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ABSTRACT. We investigate general Shapiro-Lopatinsky elliptic boundary value
problems on manifolds with polycylindrical ends. This is accomplished by
compactifying such a manifold to a manifold with corners of in general higher
codimension, and we then deal with boundary value problems for cusp dif-
ferential operators. We introduce an adapted Boutet de Monvel’s calculus of
pseudodifferential boundary value problems, and construct parametrices for
elliptic cusp operators within this calculus. Fredholm solvability and elliptic
regularity up to the boundary and up to infinity for boundary value problems
on manifolds with polycylindrical ends follows.

1. INTRODUCTION

This paper is concerned with the analysis of partial differential equations on non-
compact manifolds with boundary. More precisely, we are interested in Fredholm
solvability, regularity, and asymptotics of solutions for general elliptic boundary
value problems on manifolds with polycylindrical ends and boundary.

On smooth compact manifolds with boundary, it is known from classical results
that Fredholmness and regularity of solutions are governed by a tuple of princi-
pal symbols (cf. [1]): The homogeneous principal symbol of the operator, which
relates to the interior of the manifold, and the principal boundary symbol. The
index problem on compact manifolds with boundary led Boutet de Monvel in [4]
to introduce an algebra of pseudodifferential boundary value problems which con-
tains the parametrices of elliptic operators (see [11, 38]). In particular, Fredholm
solvability and regularity of solutions follow as immediate consequences from the
mapping properties of the operators in Boutet de Monvel’s algebra — this represents
a major philosophical viewpoint of pseudodifferential operator theory in general.
While the main analytic results for elliptic partial differential equations were al-
ready obtained in [1, 2, 40], Boutet de Monvel’s calculus had a substantial impact
on many investigations in index and spectral theory on compact manifolds with
boundary.

A significant amount of the literature on elliptic theory on noncompact manifolds
focusses on index or spectral theory related to complete Riemannian manifolds (see,
e.g., [3, 19, 22, 25, 26, 28, 32, 42]). The incomplete case still constitutes a major
challenge, and even for apparently “simple” cases like cone or edge singularities
many central questions are still unsolved (see, e.g., [9, 10, 20]). Substantial progress
in singular elliptic theory for the incomplete situation has been achieved over the
past 10-15 years by Schulze and collaborators, see [14, 37, 38].
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It is known from all these works that on noncompact manifolds additional condi-
tions that govern Fredholmness, regularity, and asymptotics of solutions to elliptic
equations at the noncompact ends are to be expected. These conditions are typi-
cally given in terms of operator families, and it makes sense to regard these families
as principal symbols at infinity that are associated with the operator. The princi-
pal boundary symbol of an elliptic boundary value problem mentioned above is a
classical example of such a family when we regard the boundary as being located
at infinity. Other examples are the conormal symbol for cone operators, the princi-
pal edge symbol for edge operators (cf. [37]), and the normal operators for totally
characteristic or cusp operators ([25, 27, 19]).

The topological concept of a manifold with corners from [26] turned out to be
particularly well suited for many problems on noncompact manifolds as it provides
a natural habitat: The original manifold is contained as a dense submanifold in the
manifold with corners, and the behavior of the operators and of the solutions to the
equations at the boundary reflects the behavior at infinity of the original problem.
Typically, there is an additional operator-valued condition that governs ellipticity
for each hypersurface of the boundary. All the examples mentioned above can be
formulated in these terms.

Elliptic theory related to complete Riemannian geometry is often concerned with
differential operators that are generated by the smooth functions on a manifold with
corners and a certain Lie algebra of vector fields (cf. [3, 25]), while singular elliptic
problems typically have singular coefficients. Despite of structural similarities in
many cases, this leads in general to a completely different analysis: Singular prob-
lems typically induce extra conditions along the hypersurfaces of the boundary —
in the theory of boundary value problems these are the boundary conditions, and
pseudodifferential conditions of trace and potential type can be imposed at edges
to obtain a well posed problem for edge-degenerate operators (cf. [37, 14]).

Elliptic theory on manifolds with polycylindrical ends without boundary relates
to totally characteristic or cusp operators on manifolds with corners as studied in
[19, 25, 28]. The situation we are interested in corresponds to operators that are to-
tally characteristic or cusp-degenerate only at some boundary hypersurfaces, while
they are regular at other hypersurfaces. We will focus here on cusp operators rather
than totally characteristic ones as they provide a larger reservoir of admissible prob-
lems on manifolds with polycylindrical ends. At the hypersurfaces on which the
operators are regular elliptic we are imposing boundary conditions. Motivated by
questions arising in cutting and pasting in b-geometry, Loya and Park investigated
in [23] the Cauchy data space and the Calderén projector at regular hypersurfaces
for totally characteristic operators of Dirac-type on manifolds with corners. As is
the case also in the classical setting of smooth compact manifolds, their work is not
covered by our framework unless the boundary condition for the Dirac operator
under consideration is Shapiro-Lopatinsky elliptic (e.g., if it is local).

It is worthwhile emphasizing that boundary value problems on manifolds with
polycylindrical ends are substantially different from the corresponding problems on
manifolds with singular geometric corners (i.e. manifolds with corners endowed
with a smooth nondegenerate metric). This is reflected in our situation by the
condition that the regular boundary hypersurfaces of the manifold with corners are
not allowed to have nontrivial intersections. In the presence of singular geometric
corners, the natural topological habitat is a more singular manifold with corners
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obtained by introducing polar coordinates. In this case, some hypersurfaces are
fibred, and — the most significant drawback — the operators have singular coef-
ficients. To give a sufficiently general understanding to this situation remains a
challenging open problem.

This paper is organized as follows: In Section 2 we briefly recall the definition of
manifolds with corners and describe the topological requirements for the boundary
hypersurfaces. Moreover, we introduce the class of cusp operators that are cusp-
degenerate at the singular part, and regular at the regular part of the boundary
of a manifold with corners, and formulate the general boundary value problem for
such operators.

From the point of view of the analysis of partial differential equations, the main
result of this paper are the characterization of ellipticity for boundary value prob-
lems given by the Definitions 2.16 and 2.22, and Theorem 2.24 which asserts that
elliptic boundary value problems for cusp operators are Fredholm in the natural
scale of weighted cusp Sobolev spaces. Our theorem gives a precise statement as
regards elliptic regularity and asymptotics of solutions up to the boundary and up
to infinity, i.e. up to the regular and singular parts of the boundary.

We find that ellipticity is governed by the principal symbol (extended in a suit-
able way up to the boundary), and the following additional operator families asso-
ciated with each boundary hypersurface H:

e If H is a regular hypersurface, ellipticity is governed by the (cusp-)principal
boundary symbol.

e If H is singular, but intersects nontrivially with some regular hypersurface,
then ellipticity is governed by a family of boundary value problems for cusp
operators on H, the conormal symbol associated with H.

e If H is singular and has empty intersection with the regular part of the
boundary, then ellipticity is governed by the conormal symbol, which in
this case is a family of cusp differential operators on H.

It should be noted that we recover the classical Boutet de Monvel algebra as corre-
sponding to the case that the singular part of the manifold with corners is empty,
while Kondratyev’s theory of elliptic boundary value problems on conic manifolds
or manifolds with mere cylindrical ends (cf. [14, 15, 17, 18, 24, 30, 36]) corresponds
in our framework to a particular case of manifolds with corners of codimension two.

The results mentioned are obtained by embedding the problems into a suitable
calculus of pseudodifferential boundary value problems for cusp operators, and
constructing a parametrix for elliptic operators inside this calculus. We set up
the calculus in Section 3, which is the longest section of this paper. As pointed
out earlier, the pseudodifferential calculus is of independent interest in itself as it
makes possible further investigation in the direction of index and spectral theory
for elliptic boundary value problems on manifolds with polycylindrical ends.

2. MANIFOLDS WITH CORNERS AND ELLIPTIC BOUNDARY VALUE PROBLEMS

2.1. Manifolds with corners. We briefly review the definition of manifolds with
corners from [26]:

Definition 2.1. An n-dimensional manifold with corners is a compact topological
manifold M with boundary such that there exists a smooth n-dimensional manifold
M without boundary that contains M, and smooth functions x; : M — R, j =
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I,...,N, with M = {x € M: x; >0, j=1,...,N}, and on H;y N...N H;,,
where H; = {x € M; x; = 0}, the differentials dx;, A ...A dx;, are nonzero for all
collections i1 < ... < . Without loss of generality we assume that N is minimal,
and so H; N M # 0 for all i = 1,...,N. In the sequel we will in general use the
notation H; when we just mean the hypersurface H; N M in the boundary of M.
A point p € M is called a codimension k point, k € N, if it lies in the intersection
of k distinct hypersurfaces H;, N... N H;,, and k is maximal with this property.

The points in the interior M = M are by convention the points of codimension
zero. The codimension of a manifold with corners is defined as

codim M = max{k € N; 3p € M of codimension k},

while a manifold with corners of codimension zero is by convention a compact
smooth manifold without boundary. Note that the manifolds with corners of codi-
mension one are just the smooth compact manifolds with boundary.

By possibly changing the defining functions x;, we also assume that there exists
€ > 0 such that each boundary hypersurface H; of M has a collar neighborhood
diffeomorphic to [0,e) x H; = M, and the defining function x; coincides in this
neighborhood with the projection to the coordinate x; € [0,¢). Throughout this
paper these collar neighborhoods and the defining functions x; are henceforth fixed.
Observe, moreover, that each boundary hypersurface is itself a manifold with cor-
ners of codimension at most codim M — 1. We will later make use of this collar
neighborhood structure together with an induction on the codimension of a mani-
fold with corners in order to define a pseudodifferential calculus that is adapted to
our problem at hand.

Finally note that we have in a canonical way well defined notions of C°°-
functions, tangent and cotangent bundle, as well as general smooth vector bundles
and their sections on M simply by restriction from M.

Our focus in this paper is the investigation of general Shapiro-Lopatinsky elliptic
boundary value problems on manifolds with polycylindrical ends. Loya and Park
studied in [23] Dirac-type operators on such noncompact configurations, and they
call them “manifolds with multi-cylindrical end boundaries” (they require an addi-
tional but essentially unnecessary topological condition for the hypersurface where
the boundary condition is imposed).

