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Abstract

We investigate operators on manifolds with edges from the point of view of
the symbolic calculus induced by the singularities. We discuss new aspects
of the quantisation of edge-degenerate symbols which lead to continuous

operators in weighted edge spaces.
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This paper is aimed at studying a number of new properties of edge ampli-
tude functions belonging to the calculus of operators on a manifold with edges.
(The notation ‘manifold’ is used here for convenience; in general our spaces are
manifolds only outside their subspaces of singularities). The investigation is
motivated by the program of establishing operator algebras on configurations
with higher singularities, e.g., when the cones of local wedges have cross sec-
tion with singularities. The expectation is that the ideas of the cone and edge
pseudo-differential calculus with smooth model cones, cf. [8], [9], are more or



less iterative. However, the symbolic structures in the higher floors of the cal-
culus are by no means straightforward. Recall that already for manifolds with
smooth edges there are different ways of constructing quantisations of corre-
sponding edge-degenerate symbols; they reflect different aspects of the calculus

Compared with [11] an alternative quantisation is given in [4]; remainders
belong to the class of flat Green edge symbols. The result of [4] is applied in
[6] and [5] to the construction of holomorphic representatives of corner Mellin
symbols.

Here we study edge symbols in another way, namely, with an additional
localisation near the diagonal with respect to the cone axis variable, depending
on the edge covariable. In higher corner algebras localisations of a similar kind
seem to be necessary, cf. [1], [2].

The (operator-valued) symbols of the edge algebra from [7] or [9] are specific
families of pseudo-differential operators on infinite cones X := R, x X 3 (r, x)
with 7 — 0 representing the tip and 7 — oo a conical exit to infinity, where the
cross section X (in the simplest case) is a closed compact C'*° manifold. These
symbols may be interpreted as a specific parameter-dependent quantisation of
edge-degenerate scalar symbols (or, alternatively, of an edge-degenerate family,
of classical pseudo-differential operators on X). Quantisations are usually not
canonical, even in simpler situations. The shape of the edge quantisation that
was established in the above mentioned expositions (and that we briefly recall
below) gives rise to an algebra of continuous operators in weighted edge spaces,
with all the desirable features, such as ellipticity with respect to a principal
symbolic hierarchy and existence of a parametrix within the calculus. However,
some aspects of the theory remained complicated, for instance, the rigorous
proof of the composition behaviour and other necessary elements. For that
reason the authors of [4] proposed another edge quantisation which entails the
composition result in a very simple way. The hope was that a similar strategy
might work also for manifolds with singularities of higher order. Unfortunately,
the attempt to generalise [4], for instance, for singularities of order 2 (i.e., when
the base X of the model cone itself has singularities of conical or edge type) leads
to an enormous blow-up of technicalities, and the construction of corresponding
alternative quantisations along the lines of [4] compared with the ‘usual’ ones
seems to be more complicated than a direct approach. Moreover, the analogue
of the usual edge quantisation for the edge calculus of second generation as
studied in [1] gives rise to difficulties; so there was to be invented a modified
approach. Since this is new in an analogous form also in the edge calculus
of first generation, it is desirable to have a look at such an edge quantisation
and to characterise the remainders compared with the former one. This is one
of the points of the present paper, and we prove that the remainders are flat
Green symbols. Moreover, we give a new relatively elementary proof for the
composition theorem of edge symbols of the first generation.

By a manifold with corners we understand a topological space M that con-
tains a subspace M’ of singularities such that M\ M’ is a C° manifold, and near
every m € M’ the space M is modelled on a cone X2 := (R, x X)/({0} x X)
or a wedge X2 x Q, for an open set Q C RY, where X is again a manifold with
corners (of ‘lower order’ than M). In addition we require specific properties of
the transition maps belonging to different such local representations.

Examples are manifolds with conical singularities or edges; in this case we
assume the base spaces X of the model cones to be closed, compact C*° mani-



folds. Manifolds with higher singularities can be obtained by iteratively forming
cones or wedges and pasting them together to corresponding global spaces.

A well known example is the case of differential operators on a manifold B
with conical singularities. Assume, for convenience, that B has one conical point
v, and let B denote the associated stretched manifold which is a C°° manifold
with compact boundary 0B = X and int B = B\ {v}. Then B is equal to the
quotient space B/OB (with 0B collapsed to the point v), and B is locally near
OB identified with Ry x X.

A differential operator A with smooth coefficients on intB is said to be of
Fuchs type, if locally near OB in the splitting of variables (r,z) € R} x X the
operator has the form

A= r—ugajm( Y o

with coefficients a; € O (R, Diff*"7(X)) (here Diff”(-) denotes the space of
all differential operators of order v with smooth coefficients on the C* manifold
in the brackets). In this case the principal symbolic structure consists of a pair

o(A) = (04(A),0c(A4)),

where oy (A) is the standard homogeneous principal symbol of order p and

0o(A)(2) ==Y a;(0) (2)

J=0

the principal conormal symbol. The function (2) is operator-valued and acts
between the standard Sobolev spaces on X as a family of continuous operators

oc(A)(2) : H*(X) — H*7H(X)

depending on the variable z € C.

Another example is the case of a C* manifold with boundary, locally near
the boundary modelled on Ry x Q > (r,y), @ C R? open. Then, if A is a
differential operator of order p with smooth coefficients up to the boundary, the
principal symbolic hierarchy of A is a pair

o(A) = (oy(A4),05(A)).

The first component is again the standard homogeneous principal symbol of
order u. Moreover, writing A near the boundary as

A= Z (T, y)DE);gy)a (3)
lal<p

we set
oa(A)(y,n) = Y aa(0,y)Din7, (4)

la|=p
a=(k,7)

(y,n) € T*Q\ 0, called the homogeneous principal boundary symbol of A. The

symbol (4) is operator-valued and acts between the standard Sobolev spaces on
R as a family of continuous operators

oo(A)(y,n) : H*(Ry) — H*H(Ry), ()



depending on (y,n) € T*Q\ 0; here H*(Ry) := HS(R)|R+.

A third category of examples are operators on manifolds with edges (cf.
also Section 1 below). Manifolds with (smooth) edges can be regarded as a
generalisation of manifolds with (smooth) boundary. In this case the local model
near the edge is equal to X2 x € for a closed compact C* manifold X. A
manifold with boundary just corresponds to the case dim X = 0.

We often employ the stretched manifolds rather than the manifolds with
singularities themselves. In the case of a wedge X x €2 the associated stretched
space is equal to R, x X x 2. In the corresponding splitting of variables (r, z,y)
the typical differential operators A are assumed to be of the form

A=r Yty (-ran) (D), ©)

JHlal<p

with coefficients aj, € C* (R4 x Q, Diff*~ U1l (X)), Such operators will also
be called edge-degenerate. Their symbolic hierarchy is then a pair

o(A) = (o4(A),04(A4)) (7)

with o4 (A) being the homogeneous principal symbol. Moreover,

oA A =Y a0 o) ) 0

Jtle|<p

is the so-called homogeneous principal edge symbol which represents a family
of continuous operators

on(A)(y,m) « K3V(XD) — K37m7i(Xh), 9)

(y,m) € T*Q\ 0, acting between weighted Sobolev spaces on the (open infinite
stretched) cone X" := R4 x X, cf. Section 1.3 below. Comparing (8) with (1)
we see that there is a family of subordinate conormal symbols

oeon(A)(y,2) = 3 aj0(0, )7 (10)
§=0

from the interpretation of (9) as an operator of Fuchs type for every fixed (y,n) €
T*Q\ 0. In the case of ellipticity the adequate weights v € R for (9) are to be
fixed in connection with the non-bijectivity points of (10) in the complex plane.
The difference between the notation ‘boundary’ and ‘edge’ symbol is motivated
by the fact that the choice of spaces is different. If we write the operator (3)
in edge-degenerate form (6) (with coefficients a;,(r,y) € C® (R x Q)) we also
obtain an edge symbol (9).

