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1 Introduction

To prove global existence results for the solutions of the Cauchy problem for nonlinear
wave equations so-called L, — L, decay estimates for the solutions of the linear wave
equation play an essential role [6],[7],[10]. That is the following estimate due to Strichartz
[16]. Let u = u(t,z) be the solution of the Cauchy problem

uy — Au=0, u(0,2) =0, u0,2)=u(z),

where the function wu;(z) belongs to C§°(R™). Then there exist constants C' and M
depending on p and n such that

_n—l¢1 1
190t My + IV gy < CA1) 2 G0 fugocany 1)

where 1 < p <2 and 1/p+1/q = 1. To prove this L, — L, estimate one can use on the
one hand explicit representations of the solutions [6],[7],[10] and on the other hand the
partial Fourier transform and its inverse which gives us the representation of the solution



by Fourier multipliers [2], [9], [17]. There exist a lot of applications of inequality (1). See,
for example [10].

In this paper we consider the Cauchy problem for the hyperbolic equation
Ut _GZtAUZ 07 u(x,O) :Uo(ff)a ut(:r,O) :ul(l’), (2)

where A is the Laplace operator in R?, while ¢ € R,. Tt is known that for every given
ug, uy; € C°(R™) the Cauchy problem (2) has a uniquely determined solution u € C?(R" x
[0,00)) (see, e.g. [20]). Moreover, the finite propagation speed implies u(-,t) € C§°(R")
for every given t > 0.

In [11] is considered the Cauchy problem
wy — 1 Au=0, u(x,0) = up(z), uy(x,0) =0,

where ug € C5°(R™). It is proved that the global solution satisfies

1 l

Lo 1)(l_1y_1
Jue, DIz, < C(L+1)ED2ODETD 72 gy oy, (3)
1+1)(L 1Lty L
| Vo (2, )| yny < C(1+ ) HHHGODG= D) ltt0 |y +1 gny (4)
—( Lepy(f-Ly__L
10u(z, )| @y < C(1+1) HEEDG) 5w ||U0||WM (&™) (5)

Wherel<p§2,l+l:1,121,l€N, aurldl(rhtl)(l—l

1
P q)_ (l+1) > 0, n( Q)S

N<n(———)+1aundn(———)—l-—<M<n(———)—i—lJr2 If we denote \(t) = ¢! while

p +1 I+1°
A(t) = z+1’ then this result can be rewrittten as follows
Lin—1)(L—1 1
lu(e, )l < CL+AEG) TG+ M) 7 fuollwyeny, (6)
L(n—1)(1_1) _1
|9 ue Mgy < CO+AD) DA H aolgory (1)

Sl

1o, ey < CO+A)FOVEDA LA uollwpreny . (8)

For a general class of strictly hyperbolic second-order equations with time-dependent
coefficients having unbounded growth in infinity decay estimates are obtained in [12],
[15], [14]. In those papers among other things are proved L, — L, decay estimates for the
solutions of

uy — N ()0 (t) Au =0, ulto,r) = uo(w), wlto,r) = ui(x), uo,ur € Cg*(R"), (9)
where t, € [T,00), T is large. The functions A(¢) and b(t) belong to C°°( ) The
increasing part A(t) implies that the function A = A(t) defined by A(t) := fo
satisfies

A(t) > +o0 as t—o00. (10)
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It is supposed that

¢(InA(t))™* < dy 0 < 0 < dlm < C(InA@)®, forall tel[l,00), (11)
K A(t)\* _
B ()] SC’“<W> At) forall k=2,3,---, telT,o00), (12)

where dy, dy, dy, ds, ¢, C and ¢ are suitable nonnegative constants.

For the function b(¢) it is supposed that with some positive constants Cy, C; the
condition

Cy < V(1) < O, for all ¢ € (0,00), (13)
BB (1)) < Ck(%(ln/\(t))ﬁ)k forall k=2,3,---, t€[T,00), (14)

respectively, where C} are suitable nonnegative constants and § € [0, 1).

According to Theorem 3.4.1 [12] for every positive number ¢ there exists a large
constant T'(€) such that the decay estimate

1 _n=i¢l_1 c
||VU(‘at)||Lq(Rn)+ ||ut('at)||Lq(Rn) < CuCulto) NG )A(t) 7 Gt
0

{0l oy + et e | (15)

holds for the solution u(t, x) to the Cauchy problem (9), where t € [ty, 00), to € [T(g),00).

Here M = n(%—%)—Qs +1.

The comparison (15) with (6), (7), (8) shows that estimates (15) are not sharp. Indeed,
there is a lost of decay due to ¢ and to the absense of the function A(¢) in the right-hand
sides. Our goal is to fill up this gap for the equation (2), that is to find out the sharp
decay rates.

Examples for functions A(t) and b(t) are:

o \(t) = exp(tY), a € (1/2,1], b(t) is a 1-periodic, non-constant, smooth and posi-
tive function,

o \(t) = at* Lexp(t*), @ € (0,1), b(t) = 2+ sin(t**).

