Operators with Corner-degenerate Symbols
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Abstract

We establish elements of a new approch to ellipticity and parametrices
within operator algebras on a manifold with higher singularities, only based
on some general axiomatic requirements on parameter-dependent operators
in suitable scales of spaces. The idea is to model an iterative process with
new generations of parameter-dependent operator theories, together with
new scales of spaces that satisfy analogous requirements as the original ones,
now on a corresponding higher level.

The “full” calculus is voluminous; so we content ourselves here with some
typical aspects such as symbols in terms of order reducing families, classes
of relevant examples, and operators near the conical exit to infinity.
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Introduction

This paper is aimed at studying operators with certain degenerate operator-valued
amplitude functions, motivated by the iterative calculus of pseudo-differential op-
erators on manifolds with higher singularities. Here, in contrast to [36], [37], we
develop the aspect of symbols, based on “abstract” reductions of orders which
makes the approch transparent from a new point of view. To illustrate the idea,
let us first consider, for example, the Laplacian on a manifold with conical singular-
ities (say, without boundary). In this case the ellipticity does not only refer to the
“standard” principal homogeneous symbol but also to the so-called conormal sym-
bol. The latter one, contributed by the conical point, is operator-valued and singles
out the weights in Sobolev spaces, where the operator has the Fredholm property.
Another example of ellipticity with different principal symbolic components is the
case of boundary value problems. The boundary (say, smooth), interpreted as an
edge, contributes the operator-valued boundary (or edge) symbol which is respon-
sible for the nature of boundary conditions (for instance, of Dirichlet or Neumann
type in the case of the Laplacian). In general, if the configuration has polyhedral
singularities of order k, we have to expect a principal symbolic hierarchy of length
k + 1, with components contributed by the various strata. In order to characterise
the solvability of elliptic equations, especially, the regularity of solutions in suit-
able scales of spaces, it is adequate to embed the problem in a pseudo-differential
calculus, and to construct a parametrix. For higher singularities this is a program
of tremendous complexity. It is therefore advisable to organise general elements
of the calculus by means of an axiomatic framework which contains the typical
features, such as the cone- or edge-degenerate behaviour of symbols but ignores
the (in general) huge tail of k — 1 iterative steps to reach the singularity level k.

The “concrete” (pseudo-differential) calculus of operators on manifolds with con-
ical or edge singularities may be found in several papers and monographs, see,
for instance, [27], [31], [30], [5]. Operators on manifolds of singularity order 2 are
studied in [32], [36], [15], [6]. Theories of that kind are also possible for boundary
value problems with the transmission property at the (smooth part of the) bound-
ary, see, for instance, [26], [12], [8]. This is useful in numerous applications, for
instance, to models of elasticity or crack theory, see [12], [9], [7]. Elements of oper-
ator structures on manifolds with higher singularities are developed, for instance,
in [35], [1]. The nature of such theories depends very much on specific assumptions
on the degeneracy of the involved symbols. There are worldwide different schools
studying operators on singular manifolds, partly motivated by problems of geome-
try, index theory, and topology, see, for instance, Melrose [16], Melrose and Piazza
[17], Nistor [22], Nazaikinskij, Savin, Sternin [18], [19], [20], and many others. We
do not study here operators of “multi-Fuchs” type, often associated with “corner
manifolds”. Our operators are of a rather different behaviour with respect to the
degeneracy of symbols. Nevertheless the various theories have intersections and
common sources, see the paper of Kondratiev [13] or papers and monographs of
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other representatives of a corresponding Russian school, see, for instance, [24], [25].
Let us briefly recall a few basic facts on operators on manifolds with conical sin-
gularities or edges.

Let M be a manifold with conical singularity v € M, i.e., M \ {v} is smooth, and
M is close to v modelled on a cone X2 := (R, x X)/({0} x X) with base X,
where X is a closed compact C°° manifold. We then have differential operators of
order p € N on M\ {v}, locally near v in the splitting of variables (r,x) € Ry x X

of the form )
v 2\’
A=r# Z a;(r) (_TE) (0.1)

with coefficients a; € C°(R,,Diff* 7(X)) (here Diff*(-) denotes the space of
all differential operators of order v on the manifold in parentheses, with smooth
coefficients). Observe that when we consider a Riemannian metric on Ry x X :=
X" of the form dr? + r2gx, where gx is a Riemannian metric on X, then the
associated Laplace-Beltrami operator is just of the form (0.1) for u = 2. For such
operators we have the homogeneous principal symbol oy, (A4) € C°(T*(M\{v})\0),
and locally near v in the variables (r,x) with covariables (p, ) the function

Gy (A)(r,x,p,€) = oy (A)(r, 2,77 p, €)

which is smooth up to » = 0. If a symbol (or an operator function) contains r and
p in the combination rp we speak of degeneracy of Fuchs type.

It is interesting to ask the nature of an operator algebra that contains Fuchs type
differential operators of the from (0.1) on X2, together with the parametrices
of elliptic elements. An analogous problem is meaningful on M. Answers may be
found in [31], including the tools of the resulting so-called cone algebra. As noted
above the ellipticity close to the tip » = 0 is connected with a second symbolic
structure, namely, the conormal symbol

oe(A)(w) =" a;(0)w’ : HY(X) — H*M(X) (0.2)
j=0

which is a family of operators, depending on w € F%—v’ I'g:={weC:Rew=
B8}, n =dim X. Here H*(X) are the standard Sobolev spaces of smoothness s € R
on X. Ellipticity of A with respect to a weight v € R means that (0.2) is a family
of isomorphisms for all w € I EEER
The ellipticity on the infinite cone X refers to a further principal symbolic struc-
ture, to be observed when r — co. The behaviour in that respect is not symmetric
under the substitution » — r~!. Also the present axiomatic approch will refer
to “abstract” conical exits to infinity based on specific insight on a relationship
between edge-degeneracy and such conical exits, known from the edge calculus of
[28], [30] (see also [2] in a higher singular case). A differential operator on an open
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stretched wedge Ry x X x Q 3 (r,z,y), @ C R? open, is called edge-degenerate, if
it has the form

A=r7" 3" aju(ry) (—r%y(my)a, (0.3)

JtHlel<u

ajo € C(Ry x Q,Diff*~U+eD (X)) Observe that (0.3) can be written in the
form A = r7#Op, ,(p) for an operator-valued symbol p of the form p(r,y, p,n) =

p(r,y,rp,rn) and p(r,y, 5,7) € C=(Ry x Q, L (X; R L),

Op,,(p)u(r,y) = // ei(T_T/)pH(y_y/)"p(r,y,p,n)u(r',y’)dr'dy'dpdn.

Here L (X; Rl/\) means the space of classical parameter-dependent pseudo-differen-
tial operators on X of order p, with parameter A € R/, that is, locally on X the op-
erators are given in terms of amplitude functions a(x, &, \), where (£, ) is treated
as an (n + [)-dimensional covariable, and we have L=>°(X;R!) := S(R!, L=>°(X))
with L=°°(X) being the (Fréchet) space of smoothing operators on X.

The notion of parameter-dependent operators of the form (0.1), with a parameter
n € RY? is motivated by edge-degenerate operators. Omitting now the variable y
such operator families have the form

A =1 3 wa) (2 0w (0.4

Jtlal<p

This can also be written A(n) = r~#Op,.(p)(n),p(r,p,n) = p(r,rp,rn), for a
suitable p(r, 5, 7) € C=(Ry, LY (X; R}B;]q)). In this form we also reach parameter-
dependent pseudo-differential operators of Fuchs type. As we know from the cal-
culus on the infinite cone a definition of adequate distribution spaces at r = oo,
denoted by H¢, . (Ry x X)(:= HZne(R X X)|r, xx), can be formulated in terms

of parameter-dependent isomorphisms on the base X of the cone as follows.
H: . (RxX), s eR,is defined to be the completion of S(R, C*° (X)) with respect

{ [ on.( ))(r,mn%mdr}%

to the norm
for a family p(r, p,n) := p(rp,rn), n € R?\ {0} fixed, where p(p,7) € L (X, Rliq)
is parameter-dependent elliptic of order s, with parameters (p, 7}), chosen in such
a way that p(p,7) : H/(X) — H'"*(X) is an isomorphism for every (p,7) € R1*4,
t € R. Changing n # 0, or the family p itself, gives rise to equivalent norms in the
space HS (R x X). This will be the background of a definition of analogues of
such spaces in the abstract set up (see Definition 2.20 below).

This paper is organised as follows. In Chapter 2 we introduce spaces of symbols

based on families of reductions of orders in given scales of (analogues of Sobolev)
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spaces.
Chapter 3 is devoted to the specific effects of an axiomatic cone calculus at the
conical exit to infinity. The cone at infinity is represented by a real axis R > r,
and the operators take values in vector-valued analogues of Sobolev spaces in r.

As indicated above, our results are designed as a step of a larger concept of
abstract edge and corner theories, organised in an iterative manner. The full calcu-
lus employs the one for r — oo in combination with Mellin operators on Ry near
r = 0. However, the continuation of the calculus in that sense needs more space
than available in the present note. We believe that the structures for r — oo in the
present form are completely new, despite of the efforts with analogous intentions
in the papers [1], [2]. The main difficulty was to invent convenient classes of sym-
bols with a specific intertwining of variables and covariables together with extra
parameters 1 # 0 which play the role of future edge covariables in homogeneous
edge symbols of higher generation (see (0.4) as an example).

1 Elements of the cone calculus

1.1 Scales and order reducing families

Let € denote the set of all families £ = (E®)secr of Hilbert spaces with continuous
embeddings E¥ < E*, ' > s, so that E> := Nser £° is dense in every E*, s € R
and that there is a dual scale £* = (E*®)scr with a non-degenerate sesquilinear
pairing (.,.)o : E° x E*® — C, such that (.,.)g : E® x E**® — C, extends to a
non-degenerate sesquilinear pairing

E*x E*° = C
feel and supye o g0y 412 are equiva-

lent norms in the spaces E* and £ ™%, respectively; moreover, if £ = (ES)SGE%, E=

for every s € R, where sup ¢ g\ (0

(E®)ser are two scales in consideration and a € L*(E,E) = [\ cp L(E®, E*7H),
for some p € R, then
sup |lalls,s—p < 00
s€(s’,s"]
for every s’ < s”; here ||.||s,5 := H||L(E fey- Later on, in the case s = § = 0 we

often write ||.|| :== ||.]|o,0-
Let us say that a scale £ € € is said to have the compact embedding property, if
the embeddings E* < E® are compact when s’ > s.

Remark 1.1. Every a € £*(£,€) has a formal adjoint a* € L#(E*,E*), obtained
by (au,v)o = (u,a*v) for all u € E* v € E*>®.

Remark 1.2. The space £#(&,E) is Fréchet in a natural way for every p € R.
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Definition 1.3. A system (b"(n))ucr of operator functions b(n) €
C*(R?,LH(E,E)) is called an order reducing family of the scale &, if
b(n) : E% — E*"* is an isomorphism for every s,u € R, n € R?, b°(n) = id for
every n € R?, and

(i) DEb(n) € C=(RY, L~ IPI(E,£)) for every 3 € NY;
(i) for every s € R, € N? we have

ps— 8] DPpH b—s
max  sup I (mA{ Dy, 0" (n) 1o~ ()00 < 00

se(s’,s']
for all k € N, and for all real s’ < s”.