In the present paper we concentrate on edge-degenerate operators (6) and
their pseudo-differential versions. The analogy with boundary value problems
will not play a major role, but it is worth to recall that the edge calculus for
dim X = 0 corresponds to the pseudo-differential calculus of boundary value
problems without the transmission property at the boundary, cf. [10].



1 Operators on manifolds with edges

1.1 Manifolds with conical singularities and edges

Let X be a topological space. As in the introduction we set
XM= Ry x X)/({0} x X) and X" :=R, x X.

In the following discussion, for convenience, topological spaces are assumed to
be countable unions of compact sets; C* manifolds are assumed to be oriented
and equipped with a Riemannian metric.

The definition of a manifold W with edge Y is based on a certain kind of
(locally trivial) X“-bundles L over Y’; here Y and X are C'* manifold.

In order to describe the specific structure we first consider a (locally trivial)
R, x X-bundle L over Y, the stretched space associated with L.

The transition maps

IRy x X xQ—>Rex X xQ

between trivialisations of L, €, Q C RY open, ¢ = dimY’, are asssumed to be
restrictions of transition maps R x X x  — R x X x Q belonging to an R x X-
bundle 2L over Y to EJF x X x €. Then L contains a subspace Lgine which is
an X-bundle over Y, represented by the trivialisations {0} x X x §. Let us set
Lieg := L \ Lging; this is an X”*-bundle over Y with the trivialisations X" x Q.

From the construction of . and Ly it follows that we obtain an X A_bundle
L by passing to the quotient space Ry x X — X2 = (R, x X)/({0} x X) in
every fibre of .. The bundle L contains Y as a subspace, interpreted as an edge,
and L\ Y is a C* manifold which can be identified with L,c, in a natural way.
More precisely, we have a projection

m:L— L, (11)
fibrewise defined by R x X — X2, and 7 restricts to the bundle projection
Tsing © Lising — Y (12)
and to an isomorphism of X”\-bundles
Treg © Lreg — L\ Y. (13)

Definition 1.1 Let W be a topological space and Y C W a subspace. Then W
is called a manifold with edge Y, if

(i) W\Y and Y are C* manifolds;
(ii) there exists a neighbourhood V' of Y in W and a homeomorphism
x:V—1L

to an X2 -bundle L over Y for a C* manifold X, such that x restricts to
diffeomorphisms

Xo:VNY =Y, Xeg:V\Y —=L\Y.



Incidentally we will write
W =Y (14)

From W we can pass to a so called stretched manifold W when we first replace
V by the stretched set V that is defined to be a C'°° manifold with boundary,
diffeomorphic to L, such that V\ 9V is identified with V'\ Y and 9V isomorphic
to Lging as an X-bundle over Y.

In other words, W is a €™ manifold with boundary OW =: Wy, which is
an X-bundle over Y. Let us set W\ OW =: W,.,. We then have a canonical
continuous map

T W—-W
which restricts to the bundle projection
Tsing  Weing — Y
and to a diffeomorphism
Treg : Wieg — W\ Y.

With W we can associate the double 2W which is a C'°*° manifold (without
boundary) by gluing together two copies W of W along the common boundary
OW.

Example 1.2 For W = X2 xQ we have W = R, x X xQ and 2W = Rx X x Q.
Remark 1.3 In the case dimY = 0 we speak about manifolds with conical
singularities.

Remark 1.4 Let W be a manifold with edge Y. Then for every C*° manifold
M the Cartesian product W x M is a manifold with edge Y x M.

Definition 1.5 Let W; be manifolds with edges Y;, i = 1,2, and let X; be the
base of the model cone for W;, i =1,2. A continuous map

T: W1 — WQ
is called an 9My-morphism if there is a differentiable map
T: W1 — Wg

between the respective stretched manifolds as manifolds with C'°° boundary such
that
']I'}aw1 : OW1 — OW,
is a homomorphism between the corresponding X;-bundles (in particular, T|Y1 :
Y1 — Y3 is then a differentiable map). T : Wi — Ws is called an 9M;-
isomorphism if there is an 9Mi-morphism T—1 : Wy — Wy which is a two
sided inverse to T.
In this case we also write W1 Zgn, Wa.

In this way, the manifolds with edges form a category 9)t; with the subcat-
egory of manifolds with conical singularities.

Let W be a manifold with edge Y of dimension ¢ > 0. Then the above
mentioned bijection V — IL allows us to define stretched wedge neighbourhoods

U C V that correspondjco a trivialisations of L, i.e.,
U=p, Ry x X xQ (15)
for open sets @ C R?. Set Uyeg := U\ OW.



1.2 The typical differential operators
Let W be a manifold with edge Y and W its stretched manifold. By

Diff,

deg (W)

we denote the space of all differential operators A € Diff*(W \ Y) such that
for every (stretched) wedge neighbourhood U, in the splitting of variables
(r,z,y) € Ry x X x Q the operator A has the form

A=r7H Z aja (T, y)( — r%)j(rDy)a (16)

Jtle|<p

with coefficients aj, € C®°(R; x €, Diff+~GFleD(xY).

In local cooradinates (r,z,y) € Ry x ¥ x Q, ¥ C R™, Q C R? open (n =
dim X, ¢ = dimY’) the homogeneous principal symbol o,(A) of A of order u
has the form

op(A)(r,z,y,0,&,m) =1 "Gy (A)(r,x,y,70,§,1M)

for a function &, (A4)(r, x,y, 0, &, ) that is smooth up to r = 0 (and homogeneous
of order p in (9,&,7)). In addition, as noted in the introduction, we have the
homogeneous principal edge symbol oa(A)(y,7n), (y,n) € T*Y \ 0, the second
component of the principal symbolic hierarchy (7). Note that for

alyn) = agalry) () o),

Jtlel<p

and (kau)(r,z) := /\n;rlu(/\r, x), A € Ry, we have

on(A)(y,m) = lim AMkxa(y, Apsy

and
on(A)(y, M) = Meroa(A)(y,n)ky
for all A € Ry

1.3 Weighted Sobolev spaces

We now formulate Sobolev spaces on stretched cones X" =R, x X 3 (r,z) and
wedges X" x R? 5 (r, x,y), first for the case of a smooth compact manifold X.
To this end we first consider the cylindrical Sobolev space

H*R x X)
defined as the set of all u(t,.) € H (R; x X) such that
(pu)o (1 x x)~' € H*(Ry x R")

for every chart x : U — R™ on X and every ¢ € C5°(U); here (1 x x)(r,.) :=
(r,x(.)). Let )
(Spu)(t) == e 2" Pty(e?), te R



for any 3 € R. Then we set
H(XM) = (Sh—z) H*(R x X)

for n = dim X.
Let us interpret these spaces in connection with the Mellin transform on
R+ o,

Mu(z) = /000 = Lu(r)dr.

For v € C§°(R4) the function, Mu(z) is an entire function, and we have
Mu|1“[, € §(T'g) for
I'g:={z€C:Rez=p} (17)

for every 8 € R, uniformly in compact intervals. Here and in the sequel the
‘weight line’ I'g is treated as a real axis if the spaces, e.g., the Schwartz space,
Sobolev spaces, etc., or amplitude functions are given with respect to the cor-
responding variable.

