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1 Introduction

Gustav Kirchhoff in 1883 [12] Chap. 29, §7, proposed the equation

s w’+1/l o€ 2d 92
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E 0t? I 1), \Os ds?’
which describes the transversal oscillations of a stretched string. Here p, F, W', [ are positive.
Kirchhoff equation is hyperbolic, quasilinear, and nonlocal at the same time. The main
reason why, in spite of evident physical advantages Kirchhoff equation is not as popular as

string’s equation, is the lack of a mathematical justification of the existence and uniqueness of
the solution in the various classes of functions as well as qualitative study of these solutions.



The Cauchy problem for the following equation, usually also called Kirchhoff equation,

o — (/P |Vu(t,x)|2dx> Ayu=0, (1.1)

with ¢ = ¢(z) Lipschitz continuous positive function, while P can be R” or some subdomain
of it, and A, is a Laplacian in R}, was studied by many authors. For the local solvability in
appropriate Sobolev spaces see papers by R.W. Dickey [9], P. Menzala [16], R. Rodriguez [21],
L.A. Medeiros [15], A. Arosio [1], R. Racke [19]. In 1940 S. Bernstein [4] proved the global
solvability in the Cauchy problem, assuming that the initial data are 2m-periodic analytic
functions on R. Then this result was extended to the case n > 1 by S. Pohozaev [18], and
for weakly hyperbolic equations by P. D’Ancona and S. Spagnolo [6]. The existence of the
global analytic solutions u(t,-) € L*(R?) of the degenerate Kirchhoff equation is proved by
K. Kajitani and K. Yamaguti [11]. The nesessity of the hyperbolicity for the Kirchhoff-type
equations and systems for the Cauchy problem to be well-posed is proved in [23].

The Kirchhoff equation has not been discussed in the literature nearly as much as the
string’s equation and wave equation. Nonetheless, it has considerable advanteges and it
is important to explain these. It is perhaps surprising that some basic problems remain
unsolved for the Kirchhoff equation despite the large number of publications on the subject.
In the present paper we focus on the Geometric Optics Approximation problem only.

We will use the phrase Geometric Optics to be synonymous with the study of the short
wavelength asymptotic analysis of solutions of systems of partial differential equations.

The main purpose of the present paper is to present a method for finding small-amplitude,
high-frequency wave solutions of the Kirchhoff-type hyperbolic systems of non-local quasi-
linear partial differential equations.

From the geometric optics point of view the basic feature of the Kirchhoff equation is
a globally existing phase function. Indeed if the initial data for the phase function is a
linear function, then the eiconal equation has solution defined for all ¢ > 0. This allows to
consider semi-global weakly nonlinear geometric optics approximation, that is an approxi-
mation which is applicable for every given time-interval [0,T], T > 0. At the same time
the transport equation is R-linear and nonlocal and has solution existing in general on the
bounded interval [0, T].

2 Main result

We study the nonlinear integro-differential system on R; x R”

L(y,U,0,)U := aa—g - ZAJ‘(S@))S—Z + s (t)B(s(t))U =0, (2.1)

where A;(s), B(s), are N x N matrices with suitably smooth elements for s € R in a
neighbourhood of zero. The function s(t) is given by

s(t) = / < SU(t,2),T@2) > de,



where S = {s;;} is a constant self-adjoint matrix, S = S*, while
S() = / W < SOU(t, ), U(E7) > da .
R2
The justification of the choice of this form for the Kirchhoff-type system is given in [5]. For

the small data a global solution exists according to the following theorem.

Theorem 2.1 [5] Assume that system (2.1) is strictly hyperbolic and that A;(s), B(s) are
N x N matrices with C* elements in the close interval {|s| < &}, § > 0. Let us consider the
Cauchy problem

B~ A + S OBEOT =0, U(0.) = <L),

Jj=1

where Up(z) € CP(R")N and e € R. Then there exists ey = £o(Up, Aj, B) > 0 such that
problem has a unique regular solution on Ry xR?, provided that |e| < &y. Moreover, U(t,x) €
Co (Ry; C(RY))™ and

IS'(t)] < Ce*(1+|t]) ™™t forall teR

for a suitable constant C.

Our Main Result (geometric optics) is the following. We look for asymptotic solutions of
first order symmetric strictly hyperbolic system in the form

u (y) == uo(y) +Ule,y, 8(y)/e)  (y:=(t,7)), (2:2)

where ug(y) is a given solution to the equation, while U(g, y, ) is periodic in § and is given
by an asymptotic series

Ule,y,0) ~ Zerj(y, 9) as £—0, (2.3)
=1

with the leading term U (y, ¢(y)/¢). Thus, we want
L(y,u®,0)u ~ 0.

Denote by v the exact solution of

L(y,v,0)v° =0, V7 im0=u° |i=o - (2.4)
To show that the asymptotic expansion is correct amounts we prove in Theorem 4.18 that
u® ~ vt

It is clear that Theorem 2.1 is not enough to justify nonlinear geometric optics for the
system (2.1). Therefore we establish for the equation

v _ zn:Aj(s(t))a—U_ +5'()B(s(t))U = G(t, ) (2:5)
Ot _ 0z;

a result on a stability in small neighbourhood of the given solution, with respect to the
right-hand side G(t,z) and the initial data. It is needful to numerical calculations as well.

In what follows F means Fourier transform. We also use the spherical coordinates in R?,
that is £ = (p,w), with p € [0, 00).



Theorem 2.2 Assume that for functions m = WZ(:}:) and G; = Gi(t,z), i = 1,2, an
amount

> <|| Wi Nl | Wi iy ceay + 10 Wi g s /0 I G (v, ) [, ey dv

ij=1,2
+/ || Gi(ya ZL‘) ||H(1)(R§}) dl// || Gj(ylvl‘) ||H(1)(R2) dl/l) (26)
0 0
is small, depending on A;, B, and S only. Suppose also that for every l = 1,2, the quantities

max sup (1 +[¢|"™)
b wesn— L CeRrR

/ fﬁ(l)i(ﬁvW)%(l)j(p,w)eipcp"dp‘
0

+ 3 s [P

1
l1+l2<n+1 weSsn = 0

) 1/2 2
+ Z Z </ tl?’h( sup / |6f,2.7-'Gl(t,p,w)|2p"lldp> dt)
0

n—1
li+Hla+l3<n+1 h<ls wes

are sufficiently small. Here % Howr, Waye, - -, Wayn) forl=1,2.
Then there exist uniquely determined solutions W1 (t,x) and WQ(t x) to the system (2.5)
that take initial values Wi (z) and Wa(z), respectively, and that satisfy

| Wi(t, z) = Wa(t, @) [[r2mg)

< O W) - Wala) Il e +c/0°° | Gi(r.2) — Ga(r, ) || r) i
Moreover, for every given | € N one has
Wit ) = Walt, @) ey

N . t
< O () - Wala)|l g ) + C / 1G (o) — Gl ) gy I

+C | S I e+ 3 [ 16105V

1=1,2 1=1,2
{H Wi () — Wa(z) [Fze:a) +/0 | Gi(7,2) — Go(7, @) || 1y ) dT] :

provided that right-hand side is finite.

3 Construction of the asymptotic solutions

3.1 Derivation of the equations for the profiles

We consider

Ly, U000 =Y Zn:Aj(s(t, U))S—U +§'(t, U)B(s(t,U))U =0, (3.1)

T



where A;(s) = Aji(s), are N x N matrices with suitably smooth elements for s € R in a
neighbourhood of 0; the function s(t) is given by

s(t,U):/ < SUt2), T > de, S=5".

We seek formal solutions of (3.1) with expansions of the form

ule,y) = uo(y) + Y _ Uiy, ¢(y)/2) = uo(y) + Ule, y,0)

j=1

where ug(y) is a given solution to the equation, while U(g, y,#) is periodic in § and is given
by an asymptotic series

oo

Ule,y,0 Zs’U y,0), Ui(y,0) = > aj(n,y)e™.

n=-—oo

The fact that the Uy = uo(y) term does not depend on f means that we are studying Weakly
Nonlinear Geometric Optics. The principal term asymptotics is given by the U;(y, ¢(y)/e)
term. Then we can write

s(t,u) = s(t,ug) + & +°E + O(e),

where
s(t, up) ::/ < Sug(t,x), uo(t,z) > dz,

& ::/ 2R < Sug(t, z),a1(0,t, ) > dz,

Ey = {/ 2R < Sup(t, x),a2(0,t, ) > do + Z / 2 < Say(n,t,x),a1(n,t,x) > d:r}.

