion of (3.2). This system is not invertible
for all (z,7%) € Ry x R3 but the inverse does exist in a certain region.

Theorem 3.2 (Reconstruction theorem for the initial data) There is a real func-
tion S :[0,1) — R such that if

0<z<S(Vhawj*j*/2), (3-3)

then system (3.2) has a unique inverse. Moreover, the inverse mapping is continuous in
Hg 5 norm.

Remark 3.3 The matter initial data (z,j*) for the Einstein-Euler system with the the
equation of state (2.5) cannot be given freely. They must satisfy condition (5.3). This
condition includes the inequality

2 2> havj®s", (3.4)

which s known as the dominate energy condition.

3.1.2 Solution to the constraint equations

The gravitational data is a triple (M, h, K), where M is a space-like asymptotically flat
manifold, h = hgy, is a proper Riemannian metric on M, and K = K, is the second
fundamental form on M (extrinsic curvature). The metric hy, and the extrinsic curvature
K must satisfy Einstein’s constraint equations (4.8) and (4.9). The free initial data is a set
(i_zab, Ay, 2, j’“), where hy is a Riemannian metric, A, is divergence and trace free form, 2
is a scalar function and j¢ is a vector.

Theorem 3.4 (Solution of the constraint equations)

(i) Given the free data (hay, Agy, 2,7%) such that (hey—1) € Hgs, Ay € Hy 1 5.1, (2,7%) €
Ho 1640, 2 <5< %+% and —3 < § < —1. Then there exists two positive functions
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a and ¢ such that (a — 1),(¢p — 1) € Hss, a vector field W € Hys such that the
gravitational data

and Ka = (¢pa) Ay + ¢_2£(W)

satisfy the constraint equations (4.8) and (4.9) with z = ¢~3% and j* = ¢~105
as the right hand side, here L is the Killing wvector field operator. In ad-
dition, the Hgs,Hs_1 5.1 norms of (he — I, .f(ab) depend continuously on the
Hs,57H371,5+17H571,5+2 norms Of (hab - [>Aabagaja)'

(i) Given the free data (hay, Aap, 2,5“) such that (Bab—{) € Hyp, Ay € Hy 1541, (2,}“) €
Hy 1542, 2 <s< % +3, -3 <0< —3 and ((a*ha), 2,7%) satisfies (3.3). Let Q7!
denote the inverse of relations (3.2). Then the data for the four velocity vector and

Makino variable are given by: z = ¢~8%, j* = ¢~1052,
(w,u") == Q1(z,5%) and @’ =1+ hguu’

and they satisfy the compatibility conditions (5.2). In addition, the Hs_ 1542 norms
of (w,u® u® — 1) depend continuously on the Hys, Hy 1 512 norms of (hay — I, 7,7%).

3.1.3 Solution to the evolution equations

The unkowns of the evolution equations are the gravitaional field g, and its first order
partial derivatives d,g,5, the Makino variable w and the velocity vector u®. We repre-
sent them by the vector U = (gag — Mag; Oagvs, O0grs, W, u®, u — 1), here 7,5 denotes the
Minkowski metric. The solutions of the constraint equations serve as initial data for the
hyperbolic systems (2.33) of the Einstein gravitational fields and (2.16) of the perfect fluid.
Applying Theorem 5.18 to the vector U we obtain:

Theorem 3.5 (Solutions of the evolution equations (2.33) and (2.16)) Let

% < s < % + % and —g <0< —%. Given the solutions of the constraint equations as

describe in Theorem 3.4, then there exists a T > 0, a unique semi-Riemannian metric gos
solution to (2.33) and a unique pair (w,u®) solution to (2.16) such that

(9o = Mag) € C((0,T], Hys) N CH ([0, T], Homr551) (3.5)
(w,uu’ —1) € C([0,T),Hs_1542) NC*([0,T), Hy_2,5:3) - (3.6)

4 The Initial Data

The Cauchy problem for Einstein fields equations (2.1) coupled with the Euler system (2.4)
consists of solving the coupled hyperbolic systems (2.33) and (2.16) with given initial data.
There are two types of data, gravitational and matter data.
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The gravitational data is a triple (M, h, K), where M is a space-like manifold, h = hg,
is a proper Riemannian metric on M and K = K, is the second fundamental form on
M (extrinsic curvature). On the space-like manifold M the semi-metric g satisfies the
following relations:
Jab|lm = Paps Gaolnmr = 0, goolr = —1
. 4.1
{ _%aogab’M = Kap. (4.1)

Let n be the unit normal to the hypersurface M, 05 + n“ng be the projection on M and
define

z = T,an®n”, (4.2)
Jje = (52‘+n“n7)T7ﬂng. (4.3)

The scalar z is the energy density and the vecor j¢ is the momentum density. These
quantities are called matter variables and they appear as sources in the constraint equations
(4.8) and (4.9) below.

In conjunction with these we must supply initial data for the velocity vector u®. So we
apply the projection to u® and set a® = (%5 + n®ng)u®. Then from the relation of the
perfect fluid (2.2) , (4.2), and (4.3) we see that

z = (e+p)(ngu’)* —p, (4.4)

§* = (e +p)u*(ngu®). (4.5)

The vectors 7% and u® are tangent to the initial surface and so they can be identified with

vectors j* and @* intrinsic to this surface. Recalling the normalisation condition (2.3) we

have —1 = —(ngu”)? 4+ hypua®. Thus the matter data (z,j%) can be identify with the
initial data for the velocity vector as follow:

2 = e+ (e + p)hgpu'a, (4.6)

J¢ = (e+p)u*\/1+ hyutub.

These two types of data cannot be given freely, because the hypersurface (M, h) is a sub-
manifold of (V, g) so the Gauss Codazzi equations lead to Einstein constraint equations

R(h) — Kg K + (h®K4)? = 167z, (4.8)
(3)vaab _ (S)Vb(hchbC) _ —87Tja, (49)

where R(h) = h® R, is the scalar curvature with respect to the metric h.

We turn now to the conformal method which allows us to construct the solutions of the
constraint equations (4.8) and (4.9). Before entering into details we have to discuss the
relations between the initial data for the system of Einstein gravitational fields (2.33) and
the system of the fluid (2.16) which are given by (4.6) and (4.7). As it turns out this
relations is by no means trivial, and indeed they will force us to modify the conformal
method.
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4.1 The compatibility problem of the initial data for the fluid
and the gravitational fields

On the one hand, the initial data for the Euler equations (2.16) are w(e) and u®. On
the other hand z = F(w(e),u*) and j* = H(w(e),u®), which are given by (4.6) and (4.7)
respectively, appear as sources in the constraint equations (4.8) and (4.9). There we have
the possibility of either to consider w and u® as the fundamental quantities and construct
then z and j* or, vice verse, to consider z and j* as the fundamental quantities and
construct then w and u®.

The first possibility does not work because the geometric quantities which occur on the
left hand side of the constraint equations are supposed to scale with some power of a scalar
function ¢. So z and 5%, which are the sources in the constraint equations, must also scale
with a definite power of ¢. If € is scaled with a certain power of ¢, then p would be scaled,
according to the equation of state (2.5), to a different power. Hence, by (4.6) z is a sum of
different powers. Thus, the power which € and p are scaled would have to be zero and they
would be left unchanged by the rescaling. Similarly it can be seen that u* would remain
unchanged. So in fact z would be unchanged and this is inconsistent with the scalding
used in the conformal method.

Instead of constructing (w,a®) from (z,j%) it is more useful to introduce some auxiliary

quantities. Beside the Makino variable w = EWT_l, we set

y=z32 and 00 =7. (4.10)
z

Now we consider the following map

wll + (1 4+ Kw?)hgutat)] 'z

w N Y
P ( e ) = ( (1+Kw?)a®\/ 1+hy.abac ) = ( v ) ) (411>

1+ (1+Kw?)hy ubuc

which is equivalent to equations (4.6) and (4.7). The initial data (w,u®) for the fluid are
reconstructed through the inversion of ® above.

Theorem 4.1 (Reconstruction theorem for the initial data)  There is a func-
tion s : [0,1) — R such that the map ® defined by (4.11) is a diffeormophism from
[0, (VAEK)2) x R3 to Q, where

Q= {(y7 Ua) : 0 S Yy <s <\/ habvavb) 7habvavb < 1} (412)

Proof (of theorem 4.1) Let p = \/hgu®u®, g be a unit vector and Rz« be the rotation
with respect to the metric hy, such that u* = pRgag. Then

y—=1
w w w1+ (1+ Kuw?)p? =
@ ( aa ) - @ ( praa'lj[,O > = < (1+Kw2)Rﬁa’D,0p1/1+p2 . (413)

1+ (1+Kw?)p?
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Therefore, we can first invert the two dimensional map

w w[l + (1 + Kw?)p?) 7
@( P ) = ( (14 Kw?)py/T4 52 ) (4.14)

1+ (1+ Kw?)p?

for p > 0 and then apply again the rotation. For w > 0, we decompose © of (4.14) as
follows:

2 =1
(w)H(e)H< e+(6+p(e))p2)::<z>|_>(z: ) (4.15)
p p (e +p(€))py/1+p r z
In order to show that this is a one to one map, we need to show that the Jacobian of

G(e, p) = (e+ (e +p(e)p?, (e + p(€))py/1 + p*) does not vanish. This computation results
with

(e+p)2p (e +p) L2 = ——=(1+p(1-7)). (4.16)

Ve ) VIR

Recall that p’ = 8p = 02 is the speed of sound, therefore the causality condition 0% < ¢? = 1
imposes the below restriction of the domain of definition of the map ©:
8p 0
2 1/ _
7 TP T 9 T Be

et<1+<1+p’)p2 (1+p)p 1+p2> (e +p)

(Ke") = K™ = yKuw? < 1. (4.17)

Let S be the strip {0 < w < (\/'yK)’%,O < p < oo}. We now want to show that
O : S — O(9) is a bijection. Clearly, ©(0, p) = (0, —1\/%) maps {0} x [0, 00) to {0} x[0,1)
p

in a one to one manner, and O(w, 0) = (w, 0) is of course a bijection. The line (v7K)~2, p)
is mapped to the curve

o . (4.18)

Since 4 7. > 0, there exists a function s : [0,1) — R such that the curve (4.18) is given by
the graph of s and the image of © is the set below the graph, that is,

O(S) ={(y,z) :y < s(x),0 <x <1}, (4.19)

By (4.15), (4.16) and (4.17) we conclude that the Jacobian of the map ©, does not vanish
in the interior of S, hence © : S — O(S5) is locally one to one map. It is well known that
a locally one to one map between two simply connected sets is a bijective map. [ |
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4.2 Cantor’s conformal method for solving the constraint equa-
tions

In principle there are two possibilities for solving the constraint equation for an asymptot-
ically flat manifold:

e Either to adapt directly the method of York et all, but then one is forced to im-

pose certain relations between R(h) and the second fundamental form (see Choquet-
Bruhat and York [13] for details).

e These undesirable conditions can be substituted by a method developed by Cantor
which we will describe in the following. (This method has been discussed in detail
in the literature, see for example [2], [13], [7] [14] and reference therein.)

In this method parts of the data are chosen (the so-called free data), and the remaining
parts are determined by the constraint equations (4.8) and (4.9). The free initial data
are (Bab, A, 2,5), where A, is a divergence and trace free 2-tensor. The main idea is to
consider two conformal scaling functions, a and ¢.

1. We start with hg, = a*he,. If o is a positive solution to (4.25), then R(h) = 0. The
Brill-Cantor condition (see Definition 4.5) is necessary and sufficient for the existence
of positive solutions. Having solved equation (4.25), we now adjust the given data

to the new metric: A% = 194%, 2 = o787 and j¢ = o~ 1%j°.

2. The second step here is solve the Lichnerowicz Laplacian (4.29) and set
K% = (L(W))™ 4+ a0 A, (4.20)
where (L£(W))* is the Killing operator giving by (4.27).
3. The third step is: If ¢ is a solution to the Lichnerowicz equation (4.30), then it follows

from (4.32) that the data hg, = ¢*hapy, K@ = ¢ 10K 2 = $=82 and jo = ¢~ 10j¢
satisfy the constraint equations (4.8) and (4.9).

For the Einstein-Euler system with the equation of state (2.5) it is essential that the initial
data will satisfy condition (4.12) of Theorem 4.1. Therefore it is necessary to adjust this
method in this case.

Here the free initial data are: -
(hfab7Aab7Q71A}b) . (421)

where A, is trace and divergence free, that is, paA“b = hgpA®™ = 0, where D, is the
covariant derivative with respect to the metric hy,,. We require that the matter data
(g,0%), will satisfy the condition

ogg<s<vmw%§, (4.22)

19



where s(-) is given by (4.19). The remaining initial data are determined by the constraint
equations (4.8) and (4.9), relations (4.10) and Theorem 4.1.

Remark 4.2 The distinction between the gravitational data (hab, Aab) and the matter data
(2,7 ) is caused by condztzon (4.12). For zf we make the scaling hap = O*hay, 2 = ¢ 8%,
and 3° = ¢ then 0® = ¢, § = ¢*0" Vg and hap099° = hay000. Thus, under
this conformal tmnsformatwn, the argument ofs in (4.12) is invariant, while the left hand
side will be effected. Therefore the free initial data are partially invariant under conformal
transformations.

Now, if we perform the conformal transformation
hay = a*ha, (4.23)
then the scalar curvature with respect to the metric izab, R(ﬁ), satisfies
— 8Aza + R(h)a = R(h)a’. (4.24)

Therefore, if there exists a nonnegative solution to the equation

|
— Aja+ gR(h)a =0, (4.25)

then the metric hgy, given by (4.23) will have zero scalar curvature. We proceed the con-
struction as follow. Let A% = a~1%A4% D, denotes the covariant derivative with respect
to the metric hgp, since D,A% = a~1°D, A%, A% is a divergence and trace free 2 tensor.

AssumeAlA( 1is a symmetric covariant 2-tensor which satisfies the maximal slice condition,
that is hep K% = 0. Then we split K by writing it for some vector W:

K=A+L(W), (4.26)
where £ is the Killing field operator
~ ab ~ N\ ab 14 N ~ R 1A N
(L(W)) — <£Wh> — ShTekwh = D" + DyW* — Sk Tekwh, (4.27)
and £yyh is the Lie derivative. The vector W must be chosen so that
A A ~ ab N
DK™ =D, (c(vv)) =3, (4.28)

that is, W is a solution to the Lichnerowicz Laplacian system

A

~ ab 1 4 ~ ~ A
(A, W)" = Do (L))" = 2 + D (Dawe) + R = . (4.29)
here ]A%Z is the Ricci curvature tensor with respect to the metric fzab.
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Having solved the Lichnerowicz Laplacian (4.29) we consider the Lichnerowicz equation
— N =212 + 8KbK o (4.30)
Now we put hy, = (b‘%ab, Ky = gb*Zf(ab, 2 =¢ % and j° = qb*lojb. Since
D K™ = ¢~ 10D, Kb — =107 — jb (4.31)
and
— Do = qu%R(h) = ¢ (zm + éKﬁK{}) = ¢’ <2w2¢8 + éf(ﬁf(ﬁgﬁm) . (432)

we see that (hay, Ka, 2,7°) satisfy the constraint equations (4.8) and (4.9). In order that
the matter variables and (z,j) satisfy the compatibility conditions (4 6) and (4.7) it is
necessary to check that y = 25 = (qﬁ_gé)vl’ = ¢ *0"Dg and v® = L = ¢ 20" satisfy

condition (4.12). Indeed,

0<y<s (\/ habvavb) S0< ¢ 0Ny < g ( Babﬁ“ﬁb) , (4.33)

but since ¢ > 1, ¢~* y < y and thus assumption (4.22) assures condition (4.12).