The Mellin transform will also be applied to vector- or operator-valued func-
tions depending on r € R; then the covariable z will often vary on a certain
weight line. We have —r% = M~'2M, and H*7(X") for s € N is equal
to the subspace of all u(r,z) € r~2TYL2(X") such that (—738,)*D%u(r,x) €
5 HYL2(X M) for all k+ |a| < s. Here D runs over all elements of Diff'*! (X)),
and L?(X") refers to the measure drdz. From this definition we can recover
HSY(XN) for arbitrary s € R by duality and interpolation. It will be adequate
to modify the spaces H*7(X”) at infinity by setting

KX = {wu+ (1 —w)v:ue H (X)) ve HE (X))}

for a space HE (X") that is defined as follows.
Set B:={r € R": |z| < 1} and BY := {(r,rz) € R**": (r,z) e Ry x B }
which is a conical set in R'*™. Let x : U — B be a chart on X, and consider

1 xx:Ry xU — Ry x B. Together with
B:(r,x) — (r,rx), Ry xB— BY
we have the composition
Bo(lxx):Ry xU — BY.

Then HE . (X") is defined to be the subspace of all u € Hf (R x X)|r, xx
such that (1 —w)puo (1 x x)~top~! € H¥(R'™™) for every chart x : U — B
and arbitrary ¢ € C§°(U). Another equivalent characterisation of HS . (X") is
given in Remark 2.1 below.

Let us introduce some convenient terminology in connection with the variety
of spaces that will occur in our calculus.

If Ey, E1 are Fréchet spaces, embedded in a Hausdorff topological vector

space H, we set
Ey+Ey={eg+e1:e9 € Ep,e1 € Ey}. (18)

There is then an algebraic isomorphism Eg+FEy & Eg@® FE1 /A for A .= {(e, —e) :
e € EyNEL}, and we endow (18) with the Fréchet topology of the quotient space.
We then call (18) the non-direct sum of Ey and Ej.



Moreover, let E be a Fréchet space that is a left module over an algebra A.
Then [a]E for a € A will denote the closure of the space {ae:e € E} in E. In a
similar sense we employ the notation E[b] or [a]E[b] for a,b € E if E is a right
or two-sided A-module.

Example 1.6 The spaces HE,,.(X") are two sided modules over the algebra of
all (r,z) € C°(Ry x X) that do not depend on r for r > R for some R > 0. In
particular, for every cut-off function w(r) we can form the spaces [W]H*7(X")
and [1 —w|HE (X)), and we have

cone

K(X") = [wWH(X7) + [1 = W] Higne (X 7). (19)

cone
Clearly the space (19) is independent of the specific choice of w.

Remark 1.7 If Ey and E1 are Hilbert spaces also Ey + Eq becomes a Hilbert
space by the identification with the orthogonal complement of A in Ey & E;.

Thus, if we fix the cut-off function w, we get a Hilbert space structure in
K57 (XN via (19). For s = v = 0 we take the scalar product from the identifi-
cation

KOO(XMN) =r 3 L3Ry x X),
where L?(R, x X) refers to drdx with dz being connected with a fixed Rieman-
nian metric on X.

For purposes below we tacitly identify a coordinate neighbourhood U on X
with B C R™, with the coordinates x via a chart xy : U — B. Then, the above
characterisation of the space HZ (X") for large r cone it is enough to look at

cone

(1 —w)pHS  (B") vor any ¢ € C§°(B) and a cut-off function w.

cone

We then have

ue (1—w)eHS (X)) < (B%u)(r, %) € H° (R (20)

cone

for the map 5 : B — BY C R!*t™,
Remark 1.8 Let A € Dii“fg{eg(EJr x X x Q) be given in the form (16), and set

a(y,n) :=r* Z @ja (T, y)( — r%)j(rn)a. (21)

Jtla|<p

Assume that there is an R > 0 such that the coefficients ajo are independent of
r forr > R. Then

D;Df]a(y,ﬁ) . ]CSKY(X/\) _ ;Cs—/wt+|6\rv—u+\ﬁl(XA)7

(y,m) € Q xRI, is a family of continuous operators for every s,v € R and
a, € N1,

In fact, writing a(y,n) = @a(y,n) + (1 — @)a(y, n), for some cut-off function
@(r) we first have

@a(y,n) : K (X") — @H (XY
which is fairly obvious. On the other hand, to obtain

(1= @)a(y,n) s Hipne(X") = (1= &) Hlppo(X7) (22)

cone



we express a(y,n) in local coordinates on X via a chart x : U — B. If we write

ja (r,y) = Z Aoy (r,z,y) D}
[yI€p—(+lal)

with coefficients ajq.y, € C(Ry x U x Q) for a coordinate neighbourhood
U C X, it suffices to consider the summands

. ON (o
P o (na,y) DY (=15 ) () (23)

separately. For simplicity, let us interpret x as coordinates in the unit ball
B C R™. Then (23) is a family of operators in Ry X B 3 (r,z). Applying
the substitution & = rz and the characterisation (20), for (22) it is enough to
observe that

(1-— d))gp(%)r*“am (r, %, y)rMDg (—rag)j(m)a

T

for p(z) € C§°(U) respects the standard Sobolev spaces up to r = co.

1.4 Abstract edge spaces and symbols with twisted homo-
geneity
A Hilbert space F is said to be equipped with a group action if there is given

a strongly continuous group of isomorphisms k) : £ — F, A € Ry, such that
Kakx = kxax for all A, N € Ry. An example is the space F = K57(X") with

n

(kau)(r,x) = A ;rlu(/\r, x), A€ Ry

for n = dim X. More generally, if F is a Fréchet space, written as a projective
limit @jeN EJ of Hilbert spaces E? with continuous embeddings E/*! «— EJ
for all j, and if {kx}rer, is a group action on E° which restricts to group
actions on EV for every j we say that F is equipped with a group action.

An example is the space

SI(X") := lim B (24)
JjeEN

for B9 := (p) =i K3 te=(4+0 7" (XN, e > 0. Let us define

So(X") == lim 8(X") (25)
e>0

(the notation indicates that the left hand side is independent of ~).

Definition 1.9 Let E be a Hilbert space with group action {kx}rer,. Then
WH(RY, E) (the ‘abstract’ edge Sobolev space on R? of smoothness s € R) is
defined to be the completion of S(RY, E) with respect to the norm

{ [ gyacn]2an}

here @(n) = Fy_,u(n) is the Fourier transform in R?, and K(_nl> acts on the
values of 4(n) for every n.

10



Definition 1.10 (i) Let E and E be Hilbert spaces with group actions {Fa}rer,
and {Fx}xer, , respectively. Then the space of (operator-valued) symbols

SH(U x Rq;E,E) for an open set UCRP, ue€R, is defined to be the set
all a(y,n) € C°(U xRY, L(E, E)) such that

sup{<n> u+|ﬁ\||~—1{DaDﬁ a(y,n }“(TDHQ(E B :(y,n) € K x Rq}

is finite for every K @ U and all multi-indices o € NP, 3 € N9.
(ii) SW(U x (R7\ {0}); E, E) denotes the set of all functions fwy € C=(U x
(R9\ {0}), L(E, E)) such that
Fon (s An) = MR fp (g, mex
for all (y,n) € U x (R?\ {0}), A € R;.