The approach suggested in [12], [15] is based on the construction of the fundamental
solution of ordinary differential equations with parameter, derived after partial Fourier
transform with respect to the spatial variables. This is carried out for a wide class of
equations by constructing approximate solutions. Such a general approach may lead to
an unavoidable error in the important constants which determine the decay rate. As the
tools Hardy-Littlewood theorem [4] and a modified Littman lemma [8] are used.
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The goal of this paper is to find out sharp L, — L, decay estimates for a hyper-
bolic model equation with variable coefficients depending on time and having exponential
growth at infinity. The approach chosen in our paper comes partially from the theory
of weakly hyperbolic equations (see, e.g [20]) and is based on the formulas giving fun-
damental solution by means of confluent hypergeometric functions (see, e.g [19]). This
allows not only to overcome difficulties but also to confirm the sharpness of the decay rate
suggested in [12], [15].

The following theorem is the main result of our paper.

Theorem 1 For the solution u = u(t,z) to the Cauchy problem
uy — > Au =0, u(z,0) = ug(x) € CP(RY), u(x,0) = ui(x), (16)

the following estimates are satisfied

1

“l(p_1)(i_1y_1
C(1+¢€") 2D 2 |luollwy @), (17)

IN

[TICAD] THED

| 2w, )| z,@ny < C(L+e) 20067072 flug||yns gy, (18)
_l(p1)(i_lyyl
|0, Dl@ny < C(1+e) 720G 7% ug||par ey (19)
wh(.arel 1<pl§2, %—i_%:f’ azzd%(n—l—l)(%—%)—% >0, n(z—7) <SN<n(;—)+1
while n(; — 3) <M <n(; — ;) +1.
1 Representation formulas
Let us consider the following Cauchy problem
Uy — e Au =0, uw(z,0) = ug(x), wuy(x,0) =u(z), (20)

where A is a Laplace operator in R”, while + € R,. If u is solution of (20), then the
partial Fourier transform F,(u) of u with respect to z solves

Fo(w)u + e [€[Fp(u) = 0, Fp(u)(&,0) = Fluo), Fp(u)e(§,0)=F(w). (21)

If V = V(t,]€]) is a solution of F,(u)y+|£[2e* F,(u) = 0, then W (7, |£])) = €|V (¢, |€])
with 7 = e'[¢] satisfies to the Bessel equation

T°Wer + Wy + (72 = m*)W =0. (22)

with m = 0. Indeed, we have V; = e!W,, and V;; = e'W, + €*W,,|£|. Then we obtain
from (21) e'W, + e*W,, || + €*[§]W =0, that is

W€ + €' |EW, + +e* [EPW = 0.



This is the Bessel equation:
W, + W, + 72W =0 (23)

If Jo(7) and Yy (7) are linearly independent solutions to the Bessel equation, then according
to (28) page 91 [1], v.2,
2
W(Jo(7), Yo(1)) = — .
T
Hence, the fundamental system for the equation of (21) can be written in the form

Vit D) = Jo(e'l€D (Vi (1€ = Yo (1€) + Yo(e'|ED (T (1€]) = i (I€])
’ (T (lgh) = Sl Yo(lg) + JoClD (Ya(lgl) = Y= (lEh))
25 (I1€) Jo(e'€]) = 2o (I€1) Yo(e"[£])

(T-1(1€1) = T (1€N)Yo(l€D) + Jo (1) (Va(1€]) — Y= (I€D) -

Here we used, that Jj(z) = % and Yj(z) = M Due to the relations (see
(14) page 14 and (34) page 17 [1], v.2)

Jon(2) = (=1)"Ja(2),  Yon(2) = (=1)"Ya(2),

Va(t, lE]) =

we obtain
Vit ) = —wlel (B NV — Yole'lED A (leD ) (24)
Valt, ) = —wlél (ol NYo(IED) — Yole'lED Tn(leD) ) (25)

where

Vi(0) =1, V1,4(0) = 0, Vo(0) =0, Vo, (0) = 1.

Finally for the solution of the Cauchy problem (20) with ug,u; € C§° we obtain the next
main representation formulas

u(e,t) = F, H(Valt, [6) F (o) (€) + Valt, [N F () (6)) (26)

u(e,t) = F (= mlel (Tl leDYilleD = Yo(e'leD (gD ) ) F (o) (€)
+ (= el (Bl eDValle) - Vale'leD AleD) ) Faun)(©)} . (27

For the derivative we obtain

w(, )
_ _ﬂ€t|§|2]_—p—1{ <<J1(€t|f|)2— J1(6t|f|)yl(|§|) _ Y1(€t|f|)2_ Y1(6t|f|)J1(|§|)))
< ()€
(A ) - D R ) )y 6
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that is
uet) = welePF { (A(EEDYAED — V(e lED A (D) F o) €)
+ (R(EDYaleh — Vi@ ED D) Fu @) (28)

For the Bessel functions appearing in the above representation there is a formula (9)
Sec. 6.9.1 [1] :

1 T\Y . 1
) = e (5) e (5 + w1+ 2w;2i),
(x) NOFSIAY e 5 T 1+ 2v 2
1 v) i(vr—z) 1 ; i(z—vm) 1 )
Y,(z) = ——\/_(2x) e’ \If<§+1/,1+21/; 2zx> +e \II(§+1/,1+21/;—2m) :
T

We apply these formulas for x > 0 only.