(iii) for every u,v € R, v > pu, we have

sup |6 (n)[ls,s—v < e(n)”

s€(s’,s"]

for all n € R? and s’ < s” with constants ¢(u,v,s), B(u,v,$) > 0, uni-
formly bounded in compact s-intervals and compact u, v-intervals for v > u;
moreover, for every p < 0 we have

1o*(M))lo,0 < e(m)*

for all n € RY with constants ¢ > 0, uniformly bounded in compact p-
intervals, u < 0.

Clearly the operators b in (iii) for v > p or u < 0, are composed with a
corresponding embedding operator.
In addition we require that the operator families (b*(n)) ™" are equivalent to b= (n),
according to the following notation. Another order reducing family (by'(n))ucr,n €
RY, in the scale £ is said to be equivalent to (b(n)).cr, if for every s € R, § € N9,
there are constants ¢ = ¢(f, s) such that

163 ) { D20 () Yor * ()00 < e,

o=+ P ) { Db () }o~* ()]
for all n € R?, uniformly in s € [¢/, s”] for every s’ < s”.

0,0 < ¢

Remark 1.4. Parameter-dependent theories of operators are common in many con-
crete contexts. For instance, if  is an (open) C° manifold, there is the space
L (Q,R?) of parameter-dependent pseudo-differential operators on Q of order
@ € R, with parameter n € R?, where the local amplitude functions a(z,&,n)
are classical symbols in (£,17) € R""9, treated as covariables, n = dim (2, while
L=>°(02,RY) is the space of Schwartz functions in 7 € R? with values in L~>°(f2),
the space of smoothing operators on 2. Later on we will also consider specific
examples with more control on the dependence on 7, namely, when Q = M \ {v}
for a manifold M with conical singularity v.
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Ezample. Let X be a closed compact C* manifold, E* := H*(X), s € R, the scale
of classical Sobolev spaces on X and b*(n) € L/j(X;RY) a parameter-dependent

cl

elliptic family that induces isomorphisms b*(n) : H*(X) — H* #(X) for all s € R.
Then for v > u we have

||b” (77) ||L(H5 (X),Hs—v(X)) S c<77>7T(H>V)

for all n € RY, uniformly in s € [s,s”] for arbitrary s’,s”, as well as in compact
u- and v-intervals for v > p, where

m(p, v) := max(p, p — v) (1.1)

with a constant ¢ = c(u, v, s',s"”) > 0. Observe that supgcg» sgzu < (n)™(w¥) for
all n € RY.
Remark 1.5. Let b%(7,7n) € L (X;R;J%q) be an order reducing family as in the

cl
above example, now with the parameter (7,7) € R rather than 1, and of order

s € R. Then, setting b*(t, 7,n) := b®(t7,tn) the expression

{1 0m )0 gt}

for nt € R7\ {0}, |n'| sufficiently large, is a norm on the space S(R,C°°(X)). Let
H: (R x X) denote the completion of S(R, C*°(X)) in this norm. Observe that
this space is independent of the choice of 1!, |n!| sufficiently large. For reference
below we also form weighted variants H3? (R x X) := (¢) " 9H:  (Rx X), g € R,
and set

cone cone

HZG(Ry x X) = HZ5 (R x X)[r, xx- (1.2)
As is known, cf. [12], the spaces HZ¢ (R x X) are weighted Sobolev spaces in the

cone
calculus of pseudo-differential operators on Ry x X with [t| — oo being interpreted

as a conical exit to infinity.

Another feature of order reducing families, known, for instance, in the case
of the above example, is that when U C RP is an open set and m(y) € C*(U)
a strictly positive function, m(y) > ¢ for ¢ > 0 and for all y € U, the family
b3 (y,m) = b°(m(y)n), s € R, is order reducing in the sense of Definition 1.3 and
equivalent to b(n) for every y € U, uniformly in y € K for any compact subset
K C U. A natural requirement is that when m > 0 is a parameter, there is a
constant M = M (s’,s") > 0 such that

16° (b~ (m)[lo,0 < cmax(m,m™")M (1.3)

for every s € [, s"], m € Ry, and n € RY.

We now turn to another example of an order reducing family, motivated by the cal-
culus of pseudo-differential operators on a manifold with edge (here in “abstract”
form), where all the above requirements are satisfied, including the latter one.
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Definition 1.6. (i) If H is a Hilbert space and x := {kr}rer, a group of
isomorphisms k) : H — H, such that A\ — k)h defines a continuous function
Ry — H for every h € H, and kak, = Ky, for A\, p € R, we call k a group
action on H.

(i) Let H = (H®)ser € € and assume that H is endowed with a group action
k = {Katrer, that restricts (for s > 0) or extends (for s < 0) to a group
action on H® for every s € R. In addition, we assume that  is a unitary
group action on H°. We then say that H is endowed with a group action.

If H and k are as in Definition 1.6 (i), it is known that there are constants
¢, M > 0, such that
[£allzcmy < emax(A, A~HY (1.4)

for all A € Ry.
Let W*(R?, H) denote the completion of S(RY, H) with respect to the norm

1
Jullweeny = { [ g aenlant

w(n) = Fy—nu(n) is the Fourier transform in R?. The space W*(R?, H) will be
referred to as edge space on R? of smoothness s € R (modelled on H). Given a
scale H = (H®)ser € € with group action we have the edge spaces

W* = W*(RY, H¥), s € R.

If necessary we also write W?(RY, H®),.. The spaces form again a scale W :=
(W#)ser € €.
For purposes below we now formulate a class of operator-valued symbols

SHM(U x R H, H),. (1.5)

for open U C R? and Hilbert spaces H and H , endowed with group actions k¥ =
{Fatrer,, & = {RFa}rer,, respectively, as follows. The space (1.5) is defined to be

the set of all a(y,n) € C®(U x R%, £(H, H)) such that

sup  (n) R DEDRaly ko oy <00 (L6)
(y,mEK xR4

for every K € U, € NP, 3 € N4.

Remark 1.7. Analogous symbols can also be defined in the case when His a
Fréchet space with group action, i.e., H is written as a projective limit of Hilbert
spaces H;, j € N, with continuous embeddings H; — Hy, where the group action
on LNIO restricts to group actions on flj for every j. Then S*(U x R%; H, I_NI) =
lim _SH(U x R%; H, Hj).

JEN
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Consider an operator function p(¢,n) € C* (Rf;q, L*(H,H)) that represents a

symbol

p(&,m) € SH(RE % HS H ™).

for every s € R, such that p(§,n) : H® — H** is a family of isomorphisms for all
s € R, and the inverses p~1(£,n) represent a symbol

p~H(&m) € STHREL HS HI ),

for every s € R. Then b*(n) := Op,(p)(n) is a family of isomorphisms
D) WS — WS, € RY,
with the inverses b=#(n) := Op,(p~1)(n).
Proposition 1.8. (i) We have
10" (Ml cqwo,woy < c(m)” (1.7)
for every p <0, with a constant ¢(u) > 0.
(ii) For every s,u,v € R, v > u, we have

16 ()| e wrs—vy < )™l FMEFM =0 (1.8)

for all p € RY, with a constant c(u, s) > 0, and M(s) > 0 defined by

6l cems ey < M) for all A > 1.

Proof. (i) Let us check the estimate (1.7). For the computations we denote by
j: H #* — HO° the embedding operator. We have for u € W9

ol = [ ot (Fu)(©) o
=/||H(gfn>jf€<g,n>f€§n>p(€a77)f€<5.,n>f<é(§,,> (Fu)(€)1FodE
S/||f<6<_§,,>jf€<g,n>H%(H—M,HO)||f<é<_§,,>p(§a77)f€<g,n>f€<_§n>(fu)(f)quwdﬁ

S e R O M CN O] A

<e sup (€, 0)* [[ullfyo-
EERP

Thus [[b*(n)]| zwoe.wo) < ¢supeern (§,m)* < ¢(n)*, since p < 0.
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(ii) Let j : H*™* < H*"" denote the canonical embedding. For every fixed
s € R we have

o myullfy.-. = / (€7 Ik (g 7P (E M) (Famg ) (€)1 d€
= / (€207 |y ip (&, Mgy (€) 7 (€) k) (Fomgt) (€) | G

= sup &) I an(€ A o e / () Il Fomeul©) e

We have

%76y (&) 84 | e e s

< |"‘$6j’<ﬂ(§)Hﬁ(st,HS*V)”’i@P(f?U)H(f)Hﬁ(Hs,st)
< C||’f<_5p(§, ME el coms me-m)
with a constant ¢ > 0.

We employed here that ||f<a<3jn<5>||£(Hsfu7st) < ¢ for all £ € RP. Moreover,
we have

H’fgp(fv mee s me-m)
< ey kel ccre—n mre-m 1Ky DE M e my (e o 1Ky ey e cae ey

< (& mP ke -1l cce—n me—m | Ke -1y | (rre, o)

e

As usual, ¢ > 0 denotes different constants (they may also depend on s); the
numbers M(s), s € R, are determined by the estimates

6l cees ey < M) for all A > 1.
We obtain altogether that

Sk (<§<%7>7>)M(Su)+M(S) < ol T M (s )+ M (s)

162 ()| e we—ry < € sUD

gern  (£)”

O
It can be proved that the operators in Proposition 1.8 also have the uniformity
properties with respect to s, u, v in compact sets, imposed in Definition 1.3.
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1.2 Symbols based on order reductions

We now turn to operator valued symbols, referring to scales
£ = (E%)ser, € = (B%)ser € €.

For purposes below we slightly generalise the concept of order reducing families
by replacing the parameter space R? 3 n by H > 7, where

H:={n=(nn") eRTT" :q=q" +q",n" #0}. (1.9)

In other words for every u € R we fix order-reducing families b*(n) and I;”(n)
in the scales £ and &, respectively, where n varies over H, and the properties of

Definition 1.3 are required for all € H. In many cases we may admit the case
H = R? as well.

Definition 1.9. By S#(U x H; &, E) for open U C RP i € R, we denote the set
of all a(y,n) € C°(U x H, L*(&,E)) such that

DEDla(y,n) € C=(U x H, L'~ 1Pl(g,£)), (1.10)

and for every s € R we have

a S b Bl (D DPa(y, n)}b—* 1.11
Wik SPLL l (mM{ Dy Dyyaly,n)}b~*(m)llo,0 (1.11)
s€[s’,s!]

is finite for all K € U, k € N, h > 0.

Let SH(H; €&, g) denote the subspace of all elements of S*(U x Hj £, 5) that are
independent of y.
Observe that when (b*(n))ucr is an order reducing family parametrised by n € H
then we have

bH(n) € SHH;E,€E) (1.12)
for every p € R.
Remark 1.10. The space SH(U x H; €, g) is Fréchet with the semi-norms

a — max su ps—HtBl DeDBa(y,n)}b~* 1.13
Wiy (M)U[(Xg,‘?m I (m{Dy Dyaly,mib=* (Moo (1.13)
sels!,s!
parametrised by K € U, s € Z, o« € NP, 3 € N9 h > 0, which are the best
constants in the estimates (1.11). We then have

SHU x H; E,E) = C°(U, SM(H; €,€)) = C®(U)@.S"(H; €, E).
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We will also employ other variants of such symbols, for instance, when 2 C R™
is an open set,

SR, x Q x H;€,€) = C®(R,. x Q, SH(H; E,E)).

In order to emphasise the similarity of our considerations for H with the case
H = R? we often write again R? and later on tacitly use the corresponding results
for H in general.