Theorem 4.3 ( Construction of the gravitational data) Given the free data
(hap, Aap, §,0°) such that (hagy, — 1) € Hys, Agy € He 1501, (§,0°) € Hy 1442, g < s <
% + % and —% << —%. Then the gravitational data:

hap = () hap and — Kag = (pa) 2 Ag, + ¢ 2L(W)

satisfy the constraint equations (4.8) and (4.9) with z = ¢3% and j° = ¢~°° as the right
hand side. In addition, (heg—1) € Hys and Kq € Hs_1 541 and therefore Zf% <s< %—I—%,
then these data have the needed reqularity so they can serve as initial data for hyperbolic
system (2.33) of Einstein gravitation fields.

Proof (of Theorem 4.3)

e The free data are (hap, Aap, §,9°), where (hgy—I) € Hy5, Ay € Hy 1541 a divergence
a trace free 2-tensor and (7, @b) € Hy 1542

e The function « satisfies equation (4.25), so by Theorem 4.6 o > 0 and (o —1) € Hy
provided that s > 2 and § > —%. Since a is continuous and limjg_o a(z) —1 = 0,
there is a compact set D of R? such that al(z) > 3 for ¢ D and minp a(z) > t, > 0.

e The function F(t) := 1= has bounded derivatives in [min{t, },00), so by Moser
type estimate Theorem B.7 ™! —1 =2 € H;.
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e Now, by algebra (Proposition B.5), (ha — I) = (a*he, — I) € H,s and A® =
a 104 ¢ Ho 1541.

e The matter variables (2, j°) are given by 2 = g)vzl, 7% = 20, So by Proposition B.6,

z € Hy_4 549 provided that % <s—1< % —I—% and also j° € H,_; 5.9 by the algebra
property .

e The vector W is a solution of the Lichnerowicz Laplacian (4.29), thus according to
Theorem 4.8 below, W € H, if s > 2. Hence K given in (4.26) belongs to H,_; 5. 1.
Again, by Proposition B.5, KSK,? € Hy_5540if s >2and ¢ > —%.

e Setting u = ¢ — 1, then Lichnerowicz equation (4.32) becomes
1~ -~
— ANju=2m3(u+1)"% + gKSKg(u +1)7" (4.34)

e So applying Theorem 6.12 with s’ = s and ¢’ = J results that (¢ —1) = u € H, 5 and
(p—1)=u>0.

Combining our results of Section 4.1 with theorem 4.3 we obtain the following corollary:

Corollary 4.4 (Construction of the data for the fluid) Given the free data
(Raby Aqp, §,0°) such that (hay — I) € Hys, Aw € Hy—1541, (§,0°) € Hy_1540, 2 < 5 <
% + %, —% <0< —% and (g,0*) € Q, where Q is given by (4.12). Then the data of the
four velocity vector u® and the Makino variable w are: y = ¢~ *0~Dg, vb = ¢—20?,

(w,a") := & (y,v*) and @’ =1+ hgua’
and the data for the energy and momentum densities are: z = y%, J¢ = zv®. These data
satisfy the compatibility conditions (4.6) and (4.7). In addition, by Moser type estimate
Theorem B.7 and Proposition B.5 (w,u®) € Hs 1.9 and u° — 1 € Hy_1 542 and therefore
zf% <s < % + %, then these data have the needed regularity so they can serve as initial
data for the hyperbolic system (2.16) for the perfect fluid.

4.3 Solutions to the elliptic systems

This section is devoted to the solutions the linear elliptic systems (4.25) and (4.29). The
assumption on the given metric hy is that (Bab — I) € Hy5. So according to Theorem
6.7 of Section 6, the operator Ay : Hy5 — Hs_ 94549 is semi Fredholm. In fact, it is an
isomorphism, this can be shown in a similar manner to Step 1 of Section 6.3. We now
consider the operator

1
L= _Af_z + gR(h) : HS75 — H372,6+27 (435)
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which is also semi Fredholm. If R(h) > 0, then L is injective. A weaker condition is that L
does not have non-positive eigenvalues, this known as the Brill-Cantor condition [8]. The
variational formulation of this property is:

Definition 4.5 (Brill-Cantor condition) A metric hg, satisfies the Brill-Cantor
condition if -
> i (|Du|}2Z + %R(h)uQ) dug,

>0 4.36
i ul? / (4.3

where the infimum is taken over all u € C§(R?), |Dul} = h**d.udyu, ||ul? = [u’du; and
1y, 18 the volume element with respect to the metric hyp.

This condition is invariant under conformal transformations, a fact which has been proved
for example in [12]

Theorem 4.6 (Construction of a metric having zero scalar curvature)  As-
sume the given metric hq, satisfies (Bab —Oawp) € Hs5, 5> 2,0 > —% and hg, satisfies the
Brill-Cantor condition (4.56). Then there exists a scalar function o such that o —1 € Hys,
a(z) > 0 and the metric ﬁab = a*hyy, has a scalar curvature zero.

Proof The desired « is a solution to the elliptic equation (4.25). By setting u = a + 1

this equation goes to

1 - 1 -
Lu = —Aju + gR(h)u = —gR(h). (4.37)

We define for 7 € [0, 1], Lru = —Aju+ g R(h)u. If Lyu = 0, then by Lemma 6.9, u € H, _,
S0

0= (u, Lyu) = / (|Du|,% + gR(ﬁ)uQ) e (4.38)

Now, if [ R(h)u*du; > 0, then obviously (4.38) implies that u = 0. Otherwise
[ R(h)u*du;, < 0, then there is sequence {u,} C Cg° such that u, — u in H,_; - norm
and

/ (|Du\,% + éR(ﬁ)uQ) dpy, = lim / (|Dun\§ + %R(ﬁ)ui) dpy, > 0 (4.39)

by the Brill-Cantor condition (4.36). Substituta (4.39) in (4.38) yields
0= / (|Du|,§ + éR(h)uZ) duj, + r g D /R(h)zﬁduh, (4.40)
which is certainly a contradiction. Thus L, is injective for each 7 € [0,1], Ly = —A;, is

isomorphism, hence L; = —Aj + éR(ﬁ) is isomorphism by Theorem 6.8.

Having proved the existence, we now show that @ = u + 1 is nonnegative. The set {z :
a(x) < 0} has compact support since lim, ., u(x) = 0 by the embedding Theorem B.13.
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So letting w = —min(a,0), we have w € H(R?) and if the set {z : a(z) < 0} is not
empty, then w # 0 and then the Brill-Cantor condition gives

1 -
[, (1put+ gR®?) s >0 (4.1
a<

On the other hand, according to Definition 6.10 of weak solutions,

0= / <(Da, Dw)j, + éR(fz)aw) duj, = — /{M} (wa|§ + éR(/‘z)uﬂ) dug,.  (4.42)

So we conclude that o« > 0. Since o > 0, we have by Harnack’s inequality

supa < Cinf «
B, B

provided that B, is sufficiently small ball. Hence, the set {a(xz) = 0} is both open and
closed, which is impossible. Thus «a(z) > 0. u

Remark 4.7 The conditions for applying Harnack’s inequality to a second order elliptic
operator

Lu = 0, (Aw(x)0pu) + C(z)u

are boundedness of the coefficients (see e. g. [15]; Section 8) However, following carefully
the proofs we found it can be applied also when the zero order coefficient belongs to Li (R?)
with q > % In local coordinates equation (4.25) takes the form

Lo =8, (,/mmababa) = IR =0,

For s > 2, \/|h|h® are bounded and non-degenerate, while \/|h|R(h) € L% _(R?).

loc

We turn now the Lichnerowicz Laplacian system (4.29) for which we present:

Theorem 4.8 (Solution of Lichnerowicz Laplacian)  Let ha be a Riemannian
metric in R® so that (h —I) € H,s. Let vector g% € Hy 9519, 5> 2 and 6 > —%. Then
equation (4.29) has a unique solution W € Hs.

Proof (of theorem 4.8) In order to verify condition (H1) of Section 6.2 we compute
the principle symbol of La. in (4.29). For each §, € T;M, the principle symbol is a
linear map from FE, to F,, where E, and F, are a fibers in T, M. In local coordinates
A = he*d,0, + lower terms and D, = 9, + F(ﬁ“b, 8?1(117), hence

(82, (9)! = le2a% + 5% (1.43)

So
) 1
(AL, (&) mom), = b (La, ()] n™n° = |€2[n2 + S (&) > [l Inl}. (4.44)
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Thus (A L (& ))Z has positive eigenvalue and therefore La; is strongly elliptic. Furthermore,
by Proposition B.5 and (B.23) we have that if (ke — I) € Hys, s > 2 and 6 > —3, then

AL;L : Hs,6 - H372,6+2-

Hence, we may apply Theorem 6.8 in order to obtain existence of the elliptic system (4.29).
For the given metric hay we define one parameter family of metrics by = (1 — )1 + th,
0 <t <1, and the following associated operators with respect to these metrics: (D,); the
covariant derivative, £; the Killing operator and L, = Ay, = (D); - L, the Lichnerowicz
Laplacian. We want to show that L, is injective. We recall that —2L; is the formal adjoint
of Dy (see e. g. [3]), in addition, if L;(W) = 0, then by Lemma 6.9 implies W € H, _;.
Thus we may use integration by parts and get

0= (W,LW),, = /(ht>ab WeL(W ) dyin, = / (he) oy W(De)e - (L) dpan,

(4.45)
. / () gy () g (L) (L) 1, = —2 / L) 2, in
Now, if let h = |h|"3h, then
-~ 1 2 1
Lwh = |h| 73 (i’wht - htg(Da)tW”> = k| B L(W). (4.46)

Thus L,(W) = Ap, (W) = 0 implies W = 0 if and only if there are no non-trivial Killing
vector fields W in H, _;. This fact has been proved by G. Choquet and Y.Choquet-Bruhat
9] for s > I, D. Christodoulou and N. O’Murchadha for s > 3 + 2 [14], and Bartnik for
s > 2 [1] (See also Maxwell [29], where he obtained the minimum regularity s > 3 ). Now
Ly = Ay, is an operator with constant coefficients, so by Lemma 6.5 is an isomorphism. m

5 Local Existence for Hyperbolic Equations

In this section we prove an existence theorem (locally in time) for quasi linear symmetric
hyperbolic system in the H,s spaces. The known existence results in the H® space of
Fisher and Marsden [16] and Kato [23] (see also [38], [37]), cannot be applied to the
H, 5 spaces. The main difficulty here is the establishment of energy estimates for linear
hyperbolic systems. In order to achieve it we have defined a specific inner-product in Hy s
(see Definition 5.3) and in addition the Kato-Ponce commutator estimate [21], [38], has
an essential role in our approach. Once the energy estimates have been established in the
H, s space, we follow Majda’s [27] iteration procedure and show existence, uniqueness and
continuity in that norm.

We consider the the Cauchy problem for a quasi linear (uniform) symmetric hyperbolic
system of the form
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3
A%(ust, x)0pu + Z AYu;t, x)0qu + B(ust, x)u + F(u;t,x) = 0,
a=1

u(z,0) = up(x).

(5.1)

under the following assumptions:

H1) A® are symmetric matrices for « =0, 1, 2, 3;

(H1)
(H2) A%(u;t,x), B(u;t,z), F(u;t,x) € C* in each variable;
(H3) (AO(Oa ta ) - I) ’Aa(o; tv ')7 B(07 ta ')7 F(Oa tv ) € Hs,5;
(H4)

H4) 0,A° € L.

The main result of this section is the well posedness of the system (5.1) in H, 5 spaces:

Theorem 5.1 (Well posedness of first order hyperbolic symmetric systems in
H,s5) Lets>2, 6> -3 and assume hypotheses (H1)-(H4) hold. If the initial condition
uy belongs to H, 5 and satisfies

1
—Saguguy < Adgugug < péaguiug,  p R (5.2)
i

then there exits a positive T" which depends on the Hgs-norm of the initial data and there
exists a unique u(t,x) a solution to (5.1) which in addition satisfies

u € C([0,T), Hy5) NCH[0,T), Hy_1.641)- (5.3)

Remark 5.2 Condition (H3) is sometime too restrictive for applications. We may replace
it by

(H3’) (A°(U°t,-) — 1), A*(U%¢,-), B(U%t,-), F(U%¢,-) € Hyg,

where UY is a constant vector. Setting u = U® + v, then v satisfies
~ 3 ~ ~ ~
A(v;t, 2) 0w = Z A(u;t, x)0uv + B(vit, x)v 4+ F(v;t, x)

a=1

v(x,0) = up(x) — U°

, (5.4)

where flo‘gv;t,q:) = AU + v;t,z), B(v;t,x) = B{U® + v; t,z) and F(v;t,z) = F(U° +
v;t,r)+ B(U+wv;t,x). The Moser type estimates are valid under assumptions (H3’) (see
Remark B.10).
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5.1 Strategy

We will proceed with the following strategy:

1. The establishment of energy estimates for linear systems in the fractional weighted
spaces H,s.

2. We approximate the initial data by a C§° sequence and then construct an iteration
process which consists of solutions to a linear system having a Cg° initial data.

3. We show that the sequence which is constructed by the iteration process is bounded
in H;s-norm and weakly converges to a solution.

4. At the final stage we prove uniqueness and continuity in H, s-norm.

5.2 Energy estimates in the fractional weighted spaces

The energy estimates are indispensable means for the proof of well posedness of hyperbolic
systems. In order to achieve it we introduce an inner product which depends on a matrix
A. We assume A = A(t,z) is m X m symmetric matrix which satisfies

1
~UTU <UTAU < pU'U (5.5)
i
for some positive . Here BT denotes the transpose matrix. We recall that f.(z) = f(ex),
the sequence {t;} is a dyadic resolution of the unity in R* which is defined the Appendix

A and that A*u = F~' ((1+ [¢]?)2Fu), where F denotes the Fourier transform. In this
section the expression (5.6) below will serve as a norm of the space Hy:

. (5.6)

[l

00 5 .
me = Z 2(2+5)2J||(¢J2u)(2j)|
=0

Corollary A.5 implies that (5.6) is equivalent to the norm of Definition 3.1.
Definition 5.3 (Inner Product) For a symmetric matric A = A(t,x) which satisfies

(5.5) we let

(,v)spa = Y 20N (7)) » (A)ys A (30)20) ) 1o
=0

o0

N / A (WFw)en)] (A [A° (Wf0)e)] e (5.7)

J=0

and its associated norm HuH%IM = (U, U)s5.4-
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Obviously (u,v)ss4 = (v,u)ss .4 and from (5.5) we obtain the equivalence,

1
ol i, < llul

5,0 —

%IS,(S,A S /’L||u| %‘Is’g' (58)

We come now to the crucial estimate of this section.