The relation between manifolds with polycylindrical ends and manifolds with
corners is that the latter are compactifications of the beforementioned ones. More
precisely, any diffeomorphism (0,) = (—o0,&) which maps zero to —oco can be
used to push the boundary hypersurfaces H; to minus infinity in view of the collar
neighborhood structure [0, &) x H; = M near the boundary. Hence the interior M of
M is in a natural way a manifold with polycylindrical ends, which is compactified to
the manifold with corners M by attaching the boundary hypersurfaces H; at infinity
as specified by the diffeomorphism (the notion of manifolds with polycylindrical
ends is in view of Definition 2.1 now self-explanatory).

The situation that we are interested in corresponds to the case where not all
boundary hypersurfaces of M are pushed to infinity, respectively stem from com-
pactified cylindrical ends. It makes sense to view the portion of the boundary M
which arises from compactification of noncompact ends as the singular part 8SingM
of OM, because in the study of elliptic operators the noncompactness is reflected
by a degeneracy on that part of the boundary. On the remaining part of M the
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operators are nondegenerate, and we are asking for an elliptic boundary condition
to be fulfilled there. Hence this part of 9M is considered the reqular part aregH of
the boundary.

Let us be more precise about the topological requirements:

Definition 2.2. Let OM = (H1 U...uU Hg) UHp41 U...U Hy, and assume that

o )
H;,NH; =0 fori#j,4,7=1...,0. Then OegM = |J H; is an admissible
i=1
choice of boundary hypersurfaces where we can impose boundary conditions, and
_ N _ _
OsingM = |J H; is the singular part of M. Observe, in particular, that N =
i=f+1
M\ 8SingM is a smooth manifold with boundary ON = 8rcgﬁ \ 8Singﬁ.
Let X;eg = X1 - ... X¢ be the total defining function for 8mgﬁ, and Xging =
Xg+1 - ... Xy be the total defining function for Bsingﬁ. As is custom, we write
o ! -xyt for a = (0q,...,04) € R*, and correspondingly so for Xging.

Y
chg =X

2.2. Cusp differential operators and Sobolev spaces. Every codimension k
point p € M has a coordinate neighborhood of the form [0,¢)* x Q with local
coordinates  C R"* and, after renumbering the x;’s, (x1,...,xz) € [0,e)*. If
P € OregM, then there is only one hypersurface H C M with p € H C OyegM by
assumption about the regular part of the boundary, and without loss of generality
let this hypersurface be Hy = {x; = 0}.

A cusp differential operator of order m € Ny is a differential operator A €
Diff™ (M) restricted to M, which in coordinates near each codimension k point
p € M is of the form

A= 3" aap(ar,...,z5y)(@1D:)™ .. (2f D, ) DY (2.3)

(o,8)ENG
la]+[B|<m

ifpé aregM, or

A= > aap(@r,... w6 y) DY (23Ds,) .. (2} Dy, )™ DY (2.4)

(e,8)eNg
lol+[B]<m

if p € OregM, where aq,5 € C([0,2)* x Q). A change of variables t; = —1/x; in
(2.3) gives

A= > aap(-1/t1,...,~1/ty,y)Di ... DE*DY, (2.5)
(a,8)ENG
laf+|8]<m
where the function aq g(—1/t1, ..., —1/tg,y) is a classical symbol separately in each

coordinate t; as t; — —oo (analogously for (2.4)). Thus cusp (pseudo-)differential
operators on manifolds with corners are associated with the analysis on manifolds
with polycylindrical ends by means of the diffeomorphism ¢ = —1/z. Another much
more common setup are totally characteristic or b-operators which are associated
with the transformation ¢ = logx ([26, 27, 36, 37]). In the b-setup the derivatives
22D, in (2.3) and (2.4) have to be replaced by z;D,,. The setup of totally char-
acteristic operators is more restrictive in the sense that it is applicable to a strictly
smaller class of operators on manifolds with polycylindrical ends, because the coef-
ficients aq,3 in the t = log x coordinates have exponential asymptotics as t; — —oo.
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By combining both diffeomorphisms, every b-operator can be transformed into a
cusp operator and can be treated fully satisfactory using the cusp setup. More
about standard cusp pseudodifferential operators (the case OM = 8Singﬁ) can be
found in [19, 25, 28].

The equations (2.3) and (2.4) show that the cusp vector fields (homogeneous real
first order cusp differential operators) are a finitely generated projective module
over C* (M), and consequently are the space of sections of a smooth vector bundle
WT'M — M, the cusp tangent bundle, which on N = M \ OsngM is canonically
isomorphic to the tangent bundle TN. Locally near a codimension k point p ¢
Bregﬂ, a frame for this bundle is induced by the vector fields x?@m s J=1,..k
and Oy,, i =1,...n —k, or, if p € OregM, Oy, instead of 230,,.

Let “T*M be the cusp cotangent bundle, i.e. the dual of ““T'M. The cusp-
principal symbol "o (A) of a cusp differential operator A is well defined and a
homogeneous function on ““T*M \ 0. If A is represented in local coordinates near
a codimension k point according to (2.3) or (2.4), then the cusp-principal symbol
takes the form

“o(A) = Z Qo p(T1,s ..o xh, )€ (2.6)
(a,3)ENG
loe|+|Bl=m
for 0 # (&,n) € R¥ x R" ™ and (21,...,2,y) € [0,6)F x Q.
Moreover, every cusp differential operator A has a cusp-principal boundary sym-
bol ““o5(A), a family of operators

Ugo(A) € CF( T *Dheg M \ 0, Hom ("7, <1.7)). (2.7)

Recall that each boundary hypersurface of M is again a manifold with corners,
and therefore the cusp cotangent bundle C“T*aregﬂ — Bregﬁ is well defined.
WP — UT*Ohee M is a vector bundle with fibre (R4 ), and it can be regarded as
the space of rapidly decreasing functions in the fibres of the inward pointing half
of the conormal bundle of dyegM in ““T*M. More precisely, if p € DregM and (2.6)
is a local representation of the cusp-principal symbol near p, then

CHUB(A) = Z a;a_ﬂ(O,ZEQ, . 'axkvy)Dgll 32 . ggknﬁ : ‘Sﬂ(@-'r) - y(ﬁ"r)

(e,8)ENg
locl+[B]=m

(2.8)
for 0 # (51777) € Rk_l X Rn_k? where 5/ = (527"'7€7€)7 and (x27"'7x7€7y) €
[0,€)*~1 x Q. Observe that the cusp-principal boundary symbol is twisted or -
homogeneous in the sense that

Coy(A) (@', y, 06 0n) = 0"k Coa(A) @y, & )k, S (Ry) — S (Ry)

for o > 0, where , : S(Ry) — Z(Ry) is the normalized dilation group action,
ie.

(rou) (1) = 0" u(om). (2.9)

The observation that the classical principal boundary symbol is twisted homoge-
neous led Schulze to systematically study pseudodifferential operators with opera-
tor-valued symbols that obey twisted symbol estimates, and these are nowadays
widely applied in singular pseudodifferential operator theory (see, e.g., [37, 38]).
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It makes sense to regard the cusp-principal symbol (2.6) and the cusp-principal
boundary symbol (2.7) as extensions of the principal symbol and the principal
boundary symbol of A from T*N \ 0 and T*ON \ 0 to the cusp cotangent bundles.

For each hypersurface H C 8SingM there is an associated conormal symbol or
normal operator Npg(A)(T) to A, which is a family of cusp differential operators
on the manifold with corners H depending on the parameter 7 € R. If H = Hy, =
{x, = 0} in the local representation (2.3) or (2.4) of A near a point p € H, then

Na)E) = S aas@r, .. w1, 0,9)@3Day)™ . (23 Dy, )17 DY

(a,8)ENg
la|+[B|<m

(2.10)
ifpé¢ 8mgﬁ, or

Na()(F) = S aas(@i,eee w1, 0,9) D (3D0,)"2 .. (251 Day_, )17 DY

(a,8)ENg
la|+[B]<m

(2.11)

if p € OregM, are local representations of the conormal symbol Ny (A)(7) associated
with H. Observe that H ﬂ(?regﬁ is the regular part of the boundary of the manifold
with corners H.

Everything that we have just said about scalar cusp differential operators holds
for operators acting in sections of vector bundles over M. Let us summarize the
above and fix some notation in the following

Definition 2.12. Let E and F be smooth vector bundles over M. The space of
cusp differential operators of order m € Ny acting in sections of the bundles E and
F will be denoted by Diff™ (M; E, F). By convention, if M is a closed manifold
(i.e. a manifold with corners of codimension zero), let Diff: (M; E, F) be the space
of all differential operators of order m.

Associated with every A € Diff”’(M; E, F) there are the following principal
symbols:

e The cusp-principal symbol
o (A) € C(T*M \ 0, Hom( " E, “'r*F)),
which is a homogeneous function of degree m € Ny in the fibres.

Here “Ur: “T*M \ 0 — M denotes the canonical projection.
e The cusp-principal boundary symbol

“ap(A) € OF (T OregM \ 0, Hom(“"S @ " Bly, 57,5 @ “n*Fly, 57)),

which is k-homogeneous of degree m € Ny in the fibres.
Here U7 : “WT*0hegM \ 0 — OregM is the canonical projection.
e For each hypersurface H C 8SingM we have a conormal symbol (or normal
operator)
Ny (A)(7) € DIt (H; Eln, Flu),
a family of cusp differential operators on H depending on the parameter
T €R.

= . 2,..,2) . .
Let m be a cusp measure on M, i.e. xging 'm is a smooth everywhere posi-

tive density. For any (hermitian) bundle £ — M let L2,(M, E) be the L2-space
associated with m.
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Definition 2.13. The cusp Sobolev space HS (M, E) of sections of E of smoothness
s € Ny consists of all distributions v € 2'(M, E) such that Au € L%, (M, E) for all
cusp differential operators A of order < s, and let H3, ((M, E) be the closure of
Cs°(M,E) in H: (M, E).

For s € —N we define H$, (M, E) as the dual space of H (M, E) with respect to
the pairing induced by the L2 -inner product, and correspondingly let HS, 0(M ,E)
be the dual space of HZ*(M,E). The spaces H3, o(M,E) and H$,(M,E) for
general s € R are then defined by interpolation.