Remark 1.11. Let a(y,n) € S*(U x RY) be a polynomial in n of order u and
£ = (E*)ser a scale and identify DY DPa(y,n) with (D§DPa(y,n)). with the
embedding ¢ : E* — E*~#FI8l Then we have

16>~ +181 () (DS DEay, )b~ (1) 0.0
< |D;‘Dﬁa(y,77)|||b_u+|m(77)”010 < e(nyr 1Bl —rHIBl — ¢

for all p € N9, || < p, y € K € U (see Definition 1.3 (iii)). Thus a(y,n) is
canonically identified with an element of S*(U x R%; &, E).

Proposition 1.12. We have
STO(U x R4 E,E) = (] SMU x R E,E) = CF(U, SR, L™(E,£))).
peER

Proof. Let us show the assertion for y-independent symbols; the y-dependent
case is then straightforward. For notational convenience we set £ = &; the
general case is analogous. First let a(n) € S™°(R%E,€E), which means that
a(n) € C*(RY, L72(E,€)) and

16° N (m{ Dy alm) o~ () oo < (1.14)
for all s € R, N € N, # € N? and show that

sup [[(n)™ D}fa(n)ls.e < oo (1.15)

for every s,t € R, M € N, 8 € N4. To estimate (1.15) it is enough to assume ¢ > 0.
We have

™ DEa(n)l|s,e = 116~ ()b () ()™ D a(n)b™*(n)b*(n)]]s.4 (1.16)

for every k € N, k > 1, it is sufficient to show that the right hand side is uniformly
bounded in 1 € R? for sufficiently large choice of k. The right hand side of (1.16)
can be estimated by

15~ ()0 169 (m)l]0,0 67 () D a(n)b™* ()[lo,0[[6° (1)]

s,0-
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bkt

Using || (n)Dﬁa(n)b*S(n) llo.o < ¢, which is true by assumption and the estimates

16* ()lls,0 < em)®, 16~ M)llo.se < )™,

with different B, B’ € R and ||[b(=®)%(5)]l0.0 < ()P =P (see Definition 1.3 (iii))
we obtain altogether

™M DBa(n)||s,e < c(n)M+B+HB+0=R1

for some ¢ > 0. Choosing k large enough it follows that the exponent on the right
hand side is < 0, i.e., we obtain uniform boundedness in n € R?.
To show the reverse direction suppose that a(n) satisfies (1.15), and let 8 € N9,
M, s,t € R be arbitrary. We have
16°(m) D}y a(mb > ()00 <
165 () (m) = lle.oll {m)* Dy a(m) ¢

Now using (1.15) and the estimates

1" () (m) ™Mo < e, I1m) ™Mb ()llo,s < e(m)™ M,

with constants A, A’ € R, we obtain
16" () Difa(mb™*(m)l0,0 < e(n) T4 —2M.

Mo~ ()]s (1.17)

Choosing M large enough we get uniform boundedness of (1.17) in € R? which
completes the proof. o

Proposition 1.13. Let a(y,n) € S*(U x R%GE,E) and 1 < 0. Then we have

la(y,m)llo,0 < c(m*
forally € K € U,n € RY, with a constant ¢ = ¢(s, K) > 0.

Proof. For simplicity we consider the y-independent case. It is enough to show that
la(n)ull zo < c(n)#||ul|go for all u € E>. Let j : E=#* — E° denote the embedding
operator. We then have

la(m)ull go =lla(md™" (6" (mul go
<llambd™" )l ¢(mo, oy 176 (Mull g0 < e{m)* ||ul o-
O
Proposition 1.14. A symbol a(y,n) € S*(U x R%:E,E), p € R, satisfies the
estimates

la(y, n)lls,s—v < c(m)? (1.18)

for everyv > p, for everyy € K € U,n € R%, s € R, with constants ¢ = c(s, p,v) >
0,A = A(s,u,v, K) > 0 that are uniformly bounded when s, ., v vary over compact
sets, v > .
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Proof. For simplicity we consider again the y-independent case. Let j : Es—h <
E*7" be the embedding operator. Then we have

la(m)ls,s—v = 76T (m)b* = (m)a(n)b™* (m)b* (1) 5,5
< 6™ ) llo,s— 167 () a(m)d ™ (m)[lo,0116° ()1 5,0-
Applying (1.11) and Definition 1.3 (iii) we obtain (1.18) with A = B(—s+pu, —s+
v,0)+ B(s, s,0), together with the uniform boundedness of the involved constants.
O

Also here it can be proved that the involved constants in Propositions 1.13, 1.14
are uniform in compact sets with respect to s, u, v.

Proposition 1.15. The symbol spaces have the following properties:

(i) SHM(U x R%E,E) C SH (U x RYE,E) for every i >

(ii) Dg‘DﬁS”(U x R9:E,E) C SHIBI(U x RY; £, E) for every a € NP, 3 € N¢;

(i) SH(U x RY; &, E)SY (U x R%:E,E) C SHH(U x RY; E, ) for every p,v € R
(the notation on the left hand side of the latter relation means the space of
all (y,n)-wise compositions of elements in the respective factors).

Proof. For simplicity we consider symbols with constant coefficients. Let us write
-1l := 1 - llo,0, ete.

(i) a(n) € S*(RY; E,E) means (1.10) and (1.11); this implies

B>+ ) Dy am b ()| = [0 (mb* = ) { Dy a(n) 3o~ ()|
< efm bR D a(m) b ()| < cllb* T ) { DY a(n) 3o~ (n)]].
We employed p — ¢/ < 0 and the property (iv) in Definition 1.3.

(ii) The estimates (1.10) can be written as

15~ =180 () { D a(n) }b~* ()| < ¢

which just means that DSa(n) € Se=IBl(R; €, E).

(iii) Given a(n) € SH(R%; &y, E),a(n) € S”(R%E, &) we have (with obvious
meaning of notation)

165~ i {Dyam)b= ()| < e, 11B°#H1 () {DSa(n)}by* ()] < ¢
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for all 7,0 € N9. If o € N? is any multi-index, Dj(aa)(n) is a linear combination
of compositions DSa(n)D;a(n) with |y| + 8| = |a|. It follows that

B>~ %1l () DY a(m){ Dy a(n) }o~* (n) |
= HBS*(#JH/)HOL\ (n)Dga(n)baHV*W\ (n)bgﬂﬂr\’ﬂ (n)D;y]d(n)bfs(n)H

< [[pt=rHel=bl ) DS a(n)by t ()| 165~ T ) DYamb >l (1.19)

for t = s — v + |v|; the right hand side is bounded in 7, since |a| — |y| =1§]. O

Remark 1.16. Observe from (1.19) that the semi-norms of compositions of symbols
can be estimated by products of semi-norms of the factors.

1.3 An example from the parameter-dependent cone calcu-
lus

We now construct a specific family of reductions of orders between weighted spaces
on a compact manifold M with conical singularity v, locally near v modelled on a
cone

X2 =R, x X)/({0} x X)

with a smooth compact manifold X as base. The parameter n will play the role
of covariables of the calculus of operators on a manifold with edge; that is why
we talk about an example from the edge calculus. The associated “abstract” cone
calculus according to what we did so far in the Sections 1.1 and 1.2 and then below
in Chapter 3 will be a contribution to the calculus of corner operators of second
generation. It will be convenient to pass to the stretched manifold M associated
with M which is a compact C*° manifold with boundary 0M = X such that when
we squeeze down OM to a single point v we just recover M. Close to OM the
manifold M is equal to a cylinder [0,1) x X 3> (¢,x), a collar neighbourhood of OM
in M. A part of the considerations will be performed on the open stretched cone
XN =Ry X X 3 (t,7) where we identify (0,1) x X with the interior of the collar
neighbourhood (for convenience, without indicating any pull backs of functions or
operators with respect to that identification). Let M := 2M be the double of M
(obtained by gluing together two copies My of M along the common boundary
OM, where we identify M with M ); then M is a closed compact C*° manifold.
On the space M we have a family of weighted Sobolev spaces H*7(M),s,v € R,
that may be defined as

H*"(M):={ou+(1—-0o)v:uecH(X"),ve H (M\{v}},

where o(t) is a cut-off function (i.e., 0 € C§°(Ry),0 =1 near t = 0), o(t) = 0 for
t > 2/3. Here H®7(X") is defined to be the completion of C§°(X") with respect
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to the norm

1
g o M tma M) oo (1.20)
i
n = dim X, where b}, (1) € L|(X;R;) is a family of reductions of order on

X, similarly as in the example in Section 1.1 (in particular, b5 . (1) : H*(X) —
H°(X) = L*(X) is a family of isomorphisms). Moreover, M is the Mellin trans-
form, (Mu)(w) = [;°t*"tu(t)dt, w € C the complex Mellin covariable, and

I'g:={weC:Rew=pg}

for any real 3. From t*H*Y(X") = H* o (X") for all s,7,8 € R it follows the
existance of a strictly positive function h® € C°(M \ {v}), such that the operator
of multiplication by h? induces an isomorphism

h : H5Y (M) — H*Y (M) (1.21)

for every s,7,d € R.

Moreover, again according to the same example, now for any smooth compact
manifold M we have an order reducing family 5(77) in the scale of Sobolev spaces
H S(]T/[/ ),s € R. More generally, we employ parameter-dependent families a(n) €
Lé‘l(]T/[/; RY). The symbols a(n) that we want to establish in the scale H*7(M)
on our compact manifold M with conical singularity v will be essentially (i.e.,
modulo Schwartz functions in 7 with values in globally smoothing operators on

M) constructed in the form
a(n) = Taeage(n)d + (1 — 0)ain(n)(1 — &), (1.22)

@int (1) = @(1)|inem, with cut-off functions o(t),&(t),5(t) on the half axis, sup-
ported in [0,2/3), with the property

<0=<0

Qu

(here o < & means the & is equal to 1 in a neighbourhood of supp o).
The “edge” part of (1.22) will be defined in the variables (t,z) € X”. Let us
choose a parameter-dependent elliptic family of operators of order y on X

Bt 7,7) € C Ry, Liy(X;REED).

Setting
p(t,7,n) = p(t, tr,tn) (1.23)

we have what is known as an edge-degenerate family of operators on X. We now
employ the following Mellin quantisation theorem.
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Definition 1.17. Let M/5(X;R?) defined as the set of all h(z,n) €
A(C, Ly (X;R9)) such that h(( +i7,n) € LEj(X;RH) for every 8 € R, uniformly
in compact S-intervals (here A(C, E') with any Fréchet space E denotes the space
of all E-valued holomorphic functions in C, in the Fréchet topology of uniform

convergence on compact sets).