Lemma 5.4 (An energy estimate) Lets > 2,0 > —3 A = A%(t,x) be m x m
symmetric matrices such that (A°(t, ) —I), A%(t,-) € Hys and A° satisfies (5.5). If u(t) =
u(t,-) is a C3° solution of the linear hyperbolic system

3
A°(t, )0 = Z A%(t, x)Oqu, (5.9)
a=1
then
Sl o < C (ulu@l,,, +1) (5.10)
dt u H, 5 20 = Hirw H 5 40 ’ ’
where € = C(|A° = Il A%, 100l 10A° | 1oe).

An essential tool for deriving these estimates is the Kato & Ponce Commutator Estimate

[24], [38].

Theorem 5.5 (Kato and Ponce) Fors>0, fe€ H*NC, ge H'NL>® we have

1A*(fg) = FAN°gll> < CHUINV fllze lgllms—r + 1F s llgllzee} - (5.11)

This estimate will be used term wise in the inner product (5.7).

Proof (of lemma 5.4) Since u is C§° we may interchange the derivation with respect to
t with the inner-product (5.7) and get

d
% <U, U>S’5’AO = 2 <U, 8tu)s,ﬁ,AO
b 32 [ [ ()] 040, [ ()] 4
=0

(e}
< 2(u, Opu) g 5 40 + 10, A%|| Lo (Z 2(%+6)2j"(1/;]2u)(2j)| %)
=0

= 2{u,0) 5 0 + 10:A° | Lo lull T, (5.12)

We turn now to the hard task of the proof, namely, the estimation of (u, yu), s 40. Put

B() = (A" (), ) . ((A%2) A* ((0),, ) ) (5.13)
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and let {¥;} be the sequence of functions which is defined in the proof of Theorem B.8
(Up(z) = ml/}k(l‘)) It follows from the definition of the sequence {1} (see Appendix

A) that

\Ijkwjz.;éo only when k=5 —3,...,7 + 4. (5.14)

B() = <As<( 1)) ((4%2) ((ZQ o >>

= g: <A5 (( ?u)2j> ; ((AO)2J') A® ((\I’k)z]’ (;D?@tu)2j>>L2

= 32 (0, o (0 50, ) 0 4 50, ],

j+4

+ > <As< (¢2u) ) (T A% A (¢§8tu)2j>

k=j—3

L2

- El(j7 k) + EQ(j7 k)

This splitting will enable us to estimate Es(j, k) in terms of the Hys norm of A — I while
by Theorem 5.5,

| EL (7, )
< [ (@] 100 4 (0 @20),,) = (0 A° (020) |
< H(wjgwy s AOHLO@{||V<‘I]’€)2J‘HL°° (w?at“%j H,1+||<‘I’k) 1 i (wfﬁtu)gj LOO}
< Ao (|| ), | @200, ]| (5.15)

In the last step above we have used the below useful estimates. First, by (A.4) and (5.14),
IV (U1)gsll oo = 27 [V oo < C2277 < 8C. (5.16)

Secondly, from (A.12) we see that

-3 2
2 < € ||f| Hs) € <1
I s S Wl <51 )

Hs»

Recalling that vx(z) = ¥1(27%z) and (¢Yr(z)),; = (¥1(x))y—, applying the above and
combing this with (5.14) and Proposition B.1, we have
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1(Wk) sl = < CON(r) il

<Z %) (%)2;

J

-
= ey, < 2B Il (5.18)

Finally, by the Sobolev embedding

[l e < Cllvll s (5.19)

we obtain

(v30),,

< 0 ||(v30um),,

Loe Hs—1 )

Byik) = (A ((v

)
<.
e
>
=
N—
[N}
.
SN—
-
vy
/
—
S
S5
N
SN—"
[}
<.
N——
\/
[ V]

L2

In the estimation of the first term F3(7, k), the Kato-Ponce commutator estimate (5.11) is
being used again:

| E3(5, k)]
< (),

(19 (), |, | w2o),

), || (w0,

o

HS
From (5.16) and the embedding (5.19), we have
9 @A) e = 2T = D) e +2 [T

C {Qj H (VI (A% — [))2J'HHS_1 + 1}

ol

IN

and from (5.18)

1)y [ < (0 (A7 = D))y ] 1V (E)illgre < [ (2 (A7 = 1)) [ + €
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Thus

IN

IN -+

+ 4

|E3(4, k)|

Ol @), ||, ||, {2 1(Fe (A = D), ), 1)

C\ @), || |20, (I =D),],. + 1}

Ol|wh), | ||, | {2 (Ve = D), 1) 5:20)
O @), ||, 10w (A° = 1)), | . N0l

o G (20 T

Now equation (5.9) is being utilized and

E4(j7 k) =

(3 ((800,) 2 (O0s2), (400, )

(v (130, (1w, () )

Z A ((Y2u )21>> ((\I/kAa)Qj (¢]2.aau)2j>> (5.21)

L2

—_

L2

(e (
3 (A (02w),,) [0 (@A), (V200),, ) — (947),, A° ((430,0),,)] )
<As ((wz )y) 7 [(\Ikaa)Qj AS ((wj?aau)m)] >L2

1
E5<j7 kva) + EG(j?kva)'

Again, by Kato-Ponce commutator estimate (5.11),

|E5(j, k, )
< o @), |, {1V @Al || @200, | e, . (2o,
< o), | VAT 1A 2 |, | 6522
+ O\ @)y | IN2kA) gy N10att] e

Using the commutation 9,A° = A®J,, the symmetry of A* and the fact that A® (wjzu) is
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rapidly decreasing, we calculate E4(j, k,a) as follows:

o = [a{ i ((20,)] [ (wsu)y)] } s

(G
+ 2j2/ { [AS <(wj2u)23>]T (\I’kAa)Qj [AS (((aad’j)d’ju)za‘ ]}dm
) )2

w2 [{[a (@,)] @, [ (@h),,)] i

Since A% is a symmetric matrix, the first and the second terms are equal to Eg(j, k,1),
and the third is equal to the forth one. Hence by Proposition B.1 and Cauchy Schwarz
inequality,

2B k) < 2 (Al @yl @),
100 (AN, [ 020), |
C A e 105 | (020)

{1024 e + C 1A} | (020)

+

IA

2 || e

Taking the sum 3 229% E(j) we are coming across three types of summations:

1. Given v € Hy, 5, w € Hy, s and ; equals 1 or 2, then

S 269 || 0) |y, 107021
§=0

1 (<& .
= 5(22@”)% 15 0)ai [y + 2579 | (w) QJHH)

=0
< (ol , + el )

where in the last inequality the equivalence of the norms (A.18) was involved.
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2. Given v € Hys and w € Hy g, then from the scaling property (5.17) and Proposition
B.1 we have

oo j+4 . .
> D 2@y Wk}l
=0 k=j—3
1 o jt+4 s ‘ ) 1 o jt+4 s '
SEPIPIE LG (GO P> DD BE R LD 2
j=0 k=j—3 j=0 k=j—3
7 AL
< gl +C2 3 25 (Tl
j=0 k=j—3
7 AL
< gllelli, + 03 3 2 l(Wew)a .
j=0 k=j—3

< (ol , + Tl

2
Hs,(s .

3. Givenv € Hy, 5, w € Hy, 5, 2 € Hy, 5 and ; equals 1 or 2, then by Holder inequality
and the same arguments as in type 2, we get
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oo j+4

S 2 2 0)y |y 1702 [y 2 IV (252 g
j=0 k=35—3
oo j+4
< D0 D0 280y 25 (w0 25T (02 s
j=0 k=35—3

3 . 2
2(§+6)2j (w;_ylv)y

IN
R

2(%+6)2j (¢;Y2w) .

4 3
3 .
’ C( 3 2l H<v<wkz>>2krzssl>
7=0 k=j-3
o Jjt+4 2
< 71
< (X5 feral),)
7=0 k=5-3
oo j+4 9 2
+6 2] Y2
: (222 oo,
j=0 k=5-3
o jt+4 %
L0 3p SERELTSIN Y
0 k=j—3
< Clollay,s Nwlla,s V2, 60
< Clolla,s Nwlla,s 2l
2
< € (0l + (ol lslin, ) ).
Applying these three types of inequalities we have,
co j+4 .
3 i . a a 2
0D 2B RE( k)] < O (|A e + 11024 <) [[ull?,, - (5.23)
j=0 k=j—3
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oo j+4

>0 > 2B B (k)] < C (VA o+ 114%1 ) {

§=0 k=j—3

2
Hgﬂ(; + ||8au|

2
Hs 1,511

c {uunésé 114, 190l b < C VA e+ 1A% ) {ally,, + el }
c{llull,, + 1A%, , 10al,_, ., } (5.24)
{2 94l 52 A+ 12 1l

here we have applied the embedding (B.SO) to ||| . Applying the same to ||0yul| e
we have

N+ +

oo jt4 s ‘
> > 2ETH B k)]
j=0 k=j—3
2
< b, + 10wl V(=D b+ 20 {ild,, + 10w, b

{||u||H @A =1
20 {llull,, + 100l (1 +]l4° =11

A, (5.25)

n))

IN +

and finally

S~ 2215 ()] < OJ|A4%| . (Il + N0l L - (5.26)
7=0

Recalling that

(u, atu>s§A0 — ZQ( +5)2JE ZQ( 34+5)2j <AS <(¢ u) ) ((AO)QJ') A® ((¢]?8tu)2j>>L2,

7=0

then inequalities (5.23), (5.24), (5.26) and (5.26) imply that

(1, 05,00 < C (1A e, [V A% o, A% L 0 140 = Tl 100l ) { i, + 1)

Since s > 2 and § > —3 we can use Theorem B.13 (of the Appendix B) and bound the
norms || A%*|| g and ||V A®|| e by by the norms [|A°—1| x, ; and |[|A%||g, ;- Thus, combining
these bounds with above inequality and inequality (5.12), we have obtained

d
= {ult), u(®) 00 < C (), +1). (5.27)
where C' = C(||A%|n, 5, |A° = ||, 5, [|Ovul 1, 5: |04 A% ). Inserting the equivalence of

norms HUH%,M < /LHUH?{S’&’AO in (5.27), we obtain (5.10) which completes the proof of
Lemma 5.4. -
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We may extend the energy estimate (5.10) to a non-homogeneous symmetric hyperbolic
systems.

Lemma 5.6 (An energy estimate) Lets > 32,0 > —3 A = A%(t,z) be m x m
symmetric matrices such that (A°(t,-) — I), A%(t,-) € Hss and A° satisfies (5.5). Let
B(t,-), F(t,-) € Hss. If u(t,-) is a C§° solution of the linear hyperbolic system

3
At 2)0u = Z A%t 2)0qu + B(t,x)u+ F(t,x), (5.28)
a=1
then p
@, <O (ulu®F, , +1), (5.29)
where the constant C' depends on ||A%||g, 5, |A° = a5, 0wllm, s 110:A% e, 1Blly, ,

and || Fly, .

Proof (of Lemma 5.6) This proof is precisely as the previous one expect the two terms

<As ((wfu) 21) A® ((\Ika)Qj (12u) 2],) >L2 (5.30)

and

<AS ((@Df-u)y) A ((‘I’W?F)y» (5.31)

L2
which are added to (5.21). Using the algebra properties of H® spaces, we see that (5.30) is
less than
[(V4B), |

2 2
C||wu),, Bl

HS

i < C| (),

and by Cauchy Schwarz inequality (5.31) is less than

<oy {f e, e

Multiplying (5.30) and (5.31) by 2(2192 and taking the sum, it results with two quantities

5.
.51 Bl

¢ |w3u),, " |wie,

(\DkaQF) 2i

Hs H Hs

less than ||ul ,; and ( [ullf,, + ||FH12L15> respectively. ]

5.3 Construction of the iteration

We assume ug(z), the initial value of (5.1), is contained in G, where the origin belongs to
(GG and G, is a compact subset of an open set G of R™. In addition we assume,

1
EUTU <UTAU < pUTU  forall U € G, (5.32)

where (G5 is a compact set of GG such that G; € Gy and p > 0.
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Remark 5.7 Since the matriz A° is continuous, the initial condition (5.2) guarantees the
existence of a domain G.

The initial data ug will be approximated by a sequence {uf} of smooth functions with
compact support, which converges to uy in H,s(R3). Tt follows from the embedding
vz < C||v||n, ; and the density Theorem B.14 that there is a positive R, ug € C§°(R?)
and {uf}2°, C C°(R?) such that

lugllrs < Clluolls, s, (5.33)
R
0_ < = 5.34
HUO uo‘ Hs,(; — ILL8, ( )
||u—u8||Hs’6 <R=ueG, (535)
and
lug — uollm, 5 < g h (5.36)
s,6 — /4L8

The iteration procedure is defined as follows: u’(¢,x) = u)(z) and u

to the linear initial value problem

kL(t, z) is a solution

3
A% (Wbt ) okt = A% (uF:t, 2)0,uf T + B(uF t, o)t + F(u®it, o),
(= 3 A2 st gt Fatta),

uF (2, 0) = uf ().

The existence of {u*(t,z)} C C5°(R?) follows from:

Theorem 5.8 (Existence of classical solutions of a linear symmetric hyper-
bolic system) Let A*, B and F be C™ functions and vy € C§°(R?) be an initial datum.
Then the linear system
3
At )00 =Y A*(t, )90 + B(t, x)v + F(t,x)
a=1

v(z,0) = vo(x)

(5.38)

has a unique solution v(t,x) such that v(t,x) € C* and it has compact support in R3 for
each fized t.

For the proof we refer to John [21]. It is evident from these facts, inequalities (5.32) and
(5.35) that for each k, u*(t,z) is well defined, u*(¢, ) € C°°, u*(t, r) has compact support
in R® and u*(t, ) € Gy for some positive T. We put

T, = sup{T : sup |Ju"(t) —u||lm,, < R}. (5.39)
0<t<T

Our next issue is to show the existence of T > 0 such that T, > T for k = 1,2, 3, ...
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5.4 Boundness in the Hs; norm

We introduce the following notations: u(t) := u(¢, ) and

el o= sup{llu®) ., 0 < ¢ < T}.