Note that in the case 8rcgﬁ = () of standard cusp operators the cusp Sobolev

spaces H$, o(M,E) and Hj, (M, E) coincide, i.e. they differ only near d,egM in

singHou (M, E) for

weights & = (a1, ..., an_¢) € RV=¢ (recall that OM consists of £ regular and N —/

singular hypersurfaces). By the Sobolev embedding theorem, the space C> (M, E)
of all C*°-functions on M which vanish to infinite order on 8Singﬁ equals

our situation. It is convenient to consider also weighted spaces x

C*(M,E)= ()| x%,.H:(M,E), (2.14)

sER, acRN—¢

and this space is dense in xg, . HZ, (M,E) for all « € RV~ and s € R.
For o, 3 € RV=¢ with aj > g for all j =1,..., N — ¢ and s > t the embedding
Hs u(,0) (M E) — Xbll’lgng( 0) (M, E) (215)

smg

is compact.
Every cusp operator A € Diff",(M; E, F) induces continuous operators
A:x% H: (M,E) — H:™(M,F)

sing smg

for all s € R and weights @ € RN . However, when constructing parametrices and
considering therefore pseudodifferential operators, it is necessary to work with the
operator convention A*u = r* Aetu, where et denotes the operator that extends a
function u on M by zero to a small neighborhood of the smooth boundary BregM\
8SingM (observe that there is a collar neighborhood of the boundary in view of
Section 2.1), then apply an extension of A on this neighborhood to the function
eTu, and finally restrict Aetu again via the restriction operator r™ to the interior
M of M. For differential operators we obviously have AT = A, but formally the
operator et is well defined only for distributions of Sobolev smoothness > —% up
to the smooth part of the boundary, i.e. we have

At H: (M, E) —

smg

He™ (M, F)

smg

for all s > —1 and weights o € RV %

2.3. Elliptic boundary problems for cusp differential operators. Through-
out this section let A € Diff]; (M; E, F') be a cusp differential operator.

Definition 2.16. A is called cusp-elliptic if its cusp-principal symbol ““o(4) is
invertible on ““T*M \ 0.

Let us assume henceforth that A is cusp-elliptic. An immediate consequence of
standard results for ordinary differential equations is the following
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Proposition 2.17. The cusp-principal boundary symbol

Cu@'a(A) c Coo(cuT*aregH \ 07 Hom(cuy ® Cuﬂ-*EL’)mgM? cu o ® cu k[

Dreg 7))

is pointwise surjective and has finite dimensional kernel.
We denote by I — ““T*0Oweg M \ 0 the bundle of kernels of ““os(A).

For any sufficiently smooth section u of a bundle F on M \ Osing M we denote by
yu its restriction to the boundary yeg M \ Osing M, which gives rise to the restriction
operator

y HE, (ML, F) — Hiw ® (0reeM, F

Oreg 1) (2.18)

1 —
for s > % Note that He, 2 (Oreg M, F|amgﬁ) is just the ordinary cusp Sobolev space

of smoothness s — % on the manifold with corners 8rcgﬁ (which coincides with the
standard Sobolev space on all hypersurfaces H C aregH that are smooth). The

operator (2.18) has the following principal symbols:

Definition 2.19. The cusp-principal boundary symbol ““@5(7) of the restriction
operator + is the section “"+ ®Icuﬂ—*F|8regW of Hom(“*.® C”w*F|8regM, C“w*F|8regM)
on “I™*OregM \ 0, where "y, € Hom(“".#, C) is fibrewise given by evaluation of a
function in (R, ) at zero.

Let H C 8Singﬁ be a singular hypersurface of the boundary which has nontrivial
intersection with OyegM. Then the conormal symbol Ny (v)(7) of the restriction
operator 7 on the manifold with corners M is by definition the constant family
Ng(v)(T) = vu, 7 € R, where g is the restriction operator for sections of the
bundle F|g on the manifold with corners H t0 Oveg H \ Osing H. Note that the regular
part Oreg H of the boundary of H is given by H ﬁ@regﬂ, while Osing H = BsingMHBH .
Usually we write just v instead of g, and the corresponding configuration space
and the vector bundle are always self-understood from the context.

Now let B; € Diff["/ (M; E, F}), j=1,...,K, and let d = mgf(mj + 1. We then
j:
consider the boundary value problem

Au= fin M, }

_ _ (2.20)
Tu =g on OregM \ Osing M,

where T = ('yBl, . 7'7BK)“ is the vector of boundary conditions. Observe that
the boundary value problem (2.20) gives rise to a bounded operator

H3 ™ (M, F)
A\ @
Ao (T) HLOLE) = (2.21)
Q Hcu (8rch7 Fj|8,.egﬁ)
j=
for s >d— 1.

Definition 2.22. Let A be cusp-elliptic. We call the boundary value problem
A= (?) elliptic, if the following conditions are fulfilled:
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i) The mapping

“oy(y) “oo(Br) K
g o(T) = : K- R TP
“oy(y) os(Bxk) =t
is a vector bundle isomorphism on CuT*BregM \ 0. Recall that K is the bundle
of kernels of ““og(A).
This condition is equivalent to the invertibility of the cusp-principal bound-
ary symbol
S Q Ut F| Oreg N
@
K
D T Fjly, a1

j=1 reg

CUUB(A)
cuo-a(T)

—

Cu@'a(.A) — ( > . cu gy ® cu ¥ [ arcgﬁ

of the boundary value problem A on ““T*0,eeM \ 0, and it is the appropri-
ate version of the Shapiro-Lopatinsky condition in our context of boundary
problems for cusp operators.

i) For each singular boundary hypersurface H C asingM with HN aregH = () the
conormal symbol

N (A)(r) = Nu(A)(7) : HoW(H, Elg) — He ™ (H, Flu)
is invertible for all 7 € R and some (all) s € R.

iii) For each singular boundary hypersurface H C 8Singﬁ with HN 8mgﬁ # ) the
conormal symbol

HE™(H, Flu)
®

K s—m;—%
Q ch 2 (8rcha Fj
j=

Ng(A)(7)

W = (o

) . H2(H, Ely) —

Ores H )

of the boundary value problem A is invertible for all 7 € R and some (all)
s > max{m,d} — 3. Here we write analogously to i)

N (v)(T)Ng (B1)(7)
Nu(T)(1) = :
Ny (y)(T)Nu (Bk)(7)

Observe that Ny (A)(7) is a family of boundary value problems on the manifold
with corners H.

Remark 2.23. Assume that A is cusp-elliptic, and the boundary value problem
A= (?) satisfies only condition i) in Definition 2.22. Then, in view of Theorem
3.53, the conormal symbols Ny (A)(7) in ii) and iii) of Definition 2.22 are auto-
matically invertible for |7| > 0 sufficiently large, and the inverses Ny (A)(7)~! are
represented as families of cusp pseudodifferential operators resp. boundary value
problems depending on the parameter 7 € R. Therefore, the conditions ii) and
iii) in Definition 2.22 are in a sense subordinate to the invertibility of the cusp-
principal symbol and the cusp-principal boundary symbol, but these requirements
nevertheless are essential for the validity of Theorem 2.24 below.
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Theorem 2.24. Assume that the boundary value problem A = (?) is elliptic in
the sense of Definition 2.22. Then, for s > max{m,d} — 3 and all « € RN~ the
operator

4 smgI{S m(M F)
A= (T) ! Xeing Hou (M,E) — @ . (2.25)
@ Xsmg a (8YCgM7 Fj |8regﬁ)
1s a Fredholm operator. Recall that d = mifglx m; + 1, where m; is the order of the
J:

boundary condition B;.

The kernel N(A) of (2.25) is a subspace of C>*(M,E), the space of all C>-
functions on M which vamsh to infinite order on 8smgM and therefore does not
depend on s > max{m,d} — 1 and o € RN, More generally, if

(f’g) smg‘E[S m EB@Xsmg S mj__(aregM (’)rch)

for s > max{m,d} — % and a € RN_Z, and if the function u € xbmgHt (M,E) is a
solution of Au = f and Tu = g for some t > max{m,d} — % and some 3 € RN7¢,
then u € xg,,, HZ, (M,E).

There exists a parametrix

P=(PT+G K - Kg)

of A in the cusp calculus of pseudodifferential boundary value problems that is de-
fined in Section 8, where P has order —m, G is a singular Green operator of order
—m and type (d—m)1 = max{0,d—m}, and the K; are generalized singular Green
operators of potential type of order —m; — % (see Theorem 3.49).

Proof. We employ the pseudodifferential calculus from Section 3. According to

Lemma 2.26 there exist order reductions (i.e. elliptic invertible operators)
Rj : x3, HE, (Oreg M, Fils.. M)_’X HE 15 (Oreg M, Fjla.. M)

smg sing

in the class “WHi (Oyeq M) of cusp operators on dyegM, where p; = m —mj — +

27
j=1,...,K. Let

Ry 0 0
R=1:1 -~ 1,
0 0 Rk
and consider for s > max{m,d} — & and a € RV~ the operator

H: ™ (M, F)

s1ng
B= (L OV (M) = (2): 15,00, F) — ® ,
0 R/ \T RT & s—m
smgH (8YCgM7 ']+)

K
where J; = @ F}| Dveg M- Hence, at the expense of changing the differential bound-
=1

ary condition 7' to the pseudodifferential boundary condition RT', we have obtained
an elliptic pseudodifferential boundary value problem B in the class W™ ¢(M) de-
fined in Section 3 — that B is indeed elliptic (Definition 3.48) follows from the
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multiplicativity of the principal symbols under composition and our ellipticity as-
sumption about 4 according to Definition 2.22. L
By Theorem 3.49 there exists a parametrix P’ € <*W—"d=m)+(]) of B up to

residual Green operators in the class “*W_2* (M), and consequently

(10
(s )

is a parametrix of A as desired. The Fredholmness and elliptic regularity follow
from the mapping properties of P and of the remainders, see also Corollary 3.51 in
Section 3. O

In the proof of Theorem 2.24 we have used the following lemma, which is a
standard result in the theory of pseudodifferential operators, and it also holds within
the ordinary cusp algebra.

Lemma 2.26. For every vector bundle F' and every u € R there exists a reduction
of orders, i.e. an elliptic invertible operator

R: X%, HE (Oeg M, F) — X%, Hi " (Oreg M, F)

sing sing

in the class of cusp operators C“\If“(ﬁregﬁ) of order i, and the inverse R™' belongs
to the class ““W~H(OpegM).

Proof. Let R(1) € “WH(JyegM,R) be any parameter-dependent cusp-elliptic op-
erator in the class of cusp operators of order p on BregM which depend on the
parameter 7 € R (strong polyhomogeneity, i.e. locally modelled on classical sym-
bols). Such an operator always exists because there exist elliptic (i.e. invertible)
parameter-dependent cusp-principal symbols on (C“T*aregﬂ X R) \ 0 (just choose
a metric), and any cusp-quantization of such a symbol yields an operator R(7) as
stated.