Observe that also M/5(X;R?) is a Fréchet space in a natural way. Given an
ftt'z,m) € CFRy x Ry, LY (X3 1 x RY)) we set

orte(mutr) == [ [ e g = imute) G

which is regarded as a (parameter-dependent) weighted pseudo-differential opera-
tor with symbol f, referring to the weight v € R. There exists an element

h(t,7,7) € C(R., M(X;RY)) (124)
such that, when we set ~
h(t, z,n) := h(t, z,tn) (1.25)
we have
opy, (h) (1) = Opy(p)(n) (1.26)

mod L™(X";RY), for every weight v € R. Observe that when we set

pO(tu T, 77) = ]5(07 tTa tn)7 hO(tu Z, 77) = B(Oa 2, “7)

we also have op}, (ho)(n) = Op,(po)(n) mod L~=>°(X";Ry), for all v € R.
Let us now choose cut-off functions w(t),@(t),o(t) such that © < w < @.
Fix the notation w,(t) := w(t[n]), and form the operator function

Qedge(n) = wy (D)t opy, 2 () (n)ay (1)
(1 = wy (1)) Oy (p) () (1 = &y (1)) +m(n) + g(n).  (1.27)

Here m(n) and g(n) are smoothing Mellin and Green symbols of the edge calculus.
The definition of m(n) is based on smoothing Mellin symbols f(z) € M~>°(X;T'g).
Here M~°°(X;Tg) is the subspace of all f(z) € L™*°(X;I'g) such that for some
e > 0 (depending on f) the function f extends to an

l(z) € A(Us,e, L™°(X))
where Ug . :={z € C: |[Rez — 3| < ¢} and

(6 +i1) € LT°(X;R,)
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for every ¢ € (8 —¢,8 + €), uniformly in compact subintervals. By definition we
then have f(8 +i7) = I(8 + i7); for brevity we often denote the holomorphic
extension [ of f again by f. For f € M_OO(X;FL;L,Y) we set

m(n) =t Fwyopay L (f)oy

for any cut-off functions w, @.
In order to explain the structure of g(n) in (1.27) we first introduce weighted spaces
on the infinite stretched cone X = R, x X, namely,

K79(XM) i= wH> Y (X)) + (1 — w)HES(X7) (1.28)

for any s,7,9 € R, and a cut-off function w, see (1.20) which defines H*7(X")
and the formula (1.2). Moreover, we set K7 (X") := K*7%(X"). The operator
families g(n) are so-called Green symbols in the covariable 7 € RY, defined by

g(n) € SHRG; K19(X"), ST (X)), (1.29)

g*(n) € SH(RL; L5719 (XN), §77(X 1)), (1.30)

for all s,7v,9 € R, where ¢g* denotes the n—wise formal adjoint with respect to the
scalar product of K%%9(X") =r~2L3(R; x X) and € = ¢(g) > 0. Here

SHXN) == wK=P (XM + (1 — w)S(Ry, C>(X))

for any cut-off function w. The notion of operator-valued symbols in (1.29), (1.30)
refers to (1.5) in its generalisation to Fréchet spaces H (rather than Hilbert spaces)
with group actions (see Remark 1.7) that is in the present case given by

kxcu(t,x) — )\%Jrgu()\t,x), AeRy (1.31)

n = dim X, both in the spaces K*79(X") and ST~#T€(X M),

The following Theorem 1.18 is crucial for proving that our new order reduction
family is well defined. Therefore we will sketch the main steps of the proof, which
is based on the edge calculus. Various aspects of the proof can be found in the
literature, for example in Kapanaze and Schulze [11, Proposition 3.3.79], Schrohe
and Schulze [29], Harutyunyan and Schulze [8]. Among the tools we have the
pseudo-differential operators on X” interpreted as a manifold with conical exit to
infinity » — o00o; the general background may be found in Schulze [34]. The calculus
of such exit operators goes back to Parenti [23], Cordes [3], Shubin [40], and others.

Theorem 1.18. We have

OQedge ()5 € SH(RY; V(X)) CITHITHI (X)) (1.32)
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for every s,g € R, more precisely,
Dg{gaedge(n)g} c Su—\ﬁl(Rq;;Csmg(XA)7;Cs—u+|6\,v—u;g(XA)) (1.33)

for all s,g € R and all B € N. (The spaces of symbols in (1.32), (1.33) refer to
the group action (1.31)).

Proof. To prove the assertions it is enough to consider the case without m(n)+g(n),
since the latter sum maps to K°79(X") anyway. The first part of the Theorem
is known, see, for instance, [8] or [4]. Concerning the relation (1.33) we write

Cease(n)F = o{ac(n) + au(n)} (1.34)
with .
ac(n) =t~ wyopyy * (h)(n)dy,
ay () = t7(1 = wy)Op, (p) (n)(1 — &)
and it suffices to take the summands separately. In order to show (1.33) we con-

sider, for instance, the derivative 9/0n; =: 9; for some 1 < j < ¢. By iterating the
process we then obtain the assertion. We have

Ojcr{ac(n) + au(n)}5 = o{5ac(n) + Dy ())& = bi() + ba(n) + ba )
with
{wnopir ¥ () ();3, + (1 - w,)Op,(p) &)},
ba(n) = ot~ {wqop}y ¥ (@) (m)3y + (1 = w,)Op, (95p) (1) (1 — 5y }5,

ba(n) 1= ot ~{ (@gen)opis 2 () )3y + (35(1 = w,))Opy(p)(m) (1 — 5y } .

In by (n) we can apply a pseudo-locality argument which is possible since 9w, = 0
on supp wy and 9;(1 —w,) = 0 on supp (1 —wy,); this yields (together with similar
considerations as for the proof of (1.32))

bi(n) € S*THRECHVI(XN), K0T (X)),
Moreover we obtain
b2(77) c Su—l(Rq; ;Csmg(XA)’;Cs—u+1,v—u;g(XA))

since 0;h and 9;p are of order p — 1 (again combined with arguments for (1.32)).
Concerning bs(n) we use the fact that there is a ¢ € C§°(R4) such that ¢» =1 on
supp Ojw, @ — ¢ = 0 on supp djw and (1 — u:J) — 1 = 0 on supp d;w. Thus, when
we set ¢, (t) == (t[n]), we obtain bs3(n) := c3(n) + ca(n) with

es(n) = ot { (Bwn)opir F ()W) — (O,)OPL(P) )Y, 15,
can) 1= ot~ { (Bwn)opy; * ()W) — ] = B10,)Op ()WL = By) = ] 5.
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Here, using 0jw,, = (w’),0;(t[n]) which yields an extra power of ¢ on the left of the
operator, together with pseudo-locality, we obtain

ca(n) € SHTHRY K379(X M), KOOI (X 1)),

To treat c3(n) we employ that both 0;w,, and ¢, are compactly supported on R .
Using the property (1.26), we have

ca(n) = ot~ (9jwy){0pa; * (B)(1) — Opy (p) () }0y&
c Sufl(Rq; ;Csy'y;g(X/\)7 /Cooy'y*u;g(XA))_

O

Definition 1.19. A family of operators c(n) € S(R?, (N, cp L(H*7 (M), H>(M)))
is called a smoothing element in the parameter-dependent cone calculus on M
associated with the weight data (v, d) € R?, written ¢ € Ci(M, (v, §); R?), if there
is an € = (c¢) > 0 such that

c(n) € S(RY, LIH* (M), H>*+<(M))),
c*(n) € S(RY, L(H*~° (M), H>~7+(M)));

for all s € R; here c* is the n-wise formal adjoint of ¢ with respect to the H%?(M)-
scalar product.

The n-wise kernels of the operators ¢(n) are in C*° ((M \ {v}) x (M \ {v})).
However, they are of flatness ¢ in the respective distance variables to v, relative to
the weights § and -, respectively. Let us look at a simple example to illustrate the
structure. We choose elements k € S(RY, H>+¢(M)), k' € S(RY, H*—7+(M))
and assume for convenience that k and &’ vanish outside a neighbourhood of v,
for all n € R?. Then with respect to a local splitting of variables (¢, ) near v we
can write k = k(n, t,z) and k' = k'(n,t',2'), respectively. Set

c(nu(t,z) :== //k(n,t,x)k’(n,t/,x/)u(t’,x’)tmdt/dz/

with the formal adjoint

2 = // k' (n,t', 2 )k(n, t,x)v(t, z)t" dtdz.

Then ¢(n) is a smoothing element in the parameter-dependent cone calculus.
By C*(M, (y,v — u); R?) we denote the set of all operator families

a(n) = 0aedge(n)d + (1 — 0)ains(n)(1 — 5) +c(n) (1.35)

where deqge is of the form (1.27), aing € L% (M \ {v}; R?), while ¢(n) is a parameter-
dependent smoothing operator on M, associated with the weight data (v,v — p).
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Theorem 1.20. Let M be a compact manifold with conical singularity. Then the
n-dependent families (1.22) which define continuous operators

a(n) : H¥'(M) — H*™"77"(M) (1.36)
for all s € R, v > p, have the properties:

lam)|| e vy, e (aryy < c(n)? (1.37)

for alln € RY, and s € R, with constants ¢ = ¢(u,v,s) >0, B = B(u,v,s), and,
when p <0

lla(m)| e (ary, mo.0 (ary) < e{m)* (1.38)
for allm € R, s € R, with constants ¢ = c¢(u, s) > 0.

Proof. The result is known for the summand (1 — ¢)ain(7)(1 — &) as we see from
the example in Section 1.1. Therefore, we may concentrate on

p(n) := oteage(n)o : H*7 (M) — H*""77"(M).
To show (1.37) we pass to
Oledge(n)d : K¥V(X7) — K707V (XM).
Then Theorem 1.18 shows that we have symbolic estimates, especially

I DAyl e (e dcesma-sney < el

‘We have

I s (x Ay s —vv—vxnyy S P £ics v (xA) Ko7 —n(X 7))

and

DD s (xm) kes=mm=n(x8y) = [Kgmy Ky P B y oy | 2 1o (x0) s == (x )
<Nkl eges—na-nxnyco-nm—nx sy 2w eoes(xr) om (xa)

HFL<_771> ”ﬂ(ICS*u,'y*u(X/\)JCs,»y(XA)) < c<n>#+M+M'

Here we used that /1(,,),/@67% satisfy estimates like (1.4).
For (1.38) we employ that k) is operating as a unitary group on K%%(X"). This

gives us
Pl 200 xry sco0xny = 18y P K | 200 (xr) oo (x )
< &Myl o0 xay o (xnyy < el

O
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Theorem 1.21. For every k € Z there exists an fr(z) € M™>°(X;Tus1 ) such
2
that for every cut-off functions w,® the operator

A=1+woply ? (fu)a: H™ (M) — H*V(M) (1.39)

is Fredholm and of index k, for all s € R.

Proof. We employ the result (cf. [33]) that for every k € Z there exists an fi(2)
such that

n
2

A.—1 +wop’]}\; (fk)& : Ics,’y(X/\) N ICS,’Y(X/\) (1.40)

is Fredholm of index k. Recall that the proof of the latter result follows from a

corresponding theorem in the case dim X = 0. The Mellin symbol f is constructed

in such a way that 1+ f(z) # O for all z € I'1_ and the argument of 1+ fx(2)|r, i
1o

varies from 1 to 2wk when z € 1"%77 goes from Imz = —oo to Imz = +o00. The
choice of w,® is unessential; so we assume that w,o = 0 for r > 1 — ¢ with some
e > 0. Let us represent the cone M := X4 as a union of ([0,1+ 5) x X)/({0} x

X)=:M_ and (1 — £,00) x X =: M,. Then
Al =1+wopy, * (fu)o, Al = 1. (1.41)

Moreover, without loss of generality, we represent M as a union ([0, 1+5)x
X)/({0} x X)U M, where M is an open C* manifold which intersects ([0, 1+
£) x X)/({0} x X) =: M_ in a cylinder of the form (1 — 5,1+ 5) x X. Let B
denote the operator on M, defined by

B_ = Ay =1+wopy, * (fr), By = A, =1 (1.42)

We are then in a special situation of cutting and pasting of Fredholm operators.
We can pass to manifolds with conical singularities N and N by setting

N=M_UM,, N=M_UDM,

and transferring the former operators in (1.41), (1.42) to N and N , respectively, by
gluing together the + pieces of A and A to belong to M4 and M4 to corresponding
operators B on N and B on N. We then have the relative index formula

indA — indB = indA — indB (1.43)

(see [21]). In the present case A and M are the same as B and N where B and N
are the same as A and M. It follows that

indA — indB = indB — indA. (1.44)

From (1.43), (1.44) it follows that indA = indB = indA. O
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Theorem 1.22. There is a choice of m and g such that the operators (1.22) form
a family of isomorphisms

a(n) : H*V (M) — H*=PY=1(M) (1.45)

for all s € R and all n € RY.