The main result of this subsection is:

Lemma 5.9 (Boundness in the H;; norm) There are positive constants T* and L
such that

(A) [[u* = uglll 50~ <R
(B) |||8tuk|||s—1,5+17T* S L
Proof (of lemma 5.9) We first prove (B). Let

3
GRHL — ZAa(uk;t,a:)(?aukH + B(uk; t x>uk+1 + F(uk; t, .1'),
a=1

then by the algebra property (B.12) and Moser type estimate (B.23),

[l Pan.

> A

< D (CluMl, s + 1A O, ) e N5 + (Cllu® o, + 1BO) 1, s) Nz,

a=1

+ C'||uk|

IN

| Qo | [u|

Hg 1541 + H B(uk”

H.5 + [F ()]

Hs,6 HS,(S H\Syé

i,; + [|1F(0)]

His- (5.40)

The constant C here depends on || A%||cv+1(ay), || Bllov+1(ay), | Fllev+1(a,) and [[u¥] e (see
(B.18)). Since

I @)l 5 < M (8) = wgllar, s + gl o (5.41)
the induction assumption (A) and the inequality (5.33) imply that |[u*||g,, < R +
Clluo| ., Using the embedding [[u*|| e < C|lu*||n, ;, we see that ||GF 4, .., < Ci(R),
where the constant C}(R) depends upon R, condition (H3) and the initial data, but it is
independent of k. From (5.37) we have

Q= (A% (uF; t,x))_l Gt = ((Ao(uk; t,m))_l - ]> GFL 4GP
Repeating same arguments as above, we conclude that
I (At 2) ™ = 1) G** e, < Co(R)
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and the constant Cy(R) does not depends on k. We take L = C}(R) + Cy(R). Here

we have used Moser estimate with F(u) = A7'(u) — I, and the formula BA(;;(“) =
A7 (u) 28 A1 (). Thus the constant C(R) depends on || A%||on+2(q,) and p.

We turn now to show (A). Let VF1 = ¢**1 — 49 then inserting it in the equation (5.37)
we have obtained

Akt )0, VETE = AV (Rt a)uftt = ZAau t,2)0,urt 4+ B(u¥; t, 2)uf + F(u”;t, x)

3
= Z APt 2)0, VT B(uFt, 2)VET 4 P(uFi it 2) (5.42)

a=1

3
+ Z A%(uPst, 2)04uf) + B(uF;t, v)u

a=1

and VF+1(2,0) = ub*t(2,0) — ud(z). At this stage we would like employ the energy
estimate Lemma 5.6. Due the the fact that the coefficients of (5.42) depend on u*, it
is obligatory to control the constant of (5.29) in terms of ||u¥||y,,. Therefore we need
to bound || (A%(u*;t,) — 1) [l 14° (W5 £, 2)llm, o, [ B2 i,y I F (s t,2) L, , and
|2 A%(u*;t, )| L by ||u¥ |, ,- The first four are 81m11ar so take for example A%(u;t x)
We use assumption (H2), Moser type estimate (B.19) and Remark B.10, then

1A% (w5, 2)]

t,s < C{IA lonsiay (1+ Ilutll7) } [lu’]

w5 + A0 ) a5 (5.43)

For the last one we have

0 0
||8tA0(u t,x)|| L~ = || Ao(u t, )0 (t, ) + 0.A (W t, 2) || oo
0
§||8—AO(U 1, @) || = [0t (¢, @) | e + 10:A° (s 8, @) | (5.44)

< Cllg- Ao(u t, ) e[| Opu® (¢, 2) | 1

Hg 16541 + ||atA0(uk;t7x)||L°°'

We conclude from inequalities (5.43) and (5.44), the inductions hypothesis (A) and (B),
(5.35) and (H4) that the constant of (5.29) depends on R, L, |lugl|z, ; and the H, s-norm of
the coeflicients, but it is independent of k. Hence, the energy estimate Lemma 5.6 implies
that

d
SIVE@IE o < CRL) (V@I +1), (5.45)
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Applying Gronwall’s inequality, (5.34), (5.36) and the equivalence (5.8) results in
HWH”H?,&,T < UGC(R’L)MT <uHVk+1(0)H%{S,6 + T)
= eI (!~ 4 T)

MeC(R,L)#T <M (”ulg—l-l | %15,5> X T)

R\?2
eCURLINT <2u2 (ﬁ) + MT) . (5.46)

Therefore |||Vk+1|||§,§,:r < R?% if

IN

i, 1 g — ol

IN

1 R? log(32)
T<—— log | — < .
nC (R, L) ( (£ + uT)) pC(R,T)

Thus taking T* = :gg(ng)) proves (A) and completes the proof of Lemma 5.9. n

5.5 Contraction in the lower norm

We show here that {uk } has a contraction property in ||-||o,,r++ for a positive 7**. In order
to achieved it we need an energy estimate in Hy s «~ L. For that purpose we introduce the
below inner-product in L2: for two vectors u and v in L, we set

(u, v) 2 00 = / (14 |z)® (u"A%) du, (5.47)
and its associated norm [[u|3, ,, = (u,u) 12.40- The ordinary norm is denoted by |ul]2, =
5 ’ 5
(u,u)p2 ;. Since A” satisfies (5.32),
Lo 2
EH“Hg; < (u, u)pz a0 < pllullz,, (5.48)

and hence by Theorem A.2, HU,H%?’AO ~ lull gy -

Proposition 5.10 (Energy estimate in L?) Suppose u satisfies the linear hyperbolic
system (5.38), then

d

(), u(t)) rz.00 < pClu®), u(®)) g0 + [ Fllz, (5.49)

where C' = C([|04A°| oo, [| Al (| Blloe, 100 A% o).
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Proof (of Proposition 5.10) Taking the derivative of (5.47) with respect to t, we get

d
£<U>U>L§,A0 = 2(u, Opu) 12 a0 +/(1 + |z])* (u" 0, A') da
3
- 22/(14—\3:])25 (u” A®B,u) dx+2/(1+yx\)25 (u” Bu) dx
a=1
+ 2/(1+ |z (u"F) dx+/(1+|x|)25 (u” 0, A%) da
3
= 2) Lia+2Ly+2Ls + Ly
a=1
Clearly,

| Lo| < IIBHLw/(l + le)* JulPde < || Bl = lull7s

and in a similar way we obtain the estimates of L, while by Cauchy-Schwarz inequality,
1 2 2
12l <l 3Pl < 5 (s + 1FIES)

Now,

0 = /8a ((1 + |z))* (uTAau)) dx

= 25/ (1+]z)> ! Lo (u"A%) dx + / 1+ |z)* ((Oau)" A*u) da

]

+ /(1 + |z)? (u"0,A%) dx + / (1+]z))* (u" A*O,u) du,

and since A" is symmetric, the second and the fourth terms are equal to L;,. Hence,

A0
Aol < 2 (el {5 (P ot [ (o4 Lol) 0,7 s

< (1Al + 10aAll e ) lullZs

In order to proof the contraction we shall also need the following proposition.

Proposition 5.11 (Difference estimate in L}) Let G : R™ — R™ be a C' mapping.
Then
1G(u) = G)lI7z < VG llu —ll7,. (5.50)
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Proof (of Proposition 5.11)
IG(u) = G(v)|Iz: = /(1 + |21)* (G(u) = G(v))* da

_ /(1+ )% (/01 VG (su+ (1— s)v) (u—v)ds>2dx < [IVG el = 02,

Lemma 5.12 (Contraction in a lower norm)  There is a positive T, 0 < A < 1
and a positive sequence {fy} with >, Br < 0o such that

I =¥l e < Alll = g e+ B (5.51)

Here [|[ulll 5.7+ = sup{|[u(®)]|m,, : 0 < <T™}.

Proof (of Lemma 5.12) Since u* satisfies equation (5.37), the difference [u*™ — u¥] will
satisfy

A (WMo [ttt — ] = Z A (uM)9, [t — ] + B(u®) [uF — uF] + F*,(5.52)
where
F¥ o= = [A%ub) = AW D)] ot + ) [A (b)) — A (b)) Dput

a=1

+ [B(uk) — B(uk’l)} uf + [F(uk) — F(uk’l)] .
Applying Proposition 5.10 to equation (5.52) above we have

%([ukﬂ — ], UMt - uk]>L§7Ao < pO([uf Tt —uF] | [ — U,k]>L§’A0 + ||Fk||i§ (5.53)

Thus Gronwall’s inequality yields,
t
HW“@—M@NgmswﬂnWﬂ@—wmmam+4uﬂ@my4.@M)

The constant C' in inequalities (5.53) and (5.54) depends on [|A*(u¥)||re , || B(u")| 1o,
10:(A°(u*)) || 2 and ||, (A*(u*)) ||r. The first two of them are bounded by a constant
independent of k, since it follows from (A) of Lemma 5.9 that u* € G5. The estimation of
|0,(A°(u*))|| Lo is done in (5.44) and for the last one, since s — 1 > 2, we have

0
100 (A% ('t 2)) llnoe < [l A (s 8, 2) 00| o + (|00 A (us 1, 7)) 1

0
< Ol 5-Au'st, ) |00t +[10,A% (w58, 2)) | L

s—1,0+1

a a a
< Ol At @) oo |61, s + 106 A% (w58, ) [l10e
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Lemma 5.9 (A) implies that ||u* ||z, ; is bounded and u* € Gs, therefore the above inequal-
ity shows that [|0, (A?(u*;t,x)) ||z~ is bounded by a constant independent of k. From
Proposition 5.11 we obtain

3
P9 < 20I[A°") = A )] Bt [ +2 3 || [A ) — A )] 2
a=1

+ 2| [Bu) = B ] ||}, + 2| [F(uF) = F* )],

3
= {”VAOH%w(az) 0| + 3 19 A e 0
a=1
S 21 o 1Y ) o e N Tt (5.55)

‘I

here V is the gradient with respect to u. Since H@tu’“”Lw <C H(?tu
C || < Cfu]

Hs 1541 —

5.9 that

“l
Ho_ 1,541’ Oau LOOS

<C HukHH5, it follows from (5.55) and Lemma

‘I
Hg s and ||u L

1F*()][2 < O [[lu(s) = ()] (5.56)

where the constant C; depends upon R and L of Lemma 5.9, but it is independent of k.
By the equivalence |[u|?, o = ||[ull#, ;. (5.56) and (5.54) above, we conclude that
2, :

Il (t) = @[,
< CpeiCt [“[ukJrl(O) - UR(O)]HZO,& + 01/0 [ (s) — ukl(s)”;ﬁ}

< CyetCt [||[uk+1(o> — O}, + Crt sup [[[ut(s) - u’“‘l(sﬂﬁfo,é] :

0<s<t

where (', Cy and C do not depend on k. Hence

() = u ()l 5.7

< \/20,eHCT™ [H[uk“(O) — uk(O)]HHM + /20, T ||| [u* — uk_1]||0,5’T**] .

Thus, taking 7% sufficiently small so that A := 2v/CoerCT\/O,T** < 1 and putting
B = v/2C05eCT™ || [uF1(0) — u*(0)] ||H05 completes the proof of the Lemma. u

Lemma 5.12 implies that {u*} is a Cauchy sequence in C([0,7*], Hys). Combing this

with the intermediate estimates |[ullm, ; < ||ul Eé ]uH}{_O; (see Proposition B.4 (ii)) and

Lemma 5.9 (A), we conclude that {u*} is a Cauchy sequence in C([0,7**], Hy s) for any
s" < s. Therefore there is a unique u € C([0,7*], Hy s5) such that

/

[[|u® — ullly spee — 0 for any s < s. (5.57)
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Taking % < ' < s and utilizing the embedding Theorem B.13, we have
3
uf — u in C ([0, 7], C5(R?)) forany <+ 2

where C5(R?) is the class for which the norm

sup ((1 + |z)) Ju(@)] + ) (1 + |fv|)6+1|3aU(9:)|>

3
R a=1

is finite. From (5.37)

Q'+t = (AuF;t,z)) -

3
Z A(uFst, 2)0,u T + B(uFit, 2)u T + F(uf;t, x)] ,

a=1

therefore by Corollary B.11 d,u* — Qyu in Hy 1 4,,. Hence

o — du  in C ([0, T%], Cg11(R?)) forany [ <+ g

Thus u € C* (R? x [0, T**]) is a classical solution of the nonlinear system (5.1). Moreover,
it follows from Lemma 5.9 (B) that w € Lip ([0,7**], Hs—1 54+1). Our next task is to show
that u* converges weakly to u in Hg.
5.6 Weak Convergence
Lemma 5.13 (Weak Convergence) For any ¢ € Hy s, we have

lim (u"(t), 6), 5 = (u(t), &) (5.58)
uniformly for 0 <t < T**. Consequently

[[u(?)]

and hence the solution w of the initial value problem (5.1) belongs to L> ([0, T**], Hs ).

Hos < liin inf [|uf(t)]

H,s (5.59)

We recall that , '
(v = Y 2 () @9), (50) @),
J

is an inner-product on Hys. In order to show Lemma 5.13 we need the below property.

Proposition 5.14 Let s < #, ue Hys, ve Hys. Then we have

< |ul

(w,0), ] < Nl el (5.60)
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Proof (of Proposition 5.14) Elementary arguments show that

[{u, v) | < l[u]

s’ UHHS”v

here
(1,0}, = / (Au)T A*(0)da = / (14 |€P) a7 ade.

Applying it term-wise and using the Cauchy-Schwarz inequality we have

< f: o(3+6)2 ‘<(@Z)JQU)2] ; (¢?U)2j>s

‘(u, v)w

IA
[
—
)
<
<

Hs//)

S (Z (2 +(5 2]

= Nulla, vl

Proof (of Lemma 5.13) Take s’ and s” such that s’ < s < §” and s < # For a given
¢ € Hy s and positive €, we may find by Theorem B.14 (b), ¢ € Hy 5 such that

6Bl < 5 and (ol (5:61)
where R is the positive number appearing in (5.35). Now,
Wh0) —ult).0),, = (O —u).d) + (O —ul),(6=3))
= I+ 1.
Therefore Proposition 5.14, (5.61) and (5.57) imply that
Tl < Jluf(t) = u(t) o St @) = u®)lla, OO0, , — 0.
While in the second estimate we use Lemma 5.9 (A) and get
L] < [ld*() = )]z, 5|6 — Sl
2Re
< (Il (1) = gl s + lult) = wile,) 16— Slla, < S5 =e
Thus,
lim sup ’<uk(t) —u(t), ¢>55 <e
k b
which completes the proof of the limit (5.58). u
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For each k, (u*(t), ), is continuous for ¢t € [0,7**] and by Lemma 5.13 it convergences

uniformly to (u(t), ¢), 5, hence (u(t), ®), s is a continuous function of ¢ for any ¢ € H,;
and we have obtained the following:

Theorem 5.15 (Existence) Under conditions (H1)-(H4) and (5.52) there is u_€
CH (R3 x [0,T*]) a classical solution to the hyperbolic system (5.1) such that u(t,z) € Gy

and
we L ([0,T"], Hss) N Cy ([0, 7], Hs ) N Lip ([0, 7], Hs—1.641) , (5.62)

where C, means continuous in the weak topology of Hys.