(iii) The space SH(U x Rq;E,E) of classical symbols is defined as the set of
all a(y,n) € SH(U x RY; E, E) such that there are elements a,—;(y,n) €
Sw=i(U x (R?\ {0}); E,E), j € N, such that

N
ZX nau—j) (y,n) € S*~ (N+D)(U x R%; E, E)
7=0

for every N € N. Here x(n) is any excision function, i.e., x € C*(RY),
x(m) =0 for |n| < co, x(n) =1 for |n| > c1 for certain 0 < ¢o < c1.

In the case E = C we always set k) = id¢ for every A € Ry. Then for
E = E = C the Definition 1.10 reproduces the standard spaces of scalar symbols.
If a notation or a relation is valid both in the classical and the general case we
also write ‘(cl)” as subscript. Let S/ (el) (R%; E| E) denote the corresponding spaces

of symbols a(n) that are independent of y, i.e., with constant coefficients.
Example 1.11 Let us set
E =K (XN @, E. =8 *X") o C+

and _ ‘
F = ICS’*WJ”‘(XA) (CJ+ =38 7(XA) (O

for v, u € R and e > 0. A family of operators
gy m) : K*V(XP) @ T — L97(X") @ ¢+

(continuous for every s € R) is called a Green symbol if there is ane =e(g) > 0
such that

g(y,m) € S4(U x R% B, E.), " (y,n) € S4(U x RY; F, F,) (26)

for all s € R. A Green symbol is flat (of infinite order) if the conditions
(26) hold for all € > 0. Especially, if g(y,n) is an upper corner, that means
9(y.n), 9" (y,n) € SHIK>P(X"), So(X")) for all 5,3 € R.

11



Remark 1.12 The operator of multiplication by a function ¢ € C§°(Ry) be-
longs to SO(R%; IV (XN), K57 (X)) for every s,y € R. If g(y,n) is a Green
symbol in the sense of Example 1.11 also

diag(e, 1)g(y, n)diag(, 1)
is a Green symbol for every ¢, $ € C3°(R,)

Parallel to the spaces of symbols of Definition 1.10 we have vector-valued
analogues of Sobolev spaces, based on a Hilbert space E with group action
{ka}rer,. Recall the corresponding Definition from [7]. By W*(R%, E) we
denote the completion of S(R?, E') with respect to the norm

{/ <n>23||f<<,,1>ﬂ(n)ll?;dn}l/2,

u(n) == (Fy—nu)(n). For an open set Q& C R? we also have the spaces

We (QaE) and Wlsoc(QvE)

comp

of vector-valued analogues of the spaces Hg,,,,(€2) and H (Q), respectively.

1.5 Conical exits to infinity

In this section we want to deepen the information of Remark 1.8 in the sense
of a more systematic discussion between edge symbols, standard operators in
polar coordinates, and symbols within the exit pseudo-differential calculus.

Let us first consider Rg“ regarded as a space with ‘conical exit’ to infinity
|Z] — oo.

Definition 1.13 The space
SHv(RET! x Rg“), (27)
u,v € R, is defined to be the set of all a(a?,g) € COO(IR;H X Rg“) such that
sup{ (&)~ *1*I(§) | DgDLa(z, )] : (#,€) € R* x R} < oo

for every a, 3 € N1 We also say that a symbol a(z,€) € SH(R" 1 x R*H1)
has the exit property, if it belongs to the space (27); then p is called the pseudo-
differential order, v the exit order of a.

More generally,

S (RETH x REF < REH)
denotes the set of all a(i, %, €) € C™® (R;Sg&l)) such that
sup{(&) " H1el@) e T DS DY a(#, 7, 7)] - (2.8,6) e RV} < o0

for every a,a’, 3 € N* 1,
Moreover, we set

St (REF X R = SHRET)S,SHRE)

which is the space of classical symbols in 5 and .
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Example 1.14 Let w(t) € C°(Ry) be a cut-off function such that w(t) =1 for

t< %, w(t) =0 fort > %, and set

Then 1 represents an element of S%%O(R, x R,» x R,) (which is independent of
the covariable o).

Let us set
HS9(R™) .= (2) 9 H(R™ ).

Theorem 1.15 For every a(z, ) € S#*(R™ x R™1) the associated pseudo-
differential operator Op(a) induces continuous operators

Op(a) : H9(R™) — Ho~#9~7(R"H1)
for all s,g € R.
Remark 1.16 By virtue of

S(RnJrl) _ lln HN;N(RnJrl)
NeN

it follows that Op(a) also induces a continuous operator
Op(a) : SR™) — S(R™H),
Let us set

L/(t]u) (R .= {Op(a) : a(j:,é) c Sétc;lzzi)(Rn—H % ]R"‘H)},

As is known, Op(-) induces an isomorphism

Op: Séglz;i)(R”“ x R") — LGS (R (28)

for every u,v € R, including p = —oo or v = —oo. Note that L=~ (R"+! =
Ny LHY(R™HL) is equal to the space of all integral operators with kernel in
S(R™F1 x R+,

Definition 1.17 An element a(i,€) € SHY (R x R s called elliptic, if
there exists a p(Z,£) € STHTY (R x R"1) such that

a(, E)p(&,€) =1 mod SH~ BV~ LR x R*1),

An operator A € L*V(R™1) is called elliptic if the associated symbol a(j,é) €
SV (R x R s elliptic (cf. the bijection (28)).

For classical symbols a(i,€) € S(’fl: (R™T! x R"1) we have a triple of ho-
mogeneous components, ’

o(a) = (ay(a), oc(a), oye(a))

13



given on R"+1x (R™1\{0}), (R™1\{0}) xR"**, and (R"*\{0}) x (R"+1\{0}),
respectively. The homogeneous principal symbol oy (a)(Z,€) in € order p is as
usual,

ay(a)(&,AE) = May(a)(&,€) for all (£,€) € R™ x (R™1\ {0}),A € Ry.

Analogously, the principal exit symbol oe(a)(Z,€) in Z of order v has the prop-
erty

06(a)(8%,€) = 60 (a) (%, €) for all (z,€) € (R"\ {0}) x R""1. 6 e Ry.

The third component is the homogeneous principal part of o.(a)(Z, 5) in &
of order p and has the homogeneity

Tpe() (03, AE) = 6" Noye(a)(2,€) for all (7,£) € (R™\{0})x (R™\{0}), A, 6 € Ry.
Remark 1.18 A symbol a(Z,&) € Sfl: (R x R"FY) s elliptic in the sense
of Definition 1.17 if and only if
oyp(a)(F,€) # 0 for all (z,€) € R™! x (R™T1\ {0}),
oe(a)(E,€) # 0 for all (#,€) € (R™\ {0}) x R™*,
oye(a)(Z,€) # 0 for all (7,€) € (R"T1\ {0}) x (R"1\ {0}).
These three conditions are independent.

Theorem 1.19 Let A € L**(R"Y), p,v € R. Then the following conditions
are equivalent:

(i) the operator A is elliptic;
(ii) A induces a Fredholm operator
A: H¥9(R") — H#9~V (R (29)
for some fized s = sg, g = go € R.

Theorem 1.20 (i) Let A € Lf‘d”) (R™H1) be elliptic. Then A has a parametriz

Pe L(;’l‘)“”(R”“) in the sense

PA—1, AP —1¢€ L™ (R,
(ii) The Fredholm property of the operator (29) for some s = sg, g = go € R
entails the Fredholm property of (29) for all s,g € R.

(iii) Let A € LHv(R"*Y) be elliptic. Then ker A and cokerA of the Fredholm
operator (29) is independent of s,g, and there are subspaces of finite di-
mension V,W C S(R"*1) such that ker A =V and

im A+ W = H M9~V (R W Nnim A = {0}.