Proof. We choose a function
p(t,7,n,¢) == p(tT,tn, ()

similarly as (1.23) where (7,7,¢) € LEA(X;R;%)1 > 1, is a parameter-

dependent elliptic with parameters 7,7,(. For purposes below we specify
p(t,7,7,¢) in such a way that the parameter-dependent homogeneous principal
symbol in (t,z,7,£,1,C) for (7,&,7,¢) # 0 is equal to

~ ~ P23
(712 + €17 + 171> + 1<) =
We now form an element
7 - l
h(t, z,7,¢) € M§(X; R

analogously as (1.24) such that

h(t,z,m,¢) == h(t, z,tn,()

satisfies
Op}\y/[ (h) (777 C) = Opt (p) (na C)

mod L™ (X" Rf;zl). For every fixed ¢ € R! this is exactly as before, but in this
way we obtain corresponding (-dependent families of such objects. It follows

Obedge(n, Q)0 =t Fo {wnopXZ% (h)(n, {)@n + x5O (p) (0, C))Zn} G

with

Xn(t) =1 —wy(t), Xn(t) :=1—y,(t).
Let us form the principal edge symbol

on(0bedged)(n, ¢) =" {w\n\opﬁf(h)(m O@py| + X1y Op: (P) (7, C)fam}
for |n| # 0 which gives us a family of continuous operators
OA(0bedged)(n, C) : KOVI(X7) — KoTHI—HI(XN) (1.46)

which is elliptic as a family of classical pseudo-differential operators on X”. In
addition it is exit elliptic on X" with respect to the conical exit of X" to infinity.
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In order that (1.46) is Fredholm for the given weight v € R and all s,g € R it is
necessary and sufficient that the subordinate conormal symbol

0c0A(0bedged)(2,¢) : H¥(X) — H™H(X)

is a family of isomorphisms for all z € T’ EEER This is standard information from
the calculus on the stretched cone X”. By definition the conormal symbol is just

(0, 2,0,¢) : H(X) — H*H(X). (1.47)

Since by construction B(ﬁ +47,0,() is parameter-dependent elliptic on X with
parameters (7,¢) € R for every 3 € R (uniformly in finite 3-intervals) there
is a C' > 0 such that (1.47) becomes bijective whenever |7, (| > C. In particular,
choosing ¢ large enough it follows the bijectivity for all 7 € R, i.e., for all z €
].—‘nTJrli,Y. Let us fix ¢! in that way and write again

p(t,7,n) = p(t,7,n,¢"), h(t,z,m) = h(z,tn,¢").

We are now in the same situation we started with, but we know in addition that
(1.46) is a family of Fredholm operators of a certain index, say, —k for some k € Z.
With the smoothing Mellin symbol fi(z) as in (1.40) we now form the composition

Obedge ()3 (1 + wyopay * (fi)n) (1.48)

which is of the form

edge(n)F +wyopyy * (f)y + 9(n) (1.49)

for another smoothing Mellin symbol f(z) and a certain Green symbol g(n). Here,

by a suitable choice of w,®, without loss of generality we assume that ¢ = 1

and & = 1 on supp w, U supp @y, for all n € R9. Since (1.48) is a composition of

parameter-dependent cone operators the associated edge symbol is equal to

F(n) i= 0n(0beaged)(n)(1 +winoply 2 (f)dpy) : K2 (X7) — K3#r(X ")

(1.50)

which is a family of Fredholm operators of index 0. By construction (1.50) depends

only on |n|. For n € S9=! we now add a Green operator gop on X" such that

F(n) +go(n) : K*7(X") — K771 (X ")

is an isomorphism; it is known that such go (of finite rank) exists (for N =
dimker F(n) it can be written in the form gou := Ejvzl (u,v;)wj, where (-,-)
is the K%9(X")-scalar product and (v;)j=1, .~ and (w;)j=1,. ~ are orthonormal
systems of functions in C§°(X")). Setting

g(n) := a9(n)|nl" K1y 90k, &
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with an excision function J(n) in R? we obtain a Green symbol with o (g)(n) =
|77|“/€|n|90/€|:7|1 and hence

on(F(n) +g(n) : K¥(X7) — L777H(X")
is a family of isomorphisms for all n € R?\ {0}. Setting

n
2

Geage(n) = [£700000 F ()2, + xa O (D)) | (14 wyop); ()3 )
+ [ O(n)r g0, (1.51)

we obtain an operator family

Oledge(n)d = F(n) + g(n)

as announced before. Next we choose a parameter-dependent elliptic aint(n) €
L (M\{v}; RY) such that its parameter-dependent homogeneous principal symbol
close to t = 0 (in the splitting of variables (¢, z)) is equal to

(I + 1€ + Inl?)%.

Then we form 3
a(ﬁ) = Uaedge(n)& + (1 - O')Gint(n)(l - &)

with o,6,6 as in (1.22). This is now a parameter-dependent elliptic element of
the cone calculus on M with parameter n € R?. It is known, see the explanations
after this proof, that there is a constant C' > 0 such that the operators (1.45) are
isomorphisms for all |§| > C. Now, in order to construct a(n) such that (1.45)
are isomorphisms for all n € R? we simply perform the construction with (n, \) €
R*7 7 > 1 in place of 7, then obtain a family a(n, \) and define a(n) := a(n, ')
with a At € R, |\ > C. O
Let us now give more information on the above mentioned space

CH(M,g;R?), g = (7,7 — ),

of parameter-dependent cone operators on M of order pu € R, with the weight data
g. The elements a(n) € C*(M, g;R?) have a principal symbolic hierarchy

o(a) = (ay(a), or(a)) (1.52)

where oy (a) is the parameter-dependent homogeneous principal symbol of order
p, defined through a(n) € L*;(M \ {v};RY). This determines the reduced symbol

Gy(a)(t,z,1,6,n) = troy(a)(t, z, t71ir €, t_ln)

given close to v in the splitting of variables (¢,2) with covariables (7,&). By con-
struction &, (a) is smooth up to ¢t = 0. The second component o (a)(n) is defined
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as

n
2

on(a)(n) ==t wyopy, 2 (ho) ()@,
+ (L = wyy)OP (po) (M) (1 = Dpyy) + oa(m + g)(m)

where g (m + g)(n) is just the (twisted) homogeneous principal symbol of m + ¢
as a classical operator-valued symbol.

The element a(n) of Ca(M, g;R?) represent families of continuous operators
a(n) : H¥Y(M) — H*""H(M) (1.53)

for all s € R.
Definition 1.23. An element a(n) € C*(M, g;RY) is called elliptic, if

(i) oy(a) never vanishes as a function on T*((M \ {v}) x R?) \ 0 and if &4(a)
does not vanish for all (¢, 2z, 7,&,n), (1,€,17) #0, up to t = 0;

(i) oa(a)(n) : £SV(X") — K777 H(X") is a family of isomorphisms for all
n # 0, and any s € R.

Theorem 1.24. If a(n) € C*(M,g;R?), g = (v,v — ) is elliptic, there exists an
element al=V(n) € C~*(M,g~*;RY) g~' := (y — u,7), such that

1—a"Y(na(n) € Co(M, g;;RY), 1—a(n)a""(n) € Co(M,g,;RY),
where g, := (7,7), g, = (Y — 11,7 — ).

The proof employs known elements of the edge symbolic calculus (cf. [34]); so we
do not recall the details here. Let us only note that the inverses of oy (a), 5y (a) and
ox(a) can be employed to construct an operator family b(n) € C~#(M,g~1;RY)
such that

oy(a) T =0y (b), G4(a) TV =54(b), oala) TV =oa(b).

This gives us 1 — b(n)a(n) =: co(n) € C~H(M,g,;R?), and a formal Neumann
series argument allows us to improve b(n) to a left parametrix a(_l)(n) by set-

ting a(~1(n) := (Z;io cg)(n)) b(n) (using the existence of the asymptotic sum
in C%(M, g;R?)). In a similar manner we can construct a right parametrix, i.e.,
at=Y(n) is as desired.

Corollary 1.25. If a(n) is as in Theorem 1.24, then (1.53) is a family of Fredholm
operators of index 0, and there is a constant C > 0 such that the operators (1.53)
are isomorphisms for all |n| > C, s € R.
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Corollary 1.26. If we perform the construction of Theorem 1.24 with the pa-
rameter (n,\) € R [ > 1, rather than n, Corollary 1.25 yields that a(n, ) is
invertible for all n € RY, |\| > C. Then, setting a(n) = a(n, \!), |\}| > C fized,
we obtain a='(n) € C~H(M,g~1;RY).

Observe that the operator functions of Theorem 1.20 refer to scales of spaces
with two parameters, namely, s € R, the smoothness, and v € R, the weight.
Compared with Definition 1.9 we have here an additional weight. There are two
ways to make the different view points compatible. One is to apply weight reducing
isomorphisms

h™: H>Y(M) — H*"~H(M) (1.54)

in (1.21). Then, passing from
a(n) : H¥"(M) — H*™*77H(M) (1.55)

to
b (n) :=h""THa(n)h? : HSO(M) — H*"HO(M) (1.56)

we obtain operator functions between spaces only referring to s but with properties
as required in Definition 1.9 (which remains to be verified).

Remark 1.27. The spaces E° := H*(M), s € R, form a scale with the properties
at the beginning of Section 1.1.

Another way is to modify the abstract framework by admitting scales E*7
rather than E®, where in general v may be in R¥ (which is motivated by the
higher corner calculus). We do not study the second possibility here but we only
note that the variant with E*7-spaces is very similar to the one without ~.

Let us now look at operator functions of the form (1.56).

Theorem 1.28. The operators (1.56) constitute an order reducing family in the
spaces E° := H*°(M), where the properties (i)-(iii) of Definition 1.3 are satisfied.

Proof. In this proof we concentrate on the properties of our operators for every
fixed s, u,v with v > p. The uniformity of the involved constants can easily be
deduced; however, the simple (but lengthy) considerations will be left out.

(i) We have to show that

ng“(n) = Dyﬁ,{hﬂ”“a(n)h'y} c COO(RQ7E(ES7E5—H+|B\))

for all s € R, 8 € N9. According to (1.22) the operator function is a sum of two
contributions. The second summand

(1 —o)h " ap(nh (1 — &)
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is a parameter-dependent family in L (2M;R?) and obviously has the desired

cl
property. The first summand is of the form

oh ™ M {acage(n) + m(n) + g(n)}h76.
From the proof of Theorem 1.20 we have
Dgo'acdgc(ﬁ)& € SHTIBNRY; ko9 (XN, Ko~ rHIBLY =g (X 1))

for every 0 € NY. In particular, these operator functions are smooth in 7 and
the derivates improve the smoothness in the image by |3]. This gives us the de-
sired property of ch™ 7" a,q40(n)h?5. The C> dependence of m(n) + g(n) in 7 is
clear (those are operator-valued symbols), and they map to K°7~#9(X") any-
way. Therefore, the desired property of oh™""*{m(n) + g(n)}h7G is satisfied as
well.