Then we consider the derivative of the function s(¢,U),
s'(tyu) = s'(t,ug) + & + 265 + O(e%),
where

sH(t, up) == / 2R < SOyug(t, z), up(t, z) > dx = §'(t, ug),

£l ::/ 2R < Soyug(t, x), a:(0,t,2) > dx +/ 2R < S(@tal(O,t, x)),uo(t, x) > dx,

n
x

& ::/ 2R < SO (t, ), a2(0,t,2) > dx +/ 2R < S(@tag(O,t, x)),uo(t, x) > dx

n
T

+ Z/ 2R < Soa1(n,t, x),a1(n,t,x) > dz.

n=—oo



Expansion is plugged into equation:

% <u0(t, z) + io: 'U;(t, x, 6(t, Wf))

_ZA ( (t,ug) + & + 2,4+ Ofe ))%(uo(t,x)+Zngj(t,x,¢(t,x)/e)>
+(s (t,ug) + & + 265 + 0(53)>

B (s(t, wp) + & + 6265 + 0(53)) <u0(t, z) + f: U, (t, z, b(t, 7) /5)>

j=1

o0
Z iy, o(t,z)/e) ~ 0. (3.2)
The term “independent” of e, that is a coefficient of £°, leads to the first equation

{a¢(t - ZA 80 t UO))6¢8(ZL’J )} 88%1 (t,x, ¢(t,$)/€) =0

or
qu(t x) 0p(t,z) | oUy
—— A (so(t,up)) (t,2,0) =0. (3.3)
Therefore in the terms of the eigenvalues A, ( ng < Sug(t, z),uo(t, z) > dx, %‘i’l‘ﬂ ey %ﬁ’f)),

j=1,..., N, of matrix Z;’:l A;(so(t, uo))% , the last equation implies
J

o (t, - 20, -
¢(6tt o )\j(/g < Suo(t, z), uo(t, z) > dx, ¢6(§;1x) e %Eif)) —0

For every given j there is a globally existing one-parameter family of phase functions

t
ot ) =z - §+/ (S(T o), 5)d7, £ER".
0
By means of the operator Ly (so(t, u), 0y,) defined by

0

d
Ly (so(t, uo), ) = = ZA (0t u0)) 5~
J

one can write equation (3.3) as follows

0
20

This hint at the study the action of the operator L;(y, d¢(y))dy on periodic functions of 6.
The action of this operator is revealed by expanding in Fourier series in . For

Z V znG

n=—oo

Uy € ker Ly (so(t, uo), dod(y)) =5

6



Vb is the nonoscillating contribution, and V' — Vj the rapidly oscillating part. Direct compu-
tation yields

oo

Ly (so(t, ug),dqﬁ(y))%‘/(y,@) =1 Z nLq(so(t, ug),dqﬁ(y))Vn(y)eme.

n=—oo

The kernel consists of functions such that for n # 0 V, takes values in the kernel of
Ly (y,do(y)). Equivalently,

T(Y)Valy) = Valy)  for n#0.

Here m(y) is the projection on the kernel of L;(y,d¢(y)). Define a projection operator E on
Fourier series by

EV(y,0) :=Vo+ >_7(y)Valy)e™. (3.4)
n#0

For each y, E acts as an orthogonal projection in L?(S'). One has

{ ZA( tu0>aj(t )};E E{ ZA( tuo)ai(t,x)}%.

J

Equation (3.3) is equivalent to
EU, =U,, (3.5)
that is, U; belongs to the subspace onto which E projects.

A second equation is

{ ZA( g )gi(t a:)}%(t,x,ﬁ)

—i—{% — ;Aj (S(t, u0)> %

J

—(/Rn2§}?<5’u0(t,x) m>dx>(iz4l( t,up ) af (t, ﬁ))aa(él(t z,0)

J

}Ul(t,:r, 0)

([ 20 < w000 > ) iA'( () Gos(0.2)

+4'(t, uO)B<s(t, uo)) Ui (t,z,0) + 513(8(15, u0)>u0(t, 7)

+5(t, uo)ElB'(s(t, uo))ug(t, 7) =0, (3.6)

or equivalently,

({ ZA ( (t, ug )%}Ul(t,x,e)

—(/n2§R<Su0(t,x)m>d:c>(ZA'( )gfj(t a:))%(t,x,ﬁ)



_(/n2§R<Su0(t x)m>dx>i/1’< tuo))ng(t )
+5(t, uO)B<s(t, uo)) U (t,z,8) + 513(3(15, u0)>u0(t, 7)
+5(t, uo)ElB'(s(t, uo))ug(t, :r)) ~0. (3.7)

Applying (I — E)L(y, 9,) to (3.5) yields
(I —E)L(y,8,)(I —E)U; = 0.

Adding these last two equations yields

9 }EUl(t z,0)

(I —E)L(y,d,)(I — EU1+E{ ZA( tug) —
+E< _ (/ 2R < Sug(t, ), (0, ,2) > dr (iA; (stt uo))g—i(t ) aagEUl(t 2,0)

([ 20 < Sutt.) i 00.) > o) ZA; (st 0)) 2221

J

45 (t,u0) B (s(t, uo))EU1 (t,2,0) + £ B (s(t, uo))uo(t, 7)

+5'(t, ug)ElB'(s(t,u0)>ug(t, :1:)) =0, (3.8)

where

1 2T
01 (0,1, 7) = %/ U, (t, 7, 0)d0 .
0

One can rewrite (3.8) as follows

n

(1= )L 0)(1 - B): + B 57~ 3 4y (s(t.u0)) 5

i=1 J

}EUl(t,x,H)
+E{ . (/ OR < Sup(t, ), % /%Wde > dx)
(ZA’( (t, uo )gjj 0 ));Em(t 20)

_(/n2%<5u0(t,x),%/02 Wd9>dx)ZA'( , 0))2—2@,@

+5'(t,uo) B <s(t, ug)) EU,(t,z,0) + £ B <s(t, ug)) ug(t, )

+5'(t, uo)ng'(s(t,u0)>u0(t, $)} =0. (3.9)

From now on we assume that phase function is defined for all (¢,z) € [0,T] x R*, T' < 0.
Then we will prove that this equation has solution wherever phase function is defined.



Define a linear operator
L:=) A0, (3.10)
n=0
where the coefficients are the operators
A, =(I—-E)A,(s(t,u))(I —E)+EA,(s(t,uo))E. (3.11)
The conjugate operators with respect to L*(R? x S') are A* = A . The operator
Ag:= (I —E)A(y)(I — E) + EA(y)E
is positive. Thus, operator L is hyperbolic symmetric operator. For ¢« € R* and R > 0
define the coness Q@ = Q(a,R) by Q := {(t,z) : 0 <t < R/e,|xr —a| < R — ct}. Their

sections will be denoted by Q(t) := {z : (t,x) € Q}, t € [0, R/c]. Introduce also notation
Qr =QN{0 <t <T}. The simple arguments yield the estimate for s € N

¢
H(9(0)xS1) +/ | LU(0) ||ms(0(o)x st do’) (3.12)
0

for all ¢ € [0, T]. The following linear existence theorem (see, Theorem 7.1[20]) holds.

1U@) |

sy < Cls,6,7) (11 U0) |

Theorem 3.1 [20] If s €N, g€ H*(20) x S'), and f € L'(Q x S') satisfies

1/2
/ / > 108y f(t, 2, 0)Pdxde | dt < oo, (3.13)
)x St
lal<s
then there is a unique U € L*(Q2 x S') satisfying
LU = f, and U |t:0: qg. (314)

In addition, the solution satisfies the estimate (3.12). If g € C®(Q(0) x S") and f €
C®(Q x §'), then U € C®(Q x S).

To treat nonlinear problem we set,

Ui(t,x,0) = Z ar (n, t, z)e™
n (3.8):
(I - E)L(y,ay)(l — E) Z al(ﬂ,t,l‘)emg
0 ad .
B ZA (st:00) g }E 32 e

—i—E( - (/ 2R < Suy(t,x),a,(0,t, ) > da:)



o0

(ZA'( tuo)a¢(tx>89E Z ay (n, t, z)e™

n=—oo

—(/n2§R<Su0(t o), m>dx)§n:A’( o)) 221, )

Ty

+5'(t,uo) B (s(t, u0)>E Z a1(n,t,z)e™ + 1B (s(t, u0)> ug(t, )

n=—oo

+5(t, uo)ElB'<s(t, uo))ug(t, :r)) ~0.

Then nonoscillating term (n = 0) leads to the R -linear equation

{ ZA( tu0> i}al(O,t,x)

J

—(/n2§R< Sug(t, ), m>d:c> ZA,< (t UO))%(@J’)

j=1 J

+5'(t, ug) B (s(t, u0)> a1(0,t, )

+(/ 2R < SOug(t, ), a1(0,t,x) > dx
+/ 2R < S(@tal([),t,x)>,u0(t, x) > dx)B(s(t, UO))Ug(t, x)

+s'(t,u0)(/n M < Sup(t, ), @ (0,1, 7) > da:)B’(s(t, uo))ug(t, 2)=0. (3.15)

If we solve the Cauchy problem for this equation, then we can substitute a;(0,¢, x) into
(3.8) and subsequently to get a linear equation for U;.

3.2 Exsistence of the principal profile

Thus our next task is to study the Cauchy problem for (3.15). This is non-kovalevskyan
system and this is a main sourse of the difficulties.

Theorem 3.2 Let s €N, g € H5(R"), s > 1 and

Cup) := sup |4 (s(t, uo))| + 31>1%) 8" (¢, uo)| sgg |B(s(t,u)| < 1. (3.16)
= n t> t>

There exists a number e, such that if
gllesy < e, (3.17)

then there is a unique function a,(0,t,z) € C([0,T]; H*(R")) N C'([0,T]; H*"*(R"™)) solving
(3.15) and taking initial value g,

a1(0,0,2) = g(z) .

10



In addition, solution a1(0,t,x) satisfies the estimate
| a1(0,t,2) || gsrny< C(s,T) || 9(2) || = (rmy 0<t<T. (3.18)
If ug € C([0,T] x R") and g € C*°(R") then a,(0,t,z) € C*(]0,T] x R™).