Thus, via constructing a parametrix in the class of parameter-dependent cusp
operators (see also Theorem 3.53), we obtain that R(7) is invertible for |7| > 0
sufficiently large, and the inverse R(7)~1 € “*W~# (0, M, R) (more precisely, there
is a parameter-dependent parametrix of R(7) in ¥ ~# (8¢, M, R) which equals the
inverse for large 7).

Hence we can choose R = R(79) for some 79 € R with |r9| > 0 sufficiently
large. ]

3. THE CUSP CALCULUS OF PSEUDODIFFERENTIAL BOUNDARY VALUE PROBLEMS

The aim of this section is to set up a Boutet de Monvel’s calculus of cusp pseudo-
differential boundary value problems on the manifold with corners M. We assume
that the reader is familiar with the classical Boutet de Monvel algebra on an arbi-
trary smooth manifold with boundary. Otherwise the entries [11, 12, 14, 17, 36, 3§]
in the list of references will provide useful introductory information.

In order to understand the conormal symbolic structure associated with singular
hypersurfaces H C OsingM — see (2.10), (2.11), and Definitions 2.19 and 2.22 —
it is necessary to admit from the very beginning that the operators depend on a
parameter A € A, where A C R? is the closure of any open conical subset of RY, or
A = {0} (the case without parameters). This is of course of independent interest
also, e.g., for the analysis of resolvents of elliptic boundary value problems and the
heat equation.
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Initially, the operator families A(\) in the cusp calculus

gt (M,A) = ) “wm4(M,A) (3.1)
HEZL
deNy

are considered in the spaces
C>(M,E) C>(M,F)
A(N) : . @ - @ . (3.2)
C>®(OregM, J_) C>®(Oreg M, J 1)

Here E and F are smooth vector bundles over M, and J4+ are smooth vector bundles
over aregM. Note that the vector bundles J4 or J_ are admitted to be zero which
happens to be the case, in particular, for differential boundary value problems and
their parametrices, see Section 2.3. Recall that C> always denotes the space of
smooth functions on a manifold with corners that vanish to infinite order on the
singular part of the boundary.

The cusp algebra (3.1) ist filtered by the pseudodifferential order u € Z, while
d € Ny is the type of the pseudodifferential boundary value problem in Boutet de
Monvel’s algebra. There is a second filtration by weights, namely we consider for
a = (a1,...,an_¢) € N7 the ideals X% "W * (M, A) which encode the order
of vanishing separately on each hypersurface H C asingM When considering cusp
operators in the spaces (3.2), we could even admit general real weights @ € RV =4,
but we would leave the class (3.1) then. Recall that, by general convention in
pseudodifferential boundary value problems, the matrix multiplication operator by
a smooth function ¢ € C*°(N) is given by

o0 c=(N,E) c=(N,E)
) C%(dN,J.)  C=(dN,J.)

where N = M \ OsingM, and ON = OM \ OsingM, form the regular part of M
and OM. In particular, multiplication of an operator A()\) € “W**(M,A) with
the function xg,, makes sense, and in this way the ideals xgngcullf*’*(ﬂ, A) are
defined.

Our construction of ““W**(M, A) is performed in symbolical terms, and we pro-
ceed by induction on the codimension of the manifold with corners. In the coordi-
nates z = x; transversal to hypersurfaces H C 8Singﬁ, the quantization makes use
of the cusp transform

S

: (3.3)

2

For: CF(Ry) — Z(R), (3.4)
(Fout) (©) = [ 7u(@) 5. (35)
0
and the inverse cusp transform
Tl 1 O (R) — CF(Ry), (3.6)
(ﬁ;]lu) () = 1 /e_if/mu(ﬁ) dg. (3.7)
R
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Observe that %, (;Cszu) = £Fu, and a change of variables t = —% in (3.5)
0
reveals (Fou)(t) = [ e " u(—1/t)dt, ie. the cusp transform of u equals the

Fourier transform of the function u(—1/t) € C§°(—o0,0). These properties suggest
to make use of the cusp transform in our situation.

We proceed as follows:

e In Section 3.1 we define the class of regularizing residual Green operators
in the cusp algebra, the smallest ideal in the calculus.

e By induction we assume that we already know the cusp calculus on mani-
folds with corners of codimension < codim M — 1. Making use of this for
the singular hypersurfaces H C Bsingﬁ, we construct in Section 3.2 the
class of cusp operators in every collar neighborhood [0,¢) x H.

e Finally, in Section 3.3, we construct the cusp calculus on M, and by in-
duction we then have the cusp algebra of pseudodifferential boundary value
problems on all manifolds with corners.

In order to make sense of this inductive process, note that in the case of a mani-
fold M with corners of codimension zero, i.e. a closed compact manifold without
boundary, we simply let W+ 4(NM, A) = L (M, A) be the standard class of clas-
sical (parameter-dependent) pseudodifferential operators on M which are locally
modelled on symbols a(z, {, A) such that |8§‘8(6C))\)a| = O(|¢, \[*~1P1) as |¢, \| — oo,
uniformly for z in compact sets, and such that a admits an asymptotic expan-
o0
sion a ~ ) a
j=0
(¢, A) #0) of degree p — j.

3.1. The class ““U>4(M, A) of residual Green operators. The union of all
collar neighborhoods of hypersurfaces H C 8mgﬁ induces, by assumption about
Bregﬂ, one collar neighborhood [0,¢) x aregﬁ >~ M of aregH in M.

Let & € Diffl, (M) be a cusp vector field on M supported within [0, £/2) X reg M,
which coincides near aregM with 0,, where z is the coordinate in [0, ), and consider
the operator

u—j) into homogeneous components a(, ;) (z,(, A) (with respect to

— 1
Oy =rt0et : H3 (M) — 2'(M), s> —3

defined by extending a distribution u € HZ,(M) by zero to a small cylinder
(—0,e/2) x Bregﬁ around aregM, differentiating the resulting distribution with
respect to © € (—d,¢/2) (i.e. applying the canonical extension of 9 to it), and
restricting it again to the interior M of M (see also the remarks at the end of
Section 2.2). By identifying a vector bundle E with the pull-back of its restriction
to the boundary in the collar neighborhood [0,¢) X Bregﬂ this operation extends
in an obvious way to sections of E over M, and the compositions define continuous
operators
o+ H3, (M, E) — H3y/ (M, E)

for j € Ny provided that s > j — % Counting these derivatives constitute the type
of an operator in Boutet de Monvel’s calculus (which at the end does not depend
on all the choices involved here).

Let us first define the class “*W>°(M, A) of residual Green operators of type
zero. An operator (or a family of operators) G(A) belongs to this class if and only
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if, for all k£ € Ny and multiindices |a| < k,

Lgu(ﬁa E) smng (M F)
G(\) : ® — @
Lgu (ar38M7 J—) smng (8regM, J+)

is continuous and rapidly decreasing with all derivatives as |A\| — oo in A (where
the latter condition is void if A is just a point), and correspondingly so for the
formal adjoint

Lgu(ﬁ7 F) smng (M E)
G\)*: ® — ®
Lgu(areng J+) Xsmg (BregM J- )

with respect to the pairing induced by the (L2, & L2,)-inner products. Recall
that the cusp Sobolev spaces HZ, coincide with the standard Sobolev spaces on all
smooth hypersurfaces of 8mgM Consequently, the class “*W_>-0(M, A) consists
of all operators with smooth kernels that vanish to infinite order at 8smgM and
depend rapidly decreasing with all derivatives on the parameter A € A.

In general an operator G(\) € "W >4(M, A) is a residual Green operator of
type d € Ny, if it can be written as a sum

d 5. 0 H,(M, E) He,(M, F)
= Z G\ < + 0> : & — ®
Jj= Hcsu(aregM7 J—) Hg;(aregﬁa J+)
for s > d — &, where the G;(\) € "W >>0(M,A) are residual Green operators of

type zero. Note that the class "W >¢(M, A) carries a natural Fréchet topology as
a nondirect sum of the Fréchet spaces W >:0(M, A), which themselves carry the
topology induced by the kernels or, equivalently, by the defining mapping properties
stated above with rapidly decreasing dependence on A € A (with all derivatives).

3.2. The cusp calculus near a singular boundary hypersurface. By induc-
tion we now assume that we know the cusp calculus of pseudodifferential boundary
value problems on manifolds with corners of codimension < codim M — 1. Let
HC Bsingﬁ be a singular boundary hypersurface of M, and let [0,e) x H = M be
the collar neighborhood associated with H and the defining function x for H.

H itself is a manifold with corners of codimension < codim M — 1, and OregH =
H ﬂ@rcgﬁ is the regular part of the boundary OH of H, while Osingd = 0H ﬂ&singﬁ
is the singular part.

Our setting makes it necessary to consider two cases: The first and essential case
OregH # (), and the second case OH = Osing H of ordinary cusp operators. We focus
in the sequel on Oreg H # 0, the case dreg H = () is simpler (just ignore all boundary
related constructions below). A not symbolical, but kernel-oriented definition of
the ordinary cusp algebra (the case dyegM = ) can be found in [19].

Definition 3.8. An operator family

. C>(H, E) . O (H, F)
AN : CF° ([O,s), . & ) — C™ <[O,s), . & )
C>(OregH, J-) C>(OregH, J4)
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belongs to the space ““W*4([0,¢) x H, A) of parameter-dependent cusp operators
of order pu € Z and type d € Ny, if it is of the form

1 o _ dy
(ANu) (z) = — D8z, € Nu(y) — d€ + (C(Nu)(z),  (3.9)

where
(COV) (@) = / el Auly) 5. (3.10)
c(z,y,\) € C*([0,€)5 x [0,€),, U4 (H, A)), (3.11)

and
a(z,&,A) € C([0,8)z, U (H,Re x A)). (3.12)

Note that we know by induction the class ““W*4(H, Rx A) of cusp pseudodifferential
boundary value problems on H depending on the parameters (£, \) € Rx A, and this
space is endowed with a natural Fréchet topology (this topology is also known by
induction). Consequently, the spaces of operator-valued kernels (3.11) and symbols
(3.12) are well defined and carry themselves natural Fréchet topologies, and by (3.9)
we thus also have a natural Fréchet topology on ““W*4([0,¢) x H, A) as a nondirect
sum of Fréchet spaces.