The pair of functions ® and ¥ is not a pair of amplitude functions.
Further, for 0 < argz < 7, z = 2ix, ¢ =sign z, we can write (see [3] pp.184-192)

r r
e *2d(a;¢;2) = %ezmﬂlr(a; ¢ z) + ﬁez/”{(a; cz),
where
—im(c—a) 1
€ a—c
H—I— (CL, G Z) = eit(c—a) _ p—im(c—a) F(C _ a) “
(0_|_) C a—1
X / e t¢emat (1 — —) d¢ (0 < argz <), (29)
o z
1 1
H, . — _ _ —a
((Z, G Z) eita _ p—ima F(a) “
(0+) C c—a—1
X / eS¢t (1 + —> d¢ (0 <argz <m). (30)
~ z
Hence
. 1 I'1t+2 : 1
e*”“’q)(? + v, 1+ 2v; 2ix> = %e”[ﬂr(a + v; 1+ 2v; 2ix)
rl+2v) _, 1 :
T H (L4 202
F(%+y)e (2+l/, + 2uv; 2ix)
while

Ula;e;2) = e " H_(a;¢,2), W(ec—aze;—z2) = VH (a;¢2),
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1 . |
\IJ(— Fu 142 2@':1:) = TGP (C 4y 4 20 2in)

2 2
1 .1 1
\11(5 + v, 14 2v; —2ix> = 62”(5+”)H+(§ + ;14 2v; 2ix) .
Finally
1 z\v [T(1+2v) , 1
J(z) = 7<—) TV g (= i1 4 20 2i
(z) oD 9 {F(%+1/)6 +(2+1/ + 2v; 2ix)
r+2v) 1
——e ""H_(= i1+ 2v;2¢ 31
F(%—l—u)e (2+1/, + 2u; w:)}, (31)
1 v) i(vr—z) —ie(2+v)m 1 .
Y,(z) = —ﬁ(h’) e e "2 H,(§+y;1+2y;2m)
. 1 1
+ e“ﬂﬁ—”)em@”)lﬂu(5 + ;14 20, Qix)} . (32)
It follows
1 . 1 1 ot 1
t —  _— ietlg] S 9.t = —iet|g] So1.9.,t
TEED = e (531520l + e (5152l
1 i(m— —ie(3) 3 . ) —7) _dem(2 3 .
il = —o2le{ e et Ggie + e, i)}
L ielgr (3.5.9 U e (3.5.9
TllE) = 2Ael—ze (G 2le]) + el e MH (5321l
1 —ie —ielr 1 . ie iewd 1 .
Yo(e'lel) = —ﬁ{e lelgies H—(§;1;226t|f|)+6 Iele 2H+(§§1;2Z€t|§|)},
so that
1 1. 1 1.
R(e) = e (5 1:2ie€)) + e CH(5:1:2iee),

il = milel{ e i3 2ilel - e iz ileh |

Rl = 2leloze® HL G5i3:2ik]) + 2ielgze A (5302116

2
t 1 . —iet\f\ 1 -t iet|§| 1 -t
Yo(e'l¢]) = 7\° H—(§§ 1;2ie’[¢]) — e H+(§§ 1; 26e"[€]) ¢