Remark 3.3 For every given T < oo and uq there is K such that support of the solution
a1(0,t,7) is bounded, suppa;(0,t,z) C { |z| < K}.
Proof. First we solve a problem for ago)([), t,x),

{ ZA ( (t, ug ) i }ago)(O,t,x) + §'(t, uU)B<s(t,u0))a§0)(0,t, z) =0, (3.19)

ag )(0, O,x) =g(z). (3.20)

For the symmetric hyperbolic operator of (3.19) one can use Theorem 2.1 to write the energy
estimate

1af”(0,t,2)(t, 2) ooy < C(s) || g()

with the constant C(s) independent of 7. Then we consider a sequence of the Cauchy
problems

ms@@), 0<t<T <oo,

{ ZA ( (t, uq )82 }agl“)(o,t,x)

—(/n 2R < Sug(t,z),al’(0,t,x) > d:c) ZA'( ; 0))2—23(@@

+5'(t, uU)B(s(t, uo)) (D 0, ¢, 7)

+(/ 2R < S@tuo(t,x),agl)(O,t, x) > dx
+/ 2R < S(@tagl)([),t, iL’)) ,ug(t, x) > dx)B(s(t, uo))uo(t, x)

+5'(t, u0)</n 2R < Suo(t,x),agl)(o,t, x) > d:c) B'(s(t, ug))ug(t, x)=0, (3.21)

a™(0,0,z) = g(z), [=0,1,2,.... (3.22)

Denote
v (L, z) := agl)(O, t,x) — aglfl)(O, t,x), I=1,2,...,

and define an integro-differential operator

Qu(t,z) = </n2§R<Su0(t,x) (t,x) >dx>ZA< tuo)azo(t )

—(/ M < St x),v(t, ) > du + / M < SAu(t, ), uo(t, ) > da:)
xB(s(t,u0)>u0(t,x)
—s'(t, U[])(/n 2R < Sug(t,z),v(t, ) > d:c) B'(s(t, uo))uo(t, T).

11



Now one can write for functions v(¥ the Cauchy problems

{at ZA ( (t, uo ) i }v(l‘H)(t, T) + s'(t,uO)B(s(t, uo))v(l“)(t,x) = Qu(t,z),

v()(O,:L‘):O, 1=1,2,....

The operator of the left-hand side of the last system is symmetric hyperbolic so that again
one can use Theorem 2.1 to write an energy estimate:

t

() < C(S)/ | Q¥ (0, ) |
0

At the same time for the operator ) can be easily proved estimate

| Quit,2) llmsiowy < Clsuo) (1l v(t2) llee + || wo(t,2) 12 ) (3.24)

10, 2) |

H3(Q(0)) do. (323)

The last inequality allows to estimate also function agl)(O, t,x), defined by (3.21),
10”08, 2) e < C(s,T)C(s,u0)llgll

Furthermore

| vt ) | < C(5)C (s, o) gl (3.25)
From (3.24) it follows, in particular,
| QuO(t,2) oy < Clsuo) (1100 2) ez + 1| 00Ot ) [lze ) (3.26)
The estimates (3.23) and (3.26) imply

o9t o< (s, T)Csy0) [ (116%0,2) > + 1| 900(0,) 2 )
0
Equation itself gives an estimate for the derivative:
1020 (t,2) |2 < Clug) | v<l+1>(t z) [l
+C(0,u0) (1| v0(t2) [lz2 + || 9wV (2, 2) Iz )
Thus

oD (@) e + 1] 90D (t ) |2

t
< C(S)C’(s,uo)/ (|| v (0, 7) |12 + || B (0, 2) ||Lz)da
0

+C (o) | vt 2) [l +C(0,u0) (N 00t 2) Iz + | SO (t,2) 12 ).

Now we use assumptions s > 1 and (3.16) to derive

(1= C(ug)) | vV (t, ) [l + || D0V (¢, ) |12
t
< et [ (10060, s + 1 000(0,2) 12 o
0

+C(0,u0) (1 = Clug)) (1= Cuo)) || vt 2) [l + | B0Vt 2) 22 ).

According to (3.17) we have also C'(0,up)(1—C(ug)) ' < ¢ < 1. The following lemmas allow
to prove a convergence of the series.

12



Lemma 3.4 Consider sequence ay(t), k = 1,2,..., of nonnegative continuous functions
defined on [0, 00), vanishing at zero, ax(0) = 0, and satisfying

t
ap1(t) < C/ ai(o)do + qa(t) (3.27)
0
with some numbers C' and q. Then
ap1(t) < ¢"Ly(=Ct/q) maxai(s), (3.28)

where LY(z) are Laguerre polynomials, LY(z) = (—1)ke*D¥(e=22%)/k!, k=1,2,....

Proof. Define operator I by
t
Tv(t) == / v(o)do,
0
then I"v = fg doy [ doy ... [7""" v(0y)doy,. One can derive from (3.27)

apr1 < (CI+q)ap < (CT+ q)Qak,l <...<(CT+ q)kal.

It follows
(t) < i k! (Cl)n n—k < ma ( )i k! (Ct)n k—n
a —_ a1 < max a (s
kit e nl(k —n)! a ' ey — nl(k —n)! n! a
k
k! 1 (Ct\n

— k — (==

= maxals)g nz:% nl(k — n)!n!( q ) '
Then the use of formula (7) of Ch.10.12 [3] completes the proof. O

In the next lemma we describe an asymptotic estimate for the family of Laguerre poly-
nomials, with respect to infinitely increasing parameter k.

Lemma 3.5 Consider family LY(2), k = 1,2, ..., of Laguerre polynomials. Then for every
bounded set B C C and for every positive number q; < 1 there exists Co = Cy(B, q1) such
that

LY(2) < Coq; " forall z€ B andall ke€N. (3.29)

Proof. It is enough to consider for every given positive number C; sequence

. LR ()
Le(=Cv) = Z n!(k —n)! ( n!)

n=0

for large k. We can devide a sum on two parts:

k k

k! cy)" k! )" k! )"
Zo n!(k —n)! ( n!) B ;Vn'(k —n)! | n!) * ;Vn'(k —n)! | n!) ’

where large number N = N(g;, Cy) will be chosen in such a way that

()" _ 02(1 - ‘h)n forall n> N. (3.30)

n!l - a1
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This is possible due to Stirling formula:

2 _
n! = (1 + n)n+1/26—(n+1)\/j612(3+1) with some @ € (0, 1) i
m

() _ Jr_1 elmofm(ecl )n
n! 21+n 14+n

implies that for (3.30) it is enough to set N = N(ql, C1) in accordance with

Indeed,

N > GCI —1.
—q1
Then
0 - k! L —q\»
Li(=C) < Cla, G + G ; n!(k —n)! ( ¢ )

_ =gk _ 1k

= C(a,C) +Ca(1+ ” ) = Clar,C1) + CQ(ql) .
The evident choice of Cy completes the proof. O]

Completion of the proof of Theorem 3.2. To the functions
ag41(t) = (1= Clug)) | 0"V (¢, 2) |

for the arbitrary given interval 0 < ¢t < T we choose ¢;, ¢ < ¢; < 1, and apply the last
lemmas to derive an estimate

oD @) [[as + || 90Vt 2) |2 < Cola/an) max (II o (r, ) |
T7€(0,t

s + || at'U(H—l)(t,.T) ||L2

e+ | 0O (7,2) [|12)

for all £ € [0,7]. To the norm in right-hand side of the last inequality one can apply (3.25).
The theorem is proved. O

Remark 3.6 If B =0 then we do not need conditions s > 1, (3.16), and (3.17).
We regard in (3.9) the terms [, 2R < Suo(t,z), 2= [" EU\(t,x,0)df > dz, £, and &

with a1 (0, ¢, x) and with 0,a,(0,¢,x) as the given funct10ns. Then we arrive at the problem

0 }EUl(t z,0)

O

(I —E)L(y,0,)(I — E)U1+E{ ZA( tu0>
+E{ — </n 2R < Sug(t,z),a,(0,t,z) > dx)

(ZA ( g ) af (t, :r))aagEUl(t z,0)

J

—(/n 2R < Sug(t,z),a,(0,t, ) > dﬁ) iA; <S(ta UO)) gzg (t, )

+5'(t,u0) B (s(t, uo))EU1 (t,2,0) + EIB (s(t, u0)>u0(t, 7)

+5(t, uo)ElB'(s(t, uo))ug(t, :r)} —0, (3.31)

14



linear symmetric hyperbolic with respect to U;. This allows to prove a solvability of the
principal profile equation (3.9).

Theorem 3.7 If s € N and go € H*(Q(0) x S'), s > 1, then there is a unique U, € C'(Qp x

SY) satisfying (3.9) together with the initial condition U,(0,-) = g. If go € C*(Q(0) x S'),
then Uy € C™(Qr x S1).

Lemma 3.8 If in addition to the hypotheses of the last theorem, E |,—g g = g, then the
resulting solution Uy to equation (3.9), satisfies (3.3) and (3.7).