C>*(H,E)
For u € C§° <(0, g), @ ) a change of variables in (3.9) reveals
C>(OregH, J-)

(A(N)u)(2) %//ei(m_y)fa(;v,xy&)\)gu(y) dy dé + (C(A\)u) (z)
R 0

L E TV (z, 22 U W) (z
3 | [ ottt i v+ e

where B()) is a parameter-dependent operator in Boutet de Monvel’s calculus of
order ;1 — 1 and type d on the regular part of (0,¢) x H. From this identity and the
induction hypothesis, we see that in coordinates [0,)* x Q on [0,¢) x H, where all

coordinates (1, ...,2x) € [0,€)* are associated with singular hypersurfaces at x; =
0, every operator A()\) € ““WH4([0,¢) x H, A) has a homogeneous principal symbol
of the form o (x1,..., 2k, y, 231, . .., 22&k,m, A) with a homogeneous function

o(x1, oy Thy Yy €1y e oo Ey 1y A)

in the variables (&1,...,&,n,A) # 0 of degree p, and correspondingly so for the
principal boundary symbol (which is k-homogeneous of degree ). Note that A())
is, in particular, an operator in Boutet de Monvel’s calculus on the regular part of
(0,¢) x H. Consequently, the principal symbol and the principal boundary symbol
of every operator matrix A(\) € “*W4(]0,¢) x H, A) extend to well defined sections
on the cusp cotangent bundles (T ([0,¢) x H) x A)\0 and ("7 ([0, &) X Dyeg H ) X
A) \ 0, respectively. The so obtained symbols are the cusp-principal symbol ““a (A)
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and the cusp-principal boundary symbol ““o5(A) of A()), see also Definition 3.42
in the context of the full cusp calculus.

Proposition 3.13. The cusp-principal symbol sequence

0 CH\I]M—l,d cu\I}p,,d cuy 0
(o, oy)

for (parameter-dependent) operators on [0,e) X H is topologically split exact.

€Uy — the space of principal symbols — consists of tuples of homogeneous (resp.
k-homogeneous) sections on the cusp cotangent bundles that satisfy a canonical
compatibility condition.

Proof. By induction the cusp-principal symbol sequence for operators on H de-
pending on the parameters (£, \) € R x A is topologically split exact. Let

“Uop : UB(H,R x A) — "I H R x A)

be any quantization map, i.e. any continuous right inverse of the cusp-principal
symbol mapping. Every element o € “*3([0,e) x H,A) can be represented in a
unique way as o(z, 2§, \) with o(z,&,\) € C*([0,€)., “"S(H,Re x A)), and so

o ag(z,6,\) = “opo(z,-,) € C([0,¢), " U (H,R x A))

is a continuous linear mapping which associates with a tuple o of cusp-principal
symbols an operator-valued symbol of the form (3.12). We now define the operator
Ay(N) € 4]0, e) x H,A) according to (3.9) with the operator-valued symbol
a(xz,&,N) = ap(z,&,A) and C(\) = 0. This gives rise to a quantization mapping

U ([0,€) x H,A) 3 0+ Ay (N) € U 4([0,e) x H,A)
as desired. O

Notation 3.14. For functions ¢ and ¢ we write ¢ < ¢ if 1» = 1 in a neighborhood
of the support of ¢.

Lemma 3.15. Let w < @ be cut-off functions near zero, i.e. w,o € C5°([0,¢))
with w,& = 1 near x = 0. Furthermore, let A(\) € “*WU*4([0,¢) x H, A).

Then the operators wA(N)(1 — @) and (1 —0)A(N)w are of the form (3.10) with
kernels (3.11).

Proof. Let A()) be any of the operators wAN)(1—&) or (1 -@)A(N)w. Obviously,
A(A) is of the form (3.10) if and only if ®A(A\)w is such for all cut-off functions
@ € C§°([0,¢€)) near zero. However, the operator wA(N)w is of the form pA(N)Y

for functions ¢,v € C5°([0,¢)) with supp ¢ Nsuppt = 0. In coordinates t = —1,
@A(N)Y thus takes the form

1 o
Py // Ot T Nu(t) dt dr (3.16)
T

with a symbol b(t,t',7,\) € S%O(R, x Ry, WH4(H R, x A)) that vanishes for
[t —t'| < §. Consequently, by oscillatory integral techniques for pseudodifferen-
tial operators with global symbols (see Remark 3.17 below), this operator is an
integral operator with operator-valued kernel in .7 (R; x Ry, “"W=>4(H A)) in
the t-coordinates. Transforming back to the z-coordinates, this is just what is
claimed. (]
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Remark 3.17. In the proof of Lemma 3.15 we employed an observation which is
very helpful also further below for setting up the properties of cusp pseudodiffer-
ential operators:

Let ¢,9 € C5°([0,¢)) and A(X) € ““WH4([0,¢) x H, A), and consider the operator

. C>*(H,E) . C>(H,F)
AN : CFF° ([0,5), . @ ) — C§° ([0,5), . & )
C>(OregH, J_) C(OregH, J4)

In coordinates t = —21, this operator is of the form (3.16) with a global symbol
b(t,t',7,\) in the class

SO0 Ry x Ry, “OHA(H, R, x A)) = SY(Ry) &7 SY (R )@ " UH(H R, x A) (3.18)

supported in {(¢,t'); t,# < 0}. By induction, “*W*<(H, R, x A) embeds into a space
of (7,\)-dependent operator-valued symbols between the cusp Sobolev spaces on
H. Consequently, operator-valued variants of oscillatory integral techniques, which
were introduced in [5, 34] for scalar symbols on Euclidean space, are applicable
here. Such arguments, also known as Kumano-go’s technique, have been employed
at various occasions in the literature on pseudodifferential operators. We use them
implicitly throughout this section for setting up the asymptotic properties of our
calculus (see also [17], which relates to manifolds with cylindrical ends). The explicit
iterative construction of W 4(H R, x A) shows that the symbol classes (3.18)
remain indeed preserved under all manipulations in Kumano-go’s technique that
are involved in this process.

Definition 3.19. Formally, we write the operator A(\) € “WH4([0,¢) x H,A)
from (3.9) as

(AVu) (2) = / Ka(z,y, Nuy) %

with the operator-valued distributional kernel

1 ,
KA(«TE, Y, A) = 2_ /el(l/y—l/z)ﬁa(z, 57 )‘) dg + C(«I, Y, A)
7T
R
in the variables (z,y) € (0,£)? and parameter A € A.
We call A(X) properly supported up to the origin, if for each 0 < § < ¢ there exist

compact sets K, C [0,6] x [0,¢) and K, C [0,¢) X [0, 4] independent of A € A such
that

supp K4(A) N ([0,6] x [0,¢)) C Ko,
and
supp K4 (M) N ([0,) x [0,8]) C K,

where supp K 4()) is the closure of supp K 4()) in [0, €)%

Observe that this notion of properly supportedness up to the origin is not
compatible with the usual notion of properly supportedness of pseudodifferential
operators on a smooth boundaryless manifold. However, if K4(z,y,A) = 0 for
{z < 0} U{y < ¢}, then A()) is properly supported up to the origin if and only if
A(\) is properly supported in the usual (operator-valued) sense on (0, ¢).
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Proposition 3.20. Let A(\) € ““U*4([0,¢) x H,A) be properly supported up to
the origin. Then A(N) is continuous in the spaces

. C>(H, E) . C>(H, F)
AN CF° ([0,5), . & ) — Cg° ([0,5), . & ),
C>(OregH, J-) C>(OregH, J4)

. C>(H,E) , C(H,F)
AN : O°°<[O,s), . & ) — C’°°<[O,s), . &
ce (8rch7 J—) c= (8rch7 J+)
Proof. Pick cut-off functions @ < w < @ near zero, and write
AN) =wAN)O + (1 —w)AN) (1 — @) + R(N).
Each summand is properly supported up to the origin. By Lemma 3.15 the term
R(}) is of the form (3.10), and thus trivially has the asserted mapping properties.
Obviously, this is also the case for wA(N)©. (1—w)A(N)(1—0) is properly supported
in the usual sense on (0,¢), and its operator-valued Schwartz kernel is supported

away from {z = 0} U{y = 0}. Consequenty, also this term has the desired mapping
properties. (I

Lemma 3.21. Every A()\) € “W#4([0,¢) x H,A) can be written in the form (3.9)
(AN @) = 5 [ [ 1 ae, 6 uty) S de + () @)
T
R 0

with A(X) — C(X) properly supported up to the origin.
Proof. Let @ < w < @ be cut-off functions near zero, and write
AN =wAN D 4+ (1 —w)AN)(1 — @) + R(N).

R(\) is of the form (3.10) by Lemma 3.15, and the operator wA(\)@ is properly
supported up to the origin and has a representation of the form

(wAN)Du) (2) = 5- / / W6 ) s (322

with a unique symbol a(z,&,\), because the operator-valued Schwartz kernel of
wA(XN)@ is supported in [0, §]? for some 0 < § < € (see Remark 3.17).
For the analyis of the term (1 — w)A(N)(1 — @) write A(N) = Aprop(A) + C'(N),
where
€

(C"(Nu)u)(x) :/C’(z,y,A)u(y)%, (3.23)
0
d(z,y,\) € C=((0,¢), x (O,E)y,cu\I!_Oo’d(H, A)), (3.24)
and
(Aprop(Nu) T or // y=D)E g on (@, € Nuly )—gdg, (3.25)

Aprop (T, €, N) € C((0, )4, U (H,Re x A)), (3.26)
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and Apop(A) is properly supported on (0,¢) in the usual sense. Note that (1 —
w)C'(A)(1 — @) is of the form (3.10), while (1 — w)Aprop(A)(1 — @) is properly
supported on (0,¢), and thus can be written in the form (3.25) with some (other)
symbol a,,, (¥, &, A) which vanishes for small z.

Hence the assertion follows with a = @ + a},,p,-

O

Definition 3.27. Let A(\) € ““W*9([0,¢) x H,A) be written according to (3.9)
with a symbol a(x, &, \) as in (3.12). The conormal symbol (or normal operator) of
A(\) with respect to H is defined as

Nu(A)(& ) == a(0,,)) € U4 (H,R x A), (3.28)
and it can be regarded as a family of operators
C>(H,E) C>(H,F)
Nu(A)(EA) : ® — D (3.29)

COO (8rch7 J—) COO (8rcha J+>

or, alternatively, as a family of operators in the cusp Sobolev spaces on H and
Oreg H .

The conormal symbol is indeed well defined for the operator A()), i.e. indepen-
dent of the choice of the symbol a(z,&, \) that is involved in the representation
(3.9) of A(X). This is due to the following;:

Let @ < w < @ be cut-off functions near zero, and write

AN) = wAND + (1 — w)AN)(1 — &) + R(N).