We put these expressions in
rlél (Jole'€)Vi(l€]) — Yalel€l) (1€ )
= ilep{ et (i + (i1t}
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. 3. 3. 91lel)
1 3 g — el‘E‘H+(_;3a27“|€ }
><2{e_15H_(§,3a 21[¢]) 9
1 "
iet|€| —:1; 2ie |f|)}
—iet¢| gy (1;1;2iet|€|) — € H+(2
S o 3 . .. +e—i|5|H(§;3;2i|f|)}}
X2{6i|f|H+(§;3;22|5|) 2
3 .
Ly gietlene e (3. 3. 24)¢))
iet |¢| —:1; 21e |§|)6 9
2i|§|2{e SH. (5 3 |)
. il€] —; 3; 21|&
eiet\g\HJr(l;l;thKDe 3 H+(2, |
2 et eI (21 3:2il¢])
+e—ief\£\H_(§; 1;2ie'[€))e 9
3 .
. WL (253, 2i)€])
—ietlé| b (1;1;226t|§|)e|§H+(2,
- 7 12 e el B (§;3;2i|§|)
e—iet|§|H7(§;1;2Z6 1€])e +5
_ ; |
: —EH_(2;3;2il¢])
—iet|f|H (1;1;226t|§|)6 H—(2
- _12 etV ellel 7 (§;3;2i|€|)
+eiet'§'H+(§;1;2w [€N)e™ H (3
Ly gietlenee i (2.3 2i|€|)}
+ez’et|£|H+(§; 1;2ie"|€))e 2
i(et—1)¢| 1'1'2i6t|f|)H(g;3; 24[¢])
2z'|£|2{62(6 Hi(5i ; \
- =535 26|
i(e" +1)IEl (1;1;2zet|§|)H+(2a |
—e + 21 3322|€|)
n 7i(et+1)\§\H7(§;1;2i6t|€|)H7(§7 ;
‘ 3 .
; 5335 2i[€])
—i(et—l)fH(%;1;2Z6t|5|)H+(2’ |
- 3. .
. Z.3.9; €|)
_i(et_1>|5|H_(%;1;2zet|€|)H+(2,3’ |
—e 3 ’
: =335 2il€])
ei(et+1)|§|H(%;1;226t|f|)H(2’ |
_ \ |
| 3. 5:2i)
i(ef+1)£H+(1;1;2@et|€|)H+(2’3’ |
- . > 3:21l¢) )
. _. , 12
+€i(et1)§H+(%;1;2Z6t|5|)H(21
3 .
Lo H_(=;3:2il¢])
i =Dl (= 1; 2iet|€]) 5
tileP{ e

3 .
. . -27/ €|)}
ei(et1)§H_(%;1;22€t|€|)H+(2;3a |



Thus
rlél (Jolel€NVi(l€]) — Yo(ell) (1€

; i(et— 1 . 3 .
= gt (G ni2ie e G320

i 1 3
— TV ( 15 24 |€ ) HLy (553 2ilg))
We obtained the main representation formula.

Lemma 1 The solution of the Cauchy problem (2) for the function uy = 0 is given by

1 2 gimer@-niel g (L gt 3. 5.0
se H, (=;1;2 H (=;3;2
o [ lP{e (st H (32l

u(z,t) = —i

el (i) HL 3 2i|£|)}ﬂo(£)d5- (33)

For the derivative we set u; = 0 in (28):

wlw,t) = welePE M (RlEDYile) = Vil lED (€ ) Fluo)©)

Then we use (31) and (32) to obtain
t : 3 , 3
niee) = S e, Goanietg) + e Ginsziee) |

. 3 , 3
nieh = ELdetem, Canie + e Ginzien},

1 ; 3 ; 3
vi(e'lel) = iﬁwlfl{e‘“tfH_(§;3;2z'etlfl>—e“t'f'H+(5;3;2z'etlfl)},

Vil = io2lel]e A Gisilel - L Giie
Thus
u(z, 1)
= e e (et Grasziee) + 9 i vs2iei) )
i 2ol e (3:2l€]) — e, (G320 )

1 _ 3 . 3
—iﬁ%qﬂ{ewtlg'ﬂ'(}& 2icle]) — ¢IH, ;35 2ief]€]) |

X%{eifm(g; 3: 2i[¢]) + e""f'H_(g; 3; 2i|§|)}>f(uo)(5)}
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1 et _1 4 iet 3 Y —iet 3 L9,
— T tﬁ% {Ifl ({6 S (33 2ie'€]) + eI (5 3020 |

e
{6 elelpr
{

320le]) - ML 320k |

- 3
. 3;2iet|¢]) — e '5'H+(§; 3; 2ietlfl)}

A N|0~7
[\300

R
o Gaaie) + G} ) F o)
et ¢ 3 ' 5
‘ oot 4 Ze‘g‘H 2.3.9¢! 72|§|H, Z:3-9
2\/_ 71'6\/_ {|5| ( +(2’  2ie[€])e (2’ 2ilED
L 3. : 3.0
+ e—le ‘ﬂH_(E’ 3’ 22€t|€|)€—l|f|H_(§’ 3; 2Z|§|)
_ 3 . 3
_elet|§|H+(§;3; 2i6t|£|)el\§‘H+(§;3;2i|f|)
- 3 : 3
_eTle ‘E‘H,(i;3;2i€t|§|)62|£|H+(§;3; 2Z|£|)
. 3 : 3
—e T RUH_ (3 3; 2ief|¢])e" L (51 3 2i¢ )
. 3 : 3
1 eie |§|H+(§; 3; 2iet|f|)62|§|H+(§§ 3; 22|§|)
. 3 : 3
_e—zef\f\H_(§;3;2z'et|§|)e‘”f‘H_(§;3;2i|§|)
. 3 . i 3 ;
g |5|H+(§; 3; 2ie’|¢])e "5‘H,(§; 3; 2Z|5|)>}—(U0)(5)}
1 e’
_ —2 t_ 4 e _1 |£|
Z\/7_r me \/7_1' {|€| (
| 3 | 3 ' 3 . 3 .
times [H+(§53;226t|f|)H7(§;3; 2d[¢]) + HJ“(?S; 2Z6t|£|)H7(§;3; 2Z|£|)]
o 3 | 3 - 3 . 3 .
—eTeme [H_(§§ 3; 2Z€t|§|)H+(§; 35 24|¢|) + H_(§; 3; 2zet|§|)H+(§; 3; 2Z|§|)]>]—"(UO)(€)} :
Finally

ug(z, 1)