3.3 Determination of Us and the remaining profiles

Coefficient of £2? after substituting & and &, leads to the following equation

({6t ZA (t,u0)) a }Ug(t x,0) (3.32)

—(/n2§}%< Suo(t,z), a1 (0, ,7) > dx)(iAl (t uo))aﬁ;“’”))%{f(t 2.0)

j=1

n 1 2T
= ( /R 2R < Sug(t,z), 5 /0 EU,(t, z,0)d0 > d:c) AW (s(t, up))
j=1 z

Qug(t,z)  0p(t,z) OU;
<( or, | oz 59 (0))

n

_Z< Z/n2<5a1(nt:c) al(ntx)>d$}z4§ (s(t, u0))

j=1 n=-—00

- 21 Ouy(t,
+{ /g 2R < Sug(t,z),a1(0,t,x) > dx} 51452)(8@, uo))) ug(ixjx)

- z": </ 2R < Sug(t,), ar(0,4,2) > do) AL (s(t, uo))gg1 (t,2,0)

_{JZI n;oo/nZ < Say(n,t,z), a1(n,t, ) > dx}Al (s (t,uO))B%(i,jx)
#{ [ 2R < S0t 0) @080 > e} SAPG o DN,

—|—<B(s(t,u0)) [/n 2R < Sdug(t, x),az(0,t,2) > dr

+/ 2R < S(@tag(O,t, x)),uo(t, x) > dx

+ Z / 2R < Say(n,t,z),ai(n,t,2) > dx| + BV (s(t, ug))51511>u0(t,:c)

n=-—oo

15



+<B(1)(s(t, uo)){ /n IR < Sug(t,x),a2(0,1, ) > dx

+ Z / 2 < Say(n,t,z),a1(n, t, ) > d:r} + %B( ) (s(t,u0))E: ) (¢, ug)uo(t, )

+(Bls(t,u0)EL + 8/t u0) BO(s(t, u0)€1 ) Us(t, 2, 0) + (1, u0) B(s(t, uo) a1, , 0))
= 0.
Define the partial inverse Q of the operator (I — E)L(y,d¢(y))2;, by

o 3 Tuwe) = 5 GO

n=—oo

where Q(y) is the partial inverse of L(y,d¢(y)) defined by
Qy)r(y) =0,

and for all v € CV,
Qy)L(y,do(y))v = (I — 7(y))v.
Then

2)V: (I-E)V,

Q((I - B)L(y.do(y) 3

for all trigonometric series V.
We apply the oprerator Q(I — E) to (3.6):

(I — E)Us(t, z,6)

+Q(I H ZA( tuo)%}m(t,x,@)
_(/g2§}%<5u0(t,x)m>dx>(ilz4;( 0) 3 (t.0)) gt 1.0

_(/g 2R < Sug(t,x),a,(0,t,2) > dx) gA; <s(t, uo))g—zj(t,x)
+4'(t, uO)B<s(t, uo)) Ui (t,z,0) + 5;3(3(15, u0)>u0(t, 7)

+5(t, uo)ElB'(s(t, uo))ug(t, :r)} ~0.

If we denote

Fi(y,u0,U1) = —Q(I — E) H% . iA](s(t uo))ai}Ul(t,x,H)

n

—(/n2§R<SUO(t,$) m>d:c>(ZA;( £y ) 33? 0 x))aal;‘l(t v.0)

J

([ 2 < Sutt o) 0 777 > ) iA; (stt.u) G220

j=1
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+5'(t,ug) B (s(t, uo)) Uy(t,z,0) + & B (S(t, u0)> ug(t, x)

+5(t, u0) €1 B (s(t, o) ) uo(t, xﬂ =

then the last equation can be written as follows:

(I - E)Ug(t,fﬁ,g) = Fl(y,UO, Ul) .

E{% - Zn;Aj(s(t, uo))ai] }EU2

(3.33)

Further we substitute Uy, = EUs + (I — E)Us = EU, + Fi(y, ug, Uy) into (3.32) and obtain:

5( / 2R < Sug(t, ), a0, 1,0) > d) (zn:Ag”(s(t, uo))a(’;(; “’”))% (B0:)

Jj=1
2

EU, (1, 7,0)d0 > d:c) AD (s(t,ug))

1
_EZ / 2R < Suy(t, z), o /.

Qug(t,z)  0p(t,z) OU;
<( or, | oz 59 (0))

+EB(s(t, ug)) {/ 2R < SOwug(t, z),a2(0,t,2) > dx

2 4 /n 2R < S(@tag(o,t, :L‘)),m > dx} uo(t, )
+EBW (s(t, ug)) </ 2R < Sug(t,x),az(0,t,2) > dx) s'(t, uo)ug(t, )

B (t,10) B(s(t, m0)) (EU» ) + BF (3, u0, U) = 0.

n
T

Then nonoscillating term with n = 0 leads to the R-linear equation for as(0,t, z):

)2 }aQ(o t, )

0;

{ ZA t UU
- (1) 3u0(t, l‘)

_(/ MR < Suo(t,z), a(0.5,7) > dx) > AW (s(t,uo)) o,

i=1

+S,(ta UO)B(S(ta UO))a2 (07 ta x)
+</ 2R < SOug(t, ), a2(0,t,x) > dx

_|_/n 2R < S(&taQ(O,t, :r)),uo(t, x) > da:)B(s(t, up))uo(t, )

+s(t, uo)( / 2R < Sug(t,2), a(0t,7) > da:)B(l)(s(t, o) )uo(t, )

+Eﬁ(y, Uo, Ul) =0.

The verbal repetition of the proof of Theorem 3.2 leads to the following result.

17
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Lemma 3.9 Suppose that E ;=g g2 = g2 € C®(2(0) x SY), and that T > 0 is chosen as
in the local existence theorem for the principal profile. Then there is uniquely determined
profile Uy(y, 0) € C®(Qr x S') with

EU; |;—o=¢> on Q(0) x S! (3.35)

A remark concerning our strategy here. Expansion plugged into equation due to (3.2)
leads to

> EWi(y,0) ~ 0,
=0

where ¢(t,x)/e is replaced with ¢(t,z)/e. The equations for the profiles U; will be found
by induction. Our goal is to arrange all things in such a way that W;(y,0) = 0 for all
i=0,1,...

Suppose that j > 3 and that Uy, ..., U;_; have been determined so that

WO =...= W1 = 0, and EW] =0. (336)
The equations determining U; are then equivalent to
(I-E)W;_4 =0, and EW; =0. (3.37)

In this way, solving the system of equations for the profiles is equivalent to solving W; = 0
for all j. Thus we arrive at

Theorem 3.10 Suppose that E |,—g g; = g; € C*(Q(0)xSY), and that T > 0 is chosen as in
the ezistence theorem for the phase function. Suppose also that ug = ug(t, x) solves equation
L(y,u,dy)u = 0. Then there are uniquely determined profiles U;(y, 0) € C™°(Qr x S') with

EUj |i—o=g; on Q(0) x S!
so that if
Ule,y.0) ~ > lUi(y,0) in C(Qr x S
j=1

and u(y) := uo(y) + U(e,y, p(y) /), then u®(y) is an asymptotic solution,
L(y,u,0,)u* ~0 in C®(Qr).

4 Stability of the small global solutions. Justification
of One Phase Nonlinear Geometric Optics for the
Kirchhoff-type equations

4.1 Stability of the global solutions to the Kirchhoff-type sym-
metric hyperbolic systems

In this section we continue the study of the nonlinear integro-differential system on R; x R”

n

- S5 OB = T, (4.1
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where A;(s), B(s), are N x N matrices with suitably smooth elements for s € R in a
neighbourhood of 0; the function s(t) is given by

s(t) = / < SU(t,2),T@2) > de, (4.2)

where S = {s;;} is a constant self-adjoint matrix, while s'(¢) := 4 s(¢).

Applying Fourier transform to system (4.1), we obtain the N x N system of ordinary
differential equations

A~

dU

= =11 €[ A1), OU + ' (1) B(s())U + F, (4.3)
where .
As(8),€) =3 Ai(s0)&/ €1, (4.4)
while

1 N =
0= 5o /Rg < STt €), U(5€) > de.

Our result will be a consequences of the following result of global solvability for nonlinear
integro-differential ordinary Cauchy problems. Let us consider the problem

% =i | E[A((), )V + () B(s(1), )V + F(t,€), (4.5)
V(0,§) =Vo(§)  for £#0, (4.6)

with s(t) defined by
)= [ <SOVIEO.TEE > de. (4.7)

3

where S(¢) : (R \ {0}) — CV*V is C” matrix. Moreover, assume that S(€), A(s(t),£),
B(s(t), &) are positively homogeneous of degree 0 with respect to &:

SE) =8/ 1€D), Als,8) :=A(s, &/ 1€]), B(s,§):=B(s,¢/[€]). (48

We also assume that A(s, &) is uniformly diagonalizable for | s |< §:

N7 (s, O A(s, N (s,€) = diag {Mi(s,€), ..., An(5,€)} - (4.9)

4.2 The nonlinear system of ordinary differential eqautions with
the parameter

We begin by setting for & # 0

V(t,€) = N(s(t), eltPHOW (2, ), (4.10)
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where D(t,€) is the N x N real diagonal matrix

t

D(t,€) := diag{/Ot)\l(s(T),f)dT,...,/O AN(S(T),g)dT}.

Then
W, = e l‘f‘D(N—lBN - N—laSN) DY 4 e~ IED A1 (4.11)

Besides,

s(t) = / < e PEON(5(1), SN (5(8), )™ PEOW (1,€), WL, €) > d . (4.12)

3

Denoting
{ {Qij(sag)} = N71(37 f)B(S,f)N(S, 5) - Nfl(svg)a&/\/’(s? 5) ’ ( )
4.13
{aij(s,8)} =" N*(5,)S(ON(5,9)),
we finally derive for W (¢, &) = (wi(t,€), ..., wy(t,£))
( d d
wit.6) = 2 Zq” hesn{ —il€] [ 00,0 = X600, O)ar fo
S 4.14
+exp{—z|§|/ dT}an & fi(t,€), 1)
\wz(oag):wz(g)a 1SZSN7
where N1 = {n;;}, with
WO =N 1OLO%O,  50)= [ < SOV T > de.
£
For a given W = W (¢, &) the function s = s(t) satisfies the integral equation
N t
s = [ ACOE {i161 [ 069 = 20600, ) s
Here Q5 = C_lji.
4.3 Some energies estimates
Let s(t) : [0,00) — R be a C'' function such that
|s(t) |<6  forall tel0,00). (4.15)

Consider solution W (¢, &) = (w1 (t,€),...,wn(t,€)) of the Cauchy problem (4.14) defined in
[0, 00). Denoting

Q.9 = {asG0. e { ~i1¢] [0, - Mis(r.ner



we rewrite (4.14) as follows

d ds
—W =—Q(t, )W+ F.
S = Couew +
If we consider the Cauchy problem
d ds ~

then we can apply Duhamel’s principal to estimate solution of the equation with non van-
ishing right-hand side:

W) < W) exp {01 /Ut|s'(l)|dl}+/Ut|G(7',§)|eXp{Cl /Tt|s’(l)|dl}dr. (4.17)

Introduce the spherical coordinates in R, that is £ = (p,w), with p € [0,00). Assume

also for a while that W(¢) belongs to Schwartz space S, W (&) € S(R?) and that G €
C(0,50); S(RY)).