5.7 Well-posedness

In this section we well prove continuity in H, s-norm and uniqueness.

Theorem 5.16 (Uniqueness) Assume conditions (H1)-(H4) and (5.32) hold. If
u(t, ) and us(t, x) are classical solutions to the hyperbolic system (5.1) such that uy,us €

Go, then up = us.

Proof (of Theorem 5.16) Let u; and us be a solutions to the hyperbolic system hyper-
bolic system (5.1) with the same initial data and let V (¢, 2) = uy(t, ) — uz(t,x). Then V
satisfies the equation

A(uy)oV = i:A“(ul)aaV—l—B(ul)V

a=1

— [A%u) = A%(u2)] Dpur + Y [A%(u) — A(u2))]0aty
+ [B(uy) — B(ug)| uy + [F(u1) — F(ug))] (5.63)
and V' (z,0) = 0. Setting
G = [A%(u1) — A%(u2))]0aur + [B(u1) — B(uz)] ur + [F(ur) — F(uz))]
and applying Proposition 5.10 to (5.63), we have

d
EW’ V)2,a0(u) < MOV, V) 12 a0(uy) + ||G||i§-

Let T'< T*, then Gronwall’s inequality and the equivalence (5.48) imply
, T
T
VI < G [ IGO) Eyar
Similar estimation as done in (5.55) yield that HG(t)H%g < C’2||V(t)|\%§. Hence,
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11V 11657 < Cae“H T [IVI[[65- (5.64)
Thus, if T is sufficiently small, then 5.64 leads to a contradiction unless V' = 0. [ ]

Theorem 5.17 (Continuation in norm)  Under conditions (H1)-(H{) and (5.52),
any solutions u to the hyperbolic system (5.1) which satisfies u(t,x) € Gy and the reqularity
condition (5.062), satisfies in addition

we C([0,7%], Hys) N CL ([0, 7], Hy_y 541) - (5.65)

Proof (of Theorem 5.17) We first treat the continuity C ([0, 7], Hss). Since u is a
solution of initial value problem (5.1) which is reversible in time, is sufficient to show that

ln [u(t) ~ u(0)

w,, = 0. (5.66)

oo = lim () = ol

We shall use the following known argument: suppose {w,} is a sequence in Hilbert space
which converge weakly to wg and limsup,, ||w,| < ||wo||, then lim,, ||w, —wo|| = 0. We are

going to use the equivalence norm || &, Aoy SO We need to show

Let {u®(t)} be the sequence which is defined by the iteration process (5.37). It follows
from the uniqueness Theorem 5.16 and (5.59) that

[u(®)]

H < hmklnf Huk(t) HHS,(S,AO(u(t))v (568)

5,6,A0(u(t)) —

where the limit above is uniformly in ¢. Applying the the energy estimate (5.29), we have

d ha12 k41742
GO ) < C (IO 0, +1)-

,8,A0 (uk (t))

So Gronwall’s inequality yields

[ O o < €T THO)1F
5,6,AY (uF(t))

o t} . (5.69)

Take now arbitrary € > 0, since u*(t) — u(t) uniformly in [0, 7**], we see from the inner-
product (5.7) that there is ky such that

Hv(t)|‘Hs’57AO(u(t)) g (1 + €>Hv<t)HHsy(5,AO(uk(t)) for k 2 k(]. (570)
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Combing (5.68), (5.69), (5.70) and (5.36) with the fact that u*(t) — wu(t) uniformly in
[0, T**], we obtain

2
H

2
HHS,J,AO(O) 5,8,A0 (u(t))

lim sup ||u(t) =limsup ||u(t)|
¢10 t10

< lim sup (lim inf [+ (1)]|2,
t10 k s

<lim sup (limkinf(l + )3|u ()[4
t|0 s

: e Cut 201, k1) |2
< hntll%up (hmkmfe [(1 +€)°||u (O)HHs,s,Ao(uk(o)) + tD

T Cut 2 2
= lln;lﬁ)up (6 [(1 +€) HU0||H5,5,A0(u(0>> + t]>

=(1+€)*[luoll;

,E,AO(U(t)))

18, A0 (uk (¢)) )

5,6,A0 (u(0))

which proves (5.67).
It remains to show that lim_, ([|Ou(t) — dyu(to)]

Hs—1,6+1) = 0 NOW,

a=1

O = (A(ust,)) {Z A (s t, )0+ Blust, ) + F(u;t,m} NGRS

By the first step of the proof, ||J,u(t) — duu(to)a,_, 5., — 0 and [Ju(t) — u(to)||m, ; — O.
At this stage we apply Corollary B.11 to the right hand of (5.71) and this completes the
proof of Theorem 5.17.

5.8 Local existence for the evolution equations of Einstein-Euler
system

In the previous subsections we have established the well-posdness of first order symmetric
hyperbolic systems in H, ; spaces. We would like to apply it to the evolution equations of
Einstein-Euler systems (2.33) and (2.16).

The unkowns of the evolution equations are the gravitaional field g, and its first order
partial derivatives 0,¢.s, the Makino variable w and the velocity vector u®. We represent
them by the vector

U= (gaﬂ — Tag aag'y57 309767 w, ua, uO - 1) ; (572>
here 7,4 denotes the Minkowski metric.

We first probe it’s initial data. Recall that the initial data for Einstein-Euler systems (2.1)
and (2.4) are (hap, A, 3, 0*), where

(Bab - [7 Aab; (g7 ,ﬁa)) € Hs,5 X H571,5+1 X H571,5+2 (573>
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and the initial data for the semi-Riemannian metric g,3 are given by (4.1). Therefore
when ¢t = 0, we have by Theorem 4.3 and Corollary ??, that gu — Nap = hay — I € Hs s,
Dogap € Hs—16+1 and (w,u®,u’ — 1) € Hy_1 542, while gou = 0, goo = —1 and 9,900 = 0. So
we conclude that

U(07 ) € Hs,5 X Hs—1,5+l X Hs—1,5+2- (574)

In this situation we cannot apply directly Theorem 5.1. We intoduce some more conve-
nience notations: g = gas — a8, 08 = Oagys (that is, Og is the set of all first order partial
derivatives), v = (w,u®,u’ — 1) and U = (g, dg, v).
The idea to overcome this obstacle is the following. Since Hs_ ;5 C Hy g, it follows from
(5.74) that

U(O, ) € Hs—1,6 X HS—175+1 X HS_L(;_,_Q. (575)

If we prove the existence of U(t,x) which is a solution to the coupled systems (2.33) and
(2.16) with initial data in the form of (5.75) and such that U(t,-) € Hs_15 X Hs_1 541 X
H,_1 542 and it is continuous with respect to this norm, then from inequality

gl s < (lglla. s + 108l 50) (5.76)

we will get that U(t, ) € Hgs X Hs—1 511 X Hs_1 642 and it will be continuous with respect
to the norm of Hy s X Hs 1541 X Hs_1519. Note that (5.76) is a simple consequence of the
integral representation (A.3) of the H, s norm.

In order to achieve this we carefully examine the structure of the coupled systems (2.33)
and (2.16). According to Conclusion 2.4, we can write Einstein-Euler system in the form:

3
AU =" A*9,U + BU, (5.77)

a=1

where A% and B are 55 x 55 matrices such that

Lo | Owoxa0 | Oroxs 010 | Oi0x40 | Oioxs
A% =1 O40x10 :4\6(g) O40x5 ; A* =1 O40x10 Z&<g) 040x5 (5.78)
O5x10 | Osx40 EO(g,V) O5x10 | O5x40 A\“(g,V)
and
010 b10x40 O10x5
B = B(g, g, V) . (5.79)

0510 05540 B\(ga 8g)
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Here Ea(g) is 40 x 40 symmetric, ;@(g, v) is 5 x 5 symmetric and both ;ro(g) and //4\0(g, V)
are positive definite matrices; B(g, dg,v) is 40 x 55 matrix, B(g,dg) is 5 X 5 matrix and
b = <110><10 | 010><30> matrix.

A natural norm on the product space Hy_15 X Hs_1541 X Hs_1,542 18

IU11Z-16 = I8l

o, T 10g (5.80)

2 2
Hs_ 1541 + ||V| Hs_1542°

Note that from the algebra property (B.12) and Moser type estimates (B.19) we have that
A*U,BU € Hy_15 X Hy_1541 X Hy_1510, whenever U € H,_15 X Hy_1 501 X Hy_ 15,9

We formulate an inner-product in accordance with the norm (5.80) and the structure of
A%, Let Uy = (g1,0g1,v1) and Uy = (gs, 0gs, V), similarly to (5.7) we set

(Ur,U3) 51,640

= Y2t [ ()] [ (WHee)an)] de

T2 (A (g )] (A [N (43082)en) ] da

=0
D2 A (Vi) )] (D)) [AT (W va)en) ] de (5.81)
=0
and ||U|2_y 5 40 = (U,U),_ 5 40- Since A° is positive definite, |U][s-15.40 ~ [|U]ls-1.5

We can now repeat all the arguments and estimations of subsections 5.2-5.7, which are
applied term-wise to the norm (5.80) and inner-product (5.81), and in this way we extend
Theorem 5.1 to the product space:

Theorem 5.18 (Well posedness of hyperbolic systems in product spaces) Let
s—1>2,6> =3 and assume the coefficient of (5.77) are of the form (5.78) and (5.79).
IfUp€ Hy_15 X Hy_1 541 X Hs_1 542 and satisfies

1
—Uy Uy < Uy A°Uy < plUg U, pE€RT (5.82)
o
then there exits a positive T" which depends on ||Upl|s—15 and a unique U(t, ) a solution to
(5.77) such that U(0,z) = Uyp(x) and in addition it satisfies

Ue€C(0,T),Hs—15 X Hy—1541 X Hy—1542) NCY([0,T), Hs—2541 X Hs_2542 X Hy_2543)
(5.83)

Corollary 5.19 (Solution to the gravitational field and the fluid) Let % <s<

%—i—% and § > —%. Then there exists a positive T', a unique gravitational field g,z solution

to (2.33) and a unique (w,u®) solution to Euler equation (2.16) such that
Gas = Nap € C((0,T], Hy5) N CH([0, T, Hyy 541) (5.84)
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and
(w,u®,u’ — 1) € C([0,T), Hs_1542) N CH[0,T], Hy_2.543). (5.85)

Proof (of Corollary 5.19) Theorem 4.3 implies that the initial data for g,z belong to
H,s and Corollary 77 yields that initial data for (w,u®) are in Hg_j 542. Thus U(0,-) €
Hy 15 X Hs_ 1541 X Hy_1 449, where U is given by (5.72). In addition, the continuity of
AY and Theorem 4.1 imply that the vector U(0, -) satisfies (5.82). Therefore Theorem 5.18
with inequality (5.76) give the desired result. u

6 Quasi Linear Elliptic Equations in H,

In this section we will establish the elliptic theory in H, s which is essential for the solution
of the constraint equations. We will extend earlier results in weighted Sobolev spaces of
integer order which were obtained by Cantor [7], Choquet-Bruhat and Christodoulou [ 1]
and Christodoulou and O’Murchadha [11] to the fractional ordered spaces. The essential
tool is the a priori estimate (6.18) and proving it requires first to establish an analogous
a priori estimate in Bessel potential spaces. Our approach is based on the techniques
of Pseudodifferential Operators which have symbols with limited regularity and we are
adopting ideas being presented in Taylor’s books [38]and [39]. A different method was
derived recently by Maxwell [29].

6.1 A priori estimates for linear elliptic systems in H*

In this section we consider a second order homogeneous elliptic system
(Lu)' =" alf (2) 0.0, (6.1)
a7ﬂ7j

where the indexes 4,7 = 1,,, N and «, 3 = 1,2,3 (since only R? is being discussed in this
paper). We will use the convention

Lu = A(z)D?u, (6.2)

where A(x) is N x N block matrix with blocks A;;, each one of them is 3 x 3 matrix,
D?u is N x 1 block matrix with each block 3 x 3 matrix and the meaning of A;;D*u’ is
> e o123 i *$9,03u’. The symbol of (6.1) is N x N matrix A(z,€), defined for all £ € C3

as follows:

A(x> 6)1] = 13267 25 Z a@] fafﬁ (63)

The following definitions are due to Morrey [31].
Definition 6.1
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1. The system (6.1) is elliptic provided that

det (A(z,€)) = det (Z afjﬂ(x)fafg) # 0, forall  0#¢&eR? (6.4)

a7ﬁ

2. The system (0.1) is strongly elliptic provided that for some positive A

(A, On,m) = Y ail(@)eaan'n’ = NEL ). (6.5)

aiﬁ7i7j

Our main task is to obtain a priori estimate in the Bessel potential spaces H?® for the
operator (6.1) whose coefficients agﬁ belong to H®2. In case s and s, are integers, then
one may prove (6.8) below by means of induction and the classical results of Douglis and
Nirenberg [15], and Morrey [31]. We will employ techniques of Pseudodifferential calculus.

If the coefficients of the matrix A belongs to H*2, then A(z,§) € H®S}, that is,
108 A )| s> < Ca1 4 [€]2)E12D72). We follow Taylor and decompose

Az, ) = A%(x,€) + A(x,€) (6.6)

in such way that a good parametrix can be constructed for A#(x,¢), while A%(z, &) will
have order less than 2. According to Proposition 8.2 in [39], for s, > 2 there is 0 < § < 1

such that 3
A& €Sty A@eHS"  o=s-
where A% (2,8) = Y07 Jo Az, &) dk(§), €, = c27%. Here {¢;} is the Littlewood-Paley

partition of unity, that is, ¢g € C5°(R?), ¢(0) = 1, d(€) = ¢o(277E) — ¢ (277T1€) and
Y reo @1(§) = 1. The smoothing operator J, is defined as follows:

@) = aeD) ) = (5-) [ ot van

where 50 is the inverse Fourier transform. In order that A* will have a good parametrix we
need to verify that it is a strongly elliptic. Since the original operator is strongly elliptic,

Z €k 1] )5045[377 77

a,B,1,3

= (%)g/ ( > e,;%(%)(y)a?f(y - x)cbk(&)éaéﬂninj) dy

a,B,i,]
> (52)" (IR [ @ a iy = An(@lePnPno)
= 2ou@lePlnP

o2



for each fixed k. Summing over the k we have,

(A* (2, &)n,n) Z > ( 0 U) )6r(E)Ealan'n’ > Z/\qﬁk EP N = MNPl

k=0 o,B,i,j

thus (6.5) holds for A#. The last step assures that | A% (z,&)7Y| <
from the identity 9(A™1) = A~1(0(A))A~! that

NG and then it follows

10202 (A# (2,€)) M| < Cap(1 + |72l +elBD/2,

that is, (A% (z,¢€))"t € Sl_j. Hence, the operator A#(x, D) has a parametrix E#(x, D) €
OPS;(? satisfying
E#(x, D)A*(z,D) =1 + S, (6.7)

where S € OPS™ (See e. g. [33] Section 0.4).