= 2i62tfp1{ <
ei(et1)5|§|4[H+(g

Ol [ (3185 2ie ) (53 3: 20€]) + H- (5 3; 2 €]) L (33 3: 2161
)}
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or

u(z,t) = die”|¢]"

et 3 ) 3 )
/ <€z[ E4(et 1>|£HH+(§;3; 2ie! |€))H_(=; 3; 2i|€))
R’n

(2m)m 2

- N (32t (G532l () de. - (34)

Case up = 0 can be handled in the similar way.
Our consideration of the last representation will be different for the following two sets
Tt = {(LOIIEI < 1,EERY, Ty o= {(LE)]€lE] > 1,€ € R,

will be called pseudodifferential zone and hyperbolic zone, respectively.

2 Consideration in the pseudodifferential
zone: e'l¢| <1

We need the asymptotic behaviour of the symbols

Vit I = —mlél (Jo(e'lEDVilleD = V(e lEDleD)
Vat, lel) = —wlel (Jole! IEDYo(lE) — Yo(e'le Jo(l€) )

of the operators at zero. In a neighbourhood of the origin we have

h(el) = Zi(@)m T

2 miT(m +2) \ 2 2
wieh = 3 s (8 = e o0, e,
vided = 2 [y (4] e + v,
v = Zagemld L) >y () et )
= 2l K ogepm L (@) - L) + v + (e,

Here the function ¢ is the digamma function (psi function of Gauss): 1(z) :=I'(2)/T'(z2).
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From now on we consider the problem with u; = 0, since the general case can be
obtained by means of an evident modification. Thus the representation formula (26)
leads to

n

ule, 1) = (27) " / EEV (8, €D (€) dé

Let us choose a function 1 € C*°(R") satisfying (&) = 0 for €] < 1/2, ¢(§) =1 for
€] > 3/4 and 0 < ¢(&) < 1. Further, we write

wat) = o [ e UV Iiole) de

1 1x- t R
- (2m)n /Rne SP(eEN VAL, [€])aio(€) dE .

Proposition 1 Let us consider Fourier multipliers depending on the parameter
t € [0,00), which are defined by

F7 (0= o(eleD) Vit [ED P (o) €)) - wo € G (RY).

Then we have the decay estimate

| (0 = wehvate leblel Fu)©) |, . < 0G0 fug] oo

Lq(R™)
- 1,1 11
provided that r > 0, 1 <p < 2, 5—1-5_1, 2T<n(5_5)'
Proof. For a given uy € C§°(R™) consider

Iy = ||F~" (1 = (e |€)VAlt, [EDIE] > F (ug) (€)) Hqu(R") : (3)

Using the transformations £ = K(t)n and z = K(t)z with K(t) := e *, we obtain that
IO is
q

K (t) nqg—2rq—n

FH (1= sVt K(em)lnl > F(u) (K (£)n))

Lq(R™)

Now let us choose a function x = x(n) € C§°(R"), where y =1 for |n| <1 and x =0
for |n| > 2. Then we rewrite I, as follows

q

Kty | P (1= () Valt, ) F(uo) (K ()

Lq(R™)

where

Vi(t,m) == x(m)lnl > Vi (8, K (1)) -
The point (¢, K(t)n) with n € supp (1—1) belongs to Z,q since e'| K (¢)n| < 1. Therefore
Vit K@) = —aK Ol (JanDYi (K Olal) - Yol A (KOl

12



implies in the pseudodifferential zone

Vit [E(8)n])]
= 7K(0)n|

| (i)

X(zJ (1< (o)l L <K(t2>|n|>1
——Z ( )Inl)l”l (l+l!2()lizf)(!l+1)>

_<W [ w1 (180) |l + o)) 1)

— Kbl
X;Joumw iy KLy (KT

-l 3oy (K ') ”*ﬁ&jﬁﬂ””

=0

=2l [+ ()] wad + xwlapodar
= Tl

—%Jo(lnl)Z( 1) ( ()n |> v(I+2)+9(+1)

|
- I+ 1)!

2R )i — 2ROl D 1

= TK(t)[n]
- t%Jo(lnl)J1(K(t)|77|) - lJo(|77|) ( 5

Lol oy (R A )

=0

X

2oL (KOl o)) + 1 (KOO (P

= AR~ (402 2D A ~ i) (

13

|2 A ) 1 2+ 2 ()3 (KOl 1 K0~ Ll (

(®)lhO(nl*)




Ll oy (R A L o).