Lemma 4.1 Assume that s(t) : [0,00) — R is a C* function, satisfiying (4.15). Then for
any integer k > 0

OEW (L, p, w)]

< e {c [ 140 d}z ([ 156 1rar) i ()
+ckh§; </0t | s'(7) |7'd7'>kh(/ot|6;jG(T,p,w)|eXp {01 /:Is’(l)ldl}dr>,

and consequently

W (t, p,w)|?

< G {20, [ ) a 3 (/ Ry v T )

+okh§: (/Ot 5/ (7) Td7'>2(kh)</0tagG(7',p,w)exp{C'1 /Tt|s’(l)|dl}dr>2.

Proof. For k = 0 this is a consequence of (4.17). For k = 1 we differentiate the system
(4.16) with respect to p:

d
% (8pwz (ta P, (,U))

_ %;qij(s(t),w)exp{—ip /0 (Ai(sm,w)—Aj(s(T),w))dT}(apwj(t, p)
o > as(o(t)-) exp{ —ip [ uls(r)) - Aj(sm,w))df}

<[ - i/ot()\i(s(r),w) = N (s(r).w))dr [y + Dyt o).
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Then we apply (4.17) and obtain
|aPW(t7 paw)|
. t t t
< |3pW(p,w)|exp{Cl/ |s’(l)|dl}+/ |3pG(T,p,w)|exp{Cl/ (1)t} dr
0 0 T

Tt {0 [ wlab( [ el i)
+/0t|G(ﬁ,p,w)|exp {C1 /Tlt|S'(l)|dl}d7'1</0tC’1|3'(7')|7'd7'>.

This implies the statement for £ = 1. For a general k we write

d k
dt(@ wilt, o)

- qu e { —ip [ Ous(r)) = (s )} 01 )
Zqza pates ] —io [ Outs(0).0) = (500100 |

* Z m - / (Ni(5(7),w) = Ni(s(7), w))dr | "0k + gt pow)

and act by induction on k applying (4.17) to prove the first estimate of the statement of
lemma. This completes the proof. O

Corollary 4.2 With the same hypotheses of Lemma 4.1, for any p € R, k € N we have

sup [ 108 (1. p.0) Py

wesSn—1.Jo

¢ k : 2(k—h)
< ckexp{m/ 1} S [19E mar) s [T
0 wesn—1
(k—h)
+C’;€ (/ | s'(T |7'd7'>
0o 1/2 2
><</ exp{C’l/ |s'(l)|dl}< sup / p”|82G(7',p,w)|2dp> d7'> :
0 T wesn—1Jo

Lemma 4.3 Given s(t) : [0,00) — R a C' function, such that | s(t) |< 4§, the solution
W (t,&) to problem (4.16) for any p € R satisfies

Q)
sup{| € Pl W(t,€) I} < 2exp {201 JNEE] dr} sup € 7 T7(6) )

€170
t t 2
+2exp{201/ | () |d7‘} sup </ | G(1,€) | dT) ;
0 €10 0
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(if)
/Rn [EPIW(E€) [* dE < 2exp {201 /Ot | §'(7) | dT} /R | €|V (E) |? de

3
t t 2
+2exp{201/0 | s'(7) |d7}</0 | ]€|P? G(r,£)|IL2(Rg,dT> ;
(iii)

AR |2dpszexp{zq/0 |s'<¢>|dr}/0 7| W(psw) [ dp

+2exp{201 /Ot 5'(7) |dr}</0t (/Uoopp|G(T,§)|2dp>l/2dT>2.

The following proposition gives a basic decay estimates.
Proposition 4.4 Let k be a fized integer 0 < k < n+ 1. Moreover, assume that
o0 o o
sup [0S (p )P+ " )dp <00, sp [ RIGE p) (14 )dp < o0
wesn=1.Jo wesn=1Jo

for 0 < h < k. Then, the solution W = (w(t,w,p),ws(t,w,p),...,wx(t,w,p)) to the
problem (4.16) satisfies the estimate

sup (1 + [¢[")
weSnr—1 ¢eR

< G Ek: i ( /0 t |s'(7)|7d7> e

h1=0 h=0

/ w;(t, w, p)w;(t, w, p)ei”cp”dp‘
0

t 00 .
X [exp {26’1/ |5'(7')|d7'} sup / (1+ p™)|0RW (p,w)[*dp
0 wesn=1.J0

¢ ¢ % 12\ 2
+</ exp{C’l/ |s'(l)|dl}< sup / |8ZG(7',p,w)|2dp> dT)
0 T wesn—1.Jo
t t 00 1/2 2
+</ exp {C’l/ |S'(l)|dl}< sup / grelcs p,w)|2dp> d7'> ]
0 T wesSn=1.J0

Proof. Thanks to Lemma 4.1 and Corollary 4.2, we know that all assumptions of Lemma
4.1 [5] hold for the solution corresponding to well behaved W and G as p — oo. Hence, for
0<k<n+1, we have

[ee]
SUP1(1+|C|k)/ wi(t,p,w)u‘fj(t,p,w)e”"p"dp‘
weSsSn— 0
< sup / it pr o) |05t ps0) [ "dp + 2 sup / 10 (wi(t, p, w)d; (1, py w) 0™ dp.
wesn—1.Jo wesn—1.Jo

On the other hand due to (iii) of Lemma 4.3 we have

o0
sup [ st o) st .0 "
wesSn—1Jg
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t 00 .
< Chexp {201/ | s'(7) | dT} sup / P W (p,w)|?dp
0 0

wesn—1

¢ t % 12\ 2
+C </ exp {Cl / |s'(l)|dl} < sup / p"|G(T, p, w)|2dp> dT) :
0 T wesn-1Jo

Furthermore, according to Corollary 4.2 one has

sup / 0% (wit, p, )5 (t, py w)p")|dp
0

wesn—1
k (h1—h)
< C’kexp{QCl/ |s' (T |d7'} ZZ (/ |s' (T |7'd7'>
h1=0 h=0
< sup [ (1 O (o) dp
wesn=1.Jo
(h1—h)

A (/ (7 |TdT>

h1=0 h=0

t 00 1/2 2
x[(/ exp{Cl/ |5'(l)|dl}< sup / |82G(T,p,w)|2dp> d7'>
0 T wesSn=1 J0
t t 00 1/2 2
([ eo{e [wom( sw [Troaeoorp) )]
0 T wesn=1Jo

It remains to add above derived inequalities. O

4.4 The dependence of the solution W (¢, ¢) on the function s(t)

The next lemma describes the dependence of the solution W (¢,&) on the function s(t). To
this end we define a continuous weight function ¢(t) : [0,00) — [0, 00) such that

t)>1+ /t¢(7)dr for all ¢ € [0,00).
0

Definition 4.5 Let CJ'([0,00)) be the Banach space

C([0,00)) = { s(t) € C™([0,0))

‘ ‘<oo,fora110§i§m}
>0 dtl

as(t)]

sup ¢(t)

with the norm || s(t) |lm.s:= D ivo SUD;>q ()"

In the next lemma we use notations N~ ' := {n;;} and G := {g;}, where

(tf)—exp{—z|f|/ dr}an EF(4.6).

Lemma 4.6 Given s(t), so(t) € C'([0,00)), such that | s;(t) |< 3 (i =1,2) and for some
e>0,k>1 -
(1) 1<
S0 1< 1

forall t€0,00), i=1,2, (4.18)
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let Wi(t, &) and Wy(t, &) be the solutions to the problem

D (1,€) = %;qzj(s(w,f) exp{ = ile] [ Ou(5(71,8) = (500, i b + (1),
wi(O,f):u?i(f), 1§Z§N
(4.19)
Then
| Wi (t,€) = Wa(t,€) lle (4.20)

< C|W(E) - W(e) | +C / S | (Gr— Gy [ drt || G — G o

B €11l 51— 52 |16 T >
w0l =g ter S ) |1+ [ 16 0]

The constant C' in (4.20) depends on §,K and

sup | 0sqij(s,€) |, sup | O \i(s,6) | .
151<8, €0 15 <6, €0

Proof. Let us denote

Q.9 = {asts. e { 1€ | Oulsi(), )~ Nl i1,

then
| Qit,€) |< Ch, 1=1,2,
and
%Wl =511 + G, %WQ = 55Q2 Wy + G,
so that
d

%(Wl — Wa) = s5Q2(Wy — Wy) + (8] — 55)Q1W1 + 55(Q1 — Q2)W1 + (G1 — Ga) . (4.21)

Due to (4.17) one has
| Wl(ta g) - WQ(ta g) |
— — t 1
< | T(E) = Ta(€) | exp {501/0 de}

' | Q1 — Q2 | !
1 — s —— ——dl od
+/U (€1 18— sy |+ )|W1(T,§)|exp{501/T1+lk }T

t t 1
+/[; | (G1 — GQ) | exp {501\/7 mdl}d’r

We put here the following estimate

|Wi(r,8)| < |W1(§)|exp {501/0 1ilkdl}+/0 |G1(v, &) | exp {501/ ﬁdl}dl/.
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It follows
| Wl(ta 5) - WQ(ta 5) |