Lemma 6.2 (An a priori estimates in H°) Let Lu = A(x)D?u be a strongly elliptic
system and assume A € H®?, sy > % and 0 < s — 2 < sy. Then there is a constant C' such
that

s < C{||Lu|

o). (6.8)

Proof (of Lemma 6.2) We decompose A(z, D) as in (6.2) and let E#(x, D) be the above
parametrix, then by (6.7)

lul o2+ |lul

E#(z, D)A(z, D)u = u + Su + E*(x, D)A(z, D)u. (6.9)
Since E#(x, D), S : H*=2 — H?* are bounded,

|E# (2, D)A(z, D)ul||gs = ||[E* (2, D) Lu|

Hs—2 (610)

and
|1Sul| grs < C||u| grs—2. (6.11)

According to [39] Proposition 8.1, (see also [33] Proposition 2.1.J)
Ab(x, D) : H°° — H*2

Hence,

| E#(x, D)A*(x, Dyull - < Cll A%z, Dyull -2 < Cllul

Using the intermediate estimate ||u||gs—os < €||u||gs + C(€)||u|| gs—2, and combining it with
(6.9)-(6.11), we obtain the estimate (6.8). u

Hs—od. (612)
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6.2 A priori estimates in H,;

Our main task here is to extend the a priori estimate (6.8) to H; s-spaces and for a second
order elliptic systems of the form:

(Lu)' = Z a%ﬁ(x)aaaﬁuj + Z b5 (2)0u? + Z cij(z)u!
a,B,j a,j J

= A(z)D*u + B(z)(Du) + C(z)u.

(6.13)

Here A(z) is as in the previous subsection, B(z) is N x N block matrix with each block
1 x 3 matrix, C'(x) is N x N matrix and Du = (dyu', ..., 93u™)T. We introduce the following
hypotheses:

Hypotheses (H)

(H1) Zafﬁf(x)ninjﬁafﬁ > An2€]?  (i.e. L is strongly elliptic);
(HQ) (A() - Aoo) S H52,§2, B e H81,517 C e H80,5o

si>s—2,0=012 s >3 >15>0 ad § >3-4 i=012,

the matrix A, has constant coefficients and A, D?u is an elliptic system, that is,

det (z (00)3° 5@) £ 0.
We shall first derive an a priori estimate for a second order homogeneous operator
Lyu = A(x)D*u.

Lemma 6.3 (An a priori estimate for homogeneous operator in Hy5) Assume
the operator Lo satisfies hypotheses (H) and s > 2. Then

1,5 < C{[[ L2

||u| Hy_ 2542 + HU| Hs_z,a} ) (614)

where the constant C' depends on s,0 and ||A — A

H32,62 :

Proof (of Lemma 6.3) According to Corollary A.5,

i o(3+0)2 H (i),
j=0

2

HS

is an equivalent norm in H,s. The main idea of the proof is to apply Lemma 6.2 to each
term of the equivalent norm above. We use the convention (6.2) and compute

Ly(¢'u) = ¢' Ly (D*u) + P A(x) R(u, ),
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where
R(u, ) = 8¢ (DY)" ($Du) +12(Dy)" (DY) (u) + 49 (D)) (vu).
Applying the a priori estimate (6.8), we have

| 522

2
Wy,

- zw{uh (o), ; (RN .
=0
S 246)25 ) odi || (4 i 2
< ;02( ) {2 (¥4 La(w)),, H62+Hw N H}
£ S0 20 | (4, ARG, 0 |
=0
5 ||L2(u)| ?;13—2,54—2 + ||U| 23_276 + ||AR| %1572,5+2‘ (615)

The assumption on sg and Jy enable us to use the algebra property (B.12) and get

||AR||HS—2,§+2 < C (”(A - AOO)RHHS—Q,5+2 + ||AOOR”HS—2,5+2)

<€ (1A= Al + I Asl) IR (019

2,09 HS*2,5+2'

Property (A.4) of ¢; and Proposition B.1 imply
(¥ R)2 |

Hs 2542 < C (Hu'

Hs—2 S C (2_]||(¢]DU)2]|

o2+ 277 (Y5u)a |

H, »,)- Thus, inequalities (6.15) and (6.16)

o)

and hence ||R|
yields

Hs—l,(S + ||u|

lllirs < C{lEatlla, psn + (14 = Al + 1) (lulliess + Nullm, o) - (617)

Invoking the intermediate estimate ||ul|gs 15 < V2e||ullsss + C(€)||ullms_2s (see(B.10))
and taking e so that C <||A Acollm, s + 1> V2e < 1, we obtain from (6.17) the desired
estimate (6.14). u

Lemma 6.4 (An a priori estimate in H,5)  Assume the operator L of the form
(6.13) satisfies hypotheses (H) and s > 2. Then

lullzr, s < C{llLullm, 5.0 + ul

Hsf2,6} ) (618)

where the constant C depends on s, and the coefficients of L.
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Proof (Proof of Lemma 6.4) By Lemma 6.3,

lull, s < C Lol 5500 + Ilul
< C{|lLu|

H572,6}
Hoo g+ (L = La)ul

Hs 2512 + Hu‘ H572,6+2} )

where (L — Ly)u = B(x)(Du) + C(z)u. Hypothesis (H2) together with the algebra (B.12)
give

I1B(@)(Du)ll b, s 50 S Bl s, 1Dullrt, s 500 S W B, 5, ull i, 5 (6.19)
and
1C @) ullt s 0 S NC kg 50 1l s -
Finally, we apply the intermediate estimate (B.10) to the right hand side of (6.19) and by
taking e sufficiently small we obtain (6.18). u
Lemma 6.5 (Isomorphism of an operator with constant coefficients) Let

Asou = A D?u be a homogeneous elliptic system with constant coefficients. Then for any
s> 2 and —% << —%, the operator Ao : Hy 500 — Hy_o5 15 isomorphism satisfying

lullrr, ; < CllAsD*u|

Hy 2542 (62())

Proof (of Lemma 6.5) Both statements are true when s is an integer, see

e. g. [11], Theorem 5.1. For s between two integers mg and m;, we have s = sy =
Omo+ (1 —0)my and s —2 =59 —2 =0(mo —2) + (1 — 8)(my —2), where 0 < § < 1. The
interpolation property (A.21) implies

Hys = [Hpmys, Hnyslo and  Hy_os5 = [Hyng—245, Himi—24]0-

Since Al : Hyyy—25 — Hpm, 542, 1 = 0,1, is continuous, it follows from interpolation theory
that ALl : Hy, 25 — Hg, 542 s also continuous (see e. g. [11]). Hence (6.20) holds. u

The next lemma improves the a priori estimate (6.18).

Lemma 6.6 (Improved a priori estimate) Let L be an elliptic operator of the form
(6.13) which satisfies hypotheses (H). Assume s > 2 and —% <0< —%. Then for any o'
there is a constant C' such that

el < € {)1Lu

Mo} (6.21)

The constant C depends on the Hs, 5,-norm of the coefficients of L, s, § and ¢'.

Hs 2512 + Hu’
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Proof (of Lemma 6.6) Let xg € C°(R3) be a cut-off function satisfying supp(xg) C
{lz] < 2R}, xr(z) =1 for |z| < R, 0 < xp(z) <1 and [|[0%(grlle < CoR™1?. For u € H, 4
we write

u=(1—xg)u+ xgu
and R will be determinate later on. We start with the estimation of (1 — xr)u|z, , and
for that purpose we use the convention (6.2) and compute

Aso(D*(1 = xr)u) = (1 = XR)Ass(D*u) — 245 (Dxr)" (Du) — As(D*xr)(u)

6.22
= (1—XR)(LU)+E1+E2, ( )
where
Ei=—(1-xr) {((A— Ay)) (D*u) + B(z)(Du) + C(z)u}
and
Applying inequality (6.20) of Lemma 6.5,
10 = xu)ulli,» < ClARDA( = Xl . 625
<C {H(l - XR)LU| Hs 2642 + ||E1| Hs 2512 + ||E2| H372,5+2} :
Since ||(1—xr)Lull#,_y ;.0 S [ Lullm, 5., (see Proposition B.2 (a)), it remains to estimate

| B\l ss0s and ||Eallm, 4., We may choose 0/ so that 6; > & > £ —i, i =0,1,2 and then
we put v = min;—12(6; — d;). Under these conditions we can apply the algebra property
(B.12), Proposition B.2 (b) and get

1£4]

Ho nsee < C||(1 = xr) {(A— Ax) (D*u) + B(Du) + Cu}|
< C{][(1 = xr)(A - AooﬂlHSQ,é,Q | D?u)

Hs 2512

Hs 2512

10 =X Bly, IDull oo+ 1= XR)C s, Tl

(6.24)
C
< = (1A= A, + 1Bl 5, + 10, ) Il
CiA
< R Hu| H; s>
where A = (1A = Auclli,, 5, + 1Bl s, + 1Cl,, s, )
Next, since Dxg has compact support, inequality (A.23) implies that
1Bl 0 < COR) {24as((DXR) (D)1, o, + [ A (D*XR) W), }
< C(R)| Al {21Dullr,_y 0, + el } (6.25)

< C(R)[[ Ascll[|w}

Hsfl,(;/ :
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We turn now to the estimation of ||xrul/m, ;. Noting that (xru) has compact support, we
have by (A.23), (6.18) and Proposition B.2 that

Ixrullm,, < C(R)|Ixrulln, , < CRIIL(XRW 1, 5., + lullm,_, 3} (6.26)
Similarly to (6.22) we compute
L(xru) = xrL(u) + 2A((Dxr)" (Du)) + A((D*xr)u) + B(Dxr)u. (6.27)

We estimate each term of (6.27) separately. Once again, since ygLu has compact support,

Ixe(Lw)lla, ;00 < CRLullb, s 500 (6.28)

Next, using the second assumption of (H), algebra (B.12) and compactness of supp(xr)
we get

I2A((DxR)" (Du)lls, 5.
< 2[[(A = Ax)(Dxr(Du))|lr

< C (4= Al

varen [ A DXR(DW))]
1Al xR Dl (6.20)
+ 14wt} 1Dull,_, .,

Aol Il

H372,6/+2

Hsy .59

< O(R) (114 - Ax)]
< O(R) (A = Al

Hgy 5,

32 8o s—1,8""

In a similar manner we estimate the other terms and together with inequalities (6.23)-
(6.26), (6.28) and (6.29) we have

[l

i <= xr)ullm, s + Ixrulla

C{|]Lu|

where C'; and (5 depend on the norms of the coefficients of L and in addition C depends
in R. We now take R such that %j\ < 1, then (6.21) follows from (6.30). [
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CiA (6.30)
R !

Hy o540 + C2 HuHHs—l,é’

The next two theorems are consequence of the compact embedding, Theorem B.12, the a
priori estimate (6.21) and standard arguments of Functional Analysis.

Theorem 6.7 (Semi Fredholm) Assume the operator L satisfies hypotheses(H), s > 2

and —% << —%. Then L : Hg5 — Hy_ 5519 15 semi Fredholm, that is,

(i) dim(KerL) < oo

(i) If L is injective, then there is a constant C' such that

i,; < Ol Lul

(6.31)

Hgs 95125
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(iii) L has a closed range.

Theorem 6.8 (A homotopy argument)  Lets > 2 and —3 < § < —35. Assume
L be an elliptic operator of the form (6.13) that fulfilled the hypotheses (H) and Ly is a

continuous family of operators which satisfy hypotheses (H) fort € [0,1], L1 = L and
Ly Hg5 — Hy 9549 15 injective.

If

Lo:Hss — Hy 9519 15 an isomorphism,

then the same is true for L.

The next Lemma shows that solutions to the homogeneous system have lower growth at
infinity. We follow Christodoulou and O’Murchadha’s proof [14].

Lemma 6.9 (Lower growth of homogeneous solutions)  Assume L satisfies hy-
potheses (H), u € Hy5, s > 2 and —% <0< —%. If Lu = 0, then w € Hy s for any
_3 ) < _1

5 < 5
Proof (of Lemma 6.9) The inclusion Hy5 C H, s for ¢’ < §, implies that it suffices to
show the statement for ¢’ > §. The conditions on ¢; imply that we may find 6’ > § so that
0i+d0+i>0+2— % Applying the algebra property (B.12) to

fi=Asu—Lu=(Ayx — A(z)) - D*u — B(z)(Du)" — C(z)u,

we obtain that f belongs to H;_3s19. Now Lu = 0, so Aoou = f and since Ay, : Hy 5 —
H_9 549 1s isomorphism by Lemma 6.5, we conclude that hence v € H, 5. We now replace
0 by ¢ repeat the above arguments. [ |

6.3 Semi Linear Elliptic Equations on Asymptotically Flat Man-
ifolds

A Riemannian 3-manifold (M, h) is asymptotically flat (AF) if there is a compact subset

K such that M \ K is diffeomorphic to R3\ B;(0) and the metric h tends to the identity

I at infinity. A natural definition of the last statement in our case is h — I € Hy 5. Thus
3

the assumptions of this subsection are: h —I € Hy 5, s' > % and 0" > —3.

We denote by Aj be the Laplace-Beltrami operator on (M, h). In the coordinates
(2, 2%, 2%) it takes the form

1 9.
Ap = Waj <\/Wh az) , (6.32)
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where |h| = det(h;;) and k" = (h;;)~'. Inserting the identity 9;|h| = |h|tr(h*(9;(hi;)) into
(6.32), we have

Ay = h98,0; + 0;(h9)d, + %tr(hiﬂ‘ (0;(hi;))h9 0%, (6.33)

Hence, by means of algebra (B.12) and Moser type estimate (B.19), the elliptic operator
(6.33) satisfies hypothesis (H) of Section 6.2 provided that s < &'

Let us introduce some more notations. We denote by u, = +/|h|dz the Lebesgue measure
on the manifold (M, h), (Du - Dv), = h¥dud;v, and ||Dul|z = (Du - Du),. Integration by
parts yields

/(Ahu) vdpy, = /8j (\/ |h|hij3iu) vdx
—/hijﬁiuajv\/ |h|dx = — /(Du - Dv)pdpy,.

Formula (6.34) holds whenever v € Hj(R?), u € Hs5 and s > 1. Therefore it enables us
to define weak solutions on the manifold (M, h).

(6.34)

Definition 6.10 (Weak solutions) A function u in Hys is a weak solution of
—Apu+c(x)u=f € Hy_9540
n (M,h), if
/ ((Du - Dv)p, + cuv) dpy, = /fvduh, (6.35)
for all v € H}(R?).