2 2 Nl +1)!

Thus,
| Vi, [K(6)n]) |

= AR~ -+ 020D AR Ol - Zada) (1

— Ly Sy (KGRI D L whol)|-

— 2 IN(l+1)!

It follows the estimate

Vit K e | *
— Inl‘— -+ 02 np) - - (K9M)

2
——Z (% >|77')1”l RS yrumerTe
- WK(t)Inl‘— (42 K01 (KOl
_%g(_l)l (@)“Qlwi?&i% +1) ()|n| olln?)
< nk (ke + KON, L (KO
< C,

because of the estimate K (¢)|n| < e ' in pseudodifferential zone. Therefore for the func-
tion

Vi(t,n) = x(m)|n| Vit K (t)n)

we have the estimate

Vitn)| < Clnl ™ forall (t,n) € [0,00) x (R* \ {0}) .

Thus for the integral I of (35) we can write

q

dz .

/‘/ 11— () Vi (¢, m) F (o) (K (£)17) dn
Hence,

11 = K@ 5 | P (= ) Vactm) ) = P~ (Fuo) (K (6)n)

Lq(R™)
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Now let us denote
S S (RO
Then for the Fourier transform F(T}) of this function we have
meas {n : |F(T})| >1} < meas {n: Cln| > >1}

= meas {n:|n| < Cl’i}
< Cl .

Due to Theorem 1.11 [4] we have F(T;) € M) for all n(% - %) > 2r, where M]
denotes the set of the Fourier transforms F(T') of the distributions 7" € LJ. Here LJ
denotes the space of distributions 7" € &' such that

T * ul| &y < Cllullz,@ny, ueS,

where the constant C' is independent of u. Hence T; € L} and

- Y z
|es P (PR @OW)|, < GEG) m(m) -
= C,K ()7 |lug for all ¢ € 0,00).
Lp(R™)
Thus we have proved
I&/q S CK(t)n 21"7%7 +n||U0||Lp R")

—2r

IN

CK (1)
C’e( n(5-

||U0||Lp (R™)

)-
)

‘t}l»—t ‘t}l»—t
.Qp_‘ le—t

IN

o1 1, )

for all » > 0 such that n(z—l) - %) > 2r. The proposition is proved. |

3 Consideration in the hyperbolic zone: ¢'|¢| > 1

We remind the decomposition

1 1T t
u(z,t) = 2n)" /Rne (1= e EN)Vat, €] (8) dé

1 .
(€ VAt €]) o (€) d
e L TR Do) de
In this section we are interested in the second summand
1 - .
oant) = e [ Ve (€
(2m) et|g|>1/2

= — Gixf Gt ™ 0 et 1 — Xy et 1 ﬁ,o
= T D (I (DY) ~ olellED A D) (e

15



that have the integrand with the support contained in the hyperbolic zone. We separate
two cases: |£| > 1/2 and |{] < 1/2.

From (33) it follows the main representation formula:

v(x,t)
_ / w(6t|§|)|§|2{e”"’“"“(et1"§”H+(1;1;2i6t|§|)H(§;3;2i|§|)
(2m)" Jerjei>1/2 2 2

. 1
— @A 2z'et|s|)H+(§; 3; 2i|§|)}ﬁo(§)d€

Asymptotic at infinity: Furthermore, we have (see [19], formula (2.4))
H, (a;c;2) ~ 2°7¢ (1 +> %Mz’k) (0 < argz < ),

. (36)
H_(a;c;z) ~ (e ™2) @ (1 + Z,il(—l)kw,z*ﬂ (0 < argz < )

as |z| = oo, where (a)r =a(a+1)...(a+k—1).

Asymptotic at zero: The behaviour of ¥(a,1;z) for small |z| (see [1], subsection
6.7.1, formula (13))

W(a, 1; 2) = —ﬁ[lnzjwb(a) — 2 +o(|zIn 2]). (37)

The constant ¢ is Euler’s constant (a positive number belonging to the interval (0,1)),
and ¢ is the digamma function (psi function of Gauss): 1(z) :=I'(2)/T'(2).
The behaviour of ¥(a,c; z) differs from the prevoius one:

[c—1
1—CM+O(|logz|) when Rec>1,

U(a,c;2) =z o)

for small z.
It follows

H_(a;¢;2) = €“(a;¢;2),

Ho(a:62) = 7T - 036 -2),

. . 1
H_(a;1;2) = € V(a;1;2) = —e’g‘”m [lnz +(a) — 2¢] + o|z1n z]),
a
Hi(a;1;2) = ™0 DY(1 —a;1;—2)