— — t 1
< Q) = ) | exp {eC [ ar}
177 L ! / / | Ql — Q2 |
+ | Wl(g) | exp {501/0 mdl}/o <Cl | S1— S9 | +5w)d’r
t T t
! i | Ql - QZ | 1
+/0 (0115~ +5W)</0 | Gh(1.€) | exp ecl/y . arars

t t 1
+/0 | (G1 —GQ) | exp {801/7- mdl}dT

Now we use (See, (3.19)[5]) :

t
/0 sy — sy [ dr < $(0) || 51— 52 [l - (4.22)
Moreover, one has (See, (3.20)[5]) :
1R — Qs T Elo(t) || 51— 52 [Joe
, 1ioh 7S C(“” lsr =52 oo P E B T Iel00) 151 = 5 ||o,¢> - (4.23)

Using the property of weight function, the assumption £ > 1, and (4.23) we obtain
[ Wi(1,6) = Wa(t,€) | < O Wi(€) = Wa(©) |

— t t
+[0 () | +/0 | Gi(1,€) | exp {5(;1/ ﬁdl}du}
elglo() [l s1— 52 llog )

X Ciod(t) || s1 — s +
(o151 =52 o+ T 00 T T
t t 1

Hence
| Wi(t,€) = Wa(t,€) loy < C|Wi(€) — Wal(€) |

+[0|’vi71(g)|+/0 |G1(l/,€)|exp{5C’1/ ﬁdl}du}

elél | 51— 52 [Jog )
L+ €] 51— 52 [Jog

+/0 o(1)" | (G1 — Ga) | exp {501/ Tllkdl}dr.(zl.%)

Further, using equation (4.21) we derive
d

—1
Stlzlgﬂt) | %(Wl —Ws) |

< Os{ ()~ )| + | ) (G- ) |dr}+ | Gy~ G o

B SN >{ — = ]
+0 (s = s o et Y o) [+ [ 1Gimy ]

Taking into account also (4.25) we arrive at (4.20). Lemma is proved. O

( 51— 52 [l +

26



4.5 The oscillatory integrals of the bilinear forms of the solutions

In this subsection we estimate the oscillatory integral defined in the next definition.

Definition 4.7 Let W (t,£) be the solution of the Cauchy problem (4.16). For 0 < k <n+1
and 1 <1i,j < N, we define, fort € [0, 0),

ij(t) = sup (1+¢]H)

wesSn—1 (eR

/ wi(t,w, p)i;(t,w, p)e pdp| . (4.26)
0

According to Proposition 4.4 these integrals are majorated by the continuous nondecreasing
functions. In this subsection we prove that under appropriate conditions on W and G
oscillatory integrals ij () in fact are bounded functions. But first of all we are going to
verify that the definition is correct in the sense of the following lemma.

Lemma 4.8 Let k be a fixed integer, 0 < k < n+1. Suppose that the initial data W and G
belong to C* (R \ {0})™ and C([0,00); C*(RZ \ {0})Y), respectively, and satisfy
[e.e] o 2 [e.e]
sup / GZW(p,W)‘ (1+p")dp, sup (1+t2+4k)/ 01G (£, p,w)|” (1+p")dp < o0
wesSm=1.Jo t€[0,00), weSn—1 0
(4.27)

for 0 < h < k. Then the functionals J5(t) : [0,00) — [0,00) are continuous functions.

Proof. Let us fixed 2 < k < n+ 1. From (4.19) it follows that for any i, j one can write

t

wilt, )iy (1, €) = @) (E) + / wi(r, €)g (7. €)dr + / y(r, )i, €)dr

+ [ qu ) &)exp {=ilel [ Ousr),6) = M), s
Sn(r, 1y (r, €1
- ts'(r)}lzN‘quh(s( exp{ua | 0sts(. ) = wtste >5>>dn}
xw; (T, &)wp (1, &)dT . (4.28)

Introducing the simplified notations

sup :=  sup , Gij(t,w) == /0 (Ai(s(m),w) = A;j(s(7),w))dT,

{*} wesn—1 ¢ceR

and using (4.28), from the definition of Jf; we obtain

JE(#) < sup(1+[¢[F)

{*}

[T @i

(%) t t
/ { [ wtr e ar+ [ wj(ﬂf)gi(Taf)dT}eipgp”dp‘
0 0 0

Y () gqms(r) 3
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X exp{ —i|&| /OT()\i(S(Tl)’g) - )\h(S(Tl)’g))dﬁ}

xwp (T, §)w;(T, S)dT}ei”Cp"dp‘
sup(1-+ 1) OO{/ iq‘
<o {ilel [0 Ah<s<71>,s>>drl}

xw; (T, &)wp (T, f)dr}ei”gpndp‘ .

Hence,
k
Jij(T)
= S{u%?(lﬂqk) wi(p, w)w;(p, w)e "dp‘
+S{u$(1+ <|¥) {/ w; (1, p,w)g;(n, pyw )+wj(n,p,w)gi(n,p,w)]dn}e"”cp”dp‘
N . .
+S{u$(1+|C| {/ Z Gin( (77),f)wh(n,f)wj(n,5)dT}el”C"”‘bih("’w)p"dp‘
o
EUREE AR Y ARTU SUACD
{x) -
xw;(n, §)wn(n, §)d }Z”W”Q’f‘h("’“’)p"dp‘. (4.29)

We have due to Lemma 4.1 [5] and Corollary 4.2 [5]

[T =< @0
0

sup (1 + [¢[")
weSn—1 ¢eR

From now on we let ( > 0, while case with ( < 0 can be considered similarly. Then, since
k <n+1, we have

sup  (1+¢")
wesSn—1.¢>0

/{/ [wi(n,p,w)ﬁj(n,p,w)+U‘fj(n,p,w)gi(n,p,w)]dn}ei”cp"dp‘
sup

foanf e
weSn—1.(>0

(1 + (— ;8—[)) ){p [wz(n p,w)g;(n, pw) +%Dj(77,p,W)gi(n,p,W)] }dp‘-

Hence we have to estimate a sum consisting of the terms
/ dn/ e h —) wi(n, p W)] [(Q)hg-(n p w)]dp
p 1 s Mo ap i s Mo
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!
with [} 4+ I3 + I3 = k and their complex conjugated. We will use notations wgl) = (a_p) w;

!
and g](-” = <a%) g; . We write since (4.18) and Lemma 4.1,

W pw) < C Y g (|ah (p,00)] + / G prw >|d7),

h<la

so that

0o 1/2
Z(ll,h,la)(T) < O, Z sup (/ |W(h)(p,w)|2p"lldp>
- 0

T 00 1/2

X / nb"‘< / IG””(n,p,w)IQp"‘hdp) dn

To . 0 o
vy s [Ca( [T60wp0re i)
h<l2w65”—1 0 0
- r 00 1/2

></ nl"’"(/ |G”3’(77,p,w)|2p"lldp> dn. (4.31)

0 0

To estimate the last two terms of (4.29) we use (5.18a),(5.18b)[5] :

sup 1+ 1<) 1) qin (s )UM(U,P,w)ug(n,p’w)dnemC—nwwAmw)pndp‘
Ty (1)
< Conpdrih / e h]ash( aF (1.8
S{U}P + |<| th )w’t(n; P,W)U_)h(n, p,w)dneipg'l‘ip(bih(n,w)pndp‘
Q)
< Cosup(1+ i1 / )l ey, s
5 {x} 0 1+1|C+ ¢jh(77,uJ)|k

In what follows we set

A= inf )\Z S, —A\; S, , A= su )\z s, -\ s, .
15]<8, £¢0| (5,6) = (5, )] |S‘S&l;éo| (5,8) — Aj(s,9)]

Lemma 4.9 [5] Let ¢(n) : R — R be a C' function such that ©(0) = 0 and 0 < X\ <
| (n)| < A with suitable constants A and A. Then for any real number k > 1, there exists a
constant C(k,\,A), 1 < C(k,\,A) < 0o, such that

1+ ¢

i /_oo (+ A+ <= pm]F)

Verbal repetition of the proof of Lemma 5.4 [5] leads to the following result.

dy < C(k,\,A). (4.34)

Lemma 4.10 Let k be a fized integer, 2 < k < n+ 1, and s(t) : [0,00) — R is a C"

function such that
€

) 4.35
14tk ( )

sl<d, SO <
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Moreover, assume that initial data W and the right-hand side G of the problem (4.16) belongs
to CF(RY \ {0})N and to C([0,00); C¥(RE \ {0})N), respectively, and satisfy the conditions
(4.27). Finally, let us define

J¥(t) := max maX{Jk( t)}.
TE[0,E] 1,

If the constant ¢ in (4.35) is sufficiently small, ¢ < 1/(2C5C(k, A\, \)), then

Ck
1= 220.C(k M A)

D [Z sup ( / °°|’W<h><p,w>|2p”—hdp)m

—1
o +la=k <l WES™

T 00 1/2
X / 77“‘( / |G”3’(77,p,w)|2p"hdp> iy
0 0
T 00 1/2
+), sup /dl</ IG(h)(l,p,w)IQP"‘lldp>
hSlQazeSn*l 0 0

T 00 1/2
></ nl2‘h</ IG””(n,p,w)IQp"‘hdp) dn]}-
0 0

Proof. From (4.29), (4.30), (4.32), (4.32), and Lemma 4.9, it follows

TH(1)

{maka

JE(r) < ME+cy YD z0h()

li+l2+i3=k
’ (1+ 1<)
+€C'5( max Jk-(n)) sup/ dn
i " g Jo (L) A+ (¢ = din(n, w)[*)
’ (1+ 1<)
+5C’5( max JE (n )) sup/
o g Jo (L0514 |C+ djn(n, w)[*)
< max M+ Cp Y 20 () + GOl A)( masx Jj; () + max 5 (n )).
’ I+ +l3=k nel0,r] néio]
Hence,
JHE) <max Mf +C, Y max ZUH8) (1) 422050 (k, X, A) JH () .
,J T€[0,t]
li+l+l3=k
It remains to take into account £2C5C(k, A\, A) < 1 and (4.31). Lemma is proved. O