Remark 6.11 In case u,v € Hys5, s > 2 and 6 > —1, then by algebra h”d;u, \/|h|0;v €
H, 1. Applying the Cauchy Schwarz inequality

/\(Du-Dv)h\duh:/]hijﬁiuﬁjvh/]huac
( [owow ) ( [ Vo ) < W90l oI/ Tl

we see that h7 0;ud;v|\/|h| € L*(R?). Similarly, the integrand of the left hand side of (6.54)
belongs to LY(R3). Hence, approximating u and v by C° functions and using Lebesgue’s
Dominated Convergence Theorem we have

/(Ahu) vduy, = — /(Du - Dvu)pdpy,  w,v € Hy 5, whenevers > 2, andd > —1. (6.36)
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In this section we will prove existence and uniqueness for the semi-linear equation

— Apu = F(z,u) := Zmi(x)hi(u), (6.37)

=1

where m; € Hg,s,, mi(z) > 0, s > 0, § > % and for © > —1 the functions h; are
decreasing, nonnegative and smooth. These conditions ensure F(-,u) and %—i(-, u) are in

Hg_9 549 whenever v € H, 5 and s > 2.

Theorem 6.12 (Existence and uniqueness) Leth—1¢€ Hyy, s > %, § > =3

-3,
2 < s <¢s and —% <6< —%. Then equation (6.37) has a unique solution u in Hsgs.

Furthermore, 0 < u < K for a nonnegative constant K.

In order to show Theorem 6.12 we need the weak maximal principle:

Proposition 6.13 (Weak maximal principle) Assumec € Hy_5 5.9 is nonnegative.
If u € Hy 5 satisfies
— Apu+cu <0, (6.38)

then u < 0.

Proof (of Proposition 6.13) For ¢ > 0 we put w = max(u — €,0). It has compact
support since lim, .., u(z) = 0. Further, Dw = Du a.e. in {u(x) > €} (see e. g. [18] or
[25]. Thus, w € H}(R?) and w > 0, so by (6.35)

OZ/((DuaDw)h—Fcuw)duh:/ (| Dul|? + cu®) dp.

{uze}

Therefore v = € in {u(x) > €}. Since € is arbitrary, we have u < 0. u

Proof (of Existence) The proof will be done in several steps. We define a map & :
{Hss5 x [0,1],u(x) > =1} — Hy 950 by

O(u,7) = —Apu — 7F(x,u),

let u(7) denotes a solution of ®(u,7) =0 and put J = {0 < s < 1: d(u(s),s) = 0}. We
will show that J is both open and closed set. Since 0 € J, J = [0, 1] which yields the
existence result.

Step 1. The set J is open:

bet 0P OF
Lw := (%(u,ﬂ) (w) = —Apw — Ta_p<"“)w
and oF
Lyow = —A{th+(1_t)1}w — ZfTa—p(', u)w.
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If Lyw = 0, then by Lemma (6.9) w € Hs _1. So we may use (6.36) and get

OF
/(Ltw) WAL thi-(1—t)1} = / (”Dw”%tth(lt)I} - tTé_p(" U)w2) Apifth+(1—t)1}-

Slnce 8F < 0, the above yields that Lyw = 0 implies w = 0 for each ¢ € [0, 1]. In addition
= —A ; = —A is an isomorphism according to Lemma 6.5. So Theorem 6.8 implies that
L1 = L is an isomorphism too. Thus J is open by the Implicit Function Theorem.

Step 2. ||u(1)

We first establish the bound in Hjs-norm. The the weak maximum principle implies
u(7T) > 0 and since F'(z,p) is decreasing in p,

H,5; < C for a constant C independent of T:

2

G ulm) o 50 < NG 0o 00 < (Zh ||mz||H0,5+2> =K

We showed in Step 1 that A, : Hy5 — Hs 94519 is injective, therefore from Theorem 6.7

(i),

[T 11,5 < Cll = Anul(r) < CIEC0) g 500 < COK. (6.39)

HHO,5+2

Now, by Moser estimate (B.19), ||hi(w(7))||m, s < C|[(u(7))||m,, and by algebra (B.12),
|F (- w() || 5 < Cllu(T) ||z, In order to improve (6.39), we take s” so that s” —2 < 2
and s” < s. Then we may apply again (6.31) and with (6.39) we have
[w(T)l 5 < Cll = Anu(T) < Cff = Apu(7)

= CIIFCw(m)la,; < Cllu(m)lm,, < CK.

HH2,5+2

(6.40)

We have proved the boundedness in case s” = s, otherwise we can repeat the same pro-
cedure as above to improve regularity until we would reach the desired regularity. It is
obvious that the bound on ||u(7)||g, ; does not depend on 7.

Step 3. Lipschitz continuity with respect to 7:

Differentiation of the equation ®(u(7),7) = 0 with respect to 7 gives

—Apu, (1) — Ta—ZF(ZE,U(T))uT(T) = F(z,u(r)).

Now %F(w,p) < 0, so in the same way as we did in Step 1 we obtain that the operator
L=-A,— T%—I;F(ZE, u(r)) : Hys — Hy_9 510 is injective. Hence, by 6.7 (ii),

= C|[F(z,u(r))]

(6.41)

H; s < O||L(u7')| Hs 2542 Hs 2542°
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Next, Step 2 implies

N
1E (@, u(T) b, 5 < Cllwl)]a, 5 (Z [l HSO,%) <C. (6.42)
i=1
Thus, combining (6.41) with (6.42) we get
|u(r1) — u(r)||m, ; < Clm — 72| (6.43)

Step 4. The set J is closed:

Take a sequence {7,} C J such that 7, — 7. By (6.43), {u(7,)} is Cauchy in H,g
and therefore it converges to uyp € H,;. Since the map ® is continuous, it follows that
O (ug, 79) = 0, that is 79 € J. This completes the proof of the existence. [ ]

Proof (of Uniqueness) Assume u; and uy are solutions to (6.37). We conduct the proof
by showing that Q := {z : ui(x) > us(z)} is an empty set. Note that € is open since u;
and uy are continuous. Put w = u; — ugy, then —Ap,w = F(z,u;) — F(x,uz) < 0 in Q.
So w < 0 in Q by Proposition (6.13). That obviously leads to a contradiction unless € is
empty. [ |

Appendix

A Construction of the Spaces H, s:

The weighted Sobolev spaces of integer order below were introduced by Cantor [6] and
independently by Nirenberg and Walker [32]. Nirenberg and Walker initiate the study of
elliptic operators in these spaces, while Cantor used them to solve the constraint equations
on asymptotically flat manifolds. For an nonnegative integer m and a real § we define a
norm
* 2 o+|al | g 2
(lulf)* = 3 [ (@) lioral)* . (A1)
|a|<m

where (x) = 1+ |z|. The space Hy,, is the completion of C5°(R?) under the norm (A.1).
Note that the weight varies with the derivatives.

Here we will repeat Triebel’s extension of these spaces into a fractional order, [10],[11]. Let
s =m + A, where m is a nonnegative integer and 0 < A < 1. One possibility of extending
the ordinary integer order Sobolev spaces is the Lipschitz-Sobolevskij Spaces, having a norm

N 0%u(z) — 0*u(y)|?
[lPs = 3 /\a uPdr+ 3 //' ‘;Zy‘w; Wiray.  (a2)

lal<m laf=m
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Hence, a reasonable definition of weighted fractional Sobolev norm is a combination of the
norm (A.1) with (A.2):

Z /| (z)Hel ooy 2 dz, s=m

|a|<m \
. N2 ‘<x>6+|a\aau‘2dx
(||uHs,6> - |o§m/
| m+/\+5aa ( ) N < >m+>\+6aau(y)|2 , s=m+A
N oy
|oo|=m )
(A.3)

here m is a nonnegative integer and 0 < A < 1. The space H, s is the completion of C§°(R?)
under the norm (A.3).

The norm (A.3) is essential for the understating of the connections between the integer
and the fractional order. But it has a disadvantage, namely, the double integral makes it
almost impossible to establish any property (embedding, a priori estimate, etc.) needed
for PDEs. We are therefore looking for an equivalent definition of the norm (A.3).

Let K; = {z:277% < |z < 272}, (j = 1,2,...) and Ko = {z : |z] < 4}. Let {¢;}32, C
C5°(R?) be a sequence such that ¢;(z) =1 on K}, supp(v;) C {z : 277* < |z| < 2773} for
J = 1, supp(vo) C {x : [x| < 2°} and

[0%;(2)] < Ca271V, (A.4)

where the constant C, does not depend on j.

We define now,

.

Do 2% lsullza + 2072 o (wu)lze | s=m
Jj=0 |a|=m
2 j m)2j «
(i) = Z 2% |[psul| 7 + 20+ |Z 10° (ju) 172
1= al=m
s=m-+ A\
o0 oz e 2
(G +mAN)2) 0% (ju)(x) — 0 (hju)(y)|
+22 ! Z // |x — P dzdy |,
Jj=0 la|=m J
(A.5)

Proposition A.1 (Equivalence of norms) There are two positive constants ¢y and
¢ depending only on s, § and the constants in (A.4) such that

* *
collullZs < flullfs < erllullTs (A.6)
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This equivalence was proved in [10] (see also [1]).

We express these norms in terms of Fourier transform. Let

] = Flu = L w(z)e ™ dr
i) = F() = s [ ule)e™td

denotes the Fourier transform, put
Au=F 11+ [¢*)2Fu), (A7)
and let H® denotes the Bessel Potentials space having the norm
lullfs = A"z = /(1 +1E17) a1 de. (A.8)

We also set

2 = | F (P Fu)ls = / (Iella()))de.

Ju

It is well known that (see e. g. [19]; p. 240-241)

Mol J 10%u|?dx s=m
2 o |a|=m - . A9
el = { S i | [ OO gy (A-9)
and since (1+ J¢P)* ~ (1 + [€]"),
lullfs = (lullZe + [lullzs) - (A.10)
Hence, by (A.5),
2 o , .
(%) = 3 @l + 2679 sl .) (A1)
=0

We invoke now the scaling u.(z) := u(ex) (e > 0), then simple calculations yields ||u||7, =
e 3lull2, and [ju. 2573||u)|2,. Combining the later one with (A.10), we have

he =€
luellfrs 2= € (lullze + € lullh) - (A.12)

Setting € = 27, multiplying (A.12) by 2% and inserting it in (A.11), we conclude
2 =, s )
(%) = 3 26 sy (A3
=0
The last one is the most convenience form of norm for applications.
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Definition 3.1 (Weighted Spaces, an infinite sum). For s > 0 and —oo < § < 00, we
define the Hy 5 norm by

(flul 2. (A.14)

2 3 ;
) = 2 20705 (ghu) a0
j

The space Hy s is the set of all temperate distributions with a finite norm given by (A.14).
Combining Proposition A.1 with (A.11) and (A.13) we get:

Theorem A.2 (Equivalence of norms, Triebel) There are two positive constant
co and ¢y depending only on s, § and the constants in (A.]) such that

collullmss < llullss < erllullmss. (A.15)

Remark A.3 Let s’ < s and &' <9, then the inclusion Hy5 — Hgy 5 follows easily from
the representations (A.8) and (A.14) of the norms.

Remark A.4 The functions {1;} are constructed by means of a composition of exponential
functions. Hence, for any positive v there holds

(v, )|0%] ()] < |0%;(2)] < a7, )05 ()] (A.16)

Therefore the equivalence (A.6G) remains valid with @D} replacing v; and hence
345125 2 35125
S 202 | (YT |, = (HUH;;) S 2 () e (A.17)
J J

Corollary A.5 (Equivalence of norms)  For any positive v, there are two positive
constants co and ¢y depending on s, 0 and 7y such that

é .
B <26 () ) |3 < o uf
J

collul %15 (A.18)

Definition A.6 (Inner-Product) The norm A.1j enables us to define an inner-product
on Hys. We first recall that if u,v: R® — R™ are in H®, then

(1, 0)s = (A, A%) 2= / (A%u)” (A*) dz = / (14 €PraT(©sE)de (A19)

is an inner product on H®, here UT denotes the transpose vector. By means of this and
Corollary A.5, for any positive vy, the expression

3 .
(U, v)s5 = Z2<2+6)2J (] u) @), (V] v)23)), (A.20)
J
is an inner-product on Hys.
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Theorem A.7 ( Complex interpolation, Triebel) Let0 <6 <1,0<sy< sy and
sp = 0sg+ (1 — 0)sy1, then
[HS(),57 Hsl,d]e = H59,57 (A21)

where (A.21) is a complex interpolation.

As a consequence of the interpolation Theorem A.7 we get
Corollary A.8 (Embedding of Hs5 in Hs_15:1)

185l

< [lul

Hs,é <A22>

Hy_ 1541

Proof (of Corollary A.8) Let m be a positive integer and define T : Hy, 5 — Hppo1541
by T'(u) = Ou. Using the norm (A.1) we see that ||T'(u)|m,,_, 5., < l|ullm, ;- So (A.22)
follows from Theorem A.7. [

Remark A.9 Ifsuppu C {|z| < R}, then for any 6

c1(R)|ul

we < [ullm, s < c2(R)|lul

. (A.23)

This follows from the integral representation of the norm (A.1) and the interpolation (A.21).

B Some Properties of H; s

We start with a well known fact in H® spaces.