: 1
_ tem(a—1)
= —e Ti—a) lnz+ (1 —a)—2c+o(zlnz|),

. , I'c—1

H_ (a’ c; Z) = ezgaﬂ—\lj(a; c; Z) = ezgaﬂzl—c% + O(| IOg Z|) when Rec>1 ,
a

Hy(a;c;2) = €90 (¢ —a;¢;—2)

T(e—1)

['(c—a)

_ ez’mr(a—c)(_z)l—c + O(|log(—z)]) when Rec>1,

16



for small z.
The following inequalities are very useful estimates for the derivatives of H_.:
|08 Hy (a;;2i€)| < Caeal€)®7,
‘858?H+(a; c; 2iet|§|)‘ < Ca,c,a,k<et§>“707|a‘*kekt,
08 H(a3¢;20[€])] < Cagal€) * 1
|658§‘H,(a; ¢; 2iet|E])] < Cuean(el€) o lolkekt
The functions H, and H_ are symbols, since the last estimates.

Proposition 2 Let us consider Fourier multipliers depending on the parameter
t € [0,00), which are defined by

P (e DI VAl [EDF(u) (€)) w0 € CR(R).
Then we have the decay estimate

|7 (wteenvace eniel > Puo)(©)|

< Ce 2= jug |1,
Ly(®")

- 1,11 n1(1_1 11
provided that r >0, 1 <p <2, -+, =1, %5 (p q)§2r<n(p q).

Proof. We generalize the proof of [9] to Fourier multipliers depending on a param-
eter. We have to estimate

[P (et ehate. Ol P @) |, (42)
where ] 5
a(t,€) = € H (5313 2ielJE H (533 2] (43)

is a symbol od order zero.
Furthermore, we choose a non-negative function ¢ = ¢(§) having compact support in

(EER":1/2 < [€] < 2). We set 64(€) := (2 *€) while go(€) := 1 — Iﬁ 64 (£). One can
=1
find (see [2]) the function ¢ in such a way that supp ¢y C {£ € R" : |£| < 2} and that

o0

L= 62%), ¢#0.

k=—00

This partition of unity allows to write

(el alr, e P o) ©) |
< |[F (e el e dolef e alt, &) F (un) (©))

Lq(R™)

#3074 hot a0l F)©)

Ly(R")

17



Similar to the consideration in Z,,(ty) we get

| P (e =Ml et aole! €I alt, ) F(uo) (€) )
e fug| |1 ey -

Lq(R™)

IN

Thus we can restrict ouselves to consideration of the integrals of the form

[P (et eoelelatt, ] Fluo)©) "

Lq(R™)

with %k € N, where a(t,€) is given by (43).

a) L1 (R") = Lo (R™) continuity: To estimate

T 1= || P~ (e Dkl et e g (2" e! € alt, )€1 F () (€) ) e

we set e/é = 2Fn (that is € = e7*2%n). We are going to apply Lemma 3 [2]. For this
reason we start with inequality

IN

=

sup
TER™

sup e
TeR™

sup e
TER™

C2k(n—

1 (ei(effl)\ﬁ\w(eqﬂ)¢(2*ket|§|)a(t, £) |§|72r)

‘Lm(R”)

[ et (e et lghate ekl *)dg
[ e (e g e 2l |
/ et (el il 28y ) a(t, e 2 ) | ) )

2rt2—2rk€—nt2nk

2rt272rkefnt2nk

Let us denote

then

2r)€—t(n—2r) F—l <€ i(et—1)e tQk‘n|¢(2k|n|) (|77|)a(t, e—t2k77)|77|—2r> ‘ ( )
Lo (R™
vk(n) == d(n (2" n)alt,e™"2"n),  suppuvy C {1/2 < |n| < 2},
F~ ( et—l _tQk‘Tﬂ 2k t, —t2k —21‘)
| Y )o(aalt, )l ) ||

— F* < i2k(1—e=t)|n||,.|—2r )H )
H ¢ n| " vk (n) L

According to an evident modification of Lemma 3 [2] we have

HF“(6"2’““‘8‘”'"‘|n|—%k(n>)

<CO(L+2M1—e ) Z‘

la|<n

Lo (R™)

D; (Inl e (n)) |

Li(Rn)

18



On the other hand it holds for k£ > 1

Df; <|77|72rvk (77)) = Z %C;' (Df;l |77|72r¢(77)> (2k67t)|a2\ (Dgza) (t, 2ke—tn) .
a1+az=a

D5 (1nuw) = 32 S (Dy i omvetn) (Dyat,e'2).

altas=a

Therefore consider Dg?a(t,e *2%n) for n € R* such that 1/2 < || < 2. According to
(43) we have
Case [£| > 1/2: In this case

: _ a (| — 1 - 3 G
Da(te2tn)| = | Dg (e 2l (3 1520t 2 H(5:3:21le 12 0)))|
1 3
< D (le 2P HL (3 152028 ) - (33:2ie 25 )|
S Ceft/2
D5 (Inl #oem)| < cer2.