R()) is of the form (3.10), and the term (1 — w)A(AN)(1 — @) clearly also does
not contribute to Ny (A) because its operator-valued Schwartz kernel is supported
strictly away from {x = 0} U{y = 0}. The operator wA(\)@ has a representation of
the form (3.22) with a unique symbol a(z, &, \), and a(x, &, ) — a(z, &, A) vanishes
to infinite order at = 0. In particular, a(0,&, A) = a(0,&, \) does not depend on
the specific representative a.

Proposition 3.30. Let A;(\) € ““WHidi([0,¢) x H,A), j = 1,2, and either A;(\)
or Ay(N\) properly supported up to the origin such that the composition A1 (\)Az2(X)
is well defined according to Proposition 3.20 (the vector bundles are assumed to fit
together).

Then Ay(\)Ag(N) € nprtpzmaxidituz.da} ([0 &) x H,A). More precisely, if

[ d
()@ =5 [ [0 ¢ Nuty) 5 de + (€50 2,
R 0
j =1,2, are representations according to (3.9), then
(AN (@) = 5 [ [ O 1) 6 Nuly) G de + (CN) o)
R 0

is a representation of the composition with a symbol

(al#a2)(x,€7)\) c Coo([()’8)w7cu\I}M1+#2,max{d1+M2,d2}(H, Rf X A))
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that has an asymptotic expansion

o0

a1 Ftas ~ Z %(8?@1) ((,’Esz)kag) (3.31)
k=0

in the sense that the difference ai#tas — 3. %(8?(11) ((xQDm)kag) belongs to the
k=0

space K C>([0,¢),, M Pratua—Kmaxtdituada}(F R, x A)) for every K € Ny.
In particular, we have

Cu@'(AlAg) CuU'(Al)CuU(AQ),
Uop(A1As) = Vog(Ar) Coa(As), (3.32)
Np(A1Az) = Ng(A1)Ni(Az)

for the cusp-principal symbols and the conormal symbol of the composition.

Proof. Let w,& € C§°([0,¢)) be cut-off functions near zero. As either A;(\) or
As()) is properly supported up to the origin, there exist cut-off functions @, €
C5°(]0,¢€)) near zero with @ < & such that

Hence, if any of the A;(X) is of the form (3.10), we conclude that also wA; (A) Az (A\)@
is of the form (3.10) by transforming (3.33) to the coordinate t = —1 and employing
Kumano-go’s technique, see Remark 3.17. Consequently also A;(A)Az2()) is of the
form (3.10), i.e. the integral operators (3.10) with kernels (3.11) form a two-sided
ideal.

Now let w < @ < w < w. By Lemma 3.15 and what we just proved, we con-
clude that the equality (3.33) holds for this choice of cut-off functions modulo an
integral operator of the form (3.10) (with appropriate type). Using again a change
of variables, Kumano-go’s technique, and the induction hypothesis as regards the
parameter-dependent cusp calculus of boundary value problems on H, we conclude
that the right-hand side of (3.33) is of the form (3.9) with C(A) = 0 and an operator-
valued symbol (3.12) of order p; + po and type max{d; + us2,d2}, which behaves
asymptotically like waj#as in the sense specified by (3.31).

Consider now cut-off functions © < @ < & < w near zero, and the operator
(1-w)A1(A\)A2(X)(1 —@). By Lemma 3.15 and the ideal property of the operators
(3.10) we conclude that

(1= )AL N AN (1 = @) = (1 - @) AN (1 - 0)) (1 - @) A2\ (1 — @) (3.34)

modulo an integral operator of the form (3.10). Writing A;(\) = A prop(A) +Cj(N),
7 =1,2, as in the proof of Lemma 3.21, and using again the ideal property of the
operators (3.10), we see that we only have to analyze the composition on the right-
hand side of (3.34) where, in addition, the A;(\) can both be replaced by their
properly supported representatives A; prop(A). This composition, however, can be
handled with ordinary techniques from the theory of pseudodifferential operators
with operator-valued symbols, and from the theory of pseudodifferential boundary
value problems — that this is indeed the case follows from our induction hypothesis
resp. the iterative construction of the cusp calculus of pseudodifferential boundary
value problems. As a result, we obtain that the composition (3.34) is of the form
(3.9) with an operator-valued symbol (3.12) of order p; + p2 and type max{d; +
2, da} which behaves asymptotically like (1 — w)a;#az, see (3.31).
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Finally, if w < @, then it is immediate from Lemma 3.15 and the first part of
this proof that both compositions wA;(A\)A2(A)(1 — @) and (1 — @)A1 (A\)Axs(N)w
are of the form (3.10). This completes the proof of the proposition. O
Remark 3.35. Let A()\) € “UH9([0,¢) x H,A) and K € Z. Following the proof
of Proposition 3.30 we obtain that

B(A) = 2 ANz~ 5 € ur([0,e) x H,A),
and o (A) = o (B), “og(A) = “oy(B), as well as Ny(A) = Ny (B).

This shows, in particular, that the spaces 2 *W**([0,¢) x H, A) form two-sided

ideals in “"¥**(]0,e) x H, A) for every K € Ny.

Definition 3.36. A boundary value problem A(\) € ““WH4([0,£) x H,A) is called
cusp-elliptic (with parameter A € A), if both the cusp-principal symbol o (A) and
the cusp-principal boundary symbol ““o5(A) are invertible on (“"T*([0,e) x H) x
A)\ 0 and (“T*([0,€) x DregH) x A) \ 0, respectively.
Proposition 3.37. Let A()\) € <"WH4([0,e) x H,A) be cusp-elliptic. Then there
exists a parametriz B(\) € W=+ ([0, e) x H, A), where (d—p) + = max{0,d—
u}, such that

B(A\)A(X) —1 €M U™>*([0,e) x H,A), and

AMN)B(A) —1 € U ™°%([0,¢) x H, A).
The types of these remainders are given by the type formula for the composition
from Proposition 3.30.

If, in addition, the conormal symbol Ng (A)(E, A) is invertible in the spaces (3.29)
for all (€,\) € R x A, then there exists R(\) € “*WU—°d=m+([0,e) x H,A) such
that both (B(X) + R(X)) A(X) — 1 and A(X)(B(X) + R(X)) — 1 are of the form (3.10)
with kernels (3.11) (with the appropriate types).

Both B(X\) and R(X) are properly supported up to the origin.

Proof. Let a(z,&,\) be the symbol in a representation (3.9) for A(A). The cusp-
ellipticity of A()) implies the existence of
V' (2,&N) € C([0,2),, T~ =m+ (H Re x A))
such that
alz, &, )0 (x,&,)) — 1
,( o : € C™([0,€)q, "W T*(H,Re x A)),
b'(x, & Na(x, &) — 1

see Theorem 3.49 — this argument makes use of our induction hypothesis. By
Lemma 3.21, Proposition 3.30, and a standard formal Neumann series argument —
which is applicable here by the induction hypothesis — we conclude that there exists
a symbol b(z, £, A) such that

(I((E, 57 )\)#b(CE, 57 )‘) -1
b((E, 57 )\)#(I((E, 57 )‘) -1
Hence the assertion of the proposition follows with B(\) given by

} € C™([0,€)q, W% (H,Re x A)).

1 [ _ dy
(B(Wu)(z) = =— V=YD (1 € Nuly) —5 dE,
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and B(\) is properly supported up to the origin.

Let us now assume that, in addition, Ny (A)(&,\) = a(0,&, A) is invertible for
all (£,\) € R x A. By induction, we conclude that the inverse a(0, &, \)~! belongs
to the space "W~ (@=m+(H R x A), see Theorem 3.53. By the multiplicativity of
the conormal symbols, see Proposition 3.30, we further conclude that

Nu(A)(&2) ™" = Nu(B)(E ) =1'(€,A) € w0 (H R x A),
and by quantizing this operator-valued symbol according to (3.9), we see that
r(€,)) = Ng(R')(&, ) for some R'(N\) € <"W—>(d=m)+([0,¢) x H,A). Here we
may assume that R’()) is properly supported up to the origin, otherwise we sub-
stitute R'(A\) by wR'(A\)w, where w € C§°([0,¢)) is any cut-off function near zero.
Consequently,
(B(\) +R' (M)A —1
AN (BN +R'(N) —1
and thus it remains to show that an operator of the form 1 4+ G(X\) with G(\) €
W —4([0,¢) x H,A) has a parametix 1 + G’(\) up to remainders of the form
(3.10), where G’(\) € z " U —>>4([0,¢) x H, A).
For this proof we may assume by Lemma 3.21 that G(\) is properly supported
up to the origin. Let

gi(z, &) € 2°C ([0, &), T (H,Re x A))

} € MU >*([0,e) x H,A),

be an operator-valued symbol (3.12) in the representation (3.9) for the composition
G\)F € gk cup—d([0,¢) x H,A), k € N. A Borel argument shows the existence
of a symbol ¢'(z, &, A) such that
K—1
g/(x, &, )‘) - (_1)kgk(x7 &, )‘) €afC™ ([07 E)wv CHW_W7d(H7 Rﬁ X A))
k=1
for K € N. Now pick D(X) of the form (3.10) such that

’ ,_1 Eily—lz ’ dy
@WW@rﬂg!“//%@@m@?%+wWW@

is properly supported up to the origin. Then G'()\) € 2 “*¥—>4([0,¢) x H, A), and
by construction we have

wmmm+mm—?