Proposition B.1 (Multiplication by smooth functions) Let N > s be an integer.
Assume f € CN(R?) satisfies sup|y <y |0°f| < K, then

[ fulls < Coklful| s (B.1)

Proof (of Proposition B.1) Obviously there holds || fu|lgy < CK||u||g~ and || ful|r2 <

K||u||r2. Since H* is a complex interpolation space [L?, HV]s = H*, where § = 2=% (see

e.g [37]; 13.6) and in addition u — fu is a linear map, it follows from Interpolation Theory
that
Hf'LL| Hs é KC’l_9||u| Hs- (B2)
n
Let xg € C®(R?) satisfies yz(z) =1 for |z| < R, xr(z) =0 for || > 2R and
10%xr| < caR7I. (B.3)

Proposition B.2 (Two useful estimates)
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(a) Let N > s be an integer. Assume f € CM(R3) satisfies sup |D*f| < K for k =

0,1,...N, then
1 full

55 —
(b) Ford' < ¢

C(6,0")
0

11 = xr)ulln, , <

Hs,&'

Corollary B.3 (Multiplication by cutoff functions)

()
C

(D™ xwull, s < ol

5'5

(b)

11 = xr)ulla

5,6 —

Proof (of Proposition B.2)

(a) By Proposition (B.1),

e < (CK) ZQ REd[COmM

HS

Iful,, =" 2034902 || (4, fu),,|
j=0

= (CK)*|lull, ,-

(b) Let Jo be the smallest integer such that R < 2773 Then (1 — xg)y; =

J=0,1,...,Jo — 1. Hence

1= xm)uld,, = 3726005 |61 = xr)u)y |3,
Jj=Jo
< C? Z 2(g+5/)2j H(%u)?f’ i] — 2 Z 2(§+6)2j2(5/_5)2j ”wju)y’ iI

7j=Jo Jj=Jo

< €220 3 919 | (),
=0

< O
Hs — (8R) 6 (5’

55
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B.1 Two intermediate estimates

Proposition B.4 (Intermediate estimates)

(i) Let 0 < so < s < sy and € > 0, then there is a constant C = C(e) such that

s < V2el|ull

+ Cllullu

||u| 51,0 50,0 (B'lo)

holds for all w € Hy, 5.
(i) Let 0 < s’ < s, then

s’ 15’
7ol 5 - (B.11)

Proof (of Proposition B.4) Both inequalities (B.10) and (B.11) are well known in H*
spaces. We apply them to each term of the norm (A.14). Therefore

lull?, , = 3 26+9)% || (gyu),,|
j=0

2
Hs

2
Hso

<2y 2 |y |2, +20%9 Y259 (v, |

— 22 ully, |, +2C%(@)llul, .

which proves (i). In the proof of (ii) we use Holder inequality and obtain

el = 32200 0 [
<Z2 Rl (O s

299

o o) | (g |

’ S—S/

< (ZZ(3+6)2J‘ H(%U)23| Zs> s <Z2 2] H wj )u2j|’iz> s

25 2(s'-1)
= (

) " (lulle,)

»

B.2 Algebra

Proposition B.5 (Algebra tn Hy,5) If s1,52 > s, s1+ 52 > s—i—% and 61 + 69 > 0 — %,
then

< Cllulla

(B.12)

[wo]l

s§ — 31 51HU|H32,52'
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Proof (of Proposition B.5) By Corollary A.5,

vz, ; ~ 22

We apply the classic algebra property ||uv| gs < Cllu||gs: ||v||ms= (see e. g. [30]), to each
term of the norm (B.13) and then we use Cauchy Schwarz inequality,

(V2uv) (B.13)

27

Hs

2

Jusl, < 022 | ) ],
<2 Z o(3+0)2j H(wju)y’ 251 |(¢jv)2j} 252
=0
< 2 Z (2(g+61)2j ||(¢ju)2j| 21) (2(%+6z)2j H(quv)y’ 22)

.
Il
o
o[
[ I

IN

(S 0 omali)) (50 )’
<2 <i (2(2+51 % || (), H51)> (io (2 346)2j | (150) 5] 22>>

=0
<l ol
]
B.3 Fractional power |u|”
In [22] Kateb showed that if u € H*NL>®, 1 <~y and 0 < s <~ + 3, then
lul "l zs < C(llullze) (B.14)

Proposition B.6 (Fractional power in H,5) Letu e H,sNL®, 1<v,0<s<~vy+3
and 6 € R, then

[ful

i, < Cllul =) (B.15)
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Proof (of Proposition B.6) Property (B.15) is a direct consequence of the equivalence
(A.18) and (B.14). Because

o) s '
Ml s = D 22 (4] [ul") o)l
j=0

. (B.16)
< (Cllullz))® > 2G| () 05|
j=0

fre < (C([ullz==))” [lul

2
HS,S'

B.4 Moser type estimates

Y. Meyer proved the below Moser type estimate [30].See also Taylor [35].

Theorem B.7 (Third Moser inequality for Bessel potentials spaces) Let F :
R™ — R! be CNTL function such that F(0) = 0. Let s >0 and u € H* N L>®. Then

()| e < K[|z, (B.17)

where
K = Kn(F, |Jullz=) < C||Fllex+ (14 fJullf) | (B.18)

here N is a positive integer such that N > [s] + 1.

We generalize this important inequality to the Hj s spaces.

Theorem B.8 (Third Moser inequality in H,5) Let F: R™ — R’ be CN ! function
such that F(0) =0. Let s >0, 6 € R andu € Hy5s N L>. Then

£ (w)]

s < Kl

Hig) (B.19)
The constant K in (B.19) depends on one in (B.18) and in addition on 6.

Proof (of Theorem B.8) We set ¥;(z) = lz)@/)j(x), where p(x) = > 272 9;(r). From

— e(@)
the properties of the sequence {1;}, it follows that 1 < ¢(x) < 7. So the sequence
{¥;} C C5°(R?) and 3222 ¥;(zx) = 1. From (A.12) we conclude that

2 < Cmax{e® 3 e} u||%. (B.20)

e
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and with the combination of Proposition B.1 and Meyer’s TheoremB.7 we have,

oo

3 .
%1876 - Z 2(2+5)2]||(@/)j(F(u))(2j)| 2

Hs
J=0

= Z 9(3+08)2j (%F (Z \Ilk(x)u>>
= k=0 (2]‘) Hs

7=0
2
o) j+3
_ 9(3+8)2j o < U
= 2k GF | D ko
§=0 k=j—4 (29

[1£(w)]

2

HS
j+3
<Ky 3
k=j—4
j+3
B.21
<C’K2ZQ 24+6)2j Z | (W), k)(Qk)|HS ( )
7=0 k=j—4
0 s . j+3 ' .
< OK? ZQ(§+5)QJ Z maX{2(2s—3)(J—k:), 2-30=R| (\pku)(%) 1135
=0 k=j—4
j+3
K2ZQ( 3+0)2j Z | () o) 3re
k=j—4
oo j+3
< O(s, 00Ky D7 2G| () ) |13
7=0 k=j—4
< TC(s,6)K> Y 250 || (gr) o (30 < 7C (s, ) K2 Jull -
k=0
]

As a consequence of Theorem B.13 we can sharpen this result.

Corollary B.9 (Sharp version of the third Moser inequality) Let F: R™ — R!
be CNTL function, F(0) =0, N > [s]+1, s> 3 and 6 > —3. Then

1)

Remark B.10 If F(0) # 0 and F(0) € Hys, then we can apply Theorem B.§ to F(u) =
F(u) — F(0) and get

|1 ()

We may apply Theorem B.8 to the estimate the difference F'(u) — F(v).

t,s < CUFllover, l[ulla, )llullm, ;- (B.22)

H,; < [F(u)

#,s +1E O

< Kllu|

#, s + [1EO)]]a,

(B.23)

5(5—
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Corollary B.11 (A difference estimate in H;) Suppose F is a CN*2 function
and u,v € Hgs N L. Then

1 () = F(v)]

i) llu = vl

1.5 < C(llull o, [lvllz=) (llu|

Hs,& + ||U| Hs,(S . <B24>

Proof (of Corollary B.11) Put F(u) = F(u) — F(0) — DF'(0)u, then it suffices to show
inequality (B.24) for F. Now,

Fu) — F(v) = /0 (DF (tu+ (1 — t)v)) (u — v)dt = Glu,v)(u — v), (B.25)

where G(u,v) = fol DF (tu + (1 — t)v) dt. Since G(0,0) = fol DF(0)dt = 0, we can apply
Theorem B.8 to G(u,v) and get:

1G (u, v)]

Hs) - (B.26)

t.s < Cllullze, [lollz=) (lulla. s + [lv]

Applying algebra (B.12) to the right side of (B.25), we have

HF(U) - F@)‘ ; - (B.27)

= ClG v, Ml =)l

S5

and its combination with (B.26) gives (B.24). u

B.5 Compact embedding

Theorem B.12 (Compact embedding) Let0 < s < sandd <4, then the embedding
Hs— Hg g (B.28)

18 compact.

Proof (of Theorem B.12) Let {u,} C H,; be a sequence with |[u,|/z, ; < 1. Since H, s
is a Hilbert space there is a subsequence, denoted by {u,}, which converges weakly to wu.
We will complete the proof by showing that u,, — w strongly in Hy 5.

Let xg € Cg° such that xgr(z) = 1 for || < R and supp(xgr) C Ba2gr. For a given
e > 0, we take R such that 2%@‘?) < ¢, where C(4,d') is the constant of inequality
(B.5). For a bounded domain €, it is known that the embedding H*(Q2) — H*(Q) is
compact and from Remark A.9 it follows that ||xgu,||ps < C, where C' does not depend
on n . Hence xpu, converges strongly to @, in H*. In addition, we have that yzu, —
XrUuo weakly in H® and hence yru, — xgruo weakly in H ' Thus the sequence {xgpun}
converges both strongly to 1y and weakly to xyguo in H ' hence 1y = XrUo (because

lim,, (X rUn — XRrU), (U0 — XRU0))s = (G0 — XRU), (U0 — XRUO))s = [[tio — XrUO||?,s = 0).

73



By (A.23) lim, |[xru, — XRUOHHS/’(S, = 0, hence we may take n sufficiently large so that
| xrU, — XRUol| m, ,, < €. Therefore

lttn — ol = | (xrttn — Xati0) + (1 = ) (ttn — ) 11,
< |[(XrUn — XRU0)| Hy st (1 —xr)(un — UO)HHS/,(;/
<t ol = wlll, < e+ mrg (lunll + leoll,,) B2
<e+ QCB()f’g,/) < 2¢

and that completes the proof. [ ]

B.6 Embedding into the continuous

We introduce the following notations. For a nonnegative integer m, 0 < o < 1 and g € R,
we set

_ Ju(a)—u(y)|
Ho (2, ) = SUPgyy o<l (1fal)} — omglr

lullc, = sup,, ((1 + [2])7u(z)|)
lulleg = llulle, + sup,, ((1+ |2[)7* Ho (2, u))

lulley = 32 a1 <m sups (14 |2))Hl0%u(z)])
lullere = lulley + 32 a=m sup, (1 + ()77 Ho (2, 0%u)])

Let O, Cg‘*" be the functions spaces corresponding to the above norms.
Theorem B.13 (Embedding into the continuous)

1. If s > %—l—m and 5+% > 3, then any u € H; 5 has a representative u € Cg* satisfying

ey < Cllul

Hys- (B.30)

2. If s > % +m+ o and 0 + % > 3, then any u € Hgs has a representative u € Cj,
satisfying
[allgpee < Cllull, ;- (B.31)

Proof (of Theorem B.13) We first show (B.30) and (B.31) when m = 0. In order to
make notations simpler we will use the convention 2% = 0 if k < 0. Recall that ;(z) = 1
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on K; := {2773 < |z| < 27%2}. Using the known embedding sup, |u(z)] < Cllullys (see
e. g. [20]),we have

sup(1 + [])°lu(z)] < 2% sup <2ﬁj sup IU(:U)!>
{

j>-1 21 <|z|<2i+1}

<2 sup (2% sup [y (@)u(@)]) = 2" sup (27 sup [y (2'x)u(2'a)) (B.32)

j>—

<2°C sup (271 (hju)ai |l ) < 2°C sup <2(2+6)JH(¢jU)2j|\Hs) <
JZ— JZ—

In order to show (B.31) we use the known estimate

u(z) —u
sup |u(z)| + sup L{Eyﬂ < Cllu||gs.z
x syety 1T =Yl
(see e. g. [20]) and repeat similar arguments to the above, then
sup(1 + |z|)#+) sup Ju(z) = u(y)| u£y)|
v (y=al<(ela) [T~ Yl
< 208+9) gup [ 20+9)i sup sup |u(z) — u§y>|
=1 (2I<[e|<2741) {ly—al< it} 1T Y
< 9(B+0) sup 9(B+a)j sup sup |u(x) - U(y)|
jz-1 {29 <|2[<27+1} {1 max {27 —1,0}<|y|<1(1+3-29+1)} |z —yl°
< 20049) gup | 205497 sup sup u(z) — Ugy)‘
Jj=—-1 z€K; yeK; ’{lf - y’ <B33)
o(8+0) s (2 34 sup s |5 (@)u(z) — o; (?J)u(y)!>
[z —yl
o(8+0) sup o(B+0)j supsup Wj(?%)u(?@) - %(QJZJ)U(QJ?/)\
|2 — 27y|”
o(B+o) sup (26" sup sup Wﬁ(zj‘%) (272) — ¢;(2y)u(2’y)]
[z —yl”

3 .
B*")C sup (263”(% )27”}15) <2 B+o)0 sup (2(2+5)J’|(¢ju)2j”m>

j>—1
< Cllulla, s

Ifm>1,s> %—i—m ors > %+a—|—m and 5—1—% > 3, then 0%u € Hy_|q)54|a for 1 < |a] < m.
So we may apply (B.32) and (B.33) to 9*u and obtain [[0%ul|c,,, or [[0%ul|cg,, are less or

equal to HaaUHHs_m\,éHal‘ ]
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B.7 Density
Theorem B.14 (Density of C5° functions)

(a) The class C§°(R?) is dense in Hg;.

(b) Given u € Hys and s' > s > 0. Then for p > 0 there is u, € Cg°(R?) and a positive
constant C(p) such that

(B.34)

luy—ulli, <p and iyl , < Clp)

Property (a) was proved by Triebel [11]. We prove both of them here since (b) relies on
(a).

Proof (of Theorem B.14) Let J. be the standard mollifier, that is, supp(J.) C B(0,¢),
J.(&) = Ji(e€) = J(e€) and J(0) = 1. It is well known that for any v € H®, ||.J.
0 and that J. * v belongs to C°°(R?). In addition, we claim that there is C = C(e,s,9)
such that

[ e vll o < Cllv]] s (B.35)

Indeed, since .J € CS°(R3), |J(€)| < Cp(14|€])~™ for any integer m. Therefore, for a given
s" and ¢, we chose m and the constant C(e, s, s') so that (1+|£|?)~5[J(e€)|> < C?(e, s, 5").
Hence

| Je * v|

o = [+ IR 1 OPI@PdE = [+ PP I P+ 16P)7 T ee) P
<Cers, ) [ (14 EPIIoEPdE = e, ol

(a) Given u € Hy5 and p > 0 we may chose N such that

Z 2 +6)2g|| )(27')|2 2
j=N—

s S 07
2

J

Set now uy = Z;V:O W,u, where Wy is defined as in the proof of Theorem B.8. We
use Proposition B.1 and get

2
Ju—uyl,, < 3240 (‘” ( > ‘I’>>
29) || s

Jj=0 k=N+1
. 2 )
oo s j+4 00 sy j+4 9
246)2 < 2
= D 28I Y v <0 Y 230 3 @,

j=N-2 k=j—3 @) || s j=N-2 k=j—3

> 2

<7C Y 25 () || =TCp%

j=N-2



Now uy has compact support, therefore J. * uy € C5°(R3) and

N+4

3 .
| J. % uy — UNH%HM < Z 9(5+0)2j
j=0

2

—0 as e€—0.
HS

(¥;(Je * un = un)) )

(b) Let u € Hy5 and p > 0, then by (a) we can chose N sufficiently large and e small so
that ||Je * uy — ul/m, ; < p and by (B.35)

N+4

3 .
(A “NH%{S,,J < Z 9(3+8)2j
=0

2

(;(Je * UN))(Qj)

HS

N+4
< C%(e,s,8) Z 2(2+0)2]
=0

(Vjun)) s 2

Hs

< C*C%(e, s, 8 |ull? -

Thus, u, = Je * un.
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