We now interpret the stretched cone X" 3 (r,z) as a space with conical exit
r — oo. In order to avoid clumpsy precautions for r — 0 we first pass to the
cylinder R x X and later on localise the operators on the plus side.

14



Definition 1.21 We say that the cylinder R x X is equipped with the structure
of a manifold with conical exits r — Foo if there is given a locally finite atlas
of charts

xX.:RxU, —-T,, tel,

for coordinate neighbourhoods U, on X and open sets I, C R**! such that for
a constant R > 0 independent of v for every ¢,i € I we have:

(i) T,n{ e R"™ :|i| >R} = {\e: & € Tom A>1} for T, g =T, N {|7| =
R};

(11) XL(Arv :L') = )‘XL(Ta {E) for every A > 1, |7'| > R;
(iii) the transition maps
Ty = XzX:l : XL(R X (UL N Uz)) — Xz(R X (UL N Uz))

have the property
TZ’L(Ai') = )\Tz,z({f)

for every |Z| > R, A > 1.

If R x X is equipped with a structure in that sense we also write X~ instead
of Rx X.

Let us fix a locally finite partition of unity {¢!},c;r on X subordinate to
{U.}.c1, moreover, let {¢!},c; be a system of functions ¢/ € C§°(U,) such that
¥, =1 on supp ¢,. Moreover, set

pu(rx) = ¢ (), Yu(r,z) = Pu()

for all (r,z) € R x X.

Let us endow X+ with a Riemannian metric that is equal to a cone metric
gx. = dr? +r?gx for |r| > R for a Riemannian metric gx on X. If dz denotes
a corresponding measure on X the associated measure on X~ for |r| > R is of
the form

|r|" drdx (30)

for n = dim X.
Now let Lfbc]l; (T,) denote the restriction of L’(LCS (R™*+1) to T, (in the sense of
operators A : C§°(T,) — C*°(T',)), and let

LI(LC’D (X=)
denote the space of all operators ) _; @L{(Xb_l)*AL}dJL + C for arbitrary A, €
L/(”:jl”) (T',) and C having a kernel in S(Rx X ) x (Rx X)) := S(RxR, C>®(X x X)).
The concept of operators on manifolds with conical exits to infinity will be
necessary also in the set-up of operator-valued symbols, cf. Definition 1.1. Let
us recall some basic technicalities (the formulations will be slightly more general
than in the scalar case; so we also give additional information for £ = E=C
and trivial Ky = Ry).
Let E and F be Hilbert spaces with group actions {xx}xrer, and {Fx}rer,,
respectively. Then _
S (RY x RY x RY; E, E) (31)
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for p,v, € R denotes the set of all a(y,y’,n) € C°(R? x R? x Rq,E(E,E))
such that

P "'nB / =Bl (v =lal fy 1\v' =1
7o D5 D5 Dt i, ) < eIy (a2

for all (y,y',n) € R3 and «a,a’,3 € N9, with constants ¢ = ¢(a,a’,3) > 0.
Similarly we have spaces of the kind

SHY(R? x R%; E, E) (33)

where the elements a(y,n) satisfy analogues of the estimates (32) (obtained by
simply omitting ).

Elements of (31) are regarded as double symbols of corresponding pseudo-
differential operators Op(a). There are then unique left and right symbols

ar(y,m) and agr(y',n)

belonging to S+ (R? x R%; E, E) such that Op(a) = Op(az) = Op(ag).
For instance, ar(y,n) can be calculated as an oscillatory integral ar(y,n) =
[[ e *a(y,y + z,m + ¢)dzd(; a similar expression holds for ar(y’,n). Setting

LMY(R%; B, E) := {Op(a) : S*¥(RY x RY; E, E)}
we have an isomorphism

Op : S**(R? x RY; E, E) — L*"(R% E, E).

2 Edge quantisation

2.1 Pseudo-differential edge symbols

We now pass to the algebra of pseudo-differential edge symbols. These will be
parameter-dependent families of operators on the infinite (stretched) cone X”
with a specific dependence on edge variables and covariables (y,7n) € Q@ x R?. In
this section X is assumed to be a closed compact C*° manifold.
In order to model families of edge-degenerate pseudo-differential operators
we start from the space
LA (X5 R (34)

of classical parameter-dependent pseudo-differential operators on X which is a
Fréchet space in a natural way. With p(r,y, 0,n) € C*°(Ry x Q, LI (X; R %)
we can associate a family of pseudo-differential operators

op,(p)(y,n) € C=(Q, L (X" RY)).

Remark 2.1 Let p(g,7) € Lgl(X;Rg%q) be parameter-dependent elliptic of or-
der p and set

b(r, @, m) :==r~"p(ro,rn).
Then for every n # 0 there is an R(n) > 0 such that

b(r, ¢,n) - H*(X) — H*"(X)
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is a family of isomorphisms for allr € R, r > R and o € R. In addition for a
suitable choice of cut-off functions w(r) and w(r) the expression

HU'HHS (XN = ||W\n\u||HS(R+><X) + ||(1 - w|n|)0pr(b)(77)(1 - "Dlnl)uHLz(R+><X)

cone

is an equivalent norm in the space HE  (X").

Incidentally the parameter o plays the role of Imz for a complex variable
z = 3+ ip with fixed 8 € R. In this case instead of (34) we also write

LA(X;Tp x RY), (35)

.
RY)) will be regarded as amplitude functions of Mellin pseudo-differential oper-

ators

opYs (F) (@, mu(r) = / (

cf. also the notation (17). Elements f(r,y, z,1m) € C°(R4 x Q,LZI(X;P%_ X

o1 i 1 . d’l“/
Ty-G Q)f(r,y,——7+w,77)u(7“/)7d9’ (36)

T 2

do = (27)~'dp. Also in this case we have
opa (f)(y,m) € C(Q, LG (XM RY)).
Definition 2.2 By L!(X;C, x R{) we denote the space of all operator families
f(z,m) € A(C, L (X;RY)) such that
f(B+io,n) € Ly(X;RyHD)

for every f € R, uniformly in compact B-intervals. Moreover, let M~ (X;T5).
for any B € R, € > 0, denote the set of all

f)e A{d—e<Rez<d+e}, L X))
such that
f(B+io) € L™™(X5R,)

for every B € (6 —e,0 + €), uniformly in compact B-intervals. Finally, we set
MTZ(X5Ts) = Ues oM™ (X5Ts)e

The spaces L' (X; CxRY) and M~>°(X;Ts). are Fréchet with natural semi-

cl
norm systems that immediately follow from the definition.

Remark 2.3 (i) If w(r),o(r) are arbitrary cut-off functions and f(y,z) €
C> (), M™®(X;T a1 )), @ CR? open, we have
2
m(y,n) =1 Wby * () (Y)d) € Sg(QxRE K (X7), KT7(XM))
(37)
for every s € R. For the principal part of order v we have

_mn

an(m)(y,m) = 1" wgopr 2 (F@)@- (38)
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(ii) Let h(r,y, z,n) := h(r,y,z,rn) for h(r,y,2,7) € C=(Rs x Q, Lij(X; C: x
RY)), and let o(r), p1(r) € C5°(R+), and p1 = 0 on supp o (e.g., 1
may be a cut-off function, po € C§°(Ry)). Then

9(y:m) = @1 (r[n))r " opas * () (y,m)po(r[n])
is a flat Green symbol of order L.

The following result may be interpreted as a Mellin quantisation.