1+ (1+00) 1] € ()« w>4((0,e) x H, A),

KeN

where the latter is just the space of all integral operators (3.10) with kernels (3.11).
This completes the proof of the proposition. O

3.3. The full cusp algebra on M. This section is devoted to set up the class
cugrd(M,A) of (parameter-dependent) pseudodifferential boundary value prob-
lems in the cusp algebra. The operators

(N, E) C*(N, F)
A(N) : ® - @ (3.38)
CX(ON,J.)  C=(dN,J,)
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n “UPH4(M, A) belong to the class B*4(N, A) of (parameter-dependent) operators
in Boutet de Monvel’s calculus on N = H\ Bsingﬁ with a specific behavior near
Bsingﬁz

Definition 3.39. Let y € Z and d € Ny. An operator A()\) in the spaces (3.38)
belongs to the class “*W*<(M, A) if and only if the following holds (we employ here
throughout the standard convention (3.3) for the multiplication operator with a
function ¢):

i) Let @1, 2 € C°°(M) with supp ¢1Nsupp ¢2 = (), and assume that each singular
hypersurface H C asingM has nonempty intersection with at most one of the
supports of the ¢;’s. Then the operator ¢1A(X)p2 is required to belong to the
space ““W7°>4(M, A) of residual Green operators of type d, see Section 3.1.

ii) Let ¢1,¢p2 € C(M) be such that supp ©; N 8smgM = () for j = 1,2. Then
we require @1 A(N)ps to belong to the class B#4(N,A) of pseudodifferential
boundary value problems in Boutet de Monvel’s calculus on N.

iii) Let 1,2 € C*®°(M) be supported inside the same collar neighborhood [0, ) x
H of a singular boundary hypersurface H C 8smgM , and assume that H N
OregM # (0. Then 1 A(N)go is required to belong to the class “*WH4([0, ) x
H, A) discussed in Section 3.2.

iv) Let 1,2 € C°°(M) be supported inside the same collar neighborhood [0, €) x
H of a singular boundary hypersurface H C 8SingM, and assume now that
HnN Bregﬂ = (). Then the only nonzero term in the matrix operator o1 A(\)p2
is the interior operator in the upper left corner, which is required to belong to
the class of ordinary (parameter-dependent) cusp operators ““W#*([0,e) x H, A)
near the hypersurface H (see the notes at the beginning of Section 3.2).

The projective topology with respect to the mappings

w22 4(31, A)
gt d(M,A) 5 AN) — 1 A(N)p2 € { BH4(N,A)
ewgrGa(0,e) x H,A)
according to i)-iv) in Definition 3.39 makes “"W*¢(M, A) a Fréchet space.
It is evident from Definition 3.39 that every A()\) € "W (M, A) extends to
C>(M,E) C>(M,F)
AN ® - S ,
C™(OregM, J-) C(OregM, J4)

see (3.2). We will henceforth consider these spaces a core for the operators in the
cusp algebra of boundary value problems. Moreover, by the iterative construction
of the calculus, we obtain the following

Proposition 3.40. Every A()\) € “UH4(M, A) extends by continuity to

bmgHs (M7E) 511’1gHS M(M F)
AN : o — N (3.41)
Xsmg (aT38M J- ) smgHs_ (8regM, J+)

fors > d—% and all & € RN=Y and the class “*U*%(M, ) embeds into the space of
symbols depending on the parameter A € A that are operator-valued in the bounded
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operators between the cusp Sobolev spaces. Recall that Bsingﬁ consists of N — ¢,
and OregM of £ hypersurfaces.

Definition 3.42. The operators A()\) = (Ai,j()\))ijzl , € WHA(M, A) have the
following principal symbols (see Definition 2.12):
i) The cusp-principal symbol

g (A) € C (T x A) \ 0, Hom( " B, ““r* F)),

which is the canonical extension to the cusp cotangent bundle (C“T*H X A) \O
of the homogeneous principal symbol @ (A1) of the (parameter-dependent)
pseudodifferential operator Aj ;(A) in the upper left corner of the operator
matrix A(A) (see also Section 3.2). Note that the principal symbol o (A4; 1) is
defined initially only on (T*N x A) \ 0.

The cusp-principal symbol “"a(A) is a homogeneous function of degree
in the fibres of (“"T*M x A) \ 0.

il) The cusp-principal boundary symbol o y(A), a section in

o Cuy ® Cu,].‘_*E'arogM Cuy ® Cu77*F|3rch
o ((C“T*aregM < ) \O,Hom( & | & ))
Cl_l,ﬂ.* J_ C]J,ﬂ.* J+
Similar to the cusp-principal symbol, the cusp-principal boundary symbol is
the canonical extension of the principal boundary symbol

. y®W*E|8N Y@ﬂ'*Fbﬁ
o9(A) € C™ <(T*8N x A) \O,Hom( @ ; @ )>
mJ_ ™ Jy

of the operator A(X) € BH¥(N, A) to (“T*dyegM x A)\ 0, see also the discus-
sion around (2.7) and in Section 3.2.

The cusp-principal boundary symbol Yo 5(A) is k-homogeneous of degree
i, ie. “Cay(A)(z, 0, oA) equals

IC[ * J— O _1 IC * — O
Q“ (Ii@ & Leuy F‘angM ) Cu@a(A)(Z,<7A) (fig & Leug E‘Brch )
0 [ 0 Lo

for o > 0 and (2,(,\) € (C“T*Bregﬁ X A) \ 0. Here k, is the natural R4 -action
(2.9) in the . (R4 )-fibres of the (lifted) bundle “*. — (“T*0,gM x A) \ 0.

Let €'Y = ““X(M, A) be the space of cusp-principal symbols of the operators in
cugrd(M, A), i.e. the space of tuples of homogeneous and k-homogeneous sec-
tions that satisfy a canonical compatibility condition. By means of a partition
of unity and the local splittings of the principal symbol sequences in B*?(N, A)
and WG ([0,¢) x H, A), see Proposition 3.13, we obtain that the cusp-principal
symbol sequence
0 —— UPHLADN A) —— UPHA(MA) ﬁ U (M,A) —— 0
g cug,

is topologically split exact.

In addition to the cusp-principal symbols, the operators A(\) = (Ai,j()\)) €
cugrd(M, A) have a conormal symbol (or normal operator) associated with each
singular hypersurface H C (?singﬁ:
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iii) Let H C asingM, and assume that H N Bregﬁ # (). Then the restriction of
A()) to the collar neighborhood [0,¢) x H = M induces an operator

C>®(H,E) C>(H,F)
C’é’o ([O, £), &) ) — O™ <[O,s), &) >
O (DpegH, J_) O (DpogH, J 1)

that belongs to the cusp calculus “"W*4([0,¢) x H,A) of pseudodifferential
boundary value problems near H considered in Section 3.2. Hence, by Defini-
tion 3.27, this operator has a conormal symbol Ny (A)(€, \) € “WH4(H RxA),
which by definition is the conormal symbol of A(\) with respect to the singular
hypersurface H.
Recall that the conormal symbol Ny (A)(&, A) is a family of boundary value
problems (3.29) in the cusp calculus on the manifold with corners H.
iv) Correspondingly, if H C Bsingﬁ such that H N aregM = (), then the restriction
of the operator A; 1(X) to the collar neighborhood [0, €) x H induces an operator

€ (0.2). C=(H, B)) — €= ((0.2), C(H. F))

that belongs to the ordinary cusp calculus “*WU#([0,¢) x H,A) near H, see the
notes at the beginning of Section 3.2. Analogously to Definition 3.27, this
operator thus has a conormal symbol Ng(A11)(§,A) € “U#(H,R x A). By
definition, we let Ny (A) := Ng(A1,1) be the conormal symbol of A(\) with
respect to the hypersurface H, a family of cusp pseudodifferential operators

Nu(A)(&N) : C®(H,E) — C*®(H, F). (3.43)

Theorem 3.44. Let A;(\) € “Wri-4i (M, A), j = 1,2, and assume that the vector
bundles fit together such that the composition Aq(\)Aa(N) is well defined.

Then Ay(\)Ag(N\) € cuwratpzmax{dituz.d} (N A) - and the cusp-principal and
conormal symbols of the composition are given by the relations

Yo (A14y) = o (A1) Mo (Ay),
Uy (A1 Ads) = Pay(Ar) Vo (As), (3.45)
NH(AlAg) = NH(Al)NH(Ag).

Moreover, for every a € NY ¢ the class xgngcullf*’*(ﬁ, A) is a two-sided ideal
in the algebra “*U**(M,A), i.e. whenever any of the A;(\) above belongs to this
smaller class, so does the composition. Recall that Bsingﬁ consists of N — £ hyper-
surfaces.

Proof. Every point p € M has an open neighborhood U(p) C M such that, if p is
of codimension k£ € N with p € H;, N...N H;,, where the H;, C OM are k distinct
hypersurfaces, then

k
U(p) C m([O,a) x H;,) = M,

and U(p) N H = 0 for all hypersurfaces H C M with H # H;,, j = 1,... k.
— T

Moreover, if p has codimension zero, then U(p) NOM = 0. Let M = | U(p;)
j=1

be a finite covering of M by such neighborhoods, and let {pj; 7=1, T} be
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a subordinated partition of unity. Choose functions ¢; < ; € C®(M) with
suppy; €U(pj), j=1,...,T. o

To begin with, observe that wA;(A\)@ € W =>4 (M, A) for all functions w, @ €
C> (M) with disjoint supports because

wA;(N)w = Z PrwA;(N)woer,

k=1

and every single summand gwA; (A, cither belongs to W% (M, A) by i) of
Definition 3.39, or the supports of the functions pgw and Wy, are both contained in a
collar neighborhood [0, ) x H for some H C OsingM by construction of the partition
of unity. In the latter case, prwA;(N)dy; is in “*W~=°%% (M, A) by Proposition
3.30. Recall that the multiplication operators with functions are to be understood
according to the convention (3.3).

Making use of the defining mapping properties of the residual Green operators
of type zero from Section 3.1 and standard arguments in Boutet de Monvel’s cal-
culus, we see that if any of the 4;()\) belongs to "W >*(M, A), then so does the
composition Aj(A\)Az(A).

Let us now consider the general composition. We may write A;(A)A2()) as

T
A NAN) = D e A NerAs (Ve (3.46)

ji k=1
Let us analyze every single summand ¢; A1 (A)prA2(X)g; in (3.46) separately:
Assume that any of the functions ¢;, ¢k, or ¢, — say ¢; — is supported in

M \ OsingM. Let 1; € C>°(M) with supp¥; N dsingM = 0 and ; < 1);. Write

¢ At (NprA2(Ngr = 0 AL (N YerAe (Ve + (0541 () (L = ¥5)er) A2(N)er

= ;A (NP0 A2 (N Y00 + 95 A1 (V) (00 A2 (N (1 = ¥5) 1)
JbiprA2(A) Y-
Here = means equivalence modulo C“\I/gooo’max{dl+”2’d2}(ﬁ, A). Observe that
Pi ALV (1 = 15), DA (N)(1 = 4y) € W > (M, A)

by i) of Definition 3.39, and "W >*(M, A) is a two-sided ideal. The functions ¢;,
VoK, and ¢, are all supported in M\ Bsingﬂ, and consequently the composition
©; AL (N Aa(N)jor belongs to BritHzmax{dituz,d2} (N A) by ii) of Definition

3.39 and the composition theorem in Boutet de Monvel’s calculus on N.
The argument for ¢y, or ¢; supported in M \ OsingM is similar, and so

‘PjAl(/\)‘PkAQ(/\)ﬁpl c cquul+#2,max{d1+ﬂ2,d2}(M’ A) (3.47)

whenever any of the functions ¢;, ¢, or ¢; is supported in M\ Bsingﬁ.
Next assume that the supports of all the functions ¢;, ¢, and ¢; have nontrivial
intersection with Osing M. If there exists a hypersurface H C OsingM with

(A
= QOjAl (/\

SUPP @5, SUPD @k, supp gy C [0,¢) x H = M,
then the composition
(05 A1 (N)er) (PrAa(N)gr) € Uppratremaxtditiadzl ([0 c) x H, A)
by iii), iv) of Definition 3.39 and Proposition 3.30, and so (3.47) holds in this case.