Case Le=%/? < |¢| = e7'2F|p| < 1/2: In this case

1 3
Dialt,e )| = | Dy (le 20 HL (53 15 2ie e 2 ) (553 20l 2] |

IN

as (1. — 1 : 3 -
D5 (le™128 0 H (5513 2024 nl) H- (53 3: 2ie 2] )|
S Ceft/2
D5 (Il ue(m)| < cent2.

Case le7! < |¢] = e7'2|n| < fe7*/?: In this case

Dgza(t e )| = |Dg(le 2 nlHL (51 1520t le 2 ) H (32320l 2))]
< |y (12 nP B G s 200 H 32024 )|
< Ce'l?,
‘Dﬁ“(lnlﬁ’“vk(n))‘ < Ce'?
Finally
HF—l(€i2k(176_t)|77\|n|f2rvk(n)> - < Cetl2ok 5t (45)

Therefore we obtain

N (ei(et—l)\%(eqﬂ)¢(2—’“et|5|)a(t, S)ISI_QTF(UU)(5)> [

< Ce—t/22k(n—2r)e—t(n—Qr)2—k”T_1 ||U0||L1(R") .
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b) Ly(R") — Lo(R™) continuity: To estimate Lo-norms we apply Lemma 3 [2]. To this
end we take into consideration

e DRl (et ) g (2 et € alt, ) |€]

Loo(R™)
< sup alt, &)I€17
2k—1<et|g|<2hH1
1 3
< 9ro-2kraur sup |5|2H+(§;1;2iet|f|)H7(§;3; 21|5|)‘

Qk—le—t§|£|§2k+le—t

2ro—2kr 2r—1 v —1/2
< 9o 2hrAr=lip=t/2

where we have used (39),(40). Hence,

[P (e et ot e ealt, ) el Pua)@)) ||,

< Cre—t/22—2kr€2tr ||u0 HLz(Rn) . (46)

¢) Interpolation argument: Using the estimates from a) and b) an interpolation argu-

. . 1 1
ment yields the decay estimates (here § = 5 — 3)

— (et — — —
| (e Dl et € )p 2 e g at, £) 6] F (o) (6) ) g,y
< Ce—t/?(2k(n—2r)e—t(n—2r)2—k"7_1)26(22r2—2kr62tr—1)1—26||u0||L &)
— P
< Ce—t/2226kn—46kr—26k”7_1 22r—46r—2kr+4kr6€—26tn+46tr+2tr—1—4tr5—|—26 ||U0||LP(R“)

—t/2020k 2L 4-2r—46r—2kr —20tn+2tr—1426
SCB /2 2 (& ||u0||Lp(RTL)

- 1,1 _1 n-l¢1l_ 1 1_1
prov1dedthat1<p§2,5+E_1,T(5—E)§2r<n(5__)_

The application of Lemma 2 [2] completes the proof of the proposition. OJ

n+1

Proof of the Theorem 1. Finally we apply Proposition 1 with 2r = *3 (l

1) =
P g

N [—

and Proposition 2 with 2r = 2+ (% - %) to obtain the estimate (17).

Let us now consider Vu and u;. For u; = 0 we have from (27) and (28)

Vu(e,t) = ;' (= &rlel (Tl EDVillED = Yo(e lED I (1)) Fuo)©))  (47)

and

wi(, ) = F, " (wlele! (A (DY) = Vale'leD A1) Fluo) ©)) , (48)
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respectively. The estimate for (47) follows immediately from Proposition 2, while for (48)
we use more convenient representation (34):

1
(2m)"

: 3 3
ug(z,t) = die” /R <62[‘T'§+(et1)|§H|f|4H+(§;3;2iet|§|)H—(§;3;2i|f|)

. ‘ 3 3
— eI (2535 2ie! €))L (553, 2i|£|)>ao(5) 3

Thus we have to estimate function

1
(2m)"

4ie?

¢ 3 3
[ (e vy (WSDKPTA(Q 3:2ic! e (1 3: 2
. 3 : .
R G [ ( 35 20! |€ ) oy (553 2z|s|)>uo(5) 3
It is sufficient to consider the integrals of the form

[ (e =meueelote, )il Flua) ) | (49)

Lq(R™)
where 3 3
b(t, &) = [€I" Ho (53 3; 2ie' | H- (353 3; 2i[¢]) (50)
A verbal repetition of the proof of Proposition 2 leads to

Proposition 3 Let us consider Fourier multipliers depending on the parameter
t € [0,00), which are defined by

Foo (e Dyl Dbt )] Fluo)(€)) , o € C3(R™).

Then we have the decay estimate

[ (et ighot, el Fuo)©))

1

—n l—_ l
< G0 g o

Lq(R™)

: L1 _q n1(1_1 11
provided that r >0, 1 <p <2, -+ =1, %3 (p q)§2r<n(p q).

We left the remaining details of the proof to the reader.
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