Theorem 2.4 For every p(r,y, 0,m) of the form

plry.0n) =By, 8,75, i

for a p(r,y,0,7) € C°(Ry x £, L’C‘I(X;Rg%q)) there exists an h(r,y, z,m) of the
form

h(’l“, Y, z, 77) = h(?“, Y, z, 77)|ﬁ:m
for an h(r,y, z,7) € C= (R, x Q, L (X;C x RY)) such that
op,(p)(y,n) = op3,(h)(y,n) mod C=(Q, L™ (X";R?)),

for every v € R, and ﬁ(r, y, 27) is unique mod O (R x Q, L~°(X;C x R9)).
Moreover, setting

po(ryy, 0.m) = B0, y,ro,rm), ho(r,y, z.m) == h(0,y, z,1) (39)
we also have
op,.(Po)(y,n) = opj;(ho)(y,n) mod C**(Ry x Q, L™>(X";R7))
for every v € R.

A proof may be found in [8], see also [9], or [4].
Let us fix cut-off functions

w(r), w(r)

such that @ = 1 on suppw; in that case we write w < @w. Set

x(n) =1—w(r), x(n) =1-a(r) (40)

for another cut-off function w(r) such that @ < w. Moreover, choose cut-off
functions o(r), &(r).
Let
p(r;y, 0,m); h(r,y,z,m) (41)

be operator families related to each other as in Theorem 2.4, and set

n

a(y,n) :==r "o {wyopys 2 (h) (Y, M@ + X op, () (Y, 1) X +6 (42)

n = dim X, where wc(r) := w(rc), x.(r) := x(rc), ete., for any ¢ > 0.
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Remark 2.5 Let a(y,n) be an operator function of the form (42). Then we
have
a(y,n) € C(Q, L (X" R)).

The parameter-dependent homogeneous principal symbol of a(y,n)
oy(a)(r,z,y,0,6,m) € C(T*(Ry x X x Q x RIFH9\ 0))
has the form
oy (a)(r,z,y, 0,§,m) = o (r)a (r)r™" Py (r,z, y, 70, &, ),

where P, (r, z,y,0,&,7) denotes the parameter-dependent homogeneous princi-
pal symbol of p(r,y, ,7) € C°(R4 x Q, L* (X;]R;},q)) of order .

cl

Theorem 2.6 We have
a(y,n) € S"(Q x RE L (X"), L1771 (X 7))
for every s € R. Moreover, for every e > 0 we have
a(y,n) € S"(Q x R SY(X"), 877H(X"M)).

A proof of Theorem 2.6 may be found in [3, Section 2.1.3].

Theorem 2.6 can be regarded as a quantisation for edge-degenerate families
of pseudo-differential operators as in Theorem 2.4. In fact, Theorem 2.6 gives
rise to continuous operators

Opy (@) : Weamp (K7 (X)) — WL H(Q, Ko 7#7 71 (X)) (43)

comp loc

for all 5,7 € R. In other words, the correspondence p — a — Op(a) represents
an operator convention that associates with p continuous operators (43).
Let us set

on(a)(y,n) == r P {wpopar 2 (7o) (Y M) + Xin 0Py (P0) (Ys 1)Kl }

for the families hg and pg as in Theorem 2.4 and (y,n) € T*Q\ 0. Then we have
an(a)(y, ) = Neaoa(a)(y, mey" (44)

for all A € R;..

2.2 A new edge quantisation

The new quatisation of edge degenerate symbols consists of taking an operator
family of the form

_1 ~ ~
aly,n) =r"to {w[n]oplf 2 () (Y M@ + X[ ¥mor, (P) (Y, n)} o (45)
instead of (42), where w,,w,0,c and p, h are as before, while

Yy (75 77") 2= W (r[n], ' [0]),

with the function ¢ (r, ') of Example 1.14.
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In order to compare (42) and (45) we analyse operator families associated
with
p(r; 0,m) := p(r,ro, 1)

for an element p(r,g,7) € C* (E_HL’C‘](X;R;E‘I)) (it is enough to assume the
y-independent case). We assume that

p(r, 0,7) is independent of r for r > R
some constant R > 0.
Theorem 2.7 Let 0,6, x,x be as in (42) and form
g(m) =1 a(r)xp (r)(1 = Yy (r, 7))o, (p) () X1y (r')G ().

Then we have
9(n),9*(n) € SLRT; KV (X),So(X")) (46)

for every s,y € R, i.e., g(n) is a flat Green symbol of order p, (c¢f. Example
1.11 and the notation (25)).

Proof. We first show the property
9(n),9"(n) € C= (R, LK™ (X"), So(X")).

Let us consider g(n); the corresponding relation for g*(n) can be obtained in an
analogous manner. It is enough to show

g(n) € C= (R, LK (XM)v, So(X ")) (47)

for every coordinate neighbourhood U on X where

K3 XMy = {u(r,z) € K7 (X") : suppu C Ry x U}, (48)
So(XMy = {u(r,z) € So(X") : suppu C Ry x U}. (49)
Here we use the fact that there is an a tlas {Uy, ..., Un} on X in such a way that

for every two indices 1 < j, k < N also U; U Uy, is a coordinate neighbourhood
on X. Without loss of generality we may assume that the coordinate neigh-
bourhood U in (48), (49) are contained in other coordinate neighbourhoods U
such that U are compact subsets. Now, if we pass to local coodinates on X we
can write

gmu(r,z) =r""o(r)xp (r) // eir=r")eti(z—a")¢

ﬁ(’l“, z, Qf/, ro, f? 7”77)(1 - w['r]] (T7 Tl))i[n] (Tl)a.(rl)
u(r’, 2" )dr' dx’ dpdé,

(50)

where suppu(r,z) is contained in Ry € K for a compact set K C R". Here
p(r,z, 2, 5,&,1) is a classical symbol in (g, &,7) € R4 of order pu. After mul-
tiplying p(r, z, ', 9, &, 77) from the left and the right by localising functions @q(x)
and 1o (z'), respectively, belonging C§°(K), we can assume that p(r, z,2’, 9, &, 1)
has compact support with respect to (x,z’).
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We want to compute the distributional kernel of (50). To this end we choose
an N and write e/"=7)e = | — r'|’2ND§Nei(”’T')9. Inserting this in (50) and
integrating by parts under the integral givces us

anputr,z) =r"o(axp(r) [ [ Il =l (1 = vy )
T8 (4 ) 2N (D) (v, 2, 4 7o, €, )
X[n}( o (ru(r', 2’ )dr' dz’ dod€.

The kernel of this operator can be written as

K(9)(rv"2,2n) =1 (rxi r) [ [ 1rtn) =P (0 = by )
(ir=reti(e—aE( rln))?™ (D2V p) (51)
(ryx 2’ 70,&, 1) X1y ()6 (") dodé.
By virtue of the symbolic estimates
|D3NB(r, @, ' ro, & )| < clro, & )2 (52)

for all z,2/ € K and r € suppox[, Wwe see that the integral (51) converges,
together with all derivatives in 7,7/, 2, 2’ up to some order M when N = N(M)
is chosen sufficiently large. This shows that for every fixed n € RY the kernel of
(51) belongs to C§° (R4 x R™ x Ry x R™), and this remains true if 5 varies in a
compact set C R?. It is also clear that the kernel smoothly depends on n € R9.
Thus we have verified the relation (47). For the formal adjoint we can argue in
a similar manner.