(ii) This property essentially corresponds to the fact that the product in consider-
ation close to the conical point is a symbol in 1 of order zero and that the group
action in K%%(X")-spaces is unitary. Outside the conical point the boundedness
is as in the example in Section 1.1.

(iii) The proof of this property close to the conical point is of a similar structure
as Proposition 1.8, since our operators are based on operator-valued symbols re-
ferring to spaces with group action. The contribution outside the conical point is
as in the example in Section 1.1. O

Remark 1.29. For E* := H*9(M), s € R, £ = (E®)4cr, the operator functions
b*(n) of the form (1.56) belong to S*(R%;E,E) (see the notation after Definition
1.9).

2 Operators referring to a conical exit to infinity

2.1 Symbols with weights at infinity

Let £ = (E®)ser be a scale in € with the compact embedding property (see Section
1.1), and choose a family of order reducing operators

b (p,m, ), (p.n,A) € RMTx (RN {0}), s €R, (2.1)

q,1 € N\ {0} (see Definition 1.3, here with (p,n, A) instead of 7). Let us form the
operator family

p*(r,p,ms A) := b%([r]p, []n, [r]A) (2.2)

for r € R (recall that » — [r] is a strictly positive function in C*°(R) such that
[r] = |r| for |r| > R for some R > 0).
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Theorem 2.1. The operator
[1]°Op, (p™*) (1, A) : L*(R, E°) — L*(R, E°) (2.3)
is continuous for every s > 0 and satisfies the estimate
[[r]°Op,.(p*) (0, Ml L2 (v, E0)) < cln, AI7° (2.4)

for all (n,\) € R? x (RY\ {0}), |A| > 1, for some constant ¢ > 0.

For the proof we employ the following variant of the Calderén-Vaillancourt
theorem for operators with operator-valued symbols (cf. Hwang [10] for scalar
symbols, Seiler [39] in the operator-valued case,) see also [8, Section 2.2.2].

Theorem 2.2. Let H and H be Hilbert spaces with group actions k and K, respec-
tively. Assume that a function a(y,n) € C°(R?*, L(H, H)) satisfies the estimate

m(a) == sup { |7,y { Dy Dyaly, MYkl camy (W) €R* e < e, f < B} < o0

forao:=(M+1,....M+1), 8:=(1,...,1), with M € N being a constant such
that (1.4) holds for k. Then Op(a) induces a continuous operator

Op(a) : WO(R?, H) — WO(R?, H),

and we have |Op(a)ll £ o ra, iy wors, iy < ¢m(a) for a constant ¢ > 0 indepen-
dent of a.

Proof of Theorem 2.1. In order to show the continuity of (2.3) and the estimate
(2.4) for the operator norm we apply Theorem 2.2 to the case H = H = E° and
k =k = id; then M = 1. Setting for the moment

a‘(Ta IZNE )‘) = [T]Sbis([r]pv [7"]777 [T]/\)
we have a(r, p,n, \) € C®(R x Ri*a+! £(E0 E%)) and
lla(r, p,n, Mllo.o < clr*([rlp, [r]n, [r]A) = (2.5)
(see Definition 1.3 (iii)). From

(TSl)I)ISR2[7‘]S<[7‘]p7 [r]n, [r]A) ™2 <, AI™°

for all (n,\) € R+ |\| > 1, we obtain

sup ||a(Tapa777)‘)||0,O S C|775A|_S
(r,p)ER?
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for those 1, A. A similar estimate is needed for the derivatives DfD;”a(r, Py, A)
for all 0 < k,m < 1. For simplicity, we consider the case ¢ = [ = 1. With the
notation p = [r]p,7 = [r]n, A = [r]A we obtain

O, (116~ ([rlp [rln, [F1A)) =
[r)°0,r] (@(% 4 775% A2 357) ([, [, [1A) + @rlr)*)o=*([rlp [, [r1)-

O\
(2.6)
The last summand on the right hand side of (2.6) can be estimated in a similar

manner as before, since sup,.cg [(9-[r]%)[r]7*| < oo. Concerning the derivatives of
b~* with respect to (p,n, \) we can employ the fact that

b (p, 71, A) € SR E.E),

(see (1.12)). Then the first order derivatives in (p,7,A) belong to
S—s—I(RIF9+! £ £) and hence, according to Proposition 1.13,

1D

for any multi-index o with || = 1. This gives us, for instance, for the first sum-
mands on the right hand side of (2.6)

;ﬁj\b_s(ﬁv ﬁa /\)H0,0 < C<p~7 ﬁa A>_S_1a

sup [[(0r[r])[r]*{(p(9pb™") +n(95b°) + A(050~*))([r]p, [r]n, [r]A) }lo.0
< esuplr T H{|pl + 0| + Ao, [, [rA)
< esup[r]*([r]p, [r]n, [r]A)~* < c|n, A|™*
for all (n,\) € R )| > 1.
Let us now consider the derivative in p. In this case we have
sup |- 16 ([rlo. . 710 o = sup 71 (o5t~ ([ el (W) o
ap ’ ’ ’ op ’ ’ ’
< sup[r]*TH{[r]p, [r]m, [r]N) "7 < e, AT

for all (n,\) € R9TL |\ > 1. The other derivatives can be treated in a similar
manner. We thus obtain altogether the estimate (2.4). O

Remark 2.3. The computations in the latter proof show that for s > 0
||D$7¢>>\ ([r]sopr(p_s)(n, /\)) Hﬂ(LZ(R,EO)) < C|7’], /\|—s—\o¢|

for all (n,\) € R+ |\| > 1, with a constant ¢ > 0.
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Definition 2.4. Let us set H = {n € R? : " # 0}, where ¢ = ¢’ + ¢", n =
(',n") € RY+4" ¢ > 0 (see the fomula (1.9)). By

SMU(R X R;gag; H)cone (27)

u, v € R, we denote the set of all operator functions of the form

a(r,p,n) = [r]""a(r, [r]p, [r]n), (2.8)
such that
H[,swﬂﬁ\(m Dl Dﬁn{ }b 0 < clr >vfu+\ﬁ|fl
(2.9)
for all (r,p,n) E R xR x H, |n| > h, h > 0,and all | € N, 3 € N**4 s € [¢',5"],
with constants ¢ = ¢(l, 8,5, s”, h) > 0. Here, as usual, we write ||.|| = ||.]|o,0-

In an analogous manner we define the subspace
SHY (R X R; €, &; H)cone (2.10)

of elements of (2.7) such that the function a(r,p,7) in (2.8) is classical in r
of order v, which means that there is a sequence of homogeneous components
ag—j(r,p,7) € C2(R\ {0}, C*(R; x Ry)), j € N, such that

d(’/*j) ()\’I“, P 77/) = )‘Vijd(vfj) (T‘, P 77)

for all A € R, and the functions a(,_;) (&1, p,7) satisfy the estimates

1554181 (s, [rln) DL D2, {fr] ™o )} b ([rlp. )|
§<r> s (2.11)

for all (r, p,n), I, 5, and s as before, and that for any excision function x(r) in the
variable r € R the difference

(T‘ |2 77 Z (v— J) [7”]77) (212)

7=0

belongs to S#*~(W+D(R x R; &, 5; H)cone in the former sense, for every N € N.
If an assertion refers to classical as well as to general symbols we write SéLC ;S (R x
R; &, € H) cone-

It can easily be proved, using (1.3), that when &(r) € SL(R) is a strictly positive
function such that 6~*(r) € S;'(R), the space S*¥(R x R;&,&; H)cone can be
equivalently defined as the set of all functions of the form 6= (r)a(r, (r)p, §(r)n),
where @ depends in a similar manner on (6(r)p, J(r)n) as the former one on

([r]p, [r]n)-
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Remark 2.5. The space (2.7) is Fréchet in a natural way with the semi-norm
system

m(a) = sup || (r) T e P [ p, [r])
D, Dy Al alr, [rlp, rln) 3o~ ([rlp rlm) |, (2:13)

where the supremum is taken over all r € R, (p,n) € R x H, |n| > h,h > 0,1 € N,
B € N9 s € [s,s"]. Also the subspace (2.10) of (2.7) is Fréchet with the semi-
norms (2.13) together with the semi-norms from the homogeneous components in
r (see (2.11)) as well as from the (non-classical) remainders (2.12).

Let

S“(R[T]p X Hmn; 5, 5) (2.14)

denote the subspace of all a(r, p,n) € S*#*(R X R; &, g; H)cone that are of the form
a([r]p, [r]n) with @ as in (2.8). If we mean that for a function (2.8) the semi-norms
(2.13) are finite, we write SE’CT)“(R, SH(Rpp X Hippp: €,€)) rather than (2.7).

Ezample. Let p(p,7) € Lé‘l(X;REEq), and

a(r, p,n) = [r]""p([r]p, [r]n).

Then we have a(r, p,n) € S%" (R x R; &, & H)cone for & = € = (H*(X)),cp and
H = R?\ {0} (n = 0 is ruled out, because the relevant properties that are of

interest here are valied only in this case).

Other interesting examples come from the parameter-depedent cone or edge
operators, see Chapter 2.

Proposition 2.6. The spaces of Definition 2.4 have the following properties:

(i) Séﬁg(R xR:E,E; H)cone C Sé‘c'f)k;”HJrk(R xR: €, E:; H)cone for every j,k € Ry
in the general and j,k € N in the classical case;
(ii) DEDS, S5 (R x R; €, & H)eone C Sty *(R x R; €, & H)econe for every
uveR, keN, ge Nt
(i) St (R x R; €0, &; H)cone Sfe) (R X R; E, 03 H) cone
Cc Sé‘c};ﬂ;”D(R xR; &, E; H)cone for every p, v, 1,0 € R.
Proof. Let us check the assertions for general symbols; the classical case is left to
the reader. (i) The proof is similar as that of Proposition 1.15(i).
(ii) Let a(r, p,n) € S¥Y(R x R; €, E; H)cone- By definition we have (2.8), and (2.9)
is finite. By induction it is enough to check the assertion for first order derivatives.
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We have (2a)(r, [r]p, [r]n) € S*"H(R, SRy, x Hyyps €, £)). Thus, when we dif-
ferentiate (2.8) with respect to r we may forget about the first r-variable in @ and
simply compute a derivative of the form

{0 allrlo, ) (2.15)

for an r-independent @ of the form (2.14). Assume for simplicity ¢ = 1. For (2.15)
we then obtain

(el ™)arlo, ) + 1 (D (e + g (Ol rn). (2.16)

The factor in the first summand on the right of (2.16) can be rewritten as

9 —n 9 —p K[yl =K
pd —(5[7‘] ()]

but (Z[r]~#)[r]* € S7'(R); so this contributes —1 to the order in r. To treat the
second summand in (2.16) we observe that
da  0Oa
[r] (Pa—ﬁ + 778—77)([7"]/’7 [r]n)

is an element of (2.14) (see Remark 1.11 and Proposition 1.15 (ii)). Therefore, we
gain a factor [r]~!. Using (Z[r])[r]~* € S (R) then we see that the r-derivative
is as desired.