4.6 Estimates for the basic bilinear form T'4(t)

Given s(t) : [0,00) — R a C' function such that |s(t)| < ¢ for all ¢ € [0,00), we set up a
correspondence with function I';(¢) defined by

/n Z aij (5 eXP{ N / Aj(S(T),5))dr}wiwjd5, (4.36)
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where W (t,&) = (wi(t,€),...,wn(t,€)) is a solution of the linear problem (4.19). Then we
consider the nonlinear map

D:s(t) =Ty, T :C0Y0,00)) N {|s(t)] < 8} = C([0,0))

defined in (4.36). We shall see that the restriction of T' to a suitable subset, S§([0,00)) , of
C'([0,00)) is a contraction. The unique fixed point, so(t), of the map I' : S5, — S5, gives
us the desired solution of the initial value problem (4.19). We set

Sk[0,00)) = {s(t) € C'([0,00)) | Is(H)] <8, (1+#9)s'(B) <ef.  (437)

Proposition 4.11 Let 2 < k < n+1, and the function s(t) : [0,00) — R is a C' such that

£
1+tk

sl<d, SO <

Moreover, assume that initial data W and the right-hand side G of the problem (4.16) belong
to CH(Rg \ {0} and to C([0,00); C¥(RE \ {0})"), respectively, and satisfy the conditions

>, sw / 02T (p,w) Pp""dp < o0, (4.38)
0

n—1
I Hlo<k WES

00 1/2
Z Z/ e <sup/ |8£2G(t,p,w)|2p"lldp> dt < oo, (4.39)
0

Li+la+l3<k h<l3 wesn—1
sup(1 + G, )l p2my) < o0 (4.40)

Finally, assume that the constant ¢ is small, ¢ < 1/(4C5C(k, A\, A)).Then, the function T
defined in (4.36) satisfies the estimate

00| < Con (Copm ) [T @ g + ([ 166 lnar) |

d C k > loT17 2 n—I
P e P T R D o M AL

I Hla<k WES™T

+ D Z(/ <sup /OoolafG(n,p,w)l%"lldp>1/2dn>2

-1
I +la+13<k h<ls wes™

+(sup 1+ G ey (Tl + [ 16z |,

0

for all t > 0, with a suitable constant C' = C(8) which is independent of the parameter
€ (0,1].

Proof. First we estimate I'(s):

) < Caep (20ie [~ 474 i) [ [ @ae ([ 166 0Npar) |
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d
Then we write d—Fs(t) = 1 (t) + Iy(t) + I5(t), with

h = 0 [ niwa exp{ €| / )df}w iyt

3 z',j=1

el [ Z .o file] [ o )dT}jtww]dg}

£

ey

—~
o~

N—
I

B0 = i [ 1€ aglol0). 6 (M09 = (500, 6))

We have due to (ii) of Lemma 4.3:

L) < cs|s'<t>|{||w< W ( / 1G (€)1 2ce dT) } (4.41)

Besides, using equation (4.19), we find

L) = 2Re{/ Z exp{ |g|/ )dT}

RE i5=1

j‘qul(s exp{ —ilel [ &) o, de

+2Re{ [ S s exp{zm / >dr} 0 €)wjd€}

¢ i,j=1
= B+ A
In notations
N
by == @ijqih, » Cy:= sup ||byl| < o0,
! ; ! s<alezo
we have
B| < 2(;4B|s()|exp 201/| |dl {||W M2 (/ 1G(7, )2 )}

while

4 < unen{Cn [ 150 1166l (IF @l + [ 167 enar).

Thus
| 12(¢)]| (4.42)

< 2Culd@len {20, [ 150 |a} T @ ey + ([ 16600l )}
rouen {0 [ 1401 a6 9l (nw isepy+ [ 16Ol )
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Taking into account of ¢;;(s, p,w) = g;;(s,w) and of (s, p,w) = \;(s,w), one has

00 t
= z/ Z )i </ w;W; exp {zp/ (A — )\j)dT}p"dp> dw .
Sn—1 i , 0 0

It follows
00 t
|I(t)] < CGZ sup / wW;W;j exp {zp/ (Ai—)\j)dr}pndp‘
i wesn—1 0 0
JE(t
S CGZ sup 1]( ) .
7 4T | [ a(s(7),0) = Ay(s(7), @)
k
< coN?O(h )
1+ ¢k
where
Cg = meas(Sn_l)‘ |s351p7'é |(Ni(s,6) — Ai(s,8))aii(s,6)], | Ni(s,w) = Aj(s,w)| > A >0.
s|<d,£#0

It remains to apply (4.41), and (4.42), and finally Lemma 4.10,

d C Ck ko
— <
‘ths(t)‘ = 1+tk1—52050(kAA){maXM 2. [

li+la+l3=k
S s [y
0

h<ls weSsSn—

T 00 1/2
+Z< sup / 77[2’1(/ IG””(n,p,w)IQp"hdp) dn)
h<l wesn—1.Jo 0
- o 1/2 2
+Z< sup / (/ |G(h)(77,p,w)l2p”‘hdp> dn) ]}
h<ls wesn=1 Jo 0
c 2
e (T @y + ([ 16O |

Cq
e (W@l + [ 16 lsezrir )

This gives the last statement of the proposition. Proposition is proved.

2

+

The next corollary states an invariance of the set S(’{E under mapping I'.

Corollary 4.12 Let 2 < k <n+ 1. If the quantity

max]\/[k Z sup / |6,l,2ﬁ7(p,w)|2p”’hdp
0

1
I+l <k WES™T

0o 1/2 2
+ Z Z(/ tl3_h< sup/ |8£2G(t,p,w)|2p”_hdp> dt)
0

liHlo+a <k h<ls wesn 1

is sufficiently small, then F(Sg“,g) C (S('{E).
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4.7 Contraction mapping

In this subsection we will prove that the map T" : S(’{E — S(’{E is contraction with respect to
the norm of the space C}([0, 00)) introdiced in Definition 4.5.

Lemma 4.13 Assume that the initial data ﬁ/;(f) (i = 1,2) and right-hand sides G;(v, x)
(i = 1,2) satisfy condition of Corollary 4.12 and that

[ avieniiera <o, [0 +EDG0E) gy dv < o0 i=1.2.

£
Given s1(t), so(t) € CL([0,00)), such that | 5;(t) |< 6 and for some e >0, k > 1

£
tk

| si(t) |§1 forall te€[0,00), i=1,2.

+
Let us consider the functions T, (t) and Ty, (t), constructed by W, (&), G1(v,z), and by Wg(f),
Go(v, x), respectively. Then we have

I Tor ) = T ®) 1
Collsi—solho 3 ( 17 e o] T e o

i,j=1,2

IN

T g e / | G, ) g g v
1G0T G505) s dv)

o o o o0
+C | Wi = Wa [|g, &n) E < | Wi ll#ry my +/ | Gi(v, ) ||l @) dV)
0

i=1,2

-|—C/ || Gl(T, ZL’) - G2(7—7 1‘) ||H(1)(Rg) dr
0

o o0
X Z < | Wi HHU)(R%) +/ | Gi(v, x) ||H(1)(R%) d”) .
0

i=1,2
Proof. We rewrite the definition (4.36) as follows:

ra0= [ WEOAOTiOd, =12,

3

where A;(t, &) corresponds to the self-adjoint matrix

it €)= {0 e (1161 [ Oulutr). ) = Nt par ) b 1=
Thus we have

T, (1) — To(t) = / ) (th . tW2>A1W1d§ + / R (A1 . A2>W1d§
3

+ ; Wy Ay (W1 . Wg)dg.
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What we infer from the last relation is the following estimate

1Tl =T o < Ca [ 112~ Wa llog sup | Wi(2,6) | de
Rn
: ;

4 [ s [ Wa(t.€) 1Ay = s o sup | Wi(2,6) | de
R z

n >0
¢ 'z

+02/ sup | Walt, €) ||| Wi — W,
R

n >0
e 2

0,6 d€ ..
To estimate the right-hand side we use the assumptions on s;:

. t 1 t t 1
Wi < W©lew {01 [ ga}+ [ 160 e {501/,, mdz}dy,
[ =1,2. Besides, due to Lemma 4.6 and similarly to the estimate (4.23) we can prove
€11 51— 52 Jlo &%) > .
L+ €] | 51— s2 [log #(2)

| A, €) — Ao(t,©) o < o( I s1(8) = 50(0) llng +

On the other hand due to (4.25) one has

/ Wy = W llow sup | WA (,€) | de
n >0

< c le(f)—WQ(S)I<|W1(§)|+/OOOIG1(V,§)IdV>d€

Re

o [ ([T 1Gine — Gatrg Lar ) (1@ |+ [ 16i0k8) av )
o[ (1m@ i+ [T 1600 w)
) (1@ |+ [ 16ine) av)ae.