For the proof of (46) we first generate the homogeneous principal symbol of
order p

an(g)(n) = Jim A7 tg(An)sy for i # 0.
In local coordinates on X it takes the form
Tnlg)utr.) =1 (r) [ [ X0 g )
p(0,z,";r0,& )X ) (ru(r’, ' )dr' dz’ dod.
Integration by parts gives us again
anlg)mulr,z) = r="xpy (r) / [l = "Il 72N (1 = 4y (1))

e = )e =08 (p ) 2N (DN ) (0, w, 2, 0, &) K ()
u(r’, 2")dr' dx' dpdé

for every N € N. Using the estimate
= |72N A = () < ()TN T (53)

and the symbolic estimate (52) we can easily verify that oa(g)(n) has a ker-
nel in So(X")y®-So(X)y. Assuming for the moment that 5 = $(3,7) is
independent of r we have

9(m) = x(man(g)(n) € S RE LM (X), So(X7))
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for any excision function x(n) € C*°(R?). Otherwise, we can successively com-
pute the lower order terms by a Taylor expansion

T Qa Zr pl Qa Jr1]’5(14—}-1)(73 o, ﬁ)

The above process applied to 7'5;(3,7) then gives us the homogeneous compo-
nents of g(n) of order u—I. Another elementary calculation with rL“ﬁ(LH) (r,0,7)
yields a remainder in S#~ (D (RY; 57 (X M), So(X")) which shows that our
symbol is classical. For the formal adjoints we can do the same. [l

Proposition 2.8 Let j(r, §,7) € C°(R;, L~°(X; R1+q)) be independent of r
for r > R for some R > 0. Then

g(n) =17 o(r)xp (r)op,(p) ()X ()& (r') (54)
is a flat Green symbol of order u; in particular, it satisfies the relations (46).

Proof. It is evident that g(n) has the property (46). It remains to show that
g(n) is a classical symbol. Let us first consider the case that p = p(g,7) is
independent of r. Then for n # 0 we can set

900y () = 77X (1) 0D, (2) Xy ().
Write

9wy (M) = 77X 1) (757 )0D, (D) (M) X ) A 7 Xy (L = oy (, T'))Opr(p)(n)%m)

55
with the function +(r,7’) of Example 1.14, and v, (r,7") := ¢ (r[n[,7'|n]). Ob-
serve that we have

U(r,m")p(r) € S(R x R) (56)

for every ¢ € S(R). The first summand on the right of (55) is a Schwartz
function in 77" with values in L™°°(X). In fact, x, (r)p(g,rn) belongs to
SRy, L™ (X;R;)) for every fixed n # 0; then applying a relation of the kind
(56) gives us this property. For the second summand on the right of (55) we
can proceed in a similar manner as in the proof of Theorem 2.7.

We obtain altogether that the kernel of g, (1) belongs to So (X" )®-So (X ")
for every n # 0. Thus

F(m) == r""Xmop,(2)(M)XMm (57)

is a Green symbol, since f(n), f*(n) have the property (46) (with f instead of
g) and f(n) = g (n) for large |n|. Applying Remark 1.12 to ¢ := 5[, ¢ := &
we obtain the (54) itself has the desired property.

In the case of an r-dependence of p(r, g,7) we assume that p(r, 9,7) is in-
dependent of r for large r; otherwise we subtract p(oo, g,7) which is constant
in r and can be treated as before and then consider the difference p(r, ,7) —
p(00, 8,7). Then we can write

p(r, 0,7 ZAJSOJ p] 0,1)
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with \; € C, S3|\| < o0, 95 € C(Ry), p;(8,71) € L™°(X;R;57) tending to
0 in the respective spaces as j — oo. This easily reduces the general case to
r-indeplendent p when we apply other standard arguments, in particular, that
" Xm10P,-(P5) (1) X[y tends to zero for j — oo in the space of Green operators
of the kind discussed before. O

2.3 Edge symbols as parameter-dependent cone operator
families

By an edge amplitude function of order u, referring to the weight data g =
(7,7 — u), we understand an operator family of the form

n

a(y,n) = r " o{wyopy, 2 (7)Y, n)@p)+Xmor,(®) (Y, n) X 1o +m(y, n)+g(y,n),

where the first expression on the right hand side is as in (42), moreover, m(y, n)
is a smoothing Mellin edge symbol and g(y,n) a Green symbol as in Example
1.11 (for j_ = j, = 0).

Let R*(€2 x R%; g) denote the space of all those a(y,n). Let us set

o(a) := (oy(a), or(a)), (58)

where oy (a) is defined as in Remark 2.5; we take into account that o (m+g) =
0. Moreover, we set

an(@)(y,n) == r~*{wimopar * (ho) (Y, 1)y,
+ Xn0P, (P0) (Y5 M) Xn| } + oa(m + g)(y, 1)

with the notation (39) and o (m+g)(y,n) as the homogeneous principal symbol
of (m + ¢g)(y,n) as a classical symbol, cf. also (38) for u = v.

Theorem 2.9 Let a(y,n) € R*(QxRY,g) and assume that o(a) = 0. Then we
have
a(y.m) € 5771 (€ x BRI K™ (X1, K0 (XM)),

for every s € R, and a(y,n) takes values in the space of compact operators
K8V (XN) — Ks—ma—m(XN), s € R.

Proof. The relation oy (a) = 0 implies that
o(nF(r)p(r,y,6:7) € C*(Ry x Q, L (X3 Ry 5))
and
o(r)a(r)h(r,y, z,7) € C°(Ry x Q,Lgl_l(X;C X ]R%)).
This yields
(0, y,6,71) € C(Q, LIy (X;RM™9)), h(0,y, 2,7) € C(Q, Ll (X;C x RY)).

Now oa(a)(y,n) = 0 implies that

n

= {wiopay 2 (ho) (Y 0@ + Xjn1oPr(P0) (W M) Xjn } = —oa(m+ g)(y,n). (59)
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Both sides of the latter relation are operators in the cone algebra on X”\. That
means their subordinate symbols (interior, conormal, exit) symbols coincide. In
particular, we have

n
2

ae(r M wipopay * (ho)(y, mp))(2) = ho(0,y, 2,0) = —ocon(m(y, m)(2).
In other words, setting hoo(y, 2) := f(O, ¥,2,0), we have
hOO(y7 Z) = _f(y7 Z) (60)

(when m(y,z) is given as r’“w[n]op;g%(f)(y)&[n] for an f € C®(Q,M~>
(X;r i1 _,)e) which we assume without loss of generality). In addition we
may assume that o =1, 6 = 1 on suppwy, and suppwy,. It follows that

n
2

S(m{r~*{wpopas 2 (ho = hoo)ys M@ + X[n1oP (P0) (U, M) X } + 9(y,m)} (61)

is a Green symbol of order u — 1 for every excision function §(n) in RY. In fact,
the relation (59) shows that

= {wiyopas 2 (o — hoo)@py| + X|noPr (P0) (s M) X|n} = —a(9) (Y, 7).