The first order derivative of a(r, p,n) in p has the form

17 (52 r, bl ). (2.17)
D

By virtue of g—i(r, [r]p, [r]n) € S*(R, ¥~ 1R, x Hippi £, &)) (see also Proposition
1.15 (ii)) it follows that (2.17) is of analogous form as (2.8) with y — 1 instead of
. The other derivatives can be treated in a similar manner.
(iii) In order to show that (ad)(r,p,n) has the asserted property for a(r,p,n) €
SHY (R x R; &, g; H)cone, @(r, p,n) € SH”(R x R; &, Eg; H)eone We assume for con-
venience that £ = &) = & ; the general case is completely analogous.
Writing

a(r, p,m) = [r]""p(r, [rlp, [rIn), a(r,p,n) = [r]""p(r, [r]p, [r]n)

with ) _
p(r,p,n) € S"(R,V), p(r,p,1) € S”(R,V), (2.18)
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it follows that )
(ad)(r, p,m) = [r] 4 (pp)(r, [r]p, [r]n).-
Then a straightforward computation shows that

(pp)(r, [rlp. [r]n) € S*TP(R, V), V = SHHA(R},q, x Hyyp €,E).

O
In the calculus of operators with such symbols it is desirable also to have double
symbols. We need them only in the form

a(r, p,m)b(r', p',n) = c(r,r’, p, p',m) (2.19)

for a(r, p,n) = a(r, [r]p,[ 1), b(r', o', ) = b(r', [, [']n) for some a(r,p,7) €
S (R X R; &, g; H)cone, b(r' p',i) € SEY(RxR; E, E; H)cone- The composition of
associated operators in terms of the symbolic structure will be studied in Section
2.2 below.

Observe that the space S#¥(R x R; &, g; H)cone is embedded in another class of
operator families, defined to be the set of all a(r, p,n) € C®(R x R x H, £X(E, £))
such that (writing ||.||s.: := ”'HE(ES,E‘))

sup(r) N1 p, ) =M DIDS a(r, p.n)|ls,s—u (2.20)

is finite for certain NV, M € N and every j € N, 8 € N'*4, where sup is taken over
all (r,p,n) €e Rx R x H, |n| > h for any fixed h > 0, and s € [¢, s”] for arbitrary
s’ < s”, with orders N, M depending on pu, v as well as on the chosen smoothness
interval [¢, s”].

Let us check (2.20), for instance, for j = # = 0. In this case for & := ([r]p, [r]n),
a = a(r,&) we have

la(r, o) s, = 171 (€)6**()a

(r; ©)b()6%(E) 5,5
<) o= 6" (E)alr, )

()1 (E)llo,0l16*()lls,0
< e{r) T [rlp, [rm) PP (2.21)

using -
157 @l < €)™, IB°©)llso < (€

for some Bi, By > 0, uniformly in s € [¢/,s”]. The right hand side of (2.21) can

be estimated by

Clr) /I () PP

psn

which allows us to set N =v — u+ By + Bo, M = By + Bs.
Concerning the derivates, using

6rd(r7 [T]p, [7”]77) = (67"&) (T‘, [T]p, [7”]77) + ar [T‘] (6/3& + Z aﬁz d) (T7 [r]p, [T]T/)
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dpa(r, [rlp, [rln) = [r](95a) (r, [r]p, [r]n)

we see that the estimates remain true with the same N, M for all j, k € N.

Let SHMN(R x R x H;E,€) denote the set of all a(r, p,n) € C°(R x R x

H, L+ (&, E)) satisfying the symbolic estimates (2.20); here M := {M(s',s") : ' <
s"}, N :={N(s',s") : ' <"} is the system orders M, N in (2.20) which depends
on [¢,s"].

2.2 Operators in weighted spaces

With a symbol a(r, p,n) € SH(RxR;E, éN'; H)cone We associate a family of pseudo-
differential operators in the usual way, namely,

Op@)(n)u(r) = [ [ e~ atr peyutcyirap = [ [ e ratr ponputr'+ryarap
first for u € S(R, E*).
Theorem 2.7. Let a(r,p,n) € SH (R x R; &, g; H)cone- Then
Op, (a)(n) : SR, E*) — S(R, E*™)
is a family of continuous operators for every s € R.

The proof is relatively simple, based on the fact that even the respective oper-

ators for a(r, p,n) € SHMN(R x R x H; £, ) define such continuous operators.
Theorem 2.8. Let a(r, p,n) € SHO(R x R;S,g; H)cone, £ <0 and g € R. Then
Op,(a)(n) : ()™ L*(R, E°) = (r) Y L*(R, E°)
s a family of continuous operators, and we have
10p (@) (M () -0 2R, B0 (1) ~s L2 @, B0y < €I” (2.22)

for allm € H, |n| > h for any h > 0, with a constant ¢ = ¢(h) > 0.

Proof. For g = 0 the proof is completely analogous to that of Theorem 2.1. For
g # 0 we use the fact that (r)~9 can be regarded as an element of S%~9(R x
R; &, & H)cone for any g € R. Then, since (r)~9 : L3R, E9) — (r)"9L2(R, E°)
is an isomorphism it suffices to show that (r)~90p(a)(r)? = Op(ay) for some
ag € SHORXR;E, g; H)cone- However, this will be a consequence of Theorem 2.16
below which implies that (r)~9a(r, p,n)#(r)9 € SFOR x R; £, E; H) cone- O
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In the following we systematically refer to oscillatory integral techniques anal-
ogously as in Kumano-go [14]. Vector-valued generalisations are more or less
straightforward; however, we employ a rather subtle variant in terms of degen-
erate symbols; this makes it necessary to recall some basic constructions.

Let V be a Fréchet space, defined with a countable semi-norm system (7;) jen.

Definition 2.9. Given sequences p := (i;)jen, V = (V) en, we define the space
SH¥ (R V)

of V-valued amplitude functions to be the set of all a(z,£) € C>(R??,V) such
that

m; (D D{a(x,£)) < e{§)" {x)” (2.23)
for all (z, &) € R?9, o, 8 € N9, with constants c¢(a, 3, ) > 0, for all j € N. Moreover,
we set

SR, V) o= ] S#¥ (R V)
n,v

where the union is taken over all p, v.

Remark 2.10. The space S#¥(R2%;V) is Fréchet for every fixed p,v, with the
semi-norm system sup, ¢)cpzq () 77 (§) "1 m; (Dg‘Dfa(x,ﬁ)), for all o, € N9,
j € N (together with the semi-norms of C*°(R2%,V)).
The following observations and constructions may be found in Seiler [38], see
also [8].
Proposition 2.11. (i) a € S#¥¥(R?%; V) implies Dg‘Dfa € SHWY(R%4; V) for
every «, 3 € N4,

(i) If V,I~/ are Fréchet spaces and T : V — V is a continuous operator, then
a € S%%°(R24; V) implies Ta = ((z,&) — T(a(z,£))) € SR>, V);
more precisely, a — Ta defines a continuous operator

SH¥ (R V) — SE7 (R, V)
for every (u;v), with a resulting pair of orders (fx; D) (recall that the semi-

norm systems are fized in the respective Fréchet spaces).

(i) Let V' be the projective limit of Fréchet spaces V; with respect to linear
maps T; + V. — V;, j € I, (with I being a countable index set). Then
a € §%°%°(R?4; V) is equivalent to Tja € S°°°(R?%;V;) for every j € I.

(iv) If Vo, V1,V be Fréchet spaces and (-,-) : Vo x Vi — V a continuous bilinear
map, then ar € S (R4, V4,), k = 0,1, implies {ag,a;) € S (R%4;V);
more precisely, (ag,a1) — {(ag,a1) induces continuous maps

SHovo (R V) x SHYL(R?Y; Vp) — SHY (R, V)

for every two pairs of sequences (pg; Vo), (f1; V1), with some resulting (p; v).
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(v) Let W be a closed subspace of V; then a € S°°°(R2%;V) implies [a] €
§o°i%° (R24; /W), where [a] denotes the image under the quotient map V —
V/W.

Definition 2.12. A function x.(z): (0,1] x R™ — C is called regularising, if

(i) xe(z) € S(R™) for every 0 < e < 1;

(i) sup(. z)e(01]xrm [DgXe(2)| < 00 for every av € N™;

1 fora=0
(iif) lime_o D%y (z) — {0 fz Z o, Pointwise in R,

An example of a regularising function in the sense of the latter definition is
x(ex) for any x(z) € S(R™) with x(0) = 1.
Remark 2.13. Tf x.(z,€) is any regularising function on (0,1] x R??, and a(z, ) €
§°0i%° (R24; /), then we can form the oscillatory integral

Os[a] = lim // ey (z,€)a(x, €)drde. (2.24)

e—0

Remark 2.14. In the regularisation of [[e~"¢a(x,&)dzdé we first assume that
a(z,€) € S(R?%; V), use the identities

efizg _ <§>72M(1 _ Az)MefizE7 efiacg — <I>72N(1 _ AE)NefizE7

and integrate by parts. This yields

] e =tatw ude = [[ ety ¥ (10— 8V (1 - A0 Ma(s, ) dode

for every N, M € N. It follows that the right hand side converges with respect to
the semi-norm 7; for N = N;, M = M, sufficiently large, for any fixed j € N. This
implies

tiy [ [ %6, ala, dude
= timy [ @) 2 (1 20 (€2 (1 8 xela, ol

e—0

with convergence with respect to ;. Similarly as in the scalar case, Lebesgue’s
theorem on dominated convergence gives us the convergence of the right hand side
for arbitrary a(z,£) € S°°°(R??; V). Thus the left hand side exists as well.

A consequence is the following theorem.
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Theorem 2.15. For every a(z,£) € S°°°(R?%; V) the oscillatory integral (2.24)
exists as an element of V and is independent of the choice of x. Moreover,
a(x,&) — Osla] induces a continuous map

Os[] : SH¥(R*; V) — V
for every u,v.
One of the main issues here is to ensure that the operators Op(a)(n) with sym-
bols a(r, p,n) € S¥¥(R X R; £, E;H)cone form a calculus which is closed under the

usual operations, especially compositions. To formulate the corresponding result
it will be easier to first admit symbols of the larger class S“M-N(R x R x H; €, €)

and then to obtain the result for symbols in S#*(R x R; &, g; H)cone itself.

As mentioned before we apply here elements of Kumano-go’s technique on oscil-
latory integrals, especially with double symbols in variables and covariables. We
only need such symbols in form of pointwise compositions

a(r, p,mb(r’, p',m)
for
a(r, p,n) € S"(R x R; £, & H)cone, (2.25)
b(r', o' m) € SE7(R x R; &, E0; H)cone- (2.26)

Using a € SHMN ¢ §MN for suitable M, N and M,N we first carry out
the computations in that more general set-up and then obtain that the respective
subclasses remain preserved.