28 THOMAS KRAINER

By construction of the partition of unity, it remains to consider the case that
there exists no H C OsingM having nontrivial intersection with the supports of all
three functions ¢;, ¢, and ¢;. Write

0; A1 (N)erAa(N)pr = 0 A1 (N erthi A2 (N gr + 95 AL (N) (e (1 — 1) A (M) ).

We have (1 —1/;)Aa(N)p; € “W—>*(M, A). Every a € Nj ~* can be written in the
form o = o + o + oy with oy, ax, a1 € Név_g such that

Pj = Xina Pir Pk = Xgna ¢k, and @ = xg2loy € C®(M).
Now
0 A1 (N er (1 = 1) A2 (Mg = GX e At (M) PrxGhg (1 — ¥1) A2 (N Pixghg,

and consequently this operator is smoothing in the scale of weighted cusp Sobolev
spaces, and the range consists of C*°-functions (more precisely, we have to make
use of an expansion into operators of type zero and powers of d4, and argue for
each summand separately, see Section 3.1). Thus ¢; A1 (N)pr(l — ¥)As(N)e; €
Cu\IJ;oOO’*(M, A)

Next pick a function ¢; € C> (M) with supp U € U(pr) and ¢ < Yy, and write

@i A1 (N ertiAa(N) o = @i AL (Nerti A2 (N er + ¢ (1 — ) AL (\eribi A2 (V.

Similar arguments as above give o;(1 — 1) A1 (\)@ri Aa(N) gy € U °*(M, A),
and, because all functions ¢;1, @r1, and ¢; are supported in one collar neighbor-
hood [0,e) x H = M for some H C OsingM, the operator

i AL (N prthi Aa(N)gpy € Crpratrzmaxtdituada}([o o) x [, A).

Summing up, we have proved (3.47) for all possible cases of ¢;, ¢, and ¢;, and
so the composition theorem is proved. Following the lines of this proof and using
Proposition 3.30, we see that the classes x§,,“"W** (M, A) form two-sided ideals

for all @« € NJ'™*, and the identities (3.45) hold. O

Definition 3.48. A boundary value problem A()\) € <"WH4(M, A) is called cusp-
elliptic, if both the cusp-principal symbol "o (A) and the cusp-principal boundary
symbol o y(A), see Definition 3.42, are pointwise bijective.

Moreover, we call A(\) elliptic, if in addition all conormal symbols Ng(A)(€, A)
with respect to all singular hypersurfaces H C Bsingﬁ are invertible, i.e. the
operator families (3.29) or (3.43) are bijective for all (£, \) € R x A, respectively.

Recall that A C R? is the closure of some open conical subset of R?, or A = {0}.
It would be more precise to reserve the notion of cusp-ellipticity or ellipticity for
the case A = {0}, and to call A()) cusp-elliptic with parameter or elliptic with
parameter otherwise.

Theorem 3.49. Let A(\) € ““U*4(M,A) be cusp-elliptic. Then there exists a

parametriz B(\) € “W—Hd=m+ (M A), (d — p); = max{0,d — u}, such that
AN)B(A) —1 eng—oorr (TT. A
BMAWN) —1( € (M, 4),

and the types of these remainders are given by the type formula from Theorem 3.44.
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Moreover, if A(X) is elliptic, then there exists R(\) € “*W—°%(d=1)+ (M A) such

that
AN(BO) + RO) — 1
(BN + RO AN 1]

the space of residual Green operators introduced in Section 3.1.

e (0, A),

Proof. Consider the covering

M=Nu [J (0. xH)
J‘IcasingW

of M, where N = M \ OsngM is the regular part of M. Choose a subordinated
partition of unity ¢reg, ou, H C asingM, and functions @reg < Yreg, Y < Yu that
are compactly supported in N or [0,¢) x H, respectively.

As A()) is cusp-elliptic, the restriction of A(\) to N is elliptic in Boutet de
Monvel’s calculus on N, and, for each singular hypersurface H C OgsingM, the
restriction of A(\) to [0,¢) x H is cusp-elliptic in the sense of Definition 3.36. Choose
a parametrix Byeg(A) in Boutet de Monvel’s calculus on N, as well as parametrices
Bp(\) € vU—#(d=m+([0,e) x H,A) according to Proposition 3.37, and define

B()‘> = Qprchrcg()‘)U)reg + Z QOHBH(/\)MJH S Cu\I/_M7(d_N)+ (M, A)
J‘IcasingW

If HN aregM = (), the term ¢y By (\)Yy is by convention a matrix filled by zeros
outside the upper left corner (we employ this convention also further below). By
Theorem 3.44, this choice of B(A) furnishes a parametrix of A(A) up to remainders
in the class U ~°*(M, A) as desired.

Now assume that, in addition, the conormal symbols N (A4)(§, A) are invertible
for all H C OsingM. Let Hy,..., Hy_¢ be an enumeration of the singular boundary
hypersurfaces, and let x; be the defining function associated with H;.

We proceed by induction to show that for each K = 0,..., N — £ there exists a
parametrix By (\) € "W~ (d=m)+ (D, A) of A(N) such that

ANBk(A) -1 _

€ X3 MU T (M A), 3.50
Beap) — 1) € [] K00 ALA) (3:50)
a€TK
where
Tk = {a=(ai,...,any_¢) €NV a; =0 for j > K}.

The case K = 0 is fulfilled with By(\) := B(\). Assume that we found Bg () for
some K < N — (. We have A(A)Bg(A) =1+ R ()) for some remainder Rx (\) as
specified by (3.50). Consequently,

NHK+1 (A)_l = NHK+1(BK) - NHK+1(A)_1NHK+1(RK)7
where

r/(&/\) = NHK+1 (A)_lNHK+1 (RK) € ﬂ x(slingcu\I]_OQ*(HK-i-lvRﬁ X A)v

acTx

see Theorem 3.44 and Theorem 3.53. Note that these theorems hold b_your induc-
tive approach towards the cusp calculus in view of codim H < codim M.
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Define an operator R’()\) in the local cusp calculus on [0,e) X Hx 41 according
to the quantization (3.9) with the operator-valued symbol #/(£, A), and let
Bie(A) = Br(A) — w(xi 1) R (V@ (xx11) € W14 (I, A),

where w,@ € C§°([0,¢)) are cut-off functions that are supported sufficiently close
to the origin. Then A(A)B(A) = 1+ R () for some R/ () as specified by (3.50),
where in addition Ng, ., (R%) = 0. Consider the operator

1+ W) RigN@ (i) € 14+ () x> (0,) x Hicar, A).
aeTk
According to Proposition 3.37, there exists

RK(/\) S ﬂ Xgngcu\y—oo,*([o,g) X HK+1,A)

acTx

such that (1 +w(xp+1) R (N@(xx+41)) (1 + Ri())) belongs to
T () hesning ™07 (10,€) X Hican, A).

acTx
J€Ng

Define
Br+1(A) == Bie(\) (1 + w(xx41)Rx (@ (xx11)) € T~ @=1+ (BT, A).
Then L
ANBrii(N) €14 [ %8, (M, A)
a€Tk 41

by construction. The same arguments apply for the left parametrix, and the induc-
tion is therefore complete. Hence

AN)Bn—¢(A) — 1}
€

By-e(A)A(N) 1 [ xGu,0> (M, A) = "0 2" (M, A),

aGNéVie
and the theorem is proved. O

Corollary 3.51. Let A € ““WH4(M) be elliptic. Then the extension

smgI{S (M’E) smgHS_ (MvF)
A @ — ® (3.52)
Xbmg (8YCgM J- ) smgHS_ (8ngM’ J+>

is a Fredholm operator for all s > max{u,d} — 5 and o € RN,

Proof. Let B+ R € *U~#(@=1+ (D) be a parametrix of A up to residual Green
operators. By (2.15) the residual Green operators are compact in the cusp Sobolev
spaces. Hence B + R is an inverse of (3.52) up to compact operators. O

Theorem 3.53. Assume that A # {0}, and let A(\) € ““Ur4(M,A) be cusp-
elliptic with parameter X € A. Then, for all A € A outside possibly a compact
set K C A, the operator A(XN) is invertible in the cusp Sobolev spaces (3.41) for
s > max{p,d} — 5 and all o« € RN™*, as well as in the spaces (3.2) of smooth
functions that vanish to infinite order at asingM

Moreover, for any open neighborhood K C U(K), there exists a parameter-
dependent parametriz B(\) € <*W—#d=m+ (M, A) of A( ) such that A(N)B(A\) =1
and BNA(N) =1 for A ¢ U(K), i.e. B(A\) = A(\)™! both in the spaces (3.41)
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and (3.2). In particular, if A(N\) happens to be invertible for all X € A, then
AN~ e v d=m+ (R A).
Proof. Let B'()\) € “&~#(d=1)+ (M, A) be a parameter-dependent parametrix of
A(\) according to Theorem 3.49, i.e.
ANB'(A) = 1= R.())
B'(MA() — 1= Ri())
Consequently, A(A\)B’(\) and B’(A\)A()) are invertible for large A € A, i.e. A(N) is
invertible for all A € A outside possibly some compact set K C A.

Let x € C*°(A) with x = 0 in some neighborhood of K, and x = 1 outside the
given neighborhood U(K) of K. Define

B(X) = B'(\) = B'(VRL(A) + Ri(M)X (N AN T R (N).
As both Rj(A) and R..()) are regularizing, we deduce that
RI()X(NAR) T R(A) € w0 @=L, A),

and so B(\) € "W~ (d=m+ (M A). Moreover, A(N)B(A\) =1 for A\ ¢ U(K) by
construction. This proves the theorem. ([l

€ oo (M, A) = .7 (A, W= (I1)).
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