This entails the identity (61) for all n with || > const for a constant > 0. On
the other hand, using the technique of proving Theorem 2.9 we see that the left
hand side of (61) is an operator-valued symbol, even classical in this situation,
with —oA(g)(y,n) as the homogeneous principal symbol. Then the same is true
of

go(y.m) = r *as(m){wmopys = (ho — hoo) (¥, M@ + X(mopr(Po) (¥ M) X &
+  d(mg(y,n),

cf. Remark 1.12.
Now the symbol a(y,n) can be written in the form

rro{wmopar © (h— ho) (Y, 1)) + XmoPy(p — Po) (v, 1) Xpo) }&

+ 3(m{r o {wiopar  (ho — hoo) (¥, M) + XprjoP,(Po) (ys ) X 15}

+9(y.m) + (1= 6m) {r~ o {wpyop}; * (ho — hoo) (y, My

+ X(10P,-(p0) (4 M) X} + 9y, m)} (62)
= o {wiopar * (h = ho) (Y, M) + XproP, (P — P0)(Ys 1)K}

+ go(y,m) + (1 = S {r o {wipop); " (ho — hoo) (y, )

+ Xp1op, (Po) (Y, M) X }o}

The summand go(y,n) is a Green symbol of order 1 — 1 and takes values in
compact operators. Also

rto{wyopy, 2 (h — ho)(y, 0, }o (63)

is compact for every (y,n), since we can write h — hg = rﬁ(l)(r, y,z,rn) for an
hay(r,y, z,7m) € C° (R4 x Q, LM Y(X;C x ]Rg)) which yields an improvement of

cl
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the weight at r = 0, together with the improvement of the order. For a similar
reason also

r o {xmop,(p — o) (Y, M) X[ }& (64)

is compact for every (y,n). Finally, (63) and (64) are operator-valued symbols
of order p — 1, by similar arguments as for the proof of Theorem 2.6, and the
last summand on the right of (62) takes values in compact operators and is of
order —oo in 7. |

3 Composition properties

3.1 Composition of edge symbols

In this section we analyse the composition properties of edge amplitude functions
of the form (42). It will be more convenient here to employ the cut-off functions
w(r),w(r),w(r) rather than the excision functions (40).

Moreover, since the presence of the variables y € € only causes minor mod-
ifications of the arguments, we content ourselves with the y-independent case.

Let

= r Fo{am(n) +ayp(n)}o,
b(n) = rYo{bu(n) +by(n)}a,

where o(r) and o(r) are arbitrary cut-off functions, and

)
~
=
~—
I

am(n) == W[n]OPXJW% (h1)(M@pys  ay(n) == (L = wpy)op,(p1) (M) (1 — @),

bar(1) = wiyopar ° (he) (1)@, by (n) = (1 — wiy)op,.(p2) (M) (1 — Qpy)-

Here pj (Ta P 7’) = ﬁl (7”, TP, 7"77) for families ﬁl (Ta ﬁ’ 77) € C> (RJH L/cilz (Xv ]R;l;%q))

with 1 = p, po = v and hi(r,z,n) = ﬁi(r,z,m) for elements ﬁi(r,z,m €
C>(R4, LY (X;C x R?)), i = 1,2, where we assume that h; is the Mellin quan-
tisation of p; in the sense of Theorem 2.4.

Theorem 3.1 We have (with respect to the pointwise composition of operator
functions)

(ab)(n) = or™ ¥ {ear(n) + ey ()} + g(n)
where

_n ~

e (n) = wiopyy 2 (h) ()@ + (1 = wiy)op, () () (1 — Gpy)

for operator functions p(r,p,n) and h(r,z,n) which are of the same nature as
those in Theorem 2.4, now of order u+ v, and g(n) is a flat Green symbol of
order u+v. We have

oy (ab) = ay(a)ay(b),  onla)(n)on(b)(n) = olab)(n). (65)

Proof. For the proof we employ the abbreviations a = a(n) for

a=waow+ (1 —w)a; (1 — o),
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where the cut-off functions w, @, & are have the meanning w = wy,, etc., and

)
ag = arfuopyuig(hl)gaal = or "op,(p1)7,

and, similarly, -
b=wbyw+ (1 —w)b1 (1 —©)
for n
by := o1~ 0py; * (h2)3, by := or *op,(p2)7.

In the following computations we systematically employ the propertles O <w=
w which implies ww = w, ww = w. We then obtain ab = P + Zk 1 G after
elementary rearrangements of summands in the composition ab for

P = wag@bo + (1 — w)ai (1 — &)by (1 — @)

and
Gi = @ag(@—w)bi(l — &)+ (w—@)ao(@ — w)by (1 — @),
Gy = (1-@)ar(w—o)bo@ + (& — w)as (w — @)bow,
Gs = (w—®)aolw — )by + wao(w — )by,
Gy = (1- w)al(w w)bl(l—w)+(w w)al(w—w)bl(l—fu),
Gs = (& —w)ao(@ —w)(br —bo) (@ — &),
Go = (w—5)(ar - a0)(@ — w)bo(@ —5).

We now write

P = wapbow + (1 —w)cr (1 — c:u) + G7+ Gg

for
Gr = wao(@ — Dbow, Gs = (1 —w){ai(l —@)by — c1}(1 — @),
and
c1(n) = or~ " op, (p)(n)F (66)
for an operator function p(r, p,n) = p(r,rp,rn) which is defined by an element
B(r.p,1) € O Ry, L™ (X RSE), (67)

obtained by computing the Leibniz product #, with respect to r,

r= (e rp ) = By (ry o, )85 (r)o (r)r Y Ba(ryrp, ).

In particular, p(r, p,7) can be chosen to be smooth up to » = 0. Moreover, we
have

agby = ortopy, " E (h)(n)Gor i % (ha) ()5
= Ur_(“+”)opx/[_§(T”h1)(h)opM (Uahg)(n)ﬁ.

We therefore obtain a Mellin symbol h(r, z,n) = E(r, z,rn) for an E(r, w,n) €
C=(Ry, L (X;C x RY)) such that

n

aogby = ar*(’””)opx/[_ 2 (h)(n)o. (68)
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Summing up it follows that
ab = wepo + (1 — w)er (1 — c:u) +9,

where ¢o(n) and c¢;(n) are given by (65) and (66), respectively, and

g=> Gj. (69)

Jj=1

It turns out that (69) is a flat Green symbol. This will be verified in the following
section.

The relation (65) follows from the fact that we can apply the above compu-
tations for the compositions to corresponding operator functions, where [7] is
replaced by |n|, n # 0, and all the first r-variables are frozen at zero.

O

3.2 Characterisation of remainders

In order to characterise (69) as a flat Green symbol we consider the summands
separately. Let us write Gy := G} + GY for

G = Bag(@ — w)bi (1 — &), GY = (w — ©)ao(@ — w)bi (1 — @).

We have _
Gy =CD for C:=0ay(@—w),D:=pb(l—0)

for any ¢ € C§°(R4) that is equal to 1 on supp(w — w). The function ¢ is
interpreted (similarly as the cut-off functions) as an 7-dependent factor, i.e.,
@ = @, for ¢, (r) :== ¢(r[n]). The family of operators C' is a flat Green symbol,
see Example 1.11 and Remark 2.3. It is then easy to verify that the composition
with D gives again a Green symbol.

For GY we choose another cut-off function wy that is equal to 1 on suppw
and such that @ is equal to 1 on suppwy (this is always possible). Then we can
write Gf = H + L for

H = (w—a)ao(l —wo)@ —w)bi (1 — ),

L = (w—&)awo(@—w)bi(l —o).
For any ¢ € C§°(R) such that ¢ = 1 on supp(w — w) we have H = CD for
C:=(w-— o:J)ao(l —wo)p, D = (@ — w)bi (1 — ),

(in this proof, C and D occur in different meaning which will be clear by the
context). Since (1 — w) vanishes on supp(w — @), the factor C is smoothing
and can be treated in a similar manner as the corresponding factor occurring in
G. As above it is agin easy to verify that then also H is a flat Green symbol.
Moreover, taking some ¢ € C§°(Ry), ¢ = 1 on supp(w — w), we can write
L = DC for _

D:=(w—w)ay(@—w), C:=wepbi (1l —a).

Since 1 — @ vanishes on supp wg, the family C is smoothing and a flat Green
symbol. This implies the same for L.
The argument for G, 1 < k < 8, are similar and left to the reader.
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