For simplicity the operators are considered for u € S(R, E*°), cf. Theorem 2.7.
We have

Op(a)(n)Op(b)(n)u(r)

= // =" a(r, p,m) {// ei(r,T”)plb(r’,p’,n)u(r”)dr”dp/} dr'dp
= //// =it =" g (o )b, o m)u(r”Ydr" dp! dr dp
with integration in the order v, p’, 7', p. This implies
Op(a)(n)Op(b) (n)u(r)
- /// et (v p )b(r, o )i )dp'dr'dp. (2.27)
An analogue of a corresponding expression in Kumano-go [14] gives us
Op(a)(n)Op(b) (n)u(r)

- // et D ar, p.m)b(r + t. o' n)u(r + t + t')dtdt' dpdp/
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as an oscillatory integral. Setting

attbirp.n)i= [ [ e alrp+ rablr + b p. i (2.28)

and applying a substitution in the variables it follows that

on(art)(n) = [ e { [ atr + rone + gt mpatar oy
= /e"” {/e",p {/eir,pla(r, 0, n)b(r’,p’,n)ﬁ(p’)dp’}dr’}dp (2.29)

(see the formula (2.27)).
Now, as usual, Taylor’s formula gives us

Nk . FN+1 N
arep i) = Y e @) + S [0 @ a)rp+ 7.t
k=0 ©J0
and hence
N
a#tb(r, p,n) = (rypym // b(r +t, p,n)dtdr
N+1 1
// —itr T {/ (1-6)N (8lj)v+1a) (r,p+ 0T, n)d@} b(r +t, p,n)dtdr.
0
(2.30)
Applying DFu(r) = [[ e~ ""7ku(r + t)dtdr in the sum on the right of (2.30) and

integrating by parts in the second term we obtain

a#tb(r, p,n) Zk, a(r, p,n)DEb(r, p,n) + 7 (7, p,1)

with

(r, p,m) = // —itT {/ (1= (N a)(r, p+ 07, n)dé‘}

(DNF0) (r + t, p,n)dtdr.

Theorem 2.16. Let a(r,p,n) € S (R x R; &y, E;H)eones b(r, p,n) € SEP(R x
R; &, E0; H)cone- Then for the Leibniz product (2.28) we have

a#b(r, p,n) € SFTEVTT(R x R; €, & H)cone-
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Proof. By virtue of Proposition 2.6 (iii) the sum on the right of (2.28) has the
asserted property. Therefore, it suffices to show that for every 7 from the system
of semi-norms on the space STV (R x R; £, £; H)cone we have 7(ry) < oo when
N = N(n) is large enough. However, this is the case, as a straightforward (but
lengthy) computation shows, using the shape of 7, see the formula (2.13), and the
regularisation process, described in Remark 2.14. o

Remark 2.17. The computation that verifies 7w(ry) < oo shows, in fact, more,
namely, that for every M € N and every semi-norm w41 in the space

SptA=Mv+r=M (R o R: €, € H)eone

we have 11 (ry) < oo provided that N = N(mpr41) > M is large enough. This
gives us

M
1 1
TMA41 (a#b - Z k'(a a)Dy b) = TM+1 (TN + Z )be>
k=0 k= M+1 !
N

S mu41(rn) + T ( >

k=M+1

==

(85(1)be> < o0,

since by Proposition 2.6 (iii) the second summand on the right of the latter in-
equality is finite, and hence

M
1
agtb(r, p.n) = Y (07 a)(r, p, ) DSb(r, p. 1)
k=0

c SM+ﬁ‘(M+1)?V+';_(M+1) (R X R, g, g, H)conc- (231)

Theorem 2.18. The operator (2.3) for s > 0 is injective for all (n,)\) € R+,
Al > C, for a sufficiently large C > 0.

Proof. By virtue of Theorem 2.16 the composition

Op,.([r]*p®)(n, A)Op,.([r]"p™*) (1, A) (2.32)
is an operator with amplitude function
[r]=*p*(r, psm, N#[r]°p ™ (r, p,m, A) = 1 = e(r, p,m, A), (2.33)

c(ryp,mA) € STHTHR x R; &,E;RY x (R'\ {0})). From Theorem 2.8 we have the
estimate (2.22) with (n, A) in place of 0, for ¢ = —1. Thus the composition (2.32)
becomes an isomorphism in L?(R, EY) for sufficiently large |\| and for all n € RY.
This implies the injectivity of the operator (2.3). O
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Corollary 2.19. Let s,g € R, and form the composition

Op,.([r]~**9p")(n, \)Op,.([r]*~9p~*)(n, \) (2.34)

as a continuous operator S(R, E*) — S(R, E*) (see Theorem 2.7). Then (2.34)
extends to a continuous and injective operator L*(R,E°) — L2(R,E°) for all
(n,\) € RZ x (RM\ {0}), |A| > C, for a suitable constant C' > 0.

In the following definition we employ the symbols (2.2).

Definition 2.20. Let us set B%9(n,A) := Op,.([r]7519p%)(n,\) for s,g €
R, (n,A) € R? x (RY\ {0}), |\| > C, where C' > 0 is a constant as in Corollary
2.19. Then HZY (R, ) is defined to be the completion of S(R, E*°) with respect
to the norm

1B%9(n", A)ull L2k, o)
for any fixed n' € R? and A\ € R!, [\ > C.

From the construction if follows that

B¥9(n, \') : H3if (R, &) — L*(R, E°) (2.35)
is a family of isomorphisms for every |\!| sufficiently large.
By construction we have

[r]7 " 9p%(r, 0, A) € ST(R x R €, € H)cone

for H = R? x (R'\ {0}). In the following we impose a requirement on the choice
of the operator family B%9(n, \), namely, that for every s,g € R there exists a
symbol f=%579(r, p,n, A) € ST I(R x R; €, E; H)eone such that

(B, A1) " = Op,(F "), A') : L*(R, B°) — Hiifo(R,€)

for all n € RY and those A! € R\ {0} where (2.35) is invertible. In applications this
is a fairly mild condition which is connected with the property (also a requirement
in the abstract approch) that within the calculus there is an asymptotic summation
of symbols (or operators) when the involved orders p and weights v tend to —oco.
In order to simplify notation we assume B*°(n, \) to be costructed (according to
Definition 2.20) first for s > 0, where for s = 0 we simply take the identity; then we
set B50(n, \) = Op(f%°)(n, A) for s < 0, and finally B*9(n, \) := (r)9B*°(n, \)
for arbitrary s, g € R.

Remark 2.21. The space HSY,(R, ) is independent of the specific n!, \! and also
of the choice of the order reducing family (2.1) that is involved in B®9 (more

precisely, (2.1) may be replaced by an equivalent family).
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Theorem 2.22. For every a(r,p,n) € SH (R x R;E,g; H)cone the operator
Op,(a)(n) : SR, E>) — S(R, E™)
extends to a continuous mapping

Op(a)(n) : Hiife(R,E) — Hili? ™ (R, E)

cone cone

for every s,g € R and every fixed n € H.

Proof. First observe that we have

HE9 (R, E) = (r) 9HY (R, E).

cone cone
Similarly as in the proof of Theorem 2.8 it suffices to consider the case g = 0,v = 0.

It is clear that for |\!| sufficiently large we get norms

cone

H? i0 (R,g) Su— ||BS;O(’I7, Al)u||L2(R7E0)

on the space HZ0 (R, E) which are equivalent for every two fixed n = n' or 52 in

H. Then we can write

10D(@) (m)ul oo a2y ~ 1B, AYYOD(@) (m)u| 2z, 0

(m,
= || B*7#%(n, AY)Op(a) () B~ (1, A') B (0, A\ )ull L2 (s, o)
< || B¥(n, A ull p2z,mo) ~ cllull geso, e
where ¢ = [|B*7#%(n, A\1)Op(a)(n)B~%%(n, /\1)||L(L2(R,E0),L2(R,EO)) is finite. In
fact, the operator under the latter norm is equal to

Op ([r] =5 #p**(r, p,n, A )#a(r, p,n)#[r)*p~(r, p,n, A1) ;

by Corollary 2.19 the corresponding symbol belongs to S%O(R x R; &, &, H)cone,
and we can apply Theorem 2.8. o

Theorem 2.23. There are continuous embeddings

HE 9 (R, E) — HSI (R, E) (2.36)

cone cone

for all s > s, ¢ > g that are compact when s’ > s, g’ > g, and if the scale £ has
the compact embedding property.

Proof. For u € S(R, E*) we can write

1859 (0, X' Yul| 2, oy = (| B59 (1, NY)B=79 (i, AY) B39 (1, AV) | L2, ooy
< c|B¥9 (n, A L2z, o)
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for ¢ = ||BS;9(’I7, Al)st,;ig, (77, )‘1)Hﬁ(L?(R,EU),L?(R,EO))- By virtue of Theorem 2.16
we have

B*9(n, \Y)B™*79 (1, A1) = Op(h) (1, \!)

for some h(r,p,n,\) € Gs—s'ig—g' (R X R;&,E;H)cone- Since the latter space is
contained in $57* O (RxR; &, &; H)eone (see Proposition 2.6 (i)) the operator Op(h)
in continuous in L?(R, E°) by Theorem 2.8. This implies ¢ < oo, and hence we
have a continuous embedding (2.36) for s’ > s,g’ > g. The compactness for s’ >
s,¢9' > g follows from the fact that the embedding can also be interpreted as the
composition of operators

B*S;*g(BS;QB*S’;*g’)BS’;g’
always depending on (7, , where the operator
1 d di Al h h
Bs;g(m)\l)B—s/;—g’ (n’)\l) = Op(h)(n, /\1) : LQ(R, EO) _ LQ(R,EO)

is compact, since the weight and the order of the symbol h are strictly negative,
and h takes values in compact operators E° — E* % — E° (to be proved by
similar arguments as in [34, Theorem 1.3.61]). O

2.3 Ellipticity in the exit calculus

In this section we assume that the scales & and € have the compact embedding
property.
Definition 2.24. An element

a(r,p,n) € $* (R x R; €, & H)cone
is said to be elliptic with parameter n € R?\ {0}, if there is an element
p(r.pn) € STH V(R X R €, & H)cone
such that
1=p(r, p,ma(r, p,n) = c(r, p,n) € STHTHR X R; £, € H)eone,
L—a(r, p.n)p(r, p,n) =: &(r, p,m) € ST5HR % B; €, & H)cone
Remark 2.25. The conditions in Definition 2.24 imply that
alr.p.) ¢ B — B

is a family of Fredholm operators for all s € R, (r,p,n) € R x R x H because the
remainders c, ¢ are pointwise compact, since they consist of families of continuous
operators E° — EST! and E° — E*t!, respectively, for all s.
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Theorem 2.26. Let A(n) = Op,.(a)(n), and let
a(r, p,n) € S (R X R; €, & H)cone

be elliptic. Then A(n) induces a family of Fredholm operators

A(n) : Hife (R, &) — Hg " (R, €)

cone cone

for every s € R and n € H.

Proof. Let us set P(n) = Op,.(p)(n). Then according to Theorem 2.16 and Remark
2.17 we have

1 — P(n)A(n) = Op(co)(n)

for a symbol co(r, p,n) that is equal to c(r, p,n) mod STHHR x R; &, E; H)cone-
Similarly as in the proof of Theorem 2.23 it follows that Op(co)(n) is a family of
compact operators in the space HZ (R,&),s € R. Analogously we obtain that
1 — A(n)P(n) = Op(é)(n) for a symbol éy(r, p,7) € S™H LR x R; €, £ H)cone i
compact in the space HE H9~H(R, ) ), s € R. This gives us the Fredholm property
of A(n). O
Remark 2.27. There are other properties of elliptic operators, analogously as in
the standard context on a closed C*° manifold, such as independence of kernel
and cokernel (as the kernel of the formal adjoint) on s and g; those are finite-

dimensional subspaces of S(R, E*) and S(R, E**°), respectively.

Let us finally note that in the higher corner calculus (to be elaborated else-
where) the present operators are localised near r = oo and glued together with
Mellin operators in a neighbourhood of » = 0. Together with weighted spaces
H*Y(Ry, E), defined in an analogous manner as H*7(X") (see the formula (1.20)),
the analogues of the spaces (1.28) then are defined by

KRy, €) = wH (R, €) + (1 — w) Heo (R, E)|r

for some cut-off function w on the half-axis.
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