( 51— 52 o +
0,0

elEl | 51— 52
L+ €] | 51— s2

Thus
[ W0 =102 o sup | Wit €) | de
g t>0

< C Y WA(E) = Wal€) Ilzegany | WA(E) llroen)
+C N T = TWal®) ey [ 1 Ga(048) luagey o
N ey [ 00 Grlr€) = Ga(n) ey dr
COO | Gi(1,€) = Gi(T, Hd(OOG, Hd>
+0 [ G 1(76) iy | 16108 ey
O [ 51 = 52l (14 1DV E) Zageg)

+C [l 51— 5o lll (L4 €D () lloegey) / | (L 1€)2Gr (.) o) dv
2

+C =l (10 +1E0¥26104€) sy av)
0
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Hence

[ W0 =10, o sup | W1, €) | de
» >0

< O W — W, 22y | W | z2@ny +C || Wy — Wy |22 Ry / | Gi(v,2) [[ L2y dv
0

O W i) / | G, 2) — Gr(r @) |2y dr
0

+C(/ | Gi(1,2) — Gi (7, ) || r2mn) d7'> </ | Gi(v, ) |[r2mn) dl/>
0 0

+C || 51— sa g | (L+ €D W (|22

16
+C || st = sa g | (1+ €)W [|r2gey) / I (1 + D2 (v, @) (|2 ey dv
0

2

» ( [0 176104 2) g dv) -
0

+C || S1 — So

Similarly

[ W0 =172 o sup | Wae €) | de
? t>0

< C W= e ol W loages) +C I o = o sy [ 1 Galws9) ey
0
O || W Il / | Gi(r,2) — G () ooy d
0
+c( [ 1610 = G 0) s dT) ( [ 1Gatw0) iz dv)
0 0

+C [ 51— 52 [lug | (1 +1ED*Wa [172@n)

+C || 51— 5 g | (14 16D W [l12e) / I (L + €D *Galv, ) llr2ry) dv
0

1,9

2

+C | 51— 52 | (/ I (L + 16D 2 G (v, 2) llz2zg) d”) '
0

Then we estimate the remaining term:

[ s 192 (smpon™ L —ta ) sup 0
< Cllsi=sa o (1 0+ D o] 1+ 16D 72 o
DT sy [ 141D Galos ) ey v
DT sy [ 1141261 (010) ey v

[ D Galvn) ey do [ 11+ 16D G0, 2) ey ).
0 0
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Putting all together we obtain

I T, (£) = Do (1) [lo,s
Cllsi—s2lhe D ( I+ 1D Wi (2ol (14 [EDY2 W5 2

ij=1,2

IN

1+ DT gy [ 10+ 1607265048 ey o
o[ D G0 Ny [ 1 (16D 01,6) ey

+O T, =T gy 3 (1l + [ 11 Gulon) Loy )

i=1,2
+0 [T 1G9 = G ey dr (1 Wil + [ 11 Gl ) Loy )
0 i=1,2 0
Further, from definition (4.36) we have for the solutions (wy, ... wy;), [ = 1,2,
d
—I (t
dt l( )
t
= st / Z 0s0;5(s1(t), ) exp {Z|f|/ (Ni(s1(7), €) — )\j(Sz(T),f))dT}wil(t, Ewji(t, &)dE

€ 1,7=1

+2Re{al](sl( £) exp {@|g|/ d(50(7), €) — A, (sl(T),f))dT}(%wil(t,f)>wﬂ(t,f)d§}
+i/n I3 Z(Ai(Sz(t),f) = Ai(s(t), §))aij(si(t),€)

X exp {Z &1 [ (Ailsi(7),€) — )\j(SZ(T)af))dT}wiz(taf)u_’jl(taf)df-

0

Following above used arguments we easily deduce the statement of the lemma. 0

Lemma 4.14 If we assume additionally to conditions of the Corollary 4.12 that

Co 35 (17 el 95 s+ 1 7 ey [ 1 G0 g o
0

i,j=1,2

+/ || Gi(l/, l‘) ||H(1)(Rg) dl// || G]‘(l/l,fL’) ||H(1)(R;}) dV1> <1 (443)
0 0

then the map T : Sg“,g — S(’{E is contraction with respect to the norm of the space C(})([O, 0)),
namely there is a positive number v < 1 such that for every Wy = Wy and G| = G5, one has

[ Tsi(8) = Loy () 1< v [ 51(2) = s2(1)

Lo -

Corollary 4.15 Under conditions of Lemma 4.14 the solutions Wy, Wy, to the nonlinear
problem (4.16), corresponding to W1,Gy , and to Wy, G, respectively exist. Then, s; are the
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fized points of the maps, I's, = s;, and
|'s1(t) = 52(2) [l1,6
o o o o0
< N =Wl 3 (N7 sy + [ 1 Giona) e )
0

i=1,2

+C/ H GI(T, l’) — G2(Ta x) ||H(1)(R¥) dr
0

<3 (Nl + [ 1 Gu2) g )
0

i=1,2

4.8 Stability of the global solution

Combining the last result with the statements of Lemma 4.6 we arrive at the following
theorem.

Theorem 4.16 If condition (4.43) and the conditions of Lemma 4.1/ are satisfied, then

| Wit ) = Wa(t, ) ll2rey < C Il Wi=Wo ||, @) +o/ IG (7, %) = G (7, %) || 1y, ey -
0

Moreover, for every given | € N one has

||W1(t, l’) - W2(ta x)HH(z)(RQ)

. . t
< O = Wl + € [ 161 2) = Galra) g ey

+Co0) | T Wil + 3 [ 160 ]

1=1,2 1=1,2
X { | Wy — W l#r0y (R +/ I Gi(7,2) = Ga(7, @) |y ) dT} '
0

Proof. Let us consider the problem

0]
dgt =i|&| A(Sl(t)ag)v(l) + Sg(t)B(Sl(t),f)V(l) —|—.7:(l)(t, &), V(0,¢) = ( ) for £ £0),

where s(t) defined by (4.7) while

V() == (1HEP) Vo), V(1€)== (1) IVt ), FO®,) = (1+EP) ' F(t,€).
We set

DO(t,€) == N(s(t), &) IPEOW D (1 ¢) .
Then
Wl = e ilélp (./\/'*IB./\/' — ./\/'7185./\/') PO 4 g iEID AL F()
3

Finally we derive for WO (¢,¢) = (w{"(t,€),...,w{(t, )
d
awLIY: qu hgen{ = ilel [ st = 3o ir bl
N
+exp{ —ilel [ Ai(sm,s)dr} S (50, £0(1,6),
j=1

w(0,6)=a(€), 1<i<N,

(
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where N1 = {n;;}, with

We will use notation

(t £) = exp{ —i| €& / dr} Zn” t (t,€), GO .= {g§l)}.
Then according to (4.24)

| wi(t,6) - (t £) |

< | - |+c/| ) | dr
+o¢<t>[(1+|f|) T |+ / (1+|5|) |G§”(u,5>|du} 5152 s
Hence
WiV, ) = W3 (8, ) | 2y (4.44)
< CITOE) - T Ol +C [ 169~ Gl
+Co(0) 11+ DT e + [ 100+ 0G0, lsaesde] 11 =52 s -

The constant C' in (4.44) depends on ¢, §,K and

sup | 85(]2']'(575) | ) sup | 85)‘2'(555) |
|s|<4, €70 |s|<é, €20

only. Then Corollary 4.15 implies
WO (t,€) = Wi (t, )| 12 gemy
— t
CITO(E) — T (E) 2 + C / 1GY — G| ganydr

IN

. t
+Co(t) [H(l +1ENW(E | 2@y + / 11+ NGV (v, s>||Lz<Rn)du]
% [ | T ey 3 ( el ey + [ 1 Gol) g e du)

i=1,2

+C/ | Gi(7,2) = Gao(T, 7) ||y vy) dT
0

<3 (1l + [ 1 Gi010) g )|

i=1,2

Thus
IWi(t,-) = Walt, ) g, e
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. ey t
< C||W1(€)—W2(§)||H(l)(R;;)+C/O 1G1 = Gallmy ey dT
. t
+ CO0 I+ [ 161 (05010
% [ | T ey 3 ( 1l + [ 1 Gi032) dv)
i=1,2
e / | Gi(raz) — Ga(r,2) [l )
0
<3 ( 1T b+ [ 1 Gi0s) g e d)] |
i=1,2

Due to assumption ((4.43)) we obtain desired estimate. The theorem is proved. O

Lemma 4.17 Suppose that condition (4.43) is satisfied. Assume also that WI = WQ while
G1(t,x) = Gy(t,x) for all t € [0,T]. Then Wi(t,x) = Wy(t,x) for all t € [0,T].

Proof. It is easy to note that in fact the considerations in the previous sections valid if we
restrict ouselves to the finite in time interval [0, 7], T' < co. In this case the first statement
of the Theorem 2.2 will be changet with

| Wi(t, ) — Wa(t, x) |2

L T
< Cf| Wi =W [[mg, &) +C/ | Gi(7,2) = Ga(7, %) |l my) AT
0

This proves the lemma. O

4.9 Justification of One Phase Nonlinear Geometric Optics for the
Kirchhoff-type equations

Thus we have all tools to prove the following main theorem.

Theorem 4.18 Suppose that the phase ¢ and smooth profiles U;(y,0) satisfy the profile
equations on the domain of determinacy Qr, and the approxrimate solution u® is defined by

(2.2),
u(y) = uo(y) + Ule,y, 9(v)/¢),

with U(e,y,0) ~ > &1U;(y,0) in C®(Qrx St). Then for e small the exact solution v° defined
in (2.4),
‘C(ya UE) 8)UE = 07 v° |t:0: u’ |t:0 )

exists and is smooth on Qr and

v~ Ut in  C*(Qr).

Proof. The existence theorem implies the existence of a smooth solution v. on [0, 00).
Define the error w, := v, — u.. Obviously, w® |;—o= 0. The only point that we have to check
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is the estimate for w. (¢, ). For the proof of the error, we appeal to the stability Theorem
2.2, modified for the case T' < oo,

e, )l 51 < © [ el s

+ [0 nieer + [ 17e00) gy ] [ [ ) oo
0

for all t € [0,T]. In particular, for every given M > 0 the right hand side is < Cje™
|we(t, )|y ey < Cye™ forall t€]0,7T].

This completes the proof. O
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